


?€4St& ?/?sCXY^-2SZ^&,Z1^*7^

S^^^i i&OZ-OZ

UL rAi tfu4$
~y *>

^e<yt eZ^xSi^f/



UNIVERSITY OF TORONTO LIHRAin

THIS BOOK IS A GIFT TO THE
DEPARTMENT OF CIVIL ENGINEERING
FROM THE PERSONAL LIBRARY OF

CLARENCE RICHARD YOUNG
B.A.Sc, C.E., LL.D., D.Eng., D. es Sc.A.

Department of Civil Engineering, 1907-1941

Dean of the

Faculty of Applied Science and Engineering

1941-1949

a graduate of the University of Toronto

and distinguished engineer









GRAPHIC STATICS
WITH APPLICATIONS TO

TRUSSES, BEAMS, AND ARCHES.

BY

JEROME SONDERICKER, B.S., C.E.,
Associate Professor of Applied Mechanics,

Massachusetts Institute 0/ Technology.

FIRST EDITION.
FIRST THOUSAND.

NEW YORK:

JOHN WILEY & SONS.
London : CHAPMAN & HALL, Limited.

1903.



a

Copyright, 1903,

BV

JEROME SONDERICKER.

V

SlTY OF

ROBERT DRV/MMOND, PRINTER, NEW YORK.



PREFACE.

This book is the outgrowth of an extended experience in

teaching Graphic Statics at the Massachusetts Institute of Tech-

nology. While it deals specifically with problems encountered

in building construction, it should be found serviceable to en-

gineers and engineering students generally.

As preparation, the reader should have a knowledge of Statics

and Strength of Materials, including beam stresses and deflec-

tions, as these subjects are commonly presented.

To be successful in the employment of graphical methods,

it is necessary not only to understand the general principles in-

volved, but also to know how to proceed in the construction

of the drawings, in order to secure the most satisfactory results.

This matter is given more attention than usual.

An attempt has been made in § 6, Chapter II, to develop a

general method of dealing with frames where bending stresses

occur in addition to the tension and compression stresses. It is

hoped this may be found useful.

Jerome Sondericker.

Massachusetts Institute of Technology,

May, 1903.
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GRAPHIC STATICS.

CHAPTER I.

GENERAL METHODS.

§ i. Introduction.

i. Graphic Statics has for its object the solution of prob-

lems in statics by means of geometrical constructions, the results

being obtained directly from the scale drawings.

(A knowledge of Statics is presupposed. However, a brief

presentation of its principles and methods in case of forces lying

in the same plane will be made.

In the subsequent chapters, familiarity with the subject of

Strength of Materials, including beam stresses and deflections, is

also assumed.)

2. Representation of Forces. A force is fully determined

when its magnitude, direction, and point of application are known.

In dealing with problems in Statics of Rigid Bodies, the magnitude,

direction, and line of action of a force are the elements commonly

involved, since the equilibrium or motion of such a body is not

affected by transferring the point of application of a force to any

other point in its line of action.

3. Resultant of any System of Forces Lying in the

Same Plane. The magnitude and direction of the resultant of
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any system of forces lying in the same plane may be found by

either of the following methods:

i. Geometrically. Represent the given forces by the sides of

a polygon taken in order. The closing side in reverse order is

the resultant in magnitude and direction.

2. Algebraically. Resolve each force F into components

Fx and Fy ,
parallel to coordinate axes X and Y respectively.

Then RX = XFX and Ry
=IFy . Combining these we have

r=Vrx
tTr7>

....... (i)

tana r= -^- (2)

Equations (1) and (2) give the magnitude and direction of the

resultant, R being its magnitude and a r the angle it makes with X.

The line of action of the resultant may be found by either

of the following methods

:

ja. Geometrically. Combine the forces in succession by

means of the principle that the resultant of two forces lying in

the same plane must pass through their point of intersection.

2a. Algebraically. Use the method of moments, i.e., The

moment of the resultant of any such system of forces, about any

axis perpendicular to the plane of the forces, is equal to the alge-

braic sum of the moments of the forces.

In case the magnitude of the resultant is zero, the forces either

form a couple or are in equilibrium. If the resultant is a couple,

its moment can be found by 2a or the given forces can be combined

into a single resultant couple by ia. Equilibrium is the special

case of a couple whose moment is zero.

If the lines of action of the given forces intersect at a common

point, the line of action of the resultant will pass through this point,

its magnitude and direction being found by the methods pre-

viously stated.
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It will be observed that the determination of the resultant,

when it is a single force and not a couple, involves two opera-

tions, namely: i. The determination of its magnitude and direc-

tion. 2. The determination of its line of action. We may per-

form both of these operations graphically by means of i and la,

or algebraically by means of 2 and 2a.

4. Example. Find the resultant of the four forces F, F'', F",

F'" (Fig. 1 A) by each of the preceding methods.

First Solution. Represent the given forces by the sides of the

polygon (Fig. 1 B) taken in order; then the closing side, AD, repre-

sents the magnitude

and direction -of the

resultant. The nu-

merical values of these

quantities may be

found (1) by solving

the polygon by trig-

onometry, or (2) by

direct measurement from a scale drawing.

To find the line of action of the resultant by the first method,

we can proceed as follows: The magnitude and direction of the

resultant of F and F' is AB. Its line of action, R'', is drawn

parallel to AB through the intersection of the lines of action of F
and F'. Continuing in the same manner, we determine R" to be

the line of action of the resultant of F, F' , and F"', and finally

R to be the line of action of the resultant of the four forces.

Second Solution. Resolve each of the four forces into hori-

zontal (H) and vertical (V) components. Then

Fig. i.

IH= 150+ 100 cos 45°+ 0—150 cos 30° = 90.8,

JV= o Jr 100 sin 45°+8o-f 150 sin 30° = 225.7,
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R=V(ZHy+(ivy=243 .3 ,

ar=cos-
1(^=68° 5

'.

To find the line of action of R, apply the method of moments.

