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PREFACE

This book has been developed from notes and blue prints

prepared by the writer and used in his classes at the University

of Ilhnois. Certain additional material has been added, a part

of which has been briefly presented in a number of articles con-

tributed by the writer to the technical press. The notes referred

to above were modeled after a set prepared by Dr. N. C. Ricker,

several years before, to whom the writer is greatly indebted.

Many additional problems might have been added and the

discussion greatly extended. This is especially true of Chapters

IV and VII to X inclusive. However, it has been thought best

to keep the book to smaller proportions, and the writer believes

that a thorough mastery of the constructions and solutions

here presented will give the student an excellent grasp of the

subject.

The object has been to deal with the analysis of stresses rather

than with design or the computation of loads. Nevertheless it

has seemed desirable to give some attention to the determination

of loads, and Chapter IX has been devoted almost exclusively to

design. Material and ideas have, of course, been drawn from

many sources.

The writer is especially indebted to Prof. C. R. Clark for assist-

ance in connection with the early part of the work and to Prof.

L. H. Provine for encouragement and constructive criticism.

W. S. W.
Detroit, Mich.

October, 1921.
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NOTATION

Lengths have been referred to by letters or numbers with a

dash between them, thus, A-B; meaning the length from A to B.

Forces or loads are often designated by i^ or P either with or

without subscripts or primes, but any letter or pair of letters or

numbers may be used.

In coflnection with moments the letter M is used to indicate

the first moment, while I is used to indicate the second moment,
often called the moment of inertia.

The pole from which the rays of a force polygon radiate is

usually called p, and the pole distance H. In connection with

the constructions for moment of inertia, and the deflection of

beams, the second pole distance is called H' and the second pole p'.

E-I
The formula H'= ^^ is used in the construction for finding

the deflection of beams; E is the modulus of elasticity of the

material, I is the moment of inertia of the section, H is the first

pole distance, H' is the second pole distance, a is a value depending

upon the scale, and n is any convenient number used to magnify

the vertical dimension of the elastic curve.

M I
In the formula -^=-, used for beams,M is the bending moment

in inch-pounds, S is the maximum unit stress, I is the moment of

inertia of the section, and c is the distance from the neutral axis

to the outermost fiber.

The left reaction of a beam or of a truss is usually called Ri

and the right R2.

n.t. . , 1 c P.P-e-c . r, P P-e-c
The two formulas OM=-r-\

j
— and "i»=-j

j
— are

used in connection with eccentric loads; Su is the maximum
unit stress on the section, Sm is the minimum unit stress on the

section, P is the load, A is the area of the cross-section, I is the

moment of inertia of the section using the axis about which bending

occiurs, e is the eccentricity, and c is the distance from the neutral
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axis, to the fiber which has maximum stress when Sm is being

found, and to the fiber which has minimum stress when Sm is

being found.

In the formula ei =-j— , ei is the distance from the centroid ofA ' C

the section to the edge of its kern measured at right angles to the

neutral axis about which I is the moment of inertia, A is the area

of the section and c is the distance to the outermost fiber on the

opposite side of the neutral axis from that on which ei is being

found.

In connection with reinforced concrete the letter n is used for

the ratio of the modulus of elasticity of the steel to that of concrete.

I^ ' C lid^ 'C
The formulas /c=^^ and/j=—f^'i^ are used in connection

with reinforced concrete; fc is the maximum unit stress in the con-

crete, fs is the maximum unit stress in the steel, M is the bending

moment in inch-pounds, Cc is the distance from the neutral axis to

the outermost fiber of concrete, Cs is the distance from the neutral

axis to the outermost fiber of steel, I is the moment of inertia,

and n is the ratio of the moduls of elasticity of steel to that of

concrete.

Rt is used for the resultant of all the tensile stresses, and Re

for the resultant of aU the compressive stresses.

Other notation is explained in more or less detail where used.



GRAPHICAL ANALYSIS

CHAPTER I

GENERAL METHODS

1. Introduction.—There are numerous problems encoimtered

in engineering and technical work that can be conveniently solved

by means of graphical or geometrical constructions. There are

of course, certain problems for which a graphical solution is unde-

sirable, there are others for which either a graphical or an analyt-

ical solution is satisfactory and there are some for which the

graphical solution has distinct advantages. In some cases a

combination method, one using part analytical and part graphical

methods is desirable.

The writer believes it would be to the advantage of many
engineers and students if they were more familiar with graphical

solutions. Often such solutions will save much time and labor,

and an excellent check is obtained if the problem is solved graph-

ically and certain parts checked analytically.

The graphical method often checks itself as wiU be seen later

in connection with trusses.

Many students find it easy to follow through the graphical

solution and see just what is being done. Also graphical con-

structions often make it easier to understand how the stresses

act and how they may be analyzed. Therefore one of the best

ways to teach analysis of stresses is by the use of graphics. In

practice a great many problems are solved by what is called

judgment. The better a man understands how the stresses foUow

through a member or structure, the better his judgment will be.

Consequently it may sometimes be desirable to solve problems

graphically in order to obtain a better understanding of the dis-



2 GRAPHICAL ANALYSIS [Art. 2

tribution of the stresses. This improves the individual judg-

ment, so that the student will be better fitted to deal with similar

problems in the future, when he may not have time to work out

exact solutions.

Many problems which require for their analytical solution the

development of complicated formulas can be solved by graphical

constructions without the use of formulas. It is easier for the

average student to understand why he goes through certain con-

structions than for him to understand the development of com-

plicated formulas.

2. Definitions.^—Brief definitions for a number of terms and

expressions are giv«n below. More complete definitions for some
of them wUl be given later in certain parts of the text; also addi-

tional terms will be defined when used.

Concurrent Forces.—Forces whose action lines have one point

in common.

Coplanar Forces.—Forces whose action lines all he in the same
plane.

Concurrent^coplanar Forces.—Forces whose action lines lie

in one plane and have a common point.

Action Line.—The path in space along which a force acts.

Magnitude.—The size of a force as measured in pounds or some
other unit.

Direction.—The direction of the action line of a force with
respect to some reference hne, usually shown by giving the angle

which the action liue makes with some reference Une.

Sense.—The way a force acts along its action line, usually

shown by an arrow or by the notation.

Vector.—A line used to represent a force in direction, mstgni-

tude, and sense, but not in action line.

Point of Application.—The point along the action line of a
force at which it may be considered that the force is apphed.

Equilibrium.—A system of forces may be said to be in equi-

librium when the various forces composing the system balance
each other; or in other words when their resultant is zero. Or
we may say that any system of forces is in equiMbrium when any
one of them is the anti-resultant of all the others.

Composition of Forces.—Combining the forces of a system in

order to obtain an equivalent system with a fewer nimiber of

forces, perhaps only one.
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Resolution of Forces.—The reverse of the composition process.

The process of finding for a given system of forces an equivalent

system with a larger number of forces.

Component.—When a force is resolved into two or more forces,

these new forces are called components of the original force.

Resultant.—The result of the composition process is called the

resultant. The term is usually applied to one force which is the

equivalent of a system.

Anti-resultant.—The anti-resultant is a force having the same
magnitude, direction, and action line as the resultant but an oppo-

site sense.

Force Polygon.—Is a polygon of vectors. When the polygon

has only*three vectors, which form the sides of a triangle, it is

called a force triangle.

Funicular Polygon or Equilibrium Polygon.—A polygon of

strings with each vertex at the action line of a force. The strings

are parallel to the rays of a force polygon, and these rays are lines

extending from the vertices of the force polygon to some common
point called the pole.

The funicular polygon is one of the most important construc-

tions used in coimection with graphical analysis, and the student

should not be content with the above brief and incomplete defini-

tion, but should give careful attention to the discussion and illus-

trations that wiU be given later.

3. Graphical Construction and Measurement of an Angle.—
It may be well at this time to consider a graphical method of con-

structing an angle of a given number of degrees, without the use

of a protractor, and also a graphical method of measuring the

niunber of degrees in a given angle.

In Fig. 1 the fine A-C is to be drawn making an angle of

31° 20' with the Hne A-B which it is to intersect at any point A.

Measure off the length A-e equal to 10 units. Now from a table

of tangents, the tan of 31° 20' is found to be .6088. The hne

e-d is drawn at right angles to A-e and of length equal to 6.088

of the imits used for the line A-e. Connect A and d and the line

C-A makes the desired angle with A-B, because A-e-d is a right

angle and e-d -j- A-e is the tan of 31° 20'.

Let it be required to measure the number of degrees in the

angle C-A-B, shown in Fig, 2. From A measure off 10 units

to the right, and locate point e. From e a Une at right angles to
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A-B is drawn and the intersection d obtained. The length of

e-d is measured, using the same unit that was used for A-e.

This length which was found to be 7.86, divided by 10 gives the
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of the force in pounds per inch or in some other unit, and any
length Y-Z times the average intensity along it gives the total
external force apphed to it.

The area K-L-M-N shows the top of a pier on which is applied a

/?

B

Fig. 3.

SiensA

distributed force represented by the volimie E-F-G-H-K-L-M-N

,

the ordinate X representing the intensity in pounds per unit of

area, or in some other unit.

Fig. 4 shows a body with the concentrated force F apphed at

A. The line B-C is the action line of

the force F, and A is the point of appli-

caMon. The direction of the action line

of F is indicated by the angle which it

makes with the vertical or horizontal or

some other reference line. The sense

(indicated by an arrow or by the nota-

tion) shows the end of the action line

towards which the force acts. Some-
times the term direction is used to indi-

cate both sense and direction.

The hne D-E is a vector, or in

other words it is a line which represents

the force F in direction, sense, and mag-

nititde to some scale, but not in action

line. The distinction between vectors

and action hnes is very important, and

they should not be confused. The action line is the path in space

along which the force acts, and it can not be moved without

moving the force. On this action line we can show by a point

where the force is apphed and by an arrow its sense. Also by



6 GRAPHICAL ANALYSIS [Art. 5

scaling off a certain length along the action line we can repre-

sent the magnitude of the force to some convenient scale. But

the action line remains fixed with respect to the other forces of

the system or with respect to the body on which it acts.

The vector, a liiie used to represent a force ia direction, sense,

and magnitude, may be moved any place as long as it is kept par-

allel to the action line of the force it represents. In Fig. 4, the

line B-C is the action line of the force F, and D-E is a vector

representing the force. The Hne B-C remains fixed with respect

to the body, but the line D-E may be moved about. The length

of D-E measured to the proper scale, gives the magnitude of the

force F.

5. Composition of Forces.—In Fig. 5 two forces Fi and

Fig. 6.

F2 are shown with action fines a-b and c-d. A paraUelogram of

forces E-H-K-G is constructed and the resultant R obtained. A
proof for this construction may be demonstrated in the laboratory,

or geometricaUy in the following way. Let the line K-f in Fig. 5

be the x-x axis, then m-E is the y component of Fi and s-E is

its X component. Also n-E is the y component of F2 and r-E

is its X component. Since m-E and n-E are of equal magnitude

and have the same action hne but opposite sense, they neutralize

each other. It foUows that the resxiltant of the given forces must

be the sum of the x components. But s-E plus r-E equals K-E,
the diagonal of the parallelogram. Therefore the diagonal of the

paraUelogram gives the magnitude and direction of the resultant.

The parallelogram E-H-K-G might have been drawn any place

on the sheet, as shown in Fig. 6, in place of having E-H and

E-G coincide with the action lines of the forces. In which case

the action line of R would still pass through the intersection of
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a-b and c-d, and would be parallel to the diagonal of the parallel-

ogram.

In Fig. 7 we have the same two forces Fi and F2 with action

lines a-b and c-d intersecting at H. The vector K-G is laid off

parallel to the action line of F2, and equal to F2 to some convenient

scale. From G the vector G-E is laid off parallel to the action line

of Fi and equal to Fi, using the same scale that was used for F2.

The line K-E closes the force triangle and gives the magnitude and

direction of the resultant R, but the action line passes through H.

It should be noted that the triangle K-G-E in Fig. 7 is just half

of a parallelogram similar to the one shown in Fig. 6. The
side K-E of the triangle K-E-G is the same as the long diagonal

of the parallelogram K-G-E-G'.

The anti-resultant, a force which would hold Fi and F2 in

equilibrium, has the same magnitude, direction and action line

as the resultant, but is of opposite sense as shown in Fig. 7.

In Fig. 8 the space diagram of five concurrent coplanar

forces is shown. Their resultant is desired. The vectors are laid

off in Fig. 9. Each vector must be drawn parallel to the action

line of the force it represents, and when measured to the chosen

scale it must equal the magnitude of that force. The force

polygon was started at A, and the vectors laid off one after another.

It really makes no difference in what order the vectors are laid off,

because, starting at A, the end of the last vector will be at N no

matter what the order. If F4 is laid off after F2 its end is at D',

but the end of Fz falls at E and the end of F5 at N, the same as

when the order was Fi, F2, F3, Fi, and F5. The polygon must be

drawn so that if one starts at A and follows along the polygon to

B and then on around to AT he is always moving in the direction

of the arrows which indicate the sense. The line connecting A,
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the starting point of the polygon, and N gives the direction and

magnitude of the resultant. An arrow pointing from A, the

starting point of the polygon, towards N indicates the sense of the

resultant. Of course the anti-resultant has an opposite sense.

The student may at first think that the force polygon of Fig.

9 is a long step in advance of the force triangle shown in Fig. 7.

His attention is therefore called to the fact that the force polygon

may be split into a number of force triangles, as shown by the lines

A-C and A-D. The first force triangle is A-B-C, the second

A-C-D, etc. The line A-C gives the resultant of Fi and Fz, the

Fig. 9. Fig. 8.

Inline A-D gives the resultant of this resultant and F3, etc

this connection see also Figs. 21 and 22.

6. Resolution of Forces.—In Fig. 10 consider the force F
with action line a-b. Let it be required to resolve this force into

two components at the point P. The line C-D, a vector for F,
is drawn. Now if any line D-On is drawn from D, and any line

C-0„ from C intersecting D-On at 0„, these two lines are vectors
of components of F. The action lines of these components pass
through P and are parallel to C-On and D-On. It is evident that
there are an infinite number of pairs of such components. If the
action lines of the components are given, then there is just one
solution. Suppose g~h and m-re are given as the action lines of
the two components F2 and F3. From C draw a hne parallel to
g-h and from D a line parallel to m-n intersecting the first line at E.
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Then C-E gives the magnitude of Fz and E-D that of F2. The
arrow showing the sense of F points from C to D. Go from C to jB

aad then up to D; arrows showing the direction of the movement
give the sense of /^2 and F3.

In Fig. 11a force F is shown with action liae a-h. A vector

representing F is shown as C-D, from C a horizontal line is drawn
and from D a vertical intersecting the horizontal at G. It follows

that C-G is the vector for the horizontal component and G-D the

vector for the vertical component. The horizontal might have
been drawn from D and the vertical from C, the same result being

obtained; that is V and H' would be equal to V and H, The

Fig. 10

action lines of H and V must intersect on the Hne a-h, the action

hne of F, but n may be any point along this hne. The horizontal

component is, of course, parallel to the X axis and at right angles

to the Y axis. When considering a system of forces the sum-

mation of the horizontal components is often spoken of as summa-
tion Fx and the summation of the vertical components summation

Fy. In many cases it is convenient to use the horizontal and

vertical components of a force in place of the force itself.

In Fig. 12 resolution of the force F into many components is

considered. The vector for F is shown as C-B. From C draw the

line C-L of any length and with any direction; from L draw the

Hne L-E with any length and with any direction, and continue

the process until the desired number of vectors is obtained, the
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last one of course ending at D. Then Fi, ¥%, F3 . . . F„ are

components of F. All of their action lines pass through and are

parallel to the corresponding vectors in the force polygon. These

are, of course, an infinite number of groups of such components.

If the number of components re-

quired is given as well as their direc-

tion and sense, and the magnitude of

all but two, we have a definite prob-

lem and there is just one answer.

7. Concurrent-coplanar Forces,

Conditions for Equilibrium.—In Figs.

8 and 9 the resultant of a number
of concurrent-coplanar forces was
found, but nothing was said regard-

ing conditions for equUibrimn. Ana-
lytically such a system of forces is in

equihbritun when summation Fx and
summation Fy are each equal to zero; graphically the force poly-
gon must close and the sense going around it must be continuous.

V .a

Fig. 13. Fig. 14.

In Fig. 13 the space diagram for five forces in equilibrium is

shown, and the force polygon has been drawn in Fig. 14.

The ends of the vector for Fi are projected to the Y axis, giving
the length 1-2 which represents the magnitude of the Y com-
ponent of Fi. Similarly a-b represents the X component of Fi.



Chap. I] GENERAL METHODS 11~

The X and Y components of the other forces are obtained in like

manner. The Y component of i^i is represented by 1-2, that of

F2 by 2-3, and that of F3 by 3-4 all acting down. The Y compo-

nent of Fi is represented by 4-5 acting up, therefore its length is

subtracted from 1-4. The Y component of F 5 is represented by
5-6, acting up, and if the polygon closes 6 will fall on 1 and summa-
tion F^ will be zero. The X components may be treated in a

similar way.

Now if the force polygon were started at any point 11 and did

not close, there would be a gap between n and the end of F5,

which would mean that either summation Fx or summation Fy

or both, were not equal to zero. Also it is evident that if the

sense of any one of the forces Fi, F2 • • • F5 were changed, the

direction or sense of one of the Y components and of one of the

X components would be changed and smmnation Fx or F^ would

no longer be equal to zero even if the polygon did close. There-

fore, for equilibrium, the force polygon must dose and the sense

going around it muM he continuous.

8. Unknowns.—Given a system of concurrent-coplanar forces

in equilibrium, it is possible to find two unknowns, sense and

direction being considered together as one unknown. Two
unknown magnitudes may be found, or two unknown directions,

or one unknown direction and one unknown magnitude. The
unknown direction of one force and the unknown magnitude of

another or the unknown direction and magnitude of one force may
be found. The last-named problem was solved in Figs. 8 and

9 by finding the anti-resultant.

(a) Two Unknown Magnitudes.—In Fig. 15 we have four

forces in equihbrium, the magnitude of F3 and Fi being

imknown. The force polygon in Fig. 16 is started at A and con-

tinued to C, using the known magnitudes of Fx and F2, and any

conyenient scale. From C a line is drawn parallel to the action

hne of F3, and from A a Une parallel to the action line of F4.

The intersection D marks off the vectors for Fz and F4, and these

vectors, measured to the scale that was used for F\ and F2, give

the imknown magnitudes. Attention should be called to the

fact that the line parallel to Fi might have been drawn from C,

and that parallel to Fz from A, and the same results obtained

because C-D' equals D-A and D'-A equals C-D, A-D-C-D'
being a parallelogram.
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(6) Two Unknown Directions.—In Fig. 17, five forces in equi-

librium are given, but the direction of two of them is unknown.

In Fig. 18 the force polygon is started, using the forces with

known magnitudes and directions. Then using D as a center

an arc is drawn with a radius equal to the magnitude of Fi, mea-

Fig. 15.

sured to the same scale that was used for F\, F2 and F3. Now
using A as a center an arc is drawn with a radius equal to Fg.

The intersection of these two arcs locates the point E and the

vectors for F4 and Fs are drawn as shown. Since the system of

forces is in equilibrium, the sense going around the force polygon

N
/^'^^

''Note thaf there ^
are two possible^

solutions

FiQ. 17.

I^'V^O

must be continuous, therefore the sense of F4 and Fg must be as

indicated by the arrows. The action hnes for Fi and Fs are

drawn through in Fig. 17 and made parallel to the correspond-

ing vectors in Fig. 18. It is well to keep in mind that the arc

having a radius equal to Fi, might have been drawn from A as a
center, and that with F5 as a radius from D as a center. The
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same results, that is the same directions for Fi and F5, would
have been obtained, although the force polygon in Fig. 18 would

have been of different shape.

(c) One Force with an Unknown Magnitude and another with

an Unknown Direction.—Fig. 19 is the space diagram for four

forces which are in equiUbrium. The magnitude of F3 is unknown,
also the direction of F4. Starting at A in Fig. 20, the vectors for

Fi and F2 are laid off to some convenient scale, and from C a line

is drawn parallel to the action line of F3. With A as a center an
arc is drawn with a radius equal to the magnitude of F4 and the

intersection D obtained. This point locates the end of the vector

for Fs and the line D-A is the vector for Fa. The action line of

^4 is parallel to D-A, and its sense must be as shown by the arrow

^ = 6^00^

Fig. 19.

in order to make the sense going around the polygon continuous.

The line for F3 might have been drawn from A and the arc drawn

from C, and the same results obtained. Note that in Fig. 20 the

arc might be extended and another intersection obtained with

the line G-D. This indicates that there are two possible solutions

for the problem.

9. Non-concurrent Coplanar Forces.—The forces considered

above have been concurrent, that is, the action lines for all the

forces in any one system have had a common point. When such a

system of forces is not in equiUbrium the action line of their

resultant passes through this conmion point. K the system tinder

consideration is non-concurrent, no point on the action line of the

resultant is known, therefore one must be located before the action

line of the resultant can be drawn. Perhaps the first method that

occurs to the student is to find the resultant of two of the forces

by means of a parallelogram of forces, then the resultant of this
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resultant and a third force, by another parallelogram of forces, and

then the resultant of this second resultant and the fourth force by
the use of a third parallelogram of forces, etc.

The method shown in Figs. 21 and 22 is somewhat similar

except that the force triangle is used. In Fig. 22 the vectors for

Fi and F2 are laid off to some convenient scale, and the direction

and magnitude of their resultant i^i is given by the line A-C. The
action line of Ri passes through 0, the intersection of the action

lines of Fi and F2. The action Une Ri is now extended until it

intersects that of F3 at p. From C, the vector for F3 is drawn
and the point D obtained. The direction and magnitude of the

Fig. 22. Fig. 21.

resultant of F3 and Ri is given by the Une A-D, and the action

line of this resultant R2 passes through p. The action line of R2 is

extended until the action hne of Fi is intersected at g. The vector

for Fi is now drawn as shown, and the direction and magnitude
of the resultant R is given by the line A-E. The action line of R
passes through g and is parallel to A-E. This construction wiU
be found less complicated than using parallelograms of forces, espe-

cially when there are a large number of forces in the system.

10. Fvinicular or Equilibrium Polygon.—There is another
construction that may be used to solve a problem like the one
just considered. While it may not be any more convenient
for this particular problem, it has a very wide application, in fact

it is one of the most important constructions with which we
have to deal. It is called the funicular or equilibrium polygon and
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will be presented here not only because it offers a good solution

of the above problem, but also because this is a good time for the

student to become acquainted with the construction.

In Fig. 23 four non-concurrent forces similar to those in Fig.

21 are shown. In Fig. 24 a force polygon is drawn and the mag-

nitude and direction of R obtained. It now remains to locate the

action line of R which will, of coinrse, be parallel to A-E. In

Fig. 24 choose any point for the pole p and draw the rays A-p,

5-p . . . E-p. Now A-p and p-B are components of Fi, and

they may therefore be substituted for Fi. Also B-p and p-C
are components of F2, etc. At point 1, any point on the action

Fig. 24. Fig. 23.

line Fi, draw the strings a-p and p-b parallel to the rays A-p
and p-B respectively, and extend p-b until the action line of F2

is intersected at point 2. At point 2 resolve F2 into its two com-

ponents &-p and p-c; p^b, one of the components of Fi, has the

same action line as b-p, which is one of the components of F2.

These two forces, p-b and 6-p, have the same direction, magni-

tude, and action lines, but opposite sense, therefore they neutralize

each other. The action line of the component p-c is extended

imtil the action line of F3 is intersected at 3. At this point F3

is broken into its components c-^ and p-d and c-^ neutralizes

p-c. The action line of the component p-d is extended until the

action line of F4 is intersected at 4, at which point F4 is broken

into its two components d-p and p-e, d-p neutralizing p-d.

Now for each one of the four forces F\, F2, F3, and Fi two
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components have been substituted, and all of these components

except a-p and p-e have neutrahzed each other. The resultant

of a-p and p-e will therefore be the resultant of the system.

Their action lines when extended intersect at 5, which is, there-

fore, a point on the action hne of the resultant. And it follows

that the action line of R is obtained by drawing a line through 5

parallel to A-E.

To sum up the above construction, each one of the vectors in

Fig. 24 is broken into two components, each one of these com-

ponents having one end at p. This means that one of the com-

ponents of Fi has the same direction and magnitude as one of the

components of F2, but an opposite sense. Also the other com-

ponent of F2 has the same direction and magnitude as one of the

components of F3, but an opposite sense, and so on.

Now in the space diagram the components shown in Fig. 24

are substituted for the various forces at points such that the

action hnes of the components that have the same magnitude and

direction will coincide, and, since they have opposite sense, they

will neutraUze each other. At last there are only two components

left and their resultant is the resultant of the system, its action line

passing through the intersection of their action lines.

Since the funicular polygon is such an important construction

it will be well to study it a httle more carefully at this time. It

should be kept in mind that the strings in the funicular polygon are

the action Hnes of components of the various forces, and, since

the action Unes of the components of a force must intersect on the

action line of the force, the strings of the funicular polygon must
intersect on the action hnes of the forces. Also the strings that

intersect on the action line of any particular force must be parallel

to the rays in the force polygon that are components of the vector

which represents that force. It also follows that each string must
connect the action lines of the forces whose vectors join at the

vertex of the force polygon at which the ray parallel to the string

in question ends.

It makes no difference where the pole p is chosen, or at what
point along the action hne of one of the forces the funicular polygon
is started. Varying the location of these points simply changes
the shape of the j&gures but the same action line will be obtained
for the resultant. It makes no difference in what order the vectors

are laid off in the force polygon, as long as each string in the
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funicular polygon connects the action lines of the forces whose
vectors join at the vertex of the force polygon at which the ray
parallel to the string ends.

In Fig. 25 the four forces of Fig. 23 are shown and in Fig. 26
a force polygon is drawn in which an order different from that of

Fig. 24 is used. Any pole p is chosen and the funicular polygon
started at any point 1 on the action hne of Fi. The component
a-^ is a component of the resultant, as well as of Fi. Its action

line is therefore extended indefinitely. The string 6-p is the action

line of a component of Fi and also of Fi, therefore it is extended

Fig. 26. Fig. 25.

untU the action hne of Fi is intersected at point 2. The string

c-p is drawn from 2 parallel to the ray C-p and extended until the

action Une of Fz is intersected. From 3 the string rf-p is drawn

intersecting the action line of F2 at 4. The last string p-e is now
drawn, and extended until the first string a-^ is intersected, locating

point 5, a point on the action line of the resultant R. It will be

noted that the action Hne of R, in Fig. 25, has the same position

with respect to the action lines of the forces in the system as it has

in Fig. 23, showing that the different order used in the force

polygon did not affect the result.

In order to show that it makes no difference at what point

along the action hne of a force the funicular polygon is started, a

new polygon has been drawn starting at .point 8. The point 12

located by the intersection of the first and last strings is found to

fall on the action line of R already located.
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11. Resultant a Coupie.—A system of non-concurrent coplanar

forces may have a force as its resultant, it may be in equilibrium,

or it may have a couple for its resultant. When the force polygon

does not close the resultant is a force, and the problem of locating

its action line and determining its magnitude has already been con-

sidered. When the force polygon closes and the sense going around

it is continuous, summation F^ and F„ are zero. Therefore the

system must be in equilibrium or have a couple as its resultant.

Fig. 27.

Consider a system of forces, Fig. 27, the forces of which have

such magnitudes and directions that the force polygon Fig. 28

closes, and the sense going around it is continuous. The system

must, therefore be in equilibrium or have a couple as its resultant.

Choose any pole p in Fig. 28, and draw a funicular polygon

starting at any point x on the action Une of any one of the forces

in Fig. 27. After drawing the first string a-p, the construc-

tion of the funicular polygon is continued until the last string

is drawn. This last string is parallel to the first string a-p, but

they do not coincide, therefore the funicular polygon does not
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close. Now in Fig. 27, two components have been substituted for

each of the given forces and all of these components neutralize

each other, except a-p and p-a, which are parallel to each other,

and have equal magnitudes but opposite sense. They, therefore,

form a couple, or in other words, the resultant of the system is

a couple with arm, as shown.

The magnitude of the couple in inch pounds is given by the

product of the arm measm-ed in inches to the scale at which the

space diagram. Fig, 27, was drawn, and the force p-A measured

in pounds to the scale that was used for the force polygon of

Fig. 28.

Now if the action line of Fs were moved to the right, parallel

to its original position, the arm of the couple would be decreased,

and when the point n is reached it would be zero. The funicular

polygon would close and the system would be in equiUbrium

because the components a-p and p'-a' would neutraUze each other.

12. Non-concurrent Coplanar Forces, Conditions for Equi-

librium.^—From mechanics we know that a system of non-con-

current coplanar forces in equiUbrium has summation Fx and

summation Fy both equal to zero, and in addition, the moment
about any point must be equal to zero. Graphically, when the

force polygon closes and the sense going around it is continuous,

summation Fx and summation F^ are equal to zero, and the system

is either in equilibrium or has a couple as its resultant. If, in

addition, the funicular polygon closes, the system is in equihbritun

since summation M is equal to zero, but if it does not close the

resultant is a couple. In other words, for equilibrium (1) the force

polygon must close, (2) the sense going around it must he continuous,

.

and (3) the funicular polygon must close.

13. Parallel Forces.—Parallel forces are a special case of non-

concurrent coplanar forces, and the action line of their resultant

can be found by the use of the fimicular polygon. However, when

there are only two or three forces, it is often more convenient to

use a special construction. The magnitude of the resultant is,

of course, given by the algebraic sum of the forces composing the

system.

(a) Resultant of Two Parallel Forces Having the Same Sense.—
In Fig. 29 two parallel forces having the same sense are shown,

and the action line and magnitude of their resultant is desired.

Any straight line c-b is drawn connecting the action lines of Fj
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and Fz. The length a-b is made equal to Fi to some convenient

scale, and c-d is made equal to Fz to the same scale. The straight

line a-d is now drawn and the intersection, o, located. This inter-

section is a point on the action line of the resultant, which is now
drawn through o parallel to Fi and Fz. The magnitude of the

resultant is equal to the sum of the magnitudes of Fi and Fz. A
proof for this method of locating the action line of R is given below.

Triangle c-o-d is similar to triangle o-a-b

o-b c-d,

o-b c-d = a-b o-c,

o-b • Fz = Fi o-c.

The moment of Fz about o is o-b Fz sin <^ and that of Fi about o

is o-c Fi sin and their sum is zero because they are of opposite

Fig. 29. Fig. 30.

sign and of equal magnitude, since o-b-Fz = Fi-o-c. Now we
know that the moment of a system of forces about any point is the

same as the moment of their resultant about the same point. In

this case the moment of the system about o is zero, therefore the

moment of R about o must be zero, and to satisfy this requirement,

the action Une of R must pass through o.

(6) Resultant of Two Parallel Forces with Opposite Sense.—The
resultant of two parallel forces of opposite sense may have its

action hne located by a construction similar to that given above.

Consider the two forces Fi and Fz shown in Fig. 30. Draw any
straight line a-b and extend it indefinitely in either direction.

Make the line b-d equal to Fz, to some convenient scale, and a-c

equal to Fi, to the same scale. Now draw the straight hne c-d

and extend it until the line a-b is intersected at o. The point o is a
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point on the action line of the resultant. The magnitude of the

resultant is the algebraic sum of the two forces Fi and F2, which is

their nimierical difference. The proof for the construction just

given follows:

Triangle o-dA> is similar to triangle o-c-a

o-b : b-d :: o-a : a-c,

1

o—b • a—c = b—d o—a,

o-b • Fi = F2 • o-a,

M = o-b Fi shi4) — F2 • o-a • sin <^ = o.

^f
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and so on until the system is reduced to one force. However, when
there are a large number of forces the funicular polygon is pre-

ferable.

In Fig. 31 seven parallel forces are shown, and the magnitude,

direction, and action Une of their resultant is desired. The force

polygon is drawn in Fig. 32 starting at point 1 with the vector

for Fi. The sense of F4 is up, so its vector is laid off extending up

Fig. 34.

K^
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Fig. 35.
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fi ^

Fig. 33.

from point 4. The distance from point 1 to the end of the last

vector, measured to scale, gives the magnitude of the resultant.

Any point p is now chosen for a pole, and the fimicular polygon
drawn in Fig. 31. The intersection of the first and last strings,

1-p and 8-p, locates a point on the action line of the resultant.

The student should remember that it makes no difference in

what order the forces are laid off in the force polygon, as long as

the funicular polygon is correctly drawn.
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In Fig. 33 five parallel forces are shown. In Fig. 34 a force

polygon is drawn, taking the forces in order from left to right.

From it the upper funicular polygon in Fig. 33 is constructed,

and the action hne of the resultant located.

In Fig. 35 another force polygon is drawn, taking the forces in a

different order, and from it the lower funicular polygon in Fig. 33

is drawn. The intersection of the first and last strings is found to

fall on the action line of the resultant already located. This

shows that the different order used in Fig. 35 did not produce

any error, but simply changed the shape of the funicular polygon.

16. Reactions for a Beam.—An ordinary beam supported at

each end, and carrying a number of vertical concentrated loads is a

/f

Fig. 37. Fig. 36.

-*>'' fi^'
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member in equilibrium acted upon by a system of parallel forces.

Usually the loads are known and the reactions are to be found.

The anti-resultant of a system of forces is one force which would

hold the system in equilibrium. The reactions of an ordinary beam
are two forces which hold the rest of the system in equUibrium.

Consider the beam shown in Fig. 36 which carries the three con-

centrated loads F\, F2, and F3. Draw the force polygon ia Fig. 37

and choose any pole p. Then draw the strings p-1, p-2, -p-Z and

p-A in the funicular polygon of Fig. 36. Extend the strings 1-p

and 4r^ until the action lines of ij!i and R2 are intersected at a and

6. Now the system of forces acting on the beam, including the

reactions, is in equihbrium, therefore the funicular polygon must

close. A straight line connecting a and 6 is the only line that will

close the polygon, therefore, it must be the string p-5. Now the
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strings p-1 and 5-p are the action lines of the two components of

Ri. From p, in Fig. 37, a line is drawn parallel to the string 5-p

and intersecting the line 1^ at 5. The magnitude of the com-

ponent p-1 is given by the length of the ray p-1, while the mag-

nitude of 5-p, the other component of Ri, is given by the length

of the ray 5-p. The resultant of these two components is 5-1 or

Ri, and the Une 5-1 measured to scale gives the magnitude of Ri.

The magnitude of R2 is given by the length of tiie Une 4^5, which is

the hne that closes the force polygon.

It will be convenient to regard the vectors in Fig. 37 which

represent the loads and reactions as a force polygon even when they

all faU on a straight line. The reactions which hold the loads

/jAc

~^k
«^ y

K
\.

b

^6"

,jr
yd

Fig. 39. Fig. 38.

in equUibrium close the polygon, that is, connect the end with
the starting point. Attention should be called to the fact that the
action line of the resultant of the loads in Fig. 36 may be located

by extending the strings 1-p and 4-p until they intersect at c as
shown. But it is not necessary to locate this resultant in order to

find the reactions.

It is sometimes convenient to use the notation shown in Figs.

38 and 39. The force nearest the left end of the beam is called

a-b, the next 6-c, etc. In the force polygon, Fig. 39, the vector
for the force a-h is laid off with one end marked A and the other B,
so that from 4 to 5 is the direction in which the force acts.

Then, starting at B, the vector for the force h-c is laid off so that
from JS to C is the direction in which the force acts. This process
is continued until all of the loads are laid off. A pole p may
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now be chosen, and the funicular polygon drawn in Fig. 38.

Then parallel to the closing string p-X, a line is drawn in Fig. 39

from p, and the intersection X located. The string rf-p is a com-

ponent of the force c-d and also of R2, therefore in Fig. 39 the

vector for B2 wiU have one end at D and the other at X. Its sense

is up, the direction from D to X being up. The vector for Ri is

X-A, and its sense is also up, the direction from X to A being up.

16. Reactions for a Beam with a Distributed Load.^—Let it be

required to find the reactions of the beam shown in Fig. 40 which

carries a distributed load, as indicated by the shaded area above.

The vertical dimension of the shaded area at any section repre-

sents, to some scale, the intensity of the loading at that section in

pounds per lineal foot or in some such unit. Also the resultant

Fig. 41. Fig. 40.

load on any length of beam 4-3 is given by the mean vertical

dimension of the shaded area above, measured to scale, times the

length 4-3; or in other words the area 1-2—3-4 measured to the

proper scale.

The first step is to divide the distributed load into a number of

slices and, for each sKce, substitute an equivalent concentrated

load. It will usually be found convenient to make all the slices of

equal width, and obtain the magnitude of the equivalent concen-

trated loads by scaling the mean ordinates and multiplying by the

width. The action fine of the concentrated load should pass

through the centroid of the slice in each case, but, if the width of

the shces is smaU, the error in approximating the location of the

centroid will be very smaU.

The concentrated loads that were substituted for the various

slices of the distributed load are now laid off in Fig. 41. A pole
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p is chosen and the funicular polygon in Fig. 40 drawn. From p a

line is drawn parallel to p-X, locating X, which determines Ri

and R2.

17. Reactions for a Beam with Inclined Loads.—The beams

thus far considered have carried vertical loads only. A beam which

carries inclined loads, as shown in Fig. 42, is a somewhat more dif-

ficult problem. In this particular case, R2 is assumed to be ver-

tical, thus simpUfying things a little. The vectors for the loads

are laid off in Fig, 43 in the usual way, and the pole p chosen.

Fig. 42.

Since R2 is vertical its action line is known, but the direction of the
action line of Ri is not known, All that is known about Ri is

that it passes through the point o. The funicular polygon is

therefore started at and constructed in the usual way. The
closing string is drawn and parallel to it a hne is drawn from p
in Fig. 43.

The string p-e is a component of d-e and also of R2. One end
of the vector for R2 is therefore at E in Fig. 43. A vertical line

is drawn from E until the line from p parallel to the closing string
is intersected, and the pomt X located. The length E-X gives
the magnitude of R2 and its sense is up, from E to X being up.
The vector which closes the polygon is X-A. This vector gives
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the direction and magnitude of Ri. The sense of Ri is up, from X
to A being up, and its action line is drawn through o parallel to

X-A.
It is seldom that beams have inclined loads, but trusses often do.

A more detailed discussion of reactions under inclined loads will

therefore be taken up in connection with trusses in this chapter and

also in Chapter V.

18. Reactions for a Truss, Vertical Loads.—The construction

used for finding the reactions of a beam may be used for finding the

reactions of a truss. In fact a truss may sometimes be regarded

as a deep beam having a large part of the web cut out. The truss

Fig. 44.

shown in Tig. 44 carries 7 loads at the panel points, and is sup-

ported at each end.

A force polygon is drawn as shown in Fig. 45, a pole p is

chosen and the funicular polygon drawn in Fig. 44. Since the

loads are all vertical, the reactions wUl both be vertical, and the

funicular polygon may be started at any place along the action Une

of Ri or R2. Parallel to the closing string, a ray is drawn from p
in Fig. 45, Y is located, and the magnitudes of the reactions

determined,

It makes no difference where p is located, changing its location

simply changes the shape of the funicular polygon in Fig. 44.

If the pole p were taken on the other side of the load fine A-H,

the funicular polygon would be tm-ned over.

19. Reactions for a Truss with Vertical and Inclined Loads.—
When a truss is assiuned to carry wind or inchned loads as well as

vertical loads, the problem of deternmiing the reactions is some-
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what more difficult. In the first place, some assumption must be

made regarding the way in which the horizontal component of the

loading is balanced. When the resultant loading has a horizontal

component one or both of the reactions must have a horizontal

component. The method of supporting the truss determines to a

large extent the way the horizontal component is divided between

the two reactions. A roUer or rocker bearing is sometimes used

at one end so that the reaction there will be apprbximately vertical.

Such a bearing also provides for expansion and contraction.

Fig. 47.

, '' Cosel: Ffghf- reoe!f)en assumed
" ferf/ea/. fieoeAaf?^,- B,*-Hs

Casel/: leff reaef/on assi/med
verf/eo/. fieacfiems /?'*-%'

Case JIT: fieaci/ons assumea^o
6e fian>//e/. /feae/ref>s^"*fi^

Fig. 46.

In Fig. 46, a truss with vertical and inclined loads is shown.

At joint Z there are two loads, a vertical dead load and a normal
wind load. In Fig. 47 starting at A the vector for one of these is

laid off to scale, and starting from its end the vector for the other,

the end of which is marked B. The magnitude and direction of

the resultant loading at joint Z is given by the vector A-B, and its

action line passes through joint Z. This action line is now drawn
passing throvigh joint Z and parallel to A-B. The vectors for

the loads at the other joints are laid off in order, and the action

line for the resultant loads at the various joints drawn. The
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directions for these action lines are obtained from the resultant

vectors in Fig. 47.

Now let it be assumed that the supports are so constructed

that ^2 can take no horizontal component or, in other words, all

of the horizontal component is taken by Ri, and E2 is vertical.

The action hne of R2 is known since it is vertical and passes

through Oi, but the action hne of Ri is not known, though we do

know that it passes through 0. Therefore, the funicular polygon

must pass through 0, and the easiest way to have it pass through

is to start it there. Any convenient pole p is chosen in Fig. 47,

and a funicular polygon drawn in Fig. 46, starting at 0. The
closing string for this polygon is drawn, and parallel to it a line

from p in Fig. 47 which intersects the vertical from H at Y.

The hne H-Y gives the magnitude of R2, and the hne Y-A,
which closes the force polygon, gives the direction and magnitude

oi Ri. The student is sometimes confused as to whether the end

of Ri is at the lower end of the force polygon or at the upper end.

This point can easily be determined by using the idea of com-

ponents. In Fig. 46 p-h is a component of the force g~-h, and

also of R2. Therefore in Fig. 47, the ray p-H is a component of

the vector G—H and also of R2; and it follows that the vector of

R2 must have one end at H. The string p-a is a component of

the force a-b and also of TEi, therefore the vector for Ri must have

one end at A.

So much for the case when R2 is vertical.

Now let it be assumed that the supports are so constructed

that R'2 takes aU of the horizontal component and R'l is vertical.

For the solution of this condition the polygon must be started at

Oi which is the only known point on the action Hne of R'2. The
same pole has been used in Fig. 47 that was used for the first

funicvdar polygon, but the same results could have been obtained

by using any other pole, as long as the polygon was started at Oi.

The second funicular polygon in Fig. 46 is now completed. The
closing string is drawn, and parallel to it a hne from p in Fig. 47

is extended until it intersects the vertical from A at Yi. The
hne Yi-A gives the magnitude of R'l for this second assumption.

The Hne H-Yi which closes the force polygon gives the magnitude

and direction of R'2.

For a third assumption let it be assumed that the supports

are of such a nature that the reactions are parallel to each other
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or, in other words, they are parallel to A-H, the resultant of all

the loads. In this case the action hne of both reactions may be

drawn and the funicular polygon started any place along either of

them. The funicular polygon for this case is the middle one shown

in Fig. 46. Parallel to its closing string a line is drawn from p in

Fig. 47 which intersects the straight line A-H at Y2. H-Y2
gives the magnitude of R"2, and Y2-A the magnitude of R"i.

The reactions have now been obtained for three different

assumptions, using a funicular polygon for the solution of each

case. It will be found that the three points Y, Yi and Y2 lie on

Fig. 49. Fig. 48.

the same straight Hne, and that this hne is parallel to the line

connecting the two supports of the truss. When the two sup-
ports are at the same elevation the line is horizontal. When a
truss has both supports at the same elevation we may therefore
say that the vertical components of the reactions remain unchanged,
no matter how the horizontal component is assumed to be divided
between them. A proof for this is given in connection with Figs.

48 and 49. When any one of the points on the line Y-Y2 is

located, others may be found without drawing other funicular
polygons. For example, suppose F has been located by the use
of a funicular polygon and we wish to find the reactions when Ri is

vertical. In place of drawing another funicular polygon in Fig.
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46 in order to locate Yi, we could have obtained Fi by drawing

the vertical from A, and finding its intersection Yi with the hori-

zontal from y.

When the supports of a truss are at the same elevation the

vertical components of the reactions are not affected by the way
the horizontal component is divided between the two reactions.

This has been shown in Figs. 46 and 47, but a more general

proof will now be given. Let the truss shown in Fig. 48 be any

truss with any loading. The force polygon is drawn in Fig. 49,

and from it the funicular polygon of Fig. 48, thus locating a

point on the action Une of R, the resultant of all the loads on the

truss. The direction and magnitude of this resultant are given

by the line A-H in Fig. 49. The action hne of this resultant of all

the loads intersects m-^, the line connecting the two supports, at 0.

At let R be broken into horizontal and vertical components,

Rh and Rv. Rn has no effect on the vertical component of Ri or

R2 because it has no moment about either m or n. The vertical

components of Ri and R2 are determined by Rp and the location

of 0. They must therefore remain constant, no matter how
the assumption regarding the division of the horizontal component

is changed.

When the supports are not at the same elevation it can be

proved in a similar way that the components of the reactions

normal to the hne connecting the two supports are constant no

matter how the component parallel to the Hne connecting the two

supports is divided.

20. Horizontal Component Divided Equally between the Two
Reactions.—Let it be required to find the reactions of the truss

shown in Fig. 50 assuming that the supports are of equal lateral

rigidity and that the horizontal component is, therefore, divided

equally between the two reactions. The force polygon is drawn

in Fig. 51 in the usual way, and from it a funicular polygon in

Fig. 50. For convenience in constructing this polygon let it be

assumed temporarily that R2 is vertical. The funicular polygon

is therefore started at m and continued until the vertical from n is

intersected, then parallel to the closing string a line is drawn

from p, and the intersection X is obtained. The pointX marks off

the reactions for the case when R2 is vertical. Now, since a change

in the division of the horizontal component does not affect the

vertical components of the reactions, the vertical component of R2
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is always equal to H-X, and Y lies on a horizontal line through X.

FromX draw a horizontal line and from A a vertical line and obtain

the intersection Z. The total horizontal component of the loading

is therefore given by the hne Z-X, which is now divided into

two equal parts, the midpoint being F. The line H-Y gives R2

and Y-A gives Ri for the case when the horizontal component is

divided equally between the two reactions.

Now any other assumption might have been made regarding

the proportion of the horizontal component going to each reaction,

Fig. 51. Fig. 60.

and the Y point determined by dividing the length X-Z into the
proper proportions.

21. Reactions of a Rafter Supported on Purlins.—In Fig. 52,

let m-w represent a rafter which is supported at m and n by purlins.

We wish to find the reactions under the loading as shown. The
force polygon is drawn in Fig. 53, in the usual way, and the pole

p is chosen. For convenience in constructing the funiciilar polygon
in Fig. 52, let it be assmned that ^2 is normal to the axis of the
rafter. The polygon will therefore be started at 0. A Une is

drawn from p parallel to the closing string until the line

from G normal to the axis of the rafter is intersected at W. The
point W marks off the reactions for the case when R2 is normal to
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the axis of the rafter. Through W draw a line parallel to m-n
and from A a hne at right angles to m-n which gives the inter-

section Z. Now Z-W is the total component of the loading

parallel to m-re, and it may be divided in any way desired

between the two reactions without affecting the normal com-

ponents. Suppose the rafter is fastened to the purlins in such a

way that it seems reasonable to assume that one-third of the par-

allel component is taken up by R2. The reactions are obtained

by locating Y on the line Z-W so that Z-Y is two-thirds of

Fig. 63. Fig. 52.

Z-W, and Y-W one-third. Then G-Y gives the direction and
magnitude of R2, and Y-A of Ri.

The reactions of a truss with supports at different elevations

may be found in a similar way.

22. Stresses in the Members of a Frame.—In Fig. 54 a

simple truss is shown with three loads a-b, b-c, and c~d. The
reactions may be foimd by graphical construction, as already

explained, or by an analytical computation. At the left end of

the truss, joint I, there are three forces acting, the reaction which is

known, the stress in the lower chord, Fi, and the stress in the upper

chord, F2. The vector for the reaction Ri is laid off in Fig. 55

and its ends marked Y and A. Ri acts up, that is towards the

joint, which fact we have here indicated by the use of an arrow.



34 GRAPHICAL ANALYSIS [Art. 22

The other two forces are known in direction, but not in magnitude.

Through one end of the vector for Ri a hne parallel to the action

line of Fi is drawn, and through the other end a line parallel

to the action line of F2 is drawn. The intersection of these Unes

determines their length and therefore the magnitudes of the forces.

The sense going around the force triangle in Fig. 55 must

be continuous because the forces are in equilibrium. The sense

for Fi and F2 must therefore be as shown by the arrows in Fig. 55.

F2 acts down towards the joint which means compression

in the upper chord, and Fi acts towards the right, which means

tension in the lower chord. The student should keep in mind that

Fig. 54. Fig. 56.

we are dealing with the forces that act at the joint, and that

a force acting towards the joint means compression, while one
acting away means tension. Therefore when F2, the force which
the upper chord delivers to joint I, acts towards the joint it means
that there is compression in the upper chord, also since Fi, the force

which the lower chord deUvers to joint I, acts a way from thejoint

there is tension in the lower chord.

In Fig. 55 the fuU lines show how the force triangle was first

drawn, and the dotted Hues together with Ri show how it might
have been drawn.

At joint II there are 4 forces acting, F2, F3, Fi, and the load a-b.
AU of these forces are known in direction, but the magnitude of

Fa and of Fi is unknown. The load a-b acts down, and since
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we have found that there is compression in the lower section of the

upper chord, F2, when we consider joint II, will act up towards the

joint. In Fig. 56 the vector for the force a-b is drawn, and its

sense shown by an arrow pointing down. From B, the end of

this vector towards which the arrow points, the vector for F2 is

drawn so that the arrow which indicates its sense points away
from B. From A a line is now drawn parallel to 7^3, and from the

end of the vector for F2 a hne is drawn parallel to Fi- The inter-

section of these lines deternoines the magnitude of F3 and also

of F4. The sense of F3 and F4 is shown by the arrows in Fig. 56

which are placed so that the sense going around the polygon is

continuous. The sense of F3 is found to be down, that is

Fig. 57. Fig. 58.

towards joint II, therefore there is compression in the member
connecting joints II and IV. The sense of F^ is found to be up,

it therefore foUows that there is compression in the member con-

necting joints II and III. This process may be contiaued, taking

a joint at a time, imtil the stress in each of the different members

is found.

The student will do weU to check at least a part of his results

analytically.

In Chapter V problems similar to the one just considered will

be solved by the use of the stress diagram.

23. Stresses in a Bicycle Frame.—The bicycle frame makes a

very interesting problem, and permits a good illustration of the

way the stresses in a frame may be analyzed. Consider the frame

shown in Fig. 57, carrying the two vertical loads Pj and P2.
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Assume that the bicycle is at rest on a level surface, then the

reactions must be vertical. They can easily be found by drawing

a force polygon and funicular polygon the same as for trusses, or

by an analytical computation. There are three forces actLag at

joint I, the reaction which has just been found in direction and
magnitude, also Fi and F2. A force polygon is drawn for these

forces in Fig. 59 and the magnitude and sense of Fi and F2
obtained. Fi is found to be compression and F2 tension. Fig.

60 shows the force polygon for joint II and Fig. 61 the polygon

Fig. 61. Fig. 60.

/I
/"^'^

Fig. 63. Fig. 64. Fig. 65.

for joint III. All of the stresses have now been obtained except

those in member A-€, and aU the external forces acting on this

member are known. This member and the forces acting on it are

shown in Fig. 62. In Fig. 63 these forces are shown broken into

their parallel and normal components. The parallel components
produce direct stress, as shown in Fig. 64, and the normal com-
ponents which produce bending, are shown together with the

moment diagram in Fig. 65. The direct stress in A-B is jUst

equal to flip, while the du-ect stress for C-B is equal to Fip, and
¥ij) + F&D should equal flij. The maximum moment is at\B
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and is equal to Rin times the length of A-B. The same result

should be given by Fin times C-B.

Attention should be called to the fact that the frame in Fig. 57

has been drawn so that the action Unes of F4, F5 and Ei intersect

at a point 0. In case these action lines did not intersect in a com-

mon point there would be a certain amount of moment thrown into

all of the members of the frame.

24. Passing a Funicular Polygon through Three Given Points.

Occasionally it is convenient to use the rather simple construction

illustrated by Figs. 66 and 67. See Figs. 467, 468, 476, and 477.

In Figs. 66 the space diagram for seven coplanar forces is shown,

and a funicular polygon must be drawn which will pass through the

three given points X, Y, and Z. In Fig. 67 the force polygon is

drawn, taking the forces in order, and any pole pi is chosen.

Then, starting at any point in Fig. 66, the preliminary polygon ®
is drawn.

Suppose for the present we were to consider the forces between

X and Y as supported on a beam coinciding with the line X-Y.
Also that the beam is supported at X and F by the reactions Ri

and R2 which are parallel. The resultant of the foiu- forces

between X and Y is given by the line A-E in Fig. 67. Parallel

to this Une the action lines of Ri and R2 are drawn, as shown in

Fig. 66, and the intersections X' and Y' obtained. The Une

X'-Y' may be considered a closing string, and Ri and R2 may be

obtained by drawing pi-C/ parallel to X'-Y' and locating point U.

From U the line C/-m is drawn parallel to X-Y. Now if any pole

be taken along the line C/-m and a polygon drawn starting at

either X or Y, the reactions R\ and R2 are in no way affected

because the loading has not been changed. This means that the

location of U is not changed, and it follows that the closing string

for this new polygon must have the same direction as m-V, which

is parallel to X-Y. Therefore this closing string must coincide

with X-Y because the polygon was started at one of these points.

Since the closing string passes through the other point the polygon

must also.

From the above discussion it is evident that if any point on the

line U-m be taken as a pole and the polygon started at either of the

two points X and Y, it will pass through the other. In a similar

way it can be shown that if any pole be taken along the line F-n,

and a polygon started at either of the two points Y and Z, it will
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pass through the other. Therefore, if p, the intersection of U-m
and V-n, be taken as the pole, and the polygon started at any one

Fig. 67.

of the three points X, Y, and Z, it must pass through the other
two.
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The construction explained above maybe briefly outlined as

follows:

Draw the force polygon of Fig. 67 and choose any point pi.

Using pi as a pole draw the polygon ® , starting any place in Fig.

66. From X and Y draw lines parallel to A-E, the resultant of

the loads between X and Y, and locate the points X' and Y'.

From pi draw the hne pi-U parallel to X'-Y' and locate U. Then
from U draw the line U-^m parallel to X-Y.

From points Y and Z draw lines parallel to E-H, the resultant

of the forces between Y and Z, and locate Fi and Zi. Draw pi-V
parallel to Yi-Zi and from V draw V-n parallel to Z-Y. The
intersection p locates the desired pole. If p is used as a pole and
a polygon drawn in Fig. 66, starting at any one of the three points

X, Y, and Z, it will pass through the other two.

The construction just illustrated is of special value in con-

nection with the investigation of arches.



CHAPTER II

CENTROmS

In many cases it is desirable to locate the center of gravity, or

centroid, of a line, area, or solid, and it is often convenient to do

this by the use of graphical construction.

Let it be considered that gravity, or any other attraction, acts

upon a body, area, line, or group of lines. From the very nature

of the center of gravity it is evident that the action line of the

resultant of the attractive forces, appUed to each and every ele-

ment of the body, contains the centroid. Now if the attraction

force be considered as acting in another direction, and the action

hne of the resultant obtained, the intersection of this resultant

with the first will locate the center of gravity.

The volumes, areas, and lines here considered wUl be of uniform

density imless otherwise noted.

25. Centroid of a Broken Line.—The centroid of a straight

line is, of course its mid-point, but the centroid of a broken hne

may or may not fall on the line itself. Consider the broken Hne

A-B-C-D-E-F shown in Fig. 68. First assume that the attract-

ive force acts in the direction shown by the action lines of Fi, F2,

Fz, etc. Lay off vectors in Fig. 69 which are proportioned to

the lengths of the lines A-B, B-C, etc. Choose any pole p and

draw the funicular polygon shown in the lower part of Fig. 68.

This locates the action line of R. The location of the centroid is

at some point along the length of this action line. Now assume

that the attractive force acts in the direction shown by the action

lines of Fi', F2', etc.

In Fig. 70 the lengths of the vectors are made proportional

to the lengths of the Unes A-B, B-C, etc., and the pole p' chosen.

From Fig. 70 the funicular polygon in the upper part of Fig. 68

is drawn, locating the action line of R'. The intersection of this

action line with that of R locates the centroid gf.

In Fig. 71, the centroid of the broken hne is located by a some-
40
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what different method. Assume that the attractive force acts

normal to the plane of the paper. The centroid of the line A-B

Fig. 70. Fig. 68.

Fig. 69.

is of course at its mid-point. The same is true of the line B-C.

If these two mid-points are connected by a straight line, it is evi-

dent that some place along its length is the centroid of the broken

/3/&-^

Fig. 71.

line A-B-C; also that this centroid o, is a point which divides

the connecting line inversely as the lengths A-B and B-C. The

construction for locating o is similar to that used in Fig. 29 of
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Chapter I, except that the forces are normal to the plane of the

paper and the construction has been revolved around the line

m-n into the plane of the paper. The value of A-B is laid off to

some convenient scale from m, and that of B-C from n as shown.

The ends of these lengths are connected, and the centroid located

by the intersection o. The lines n-q and m-w are of course parallel

to each other, but not necessarily at right angles to m-n. The
intersection o might have been located by drawing p-q to repre-

sent A-B, connecting p and m, and then drawing a line from q
parallel to p-m.

The centroid of the broken line A-B-C is now connected with r,

the mid-point of the line C-D. From r a line is drawn along which

the value of A-B plus B-C is laid off to some convenient scale, and

the point s located. From s the value of C-D is laid off, and the

point t located. Now o and t are connected, and a line is drawn

from s parallel to o-t. The intersection g locates the centroid.

The construction just explained may be used when the broken

line consists of more than three parts, but when there are a large

number of parts the method given in Figs. 68 to 70 is often more
convenient.

26. Centroid of an Arc.—Consider the arc A-Z-F, shown in

Fig. 72. Through the center draw the axis Y-Y bisecting the

arc. Now the centroid is on this axis because it is an axis of

symmetry, and it remains to locate the centroid along its length.

Draw the regular circumscribing polygon A-B-C-D-E-F, and
draw the axis X-X through at right angles to Y-Y. Draw A-^
and B-s parallel to X-X and B-w and C-s parallel to Y-Y. Now
the moment of the line C-B about X-X is equal to C-B times p-h,

which (triangles h-p-0 and B-C-s being similar) is equal to B-s
times 0-p, (0-p being the radius of the arc and B-s being

equal to B'-s', the projection of B-C on the axis X-X).
In like manner it can be shown that the moment of each
Hne of the polygon is equal to the projection of the line on
the axis X-X times r, and it follows that the moment of the entire

polygon is equal to m-n, the projection of the polygon on the
axis X-X, times r. This moment divided by the length of the
ploygon will give the distance of the centroid g from the axis X-X.
Extend the line C-D and make D-t equal to D-E plus E-F,
or in other words, Z-t equals one-half the length of the polygon
and is parallel to X-X. Connect t and and from F draw F-^
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parallel to Y-Y. Then from v draw v-g parallel to X-X. The
two triangles O^u-g and 0-t-Z are similar, and the line v-g is

equal to 0-n or one-half the projection of the polygon on the axis

X-X. The moment of the polygon about X-X is equal to m-w
times r, which is equal to 0-Z times 2-jr-t;, and from similar tri-

angles we have M= 0-Z-2-g-^ = 2-t-Z-g-O. Now M divided

by the length of the polygon gives the distance to the centroid

M 2-t-Zg-O
length of polygon length of polygon

= g-0

since 2-t-Z is just equal to the length of the polygon. It there-

fore follows that a must be the centroid.
# °

The discussion thus far has referred to the circumscribing

Fig. 72

polygon and not to the arc, but when the number of sides of the

polygon is increased indefinitely it approaches the arc as a limit.

t-Z is then half the length of the arc and m-n is the projection of

the arc on the axis X-X. Also the line Z-t is tangent to the

arc at Z.

In Fig. 73 the construction necessary for locating the centroid

is shown, the construction used for the proof being left off. The
arc is bisected by the axis Y-Y, which is drawn through the center

0. At right angles to this axis and passing through 0, the axis

X-X is drawn. The line Z-t is drawn parallel to X-X and tangent

to the arc at Z, its length being made equal to half the length of the

arc. The points t and Oare connected, and from F the Une F-v is

drawn parallel to Y-Y and the intersection v obtained. From v a
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line is drawn parallel to X-X, and the intersection of this Une with

Y-Y locates g, the center of gravity of the arc.

27. Centroid of a Cxirve.—Let the heavy line in Fig. 74 be

any irregular curve, the centroid of which is desired. Tho length

is cut into a number of small divisions, and the centroid of each

division approximated. In Fig. 75 a force polygon is drawn with

vectors proportional to the lengths of the division of the curves,

Fig. 76. Fig. 74. Fig. 75.

