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F force 
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ix 



NOMENCLATURE (Cont'd) 

loss modulus (imaginary part of G*) 

G1 elastic shear modulus of specimen and apparatus 

G*' complex modulus of specimen and apparatus 

G^1 storage modulus of specimen and apparatus 

G^ loss modulus of specimen and apparatus 

h tube wall thickness 

K material constant 

% width of boundary of cylindrical element over which uniform load acts 

JPj length of i~th cantilever element 

L length of transmitter; total stroke length 

M, M^, Mg bending moments per unit length of tube (Figure 17) 

Mj bending moment at end of i-th cantilever element 

MpL bending moment at proportional limit 

M mass of working material w 

n rate sensitivity; exponent in plastic stress-strain relation 

n| number of cycles per impact 

N number of cycles to failure 

N| number of impacts 

p hydrostatic pressure 

P total lateral compressive load per unit length of cylindrical element 

q uniform load distribution 

radial coordinate for cross-section of torus element; tube radius 

R average major radius of torus element 

x 



NOMENCLATURE (Cont'd) 

arc length 

specific energy absorption or energy absorbed per unit weight 

SEA of cycling mechanism 

SEA of load transmitter 

SEA of working metal 

SEAw corresponding to failure in one cycle 

maximum SEA 

time 

absolute temperature 

initial absolute temperature 

velocity 

initial velocity 

volume 

volume of working material 

area under hysteresis loop or energy absorbed per unit volume per cycle 

initial value of w^ 

total energy absorbed per cycle 

stroke coordinate 

distance from neutral axis 

exponent of Equation (35); angle defined in Figure 16 

value of defined by particular circle (See Equation (65) and Figure 16) 

parameter defined by Equation (84) 

loss factor (E^/E^); parameter defined in Figure (65) 



NOMENCLATURE (Cont'd) 

ft 

r 

*\ 

£ 

Af-, 

max 

max 

€ 
o 

m 

lpm 

PL 

€P],€P2 

A€ 

A€ 

parameter defined by Equation (84) 

shear strain; parameter defined in Equation (65) 

deflection for i-th cantilever element 

change in slope for i-th cantilever element 

plastic shear strain range 

total shear strain range 

shear strain amplitude 

shear strain amplitude of specimen and apparatus 

parameter defined in Equation (65) 

stra i n 

strain amplitude 

maximum strain (Figure 19) 

fracture strain 

plastic strain 

maximum plastic strain (Figure 19) 

"plastic" strain at proportional limit in approximate stress-strain relation 

plastic strain rate 

reference values of plastic strain rate 

elastic strain range 

plastic strain range 

total strain range 

ratio of average stress range to maximum stress range; radial deflection of tube 

dashpot constant 



NOMENCLATURE (Cont'd) 



NOMENCLATURE (Dont'd) 

,<j' r & deviator stress components in cylindrical coordinates 
r 6 z 

^y , , (j principal deviator stress component amplitudes in cylindrica 

r° Z° coordinates 

(J^ ultimate strength 

O' yield strength 

maximum stress range 

initial value of 4cT 
max 

average stress range 

shear stress 

X shear stress amplitude 
o 1 

shear stress amplitude 

angular coordinate 

frequency (radians/sec.) 

initial frequency 



I SUMMARY 

|j!An attractive new concept of energy absorbing devices incorporating cycjic ^ 

straining pf jnaterials is described. Devices of this type are of particular interest 

.' " v " 

for space applications such as landing impact, and offer multiple-impact capability 

as well as energy absorption efficiencies greatly exceeding values attainable with 

other existing devices. 

Results of an 18-month research program to investigate this concept are pre¬ 

sented. Basic principles are discussed and analytical methods for predicting the 

characteristics and behavior of cyclic strain energy devices are developed. Flow 

and fatigue behavior of materials is summarized in relation to performance and 

/?// 
design. A cyclic torsion apparatus for studying materials under cyclic straining is 

described and data for several promising materials is presented. The design, construc¬ 

tion, and testing of two promising cyclic strain energy impact devices are described. 

The test results demonstrate the feasibility and potential of this concept. . 

II INTRODUCTION 

Current interest in high-energy-absorbing mechanisms has been stimulated by 

the growing need for such systems and the associated problems in effectively dissipating 

the landing impact energy of descending space vehicles. Considerable research has 

been conducted on methods and devices for landing impact. Most of these studies, with 

the exception of those concerned with retrorockets, have dealt with devices which absorb 

energy by totally or partially destroying themselves upon impact. These devices include 

(1) fragmenting tubes, (2) crushable materials, (3) deformable structures, and (4) gas bags 
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and gas-filled collapsible shells. At the other end of the spectrum are systems having 

lower energy-absorption potentials but essentially unlimited life, such as conventional 

hydraulic-mechanical devices. 

An extremely attractive concept for high-energy absorption devices incorpora¬ 

ting cyclic straining of materials was disclosed recently by ARA, Inc. (References 1 

and 2). It was shown that for multiple impact applications, cyclic strain energy de¬ 

vices offer energy absorption efficiencies greatly exceeding those available from the 

other high-energy devices mentioned above. 

A parameter commonly used for comparing high-energy absorption mechanisms is 

SEA or specific energy absorption (ft-lb/lb). Balsa wood, for example, has an SEA 

capability of 24,000 ft-lb/lb compared with typical values of 12,000 ft-lb/lb for 

crushing of metal honeycomb (Reference 3). One of the most efficient devices described 

in the literature is the frangible tube device which employs the fragmentation of a 

thi n-walled metal tube over a metal die. This device is reported to have an SEA 

capability of 31,000 ft-lb/lb, based on the working tube only (Reference 4). 

The enormous potential of cyclic strain energy devices is seen by comparing the 

cyclic strain energy absorption capability of some typical materials with the SEA values 

noted above. If pure titanium metal, for example, is cycled ?n a plastic strain range 

sufficient to produce failure in 100 cycles, the total SEA at failure is approximately 

350,000 ft-lb/lb. If the strain range is reduced so that failure occurs in 1000 cycles, 

the corresponding SEA at failure is approximately 800,000 ft-lb/lb. Similar SEA values 

are possible with other structural metals. Nonmetals also exhibit enormous cyclic 

strain energy absorption capacities and have been used extensively in vibration damping 
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applications for this reason. A certain viscoelastic damping tape is reported to 

have undergone 1.6 million cycles at a shear strain amplitude of 1.4 with no 

apparent fatigue failure, which corresponds to an SEA value in excess of 4 million 

ft-lb/lb (Reference 5). 

The energy absorption efficiency of a complete cyclic strain-energy device 

depends, of course, on the weight-fraction of working material, and other design 

parameters such as number of strain cycles, cycle rate, temperature rise, stroke 

length, etc. However, certain performance capabilities and limitations can be 

established on the basis of material properties, independent of particular design 

configurations. 

The work described herein, with the exception of that described in References 

1 and 2, represents an 18-month investigation under NASA Contract NAS 7-226, 

"Concepts of Multiple-Impact Study of Energy Absorption." The scope of the in¬ 

vestigation and a detailed description of the work performed are presented in the 

following sections. 

Ill SCOPE OF INVESTIGATION 

The major objectives of the investigation were as follows: 

(1) Development of improved methods for the analytical pre¬ 

diction of the characteristics and behavior of cyclic strain energy 

devices. 

(2) Evaluation of promising materials and confirmation of 

pertinent energy absorption parameters. 
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(3) Design, construction, and testing of appropriate laboratory 

test devices for demonstration of feasibility and verification of the analytical 

predictions of energy absorption characteristics. 

In Section IV, basic concepts of cyclic strain-energy devices are described 

and performance capabilities and limitations are discussed. Section V contains a 

summary of flow and fatigue behavior of materials in relation to cyclic strain energy 

devices. Metals are characterized in terms of their cyclic plastic stress-strain or 

hysteresis behavior, and nonmetals are described in terms of dynamic mechanical 

properties and complex moduli. Two attractive devices are discussed in Section VI 

and design relations are developed. An experimental program is described in Sec¬ 

tion VII. The first part of the program is concerned with the design and construction 

of a cyclic torsion test apparatus and cyclic torison testing of several materials under 

conditions appropriate to cyclic strain energy devices. The ma terials tested include 

1100-aluminum, 347 stainless steel, molybdenum TZM and nylon 66. Both cyclic 

stress-strain and fatigue data are presented. The second part of the program involves 

the construction and testing of the two impact devices discussed in Section VI. Both 

quasi-static and impact testing are described. Conclusions and recommendations for 

future work are presented in Section VIII. 

IV BASIC CONCEPTS AND PRINCIPLES OF MULTIPLE-IMPACT CYCLIC STRAIN 

ENERGY DEVICES 

A cyclic strain energy impact device absorbs energy by converting unidirectional 

motion into cyclic deformation of a working material. The device consists of three 
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basic parts: (1) load transmitter, (2) cycling mechanism, and (3) working elements. 

However, a single component of the device may serve two of the basic functions. 

Two examples of cyclic strain energy devices are the "torus" device* and 

the "rolling tube" device, illustrated in Figure 1. In both of these devices cyclic 

deformation of the working elements produces essentially constant resisting forces. 

In the torus device rolling of the torus element produces cyclic tension and compression 

of the longitudinal fibers of the element. Similarly, rolling of the compressed tube 

causes cyclic bending deformation of the tube wall in the circumferential direction. 

Also, the load-transmitting member and working element serve as the cycling mechanism in 

both the rolling tube device and the friction torus device shown in the lower right of 

Figure 1A. More complete discussions of these devices are treated in subsequent 

sections of the report. 

Cyclic strain energy devices such as the torus and rolling tube devices can be 

operated repeatedly in tension or compression, in contrast to typical "one-shot" devices 

which can take only one tensile or compressive deformation. Thus, if a crushable 

material were to be used for energy absorption during multiple landings of a space 

vehicle, the SEA for the crushable material would be constant, and the total weight 

required would depend on the SEA and the total energy to be dissipated in all of the 

landings. By comparison, the SEA for a cyclic-strain energy device depends on the number 

of impacts since the weight of the device is fixed and each impact adds to the total 

energy absorption. However, this relation is not quite linear with the number of im¬ 

pacts since, as will be shown later, the amount of working material required depends to 

some degree on the total energy absorbed. 

* A patent is pending on this device wherein all rights have been assigned to ARA, Inc. 
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Figure 1. Examples of Cyclic Strain Energy Devices 

Patent Pending 

Basic working element is a torus tube or rod, or a section of a curved tube 

or rod. Rolling of element during impact produces cyclic tensile and compressive 

training of longitudinal fibers. 

Patent Pending 

Rolling of working element during impact can be accomplished by various 

mechanisms, as indicated above. 
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Figure 1. Examples of Cyclic Strain Energy Devices (Cont'd) 

B. "Rolling Tube" Cyclic Strain Energy Device 

Rolling of the compressed tube produces cyclic bending deformation of 

the tube wall. Series of plates and tubes can be stacked to provide flexibility in 

design. Force levels are adjustable by varying lateral compressive force or inter¬ 

ference . 
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The characteristics and performance of cyclic strain energy devices are 

closely related to the cyclic stress-strain and fatigue behavior of the working ma¬ 

terial. For example, the load-stroke behavior of an Impact device depends directly 

on the characteristics of the hysteresis loops of the material and variations thereof 

during impact. Such variations can arise, for example, from changes In stress due 

to changes in applied strain, rate effects, temperature rise, and strain hardening or 

softening. Consider the simple example of the friction torus device of Figure 1. If 

Lur, is the area under the hysteresis loop, or energy absorbed per volume of working 

material per cycle, the total energy absorbed by the material per cycle, ignoring 

friction. Is 

j 

where is the total volume of working material. The work done by the resisting 

force F during stroke dx is related to the strain energy by 

F oix = ( Sx )j* Jr ^ o( V, ur 0) 
'J. Ur 

where is the number of cycles per unit stroke length. Assume, for simplicity, 

that ~ Is a constant for the device and that the torus working element is a thin tube 

so that the material is uniformly strained. Equation (1) then gives 

F - ( Co>} ^ 

i.e., the resisting force depends directly on the size of the hysteresis loop. In genera 

the material will not be strained uniformly and consequently ^ will vary over the 

volume of working material. Thus, the computation of the integral of Equation (1) can 

be quite complicated due to the presence of combined stresses as well as the cyclic 



straining conditions. Also, the device may be designed so that the strain input varies 

in a particular manner in order to produce prescribed load-stroke behavior and/or to 

compensate for variations in the hysteresis behavior from other effects. 