Using O as moment axis, we have

IM= 150-0— 100 • 1.414+80-0— 1 50 -.866 = — 271.3.

Hence the moment of the resultant about O is left-handed, and its

IM
distance from O is -^-= 1.115. This locates the resultant as

K
given in Fig. 1.

The moment arms of the several forces may be computed or

may be measured directly from a scale drawing when the results

thus obtained are sufficiently exact.

Problem. Represent four forces by the sides of a closed poly-

gon taken in order. Assume the lines of action of these forces at

random. Find the moment of the resultant couple by each of the

two methods of Art. 3.

5. Conditions of Equilibrium. Forces not acting at the same

point. The conditions of equilibrium may be deduced from

the fact that any system of balanced forces can be reduced to two

equal and opposite forces having the same lines of action, i.e., a

couple whose moment is zero.

A. If the resultant is a couple, R = o, hence:

1. Geometrically. The given forces can be represented in

magnitude and direction by the sides of a closed polygon taken

in order.

2. Algebraically. If the forces be resolved into components

parallel to coordinate axes, the algebraic sum of each set of com-

ponents must be zero, i.e., IFx = o and IFy
= o.
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B. In order for the moment of the resultant couple to be zero,

we have:

ia. Geometrically. The line of action of the resultant of any

portion of the given forces must coincide with the line of action

of the resultant of the remainder.

2a. Algebraically. The algebraic sum of the moments of the

forces must be zero.

i and i a constitute the geometrical, and 2 and 2a the algebraic

conditions of equilibrium.

Forces acting at the same point. In this case condition 1 or 2

is sufficient. The condition that if three non-parallel forces

balance they must intersect at a common point, is a special case

under ia.

When any system of forces lying in the same plane is in equilib-

rium, one or more of the preceding conditions of equilibrium serve

to determine the unknown elements of the problem, if it is solvable

under the assumption that the body acted on is rigid.

6. Examples. 1. The truss (Fig. 2) is in equilibrium under

the supporting forces P and P' and the load W. P is vertical

and W, the known force, is normal to the roof surface at its middle

point O. Indicate how to find P and P' by each of the following

methods (see Art. 5): (1) By using xa and 1; (2) by using 2a

alone; (3) by using 2a to find one force, then 1 to find the remain-

ing force; (4) by using 2a to find one force, then 2 to find the

remaining force.

First Solution. The resultant of P and W, acting through

N, must balance the remaining force, P'', acting at M; hence the

line of action of P' must be MN. The forces P, W, and P' to

balance must form a triangle (not shown\ the sides taken in order.

Plotting W and completing the triangle, P and P' are determined.

Second Solution. Substitute for Pf
, unknown in magnitude
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and direction, the two component forces Pf

H and P'v , unknown

in magnitude only. Also, for convenience, substitute for W its

H and V components. To find P take the moment axis at M.

the intersection of the two other unknown forces. Then the

algebraic sum of the moments of P, WH , Wy, P'h ar>d P'v about

M must be zero. Solving the equation thus formed, we determine

Fig. 2.

P. Similarly, to find P'v , take moments about 0'
'. To find

P'H take moments about any convenient point not on its line of

action, e.g., O.

Third Sol it!ion. Find one force, e.g., P, by moments, then

plotting P and W, the closing side of the triangle formed gives

the magnitude and direction of Pf
.

Fourth Solution. Find one force, as P, by moments. Then,

since IFX and IFy must each be zero, we have

P'H =WH and P'v=Wv-P.

. P'v
P'=V(P'H )

2+(PV) 2 and tana =^.

Example 2. The portion of the truss (Fig. 2) to the left of

AB is in equilibrium under the action of the supporting force P,
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load W, and the forces F, F'', and F" exerted by the portion of the

truss to the right of the section AB upon the left-hand portion.

The lines of action of these latter forces coincide with the centre

lines of the members cut by AB, and their magnitudes are equal

to the stresses existing in these members. P and W being known,

indicate how to find the three unknown forces by each of the

following methods (see Art. 5)

:

(1) By using conditions id and 1; (2) by using 2a alone; (3)

by using 2a to find one force, then 1 to find the remaining two;

(4) by using 2a to find one force, then 2 to find the remaining

two forces.

First Solution. The resultant of P and F" acting through O r

must balance the resultant of W, F, and F' acting through O.

Hence the line of action of each resultant, R, must be 00' . P,

F"', and their resultant R, must form a triangle (Fig. 2 A); P
being the known force, F" and R are thus determined. The re-

sultant, R, must balance the forces at O, hence R, W, F, and

F' must form a closed polygon as shown in Fig. 2 A. F and F'

,

the remaining unknown forces, are thus determined by plotting

IF and completing the polygon.

Second Solution. To find F, take the moment axis at the

intersection O" of the other two unknown forces, so that their

moments will each be zero. Then the algebraic sum of the

moments of P, W, and F about O" must equal zero. Solving

the equation thus formed, we determine F. Similarly, to find

F' take moments about O r

, and to find F" take moments about O.

Third Solution. We find one force, as F, by the preceding

method, then represent the known forces P, W, F, by the sides of

a polygon taken in order, and complete the polygon by lines

parallel to the two remaining forces, F' and F"

.

Fourth Solution. We find one force, F, by the method of mo-

ments as before. Then, placing the algebraic sums of the hori-



S GRAPHIC STATICS.

zontal and vertical components of the forces each equal to zero,

we form two equations which are solved for the two remaining

unknown forces, F' and F"

.

In algebraic solutions the directions of the unknown forces

are assumed, the algebraic signs of the results indicating whether

the assumed directions are correct or not.

Problem i. In Example i, obtain the numerical results,

solving by each of the four methods mentioned. IF = 5000 lbs.

Problem 2. In Example 2, obtain the numerical results,

solving by each of the four methods mentioned. Also determine

the kind of stress (tension or compression) in the members cut

by AB.

Remarks. The student should become familiar with each

mode of solution so as to be able to select readily that one which

is best adapted to the problem at hand.