A-B having any desired direction. From the approximate cen-
troid of each division of the curve a line is drawn parallel to A-B.
Then from Fig. 75 the funicular polygon shown at the right of
Fig. 74 is drawn, and the line m-X located by the intersection m.
In like manner the intersection n is obtained by the use of Fig. 76
and a second funicular ploygon. The point n locates the line n-Y-,
which is parallel to C-D, and the intersection of F-n and X~-m
locates g, the centroid of the curve.

There was a slight approximation made in the location of the
centroid of each division of the curve, but if the divisions are small
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these small errors will produce no appreciable error in the final

result.

A convenient way of measuring the length of a curve is to step

off its length with dividers counting the number of steps, then step

off the same number of steps along a straight line and scale the

length. The length of each step should, of course, be reasonably

small so that the length of each corresponding portion of curve will

approximate very closely that of its chord.

28. Centroids of Areas.—Thus far attention has been given

to lines, but it is often necessary to locate the centroids of areas.

For some areas this is very easy, while for others it is more or less

laborious. When an area has two or more axes of syinmetry the

problem is easy, for each axis of symmetry contains the centroid,

which is therefore located by the intersection of any two such

axes. The square, rectangle, and circle are such areas. There

are other areas, such as the triangle, trapezoid, and quadrilateral

for which the centroid may be located by a rather simple con-

struction. But when considering the more complicated areas

it is often necessary to divide them up into a number of simple

divisions, locate the centroid of each division and then by the use

of some construction such as the funicular polygon, locate the cen-

troid of the entire area.

29. Centroid of a Triangle.—Consider the triangle, A-B-C,
shown in Fig. 77. Connect the vertex A with d the mid-point of

the opposite side. Now if m-n be any slice parallel to B-C, it is

evident that the line A-d contains its mid-point. The area of the

triangle may be considered made up of many such shces parallel

to B~C, all of which have their mid-points on the line A-d; there-

fore the centroid of the triangle must lie some place on the line

A-d. A hne is now drawn from the vertex B to e, the mid-point

of the side A-C. The centroid of the triangle must be on this line

for the same reason that it was found to be on A-d. Therefore the

intersection g must be the centroid of the triangle. It can easily

be proved that g is the third point of the hues A-d, B-e, and C-f;

that is d-g is one-third of d-A, and e-g is one-third of B-e. In

other words, the centroid has at the third point of any median line.

It follows that if a line is drawn through a triangle parallel to any

side and distant from that side one-third of the altitude measured

from that side it will contain the centroid. Fig. 78 shows the

centroid located in this way.
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30. Centroid of a Quadrilateral.—Consider the quadrilateral

A-B-C-D shown in Fig. 79. Draw the lines A-C and B-D and

locate e, the mid-point of B-D. Draw e-A and C-e. The cen-

troid gi, of triangle A-B-D lies at the third point of e-A, and g2,

the centroid of triangle B-C-D is at the third point of C-e. It fol-

lows that g, the centroid of the quadrilateral, must lie at some point

on the line gi-g2, and that this point g will divide the line gi-g2 into

segments inversely proportional to the areas of the triangles. These

two triangles have B-D as their common base. Their areas then
are proportional to their altitudes, which in turn are proportional to
the Unes k-A and C-k. That is C-k : A-k :: area of triangle

B-C-D : area of triangle A-B-D. The point / is now located so
that A-f is equal to C-k. Then A-f : C-f :: the area of triangle

C-B-D : the area of triangle A-B-D. Draw the hne e-f. Tri-

angles A-e-f and gi-e-g are similar, also e-f-C and e-g2-g.

Then gi-g : g-g2 :: A-f : f-C :: area of triangle C-B-D : area of

triangle A-B-D. Therefore gi, the intersection of f-e and gi-g2,
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is the centroid of the quadrilateral, because it divides gi-gz into

segments inversely proportional to the areas of triangles A-B-D
and C-B-D. It shotild be noted that e-g is one-third e-f because

e-gi is one-third e-A and e-g2 is one-third C-e.

In Fig. 79 there are a number of lines which were used in con-

nection with the development of the proof for this method and the

student may get the idea that the construction is more compli-

cated than it really is. In Fig. 80 just the construction necessary

to locate the centroid is shown. The diagonals A-C and B-D are

drawn, e is located as the mid-point of B-D, and A-f is made
equal to C-k. Points/ and e are connected. The centroid g is now
located by making e-g equal to one-third e-f.

31. Centroid of a Trapezoid.—The centroid of a trapezoid may
be located in several different ways, one of which is illustrated in

Fig. 81. Let it be required to find the centroid of the trapezoid

A-B-C-D. The trapezoid is

divided into two triangles by a \ 'j^

the line B-D and the centroid

of each triangle is located.

This was done by drawing a

line from a vertex to the mid-

point of the opposite side and

locating its third point. It is

evident that the centroid of

the trapezoid will be at some

point on the hne e-f, a line connecting the mid points of A-B and

C-D, because if the area is divided into thin slices parallel to

C-D, the hne e-f will contain the center of each and every one of

them. Also the centroid of the trapezoid must be on the line gi-g2,

a Une connecting the centroids of the two triangles, g, the centroid

of the trapezoid, is therefore located by the intersection of the

lines e-f and gi-g2-

Another construction for locating the center of gravity of a

trapezoid is shown in Fig. 82. The side A-B is extended to the

left and A-re made equal to C-D; also the side C-D is extended

to the right and C^m made equal to A-B. The hne e-f is drawn

connecting the mid-points of the parallel sides; also the points

m and n are connected. The intersection g locates the centroid

of the trapezoid. A proof for the above construction may be

developed as follows: Draw the diagonals A-d and B-D. The
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triangles B-n-p and m-p-D are similar and n-B is equal to D-m.

It follows that JB-p is equal to p-D or p is the mid-point of B-D.

Triangles n-A-h and m-C-h are similar, therefore n-A : m-C

:

: ifi-/i

: C-h and C-D : A-B ::A-h: C-h. Triangles A-g-B and C-q-D

are simUar and C-D : A-B :: G-q: A-q. Therefore A-h : C-h

: C-a : A-q or ^^ = 4^ and by adding to the numerator
^ C—ft A-g

A-A + C-h _ C-q + A-q
on each side its denommator we have ^-^ 2^—

/4—T* A—C
which may be written^ = -j^. From this it is found that

A-q = C-fe. Now this trapezoid is a special case of the quad-

rilateral, the construction for the location of the centroid of which

was given in Figs. 79 and 80. Point h in Fig. 82 corresponds

to / in Fig. 80, and p to e. Therefore the centroid of the trapezoid

shown in Fig. 82 must be on the line /i-p. Since the centroid g

lies on the line e-f, connecting the mid-points of A-B and C-D,

it must be located by the intersection of e-f and m-^.

Attention should be called to the fact that the hues A-C and

B-D were drawn in connection with the proof and are not necessary

for locating the centroid.

Other methods may be used for locating the centroid of a trape-

zoid, but they are not of enough importance to make it desirable

to give them here.

32. Given the Centroid, Area, and Distance between the Two
Parallel Sides of a Trapezoid to Find the Lengths of the Parallel

Sides.—A problem of this natiu'e is sometimes encountered in

connection with footings. In Fig. 83 column 2 has a larger load

than column 1, the resultant of the two loads falhng at g. In

case the footing is allowed to extend only a short distance beyond
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each column, a trapezoid footing with its centroid at g may be

desirable. Our problem is to find the length of A-D and of B-C.

The total loading divided by the allowable soil pressure gives the

area of the footing, and this area divided by e-f gives the mean
width, or one-half A-D plus one-half B-C. From g draw the hne

g-h parallel to A-D. Also draw m-n and m'-n' parallel to A-D
and passing through the third points of the line e-f. This means

that m-^ passes through the centroid of triangle A-C-D, and that

m'-n' passes through the centroid of triangle A-C-B. Along m-n
lay off o-s equal to the value already obtained for one-half A-D
plus one-half C-B, draw the line o-p and connect s and p. The
line s-p gives the intersection r. Through r draw <-u parallel to

o-p. Then s-t measured to the proper scale gives one-half C-B,

and ^^-p measured to the same scale one-half A-D. This must be

true because the areas of triangles A-B-C and A-C-D are pro-

portional to B-C and A-D respectively. If s-t and ^^-p were not

proportional to the areas of these triangles, t-v and s-^ would not

intersect on g-h. The student should note the similarity between

the lower part of Fig. 83 and Fig. 29 in Chapter I. In Fig. 29

of Chapter I the two forces are given and from them the resultant

located. In Fig. 83 the resultant is known and it is necessary

to break it into two components. One is, in a sense, the reverse of

the other. If the trapezoid had been given and the location

of its centroid required, a construction similar to that shown in

Fig. 83 might have been used. After drawing m-n and m'-n'

make &-t equal to one-haK B-C and p-v equal one-half A-D,

Then draw v-t and s-^. Their intersection locates r which in turn

locates the line h-g . The intersection of this line and e-f locates

g, the centroid of the trapezoid because r divides the distance

between m-n and m'-n' into parts inversely proportional to the

areas of the two triangles.

33. Centroid of a Sector.—Consider the sector shown in Fig.

84. If the sector were divided into small triangles somewhat as

shown at the left of Fig. 84, the centroid of each would

be found at a distance two-thirds r from 0. Therefore, as far as

the location of the centroid is concerned, the area of the sector

may be considered as concentrated along the arc m-*-ra, which is a

hne of uniform density. The centroid of this arc is located by the

method illustrated in Fig. 73. The line Y-Y is an axis bisecting

the sector. The length s-t is made equal to the length of the are
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s-n, t and are connected and from n a line is drawn parallel to

0-Y. From the intersection of this line with t-0 a hne is drawn

parallel to X-X. The intersection g locates the centroid of the arc

m-8-^ and also of the sector.

Rife, -, in F'S' 'S'^J f*^^
-t I- rvot-

^

on cu-t. 8^ •

at = a«. 50 (se«§a.<»)
Fig. 83.

Fig. 84.

34. Centroid of a Circular Segment.—Let it be required to
find the centroid of the segment shown in Fig. 85. The bisecting

axis Y-Y is drawn, and through the axis X~X at right angles
to Y-Y. Then, using the construction of Fig. 84, the centroid
of the sector A-B-C-0 is located at gi. This sector may be
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divided into two parts, the given segment and the triangle 0~A-C.

The centroid of the sector has been located, and 32 the centroid

of the triangle lies on w-O, one-third of the distance from w to O.

Now, if a force is assumed to act at gi with a magnitude propor-

tional to the area of the sector, and another one of opposite sense

at 32 proportional to the area of triangle A-C-0, and the resultant

found, the action line of this resultant will pass through the cen-

troid of the segment. The resultant of these two forces, which are

Fig. 87. Fig. 86. Fig. 88.

parallel but of opposite sense, is located by the construction shown

in Fig. 30, Chapter I. The length of g2-">n is made proportional

to the area of the sector, and gi-n is drawn parallel to it on the

same side of Y-Y and proportional to the area of the triangle

A-C-0. Now m and n are connected and the line extended until

the axis of sjanmetry Y-Y is intersected at g. The point g is the

centroid of the segment.

35. Centroids of Irregular Areas.—Fig. 86 shows an irr^-

ular area the centroid of which is desired. In such a case the

most convenient method is to divide the area into small parallel
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slices, shown by the full vertical lines. The centroid of each of

these slices is now approximated, and from their approximate

centroids lines are drawn parallel to the shces. The area of each

one of these sUces is deternained approximately by scahng the

mean length and multiplying it by the width. In Fig. 87 the

vectors are laid off proportional to these areas, and from Fig. 87

tb^ lower funicular polygon of Fig. 86 is drawn.

Attention should be called to the fact that, in order to obtain

satisfactory results, the sHces should be reasonably small, and yet

not so small that their number becomes excessive and thus the

chance of accumulation of small errors dangerous. The vertical

/?x/s of y

Fig. 89.

-^

-9-0-9-9-9-P-'11 I '
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; ;Willi
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\ /

Fig. 90.

line, or more strictly speaking, the hne parallel to the sUces, located

by the intersection of the first and last strings of the funicular

polygon, contains the centroid of the area, but as yet the location

of the centroid along its length is unknown. The area is now
divided into another set of shces, in this case horizontal slices as

shown by the dotted hnes. Now the centroid of each shce is

approximated, the areas found, and the force polygon of Fig. 88

drawn, using vectors proportional to the areas of the slices. From
this force polygon, the funicular polygon at the right of Fig. 86

is drawn and the horizontal hne m-n located by the intersection 0.

The intersection g locates the centroid of the area.

Figs. 89 and 90 illustrate the construction for locating

the centroid of a somewhat different shaped area. Since this
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area has an axis of symmetry, only one force polygon and one

funicular polygon are required to locate the centroid g.

36. Centroids of Volumes.—The centroid of some volumes can

be located easily by means of planes of symmetry. There are

others that have their centroids on some axis at a certain pro-

portional distance from one end. For still others the centroid

can be most conveniently located by cutting the volume into small

sUces and approximating the centroid and content of each slice.

Then the centroid of the whole may be located by the use of force

and funicular polygons. There are some volumes for which it is

convenient to find the areas for various sections, plot these areas,

draw an area curve, and then locate the centroid of the area under

the curve. Then again it may be possible to spUt a given volume
into a few smaller volumes, the centroid of each of which can be

easily located, and the centroid of the entire volume located by the

use of force and funicular polygons or by some other convenient

method.

It is evident that the centroid of a sphere is the common point

of three or more planes of symmetry, the centroid of a cube is also

the common point of three or more planes of synometry or the mid-

point of a Une connecting the centroids of two opposite sides. The
centroid of a rectangular parallelopiped is the common point of

three planes of symmetry, or the mid-point of a hne connecting the

centroids of two opposite sides. The centroid of a prism with par-

allel bases is the mid-point of a line connecting the centroids of

the two bases.

37. Centroid of a Triangular Pyramid.—Consider the triangular

pyramid shown in Fig. 91. First locate the centroid d of the

triangular base A-B-C by drawing lines from the vertices A and B
to the mid-points of the opposite sides. If the pyramid were

divided into very thin sUces parallel to the triangular base, the

line connecting d and V would contain the centroid of each of

them. Therefore the centroid of the pyramid must be on the line

V-d. Now locate the centroid e of the side A-C-V by drawing

lines from the vertices A and V to the mid-points of the opposite

sides. Connect e and B. The centroid of the pyramid must He

on this line B-e for the same reason that it is on the line d-V,

since any side of a triangular pyramid may be considered the base.

Therefore the intersection of B-e and d-V must be the centroid of

the pyrainid. Now it can be proved that this centroid g is at the
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fourth point of d-V or of e-B, that is d-g equals one-fourth d~V.

The triangle V-f-B with the Unes e-B and d-V is shown in Fig.

92. In this figure e-h is drawn parallel to f-B. Since e-f equals

one-third f-V, k-d equals one-third d-F. Now triangles e-k-g

and ^-5-rf are similar and e-k equals two-thirds /-d also/-d: equals

one-half B-d. Then e-k equals one-third £-d. It follows that

k-g equals one-third d-g and fc-d equals one and one-third d-g

equals four-thirds d-g equals one-third d-F. Therefore d-g

equals one-fourth d-V.

It is also true that the centroid of any pyramid is on the line

connecting the centroid]of the base with the vertex, and one-fourth

the distance up from the base. For if the pyramid is divided into

thin sHces parallel to the base the hne connecting the centroid of

the base with the vertex will contain the centroid of each of them,

and therefore the centroid of the pyramid. Now if the base is

divided into triangles, and the pyramid into triangular pyramids,

the centroid of each one of these pyramids will be up from the base

one-fourth the distance to the vertex. Therefore the centroid of

the large pyramid must be up one-fourth the distance from the base

to the vertex and on the line connecting the centroid of the base

with the vertex.

38. Complex Volixmes which can be divided into a Number
of Regular Voltunes.—The elevation of a rather simple complex

voliune is shown in Fig. 93, and a plan of the same volume in

Fig. 94. It is convenient to divide this volume into two parts

© and @, in plan Q-H-O-T and K-M-N-0. Now the portion

©, shown as A-B-E-F in elevation apd Q-H-O-T in plan, has the

dimension normal to the side A-B-E-F constant. A plane par-

allel to A-B-E-F and half the way back will be a plane of sym-

metry and will therefore contain the centroid. This plane of
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symmetry is shown in plan by the line r-s. The side A-B-E-F
is a trapezoid and its centroid gfi is located by the construction

already explained for the trapezoid. The volume ® may be cut

into thin shces all parallel to this side and directly back of it. A
line projected directly back from gi would contain the centroid

of each of these sUces, and therefore the centroid of volume ®.
The point gi in Fig. 93 is the elevation of the centroid of volume

®. By projecting down from gi until r-s in Fig. 94 is inter-

sected, gi', the centroid of volume ® in plan, is located. In a sim-

ilar way the centroid of volume ® is located in elevation as 32

and in plan as ^2'. Now the centroid of the entire volume must he

on the Une connecting the centroids of the two volumes © and ®

,

which Une is shown in elevation as gi-g2 and in plan as gi'-gz'-

In Fig. 95 vectors are drawn proportional to the two volumes

® and ®, a pole is chosen, and the funicular polygon in the

lower part of Fig. 94 is drawn. The intersection v locates a plane

which contains the centroid of the large voliraie. The trace of

this plane, u-v, intersects gi'-g2' and gi-g2 at g' and g respectively,

therefore the centroid of the entire volume is shown in elevation

as g and in plan as g'.

Figs. 96 and 97 show an interesting volume, the centroid of

which is desired. The first step is to divide the given volume into

smaller volumes, the centroid of each of which can be easily

determined or approximated. A vertical plane passing through

B-D will cut off a pyramid at the left. The base of this pyramid

is a rectangle whose edge is shown in plan as B-D, and in elevation

as f-k. Now if a horizontal plane is passed through /, a triangular

pyramid is cut off, the base of which is shown in plan by B-C-D
and in elevation by /-i. There remains a triangular prism shown

in plan by B-C-D and in elevation by f-^-J-k. The centroid of

each one of these small volumes can be easily located. Also it is

evident that a vertical plane passed through A-C is a plane of

symmetry for the given volume, as well as for each one of the

divisions. The base of the pyramid at the left is a rectangle,

the centroid of which is shown in plan as 0, and in elevation as s.

From s a line is drawn to the vertex E, and gn located at the quarter

point. Projecting up, gi' is obtained on the Une A-C. The point

gi shows the elevation, and gi the plan of the centroid of this

pyramid. Now consider the triangular prism, shown in plan by

the triangle B-C-D, which has its centroid at gs'. The prism
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i i,

Fig. 95. FiQ. 99.
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may be considered as made up of a lot of thin slices, all parallel

to the base and of the same shape, the centroid of each being on a

vertical Hne through the centroid of the base. Therefore the

centroid of the prism must he on this vertical hne and half-way up.

Now project down from gs' and locate gs mid-way between /-i and
k-J; g3 is the elevation, and gs' is the plan of the centroid of the

prism.

The triangular pyramid, above the prism just considered, has

the centroid of its base shown in elevation by t, and in plan by

gs'. Connect t with the vertexH and locate g2 at the quarter point.

The point gf2 is the elevation of the centroid of the pyramid, and

gf2', obtained by projecting up from ga, shows it in plan.

Vertical" lines are now drawn from gi, g2, and gs, and in Fig. 98

vectors are laid off proportional to the different volumes. A pole

is chosen and the lower funicular polygon in Fig. 97 drawn.

The intersection v locates a vertical plane which contains the

centroid of the given volume. The trace of this plane is u-v

which intersects the trace of the plane of symmetry at g'. There-

fore g' shows the centroid of the given volume in plan and in

elevation the centroid is at some point along the line w-x. Hori-

zontal lines are now drawn from gi, g2, and ^3. In Fig. 99 vec-

tors are laid off proportional to the various volume divisions, and

after choosing a pole, the funicular polygon shown at the left of

Fig. 97 is drawn. The intersection z locates a horizontal plane

which contains the centroid of the entire volume. The trace of

this plane is z-j/, and it intersects w-x at g. The centroid of the

entire volmne is therefore shown in elevation as g and in plan as g'.

39. Irregular Volumes. Division into Slices.—Let it be

required to find the centroid of the volume shown in Figs. 100 and

101, which is a portion of a hollow circular cyhnder. The hne A-B
is the trace of a vertical plane of symmetry. The centroid will

therefore lie above this line. The volume cannot be divided into

small regular volumes the centroid of each of which is known, but

it may be cut into a number of thin parallel shoes at right angles to

the plane AyB. If the shces are thin the centroid of each may be

assumed to be mid-way between its sides. Through these approxi-

mate centroids vertical hues are drawn as shown in Fig. 101. The

volume of each shce may be obtained with very small error by

multiplying the thickness by the mean width times the mean

height. The mean widths are obtained from Fig. 100, and the
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mean heights from Fig. 101, each being approximated. The
mean width of the fifth sHce is e-d plus c-f and the mean height

is r-s. It is convenient to make the thickness of all the shces the

Fig. 100.

I—

^

Fig. 102. Fig. 103.

same, thus simplifying the computations for the volumes. In

Fig. 102, vectors are laid off proportional to the volumes of the

sUces, the pole p is chosen, and the funicular polygon, Fig. 103, is
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drawn. The intersection x locates a vertical plane at right

angles to A-B which contains the centroid. The trace of this

plane is u-u, which intersects A-B at g. The point g therefore

shows the centroid in plan and in elevation it lies at some point

along the Une w-xi. The distance of the centroid above the base

m-n may be determined by dividing the volimie into thin hori-

zontal slices, and drawing a force and a funicular polygon similar

to'Figs. 102 and 103. The intersection of the first and last strings

of the funicular polygon would locate a horizontal plane containing

the centroid. The intersection of its trace with to-x would locate

the centroid in elevation.

40. Centroid Located by the Use of Sections and Area Curves.

—Figs. 104, 105, and 106 show a volume or body which has no plane

of symmetry and cannot be cut into simple volumes. The centroid

might be located by using the method of sUces, but it is sometimes

more convenient to use sections and areas, especially when a plan-

imeter is available for measuring the areas. Vertical sections are

taken at intervals along the length of the volimie, the outhne of

each section being shown in Fig. 104. The area of each one of

these sections is found from Fig. 104 by the use of a planimeter,

and the values plotted above the base hne in Fig. 107. A smooth

curve is now drawn through the points thus located, and an area

curve is obtained. This area curve is a curve such that the

ordinate to it at any point measured to the proper scale gives the

area of the corresponding section of the volume. It should be

noted that the area under this curve measured to the proper scale

gives the volume or content of the volume. The vertical scale is,

of course, the same as was used in laying off the areas of the

various sections, that is, 1 inch equals a certain number of square

inches or square feet. The horizontal scale is the same as that

used in Fig. 105, that is, 1 inch equals a certain number of inches or

feet. Therefore, for the units of the area under the area curve, we

have square feet times feet equals cubic feet, or square inches

times inches equals cubic inches.

Since the ordinates in Fig. 107 represent the distribution of

volume in Fig. 105, the vertical line which passes through the cen-

troid of the area, shown in Fig. 107, wUl locate a vertical plane

normal to the paper which will contain the centroid of the given

volume. The area shown in Fig. 107 is, therefore, divided into

small vertical sUces, and vectors are laid off in Fig. 108 proportional
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to the areas of these shoes. Vertical hnes are now drawn down
from the approximate centroids of these shces and the funicular

polygon of Fig. 109 drawn from Fig. 108. The intersection z

S "^r

—

°-, '\
?

—

f
—f-^

/ . \

locates the vertical hne u-v which contains the centroid of the area
shown in Fig. 107. The hne u--v is therefore the trace of a plane
which contains the centroid of the given volume.
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One plane has now been found which contains the centroid,

but two others must be found before the centroid can be definitely

located. Let the volume be cut by a number of vertical planes at

right angles to the sections which were taken for the area curve of

Fig. 107. These planes are shown by the vertical Unes in Fig. 104,

by the horizontal Unes iq Fig. 106, and by the curves in Fig. 105.

The areas of the various sections cut by these planes may be

obtained from Fig. 105 by the use of a planimeter. The vertical

lines of Fig. 104 are extended down to the base line m-^ in Fig. 110,

and above m-n the areas of the various sections obtained from
Fig. 105 are plotted to some convenient scale. A smooth curve

drawn through these points gives the curve of areas. The area

under this curve is now divided into small vertical sUces, and by
the use of Figs. Ill and 112, the intersection zi, is obtained, which

locates a vertical line containing the centroid of the area shown
in Fig. 110. The Une w'-w' is therefore the trace of a vertical plane

which contains the centroid of the given volume.

Two vertical planes have now been located which contain the

centroid of the volume. The centroid therefore lies somewhere

on their line of intersection, which Une is shown in Fig. 105 as

rv-x, in Fig. 104 as w'-x', and in Fig. 106 as g. It now remains to

locate a horizontal plane which contains the centroid. This

horizontal plane is located in a way similar to that used in locating

the vertical planes. Horizontal sections are taken, shown by the

horizontal Unes in Figs. 104 and 105, and by the curved Unes in

Fig. 106. The areas of these sections are measured in Fig. 106,

and the area curve is drawn in Fig. 113. Then by the use of Figs.

114 and 115 the intersection Z2 is located. The horizontal line

from Z2 intersects w'-x" at g2, and tu-x at gri. The centroid of

the given volume is therefore shown in plan by g, in elevation by

gi, and in end view by fir2.

In many cases it is necessary only to locate the distance of the

centroid from a given plane, in which case it is not necessary to

locate the centroid itself, but only a plane which contains it and is

paraUel to the given plane.

41. Stress Volumes.—Stress volume is the term sometimes

appUed to a volume or solid used to represent the distribution or

intensity of stress or pressure over the section of some member or

structural element.

Fig. 116 shows the elevation of a pier or column, and in Fig.
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117 a section is shown at a larger scale. The stress volume for this

section is a volume whose base is A-B-C-D, and whose dimension,

normal to the base at any point, represents to some convenient

scale the pressure or stress at that point. It should be noted

that the base of the stress volume is an area, and is measured in

square inches or square feet, while the vertical dimension repre-

sents pressure, and wiU therefore be measured in pounds per square

inch or per square foot. Now square inches' times pounds per

square inch, gives pounds. Therefore the content of a stress

volume is a certain number of pounds, and this number of pounds

Fig. 118. Fig. 119.

r

Fig. 116.

a
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The centroid of a stress volume, or a line containing its

centroid, may be located by the same constructions that are

used for ordinary volumes. Stress volumes wUl be considered

in more detail in following chapters, especially lq the chapter on

Masonry.



CHAPTER III

MOMENTS

First and second moments and higher moments, if desired,

can be found conveniently by graphical construction. The first

moment of a force about a point is the force times the perpen-

dicular distance between its action hne and the point; the second

moment is the force times the square or second power of this per-

pendicular distance; and a higher moment is the force times a

higher power of this perpendicular distance. The first moment of

an area about an axis is the summation of all the Uttle elementary

areas times their respective perpendicular distances from the axis.

The second moment of an area about an axis is the summation of

all the little elementary areas times the square of their perpen-

dicular distances from the axis. A higher moment is the summa-
tion of all the httle elementary areas times a higher power of their

perpendicular distances from the axis.

The letter M is often used as a symbol to indicate the first

moment; while I, and moment of inertia, are used as expressions

for the second moment.

The simpler problems can often be solved more quickly by
analytical methods, but for the longer and more compHcated

problems, the graphical solution is of special value. The simpler

problems will be considered first, because by their use it is easier

to explain and illustrate the method.

42. First Moment of a Force about a Point.—In Fig. 120

consider the force F, the moment of which about the point o is

desired. Through o draw a fine parallel to the action Hne of F.

The first moment M = F-d, d being the perpendicular between
the action hne of F, and the hne parallel to it passing through o.

In Fig. 121 draw the vector for F, using any convenient scale, and
choose any convenient pole p. Then from 3,. any point on the

action hne of F, draw the line 3-1 parallel to B-p, and 3-2 parallel

to A-p. Now triangle 1-2-3 and triangle A-^p-B are similar,

64
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therefore F : H :: 1-2 : d or F-d = 1-2-H = M. That is, M
is equal to the intercept 1-2, measured to the scale at which Fig.

120 was drawn, times H, measured to the scale used for the vector

A-B.
Momentswhich tend to produce rotation in a clock-wise direction

may be called + and those which tend to produce rotation in a

counter clock-wise direction — . The important thing is to keep

in mind that moments which tend to produce rotation in the same

direction have the same sign and those which tend to produce

rotation in opposite directions have opposite signs.

43. First Moment of a Number of Forces about a Point.—
(a) Parallel Forces.—In Fig. 122 four parallel forces are shown

j</

>^'<

^-^

Fig. 120.

4..

^ //

Fig. 121.

and their moment about the point o is desired. Through o a hne

is drawn parallel to the action lines of the forces, and in Fig. 123

vectors are laid off proportional to the magnitudes of the forces,

taking them in order from left to right. Any pole p is chosen in

Fig. 123, and from 1, any point on the action hne of Fi, two strings

are drawn parallel to the two rays in Fig. 123, which are com-

ponents of the vector Fi. These strings are extended until the

line through o is intersected. The string b-p is a component of

F2 as well as of Fi, therefore from point 2, the intersection of &-p

and F2 a line is drawn parallel to C^, which is the other com-

ponent for the vector F2; and so on until the last string has been

drawn. In each case the string has been extended to the right

until the line Y-Y through is intersected, giving the intersections

5, 6, 7, 8, and 9.
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It follows from what has been said in connection with Figs.

120 and 121, that the moment of Fi about o is H-8-9; the moment
of Fz about oisH- 8-7 ; oiF3,H- 6-7, and of F4, H • &-6. That is.

:--~.^
"-.>^-

--/?

^ -"s

f

/s

Fig. 122.

-4^

-9?=^

1'

^

the moment of each force about is H times a certain intercept

along Y-Y. The resultant moment of all four forces about will,

therefore, be H times the simi of all

of these intercepts, and this sum is

the length 5-9 or the intercept V.

In other words, the total first

moment of all four forces about o

is the pole distance H times the in-

tercept F. M^H-V.
Attention should be called to

the fact that the polygon 1-2-3-^5
is a funicular polygon for the given

forces, and the first and last strings

have been projected over to the

line Y-Y, their intersections giving the intercept V.

(b) Non-parallel, Non-concurrent Forces.—Any straight line

may be drawn intersecting the action Hnes of the given forces and
passing through 0, the point about which moments are to be taken.

^A^

Jl.

/

Fig. 123.
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Resolve each one of the given forces into two components at the

point where its action Une cuts the line just drawn through o.

One of these components should make an angle of 90° with this

line through o, and the other should coincide with it. The given

system has now been resolved into double the original number of

forces, half of which are parallel to each other and the other haK

have their action hnes all passing through o. The moment of the

\\ [I I /

Fig. 125.

g? -
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^ ^-7
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Fig. 124. Fig. 126.

given system about o wiU, therefore, be given by the group of

parallel forces. The moment of this group can be found by the

use of constructions similar to those given in Figs 122. and 123.

Another method of determining the moment produced by a

system of non-paraUel, non-concurrent forces, is to first locate

the resultant of the entire system and then find its moment about

the given point.

44. First Moment of an Area about a Given Axis.—Let it

be required to find the first moment of the area shown in Fig. 124
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about the axis x-x. Divide the area into slices, and from the

approximate centroid of each slice, draw lines parallel to the axis

x-x. In Fig. 125 lay off vectors proportional to the areas of the

various slices and choose any pole p. Then draw the funicular

polygon shown in Fig. 126. Now the length 1-3 times H gives

the moment of that part of the area above x-x about x-x, also 1-2

times H gives the moment of that part of the area below x-x about

x-x. Now these two moments are of different' sign, therefore, the

total moment of the area about x-x is equal to their difference,

which is H-V. The pole distance H is measured to the scale used

for the vectors in Fig. 125, that is, 1 inch equals a certain number

of square inches or square feet, and V is measured in feet or inches

to the scale that was used in Fig. 124. Inches times inches squared

gives inches to the third power for the units of the moment. It

should be noted that point 4, the intersection of the first and

last strings, locates the neutral axis, or the axis about which the

first moment is zero, or in other words, an axis which contains the

centroid.

45. Moment Diagram for a Beam.—In Fig. 127 a beam is

shown carrying a number of concentrated loads. Draw the force

polygon in Fig. 128, choose any pole p, and from Fig. 128 draw the

funicular polygon in Fig. 127, obtaining the closing string 1-7.

From p a hne is drawn parallel to 1-7, and the point Y located.

The length F-Y gives the magnitude of R2, and Y-A that of Ri.

Draw x-x, a vertical line at any section of the beam and extend

the various strings until they intersect x-x. Now the moment of

Ri about x-x is H times the intercept 6-2; that of the force a-b

is H times the intercept 2-3; that of b-c is H times the intercept

3-4, etc. The moment from the loads tends to produce rotation

in a direction opposite to that in which the moment from Ri tends

to produce rotation. Therefore to obtain the resultant moment
at x-x, the moment of the loads must be subtracted from the

moment of the reaction. The moment of Ri and also of each load

is the product of H and a certain intercept. Therefore the result-

ant moment is equal to H times the intercept 2-6 less the inter-

cepts 2-3, 3-4, and 4-5, and equals H-5-6or H-V. Note that V
is the intercept between the funicular polygon and the closing

string. It follows that the moment at any section of a beam is

given by the product of the intercept between the funicular

polygon and its closing string, times the pole distance H. The
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pole distance H is measured in pounds to the scale that was used

for the vectors in Fig. 128 and the intercept V in feet or inches to

the scale at which Fig. 127 was drawn.

The area enclosed between the funicular polygon 1-12-11-10-

9-8-7 and its closing string 1-7 may, therefore, be called the

moment diagram. Attention should be called to the fact that

it makes no difference whether or not the closing string is

horizontal, because the vertical intercepts are not affected by

the inchnation of the closing string, as long as the pole distance

H remains unchanged. Also, it makes no difference whether the

£^
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\

/
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/

vr---v^R
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Fig. 128.

"1^
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Fig. 127.

area of the moment diagram is above or below the closing string,

since the vertical intercept times the pole distance always gives

the moment, and a glance at the beam will teU which side has

tension and which side has compression.

For further discussion of moment diagrams for beams see Chap-

ter IV.

46. Second Moments.—Let it be required to find the second

moment I of the force F\ about the point o, see Fig. 129. I is

equal to Fi-d?. In Fig. 130 a vector is drawn representing Fi

to some convenient scale, and a pole p is chosen with any con-

venient pole distance H. Then starting from any point 1 on the

action line of Fi, the strings a-p and -p-h are drawn, and the inter-
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sections 2 and 3 obtained. Now take any pole p', with any con-

venient pole distance H', and draw the Unes p'-2 and p'-3. Then

in Fig. 131, from any point 4 on the action hne of Fi, draw 4-5

parallel to 3-p' and 4r-6 parallel to 2-p', thus obtaining the inter-

sections 5 and 6.

Now I = Fi-d^ = Fi-d-d = M-d = H-2-B-d = H-VA.d, be-

cause in connection with first momentsM was shown to be equal to

HV. It is evident that the two triangles 2^'-3 apd 4-5-6 are

similar, since their sides are respectively parallel. Therefore,

ff' : F :: d : 5-6, and it follows that d-F. = ff'-5-6 = H'-V.

Therefore I = H-V-d = H-H'-V. That is, / is equal to the

Fig. 129.
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Fig. 131. Fig. 130.

product of the first pole distance H, the second pole distance H',

and the intercept V. The pole distance H is to be measured to

the scale which was used for the vector in Fig. 130, while H' and

V are to be measured to the scale at which Fig. 129 was drawn.

This construction may seem rather compUcated, but it should

be kept in mind that it is of special value for complicated problems,

and that the simple problems are used first for the purpose of teach-

ing the method.

47. Second Moment of a Number of Parallel Forces.—In

Fig. 132, three forces Fi, F2, and F3, are shown, and their second

moment about the point is desired. In Fig. 133, vectors are laid

off proportional to the forces, to some convenient scale, and the

pole p located with some reasonable pole distance H. From
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Fig. 133 a funicular polygon is drawn in Fig. 132, and the various

strings projected over until the hne 7-7 is intersected, and the

points 4, 6, 6, and 7 are obtained. Now any pole p' is chosen,

Fig. 132.

a

I "^v--.^

«C

/.-

Vj



72 GRAPHICAL ANALYSIS [Art. 48

Attention should be called to the fact that in Fig. 134 the two

lines that intersect on the action Une of F2 are parallel to the two

hnes from p' which intersect Y-Y at the points where the two

strings which intersect on the action hne of F2 in Fig. 132, inter-

sect Y-Y; The same sort of thing is true in connection with the

other forces.

48. Moment of Inertia of an Area.—Figs. 136, 137, and 138

.t

Fig. 136.
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Fig. 135. Fig. 137. Fig. 138.

show the construction for finding the moment of inertia of the

area shown in Fig. 135 about the neutral axis x-x. The area is

divided into a number of sHces and from the centroid of each slice a

straight Une is drawn parallel to the axis a;-a;. In Fig. 136 vectors

are laid off proportional to the areas of the various area divisions,

and a pole p is chosen, with pole distance H. From Fig. 136 the

funicular polygon of Fig. 137 is drawn and the intersection

locates the neutral axis x-x. The various strings are now extended
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until the axis x-x is intersected, giving the points l', 2', 3', etc.

The pole p is chosen with any convenient pole distance H , and

the rays p'-l', p'-2', etc., are drawn. Parallel to these rays the

lines of Fig. 138 are drawn and the intercept V' obtained. Atten-

tion should be called to the fact that the string in Fig. 137 which

connects any two area Unes, if extended, locates by its intersection

with the axis x~x the end of the ray which is parallel to the line

in Fig. 138, which in turn connects these same two lines. Now
the length n-z times H times H' gives the approximate moment of

inertia of that part of the area above x-x about x-x; also the length

z-m times' iy times H' gives the approximate moment of inertia

of that portion of the area below x-x about x-x. Both these values

have the same sign, therefore the moment of inertia of the entire

Fig. 139. Fig. 140.

area about its neutral axis x-x is given approximately by the

product/?- if' F'.

49. Mohr's and Culmann's Methods.—The construction just

illustrated is sometimes called Culmann's method, while a shghtly

different construction is called Mohr's method. In order to get a

clear idea of the difference between these two methods, it will be

found convenient to go back to the problem of finding the second

moment of a single force about a point. Consider the force Fi

shown in Fig. 139, and let it be required to find its moment of

inertia about the point o. A vector representing Fi is drawn in

Fig. 140, and any pole p chosen with any convenient pole distance

H. From 1, any point on the action line of Fi, the two strings

a-p and p-b are drawn, and the intersections 2 and 3 obtained.

Now I = Fi-cP = A-B-d-d = H-V-d, and since d-V equals two
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times the area of triangle 1-2-3, I is equal to H-2 times the area

of triangle 1-2-3. The second momeiit is therefore obtained

without any additional construction, the second pole and polygon

of Cuhnann's method being unnecessary. However, it is necessary

to measure or compute an area.

This construction may be extended to give the moment of

inertia of a number of forces, or of an area. Considering the

forces shown in Fig. 132, their moment of inertia about o could be

obtained by Mohr's method without using p' or drawing Fig. 134,

I being given by H times 2 times the area 1-2-3—1^-7.

Suppose it were desired to find the moment of inertia of the

area shown in Fig. 135 about its neutral axis x-x by Mohr's

method. Figs. 136 and 137 would be drawn as shown, except that

in Fig. 137 the various strings would not have to be extended to

the axis x-x, nor would p' have to be located or its rays drawn.

The area enclosed by the funicular polygon l-2-3-4r-5-6-0 would

be found and multiplied by 2 times the pole distance H, in order

to obtain the moment of inertia. The area enclosed by the funicular

polygon of Fig. 137 may be measured by the use of a planimeter.

If a planimeter is not available the area may be divided into

narrow horizontal slices all of equal width and the sum of their

measured mean lengths multiplied by the common width to give

the area. This area in Fig. 137 is measured to the scale that was
used in Fig. 135.

50. Radius of Gyration.—The radius of gyration of an area

is equal to the square root of (7 -h A), A being the area for which I

is the moment of inertia. Let it be required to find the radius of

gyration of the area shown in Fig. 135 about the axis x-x. Fig. 141

shows Fig. 136 redrawn, and the construction necessary for finding

the radius of gyration graphically, added. The hne e-f is drawn
parallel to C-D, its ends falling on the strings p-C and p-D, and its

length being equal to H' of Fig. 137. Through p the line o-^ is

drawn at right angles to e-f, and p-o made equal to V' of Fig. 138.

Now with u-o as a diameter draw the semi-circumference o-s-u,

and from p draw the line p-s at right angles to o-u. I = H- H'.V',
and in Fig. 141 C-D : H :: e-J : u-p. But C-D represents the

area shown in Fig. 135, and e-/ was made equal to H', there-

fore A : H :: H' : U--P or A-tt-p = H-H', and it follows that

I=A-V'- U--P, also r = VI^A = VV-u-p. Now from geometry
we know that s-^ is the mean proportional between u-p and
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V-o, that is (s-p)2 = u-^-p-o,

M-p • p-0 = S-p.

and therefore r = "s/V^-u-p

51. Radius of Gyration of Rectangles, Parallelograms and
Triangles.—Let it be required to find the radius of gyration of

the rectangle shown in Fig. 142 about its neutral axis x-x, which is

parallel to one of its sides. We know that I = ^bcP and r =
y/l-i-A = yZ-^tP, since A = b-d, or we may say r = V^d-^d.
Now in Fig. 142 e-f =\d, and g~f is made equal to \ d. With
g-e as a diameter, draw the semi-circumference g-h-e. Then

C:

/

\

I'

Fig. 143.

.^ A.JL

Fig. 142. Fig. 144.

f-h is the mean proportional between e-f and f-g, or f-h =

The construction for obtaining the radius of gyration r, of a

parellejogram, about a neutral axis parallel to one of its sides is

very similar, see Fig. 143. The I of this parallelogram is equal

to T^ hd^, and therefore r = V5^ = V^ d. ^d.

e-f = id, and f-g is made equal to ^ d, so that

V'id. id = h-f=r.

In Fig. 143

In Fig. 144 a triangle is shown, and its radius of gyration is
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desired about the neutral axis x-x, which is an axis parallel to one

of its sides. The I for the triangle about such an axis, is yg--d-d^

and r = VI -i- A = V^-g (P = V^d-^d since A = j b-d. In

Fig. 144 e-f = id, and f-g is made equal to ^ d, then y/^d-^d =

'^e-f-f-g = f-h = r, since j-h is the mean proportional between

e-/and/-g.

52. Moment of Inertia. Exact Method.—The construction

shown for the moment of inertia in Figs. 135 to 138 is approximate

in that the horizontal Hnes are drawn from the centroids of the

various area divisions, in place of from a point at distance r from

the axis. The I of an area division about an axis, other than its

neutral axis, is I = I -{• A- d-^, where di is the perpendicular

distance from the axis about which I is desired, to a parallel axis

through the centroid of the area division, while / is the moment of

inertia about this parallel neutral axis. Now in the approximate

method shown in Figs. 135 to 138, the values A-d^ have been

summed up but I has been neglected. This error is small when
the area divisions are small, but it may become quite large when
these divisions are larger.

Let it be required to find the moment of inertia of the area

shown in Fig. 145 about any axis x-x, using the exact method.

Let the area be divided into a few convenient area divisions as

shown. When using the exact method there is -no objection to

having large area divisions, but for convenience, they should

be either rectangles, parallelograms, or triangles. The I of each

one of these divisions about x-x is equal to / + A • d\^, or the smn
of the moment of inertia of the division about its own neutral axis

parallel to x-x, and its area times the square of the perpendicular

distance between the neutral axis of the division and x-x. In

other words 7 = 7 + A-di^ =: A-fi = A-r^ -\- A-di^. Dividing

through by A, we have r^ = J^ -\- di^. Consider the area division 3,

shown separately in Fig. 146; o-f is equal to di and f-h is r.

Since the triangle o-f-h is a right triangle, r^ + di^ = (o-h)^ = r^.

When the hnes were drawn from the centroids of the area divisions,

we obtained by our moment of inertia construction, the summa-
tion of all the areas times the square of the distance of their cen-

troid from the axis; that is, we obtained summation A-di'. What
we want is summation A r^. Therefore if the hne from each area

division is moved out until it is distant r from x-x, and the con-

struction already given for 7 employed, we obtain summation A r^-
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The student should note that the exact method differs from

the approximate method only in the location of the lines from the

various area divisions. In the approximate method these lines

are drawn from the centroids of the various divisions while in the

exact method, they are moved out from x-x until they are distant

from it a length equal to the radius of gyration about x-x of each

respective area division. Either Mohr's or Cuhnann's construc-

tion may be used with the exact method. In Figs, 145 to 148,

Fig. 147.

«< r-?-?-i*i
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about the point o in Fig. 149. The third moment is Fi-cP, and

the fourth moment Fi d*. Draw Fig. 150 and the two Hnes from

point 4 in Fig. 151 as though the second moment were to be

obtained. The second moment I equals H-H'-V and the third

Fig. 149.
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Fig. 153.

moment Fx-d^ equals I-d or H-H'-V'-d. Choose any pole p"
in Fig. 151, and draw strings 7-8 and 7-9 in Fig. 152. Now
triangle 5-p"-6 is similar to triangle 7-8-9 and V : H" :: V" : d
or H"-V" = V'-d. Then the third moment = H-H'-V'-d =
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H-H'-H"-V". The fourth moment equals the third moment
times doTH-H'H"-V"-d. In Fig. 152 choose any pole p'", and

draw the lines 10-11 and 10-12 in Fig. 153. Now triangle 8-9-p'"

and triangle 10-11-12 are similar, therefore V" : H'" :: V" : d

or H"'-V"' = V"-d, and it follows that the fourth moment
equals H-H'-H"V"-d = H-H'-H"-H"'-V"'. The fifth or

sixth or any other higher moment may be obtained by continuing

the above process.

The construction here given for higher moments may be

Fig. 154.

extended to deal with complicated areas or systems of forces just

as the construction for I was extended.

54. Central Circle or Ellipse of Inertia.—Let the heavy

irregular line in Fig. 154 represent the outhne of an area whose

centroid is at o. The axis x-x is any axis passing through the

centroid. Now let it be assimied that the moment of inertia and

the radius of gyration of the area about x-x are found by graphical

construction. After obtaining the value of r, draw the two

lines parallel to x-x, one on either side, and distant from x-x the

radius of gyration r, measured to the scale at which the area was

drawn. Now take any other axis passing through the centroid,

such as a;i-a;i, and by graphical construction obtain the radius of
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gyration about this new axis. Also draw the two lines parallel

to cci-aji and distant from it a length corresponding to the radius

of gyration.

Several other axes may now be drawn, and the r about them
found as for x-x and a;i-a;i. Then two lines may be drawn parallel

to each axis and distant from it a length corresponding to the radius

of gyration about it. Now draw a smooth curve tangent to the

lines which are parallel to and distant r from the various axes.

This curve a-b-c-d-e-f is of such a nature that the distance from

any of its tangents to the corresponding parallel axis through the

centroid gives the radius of gyration about that axis. It is usually

a circle or an elKpse, and is called the central ellipse or central

circle of inertia. When this curve has been drawn for an area, the

moment of inertia may be obtained for any neutral axis in the

following way:

Parallel to the given axis draw a line tangent to the central

circle or eUipse of inertia and measure the perpendicular distance

between the axis and this tangent. Then the square of this dis-

tance times the area gives the desired moment of inertia.

When the curve is a circle, I about every axis is the same, when
the curve is an eUipse, an axis normal to the major axis of the

eUipse is the axis giving the maximum moment of inertia. The
axis normal to the minor axis of the ellipse gives the minimum
moment of inertia.

When the area has an axis of symmetry its central elUpse of

inertia will have either the minor or major axis coinciding with the

axis of symmetry.

Very little space is here devoted to the central ellipse or central

circle of inertia, because there are many other things of more
importance and interest to the average engineer.

55. Complicated Problems.—^The problems considered in

this chapter have been rather elementary, but the solution of

more complicated problems will be found in Chapters VIII and X.



CHAPTER IV

BEAMS

Graphical constructions are especially well adapted to the

solution of compHcated problems deaUng with beams. Contin-

uous beams with a complicated loading, fixed beams, and beams
having a variable moment of inertia can be conveniently solved.

Simple beams with a simple loading will be considered first,

after which the more compKcated problems will follow.

56. Construction of the Elastic Curve.—Let the simple beam
shown in Fig. 155, carrying a single concentrated load, be con-

sidered. The force polygon Fig. 156 is drawn, and from it the

moment diagram, Fig. 157. The reader is referred to Chapter

III, for a discussion of the construction and use of moment dia-

grams. The reactions Ri and j?2 can be obtained from Fig. 156,

as has been explained in Chapter I. It may be well to recall at

this time that the bending moment at any section of the beam is

given by measuring the intercept in the moment diagram, at the

section, and multiplying it by the pole distance H. The pole

distance H is to be measured to the scale used in laying off the

force A-B, while the intercepts in the moment diagram are to be

measured to the scale at which the beam was drawn. The max-

imum moment may be obtained by using the maximum intercept

in the moment diagram.

In order to proceed with the construction of the elastic curve,

the moment diagram is divided into small vertical shces of width

dx, and from the centroid of each, a vertical line is drawn extending

down.

Let the first area division at the left be called ai-bi, the second

bi-ci, etc., and let each shce be measured to the scale at which the

beam was drawn and its area found. The areas thus computed

are laid off along the load line in Fig. 158, to a scale of 1 inch equals

a certain number of square inches or square feet. Now let the

EI
pole distance H' in Fig. 158, be made equal to -^j-, in which I is

81
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Fia. 161. Fig. 162.
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the moment of inertia of the beam, E its modulus of elasticity,

and H the pole distance of Fig. 156.

In the above expression £ is in pounds per square inch, / is in

inches to the fourth power, and H is in pounds; therefore H'

will be in square inches. Now the value of H' just obtained, is

measured to the same scale that was used in laying off the areas

of the moment diagram. If the areas of the moment diagram were

measured in square feet and laid off along the load Hne in Fig. 158

to a scale of 1 inch equals a certain number of square feet, the

value of H', obtained from the above formula, should be divided

by 144 in order to reduce it to square feet.

From Fig. 158 the funicular polygon 1-2-3-4 ... 17 in Fig.

159 is drawn and the strings extended back until they intersect

the vertical line from the reaction Ri, giving the points Ai, Bi', Ci,

etc. The vertical dimensions in Fig.' 158 are small and the pole

distance is rather large. Fig. 160 is the same as Fig. 158, except

that the pole distance has been shortened and the vertical

dimensions have been magnified; also Fig. 161 is the same as

Fig. 159, except that the vertical dimension has been magnified.

The student should refer to Figs. 160 and 161 when the notation

is not given in Figs. 158 and 159, or when the construction is not

clear.

Now any one of the vectors along the load line in Fig. 158/

represents the area of the corresponding slice in the moment dia-

gram. For example, Ji-Ki represents the area of the slice s-i-w-^

of the moment diagram, or in other words Ji-K\ = Y-dx, and

since M = Y-H, H = j—^^- Now H' was made equal to -^r-,

E-I
then H = -jn- From these two values of H, we obtain

Jti

EI M-dx r zr M-dx-H'
It =71=^7°^'^^"^' = E-I

The same is true for any other vector in Fig. 158, provided M
is the average moment for the corresponding dx of beam. Tri-

angles Ji-Kv^' and Ji'-Ki'-ll are similar, therefore,

smce

Ji-Ki =
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In Fig. 159 the length Ji'-Ki' is approximately equal to dy

tan ai. Using this valve in the above equation:

]\I -dx
tan ai = _ in which dx is any portion of the beam, M

is the average moment along that portion, and ai is the angle of

rotation for the length dx. Remember that a\ is the angle of

rotation which is obtained by the constructions in Figs. 156 to 159.

An expression will now be derived giving the A^lue of tan a, when

a is the angle of rotation in the actual beam for the length dx.

Draw Fig. 162, which is a portion of the beam drawn to an exag-

gerated scale. From mechanics we know that e = —5-) and from
Ja

similar triangles B-e = dl-c. From these two equations, it follows

that S = -^5-, and, since S = —p-, we derive the equation
a 1

E-I
R =

-JJ-.
The length R is usually very large and dl is usually

comparatively small; therefore tan a is approximately equal to

dl divided by R. Using the above value of R, tan a = -^ftT)

or since dl and the corresponding dx are almost equal in aU actual

beams,

tan a = „ j . This is exactly the same as the expression

which gives the tan of the angle of rotation obtained in Fig. 159;

therefore these two angles, ai and a, must be the same. It therefore

follows that the broken line in Fig. 159 has the same curvature as

the elastic curve. When dx becomes very very small this broken

line approaches the true elastic curve as a limit, thus the true

elastic curve is a smooth curve inside the broken line curve of

Fig. 159, and is tangent to each one of the short lines.

The Hne 1-17 represents the original position of the neutral

axis of the beam, and the deflection at any section is given by the

vertical intercept in Fig. 159 between the broken hne and the Une
1-17, measured at the given section and to the scale at which the

beam was drawn.

These vertical intercepts in Fig. 159 are very small, and they

usually will be for all ordinary beams, when H' is made equal to

F • T
~jj-. If the pole distance H' is shortened, it can be proved by
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similar triangles that the intercepts in Fig. 159 wiU be increased in

direct proportion. Suppose the beam is drawn to a scale of 1 inch

equals a inches, that is, to - actual size, then if the pole distance H'

is divided by a the deflections in Fig. 159 will come out fuU size.

EI
That is, if the pole distance H' = ^j

—
, the deflections may beM •Cb

obtained by measuring the intercepts to a scale of 1 inch equals

1 inch. Usually it is desirable to shorten the pole distance even

more by some convenient number n, usually taken as 2, 3, 4, or 5.

Therefore the common formula for the pole distance H' is

E-I
H' = jj-^— , and the deflection may be obtained by measuring

the intercepts to a scale of 1 inch equals 1 inch and dividing by n.

In Fig. 155, the beam was drawn to a scale of 1 inch = 4 feet,

EI
which is -A- actual size: therefore a in the formula H' = ^j

is taken as 48 in computing the pole distance for Fig. 160. From
Fig. 160, Fig. 161 is drawn, and the deflection at any section may
be obtained by measuring the vertical intercept between the line

1-17 and the broken hne 1-2-3 ... 17, at the given section, to a

scale of 1 inch equals 1 inch, and dividing by n.

57. Simple Beams.—It may be well to work out an actual

problem and obtain numerical results in order to make clear just

how the graphical method is appHed. A beam 20 feet long will

be considered as carrying a uniform load of 1000 pounds per foot,

and a concentrated load of 10,000 pounds at the center. See

Fig. 163. The uniform load is divided into a number of divisions,

and an equivalent concentrated load substituted for each division.

Unless these divisions of the uniform or distributed load are rea-

sonably small, a considerable error wiU be produced. In the

present problem they are taken 2 feet long to give good results.

The loads are now laid off in order along the load line in Fig. 164,

and 30,000 pounds is chosen as the pole distance H. From Fig.

164, the moment diagram of Fig. 165 is drawn. The maximum
vertical intercept in the moment diagram, measured to the scale

at which the beam was drawn, is found to be about 3.35 feet.

This intercept times the pole distance, H = 30,000 pounds, gives

the bending moment in foot pounds. M = 3.35 X 30,000 =

100,500 foot-pounds, or 1,206,000 inch-pounds. Computing the
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moment analytically, l',200,000 inch-pounds is obtained for the

maximum moment, which shows that the graphical result was in

error by about | of 1 per cent.

It is well for the beginner to start with simple problems and

check his results analytically, in order to be sure that he under-

stands the graphical method arid knows how to use it. Also he

should remember that it is in the long complicated problems, and

Fig. 164 Fig. 163.

Fig.

165.

Fig. 168.

not in the short simple problems, that graphical methods are of

special value.

Having found the maximum bending moment, the beam may
be designed by referring to a hand-book. In this case an 18-inch

I 48 pounds is used having a moment of inertia of 737.1. The
moment diagram. Fig. 165, is now divided into a nmnber of small

vertical sUces, the areas of which are found, using the scale at

which the, beam was drawn. The smaller the sUces are made, the

closer will the broken line curve 1-2-3 ... 13 approach the
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smooth one of the elastic curve, and when the slices are very small

their centroids and centers wiU be practically the same point.

When the sUces are large, the centroid may be at some Mttle dis-

tance from the center, in which case it is important that the cen-

troid be used. In Fig. 169 the full lines show what is obtained

when large divisions are used, the vertical hues being drawn from

their centroids, while the dotted Unes show what is obtained when
small sUces are taken and the vertical lines drawn from their

centers.

The areas of the sUces of the moment diagram are laid

off along the load hne in Fig. 166, using any convenient scale

which wiU make the over-all-dimension Ai-Li of desirable length.

In this problem these areas were found in square feet and laid off

to the scale of 1 inch = 15 square feet. The reader should

remember that the scales here given are those for the original

drawings, which have been reduced.

Fig. 170. Fig. 169.

The next thing to determine is the pole distance H'. In the

E-I '

formula H' = =
, E, I, and H are known. The beam was

H -n-a

drawn to the scale of 1 inch = 4 feet, that is, ^ actual size, there-

fore, a will be taken equal to 48. When n is assumed equal to 3

and the result obtained from the above formula is divided by 144

to reduce it to square feet, H' is found to be 34.5 square feet. If a

larger value were assumed for n the pole distance H' would be

correspondingly smaller. The value obtained for H' is measured

off in Kg. 166, using the same scale that was used in laying off the

areas of the moment diagram. From Fig. 166 the funicular polygon

of Fig. 167 is drawn. The hne m-^m' represents the position of the

neutral axis of the beam before bending, while the polygon below
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represents the position of the neutral axis after bending, the ver-

tical dimension being magnified. The maximum deflection is

obtained by measuring the largest vertical intercept Yi in Fig. 167

to the scale of 1 inch = 1 inch and dividing by n, which is in this

case equal to 3. In this problem the maximum deflection is found

to be approximately .32 of an inch. The deflection at any section

distant X from the left support is equal to Yz -J- n, which in this

case is equal to F2 -^ 3.

Attention should be called to the fact that it does not make

any difference whether the line m-^mi comes out horizontal or not,

because the vertical intercepts will be just the same, as long as the

pole distance Hi is not changed.

The shear diagram which is shown in Fig. 168 has been drawn,

not because it was needed for the construction of the other figures,

but because a shear diagram is sometimes of value in designing a

beam, and in studying the stresses produced. The shear at any

section is equal to the summation of all the forces to the left, or to

the right, of the section.

Beginning at the left end of Fig. 168, the reaction Ri is laid

off to some convenient scale above the base line. Now moving

toward the right, the uniform load is passed over at the rate of

1000 pounds per foot, that is, the shear decreases at the rate of

1000 pounds per foot, until P is reached, when it drops 10,000

pounds. This drop of 10,000 pounds goes below the base hne,

showing that the shear changes sign. Continuing the move-

ment to the right, the uniform load, which is now the same sign

as the shear, causes the shear to increase at the rate of 1000 pounds

per foot. Just before the right reaction is reached, the shear is,

of course, equal to R2.

The sign of the moment or of the shear as indicated by position

above or below its base line, wiU be considered of httle importance

here. The moment diagram, Fig. 165, which is below its base line,

has just the same area and the same vertical intercepts that it

would have if it were drawn above the base Une by locating the

pole in Fig. 164 on the left side of the load line. The important

thing is to find when the moment and shear change sign, and to

give due consideration to this change. By reference to the beam
and the system of loading, it is easy to tell which side of the beam
has tension and which side has compression.
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Simple beams with a more complicated or a more irregular

loading than that shown in Fig. 163, can have their moment and

shear diagrams, and deflection curves drawn as just explained

and illustrated. The only difference will be that the figures will

have a different shape than Figs. 164 to 168.

58. Cantilever Beams.—Consider the cantilever beam shown

in Fig. 171, which has its support at the left end, and carries both

uniform and concentrated loads. The uniform load is divided into

small divisions, and an equivalent concentrated load substituted

for each division. These loads, together with the large con-

centrated loads, are laid off in order along the load Une of Fig. 172.

For convenience, the pole distance H is made equal to 30,000

pounds and p is taken on the left side of the load line. If p had

been taken on the right side of the load Hne, the moment diagram.

Fig. 173, would have been turned over. However, the vertical

intercepts and the areas would not have been Changed if the same

pole distance had been used. In constructing the moment dia-

gram. Fig. 173, the funicular polygon is drawn in the usual way.