Although the characteristics and behavior of a cyclic strain energy device 

during impact are closely related to changes in the hysteresis behavior of the working 

material, the energy absorption efficiency or SEA depends further on such factors as 

fatigue behavior and number of impacts required. In general, the higher the strain 

range through which a material is cycled, the higher the specific energy absorbed per 

cycle and the lower the fatigue life. However, the total specific energy absorbed at 

failure is not, in general, a constant for the material but depends on the strain range 

and number of cycles to failure. For many ductile metals, the total cyclic plastic 

strain at failure is proportional to the square root of the number of cycles to failure^ N 

(Reference 6), i .e., 

total plastic strain (-) 

Thus, to a first approximation, the SEA for a ductile metal follows a similar relationship, 

SEA = SEA VN 
UT 0 f 

where SEA^ is the SEA of the working element* and SEAe is an approximate upper 

limit for SEA attainable by unidirectional straining of metals.** It is likely that the 

number of cycles per impact will be fixed by the stroke length, the cycling mechanism, 

* It is assumed that the working metal is strained uniformly. 

** During cyclic plastic straining of metals, the flow stress remains fairly constant due 

to a pronounced Bauschinger effect. Thus, cyclic plastic strain energy is approximately 

proportional to cyclic plastic strain. The development of Equations (3) and (4) is 

presented in Section V. 
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and other design considerations. Hence, from Equation (4), the SEA for a ductile 

metal working element is approximately proportional to the square root of the number 

of impacts. However, the working element constitutes only part of the total weight 

of the device. Since the remaining weight of the device is approximately independent 

of number of impacts and total energy absorbed, the SEA for the total device will 

vary between a linear and a square-root dependency on number of impacts, depending 

on the weight-fraction of working metal. 

Little data is available on large strain fatigue of non-metals and relations 

analogous to Equations (3) and (4) have not been established. However, limitations 

other than fatigue become significant in cyclic strain applications of non-metals. In 

particular, the temperature rise may limit the specific energy absorption capability 

of a non-metal during a single impact due to its effect on stress-strain properties and 

consequent load-stroke behavior. Further, the fatigue lives of non-metals of interest 

are known to depend on test temperature. 

It is possible to relate the maximum SEA capability of an impact device to 

certain basic material properties of the load transmission member, independent of the 

particular design. In a cyclic strain energy device all of the energy absorbed must be 

transmitted to the working element through a structural member, and any material 

used for this purpose has certain strength-to-weight limitations. Thus, consider a 

load transmitter of cross-sectional area A and length L, which produces a resisting 

force F. If this member is to retain its structural integrity during impact, the maximum 

possible value for F cannot exceed ^A' where CT^ is the maximum tensile or 

compressive strength of the material. However, the yield strength 6JJ, rather than (Fjj., 

10 



might represent a practical upper limit which would correspond to the resisting 

force, A. If the transmitter element provides this force over its entire length L, 

the total energy transmitted is AL, corresponding to a weight of transmitter AL, 

where is the density of the material. Thus, the maximum SEA capability imposed 

by the weight and the strength of the load transmitter is given by* 

SEAt 
%jAL 

ftAL 
(5) 

which is simply the strength-to-weight ratio of the load transmitter material. This value 

is, of course, a theoretical upper limit for the device since there will always be additional 

weight from the other components. For multiple-impact operation, the maximum total 

SEA capability for Nj impacts, based on the load transmitter alone, is, from Equation (5), 

„ UL (6) 
SEAt( A'.) = ^A/I . 

A plot of this relation for several metal alloys, based on data from Reference 7, is 

shown in Figure 2. It should be noted that Equations (5) and (6) are based on a short 

column stable up to its yield point. If the column load were limited by buckling, a lower 

SEA would, of course, result. A lower SEA also results if the stroke length is smaller 

than the total length of load transmitter. For example, in the friction torus device 

of Figure 1, the load transmitter is approximately twice the stroke length so that, for 

this device, an upper limit for SEA is approximately one-half that given by Equation 

(6). It is seen from Figure 2 that, for multiple impacts, the upper limit of SEA, based 

*The designation SEA, is used only for convenience since, of course, the energy trans 

mitter does not absoro energy. 
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Metal Properties (Reference 7) 

Al loy Specific Strength (1000 in) 

Titanium 1527 
Martensitic SS 982 
Aluminum 765 

SEAt 

1,000 ft.-Mb 

Figure 2. Upper Limit for SEA based on load transmitter, 
for Several Metal Alloys 
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on the load transmitter, is significantly greater than that attainable by other "one- 

shot” mechanisms such as crushable materials or deformable structures. 

A better estimate of the SEA potential for cyclic strain energy devices can 

be made by considering the SEA capability including all three components: energy 

transmitter, energy absorber, and cycling mechanism. Denoting the SEA for each 

component by an appropriate subscript,* the SEA for the total device can be written 

SEA = T—-1-j- . (7) 

SeAt + SBAur + S£A~C 

Consider now the friction torus device of Figure 1 to consist only of load 

transmitter and working element (i.e., l/SEAc= 0). From Equations (4), (6), and 

(7), including a factor of l/2 to account for the double length of transmitter, the 

maximum SEA capability for the device is approximately 

SEA (N ) =-7---T- > (8) 
Max K X1 / + J__ 

i%^x SEAe*{tCx 
where V) is the number of cycles per impact. Values of SEA^^ are shown in 

Figure 3, using the data of Figure 2 for the titanium alloy load transmitter, a pure 

titanium working element, and 25. The values of SEA^ are based on a slightly 

more accurate relationship than that used in Equation (8). (See Section VA, Figure 13.) 

From the foregoing discussion is is apparent that the design objectives for 

a minimum weight device utilizing metal working elements are: (1) to utilize the 

load-transmitting material at maximum efficiency, and (2) to cycle the working metal 

as many times as possible using a minimum-weight cycling mechanism. The objective 

*As with the energy transmitter, the designation SEAC for the cycling mechanism is 

for convenience only and represents the energy absorbed by the device divided by 

the weight of the cycling mechanism. 
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of maximum number of cycles for non-metal working elements cannot be established 

at the present time since a relationship analogous to Equation (4) has not been estab¬ 

lished for non-metals. For any cyclic strain energy device the optimum design will, 

of course, result from the best compromise between the three basic components of 

the system. 

The foregoing discussion has also indicated that cyclic flow and fatigue 

behavior of materials is central to the behavior and performance of cyclic strain en¬ 

ergy devices regardless of the particular design. A discussion of these characteristics 

is presented in the following section. 

V FLOW AND FATIGUE BEHAVIOR OF MATERIALS IN RELATION TO CYCLIC 

STRAIN ENERGY DEVICES 

A. Metals 

Flow and fatigue behavior of metals during cyclic plastic straining has 

been studied rather extensively in recent years, and considerable experimental data 

has been generated. Although the studies have been principally concerned with evalua¬ 

ting the operational lives of metal structures and machines, many of the results are 

directly applicable to cyclic strain energy devices. 

1. Flow Behavior 

In Section IV it was shown that the characteristics and behavior 

of cyclic strain energy devices utilizing metals can be related directly to the hysteresis 

behavior during cyclic straining. Some of the pertinent hysteresis parameters are 

indicated in Figure 4. These are the total strain range, A€r , the plastic strain range, 

, and the maximum stress range, ACT • Two other parameters of interest are 
° ' max 
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the average stress range, ACT , defined by 

4<r “ > 

and the ratio of average stress range to maximum stress range, 

dlT 

(9) 

1 = (10) 

The flow characteristics or stress-strain behavior of ductile metals subjected 

to cyclic plastic straining have been studied by a number of investigators (References 

8-16). Much of the test data has been generated under very low cycling rates where 

rate and temperature effects are not significant, and few direct measurements have 

been made of stress-strain behavior during cycling. However, some general behavior 

trends have been observed which are pertinent to energy-absorbing devices. Some of 

these are briefly reviewed below. 

One of the most significant of these observations is the pronounced Bauschinger 

effect which is operable in most ductile metals under completely reversed cyclic plastic 

straining. In the absence of this effect the flow characteristics or strain hardening be¬ 

havior of metals under cyclic straining conditions might be expected to follow the laws 

of classical theory of plasticity. According to this theory the state of strain-hardening 

of a ductile metal depends on the total plastic strain imposed or plastic work done on 

the metal, and the actual functional relation between stress and strain can be determined 

from a tensile test. However, in the case of completely reversed cyclic straining of 

ductile metals, the strain-hardening behavior departs radically from the classical 

plastic behavior. Rather than hardening with plastic strain according to the tensile 

curve, the data indicates that strain hardening or softening develops in a relatively 
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small fraction of the life, after which further cycling causes hardening or softening 

at a rather slow rate. Moreover, the maximum stress to which the material hardens, 

or the "saturation" stress, depends on the plastic strain range, 46p. In general, 

the higher the value of the more rapid is the strain-hardening and the higher 

the "saturation" stress. Quantitative examples of this effect are given in Figures 5 

to 8. Figure 5 shows the increase in stress with number of cycles for cyclic straining 

of 24 ST aluminum alloy at various plastic strain ranges. Because of the large strain 

ranges, "saturation11 occurs very quickly. From the results of Figure 5, a curve of 

"saturation" stress vs strain range* has been constructed and is shown in Figure 6. Also 

shown for comparison is the initial true stress-strain curve for the material. "Cyclic" 

stress-strain curves of this type appear to be a basic property of materials, and are 

of great importance in the design and analysis of energy-absorbing devices. 

In general, cyclic straining causes soft metals to strain-harden and hard metals 

to strain-soften. Figures 7 and 8 show these effects for hard and soft copper and steel, 

based on the data of Reference 9. Here, stress amplitude ( 407nax/2) is plotted against 

total plastic strain (2NACp) for different values of total strain range. It appears, from 

these data, that strain-softening of the hard metals takes place more slowly than strain¬ 

hardening of the soft metals. Smith, et al (Reference 16) have studied the cyclic flow 

and fatigue behavior of a variety of metals and have obtained a fair correlation between 

the degree of cyclic strain-hardening and softening and the ratio of ultimate strength 

to yield strength. Hardening always took place when this ratio exceeded 1.4 and 

softening occurred when the ratio was less than 1.2. Their data also indicate that the 

most significant changes in stress range usually occur within the first 20 percent of 

*lt might be more meaningful to plot maximum flow stress vs the total strain change in 
going from zero stress to the maximum. 
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Figure 5 
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specimen life. During the remaining 80 percent or more of the life, the stress range 

remains relatively constant. 

The actual shape of the hysteresis loop, as described, for example, by the 

parameter ^ , is also of importance in relation to cyclic strain energy devices. 

Variations in can occur from variations ini? as well as 4<ffand 4CT. Available 

data of this type is somewhat limited. However, hysteresis curves for 24ST aluminum 

alloy (Reference 8), 1100 aluminum alloy and 347 stainless steel (Section VI) in¬ 

dicate thati£ increases with strain range. This behavior might be expected from 

consideration of the virgin stress-strain curves for ductile metals. 

From the foregoing discussions it is apparent that various changes in the flow 

characteristics of the working metal during strain cycling can affect the performance 

and behavior of a cyclic strain energy device. Thus, under different design conditions, 

three different force-deflection or deceleration-time curves for a device might result, 

as indicated in Figure 9. Curve A, which might represent the optimum for such a 

device, could result for the case where the hysteresis loop were established and did 

not change with cycling during the impact; or, it could result for a case where the 

hysteresis loop changed but in such a way that the area under the loop remained con¬ 

stant. Curves B and C could result for cases in which the area under the hysteresis 

loop Increased or decreased, respectively, during impact. 