Ability to make such selection can be secured only by solving

a variety of problems by various methods and comparing the

merits of the different solutions.

In using the method of moments, it should be noted that it is

usually better to use the H and V components of the forces than

it is to use the original forces.

It should also be noted that in case of forces not acting at the

same point but lying in the same plane, three unknown quantities

can be determined, while if the forces act at the same point only

two can be determined.

§ 2. Funicular Polygon.

7. Definitions. Let F, F'', F" (Fig. 3 A), be given forces, their

magnitudes being represented by A B. BC, CD (Fig. 3 B). Assume

any point P, and draw the radial lines PA. PB, etc. From any

point M on the line of action of F draw ML and MN parallel
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to PA and PB respectively,

line of action of F' , draw

NO parallel to PC; simi-

larly draw OQ parallel to^

PD, thus forming the broken y
line LMNOQ. We may con-

sider AP and PB, having

the directions of the arrows

marked 1, to be the com-

ponents of the force F, the

lines of action of these

components being ML and

ifAT respectively. Similarly,

BP and PC, having the

directions marked 2 and the

From N, where MN intersects the

Fig. 3.

lines of action NM and NO, may be taken as components of

F' ; and CP and PD with ON and OQ for lines of action as the

components of F"'. MN is thus the line of action of two equal

and opposite forces PB, and NO of the two equal and opposite

forces PC. These two pairs of forces consequently balance,

leaving ^4Pand PD, having ML and OQ for their lines of action,

as the equivalent of the original forces.

The broken line LMNOQ is called a funicular or equilibrium

polygon. The former name is given because the line corresponds

to the shape assumed by a weightless cord when fastened at the

ends and acted on by the given forces. This is shown by the

polygon drawn in dotted lines. The latter name is applicable

since a jointed frame of the form of the polygon would be in equi-

librium under the action of the given forces.

The point P is called the pole; the lines PA, PB, etc., are the

rays; and the corresponding lines of the funicular polygon are

its strings.
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Figure 3 A is called the space diagram, since it represents the

location of the lines of action of the forces. Its scale is one of

distance. Figure 3 B is the force diagram, the lengths of its lines

representing the magnitudes of the forces to scale. The perpen-

dicular distance from the pole to any side of the force polygon is

called the pole distance of that force. It is to be noted that this

distance represents a force magnitude.

In the case of parallel forces the force polygon becomes a

straight line, and the pole distances of all the forces are equal.

8. Applications. The following results are readily derived

from the construction explained in Art. 7.

(1) The resultant of F, F' , and F" is given in magnitude and

direction by the closing side AD of the force polygon, and its line

of action passes through the point of intersection of the strings

LM and OQ. The resultant is thus completely determined; and,

in general, the line 0} action 0} the resultant oj any system oj forces,

taken consecutively, passes through the point oj intersection oj the

two strings between which the forces lie.

(2) If the force polygon is closed, PA and PD will coincide, and

hence the corresponding strings LM and OQ will be parallel. In

this case the resultant is a couple whose arm is the perpendicular

distance between the parallel strings, and whose forces are repre-

sented by the ray (PA =PD) corresponding to these strings.

(3) In order for the given forces to be in equilibrium, the arm

of the couple in (2) must be zero; that is, the strings LM and OQ
must coincide in MO. In this case, the funicular polygon is said

to be closed. The conditions of equilibrium, therefore, are that

both the jorce and funicular polygons must close.

If the forces intersect at a common point, the first of these

conditions is sufficient, since such a set of forces cannot form a

couple.
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1

(4) Any number of funicular polygons may be drawn for the

same system of forces by using different poles and beginning the

construction of the polygons at different points. Various geomet-

rical relations exist between these different polygons, some of which

arc given in § 5. The following relations are derived directly

from the preceding discussion.

(a) Corresponding pairs of non-parallel strings of the various

funicular polygons must intersect on the same straight line, this

being the line of action of the resultant of the forces included by

these strings.

(b) In the case where the force polygon closes, by using

different poles different couples will be obtained; but as these

couples are all equally the resultant of the given system of forces,

their moments will be equal.

It is obvious that any string can be given any desired direction

by drawing the corresponding ray in this direction and assuming

the pole at any point on the line thus drawn.

In selecting the pole, the obtaining of accurate and convenient

diagrams is kept in view. Generally the rays should not make

very oblique angles with the adjacent lines of the force polygon. If

the pole is taken at a vertex of the force polygon, as at A, Fig. 3 B,

the construction of the funicular polygon becomes identical with

that explained in Art. 4, for finding the line of action of the resultant

by ia. The construction in Art. 4 frequently leads to inaccu-

rate and inconvenient diagrams and is inapplicable to parallel

forces.

9. Notation. Resultant of a System of Forces. To illustrate

the notation to be used, let it be required to find the resultant of the

four forces AB, BC, CD, DE (Fig. 4). The line of action of any

force is designated by the two letters between which it lies; thus,

ab represents the line of action of the first force, be of the second
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force, etc. In the force diagram, the same letters in capital type

are used, but placed at the ends of the lines representing the

forces. In constructing the

force polygon, the forces and

letters must be taken in order

from the space diagram (e.g.,

/ ,,-''' proceeding from left to right).

Vr'
A*-->^

When this is done, if the letters

are read in order from left to

right in the space diagram, the

same order of letters in the force

polygon is used to indicate the

directions in which the successive

forces act. It will be noticed that

the string corresponding to the ray PA lies in the space a, that

corresponding to PB in the space b, etc. These strings will be

referred to as the strings a, b, etc., and the corresponding ray:-, as

the rays A, B, etc.

Having constructed the force and funicular polygons, the

magnitude and direction of the resultant is represented by the

closing side, AE, of the force polygon, and one point in its line

of action is the point of intersection of the similarly lettered strings

(a and c). The line of action of the resultant, R, is then drawn

through this point of intersection, parallel to AE. In referring to

any force (e.g., the force BC), the capital letters will be employed, .

although the line of action of the force as well as its magnitude

and direction is included in the reference.