The string I is extended back to the left, and by our theory of

moments, any vertical intercept, F', times H gives the moment of

all the forces to the right of the section. The maximum moment
is given by the maximum, vertical intercept, F; times the pole

distance H. It makes no difference whether the hne o-u is hor-

izontal or not, but the pole distance H must always be measured

perpendicular to the load line. The moment diagram is now
divided into sUces, the vertical Unes drawn, and the areas laid off

along the load hne in Pig. 174. The pole distance H' is computed

from the formula H' = =
, and p' is located. From Fig. 174

H-n-a
the broken hne in Fig. 175, representing the elastic curve, is

drawn. Now in a cantilever beam, the direction of the neutral

axis right at the support is supposed to be the same after bending

as it was before, so from m draw the line m-^m' tangent to the

elastic curve. This means extending the first length of the broken

line. The hne m-m' will represent the position of the neutral

axis of the beam before bending, and the deflection at any section

along the beam may be obtained by measuring the vertical inter-

cept between the line m-m' and the broken line, to the scale of

1 inch= 1 inch, and dividing by n. The maximum deflection is

found by dividing the maximmn vertical intercept Fi by n. It
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makes no difference whether or not the line m-jn' comes out hori-

zontal, as long as vertical intercepts are taken.

If p' in Fig, 174 had been taken on the left side in place of on

Fia. 171.

Fig.

Fig. 176.

the right side of the load line, the deflection curve in Fig. 175

would have been turned bottom side up; that is, it would have
appeared as if the beam were deflecting up. Nevertheless, the

numerical results could have been obtained just as well as from the

figure that is given. The shear diagram is shown in Fig. 176.

The constructions shown in Figs. 171 to 176 are typical for can-

tilever beams; different loadings, scales, pole distances, and loca-
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tions of poles, simply change the shape of the figures and turn

them over.

Fig. 177.

Fig.

178.

IV

H'-.zo.s'''

Fig. 180.

Fig. 181.

,^''''^p!

Fig. 182.

59, Beams with an Overhanging End.—The beam shown in

Fig. 177 illustrates a typical overhanging beam. In addition to a

uniform load which includes its own weight, the beam carries a
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number of unequal concentrated loads placed at irregular inter-

vals. A more complicated loading might have been considered,

but the loading here assumed is just as instructive.

As usual, the uniform load is divided into small divisions.

The loads carried by the beam are laid off in order along the load

line in Kg. 178, and the pole p with the pole distance H, chosen.

The moment diagram, Fig. 179, is drawn in the usual way. The

string a-p is a component of the force a-b and afeo of Ri, it there-

fore connects the action line of a-b with that of Ri. The closing

string 3-p is drawn, and parallel to it the closing ray from p, which

gives the point Z, marking off the reactions Ri and R2. Now the

vertical intercepts in Fig. 179 times the pole distance H give the

moments produced at various sections along the beam.

It is noted that the moment diagram is part on one side of the

closing string and part on the other; this shows that the moment
passes through zero and changes sign at X.

When working with an overhanging beam, it is usually desirable

to make the pole distance H rather short in comparison with the

load Une, in order to keep the vertical intercepts in the moment
diagram from being too small for convenience. The student

should not be worried over the fact that the moment diagram,

Fig. 179, does not have just the same shape as the diagram he had

in mechanics for overhanging beams. The moments obtained

from Figs. 178 and 179 will check with those computed from the

formulas of mechanics.

In order to construct the elastic curve, the moment diagram is

divided into shces, the vertical Hnes are drawn, and the areas of

the sHces are laid off to some convenient scale along the load line in

Fig. 180. From the left end over to the point X,- the moment is

of one sign and the areas of the sUces are laid off along the load Hne
in Fig. 180 going down. The pole distance H' is computed as

usual and the pole p' located. The areas to the right of X, which
are of different sign, may be laid off, in Fig. 180, coming up from
W and the pole p' used; or these areas may be laid off going down
from W and the pole pi used. The pole pi' is distance H' from
the load line, and the hne p -PF-pi' must be a straight Ijne. From
Fig. 180, the funicular polygon in Fig. 181, representing the

elastic curve, is drawn. The line m-m' represents the position

of the neutral axis before bending, and is drawn through the

intersection of the elastic curve with the reactions. Therefore,
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the vertical intercepts between the line m-^n' and the broken line

give n times the deflection. The maximum deflection appears to

be at the left end of the beam, and its numerical value is obtained

by measuring the intercept Fi to the scale of 1 inch = 1 inch and

dividing by n.

The shear diagram is shown in Fig. 182.

60. Beams with a Variable I.—While a variation in the moment
of inertia along the length of a simple beam or girder has no effect

upon the moment produced by a given loading, it has a decided

effect upon the amount of deflection. Consider the plate girder

of 60 feet span shown in Fig. 183 which carries, in addition to a

uniform load, a number of concentrated loads. These loads are

laid out along the load line in Fig. 184 in the usual way, starting

with the load at the left end of the beam and taking the others in

order. From Fig. 184, the moment diagram Fig. 185 is drawn, and

the reactions Ri and R2 are found.

The moment diagram is now divided into slices and the ver-

tical lines drawn from their centroids. It is important that a

division line between areas comes directly under every section

where there is an important change in the moment of inertia.

The areas of the various sUces of the moment diagram are now
computed and laid off to some convenient scale along the load

line of Fig. 186. In this problem it was found desirable to start

with the areas at the right end of the moment diagram, so that

the deflection curve in Fig. 187 would be right side up when
the poles were taken on the left side of the load line. Now the

first two areas at the right end are under a portion of the beam
which has an I of 40,000 as its moment of inertia. This I of 40,000

EI
is substituted in the formula H' = y} in order to obtain H'l,tl-n-a '

which is used to locate the pole p'l. The third and fourth area

divisions are under a portion of the beam that has 60,000 for its 7,

which value is used in the above formula in order to obtain H'2.

It wiU be observed that / is the only variable in the formula
EI

H' = Tj^ ,
therefore the pole distances in Fig. 186 vary directly

as /. Having found H'2, the pole p'2 is located at this distance

from the load line and on the ray Ci-j>'i extended. Following
the fourth slice, a number of the divisions of the moment diagram
are under a portion of the beam having 90,000 for its I. Using
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this value of /, H'3 is computed, and the pole p's located on the

ray Ei-^'2 extended. When the moment of inertia changes again,

a new pole distance is computed for the area under that portion

of the beam having the new /, and a new pole is located in the same

way as described above. The funicular polygon in Fig. 187,

which represents the elastic curve, is now drawn, its strings being

parallel to the corresponding rays in Fig. 186. The deflections

are given as usual by measuring the vertical intercepts between the

line m-m' and the elastic curve to the scale of 1 inch = 1 inch and

dividing by n.

The shear diagram is shown in Fig. 188, and because of its

simplicity, needs no explanation. It might be well to call atten-

tion to the fact that a large part of the notation is left off in these

figures because they are shown to a small scale. It is a good plan

for the student to use more notation and put the scale on every

figure in order to avoid mistakes.

The solution of the wooden beam shown in Fig. 189 is an inter-

esting problem. This beam has a uniform depth, but a variable

width, there being a uniform decrease from 12 inches at s to 4

inches at the left end. The beam carries, in addition to a uniform

load, a concentrated load of 5600 pounds. Fig. 190 and the

moment diagram Fig. 191 are drawn in the usual way, and the

moment diagram is divided into small vertical shces from the

centroids of which the vertical lines are drawn. The moment
of inertia of the beam at various sections is now computed. I is

foimd to be constant from t over to s and then to decrease uni-

formly down to the value Ir at r, as shown in Fig. 192. This

figure is drawn so that the vertical intercept at any section

measured to scale wiU give the / of the corresponding section of the

beam. The areas of the shces of the moment diagram are laid off

to scale along the load line in Fig. 193, starting with the areas at

the right end of the beam. For computing the pole distance in

Fig. 193, the ordinary formula is used, the E being the modulus

of elasticity for wood. The pole distance H'l is used for all of the

areas over as far as s, where the moment of inertia of the beam
begins to decrease. The pole distance H'2, for the area of the next

sUce, is computed by using the average / for the corresponding

length of beam. Also, in computing the other pole distances, the

mean I for the corresponding length of beam is used. These

average 7's may be obtained from intercepts ia Fig. 192. From
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Pig. 193 the elastic curve Fig. 194 is drawn, from which the

deflection may be obtained.

61. Beams with One End Fixed.—If one end of a beam is fixed,

and the other end supported, there is a very marked change in the

reactions, in the moments produced, and in the shape of the elastic

curve. The determination of the reactions, moments, and deflec-

FiG. 189.

N Fig. 190.

Fig. 194. Fig. 193.

tions is a much more difficult problem, especially when the loading

is irregular and consists of both concentrated and uniform loads.

Let the beam shown in Fig. 195, carrying a uniform load together

with concentrated loads, be considered as having the right end

fixed. The imiform load is spUt up into smaU divisions as usual,

and all of the loads are laid off along the load line. Fig. 196. From
this figure the funicular polygon in Fig. 197 is drawn, beginning at o

and continuing around to u. If a line were drawn connecting o and
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u, the closing string of a moment diagram for a simple beam would

be obtained. With the beam fixed at the right end, the tan to the

neutral axis at this support must remain unchanged in direction

during bending, and there must be a considerable fixing moment
at this end. The magnitude of this fixing moment at the right

support is as yet unknown, but we do know that it is of a value

such that, when the areas of the moment diagram are laid off along

a load hne and the elastic curve drawn, this curve wiU be tangent

to the line m-m' at the right support, as illustrated in Fig. 205.

Choose any point r, in Fig. 197, which seems to give a reasona-

ble value for the fixing moment at the right support, and draw the

temporary base line or closing string r-o. The areas between the

funicular polygon and the hne r-o are divided iato shces and the

vertical lines drawn as usual. The areas of the shces are laid off

in Fig. 198, and any convenient distance assumed for H'. When
the moment changes sign, the pole p' changes to p'l on the other

side of the load hne and at the same distance H', also p'-p'i must

be a straight line.

From Fig. 198 the funicular polygon in Fig. 199 is drawn.

This polygon represents the elastic curve of the beam for the case

when the fixing moment is represented by r-u. The line mi-m'i

shows the origiaal position of the neutral axis, but the tangent to

the elastic curve at m'l is m'l-Fi, which does not coincide with

mi-m'i extended, but makes an angle with it, so that at di from

R2 the distance between them is Yi-Wi. Since Yi Hes above Wi,

the assmned fixing moment, represented by w-r, was not large

enough. The point s in Fig. 197 is therefore taken, making s-m

larger than r-u by what seems a reasonable amount, and the line

s-o is drawn. Fig. 200 is drawn in the usual way, using the same

scale and pole distance that was used in Fig. 198, and the areas

to the new base line s-o. The elastic curve in Fig. 201 is next

drawn and the intercept Y2-W2 obtained. The point F2 is

stiU above, which shows that the assumed moment is still too

smaU. The point t is now taken giving the new base line o-t, and

Figs. 202 and 203 are drawn. In Fig. 203, the point Y3 is below

Ws, which shows that the last assumed moment was too large.

In Fig. 197 draw r-1 perpendicular to R2 and equal to Yi-Wi

;

also draw s-2 equal to Y2-W2 and t-3 equal to Y3-W3. Now
draw the line 1-2-3 which gives the intersection X. This point X
locates the true base line, and the correct moment diagram is
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Fig. 195.

Fig. 206.
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shown by the shaded area. The maximum moment is at the sup-

port, and is numerically equal to u-X times the pole distance H.

The reactions may be obtained from Fig. 196 by drawing the ray

p-Z parallel to X-o. It will be noted that the line 1-2-3 is prac-

tically a straight line and the intersection X could have been

located approximately by a straight line 1-2 extended. Or in

other words, Figs. 202 and 203 are unnecessary. In order to check

the correctness of the results obtained. Figs. 204 and 205 are drawn.

The areas of the sUces are measured to the base line X-o, and are

used in drawing Fig. 204. From this figure the funicular polygon

in Fig. 205, which represents the elastic curve, is drawn, and

points F.and W are found to be very close together. That is, the

tangent to the elastic curve at the right support practically coin-

cides with the neutral axis of the beam before bending. Therefore,

the problem has been solved with very small error, and X-u times

H is the fixing moment. The beam may now be designed, or

redesigned if required, and its / determined. Then in the formula

E-I
H' = 77 we know H', H, E, I, and a; the only unknown is n,

and it can be found by solving the equation. Then the deflection

may be foimd for any section of the beam by measuring the proper

vertical intercept in Fig. 205 and dividing it by the value of n.

The shear diagram is shown in Fig. 206.

62. Beams Fixed at Both Ends.—A beam which is fixed at

both ends may be solved in a way somewhat similar to the method

just explained. The beam and loading shown in Fig. 207 will be

considered. After dividing the uniform load into small divisions,

all the loads are laid off in order along the load line in Fig. 208, and

the pole p chosen with the pole distance H. It wiU be found con-

venient to make the pole distance H relatively small, so that the

fimicular polygon in Fig. 209 will be of convenient depth.

The problem now resolves itself into locating the base line

X-Y so that the moment given by o-Y times H will be just enough

to fix the left end of the beam, and that given by {u-X) -H will just

fix the right end. When these fixing moments are of correct value

and, the elastic curve is drawn, the line corresponding to nii-^n'i

of Fig. 211 should be tangent to the elastic cxurve at the supports,

or in other words, the distances corresponding to Wi and W'l

should be approximately zero. By inspection, the trial base

r-r' is assumed as one which looks reasonable; the areas of the
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moment diagram are divided into slices and the vertical lines

drawn as usual. The areas of these slices are laid off along the

load line of Fig. 210, and the pole distance H' assumed. The pole,

which first is taken at p' on the left side of the load line, changes

over to p'l on the right side when the sign of the moment changes,

and moves back again to p'2 on the left side, when the moment
changes sign again. The funicular polygon of Fig. 211, which

represents the elastic curve for the case when r-^' is the base line

of the moment diagram, is now drawn. Fig. 211 shows that the

base line r-r' is not quite correct because Wi and W'l are not equal

to zero. In this case the fixing moments are not large enough,

because Wi and W'l are above the base line mi-m'i extended.

The trial base fine is, therefore, moved down to s-s', and the areas

of the shces, measuring to this new base hne, are laid off in Fig.

212, from which the elastic curve in Fig. 213 is drawn. It is found

that the tangent to the elastic curve at each support makes an

angle with the hne mi-m'^. The intercepts Wi and TF'2 are below

m2-»i'2. Therefore, the base line s-s is too low. Now from r'

measure off PFi on one side of i?2, and from s' measure off W2
to the same scale but on the other side. If Wi and W^ were both

on the same side of the lines mi-m'i and m2-m'2, they would be

measured off on the same side of Ri. By connecting the extremes

of these two lengths, as shown, the intersection X is obtained,

which locates approximately the right end of the true base line.

In a similar way the left end, Y, is located. A check on the cor-

rectness of this base line could be obtained by constructing an

elastic curve similar to the ones shown in Figs. 211 and 213, and

seeing if the intercepts TF and W are approximately equal to zero.

If the error found is considered too large, it may be corrected by
moving the base line Y-X a small amount in the direction indicated

by the error.

Now to find the reactions:. Let -p-Z in Fig. 208 be drawn parallel

to the base line Y-X; then the point Z marks off the two reactions,

B,\ and R2. It can be shown that Z-A is the correct reaction at the

left end of the beam in the following way: Draw the line o-A par-

allel to p-Z, which is itself parallel to Y-X, and draw the vertical

line g-h from g. At the point of contra flexure g, the bending

moment is zero; that is, the moment of the loads and reaction to

the left of g about g is just balanced by the fixing moment o-Y

times U. When R\ has the value Z-A, its moment about g is
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h-4 times H, while the moment of the loads to the left of g about g

is given by g-i times H.. Then the moment of Ri less the moment
of the load is g-h times H. But this value is just equal to the fixing

moment because h-g equals o-Y, since o-h was drawn parallel to

X-Y. Therefore Z-A is the correct value for Ri.

63. Continuous Beams of Two Spans.—An interesting and

somewhat difficult problem arises when a continuous beam of

two spans is considered. When the spans are of equal length

and the^load is uniform, the problem can be conveniently handled

by analytical methods; but when the spans are of unequal length,

and there is a uniform load together with a niunber of unequal,

irregularly spaced, concentrated loads, an exact analytical solution

is more difficult. It is in the solution of such problems that

graphical methods are of special value.

Fig. 214 shows a continuous beam which has two unequal spans

and carries a comphcated loading. As usual, the uniform load is

divided into small slices for each of which an equivalent con-

centrated load is substituted. In this problem it will be found

especially desirable to take rather small divisions. All of the

loads, uicluding the large concentrated loads, are laid off in order

along the load line of Fig. 215, and using a rather short pole dis-

tance H, the funicular polygon in Fig. 216 is drawn. The object

of the short pole distance is to make the vertical distance in Fig.

216 of more convenient length. Now if the moment at R2 was

known, the closing strings u-X and o-X could be drawn, and the

true moment diagram would be obtained. But the position of X
is as yet unknown, so the principal part of the problem is to find its

location. First a point w is chosen, which is nothing more than

an intelligent guess at the location of X, and the temporary closing

lines iD-o and w-u are drawn. Now the areas between these lines

and the funicular polygon would be the moment diagram for the

beam, if the elevation of R2 were such as to give a moment at the

center support equal to w-t times H. For it is evident that the

moment at ^2 will increase as the elevation of the center support

increases above the line connecting the other two supports, and
will decrease as the elevation of the center support decreases below

this line. Also, for every value of moment at the center support,

there is a corresponding elevation of the center support. The
pointZ is a point such that the moment X-t timesH is the moment
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produced when all of the supports have the same elevation, orwhen
R2 is on the straight hne connecting the other two supports.

The temporary moment diagram, aheady drawn, is divided

into shces and the vertical lines drawn in the usual way. The
areas of these shces are computed, and Fig. 217 is drawn. The
pole distance H' is computed as aheady explained, or, if the beam
has not been designed, any convenient length may be assumed.

The important thing is to use the same pole distance in aU three

Figs. 217, 219, and 221. It will be noted that the pole is changed

from one side of the load line to the other, as the sign of the

moment changes. Using Fig. 217, the funicular polygon of Fig.

218 is drawn, which represents the elastic curve for the beam when
the moment at the center support is w-t times H. The straight

line mi-m'i, connecting the two end supports, is drawn and at the

center support the elastic curve is found to be a distance Yi
above it. This means that too large a moment was assumed at

the center support. So wi is chosen making wi-t smaller than lo-t

by what seems a reasonable amount. The lines wi-o and wi-m
are drawn, and the areas of the shces in the moment diagram

measured to them, are laid off in Fig. 219. From Fig. 219 the

funicular polygon in Fig. 220 is drawn, which represents the

elastic curve of the beam when the moment at the center support is

wi-t times H. By drawing the line m2-m'2, it is found that in

order to have the assumed moment at the center support, this

support must be below the other two supports. Therefore, the

distance wi-t is too small.

In Fig. 216, w-r is drawn perpendicular to R2 and made equal

to Yi, and wi-s is made equal to F2, s and r being on opposite

sides of R2. The points r and s would be taken on the same side of

R2 if the intercepts Fi and Y2 were on the same side of the lines

connecting the two supports. The line r-s is drawn, and its inter-

section with R2 locates X. The lines X-o and X-u are now drawn,

giving the true moment diagram shown by the shaded area. The

line p-Zi in Fig. 215 is drawn parallel to o-X and P-Z2 is made
pamUel to X-w, thus the reactions Ri, R2, and R3 are obtained.

As a check on the correctness of the location of point X, and

also for the purpose of finding the deflections, the elastic curve of

Fig. 222 is drawn in the same way that Fig. 220 was drawn, except

that the areas in the moment diagram are measured to the lines

X-o and X-u. The line m-m' is drawn and the distance Y, which
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should be zero in this case, is found to be very small. The loca-

tion of X, and the value X-t times H for the moment at the center

support will, therefore, be considered satisfactory.

The shear diagram has not been drawn, but since the reactions

are known, its construction would be comparatively easy.

Figs. 223 to 231 show the solution of a continuous beam of two

spans by a construction slightly different than that which has just

been employed. The only real difference, however, is in Fig. 224

and in the moment diagram. It wUl be observed that the vertical

intercepts ia the moment diagram. Fig. 216, are relatively small,

and yet the figure as a whole has rather large vertical dimensions.

In Fig. 224, the loads on the beam are laid off ia order as usual, but

in place oftaking only one pole, as in Fig. 215, two poles p and pi

are taken, one being for the loads over one span of the beam and the

other being for the loads over the other span. Using the pole p,

which is for the loads on the left span, the funicular polygon is

drawn in Fig. 225 from point o around to point t. Then using

the pole pi the polygon is continued imtil the point u is reached.

It is, of course, necessary that the pole distance of pi be the same

as that of p.

The point w is now chosen, as in Fig. 216 and Fig. 226 drawn.

Then Fig. 227 is drawn from which Fi is obtained and by the use of

Yi the point r is located in Fig. 225. The point wi is next chosen,

Figs. 228 and 229 are drawn, and the point s located in Fig. 225.

The line s-^ locates X, and X-t times H is the correct moment at

the center support for the case when the three supports are aU on

the same straight hne. Fig. 230 is next drawn and from it Fig.

231, which represents the elastic curve for the case when the

moment at the center support is H times t-X. In this case the

distance Y, which should be zero, is found to be very small, thus

checking the work. In order to obtain the reactions, the ray

p~Zi, in Fig. 224 is drawn parallel to X-o, and the ray P1-Z2 is

made parallel to X-u, after which Ri, R2, and R3 may be scaled off.

It is interesting to see how this method of analyzing a contin-

uous beam can be used to determine how the distribution of bend-

ing moment will be affected by an unequal settlement of the sup-

ports. Let it be assumed that the center support of the beam

shown in Fig. 223 settles J inch more than the other two, so that it

is J inch below the straight line connecting them. When the

center support settles, the moment there decreases. Therefore,
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choose W2 and draw figures corresponding to Figs. 226 and 227,

using the areas to the base Unes 0-^2 and u-^W2. From these figures

which are not shown, Y3 is obtained, and the hne v-^W2 is made
equal to it, thus giving the curve v-s-r which should be practically

a straight line. Now the excess settlement at R2, which was just

assmned to be | inch, is multiphed by n and the distance thus

obtained is measured to the left of R2 and the vertical line k-k

located. The value used for n is the same value that was used in

E-I
the formula H' = jr From the intersection of the line k-k

H-n-a
with the line v-s-^, draw a horizontal line giving the intersection

wz with the action line of R2. Now w^-t times H is the moment at

the center support, also 0-^103 and w-ws are the base lines of the

moment diagram when the center support has settled the assumed

amoimt. The reactions may be obtained by drawing lines from

p and pi parallel to w^-o and wz-u.

64. Continuous Beams of Three Spans.—A continuous beam
of three spans can be satisfactorily solved by graphical con-

structions similar to those used for two span beams. In order to

demonstrate the fact that the more comphcated cases can be

handled without any great amount of work, the illustrative prob-

lem chosen deals with a beam having three unequal spans and

carrying, in addition to a uniform load, a number of irregularly

spaced unequal concentrated loads. A diagram of this beam,

which we will assume has a constant /, is shown in Fig. 232.

The uniform load is divided into small divisions as usual

and aU of the loads are laid off along the load line of Fig. 233.

The poles pi, p2, and ps are all chosen with the same comparatively

small pole distance H, and are used for the loads that are applied

at the left, center, and right spans respectively. From Fig. 233,

the funicular polygons of Fig. 234 are drawn. The pole pi is

used for the polygon from to S, the pole p2 for that portion from

(S to r and pa for the portion from T to U.

It wiU be considered that all three supports have the same ele-

vation or are on the same straight line before loading, and that

they all settle the same amount under load. Under these condi-

tions a certain definite moment, S-X times H, exists at R2, and

another definite moment, T-X' times H, at Rz. The problem

resolves itself into locating the points X and X'.

As a preliminary step the point v is chosen, which in the judg-
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ment of the student is close to where he would expect to find X,

and the point w is chosen close to where X' is expected to be.

Preliminary base lines 0-^, i>-w, and vo-U are drawn which give a

preliminary moment diagram. This diagram is divided into

sUces, the areas of which are laid off along the load line of Fig. 235,

and the poles -p', p'l, p'l^ etc., are chosen, all with the pole distance

W. It should be remembered that the pole in Fig. 235 changes

sides only when the moment in Fig. 234 changes sign, and further-

more that the hnes p'-p'i, p'i-p'2, etc., are all straight lines. From
Fig. 235, Fig. 236 is drawn and the intercepts Yi and F'l obtained,

both of which are above the line mi-m'i. This means that either

the moment assumed at R2, or the moment assmned at R3, or both,

were too large. For the next step the moment at R2 is not changed,

but that at R3 is reduced to T^wi times H, wi being chosen at what

Seems a reasonable distance above w. Considering the base lines

0-y, v-^wi and wi-U, the areas of the slices in Fig. 234 are laid off

along the load Une in Fig. 237, from which Fig. 238 is drawn, giving

the intercepts Y2 and Y'2, both of which are below the base line

m2-m'2.

Next the point vi is chosen a short distance above v and using

the base lines O-vi, vi-^w, and lo-U, Fig. 239 is drawn. Fig. 240 is

then drawn and the intercepts Y3 and Y'3 obtained, both of which

happen to be above the line ms-m's.

In Fig. 241 two axes are drawn at right angles to each other,

the vertical one being called the R3-R3 axis and the horizontal the

R2-R2 axis. The coordinates of the point w are Fi and F'l from

Fig. 236. When the moment at R2 is kept the same and the

moment at R3 is decreased by changing from w to wi, the inter-

cepts F2 and F'2 are obtained in Fig. 238. These intercepts are

the coordinates of the point wi in Fig. 241. As the intersection

of the base lines with R3 in Fig. 234 varies from wtowi, the inter-

cepts along R2 and R3 will vary approximately as the coordinates

of the corresponding points of the line w-^i, in Fig. 241.

When the points vi and w are used, in Fig. 234, the intercepts

F3 and F'3 are found in Fig. 240. These intercepts are the coor-

dinates of the point vi in Fig. 241. The line v-^i is moved down
until it passes through the origin 0. During the movement, it is

kept parallel to its original position, and the point v follows along

the line w-wi.

Now as the moment at ^3 is decreased, w in Fig. 234 moving
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towards wi, the intercepts Yi and Y'l will decrease as the coor-

dinates of a point moving frona w, in Fig. 241, towards wi. But

by varying the moment at R3, the intercepts Yi and F'l could

never both be made equal to zero at the same time, since the line

v}-^i in Fig. 241 does not pass through the origin. The moment

at R3 is, therefore, decreased until the intercepts Fi and Y'l

have values equal to the coordinates of v' in Fig. 241. Then

the moment at R2 is varied until these intercepts have values equal

to the coordinates of 0, or in other words, they are zero.

In Fig. 234 the point X is located so that it divides the line

v-^i in the same proportion that divides the Une v'-v'i in Fig. 241

;

also the point X' is located so that it divides the line v)-^i in the

same proportion that v' divides the line w-^wi in Fig. 241. The

base lines 0-X, X-X', and X'-U are then drawn giving the true

moment diagram. Using these base lines, Fig. 242 is drawn, and

from it the elastic curve shown in Fig. 243. The intercepts Y
and Y' are found to be small showing that the results are satis-

factory.

The deflection at any section may be obtained from the vertical

intercepts in Fig. 243, and the reactions can be found in Fig. 233

by drawing the rays pi-Zi, P2-Z2 and P3-Z3 parallel to the lines

0-X, X-X' and X'-U, respectively.

In case the intercepts Y and Y', in Fig. 243, are so large that

the accuracy of the results is questioned, the base hues in Fig. 234

should be shifted a small amount in the direction indicated by
Fig. 243, and another elastic curve drawn.

Attention should be called to the fact that a small movement
in the position of the base lines in Fig. 234 produces a large varia-

tion in the intercepts in Figs. 236, 238, 240 and 243. Therefore,

when the intercepts Y and Y' are small, the error in the moment
must be decidedly small.

When continuous beams are solved by this method, it is desir-

able to use a comparatively short pole distance H in Fig. 233, in

order to make the vertical intercepts in the moment diagram rela-

tively larger. Also a rather large scale should be used for the

beam in Fig. 232. If this is done, the areas of the sHces in the

moment diagram can be measured with greater ease and with a
smaller percentage of error.

It should be noted that a variation in the moment of inertia

along the length of the beam would cause little trouble and would
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add very little to the amount of work. It would be taken care of

by varying the pole distance in Figs. 235, 237, 239 and 242 as in

Fig. 186.

The methods here given for solving continuous beams may be

used to advantage in investigating continuous reinforced concrete

beams, when a relatively exact solution is desired and is hard to

obtain analytically, as is the case when the spans are unequal

and the loading is complicatsd.



CHAPTER V

TRUSSES

It is assumed that the reader is acquainted with the various

forms of roof construction and that he knows, in a general way,

what a truss is. This chapter will therefore deal with the deter-

mination of loads and stresses for various types of trusses, rather

than enter into descriptions and definitions.

It is desirable to keep ia mind that the loads are assumed

to be applied at the panel points, and that these loads produce

only direct stresses, as would be the case in a pin-joiated truss. A
bending stress produced in any way must be combined with the

direct stress in order to obtaia the resultant stress which must be

resisted.

In this chapter attention wiU be given chiefly to the solution of

different types of trusses by stress diagrams. From these stress

diagrams the stresses produced ia the various members may be

scaled, and recorded in a table or marked on the truss, as illus-

trated in Chapter IX in connection with design.

Fig. 245 shows the outUne roof plan of a small, simple, rect-

angular buUding, while Fig. 246 represents a section, and Fig.

247 the outline of one of the trusses. Now the truss must carry

its own weight, the weight of the rafters, purlins, sheathing, and
roof covering, as well as the weight of the ceiHng, should one be

attached to the truss; all of these taken together make up what is

sometimes called the dead load. In addition to these, there are

the snow load, wind load, and any special loads which may be

applied to the truss.

Trusses must be held rigidly in position and the compression

chord especially must be well supported laterally. The purUns
and roof covering usually form adequate lateral support for the

upper chord. When there are no ceiling beams the lower chords

are often spaced by a few light struts. For convenience in erec-

tion and in order to secure lateral stiffness it is usually desirable

to use a certain amount of rod or Ught angle bracing. When the

112
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horizontal component of the wind cannot be taken by the supports

at the ends of each truss, but must be transmitted to the ends of

the building or some other distant part by the horizontal bracing

acting as a horizontal truss, this bracing may become rather heavy.

65. Weight of Trusses.—After the truss is designed it is a

very simple matter to obtain its weight by computing the weight

of the various members, and summing them up. But since the

weight of the truss is a part of the load which the truss must carry,

it is important that at least an approximate estimate of its weight

Fig. 245

Fig. 246.

be made before solving for the stresses that are to be used in

determining the size of the members.

There are a number of standard formulas which may be used

for estimating the weight of trusses, two of which are given below:

(1) 1/) = q( 1 + TK ) for wooden trusses (Ricker).

(2) w = j={ 1 -i /= ) for steel trusses (Ketchum).

In these w is the weight of the truss in pounds per square foot of

horizontal projection of root, L is the span of the truss in feet, A is
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the distance in feet from center to center of trusses, and P is the

capacity of the truss in pounds per square foot of horizontal pro-

jection. It follows that the total weight of one truss is w-A-L.
Such formulas are only partially satisfactory, and of course give

only approjdmate results. However, the weight of roof trusses

of ordinary proportions is usually small compared with the loads

they carry, therefore a large percentage error in the estimated

weight of the truss makes only a small error in the loading for

which the truss is designed.

66. Other Weights.—Fig. 245 shows a small scale roof plan

of a simple rectangular building. Fig. 246 shows a section of this

building and an outline of one of the trusses is shown in Fig. 247.

The truss carries purlins at the panel points. These purlins are

sometimes of wood, but more often of steel. When the roof

is of wood there are usually light rafters spanning from purlin

to purhn, which carry sheathing to which the shingles are nailed.

Sometimes the rafters are omitted and concrete slabs, cement tile,

or some other type of construction used instead. There are a

great many different forms of trusses, and types of roof construc-

tion, but they will not be considered in detail here.

The weight of the purlins, rafters, sheathing and roof covering

can of course be computed after the roof has been designed, but

the following values wUl be found convenient in many cases, espe-

cially for preliminary work.

Steel purlins weigh from li to 4 pounds per square foot of

roof surface and wooden purlins from 1^ to 3 pounds per square

foot. Rafters will weigh from IJ to 3 pounds per square foot.

Weight op Roof Covehings

Pounds per sq. ft.

of roof.

Corrugated steel, without sheathing 1 to 3
Felt and asphalt, without sheathing 2

Tar and gravel, without sheathing 8 to 10
Slate iV inch to J inch, without sheathing 7 to 9
Tin without sheathing 1 to 1

J

Skylight glass A inch to i inch including frames 4 to 10
White pine sheathing 1 inch thick 3
Yellow pine sheathing 1 inch thick 4
Tiles, flat 15 to 20
Tiles, corrugated 8 to 10
Tiles on concrete slab 30 to 35
Plastered ceiling 10
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See Ketchum's Structural Engineers' Handbook.
67. Snow Load.—The maximum snow load which it is reason-

able to expect a roof will have to support, varies with the latitude

and the pitch of the roof. Fig. 248 shows the variations accord-

ing to Ketchum. An ice and sleet load of 10 pounds per square
foot is assumed for all pitches. It should be noted that the

diagram gives loads in pounds per square foot of horizontal pro-

jection, and not per square foot of roof surface.
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the pressure on roof surfaces of various slopes. It is based on

the straight-line formula, and is for a wind that will produce a

pressure of 30 pounds per square foot on a vertical surface. The
effect of lighter winds may be found by proportion. Ketchum
expresses the relation between wind velocity and the pressure

it will produce on a flat normal surface by the following formula:

P = 0.004F2

in which P is the pressure in pounds per square foot and V is

the velocity in miles per hour.

69. Notation.—For convenience it is desirable to adopt some
form of notation so that reference to various members can be

easily made. The method to be used in this chapter is illustrated

in Fig. 251. Letters are used on the outside of the truss and figures

on the inside. Each external load is designated by two letters,

each web member by two numbers, and each section of the upper

or lower chord by a letter and a number. The left reaction is

called Ri and the right R2. Lower case letters wiU be used on
the truss diagram but when the loads are laid off along the load

hne capitals will be used. Also capitals will usually be used in

the text when referring to loads or members.

70. Stresses Obtained Analytically.—First the reactions may
be found by using moments. Then the truss may be taken, a joint

at a time, and the two unknowns computed, using 2^^ = and
S Fj = o.

Let the upper chord loads in Fig. 251 each be 6000

pounds and the lower chord loads 3000 pounds each. Since the

truss and the loading are both symmetrical, each reaction will

equal one-half the total load or 27,000 pounds. Consider the left

end of the truss. In order to have summation Fy equal to zero,

the vertical component of A-1 must be numerically equal to the

reaction. The stress in A-1 is, therefore, 27,000 -h .50 = 54,000

pounds compression. In order to have summation Fx equal to

zero, the stress in 1-N must be equal to the horizontal component
of A-1. It follows that the stress in 1-N is 54,000 times

.866 = 46,764 pounds tension. For the joint where the force

A-B is apphed it wiU be convenient to rotate the axes so that the

x-x axis coincides with the upper chord. Then the stress in

member 1-2 equals 6000 times .866 = 5200 pounds compression;

and the stress in 5-2 = 54,000 -(6,000- .5) = 51,000 pounds



Chap. V] TRUSSES 117

compression. The stresses In other members may be found in a

similar way. When the loads are all vertical and the truss simple

the analytical solution is easy, but it becomes very complicated

when the loads are inclined and the truss irregular.

71. Stresses by Analytical Moments.—The reactions may be

found as above. Sections are then taken and the unknowns com-

puted, keeping in mind the fact that if any portion of the truss is

cut off by a section, the moment, about any point, of all the

external forces plus the moment of the stresses in the members cut

by the section, is zero. There are, of course, various other analyt-

ical methods and short cuts which are of more or less value. The
student wUl do well to remember that the graphical method is of

greatest value in solving long complicated problems, especially

when wind as well as vertical loads is considered.

72. Stress by Graphical Moments.—Fig. 252 shows a small

truss with an upper chord loading. These loads are laid off in

Fig. 253, from which the funicular polygon of Fig. 254 is drawn.

When the closing string is drawn this figiu-e forms a moment dia^-

gram, that is, a vertical intercept at any section between the

funicular polygon and its closing string, tioies the pole distance H
gives the moment at that section. Now take any vertical section

x-x cutting the truss members A-1 and 1-F. The moment of

the external forces about this section is r-s times H, and this

moment is of course balanced by the internal forces. Taking o

as the center of moments, we have the stress in member A-1
times the distance 0-02 = &-r-H or the expression (r-s-H) -^ 0-02

gives the stress in A-1, 0-02 being the perpendicular distance from

to A-1. In like manner taking moments of the iaternal forces

about oi the stress in 1-F is found to be H-s-^ divided by oi-o.

The stress in 3-F may be easily found by use of the section a;i-a;i.

The moment of the external forces about this section is given by

n-si-H. If the center of moments for the internal forces is

taken at 03, 03-04 is the arm for the stress ia 3-F. The stress is

therefore obtained by dividing n-si-H by 03-04. The section

a;2-a;2 cuts three members, but the stress in one of them is known.

The moments of the external forces about this section is r2-S2-H.

First let 05 be taken as the center of moments for the internal

forces. There are two internal forces or stresses producing moment
about this center, namely, the stress in the member 1-2 and that

in F-1. If the left half of the truss is considered, the stress in
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1-y, alreadyfound to be tension, tends to produce rotation counter-

clockwise about 05. It happens that the moment of 1-Y about 05

is greater than r2-S2-H, the moment of the external forces; so the

stress in 1-2 must tend to produce rotation about 05 in a clock-

wise direction, and its magnitude is the stress in 1-Ftimes 05-07 less

S2-^2 H and the remainder divided by 05-03. It will act up, as

shown bythe arrow, producing compression in 1-2, because only by

acting thus would it tend to produce clockwise rotation about 05.

The method of graphical moments is not of any special value.

Fig. 253.

In most cases the stress diagram, which will soon be explained, is

much to be preferred, so this discussion will not be extended. The
student should, however, keep the method in mind, so that he
may use it whenever desirable.

73. Stresses Obtained Graphically by Joints.—Consider the
simple truss shown in Fig. 255, with the vertical loads at the upper
chord panel points. The loads B-C, C-D, and D-E are all equal,

and A^B is equal to E-F. The reactions can easily be found.
In fact, since the truss is symmetrical, it can be seen by inspection
that they will each be equal to half the total loading. Now at
JBi there are four forces acting, the reaction, which is known, the
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load A-B, which is known, and the two stresses 5-1, and 1-F,

each of which is known in direction but not in magnitude or sense.

In Fig. 256 the reaction Y-A is laid off to some convenient scale.

Its sense is up, and going around joint 7 in a clockwise direction,

we read the force as Y-A. Therefore the letter Y is placed at the

bottom and A at the top of the vector just drawn in Fig. 256.

Taking them in order, the next force which acts on the joint is

A-B, the vector for which is shown starting at A in Fig. 256 and

extending down to B. Now through B in Fig. 256 draw a hne

parallel to B-1, and through Y a line parallel to F-1. These lines

intersect at 1, thus completing the force polygon. The vector

B-1, meagured to the proper scale, gives the magnitude of the

stress in the member B-1, and the vector 1-F measured to the

same scale, gives the stress in the member 1-F. With regard to

the sense it will be recalled that the forces being in equihbrium,

the sense going around the polygon must be continuous. The

sense of Ri is up. Therefore starting at F in Fig. 256 move up to

A then down to B, over to 1, and back to F, the movement is in

the direction of the sense, as shown by the arrows. The stress

in -B-1 is found to act downward towards joint I, thus producing

compression, while that in 1-F is found to act away, producing

tension. The student should remember that we are dealing with

joints, or if you wish, the joint and a small portion of the ends of

the members. If the effect of the stress in a member, on the joint,

can be represented by a force acting towards the joint, the stress

is compression, when by a force acting away from the joint, the

stress is tension.

It should be noted that the force A-B produces no stress in

the members of the truss, but simply goes into the reaction. If

A-B were left off the reaction would be just that much less or

Y-B, but the stress in B-1 and in 1-F would be the same. It is

important to remember that the forces at joint I, or at any other

joint for that matter, could be laid off in the force polygon in any

order, and the correct result obtained. The reason for here taking

them in order, going around the joint in a clockwise direction, is to

have the polygons for the various joints of such shape that they

wiU fit together and form a stress diagram.

Now take joint II, at which there are four forces acting, 1-B

and B-C, both known, also C-2 and 2-1, known in direction but

not in magnitude or sense. In Fig. 257 lay off a vector for the
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stress in 1-5, and then one for the load B-C as shown. Through

C draw a line parallel to C-2, and through 1 a Une parallel to 2-1.

The intersection 2 closes the polygon. The sense of 2-1 and C-2,

shown by the arrows in Fig. 257, was determined so that the sense

going around the polygon is continuous. Both 2-1 and C-2 are

found to have compression.

Joint III may now be considered, ther,e being only two

Fig. 255

Pig. 260. Fig. 256.

unknowns. The force polygon is drawn in Fig. 258 and the

unknowns obtained as for joints I and II. In a similar way, the

force polygons for the other joints may be drawn and aU the

stresses obtained. These polygons are shown in Figs. 259 to 262,

inclusive.

74. Stresses Obtained by Stress Diagram,—Let all of the
force polygons Figs. 256 to 262, inclusive, be piled up on the
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polygon of Fig. 256 in the following way. Let the polygon of

Fig. 257 be placed upon that of Fig. 256 so that the vector B-1 of

the second polygon coincides with 5-1 of the first. See Fig. 263.

Make Y-1 of the polygon shown in Fig. 258 coincide with Y-1

of the polygon for joint I, etc., Fig. 263 is the result, and it is often

called a stress diagram.

The stress diagram may be drawn direct in the following way:

First lay off the vectors for all of the loads, going around the truss

in a clockwise direction and taking them in order. These vectors

extend from A to F, R2 brings us back to Y and Ri back to the

starting point A. Now from B draw a line parallel to the member
B-1, and from Y a hne parallel to Y-1. These lines intersect at 1,

thus determining their length and the stress in the two members

B-1 and F-1. Now from 1 draw a Hne parallel to the member
2-1, and from C a line parallel to the member C-2. These two

hnes intersect at 2, which intersection fixes their length and there-

fore determines the stress in the members C-2 and 1-2. From 2

draw a hne parallel to the member 2-3 and from Y a hne parallel

to the member Y-3. These intersect at point 3. This process is

continued until the stress diagram is complete. The magnitude

of the stress in any member may be found by scaling the corre-

sponding hne in the stress diagram. The kind of stress in any

member may be found in the following manner: Consider any

member, say 2-3. Going around the joint III in a clockwise direc-

tion the member is read 2-3. Now in the stress diagram, go from

2 to 3 along the vector 2-3. If the vector were placed just above

the member 2-3, the movement from 2 to 3 would be away from

joint III, therefore the member has tension. Now consider the

member 1-2, still reading around joint III in a clockwise direction.

In the stress diagram the movement from 1 to 2 is towards joint

III, therefore the member 1-2 has compression. Just to show

that this method works in any case, take the member just con-

sidered and read it going around joint II in a clockwise direction.

It is read 2-1. Now if we go from 2 to 1 in the stress diagram the

movement is towards joint II, and we get compression as before.

This method of finding the kind of stress is very important,

and the student should endeavor to get as good a grasp of it as

possible. In order to find the kind of stress in any member, con-

sider a joint at one end of the member, and read the member
going around the joint in a clockwise direction. Now in the stress
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diagram, go from the first letter or member to the second. If the

movement is towards the joint considered, the member has com-

pression, if away from it, the member has tension. In order to

determine whether the movement is away from or towards a joint,

consider the vector from the stress diagram placed over the member

in question, then move along the vector as indicated by the way

the member is read.

75. Stress Diagram, Upper and Lower Chord Loads.—Con-

sider the truss shown in Fig. 264 which supports both upper and

lower chord loads. The stresses produced by these loads may be

found conveniently in two different ways. A diagram may be

drawn for the upper chord loads, another for the lower chord loads,

and the stresses obtained added together; or one stress diagram

may be drawn for all the loads and the total stresses obtained

direct by scaling the vectors of the stress diagram.

Fig. 265 shows a diagram for the upper chord loads. It was

drawn in a way similar to that used for Fig. 263. The upper chord

loads were laid off in order, starting with A-B and going around

the truss in a clockwise direction.

After G-H, the last upper chord load, R2 was laid off. Since no

lower chord loads are to be considered in this diagram M, N, 0,

P, Q and S are all the same point, and Ri closes the force polygon

bringing us back to the starting point. The reactions may be

found by analytical computation, or by the use of a funicular

polygon. When the truss and loading are sjrmmetrical, no com-

putation or construction is necessary for it is evident that the

reactions are equal, each being equal to half the loading. With the

force polygon completed for the loads and reactions, considering

only the upper chord loads, the stress diagram may be drawn as

already explained in connection with Fig. 263. The stresses pro-

duced by the upper chord loads may now be found by scaling the

vectors in Fig. 265.

Fig. 266 shows the stress diagram for the lower chord loads. It

is drawn in the following way. The loads are laid off in order,

starting with M-N and going around the truss in a clockwise

direction. After the last lower chorjl load, the reactions Ri and

R2 close the force polygon, bringing us back to the starting point M.
These reactions are found considering only the lower chord loads.

It should be noted that points A, B, C . . . £f all fall on one point

in Fig. 266, because no upper chord loads are considered. Now
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from B draw a line parallel to member B-1, and from S a line

parallel to the member S-1. These lines, by their intersection,

locate point 1 which determines their length. Now from point 1

draw a line parallel to the member 1-2, and extend it until it inter-

sects the line from Q parallel to Q-2. This intersection locates

point 2. From 2 draw a line parallel to 2-3, and extend it until

the line from C parallel to C-3 is intersected, locating point 3.

This process is continued until the stress diagram is completed.

The lengths of the vectors in Fig. 266 give the stresses produced

by the lower chord loads, and if they are added to the stresses

obtained from Fig. 265, the stresses produced by the total loading

will be obtained.

The total stresses may be obtained by the use of one large

stress diagram, see Fig. 267. The reactions Ri and R2 are found

for the total loading, and the force polygon drawn, starting with

A-B and taking the loads and reactions in order, going around

the truss in a clockwise direction. After the load G-H, the reac-

tion R2 is the next in order, then the load M-N, etc., and finally

Ri closes the force polygon. The reactions may be read H-M
for R2 and S-A for Ri. With the force polygon, often called the

load Une, furnished, the construction of the stress diagram is

easy. From B draw a line parallel to the member B-1, and extend

this line until the one from S parallel to S-\ is intersected, locating

point 1. From 1 draw a line parallel to 1-2, and from Q one par-

allel to Q-2. Their intersection locates 2. This process is con-

tinued until the stress diagram is completed.

There are two things to which special attention should be called.

First the loads and reactions are laid off in order, going around the

truss in a clockwise direction. When a reaction is reached it

is laid off, not skipped. Second the stress diagram is buUt up by
drawing lines parallel to unknown members from letters or figures

whose location in the stress diagram is known, and which are in

each case one of the two figures or letters which denote the imknown
member.

76. Wind Loads: Reactions and Stress Diagrams.—In Fig.

268 a small truss is shown carrying a wind load. For a discussion

regarding the computation of wind loads, see the section headed
Wivd Loads. Before a stress diagram can be drawn, the reac-

tions must be determined, and before this can be done some
assumption must be made regarding the distribution of the
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horizontal component of the loading between the reactions.

The way this horizontal component is actually divided depends

to a large extent upon the nature of the supports. The support

which is the more rigid laterally wiU take the larger proportion,

while if they are of equal rigidity the division may be almost

equal. If one reaction is very rigid, and the other rather weak
laterally, the rigid support may reasonably be assumed to take

most of the horizontal component. See the section on truss reac-

tions in Chapter I.

In Fig. 269 lay off the wind loads to some convenient scale and

choose any pole p. Now to start with, let it be assumed that the

reaction B2 is vertical. The funicular polygon will therefore be

started at o, the left end of the truss, because that is the only

known point on the action line of Ri. Starting at then, the first

string should be drawn parallel to p-A and extended to the action

line of the force A-B. But since the action line of this force

passes through 0, this string will be only a point. The next string

is parallel to the ray p-B, and is extended until the action Une of

B-C is intersected. The construction of the polygon is thus con-

tinued until the vertical hne from R2 is intersected. Then the

closing string may be drawn, and parallel to it a line from p which

gives the intersection with the vertical from G. This intersection

may be called H to N, because there are no loads from H to N,

and therefore H, I, . . . N siD. fall on the same point. Draw the

hne connecting N and A, thus completing the force polygon.

Now if the supports of the truss are so constructed that R2 will be

vertical, then the reactions are determined in magnitude, direction

and sense; R2 by the vector G-H, and Ri by the vector N-A.
Through N draw the line x-x parallel to a line connecting the two

supports of the truss, and from A draw the vertical line A-Y which

gives the intersection Y. Now the horizontal distance from Y to

H is the horizontal component of the loading, and when this com-

ponent is to be divided into any given proportion between the

reactions, the reactions may be obtained by locating a point Z on

Y-H which divides Y-H in the same proportion, G~Z then gives

R2, and Z-A, Ri. Suppose the supports are constructed so that

R2 will be about twice as rigid laterally as Ri, and we therefore

wish to assume that R2 takes two-thirds of the horizontal com-

ponent. Locate Zi on the line Y-H so that H-Zi is twice as large as

Y-Zi. Then G-Zi gives R2, and Zi-A, Ri for the above condition.
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Now that the reactions have been determined, the stress dia-

gram may be started. The load Hne of Fig. 269 could be used, but

the new one shown in Fig. 270 is clearer. The reactions used are

for the last condition considered above. From B draw a line par-

allel to B-1, and extend it until the line from N parallel to N-1

is intersected, and point 1 located. From 1 produce a line parallel

to 1-2 until the line from C parallel to C-2 is intersected and point

2 located. In a similar way points 3 and 4 are located. Now
suppose we continue the construction of the stress diagram by

starting in at the right end of the truss. From G draw a line par-

allel to G^IO and extend it untU its intersection with the line

from H, parallel to 10-H, locates point 10. Now from F draw a

line parallel to F-9 and extend it until the line from 10 parallel to_

9-10, is intersected, locating point 9. But F and G fall on the

same point, and F-9 has the same direction as G-10, therefore

F-Q falls on G^IO and intersects the line from 10, parallel to 9-10,

at point 10. In the same way it can be shown that points 8, 7, 6

and 5 all fall on 9. Now from 5 draw a line parallel to 4-5 and

extend it untU the line from D parallel to D-4 is intersected, locat-

ing point 4. This intersection, locating point 4, should be at the

same point as the intersection of the line 3-4 with the line from

D parallel to D-4. Any variation indicates an error, but if these

two intersections fall on approximately the same point the diagram

is said to close. This check on the accuracy of the construction,

which is obtaiiied without extra effort whenever a stress diagram

is completely drawn, is one of the important properties of the

stress diagram. The last Hne drawn in any stress diagram should

intersect each of two other lines at a point which has abeady been

located, and in addition, it should be parallel to the corresponding

member of the truss, the direction of which is fixed. Any variation

indicates an error, which, if small, may be neglected, but if large,

indicates a serious error, and the cons'truction shoidd be carefully

gone over.

Attention should be called to the JTact that the web members
on the leeward side of the truss have no stress due to the wind.

77. Stress Diagram Combined Loads.—Let it be required to

find the stresses produced in the truss of Fig. 271 by the use of one
stress diagram. Note that the truss supports vertical upper and
lower chord loads as well as wind loads. The first step in the solu-

tion is to find the reactions. These may be found either analyt-
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Fig. 271.

Fig. 272. ff

Fig. 273

Fig. 274.
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ically or graphically, but the graphical solution is often more con-

venient for the wind loads, especially if the truss is of unusual

shape. In this problem, the vertical upper and lower chord

loading is sjanmetricaUy placed, also the truss is symmetrical,

therefore it is noted by inspection that the reaction from these

loads will be equal, or in other words each one is equal to half the

sum of the loads. Now if the reactions from the wind are found,

and added to these reactions from the vertical loads, the total

reactions will be obtained. By the use of Fig. 272 and the funicular

polygon of Fig. 271 the reactions from wind are found, assuming

that the horizontal component is divided equally between the two
reactions. Fig. 273 shows the addition of wind and vertical load

reactions in order to obtain the total reactions, the scale being

different than that used in Fig. 272, in order to keep Fig. 273 of

convenient size.

In Fig. 274 the loads carried by the truss are laid off, going

around the truss in a clockwise direction and using the reactions

obtained from Fig. 273 in their proper order. Note that the

ceihng loads come in between the two reactions as shown. The
stress diagram is now drawn in the usual way. From B a line is

drawn parallel to the member B-1, and extended until it is inter-

sected by a hne from parallel to the member 0-1. Their inter-

section locates point 1, from which a hne parallel to member 1-2

is drawn and extended until the hne from C, parallel to member
C-2, is intersected, and point 2 located. From point 2 a line is

drawn parallel t6 member 2-3, and extended until the line from N,
parallel to member 3-iV, is intersected, locating point 3. Note
that the lines from and N do not coincide, but are separated a
distance equal to the load N-0. This process may be continued

until the stress diagram is complete, closing at the right end of the

truss; or the stress diagram may be started at each end and closed

near the middle. The later method is often desirable because

it tends to reduce the accumulation of small errors in directions

and intersections.

78. Maximum and Minimum Stresses, Reversals.—The
loads supported by most trusses vary more or less, and it is impor-
tant when designing to know the maximum stresses which may be
produced in each member, as well as the stresses produced by dead
loads. It is also desirable in sOme cases to know the minimimi
stresses. The difference between the maximum and miTiiTnnm
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stresses gives the range of stress. When a maximum stress is

reduced under certain conditions, untU it passes through zero and

becomes a stress of the opposite kind, we have what is called a

reversal. It is important to know which members, if any, have

reversal of stress, because, while a good many compression mem-
bers are able to take tension, many tension members are able to

take but Httle compression.

Consider the truss shown in Fig. 275. The truss carries dead

loads on the upper chord and also on the lower chord panel points.

These loads are constantly acting, and in addition there may be a

wind of 30 pounds per square foot on the vertical, acting from either

side. A snow load exists at times, but it is hardly reasonable to

consider that the maximimi snow load will be acting when a high

wind is blowing. However, a certain amount of snow or ice and

sleet may stick to the roof when there is a high wind, therefore

we will consider that an ice and sleet load of 10 pounds per square

foot of horizontal projection may exist at the same time as the

maximum wind load.

Let Ri be vertical then Rz takes aU of the horizontal component

from the wind loads. The dead loads wiU be considered first. The

truss is symmetrical, also the upper chord dead loads, so the

reactions due to them will each be equal to one-half of their sum.

The lower chord dead loads are not symmetrical, so the reactions

which they produce are found by the use of the force polygon of

Fig. 276 and the lower funicular polygon of Fig. 275. These

reactions are added to those produced by the upper chord dead

loads, and the total dead load reactions obtained, and shown as

Ri and R2 in Fig. 277.

The load hne and stress diagram for the dead loads are drawn

in the usual way, in Fig. 277, and the stresses produced by this

loading may be obtained by scaling the proper lines. The stress

diagram for the maximum snow load is shown in Fig. 278, and the

one for the ice and sleet load, which we are assuming is the max-

imum snow load that can exist at the same time as the maximum
wind load, is given in Fig. 279.

By the use of Fig. 280 and the upper polygon in Fig. 275, the

reactions produced by a wind load from the left are determined.

The wind loads were laid' off extending from A to F, any pole p
was chosen, and the upper funicular polygon in Fig. 275 drawn.

The intersection of its first and last strings locates a point x on the
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action line of R, the resultant of the wind loads. The direction of

this resultant is given by the line A-F in Fig. 280. Now this

Snew Leae/

FiQ. 278.

Mefnitr
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current. Since Ri was assumed vertical, extend its action up until

the intersection r is obtained. It follows that s-r must be the

action line of R2. Now in Fig. 280 draw from A a Hne parallel to

the action Hne of Ri, and from J one parallel to that of R2. The
intersection of these lines locates the points K to Q, and deter-

mines the reactions. The reactions just found might have been

obtained by using a large funicular polygon and its closing string,

but the method just illustrated is sometimes more convenient as in

this particular case.

The loads and reactions are now laid off in order in Fig. 281,

going around the truss in a clockwise direction, and the • stress

diagram drawn in the usual way. Fig. 282 shows the stress dia-

gram for the wind loads when the wind is blowing from the other

direction. The construction for determining the reactions is not

shown, but one similar to that used in determining the reactions

for Fig. 281 would answer the purpose. The stresses produced

by the various loads are now scaled from the five different stress

diagrams just drawn, and recorded in a table a part of which is

shown in Fig. 283. The five upper lines in this table show the

results scaled from the stress diagrams, the next three show three

different combinations of loadings. The maximum stresses are

shown in the next Une and reversals, when there are any, are shown

in the last line.

The first line of combinations gives 1 + 2, that is the maximum
snow load stresses added to the dead load stresses. The dead loads

produce stresses of the same kind, therefore the stresses produced

by them acting together will be greater than produced by the

dead load only. The second hne of combinations gives 1 + 3 + 4,

which is the simi of the dead, wind from the right, and ice and

sleet load stresses. The last line of combinations gives 1 + 3 + 5.

One of these three combinations will usually give the maximum
stress, and this value is recorded in the line marked maximum.

It will be noted that the wind load from the left produces tension

in the member 6-7, while all the other loads produce compression;

also that this tension stress is large compared with the other

stresses. Since this tension stress is larger than the dead load

stress and is of different sign, it will produce a reversal. Combining

the dead load stress of 1000 pounds C and the wind load left stress

of 6600 T, the maximum reversed stress that can be produced in

6-7 is found to be 5600 pounds T. This value is recorded in the
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Fig. 284.

FiQ. 289.
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Fig. 286.
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line for reversals. The maximum stress of the same kind as

the dead load stress, that can be produced is given by the maximum
value of this kind shown in the three Unes of combination, and is

recorded in the line for maximums.
It has now been found that the stress in 6-7 varies from a

maximum compression of 6800 pounds to a maximum tension of

5600 pounds, and this should be kept in mind when the member is

designed.

The attention of the reader is called to the fact that five dia-

grams were drawn in Figs. 275 to 283, and the combination made
in the table. Now it is possible to make the combinations in the

stress diagrams so that the results given in the 6th, 7th, and 8th

lines of the table, Fig. 283, may be obtained direct from the dia-

grams by scaling. The first five fines of the table would then be

omitted. Figs. 284 to 290 illustrate how this may be done. The
truss is shown in Fig. 284. Dead, snow, wind, and ice and sleet

loads will be considered. In Fig. 285 the stress diagram for the

dead and snow loads is drawn, and the stresses scaled from it are

recorded in the upper fine of Fig. 290, which corresponds to fine 6

in Fig. 283. Fig. 287 gives the stress diagram for the three follow-

ing loads: Dead, wind right, and ice and sleet. The stresses

scaled from it are recorded in the second fine of Fig. 290, which

corresponds to hne 7 in Fig. 283. The diagram for the third com-

bination, dead, wind left, and ice and sleet, is shown in Fig. 288,

The stresses from it are recorded in the third fine of Fig. 290, and

correspond to those given in fine 8 of Fig. 283. The reactions for

Fig. 288 were found by adding to the dead and ice and sleet load

reactions, the wind load reactions found by the use of Fig. 286

and the funicular polygon in Fig. 284. No construction was

necessary for finding the reactions due to dead and ice and sleet

loads, because the truss is synunetrical and these loads are sym-

metricaUy placed. It follows that the reactions due to these loads

are each equal to one-half the sum of the loads.

The reactions for Fig. 287 may be obtained in a similar way,

but the figure corresponding to 286 is not given.

When the combinations are made in the diagrams, there are

fewer diagrams to draw, but the ones that must be drawn are more
comphcated. There is less scaling and the fines corresponding

to the first five of Fig. 283 are omitted. Also the adding or sub-

tracting necessary to make the combinations from the results
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given in these five lines is eliminated. In Fig. 290 the values for

the maximum stresses are obtained in each case by taking the

largest of the three values directly above.

One objection to the method of making the combinations in

the diagrams is that it is not quite so easy to detect reversals.