From the previous discussion of flow characteristics of metals during cycling, 

it becomes apparent that an increase in flow stress alone can increase or decrease 

the area under the hysteresis loop, depending on other parameters of the loop. This is 

illustrated in Figure 10. Figure 10a represents a case where Atpis small compared with 
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A6rr !«e'/ a case where a large number of impacts or a large number of cycles 

to failure is required. The solid curve represents the hysteresis loop at the start of 

cycling and the dotted curve represents the loop after an increase in flow stress. 

It is seen that the increase in stress is more than compensated for by the decrease in 

A€p, for a constant value of A£r , so that the net result is a decrease in Ur^ . 

Figure 10b, by comparison, represents a case where is almost equal to A€ , 

and would result if only a small number of cycles to failure were required. Here it 

can be seen that an increase in stress results in an increase in . 

For cases where the elastic strain range,4^ is important, such as in Figure 

10a, it is convenient to make use of the relations 

4<fr = 
£ ; (ID 

and 

&(■ = 
fce £• ) 02) 

and to rewrite Equations (9) and (10) in the form. 

TrO • "3) 
From Equation (13) it is possible to estimate the effect of a change in on 

Assuming that and E remain constant 

dUTt 

^ a*. 
(14) 

For example, for the condition where a change in causes no change in UJl , 

MuX _ max 
's zero, and Equation (14) gives 

a<(is) 
max 

A€r = Z £ 
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By Equations 

r' 

(11) and (12) it is seen that this corresponds to • Thus' for 

an increase in AO- during an impact results in a decrease in , 
max 

which gives rise to a load-deflection curve of type C in Figure 9. Conversely, 

a decrease in A(T results in an increase in and a curve of type B. Similarly, 
max ~ 

for , an increase in Atf during impact results in a curve of type B and 
r £ max 

a decrease in resu^s *n a curve tyPe 

The "cross-over" value of strain range given by Equation (15) is of interest 

since, within the limitations of the foregoing assumptions, it corresponds to a hysteresis 

loop relatively insensitive to changes in and a load-deflection curve of 

type A in Figure 9. A typical value can be estimated for 24 ST aluminum alloy, using 

the curves of Figure 6 andavdue for E of 10.6 x 106 psi. Taking a value of twice the 

"saturation" stress for A<T equal to 100,000 psi, the "cross-over" value for A£r 
max * 

is about two percent and is about one percent. This corresponds to a fatigue 

life of about 23,000 cycles (Reference 6). Thus for a typical landing impact device 

using 24 ST aluminum alloy, which produces perhaps 23 cycles per impact, the "cross¬ 

over" condition would correspond to a capability of about 1000 impacts. 

Two effects which could produce changes in flow stress during an impact are 

temperature rise and variation in rate of straining. However, if rate-sensitivity effects 

are of the same order of magnitude for cyclic plastic straining as they are for umdirectiona 

straining, the result of these effects should be small for typical cases of interest. This 

is demonstrated by the following example. 

2. Rate Effects 

Rate sensitivity, n, is defined by 

_ / \ 

n ~ \ ^ x L > 
(16) 
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where Of is the flow stress corresponding to a particular value of <*fp and^, denotes 

the derivative of £p with respect to time. This equation is normally used to relate 

changes in flow stress with changes In uniform strain rate during unidirectional 

straining. Thus, in the range where Equation (16) is applicable. 

(17) 

for a given plastic strain, or, 

Jj&L Ar) 
h - 

where the subscripts denote two different strain rates. Rate sensitivity values at 

room temperature are usually in the neighborhood of 0.01, and those at elevated 

temperatures are in the neighborhood of 0. 1,* 

For the present example it is assumed that the strain is applied sinusoidally 

(18) 

and that the elastic strain range is negligible so that Thus, 

At 
6p = s,» u>t j 

and 

4 = 

co 44t 
z Cos aft t 

where co is the cyclic frequency and is related to -j/ by 

(19) 

(20) 

CO — 
I dd 

1T dt ■ <2I> 

Sinusoidal straining in actual tests gives rise to hysteresis loops of the type previ¬ 

ously discussed, as illustrated in Figure 11. Thus, if rate sensitivity effects during 

cyclic straining were similar to those for unidirectional straining, it would be ex¬ 

pected that the maximum stress range at "saturation" would be proportional to , 

See, for example. Reference 17, pp 171-195 
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or, by Equations (17) and (20), 

^ k.) - 

Consider the effect of rate sensitivity on an impact device in which the onset velocity 

% corresponds to a cycling frequency U>Q , i .e., 

^ olx c/ * 

7? ' 75 m = 27r (&) 

ir - (c»*c+.) 

provided —■ is constant. 

'IT = (c 0 n st ) H, 

By Equations (2), (13), (22) and (24), 

E - f°E - (Mat. ,E\n < 

assuming, as before, that ^ and 46^ are constant. Here the subscript o denotes a 

quantity corresponding to the onset velocity. Thus, as the velocity decreases during impact, 

rate sensitivity effects give rise to a load-deflection curve of type C in Figure 9. If it is 

assumed that the effects are small so that the force and deceleration are essentially constant, 

-h 2 4.x: 

(%) ~ /- £ ) (27) 

where L is the total stroke length and -a is the deceleration. From Equations (25) and (27), 

the load-deflection relation can be written 

It is assumed that energy is conserved on initial contact - i.e., negligible heat is generated 

at contact so that the total kinetic energy is dissipated through cyclic straining. 
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at x/L - 0.5 Assuming, for example, a rate sensitivity of 0.02, the value of 

would be 0.993. Thus, for typical room temperature rate sensitivity values in the 

neighborhood of 0.01 this effect would be negligible and the load-deflection curve would 

be essentially flat. Even for cases where the metal increased in temperature so that the 

rate sensitivity increased, the effect on the load-deflection behavior should be small, 

provided, of course, that rate effects for cyclic straining are of the same order of mag¬ 

nitude as for unidirectional straining. 

3. Temperature Effects 

For cases where the metal temperature increases appreciably,, a 

more significant effect on load-deflection behavior than rate sensitivity will probably 

be the decrease in flow stress due to the temperature rise. For some ductile metals the 

change in flow stress during unidirectional straining can be described by a relation which 

has the form 

r 
o' 

where K is a constant for the material, T is the absolute temperature, and the subscript 

0 refers to some reference temperature. This relation is generally used to describe 

the effect of temperature on flow stress for a particular strain and strain rate, and 

the parameter K can be estimated, for example, from tensile strength data. More¬ 

over, the extension of such a relation to cases of variable temperature and strain rate 

histories requires the postulate of a "mechanical-equation-of-state" which ignores tempera 

ture and rate history effects. Although there exists evidence that such a concept is genera 

ly invalid, the error resulting for many load histories is sufficiently small that the con¬ 

cept can be used as a first approximation.* Furthermore, the validity of extending this 

concept to describe saturation flow stress behavior during cyclic plastic straining 

iee, tor example, Keference 17, Chapter 7 



has not been verified. However, if it Is assumed that the maximum stress range during 

strain cycling is affected by temperature according to Equation (29), the resulting effect 

on load-deflection behavior can be estimated. 

Assuming, as before, that the elastic strain range is negligible 

and that ~r~ , ^ , and^j^are constant. Equations (2), (13) and (29) yield 

•£**?[-/<($-£a)] , wo 

where the reference state corresponds to the initial temperature of the metal. The 

temperature rise is proportional to the plastic work done on the device, provided friction 

is neglected and the system is adiabatic, so that 

rfr FM 
M^Z ’ m 

where the mass and c is the heat capacity of the working metal. Combination 

and integration of Equations (30) and (31) yield the result. 

x + T } T> 

where EL is the exponential integral, defined by* 

* ? 

Ei (t) 5 J f c/c , (3G 
— o0 

and which can also be expressed in series form by 

Ei a) - - y + t - + ~- - ~ 04 
Z'2! 3-2! t-j-j J 

where Y = 0.5772. Equation (32) can be solved for different values of T to yield a 

curve of x vs T. Substitution of these values in Equation (30) then yields the required 

load-deflection curve. 

* See, for example. Reference 18, p.96 



An example is shown for an impact device utilizing 347 

stainless steel as the working metal, which is designed to produce a specific 

energy absorption in the working metal of 84,000 ft-lb/lb during a single impact. 

Assuming adiabatic conditions, this produces a 900°F temperature rise during the 

impact and a decreasing load-deflection curve. Assuming an initial temperature 

of 70°F, the value of K for type 347 stainless steel in this range, based on tensile 

strength data,* is 347°F. With these values. Equations (30) and (32) yield the load- 

deflection curve shown in Figure 12. 

4. Fatigue Behavior 

In addition to cyclic flow behavior, the performance of cyclic 

strain-energy devices is closely related to the low-cycle or plastic-strain fatigue 

behavior of the working material. Specifically, it is necessary to establish a re¬ 

lation between the fatigue life of the material, the hysteresis loop parameters, and 

other pertinent parameters such as cycle or strain rate and material temperature. 

Low-cycle fatigue of metals has been studied rather extensively 

in recent years and considerable experimental data has been obtained. Manson 

(Reference 19) and Coffin (Reference 12) independently suggested that low-cycle 

fatigue of metals follows a relation of the form 

AJ — C j 
(35) 

where ol and C are constants for the specific material. Tavernelli and Coffin (Refer¬ 

ence 6) reviewed the data for a wide variety of metals from a number of investigators 

and found that Equation (35) with ct = l/2 best fits all the data regardless of the metals 

*Reference 30 
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tested, the temperature of testing, and the manner of testing. The resulting equation, 

N 1 - C J (36) 

is important in estimating the energy absorption capacity of ductile metals. They also 

found good agreement when the fracture strain in a tensile test was placed on the curve 

at N = l/4. Thus, the constant C in Equation (36) and hence the fatigue behavior 

of the metal can be predicted simply from the fracture strain by 

(37> 

Nickell and Jacobsen (Reference 20) have conducted an exten¬ 

sive and more recent survey of the literature on low-cycle fatigue. Their study shows 

that, while plastic or total strain range is an important parameter for predicting low- 

cycle fatigue failure under mechanically applied loading, neither parameter is useful 

for predicting cyclic failure under thermally induced loading. This conclusion contra¬ 

dicts the findings of other investigators whose high-temperature fatigue data correlates 

with Equation (35) but with values of ot greater than l/2 (Reference 21). 

Limited data is available on the effects of cycle frequency 

although certain trends are apparent. For mechanical cycling at room temperature the 

effects of cycle frequency for several investigators was found to be negligible (Reference 

20). At elevated temperatures cycle frequency becomes an increasingly important 

parameter; a decrease in cycle frequency results in a considerable decrease in life. 

(Reference 20). It should be noted that these observations are based on limited data 

from l/4 to 10,000 cycles to failure, as well as limited cycle frequencies. Additional 

investigations are necessary to evaluate more fully the effect of cycle rate on fatigue 
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life, particularly at the high frequencies of interest for cyclic strain energy devices. 

The SEA capability of a ductile metal can be related to the parameters defined 

in the foregoing discussion. Assuming that UT^ is constant over the N cycles to 

failure, the total SEA capability is, by Equations (9), (19), and (36), 

Sf:/} — ^ __ A/ ^ 7j )X C 
P P 
ur SL fL 

(38) 

'Ur J us 

Although data for a variety of metals is available on the relation between ^CT and 

A6p or N (e.g., References 13 and 16), little corresponding data is available for 

% • if * is assumed that and are constant over a limited range of 46^ or 

N , Equation (38) becomes the approximate relation of Equation (4), where 

SEA = ^ (39) 
o f 

This relation is only a first approximation since, for much of the data available, there is 

quite a wide variation in 4CT* with • To a lesser extent, there is also a varia- 
max r 

tion in with strain cycles for a fixed strain range, although this variation 
max 

occurs during an initial "stabilizing" period, as explained earlier. 

If values of ^ are assumed in Equation (38), the SEA capabilities for a variety 

of metals can be computed from flow and fatigue data in the literature. Results of such 

computations are shown in Figure 13 for several promising structural metals, based on 

the data of Reference 13 with an assumed value for^ of 2/3. 