The system of notation just described is applicable in most

cases occurring in engineering practice. When the location of

the forces is such that it cannot be used to advantage, the

modified notation illustrated in Fig. 5 may be employed instead.

This needs no description.
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In general, in referring to forces in the text, the letters will

be used so as to indicate by their order of

succession the direction in which the forces

act.

Special Case. In finding the resultant

of a system of forces the case may occur

in which the two strings whose intersection

locates the resultant are parallel (but do

not form a couple), or are so nearly parallel

that they do not intersect conveniently. In

such cases the resultant may be located as follows: Let it be

required to find the resultant of the forces BC, CD, and DE
(Fig. 4). This resultant is BE, its line of action passing through

the intersection of the strings b and e, which here are parallel.

Now we know (Art. 7) that the forces under consideration are

equivalent to the two forces represented by the end strings b and e

and the corresponding rays, BP and PE. Hence we can solve the

problem by finding the resultant of these two forces by means of

a second funicular polygon, as follows : Taking the point A as a

convenient pole, draw a funicular polygon (shown in dotted lines)

for the forces BP and PE. The intersection of the end strings

at R' locates the resultant which is drawn parallel to BE.

10. Problems.

(1) Assume five non-parallel forces, and find their resultant,

using two different poles.

(2) Assume five non-parallel, forces whose force polygon

closes, and find their resultant, using two different poles.

(3) Assume five parallel forces and find their resultant, using

two different poles.

(4) Assume five parallel forces whose algebraic sum is zero

and find their resultant, using two different poles.
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ii. Distributed Forces. Distributed forces are commonly

represented in terms of their intensity. The intensity of a dis-

tributed force is the force per unit length, area, or volume, as the

case may be. Gravity and water pressure are familiar illustra-

tions of such forces.

If the intensity is the same at all points, the force is uniformly

distributed.

Parallel forces lying in the same plane will alone be consid-

ered here. Such forces are repre-

sented as follows:

Let AB (Fig. 6) be any line per-

pendicular to the direction of the

forces, dx any infinitesimal portion

of A B, and let the ordinate, length

p, represent the intensity of the force at the point from which the

ordinate is drawn. The shaded area pdx thus represents the

amount of force acting on the length dx of the line. The diagram

(Fig. 6) is then to be interpreted as follows

:

The length of the ordinate at any point of the line AB repre-

sents the intensity of the force at that point, and the area included

between any two ordi nates represents the amount of force acting

on the corresponding portion of AB.

12. Funicular Polygon for a Distributed Force. Let WXYZ
(Fig. 7) represent a distributed force. Divide XZ into equal

divisions sufficiently small so that the force represented by any

area, as STUV, may be taken to act at the middle point n of the

division and the area may be taken to be equal to UVXmn.
Then the distributed force is equivalent to the four forces AB,

BC, CD, and DE, their magnitudes (AB, BC, etc., of the force

polygon) being proportional to the lengths of the corresponding

middle ordinates, such as mn. The funicular polygon CH is
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drawn from this system of forces. Now it is evident that as the

divisions of XZ are made smaller, this polygon would more
closely approach the true funicular polygon (curve) for the dis-

tributed force. The true funicular polygon would then be a curve

tangent to the polygon GH at the points (marked with short

lines) corresponding to the points of division of the distributed

Fig. 7.

force. Each string would be infinitesimal in length and have

the direction of a tangent to the curve.

Such a funicular polygon can be used for the same purposes

and in a similar manner to one drawn for concentrated forces.

Thus to find the line of action, R, of the resultant force AE, we

would draw tangents, GK and HK, to the curve at the points

corresponding to X and Z, these tangents being drawn parallel to

the rays A and E of the force diagram.

13. Funicular Polygon for a Uniformly Distributed Force.

A familiar construction of analytical geometry for a parabola

with axis vertical is shown in Fig. 8. It consists in dividing a

vertical line 1-8 into equal parts and drawing a series of equidistant

vertical lines as shown. The broken line i'-8' is then obtained

by drawing its successive segments, 1', 2', etc., parallel to Pi,
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P2, etc. A curve tangent to this broken line at the middle points

of its segments is a parabola with axis vertical.

Comparing this construction with that of Fig. 7, we see that it

is identical with the construction of a funicular polygon for a

2

XN / 7

Fig. 8.

uniformly distributed force. The funicular polygon for a uni-

formly distributed force is thus a parabola whose axis is parallel

to the force.

If, then, the force WXYZ (Fig. 7) were uniformly distributed,

Fig. 9.

the funicular curve would be a parabola, axis vertical, tangent

to the strings KG and KH at the points corresponding to
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7

the limits of the force. Such a parabola can be constructed as

follows (see Fig. 9)

:

Plot the resultant force AB, its line of action R bisecting XZ,

and draw the strings Kx and Kz parallel to the rays A and B
respectively. Divide Kx and Kz into the same number of equal

parts, as at r, 2, 3 and 1', 2' and 3'. Lines joining these points of

division, as shown, are tangents to the required curve. The

points of tangency, indicated by circles, are located by drawing

lines parallel to R through the alternate points of division (com-

pare with Fig. 8).

§ 3. Forces in Equilibrium.

14. Use of Funicular Polygon. It will be noticed from § 2

that the funicular polygon construction is especially adapted to

the case of parallel and other non-concurrent forces, although it

may be used to advantage in problems relating to forces inter-

secting at a common point, when this point lies outside the limits

of the drawing. The conditions of equilibrium, given in Art. 8,

for non-concurrent forces are (1) that the force polygon must

close, and (2) that the funicular polygon must close. The appli-

cation of these conditions to the solution of problems will now be

illustrated, the cases most frequently arising in practice being

presented.

15. Case I. Parallel Forces. Given a system of parallel

forces in equilibrium, the lines of action of all and the magnitudes

and directions of all but two being known. It is required to find

the unknown elements.