When reversals do occur it is necessary to draw a fourth stress

diagram in order to find out the maximum value for the reverse

stress. Reversals of course occur only when a wind load, or some

special live load, produces a stress of different kind than the dead

load stress, and of greater magnitude. Now we find that in mem-
ber 4-5, the dead load, wind load left, and the ice and sleet load

all taken together produce a stress of different kind than that pro-

duced by the dead and snow loads. The maximum value for

4-5 is 4200 T, but the maximum compression that can be produced

in this member may be greater than 3000, depending upon whether

or not the ice and sleet load produces the same kind of stress as the

dead load. In Fig. 289 the stress diagram for the ice and sleet

load is shown. The stress in 4-5 is very small, almost too small

to measure; let it be called 50 T. This stress is of the same kind

as the dead load stress, therefore, if the ice and sleet load had been

omitted from the stress diagram of Fig. 288, we would expect the

stress in member 4r-5 to be increased 50 pounds, making 3050-C
The latter value is recorded in the line for reversals in Fig. 290.

Unusual trusses with special live or moving loads should be

investigated with great care. When the problem is complicated

and there is danger of a ninnber of reversals, a method making all,

or at least a part of the combinations in the table is to be pre-

ferred. When there are special Uve loads other combinations than

those shown in Figs. 283 and 290 may be desirable.

79. Cantilever Trusses.—A smaU cantilever truss is shown in

Fig. 291, carrying upper and lower chord dead loads, and also wind
loads. An interesting point in connection with this truss is the fact

that the stress diagram can be drawn without determining the reac-

tions. However, no check or closing point is obtained until these

reactions are found. The loads are laid off along the load Une inFig.

292, starting with A-B and taking the loads in order, going around
the truss in a clockwise direction. At the left end of the truss

there are only two unknowns. Therefore in Fig. 292 a Une is

drawn from E parallel to the member E-1 and extended until the

line from D, parallel to the member D-1, is intersected, and point 1
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located. Then from 1, a line is drawn parallel to member 1-2

and extended until it intersects the Une from F parallel to the

member F-2, locating point 2. This process is continued until

point 7 is located and from 7 a line drawn parallel to 7-K. Let it

be assumed that the supports are of such a nature that R2 takes all

of the vertical component, and Ri is horizontal. From / a hori-

FiG. 292.

zontal Hne may now be drawn, and extended imtil the vertical

from 7 is intersected. This intersection may be called K, and the

points K and A connected. The student may now think he has

found the reactions, and it is true that he has found them in a cer-

tain indirect way. But any error which may have been made in

the construction of the stress diagram will produce an error in

these reactions, since they have simply been put in of such direc-

tion and magnitude as to make the polygon close. In other words,
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no check has been obtained on either the diagram or reactions.

However, a satisfactory check may be obtained by choosing a pole

p in Fig. 292, and determining the reaction by the use of the

funicular polygon of Fig. 291. This funicular polygon is started

at 0, because o is the only known point on the action Une of 222.

Pig. 293.

From p a line Is drawn parallel to the closing string, and Fig. 292

checks, if this Une intersects the horizontal from / at K.

Another cantilever truss is shown in Fig. 293, and its stress

diagram in Fig. 294. The stress diagram may be started at the

left end of the truss, and continued until point 3 is located, but

since there are 3 unknowns at each of joints IV and V, it cannot

be continued until the reactions are found. Any pole p is chosen in

Fig. 294, the funicular polygon drawn in Fig. 293, and the action line
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of the resultant of the loads located. Now this resultant and the

two reactions make three forces which are in equihbrium and they

must therefore be concurrent. The action Une of R is known, and
the action hne of R2 must be along the member A-H, since it is the

only member at Y. These action lines intersect at oi determining

a second point on the action line of Ri, which may now be drawn.

Parallel to it a Une is drawn from G, and parallel to the action Une

of R2 a Une is drawn from A. The intersection of these hues

locates H, which determines the reactions. With H located, the

stress diagram may be completed. The reactions might have been

determined by starting the funicular polygon at point x, and using

a closing string in place of the resultant.

80. Mill Bent.—A fink truss supported on steel columns and

knee braced to them, as iUustrated in Fig. 295, is sometimes called a

miU bent. Under dead loads only, the determining of the reactions

and the drawing of the stress diagram is relatively simple, but

when wind loads are added the problem is compUcated. It makes

a decided difference whether the colmnns are fixed at the base

and have a point of contra-fiexure, or are assumed hinged at the

base. In Fig. 295 they are assmned hinged at the base.

In order to faciUtate the construction of the stress diagram,

the three members A-1, 5-2, and 1-2 are added temporarily at

the left end, and similar ones at the right end. The addition of

these members takes the bending stress out of the columns, but

does not affect the stress in any of the other members. Therefore

these temporary members may be put in, the stress diagram drawn,

and the correct stresses found in aU the members except the col-

umns. Then the coliunn stresses may be determined as a separate

problem. In order to show that the addition of these extra mem-
bers does not affect the stresses in the members of the truss, con-

sider section x-x. The stress in the member D-5 may be foimd by

dividing the resultant moment of Ri and the loads appUed at the

left of section x-x about point F,by the perpendicular distance from

Y to the member D-5. Neither these loads nor the reaction were

changed in magnitude, action Une, or sense by the addition of the

temporary members, therefore the stress in D-5 was not affected.

Now consider the joint at the lower end of D-5. Neither the

stress in D-5 nor the loads apphed at this joint, were affected by

the additional members, therefore the remaining two stresses

at this joint, namely the stress in C-4 and in 4^5, could not be
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affected. In a similar way by considering various sections and

joints it can be proved that the stress in each truss member is not

affected by the additional members. The temporary members,

A-1 and K-19, should, of course, be drawn to the points of contra-

flexure when the columns are fixed at the base.

The reactions will now be determined. Since the dead loads

are symmetrically placed, their resultant R'" will have its action

Hne at the center of the truss. The wind loads applied to the

sloping surface have their resultant R" as shown, with action Hne

normal to the slope. The horizontal wind loads A-B and B-C
were laid off in Fig. 296, pi chosen, and the action line of R' located

by the use of the small funicular polygon in Fig. 295. The reac-

tions could be found by using the individual loads in place of the

resultants R', R", and R'"; but the use of these resultants is often

convenient and more accurate. The resultant loads just deter-

mined are now laid off in Fig. 296, and any pole p chosen. For

the purpose of finding the reactions it will be found convenient to

assume temporarily that R2 is vertical, then r is the only known
point on the action line of Ri. The funicular polygon is, therefore,

started at this point and continued in the usual way until com-

pleted. From p a line is drawn parallel to the closing string, and

the point Zi located. Now for the case when the right reaction

is vertical, K-Zi is the vector for R2, and Zi-A for Ri. But, since

the columns of the bent are just aUke, it would seem more reason-

able to assume that the horizontal component is divided equally

between the two reactions than to assume that it is all taken by
Ri. Draw through Zi a horizontal line, and from A project ver-

tically down locating Z2. The Une Z1-Z2 gives the magnitude of

thehorizontalcomponent of theloading. LocateZ the mid-point of

Z1-Z2, then K-Z gives R2, and Z-A gives Ri for the case when the

horizontal component is divided equally between the two reactions.

The loads at the various panel points are now laid off in order

along the load Une of Fig. 297, going around the truss in a clock-

wise direction and taking the reactions obtained from Fig. 296 in

order. Then the stress diagram is drawn in the usual way.

From Q a line parallel to member Q-1 is drawn and extended until

the line from A parallel to A-1 is intersected, etc. This process is

continued until point 6 is reached, when difficulty is encountered,

as joints VII and VIII each have three unknowns. Now the truss

would be stable if the two members 7-8 and 8-9 were taken out and
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a new member u-v substituted in their place. Such a temporary

substitution would not affect the stress in the member 10-N, or the

Fig. 297.

location of point 10 in the stress diagram, because it could have no

effect on the moment of Ri and the loads to the left of section
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a;i-a;i about point Yi. This substitution is therefore made and

the stress diagram continued until point 10 is located. With
point 10 determined and the stress in 10-iV known, the original

members 7-8 and 8-9 are put in again. Now there are only two

unknowns left at joint VIII and points 7, 8, and 9 can be located.

The diagram may be completed and the stresses for all of the

members of the bent, except the columns, obtained by scaling.

Let the left column be considered first. There are eight forces

acting on this column as shown in Fig. 298 ®. There is the

reaction at the bottom, while higher up we have the knee brace

stress, and the wind load at the same level. At the top there are the

three loads and the two stresses, one from C-^ and the other from
3-4. It will be noted that the three temporary members having

served their purpose have been discarded. The eight loads applied

to the .column, as indicated in Fig. 298 @ are now broken into

their horizontal and vertical components as shown by the diagram

in Fig. 298 (5). At the base there are the horizontal and vertical

components from the reaction. Where the knee brace comes in,

there is a vertical component from the knee brace whUe the hori-

zontal force is produced in part by the load and in part by the

horizontal component irom the knee brace. At the top the ver-

tical force is the resultant of the dead load, the vertical component
of the wind load and the vertical component of the stress in C-i,

while the horizontal force is the resultant of the stress in 3^, the

horizontal wind load and horizontal component of the stress in

C-4 and of the inclined wind load. The direct stress in the column
may be found from the vertical forces. The direct stress in the

length from a to 6 is given by the vertical component of the reac-

tion, while the stress from 6 to c is given by the resultant vertical

component at the top. The difference between these two stresses

should be just equal to the vertical component throvra in by the
knee brace at b. The horizontal components produce bending,
the moment diagram being shown in Fig. 298 ©. The maximimi
moment occurs at the level of the knee brace, and is equal to the
horizontal component of the reaction times the length a-b. The
resultant horizontal component at the top times c-b should give
the same result. As far as the moments produced are concerned,
the column may be considered as a beam, supported at the ends
and carrying a concentrated load at b. The stresses in the right
column may be found in like manner.
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81. Three-hinge Arch.—A small three-hinge steel arch is

shown in Fig. 299. It may be regarded as two separate trusses

pinned together at the top. The stress diagram will be drawn con-

sidering both wind and dead loads, part of the dead loads being

on the inside.

All the loads apphed to the right half of the truss are laid off in

Fig. 300, the pole p chosen, and the funicular polygon drawn.

This, by the intersection of its first and last strings, locates the

action Une of Rr, the resultant of all the loads apphed to the right

half of the truss. On the left half of the truss there are, in addi-

tion to the loads apphed to the right half, the wind loads; also

S-T is twice as a large as P-Q. There are two horizontal wind

loads and their resultant R' is located by placing its action line

so that it divides the distance between thes6 loads inversely as

their magnitudes. The incHned wind loads are uniformly apphed

along the sloping surface, therefore the action hne of their result-

ant R" will pass through the mid-point of the sloping surface, and

normal to it. In Fig. 301, R' and R" are laid off and their resultant

R"l found. The action hne of this resultant passes through

the intersection of the action hnes of R' and R". R'l is the

resultant of R"l and | S-T, and its action hne passes through the

intersection of their action hnes as shown. Now R'l is the re-

sultant of all the loads that are apphed to the left half of the

arch, in addition to those corresponding to the loads apphed to the

right half. The vertical hne R is drawn with 6,2 made equal to

di, and in Fig. 301 the vector R is equal in magnitude to Rr.

The resultant of R'l and R gives Rl, the resultant of all the loads

on the left hah, and its action hne passes through the intersection

of R'l and R. The resultant loading on each half has now been

determined in magnitude, direction and action hne.

These resultants Rl and Rr are laid off to scale in Fig. 302.

Now assume that the right half of the arch is loaded and that the

left is not. This makes three forces acting on the right half, the

resultant loading Rr and the reaction at either end. Since these

forces are in equihbrium, they must be concurrent. On the left

half there are only two forces acting, one at Z and the other at W.

Since these two forces are in equilibrium, they must be of equal

magnitude and have the same action hne, which action line must

pass through Z and W. This hne Z-W must also be the action

hne of one of the three forces acting on the right half, because the
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force applied to the left half at W is nothing more than the reaction

at W from the right half. In other words, the upper end of the

right half is supported by the left half at W, and the left half is in

turn supported by the pin at Z. It follows that the force which the

right half delivers to the left half at W, and the reaction which the

left half deUvers to the right half at W, also the force which the left

half deUvers to the pin at Z, and the reaction which the pin delivers

to the truss at Z, must all have the same magnitude and action

line. As said above all this is for the case when the right half

is loaded and the left half is not. The line Z-W is iextended until

it intersects the action line of Rr. Now if this intersection is

connected with Y, the action hne of R2', the reaction at Y due to Rr,

is obtained. From X, in Fig. 302, a line is drawn parallel to W-Z,
and fromM another Une parallel to Oi-Y, thus obtaining the inter-

section X'. Now M-X' gives the magnitude of the reaction at Y
from the loading on the right half, and X'-X gives the magnitude

of the reaction at W and also at Z due to the load on the right half.

Now let it be assumed that the left half is loaded and that the

right half is not. The magnitude and direction of the reactions

at Z, at W, and at Y, due to the loading on the left half, are desired.

From what was said in connection with the right half, it is evident

that the action Une of the reaction at W and also of that at Y,

produced by the loading on the left half, will be along W-Y. Now
there are three forces acting on the left half, the resultant load Rl,

which is known in direction and magnitude, the reaction at W,
which is known ixi direction, and the reaction at Z which is unknown

in direction and magnitude, but has its action Hne passing through

Z. Since these forces are in equilibrium they must be concurrent,

but they intersect off the paper. Therefore for convenience, the

pole p will be chosen in Fig. 302 and a funicular polygon drawn

for the three forces in Fig. 299, starting at point Z. From X a

line is drawn in Fig. 302 parallel to Y-W, and extended until it is

intersected by the line from p parallel to the closing string of the

funicular polygon. Then Une X-X" gives the magnitude of R2^,

the reactions at Y and also at W, due to the load on the left half;

and X"-A gives the magnitude of Ri', the reaction at Z due to the

load on the left half.

The reaction at Z due to the load on the left half is Ri'' and

that from the load on the right half is Ri. The resultant J?i of

these two reactions is the total reaction from the pin at Z. The
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Fig. 304,
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magnitude and direction of the ffii is found in Fig. 302. The
vector for Ri' is shown as X"-A and the one for Ri as X'-X.

From X" draw the line X"-Xi parallel to X-X' and of the same

length. Then X"-Xi may be considered a vector for Ri, and

Xi-A, which closes the force triangle, gives the magnitude and

direction for Ri. The total reaction R2, from the pin at Y, is

obtained in magnitude and direction from Fig. 302 in a similar

way. From X' a line is drawn parallel to X-X". This Une

passes through Xi and X-X"-Xi-X' is a parallelogram. There-

fore X'-Xi has the same length as X-X", and may be considered

a vector for R2^.

Since the reactions have been found, the stress diagram may
be drawn. The loads and reactions are laid off in order, going

around the truss in a clockwise direction, and the stress diagram

drawn in the usual way. There wUl be two closing points, one

for each half of the arch. In fact, two separate stress diagrams

might have been drawn, one for the left and the other for the right

half. For the left half the reactions would be Ri and R3, while

for the right half they would be R2 and R3. The force R3, which

is the thrust or reaction on the crown pin, is given in Fig. 302 by
X-Xi, and shown in Fig. 303 as X-R. This reaction would, of

course have one sense when considering one half, and the other

sense when considering the other half, but when considering

the arch as a whole, it may be thought of as a certain compression

in the pin.

The reactions Ri and R2, which have been considered thus far,

are the reactions at Z and Y between the trusses and the supporting

pins. If there is no tie connecting the two lower pins, Ri and R2
wiU be transmitted to the footings, and must be provided for

in the footing design. In many cases, however, it is desirable to

relieve these footings of some of the horizontal component of the

reactions. If there were no wind loads, the tie would simply take

out the horizontal component of each reaction, leaving the resultant

load on each footing vertical. But when there is a wind load, its

horizontal component is carried down, and must be divided in

some way between the two footings. Suppose the horizontal

component from the wind is divided equally between the two
footings. Drop a vertical from A to X2 and locate X3 midway
between X2 and X4. Then X3-X4 represents one-half the hori-

zontal component from the wind. It follows that R'/ is the reac-
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tion at the right footing and Rf the reaction at the left footing.

In order to produce equilibrium, it is evident that the tension

in the tie must be equal to X^-Xi.
82. A Large Three-hinge Arch.—A large three-hinged steel

arch is shown in Fig. 306 with loading as indicated. The pin Xi
is a short distance below the top of the roof, and the two members
5-41 and 8-4:1 carry the top purlin. This top purlin produces

stresses in the members R-Al and S-41, as determined by the force

triangle R-S-il shown in Fig. 306® . These stresses are now sub-

stituted, for the members, as loads on the two halves of the arch.

The resultant of all the loads apphed to the right half is found in

magnitude and direction by the use of the force polygon of Fig.

307, and the funicular polygon in the upper right-hand part of

Fig. 306. A number of the loads have been grouped together,

and the lower chord loads mixed in with the upper chord loads for

convenience, but all of them have been considered. If this method
of grouping the loads together when finding resultants is confusing

to the student, he should take them one at a time.

On the left half of the arch there is a vertical load corresponding

to every load on the right half, and of the same magnitude; also

there are the wind loads. R' is therefore drawn as the action line

of the resultant of aU the loads on the left haK of the arch, except

those from wind. It has the same location with respect to the left

half as Rr has with respect to the right half and its magnitude is

the same as that of Rr. Rm the resultant of all the wind loads is

found by the use of Fig. 308 and the funicular polygon shown ia

the upper left-hand part of Fig. 306. Some of the different loads

were grouped together for convenience before drawing the polygon.

The action hne of Ry, is located by the intersection of the first

and last strings of this polygon, and is drawn in, as shown in Fig.

306.

In Fig. 309, Ry, and R' are laid off and Rl, the resultant of all

the loads on the left half of the truss, found in magnitude and

direction. The action line of Rl is, of course located by the inter-

section of the action Unes of Rw and R' in Fig. 306.

The resultant load on each half of the arch has now been deter-

mined in magnitude, direction, and action line. Fig. 309 is

therefore drawn, corresponding to Fig. 302, and the reactions at

the pins Zi and Fi determined. The loads and reactions are

laid off in Fig. 310, going around the truss in a clockwise direction,



Fig. 306.



Chap. V] TRUSSES 147

and taking each force in order. The stress diagram may now be

drawn in the usual way. There will be two closing points, as in

Fig. 303. Also the stress diagram may be started at six different

points, three for each half; at the lower pin, at the upper pin and

at the cantUever end.

The reaction on the pin Xi is 41^2, and the stress in the tie

can be found after making some assumption regarding the division

of the horizontal component from the wind between the two sup-

ports. A method similar to that explained in connection with

Figs. 302, 304 and 305 might be used.

83. A Large Mill Bent.—A large mill bent with a complicated

loading and with columns fixed at the base is shown in Fig. 311.

Note that in addition to the ordinary dead loads there are wind

loads, and loads such as piping or shafting loads hung from the

interior panel points of the truss. All of the vertical loads are

symmetrically placed and the truss is symmetrical, therefore they

will be divided equally between the two reactions. The reactions

from the wind loads will now be found. The wind loads are laid

off in Fig. 312, and the funicular polygon drawn in Fig. 311, assum-

ing that the right reaction is vertical. This polygon is started at Zi

the point of contra-flexure of the left column, because it is the only

known point on the action line of the left reaction. From p,

in Fig. 312, a hne is drawn parallel to the closing string and point

Xi located. Then if the right reaction is vertical, it is represented

by V-Xi, and Xi-A gives the left reaction from the wind loads.

But it would be more reasonable to consider the horizontal from

the wind divided equally between the two supports, rather than

consider that the left support takes it all. Therefore locate X3
midway between Xi and X2, then V-X3 gives the right reaction

from the wind, and X3-A the left reaction. Now if one-haK the

vertical loading is added to each one of these reactions, as was

illustrated in Fig. 273, the reactions Ri and R2 are obtained. The

loads and reactions are now laid off along the load Hne of Fig. 314,

taking them in order going around the truss in a clockwise direction.

The interior loads are taken care of by extending them down, as

shown by the dotted hnes, and laying them off as lower chord loads.

The hnes 11-12, 20-21, etc., will be considered as members of the

truss for the present, but they will be thought of simply as hangers

having no connection to the lower chord. The three temporary

members are put in at each end and the stress diagram started, as in
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Rg. 297. It should be noted that the temporary members B-1

and F-^2 intersect the columns at the point of contra^flexure,

which, when the columns are fixed, is often assumed midway
between the base and the foot of the knee brace. The portion of

the column below the point of contra-flexure may be considered

as a vertical cantilever carrying the reaction from the structure

above, at its top. After point 7 has been located in the stress

diagram, a condition similar to that encountered in Fig. 297

develops, and it is desirable to use the temporary member a'-b'

until point 12 is located. The problem here is a httle more com-

plicated than the one in connection with Fig. 297, because of the

load or stress 11-12 shown in the load line of the stress diagram as

Ei-Fi. Only the member 8-9 will be omitted, 9-10 being left

in, and called 6'-10 while the temporary member a'-b' is being

used. At present there are only four members at joint IX,

namely; 10-12, 12-11, 11-6', and 6'-10. The members 10-12

and 11-6' lie on the same straight line, so the component of the

stress in 12-11, normal to this line, must be just balanced by the

component of 6'-10, normal to this line. The stress in 11-12 is, of

course, just equal to the load Ei-Fi. The magnitude of load 11-12

is laid off extending down from joint IX, the normal component
determined and the stress in 6'-10 found to be tension of a certain

magnitude as shown. From F a hne is drawn parallel to member
F-a' and extended until the Hne from 7, parallel to the member
7-a', is intersected. Now from a' a line is drawn parallel to the

member a'-b' and we know that b' is a point somewhere along

this line. From G a line is drawn parallel to the member G-10
and point 10 must he some place along its length. It is also known
that the distance between b' and 10 represents the stress in member
6'-10 and must therefore be equal to the length shown in Fig.

311 for this stress. In other words, since the member 6'-10 is

at right angles to member G-10, the point 6' must be distant

from G-10, in the stress diagram, an amount representing the stress

in 6'-10. Two lines are now drawn in Fig. 314 parallel to G-10,

and distant from it on either side an amount equal to the stress

in 6'-10. Both of these lines intersect the line from a' parallel

to a'-b', but the lower intersection is 6', because the upper one

would give compression in 6'-10, which is impossible since that

stress has already been found to be tension. From b' the line

parallel to member 6'-10 is drawn and point 10 located. From
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10 a line parallel to member 10-12 is drawn and extended until

the line from Ei parallel to member 12-Ei is intersected, locating

point 12. Point 11 is located in a similar way by drawing lines

from b' and fi, with points 11 and 12 located, the member 8-9

is put back in, and points 8 and 9 located as illustrated in Fig. 297.

The stress diagram has now been drawn from the left side

up to point 12, and can be drawn from the right side as far as point

31 in a similar way. In order to continue the stress diagram it

will be necessary either to compute the stress in the central part

of the lower chord so that point 20, 21, 22, and 30 may be located,

or some substitution of members must be made which will not

affect the stress in the lower chord, but which will permit the

completion of the stress diagram. The latter method is chosen

and the members 13-14, 13-16, 15-. . ., to 19 are omitted, for

the present, and members d'-e', e'-f, f'-g', and sr'-19 are sub-

stituted for them. It can be proved by a method similar to that

already explained that this substitution does not affect the stress

in the lower chord. Using these substitute members the stress

diagram can be continued until point /' is located, when two dif-

ficulties are encountered, the stress in gf'-19 and the stress in the

monitor. Let it be assumed that the diagonal web members of

the monitor, 43-44 and 45^6, are light ties unable to take com-

pression. From K in Fig. 314 a line is drawn parallel to member
K-43, and from L a line is drawn parallel to L—44. Now with

the wind from the left as shown, we may assume that 43-44,

since it cannot take compression, has zero stress. Therefore points

43 and 44 Ue together, or at the intersection of the lines just drawn.

With points 43 and 44 found, points 45 and 46 can easily be located

and points 43 and 46 used when the stress diagram for the truss

is continued. If the student wishes, he can think of the monitor

as having been removed, and loads K-43, 43-46, and 46-iV sub-

stituted at the joints affected in its stead. An enlarged portion

of the load hne from K to N, with points 43 to 46 located, is shown

in Fig. 313.

The stress in ^'-19 is found in the same way as the stress for

6'-10, but in this case the stress is larger than the load, because

of the small angle that sr'-19 makes with 19-21. In Fig. 314 a

line is now drawn from /' parallel to member f'-g', and we know
that the point g' must be somewhere along its length. Also the

point 19 must he somewhere along the hne from 43 parallel to
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Fig. 313.

Fig. 314.
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member 43-19. In addition points 19 and g' must be on some
line parallel to member 19-g', and be separated by a length of

line representing the stress in 19-g', to the scale of the stress

diagram. The stress in member g'-19 has been found to be ten-

sion of magnitude as shown in Fig. 311, therefore from xi, any
point along the line from 43, the line a;2-a;3 is drawn parallel to

member g'-19, and the two lengths a;i-a;2 and xi-xs are each

made equal to its stress. From X2 and xs lines are drawn parallel

to the Une from 43, and extended until the line from /' is inter-

sected. The lower intersection locates point g', because the upper

one would require compression in gf'-19. The construction may
now be continued and points 20 and 21 located, after which the

original members are put back in, and the points 13 to 19 located.

With points 21 and 31 determined, the construction may be con-

tinued, and the stress diagram completed without any more
substitution or difficulty.

The stress in the columns above the point of contra-fiexure

may be found as explained in connection with Fig. 298. The
compression in the column below the point of contra-fiexure is

equal to the vertical component of the reaction, and the moment
is that which would be produced by a horizontal force equal to

the horizontal component of the reaction, acting at the point of

contra^-flexure, considering the column below as a vertical canti-

lever.

84. Cantilever Truss with Four Supports.—An interesting

truss with four supports is shown in Fig. 315. In reality it con-

sists of three trusses, the two outside trusses have cantilever ends

projecting towards the center and carry the third truss as shown.

Let the two center supports R2 and R3 be long slender columns

unable to take any horizontal component, then all of the hori-

zontal component due to the wind is divided between the two

outside supports, suppose we say equally between them.

In Fig. 316 the resultant horizontal and incHned wind loads

are laid off, and the magnitude of the resultant horizontal com-

ponent of all the wind loads appUed to the truss is found to be

x-xi. Half of this length then gives the horizontal component

of Ri and also of Ri.

After grouping them together as much as possible for con-

venience, the loads appUed to the center truss are laid off in the

force polygon of Fig. 317. Any pole p is then chosen, and the
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center funicular polygon in Fig. 315 drawn, assuming R" vertical

for the present. Parallel to the closing string a line is drawn from

p, and the intersection Zi obtained. The reactions are now
determined for the case when R" is vertical. But Ri has been

assumed to have a horizontal component equal to a;2-a;i of Fig.

316. There are only two forces, acting on the right truss which

can have horizontal components, Ri and the reaction from the

center truss. Therefore these two forces must have equal hori-

zontal components, and it follows that R" must have a horizontal

component with magnitude equal to X2-X1. In Fig. 317, Z is

located on the horizontal line from Zi, and Z-Zi is made equal to

a;2-xi of Fig. 316. If different scales are used for the two figures,

due consideration must be given to the change in scales; the

point is that Zi-Z should represent a magnitude equal to half

the resultant horizontal component of the wind loading. Then
Q-Z gives the magnitude and direction of the reaction at Y2,

and Z-H the magnitude and direction of that at Fi.

Now consider the left truss. The loads including the reaction

from the center truss are laid off in Fig. 318. Re represents the re-

sultant of all of the vertical and inclined upper chord loads, includ-

ing the vertical dead and inclined wind loads at Fi. R7 represents

the resultant of the two lower chord loads, and Rs the resultant

of the horizontal wind load at Fi and the load or reaction from

the center truss. The pole p is chosen and the funicular polygon

drawn in Fig. 315, starting at F and keeping in mind the fact

that R2 is vertical. A line is now drawn from p, parallel to the

closing string and extended until the vertical from H is inter-

sected, locating the intersection Z. Then H-Z gives the magni-

tude and direction of R2, and Z-A the magnitude and direction

of Ri. Note that, in this particular case, R2 is greater than the

total loading, while at F the reaction is a pull, that is, this end
of the truss must be held down.

The reactions R3 and R^ for the right truss are found in a
similar way, using Fig. 319 and the right funicular polygon in

Fig. 315. All the loads applied to the truss including the reaction

from the center truss are considered. This load from the center

truss is given in magnitude and direction by R". The reactions

Ri, R2, Rs, and R4 now being known, the loads and reactions are

laid off along the load Une of Fig. 320, going around the entire

truss in a clockwise direction. The stress diagram is then drawn
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in the usual way. It may be started at 6 different points, at

each end of each of the three small trusses, and three closing

points will be obtained, one for each of the three trusses. In

fact, the problem could be solved by drawing three separate stress

diagrams one for each of the small trusses. The big stress dia-

gram shown in Fig. 320 is nothing more than all three of these

smaller diagrams put together.

85. Combination Truss, Three-hinge Arch and Mill Bent.

—

A sort of combination three-hinged arch and miU bent is shown

in Fig. 321. A small three-hinge arch is supported on a truss

which, in turn, is supported by and knee braced to steel coltmms

that are fixed at their base. Vertical upper chord loads and a

wind load from the right will be considered. The reactions for

the three-hinge arch are found by a method, already explained,

using Fig. 322. The stress diagram is then drawn in Fig. 323,

and the stress obtained.

The truss supporting the three-hinge arch is next considered.

The reactions from the arch may be,used as loads on the larger

truss, when finding Ri and R2. However, it seemed more desir-

able in this particular case to use the original loads applied to

the entire truss which, of course, give the same results. In Fig.

324 the resultants, obtained after grouping the loads together

as much as convenient, are laid off as shown, and the large funic-

ular polygon in Fig. 321 drawn, assuming for the present that

Ri is vertical, and therefore starting the polygon at ¥2. From
p a line is drawn parallel to the closing string, and the point Zi

located. Then if Z is taken as the mid-point of Z1-Z2, Xi-Z
will give the magnitude and direction of Ri, and Z-X the magni-

tude and direction of R2, for the case when the horizontal from
the wind is divided equally between the two reactions. The
loads and reactions are now laid off along the load line of Fig.

325, going around the truss in a clockwise direction. After load

D-E, the load at F'l plus the reaction from the arch, may be laid

off, and point 25 located. Then the reaction from the arch at

Y'i plus the loading at Y'2 is laid off and L located; after which
L-M, M-N, etc. are also laid off. Or just the loading at F'l

may be laid off, and F located, then G, H, etc., in which case L
and M will of course fall on the same points as before. In Fig.

325, F, C, H, etc., are located and also point 25, after which the

stress diagram is drawn in the usual way. The stress diagram
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for the three-hinge arch is shown in Fig. 325, but it was unneces-

sary, as far as the construction of the larger diagram was con-

cerned, as only the location of point 25 was required.

Fig. 326 illustrates how the stresses in the left column may
be investigated. At the top there are three forces acting, for

which the resultant horizontal and vertical components are found.

Where the knee brace comes in there is just one force acting, and

it is broken into horizontal and vertical components. At the point

of contra-flexure there is the reaction for which the horizontal

and vertical components are easily found. The portion below

the point of contra-flexure receives the reaction and acts some-

what as a vertical cantilever, the horizontal component producing

moment and the vertical component producing compression. The
direct stress in the column below the knee brace is therefore just

equal to the vertical component of the reaction, while from the

knee brace to the top it is just equal to the resultant vertical com-

ponent at the top. The moment diagrams are shown at the right

of the figure. As far as moment is concerned the part of the

column above the point of contra-flexure acts very much as a

vertical beam supported laterally at the top and bottom and

loaded with the horizontal component from the knee brace.

The stresses in the right colimin can be found in a similar way,

but the additional loads from the wind would make the solution

sUghtly more compUcated.

86. Bridge Trusses of the K T3^e.—In many cases stress

diagrams can be used conveniently to find the stresses in bridges,

especially those stresses produced by dead loads. In Fig. 327

a truss is shown, supported at the center and at the left end, which

is similar to one of the trusses in the new Quebec bridge. The
reaction from the suspended span is apphed at the right end,

and in this case is found to be sufficient to produce a tendency

for upUft at the left end. This end must therefore be anchored

down. The reactions Ri and R2 are found analytically by taking

moments about R2. Since a large number of the loads are sym-

metrically placed about R2, they balance each other and thus

simplify the computation. The dead load has been divided

between the upper and lower chord panel points, while a Uve.

load has been applied to the verticals just below the floor hne.

'These interior loads are carried down below the lower chord and

laid off with the lower chord loads. Moving these loads down
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Fig. 327.
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to the lower chord has very little effect upon the stresses in the

members of the truss. When the interior loads, apphed to the

long verticals such as 19-22, 24-27, etc., are moved down to the

lower chord, the stress in the entire member becomes the same

as it was in the portion above the floor line. Therefore the stress

diagram gives the correct stress for the upper part of the member.

The direct stress in the lower part differs from the stress in the

upper part an amount equal to the load thrown in by the floor

construction. The new members 22-23, 27-28, etc., which were

put in in order to carry down the remaining interior loads may be

considered as hangers with no connection to the lower chord.

Their use will therefore in no way affect the stresses in the various

members of the truss. The stress diagram then gives the cor-

rect stresses for the various members, also the stress in the hangers,

which will be eliminated when the loads are moved back to their

proper place.

The loads and reactions were laid off in order along the load

Une of Fig. 328, going around the truss in a clockwise direction.

The stress diagram was then drawn in the usual way, starting at

each end of the truss.

87. Trussed Dome.—The plan of a large dome supported

by eight crescent trusses is shown in Fig. 329, while Fig. 330,

directly above, shows one of the trusses. A plan of that part

of the roof carried by the truss of Fig. 330 is shown by the shaded

area in Fig. 329. The area of roof surface carried at each panel

point may be determined approximately by projecting down from

the panel point, measuring the corresponding width of this shaded

area, and multiplying by half the sum of the two adjoining panels.

Taking a special case; the area carried by panel point IX is given

approximately by di times d2. Knowing the area of roof surface

carried by each panel point, the dead and wind loads can be easily

computed. The loads are now laid off in order in Fig. 331, the

pole p chosen, and the funicular polygon drawn in Fig. 330, assum-

ing temporarily that Ri is vertical. Parallel to the closing string

a line is drawn from p, and the intersection Yi obtained. It

seems reasonable to suppose that the horizontal component is

divided equally between Ri and R2 and the reactions are obtained

by locating F midway between Yi and Y2. With the Y point

located, the stress diagram can be drawn without difficulty.
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88. Ring Dome. Dead Loads.—An interesting and often

economical roof construction called the ring dome is shown in

Figs. 332 and 333. It consists of a system of circular rings and

equally spaced radial ribs. The areas carried by the various

panel points may be determined by the same method that was

Fig. 330.

Fig. 329.

used in connection with the crescent truss just considered. A
plan of the dome showing rings and ribs is shown in Fig. 332

and the elevations of one of the ribs in Fig. 333. It should be

noted that the rings intersect the ribs at the places where the ribs,

and also the rings, change direction. These intersections will

be referred to as panel points, and the loading is applied only at

these points.

A vertical dead load uniformly distributed over the surface
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of the dome will be first considered. This means that every

panel point of any one ring will have the same loading, but the

panel points for different rings will have different loads, because

they carry different areas of roof surface. The loads for the dif-

ferent panel points of any rib Z, shown in elevation by Fig. 333,

are computed and laid off to some convenient scale along the load

Fig. 331.

line of Fig. 334. For equilibrium the resultant of the two stresses

F-& and G-7 must just balance the load F-G, F-G being that por-

tion of the load at the center which would go to one rib, or one-

eighth of the total load. The stress diagram will therefore be

started at the center by drawing a line from F in Fig. 334 parallel

to member F-& and extending it until the line from G parallel

to member G-7 is intersected. This intersection locates point 6

which is also point 7, and the vectors, F-6 and G-7 measured to
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scale give the stresses in the members F-6 and G-7. It is evident

from inspection that these stresses are compression and this is

verified by applying our ordinary rule for finding the kind of

stress. To illustrate, considering the joint at the center and

going around in a clockwise direction, the member at the right

is read G-7. Now when we go from G to 7 in the stress diagram,

the direction would be towards the joint if the vector were placed

above the member.

The joint or panel point just to the left of the center, at which

is applied the load E-F, wiU be considered next. The stress in

member F-Q and the load E-F are known, and it follows that

the stress in member E-5 must have just enough vertical compo-

nent to balance the resultant vertical component of the other

two, because the ring can resist only horizontal forces. In Fig.

334 a hne is drawn from E parallel to member E-5 and extended

until the horizontal Une from 6 is intersected and point 5 located.

The vector E-5 gives the stress in the member E-5, and 6-5 gives

the horizontal component that must be thrown in by the ring

in order to produce equilibrium. Going around the joint in a

clockwise direction, this force is read 6-5, and going from 6 to 5

in Fig. 334 the movement is towards the joint, therefore the ring

must have compression. The ring changes direction at the joint,

and the ring member on each side of the joint must have a stress

such that the resultant of the two stresses in the plane of rib Z
will be just equal to 6-5. The direction of these two ring members,

re and r'e, is shown in Fig. 332. Lines are now drawn parallel

to these ring members from points 6 and 5 in Fig. 334 and extended

until they intersect as shown, their length giving the stress in

the ring members. The stress in re is, of course, the same as the

stress in r'e, because these two ring members make the same

angle with the plane of the rib Z. It makes no real difference

whether the intersection is above or below the vector 6-5, but

it wiU be found convenient to keep the intersections for the rings

having compression above, and for those having tension below.

The next joint at the left, which carries the load D-E, wiU

now be considered. From D in Fig. 334 a hne is drawn parallel

to member D-i, and its intersection 4 with the horizontal line

from 5 obtained. The stress in member D^ and the resultant

of the stress in rs and r's are determined by this intersection

Since 5—4 is the resultant of the stress in the two ring members
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rs and r'g, the stresses in these members can be obtained by draw-

ing hnes parallel to them from points 4 and 5 and extending these

lines untU they intersect as shown. In a similar way the stresses

in the rest of the rib and ring members may be fomid. It should

be noted that the ring members n and r'i are the last which

have compression, those of the lower rings having tension. The
lines have not been drawn in Fig. 334 for the stresses in the right

haK of the rib Z, because, since the rib and loading are both

syrametrical about the center, the stresses in the members of the

right haK will be the same as in the corresponding members of

the left half. Also, since the loading on the panel points or joints

of each rib is the same as on those of rib Z, the stress in every

member of each ring will be the same as the stresses found by the

construction of Fig. 334. The analysis of the stresses in the ring

dome is therefore found to be rather simple under a uniformly

distributed vertical load. But the problem becomes much more
compUcated when an attempt is made to follow through the stresses

produced by a wind load or those produced by irregular loads.

89. Ring Dome. Wind Loads.—In Fig. 335 rib Z is shown
with loads produced by a wind having direction as indicated by
the arrow at the left of Fig. 332. In order to better study their

effect in producing stress, only the wind loads wiU be considered

for the present. Later the stresses which they produce may be

combined with the dead load stresses in order to obtain the maxi-

mima and minimum stresses.

The wind loads indicated in Fig. 335 are laid off along the load

hne of Fig. 336, and extend from A to G. Since there is no load

on the right half of the rih H, J . . . M all fall on point G. Now
for equiMbrium the resultant of the stresses in all the rib members
intersecting at the center must be no greater than the load apphed

at the center. It therefore seems reasonable to assume that the

resultant of the two stresses F-6 and G-7 just balance the load

F-G. From G a Une is drawn parallel to member G-7 and from

F another parallel to F-6. The intersection of these lines locates

point 6, which is also point 7, and thus determines the stress in

member F-6 and also in G-7. The construction is now continued

for the left half of the rib the same way as in Fig. 334, also the

stresses in the ring members adjacent to the rib are foimd as shown.

Note that these ring members all have compression except the

lowest. Since there are no loads applied to the joints at the right



164 GRAPHICAL ANALYSIS [Abt. 89

half of the rib the stress in each of the right half rib members must

be such that its vertical component is the same as the vertical

component of G-7. Lines might therefore be drawn from G,

H, . . . and M in Fig. 336 and extended until they intersect the

horizontal line from 7, but they would be very short. The lines

giving the stresses in the adjacent ring members might also be

drawn, but it is evident that they too would be very small.

Now when the wind is blowing from the direction shown in

Fig. 332, the wind load on rib Zi will be practically the same as on

rib Z, the load on rib Z2 will be sUghtly less, that on rib Z3 will

be very much less, and there will be almost no wind load on rib

Zi. Stress diagrams similar to Fig. 336 may be drawn for each

of these ribs and stresses obtained for the various rib members
and adjacent ring members. The only difficulty is that we find

a stress of one magnitude thrown into certain ring members at

one end and a stress of another magnitude thrown in at the other

end. This unbalanced ring stress can be best taken up by diagonal

tension members, as shown in a few of the pannels in Fig. 332.

This diagonal X bracing should be put in all panels, because the

wind may blow from any direction. The stresses produced in

these diagonal members by the unbalanced ring stresses will,

of course throw additional stresses into certain of the lower ring

and rib members. These additional stresses will either increase

or decrease the stresses already found.

In order to transmit these unbalanced ring stresses down to

the base of the dome, one or more of the three following conditions

will develop at certain panel points or joints: (1) An unbalanced

ring stress which will produce tension in a diagonal and additional

compression in a rib member: (2) An additional stress in the

upper rib member which will produce additional stress in the rib

member below and in the adjacent diagonal members: (3) A
tension thrown in by a diagonal from above, which will produce
an additional stress in the rib member below, and also in the

-adjacent ring members.

Fig. 337 (a) shows one of the panels of the dome revolved into

the plane of the paper. Let it be assumed that the compression
thrown into the ring by joint a is greater than that thrown in by
joint b by an amount j^i. The ring member a-b will have the
higher stress, but at b the force Fi will be balanced by tension

in the diagonal b-d and additional compression in the rib member
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b-c. The magnitude of the tension produced by Fi in the diagonal,

and of the additional compression which Fi produced in the rib

member, may be found by drawing a force triangle similar to

Fig. 337 d).

A sUghtly different condition exists when the ring has tension.

Let it be assumed that the tension thrown into the ring at joint

a is greater than the tension thrown in at joint b by an amount
F2. The ring member a-b would have the lower stress and, in

order to balance F2, we would have tension in the diagonal a-c

and additional compression in the rib member a-d. The magni-

tudes of these stresses which produce equihbrium may be found

by drawing a force triangle similar to Fig. 337 ©.
Fig. 337 ® shows four panels of the dome in plan. At joint

k a load F3 is applied by an additional compression thrown into

the rib member b-k from above. In Fig. 337 @ an elevation of

the two rib members b-k-f is shown and in Fig. 337 ® the force

triangle 1-2-3 is drawn to determine the effect of F3. It is found

that F3, in addition to producing a compression of F4 in k-f, re-
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quires a horizontal force Fs, or the equivalent, applied at k in order

to produce equihbrium. A tension in the ring members k-h and

k-d of Fq and F'e would produce such a horizontal component.

But if tension is thrown into the ring members k-h and k-d at

k and not at h or d, we have the condition considered in Figs.

337 ® and 337 © In. this case it was found that the additional

tension did not go into the ring member, but went down the

diagonal, and by so doing increased the compression in the adjoin-

ing rib member.

The force triangles 3-4-5 and 2—4-6 in Fig. 337 ®, correspond-

ing to Fig. 337 ©, are now drawn, after revolving panels f-e-d-k

and f-k-h-g into the plane of the paper, in order to get the proper

direction, as shown by the dotted lines. Then F7 gives the stress

in diagonal k-e, and Fg that in diagonal k-g. An additional com-

pression Fs is thrown into k-f in connection with F7, and also of

Fio in connection with Fg. This makes the total additional

compression produced in k-f by F3 equal to the nimierical sum
of Fi, Fs and Fio.

The condition would be somewhat different if F3 were tension

in place of compression. Then Fi would also be tension and the

ring members k-h and k-d would have compression equal in

magnitude to Fe and F'&. The compression in k-d would pro-

duce a tension in f-d and an additional compression in d-e, the

magnitude of which may be found by drawing a force triangle

similar to Fig. 337 ®. In the same way the effect of the com-
pression in k-h upon h-f and h-g may be found.

The effect of an additional load applied to a panel point by
a stress in one of the diagonals above will now be considered. A
small portion of the dome is shown in plan by Fig. 338 ®, and
it is assumed that the diagonal a-k exerts a pull Fi at joint k.

This puU is resolved into horizontal and vertical components in

Fig. 338 ®. The vertical component F„ may be thought of as

a vertical pull appUed at k, while the horizontal component Fh
may be considered as a horizontal pull applied at k and acting
towards the right in the vertical plane containing a-k.

Fig. 338 © shows an elevation of the two rib members b-k-f,
and in Fig. 338 ® F, is broken into two components, F2 parallel

to k-f and the other F'h horizontal. In Fig. 338 ® the resultant
F3 of Fh and F'h is found, and then broken into two components
one parallel to k-d and the other parallel to k-h. We have now
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found that Fi can be balanced by a tension F2 in f-k, a compres-

sion Fi in k-h, and a compression FU in k-d. The additional

compression thrown into the ring members can be balanced by-

stresses in diagonal and rib members, as already explained.

Fig. 338.

If the effect of the variation in the ring stresses, is followed

down to the base of the dome, as indicated above, starting with

the upper ring and taking a joint at a time, the results should

be satisfactory. The amount of labor is not so great as one would
at first suppose. Alter solving one joint for each ring, as indi-

cated above, results at other joints can be found by proportion.



CHAPTER VI

MOVING LOADS

When a beam is subjected to moving loads, it is often desir-

able to know the maximum moment that can be produced at any

section. A diagram which gives this information is of value in

designing the cover plates for plate girders, the reinforcement

for reinforced concrete beams, etc. Not only are the maximum
moments of value, but it is often desirable to know the maximum
shears. Diagrams which give the maximum shears may be used

in designing the web reinforcement for reinforced concrete beams,

and for investigating the web stresses in other beams.

Runway girders for traveling cranes are a common example

of beams carrying moving loads, and, of com-se, all bridges must

carry moving loads.

90. Single Concentrated Moving Load.^The effect of a single

concentrated load P, moving across the beam shown in Fig.

339, will be considered. In Fig. 340, lay off A-B equal to the load

P to some convenient scale, and choose any pole pi with any

desirable pole distance. It will be desirable to have the base

line d-f in Fig. 341 horizontal, so in order to accomplished this,

the Hne pi-2i in Fig. 340 is made horizontal. In Fig. 341 the

hne d-f is now drawn parallel to pi-3i, d-ei parallel to pi-A,

and /-ei parallel to B-pi. The triangle d-ei-f thus obtained

is the moment diagram for the case when the load P is at xi,

directly above the intersection ei. By using the pole p2 and the

horizontal ray P2-Z2, the triangle d-e2-f is obtained in Fig. 341.

This triangle is the moment diagram for the case when the load

P is at the point X2 directly above 62. A number of other poles

P3, Pi, etc. are chosen and the corresponding moment diagrams

drawn in Fig. 341, giving the points 63, 64, etc.. Through these

points the smooth curve ^-61-62-63 . . . e»-/ is drawn. Now at

any section of the beam the vertical intercept between this

curve and the base Une d-f, times the pole distance H, gives the

moment which will be produced there when P is at the

168
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section. Or if the number of feet which each inch in the space

diagram represents, is multiplied by H, and the intercepts in Fig.

341 measured to this new scale, the moment will be obtained direct

in foot-pounds. This moment is also the maximimi moment
which can be produced at the chosen section by the load P,

because as P moves to either side, the moment at the section

decreases. The curve ^-61-62-63 . . . e„-f will therefore be called

the maximum moment curve.

Upon close inspection this maximum moment curve for a

single concentrated load proves to be a parabola with the maximum
PL

ordinate at the center, and equal to —r^, which is the moment

at the center of the beam when P is there. Thus the curve in

Fig. 341 might have been obtained without the use of Fig. 340,

by computing the maximum ordinate and constructing a parabola

PL
as shown in Fig. 343. This maximum ordinate —j- may be laid

off to a scale of 1 inch equals any convenient number of foot-

pounds.

That the maxunum moment curve for a single concentrated

load is a parabola may be verified by constructing a parabola over

the curve in Fig. 341, and finding whether or not the two curves

coincide, or by writing the equation for the maximum moment.

For any position of P, the shear between P and the right

reaction is constant and equal to R2, also the shear between P
and the left reaction is constant and eqilal to Ri. But as P moves,

the shear at every section of the beam changes. The maximum
shear at any section wOl occur when P is either just to its right

or just to its left, because as P moves away from the section

towards either reaction, the reaction towards which it moves
increases and the other one, which gives the shear at the section,

must decrease.

When the load P is at the section xi, by referring to Fig. 340,

Ri is found to be equal to Zi-A and R2 equal to B-zi. From
these reactions and by using the base line m-n in Fig. 342, the

diagram m-ri-ui-viSi-^n-^m is drawn, which is the shear diagram

for the case when P is at xi. With P in this position, the shear

just to the left of P is given by the line wi-^ui, and the shear just

to its right is given by the line wi-vi. When P is at section X2

the shear diagram ig found to be JJj-r^-Mg-v^-sg-n-wi; and the shear
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just to the left of P is U2-^W2, that just to the right W2-V2-

Shear diagrams may be drawn for P when in other positions,

Fig. 339.

Fig. 343.

Vn and V3 . . . D„ located. Then throughand other points wa . . . ™„ ^^^ .^o • • • "b *»j>^c*uv^vi. j-ucu ujluuu^u

the points mi, mj . . - ifn a hne called r-re is drawn, which is found
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to be a straight line. In the same way the straight Une m-s is

drawn. It should be noted that both r-m and n-s are equal to P,

because when P is at either reaction, that reaction is equal to P.

Now when P is at any section, the vertical intercept between the

lines m—n and r-n at this section gives. the shear just to the left

of P, while the vertical intercept between the lines m-ra and s-m

gives the shear just the right of P. The larger of these inter-

cepts gives the maximum shear that can be produced at this

section.

If the student wishes analytical proof that r-n is a straight

line, he may write the equation for Ri as P moves across the beam,

Ri being equal to the shear just to the left of P which in turn

is equal to the corresponding ordinate of the Une r-n. This equa-

tion will be found to be that of a straight line.

91. Single Concentrated Moving Load and a Uniform Dead
Load.—The beam shown in Fig. 344 is assumed to carry a uniform

dead load of 1000 pounds per foot in addition to a concentrated

moving load of 20,000 pounds. The maximum shear and moment
curves are desired.

Since the vmiform load is a dead load, the hne r'-s' of the shear

diagram Fig. 345 is the maximum shear curve for the uniform

load. In Fig. 346 are shown the maximum shear curves for the

concentrated load. These lines may be drawn the same as the

hnes r-n and m-s in Fig. 342; but there is a shorter way. Since

/•"—m2 and s"-n2 are each equal to P, and since the lines r"-^2

and m^-s" are both straight Unes, points r" and s" may be located

and the lines drawn. The same scale must be used in Figs. 345 and

346, because the intercepts in these two figures are now added

in order to obtain the maximum shear curves for the total loading.

When P is at the position x, the shear at this section due to the

uniform load is given by the intercept Y\, while the maximum
positive shear that can be produced at x by the moving load P
is given by the intercept Y2. The maximum negative shear

that can be produced at x by the load P is given by the intercept

Z2. Now the shears Y\ and F2 are of the same sign and act

at the same section at the same time, therefore they are added

and give the intercept Y in Fig. 347, which is the maximum posi-

tive shear that can be produced at x. The she^r Yi is always

acting and Z2 is of different sign, therefore their difference Z gives

the maximum negative shear that can be produced at x. With
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Fig, 350.



Chap. VI] MOVING LOADS 173

regard to the sign of the shear as indicated in the figures, it is

important that the same kind of shear be shown above the base

line ia all of the figures. Usually it is convenient to show the

postive shear above the base line and the negative shear below.

As we move from section x to the left, Yi increases and Z2

decreases, which means that a point will be reached where Z is

zero, and the line s-^n' crosses the base Une. In other words

no negative shear can be produced here, as the positive shear

from the uniform load just balances the maximum negative

shear that can be produced by P. As we move farther to the

left, Z will increase but wiU be above the base line and therefore

positive.

The intercept Y wiU increase with movement to the left,

amoimting to r-m when the left reaction is reached. The hne

r-TO will be found to equal r'-mi plus r"-jre2, and m-m' will equal

As P moves to the right of section x, the intercepts under

P vary, and when P reaches the section xi the intercepts are

Y'l, Y'2, and Z'2. The intercepts Y'l and Y'2 are now of dif-

ferent sign, therefore their difference wUl be taken to give Y'

which is positive since Y'2 is here larger than F'l. Intercepts

Y'l and Z'2 are of the same sign and give the length Z'. With

P at various other sections, lengths are found corresponding to

Y and Z. Through the ends of these lengths lines are drawn

which are found to be straight fines and are shown in Fig. 347

as r-n' and m'-s. These fines are the maximum shear curves

for the given loading; that is, for any section of the beam the

intercept between the fine m-^ and n'-r at the section gives the

maximum positive shear that can be produced there; or if no

positive shear can be produced, it wiU give the smaUest negative

shear that can be produced there. Similarly, the intercept

between the fine m-n and s-^m' gives the maximum negative

shear or the minimum positive shear. It wfil be noted that no

positive shear can be produced to the right of fc and no negative

shear can be produced to the left of j. Since r-m is equal to m2-r"

plus mi-r', and n-w' is equal to s'-ni, and since r-n' is a straight

fine, the points n' and r could be located and the line r-n' drawn

at once. Also the fine s-wi' could be drawn in a similar way.

When P is at any section the intercept between the lines

r"-W2 and m2-«2 at that section gives the value of Ei due to P,
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and the intercept between m2-n2 and s"-w,2 gives the value of

R2 due to P. Now the uniform load produces an J?i equal to

r-'-mi. The hne r-h is drawn, in Fig. 347, so that the intercepts

between m-^ and r-h are aU just r'-w,i greater than the cor-

responding intercept between r"-^2 and m2-ra2. Then when P
is at any section, the intercept between r-h and m-^ at the section

gives Ri. Also the intercepts between m-re and s-i give R2 for

various positions of P.

The maximum moment curve wUl now be drawn. The maxi-

mum moment curve for the uniform dead load is, of course, given

by its moment diagram. The curve of this moment diagram

is a parabola with the maximimi ordinate at the center and equal

to \WL, in which W is the total uniform load. This parabola,

the upper one in Fig. 348, is drawn as illustrated in Fig. 343.

The maximum moment curve for the moving load P is a parabola

PL
with the maximvim ordinate at the center and equal to -^ . The

value of this ordinate is laid off in Fig. 349, using the same scale

that was used in Fig. 348, then the parabola is drawn, using the

construction of Fig. 343.

Now when P is at any section x, the moment produced at this

section by the uniform load is given by the intercept Mi, in Fig.

348, while the maximum moment that can be produced at the

section by the moving load P, is given by the interept M2. The
sum of these moments gives the length M in Fig. 350, which is

the maximum moment that can be produced at x. When P
is at any other section xi, the intercept M'l in Fig. 348 is added to

the intercept M'2 in Fig. 349, giving M' for Fig. 350. With P at

other sections other lengths are obtained for Fig. 350 and through

the upper ends of all of these lengths a smooth curve is drawn
which is the maximum moment curve.

When P is at any section, the intercept between this curve

and its base hne, at the section, gives the maximum moment that

can be produced there. It will be noted that the intercepts in

Fig. 350 are equal to the sum of the corresponding intercepts

in Figs. 348 and 349. Therefore the maximum moment curve

in Fig. 350 is a parabola with the maximum ordinate at the center

PL
and equal to -^ plus \WL. Also attention should be called to

the fact that if the parabola in Fig. 349 had been drawn upside
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down on the base line of Fig. 348, as shown by the dotted line,

the intercepts in Fig. 348 between the two parabolas would have

been the same as the intercepts in Fig. 350. It would therefore

not be necessary to draw Fig. 350.

The student should remember that all vertical lengths and
intercepts in Figs. 348, 349, and 350 are to be measured to the

same scale, the scale being one inch equals some convenient

number of foot-pounds or inch-pounds. A desirable scale may
PL

be chosen when the values jWL and -j- have been computed

and the construction of the parabolas started.

92. Uniform Moving Load Longer than the Span.—Consider

the effect of a uniform moving load of 1000 pounds per foot on
the beam shown in Fig. 351, the load being longer than the beam.

Every increase of load on the beam increases the bending moment
at every section of the beam, or in other words, as the load moves
further on the beam, the moment at every part of the beam
increases until the load covers the entire beam. Therefore the

maximum moment curve for a uniform moving load longer than the

beam, is the parabola given by the moment diagram for the case

when the load covers the entire beam. The maximum ordinate

of the parabola is at the center and is equal to fTFL, in which

W equals wL, w being the load per foot. This maximum moment
curve is shown in Fig. 355.

The maximum shear curves, the constructions for which are

shown in Figs. 352 to 354, are more difficult to obtain. When
the right end of the load is at section x, the resultant of all of the

load on the beam acts at F; and the magnitude of this resultant,

laid out to the scale in Fig. 353, is A-B. Any Hne d-f is now
drawn in Fig. 352 and from d the line e-d, making any convenient

angle with d-f. Points e and / are then connected. In Fig.

353, A-p is drawn parallel to e-d and £-p parallel to f-e, then

from p, the hne p-z is drawn parallel d-f, thus marking off the

reactions. That is z-A is Ri and B-z is R2, when the right end

of the moving load is at x. From these reactions the shear dia-

gram m-Ti-2;i-si-n.-m for the end of the load at x, is drawn.

When the right end of the load is at a;i, the resultant of all

of the load on the beam acts at Yi, and the magnitude of this

resultant laid off in Fig. 353 is A-Bi. From A a line is drawn

parallel to d-ei, and from Bi one parallel to f-ei, their intersection
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Fig. 355.
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giving pi from which the Une pi-zi is drawn, thus locating zi and

marking off the reactions. From these reactions, for the case

when the right end of the load is at xi, the shear diagram m-^2-^2-

s^-^-^m is drawn, which gives the point V2 directly under xi.

With the right end of the load at various other sections the points

V3 . . . Vn are located and the curve m-^1-^2 ... s is drawn. Now
as the load moves across the beam, the shear just to the right

of its right end is always negative and equal to R2, but as soon

as the right end of the load passes any section the shear there

decreases. It is also true that the negative shear at any section

will increase until the right end of the load reaches the sections,

because ife increases as more load comes on the beam. Since

the vertical intercept between the line m-n and the curve

m-^i-D2 ... s at any section gives R2 for the case when the right

end of the load is at that section, the curve m-vi-V2 ... s is one

of the maximum shear curves. The other maximum shear curve

r-ui-U2 . . . n, may be located in a way similar to that in which

m-t)i-j/2 . . . s was located, shear diagrams being drawn in Fig.

354 for various positions of the left end of the load on the beam.

Now the maximum positive shear that can be produced at any

section, by the given loading, is given by the vertical intercept

between the hne m-n and the curve r-Mi-M2 ... n at the section,

while the maximum negative shear is given by the intercept

between the line m-n and the ciu-ve m-^1-^2 ... s, at the section.

93. Moving Uniform Load Shorter than the Span.—In Fig. 356,

a uniform load of 1000 pounds per foot and 10 feet in length is

shown moving across a 20-foot beam. It can be proved that the

maximuin moment curve for a moving load of this kind is a para-

bola with the maximum ordinate at the center and equal to

"2^ L— ~ . This maximum ordinate is computed and laid off

to scale in Fig. 360. The parabola is then drawn, using the

method shown in Fig. 343. The analytical discussion proving

that this maximima moment curve is a parabola is rather long

and wiU not be given here. It may be found in " Elementary

Apphed Mechanics " by Alexander and Thompson.

The maximmn shear curves, shown in Fig. 359, are obtained

by the use of Figs. 357 and 358, the construction being practically

the same as for a uniform moving load longer than the span.

The load is placed at various positions on the beam, or partly on
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and partly off, the reactions are found for each position, and for

each position a shear diagram is drawn in Fig. 359. When the

Fig. 359

,»r—-
^'^

,^^ ^z

Fig. 358.
HB

Fig. 360.

right end of the load is at section x, the resultant of the load on

the beam acts at Y, and by the use of Figs. 357 and 358, Ri is

found to be equal to Z-A and R2 equal to B-Z. From these
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reactions the shear diagram m-ri-M-«-si-n-m is drawn in Fig.

359, and the points u and v located. Other shear diagrams

locate points ui, U2, . . . Un and vi, V2, . . . v„, and the maximum
shear curves are drawn. These curves will be found to be straight

lines for a part of their length, the curve portion being just as long

as the load.

94. Uniform Dead Load and TTnifonn Moving Load Shorter

than the Span.—Fig. 361 shows a 20-foot beam carrying a uniform

dead load of 1000 pounds per foot in addition to a uniform moving

load of 2000 pounds per foot and 8 feet in length. The maximima
shear curve for the dead load is shown in Fig. 362, while the maxi-

mum shear, curves for the moving load are shown in Fig. 363.