B. Non-Metals 

Flow behavior of non-metals of interest for cyclic strain energy devices 

can be characterized in terms of viscoelastic or dynamic mechanical properties. These 

same properties are commonly used to describe the characteristics of viscoelastic 
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materials used in vibration damping applications. In fact, the quantity used In 

the foregoing discussions is the specific damping capacity of the material. 

cwt 

If a small sinusoidal strain is applied to a viscoelastic material, 

(aft + £)) 
the stress response will also be sinusoidal in the form 0"*= C , where & is the 

phase angle between stress and strain. The stress-strain or dynamic mechanical pro¬ 

perties for such a material are expressed in terms of a complex modulus E* defined by 

(40) 

E* can also be written in terms of its real part, , called the storage modulus, 

and its imaginary partjE^, called the loss modulus, i.e 

E* = £> +cE2 - E, + 

where 

E 
7& 

(41) 

(42) 

is called the loss factor. The energy absorbed per unit volume per cycle is readily 

obtained by integrating stress over strain through one cycle. This result can be expressed 

in the form* 

which corresponds to the relation for metals. 

(43) 

(44) 

% = *2 4<Z»k • 

The complex modulus E* can be readily obtained from cyclic stress- 

strain tests by measurements of relative amplitude of stress and strain and phase lag. 

Considerable data is available for viscoelastic materials at various frequencies and 

*See, for example, Reference 22, Chapter III. 
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temperatures (see, for example, References 5, 22-29). Most data of this type has 

been obtained at very small strains (less than one per cent). Moreover, little fatigue 

data is available at the larger strains of interest for cyclic strain energy devices. As 

in the case of metals, both flow and fatigue data are necessary in order to evaluate 

the characteristics and behavior of these devices. 

Most polymeric materials exhibit linear viscoelasticity at very low 

strains, i.e., a constant relationship exists between the time-dependent stress and 

strain and, hence, the complex modulus is independent of the magnitude of stress or 

strain. As the magnitude of stress or strain is increased, a point will be reached at 

which the original viscoelastic character no longer holds and either a new linear vis¬ 

coelastic behavior will result or the response will become one of nonlinear viscoelas¬ 

ticity. The point at which the first deviation from linear viscoelasticity occurs is 

called the limit of linear viscoelastic response (Reference 27). For application to 

cyclic strain energy devices it would be desirable to know these limits for viscoelastic 

materials of interest, as well as the behavior characteristics for magnitudes of stress or 

strain above these limits. 

An extensive investigation of the dynamic mechanical properties of 

soft adhesives under shear deformation was carried out for a wide range of frequencies 

and strain amplitudes (Reference 5). Frequencies from 0.1 to 120 cps and shear strain 

amplitudes up to 25 were investigated. Variations in complex modulus and uwith 

strain range were shown, and the materials were, in general, non-linear. However, 

one material(3M tape #466) exhibited values of<^ approximately proportional to the 

square of strain amplitude over a range of strain amplitudes from about 0.6 to 25 
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and frequencies from 0.1 to 15 cps. This data indicates a fairly constant loss 

modulus over this strain range (Equation 43). The fatigue properties of the same 

material were discussed briefly. In one test the material was reported to have under¬ 

gone 1.6 million low-frequency cycles at a shear strain amplitude of approximately 

1.4 with no apparent failure. This corresponds to an estimated SEA of over 4 x 10^ 

ft-lb/lb. 

Some limited cyclic torsion data was obtained under the present pro¬ 

gram for nylon 66 at shear strain-amplitudes up to approximately 10 per cent. A 

plot of Ufp against the square of the strain amplitude indicates severe nonlinearities. 

These results are discussed in more detail in Section VII. Additional investigations 

of this type and that of Reference 5 would be desirable in order to evaluate the effects 

of strain range, frequency, temperature and stress history on specific energy absorption 

and fatigue. Data of this type is necessary in order to design and to evaluate the performance 

capabilities of cyclic strain energy devices employing nonmetals. 

VI METHODS OF ANALYSIS 

In the present section the foregoing principles are applied to the analyses of 

the friction torus device and the rolling tube device described earlier. Deformation 

analyses of the working elements are developed from which design relationships are 

established. 

A. Friction Torus Device 

1. Approximate Solution Based on Longitudinal Deformation Only 

A first approximation can be obtained by treating only the 
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longitudinal or bending deformation resulting from rolling of the torus element. As 

will be seen later, the actual deformation is considerably more complex due to the 

lateral compressive deformation necessary for adequate friction drive. This latter 

problem is treated in the following section for the case of nonmetal lie elements using 

linear viscoelastic theory. 

The basic force relationship is given by Equation (1). For a 

torus element of diameter d. 

_i_ 

so that Equation (1) becomes 

F* it* 

(45) 

(46) 

VL Ur 
Let A be the radial coordinate measured from the element centerline and let R be 

the average major radius of the torus element. Then, for one torus loop, 

JVus = (*Tr R)(zrrAc//L) = £tt } <47) 

and the total strain range is given by 

(a) — 
2a 

R 
(48) 

With Equations (47) and (48), Equation (46) can be written, 

F-r 7 S ■ (49) 

A6r=0 

The integral can be evaluated from the cyclic torsion data of Section VIIA. However, 

it is necessary to employ a theory of plastic flow in order to apply the shear data to 

the present case of tension and compression. Using the octahedral shear criterion, 

*See, for example, Ref. 17, Chap. 8 
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with the approximation^ 

Vs ' 

(50) 

Equation (49) becomes 

F* 
7T K 

G> at f ̂  4^. cJAV. 

AYt-O 

(51) 

This result will be applied to the predictions of performance 

of the laboratory test devices utilizing aluminum and nylon working elements, described 

in Section VIIB. 

2. Effect of Lateral Compression on Force Required to Roll a 

Viscoelastic Cylindrical Rod 

The lateral compression required for adequate friction drive 

results in a complex mode of deformation superimposed on the longitudinal or bending 

deformation of the torus element. In fact, this deformation alone can be utilized with 

a straight element to produce a cyclic strain energy device similar to the rolling tube 

device. 

In order to evaluate this mode of energy absorption, an analytical 

method is developed for predicting the force required to roll a viscoelastic cylindrical 

rod compressed between two parallel surfaces. The amount of compression is specified 

in terms of the interference A<k relative to the diameter d of the unrestrained cylinder, 

as shown in Figure 14. 
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A d 

The force F required to roll the rod is proportional to the total irreversible 

strain energy of deformation produced throughout the volume of working material. 

The force relation has been given previously in Equation (1). Considering that ele¬ 

ments on a radial section undergo one complete stress cycle in one-half revolution 

of the rod, the number of cycles per unit stroke length, , is equal to — . TF 

force relation, Equation (1), for this case then becomes 

v 
vUr 

The problem remains to determine the integral of Equation (52) corresponding to the 

spatial distribution of cyclic stresses produced in the viscoelastic rod from lateral com- 

pression. 

It is shown in Equation (43) that for sinusoidal cyclic straining of a viscoelastic 

material, the energy absorbed per unit volume per cycle can be expressed in terms of 

the strain amplitude and loss modulus (the imaginary part of the complex modulus). 

The energy absorption may also be expressed in terms of stress amplitude, according to 

ur = cT* <53> 
p /£*/* o 
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noting that the magnitude, /£'**/ of the complex modulus is equal to the ratio — 0f 
^O 

the stress amplitude to strain amplitude. Similarly, for cyclic shear deformation, the 

energy absorption is given by the analogous expression 

tt ^ 

^ T0 , (54) 

where £ is the amplitude of the cyclic shear stress and G* and G2 are the complex 

shear modulus and loss modulus, respectively. The extension of Equation (54) to 

the general case of combined stress yields the relation, 

where j <Tlo and 7 are the amplitudes of the principal deviator stress components. 

Substituting Equation (55) into Equation (52) and integrating over the cross-sectional 

area, the force becomes 

p - T £* L CZ r/^\ y (56) 

' z/6*!* a. J > 

where a=d/2 is the rod radius and L is its length. It should be noted that Equation 

(54) is based on complete stress and strain reversals, which is not the case for the 

present deformation, so that Equation (56) is only an approximation. However, an 

effective stress amplitude based on one-half the stress range should give reasonably 

good results 

The stress amplitude can be obtained by noting that, in the 

case of the first boundary value problem (stresses specified over the boundary), the 

stress distribution in an incompressible linear viscoelastic material is identic! with 

that in an incompressible elastic material under the same instantaneous surface forces 
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(Reference 33). Some results are available in the literature for the elastic problem 

and, by making a slight approximation, the required stress distributions can be 

readily obtained. 

Reference 34 gives an expression for the maximum stress 

produced for a given interference, Acl , in compressing a cylinder between two 

plates, as shown in Figure 14. The maximum stress occurs at the points of contact, and 

an expression is given for the total compressive force. The stress distribution throughout 

the cross-section can be obtained by considering the problem of a cylinder subjected 

to uniformly distributed loads, as shown in Figure 15, defined such that the maximum 

stress and total compressive force are the same as for the cylinder compressed between 

two plates. A solution to the problem of Figure 15 can be obtained as follows: 

If a uniformly distributed load, q , is applied to the surface 

of a semi-infinite medium, as shown in Figure 16, it can be shown (Reference 35) that 

the principal stresses at any point depend only on the angle oL subtendend by the 

end points of the load distribution, and are given by 

CT* zz — —( oi -h S/m W ) 
x rr 

££ = --£- (d-t,**) 
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/ = Uniform load 

Figure 16. Uniform Load Applied to Semi-Infinite Medium 

The directions of the principal stresses lie along and perpendicular to a line which 

bisects the angle oC . On any circle which passes through the end points of the load, 

the angle aL will be constant, e.g., oL-0^, and the magnitudes of the principal stresses 

will also be constant. By considering an equal and opposite distribution of load, as 

shown in Figure 16, it is seen from symmetry that at any point along the circular boundary, 

there will exist a constant hydrostatic pressure^ given by 

t * + <c = - 
(58) 

JL 

If a uniform hydrostatic tension of magnitude - *jp & is superposed on the stress distributions 

resulting from the two opposite loads, the stresses along the circular boundary will vanish 

and the stress distribution will correspond to that for a cylinder subjected to the equal 

and opposite distributed loads^^/* ^~)and free from external forces on the remainder 

of its boundary. 

It is seen from symmetry that the stresses along any radial section 

will pass through maxima and minima as the radial section rotates through the vertical 
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and horizontal positions. Assuming a sinusoidal variation, the amplitude Cfc of the 

cyclic stress, from Equation (55), is equal to one-half of the difference between the 

two extreme values at any radial position A.; i.e., 

VA) = i|5>| J- 
vetrt/ul hereon**! 

It can be shown that the summation of deviator stress amplitudes appearing in the 

integrand of Equation (56) may be written 

<l+ [s<r(C- <re‘) m 

t(<?- 

where {(J^O'vjand(^Jlj(T^are the principal stresses in the A, and Q directions along 

the vertical and horizontal radii, respectively. Using Equation (57), and evaluating 

the angles cA along these radii, the principal stresses are found to be 

& - ZTTTvZs S’* P + P + Sl" Y+ Y~ 2<~1 ’ (61) 

p -p 4- si* y - y - 2^ P 

■tr/(l + 
7T / 

2 P 

rj(/t 2*.) 
7r"' 

2P 

^ - 

L ^ I 
= -— 

6 —■’) 

sin £ -6 - * 

S'*1 £ + (r ~~ ol^ 1 i 

where 
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. >4^ 
s Si 

**■+* 

sf + O-'f? 

>i i+- (/^j2. 