Let the unknown forces be the supporting forces of the beam
(Fig. 10). Represent the loads in succession by the sides AB,
BC, CD of the force polygon, and, selecting a suitable pole, draw
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the strings a, b, c, d of the funicular polygon. The string a

intersects the left reaction at m, and the string d the right reac-

tion at n.

. The line joining m, n is then the closing string e of the funicular

polygon, and the ray PE drawn parallel to it determines DE and

EA to be the right- and left-

- „ I ^^-^P hand supporting forces re-

y
v "l spectivcly. When the un-

m ~~~e --^j known (supporting) forces

are parallel, but the given

Fig. 10. forces (loads) are not, the

supporting forces must be parallel to the resultant load. If we

take AD (Fig. 10) to represent this resultant load, the construc-

tion for determining the magnitudes of the supporting forces will

be similar to that just explained.

The method of determining the magnitudes and directions of

the supporting forces from the lettering, after the construction is

completed, should be carefully noted. It is as follows:

(i) The strings are lettered with the same letters as the cor-

responding rays, so that the strings intersecting on the line of

action of any force have the same letters as those which represent

that force in the force polygon. The two strings intersecting on

the left supporting force are a and e, hence AE represents the

magnitude of this force. Similarly d and e intersect on the right

supporting force; so its magnitude is DE.

(2) The forces are laid off in the force polygon in right-handed

order; i.e., if the letters representing them in the space diagram

be read in right-handed order, the same order of letters in the

force polygon indicates the direction in which the forces act. We
also know that the force polygon must close. The force polygon

then is ABCDEA, the order of letters DE, EA indicating that

each supporting force acts upwards. It should be noted in this
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and the following solutions that the known forces are made to jolloic

consecutively in constructing the force polygon.

(To obtain a thorough understanding of these solutions, it

would be well for the student to trace out the construction from

the standpoint of the triangle of forces. Thus, in the present case,

the force AB is resolved into AP and PB, whose lines of action

are the strings a and b. Similarly BC is resolved into BP and

PC, and CD into CP and PD. The two forces PB and BP
balance since they are equal and opposite and have the same

line of action, b. PC and CP balance for a similar reason; hence

the three loads are equivalent to AP and PD, whose lines of action

are a and d respectively. Now, in order to have equilibrium,

the resultant of AP and the left supporting force must balance

the resultant of PD and the right supporting force. The lines of

action of these two resultants must then coincide in mn. Since,

of the three forces intersecting at m, one is the resultant of the

other two, they must form a triangle, AP being the known magni-

tude. This triangle is APE; thus the reaction EA is deter-

mined. The corresponding triangle for the forces intersecting

in n is EPD.)

16. Case II. Non-parallel Forces. Given a system of forces

in equilibrium, all but two of wrhich are known completely. Of

these two, the line of action of one and one point in the line of

action of the other are known. It is required to determine the

unknown elements.

Let the known forces be the wind pressures AB, BC, CD on the

roof (Fig. 11). The unknown forces are the reactions of the sup-

ports. The line of action of the right supporting force is given,

it being vertical; and one point, m, of the left reaction is known.

Represent the loads in succession by the sides AB, BC, CD of

the force polygon. The strings e and a must intersect on the
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line of action of the supporting force EA, and as the point

m of this line of action is known, the funicular polygon will be

constructed so that these strings will intersect at this point. The

construction of the funicular polygon is then begun by drawing

Fig. ii.

the string a through the point m, the strings b, c, d being then

drawn in order.

The string d intersects the right supporting force at n, and, of

course, the string a intersects the left supporting force at m; mn

is thus the closing side, e, of the funicular polygon. The ray cor-

responding to the string e is now drawn, intersecting the right

supporting force, DE, at E. The triangle of forces, PDE, whose

lines of action intersect at n, is thus formed, and the magnitude

of the supporting force DE is determined. Finally, the closing

side, EA, of the force polygon represents the other supporting

force in magnitude and direction. Its line of action is drawn

through m, parallel to EA.

17. Case III. Non-parallel Forces. Given a system of

forces in equilibrium, the lines of action of all a e known, but the

magnitudes and directions of three of the forces

are unknown. It is required to determine the un-

known elements. Let ab, be, cd (Fig 12) be the

Fig. 12. lines of action of the three unknown forces. The

resultant of any two, as be and cd, must pass through their point
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of intersection, n. If this resultant be substituted for be and cd,

the problem becomes identical with Case II ; ab being the line of

action of one unknown force, and n one point of the line of action

of the other.

The construction of Case II having been made, the resultant

of be and cd can be resolved into components parallel to these lines

of action, thus completing the solution. Figure 13 shows this

Fig. 13.

method applied to determine the stresses in the members ef, }g,

and ga, of the truss, the loads and reactions being known.

18. Resolution of Forces into Components. Since forces

equal and opposite to the components and having the same lines

of action will balance the given forces, we can solve problems of

this nature in the same manner as if the forces balanced, the

desired components being the balancing forces with their direc-

tions reversed.

§ 4. Graphical Determination of Moments.

10. Moment of Resultant of any System of Forces. The

resultant of AB, BC and CD (Fig. 14) is AD, its line of action,
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lettered R, passing through ths intersection of the strings

a and d. The moment

of this resultant about

any point M is thus

(R = AD)x, in which x is

the moment arm. Now
draw ST through M par-

allel to AD and termina-

ting in the strings a and d,Fig. 14.

thus forming with these strings a triangle (drawn in heavy lines)

similar to PAD. From these two similar triangles we have,

AD-x = ST y. But AD-x is the moment of the resultant

force, hence

The moment 0) the resultant 0} any system 0] jorces may be

found by drawing a line parallel to the resultant through the moment

axis, noting the distance intercepted on this line by the strings cor-

responding to the resultant. The product 0} this intercept into the

pole distance oj the re ultant is the desired moment. This method

has no value except in case of parallel forces.

20. Moment of Resultant of Parallel Forces. The con-

structions of this section are especially adapted to the case of

parallel forces Illustration: Let the

beam (Fig. 15) be loaded as shown.