Fig. 363 was obtained in the same way as Fig. 359. Now
the intercepts in Fig. 362 are added to the intercepts in Fig. 363,

and the maximum shear curves for the entire loading are drawn
in Fig. 364, in a way similar to that used for the shear curves in

Fig. 347. The maximum moment curve for the dead load is shown
in Fig. 365, and the one for the moving load is shown in Fig. 366.

The intercepts in these two figures may be added and Fig. 367

drawn, giving the maximmn moment curve for the entire loading;

or the curve of Fig. 366 might be drawn upside down, using the

base line of Fig. 365, as shown by the dotted curve. The inter-

cepts between the curves in Fig. 365 will be the same as the inter-

cepts in Fig. 367.

95. Two Concentrated Moving Loads.—A beam carrying two

concentrated moving loads with a fixed distance a between them

is shown in Fig. 368. In Fig. 369 the maximum shear hues for

the smaller load P2 are drawn, as already explained, and those

for the larger load Pi are drawn in Fig. 370. The maximum shear

lines for the total loading wiU now be drawn in Fig. 371. The

maximum shear at any section will occur when one of the loads

is just to the right or just to the left of the section. Now when

the loads move across the beam, the shear just to the left of

P2 is always equal to Ri, and the shear just to the right of Pi

is always equal to 222. When P2 is at section x, the reaction at

the left end of the beam due to P2 is given by the intercept Fi,

while the reaction at the left end produced by Pi is given by the

intercept Y2. Therefore Ri, for the case when P2 is at x, is equal

to Fi plus F2, and it follows that the shear just to the left of



180 GRAPHICAL ANALYSIS [Abt. 95

Fig. 361.

Fig. 367.
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P2 is also equal to Yi plus Y2, which value is laid off in Fig. 371

as Y, and the point ui located.

When P2 is at any other section of the beam, say at Xi, Ri is

equal to Y'l plus Y'2, and the shear just to the left of P2 is also

equal to Y'l plus Y'2. This value is laid off in Fig. 371 as Y',

and the point W2 located. When P2 is at various other sections

along the beam, other points U3, . . . u„ are located in Fig. 371

and the line r-ttn-w is drawn. Notice that when Pi passes off

the right end of the beam, a break or change in direction occurs

at it„. Now the vertical intercepts at any section between the

lines m-n and r-u„-n give the shear which will exist at the left

of P2 when'P2 is at the section.

When Pi is at X2 the reaction at the right end of the beam
due to P2 is equal to the intercept wi, while the reaction at the

right end from Pi is given by the intercept W2. Therefore R2,

for the case when Pi is at X2, is equal to wi plus W2 and, since the

shear just to the right of Pi is always equal to R2, w is made equal

to wi plus W2, and the point vi is located in Fig. 371. When Pi
is at other sections of the beam, other points V2 . . . v„ are located

in Fig. 371, and the hne m-^n-s drawn. The intercept between

this line and m-^ at any section gives the shear just to the right

of Pi when Pi is at the section.

Now the shear just to the left of Pi is always equal to R2
less Pi, or in other words, it differs from the shear just to the

right of Pi by Pi. In Fig. 371 the upper dotted line is drawn

at a distance Pi above the Une m-Wn-s. The intercept between

this and the base hne m-n at any section gives the shear just to

the left of Pi when Pi is at the section. In a similar way, the lower

dotted hne is drawn at a distance equal to P2 below the line 7^u„—n,
and the vertical intercept between this line and the base line

m-ra at any section gives the shear just to the right of P2 when

P2 is at the section. These dotted lines are found to he entirely

between the lines r-Un-n and m-Vn-s, therefore the lines r-Ua-^

and m-Vn-s are the maximum shear curves for the given loading.

When one of the loads is very small one of the dotted lines in

Fig. 371 may cross one of the full lines. The part of the dotted

line outside of the fuU line wiU be a part of one of the maximum
shear curves.

The maximum moment curve for P2 is shown in Fig. 372,

and that for Pi in Fig. 373. The maximum moment which can
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Fig. 368.

FiQ, 373,
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be produced at any section of the beam will occur when one of

the loads is at the section. When P2 is at section x, the moment
produced there by P2 is equal to the intercept M"2. Also, when

P2 is at X, the moment diagram for Pi is the triangle a-b-c in

Fig. 373, and the moment produced at section x by Pi is given

FiQ. 376.

by the intercept M'2. It therefore follows that M"2 plus M'2

gives the total moment produced at section x when P2 is there.

This value is laid off to scale as M2 in Fig. 374, and the point v

located. When P2 is at various other sections the moment pro-

duced at each of these sections is foimd as just explained, and the

corresponding points t)i-U2 ...«'» are located in Fig. 374. Through

these points a curve is drawn as shown. Now the vertical inter-
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cept between this curve and the base Hne at any section will give

the moment which exists at that section when P2 is there. .

When Pi is at section X2, the moment produced at this section

by Pi is given by the intercept M'l in Fig. 373, while the moment
diagram for P2 is the triangle d-e-f, and the moment produced

at section X2 by P2 is given by the intercept M"i. It therefore

follows that the total moment produced at section X2, when Pi

is there, is M'l plus M"i. This value is measured off in Hg.

375 as Ml and the point u located. When Pi is at other sections

of the beam, the total moment under Pi is found and the points

Ml, M2, . . . Mn are located in Fig. 375. Through these points a

curve is drawn as in Fig. 374. The vertical intercept, in Fig.

375, at any section gives the moment which is produced at this

section when Pi is there.

It should be noted that there is a break at vs in the curve of

Fig. 374, when Pi passes off the right end of the beam, and also

one at U3 in Fig. 375, when P2 passes off the left end of the beam.

In Fig. 376, the curves of Figs. 374 and 375 are shown, drawn on

the same base line, and the curve Gf-h-^-j-k-L, given in part by
the curve of Fig. 374 and in part by that of Fig. 375, is the maxi-

mum moment curve for the given loading. That is, the maximum
moment that can be produced at any section is given by the

vertical intercept between the base line and the curve G-h-^-j-k-L

at the section. For sections over to i this maximum moment
occurs when P2 is over the section, but for sections to the right

of i, the maximum occurs when Pi is at the section. The student

should remember that the same scale must be used in Figs. 369,

370 and 371, also that the scale used in Fig. 372 should be used

in Figs. 373 to 376.

96. Three Concentrated Moving Loads.—When three con-

centrated moving loads with fixed distances between them are

considered, the method shown in Figs. 368 to 376 may be used,

but the construction would be rather complicated. A different

method is shown in Figs. 377 to 380.

Along the load line in Fig. 378 the three loads Pi, P2, and P3
are laid off to some convenient scale, and the pole p, with any
desirable pole distance H, is chosen. Using this pole p, the funic-

ular polygon e-g-h-i-k is drawn in Fig. 379. When the loads

are at the position shown in Fig. 377, the moment diagram is

f-g-h-4-j-f, and the moment produced at any section is given by
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the vertical intercept between the closing line f-j and the funic-

ular polygon f-g-h-i-j, times the pole distance H. Now if the

loads move to another position, the moment along the beam wiU

vary, and a new moment diagram might be drawn. But to draw
this new moment diagram a new funicular polygon would have

to be drawn. In order to avoid this, it is found convenient in

this construction to move the beam in place of the loads. When
the beam is moved a distance x to the left, the same moments
are produced as would be obtained by moving the loads the same

Fig. 377.

iL^l—il

D^

R

Fig. 378. Fig. 380.

distance to the right while the beam remained stationary. The
advantage of moving the beam is that the same funicular polygon

can be used, a new closing string giving the new moment diagram.

When the beam in Fig. 377 is moved to the left a distance x, Ri
is at /i and R2 is at ji, and the new closing string fi-ji completes

the moment diagram fi-g-h-^-ji-fi for the new position of the

beam. The beam is moved to various other positions with respect

to the loads, and the corresponding closing strings drawn. Each

one of these closing strings completes a moment diagram, which

is the diagram for the beam when the loads P3, P2, and Pi are
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directly above g, h, and i, respectively, and the ends of the beam
are directly above the ends of the closing string.

Let a smooth curve m-^-o be drawn tangent to the various

closing strings. Now the maximum vertical intercept between the

curve m-n-o and the funicular polygon e-g-h-i-k, times the pole

distance H gives the maximum moment that can be produced by

the given loads. At the top of this maximum vertical intercept Y,

which is here found to be directly under P2, let a tangent be drawn

to the curve m-n-o and extended until the funicular polygon

e-g-h-4-k is intersected at r and s. These intersections locate

the ends of the beam with respect to the loads, for the case when
the maximum moment occurs. In other words, the maximum
moment that can be produced by the given loading is equal to

the maximimi vertical intercept Y, measured to the scale at which

the beam was drawn, times the pole distance H, and it occurs

under P2 when the distance from P2 to Ri is w. In case the maxi-

mum moment that can be produced at any given section of the

beam is desired, it may be found by a method which wiU be

explained in connection with Fig. 383. In order to illustrate how

El may be found, Fig. 380 is drawn from Fig. 378, using the pole

pi which has a pole distance Hi equal to the length of the beam
and measured to the scale at which the beam was drawn. Fig.

380 is simply a funicular polygon for the given loads with the

a string extended back to the right. Now if we take the inter-

cept wi and multiply it by the pole distance Hi, the first moment
of the loads about R2 wiU be obtained for the case when they are

in the position on the beam shown in Fig. 377. If this moment
is divided by the length of the beam, the reaction Ei will be

obtained. Usually a pole distance is measured in pounds to the

scale at which the force polygon was drawn, and an intercept in

a funicular polygon in feet to the scale of the space diagram.

But the same numerical value would be obtained if the pole dis-

tance were measured in feet to the scale at which the beam was
drawn, and the intercept in pounds to the scale at which the force

polygon was drawn. Now as stated above, R\ is equal to
^"^\
L

but Hi was made equal to L to the scale at which the beam was
drawn. Therefore when Hi is measured in feet to the scale at

which the beam was drawn, Hi and L cancel, and twi measured
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in pounds to the scale at which the loads were laid off in Fig.

378, gives Ri direct.

Suppose the reaction Ri is desired for the case when P3 is just

to the right of the left support. When P3 is just to the right of

Ri, R2 will be a distance L to the right of P3. Then the vertical

intercept 102 is taken at a distance L to the right of P3, and this

intercept, measured to the scale at which the loads were laid out,

in Fig. 378, gives Ri. The methods of obtaining the maximum
reactions and the maximum shear for various sections will be

explained in connection with Figs. 382 and 384.

97. Four Concentrated Moving Loads and a Uniform Dead
Load.—Fig. 381 shows a 40-foot beam which supports a imiform

dead load of 1000 pounds per foot in addition to four concentrated

moving loads with fixed distances between them. The same

method that was used in solving the problem of Fig. 377 wOl be

used here. The uniform load is divided into small slices and an

equivalent concentrated load substituted for each division. These

loads together with the concentrated moving loads are laid off

in order along the load Une of Fig. 382, beginning at A and extend-

ing down to Y. Any pole p with any convenient pole distance

H is chosen and the funicular polygon in Fig. 383 is drawn from

e' on around to /'. The closiag string e'-f completes the moment
diagram for the case when the moving loads have the position

on the beam shown in the figure.

Now when the beam is moved to other positions with respect

to the moving loads, the dead uniform load moves with it, there-

fore the end strings of the fimicular polygon cannot be extended

to the left and to the right, as in Fig. 379. Additional divisions

of uniform load must be represented by vectors laid off above A
and below Y, and the funicular polygon continued to the left of

e' and to the right of /', as shown in Fig. 383. The beam is now
assumed to be shifted back and forth, and ntmierous closing strings

are drawn, as in Fig. 379, and the curve m-^-o is drawn tangent

to them. The maximum moment that can be produced is given

by the maximum vertical intercept between m-^-o and the funic-

tilar polygon, times the pole distance H. The intercepts w and

w' are found to be equal to each other but greater than any of

the other intercepts. This means that when P2 is at a certain

position on the beam, the maximum moment that can be produced

exists under it, and also that an equal maximum moment exists
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under P3 when it is at some other section of the beam. The
position of the loads which will produce the maximum value of

M may be located by drawing tangents to the curve m-^-o at

the ends of the intercepts w and w', as explained in connection

with Fig. 379.

Suppose it is desired to find the maximum moment that can

be produced at any section x-x distant d from the left support.

The points vi, V2 . . . v„ are located on the various closing strings

so that each one of them is a distance d horizontally from the left

end of its closing string. The curve t)i-V2 v„ is now drawn,

and the maximum vertical intercept between this curve and the

funicular j)olygon, times the pole distance H gives the maximum
moment that can be produced at section x-x by the given loading.

This is true because every vertical intercept between the curve

ui-ua Vn and the funiciilar polygon, times H, gives the

moment at x-x for some particular position of the loads on the

beam, therefore the maximum intercept times H wUl give the

maximum moment that can be produced there.

Let it be required to find the maximum reaction that can be

produced at the left end of the beam. Any pole pi is chosen

with a pole distance Hi equal to L to the scale at which the beam
was drawn, and the funicular polygon 1-2-3 ... 6 is drawn

in Fig. 384. When the moving loads are at the .position

on the beara shown in the figure, the load at the left end of

the beam is a-b, therefore the a string is extended back, and the

intercept wi measured to the scale at which the loads were laid

out in Fig. 382, gives Ri. The maximum value of Ri and also

the maximum shear just to the right of Ri, will occur when one

of the concentrated loads is just to the right of Ri. When Pi

is just to the right oi Ri, the string at the left of point 2 is extended

back to the right, and the intercept W2 is taken at a horizontal

distance to the right of point 2 equal to the length of the beam.

This intercept W2 gives Ri for the case when P4 is just to the right

of i2i.

When P3 is just to the right of Ri the string at the left of

point 3 is extended back to the right and the intercept W3, which

is at a distance L to the right of P3, gives the value of Ri. The

load P2 might be placed just to the right of the left support and

Ri found, if there were any reason to think that this position of

the loads would give a larger value for Ri. With the four moving
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loads considered in this problem the maximum value of Ri is

found to be given by the intercept W2, and is produced when Pi

is just to the right of the left support. Also the maximum shear

that can be produced near the left support is equal to the maxi-

mum value of Ri.

Let it be required to find the maximimi shear that can be

produced at any section x-x distant d from the left support.

The shear at this section is always equal to Ri less the load between

Ri and the section, and the maximxmi shear will of course occur

when one of the moving loads is just to its right. This is true

because, as any one of the concentrated loads approaches the

section x-x from the right, the value J?i less the loads between

Ri and x-x increases; but when the load crosses to the left of

section x-x, this value suddenly decreases. When Pi is just to

the right of x-x the load b-c is the last load at the left end of the

beam, therefore the string b will be extended back to the right

and the left reaction i2i is given by the intercept s-t, since the

horizontal distance between this intercept and Pi is equal to L
less d. The load between Ri and the section amounts to 8000

pounds of uniform load, so the shear at section x-x when Pi is

just to its right is equal to the intercept s-t less 8000 pounds, and

is given by the intercept Wi. When Ps is just to the right of

x-x, Ri is given by the intercept Si-ii, while the loading between

Ri and x-x is 8000 pounds of uniform load plus the 20,000 pound
concentrated load Pi. Therefore the shear at section x-x when
Ps is just to its right is given by the intercept 105. Since W5 is

much smaller than Wi, and since P2 and Pi are no larger than

Ps, it is evident that the maximum shear that can be produced

at x-x is given by the intercept Wi and is produced when Pi is

just to the right of the section.

98. A Large Number of Concentrated Moving Loads.—

A

railroad engine crossing a plate girder bridge is a typical example

of a large number of concentrated moving loads. Fig. 385 shows
one of the girders of a 70-foot bridge. The loads from the various

engine wheels are laid off to some convenient scale along the load

hne of Fig. 386, the pole p is chosen, and the funicular polygon
a-b-c . . . fc is drawn in Fig. 387. Numerous closing strings are

then drawn, and the curve m-^-o obtained as already explained.

The maximum vertical intercept w is found to be under the third

drive wheel, as shown, and its length measured in feet times the
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pole distance H gives the maximum moment that can be produced.

This moment exists under Pi when Pi is to the right of 22 1 a

distance equal to the horizontal distance between s and the inter-

cept w, the hne s-t being drawn tangent to the curve m-^-o at

the upper end of w.

In order to find the maximum moment that can be produced

at any section x-x, the points yi-U2 v^ are located on the vari-

ous closing strings so that the horizontal distance between each

one of these points and the right end of its closing string is just

equal to the distance between the section x-x and the right reaction.

The curve t)i-W2-«'3 . v„ is then drawn, and the maximum
vertical intercept between this curve and the funicular polygon

a-b-c . . . k times the pole distance H gives the maximum moment
that can be produced at x-x. The intercepts wi and W2 are here

found to be practically the same, therefore the maximvun moment
that can be produced at x-x exists when either P2 or P3 is at the

section, and it is equal to either wi or 102 times H.

In order to find the maximum shear that can be produced

just to the left of the right support, the pole pi is chosen, in Fig.

386, with the pole distance Hi equal to the span of the girder,

and the funicular polygon in Fig. 388 is drawn, the last string at

the right end being extended back to the left. The maximum
value of R2 and therefore of the shear just to its left wiU occur

when one of the loads is just to its left. First let Pi be placed

just to the left of R2. The value of 722 for this position of the

loads is given by the vertical intercept ws, which is to the left

of Pi a horizontal distance of 70 feet, the span of the girder.

When P2 is just to the left of R2, the load Pi is off of the girder,

therefore the string just to the right of P2 is extended back to the

left, and the value of R2 is given by the intercept W4. When P3

is just to the left of R2 the value of R2 is given by the intercept W5.

Other intercepts should be obtained by placing other loads just

to the left of R2, unless it is evident that the maximum intercept

has been passed. In this problem the maximum intercept is

found to be Wi. This means that R2 has its maximum value when

P2 is just to its left, and this value, which is also the maximimi

shear that can be produced just to the left of R2, is found by meas-

uring the intercept W4 to the scale at which the loads were laid

off along the load line of Fig. 386.

Fig. 389 was drawn from Fig. 386 in the same way that Fig.
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388 was drawn, the difference between the two figures is that

in Fig. 388 the string at the right end is projected back to the left,

while in Fig. 389 the string at the left end is projected back to the

right. Fig. 389 might be used to find the maximum value for

Ri, which would give the maximum shear for the left end, but

only the intercepts for finding the maximum shear at section Y-Y
are shown. The maximum shear at Y-Y will, of course, occur

when one of the loads is just to its right. When Pg is just to the

right of Y-Y, the value of Ri is given by the intercept we, which

is to the right of Pg a horizontal distance equal to the distance

between Y-Y and R2. Since there are no loads between Ri and

Y-Y, the, shear at section Y-Y when Pq is just to its right is equal

to the intercept we- When Ps is just to the right of Y-Y,
the value of Pi is given by the intercept 82-^2 which is to the right

of Pg a horizontal distance equal to the distance between Y-Y
and P2. For this position of the loads the shear at Y-Y is equal

to Pi less Pg, and is given by the intercept tu?. In the same way
the shear at Y-Y when P7, Pe, and P5 are just to its right, is

found to be ws, wg and wio, respectively. When P5 is just to the

right of Y-Y, Pg has passed off of the beam, therefore the string

just to the left of Pg is projected back to the right and the inter-

cept ss-ts taken to it. The maximum of aU of these intercepts is

found to be we. Therefore the maximum shear that can be

produced at section Y-Y is given by the intercept We, and it is

produced when Pg is just to the right of the section.

99. Maximum Shears and Moments in a Turntable.—An
interesting problem is to find the maximum shears and the maxi-

mum moments that can be produced in a turntable when it is

crossed by a locomotive. A diagram of the turntable with its

three supports is shown in Fig. 390, and the engine loads are

laid off to scale along the load line of Fig. 391. Using any pole

p, the funicular polygon K-L-M ... C/ is drawn in Fig. 392,

and the outside strings are extended back towards the center

until they meet at /, locating the resultant of all of the loads.

When this resultant is between P2 and P3 these two supports will

take bearing, and the left end will be an overhanging end; but

when this resultant is between Pi and P2 the support at the left

end, and the one in the middle are supposed to take bearing, while

the right end is an overhanging end. It is reasonable to consider

that the turntable acts in this way with only two supports taking
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bearing at one time, because the center support is usually of

such an elevation that the ttirntable cannot be in contact with

both end supports at the same time.

When the loads are in the position on the turntable shown

in Fig. 390, the moment diagram is L-M-N . . . T-H-J-L, the

closing string being J^H. This is the moment diagram for an

overhanging beam, the intercepts below the polygon K-L-M-N
. . . U giving negative moments, and the' intercepts above

the polygon giving positive moments. The largest negative

moment occurs at R2. If the turntable is moved a distance x

to the left, the closing string becomes Hi-Ji and the moment
diagram is L-M-N-0 . . . T-Hi-Ji-L. The turntable is now
moved to other positions with respect to the loads and the other

closing strings shown are drawn, the resultant of all of the loads

being kept between R2 and R^. The maximtim negative moment
is found to be equal to the intercept w times the pole distance

H, and it occurs when the center support R2 is directly under

the resultant of all of the loads. The maximum positive moment
that can be produced between R2 and Rz is equal to H times

the maximum vertical intercept above the polygon K-L-M . . . U.

This maximum vertical intercept is found to be iwi under the load

P4. The section of the turntable at which the maximimi positive

moment wi times H occurs, may be located in a way similar to

that used in Fig. 387.

The funicular polygon in Fig. 393 is the same as the one in

Fig. 392, except that the closing strings have been drawn for the

case when the resultant of all of the loads falls between 2Ei and

^2. The maximum positive moment that can be produced

between Ri and R2 is equal to H times W2, the maximum vertical

intercept above the polygon, while the maximum negative moment
is found to be H times wa, the length ws being the same as that

of w in Fig. 392.

Let it be required to find the maximum moment that can be

produced at any section Y-Y, distant d to the left of R2. Vari-

ous points i;i-t)2-V3 • • • f« are located on the closing strings in

Fig. 393, so that each of these points is to the left of the right

end of its closing string a horizontal distance equal to d. The
curve t)i-i;2-!'3 . . . «)„ is now drawn and the maximum negative

moment that can be produced at Y-Y is found to be w^ times H,
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while the maximum positive moment that can be produced there

is Wi times H.

Fig. 391.

The reactions may be conveniently found by the use of Fig.

394. In Fig. 391 the pole pi is chosen with the pole distance Hi
made equal to Li, the distance between Ri and R2 and between
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R2 and R3. Using this pole pi the funicular polygon in Fig.

394 is drawn with the end strings extended towards the center

and crossed as shown.

When the loads are in the position on the turntable shown in

Fig. 390, R3 is given by the intercept w' and R2 is given by the

intercept w'l, both measured to the scale at which the loads were

laid out along the load line of Fig. 391. The horizontal distance

between the two intercepts w' and w'l is Li, w' being directly

under R2 and w'l under Rs- If the turntable is moved to the

left a distance xi, R3 is given by the intercept w'2 and R2 is equal

to the intercept w's- The largest possible value of R2 exists

when R2 is directly under the resultant of all of the loads. It is,

of course, equal to the sum of aU of the load, and is given by the

intercept w'i-

Suppose the maximum shear that can be produced just to the

left of R3 is desired. This maxinium wiU exist when one of the

loads is just to the left of R3. When Pi is just to the left of ^3,

the value of R3 is given by the intercept w'5; when P2 is just

to the left of R3 the value of R3 is given by the intercept w'e;

and when P3 is just to the left of R3 its value is given by the inter-

cept w'7. It is now evident that the maximum value of R3 and

therefore of the shear just to the left of R3 exists when P2 is just

to the left of R3, this maximum value being given by the inter-

cept w'e- Fig. 394 may also be used to find the maximum shear

that can be produced at any section of the turntable.

100. Moving Loads on Trusses.—Graphical construction can

be used for finding the stresses that are produced in a bridge

truss, of the type shown in Fig. 395, by engine and train loads

as they move across it. In Fig. 395 the engines are shown moving
across towards the right followed by a uniform train load. The
engine loads, and also the train loads, are laid off along the load

line of Fig. 396, and using any pole p, the funicular polygon

a-b-c-d-e in Fig. 397 is constructed. Then the various closing

strings shown in the figure are drawn.

It is evident that the stress in the member U1-U2 wiU be

equal to the stress in the member L2-L3, but of different sign,

and that the maximum value of this stress will be equal to the

maximum moment that can be produced at section x-x divided

by h, the vertical distance between chords. The points v-^i-

V2 . . . v„ are located on the various closing strings so that each
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one of these points is to the right of the left end of its closing

string a horizontal distance equal to the same distance that the

section x-x is to the right of Ri. The curve v-vi-dz ...«'„ is now
drawn, and the maximum vertical intercept between this curve and

the funicular polygon, measured to the scale at which the beam
was drawn and multipUed by the pole distance H, gives the

maximum moment that can be produced at the section x-x.

This moment divided by the distance between chords, which

is 25 feet for this truss, gives the magnitude of the naaximum

stress that can be produced in U1-U2 and in L2-I/3. Now the

truss was drawn to a scale of 1 in. =20 ft., and H in Fig. 396 was

made equal.to 500,000 pounds, therefore, if the maximum intercept

between v-^i . . . «„ and the funicular polygon is measured to

the scale of 1 in. = 10,000,000 foot pounds, the maximimi moment
will be obtained direct. Also, if this intercept were measured

to a scale of 1 in. = „-' =400,000 poimds, the stress in U1-U2

would be obtained direct. The maximum stress that can be

produced in U2-U3 can be found in a similar way by the use of

the curve W1-M2 . . . w„, which is drawn for the section a;i-<ci

in the same way that «;i-y2 • • v^ was drawn for section x-x.

The maximum stress is found by scaling the maximimi inter-

cept between the curve u-Ui . . . u„ and the funicular polygon,

to the scale of 1 in. =400,000 pounds. This scale is obtained by
multiplying the scale at which the truss was drawn by H divided

by h. The maximum stress that can be produced in other chord

members can be found in a similar way.

The maximum stress that can be produced in the end post

Lg-Us and in the two end panels Lr-Lg of the lower chord will

exist when R2, the reaction at the right end of the truss, has its

maximimi value. The pole pi is chosen with a pole distance

Hi equal to L, and the funicular polygon of Fig. 398 is drawn

with the last string at the right extended back to the left. When
the load Pi is at Lg, R2 is given by the intercept /-/'. When
the load Pi moves to the right, a part of its weight will be carried

to the pier by the floor beams, and this part wiU not affect the

reaction at the end of the truss or the stresses in the truss. In

Fig. 399, a httle force polygon is drawn for the first five loads

using the scale of Fig. 396 and a pole distance H equal to the

length of the floor beams in the panel Ls-Lg. From this force
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polygon the funicular polygon in Fig. 400 is drawn, the right

string beiQg ejctended back. Now when P2 is at Lg, the portion

of Pi going to the pier through the floor beams is given by the

intercept w. Therefore when P2 is at Lg the reaction at the

right end of the truss is given by the intercept g-g'. When P3

is at Ls, R2 is given by the intercept h-h', and when P4 is at Lg

it is given by the intercept i-i'. When Pi is at R2, R2 is given

by the intercept j-f, and just after Pi has passed off of the truss

R2 is given by the intercept k-k'. The intercepts l-l' and m-^m'

give R2 for the case when P5 is at Lg and when P2 is at R2 respect-

ively. The maximum of all of these intercepts which is here

found to be i-4' is the maximum value of R2, and the maximum
stress for C/g-Lg is given by the line i'^n, while the maximum stress

for L7-L9 is given by z-n, both Unes to be measured to the scale

used in Fig. 396.

The maximum stress in Us-hj will occur when the maximum
shear exists in this panel. The shear which exists in this panel

for any position of the loads is equal to R2 less all of the loads

to the right of Lg and less that part of the loads between La and

Lg which is brought to Lg by the floor beams. When Pi is at

L7 this shear is given by the intercept fi-f'i, and when P2 is at

L7 i t is given by gi-g'i. Other points hi, ji, ii and fci may be

located until it is evident that the maximum shear is given in

this case, by the iutercept hi-h'i. Then the maximum stress

in Ug-Lir is given by the line /I'l-rei measured to the scale of

Fig. 396. In a similar way the maximum stress for Lq-U-j is

found to be given by the line h'2-^2- The stress in J/t-Lt is,

of course, just equal to the vertical component of the stress in

C/7-L6. Therefore the maximum stress U7-L7 occurs when

Le-U7 is maximum, and is given by the line h'2-h2. The maxi-

mum stress for any other diagonal and for any other vertical,

except for C/g-Lg and for Ui-Li, can be found in a way similar

to what is given above.

The maximum stress that can be produced in C/g-Lg is found

by the use of Figs. 401 to 403. The stress in C/g-Lg is just equal

to the reactions at Lg from the floor beams between Lg and Lg

and between L7 and Lg. The force polygon for a number of the

heavy engine loads is drawn in Fig. 401, from which the funicular

polygon of Fig. 402 is drawn. These loads are assumed to be

placed at various positions with respect to Lg, and the closing
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strings drawn in Fig. 402, parallel to which the corresponding

closing rays are drawn in Fig. 401. The distance marked off

along the load line in Fig. 401 between the two closing rays for

any given position of the loads, gives the total reaction at Ls,

and therefore the stress in C/g-Lg for that position of the loads.

The maximum of these distances gives the maximum stress in

Us-Ls.

The variation of these distances, as the position of the loading

changes, is shown by the intercepts in Fig. 403, the maximum
of which is Y directly under P4. Then the maximum stress

for Ug-Ls occurs when P4 is at Lg, and is equal to the intercept Y.

Since the truss is symmetrical, it is necessary to find the

maximum stress for the members in only one-half of the truss,

unless there is reason to believe that greater stresses might be

produced in some of the members if the engine and train were

turned end for end. In such a case it may be desirable to find

the maximum stresses that can be produced in each member
by the engine and train crossing in one direction. Then if the

maximum for any one of two corresponding members, such as

U1-U2 and U7-Us, or U2-L3 and C/y-Z/e, is greater than that

of the other, this greater value may be taken for the maximum
of each one.



CHAPTER VII

MASONRY

It is very interesting to study the stresses which exist in vari-

ous parts of a masonry structure, and to consider how they may
vary under different loads. In some cases the determination

of the maximum unit stresses and the distribution of stress is

rather simple, but there are other problems in which it is decidedly

difficult. In the solution of these more difficult problems the

graphical methods are of special value and they can often be used

to advantage in the solution of the simplest problems also.

Ordinary masonry, not reinforced, is usually weak and unreli-

able in tension, so it is customary when analyzing the stresses

in masonry to assume that it can take no tension, that the joints

would open up rather than take tension.

101. Stresses in Rectangular Piers.—Fig. 404 shows a masonry

pier of rectangular cross-section, with P, the resultant of all the

loads, acting at the centroid of the cross-section. In this case

the distribution of stress over the cross-section will be uniform

and the magnitude of the unit stress S wiU be P-r- A, A being

the area of the cross-section.

In Fig. 405, the same pier is shown, but P the resultant of

all the loads has moved a small distance e away from the centroid.

The average stress Sa is of course equal to P -e- A, but since P
acts at the left of the centroid the distribution of stress wiU not

be uniform. The unit stress on the left side of the pier will be

greater than the average, and there wiU be a uniform decrease

towards the right until at the right side the unit stress will be

less than the average. The moment produced by the eccen-

tricity of F is P times e. This moment is responsible for the

increase of stress on the left side and the decrease on the right

side. The amount of this increase Si may be found by the use

M I Pec
of the formula "S" = ~i which may here be written >Si = —^,

in which 7 is the moment of inertia about the axis x-x.

201
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The maximum unit stress Sm is therefore equal to the aver-

age unit stress Sa plus the increase Si caused by the eccentricity

of P, and it may be expressed by the following formula:

P Pee

For a rectangular section, the decrease & is equal to the

increase Si, therefore the minimum unit stress Sm is given by
P Pec

the formula (Sm = -7
f--

The above formulas should be

used only when S2 is less than Sa, as will soon be evident.

In Fig. 406, the eccentricity has increased until the unit stress

on the right side has been reduced to zero. For finding the

maximum and minimum stresses, Sm and Sm, the formulas given

Fig. 404.

above may be used, but there is an easier way for this particular

case; since Si = S2 = Sa the maximum stress Sm is just twice

the average *So and the minimum is zero.

Suppose the value of e is desired for the case when the stress

at the right side of the pier is zero. The expression for Sm is

-J J-,
and when this is equal to zero -j = -y-, and it follows

I
that e =

Ac
In Fig. 407 the eccentricity e is still greater, and if the material

could take tension, a small portion of the right side would have

tension as shown. If this tension could really be carried, Sm
P

. Pec . „ . _ P Pec
Butwould be equal to -j -|

—

j- and Sm

since masonry is weak and unreliable m tension, and it is custom-

would equal -j
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ary to assume that it can take no tension, the distribution of stress

shown in Fig. 407 is not generally used for masonry.

Fig. 408 shows the distribution of stress which is assumed to

exist when the eccentricity is large. A part of the section carries

no stress, the joints tending to open up. When P acts on the

neutral axis Y-Y, the stress volume is wedge shaped, as shown,

Fig. 405.

and of course the resultant load P passes through the centroid

of this stress volume.

The centroid of a wedge is at the third point, therefore if the

distance from the left face of the pier to the action line of P is

d, then the distance from the left face to the axis of zero stress

Fig. 406.

Z-Z is 3 d The area carrying stress is equal to the width of

. P
the pier times 3 d, equals Ai. The average stress is -j-, and,

2P
since the maximum stress, Sm, is twice the average, Sm — ~r-- The

student should remember that Ai is not the cros8-sectional area
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of the pier, but rather that part of the cross-sectional area which

carries stress.

102. Stress Volumes.—The term stress volume is here applied

to a volume used to represent the distribution and intensity of

Fig. 407.

stress over a certain cross-section. In Fig. 404 the cross-section

of the pier a-b-c-d is the base of the stress volume a-b-c-d-e-f-g-h.

The base of a stress volume is always measured in square inches

or square feet, but the dimension normal to the base may be

measured in pounds per square inch or per square foot, or it may
be measured in inches or feet. When the base is measured in

square inches and multiplied by the average dimension normal

Fig. 408.

to it, measured in pounds per square inch, the content of the

volume is obtained in pounds; and the content should be numer-

ically equal to P, since the stress volume represents the stresses

which just balance P. When the base is measured in square

inches and multiphed by the average normal dimension measured

in inches, the content of the volume is obtained in cubic inches.

Each one of these cubic inches represents a certain number of
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pounds such that, when the content in cubic inches is multi-

plied by this number of pounds per cubic inch, a value numer-

ically equal to P wiU be obtained.

The action hne of P always passes through the centroid of

the stress volume representing its balancing stresses because the

resultant of all of these balancing stresses must have the same

action line as P in order to produce equiMbrium. It also follows

that at any place over the section the dimension of the stress

volimae normal to its base, measured in pounds per square inch

to the proper scale, gives the unit stress at that place.

In Fig. 404 the vertical dimension of the stress volume is

P
constant," and is equal to S, which in turn is equal to -j. In

Fig. 405 the vertical dimension on one side of the stress volume

is greater than on the other with intermediate values between.

In Fig. 406 the stress volume is wedge shaped, and in Fig. 407

there are two wedge-shaped stress volumes, the one below the

base line being negative. The content of the large positive

stress volume less the content of the small negative stress volume

should be equal to P, and P should pass through the centroid of

the total volume, the smaller volume being considered negative

in locating this centroid.

103. Problems, Rectangular Piers.—Consider the rectan-

gular pier shown in Fig. 410 with a cross-section 15 by 24 and

with P = 27,000 pounds. When P acts at the centroid o, there

is a uniform distribution of stress and the unit stress equals

P 27 000
-J
= ^- ' „. = 75 pounds per square inch. When P moves toward

the left along the axis Y-Y to the point oi its eccentricity is 2"

and the maximum unit stress Sm is given by the formula

P ,Pec_ 27,000 27,000 X 2 X 12 _„,,„„,'^M-j + -j -15x24+ 3^X15X243 -75 + ^7.5

= 112.5 pounds per square inch.

In hke manner, the minimum unit stress Sm may be obtained

by the use of the formula

_P_Pec_ 27,000 _ 27,000 X 2 X 12 ^ -. _ 07 k^"'~ A I " 15X24 3^X15X243 ~ ^^ ^^'^

= 37.5 pounds per square inch.
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P Pec
When P acts at 02 the eccentricity is 4 in. and S31 = -j + —j-

= 75 + 75 = 150 pounds per square inch, and Sm is found to

be zero. In this case, since the stress along the edge a-6 is zero,

the maximum unit stress Sm could be found by using the formula

„ 2P 2 X 27,000 ,^„ , . ,

(bjbr = -7- = ^g .. g. = 150 pounds per square mch.

When P acts at 03 the eccentricity is 6", also the distance

from the /-d edge of the pier to 03 is 6". Therefore the stress

volume is a wedge, and the distance over to the line of zero stress

z-z is 3 X 6 = 18 inches. The maximum tmit stress Sm is given

, „ ,
2 P 2 X 27,000

by the formula —r- = ^^ .p = 200 pounds per square

inch.

104. Problems, Irregular Piers.—A cross-shaped pier is shown

in Figs. 411 and 412, the dimensions are given and the resultant

load P is 80,000 pounds. When this resultant load acts at 0,

the centroid of the section, there is a uniform distribution of

stress over the pier and the unit pressure is equal to -t- = -'^

= 160 pounds per square inch.

When P moves toward the right over to oi the eccentricity

is 2", and there wUl be an unequal distribution of stress. The
maximum stress Sm wiU be given by the formula

P Pec 80,000 80,000 X 2 X 15 .„ ,_„
J +^ = -Sm - ^oQ- + 24;jgg

= 160 + 99=

259 pounds per square inch.

P Pec
The minimum unit stress Sm equals -j j- = 160 — 99 = 61

pounds per square inch.

When P has moved over to the point 02 the eccentricity is

7 in. In this case the eccentricity is so great that there will be

compression over only a part of the pier section. But the loca-

tion of the axis of zero stress is not known and it cannot be found

as in Figs. 408 and 410, because the cross-section of the pier

considered is not a rectangle. The highest part of the stress

volume will be at the right sile of the pier, and there will be a
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uniform decrease towards the left until the axis of zero stress

z-z is reached.

In Fig. 413, draw the vertical hne 0-6 directly below the right

edge of the pier and from a the inclined line a-d. Now the plan

of the stress volume is that portion of the cross-section of the

pier to the right of the line z-z, and its elevation is the triangle

a-xi-X2 in Fig. 413. The problem resolves itself into locating

the base line a;i-a;2 and from it the line z-z. To start with, we
know that when the location of a;i-a;2 is found the vertical line

Fig
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Fig. 411.

[Abt. 104
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plane fc-fci. The left division will be a wedge, while the right

will be a square in plan and a trapezoid in elevation and its cen-

troid will be directly back of the centroid of its elevation. The
centroids of these divisions are found, and then from them, using

the polygons (a) and ® in Fig. 413, a vertical line containing

the centroid of the volume above ei-fi is located and the inter-

section ci obtained. The line /1-/1' is now drawn representing

the number of cubic inches above ei-fi to the same scale that

/-/' represents the number of cubic inches above e-f.

When the base Hne is at 62-/2, the vertical line containing

the centroid and also C2, is located by the use of polygons ® and

@. The point cs is located in a similar way by the use of poly-

gons (c) and ©. The curve a-c-Ci-C2-C3 is now drawn, and

when a vertical hne is drawn from 02 it is found to intersect this

curve at x, thus locating the base hne a;i-a;2 and from it the line

of zero stress z-z. Also the line X2-x', measured to the scale

used for lines /-/' and fi-fi, wiU give the content of the volume

above the base hne a;i-a;2 in cubic inches. This content is found

to be 2330 cubic inches. Since this volume measured in pounds

80,000
must be just equal to P, each cubic inch represents c^onn = 34.3

pounds. The maxinaum height of the stress volimie is found,

by measuring the vertical X2-a, to be 18 . 2 inches, and since each

cubic inch represents 34.3 pounds, the maximum unit pressure

along the right edge of the pier is 18 . 2 X 34.3 = 625 pounds per

square inch.

105. Kerns.—The kern of the cross-section of a pier or com-

pression member is an area such that, if the resultant load P
remains within it, there will be compression over the entire cross-

section. But when the eccentricity of P is so large that it acts

outside of the kern, a part of the cross-section wiU not have com-

pression. It therefore follows that when P acts at the edge

of the kern, the pressure over the section wiU decrease down
to zero at one edge or one corner. Therefore, if a stress voliune

is assumed, which has for its base the entire cross-section, but

has its normal dimension decreasing down to zero at one edge

or corner, and a vertical Hne passing through its centroid is drawn,

this vertical hne locates a point on the edge of the kern.

Fig. 414 shows the cross-section of a pier 30 inches square.

Assume that the eccentricity of P is such that there is zero stress
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along the edge a-b. When this is the case the stress volume

is a wedge shown in plan as a-h-c-d and in elevation by the tri-

angle of Fig. 415. The centroid of this wedge is at the third

point, and a line passing through this centroid and normal to the

section gives the point oi which locates P. The point oi is there-

fore a point on the edge of the kern. Since the section is a square,

Fig 414.

X

J^
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peculiar shape, its plan is the cross-section of the pier a-b-c-d,

and its elevation is shown in Fig. 416. This volume is divided

into three divisions, two pyramids and a triangular prism. By
the use of polygons and @, a plane containing the centroid

of the whole volume is located. The centroid is found to be

directly above 02 which is found to lie on a straight line con-

necting the two adjoining o'l points. It therefore seems evident

that the kern is a square, the diagonal of which is found to be

10 in. or one-third the length of a side of the pier.

For an explanation of the methods of locating centroids the

student is referred to Chapter II.

If there is a question in the student's mind as to whether

Fig. 417.

the lines o'l-oz in Fig. 414 are straight or curved, it may be answered

by reference to Fig. 417. The cross-section of a square pier is

shown by the parallelogram a-b-c-d. The stress varies from

zero at c to a maximum at a, and the stress at b is different than

the stress at d. The plane c-bi-ai-d divides the stress volume

into two wedge-shaped divisions. The centroids of these wedges

are at the third points, that of the upper division being directly

above / and that for the lower division directly above e. There-

fore the centroid of the whole stress volume must be directly

above some point x on the straight line e-f. The location of

X varies as the ratio of d-di to b-bi, but it will always be on the

line e-f. Therefore the side of the kern for a square pier must

be a straight line.

Fig. 418 shows the cross-section of a hoUow pier, the kern
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for which is desired. When the stress is zero along the edge

a-d, and increases up to a maximum along the edge c-b, the stress

volume has for its base the cross-section of the pier, and for its

elevation the triangle shown in Fig. 419. By the use of poly-

gons ® and @, a plane containing the centroid is found and the

point oi located in Pig. 418.

Fig. 420 shows the elevation of the stress volume for the case

Fig. 420

when the stress is zero at c, increasing up to a maximum at a,

the stresses at b and d being equal. Now by the use of polygons

® and @ the point 02 on the edge of the kern is located. It

is now evident that the kern is a square. Attention is called to

the fact that the kern for the hollow pier of Fig. 418 is larger

than the kern for the solid pier of the same size shown in Fig.

414. This does not mean that the hollow pier is the stronger

but simply that the eccentricity of the load on the hollow pier



Chap. VII] MASONRY 213

may be greater and still have pressure over the entire section.

It could be proved that the sides of the kern in Fig. 418 are

straight lines by drawing a figure similar to Fig. 417.

The cross-section of a triangular shaped pier is shown in Fig.

421. When the stress is zero along the edge a-c, increasing

up to a maximum at b, the stress volume is a pyramid, shown
in elevation by Fig. 422. Making use of the fact that the cen-

troid of a pyramid is at the quarter point of the line connecting

the centroid of the base with the vertex, the point oi, on the edge

Fig. 422.

of the kern is located. Likewise the point 02 is located by the

use of Fig. 423, also 03 may be located in a similar way. It can

be proved that the Hnes 01-02, 02-03 and 03-01 are straight lines

by the use of Fig. 424. Consider the case when the distribution

of stress is similar to that shown in the figure. The stress vol-

ume may be divided by the plane ai-b-c into two pyramids,

the one on top having its centroid directly above /, while the lower

one has its centroid directly above e. Therefore the centroid

of the whole stress volume must be directly above some point x

on the straight Une e-f, the location of x along this line depend-

ing upon the relative lengths of o-ai and b-bi.
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106. Location of Points on the Edge of the Kern Analytically.

—

In some cases it is very easy to determine tlie size of tiie kern

analytically. The minimum stress Sm is given by the formula

P Pec
=r-, and when the resultant load P is at the edge of the kern

A I

this minimum stress is zero.
. P Pec , P Pec

That IS -J j-~ ~ ° ^^^ T ^ "/"•

It follows that the e, which is the distance from the centroid to

the edge of the kern and which we will caU ei, is given by the

expression ei = -j— ^^ order to illustrate how this formula
Ac

may be employed let it be used to locate o\ and 02 in Fig. 414.

For locating oi consider the axis Y-Y. The distance from

Fig. 424.

67,500 = 5 inches, which checks with theto 01 equals
J^ =

900 x 15

graphical result. For locating 02 the axis z-z is considered and

67,500
-y, 21 21 ^ ^•^' '^^'^^the distance from to 02 is -7- — ^^^ .

also checks with the graphical results.

Figs. 425 to 428 show four different cross-sections and their

kerns. The dimensions of these kerns were foimd analytically

using the formula given above. The student should remember

that c in the formula ei = -r- is the distance from the neutral
Ac

axis to the edge or corner of the pier which has zero stress, and

ei is always measured on the opposite side of the neutral axis.

The neutral axis considered is the axis about which the bending

due to eccentricity occurs.

In Fig. 414 the over-aU dimension of the kern along the x-x

axis, and also along the Y-Y axis, is equal to one-third the length
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of a side of the pier, hence the expression that the kern of a square

or a rectangle is the middle third.

A word regarding maximum unit pressure may not be out

• P Mc
of place at this time. The formula (Sjf = -j H—^ may be used

when the resultant load falls within the kern, but should not be

Fig. 425. Fig. 426.

Fig. 427. Fig. 428.

used when P falls without the kern. When the section is a

square or a rectangle and P is without the kern but on a neutral

2P
axis parallel to a side, the formula Sm = —r- may be used, but

Ai
for more comphcated cases the construction of Figs. 412 and

413 should be employed.

The kern for the cross-section shown in Kg. 429 may be found

without much difficulty. Consider the neutral axis x-x, and using
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the formula ei = -j-, the points oi and 02 are located.
Ji. c

In like

manner 03 and 04 are located by considering the neutral axis

Y-Y. In order to locate 05, z-z is assumed to be the axis of zero

stress with the stress increasing directly as the distance from it.

The stress volume is divided into four wedges and the centroid

of the whole volume located as shown. The point 05 is directly

below the centroid. It can easily be proved that the lines 01-04;

04-05, etc., are straight lines, therefore the six-sided area indicated

is the kern,

107. Pressure on Wall Footings.—Fig. 430 shows a vertical

section through a brick wall and concrete, footing. The load

P at the top of the wall is supposed to come from the roof and Pi

from the floor. On the right side there is an earth fill, while on

the left there is a basement; the wall then acts somewhat as a

retaining wall. By the use of polygon @ and Fig. 431, R the

resultant of P, Pi and the weight of the waU above the footing,

is found in action line and magnitude. In computing P, Pi, W,
and Wi, it will be found convenient to consider a one-foot length

of wall. Now there is a horizontal thrust from the earth fiU,

the unit intensity of which is assumed to increase directly as the

depth. A rate of increase of 20 pounds per square foot per foot

was assumed in this case. The resultant H of the horizontal
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Fig. 430. Fig. 433.
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thrust above the footing is found to be 640 pounds for a one-foot

length of wall, and of course it acts at the third point since its

distribution is in the form of a triangle.

The action line of H intersects that of R at x. Then a; is a

point on the action line of their resultant Ri which is given in

magnitude and direction in Fig. 431. The action line of Ri
intersects the bottom of the wall at b, 3.7 inches from its left side.

The plan of the base of a one-foot length of wall is shown in Fig.

432. The upper part of the figure shows the distribution of

pressure between the base of the wall and the top of the footing.

2 P'
The maximum unit stress is given by the formula Su = —.—

Ai

in which P' is the vertical component of Ri. Sm =
11.1X12

= 67.5 pounds per square inch, the 11.1 being three times 3.7.

In order to find the maximum unit pressure and distribution

of pressure between the footing and the soil, the resultant R3
must be found in action Hne and magnitude. The action line

for the weight of the footing W2 intersects the action line of Ri
at c which is, therefore, a point on the action line of R2. R2 is

given in magnitude and direction by Fig. 431. The resultant

of R2 and H2 is now found, and its action line intersects the bot-

tom of the footing at /, 8.5 inches from the left edge of the footing.

A plan of the base of the footing for a one-foot length of wall is

shown in Fig. 433, the upper part of which shows the distribu-

tion of pressure. The maximum pressure on the soil is found to

be 32 pounds per square inch or about 4600 pounds per square foot.

It would be better if the eccentricity of Ri and of R3 were small

enough so that there would be compression over the entire cross-

section at the base of the wall and also at the bottom of the foot-

ing. However, the wall is safe as long as the maximum unit

pressure is not excessive.

108. Retaining Walls.—It was not considered advisable to

include in this volume a discussion of earth pressures. The
student is, therefore, referred to Ketchum's book on Walls, Bins,

and Grain Elevators for the methods of computing the thrust

or pressure exerted by fills against retaining walls. One of the

standard formulas is

n 1 ,0 1 — sin

1 + sm <j>'
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in which P is the total horizontal thrust against the wall when
the fill is level with its top, h is the height of the wall, w is the

weight of the fill per cubic foot, and <^ is the angle of repose for

the fill. The unit thrust p at any distance h below the top of the

fill is given by the formula p = h-w -—;—:—

.

^ ^ ^
1 + sin </)

The drawing in Fig. 434 illustrates a reinforced concrete

retaining wall with an earth fill which is assumed to weigh 100

pounds per cubic foot. Assuming the angle of repose (j) to be

about 42°, the unit thrust is found, to vary uniformly from zero

at the top to 440 pounds per square foot at the bottom. This

horizontal, thrust which is distributed over the back of the wall

is divided into a number of small divisions and an equivalent

concentrated load substituted for each one of the divisions. For

convenience, a portion of the wall 1 foot long is considered in

computing these horizontal loads which are laid off to scale in

Fig. 435. From Fig. 435 the funicular polygon of Fig. 436 is

drawn, giving the moment diagram shown by the shaded area.

The main part of the wall acts as a large vertical cantilever and

the moment which should be provided for at any section x-x is

given by the horizontal intercept z, in Fig. 436, times the pole

distance H of Fig. 435.

In order to find the maximum unit pressure on the bottom

of the footing, the weight of the wall must be found, and since

the fill directly above the right part of the footing rests upon the

footing and helps to resist overturning, its weight must also be

considered. The total vertical load carried by the soil just below

the bottom of the footing is therefore equal to the resultant of

the following forces:

The weight of the footing, P2, the weight of the wall. Pi

plus P3, and the weight of the fill above the right part

of the footing, P4.

The resultant R of these four loads is found by drawing the force

polygon of Fig. 437 and the funicular polygon ©. The resultant

of R and the horizontal thrust H acts through the point b, and

its direction is found in Fig. 437. The action Une of Ri inter-

sects the bottom of the footing at c which is 6 inches to the left of

the center. The vertical component of Ri is resisted by vertical

pressure from the soil, while the horizontal component may be
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Fig. 435.

Fig. 439.
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resisted by friction along the bottom of the footing, by bearing

against the surface g-h, or by a portion of the footing projecting

down below the rest, as shown by the dotted lines in Fig. 434.

If part of the horizontal component is taken up by friction along

the bottom, and the rest by a lower projection such as that shown

dotted, the vertical component wiU act at c with an eccentricity

of 6 inches. The maximum and minimum unit pressures are

found by the use of the formulas,

c
P.Pec

, „ P Pec

'-h'^'-h^-''

in which

in this case.

p p . 1
.

51
Sm = z}rz + -1—7777iT7 = 2174 pounds per square foot.

10.5 TS^UU^J

The minimum unit pressure is found to be 1210 pounds per square

foot, and the distribution of pressure is shown by Fig. 438. The
distributed pressure is divided into small divisions and an equiv-

alent concentrated force substituted for each. The right half

of the footing has, in addition to the upward pressure from the

soil, a downward pressure from the fill above. This downward
pressure is divided into small divisions and equivalent concen-

trated loads substituted. From these loads are subtracted the

corresponding concentrated loads substituted for the distributed

pressure below, and the results obtained are the forces which

tend to produce moment in the right part of the footing. The
concentrated loads which have been substituted for the distrib-

uted pressures on the footing are laid off along the load line

in Fig. 439, from which the moment diagram, shown in Fig. 440,

is drawn. Now at any section Y-Y the bending moment in the

footing is given by the intercept in the moment diagram times

the pole distance H of Fig. 439. Attention should be called

to the fact that the scale has been changed in Fig. 439 below x,

but Hi, measured to the proper scale, has the same value as H.

The moment diagrams. Figs. 436 and 440, show how the

bending moment varies in the various parts of the retaining wall

and its footing, and may be used to advantage in designing the

reinforcement.
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109. Line of Pressure in a Pier.—Consider the pier shown

in Fig. 441 with the thrusts Pi and P2 acting upon it as indicated.

The pier is divided into a number of divisions by horizontal

planes a;i-a;i, a;2-a;2, etc. The resultant force acting on section

a;i-a;i is the resultant of Pi, P2 and P3, the force P3 being the

weight of that portion of the pier which is above section a;i-a;i.

In Fig. 442, the resultant of Pi and P2 is iound in magnitude

Fig. 441. Fig. 443.

and direction, and of course, its action line passes through the

intersection of the action hnes of Pi and P2. The resultant

of this resultant and P3 is found in magnitude and direction in

Fig. 442, and its action Une is located by using the pole p and

drawing the funicular polygon ©.
The total load which the section a;2-a;2 must carry is the

resultant of Ri and the weight of the masonry between a;i-a;i

and a;2-a;2, or in other words R2 is the resultant of Ri and Pi.

R2 is found in magnitude and direction from Fig. 442, and its
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action line must pass through the intersection of the action lines

of Ri and Pi. The action Une of R2 intersects the section a;2-a;2

at g, and the distance from the center d over to g shows the eccen-

tricity of the loading at this section. In like manner R3, Ri, etc.

are found and the points h, i, j, etc., located. Then the smooth
curve f-g-h-i-j-k is called the line of pressure. If a section

c-c is taken at any level, the intersection of this section by the

line of pressure locates the point where the action line of the

resultant of aU the loads above would cut the section. The
distance from the center of the pier over to this intersection

gives the eccentricity of the loading. The eccentricity for the

section c-c ghown in the figure is found to be 6J inches; Fig. 443

shows the maximum unit pressure and the distribution of stress

over this section.

In Fig. 444 a pier is shown which has a number of horizontal

loads appUed at different elevations. The resultant load that

must be carried by section x-x is the resultant of the three forces

Wi, Pi and P2. This resultant is shown in magnitude and

direction as Ri in Fig. 445, and its action Une passes through the

intersection of the action line of Wi with that of Pi plus P2, and

intersects x-x at b. Point b is therefore a point on the line of

pressure. The resultant force that must be carried by section

aJi-xi is the resultant of the three forces Ri, W2, and P3. First

the resultant of Pi and P3 will be found and then the resultant

of their resultant and W2. The resultant of Pi and P3 is shown

as P2 in Fig. 445, and its action line, passing through a, the inter-

section of Pi and Pa, intersects the action line of W2 at point c.

Point c is therefore a point on the action hne of P3, which is the

resultant of P2 and W2, or in other words the resultant force

that must be carried by the section xi-xi. The magnitude and

direction of P3 is found in Fig. 445, and its action Une intersects

the section a;i-a;i at d, which is therefore a point on the line of

pressure or line of resistance.

The resultant force which must be carried by section a;2-a;2

is the resultant of the three forces P3, Pi, and W3 and wUl be called

R5. The action line of P3 intersects the action line of P4 at e,

and the action line of this resultant intersects that of W3 at /,

which is therefore a point on the action line of P5. P5 inter-

sects section xz-xz at g, thus locating another point on the line
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of pressure. In a similar way points j, and L are located and the

line of pressure a-b-d-g-j-L drawn.

At any section m-re, the intersection o with the line of pressure

locates a point on the action line of the resultant force carried

by the section. The distance from the intersection o to the

center of the section is the eccentricity.

110. Masonry Chimneys.—It is interesting to study the

stresses and the distribution of stress in a masonry chimney

Fig. 444. Fig. 445.

under wind load. When a chunney is subjected to a wind pres-

sure there are two sets of forces acting, the horizontal forces

due to the wind and the vertical forces due to the weight of the

chimney. The weight of the chimney above any section can be

found by computing the volume of masonry above the section

and multiplying by the weight per unit volume. In order to get

an idea how the forces due to the wind may be computed, let

Fig. 446 be an enlarged cross-section of the chimney shown in

Fig. 448. Consider the straight-line formula which was used to

find the unit wind pressure for roof surfaces of various slopes.
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The curve a-h-e-d-e shows how the unit normal pressure varies

on the windward side of the chimney when the unit pressure on

^. vertical surface normal to the wind is assumed to be 30 pounds

per square foot. The distributed pressure from the wind is

diAdded into small divisions and an equivalent concentrated load

substituted for each division, considering a portion of the chimney

one foot in height. These forces are laid off in Fig. 447 and their

resultant R obtained, which is foimd to act normal to the diam-

eter a-e and to have a magnitude of 243 pounds. If R is divided

by the length of the diameter a-e, 27 pounds per square foot

is obtained, and the magnitude of R could be obtained by multi-

plying o-e>y 27, It therefore follows that the resultant hori-

^agf^

Fia. 446. Fig. 447.

zontal force acting on any portion of the chimney is given by the

mean diameter times the vertical dimension of the division times

a certain nimiber of pounds per square foot. The niunber of

pounds per square foot that should be used is, of course, propor-

tional to the assumed pressure on a vertical surface normal to the

wind. The value of 27 pounds per square foot found above is

for an assumed pressure of 30 pounds per square foot on the ver-

tical. The reduction from 30 to 27 is very conservative; many

designers make a reduction of one-third which means that 30

would reduce to 20, and one authority even says that the reduc-

tion should be one-half. Experiments have not been complete

enough to give very definite results.

The chimney shown in Fig. 448 is divided into a number of

divisions by sections x-x, a;i-a;i, 0:2-^2, etc. The respective

weights Pi, P2, Ps) etc., of these divisions are computed, also
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the respective resultant forces wi, W2, wz, etc., from the wind.

These forces are used in the force polygon of Fig. 449, and the

points a, b, c, etc., on the Une of pressure, are located in Fig. 448

in the same way that points b, d, g, etc., were located in Fig. 444.

Fig. 449 corresponds to Fig. 445. The line of pressure is now
obtained by drawing the smooth curve a-b-c . . . i-j.

The maximum unit pressure for all sections having the line

of pressure passing through their kern may be found by using

P Pec
the formula Sm = "j "I—f"- But when the Une of pressure is

outside of the kern there will be compression over only a part

of the section and the construction of Fig. 413 should be used.

Of course if the resultant force is just a httle outside of the kern,

P Pec
the error produced by using the formula Sm = -j -\—=- will

be small.

In order to illustrate the method, the maximum unit pressinre

on section Y-Y wiU be found. The section is shown to an enlarged

scale in Fig. 450. The kern is drawn and the resultant load is

found to act outside of it, as shown. In order to find the maxi-

mum unit stress correctly, a method similar to that shown in

Fig. 413 will be used. The line a-c in Fig. 451 may be drawn
at any angle, but an angle of 45° will be found convenient. The
trial base line e-f is drawn and the stress volume above it divided

into small sUces which are shown in plan in Fig. 450 and in eleva-

tion in Fig. 451. The content of each of these divisions is found

in cubic feet, using the scale to which Fig. 450 was drawn. The
values thus obtained are laid off along the load line of Fig. 452

to some convenient scale. The funicular polygon ® is drawn
from Fig. 452, and locates the vertical Une containing the centroid

of the volume above the base line e-f. This vertical line inter-

sects e-f, locating point c, which is therefore directly below the

centroid. P, the vertical component of the resultant loading,

acts at some distance to the left of c, therefore the base line

e-f is too high. The base line ei-fi is taken at a position some-
what lower than e-f and the point Ci located by the use of Fig.

453 and the funicular polygon ®. The point ci is also found
to be a short distance to the right of the vertical line from o,

showing that the assumed base line is still too high. Point C2

is now located on the base Une 62-/2 by the use of Fig. 454 and the
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polygon @. Also point cs is located on the base line 63-/3. A
smooth curve is now drawn through the points c, ci, C2 and C3,

and the vertical line from gives the intersection x which locates

the true base line yi-xi from which the axis of zero stress z-z is

located.