$ 
/ -/-y^ 

2 3 (/-/**■) 

' 

f * V* 

3 - ^/24 

\ 

f (65) 

} 

and is the width of the boundary over which the uniform load acts. From Reference 

34, the reduction in diameter Ad from compressing an elastic cylinder between two 

rigid plates is related to the total compressive load P according to 

, <66) 

where b is the actual contact area and is given by 

L = /. C 'jjPel ' (67) 

The maximum stress, for this case, is 

= a7AE / m 

P( I-*1) 
and occurs at the contact surface. Substituting the quantity ——- from Equation 

(67) in Equation (66), the interference Aci for a given diameter c{ can be expressed 

in terms of the width, b , of the contact area according to 
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(69) Ad = o. m 2 (i ^ T~} • 

If the maximum stress ?/£ , in the case of the uniform compressive load, is equated 

to the maximum stress from Equation (68) for the actual case, the width £ is found to be 

2 ® A 25" 

Comparing this value with b from Equation (67), it is found that the width of the uni¬ 

form load distribution to give the same total load and maximum stress as for the cylinder 

compressed between plates is related to the contact width for the latter case according 

to 

d^O,7p3i . (7i) 

Thus, for a given interference Ad, the value./which appears in the stress amplitude 

distributions, Equations (61)-(64), can be obtained from Equations (69) and (71). The 

total load P is obtained from Equation (70) recalling that the stress distribution in an 

incompressible linear viscoelastic material is identical with that in an incompressible 

elastic material under the same instantaneous surface forces. Consequently, E in 

Equation (70) becomes 3/G* / and V = l/2. Equation (70) then becomes 

P=/.Z9l&*({ . <72> 

Substituting Equations (60 - 65) in Equation (56), using P from Equation (72) and 

writing the integral in nondimensional form, the force reduces to an expression of the 

form 
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(73) F - 

l S' I 
/.op La. } 

(/ + If2) 

The function f(f ) is obtained from Equation (60) excluding the coefficient 

from the principal stresses, Equations (61 - 64); i,e., 

t/ 
/*o 

irJ (/+&) 

£(f) = 

, 2 » 2. 
V' j-OX * or' 

(74) 

The foregoing result will be used in conjunction with the test results obtained with 

the torus device utilizing nylon elements, as discussed in Section VIIB. 

B. Rolling Tube Device 

1. Theoretical Analysis 

The key problem area in predicting the behavior and performance 

of a rolling tube device is the prediction of the deformation behavior of the tube itself 

(1) during lateral compression; and (2) during subsequent rolling. The first problem is 

treated for a metal tube with the aid of an incremental technique developed for analy¬ 

zing corrugated metal structures in the plastic range (Reference 31). The results of this 

analysis are then used in conjunction with some simplifying assumptions concerning the 

cyclic stress-strain behavior of the metal in order to predict the subsequent deformation 

behavior of the tube during rolling. 

Consider a thin tube of radius, ^ , and wall thickness, h , 

subjected to two opposing line loads, f^, as shown in Figure 17a. The problem of 

interest is to describe the complete load-deformation behavior as the tube is com¬ 

pressed into the plastic range. 
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The basic model used in the analysis is described by the fol¬ 

lowing assumptions: 

1. The tube is compressed uniformly such that the walls 

are in a state of plane strain bending. 

2. Classical smal I-deflection bending theory is applicable 

(e.g., cross-sections remain plane). 

3. The stress-strain behavior of the material is the same 

in tension and compression. 

From the foregoing assumptions, in conjunction with symmetry 

considerations, it is necessary to treat only one quarter of the tube, as indicated in 

Figure 17b. This segment can be treated as a curved cantilever beam, loaded as shown, 

such that the change in slope is zero at the free end. 

The bending equation can be written, 

dt^e M 
etc £>' , (75) 

where ^ ~ is the change in curvature, s is the arc length, M is the moment 

per unit axial length (positive in the clockwise direction), and D1 is an effective 

flexural rigidity defined by Equation (75). In the elastic range, 

= D =—^~ , (76) 
m>-^) 

where E and V are Young's modulus and Poisson's ratio, respectively. 

With the moment distribution given by 

£ 
(77) 
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(78) 

(M is taken positive as shown) Equation {75") can be written, 

It should be noted that, in general, D' is a function of M and, hence, . 

The conditions that the change in slope be zero 0t f -0 and 

cp = 77/2 require that 

.T/z r 

i L z b'(cf) J 

ir/i 

k 4 f Cozctj'p M r of<p 

i J AVtf) * J £>V<¥>) 
This relation and a knowledge of D’ vs M, with Equation (77) can be used to deter¬ 

mine and M (<f) for a given value of f£. It is convenient to introduce the 

moment at the proportional limit Mp^, defined by 

■2- 

a jt h <Tr>, /am 

where CT is the proportional limit stress. Equation (79) can then be rewritten in 
PL 

the form, 

774 

C CoS cP oft 

J gv*J' 

Hl 
t%L 

jA 

Z Me, 
J A (cp) 
o £> 

The D' vs M relation can be computed by an analytical 

procedure such as that developed in Reference 31, or it can be determined experimentally 

With this relation and Equation (80), values of can be guessed and the integrals 
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of Equation (81) can be evaluated numerically until Equation (81) is satisfied. For 

these calculations, it is convenient to express D'/D in terms of the nondimensional 

moment, M/Mp. , and use Equation (77) expressed in the nondimensional form. 

£ a. ± 
* n Coscf - 'Ja 

When the moment distribution has been determined, the cor¬ 

responding deformation can be computed by the incremental technique developed in 

Reference 31. In this procedure the curved cantilever beam is approximated by a series 

of short straight cantilever beams, each having a linear distribution in M and D'. The 

rotations and deflections for each of the incremental cantilever beams are accumulated 

from the base of the curved cantilever beam and the resulting end deflection, ro is 

determined. 

Using the notations of Figure 18, the incremental deformation 

relations can be written 

(M;_,/Mj>l)(&/a) ) i /,, <'\[ i / % jf 

- 

where the subscripts on M and D designate quantities evaluated at the end of the 

i-th incremental cantilever;©^. and jj. are defined by 

4. a *±--3 a _ A- - <* 

fl,-., > = —TT~ > 
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f 

and 

3 s 
A <%L 

With these relations, the incremental vertical deflection for the i-th incremental 

cantilever beam can be written 

t-i 

(85) 

-(S.- + 4Z O S'* cp. 
i 

(86) 

where 

?• - ° ■ 

It is important to determine the maximum bending strain that 

occurs for a given loading condition, since this strain is closely related to the energy 

absorption capability of the tube during rolling. With the basic assumption of clas¬ 

sical bending theory that cross-sections remain plane, the maximum bending strain, , 

is given by 

z _ 1 = j[ m. 
w ~ 2. d £ Z £>' (87) 

or, making use of the previous definitions, 

£ = (,-S) £ M/M^ 
" ' oyo 

(88) 

Additional expressions are required to relate the cyclic strain 

energy to the maximum bending strains so that the driving force can be determined in 

terms of the lateral compressive force and diametral Interference. Consider the hysteresis 

loop for a typical fiber to be related to the various circumferential positions of the tube 

as shown in Figure 19. The total strain range is the sum of the absolute magnitudes 

of the bending strains for the fiber at points A and B. For simplicity, the stress-strain 
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curve is assumed to be that of the virgin material and identical in tension and com¬ 

pression.* Thus, the size of the hysteresis loop depends only on the total strain range. 

Similar loops will be established for different longitudinal fibers located at various dis¬ 

tances from the neutral axis (mid-surface) of the tube wall. The strain energy per unit 

length of tube for one material cycle (i.e., one-half revolution of the tube), W , is 
P 

the integral of the loops for each fiber, wp, over the volume V of tube material: 

~ J krp JV . (89) 

For identical stress-strain behavior in tension and compression, 

% = 2 J cr^6? j (90) 
O 

where is the maximum plastic strain for the particular fiber (See Figure 19). For 

many ductile metals in plane strain bending, the stress-strain relation can be approxi¬ 

mated in the form** 

6 - + aPL ( 

where *s the ’’plastic" strain at the proportional limit, 0"* is the proportional 

limit stress, and f) is a material constant. The first term on the right is the elastic strain 

and the second term is the plastic component. Substitution of Equation (91) in Equation 

(90) and integration yields 

ZJ1 fr s / \^9-/ 
^pl (£) 

* This corresponds to zero strain hardening and, hence, a very pronounced Bauschinger 

effect (See, for example. Reference 17, Ch. 12). 

** See Reference 17, Ch. 9. 
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With Equation (92) and dV = 4 fA Equation (89) may be written, 

* </2 w. = —^ z r / \hHj (93) 
^ M+f * >LerL J (f- J > 

O V ' 

where <j is the distance from the neutral axis. The total strain range /l^varies 

linearly with y, according to the relation 

^T A^ry* J 
(94) 

where is the tota' straIn ran9e for ou,,ermost fibers. Also, from Equation (91) 

and Figure 19, 

Mr * €m +(i-S)^ = z o-^) f1 + £?L (■&) • 
(95) 

For a qiven value of 4£r as determined from the previous curved beam analysis, the 
^ *1*1 

corresponding stress , which also corresponds to the value y = h/2, can be 

determined from Equation (95). By selecting several values of *3^, between zero and 

, the corresponding values of ^<fTand y can be determined and Wp can then 

be determined from Equation (93) by numerical integration. 

For a simple device, as illustrated in Figure 4b, the driving 

force per unit length of tube, f , is determined by equating the work in one revolution 

of the tube* 4tta£ to the cyclic strain energy 2W^ to give, 

n _ W'p 

** 2ttA 

(96) 

2. Design Relations for a Stainless Steel Tube 

A numerical example of the foregoing method was carried out for 

* The stroke of the device for one revolution of the tube is twice the circumference. 
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a 302 stainless steel tube. The material constants were selected as follows: 

E = 28 x 106 psi 6fl = 20 x 10 

V =0.3 H =5.5 

%L= 22,400 psi 

For the plastic curved beam analysis an experimental moment-curvature relation for 

0.012 inch stainless steel sheet (Reference 32) was used. This curve is shown in Figure 

20, plotted in non-dimensional form. 

In order to solve for the moment distributions corresponding to various 

loading conditions. Equations (81) and (82) were solved numerically using the results of 

Figure 20. From the moments at points A and B (Figure 19) the maximum bending strains 

were computed from Equation (88). The corresponding tube deflections were determined 

by the incremental technique using Equations (83) - (86). With the maximum bending 

strains and, hence, total strain ranges, the plastic strain energy per unit length of tube 

per cycle, was computed from Equations (93) - (95), and the driving force relation 

was computed from Equation (96). Two cases of loading were computed from which it was 

possible to plot a set of design curves. These results are shown in Figure 21 in terms of 

load and deflection parameters plotted against plastic strain range A€j> . From these 

curves, it is possible to determine the lateral compressive force f^ , the driving force f, 

and the radial deflection vs A6j> for particular values of tube radius and thickness. 

The two cases on which the design curves are based correspond 

to maximum plastic strain ranges of 0.25% and 0.68%. The distributionsof cyclic strain 

energy (area under the hysteresis loop) over the tube wall for these two cases are shown in 







Figure 22. The area under these curves is a measure of the total cyclic strain energy 

and is proportional to the driving force f. It is interesting to note the extent to which 

the strain energy is concentrated in the outer fibers, particularly for the lower value of 

strain range. 

VII EXPERIMENTAL PROGRAM 

An experimental investigation was conducted in three parts. The first part was 

concerned with the design and construction of a cyclic torsion test apparatus and testing 

of promising materials under conditions appropriate to cyclic strain energy devices. 

A major objective of this phase has been to determine flow and fatigue behavior of prom¬ 

ising materials under conditions of rapid cyclic straining. Materials tested include 1100 

aluminum, 347 stainless steel, molybdenum TZM, and nylon 66. 

The second part of the program involved the design, construction, and testing 

of a torus impact device with friction drive. Aluminum and nylon working elements were 

utilized and both quasi-static and impact tests were performed. Correlations with theoreti¬ 

cal predictions are shown. 

The third part of the program involved the design, construction and testing of a 

rolling tube cyclic strain energy device utilizing stainless steel working elements. Quasi¬ 

static tests were performed and correlations with theoretical predictions are shown. 

A. Cyclic Torsion Tests 

Two test apparatus designs were utilized. The first design, Test Apparatus 1, 

was intended to provide an angular twist up to 30 degrees at frequencies up to 100 cps. 
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However, the useful frequency range was limited to about 33 cps due to resonances in 

the system. This apparatus was modified (Test Apparatus II) to reduce the resonance 

effects and improve read-out techniques. Descriptions of the apparatus, data reduction 

procedures, and test results are presented in the following sections. 