The reactions of the supports (Art. 15)

are found to be CD and DA. It is re-

quired to find the bending moment at

any section, ST. By definition, this

bending moment is equal to the algebraic

sum of the moments of the forces to the

left of the section, and, by Art. 19, this

resultant moment is equal to the pole

distance, y, times the intercept ST.

Fig. 15.
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Now in case of parallel forces, the pole distance is the

same for all the forces, hence the bending moments at the

various sections of the beam are directly proportional to the

corresponding intercepts. This subject is further developed in

Chapter III.

It follows directly from Arts. 19 and 20 that if any two funicular

polygons be constructed for a given system of parallel forces, the

ratio of the intercepts of corresponding pairs of strings on any line

drawn parallel to the forces is constant, being equal to the inverse

ratio of the pole distances of the respective polygons.

§ 5. Some Special Constructions for Funicular Polygons.

21. Locus of Points of Intersection of Corresponding Strings.

// any two funicular polygons be drawn for the same system 0} forces,

their corresponding strings will intersect on a straight line parallel

to the line joining the two poles.

Proof. Let AB, BC, CD (Fig. 16) be the given forces. (The

student should keep both diagrams in mind, also that the order

of letters in the text indicates the directions of the forces.) The

funicular polygons for

the two poles, P and

P', are drawn in full

and broken lines re-

spectively.

The resultant of

PA and AP' is PP'.

Its line of action xz

is parallel to PP' and

passes through x, the point of intersection of the strings a and a'

which are the lines of action of the forces PA and AP' respectively.

Similarly, the resultant of PB and BP' is PP' , its line of action

yz passing through the intersection of the strings b and b', etc.

Fig. 16.
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Now PB is the resultan^ of PA and AB, also 2?P' is the result-

ant of BA and AP' . Since yl2? and BA are balanced forces, the

resultant of PB and 5P' is the same as the resultant of PA and

AP' \ hence their lines of action, xz and yz, must coincide. The

same reasoning applies to the intersections of the remaining strings.

The points x, y, etc., therefore lie on the line xz, parallel to PP'

,

this being the line of action of the common resultant of the pairs

of forces, PA and AP' ; PB and BF \ PC and CF, etc.

22. Locus of Poles of Funicular Polygons passing through

Two Given Points. The locus oj the poles 0} all funicular poly-

gons, two oj whose corresponding strings pass through two given

points, is a straight line parallel to the line joining the two points.

Proof. Let AB, BC, CD (Fig. 17) be the given forces and

x and y be the points through which the strings a and d respectively

Fig. 17.

are to pass. Assume two balancing forces DE and EA, parallel

to AD and passing through the points y and x respectively. The

magnitudes of these balancing forces are found, as in Art. 15, by

drawing the closing string e (.vV) of the funicular polygon and

the corresponding ray E. Now since the forces ABCDEA are

balanced, all funicular polygons drawn for them will close. If,

then, we wish the string a of any such polygon to pass through x

and the string d through y, the string e must evidently pass through

both x and v, and the pole P' therefore lie somewhere on the ray

drawn through E parallel to xy, i.e., parallel to the line joining the

two given points.
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23. Funicular Polygon through Three Points. Problem.

To draw a funicular polygon for a given system of forces, such that

three designated strings shall pass through three given points.

Let the forces be ABCDEF (Fig. 18). It is required to draw a

funicular polygon such that the string a will pass through O, the

string c through O', and the string / through O".

Fig. 18.

Let mn be any funicular polygon for the given forces, with P
for pole. By means of the construction of Art. 22, we determine

P'X to be the locus of the poles of all funicular polygons whose

strings a and c pass through O and O' respectively. Also, by the

same construction we determine P'X' to be the locus of the poles of

all funicular polygons whose strings c and / pass through O' and

O" respectively. Hence, in order for both conditions to be satis-

fied, the pole must lie on both P'X and P'X', i.e., at their point

of intersection, P'. The required polygon is drawn in full lines.

(Note. To secure accuracy, draw the strings a, c, and / first,

then draw the intermediate strings closing on the ones midway

between the given points.)

24. Funicular Polygon through Three Points. Parallel Forces.

A shorter solution than that given in Art. 23 can be made for this

case. Let AB, BC, CD, and DE (Fig. 19) be the given forces, it
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being required to draw a funicular polygon for them such that

the string a will pass through O, the string c through O', and the

string e through O" . Let mn be any funicular polygon for the

given forces, P being the pole. Draw lines parallel to the forces

through each of the three given points. Taking the ones through

O and O" to be the lines of action of balancing forces, and follow-

ing the construction of Art. 22, we determine mn to be the closing

string (/) of the polygon drawn, the closing string of the required

!/^r X-
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to R"T is the desired intercept. The polygon drawn in full lines

was thus located.

In case the intercept RS is shorter than O'S', Fig. 19 A must

be modified by making R"S" = n-RS, where 11 = 2, 3, etc. In

such case the proportion will be

uv :0'S' ::n-u'v':n-RS.

The pole Pf
of the required polygon can be located on P'F

(see Art. 22) by means of the proportion

y':y.:RS:0'S' (see Art. 20).

Problem. Draw a funicular curve (parabola) for a uniformly

distributed load so as to pass through three given points (Fig. 20).

1
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ively (see Art. 13). A second funicular polygon whose string b

will pass through O' is now drawn, the vertices 1 and 2 being

located as explained for Fig. 19. The strings Oi, 1-2, and 2O"

of this polygon will be tangent to the required funicular curve at

O, O' , and O" respectively. This curve is constructed by the

method shown in Fig. 9.

25. Funicular Polygon through Two Points, One String having

a Given Direction Problem. To draw a funicular polygon

for a given system 0} forces, such that two designated strings shall

pass through two given points and one string of the polygon shall

have a given direction.

The method of Art. 22 can be used to determine the locus of

the poles of all polygons passing through the two given points.

The intersection of the ray corresponding to the string whose

direction is given with this locus will be the pole of the required

polygon.