Now measuring to the right of the line a-b, the line /-/' is made
equal to the total content of the volume above the base e-f to

some convenient scale, also the Une fi-f'i is made equal to the

content of the volume above the base line ei-fi to the same scale.

The points f'2 and /'s are located in a simUar way and the Une

a;i-a;'i, measured to scale, gives the content of the volume above

the true base Une yi-xi. This content is found to be about 248

cubic feet.

Now P, the vertical component of the resultant load carried

by the section is found to have a magnitude of 317,000 pounds.

317,000 -^ 248 = 1280 pounds per cubic foot. That is, each

cubic foot of the volume above the base line yi-xi represents

1280 pounds, and, since the height of this volume is 10.3 feet,

the maximum unit pressure is 1280 X 10.3 = 13,200 pounds per

square foot or 91.6 pounds per square inch.

Usually only two trial base Unes in Fig. 451 wiU be necessary

if they are carefully chosen, since the curve C-C1-C2-C3 for short

distances is practicaUy a straight line.

It is interesting to know what the shape of the curve C-C1-C2-C3

would be if it were extended on up to a and also down below C3.

Fig. 456 shows the plan of a chimney cross-section similar to the

one shown in Fig. 450. Various base lines are taken in Fig.

457, and by the use of the force polygons shown in Figs. 459

and 460, and the funicular polygons ®, ©, © • • © t^^ points

a, b, c, . . . i are located and the desired curve drawn. When
the resultant load acts at any point 0, the intersection x locates

the base line y-r-xi of the stress volume from which the axis of

zero stress z-z can be found in Fig. 456, also the line x-l-x'\ at

the right of Fig. 457 measured to scale gives the content of the

volume above the base line yi-xi.

Fig. 458 is a drawing illustrating the appearance of the stress

volume above the base line yi-xi.

111. Line of Pressure in an Arch.—In Fig. 461 a small portion

of an arch is shown. There are three forces acting on this part

of the arch, P3, Pi, and P. Pi is the resultant force exerted
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Fig. 457.
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on the portion shown in the figure by the part of the arch at its

right, while P3 is the resultant force exert,ed by the part of the

arch at its left. P is the resultant of the load Pi and the weight

P2- These three forces are in equiUbrium, therefore they must

be concurrent. If the action lines of any two of them are known,

their intersection locates a point on the action line of the third,

and if the magnitude, direction and sense of any two be known,

the magnitude, direction, and sense of the third can be found

by-^drawing the force polygon ®. Also, since P, P3 and P4
are in equilibrium, any one of them is the anti-resultant of the

others.

In Fig. 462, a larger portion of an arch is shown divided into

Fig. 461. Fig. 463.

a number of small divisions. The forces A-B, B-C, etc., are

supposed to represent the resultant vertical loading carried by
each division including its own weight. Suppose the force P2

has the magnitude, direction, and sense shown in Fig. 463 and

action line passing through in Fig. 462. The resultant of the

two forces D-E and P2 is found in Fig. 463 to be Z)-p, and its

action line passes through the intersection of the action lines

of P2 and D-E. This resultant is the resultant force acting on

the section x-x from the right^ and of course there must be an

equal and opposite reaction from the left which holds it in equiUb-

rium. This reaction is the anti-resultant of the forces P2 and

D-E. The resultant pressure on the section x-x is therefore
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given by the line D-p in Fig. 463, and it acts at di. The result-

ant of C-D and the pressure on x-x is given in magnitude and

direction by the line C-p, and is the resultant pressure on section

aji-xi acting at ci. Also the line 5-p gives the resultant pres-

sure on the section a;2-<i;2 acting at 61 and the Une A-p gives the

resultant force acting on the section X3-X3 from the right, this

resultant being balanced by the reaction Pi which must have

the same action line and magnitude but opposite sense. The
broken line n-bi-ci-di-o may be called the Une of pressure for

the portion of the arch shown in the figure, but the student should

keep in mind that the true line of pressure for a distributed load

is a smooth curve tangent to the various lengths of the broken

line, on the inside. Attention should be called to the fact that

the broken line n-bi-ci-di-o is nothing more than a funicular

polygon for the forces A-B, B-C, etc., passing through the points

o and n, with p of Fig. 463 used as the pole.

The resultant force acting on any section hke x\-xi or X2-X2

is given in magnitude and direction by the corresponding ray

in the force polygon, and it acts at the place where the section

cuts the line of pressure. Having located the point where the

line of pressure intersects the section, the eccentricity may be

measured, and since the magnitude of the force is known, the

maximum unit pressure on the section can be found and also the

distribution of stress.

112. Three-hinged Arches.—A small three-hinged arch carry-

ing a mmiber of unequal unsyinmetricaUy placed loads is shown
in Fig. 464. At the hinges X, Y, and Z there can be no moment
or eccentricity, and the line of pressure must therefore pass

through these hinges. In other words, the hinges locate the

line of pressure, or we might say that they locate three points

on the funicular polygon which represents the line of pressure.

The line of pressure for the arch may be drawn conveniently by
either of two methods: The pole p in Fig. 465 may be located

by finding the reactions Ri and R2, using the regular construc-

tion for the three-hinged arch as explained in Chapter V, or the

construction for passing a funicular polygon through three given

points as explained in Chapter I might be used.

In this particular case the construction for finding the reactions

of a three-hinged arch will be used, and the student should refer

to the discussion on three-hinged arches in Chapter V for a more



232 GRAPHICAL ANALYSIS IAkt. 112

detailed explanation. The loads are laid off in Fig. 465, taking

them in order beginning with A-B, and any convenient poles

pi and p2 are chosen. From pole pi the funicular polygon ®
is drawn for the loads between hinges X and F, and the action

line of their resultant Rl located. By the use of pole p2 and the

funicular polygon @ the action Une of Rr is located.

First we will find the reactions at X and Z-due to Rl, and then

Pig. 464,

those due to 12,. The loads on the left of the arch produce just

two forces on the right half, a reaction at Y and also one at Z.

Since these two reactions are in equihbriimi they must be equal

in magnitude and must have the same line of action. The line

of action must therefore be Y-Z, which is extended until the action

Une of Rl is intersected at S. There are three forces acting on

the left half of the arch, Rl, the reaction at X, and the reaction

at Y. Three forces in equiUbrium must be concurrent, there-
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fore the reaction at X due to Rl must have X-S as its action

line. In Fig. 465, the line A-U is drawn parallel to S-X. and G-U
parallel to S-Z. R'l is the reaction at X due to Rl, and Rl" is

the reaction at Z due to Rl- In a similar way R'r is found to be

the reaction at X due to Rr, and R"r the reaction at Z due to Rr.

Rl the total reaction at X, is the resultant of R'l and R'r, and is

shown in magnitude and direction in Fig. 465; also R2 is the

resultant of R"l and R"t. Now with p as a pole the funicular

polygon in Fig. 464, representing the line of resistance, is drawn

starting at either X, Y, or Z. This polygon if correctly and

carefully drawn wOl pass through the three points X, Y, and Z.

In Fig. 466 a three-hinged arch somewhat similar to the

one in Fig. 464 is shown. The general construction for passing a

funicular polygon through three points will be used for drawing

the line of pressure of this arch. The loads are laid off in order

along the load line of Fig. 467 starting with A-B, and using any

pole p', the funicular polygon Fig. 468 is drawn. Lines are now
drawn down from X, Y, and Z parallel to the action lines of the

loads and extended until the polygon, Fig. 468, is intersected and

the points r, s and t located. In Fig. 467, the Unes p'-w and p'-wi

are drawn parallel to r-s and s-t, respectively, and the points w
and wi located. Then from w the line w-p is drawn parallel to

X-Y, and from toi the line wi-p parallel to Y-Z, and the pole

p located. Using the pole p, the funicular polygon representing

the line of pressure is drawn in Fig. 466, starting at either X,

Y or Z. The polygon will be found to pass through each of the

three points X, Y, and Z, if the work is correctly and carefully

done. For a proof of the construction just used the student

is referred to Chapter I. If the loading on the arch consists of

a number of concentrated loads as shown, the broken line is the

true line of pressure; but, if the loading is a distributed load,

for small parts of which the concentrated loads have been sub-

stituted, the true line of pressiu-e is a smooth curve tangent

on the inside to the various parts of the broken hne. The smaller

the divisions into which the distributed load is divided, or in

other words the closer the substituted concentrated loads are

together, the closer will the broken line representing the Hne

of pressure approach the smooth curve.

The reaction at the left end of the arch is given in magnitude

and direction by the line A-P in Fig. 467, while the reaction at
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to

6
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the right end is given by the Une M-p. The restiltant force

carried by any section Yi-Yi, normal to the axis of the arch,

is given in magnitude by the corresponding ray in Fig. 467. The

j string is cut by the section Yi-Yi, therefore the magnitude

of the resultant acting on the section is given by the line p-J
in Fig. 467. The eccentricity of the resultant load is given by

the distance from the center line of the arch to the point where

the Hne of pressure intersects the section, and is here found to

be 6| inches. The component of the resultant force normal

to the section is found, after scaling the hne p-J', to be 92,000

pounds. Fig. 469 shows the section Yi-Yi, assuming the width

of the arch, to be 36 inches, and since the resultant loading falls

within the kern, the maxitnmn unit pressure on Yi-Yi may be

P Pec
found by using the formula Sm =

"J "I

—

r~- The maximimi

unit pressure is found to be 96.5 pounds per square inch, and

the distribution of stress is shown in Fig. 466.

The maximmn unit pressure at any other section may be

computed in a similar way. There is, of course, one section which

will have a greater maximum than any other section, and the

maximum unit pressure on this section wiU therefore be the maxi-

mum unit pressure in the arch. It is sometimes rather difficult

to locate by inspection the section at which the maximum pres-

sure will occur, since both P and e vary along the length of the

arch and both have an effect upon the unit pressure. It is there-

fore often desirable to compute the pressure at several different

sections in order to be sure that the maximum has been found.

The maximum pressure will not always occur where the eccen-

tricity is greatest, because some other section, which has almost

as large an eccentricity, may have a larger P. In case the load-

ing is distributed, the eccentricity should be measured to the

smooth curve tangent to the various parts of the broken line,

rather than to the broken Une. However, in many cases the dif-

ference would be small.

Fig. 470 shows a section of a three-hinged arch masonry

bridge. The line of pressure and the maximum unit pressure

are desired when the left half of the arch carries a Uve load assumed

to be 200 pounds per square foot. A portion of the arch one foot

wide will be considered in computing the loads. The live load

fill, and the arch itself are divided into small vertical sHces and
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an equivalent concentrated load substituted for the weight of

each shce. These loads are laid off in order along the load line

in Fig. 471, the poles pi and p2 are chosen, and the polygons ®
and (b) are drawn, locating the action lines Rl and Rr. Using

the construction already explained, Ri, R2 and Re are found and

the pole p located. With p as a pole, the funicular polygon

representing the line of pressure is drawn ia Fig. 470, starting

at any one of the three hinges. At the section Y-Y the eccen-

tricity is found to be 4 inches, and by referring to Fig. 471, the nor-

mal component of the resultant force acting on Y-Y is found to

be 55,000 pounds. The maximum imit pressure on the section

Y-Y is therefore 382 pounds per square inch. If there is reason

to suppose that any other section might have a higher unit pres-

sure, its maximum unit pressure should be computed and com-

pared with the maximimi for Y-Y. The greatest maximum
that can be found wUl be the maximum unit pressure for the

arch. After the student has had a Kttle experience finding the

maximum unit pressure in arches, computations at two or three

carefully chosen sections should be sufiicient for determining

the maximum.
113. Three-hinged Arch Symmetrically Loaded.—When a

three-hinged arch is symmetrical and symmetrically loaded, the

resultant pressure at the crown must be horizontal, that is, a

tangent to the line of pressure at the middle hinge or center of

the arch must be horizontal. The construction of the true hne

of pressure for such a three-hinged arch is very simple, as may
be seen by reference to Figs. 473 and 474. The loads are laid

off in order along the load hne in Fig. 474, and using any pole

pi for the forces on the left half of the arch, the funicular polygon

is drawn, locating the resultant. Now there are three forces

acting on the left half of the arch, the reaction Ri, the crown

pressure Re, and the resultant of the loads. From Y a horizontal

line is drawn which is the action line of Re- This horizontal line

intersects the resultant of the loads at 0, and therefore o-X must

be the action Hne of Ri. In Fig. 474 a line is drawn from A
parallel to the action line of Ri and another hne from J parallel

to the action line of Re. These two lines by their intersection

locate the point p. Now if a polygon is drawn, using this

pole and starting at any one of the three hinges, it wiU pass through
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the other two hinges and represent the true hne of pressure for

the arch.

114. Two-hinged Arches.—The advantage of the three-

hinged arch is the fact that it has three hinges or points through

which the line of pressure must pass, and of course only one

funicular polygon can be drawn for a given loading when it is

necessary for it to pass through three fixed points. Therefore

the three hinges of a three-hinged arch make it easy to locate

the true line of pressure. When an arch having only two hinges,

as shown in Fig. 475, is considered, the problem becomes much

more difficult because the two hinges locate only two points on

a b c de -f g h ixj k

">
f>.

Fig. 473. Fig. 474.

the Hne of pressure, and for a given system of forces any number

of polygons can be drawn passing through two points.

The loads are laid off along the load Une of Fig. 476, and using

the pole p', the funicular polygon of Fig. 477 is drawn. Then

taking some point t\ near the center of the arch, the pole pi is

located in the same way that p was located in Fig. 467. Using

the pole pi, a funicular polygon is drawn passing through r, t\,

and s. The pole pi is next moved to p2, then to pa, etc., and a

number of other polygons drawn in Fig. 475 passing through

r and s. Many more might have been drawn. Now the question

arises as to which one of these many polygons represents the

true line of pressure.

115. Two-hinged Arch, Method of Least Work.—An article

by W. M. Smith entitled " True Pressure Line in a Masonry

Arch " is given in the Engineering Record, Vol. 70, page 40L
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The arch shown in Fig. 475 will be solved by the method of least

work which is given in this article.

The total work of resistance in the arch is given by the formula,

M^ -de P^-dcW = smnmation of plus sumination of ^r—j

—

- for the

length of the arch L; in which M is the bending moment at any

asstuned section, P is the total force normal to the section, A is

the area of the cross-section, E is the modulus of elasticity of the

material, I is the moment of inertia of the section, L is the length

of the arch measured along its axis, and dc is a short length of

the arch. If h equals the width of the arch and d is its depth

then I = ^b-d^, and A = b-d, also P-e may be substituted

for M. Making these substitutions and taking a width of one

foot for b, the formula becomes:

P^-e^ dc P2 • dcW = sununation of . , plus summation of .

2 JL Y^d 2 Jb-d

In this formula e and d are to be measured in feet.

Let the arch shown in Fig. 475 be divided into small divisions,

aU of equal length, by planes normal to its axis, and let the length

of each one of these divisions be called dc. Then for the given

arch, dc wiU be constant as well as E, and the above equation

Boay be written

dc r P^-e^ P^l
;r-i^\ summation of , „ plus summation of —- .

Z E\_ xs'

"

d j

dc
Since r—= is a constant, the value of W will be a minimum when2E

p2 . g2 p2
summation of -;

—

tj + summation of -7- has its mim'TnTTm value.
T2- o** d

The value of this expression will, therefore, be found for various

funicular polygons, or trial lines of pressure, and the polygon

which will give' the minimum value is assumed, by the theory

of least work, to be the true line of pressure.

With the pole pi a polygon was drawn passing through r,

ti, and s. At the center of the first length dc, the section 1 is

taken. The eccentricity is measured, also d, and P is found by
reference to Fig. 476. P^ and e^ are computed, also the value

p2.g2 p2
of

3
and of— , and the results recorded in the table of Fig.

W =
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478, as shown in the horizontal line marked 1. P was measured

in thousands of pounds and not in pounds, thus reducing the

size of the numbers in the table. The same computations are

made for the second length or division of the arch, and the results

recorded in line 2 of the table, Fig. 478. Similar computations are

made for aU the other dc divisions of the arch, and by adding
p2.g2

up the last two vertical colxunns ia Fig. 478, sumnoation of
3

and summation of -r are obtained. These two values are added
a

p2.g2
together and the result, which is equal to summation of

,3

P2
plus sununation of ^, is used to locate pomt 1 m Fig. 479.

a

Using the pole p2 of Fig. 476, the second polygon was drawn

in Fig. 475. It passes through r and s and also some point fe

a short distance above h. Usiug this second polygon, the aver-

age e and P are found for the various lengths dc of the arch the

same as was done in coimection with the first polygon, and a

table siniilar to Fig. 478 is noade. By summing up the last two

vertical columns of this second table, which is not shown, and
p2.g2

adding them together the value, svmunation of « ^ ^^
plus sum-

p2
mation of -3- is obtained. Using this value the point 2 is located

in Fig. 479.

Using the poles ps, Pi, and ps of Fig. 476, three more poly-

gons were drawn in Fig. 475, as shown. Then a table correspond-

ing to Fig. 478 is made for each of these polygons and the value,

p2 . g2 p2
summation of ,3 ^ ^^

plus summation of -t- is obtained in each

case.

These values are used in locating points 3, 4, and 5 in Fig.

479. A smooth curve is now drawn through the points 1, 2, 3,

4, and 5 in Fig. 479, and its lowest point locates the place where
p2 . g2 p2

smnmation of ,3^.0 plus summation of -r has its minimum value.

Or, in other words, when a polygon is drawn in Fig. 475, using

a pole px winch is found from Fig. 479 to be about midway between

P2 and p3, the work of resistance of the arch is a minimum and the
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polygon represents the true line of pressure. The correct poly-

gon is shown in Fig. 475 by the full heavy Une.

It is interesting to note that as the pole distance in Fig. 476

becomes shorter and the polygon in Fig. 475 rises, the value of

p2
summation of -j- decreases as shown in Fig. 480, also the value

p2.g2
of summation of ,3 ^ ^^

varies as shown in Fig. 481.

116. Hingeless Arches, Method of Least Work.—The hinge-

less arch presents a more difficult problem than the two-hinged

arch. In the two-hinged arch two points on the hne of pressure

are known, but in the hingeless arch there is no known point

on the line of pressure.

The method of least work may be apphed to such a problem

and a solution obtained, but when the student has finished he

will probably think it was the method of most work for him.

The solution would be similar to that for the two-hinged arch,

except that more polygons and computation would be necessary

because the location of the trial Une of pressure would have to

be varied at the supports as well as at the center. Of course,

by carefuUy choosing the location of the trial polygons, the amount
of work required for the solution of both two-hinged and hinge-

less arches can be reduced. For the former, three or four care-

fully chosen polygons will be sufficient. A number more will,

of course, be required for the hingeless arch. It may be desirable

to draw several polygons from each pole, one above the other.

p2 . g2 p2
The values of svimmation of 35 77^ plus simomation of -r for the

o'' -e- 12 ^ d
polygons from each pole would be plotted and the low point of

the curve found. This low point would be the value plotted

for that particular pole. In case the loading is unsymmetrical,

it may even be necessary to vary the location of the poles, in the

Fig. corresponding to Fig. 476, vertically as well as horizontally.

117. Hingeless Arches, General Discussion.—The method just

given for the solution of the two-hinged arches and for hingeless

arches is rather long and requires a considerable amount of labor.

While it is probably true that no method requiring much less

work wiU give a solution which is theoretically as accurate, yet

there are often cases when a shorter but more approximate method
will give satisfactory results. In many small arches a rather
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approximate location of the line of pressure is considered satis-

factory, especially if there is a waU above the arch, as is often the

case when small arches are used in buildings. It is therefore

usually considered that a small arch is of satisfactory shape if

a polygon for the loading can be drawn which will follow along

the arch, always remaining within the middle third, or more

strictly speaking, within the kern of the arch. Also the cross-

section is considered of sufficient size if the computed unit stress,

using this polygon as the line of pressure, is well within the allow-

able pressure for the material of which the arch is constructed.

If, for the given loading, a polygon can be drawn which will

follow closely the axis of the arch, the shape of the arch may be

said to be exceptionally good. In other words, if, for the given

loading, a polygon is drawn which follows the axis of the arch as

closely as possible, the distance which this polygon deviates from

the axis gives an indication of how well the shape of the arch is

adapted to the loading which it must carry. When a polygon

cannot be drawn which will remain within the middle third, the

shape of the arch is unsatisfactory. The student should remember

that a polygon which follows the axis of the arch as closely as pos-

sible may not be the true line of pressure, but it indicates whether

or not the arch is of proper proportions. The true Une of pres-

sure will probably give a somewhat greater eccentricity than

the polygon which follows the axis as closely as possible; it cannot

give less, and therefore the actual stress will be somewhat greater

than that computed from this polygon.

When an arch is well designed, and is of such a shape as to

permit the drawing of a polygon, for the given loading, which will

follow very close to the axis, the true line of pressure would be

expected to pass a short distance above the axis at the center

and a short distance below the axis at or near the ends. The

theory of least crown pressure, so called, is perhaps a develop-

m.ent from this fact. This theory assumes that the polygon

which represents the true line of pressiu"e is at the top of the middle

third in the central part of the arch and at the bottom of the

middle third at or near the ends. This polygon will give a smaller

crown pressure, or resultant force acting at the center of the arch,

than any other polygon that can be drawn within the middle

third, hence the expression "least crown pressure." This method

is only approximate, for the polygon obtained does not locate
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the true line of pressure; in many cases it will give a greater

eccentricity than the true line of pressure.

Satisfactory designs can be made for small arches by using

an approximate method, if the results obtained from the con-

FiQ. 482. Fig. 483.

i >fi

Fig. 484. Fig. 485.

structions and computation are modified by good judgment.

The designer's judgment will be greatly improved by a study

of the more exact methods.

Large and heavily loaded arches should be very carefully

investigated.

It is of interest to note that heavy loads on the central, part

of an arch cause the line of pressure to rise. An arch heavily
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loaded at the crown is shown in Fig. 483, the polygon illustrating

the shape of the line of pressure being drawn from the force

polygon ©. Under such a loading an arch of this shape would

tend to fail by the formation of cracks, as shown, and by the

crushing of the material opposite the cracks. In Fig. 482

an arch is shown heavily loaded at the haunches. The loads

are laid off in the force polygon ® from which the funicular

polygon illustrating the shape of the line of pressure is drawn.

Notice that under this loading the cracks would tend to form

on the opposite side of the arch from which they would under

a loading Hke that shown in Fig. 483.

118. Solution of an Arch Using Theory of Least Crown Pres-

sure.—Consider the symmetrically loaded arch shown in Fig. 484.

Since the theory of least crown pressure assumes that the line

of pressure is at the top of the middle third in the center of the

arch, and at the bottom at or near the ends, the points X and Z
are located at the bottom of the middle third, whUe Y is located

at the top. The loads are laid off along the load hne of Fig. 485,

pi is chosen, polygon ® drawn, and the pole p located as in Fig.

485. Using this pole, the desired polygon may be drawn passing

through points X, Y, and Z . If the loading were not symmetrical,

the points X, Y, and Z could be assumed and the polygon drawn
using the general construction for passing a funicular polygon

through three points. Or the construction used for an unsym-
metrically loaded three-hinged arch might be used, the points

X, Y, and Z being used in place of the three hinges.

119. Investigation of a Gothic Vault.—An investigation of

a Gothic vault will be found very instructive. Fig. 486 shows

a section of the vault that will be investigated, while Fig. 487

shows a plan looking down from above. The two diagonal

ribs are the supporting ribs and divide the vault into four

equal parts which are filled in by the thin portions of vault

arching over from one rib to the other. Fig. 488 shows a half

section through the center of a diagonal rib ending at column 1.

Sections through the diagonal ribs ending at column 2 would

of course look the same. The thin portions of the vault which arch

over from rib to rib are divided into narrow sUces, as shown in

Fig. 487, each of which acts somewhat as an arch supported

by the ribs. Half sections through these sKces are shown in

Fig. 489. Each slice is divided into small divisions, and the
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weight of the masonry in each division is computed and an equiv-

alent concentrated load substituted for each sUce. These loads

are laid off in a force polygon, and the action line of their resultant

located by choosing any pole and drawing a funicular polygon.

Since the arches are symmetrical and are symmetrically loaded,

the lines of pressure must be horizontal at the center. With this

known, each half section is investigated by seeing if a polygon

can be drawn which will follow reasonably close to the axis of the

arch, or at least remain within the middle third. All of the arches

or shoes are found to be of satisfactory shape, and the approxi-

mate magnitudes of the thrusts R'l, R'2, R'3, etc., which each

sUce deUvers to the rib may be found by scaling the rays R'l,

R'2, R's, etc. in the force polygons ©, ®, ©, etc. For the

investigation of the ribs, consider the half rib extending from

the center of the vault down to column and buttress 1, a longi-

tudinal section of which is shown in Fig. 488. This half rib is

divided into six divisions, as shown in Fig. 487, divisions 2, 3,

etc., being that part of the rib which is in contact with the ends

of shces 2, 3, etc., of the thin portion. Consider the division of the

rib marked 2. There are three forces acting on this division,

the weight of the division itself, and a thrust R'2 from the slice

2 on each side. Let these thrusts R'2 be broken into vertical

and horizontal components, V2 and H2, at the edge of the rib.

The two vertical components thus obtained will be equal and
parallel to each other, therefore their resultant V'2 will act ver-

tically down through the axis of the rib and wUl be numerically

equal to 2 V2. The weight TF2 of this division of the rib will also

act down and may be added to V'2, The two horizontal com-
ponents of the thrusts R'2 are equal and act in the same plane,

but their actibn Hues make an angle of 90 degrees with each other.

Their resultant H'2, which acts horizontally and through the axis

of the arch, is found in magnitude in Fig. 490 and laid off to

scale as shown in Fig. 488. P2, the resultant of W2, V'2 and
H'2, is found by constructing a parallelogram of forces in Fig.

488. This is the resultant loading which acts on division 2 of

the rib. Pi, P3, Pi, etc., the resultant loads on the other divisions

of the rib, are foimd in a similar way.
These loads are laid off to scale along the load hne of Fig. 491.

Using any convenient pole pi, the funicular polygon © in Fig.

488 is drawn and the action line of R, the resultant loading on
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488.

^ i i i i C-i i

Fia. 487. Fig. 489.
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this half of the rib, is located. Since the rib is symmetrical and

symmetrically loaded, the crown pressure must be horizontal.

It is found by trial that a funicular polygon can be drawn which'

will remain within the middle third of the rib. Such a polygon

is shown in the figure. From this polygon and Fig. 491, using;

the pole p from which the approximate line of pressure was

drawn, values for the crown pressure C and the thrust Ti may
be obtained. The resultant thrust Ti passes out into the wall

and buttress at point Z, a dist^ce X above the capitol. The

horizontal and vertical components T'js and T'v, of the resultant

thrust Ti are found as shown in Fig. 491. Now by referring

to Fig. 487, it wiQ be seen that there are two diagonal ribs ending

at each column and buttress. Vertical planes passed through

\the axes of these ribs make angles of 45 degrees with the wall

and an angle of 90 degrees with each other. There is a false

rib or molding projecting below the thin portion of the vault and

running from one column directly across to the , other. '
The

part of this molding which projects below the thin portion was

not considered in finding the thl-ust R'l. The weight of this

molding is therefore found and compared with the weight of

slice 1, and the thrust B7 found by proportion. The molding

along the wall just under the thin portion of the vault is assumed

to be fastened to andcai-ried by the waU.

In Fig. 492 a Section through the wall and buttress is shown,

The magnitude of Th is equal td the resultant of two forces

T'h, acting at 90 degrees to each -othef, plus the horizontal of

,R7. The last force is of course very small. The magnitude
of Tv is just equal to two T'v plus the vertical component of

'

Rt. T, the resultant of Ty and Th, is the resultant thrust of the

vault against the wall and buttress. Since the cross-section of

the column is very small in comparison with the cross-section

of the wall and buttress, and since the highest stress will be along

the outside edge of the buttress, the column will be neglected.

The resultant fbrce acting on section Zi-Zi is found, also

the resultant fOrceS acting on the sections X2-X2, X3-X3, etc.,

Fig. 493 being used. The points a, b, c, d, and e are thus located

and the line of pressure drawn. The roof was here assumed
to be trussed or braced so that the reaction from the roof con-

struction would be vertical. There could be no pushing out
or overturning of the buttress without a large portion of the wall
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Fig. 495. Fig. 496.
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being overturned also. In figuring the weights above sections

Xi-Xi, X2-X2, etc., the wall and buttress were assumed to act

together, and the wall clear over to the window was added in.

However, the masonry under the window was neglected. It

is a question how soon the weight of the masonry and roof above

the window should be added in when locating the line of pressure

for the wall and buttress. In this case the roof load above the

window was added in when the resultant on Xi-Xi was found;

one-half the weight of the masonry above the window was added

in when finding the resultant on X2-X2, and the other half was

added in with the resultant on Xs-Xs, this would seem reason-

ably conservative.

Any section through the wall and buttress might be taken

and its maximum unit pressure found. In order to illustrate

the method, the maximum unit pressure on section Xs-Xs will

be found. This section is drawn as shown in Fig. 495, the wall

over as far as the side of the window being considered. The
vertical component Ps of the resultant force acting on section

X5-X5 is found from Fig. 493 to be about 352,000 pounds. The
same general construction that was used in finding the maximum
unit pressure in a chimney is now applied, and the maximum unit

pressure is found to be 335 pounds per square inch. The length

of wall that should be considered for section Xs-Xs, as shown
in Fig. 495, is a matter of judgment. The masonry under the

window no doubt helps some, but it is safer to neglect it. Actu-

ally, the axis of zero stress Z-Z probably varies sUghtly from the

straight fine, as indicated by the dotted line.

In this solution the ribs and the slices of the thin portion of

the vault were solved, using an approximate method. If a more
exact solution were desired and the necessary time available,

the method of least work might be used.

"Wind pressure may be considered without any serious difficulty

developing.

120. A Study of Domes.—The following is a brief study of

the stresses in domes, but is not an exact analysis. Consider

a hemispherical dome such as is shown in plan by Fig. 497 and in

section by Fig. 498. Let the dome be divided into a number
of small equal slices, one of which is shown in plan to a large scale

by Fig. 499, and in section by the left half of Fig. 500, the line

X-X being the central axis of the dome. Now let the slice shown
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in Figs. 499 and 500 be divided into small divisions by the planes

1, 2, 3, etc. An estimate of the volmne of each one of these

divisions is made and its weight obtained, which weight will be

represented by a concentrated force at the centroid of each division.

The volmne of division d2 niay be foimd approximately by multi-

pljring together the dimensions v, u, and w; the volimie of other

divisions may be fomid in a similar way.

Consider the wedge-shaped division d\. We may say there

are four forces acting, the weight of the masonry, the pressm-e

from the division tfe, and the pressm-e on each side from the

adjoining slices. These two thrusts from the adjoining slices are

equal and horizontal in a hemispherical dome of uniform thick-

ness under its own dead weight, and they act in the same plane.

Their resultant together with the other two forces form a system of

three forces in equihbrium; therefore these three forces must be

concurrent and in the same plane. Take any other division,

say ds, and there are five forces acting, the weight, the two forces

from the adjoining sUces, one on each side, and the two forces

from the adjoining divisions, in this case the divisions d* and de-

Now in Fig. 501 the loads A-B, B-C, etc., are laid off in order

as shown, and in Fig. 500 a polygon is drawn following along

the center line. Parallel to the strings of this polygon, the rays

from A, B, etc., are drawn in Fig. 501 and extended until they

intersect the horizontal from A. The intercepts marked off on

this horizontal line are the resultants of the pressxu-e from the

adjoining slices. The magnitudes of the thrusts P2 and P'2

are found by drawing a line from 1, in Fig. 501, parallel to the

action line of P2 and another line from 2 parallel to P'2; their

intersection gives point b' and determines the magnitude of P2
and P'2- In a similar way the magnitudes of Pi, P3, P4, P'l,

P's, etc., may be found. It should be noted that the forces Pi
to Pio are compression while those from Pn to Pis are tension.

This means that above section Y-Y there is circimiferential

compression, while below this section there is circimiferential

tension. If the material were imable to take tension the cir-

cimiferential stresses below Y-Y would be zero and the line of

pressure would move out to the position of the dotted line, the

rays K to i? all radiating from point 10. This dotted line passes

outside of the masonry shown in section by the left half of Fig.

500, and the dome would therefore be unstable in case the masonry
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could not take tension. It would then be necessary to increase

the thickness near the base, as shown by the right half of Fig.

500. For the portion from section X-X to Fi-Fi, the polygon

was drawn the same as for the left half of Fig. 500, but for the

portion below section Y\-Yi, point 10 in Fig. 502 is used as a

pole, and the polygon representing the line of pressure drawn

as shown.

When a reinforced concrete dome is used the analysis of Fig.
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501 and the left half of Fig. 500 may be used, reinforcing steel

taking the circumferential tension. The reactions at the base

of the dome are vertical in this case.

When an ordinary masonry dome is used, the analysis indicated

by Fig. 502 and the right half of Fig. 500 may be used. In this

case the reaction at the base of the dome has a horizontal com-

ponent which must be taken up in some way by the structure

below.

A dome of the shape shown in Fig. 503 might be analyzed

in a way similar to the methods used for the hemispherical dome.

The thrust at the base might be taken up by a steel ring, as shown

at the left of the figure, or by the structure below.

It will be interesting for the student to study ring domes and

masonry domes together, since the distribution of stress is some-

what similar.

The method given above is approximate, corresponding some-

what to the method of investigating an arch by drawing a poly-

gon which will follow the center hne as nearly as possible. How-
ever the results obtained from this method wiU be instructive,

and when modified by good judgment, should be satisfactory for

designing.

The theory of least work might be used in developing a more

exact method.

The stresses produced by wind would be relatively small.

When studying the effect of the wind the student should keep

in mind the solution of the ring dome under wind loads.



CHAPTER VIII

REINFORCED CONCRETE

No attempt has been made to make this chapter a complete

study of the theory of reinforced concrete. Its purpose is to show

how a number of the problems in reinforced concrete can be solved

to advantage by graphical construction. These graphical con-

structions are of special value when appUed to complicated and

unusual problems, such as eccentrically loaded columns, or beams

with many layers of steel.

It is taken for granted that the student is famihar with some

of the more important assumptions that are usually made in con-

nection with reinforced concrete. We usually consider that the

concrete on the tension side of the neutral axis takes no direct

stress, but that the reinforcing steel takes all of the direct tension.

On the compression side of the beam the compression in the con-

crete is assumed to vary directly as the distance from the neutral

axis. The ratio of the modulus of elasticity of steel to that of

concrete, which is usually denoted by n is taken as 15 for the

common 1:2:4 mixture of concrete; for different mixtures

the value n should be varied from this value in accordance with

standard practice. This means that for a given deformation,

a given area of steel will take n times as much stress as the same
area of concrete, or as much stress as an area of concrete n times

that of the steel. If the area of the steel reinforcement is multi-

plied by 15, assuming n to have this value, and the area thus

obtained substituted for that of the steel, we have what is some-

times called the transformed section. It should be observed

that this new area obtained by multiplying the area of the steel

by 15, can be considered just the same as so much concrete area,

except that it is able to take either tension or compression.

121. Simple Rectangular Beams.—There are perhaps three

types of problems which might arise. First, the beam and the

allowable stresses are given and the allowable moment is required.

Second, the beam and the moment may be given, and the stresses

254
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produced required. Third, the bending moment and the allow-

able stresses may be given, and a design of the beam required.

Consider the beam illustrated in Fig. 504, having dimensions

as shown and being reinforced with four f-inch square bars. It

will be assumed that the allowable fc is 650 pounds per square

inch and that the allowable /« is 16,000 pounds per square inch.

The upper or compression side of the beam is divided into

small sUces. These shces are taken parallel to the axis about

which bending occurs, and the dividing into slices is continued

down until it is evident that the neutral axis has been passed.

The area of the top shce will be called Ai, that of the second

slice A2, etc. Lines are now drawn from the centroids of the

various sUces and parallel to the axis about which bending occurs.

A similar line is also drawn from the center of the reinforcing

steel. The area of the steel is called A„ and this area times n

{n is here taken equal to 15) will be called As„. From the point

X in Fig. 505, a vector is laid off to the right, equal to Asn to

some convenient scale, and to the left of point X another vector

is laid off equal to Ai; then A2, Az, etc., follow in order, after

which the pole p is chosen. It is usually found convenient to

make the line X-p vertical, although this is by no means neces-

sary. From Fig. 505 the funicular polygon Fig. 506 is drawn,

observing the rules for the construction of funicular polygons.

The intersection locates the neutral axis as will now be shown.

Take any intercept Z, in Fig. 506, above the intersection and

parallel to the lines drawn from the centroids of the areas. This

intercept times the pole distance H gives the first moment of the

portion of the beam above the intercept Z about the line Z
extended. Also take any similar intercept Zi below the inter-

section 0, and this intercept times the pole distance H will give

the first moment of the stress-taking portion of the beam below

Z\ about the line Zi extended. Now let the intercept Z be moved
down to the position of the intercept W, and the intercept Zi

moved up to the same position. The intercepts Z and Z\ will

now be equal, which means that about the line W extended the

moment of the portion of the beam above is numerically equal

to the moment of the stress-taking portion below, but is of dif-

ferent sign. Therefore, the line Y-O-j contains the centroid of

the stress-taking portion of the beam, and is the neutral axis.

It should be noted that the areas of concrete below the intersection
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have not been used in obtaining the intersection 0, thus con-

forming with the assumption that the concrete on the tension

side of the neutral axis does not take direct tension.

At a convenient point along the neutral axis, Y is chosen,

and the base Une C-F is drawn in Fig. 507. The line C-D is

measured off equal to the allowable fc to some convenient scale,

and the Une D-Y drawn and extended to 0. The hne G-F is

now measured to the same scale and multiplied by 15; this gives

the stress in the steel when the concrete is stressed up to the

S60f":

Fig.

r - /I. - A, X Asn-^ I *? ? 7 Allowable M-3SSeOO>'Z2.l
800,020"*

Fig. 505.

allowable. In this case G~F times 15 is more than 16,000, which

shows that the steel governs. The line H-F is, therefore, meas-

ured off equal to 16,000 -^ 15 and the Une H-Y-E drawn. C-E
is measured and found to be 560; this means that when the steel

is stressed up to 16,000 pounds per square inch, the maximiun

compression in the concrete is 560 pounds per square inch.

There are compressive stresses in the concrete above the neutral

axis which are assumed to increase uniformly from zero at the

neutral axis up to a maximum of 560 pounds per square inch at

the top of the beam. The stress volume of the compressive

stresses is, therefore, wedge-shaped, and is shown in plan by the
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area i-j-m-^, and in elevation by the triangle C-E-Y. The

average stress is, of course, one-half of the maximum, and it

follows that Re, the sunomation of all of the compressive stresses,

is equal to the area i-j^mM/i times one-half of C-E. This is found

to be 36,400, and it acts at the centroid of the stress volume,

which is \ of C-Y below the top of the beam. The summation

of all of the tensile stresses is equal to F-H times 15 times the area

of the steel and is here found to be 36,000. The summation of

the compressive stresses should, of course, be equal to the sum-

mation of all of the tensile stresses; in the above problem a vari-

ation of 400 pounds or about 1 per cent is found. The allow-

able bending moment is equal to the effective depth times Re,

or times R,, or better yet, times the mean between Re and Rt.

The allowable moment for the given beam is found to be about

800,000 inch-pounds.

Problems of the second type may be solved in a very similar

way. Let it be required to find the stresses produced in the beam
shown in Fig. 504 by a bending moment of 500,000 inch-pounds,

n to be taken as 15. Figs. 505 and 506 would be drawn as already

described, also Fig. 507, except that any convenient length might

be taken for the stress in the concrete, and the corresponding

length for F-H. For these stresses, the resisting moment would

be found. Then, knowing the bending moment which would

produce the assumed stresses, the stresses produced by the given

moment can be easily found by proportion. In the given beam
it has already been found that a bending moment of 800,000 inch-

pounds produces a stress of 16,000 pounds per square inch in the

steel, and 560 pounds per square inch in the concrete. By pro-

portion it is found that a bending moment of 500,000 inch-pounds

will produce stresses of 10,000 pounds per square inch in the steel,

and 350 pounds per square inch in the concrete.

The third type of problem requires constructions which are

slightly different than those already described. Let it be required

to design a beam to carry a moment of 1,500,000 inch-pounds,

the allowable fe being 650 pounds per square inch, /j, 16,000 pounds

per square inch, and n is to be taken as 15. Not only must the

size of the beam be found, but also the amount of steel; and it

should be remembered that the proportion of steel is supposed

to be such that the allowable stress in both materials will be

approximately reached under the given moment. To start with.
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a beam of any convenient size may be chosen. In this problem

a beam 15 inches wide and 27| inches deep, down to the steel,

is assumed; the cross-section is shown in Fig. 508. In Fig. 509

the Une C-D is drawn equal to the allowable fc to some convenient

scale, and G-F is made equal to the allowable /» -^ 15 to the same

scale. Then Y, the intersection of C-F with D-G, locates the

neutral axis for the given stresses. Of course, if too much or

6^0

^t As At. A3 _ fit _ A, ^ ^

X^;

IZISJhOO'

too little steel were used, the location of the neutral axis would

be changed, but the ratio of /c to /» would also be changed.

Having found the location of the neutral axis for the given

stresses, the next step is to find the proper amount of steel. The

compression side of the beam is divided into sUces and lines are

drawn from the centroids of these slices and from the steel as in

Fig. 504. The areas A\, A2, etc., are laid off in Fig. 511, and

the funicular polygon of Fig. 510 is drawn from 2 to 1 and then

down to point 0, where the neutral axis is intersected. The

closing string of this funicular polygon is the Une 0-2 parallel
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to which a line is drawn from p intersecting the load line at Z.

The line Z-X measured to the proper scale gives As„, which,

divided by 15, gives the proper area of steel, As, in this case found

to be 3.16 square inches. The resultant of all of the compressive

forces. Re, is found and located as in Fig. 507, also the resultant

of the tensile forces Rt. The resisting moment of the assumed

beam is then found to be about 24 X 50,650 = 1,215,600 inch-

pounds. This moment is less than the moment which must be

carried. Now the strength or allowable resisting moment of a

reinforced concrete beam varies directly as the width and also

as the square of the depth, the percentage of steel remaining the

same. Therefore, if the beam is to carry a moment of 1,500,000

inch-pounds and is to be 27§ inches deep, from proportion we

find that the width should be about 18§ inches and the steel area

should be about 3.9 square inches. Or if it is desired to keep the

beam 15 inches wide, the proper depth is found by proportion

to be 30.6 inches and the steel area 3.52 square inches.

122. I for Rectangular Beams.—It is of interest to note how

easily the moment of inertia of reinforced concrete beams can

be found by graphical construction. Fig. 512 shows the cross-

section of a beam, the moment of inertia of which is desired. The

compression side of the beam is divided into sUces, Fig. 513 is

drawn, and from it the funicular polygon of Fig. 514, which locates

the neutral axis by the intersection 0. The pole p' is chosen,

by the use of which the funicular polygon Fig. 515 is drawn. Thus

the construction for the moment of inertia by Culmann's approxi-

mate method is completed, and I is given by the formula

I = HH'-V, for the derivation of which see Chapter III. It

wUl be found convenient to take even numbers for H and H'

in order to make the multiplication more simple. In this problem

I is found to equal 150 X 10 X 10.4 = 15,600 inches to the fourth

power. To obtain the area, As„, which was used in finding the

moment of inertia, the area of the steel was multiphed by 15;

therefore, I will be in terms of concrete.

The moment of inertia may be used to find the actual stresses

or the allowable bending moment in the following way; From
M I

mechanics we have the formula -^ = -- When the bending
o c

moment is given and the maximum stress in the concrete is desired,
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the formiila may be written /<
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, and if the stress in the steel

is desired the formula is /» = -y-'-n. When the allowable

bending moment is to be found, the two equations given above,

Fig. 513. Fig. 512. Fig. 514. Fig. 515.

may be solved for M, using the allowable /, and /». The smaller

one of these values will be the allowable moment.

Figs. 516, 517, and 518 show the construction for the moment

of inertia, using Mohr's method. I is obtained by multiplying

the pole distance E by two times the area enclosed by the funic-

FiQ. 517. Fig. 516,

ular polygon in Fig. 518. This area to be measured to the scale

of the space diagram.

123. T-Beams.—The common formulas used for designing

and investigating T-beams neglect the compression in the stem

below the flange. This approximation, of course, produces some
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error; when the stem is narrow and the lower side of the flange

extends down ahnost to the neutral axis, the error is small, but

when the lower side of the flange is a number of inches above

the axis and the stem is large, the error may be considerable

The graphical construction here given takes into account the

compressive stresses that exist in the stem, thus avoiding the

error which exists in the common formulas.

Fig. 519.

•^^r^T^^r^

Gyoio •is-isjso-f, I

/ \ \ / /A
' \ /

Fig. 520.

v
Fig. 523.

As with rectangular beams, three types of problems will be

considered.

The allowable bending moment for the beam shown in Fig.

519 is desired. The allowable stresses are /c = 650 pounds per

square inch, and /, = 16,000 povmds per square inch; re'= 15.

liie compression side of the beam is divided into shces and, after

A,n and the concrete areas A\, A2, A3, etc., have been found.

Fig. 520 is drawn in the usual way. The neutral axis is now

located by the construction of Fig. 521. The line C-Y-F is drawn

and C-D is made equal to 650 to some convenient scale. The
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line D~Y is drawn and extended to G, thus marking off F-G, which

is found to be approximately 1010. This shows that the stress

in the steel is 1010 X 15 = 15,150 pounds per square inch when
the concrete is stressed up to the allowable. When the maximum
stress in the concrete is 650 pounds per squai-e inch, the average

stress over the top shoe, Ai, is found by scahng the Une Ci-Di.

This stress times the area Ai gives the sum of the compressive

stresses carried by the top slice, in this case found to be about 42,800

pounds. Similarly, the average stress over .1^ is found by sealing

the Une C2-D2, and the sum of all the compressive forces over this

slice is found to be 34,900 pounds. The aver!ij>e stress for each of

the other shoes is found, and the sum of all the enniiiressive

stresses on each is obtained by multiplying its arosi by the average

stress. When the sUces ai-e snuvll, the resultant of all the com-

pressive stresses on each shce will act approximately at the center

of the sUces. All of these resultants ai-e laid off to scale along the

load Une of Fig. 523, from which Fig. 524 is drawn locating the

action Une of the resultant of all of the compressive stresses. Re.

The sum of all of the compressive stresses is found to be 1 18,620,

which is sUghtly larger than 118,170, the sum of the tensile

stresses. This checks the work which has been done, showing

that the errors have been smaU. The mean between Re and Rt

is found and multipUed by 26.8 inches, which is the effective

depth jd. The resulting 3,173,000 inch pounds is the allowable

bending moment.

When the beam and moment are given, the actual sti-esses

produced may be found by constructions similar to those shown
in Figs. 519 to 523. The Une C-D may be taken equal to any

convenient stress, and when the resisting moment has been

found for the assumed stresses, the actual stresses produced by
the given moment can be found by proportion, as was illustrated

for rectangular beams.

In order to illustrate how the third type of problem may be

solved, let it be required to design a T-beam to carry a bending

moment of 3,300,000 inch-pounds. To start with, the beam
shown in Fig. 525 by the full Unes wiU be considered, and the

allowable stresses of the previous problem wiU be used. In Fig.

526 the intersection Y locates the neutral axis. Then by means
of Figs. 527 and 528, using the intersection 0, the proper steel

area is found to be about 7.46 square inches. By the use of Figs.
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529 and 530 the resultant of all of the compressive stresses is

located, and using the effective depth thus found, the allowable

moment for the assumed beam is foimd to be approximately

2,976,000 inch-poimds. This is smaller than the given moment,
therefore the beam must be made stroi^er. This might be done

by increasing the width of both flange and stem, in which case

the proper width and steel area could be found by proportion,

or by increasing the width of the flange only. In case the second

6\J6OO0^lf'IOef jF

f-^oy^^,\ 1—f—^ ? •:?«=;

—

^—t-
.

j /
I

Fig. 527. Fig. 532. Fig. 531.

method is chosen, let the width of the flange be increased, say

10 inches, 5 inches on each side. By \ise of Fig. 531 and the

intersection 0\, the proper steel area for this new beam is found

to be 9.2 square inches. Then by use of Figs. 532 and 533 the

action line of the resultant of the compressive stresses is found,

and from it the effective depth. Using this new effective depth,

the allowable moment for the second beam is fotmd. Knowing

the allowable moment for these two beams, the increase in allow-

able moment per inch of increase in width of flange can be found.

With thLs known, the proper width of flange for the given moment
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can easily be determined. In a similar way the proper amount
of steel can be found.

124. / of T-Beams.—The moment of inertia of a T-beam may
be found in much the same way as the moment of inertia of

rectangular beams. First, the cross-section of the beam is drawn

to scale as shown in Fig. 534. Fig. 535 is drawn in the usual way
with some convenient pole distance H, and from it Fig. 530.

I may now be found by multiplying 2 times the pole distance H
by the area inclosed by the polygon o-q-^, or the pole p' may be

chosen and Fig. 537 drawn. Then I = H-H'-V.
125. Double Reinforced Concrete Beams.—By graphical con-

struction, the solution of double reinforced concrete beams is

Fig. 534. Fig. 536. Fig. 537. Fig. 535.

no more difficult than the solution of T-beams. First consider

the case when the beam and the allowable stresses are given,

and the allowable moment is desired. A cross-section of the

beam is shown in Fig. 538, the upper side or compression side

being divided into slices as usual. For convenience, the sUces

are so taken that the compression steel comes at the center of

one of them. The area of the concrete, in this slice containing

the compression steel, is added to 15 times the area of the steel.

Attention should be called to the fact that the compression steel

displaces some of the compression concrete. This should be
taken account of when the areas are computed. Fig. 539 is drawn
in the usual way, and from it Fig. 540 which locates the neutral

axis by the intersection 0. Fig. 541 is next drawn and the result-

ant of all the compressive stresses is found and its action line
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located by means of Figs. 542 and 543. Using the effective

depth, found by scaling to be 26.7 inches, the allowable resisting

moment is found to be about 3,042,500 inch-pounds.

When the beam and the moment are given and the actual

stresses are desired, they may be found by proportion as abeady

explained in connection with rectangular beams and T-beams.

Let it be required to design a double reinforced concrete beam
to carry a given moment. It will be assumed that the allowable

Fig. 538.

«»r-"»r-<<—<^—q—p

—

"^^ s \ \ \

\
\\ ^

Fig. 540rT4^^^'^-^'/^<

Fig. 541.—

P

/ ^\ s TW
V

-^

Fig. 539. Fig. 542.

stresses are jc = 650 pounds per square inch, and /, = 16,000

pounds per square inch, 15 wiU be taken for n. The width of the

beam will be Hmited to 20 inches and the over-all depth to 32§

inches, or 30 inches down to the steel. This beam must be

reinforced so that it can carry a bending moment of 3,200,000

inch-poimds. In Fig. 545 the Hne C-T> is laid off equal to the

allowable stress in the concrete, while the line F-G is made equal

to tr the allowable stress in the steel to the same scale. Then

the intersection Y locates the neutral axis for these given stresses.
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Figs. 546 and 547 are now drawn and the value of A"s„ is deter-

mined in the same way that As„ was found by Figs. 510 and 511.

The value of A"s„ thus found may be divided by 15 and A",

obtained, which is the proper amount of tension reinforcement

to develop the compressive strength of the concrete. With this

amount of tension reinforcement and no compressive reinforce-

ment, the maximum compression in the concrete would be 650

pounds per square inch when the tension in the steel was 16,000

Fig. 546.

^^ \ ^ \ V
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FiQ. 547.

pounds per square inch. Also with this reinforcement the beam
could carry a bending moment of A"s-jd-/s = 4.62 X ?6.23

X 16,000 or 1,939,000 inch-pounds without exceeding these

stresses. But the beam must support a moment of 3,200,000

inch-pounds. The remaining moment, 3,200,000 — 1,939,000 or

1,261,000, must be carried by compression steel and additional

tension steel acting together as a couple. The arm of this couple

is the distance between the tension steel and the compression

steel, in this case 28 inches. 1,261,000 -^ 28 = 45,000 pounds
which is the load that must be carried by the compression steel

and also by the additional tension steel. 45,000 h- 16,000 = 2.81
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square inches, which is the additional area of tension steel required,

and the total area of tension steel required is

2.81 + A", = 2.81 + 4.62 = 7.43 square inches = A,.

The stress in the concrete at the center of the compression

steel is given by Ci-Di in Fig. 545, the stress in the compression

steel is, therefore, 15 Ci-Di. But the compression steel displaces

its area of compression concrete. Therefore, the required area

of compression steel A's, is 45,000 -^ (14 X 534) = 6.02 square

inches.

126. Bending Stresses in Complex Sections.—The graphical

solution is especially well adapted to complex sections such as

are shown in Figs. 548 and 556. Fig. 548 shows part of the cross-

section of a concrete slab which is reinforced with a bar similar

to that used in the " Columbian Floor-System." Although this

type of reinforcing bar is not used very much at present, it has

been used in the past, and occasionally an engineer is asked to

determine the safe load for floors with such reinforcement. The

constructions shown in Figs. 548 to 555 not only solve this par-

ticular problem but they show how other problems of the same

general type can be solved.

In Fig. 548 a 7-inch slab is considered, reinforced with bars

12 inches on centers and of dimensions as shown. A 12-inch

width of slab was used in finding the areas of the various shces,

and the areas found are given at the right of the figure. In the

left column compression values are given and in the right tension

values. The compression value of a slice is the area of the con-

crete plus 15 times the area of its steel, while the tension value

of any shce is just 15 times the area of its steel. Since the steel

has a large vertical dimension, it was necessary to divide the

tension side as well as the compression side into small slices.

In Fig. 549 the compression areas are laid off in order to the left

of X beginning with Ai, while to the right of x the tension values

are laid off beginning with the lowest and taking the others in

order. From Fig. 549, Fig. 550 is drawn in the usual way, the

intersection locating the neutral axis.

In Fig. 551 C-D is made equal to the maximum allowable fc,

in this case assumed to be 500 pounds per square inch, and by

drawing the line D-Y-F the maximum corresponding stress in

the steel is found to be 15 times E-F, which is about 10,500 pounds
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per square inch. The summation of all of the compressive stresses

is found and the resultant located in the usual way, Figs. 552

and 553 being used. In this problem there are a number of

tension-taking sUces. The total tension taken by each of these

slices is computed and the sum of all of these totals gives the sum

or resultant of the tensile forces. The action hne of this resultant

is located by Figs. 554 and 555. The elective depth, which

is the perpendicular distance between Re and Rt, is found by

scaling to be 4.15 inches, and the allowable bending moment

h'

IZ'etec.
I

IS"e. foe. <^ 1^ )>—?>»> FiG- 555.

Fig. 648. , ^ „ ^\ \ / ^'

\.
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/ M' 87OO K 4:l5=36,000"'approK

Fig. 549. Fig. 552. Fig. 654.

per foot of slab is found to be 36,000 inch-pounds, for the case

when the allowable compression in the concrete is 500 pounds

per square inch. The allowable bending moment for any other

allowable stresses could be computed by proportion, or for any

given moment the stresses could be found.

The moment of inertia for the above section is given as follows:

I = 2-H times the area enclosed by Fig. 550. With the moment
of inertia known, Cc and Cs could be measured, and the allowable

moment computed without drawing Figs. 551 to 555.

Fig. 556 shows a circular section with reinforceing rods

uniformly spaced around it near the outside. In this case it is



Chap. VlII] REINFORCED CONCRETE 269

found convenient to divide the compression side of the beam into

small slices as usual, from the centroids of which the lines parallel

to the axis about which bending occurs, are drawn. The areas

of these shces are computed by multiplying the width by the mean
length, and for convenience, the concrete displaced by the steel

is not deducted. Therefore, the areas thus obtained for the shces

give the area of the concrete plus one times the area of the steel.

Lines are now drawn from the steel rods on the compression side

of the beam and they are considered as representing areas 15—1
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Other unusual beam sections could be handled in just the same

way as the section shown in Fig. 556, the only difference would

be in the areas of the slices.

127. Combined Stresses.—In reinforced concrete work it

is not an uncommon thing to meet with structural members which

carry both direct and bending stresses. That is, they must resist

both an axial load and a bending moment. Some building laws

require that wall columns supporting flat slabs be designed to

carry a certain bending moment in addition to the direct load.

Any combination of direct load and bending may be represented

by an eccentric load P, P being equal to the direct load, and P
times the eccentricity being the moment.

Problems deaUng with combined stresses may be divided into

two large classes. When the bending moment is relatively small,

there wiQ be compression over the entire cross-section. But as

the moment increases with respect to the direct load, the com-
pression on one side will decrease until zero is reached. If the

relative value of the moment still increases, there will be tension

over a part of the section and this tension is assumed to be taken

by the steel.

Now the problems of the first class, that is, those in which
there is compression over the entire cross-section, can be easily

solved by analytical methods. The maximum stress in the con-

P Mc
Crete is given by the formula /« = T + ~r> ^ which A is the

area of the concrete plus 15 times the area of the steel, M is the

moment about the center or neutral axis of the entire section,

and I is the moment of inertia of the entire section, all of the

concrete being considered and the area of the steel multiphed by
15. This J may be found either graphically or analytically, but
it should not be confused with the moment of inertia as found
for reinforced concrete beams where the concrete on the tension
side of the neutral axis is neglected.

In the second class will be placed those problems in which
there is tension over a part of the section. For problems of tUs
kind the above formula cannot be used because it is assumed
that the concrete cannot take tension. Of course, when there
is tension only over a small part of the section, the error in using
this formula would be small, but when the axis of zero stress

moves farther in, the error would become considerable. Such
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problems can be solved by analytical methods when the sections

are not too comphcated; but when there are rods on all four sides,

or when a hoUow circular section such as is shown in Fig. 574 is

considered, an analytical solution becomes more difficult.

128. Eccentrically Loaded Columns.—In order to illustrate

how such problems can be solved by graphical construction,

consider the column section shown in Fig. 564. This column

is 24 inches square and is reinforced with 16 one-inch square

bars placed as shown. The column carries a direct load of 100,000

pounds in addition to a bending moment of 1,150,000 inch pounds

about the center. Both the bending moment and direct load

can be represented by an eccentric load P of 100,000 pounds

acting II5 inches off center, as shown in the figure. It will be

assumed that the outside IJ inches of concrete is for fire-proof-

ing and it will not be considered in computing the stresses.

The effect of the bending moment will first be found, and to

it win be added the effect of the direct load. As usual, the com-

pression side is divided into small sUces parallel to the axis about

which bending occurs. From the centroids of these sUces the

customary Unes are drawn and parallel to them the fines from the

tension steel. Figs. 565 and 566 are drawn and the neutral axis

located by the intersection in the same way as for beams. In

Fig. 567 the line C-E is drawn and C-D is made equal to any

convenient number of pounds per square inch, in this case 400.

The line D-Y is next drawn and extended to F. Re and Rt are

both computed and their action fines located by Figs. 568 to

571. The mean between Re and Rt times the effective depth

gives 1,064,000 inch-pounds, which is the bending moment that

must be exerted to produce a stress in the concrete of 400 pounds

per square inch. Now for the eccentric load P we can substitute

a load of the same magnitude Pi acting at the neutral axis Y, and

a bending moment of 900,000 inch-pounds. It should be noted

that this moment is the moment about the neutral axis and

not the moment about the center. Since a moment of 1,064,000

inch-pounds produces a stress of 400 pounds per square inch in

the concrete, a moment of 900,000 inch-pounds will produce a

stress of 338 pounds per square inch. The line C~H is measured

off equal to 338 pounds per square inch, and the fine H-Y-G is

drawn. The effect of the moment about the neutral axis has
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now been obtained; it remains to find what will be the effect of

Pi acting at the neutral axis.

A direct load appUed at the centroid of the stress-taking area,

that is, at the neutral axis, will produce a uniform stress over

the area, or in other words, the base Kne C-E would be moved
to the left. The compression over the area that now has com-

pression would be increased, the tension in the tension steel would

be decreased, and a small area of the concrete below the neutral

axis would be subjected to compression. But how far to the

left will the load of 100,000 pounds move the base line C-E?
This is determined in the following way: The base line C-E is

moved 100 pounds per square inch to the left, to the position

Ci-Ei, and the corresponding load required near the neutral

axis is computed. This load is equal to the increase in the com-

pressive stresses over the old compression area, plus the decrease

in the tensile stresses, plus the new compressive stresses below

the neutral axis. The increase iu the compressive stresses is

given by the area of the concrete above the neutral axis plus

15 times the area of the steel above the neutral axis, times the

distance C-Ci. The new compressive stresses are given by the

new compression area below the neutral axis times | C-Ci, or

times 50 pounds per square inch in this case. The decrease in

the tensile stresses may be taken as 15 times the area of the steel

below the neutral axis times C-Ci. The nimierical sum of these

three values will give the load which when appUed near the neu-

tral axis will move the base line C-E 100 poimds per square inch

to the left, to the position Ci-Ei. This sum is found to be 42,700

pounds, and it is measured off along the fine Ci-m, to some con-

venient scale, and the point m is located.