1. Test Apparatus I 

The first apparatus used in this study is described schematically 

in Figure 23. Photos of the assembly (Figure 24) ready for use illustrate the mechanical- 

electrical layout of the mechanism. It is designed to apply cyclic torsion strains of known 

amplitude and frequency to rod-shaped test specimens. Measurements are made of the 

angle of twist to which the test specimen is subjected, the torque load transmitted by 

the specimen, and the number of cycles. The cyclic frequency is pre-set to the desired 

value and maintained constant during the test. 

Certain parameters are build into the device and are not directly 

measured. The total strain range is set by the adjustment of a cam mechanism (8)* which 

drives a gear. This determines the total angular displacement applied to the moving end 

of the specimen (10). The cyclic rate is varied with respect to the motor drive rate by 

means of a pulley combination (6) between the clutch shaft and the cam shaft. The actual 

number of cycles from initial start to shutdown is predetermined by a pre-set subtraction 

counter (7); and this counter also measures the total complete cycles for each run.** A 

clutch control unit (2) connects the drive cam to the motor and the engagement is adjusted 

to control the acceleration forces. 

* Numbers refer to the designated component in Figure 23. 

** A certain overrun results from inertia in the system. 
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Figure 24 

Cyclic Torsion Apparatus I - General Assembly 

Amplifier and Oscillograph 
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An oscillograph recorder (14) and amplifier control unit (13) are used 

to record the torque history and the total number of cycles per run. The oscillo¬ 

graph record has a precision time-pulse record as part of each run. This record 

provides a time base for reduction of the recorded data. The stress history of 

each cycle is generated by a strain gage load cell (12) which measures the torque 

history of each cycle, the total cycles, and the cyclic rate for each run. A pulse 

generator installed on the cam shaft provides a record of the points of maximum 

angular twist. The device consists of a galvanometer connected to a current 

source and is activated by a switch with rotation of the cam shaft. 

The apparatus was designed to provide an angular twist up to 30 degrees 

at frequencies up to 100 cps. The corresponding strain range depends on the 

specimen dimensions. Typical metal and nylon test specimens, shown in Figure 25, 

were capable of 12 and 24 percent maximum strain range, respectively. 

A calibration of the system was performed to provide reference data for 

the actual specimen tests. The tranducer output versus plus-and-minus torque was 

calibrated by means of level beam and dead weights (Figure 26). In addition 

to the output calibration, a deflection-versus-torque calibration of the system was 

performed in order to determine the elastic deformation of the system and the result¬ 

ing strain amplitude applied to the specimen. 
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2. Test Apparatus II 

Some limited data was obtained with the previous apparatus 

at the lower frequency ranges. However, pronounced resonance in the system occurred 

due to extensive mass and compliance of the drive shafts, the load cell, and connecting 

members. Consequently, the apparatus was redesigned to increase the resonant fre¬ 

quencies and to improve recording techniques. 

At the load-cell end the moving masses were largely eliminated 

and the stiffness was significantly increased by redesign of the attachments and the load 

transducer. Mechanical backlash was eliminated from the transducer attachment. 

At the drive end the shafts were stiffened, the drive line was 

shortened, attachment masses were reduced, and an electrical strain indicator circuit 

was added which measures directly the angular displacement of the specimen. This 

modification was made to permit simultaneous recording of torque and angular deflection, 

from which the stress-strain curves could be computed more simply. 

Pictures of the modified apparatus are shown in Figures 27 and 28. 

Figure 27 is a general layout of the assembly. Figure 28 is a close-up of the attachment 

arrangement which shows the strain indicator and transducer. 

3. Test Procedure - Apparatus I 

A pre-selected angular twist was set for each test by means of a 

pointer tracked by a telescope attached to a height gage (Figure 29). Each specimen 

was installed at zero torque and then one cycle of strain was hand-cranked while 

measuring the strain amplitude and maximum torque output. The sample was then cycled 

approximately 20 times for records and visual observation. Cycling was continued to 

failure and the total number of cycles was recorded. Oscillograph records were made 
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Figure 27. Cyclic Torsion Apparatus II - General Layout 
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of the initial 20 cycles and periodically during the run to failure. A time pulse built 

into the oscillograph record provides an accurate time base to measure cyclic rate. 

4. Test Procedure - Apparatus II 

The basic test procedure was similar to that previously described. With 

the modified apparatus, strain amplitude was set directly from the displacement of the 

rack. Exploratory runs were made with 347 stainless steel, 1100 aluminum, and Nylon 66, 

but no regular test pattern was followed. All of the runs were at 100 cps where a sig¬ 

nificant temperature rise resulted. Consequently, the number of cycles in a run was 

limited so as to limit the maximum temperature rise. Temperature was measured with the 

aid of a thermocouple thermometer held in contact with the test specimen. 

5. Data Reduction Procedure - Apparatus I 

a. Metals 

The basic procedure for constructing a stress-strain curve 

consists of eliminating the time variable from the load-time record and the approximate 

sinusoidal strain input. A typical load-time record is shown in Figure 30. The period 

and relative phase of the strain curve are established with the aid of the time pulses on 

the oscillograph records, described above. Corrections must be applied to the sinusoidal 

input at the cam in order to account for the elastic deflections in the system. This is 

accomplished with the aid of the static torque-deflection calibration curves. For each 

value of torque read off the load-time record, the corresponding deflection of the system 

is subtracted from the sinusoidal input to give the true deflection of the specimen. 

The detailed procedure is explained more readily with 

the aid of Figure 31. Points of maximum stress and strain, A and A', are located on the 
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gure 30. Typical Oscillograph Record and Aluminum Specimens 

76 





load-time and strain-time curves, respectively. Points B and B' indicate the point 

of zero load and, hence, the start of the stress-strain curve. Subsequent increments 

of time represented by points C-C', D-D', and E-E1, are selected. The torques are 

read off the load cell calibration curve, and the corresponding strains are determined 

from the sinusoidal strain curve, as indicated in the figure, with the amplitude deter¬ 

mined from the cam input. Corrections for deformations in the system are read from the 

calibration curves using the appropriate torque values and are subtracted from the sinu¬ 

soidal strains to give the actual strains. From the dimensions of the thin-walled test 

specimen, torque is converted to stress and the stress-strain curve is thereby determined. 

For the preliminary runs, values of the phase angle Q>^ between 

the load time and strain time curves (Figure 31) were established with the aid of the 

pulses on the load record designating points of maximum twist. The stress-strain curves 

computed on this basis, however, gave rise to incorrect initial slopes or elastic shear 

moduli. It was subsequently found that small changes in the phase relation produced 

large changes in the curve shapes. Consequently, the phase angle was determined 

in such a manner that the initial slope was equal to the elastic shear modulus. This 

procedure is as follows: Denoting the angular coordinate measured from points B or B' 

by ^(Figure 31), the shear strain relation If(&) is given by 

/<-«.)= &,;*(».«.). tp! (97) 

(yA J 

where Is the shear stress, A V is the total strain range set at the cam, and G is 
T A 

the spring constant for the apparatus. With this relation the initial slope of the stress- 

strain curve can be expressed by 
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from Equation (98), 

Thus, 6 can be determined from the shear modulus, G , and the initial slope of 

the load-time record for known values of and G^. 

It is expected that errors in the time pulse were due to a difficulty 

in setting the limit switch accurately as well as to peculiar elastic distortions in the 

system at points of maximum twist, particularly for the higher loads and frequencies. These 

latter effects were evident in the unloading portion of the computed preliminary stress- 

strain curves. Consequently, the curves were recomputed only up to maximum stress and 

the unloading portions were constructed from the shear moduli of the materials, 

b. Nonmetals 

If the load-time output is sinusoidal, the stress-strain behavior can 

be determined in terms of the viscoelastic properties described in Section VB. It is 

necessary, however, to correct for the elastic deformations of the apparatus, as with the 

metals. 

The complex shear modulus for the system (specimen and apparatus), 

G*' = G^1 + iGj' , is computed from the relative amplitude |G*'| and phase lag ©' 

between strain input and stress output. The system is regarded as a Maxwell model 
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(Hookean spring in series with a Newtonian dashpot) in which the spring consists of the 

apparatus (G^) in series eith the elastic element (G) of the specimen (Figure 32). The 

element parameters are related to the dynamic properties of the system by the following 

equations: 

/ V + I \ 
\ ) (100) 

cO tan Q * 
(101) 

and 

<s* 
(102) 

Thus, from a knowledge of G^ ® , and G^ , the quantities G and ^ are com¬ 

puted with the aid of Equations (100) - (102). The complex shear modulus for the test 

specimen, G* = G-j + iG2 , is computed from the same relations. 

and 

G 

^ - 

A 
(jr ~ha*) & 

ia^e +■ I 

) 

/ 

c. 
i'4* e 

(103) 

(104) 

(105) 

(106) 

The true maximum strain amplitude in the test specimen, 

energy absorption per cycle are then computed from: 

Y , and the specific 
max 
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Viscoelastic 

Specimen 
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(107) 
/<$*/ ' 

and 

= ^ ^,x • 008) 

It should be noted that the viscoelastic parameters determined by 

the foregoing procedure need not be linear, nor independent of frequency. The visco¬ 

elastic model can be considered as a simple Maxwell model whose parameters vary, in 

general, with frequency ans strain range. 

6. Test Results 

a. Metals 

Results of the cyclic torsion tests with Apparatus I are 

shown in Figures 33 to 41. Figures 33 to 38 show stress-strain curves for the three metals 

tested at 1.5 and 17 cps. The curves represent typical hysteresis loops shortly after the 

material has "stabilized.11 Only one-half of each hysteresis loop was computed due to 

the similarity in the test data for the other half. These figures indicate the effects of 

strain range and frequency on maximum stress range. The aluminum and the 1.5-cps 

molybdenum data indicate a consistent and uniform increase in the hysteresis loops with 

increasing strain range. This was not the case with the stainless steel and the 17-cps 

molybdenum data, apparently because of a significant temperature rise and softening 

with cycling. Consequently, the relative size and shape of these hysteresis loops depends 

largely on which cycles are selected for comparison. Figure 39 shows the decrease in 
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maximum stress with number of cycles for the 17-cps stainless steel data. The rate of 

decrease in stress, as would be expected, increases with increasing strain range and, 

hence, increasing heat generation. Similar results are shown later for stainless steel 

and nylon data obtained at 100 cps with Apparatus II. 

The aluminum and the 1.5-cps molybdenum data are 

replotted in Figures 40 and 41 to show more clearly the strain range and rate effects. 

In these curves stress is plotted against total strain, measured from the point of zero stress, 

so the results can be compared with the virgin stress-strain curves. These "cyclic11 stress- 

strain curves are basic properties of the metal, as discussed in Section VA. 

Some limited testing of 347 stainless steel and 1100 aluminum 

was carried out at 100 cps with Apparatus II. The number of cycles per burst was limited 

to control the temperature rise. These results are presented in Figures 42 to 44, which 

show maximum flow stress vs number of cycles. Figures 42 and 43 show results for hard 

and annealed aluminum, respectively, at 1.5 % strain range, and Figure 44 shows annealed 

stainless steel at 1.3 % strain range. The runs with the aluminum were limited to about 

600 cycles which produced a maximum of about 22°F temperature rise. By comparison, 

runs of 200 cycles with the stainless steel produced a maximum temperature rise of about 

110°F. 

A marked difference is apparent in the cyclic flow behavior between 

the hard and soft aluminum. The softening of the hard material is consistent with similar 

behavior for other metals at lower frequencies (Sec. V A). However, it is surprising that the 

hard material softened below the stabilized value of the annealed material. 