If the string whose direction is given is also one of the two

which are to pass through the given points, the following simpler

solution can be made. Let AB, BC, and CD (Fig. 21) be the

given forces, and P the

pole of any funicular poly-

gon mn for these forces.

It is required to draw a

second polygon such that

the strings a and d will

pass through O and O' re-

spectively, and the string

a be horizontal. The re-

sultant of the forces in-

cluded between the desig-

nated strings a and d is AD, its line of action passing through the

p^c

FlG.
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intersection S of the strings a and d of the first polygon. The

corresponding strings of the second polygon must intersect on

this line (Art. 8). These strings are, therefore, OS'
d
drawn

horizontally, and S'O'. The new pole P' will be at the inter-

section of the corresponding rays. The polygon can now be

completed.



CHAPTER II.

ROOF-TRUSSES.

JACK-RAFTER

PURLIN

§ i. Construction o) Roofs, Loads, etc.

26. Construction of Roofs. A roof includes the covering

and the framework. The covering is tin, slate, tarred felt, cor-

rugated iron, etc., laid over sheathing; or the sheathing may be

omitted, as is commonly done when corrugated iron is used.

The roof covering is supported by a more or less elaborate

framework, the principal members of which are often trusses

or arches. A common arrangement of this framework, in case of

shops, train-sheds, assembly halls,

etc., is shown in plan and elevation

in Fig. 22 The trusses, AB, are

made up of an upper chord, a lower

chord, and the web members. At

right angles to the trusses and sup-

ported by them are a system of

members, CD, called purlins. The

purlins are usually wooden or iron

beams, but in case of wide spacing

between the trusses they may be

FlG - 22 - trussed members. I is desirable to

support the purlins at the joints of the upper chord, otherwise

bending stresses would occur in these members. Sometimes the

covering is laid directly on the purlins, but more commonly jack-

rafters, EF, supported by the purlins, serve to further subdivide

30
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the area, the covering being laid on them. A system of sway-

bracing is employed, when necessary, to keep the trusses vertical

and in line. Such a system is represented in Fig. 22 by the diag-

onal rods S, S, situated in the plane of the upper chord.

Roof- trusses are supported either by masonry walls or piers,

or by wooden or iron columns. When iron trusses of considerable

span rest on masonry, a more or less effectual provision for expan-

sion comists in supporting one end on a planed bed-plate or on

rollers

(For a range of temperature of 120 F. iron changes in length

about 1 inch in 100 ft.) To provide for expansion lengthwise

of an iron framed building, expansion joints are inserted in the

longitudinal members at suitable intervals. 1

27. Loads. The loads which have commonly to be provided

for in designing a roof-truss are:

(1) Dead Load. This includes the weight of the covering,

framework, and any other permanent loads supported by the

truss, such as the weights of floors, ceilings, etc. This loading

varies from about 8 lbs. to 35 lbs. or more per square foot of roof

surface.

(2) Snow Load. This is estimated at 10 lbs. to 25 lbs. per

horizontal square foot in northern United States.

(3) Wind Load. This is estimated at 30 lbs. to 50 lbs. per

square foot on a vertical surface, the resulting normal pressure

1 For detailed descriptions of roofs, see the following references:

"Revue Technique de l'Exposition de Chicago," Part I, Architecture (with

Atlas). E. Bernard & Co., Paris.

"Philadelphia and Reading Terminal Station, Philadelphia." Trans. Am.
Soc. C. E., 1895.

"The South Terminal Station, Boston, Mass." Trans. Am. Soc. C. E., Dec,

1899.

"St. Louis Coliseum." Jour. Assoc. Eng. Soc, May, 1898.

"Dome of Government Building, World's Columbian Exposition." Trans.

Am. Soc. C. E.. Jan., 1892.
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on an inclined surface being determined by some empirical

formula. 1

Provision should be made for any additional loads to be sup-

ported by the roof, e.g., live loads on floors, weights of shafting

and travelling cranes, pull of belts, thrust of jib-cranes, etc.

The pressures at the various joints of a truss, due to the load-

ing, are determined by the same methods as the supporting forces

in case of a beam. The direct stresses (tension or compression)

in the members of a truss depend on these joint pressures or

loads. When loads are applied to a truss at other points than

the joints, the members of the truss thus loaded are subjected

1 Read Lanza's "Applied Mechanics," §§ 130-133, from which the following

extract is taken:

'•Duchemin's formula, which Professor W. C. Unwin recommends, is as fol-

lows, viz.:

2 sin 6
P= Pi

1+ sin
2

where p= intensity of normal pressure on roof, p-^ = intensity of pressure on a plane

normal to the direction of the wind,

"i) Hutton's formula,

p= p x
(sin 0)i. S4 cos 0-1.

"Unwin claims that this and Duchemin's formula give nearly the same results

for all angles of inclination greater than 15 .

"The following table give^ the results obtained by the use of each, on the

assumption that ^= 40."

9
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to bending stresses in addition to the direct stresses. This case is

discussed in § 6.

The direct stresses in the members of a roof-truss can usually

be determined most readily by graphical methods. In order to

use such methods to the best advantage, however, it is necessary

to freely employ algebraic methods in connection with them, as

indicated in the following pages.

§ 2. Determination of Reactions of Supports.

28. Cases. Let the loads acting on the truss (Fig. 23) be

resolved into horizontal (H) and vertical (V) components, IH
and IV representing the algebraic sums of the horizontal and

vertical component loads

respectively, and IM the

algebraic sum of the mo-

ments of the loads. Let

Hu Vu and H2 , V2 be the

components of the left and

right reactions respectively.

Fig. 23.

Then we have

H^H^IH,
V

L+ V2
=IV;

and, taking moments about the right support,

VJ =IM, . . .

(1)

(2)

(3)

in which / = span.

These three equations involve four unknown quantities.