In the same way it is found that when the base C-E is moved

200 poimds per square inch to the left, to C2-E2, the corresponding

load near the neutral axis is 90,000 pounds. The line Cz-n is

made equal to this value using the same scale that was used for

the hne Ci-m. Also it would take 143,000 pounds to move the

base line 300 pounds per square inch to the left. The curve

C-m-n-s is now drawn, and the vertical intercepts between this

curve and the Una C-Cz, measured to scale, give the necessary

load near the neutral axis to move the base line to the position

of the intercept. The line t-u is now drawn parallel to C-C3

and distant 100,000 pounds from it. This hne intersects the
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curve s-n-m-C at r, and from r the line r-X-Z is drawn. This

Une X-Z is the base line for the given load and the intersection

w locates the axis of zero stress, above which there is compression

and below which there is tension. The direct load increases

the compression in the concrete by C-X, which, added to the

stress produced by the moment, gives a maximum stress in the

concrete of 558 pounds per square inch. The maximiun stress

in the tension steel may be found by multiplying the line G-Z
by 15.

The correctness of the results obtained may be checked in

the following way : The resultant of aU of the stresses in the column

just balances the eccentric load P- That is, the sum of all of the

compressive stresses measured to the base line X-Z, less the sum
of all of the tensile stresses should equal P or 100,000 pounds,

and the action hne of the resultant of all of these stresses should

coincide with the action Une of the eccentric load P- The aver-

age stress over each of the various sUces is obtained from inter-

cepts between the lines X-Z and H-G, and these average stresses

times the areas of the corresponding slices give the forces acting

on the various slices. These forces are laid off to scale along

the load line of Fig. 572. Beginning with the compressive force

on the top slice and starting at A, the compressive forces are

laid off in order, the last compressive force reaching the point B.

From 5 to C the tensile forces are shown and the pole p is changed

to pi with the same pole distance. A-B less B-C is foimd to be

approximately 100,000 pounds. From Fig. 572, the funicular

polygon in Fig. 573 is drawn, locating -the action line of the

resultant. This action hne varies from the action line of the

eccentric load P by a very small distance d, showing that the

results obtained are only sUghtly in error.

It might be well to call attention to one place where an
approximation has been made. When the base Une is at C-E,
the point Y is at the centroid of the stress-taking area. There-

fore, a load appUed at Y would tend to move the base Une directly

to the left parallel to its original position. But when the base

Une moves to the left, an ever-increasing area of concrete below
the neutral axis begins to take compression. Therefore, the load

ought to act a short distance from Y on the tension side of the

column in order to keep the base line paraUel to its original posi-

tion. This distance, which increases as the base line moves
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farther to the left, is small and may be neglected when the dis-

tance C-x is not too large; it is equal to di when the base Hne

has been moved to the position X-Z, as shown in Fig. 567. The
fact that Pi was assumed to act as Y, in place of a distance di

below y, causes a shght error in the stress produced by the bend-

ing moment. In this case the error produced in /c was about

8 pounds per square inch, or a Httle more than 1 per cent of the

final result.

The distance di and the amount of the error were found in

the following way: It is only the compressive stresses in the con-

crete below the neutral axis that tend to puU the resultant of the

resisting stresses below Y. When the base hne is at the position

shown in the figure by X-Z, the area of concrete below the

neutral axis-taking compression is 110 square inches. The result-

ant of the compressive stresses on this area is found to be about

12,000 pounds, and it acts along the line ^^-y distant from the

neutral axis 1.76 inches. The remaining 88,000 acts along the

neutral axis, and the resultant of these two forces is found to

act .21 inch below the neutral axis; that is, di in this case

is .21 inch. When the distance di is added to the arm used in

finding the moment, the bending moment, and also the stresses

produced by the bending moment, will be increased proportionally.

This increase is here found to be 8 pounds, which is the error

produced by the approximation we have been considering.

129. Reinforced Concrete Chimneys.^—A reinforced concrete

chimney under wind load gives an interesting problem, especially

when the wind load is large enough to produce tension over a

part of the section. Consider a cross-section of a chinmey of

dimensions as shown in Fig. 574, reinforced with 32 one-inch

square bars and carrying an eccentric load of 500,000 pounds,

as indicated. For the construction of the Une of resistance of

a chinmey and for a general discussion of masonry chimneys,

see Chapter VII.

The solution of this problem is ver> similar to that of the

eccentrically loaded column. The compression side is divided

into small shces and Figs. 575 and 576 are drawn as already

explained, the neutral axis being located by the intersection 0.

Fig. 577 corresponds to Fig. 567, and the stress in the concrete

produced by the bending moment about the neutral axis is found

to be 330 pounds per square inch. In finding this value, the ordi-
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nary method and Figs. 578 to 581 were used. The line C-H is

made equal to 330 pounds per square inch and the Une H-Y-G
drawn.

The base hne C-E is now shifted to the left, to the positions,

Ci-Ei, C2-E2, and C3-E3. The values for Ci-m, C2-^, and Cs-s

are computed and the curve C-m-n-s drawn. The intersection

r locates the base line X-Z and the maximum stress in the con-

crete H-X is found to be 605 pounds per square inch. Figs. 582

and 583 correspond to Figs. 572 and 573, and give a check.

In case the eccentricity of the loading were such as to produce

compression over the entire section, the maximum compression

P Mc
in the concrete could be found by using the formula /c — 'j '\—r •

in which A is the area of the concrete plus 15 times the area of

the steel, M is the moment about the neutral axis of the entire

section, and I is the moment of inertia of the entire section, all

of the concrete being included.

The moment of inertia of the section shown in Fig. 574, not

considering the concrete on the tension side of the neutral axis,

is equal to the pole distance H times twice the area enclosed by
Fig. 576. This moment of inertia should not be confused with

the I in the above formula.

It may be well to make clear the difference between the I

in the above formula and the I as usually found for reinforced

concrete beams. Fig. 584 shows the cross-section of a reinforced

concrete colunan, the moment of inertia of which is desired when
the outside inch and a haK is neglected. By the use of Figs.

585 to 587 the I is found for the case when the concrete on the

tension side of the neutral axis is not considered. This is the /

which would be used to find the stresses produced by a bending

moment before any direct load has been apphed. Figs. 588 to

590 show the construction for finding I for the case when all of

the concrete is considered. It should be used for finding the

stresses produced by a bending moment only when there is, acting

with the bending moment, a direct load large enough to keep

most of the cross-section under compression.

Any columin, no matter how compUcated and irregular its

cross-section or how eccentric its loading, can be solved by the

methods given above.
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130. Deflection of Reinforced Concrete Beams.—The same

general constructions that were employed in Chapter IV to find

the deflections of steel and timber beams may be used for rein-

forced concrete beams.
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Fig. 592.
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Fig. 694. Fig. 595. Fig. 598.
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Consider a T-beam of 30 foot span and carrying a loading

as shown in Fig. 591. The force polygon shown in Fig. 592 and

the moment diagram, Fig. 593, are drawn as usual. The moment

diagram is divided into sUces, the areas of which are laid off along

the load hne of Fig. 601, and from the centroids of these sHces

the vertical hnes are drawn. In order to compute the pole dis-

tances in Fig. 601, it is necessary that the moment of inertia of

the T-beam be found. By the use of Figs. 594 to 597, the I of

the central portion of the beam is found to be 32,700 inches*,

while by the use of Figs. 598 to 600 the I at the ends, after the

two rods have been bent up, is found to be 22,400 inches*. Using

these values of I, which are in terms of concrete, the pole distances

H' and H'l are computed, using the formula,

, ,.
E-I

pole distance = r;
,H-n-a

in which n is any convenient number such as 2, 4 or 5, and E is

the modulus of elasticity of concrete, which is about 2,000,000

when the ratio of Es to Ec is 15.

From Fig. 601 the funicular polygon of Fig. 602, which repre-

sents the elastic curve, is drawn, and the vertical intercepts

between this curve and the hne m-m' give n times the deflection,

the value of n being that used in the formula to compute H'

and H'l. The maximum deflection is found to be about .48 of

an inch.

The student is referred to the Chapter on Beams, Chapter IV,

for a more detailed explanation of the construction of the elastic

curve. Reinforced concrete beams which are fixed at one or

both ends, those having overhanging ends, and continuous rein-

forced concrete beams with unequal spans and a comphcated

loading, may be solved by the construction given in Chapter IV.

It should be noted that a variation in the moment of inertia,

caused by a change in the cross-section of the beam, or by a change

in the amount or location of the reinforcement, produces no dif-

ficulty. It is necessary only to find the correct J for each of the

various pole distances. If, in the judgment of the designer, a

portion of the concrete on the tension side of the neutral axis

should be considered effective in resisting tension, that part of

the concrete should be used when finding the moment of inertia.



CHAPTER IX

DESIGN

The designer's work is only half complete when the loads

and stresses are found, the choice of sections and the indication

of details being a very important part. Previous chapters have

considered loads and stresses rather than actual design, this

chapter wiU, therefore, give special attention to the design of

sections and details. The proper use of good tables and diagrams

saves a great amount of time and labor. One of the objects of

this chapter will, therefore, be to illustrate and explain the use

of a few such labor saving devices.

131. Design of Beams.—In Chapter IV very little is said

regarding design, attention being devoted to moments, shears,

reactions, and deflections. The present article wiU deal with a

few problems of design, will refer to various tables and diagrams,

and will consider some points of interest not covered in Chapter

M I
IV. We will start with the general formula -^ = -, in which

o c

M is the bending moment in inch-pounds, I is the moment of

inertia of the section, S is the unit stress, and c is the distance

to the fiber which has the stress S.

In Fig. 603 the rectangle a-c-g-h shows a typical cross-section

of a rectangular beam, x-x being the neutral axis about which

bending occurs. From Mechanics we know that the stress

increases directly as the distance from the neutral axis, this fact

is illustrated by the diagram m-^-o-r-p. The line m-n repre-

sents the maximum compressive stress Sc to some convenient

scale, and r-7? the maximmn tensile stress Si to the same scale.

Also it is evident that any intercept w or wi, between the Unes

n-r and m-p, at distance z or zi from the neutral axis, gives the

stress in the fibers at this distance from the neutral axis. In

fact the direct stresses in a beam may be represented by two

stress volimies, one positive on the compression side of the neutral

axis and the other negative on the tension side. For a rectangular

281
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beam with bending about an axia parallel to one of the sides,

these two stress volumes are wedge-shaped, as shown in plan

by a-cr-f-e and e-f-g-h, and in elevation or side view by m-^-o

and o-p-r (see Fig. 603).

The resultant of all the compressive stresses passes through

the centroid of the upper stress volume, and the resultant of all

the tensile stresses passes through the centroid of the lower stress

volume. Since these volumes are wedges,* their centroids will

be at their third points, and the effective depth is found to be

fd. The resisting moment of the beam may be found by multi-

plying Re or Rt and the effective depth together, this product

being the moment of the couple formed by Re and Ri. The mag-

FiG. 603.

nitude of Re is equal to area a-c-f-e times ^Sc, and the magnitude

of Rt is equal to area e-f-g-h times JSi. The magnitude of Re

must be equal to that of Rt for all beams, but *Sc will be equal to

St only when Ce is equal to Cj.

The resisting moment of the beam is also given by the formula

I -SM — . When c is the distance to the outermost fiber and
c

S is the allowable unit stress, the formula gives the maximum
allowable resisting moment. In most handbooks there are tables

giving the value of - for a larger number of different beam sec-

tions, c being the distance to the outermost fiber. When the

designer has determined the bending moment he may divide

M
it by the allowable stress and obtain — . M -i- S is equal to the
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required -, and a beam may be picked out from the table which
c

has this required -. The value - is often called the section
c c

modulus of the beam. In some handbooks the section modulus
is denoted by the letter S, and some other letter used for the unit

stress.

Fig. 604 shows the cross-section of a rectangular beam and
the shaded area indicates what is sometimes called the effective

area. It is an area such that w : g-h :: zi : z, w being any
intercept parallel to the neutral axis and distant zi from it. The
length g-h is, the width of the beam section where w is taken,

and 2 is the distance to the outermost fiber. When Cc and Ct

m

Fig. 604. Fig. 606.

are not equal, z is equal to the larger of the two. An important

thing about the effective area is that the centroid of the part

above the neutral axis is at the same distance from the neutral

axis as the resultant of all the compressive forces. Also the cen-

troid of the effective area on the tension side of the neutral axis

is the same distance from the neutral axis as the resultant of the

tensile stresses. In other words, the effective depth of a beam
may be obtained by finding the vertical distance between the

centroid of the effective area above the neutral axis and the cen-

troid of the effective area below.

In addition to the direct tensile and compressive stresses,

there are other stresses produced in a beam, such as vertical

shear, horizontal shear, diagonal tension, and diagonal compres-

sion. One of the important things to keep in mind regarding

these four stresses is that their unit intensity at any given point
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is the same. Consider dx, any small rectangular parallelepiped

of the beam with each end a small square and with a length equal

to the width of the beam. The vertical forces shown represent

the vertical shear on the two vertical sides. When dx is very-

small the forces on these two vertical sides may be considered

equal. In hke manner the two horizontal forces which repre-

sent the horizontal shear on the two horizontal sides may be

considered equal. There are two couples acting on dx, one

consisting of the two horizontal shears and the other of the two

vertical shears. Since dx is in equilibrium these two couples must

produce the same moment, and since the vertical dimension of

dx is equal to the horizontal dimension, H must be equal to V.

3:
'1

^^

TTdy

@

^2-^^

^X,
//

^ f}

c\

©
Fig. 605.

Also since the area of the side on which H acts is the same as the

area of the side on which Y acts, the unit horizontal shear must

equal the unit vertical shear.

Now each one of the R and Y forces shown in Fig. 605 ©
has a component normal to the diagonals a-c and h-d, as shown

in Fig. 605 ®. Also each one of these components is equal to

.707 of the original forces. These components may be combined

as shown in Fig. 605 ©. each one of the four forces here indicated

being equal to 1.414 of the original forces. Or we may say that

the tension which must be resisted by the plane h-d is equal to

T, which in magnitude is 1.414 times as large as H or Y. Also

the compression C which must be resisted by the plane a-c is

1.414 times as large as H or Y. But the area of a-c equals the
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area of b-d equals 1.414 times the area of a-b or b-c. Therefore,

at any point of the beam the unit diagonal compression equals

the unit diagonal tension equals the unit vertical shear equals

the unit horizontal shear.

Another important point in connection with shears and
diagonal stresses is their distribution over the cross-section of

the beam. For a rectangular beam the distribution may be
indicated by a parabola, as shown in Fig. 606. This means
that the unit horizontal shear and also the unit vertical shear

increases from zero at the top to a maximum at the neutral axis

and then decreases down to zero again at the bottom. The maxi-

mum unit ahear for a rectangular beam is f the average. The
distribution of shear, of course, varies greatly with the shape

of the cross-section.

Fig. 607.

The unit horizontal shear may be easily found. Consider

the beam shown in elevation by Fig. 607. Sections x-x and

a;i-a;i are any two vertical sections taken any convenient distance

a-c apart. Let n-^m be any horizontal plane between them and

above the neutral axis. Now the resultant horizontal shear

on the plane m-n is equal to the difference between the two

stress volumes c-e-g^n and a-^m-h-f. This value divided by

the area (m-^ times the width of the beam) gives the average

unit horizontal shear over the plane m-n. Shears on planes

below the neutral axis may be found in a similar way.

(a) Wooden Beams. Let it be required to design wooden

floor joist having a 15-foot span, a 16-inch center to center spacing,

and carrying a total load (live plus dead) of 105 pounds per square

foot. The allowable fiber stress will be limited to 1600 pounds
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per square inch. The total load carried by each joist is 15 X 1| X
105 = 2100 lbs.

Now the moment might be computed and then the required

-, using the formula s = -, after which a joist could be chosen
c o c

having an -, (- equals ^ b-<Pj as large or shghtly larger than

required. When computing ^b-<P the student should remember

that timbers are smaller than their nominal size, a 2 X 8 actually

being If X 7|, etc.

A much easier method of designing is to use tables such as

are given in the " Southern Pine Manual " pubhshed by the

Southern Pine Association at New Orleans. Turning to these

tables it is found that a 2 X 12 with a span of 15 feet is good for

a uniform load of 2865 when stressed to 1800 pounds per square

inch. By proportion it is found to be good for 2545 when stressed

to 1600 pounds per square inch. This is more than is required,

yet a 2 X 10 is not strong enough, therefore the 2 X 12 should

be used. The tables also give information regarding deflection

and horizontal shear.

Wood is weak in horizontal shear and the designer should

remember that the horizontal shearing stresses in short heavily

loaded beams may determine the safe load rather than the bend-

ing stresses. Deflection is often of importance especially in

connection with long spans. Not only is excessive deflection

unsightly, but when the beam or joist supports a plaster ceiling

there is danger of cracks being produced in the plaster. A deflec-

tion of -g^ of the span is considered the maximum that should

be allowed in most cases.

(6) Steel Beams. Bending moments and resisting moments
are of great importance in designing steel beams, but there are

several other things that should receive attention. The deflec-

tion should not be excessive, and the compression flange should

have adequate lateral support or the allowable stress reduced.

Also the web stresses should not be so high that there is danger

of the web buckling.

Structural steel handbooks give the section modulus, -, for
c

most rolled sections. Some of them also give tables of safe

loads uniformly distributed. The advantage of using the table
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of safe uniform loads is that it is unnecessary to compute the

moment. In many cases beams carry uniform loads, and when
their loading is not uniform an equivalent uniform loading can

often be quickly estimated. The designer should be careful

not to use special beams because it is often difficult to obtain

them without delay or extra expense.

The distribution of shear over the cross-section of an I-beam

is illustrated by Fig. 608 (b), and the unit distribution is indicated

by Fig. 608 ©. The diagram (b) differs from (c) because the

width of the I-beam varies, the flanges being very wide and the

web narrow. This tends to make both (5) and © approach

rectangles. Most of the moment is carried by the flanges and

most of the shear by the web.

The stress volumes for an I-beam are shown in Fig. 609.

/^ /7

® ©
Fig. 608. Fig. 609.

The triangle m-n-o is the side view of the upper stress volume,

and the upper half of the I-beam section may be called its base.

The centroids of these stress volumes are much nearer the top

and bottom than was the case for rectangular beams, and the

effective depth is, therefore, a much greater proportion of the

depth of the beam.

The allowable maximum unit stress for steel beams is usually

taken as 16,000 pounds per square inch, but this stress should

be reduced when the compression flange is not supported laterally.

A method of making this reduction is given in the Carnegie Steel

Company's " Pocket Companion." A table for use in obtaining

the deflection under uniform loads is given on the page just

before the one referred to above. The student wiU find many

other valuable tables in the " Pocket Companion."

(c) Reinforced Concrete Beams. The theory of reinforced
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concrete and the development of formulas wiU not be given here,

but the reader should be familiar with the principles of reinforced

concrete design. The derivation of the following formula may
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of K for different stresses and percentages of steel are given by

the diagram in Fig. 610. Similar diagrams for other values of

n may be found in various books on reinforced concrete.

The resisting moment of concrete beams of various depths,

per foot of width, is given in the table of Fig. 611. The required

steel area is also given. This table is based on a stress of 750

pounds per square inch in the concrete and 18,000 pounds per

square inch in the steel. Similar tables for other stresses will

be found in Thomas and Nichol's " Reinforced Concrete Design

Tables."

The table in Fig. 612 gives the safe live loads in pounds per

square foot, for slabs of various thicknesses and spans. The
size and spacing of bars is also given. The student can easily

make tables of his own for other stresses.

Many concrete beams and slabs are continuous over their

supports, which means that there is tension in the top for some
distance on either side of the support. These tensile stresses

should be taken care of either by extra top bars or by bending

a part of the main steel and carrying it past the support to approxi-

mately the quarter point. See the typical detail for continuous

beams in Fig. 613.

A large proportion of the concrete beams used in buildings

are T-beams, the T being formed by the slab. Usually there

is a good deal more slab than is necessary for the T. As a result

a large portion of the slab probably acts as the T but with a

rather low stress in the concrete. The principal part of the

problem then is to find the necessary steel area and see that there

is enough concrete for diagonal tension.

When T-beams are continuous at the supports the designer

should be sure that the concrete in the stem at the supports is

not over-stressed in compression. If a continuous beam of uni-

form moment of inertia has equal spans, carries a uniform
load and is fully fixed at the end supports, the moment at the

supports is ^WL and at the center of each span ^W L. In

this expression W is the load on each span and L is the length

of each span. When designing continuous reinforced concrete

beams of equal spans it is customary to design for ^W L at

the supports and also ^W L at the center of the spans in order
to take care of unequal loading. Beams continuous over only
one support are usually designed for a positive moment of ^tf ^ ^.
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and for a negative moment of the same value above the support

over which it is continuous. The poiat is, that for continuous

beams we usually design for at least as much moment at the sup-

^m
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tinuoiis T-beams. Even when the allowable stress at this point

is increased 15 per cent and compression reinforcement used it

will seldom take a very wide T at the center to develop the same

moment. Fig. 614 shows a convenient diagram for vise in design-

ing double reinforced concrete beams. In connection with com-

pression reinforcement the student should refer to Article 125.

The common formulas for T-beams do not take into account

the compression in the stem below the T and above the neutral

axis. This error is, of course, on the safe side, but in some cases

it may be quite large. The table in Fig. 615 shows how the values

7^ B£/iMS
>.!
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616. In the T-beam the areas Ai and A2 are taken away and

the stress which they took in the rectangular beam must be taken

by the areas Bi and B2. The average stress over areas Bi and B2

is much greater than that over areas Ai and A2, therefore, areas

Bi and B2 will be correspondingly smaller. Knowing ci the

experienced designer can estimate the dimension c with very

small error.

Concrete is weak in tension and it is often necessary to use

steel reinforcing for resisting a part of the diagonal tension stresses.

Since the unit diagonal tension and the unit shear are numerically

equal, it is often convenient to compute the vertical shear in order

^
u~

A.

I

\^
..A

'<i r

Zill\ y
areas A/onef S^, j

areas 0, ancf P^ J
Fig. 616.

to obtain the values for the diagonal tension. In fact, most of

the formulas used for designing web reinforcing deal with vertical

shear and often nothing is said about diagonal tension. However,

the student should keep in mind it is for diagonal tension that

he is reinforcing and he deals with the vertical shear because

it has the same numerical unit value and is more convenient

to use.

Figs. 618 and 619 show enlarged portions of the beam given

in Fig. 617. Let z-^ be any zigzag section as shown. The diag-

onal tension tends to pull the lower portion down and towards

the right, as indicated by the arrow below. When the diagonal

tension becomes greater than about 40 pounds per square inch

it is thought necessary to provide steel reinforcing to take a part

of it. Some authorities assume that this reinfotcing takes f of
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of Fig. 624.

Fig. 625.

@ © ^

Fig. 622.
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the diagonal tension, while others assume that it takes only the

excess above 40 pounds. Fig. 618 illustrates diagonal stirrups while

Fig. 619 shows vertical stirrups. Stirrup 04 is supposed to resist

that portion of the diagonal tension along e-f that is not taken

I

sr/f^f^up PMa/^<^M

jg-r'^j^Ja' V'fofa/\s-/iear. Wk^f? /As

^/a^e/io/ fens/of7 1^'^K Jf^hf co/terefe /'s

/^'ne/ //)<sfiropffr i^/ui? of l^ 017 fhe /ff/
//a/itt ^ca/e; fMOKraa/e/Ze/ /a ^ha iar/io/i/a/ /^/«w

f/lfyy /ie d!fof/> ar 6eam fe /tifsfsseia!^ tfien

ancf fjte/i Aor/zo/i'fa//y fofhe rigtif fianeffea/»

Fig. 623.

by the concrete. In Fig. 619 stirrup a\ is supposed to resist

that portion of the diagonal tension along e'-/' which is not taken

by the concrete. But, since the direction of this stirrup makes
an angle of 45° with the lines of stress, the stress in a'4 must be

such that its component parallel to the lines of stress is equal
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to the force to be resisted. This means that the load on vertical

stirrups is 1.414 times as great as the load on stirrups inclined

at 45°, but the incUned stirrups are 1.414 times as long as the

vertical. Therefore, the same percentage of web reinforcing is

required for diagonal as for vertical stirrups. The diagonal

stirrups, being parallel to the diagonal tension stresses, take stress

quicker, that is, for a given web deformation they will have a

higher stress. However, they are difficult to connect to the main

tension steel, so vertical stirrups and bent bars are usually used

in place of diagonal stirrups. The diagram shown in Fig. 623

will be found convenient for determining the spacing and size

of vertical, stirrups required under various conditions.

It is interesting to note how v, the unit intensity of the shearing

stresses, varies over the cross-section of the beam. The variation

of the unit intensity for a rectangular beam is shown in Fig.

620 ©. Fig. 620 @ shows the variation oi v-b. The horizontal

dimensions of © measured to scale are equal to the horizontal

dimensions of @ times the width of the beam. Figs. 621 (S)

and ® are for a T-beam such as is shown in Fig. 621 and

correspond to Figs. 620 © and 620 ® respectively. For the

depth of the T the intensity of the unit shear is greatly reduced

because of the greater width. This accounts for the small lateral

dimension in Fig. 621 © just opposite the T. Figs. 622 ® to

@ illustrate the distribution of shear over a section near the

support of a continuous T-beam, the bottom having compression.

Note the reduced lateral dimension of Fig. 622 © opposite the T.

The areas of the diagrams given in Figs. 620 ©, 621 ® and

622 ® measured to scale represent in each case the total shear

over the corresponding beam section.

132. Design of Plate Girders.—When loads and moments

are very large it is often necessary to use a beam built up out of

plates and angles, which is called a plate girder. See Figs. 624

and 625. The resistance of such a girder to bending is perhaps

most accurately measured by computing its section modulus.

This can be very easily done by the use of tables such as are given in

Ketchum's "Structural Engineer's Handbook." When computing

the value of - deduction should be made for rivet holes,
c

There is a large table in the Carnegie Steel Co.'s " Pocket

Companion " which gives the section modulus for a number of
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omall j)la(,<! vlmhm. llowfivcr, wfuin iiHiriK Ui(!M(i tables, the

(IcHixfKT Htiould k(M',p ill iriind that Uio doduotion for rivet holes

has not. yc.l' bccti iniulc.

'rtuini arc-, of (ioiirMC, (ipiiroxirrial.c. inc.UiodH which an; quicker

than c.ofripul.inji; i\n; Hc.ction inodiiluH. One. of \hi;w, approximate

moUiodH \n to UHHiiinc. that tlm c-rfcctivc. depth Ih 2 ini^hcH IcHS than

(,h(! (liHtaticc, back to biuik of an^loH. If tli(! niomcnt Ih dividcid

by l.lic (,rf(!(;tivn d(^pl.li l,li<! forc(! carried by each flangf! i« obtained,

and thiH value dividcid by the aJlowable (lii,ri)/;e HtniHH xivcH the

approximate net a-n^ii, ro(|uire(l lor (;it,cli flatine. When (i)i;ijrinK

the fliuine area for thiH inethod, \ of tli(r area of th(! web Ih Home-

tiiiieH (loiiHidercd aH liarine urea for re.HiHtifiK inorrKini,.

After l,li(! (rroHH-H<!ctio(i of the- K'i'''cr tiaH b(!eri d(!(.(U7runed,

the next Htej) iH to find the nec(^HHary kuintli for Llie cov(!r plates.

'I'liiH may be doiK! conv(uii(!titly by the iiHe of the moment dia-

(jram, Hee Kin- 020. In (sonnectioii with moment and shear

diagrams the Htudent will do well to n^fc^r to ( !lia[)t(!r IV, In

||'ix. 820 the lino rv-n' is drawn paraih^ to rn-^n' and Y distance

from it, the diHl,unc(! Y repriiwuitiriK th(! moment, which the web
and annlcH vm\ tid<e, to l,h(! scale at which the moment diagram

was drawn. The diHi.anc-e Y\ nvpniHentH th(! iriorruMit that the

first pair of cover plat(!H Ih able to tai«e, and Kz represents the

niomctnt that the wuioiid pM,ir of (!ov(n' yilftteH can take. If there

wore more than two pairs of (iover ])lat(^H ttiere would b(! a Yi

and poHHibly a Ya, the Hiiin of the Y diiruMiHioiiH in any case IxMng

equal to M. The first pair of coverH ininht be cut off ho that the

end rivc^tH are at r and «, the poiritn wliere n-n' interwKit the

moment (^irve. The (uid rivetn for the second pair might be

at ri and si. However, it is ciiHtomary to run the cover plates

several inchen or a foot i)aHt tlKwe pointH in ordcu' to g(!t a few

rivetH in tho endn of the platen before the section, where they

are really noodt^l, in reacluul.

Tho w(5bH of i)late girderH are usually thin and dee)), and it

is often n(!(!eHHiiry to HtilTen thinn by ineaiiH of vertical angles,

called HtilTenerH, in order to ])revent them froin buckling. When
stilToiierH a-re ne(uiHHM.ry th(\y nhoiild lui Hpn,c(^d ho that the distance

between them in not greater tlnin M.boiit (>() timeH the thickness of

the web. When the diHtiuu^e l)etwe(ni flange angles in less than

60 tinuiH tlie thi<ikneHH of the W(^b, the HtilTenerH are often omitted

except where concentrM,ted loadH are a.ppliod.
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One of the important things in connection with plate girders,

and one which is often not given proper attention, is the spacing

of rivets. Since the web and flange angles are working to capacity

at b, there should be at least enough rivets connecting the flange

angles to the web between a and b to develop the full strength

of the angles. Also there must be at least enough rivets between

b and c connecting the cover plate to the angles to develop the full

strength of the cover plate.

There are many more or less approximate methods and rules

for determining rivet spacing, but the results from any of them

may be checked up in the following way. Take any two sections

xi-xi and a;2-a;2 a distance di apart. The intensity of stress

over any part of either section can easily be found from the moment
diagram and the properties of the section. The designer should,

however, keep in mind that there can be no more stress in the cover

plates at xi-xi, than can be put in by the rivets between b and

a;i-a;i. The total load or stress carried by the top cover plate

or plates at section a;2-a;2, less the load -they carry at section

x\-xi, gives the horizontal shearing force which must be resisted

by the rivets connecting, the top covers to the angles along the

length d\. The total stress carried by the top cover plates and

angles at section a;2-a;2, less the amount carried at section xi-xi,

gives the horizontal shearing force which must be resisted by the

rivets connecting the angles to the web. This method may be

extended to take care of the most compUoated cases.

133. Steel Trusses; Design and Details.—In Chapter V
especial attention was given to the construction of stress dia-

grams for various trusses with more or less complicated loadings.

In other words. Chapter V was devoted largely to the determi-

nation of stresses by the use of stress diagrams. The present

article will indicate how a simple truss may be designed after

the stresses have been determined, and show by means of a detail

drawing the way the results may be presented.

Consider the truss shown by center hues in Fig. 627. After

carefully computing the loads and drawing-stress diagrams the

maximum stresses are found to be those shown in the table of Fig.

628. In case it seems desirable the stresses may be marked on the

diagram of the truss and the table omitted.

Many trusses are designed from stresses produced by vertical

loadsj the wind load being neglected. For low flat trusses the
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stresses produced by the wind are small and no large error is

produced by neglecting them, in fact, all of the maximum stresses

may be produced by the dead and maximum snow loads. How-
ever, when the truss is high or is supported by steel columns

and knee-braced to them, it is important to consider the wind

stresses.

A vertical live load of 30 or 40 pounds per square foot is some-

times used. This live load is supposed to produce stresses at least

as great as those which would be produced by snow, wind, and

special loads.

Referring to Fig. 627 the student will note that all of the upper

chord members have compression, all of the lower chord members

have tension, and about every other web member has tension.

Steel trusses of ordinary proportions are usually built up out of

angles with gusset plates at the panel points. It is desirable

to use two angles for each chord member and for each important

web member, one on each side of the gusset.

When designing tension members the net section should be used,

that is, the rivet holes should be deducted because all of the stress

must go around the first rivet or rivets and be apphed to their

far side or to other rivets. The tension which any given member
must carry may be divided by the allowable working stress

(usually 16,000 pounds per square inch), and the required net

area obtained. Then a pair of angles may be picked out which

will have the required area after deduction has been made for

rivet holes. When only one leg is connected, the connection

is, of course, eccentric, and many authorities contend that the

average stress should be reduced, some going so far as to recom-

mend figuring only the connected leg. The eccentricity is most

severe when the member consists of one small angle and the con-

nection is short. When the member consists of two angles,

one on each side of the gusset, and has a connection at least 5 or 6

rivets long, it is probable that most of the eccentricity is taken

up in the connection even when clip angles are not used. The

student should keep in mind that deduction is made for a hole

|-inch larger than the nominal size of the rivet. The hole is

punched xf-inch larger than the normal size of the rivet and it

is assumed that a certain amount of the metal next to the hole

is injured. The design of tension members is simplified by use

of a table given in The Carnegie Steel Co.'s " Pocket Companion."
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This table gives the tension value in thousands of pounds for

various angles after one or two rivet holes have been deducted.

The design of compression members is a httle more com-.

phcated, since the allowable unit stress varies with the ratio —

.

r

A common formiila for the allowable stress S is

L
S = 16,000- 70-

r

in which r is the least radius of gyration and L is the unsupported

length in inches. Since r varies with different sections the allow-

able stress for any given member cannot be determined until

the member has been designed. This makes a trial method

necessary unless tables or diagrams are used. Ketchum, in his

"Structural Engineers' Handbook," gives tables for use in design-

ing angle compression members or struts. A diagram for use in

designing such members will be found in Fig. 645 in connection

with Article 137. When designing compression members no

deduction is made for rivet holes because it is assumed that well

driven rivets can transmit compression from one side of the hole

to the other.

The members of the truss are now designed using the dia-

gram of Fig. 645, and the tables for tension values of angles given

in the Carnegie Handbook. The sizes for the various members
are marked on the truss diagram in Fig. 627. The truss is too

long to ship conveniently in one piece, a field spUce will therefore

be made at the center. Members B-3, C-5, and D-7 are made
of one pair of continuous angles, because it is cheaper to use a

little additional metal rather than make a spUce at each panel

point. One continuous pair of angles is used for members 1-Q,

2-P, 4-0, and 6-N for the same reason.

A detail drawing of the truss is given in Fig. 629. First the

center Unes of the truss are drawn. The angles for the various

members are usually placed so that their gauge lines coincide

with these center lines; when the angle leg next to the gusset

has two gauge Unes the one next to the outstanding leg should

be placed over the center line. It is desirable to use two unequal

leg angles for a compression member, and place them with the

long legs together, one on either side of the gussets. This makes
the radius of gyration about the different axes more nearly equal.



Chap. IX] DESIGN 303



304 GRAPHICAL ANALYSIS [Art. 133

In special cases when a compression member has lateral support

in one direction at closer intervals than in the other, it may be

desirable to place the short legs of the angles together. When
the compression member is very long, so long that two 6X6
angles do not give a large enough radius of gyration, two angles

and a plate as illustrated in Fig. 630 (a) may be used to advantage.

It would be very nice -if the members of the truss could be

placed so that the center of gravity of each section coincided

with the center hne for that member. Not only is this desirable,

but it is also important that the connection of the member to the

gusset be centered around this hne. The truss center hnes

should, of course, always intersect at the panel points. It is

not practical to reahze aU three of these desirable features in ordi-

nary trusses. The center hnes can usually be made concurrent

at the panel points, but difficulty is encountered in connection

with the other two requirements. If the gauge hne for small

angles were moved over to the centroid it would be so near the

outstanding leg that the rivets could not be driven. However,

it is often possible to move the standard gauge hne for 4- and 3-

inch angle legs a short distance towards the centroid. When
there are good deep gussets the designer does not need to worry

mucl| about small eccentricities at the panel points. The moment
produced will be taken up largely by the gusset, since the moment
from some members at any one joint will often be of different

sign than that produced by others.

The determination of the proper nmnber of rivets to connect

each member to the gussets at its ends is an important matter.

There are three things to investigate, the bearing on the gusset,

shear between the gusset and the member, and bearing on the

member. The smaller of these three values governs, that is,

givps the allowable load per rivet. When the member consists

of two angles, one on either side of the gusset, the rivets are in

double shear. Shear and bearing values for rivets of dififerent

sizes with various unit stresses are given in the handbooks. The
standard size rivets for ordinary structural work are f-inch and

|-inch. Gusset plates vary in thickness from | to |, with | being

more or less of a standard for average trusses. It is desirable

to use the same sized rivets and the same thickness gussets through-

out any one truss.

Chp angles similar to those shown at the ends of member
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2-3 are sometimes used, and certain authorities think they are

of great value, while others think their value is small. Tests

have not been complete enough to prove which contention is

right. If the cUps are considered a part of the member, then

the connection of the member to the gusset when cKps are used

may be more eccentric than when cUps are not used. But if the

clip is considered a part of the gusset its addition decreases the

eccentricity of the connection. It would seem just about as

reasonable to consider the cUp a part of the member as to consider

it a part of the gusset, therefore its value is uncertain. One
advantage of cUps is that they shorten the connection, and this

is of special value when the stress is large and a great many rivets

are needed in the connection. When cUps are used there should

be enough rivets connecting the member and cHp to the gusset

to take out the entire load, also the connection of the clip to the

member should be as strong as its connection to the gusset. In

case the connection of the chps to the member is weaker than

their connection to the gusset, the connection to the gusset should

not be figured as taking any more load than can be put into the

chps by their connection to the member.

At panel points and © the gusset plates are shown extend-

ing above the upper chord to receive the purhn connection. This

makes a very strong connection. At panel points ® and a

much simpler purlin connection is shown, the channel purlin rests

directly upon the upper chord and is riveted to it and the clip

angles /. Panel points © and © show methods of connecting

ceiling beams. When the upper chord makes a large angle with

the horizontal, the parallel component of the loading Pp becomes

rather large, see Fig. 630 ®. This parallel component produces

bending about the axis Y-Y, an axis about which I-beams and

especially charmels have Uttle strength. The purlins are, there-

fore, usually supported laterally by tie rods spaced 4 to 8 feet

apart. These tie rods carry an additional load up to the purlin

at the ridge, this additional load should be taken into account

when that purhn is designed.

134. Wooden Trusses, Design and Details.—Wooden trusses

present many interesting problems especially in connection with

the details. It is very difEcijlt to connect wooden tension and

compression members in such a way as to develop their full

strength. It is also difficult to connect the web members to the
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chords. The chords of wooden trusses are usually made of wood,

also the web members which have compression, but steel or

wrought iron rods are often used for the tension web members.

Consider the truss indicated by the hne diagram of Fig. 631.

This truss is similar to the one shown in Fig. 627. The stresses

are marked on the diagram. When designing rods for tension

members, the student should remember that the weakest section

is at the root of the threads, unless the- rods are upset. If the

rods are large a saving may be effected by enlarging the ends

before cutting the threads so that the area at the root of the

threads will be at least as great as the area of the rod proper.

This is called upsetting; rods smaller than one inch in diameter are

seldom upset, and when the length of the larger rods is short the

cost of upsetting may more than balance the saving.

The lower chord, usually a wooden tension member, should

be designed so that the unit stress on the net section does not

exceed the allowable tension for the wood. In making such

computations the actual size and not the nominal size of the

timbers should be considered. In some cases as much as a third

of the member may be cut out in order to make the connection

at joints or sphces, thus leaving the net area only about two-

thirds of the gross. The designer should do better than this if

possible.

The compression members are made of wood and are designed

as struts or columns, using some column formula such as

« = 4'-i^]'
in which L is the unsupported length in inches, D is the least

lateral dimension in inches, -C is the allowable compression on

short blocks, and S is the allowable average unit stress for the

column. As was the case in connection with steel columns and

struts, the allowable stress depends upon the section chosen. A
trial solution is therefore necessary, unless some land of table

or diagram is used. A convenient diagram is shown in Fig. 643

and its use explained in connection with Article 135. Note that

this diagram is for the actual sizes rather than the nominal size.

After having determined the size of the different members
the detail shown in Fig. 632 is drawn, the members being centered

on the center Hues. The details will work out much better if
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the dimension of the upper chord normal to the plane of the truss

is kept constant, and also the same as that of the lower chord.

The appearance of the truss will be neater if the dimension of

the wooden web members normal to the plane of the truss is

kept the same as that of the chords. The connection of the upper

and lower chord at the end of the truss is pe.haps the most dif-

ficult detail. For the truss in Fig. 632, two steel plates and bolts

are used for this connection. The bolts are in a sense Uttle beams

supported at their ends by the plates, and loaded between the

plates with a distributed load from the member. These bolts

should, therefore, be investigated for bending as well as for bear-

ing on the plates. The shearing stresses in the bolts will seldom

be high, but the bearing between the wood and the bolts should

be investigated because it may determine the load per bolt and

therefore the number of bolts. The splice at © is also made
with plates and bolts. Plates, have been used at joint @, but

their principal function is simply to hold the members in position,

most of the load being transmitted by direct bearing from the

end of one member to the end of the other.

The rods are extended through the chord members and have

washers of some kind at their ends in order to spread the load

over a larger area. One of the characteristics of wood which gives

the detailer a good deal of difficulty is its weakness in taking

compression at right angles to the grain. Given the allowable

unit pressure parallel to the grain and also the allowable at right

angles to the grain, the allowable pressure on a surface making

any angle with the grain may be found as illustrated in Fig. 633.

Let it be required to find the allowable pressure on the surface

A-C which makes an angle a with the grain. Draw the line

C-B parallel to the grain and A-B at right angles to the grain.

The force Fp represents the resultant of the allowable pressure

for A-B, and is niunerically equal to A-B times the thickness

of the timber times the allowable pressure parallel to the grain.

Similarly F„ is the resultant of the allowable pressure for B-C.

The force F'„ has the same magnitude and action line as F„ but

opposite sense, also F'p has the same magnitude and action line

as Fp but an opposite sense. The resultant of F'„ and F'p is

Fr, and F is the component of F^ normal to the surface A-C.

We will therefore consider F divided by (the length A-C times

the width of the timber), the allowable unit pressure on a surface
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making the angle a with the grain. In Fig. 634 a simple diagram

is given which shows the variation, in allowable normal pressure

as the angle which the surface makes with the grain varies from

zero to 90 degrees. This diagram was drawn for an allowable

pressure of 1300 pounds per square inch parallel to the grain and

260 pounds per square inch at right angles to the grain. Other

diagrams may be drawn for other allowable pressures.

The full hne curve shows the variation obtained from the

method illustrated in Fig. 633. The straight dotted line deviates

from the curve only a small amount and is preferred by some

designers.

The washers used at the ends of the rods may be of either

cast-iron or steel plates. An interesting diagram for use in design-

't
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may be conveniently designed by the use of the diagram of Fig.

636. Compute the moment about the x-x axis and also about
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gram and any section above the intersection T is strong enough.

A similar diagram for steel I-beams and channels is given in

Fig. 637.
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Small trusses are sometimes built up out of 2-inch plank.

This does not give as rigid a truss as one in which solid timbers

i^^eh cAor^

I /yo/-i/n/oeef or /ran keys

p^/^/i t:>r^//c^pp£'/f'^ /^/f5fv?<r/^/s5' ca//AfEcr/0//

Fig. 638.

are used, but if the planks are well bolted and spiked together,

satisfactory results can be obtained. Special attention should

be given to bolting the lower chord planks together. There

should be enough bolts between splices to transfer the stress from

Fig. 639.

the plank which is spliced to those which run past the splice.

The two inch planks are really only about If inches thick so that
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6 - 2 X 12 planks are only equivalent to a 9f X lU solid timber,

yet the charge would be made for 12 and not 10 board per ft.

The point is that the designer may think he is saving by using

plank at a lower price per board foot, when in reality he may

get so much less wood per board foot that the actual cost per unit

cross-section may be almost as great as for solid timbers.

135. Diagram for Designing Wooden Compression Members.—
The diagram given in Fig. 643 will be found convenient for design-

FiG. 641.

ing wooden struts and colimms.

for the formula

This diagram has been drawn

'-i'-m'
but the designer can easily draw similar diagrams for other

straight-Une formulas. The inchned lines on the (J) side are

the load lines, while the inclined lines on the ® side are for the

various sections. The actual size is given in place of the nominal

size but the area is for the nominal size because that is the area

that must be paid for. The line for a 10 X 12 timber is marked
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9J X Hi because that is the actual size of the timber, but the

area used in computing the number of board feet is not 9| times

11J but 10 times 12 or 120 square inches or 10 board feet per foot.

Let it be required to design a compression member which must

support a load of 85,000 pounds and has an unsupported length

of 16 feet. The allowable compression for short block, C, varies

with the kind of wood, and is specified in building laws and

standard specifications. A stress of 1300 pounds per square

inch will be used for C in this problem. The C line marked

Harjfu/ooef
t/ae/r '

Sfe^/She/f^

Fig. 642.

1300 is located in the © half of the diagram, and its intersection

Tx with the 85,000 pound load line is found. From Tx move

to the right parallel to the guide lines until the 16 foot length

line is intersected at T2. There are two section lines a short

distance above this intersection, one marked 9| X 91 and the

other 7| X 13|, and their nominal areas are 100 and 112 respect-

ively. The 10 X 10 having actual dimensions of 9| X 9^

would therefore be chosen as the more economical section.

136. Diagram for Designing Cast-iron 0-gee Washers.—
An interesting diagram for use in designing cast-iron o-gee

washers is shown in Fig. 644. Cast iron is weak in tension but

strong in compression, the compression side of the washer which
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is next to the nut can, therefore, be made of small diameter

as shown in the figure without any large decrease in the strength

of the washer. In fact the strength per pound of metal is increased.

Problem. The load which the rod must carry is 19,000 potmds.

Let the allowable stress in the rod be 16,000 pounds per square

inch, and the allowable compression on the wood 325 pounds

per square inch. Along the load scale at the left edge of the sheet

19,000 is found to be at A. Moving over to the right it is found

that a Ij rod upset to If or a 1| rod not upset will take the load.
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The horizontal line from A intersects the 200-pound Ci line at B.

From B move parallel to the incUned lines until the 325-pound

Ci line is intersected at 71. From Vi go horizontally to the D
scale where the required diameter is foimd to be 8f inches. In

order to find the necessary thickness for a tension of 4000 pounds
per square inch in the cast iron follow down the 325 Ci line until

the 4000-pound Une is intersected at V2. Then moving horizon-

tally to the T -i- D scale, the value .215 is found for T ^ D.
The diameter D is known and .215 times 8f = If, the required

thickness.

When the allowable stress for the rod is less than 16,000

pounds per square inch, the washer may be designed as already

explained and the size of the rod determined by a separate com-
putation, or the method illustrated in the figure may be used.

137. Diagram for Designing Steel-angle Struts.—A simple

diagram for use in designing steel-angle compression members
is given in Fig. 645. The inclined lines are for the various sec-

tions, one line for each section. The short dash cutting each

line indicates the length at which — for that particular section

is 120. The weight of the section per foot is also given on each

line. This weight assists the designer in picking economical

sections quickly. An illustrative problem is given in the figure.

Similar diagrams may be drawn for plate and angle columns or

for Bethlehem H columns if desired.

The diagrams given in Figs. 653 and 654 and explained in

Article 140 may be used for direct load only. This is simply a

case in which M, and therefore P', is zero.

138. Combined Stresses.—Many structural members resist

bending and direct load at the same time. Such problems have

been considered in connection with masonry, and also in the

chapter on reinforced concrete. The reader wUl recall the for-

P M-c , „ P M-c . . ,

mulas Sm = -7+ ^:—and Sm =-j j- as givmg the maxmium
A. I A. I

and minimimi unit stresses respectively. When the material can-

Mc
not take tension these formulas should not be used if -p is larger

I

, P
than -r.

A.

It may be well to call attention to the fact that the above
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DMGFI'^M rpP, USE //y PES/(5MNG STEEL /^A/GIE STftUTS
e/nsufiporred /engf/i of co/i/mn' or ktn/l m feef^

i/nsup/>o/-y>Kf Mnff//> of co/umn -or sfrc/f /n f^^f

e/ap ^/te.Mr/zmM/mr rnar/rrii .Kfloii'mM ffif/,nf mar/red „'-i"is inbrsffcl-td. T/it ^leo^na/ Imt

Fig. 645.
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formulas do not take account of the increased eccentricity, and
therefore increased moment due to deflection. However, the

error produced by this approximation is so small for ordinary

colunms that it is not worth considering. When the member
is a column and the moment is produced by the eccentricity of the

load P, the moment may be computed and used in the above
formulas, or P-e may be substituted for M, e being the eccentric-

ity of P.

There is often some question as to what the allowable unit

stress should be for members with combined stresses. The allow-

able stress given by the column formula is usually used but this

seems rathef conservative when most of the stress is produced

by bending.

139. Trussed Beams.^—In some cases the designer meets with

difficulty in getting wooden beams which wUl carry the load,

when he does not wish to use either steel or concrete. In such

cases a trussed beam may be desirable. There are many different

forms of trussed beams consisting of rods, castings and timber.

However, the detail shown in Fig. 646 wiU serve as an illustration.

The center hues are shown in Fig. 647. The beam consists of

a timber member on top, two short cast-iron struts, and tension

rods at the bottom. The timber member acts somewhat as a

three-span continuous beam, supported at the ends by Ri and

i?2 and at two intermediate points by the struts >Si and S2. The

compression in the struts Si and S2 is, of course, produced by the

reactions at these points from the continuous wooden beam.

Knowing the stress in the strut >Si the stress in the rods on each

side of the strut can be found by drawing a force triangle. The

vertical component at the left end of the rods goes into the reac-

tion Ri. This vertical component added to the reaction from

the continuous timber beam at this point gives the magnitude

of Ri. The magnitude of R2 may be found in a similar way.

The horizontal component from the rods goes into the timber

member and produces compression for its entire length. There-

fore this timber member must resist both bending and direct

compression.

Example. Let it be required to design a trussed beam having

a 30-foot span and an effective depth from the center of the timber

to the center of the rod of 18 inches. See Fig. 647. A uniform load

of 1200 pounds per foot will be considered and the struts placed
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at the third points. A shear diagram for the continuous timber

beam is shown in Fig. 648, assuming that its supports are all at

the same level. W is the load for one span of the continuous

beam or one-third the total load for the trussed beam. The moment
diagram of Fig. 650 is easily drawn from the force polygon of Fig.

649 and points X and Y located from a table given by Fig. 70a

in Merriman's " Mechanics of Materials."
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The reaction at b is found to be i^ W = 13,200 pounds. Since

the strut *Si has a shght incHnation, its stress is found by the force

triangle of Fig. 651 to be slightly greater than 13,200 pounds. The
vertical component of this stress balances the H W, and the hori-

zontal component produces a small amount of compression

between b and c. Knowing the stress in the strut, the stress in

the rod from e to a may be found by drawing the force triangle

of Fig. 652. The vertical component of the stress in f-a is found

to be just 13,200 pounds, which added to the 4800 from the continu-

ous beam at a, gives the reaction Ri equal to 18,000 pounds, which

is just half the total load carried by the trussed beam. The tension

in a-f produfies a compression in a-b equal to its horizontal com-

ponent. The compression in a-b plus the force F2 of Fig. 651

gives the compression from b to c. Since the trussed beam is

symmetrical the stresses for the right end will be the same as those

just found for the left end. The maximum compression for the

timber is found to be about 88,000 pounds and the maximum
moment 144,000 inch-pounds.

There may be some question regarding the allowable stress

which should be used. If there is no lateral support the 30 feet

shall be considered the unsupported length. But such beams

usually have continuous lateral support from floor or roof con-

struction. In such cases the unsupported length would be only

10 feet. If C, the allowable compression on short blocks, is taken

as 1300 pounds per square inch and the depth of the timber as

llj inches, the allowable stress S is found from the column for-

mula to be 1130 pounds per square inch.

Two 4 X 12's and one 6 X 12 as shown in Fig. 646 make

a good design, and their stress amounts to

P Mc^ 88^ 144^^33^ ^^^A^ I 149 287
= 1091 pounds per square inch.

The actual size of the timbers was used in computing A and -.
c

With an allowable stress of 16,000 pounds per square inch in the

steel rods, two 1| rods upset at the ends are foimd to be satis-

factory.

Special attention should be given to the design of the plate

or large cast-iron washer through which the rods dehver their
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load to the ends of the timbers. The shear and moment diagrams

shown in Figs. 648 and 650 are for the case when the four supports

of the continuous timber beam are at the same elevation. If

the rods are tightened so that points b and c are high, the negative

moments at these places will be increased, the positive moments

will be decreased, and the stress in the struts and rods will increase.

The opposite will be true if b and c are low.

140. Diagram for Designing Eccentrically Loaded Steel Col-

umns.—The diagrams given in Figs. 653 and 654 wiU be found

convenient when designing steel colmnns which carry bending

as well as direct stress. The diagrams give Unes for two groups

of plate and angle columns, one group having 12-inch webs and

the other 14-inch webs. The designer can easily make diagrams

for as many additional sections as he wishes. For every given

moment applied to any one section there is a direct load which,

when apphed at the centroid of the section, will produce the same
P'

maximum unit stress. Let this direct load be called P', then -r- =
A

—z^and solving the equation for P', we find that P' = =— =

M -j- -.— - In other words, the moment divided by -.— gives a
A-c A-c

direct load which will produce the same maximum stress. The

values -T-^ = ^ ^iid T"^ ~ -^ have been computed for each sec-
Ji. ' Cx A ' Cy

tion and recorded in the diagrams on the corresponding line. Now
if the moment is divided by X or Y, as the case may require,

and the equivalent direct load P' is added to the direct load P,

the resultant direct load apphed at the centroid will produce

the same maximum unit stress as the given direct load and moment.

In the diagrams, values of P -f- P' are given along the vertical

scale, and unsupported lengths along the horizontal scale.

Several different types of problems may be solved by the use

of Figs. 653 and 654, three of which will be illustrated below.

Suppose the column has been designed and consists of the

following material: a 14 X | web, 4 angles 6 X 6 X f , and cover

plates on each side 16 X 2j. Let the unsupported length be 14 feet

and the direct load 1,000,000 pounds. How much moment can

this column take about the x-x axis without being overstressed?

Follow up along the 14 foot line in Fig. 653 until the inclined hne
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PMffff/RM FOR USB ih{ 'PESIGNING COLUMNS H/JVINS ECCENTRIC LOAD
' Unst/ppot-f&i/ Lengfh c^f Colt^/nn in Fffet

S ID- IS ss>

^ i/nsvppor/ocf LsngflJ oY Co/umn /'n Effef

Fig. 653.



324 GRAPHICAL ANALYSIS [Art. 140

for the given section is intersected. From this intersection move

parallel to the horizontal Hnes to the left-hand scale where the

allowable P + F' is found to be 1,426,000 pounds. Subtracting

P from this value, the value of P' is found to be 426,000 pounds.

The value of X marked on the inclined line for the given section

is 5.95. 5.95 X 426,000 = 2,534,700 inch-pounds, which is the

allowable moment.

Given the column and the loading to find whether or not the

column is over-stressed. Column section; one 14 X f web, four

L's 6 X 4 X i and cover plates on each side 16 X If. The unsup-

ported length is 12 feet, P = 800,000 pounds and M = 2,500,000

inch-pounds about the x-x axis. The value ofX for the given section

is 6.09. P' = 2,500,000 -^ 6.09 = 410,000 approximately. 410,000

+ 800,000 = P + P' = 1,210,000 pounds. The intersection of

the 12-foot Une and the horizontal load line 1,210,000 pounds

is at A, a short distance below the inclined line for the given sec-

tion. The column is, therefore, not overstressed, and yet the

stress is almost up to the allowable.

If the moment was produced by wind and the designer wished

to increase the working stresses, say 25 per cent, the value obtained

for P + P' should be divided by 1.25, and the solution continued

with this new value.

Let P, M, and the unsupported length be given and the de-

sign of the column required. Let M = 2,000,000 inch-pounds,

P = 700,000 pounds and the unsupported length be 18 feet.

The values of X in Fig. 653 vary from about five and a half

to a Uttle over six. M divided by a httle less than six would

give P' about 350,000 and P + P' about 1,050,000. Follow

along 1,050,000 load line until the 18-foot line is intersected.

This intersection is just above the line for a certain section having

X equal to 6.01. This section which consists of a 14 X | web,

four L's 6 X 4 X f and covers on each side 14 X 2, is, therefore,

assumed as a trial section. M -r- 6.01 — P' = 333,000 pounds

approximate and P + P' = 1,033,000 pounds. The intersections

of this load line and the 18-foot fine is at B, the trial section is,

therefore, satisfactory.

If the moment were about the Y-Y axis the values of Y would

be used in place of the values of X.

141. Diagram for Designing Eccentrically Loaded Reinforced

Concrete Columns.—Reinforced concrete coliunns often have
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PMGJRi^M FOR USE IN DESISNING COLUMNS' HAVING ECCENTRIC LOADS
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C/asvpported Lenath of Column in Feet

Fig. 654.
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eccentric loading, or in other words, resist both direct load and

moment. Some Building Laws require that wall colunms sup-

porting flat slabs be designed to resist certain moments as well

as the direct load. An increased working stress in the concrete,

above that allowed for coliunns on which no moment is consid-

ered, is often permitted.

In Fig. 655, the load scale is laid off along the Y-Y axis and the

moment scale along the X-X axis. Let any column section be

assumed. Find the allowable direct load P which this assumed

column is good for and locate A along the load scale. Now when

Fig. 655.

moment is added and the direct load kept the same, the point

representing the section will move from A horizontally towards

B. The point B is directly above F, the moment which produces

a stress equal to the allowable increase in the column stress for

the case when moment is considered. If more moment is added
P must be decreased in order to keep the column from being over-

stressed. Therefore, as the moment increases beyond F the point

representing the assumed section moves along the inclined line

B-E towards C. The point C is directly above G, the moment
which is just large enough to reduce the stress along one side of

the column down to zero. Now if all the material composing
the column were able to take tension as well as compression,
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the line would continue from C on down to E, B~E being a straight

line. But since the concrete in a reinforced concrete column

is assumed to be unable to take tension, the hne from C on down
to D is a curve of the shape indicated in the figure. Note that

the deviation from the dotted line is small for some little distance

below C.

The value for A may be found by multiplying Jc, the allowable

unit concrete stress for columns,by the area of concrete plus n times

the area of the steel. It is often more convenient to find the area

of the concrete plus one times the area of the steel than to find

just the area of the concrete. When this is done there is only

n-1 times the area of the steel left to be added in.

Standard values of n are 15, 12, and 10 for 1 : 2 : 4, 1 : 1| : 3,

and 1:1:2 concrete, respectively.

Suppose an increase of 20 per cent is allowed in the working

stress when moment is considered, the direct load never to be

greater than 0-A. Point F would be located by finding the

moment which would produce a stress just equal to 20 per cent

of fc. B is directly above F on the horizontal hne from A. The

hne A-B may now be drawn and, since B-C is a straight hne, it

may be drawn as soon as C is located. As long as there is com-

pression over the entire section the maximum unit stress is given

P M-c
by the formula j + —^, and the minimum unit stress is given

P M-c P M-c
by the formula -j j^. At point C, -j is equal to —— and

each is equal to '. Knowing this, the M and

P co-ordinates of C can be easily computed. Below C the formula

P M-c— -\ -— would be in error an amount indicated by the deviation
A I

of the curve from the dotted hne. Points on this curve C-D may
be located by the method given in Chapter VIII for eccentrically

loaded reinforced concrete columns, and a smooth curve passed

through them.

Wall columns supporting flat slabs often have their width

determined by the steel sash, and in other columns either the

width or depth can be assumed and the other solved for. The

heavy Unes drawn in Fig. 656 are, therefore, for columns 1 inch

wide, for different depths as shown, and for 1, 2, and 3 per cent
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of steel. There are three hnes for each depth one for 1 per cent

steel, another for 2 per cent, and the third for 3 per cent steel.

"
fyl

'"
t^ ? ^ ^* ^^ ^ ^^ ^ *^ '"

• A? Ms/treiif -z^' r/iivxamt af //jui/>i>i^ni& fief/rxh of Co/imip iv/^/h

Fig. 656.

The designer is expected to interpolate in order to get 1.3 per cent,

2.7 per cent, 3.2 per cent, etc.
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When designing, the direct load and the moment are each

divided by the assumed width of column, thus obtaining the direct

load and moment per inch of width. These values are located

on the M and P scales in Fig. 656, and the intersection of the

horizontal P line with the vertical M Hne gives the desired point.