The stabilized value of flow stress for the annealed aluminum is 
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plotted In Figure 40 along with the 1.5 and 17 cps data. Average rate sensitivities 

for aluminum, computed from this data, range from 0.02 to 0.03 between 1.5 and 

17 cps to 0.06 between 17 cps and 100 cps. These values are consistent with those 

for unidirectional straining at room temperature.* 

Fatigue data for the three metals is shown in Figures 45 

to 47, plotted as plastic shear strain range vs number of cycles to failure. Reference 

lines with a slope of - l/2 are also shown, which indicate good agreement with Equa¬ 

tion (36). To evaluate the constant C, it is necessary to apply a plastic flow criterion 

in order to convert A7j, to The maximum shear criterion** gives 4^ « z 

On this basis the computed values for C are 0.42, 0.41, and 0.28 for the aluminum, 

stainless steel, and molybdenum, respectively. These values, although somewhat on 

the low side, compare favorably with typical values reported in the literature.*** 

Several other observations are of interest. For the alumi¬ 

num, in which there was little temperature rise, the fatigue data indicates negligible 

differences between results for the various test frequencies. The stainless steel, however, 

shows a definite decrease in life at the higher frequency for the few data points available. 

Unfortunately, because the higher frequence apparently resulted in a greater temperature 

rise, it is difficult to ascertain whether the lower fatigue life is due to rate or temperature 

effects. Except for the highest strain range, there is also little difference between the 

1.5 and 17 cps molybdenum data, although too few points are available to be conclusive. 

The low fatigue life for the large strain range at 17 cps is possibly due to a very large 

temperature rise in this case. 

*See for example. Reference 17, Chapter 6 

** See, for example, Reference 17, Chapter 8 

*** See, for example, Reference 6 
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Despite the apparent ductility of molybdenum from 

tensile data, its fatigue life is somewhat below those of the aluminum and the stain¬ 

less steel. Moreover, the molybdenum specimens exhibited a markedly brittle failure 

compared with the other metals. 

The somewhat lower fatigue lives of all three metals, 

compared with typical data in the literature, is likely due to a considerable distortion 

of the thin-walled specimens, and subsequent strain concentrations toward the latter 

part of their lives. Figure 30 shows this distortion for some of the aluminum specimens. 

b. Nylon 

Selection of the nonmetal lie material to be studied was 

based upon the ability to obtain high strain levels and moderate to high stress levels, 

availability in various forms and sizes to satisfy testing requirements, material uniformity, 

and availability of information on mechanical properties. Accordingly, nylon 66, the 

polymer of hexamethylene diamine and adipic acid, available from several major sources, 

was selected. Its mechanical properties, including many of its small-amplitude dynamic 

characteristics, have been extensively investigated. 

The results of the cyclic torsion tests with Apparatus I 

are presented in Table 1. Specimens were tested at three levels of frequency from 1.5 cps 

up to 33.5 cps and at three levels of strain amplitude up to 10%. Pertinent parameters 

were measured in order to obtain dynamic properties and to permit calculations of energy 

absorption and true strain amplitude. The data was reduced following the previously 

described procedure. Table 2 presents the results of this analytical treatment. 

The energy absorption per cycle is presented in Figure 48 
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TABLE 1 

Cvclic Torsion Tests of Nylon 66 



TABLE 2 

Analysis of Nylon 66 Data 

Specimen No. j 

401 402 404 410-B 

Measured Parameters: 
/ 

Input Strain Amplitude, 0.04584 0.04584 0.11465 

Stress Amplitude^ (f>*i ) 4,570 4,890 5,900 10,780 

Frequency, 
(cycles/sec,) 

1.5 17 1.5 1.6 

Phase Lag, d (degrees) 15.9 17.6 20.1 38.8 

Computed Parameters: 

|G*'| (psi) 99,700 106,700 86,800 94,000 

G' (psi) 103,500 112,000 92,600 120,300 

(psi-sec) 38,500 3,300 26,900 15,900 

G (psi) 126,800 143,000 112,800 156,500 

tan £ 0.349 0.405 0.446 1.043 

G2 (psi) 39,400 49,800 41,700 78,200 

G1 (psi) 112,700 123,000 93,300 75,000 

|G*| (psi) 119,300 132,700 102,200 108,300 

True Strain Amplitudes 0.0383 0.036P 0.0578 0.0994 

Specific Energy Absorption 
(in.-lb/in.^, cycle) 

182 209 437 2,425 
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as a function of the square of strain amplitude. A linear relationship with the square of 

strain amplitude appears to hold at the lower strain levels, as might be expected from 

Equation (108). However, the energy absorption increases much more rapidly with 

increasing strain amplitude at the high strain levels, indicating appreciable nonlinearities 

in the viscoelastic parameters. 

Some limited testing of nylon 66 was carried out at 100 cps 

with Apparatus II. Due to an appreciable temperature rise, most of the runs were limited 

to relatively short bursts. In some cases equilibrium temperatures were reached by utiliz¬ 

ing a blower to cool the specimen. Typical data of stress vs number of cycles is shown in 

Figures 49 to 51 for 8, 10, and 15 percent strain ranges, respectively. The results of 

several tests carried to failure are shown in Table 3 and Figure 52. 

Unfortunately, phase lag between stress and strain could 

not be determined at 100 cps. It was found, by cycling steel torsion bars well within 

the elastic range, that a phase lag resulted on the oscillograph records. The torsion 

bars were designed to approximate the stiffness of the nylon specimens. It is believed that 

the error was due to an electrical signal resulting during amplification of the load cell 

output prior to input to the galvanometer. Since phase lag could not be determined, it was 

not possible to determine the complex moduli at 100 cps with the present apparatus. 

Although the temperature measurements were rather crude, 

the recorded temperature rises were far below those values predicted on the basis of the 

previously determined loss moduli and specific energy absorption values. Thus, an ap¬ 

preciable frequency effect on phase lag and loss modulus seems to be indicated. How¬ 

ever, the results cf tests with the friction torus device utilizing nylon elements, presented 
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Table 3, Summary of Fatigue Tests for Nylon 66 

Specimen 

No. 

Strain 

Range 

A ve rage 

Cycles 

Per Burst 

Average 

Initial 

Temperature 

Average 

Final 

Temperature 
Cycles 

To Failure 

392 8% 10,000 90°F 170°F 740,100 

338 10% 1,500 84 196 72,000 

299 15% 375 82 183 2,550 

307 15% 400 82 202 6,705 

325 15% 400 82 175 5,100 
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in Section VII B, do not support this observation. Rather, the test results indicate 

that specific energy absorption is relatively insensitive to frequency. In view of these 

apparent discrepancies, it appears that further modification of the apparatus and further 

testing at various frequencies would be of interest. 

With regard to the limited fatigue data for nylon 66, the 

results of Figure 52 indicate a much more significant variation in fatigue life with 

strain amplitude than for ductile metals. For example, if a relation in the form of Equa¬ 

tion (35) were fit to the present data, using total strain rather than plastic strain, the 

exponent oL would be approximately l/8. In other words, the fatigue life for nylon 66 

is approximately inversely proportional to the eighth power of total strain range. 

B. Torus Impact Device 

The foregoing concepts and principles were applied in the design, construc¬ 

tion and testing of a simple torus device with friction drive, as illustrated in Figure 1. 

Both quasi-static and impact tests were conducted using 1100-aluminum and nylon 66 

working elements. Details of the design and a discussion of the test results are presented 

in the following sections. 

1. Design and Construction 

The test device consists of two concentric tubes which drive one or 

more torus elements, as shown in Figure 53. The torus elements consist of loops of a 

ductile metallic or nonmetal lie wire which may be in the form of individual rings or one 

continuous spiral. The individual rings need not be joined at the ends. Drive is accomplished 

through friction coupling produced from a built-in interference between the torus elements 

and the concentric tubes. The thickness of the outer tube is tapered at the end, as shown 

in the sketch, in order to provide for simple assembly. The outer tube is constructed of 

6061-T6 aluminum alloy with a 2.50-inch OD and a 0.070-inch thick wall, and the inner 

no 



110A 



tube is 2024-T3 aluminum alloy with a 2.24-inch OD and a 0.076-inch thick wall.* 

Photographs of the actual device are shown in Figure 54. 

Interferences were varied by varying the diameters of the wire 

elements. In the case of the aluminum elements, 0.064-inch diameter wires were slightly 

reduced in diameter by plastic elongation, it was found that the aluminum elements 

would roll for only a very narrow range of interferences or wire diameters. A discussion 

of this behavior will be presented later. The nylon elements rolled for a considerably 

wider range of interferences. A series of tests was run with nylon wires ground to diameters 

ranging from 0.064 to 0.069 inch. 

Estimates of the resisting forces based on longitudinal deformation 

only can be determined from the cyclic torsion data in conjunction with the previously 

developed relationship of Equation (51). Figure 55 shows curves of and Ay_vs 

for aluminum, based on the data of Figure 33. Numerical integration of these 

results with the values R = 1. 148 inches and d = 0.064 inch yields the design force for 

a single aluminum element of 49 lbs. 

For evaluation of the nylon element. Equation (51) can also be 

expressed in terms of strain amplitude, to give 

-O 

(109) 

This integral is simply the area under the curve of Figure 48 ill i/if! An rtf Fm irtflrtn 

*These dimensions are only nominal. Due to variations in the tube dimensions, the annular 

width varied about an approximate value of 0.0625 in. 
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with these results yields a value of 8.8 lb for a single element of nylon. 

The effect of lateral compression on the nylon element was 

computed using the procedure developed in Section VI B. These results are presented in 

Figure 56 in terms of F/C^ vs d, based on an annular width of 0.0625 inch, and will 

be discussed further in conjunction with the test results. 

2. Test Procedures 

Two types of tests were performed with both aluminum and nylon 

working elements. Quasi-static tests were performed with a Dillon testing machine, and 

load-stroke curves were determined with the aid of a strain-gage load cell and an oscillo¬ 

graph recorder. The test set-up is shown in Figure 57. Typical load-stroke curves are 

shown in Figure 58. The strain cycling rate of the working elements was approximately 

0.086 cps. 

In order to study the performance under impact conditions, drop 

tests were performed by dropping weights on the device from various heights. Deceleration¬ 

time and load-stroke behavior was determined by multiple-exposure photographic records 

taken with the aid of a strobe-light system. This test-set-up is shown in Figure 59. A 

typical photographic record is shown in Figure 60. 

3. Test Results 

Quasi-static and drop results are shown in Tables 4 and 5 and Figures 

61 to 66. Table 4 is a summary of quasi-static and drop results for aluminum working 

elements. Table 5 is a summary of quasi-static results for nylon working elements. Figure 

61 summarizes the nylon drop results in terms of force vs drop height for various wire 

diameters. A comparison of quasi-static and drop results for the nylon is shown in Figure 62. 
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Figure 56. Effect of Lateral Compression of Nylon Torus Element 
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TABLE 4 

Summary of Quasi-Sfafic and Drop Results for Device 

with Single 0.0632 inch Diameter Aluminum Element 

Quasi-Static Results 
Force (lb) 

Type of Measurement No. of Measurements High Low Average 

Tension 5 90.5 73.7 83.9 

Compression 8 110.4 79.9 96.4 

Tension & Compression 13 110.4 73.7 91.6 

Drop Results 
Force (lb) 

Drop Height (in.) No. of Drops High Low Average 

1 3 131 106 117 

2 1 - - 116 

3 4 132 113 120 

4 _J__ - - 115 
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TABLE 5 

Summary of Quasi-Static Results for 

Device with Nylon Elements 

Wire Diam. 

(inches) 

No. of Turns No. of Measurements n Force per turn (lb) 

Low Average 

.0634 2 21 14.1 10.6 12.7 

.0635 1 10 16.6 10.89 14.8 

.0640 2 2 20.6 19.4 20.0 

.0648 2 8 32.6 22.8 27.8 

.0650 2 4 35.4 28.0 31.8 

.0660 2 5 59.8 53.9 56.3 

.0670 2 4 71.2 63.0 67.9 

.0680 2 4 96.2 88.0 92.3 

.0690 2 4 158 101 130.4 
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All of the drop results are presented in terms of an average 

force computed from the values of drop height, stroke length, and weight. 

Indications of the (gross) variations in force with stroke or time 

are shown in Figures 63 to 66. These figures show typical stroke-time and velocity¬ 

time curves computed from the photographic records. Deviations from linear relations 

in the velocity-time curves indicate variations in force. These results do not indicate 

local fluctuations as shown in the quasi-static results of Figure 58, but represent varia¬ 

tions in the average force-time behavior. 

4. Discussion of Results 

Several features of interest are immediately apparent from the 

foregoing experimental results: 

(i) The forces for both the aluminum and the nylon working 

elements are substantially underestimated by consideration of only longitudinal defor¬ 

mation produced from rolling of the torus elements. The design forces previously com¬ 

puted on this basis from the cyclic torsion data are 49 and 8.8 lb per loop of aluminum 

and nylon, respectively. These forces may be compared with measured quasi-static 

values ranging from 74 to 110 lb for the 0.0632-inch aluminum element and 11 to 14 lb 

for the smallest (0.0634-inch) nylon element. 

(ii) Considerable variation exists in the measured forces 

for elements of equal diameter or, for the same element, under similar testing conditions. 

(iii) The aluminum elements would roll for only a very narrow- 

range of diametral interferences (on the order of 0,001 inch). 

(iv) The nylon elements show a considerable increase in 



force with Increases In wire diameter or interference. 

(v) The aluminum elements exhibit cyclic rate sensitivities 

comparable to those for unidirectional straining over the frequency range investigated. 

(Rate sensitivities computed from the differences between the quasi-static and the drop 

measurements are on the order of 0.04). 

(vi) The nylon elements exhibit almost negligible rate sensi¬ 

tivities over the frequency range investigated. 

Items (i) to (iv) above can all be explained in terms of the complex 

mode of deformation resulting from lateral compression of the torus elements, coupled 

with variations in interference due to local variations in element and tube dimensions. 

This complex mode of deformation gives rise to much greater hysteresis than that predicted 

from longitudinal deformation alone. 

The effect of lateral compression of the nylon elements based on 

the previous viscoelastic analysis is illustrated in Figure 56, which may be compared 

with the experimental curve of Figure 62. The values of G2 required to match the theoreti 

cal results with the experimental curve range from 17,000 psi for the 0.064 inch element 

to 5,330 psi for the 0.069 inch element. These values are considerably below those of 

Table 2, which range from 39,400 to 78,200 psi. Although the results demonstrate 

the considerable hysteresis effect resulting from the lateral compressive mode of deforma¬ 

tion, the appreciable discrepancy between theory and experiment cannot be explained. 

There is a strain amplitude effect on G2 which, of course, was not accounted for in 

the linear viscoelastic analysis. However, there do not appear to be sufficient differences 

in the strain amplitudes of Table 2 and those occurring from the lateral compression to 
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explain the discrepancies. Moreover, the changes in G2 with increasing strain seem 

to be in the wrong directions. Furthermore, although the theoretical model required 

some approximations, it is not felt that the errors are as great as indicated by the 

present discrepancies. Rather, it is believed that the cyclic torsion data and, in par¬ 

ticular, the phase lag measurements could be in error. 

The lateral compressive effect could be even more pronounced 

in the case of aluminum, due to the low strain-hardening of the stress-strain curve and 

the appreciable strain concentrations likely to result at the points of contact. Thus, 

the narrow range of interferences for which the aluminum elements would roll, as well 

as the variations in the measured forces, are likely due to the sensitivity of this lateral 

deformation to changes in interference. For the particular test device, the minimum 

interference and lateral force required for adequate friction drive were apparently just 

sufficient to overcome the resulting complex hysteresis. As the interference was increased, 

the lateral deformation and the hysteresis apparently increased more rapidly than the 

lateral compressive force, and hence the friction drive became inadequate. Rolling of 

the nylon elements for the larger interferences can probably be attributed to lower strain¬ 

hardening and smaller strain concentrations, and hence a lower rate of increase in hysteresis 

with interference. 

Rate sensitivities for the aluminum were computed from the quasi-static 

results (0.086 cps) and the drop-test results using Equation (25). Average frequencies 

during the drop tests ranged from 35 cps for the 1-inch drops to 70 cps for the 4-inch drop. 

Values of rate sensitivity fi (Equation (16)) ranged from 0.036 to 0,042 for the drop data 

of Table 4. As demonstrated in Section V of this report, room-temperature rate sensitivities 



of this magnitude should have little effect on load-stroke or deceleration-time behavior 

of impact devices for normal applications. This is further demonstrated by the velocity¬ 

time curves of Figures 63 and 64. The slight deviations from linear behavior indicate 

small variations in the resisting forces. 

The almost negligible rate sensitivity of the nylon in this frequency 

range is apparent from Figures 61 and 62. It is interesting that a slight increase in force 

with decrease in frequency is suggested by the drop data at the lower frequency range. This 

is indicated in Figure 61 in the neighborhood of the l/2-inch andl - inch drop$/ and is 

further suggested by the shapes of the velocity-time curves of Figures 65 and 66. In these 

Idter curves the deceleration appears to increase toward the latter part of the stroke. 

However, the data is currently too limited to draw any firm conclusions. 

C. Rolling Tube Device 

Tests were performed to demonstrate the feasibility of the rolling tube 

device and to check the validity of the previous analysis. A test device was fabricated 

as shown in the sketch of Figure 67 and the photograph of Figure 68. The tubes are 0.25 

inch OCt 0.006 inch wall, annealed 304 Stainless Steel, and 0.25 inch plates were used 

for rigidity. 

Performance curves were determined for the working tubes, based on the 

results of Figure 21. These are shown in Figures 69 and 70. 

Two types of tests were performed. Lateral compressive load-deflection 

behavior was determined by dead-weight loading of single tubes. Results were determined 

for a virgin tube, and for tubes plastically deformed after operation in the device. These 

results are shown in Figure 71, along with predicted values from Figures 69 and 70. 
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Driving force vs lateral deflection was determined by loading the test 

device in a Dillon tester. These results are shown in Figure 72, along with the predic¬ 

ted values. 

The lateral load-deflection results are in fair agreement with the theoreti¬ 

cal values. The considerable scatter in the three test cases apparently is due to differ¬ 

ences in geometry as well as changes in flow behavior from cycling. The cycled tubes 

were loaded in directions of maximum and minimum diameters. The major source of error 

in the calculated values is expected to be due to incorrect moment-curvature and stress- 

strain data used in the analysis. 

Appreciable disagreement is apparent between the theoretical and experi¬ 

mental driving force vs lateral deflection curves. This error is attributed primarily to 

incorrect stress-strain values used inthe analysis. The errors in the predicted lateral 

load-deflection curve are much less than those of the driving force curve. This indicates 

that the moment-curvature data used in the bending analysis was fairly accurate compared 

with the hysteresis behavior computed from the stress-strain curve. The particular stress- 

strain curve employed was determined from the results of a bend test on 0.012 inch sheet 

material, in conjunction with the results of a plastic bending analysis. Moreover, the 

unidirectional rather than the cyclic stress-strain curve was employed, which could 

introduce significant error. Insufficient data was available to account for cyclic strain¬ 

hardening. 

A small error in the stress-strain curve could result in considerable error 

in the hysteresis loops, particularly at the lower strain ranges. If the stress-strain be¬ 

havior is largely elastic the size of the hysteresis loop represents a small difference between 
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large numbers, so that errors are amplified. This trend is apparent in the curves of 

Figure 72. 

In order to properly evaluate the previous analysis, it would be desirable 

to employ the results of cyclic bend tests carried out on appropriate sheet material, as 

well as basic cyclic stress-strain data. An additional check on the stress-strain data 

and bending theory could be afforded by applying the data to the prediction of the 

cyclic bending hysteresis behavior. 

VII CONCLUDING REMARKS 

Basic concepts and principles of cyclic strain energy devices have been described, 

and flow and fatigue behavior of materials in relation to these devices has been summari¬ 

zed. Performance capabilities and limitations of cyclic strain energy impact devices 

have been established for single and multiple-impact applications, based on certain ma¬ 

terial properties and fundamental design considerations. Analytical methods for predicting 

the behavior of these devices have been developed, and specific applicationsto two prom¬ 

ising devices have been shown. 

An experimental investigation has been conducted which has included a study 

of materials under rapid cyclic torsion as well as the testing of the "torus" and rolling 

tube1 cyclic strain energy devices. Basic cyclic flow and fatigue data has been generated 

which has confirmed pertinent energy absorption parameters under conditions of rapid 

cyclic straining. Tests with the torus and rolling tube devices have demonstrated their 

feasibility and have disclosed certain problem areas related to the construction, performance, 

and analysis of such devices. Although no attempt was made to optimize the particular 

laboratory devices tested, the results appear to substantiate that cyclic strain energy 
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impact devices can be developed which offer enormous SEA efficiencies, capability of 

multiple use in tension and compression, as well as precise and prescribed load-stroke 

curves. It also appears that, with appropriate data on material behavior, it should be 

possible to accurately predict the behavior of these devices. 

The results of the cyclic torsion tests with metakas well as the tests with the 

torus device utilizing 1100-type aluminum elements have shown that both flow and 

fatigue behavior under rapid cyclic straining conditions can be approximated by low 

frequency data. Also, rate sensitivity for 1100 aluminum and 347 stainless steel under 

cyclic straining is the same order of magnitude as for unidirectional straining. Tempera¬ 

ture rise with metals can have a significant effect on load-stroke behavior although this 

will become important only for very high specific energy absorption requiring large 

strain ranges and few operating cycles. Fatigue behavior for the metals tested in cyclic 

torsion correlates reasonably well with uniaxial results, using the maximum shear criterion. 

The cyclic torsion apparatus proved adequate for studying metals at the high strain 

ranges and frequencies of interest, although difficulties were encountered with the nylon 

because phase lag could not be determined with sufficient accuracy. This presented no 

serious problem with the metals since the elastic strain rancp can be computed from stress 

range and elastic modulus. However, the hysteresis behavior of the nylon is dependent 

directly on phase lag. 

There appears to be a descrepancy in the nylon data even at the lower frequencies, 

based on the results of the torus tests, the cyclic torsion tests, and the analysis of the 

torus device. It would be of interest to check the viscoelastic analysis of the compressed 

rolling rod with tests on straight rods of known viscoelastic properties. If successful, this 

type of test could provide an alternate means for determining loss modulus in nonmetal lie 
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materials under large strain ranges. It would also be instructive to carry such tests 

to fatigue failure and correlate the results with basic strain fatigue data. 

The fatigue data obtained for the nylon, although limited, indicates a much 

greater sensitivity to strain range than for typical ductile metals. Much more testing 

at a variety of strain ranges, frequencies, and temperatures is required before low cycle 

fatigue relations for nonmetals can be obtained analogus to those for metals. 

Further cyclic testing of nylon is required to establish the effects of strain range, 

frequency, temperature, and history on cyclic stress-strain behavior. From the limited 

test results there appear to be significant history effects and rather severe temperature 

sensitivity. This could make nylon much less attractive than metals in cyclic strain energy 

devices requiring precise and repeatable load-stroke curves, particularly under adverse 

environmental conditions. However, the test data was too Limited to be conclusive, 

particularly from the standpoint of the temperature measurements. 

It is interesting that the torus device utilizing nylon working elements exhibited 

very low rate sensitivity. This could be due to compensating effects of rate on stress range 

and phase lag with little change in hysteresis. 

The analytical and experimental results with the rolling tube device indicate that 

such a device can be constructed to provide rather precise as well as easily adjusted load- 

stroke behavior. Further applications of the analytical method with more adequate stress- 

strain data would be of interest. For this purpose it would be useful to obtain cyclic 

bending data for thin sheet material, as well as cyclic tension-compression data. It would 

also be instructive to test such devices to fd lure in order to correlate fatigue life with 

predictions of maximum strain range, using established low cycle fatigue relations. 
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The problem of lateral compressive deformation of metallic elements in friction 

torus devices warrants further study. It would be of interest to determine the effects 

of compressive force, diametral interference, surface conditions, etc., on both the 

load-stroke and fatigue behavior of these devices. 

Investigations of cyclic strain energy devices are being continued at ARA, Inc. 

under two NASA contracts. Although these studies are being directed toward particular 

applications of energy absorbing systems, the investigations cover some of the basic 

problem areas enumerated above. 
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