330 GRAPHICAL ANALYSIS [Abt. 142

means that the allowable stress may increase as moment is added

until it reaches 560 X 1.20 = 672, at which point the Unes in the

diagram change direction and begin to slope. The depths given

in the diagram are core depths only, and do not include fireproof-

ing. All of the steel was equally divided between the two sides

parallel to the axis about which bending occurs. Fig. 657 indi-

cates how much steel should be added when it seems desirable

to put a part of the steel on the other two sides.

If the designer wishes to use higher stresses than those used

in drawing the diagram, he may reduce his load and moment

in the same proportion that he wishes to increase the stresses, and

then use the diagram.

142. Problems.—1. Design a wooden beam for a uniform load

of 15,000 pounds and a span of 19'-0". Let the allowable unit

stress for bending be 1600 pounds per square inch and the allow-

able stress for horizontal shear 175 pounds per square inch. The

deflection will be limited to ^xtr of the span.

Turning to the tables for safe loads given in the " Southern

Pine Manual " we find that a timber 10 inches wide and 14 inches

deep spanning 19 feet is good for 18,225 pounds when stressed

to 1800 pounds per square inch. This value reduces to 16,200

pounds when the stress is 1600 pounds. A capacity of 16,200

is 1200 larger than required, but the next smaller beam is not

strong enough. As far as strength is concerned the 10 X 14 is

satisfactory, but the table indicates that a load of 12,949 pounds

will produce a deflection ^^ of the span. Therefore, the next

size beam, a 12 X 14, must be used if the deflection is to be kept

within the given Hmit. In many cases the 10 X 14 with its

slightly larger deflection would be considered satisfactory. The
horizontal shearing stresses are much below the allowable.

An 8 X 16 would also be a satisfactory design, in fact it is

a more economical beam because of its smaller cross-section.

If the 16-inch depth could be obtained without excessive delay

or expense it should be used.

In the case the designer were limited to a 12-inch depth, two

8 X 12 would satisfy the requirements for strength and two 10 X 12

would keep the deflection less than -^ of the span.

2. Design a steel beam for a uniform load of 65,000 pounds
and a span of 23 feet. It will be assumed that the compression



Chap. IX] DESIGN 331

flange has adequate lateral support and a stress of 16,000 pounds
per square inch will, therefore, be used.

The safe load tables in the Carnegie Steel Co.'s " Pocket
Companion " show that either a 20-inch I 80-pound or a 24-inch

I 80-pound is strong enough. If there is no objection to the

extra 4 inches of depth the 24-inch I 80-pound should be chosen

because it would not cost any more, it has extra strength, its

deflection would be less, and it is more of a standard section. The
24-inch I 74-pounds might be used if it could be obtained with-

out difficulty.

3. A certain steel beam will be required to resist a bending

moment of 6,200,000 inch-pounds. What section can be used?

There are no rolled sections Usted in the " Pocket Companion "

which are able to resist such a bending moment. Therefore,

either a plate girder or a Bethlehem Girder Beam should be used

unless the designer prefers two smaller beams. 6,200,000 -h 16,000

= 387 equals the required section modulus. Use a 26 B.G. 150.

4. Design a continuous reinforced concrete slab for a clear

span of 12 feet and a hve load of 175 pounds per square foot.

Let the concrete be 1 : 2 : 4 and the allowable stresses 750 pounds

per square inch for the concrete and 18,000 pounds per square

inch for the steel.

Using the table given in Fig. 612, a 6-inch slab is found to be

satisfactory. The depth to the tension steel is 5 inches, the main

reinforcement is § inch square bars 6 inches on centers and the

temperature reinforcement is f-inch round rods 16 inchesoncenters.

5. Design a simply supported slab having a span of 12 feet

and a hve load of 125 pounds per square foot. Use the stresses

given in Problem 4.

By the use of the table in Fig. 612 a 6|-inch slab with |-inch

square bars 5| inches on centers is found to be satisfactory. Tem-
perature reinforcing |-inch round rods 16 inches on centers.

6. Design the cross-section of a rectangular reinforced con-

crete beam having a bending moment of 1,700,000 inch-pounds.

Let the allowable /« = 750, the allowable /« = 18,000, and the

concrete mix 1:2:4.
Assume some desirable width, say 15 inches, and use the table

in Fig. 611. This is for a 12-inch width. 1,700,000 X H =

1,360,000 inch-pounds. This moment requires a depth down to the
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steel of 30 inches. The beam may, therefore, be made 15 inches

wide and 32 inches over all depth. The steel area required is

2.88 X is = 3.6 square inches. Use two 1-inch round rods and

two IJ-inch round rods.

7. In Problem 6 suppose the diagonal tension to be taken

by the stirrups is represented by a total vertical shear of 25,000

pounds. What size and spacing of stirrups may be used?

In Fig. 623 find 25,000 on the Vi scale, then follow the hori-

zontal lines until the 30-inch depth line is intersected. From
this intersection follow the vertical lines until the stirrup size is

intersected and then move horizontally until the spacing scale

is reached. If f square stirrups are used the end spacing is about

4^ inches, when i round stirrups are used the end spacing is 6J

inches.

8. Determine the rivet spacing from a to c for the girder

shown in Fig. 624. Let the web be J inch thick, the flange angles

6 X 6 X f and the first cover 16 X |. Use f rivets. The dis-

tance from a to 6 is 5 feet and from 6 to c, 4 foet.

The moment diagram indicates that the flange angles carry

an average stress of about 15,000 pounds per square inch at b

and, of course, they have no stress at their end o. The net area

of two 6X6X1 angles times 15,000 equals 194,000 pounds.

This load must be taken by the rivets connecting the angles to

the web between a and b. These rivets are in double shear,

therefore, bearing on the J-inch web will govern. At 20,000

pounds per square inch for bearing, eiu^h ^ inch rivet is good for

8750 pounds and 22 are required. The shear is almost constant

from a to 6 because the moment curve from m to r is almost a

straight line, therefore, a 2i inch spacing giving 24 rivets will

be satisfactory. Use two gauge lines with 12 rivets in each line.

At c the moment diagram indicates the average stress in the

cover plate to be about 15,500 pounds per square inch and in the

angles about 15,000 pounds per square inch. The net cross-

section of the cover times 15,500 = 163,000. This load must
be transmitted to the angles below by the rivets connecting

the cover to the angles. These rivets are in single shear, and
at a shearing stress of 10,000 per square inch each rivet is good
for 6010; 28 are required. Use four gauge lines with a quarter

of the rivets in each. The tendency is for the stress to come into

the cover very rapidly near its end until its stress is approximately
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the mme m the t^rem in the angle« directly below. Thi» means
that it k denimhUt U> have a very df^sf; spacing near the end of

the cov(;r plate. L'w; a 4-'im;h spacing in each gaijge line for, say

the first 4 spaces at the end, and then S inches for the rest. This

will give a few foctra rivets but it is Ijetter not to have the spacing

too great.

Tilt: stress in the angles at c is just about the same as at b.

Tliis nu'/dUH thut the horiisontal shear transmitted to the angles

by thr; cover plate has Ixsen passed on to the w<fh by the rivets

connecting the angles to the web. Each of these rivets is good

for H7r,() pounds. 163,000 -5- 87.50 gives 19 ref4uired. 48 h- 19

«» 2.52. (jiiit'nuKt the 2^ spacing using two gauge lines with

the riv<;t/« staj^ered and a o inch spacing along oach gauge line.

9. A (.()iii\)r<:HHUi!i rncnrilxjr in a Ht<:(!i truss has an unsupported

length of 12 fw;t and carri<;H a load of 64,000 pounds. Design

the ffi(!rnber.

In I'iiiJ'A'i find the interHcx-tionof the 64,000 horizontal load line

with the 12-f«;t vertical length line. Two angles 5 / li^ X ^ X 24

pounds fxjr foot or 2 angles 6 X 4 X f X 24.6 pounds per foot

will Ikj satisfactory.

10. How many f-inch rivets will be r(:<\\urcA to connect the

nuiinber (A problem U io a |-inch giisset. I'or rivet stresses use

10,0(X) pounds \x:r fi(i\iiit(i inch in H\i(;».r and 20,0(J0 pounds in

bearing.

Hiririe the rivotH are in double Khoar and tfic gusset is only

I of an inch thick, Ixjaring in thf; guss(^t will govern. The bearing

valiic for a |-inch rivet on a ^-inch gusset is 50.'i0 pounds.

64,000 -f- 6630 = 11.4,

say 12 rivets rocjuirfid.

1 1. In I'robicfn 10 suppose clip angles are used. Let 7 of the

rivets connect tlic angles of the memlxjr direct to the gusset and

the remaining 5 connect tlie clip angles to the giisset. How
many rivctH shrjuld he used to eoauccA. the clips to the angles of

the member? 64,000 -s- 12 = ^hi'Xi [joimds = load per rivet,

5;',.'',:i X •'» -J- 2 = V.'>,Xy.'> pounds = load on each clip. The rivets

eonnfteting th(! elipH to the member are in single shear and the

value (){ a ^irleh rivet in Mngle shear is 4420 pounds. 13,400 -^

4420 » approximately 3, but 4 will make a better detail, therefore

uw! 4.

12. l)(!Hi«n an angle tension memljer to carry a load of 78,000
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pounds. Allowable stress 16,000 pounds per square inch, |-inch

rivets.

The table in the Carnegie Steel Go's. " Pocket Conapanion "

giving allowable tension values for angles is used and 2 angles

4 X 4 X f are found to be satisfactory.

13. Fig. 658 shows a spHce at which the size of the angles

changes. Determine the number of rivets required to connect

the various parts together.

All the load in the 3X3 angles must be taken out, part going

into the gusset and part into the bottom spHce plate. The

entire load in the 4X3 angles must also be taken into the gusset

and splice plate. It is evident that no more load can be put

into one end of the splice plate than is taken out at the other.

Fig. 658.

The difference between the stress in the two members goes into

the gusset and is taken out by the diagonals above.

Let it be assumed that rivets connecting the spUce plate to

the members are field driven, also the rivets connecting the 3X3
angles to the gusset. Field rivets will be considered 80 per cent

as good as shop rivets.

f Shop rivets bearing on f-inch plate .... 5630 pounds

f Field rivets bearing on f-inch plate . . . .4500 pounds

f Field rivets, single shear .

.

3540 pounds

Use 5 rivets on each side, ten in all, to connect the splice plate

to the 3X3 angles and 5 rivets connecting these angles to the

gusset. The 10 rivets connecting to the spUce plate are good for

3540 X 10 = 35,400 and the five connecting to the gusset are

good for 4500 X 5 = 22,500 pounds. 22,500 pounds + 35,400 =
57,900, which is sUghtly greater than the stress in the member.
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Now consider the 4 X 3 angles. The spUce plate with the

ten field rivets at each end, as shown, can take out 35,400 pounds.

80,000 - 35,400 = 44,600; 44,600 -4- 5630 = 8 rivets required for

the connection of the angles to the gusset.

14. Design a wooden strut for a load of 65,000 pounds and

an unsupported length of 18 feet. Let C = 1500 pounds per

square inch. In Fig. 643 find the 1500-pound C line, follow along

it until the 65,000-pound load Une is intersected, then follow

parallel to the transverse hnes until the 18-foot length hne is

intersected. The nearest section above is an 8 X 10 actual size

7^ X 9i, it will be satisfactory.

15. A web tension member in a wooden truss has a load of

23,000 pounds. How large a steel rod is required?

The stress, 23,000 -h 16,000 = 1.44 square inches of cross-

section required. Use either a If round rod upset or a If round

rod not upset. If the rod is long it may be cheaper to upset.

16. Design a cast-iron o-gee washer for a rod which has a

load of 20,000 pounds. Let Ci be 450 pounds per square inch

and use 4000 pounds per square inch for the allowable tension

in cast iron. Locate 20,000 on the left-hand load scale of Fig.

644, move horizontally to the 200 pound Ci line, then follow the

inclined lines until the 450 Ci line is intersected, then move hori-

zontally to the jD scale where the required diameter is found to

be 7f inches. In order to determine the thickness follow down

the 450 Ci line until the 4000-pound curve is intersected, then

moving horizontally to the right-hand scale, T -^ D is found to

be .24. Therefore 7f X .24 = 1|" = T.

17. Design a detail similar to the one shown in Fig. 632 for

the connection of the upper and lower chord members. Let

the stress in the upper chord be 74,000 pounds compression,

the stress in the lower chord 64,100 pounds tension, and the reac-

tion 37,000 pounds. The timbers will be considered 9| inches

wide which will give the bolts a span of about 10 inches.

The bolts act very much as small beams supported at their

ends. When they are stressed in bending they will deflect shghtly,

this will tend to reduce the bearing between the bolts and the wood

at their center and increase it near the ends of the bolts. This

un-uniform distribution of bearing on the bolts will reheve the

bending stresses somewhat. Use an allowable stress of 20,000

pounds per square inch in the bolts and consider the bearing
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uniformly distributed, keeping in mind that the actual stress

will be somewhat less because the bearing is higher at the ends

of the bolts than at the center. Let the allowable average bearing,

parallel to the grain, between the bolts and the timber, be 1000

pounds per square inch.

A l|-inch bolt would be good for 14,250 pounds in bearing.

Turning to the table for bending moments in pins given in the

Carnegie Steel Co.'s " Pocket Companion," the allowable moment
for a l|-inch bolt with a stress of 20,000 pounds per square inch

is found to be 6600 inch-pounds. Solving the equation M
= I WL, the allowable total load W is found to be only 5550

pounds

For a If-inch bolt the allowable bearing is If X 9| X 1000 =

16,600 pounds; the allowable M is 10,500 inch-pounds, and the

allowable W is found to be 8840. For a 2-inch bolt the allow-

able bearing is 19,000 pounds and W is 13,200 pounds.

There must be enough bolts connecting the upper chord to

the plates to take out its entire load. If 2-inch bolts are used,

74,000 -7- 13,200 = 5.6, six will be required. If If-inch bolts are

used, 74,000 -=-8840 = 8.38, nine will be required.

K the reaction is taken directly into the plates and does not

go through the lower chord, the lower chord wiU need just enough

bolts connecting it to the plates to take out its stress of 64,100.

Five 2-inch bolts or eight If-inch bolts would be required.

The shear in the bolts is seldom high and the thickness of the

plates is more a matter of judgment than anything else, the

bearing between the bolts and the plates seldom being excessive.

Plates |-inch thick would seem desirable for timbers and stresses

as large as those in the present problem.

The minimum allowable spacing of the bolts in the same line

parallel to the grain is determined by the allowable shearing

stress for the wood parallel to the grain. If this stress is 175

pounds per square inch, 13,200 -J- 175 = 75.5 square inches

required. In order to have the blocks between bolts sheared out,

two planes 9| inches wide would have to shear, 75.5 -^ (9| X 2)

= 3.97, say 4 inches. The shear planes are, of course, a little

longer than the distance between edges of bolts, but it would
seem desirable to space the 2-inch bolts not less than 4 inches

apart, or in other words, 6 inches center to center.

18. A steel column suports a concentric load of 1,450,000
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pounds and has an unsupported length of 18 feet. Design the

column.

This is a sptecial case of an eccentrically loaded colunm, the

eccentricity being zero, therefore, use the diagram given in Fig. 653.

Follow along the 1,450,000-pound load line in Fig. 653 until

the vertical length line 18 feet is intersected. This intersection

indicates that a section consisting of a 14 X f web, 4 — angles

6 X 6 X I and 16 X 2| covers on each side, wiU be satisfactory

since it has about 99| per cent of the required strength.

19. A certain steel colunm must support a concentric load

of 1,150,000 poimds at the same time it resists a bending moment
of 1,300,000 inch-pounds about the Y-Y axis. The unsupported

L
length is 15 feet. Let the allowable stress be 16,000 — 70 —

-

Design the coliunn.

Referring to Fig. 653 we note that about 2 is an average value

of Y for the larger sections. A value of 2 for Y would give P"

equal to 650,000 pounds, and P + P' equal to 1,800,000 pounds.

Using this as a trial value the intersection of the 1.800,000 pound

load line with the 15-foot length line indicates the following as

a good trial section: one web 14 X 1, 4 — angles 8 X 6 X f

,

covers on each side 18 X 2f. The value of Y for this section is

2.36. 1,300,000 ^ 2.36 equals

551,000 = P'. P + P' = 1,701,000.

This load and the 15-foot length are used in Fig. 653 and the trial

section found to be satisfactory.

20. A wooden colunm supports a load of 55,000 pounds which

has an eccentricity of 3 inches. The imsupported length is

13 feet. Design the coliunn using C equal to 1,300 poimds per

square inch and the following formula for the allowable stress:

S = c\l- .0125[l-.0125 1].

The actual maximum stress is equal to

P ^ M^ ^ ^ 55,000 X 3 = 165,000 inch-pounds.
A I

Take a 12 X 12, actual size 11| X 11|, as a trial section. For

this section the allowable unit stress equals
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[13 •121
1 - .0125—T- = 1080 pounds per square inch,

the actual stress would be

55,000
,

165,000 -51 ,,a , rr-, ,nr, J

This is slightly less than the allowable, the trial section will,

therefore, be satisfactory. If tlie trial section is either too large

or too small another should be chosen using the first results as

a guide, and the stresses recomputed.

21. Design a rectangular reinforced concrete wall column for

a direct load of 300,000 pounds, and a moment about the center

of 600,000 inch-pounds. Suppose the width of the column is

fixed by the sash or some other requirement to 31 inches over all,

which means a core width of 28 inches. Use 1 : IJ : 3 concrete

with n = 12 and an allowable stress of 560 plus 20 per cent for

combined stresses, or 672 pounds per square inch.

The direct load per inch of width equals 300,000 ^ 28 = 10,700

pounds and the moment per inch equals 21,400 inch-pounds.

Find 10,700 on the load scale of Fig. 656 and follow parallel to

the horizontal guide lines until the vertical line from M = 21,400

is intersected. The diagram indicates that either of the following

depths and percentages are strong enough: a 20-inch depth with

1.6 per cent of steel, or, an 18-inch depth and 2.75 per cent of

steel. Use the 18-inch core depth which will give an over all

depth of 21 inches. Total steel area required equals 28 X 18 X
.0275 = 13.85. Use fourtoon 1-inch square. This is the amount of

steel required if it is all divided equally between the two 28-inch

sides, the sides parallel to the axis about which bending occurs.

Refer to the note at the bottom of Fig. 657 for an illustrative

problem indicating the additional steel required if some of the

bars are placed at the ends.

Note: Large blue prints of Figs, or Diagrams may be obtained from the

author.



CHAPTER X

MISCELLANEOUS PROBLEMS

A number of miscellaneous problems are considered in this

Chapter and solutions presented. It is assumed that the student

has studied the other chapters and recalls in a general way the con-

structions given therein. The solutions will, therefore, not be

explained in as much detail as they otherwise would be.

143. Steel Bases with Anchor Bolts.—Fig. 659 shows the

elevation of a steel column base which is aip;hored to its concrete

footing by two large anchor bolts. A plan of this base is shown

at a larger scale in Fig. 660. The problem is to find the stress

produced in the anchor bolt and the maximum bearing on the

concrete, when the connection of the coliunn to the concrete

footing resists a certain bending moment as well as a direct load.

There are a nirmber of approximate methods used for the solution

of such a problem but they are more or less in error. An exact

solution is given by an article in the Engineering Record, Vol. 70,

p. 441, but it develops into a rather complicated equation.

The attention of the student is called to the similarity between

the connection of the column to its footing and eccentrically

loaded reinforced concrete columns. When the moment is large

only a part of the concrete imder the base plate will take bearing,

and there will be tension in one of the anchor bolts. The anchor

bolt corresponds to the reinforcing rods in the reinforced concrete

columns. A solution similar to that used for eccentrically loaded

reinforced concrete coliunns in Chapter VIII will, therefore, be

applied.

Let it be assumed that the base and anchor bolts shown in

Figs. 659 and 660 must resist a direct load, P, of 50,000 pounds

and a moment, M, of 3,000,000 inch-poimds. This loading is

equivalent to a load of 50,000 poimds with an eccentricity of

60 inches. Anchor bolts two inches in diameter will be used as

a trial size. The compression area is divided into sUces parallel

to the axis about which bending occurs, and horizontal lines are

339
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drawn from their centroids as well as from the centroid of the

tension taking anchor bolt. Attention should be caUed to the

fact that the anchor bolt on the compression side, unlike reinforc-

ing steel, is not able to take compression, because it has only a

tension connection at its top. After multiplying the anchor bolt

net area at the root of threads by n, the vectors are laid off in

Fig. 661, and Fig. 662 drawn, locating the neutral axis by the

intersection o. The reader should refer to the constructions

given in Chapter VIII.

The line e-f is now drawn in Fig. 663 and b-e is made any con-

venient stress, in this particular problem equal to 400 potmds

per square inch to some scale. The Une b-c is drawn from b,

passing through the intersection of e-f with the neutral axis, and

extending to s. The force polygon of Fig. 664 is drawn and

from it the funicularpolygon of Fig. 665. This polygon locates

the action Une of the resultant of the compressive forces for the

case when the moment is sufficient to produce a maximum pressure

of 400 pounds per square inch on the concrete. The effective depth

is found by scaling to be 44.2 inches. This value -times 44,245 =

1,956,000 inch pounds (to the nearest thousand), which is the

resisting moment when the maximum pressure on the concrete

is 400 pounds per square inch.

The moment of the eccentric load P about the neutral axis

x-x is 43.4 times 50,000 = 2,170,000. 400 X ^'11^'^^ = 444.
1,950,000

J^'or the eccentric load P we may substitute a direct load of the

same magnitude acting at the axis x-x, and a moment which

produces a maximum unit pressure on the concrete of 444 pounds

per square inch, and a unit tension in the opposite anchor bolt

of f-d times 15. The effect of the direct load at c is to move
the base hne e-f to the position X-Y. Taking into account

the effect of this direct load the maximum unit pressure on the

concrete is found to be a-X = 611 pounds per square inch, and

the maximum unit tension in the anchor bolt is Y-d times

15 = 18,750 pounds per square inch.

Figs. 666 and 667 were used for a check and were not a part of

the solution. The student wiU be interested in noting the similarity

between Figs. 659 to 667 and Figs. 574 to 583.

If the stresses are not satisfactory the dimensions may be
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revised and the necessary chaises made in the figures to give

the new stresses. This can usually be accomplished by redrawing

only a small part of each figure.

.*«*

—

K.
fc.

v^s^^j^s-

l̂l

The approximate methods are often satisfactory for design-

ing small anchor bolts and bases, but occasionally the designer

desires results from a more correct method.
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144. Connection of Wind Bracing Girder to Columns.—

A

wind bracing connection similar to that shown in Fig. 668 is

often used in structural steel frames. Fig. 669 shows Section

A-A to a larger scale. Let it be assumed that the moment on

the connection is of direction as indicated by the arrow in Fig.

668, producing compression at the top and tension at the bottom.

Now where there is tension the rivets must, of course, take it,

but when there is compression the rivets are not acting, the com-

pression being taken by direct bearing between the angles and the

column. The area just back of the outstanding legs will be most

efficient in taking this bearing, and the area most remote from

these outstanding legs will be least effective. In Fig. 669 only

the area out to the gauge lines has been considered.

Now this connection to the column is somewhat similar to

a narrow reinforced concrete beam with many layers of steel

uniformly spaced for its entire depth. On the compression side

of the neutral axis x-x the compression is taken by the larger

continuous area, while on the tension side the tension is taken

by the rivets represented in the figure by the black spots. This

neutral axis x-x may be located in the same way that the neutral

axis for concrete beams was located. The compression area is

divided into slices, the dividing being continued until it is evident

that the neutral axis is past. Lines are drawn from the centroids

of these slices parallel to the axis about which bending occiu-s,

and similar lines are drawn from the rivets on the tension side.

The areas of the slices are computed, also the areas of the rivets

on the tension sides, and these values are used in Fig. 670. The
ratio n does not enter, since only one kind of material is being

used. Starting at W in Fig. 670, the vector for the area of the

top slice is laid off and then the other compression areas in order,

extending to the right. The rivet areas are laid off to the left

of W, starting with the lowest and taking the others in order.

Fig. 671 is drawn from Fig. 670, and the neutral axis x-x located

by the intersection 0. The moment of inertia is given hy2-A-H,
in which A is the area inclosed by the polygon of Fig. 671. The
area inclosed by this polygon may be found by the use of a plan-

imeter,or it maybe divided into parallel slices and the mean lengths

stepped off along a line as shown at the top of the figure. Two
widths of slices were used in Fig. 671, part of them being only

half as wide as the others. To make allowance for this, the mean
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lengths of the narrow slices were divided by 2. The length on

the line or lines along which these mean lengths were stepped off,

times the slice width gives the area A, which was here found to

be 186.3 square inches, to the scale at which Fig. 669 was drawn.

Since the numerical value of H is 30 square inches, I = 2 -30 -186.3

= 11,178 inches.*

The maximum compressive unit stress is given by —
j.
—, and

lid 'Cl
the maximum unit rivet stress by -^— . Since ci is larger than

C2, the governing section modulus is— or 11,178 -r- 43.12 = 259.

Designers often estimate the strength of connections similar

to that shown in Fig. 669 by finding the section modulus of the

entire group of rivets about the axis z-z. The section modulus

of the group of rivets shown in Fig. 669 is (4 • .442) • (3^+ 6^+ 92+
122 + 152 + 182 4. 212 + 242 + 272) H- 27 = 168. The value ob-

tained above is 54 per cent larger, showing that the con-

nection is really very much stronger than the method using

the section modulus of the rivets would indicate.

Attention should, however, be called to a possible point of

weakness. With the neutral axis at x-x there is a large amount
of stress coming out into the angles over a short length near their

end. This stress must get into the gusset G by going through

the rivets B, and, unless they have received special attention,

they may be over-stressed. In case the outer B rivets are over-

stressed and give a small amount, the angles wiU bend a little

and thus transmit the stress to rivets farther in. But if the angles

bend any appreciable amount the axis x-x will be pulled in towards

the axis z-z.

It, therefore, seems desirable not to use the fuU strength

obtained by the solution shown in Figs. 669 to 671, unless the

rest of the bracket and girder end is of ample strength and rigidity.

145. Steel Beams Reinforced with Concrete Fireproofing

and Slabs.—Steel floor-beams which support concrete slabs are

usually fireproofed with concrete. This requires a good deal of

concrete, in fact the designer may sometimes think that he has

almost enough concrete to make a reinforced concrete beam,
which would carry the load, without using structural steel. In

such cases we really have concrete and steel acting together whether
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we figure it that way or not, and the combination is usually a

good deal stronger than the steel beam alone. There may be

some question about the abihty of the flat surfaces of the beam
to take high bond stresses, but if the designer figures out the bond
stresses for an actual beam he will find that they are very low

because of the large surface.

In Fig. 672 a 24-inch BI 84-poimd is shown together with

fireproofing and a portion of the floor slab. The top of the beam
is 2 inches below the top of the slab, and a T projecting 12 inches

beyond the edge of the fillet has been considered. The compression

area is divided into sUces parallel to the axis about which bending

occurs, and lines are drawn parallel to this axis from the centroids

of the slices. The compression value of each one of these slices

is equal to its area of concrete plus 15 times its area of steel. The

steel on the tension side is also spUt into small divisions, and lines

drawn from their centroids as shown. Figs. 673 and 674 are now
drawn, in the same way that Figs. 670 and 671 were drawn,

and the neutral axis x-x located by the intersection 0. Fig.

675 is next drawn and f-h made equal to the allowable stress

in the steel (16,000 pounds per square inch) divided by 15. The

line c-h is drawn and extended to g. The line ff-e is found to be

less than the allowable stress in the concrete, therefore, the steel

governs. The resultant stress on each shce or division is now

computed, the compressive stresses and also the tensile stresses

are summed up, and by the use of Figs. 676 to 679 the action

lines of Re and R, are located. The effective depth is found to

be 20.8 inches and the mean between Re and Rt is 168,000 pounds.

Therefore the resisting moment of the steel and concrete is

?0:^21A^8^ = 291,200 foot-pounds.
12

The resisting moment for the steel beam alone is 264,660 foot-

pounds, when the maxinnmi stress in the steel is 16,000 pounds

per square inch. The concrete has, therefore, increased the

strength of the beam a Uttle more than 10 per cent. This per-

centage will, of course, vary with the size of the beam, the thick-

ness of the slab, and the distance the top of the beam is below

the top of the slab. It wiU be relatively large for small beams

and will increase very rapidly with the increase in thickness of
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concrete above the beam. It is desirable to have a good-sized

fillet b, and the dimension a should be at least 3 or 4 inches.

It is interesting to note that the concrete also increases the

rigidity of the beam, even for the same stress in the steel. With-
out the concrete the deflection would be that for a 24-inch steel

beam, with the concrete the deflection is what we would get from

a steel beam with a depth equal to 2-Cs or 32.5 inches.

146. Continuous Frame of Two Fixed Columns and a Girder.—
Consider the columns and girder shown in Fig. 680. The columns

arc anchored to heavy concrete footings by large anchor bolts

in order to fix them at their base, and the girder is rigidly connected

to the colurjins at its ends. When the girder is loaded it deflects

but the ends are somewhat restrained, being partially fixed by

the column. The girder will, therefore, have points of contra-

flexure near its ends and the moment diagram will look some-

what like the area e-f-fi-g-h-Y-X in Fig. 681. The moment
at the top of each column must be just the same as at the cor-

responding end of the girder. This moment will then decrease

until it passes through zero at a point of contra-flexure some

place above the base. Below this point of contra-flexure the

moment will increase again until the base of the column is reached,

where it is absorbed by the footing. The distribution of moment
throughout the length of the columns is illustrated by the areas

k-c-d-l and h-d-j-a in Fig. 681. Let these column moment
diagrams be revolved around h and c into the positions shown

by the dotted lines and then lowered until h and c coincide with

e and h respectively. Note that this has not changed the shape

of the diagrams nor their intercepts, but only their position.

With Fig. 681 in mind, consider the frame indicated by center

hnes in Fig. 683. This frame is similar to the one given in Fig.

680. The loading shown will be used. The uniform load

applied to the girder is divided into slices and an equivalent

concentrated load substituted for each. These loads, together

with the large concentrated loads, are laid off in order along the

load line of Fig. 684, and any convenient pole p chosen with

pole distance H. Then starting at e, any point on the axis of

the left column, the funicular polygon for the loading is drawn

and the last string extended to h, a point on the axis of the right

column.

When the girder is loaded it deflects and, since its ends are
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not fully fixed, the neutral axis at the ends will have a certain

inclination after bending. Since the columns and girder are

^m
Fig. 680.

Tan a

Fig. 682.

rigidly connected, the axis of the girder will intersect the axis
of the column at an angle of 90 degrees after bending the same as
before. The curvature of the columns will be convex on the out-
side from their top down as far as the point of contra-flexure,
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and then convex on the inside on down to the base, where the

tangent to the axis is supposed to remain vertical.

If the girder was simply supported and not restrained at the

ends, a line connecting e and h would be the base line for its

moment diagram. With the girder restrained by the colimans

the base line for the moment diagram is X—Y, and the biggest

part of our problem is to locate the pointsX and Y. The moment
diagrams for the colums are shown in the revolved and shifted

position explained in connection with Fig. 681. Not only must
points X and Y be located but also U and T'.

Let the designer assume points m and n which are near where

he would expect to find A' and Y. Using the trial base line m-n,

divide the moment diagram for the girder into a nmnber of sUces,

as shown, and lay off theii- areas along the load line of Fig. 685,

starting at B with the first area at the right end and extending

down to C. When the sign of the moment changes, the pole in

Fig. 685 is changed to the other side of the load line, and when
the moment of inertia changes a corresponding change is made
in the length of the pole distance. The student will do well to

refer to the constructions for continuous beams and beams havii^

a variable moment of inertia, given in Chapter IV.

When Fig. 685 is completed from B to C, and the poles p'2

to p's inclusive located, the funicular polygon may be drawn in

Fig. 686 from 61 to ci. Connect 61 and ci and extend this line

in either direction. The straight line 61-ci represents the axis

of the beam before bending, and the broken line bi-e-f-ci repre-

sents it after bending. The line ai-bi represents the axis of the

left column before bending, revolved 90 degrees about 61, also

Ci-di represents the axis of the right colimm before bending.

Since the tangent to the elastic cvurve at the base of the columns

remains vertical, the string at each end of the polygon in Fig.

686 must be parallel to the line ai-di. In order to have these

two strings parallel to ai-di the two raj's A-p' and i>-p'io must

be drawn with this direction. In Fig. 685 the length A-G repre-

sents the area of triangle oi-k-t in the moment diagram of Fig.

683. The length G-B represents the area of triangle k~e~m,

and in order to h&ve A-p' parallel to ai-di, oi must be located

so that the area of triangle m-e-k less the area of triangle oi-ii-t

is just equal to B-F, the line p'l-F being drawn parallel to ai-di.

In other words, oi must be located so that the difference between
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the areas of the two triangles is equal to a known value which is

given by the length B-F. In Fig. 682 a diagram similar to

the moment diagram of Fig. 683, for the left colunm, is shown.

Let the length pi-t be called x, and the length e-m, K. Then

the area No. 1 = |-a;^- tana and area No. 2 = ^-K^- tana,

also tan a = —;—=. Let Q be the difference between area No. 1
X + K

and area No. 2, given in magnitude by the length B-F in Fig.

685. Then

Q = l-Z^-tana — |-a;2-tana = |-tana (K^ — x?).

Substituting the value given above for tan a, we have

L (K^ - x^)
Q =

2{K + x)
'

which is a quadratic with x the only unknown. Solving for x,

the following expression is obtained

:

x = K- --,

L being the length of the column.

After this discussion it may be well to go back to Fig. 685

and consider the actual construction above B and below C. First

the pole distance H'l is computed, using the proper value for I,

and the pole p'l located on the hne p'z-B. In this particular

problem the value for H'l was rather small, and in order to make
this pole distance of convenient length the scale was changed.

This change of scale does not produce any error as long as the

new scale is used for the vectors from B to A. From p'l a line

is drawn parallel to ai-di and the intersection F obtained.

The length B-F measured to the scale used for H'l gives the

20
value of Q in the formula x = K -—. x is now the only unknown

Ij

in this formula, K being given by the hne m-e of Fig. 683. The

value of X is computed and oi located at that distance above t.

The line m-Oi is now drawn and the moment area divided into

slices. Starting with the sUce next to e-w the areas of these

slices are laid off above B and extended to A. Then p'l-G is

drawn and extended to the right, p' is next located and p'-A

drawn. A check is obtained if A-p' is parallel to ai-di.
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In a similar way the lower end of Fig. 685 for the right column

is extended from C to D. The funicular polygon representing
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of the columns at their bases, the Z and W intercepts should be

approximately equal to zero.

It is evident that too much moment was assumed at the column

tops because the intercepts Zi and Wi are both below the line

ai-di. The trial base hne for the moment diagram will, therefore,

be moved to m'-n', and Figs. 687 and 688 drawn in the same

way that Figs. 685 and 686 were drawn. The intercepts Z2

and W2 are found to be above the base line, showing that the

moments just assumed for the column tops are not large enough.

In Fig. 683 n-A is made equal to Wi and n'-3 equal to W2;

3 and 4 are connected and the intersection Y obtained. In a

similar way the intersection X is obtained, U and V are located

20
by the use of the formula x = K ~, and the base lines U-X,

L
X-Y, and Y-V drawn. Figs. 689 and 690 have been drawn

as a check, and the intercepts Z and W are found to be approxi-

mately equal to zero. In Fig. 690 the polygons representing

the elastic curves for the column have been revolved through

90 degrees into their proper position, as shown by the fuU lines.

The reactions may be found in Fig. 684 by drawing a line from

p parallel to X-Y.
A slight approximation was made in locating X and Y from

the intercepts Zi, Z2, W\, and TF2. The more exact method

would be to draw three elastic curves as was done in connection

with three-span continuous beams, and then locate X and Y by

the use of a figure similar to Fig. 241. However, the Z and W
intercepts are very sensitive to small changes in the moment
diagram, and if the trial base hnes are carefully chosen so that

the Z and W intercepts are relatively small and approximately

equal for each curve, good results should be obtained by the use

of just two trial elastic curves.

We may, therefore, consider that the problem has been solved.

The correct moment diagram is shown by the shaded area in

Fig. 683, and the position of the elastic curve after bending is

represented by the full line polygon in Fig. 690. The deflection

at any part of the beam may be obtained by measuring the vertical

intercept between the hne h-c and the polygon, and dividing it

EI
by the value used for n in the formula H' = -r= when com-

H-n-a
puting the pole distances H'\ to H\q. The deflection of the
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left column at any part of its length is given by the horizontal

intercept between a-b and the polygon representing its elastic

curve, divided by n.

147. Steel Towers.—Towers present a more comphcated

problem than might at first be expected, especially when the col-

umns change from a vertical to an inclined position for a part

of their length, as illustrated by Fig. 691. The problem is still

further comphcated when the direction of the wind makes an angle

with the sides, as indicated in Fig. 693. Fig. 692 shows an

elevation looking at right angles to the plane containing columns

Nos. 1 and 3.

The effect of a dead load symmetrically placed about the axis

of the tower will be considered first, after which the determi-

nation of the stresses under wind load will be illustrated. In con-

nection with the dead load refer to Fig. 692 and Figs. 692 ©
to 692 @. Under this loading the stresses in each of the four

columns will be the same, also the stress in each of the four hori-

zontal members at any one level wiU be the same.

At the top the load Pi is supported by the four upper column

sections, and we may consider that each one of them has a stress

such that its vertical component is just equal to J Pi. In Fig.

692 a force triangle is drawn and Pi, the stress in these upper

column sections, determined. At the panel point b' the load P2

is appUed. The vertical component of the stress which P2 pro-

duces in b'-c' must be equal to P2. The magnitude of this stress

is found in Fig. 692 @ by scaling P2. The horizontal component

of P2 must be balanced by compression in the two horizontal

members which intersect at b'. The resultant of these two

compressive stresses is P3, and it follows that P4 gives the magni-

tude of each one of them. The compression in b'-c' is Pi plus P2.

By the use of Fig. 692 © we find that P3 produces a com-

pression in c'-d' equal to P5 and a compression in each of the two

horizontal members that intersect at c' equal to P7. The total

compression in c'-d' is equal to Pi plus P2 plus P5.

Below d' the column is vertical, which means that P4, Ps,

etc., will go directly into the column, increasing its stress an amount
just equal to their magnitude, but not producing stress in any

other member. The stress in c'-d' is not a vertical force, but in

Figs. 692 ® it is broken into its vertical and horizontal com-

ponents. The vertical component Pg, plus P4 gives the com-
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pression in d'-e', and the horizontal component produces a tension

in each of the horizontal members that intersect at d' equal to

Fio- The stresses in the corresponding members of the other

three columns are the same as those just obtained for the various

members of column No. 3. It is of interest to note that the dead

load produces no stress in the diagonals and no direct stress in

the horizontals below the level at which the colimms become

vertical.

For the purpose of illustrating a method of solution under

wind loads, a wind, the direction of which makes an angle of 30

degrees with the south side, wUl be considered. Let it be assumed

that the loads apphed to the various panel points are as indicated

in Figs. 691 and 693. In case any bending stresses are pro-

duced in the members of the frame in order to get the loads over

to the panel points, these stresses should be combined with the

stresses obtained below. The unit pressure on the west and also

on the south side is estimated, and the magnitudes of Wi to Ws
inclusive, and of W'l to W's inclusive are computed. The
wind pressure on the south side is, of course, less than that

on the west side, because the wind strikes the west side more
directly.

The four sides of the tower above the level at which the columns

become inclined will be considered first. The stresses in the

members of the east side, produced by the wind load on the south

side, wiU be the same as those produced in the members of the west

side by this wind load. Figs. 694 to 694 © will, therefore,

serve for the west side as weU as for the east side. When draw-

ing the space diagram in Fig. 694, it was necessary to revolve

the plane of the side into the plane of the paper in order to get

the proper directions for use in the construction of the stress

diagram. The stress diagram is shown in Fig. 694 ®. The
reactions are Fi at Z and F2 at X. Or we may say that the por-

tion above dehvers a thrust at Z equal in magnitude and direction

to Fi, and a pull at X equal in magnitude and direction to F2.

Remember that these forces have their action lines in the plane of

the tower side which makes an angle a with the vertical, as shown
in Fig. 691. In Fig. 694 ® the thrust Fi is broken into two
components, one horizontal, and the other falling at the inter-

section of the vertical plane containing the lower part of columns

1 and 2, and the inclined plane containing the upper part of col-
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umns 2 and 3. In Fig. 694 (3), F2 is broken into similar com-

ponents.

Figs. 695 to 695 @ correspond to Figs. 694 to 694 ©.
By their use, the stresses in the north and south side members

produced by the wind load on the west side are obtained. The

reactions at the tops of the vertical coliunns are also obtained.

It should be noted that the stress diagram of Fig. 694 ® gives

a stress for each inclined member of each of the four columns

since it serves as the diagram for the west side as well as for the

east side. Also the stress diagram of Fig. 695 © gives a stress

for each of these column members. The resultant stress in each

member is the algebraic sum of the two stresses. This resultant

stress is found to be large for colimms 2 and 4, but comparatively

small for columns 1 and 3.

The wind load on the south side produces a reaction at the top

of each vertical column. These reactions are broken into com-

ponents by Figs. 694 ® and ©. The wind load from the west

also produces a reaction at the top of each of these columns, see

Figs. 695 (S) and ©. These reactions should be considered

as loads when the stress diagranas are drawn for the straight part

of the tower. The loads applied at the top of any column may
be divided between the two stress diagrams for the adjoining

sides in any desired way, provided all the forces considered in

connection with any one side are in the plane of that side. The

loads should be broken into components such that each com-

ponent falls within the plane of one of the two sides adjacent to

the column on which the load is apphed. It is, of course, impor-

tant that all of the loads be considered, but that none of them be

considered twice.

Figs. 696, 698, 700 and 702 show the center line diagrams

and loads for the four sides of the straight part of the tower.

The corresponding stress diagrams are drawn in Figs. 697, 699,

701, and 703. It should be noted that there are two stresses

found for each member of each of the four vertical columns.

The algebraic sum of the two stresses found for each column

member gives the resultant stress for that member. The diago-

nals which are stressed under the given loading are shown by the

full lines.

The reactions may be checked by drawing funicular polygons

as illustrated in Figs. 695 and 695 ®, also in Figs. 696 and 697.
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148. Longitudinal Strength Calculations for a Ship.—Ships

present a great many interesting problems for the structural

engineer, especially for the engineer who is interested in graphical

constructions and solutions. The distribution of weight along

the length of the hull differs from the distribution of the buoy-
ancy forces. This variation between the distribution of weight

and buoyancy produces longitudinal bending stresses along the

length of the huU.

This article wiU be devoted to the explanation of a method
which may be used in determining the distribution of such

moments, as well as their numerical value. The huU of a ship

may be thought of as a large box girder of variable cross-section,

which is loaded with a distributed load consisting of its own weight,

cargo, equipment, etc., and is supported by a distributed support

which is the buoyancy of the water.

Let the base line A-B in Fig. 704 represent the length of the

ship with the forward perpendicular at A and the aft perpen-

dicular near B. Above this base Hne the weight cm-ve is first

drawn with ordinates which represent the distribution of total

weight along the length of the huU. An inch of ordinate is made
equal to some convenient number of tons per lineal foot of hull.

The total area under this curve, measured to the proper scale,

is equal to the total weight of the ship including the cargo, equip-

ment, etc. The number of feet which one inch of base line repre-

sents, times the number of tons per lineal foot which one inch

vertical represents, gives the number of tons which one square

inch of area under the weight curve represents.

The next step is to find the longitudinal position of the cen-

troid of the area under the weight curve, which locates a line

containing the center of gravity of the ship. This centroid is

located by a construction similar to that used for locating the

neutral axis of a reinforced concrete beam. The area under the

weight curve is divided into shces, all of equal width, most of them
being either trapezoids or rectangles. The areas of these slices

are found, usually by scaling the mean ordinate, and recorded

in the top line of figm-es just below the station numbers. Start-

ing with the slice at the right end, and taking the others in order,

the areas are laid off along a load Hne beginning at G and extend-

ing down towards H. Lay off enough of these areas so that it

is evident the centroid has been passed. In a similar way, areas
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are laid off along another load line starting at E with the extreme

left area and ejctendiag down, with the other areas taken in order.

The load line should be extended until it is evident that the cen-

troid has been past'. The poles pi and p2 are chosen with pole

distance Hi and H2. These two pole distances are made the same

length, the same scale is used for each load hne, and both pz-G
and pi-E are drawn horizontal. The areas might have been

laid off with E-F extending on up above G, and E-^i coinciding

with G-p2, but in this particular problem it would not have been

quite so convenient because of the greater distance the direc-

tion of lines would have to be transferred.

The base line C-D is drawn parallel to p2-G and pi-E, and the

funicular polygons drawn from D and C and continued until they

intersect at V, thus locating the vertical line z-z which contains

the centroid.

The most severe longitudinal bending stresses are produced

when the ship is centered on the crest of a wave or over the hoUow
of a wave. When the ship is centered on the crest it is said to

be in the hogging position, and when centered over the hollow

it is in the sagging position. In aU cases the longitudinal center

of buoyancy should be in approximately the same vertical line as

the L.C.G. (longitudinal center of gravity). The buoyancy curve
for the hogging position is shown by the full line smooth curve
in the figure. It has been drawn upon the same base line as was
used for the weight curve and at the same scale. Points on this

curve were located by the use of the Bonjean cimres, a standard
wave curve, and Sympson's Rule. See " Naval Architecture "

by Peabody. The area under this buoyancy curve should be
just the same as the area under the weight curve, and the same
vertical line should contain their centroids. If these conditions

are not met, an error will be produced which will show up later.

The areas between the weight and buoyancy curves represent
the load which is effective in producing moment. The area under
the buoyancy curve is divided into slices of equal width, the same
as the area under the weight curve, and the areas found by scaUng
the mean ordinates. These areas are recorded in the line just

below the line for the weight curve areas. 'If these two lines of
slice areas are subtracted one from the other, areas representing
the effective load are obtained. The effective load areas are
shown in the lower Une, some of them being negative and others
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positive. Their algebraic sum should, of course, be equal approxi-

mately to zero. In this problem its value is found to be .01, which

will be considered satisfactory.

Beginning with the one at the left, these effective load areas

are laid off in order to some convenient scale along a load line,

starting at I and extending down. When the areas change sign

the pole is changed from ps to p^ on the other side of the load Hne,

but P3-./-P4 must be a straight line. When the point K is reached

it seems convenient to break the load line and continue its con-

struction from L. The pole distance HU must be the same as

Hi, and L-p'i must be parallel to K-p4,. For convenience, the

ray I-ps was made horizontal, and if the loads have been laid

off correctly, the ray ps-iV will come out horizontal.

Now starting at any point Q on the vertical hne from the

centroid of the first area at the left, the large full-line polygon

is drawn which extends around to R, on the vertical line from the

centroid of the first area at the right. Connect Q and R hy a,

straight line which should be parallel to the ray I-p3. The area

between the closing string and the full line funicular polygon repre-

sents the moment diagram for the ship fully loaded in the hogging

position. Vertical intercepts measured in this diagram will give

the numerical value for the moment, at any desired section.

The number of feet which one inch of base line represents, times

the number of tons which the pole distance H3 represents gives

the number of foot-tons which each inch of intercept in the moment
diagram represents. The number of tons which the pole distance

H3 represents is the number of tons which one square inch of weight

curve area represents times Hs measured in square inches to the

scale that was used in laying off the areas along the load line

I-K.

The vertical lines on which the polygon, used for locating the

L.C.G., changes direction were drawn from the approximate cen-

troids of the weight curve area slices. For the moment diagram

polygon these vertical lines should be drawn from the approximate

centroids of the effective load area slices. For most of the large

areas these centroids are very close to the vertical lines already

drawn. In Fig. 704 the same vertical Unes that were used for

locating the L.C.G. are therefore used for the moment diagram.

Other moment diagrams for other positions of the ship on the

wave or for other loadings may be drawn in the same way as
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the one shown. The base line A-B may be used for several

different buoyancy curves if desired.

The shear is often of importance. It is given for any section

by the algebraic siun of the effective load areas to the left or to

the' right of the section. It is sometimes desirable to draw a

shear diagram, such as is shown boimded by the dotted line partly

above and partly below the base line A-B. The intercept Y is

equal to the effective load area to the left or .68. The intercept

Yi is equal to the effective load area to the left Or .68 + 1.07

= 1.75. The intercept Y2 is equal to .68 + 1.07 + 1.64 = 3.39

etc. When the negative areas are reached, the shear curve turns

back towards the base hne and crosses it near the center. The
shear at any section may be obtained in tons by measuring the

corresponding intercept in the shear diagram to the proper scale.

If the number of tons which one square inch of area under the

load curve represents, be miiltiphed by the nimiber of square

inches which one inch vertical in the shear diagram was made
to represent, we have the number of tons which one inch of inter-

cept in the shear diagram represents.

149. Moment of Inertia of a Large Reinforced Concrete

Section.—Fig. 705 shows a half section of a reinforced concrete

ship hull. Let it be required to locate the neutral axis and find

the moment of inertia for both positive and negative moments

about a horizontal axis.

First consider the case when the ship is in the hogging posi-

tion, the moment producing tension in the top and compression

in the bottom. The rods are grouped together, and horizontal

lines drawn from the approximate centroids of the groups are

extended some Httle distance to the right. It will be found

much more convenient to group the rods, and have each group

represented by one line, than to have a line for each rod. How-
ever, the vertical dimension of the groups should not be too large

or an error will be produced. The concrete on the compression

side is divided into slices of small vertical dimensions, and hori-

zontal line drawn from their centroids are extended to the right.

Starting at the top, the steel area for each group of bars times

the ratio n is computed, and the values scaled off in order along

the load hne of Fig. 706, extending from z towards the left.

Then starting at the bottom, the area for each slice is computed;

also the steel area of each group of bars times n-1 is computed.
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The value n-1 is used in place of n for the steel on the compression

side because the steel displaces one times its area of compression

concrete. These area values for the slices and the compression

steel groups are laid off from z towards the right, taking them

in order. When it is evident that we are above the neutral axis

there is no use of laying off any more compression area, neither
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is there any use lajnng off more tension values when it is evident

that the neutral axis has been passed.

From Fig. 706 the funicidar polygon of Fig. 707 is drawn,

and the neutral axis located by the intersection o. The moment
of inertia is equal to 2 times the pole distance H, times the area

inclosed by the polygon of Fig. 707. Then using the common
M I

formula -~ = —, the stress in the concrete and steel for any moment

may be easily determined. When finding the maximimi stress

in the concrete, Cc should be used for c, and for finding the maxi-

mum steel stress use Cs and multiply the result by n. Formulas

expressing this may be written thus

„ M-Cc , „ M-Cs
be = —jr^ and ba = —=r— -n.

In a similar way, by the use of Figs. 708 and 709, the neutral

axis x'-x' is located and the moment of inertia foimd for the case

when the ship is in the sagging position. If the stresses are

desired, they may be found by the method just explained.

160. Stresses in a Reinforced Concrete Beam Foundation.—
Let it be required to find the distribution of moment and shear

along the length of the continuous footing shown in Fig. 710.

The column loads are given, also the allowable soil pressure.

The footing has a rectangular cross-section, is of length such

that the center of gravity of the loads is directly above the centroid

of the footing area, and has a width such that the soil pressure

is not excessive. It resists two sets of forces, the four column

loads acting down, and the distributed soil pressure acting up.

The area representing the distributed pressure from the soil

is divided into small vertical slices, and an equivalent concentrated

load substituted for each slice. The loads acting upon the footing

are now laid off in order along the load line of Fig. 710. Any
convenient pole distance H is chosen, and the pole changed from

side to side as required by the different sense of the forces. This

is more convenient than using just one pole and doubling up the

load line. After Fig. 711 is completed it should be checked

by seeing if the last ray is parallel to the first. Starting at any

point S on the vertical hne from the fii'st pressure area, a funicular

polygon is drawn for the loads and pressures and the point T
located. The line S-T is the closing string and it should be parallel



366 GRAPHICAL ANALYSIS [Art. 150

to the first and last ra3rs in Fig. 711. The intercept between

the polygon and the base hne S-T times the pole distance H gives

the moment at any section. The intercepts in Fig. 712 are

to

i
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to be measured to the scale used for Fig. 710, and H should be

measured to the scale used for the load hne of Fig. 711.

The shear diagram is shown in Fig. 713.

The footing just studied is really an inverted continuous

beam with the column loads corresponding to the reactions and

the soil pressure corresponding to a distributed load. There is,
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however, an important featiire which it may be well to discuss.

Ordinary continuous beams have their loading given and the reac-

tions are determined from the loads and the spans. In other

words, given the beam, the loading, and the location of the sup-

ports, the magnitudes of the reactions are fixed, as long as the

supftorts remain at the same elevation. But by varying the

elevation of the support, almost any desired moment may be
obtained at any support. In the footing problem just considered

the column loads which correspond to the reactions of a continuous

beam, are given, and a uniform distribution for the soil pressure

assumed. It wotdd, therefore, seem that we have assumed
something wlfich we had no right to assiune, and to a certain

extent this may be true. The moments given by the moment
diagram of Fig. 712 exist only after certain deflections have been

produced in the footing. These deflections will usually be such

as to leave the colimm bases at slightly different elevations.

Deflections in the footing mean that the soil will be compressed

more in some places than in others and we would, therefore,

expect a slight variation in the pressure which the soil exerts

against the footing. However, beam footings are in most cases

rather deep, therefore the deflection and also the variation in

soil pressure wfll be smaJl.

The redistribution of the soil pressure due to deflection occiub

in all spread or beam footings. The effect is usually small, and

in most cases tends to reduce the maxunmn moments. It is

customary to neglect it, but the designer should keep in mind

the fact that there is such an action.
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Details of, steel trusses, 300

wooden trusses, 305
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Domes, 250

Double, reinforced concretebeams, 264
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Eccentrically loaded columns, rein-

forced concrete, 271

reinforced concrete columns, dia-

gram for designing, 328

steel columns, diagram for design-

ing, 323

Effective, area, 283

depth, 282

Elastic curve, construction of, 81
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representation of, 4
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passed through three points, 37
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Graphical method, advantage of, 1
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analytically, 214
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a ship, 359
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for, 123

Magnitude, of a force, 2, 5
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Masonry chimneys, 224

Maximum and minimum stresses, 128

Maximum shears and moments in a
turntable, 193

Method, Culmann's, 73

Mohr's, 73

Method of least work, hingless

arches, 242

two-hinged arches, 238

Mill bent, stress diagram for, 137, 150

Mohr's method, 73

Moment diagram for a beam, 68

Moment diagram for beams with, an

overhanging end, 91

both ends fixed, 100

one end fixed, 98

Moment diagram for cantilever

beams, 90

Moment diagram for, continuous

beams of three spans, 109

two spans, 104

Moment diagram for simple beams,

86

Moments, higher, 77
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Moments, maximum in a tmntable,

193

second, 69

Moment of, an area, first, 67

a force, first, 65

Moment of inertia, by exact method,

76

of an area, 72

of a large reinforced concrete sec-

tion, 363

Moving loads, a large number of con-

centrated, 190

four concentrated, with uniform

dead load, 187

on trusses, 196

single concentrated, 168

single concentrated and uniform

dead, 171

three concentrated, 184

two concentrated, 179

Moving loads, uniform longer than

the span, 175

,
uniform shorter than the span,

177

uniform shorter than the span with

uniform dead load, 179

Non-conciurent coplanar forces, 13

Notation, xiii,

for trusses, 116

0-gee washers, cast iron, diagrams for

g,316

Parallel forces, resultant of, 19, 21

Parallelograms, radius of gyration of,

75

Pier, Une of pressure in, 222

Piers, stresses in irregular, 206

stresses in rectangular, 201

Plate girders, design of, 297

Point of application, 2^ 5

Polygon, equilibrium, 3, 14

force, 3, 8

funicular, 3, 14

Pressure, line of, in an arch, 228

on wall footings, 216

Problems, design,. 330

Purlins, steel, diagram for use in de-

signing, 311

wooden, diagram for use in design-

ing, 310

Pyramid, centroid of a triangular, 53

Quadrilateral, centroid of, 46

Radius of gyration, 74

of parallelograms, 75

of rectangles, 75

of triangles, 75

Rafter, reactions for, 33

Reactions for, beams, 23, 25, 26

a rafter, 33

trusses, 27

Rectangles, radius of gsrration of, 75

Rectangular piers, stresses in, 201

Reinforced concrete beams, deflection

of, 278

design of, 287

Reinforced concrete, beam founda-

tion, stresses in, 365

bending stresses in complex sec-

tions, 267

chimneys, 275

columns, combined stresses in, 270

columns, eccentrically loaded, dia-

gram for designing, 328

double reinforced beams, 264

eccentrically loaded columns, 271

moment of inertia of a large sec-

tion, 363

moment of inertia for rectangular

beams, 259

moment of inertia of T-beams, 264

simple rectangular beams, 254

slabs, design of, 289

T-beams, 260

Representation of forces, 4

Resolution of forces, 3, 8

Resultant, 3, 7

a couple, 18

of parallel forces, 19, 21

Retaining walls, 218

Reversal of stress in truss members,

128

Ricker, Dr. N. C, 113
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Ring dome, stress diagrams for, 159,

163

Roof coverings, weights of, 114

Second moments, 69

Sector, centroid of, 49

Segment, centroid of a circular, 50

Sense, 2, 5

Shear diagram for beams with, an
overhanging end, 91

one end fixed, 98

Shear diagram for, cantilever beams,

90

continuous beams of three spans,

109

simple beams, 86

Shear, horizontal, 285

Shears, maximum in a turntable, 193

Ships, longitudinal strength calcula-

tions for, 359

Simple beams, deflection of, 85

moment diagram for, 86

shear diagram for, 86

Slabs, design of reinforced concrete,

289

Smith, W. M., 238

Snow loads, 115

Steel angle struts, diagram for de-

signing, 317

Steel bases with anchor bolts, 339

Steel beams, design of, 286

reinforced with concrete fire-

proofing and slabs, 344

Steel columns, eccentrically loaded,

diagram for designing, 323

Steel purlins, diagrams for use in de-

signing, 311

Steel towers, 354

Steel trusses, design and details of,

300

Stress diagram, 120

for bridge truss of K type, 156

for cantilever trusses, 135

for combined loads, 127

for complicated trusses, 153, 155

for lower chord loads, 123

for mill bent, 137, 150

for ring dome, 159, 163

Stress diagram, for three-hinge arch

truss, 141, 146

for trussed dome, 158

for upper and lower chord loads, 122

for wind loads, 124

Stress volumes, 61, 204

Stresses, combined, 317

combined in reinforced concrete

columns, 270

in a bicycle frame, 35

in a reinforced concrete beam foun-

dation, 365

in irregular piers, 206

in rectangular piers, 201

in the members of a frame, 33

maximum and minimum, 128

obtained analytically in trusses, 116

in trusses by analytical moments
117

in trusses by graphical moments,

117

in trusses obtained by stress dia-

gram, 120

in trusses obtained graphically by
joints, 118

Struts, steel angle, diagram for de-

signing, 317

T-beams, moment of inertia of rein-

forced concrete, 264

reinforced concrete, 260

Tension, diagonal, 284

Theory of least crown pressure, 245

Three-hinged arches, 231

Three-hinge, arch symmetrically

loaded, 237

truss, stress diagram for, 141, 146

Towers, steel, 354

Trapezoid, centroid of, 47

Triangle, centroid of, 46

radius of gyration of, 75

True pressure line in a masonry arch,

238

Trussed beams, 319

Trussed dome, stress diagram for, 158

Trusses, maximum and minimum
stresses in, 128

moving loads on, 196
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Trusses, notation for, 116

reactions for, 27

reversals in members of, 128

steel, design and details of, 300

stresses obtained analytically in,

116

stresses in, obtained by stress dia-

gram, 120

stresses in, obtained graphically

by joints, 118

weight of, 113

wooden, design and details of, 305

Turntable, maximum shears and

moments in, 193

Two-hinged arches, 238

method of least work, 238

Upper and lower chord loads, stress

diagram for, 122

Vault, investigation of a gothic, 245

Vector, 2-5

Volumes, centroids of, 53

centroid of complex, 54

centroids of irregular, 57

stress, 61, 204

Wall footings, pressure on, 216

Walls, retaining, 218

Weight of truces, 113

Weights of roof coverings, 114

Wind-bracing connection, 342

Wind loads, 115

stress diagram for, 124

Wooden beams, design of, 285

Wooden compression members, dia-

gram for designing, 315

Wooden purlins, diagram for use in

designing, 310

Wooden trusses, design and details of,

305
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