From equations (2) and (3) \\ and V.z can be determined; their

values are thus independent of the manner of supporting the ends

of the truss. The values of H
x
and H2 , however, vary with the

manner of supporting the truss. The following cases occur:
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Case I. Truss fixed in position at both supports by anchor-

bolts or otherwise. When the roof is comparatively fiat, so that

the resultant load, including wind pressure, is nearly vertical, the

reactions can be assumed parallel to each other, and consequently

parallel to the resultant load. In the case of steep roofs, or in

general where the resultant load makes a large angle with the

vertical, this assumption may lead to absurd results.

The assumption which probably approaches the truth as

closely as can be expected for so indeterminate a case is that the

horizontal reactions o) the two supports are equal. If the truss is

assumed to be rigid, the supports equally elastic, and no other

forces besides the horizontal pressure on the truss in action to

cause the supports to yield, this assumption would be correct;

for, since the supports yield equally, the horizontal forces causing

such yielding must be equal.

When the truss is not anchored to its supports, the conditions

are evidently similar to Case I, so long as the weight and friction

are sufficient to prevent motion.

Case I. One end oj truss supported on rollers, planed bed-

plate, or similar device to provide for expansion. If friction be

neglected, the reaction at the free end is evidently vertical. Fric-

tion at the free end may be dealt with as follows: First determine

the supporting forces in the assumption that both ends are fixed.

If the resulting reaction at the free end makes an angle with the

vertical less than the angle of repose, these reactions are the

true ones. If, however, the reaction at the free end, thus deter-

mined, makes a greater angle with the vertical than the angle

of repose, both reactions must be determined anew on the

assumption that the reaction at the free end makes an angle with

the vertical equal to the angle of repose.

Case III. Truss supported on columns. This case is dis-

cussed in § 6.
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29. Examples. The methods of determining the supporting

forces are included under Arts. 5, 15, and 16. A few examples

are given to indicate suitable solutions.

Example i. The truss (Fig. 24) is subjected to wind pressure

from the left, the load being uniformly distributed over the rafter.

Find reactions of supports: (1) When both ends are fixed (Fig.

24 A); (2) When the right end is supported on rollers (Fig. 24 B);

(3) When the left end is supported on rollers (Fig. 24 C).

The resultant load acts at

the middle of the rafter. In

Case (1) the reactions are as-

sumed to be parallel. They

are found, by the method of

Art. 15, also by dividing the

resultant load, AD, into parts

inversely proportional to the

segments into which the line

of action of the resultant load

divides the line joining the

supports.

The method of Art. 16 is

used to solve Cases (2) and

(3), the reaction at the free

end being assumed vertical.

The line of action of the re-

action at the fixed end is also determined from the condition

that three non-parallel forces in equilibrium must intersect at the

same point, after which the magnitudes of the reactions can be

determined by the triangle of forces.

The vertical components of the reactions are the same for all

three cases (see Art. 28); hence the results for any one of these

Fig. 24.
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cases might have been used in solving the other two cases (see

Example 2).

Example 2. In the truss (Fig. 25) AB and BC are the re-

sultant wind loads on the vertical and inclined surfaces respect-

ively, and CD is the resultant dead load. It is required to deter-

mine the supporting forces, making use in turn of each of the

following assumptions:

(1) Left end supported on rollers, reaction vertical; (2) left

end supported on smooth bed-plate, coefficient of friction = J; (3)

both ends fixed, reactions parallel; (4) both ends fixed, horizontal

-It-

Fig. 25.

reactions equal; (5) right end supported on rollers, reaction ver-

tical.

Solution. The line of action of the resultant of BC and CD
is xy, drawn through x parallel to BD. This resultant combined

with AB gives zy for the line of action of the resultant load AD.

The supporting forces under assumption 1, determined by the

second method used in Example 1 for Cases 2 and 3, are DE
and EA.
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Now, since the vertical component reactions are independent

of any assumption, the point corresponding to E must lie on a

horizontal line through E in all cases. Hence the remaining

cases can be solved as follows:

Assumption 2. Lay off EE' = \EA, then DE' and E'A are

the supporting forces.

Assumption 3. DE" and E"A are the supporting forces.

Assumption 4. Bisect EE1V
at E'" , then DE'" and E'"A

are the supporting forces.

Assumption 5. DE' V and E' VA are the supporting forces.

It should be noted that if the supporting forces had been de-

termined for the dead and wind loads separately and the results

combined, the resultant reactions thus found would differ from

those in Example 2 when assumptions 2 and 3 are employed,

but not in the other cases.
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general method is indicated in Art. 28. Equations (2) and (3)

(Art. 28) serve to determine V
x
and V2. In order to determine

H
1
and H

2 , we must have, in addition to Equation (1), a second

equation based on the assumption employed. Taking the five

a-.-umptions of Example 2 in order, this second equation is as

follows

:

Assumption 1.

2.

3-

4-

Problem. Solve the problem (Fig. 26) algebraically.

§ 3. Determination 0} Stresses.

31. General Methods. A truss is designed to support loads

applied at the joints by virtue of the resistance to extension and

compression of its various members.

There are two general methods for determining the tension

and compression stresses in the members of a truss: (1) method

of sections; (2) method of joints.

32. Method of Sections. Let the imaginary line xy (Fig. 27)

divide the truss into two parts, this line intersecting the three

members dj, jk, ka. The

portion of the truss to the

left of xy is a body in equi-

librium under the action

9 of certain forces. Consider

the member dj. If it is in

tension, the portion to the
Fig. 27.

riorht of xy must be exerting force upon the portion to the
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left of .rv, toward the right. If dj is in compression, its right-

hand portion must, on the other hand, be exerting force upon its

left-hand portion, towards the left. In either case, the magnitude

of this force is equal to that of the stress in the member, and the

line of action of the force has the direction of the length of the

member. This force is external with reference to the portion of

the truss to the left of xy. It will be represented by the letters

dj. Similar explanations hold for jk and ka. The forces, there-

fore, which hold the left portion of the truss in equilibrium are the

known forces ab, be, cd, and the forces dj, jk, and ka, exerted by

the right-hand portions of these three members upon their left-

hand portions The lines of action of these last three forces

are known, their magnitudes and directions being unknown.

These six forces constitute a system of forces in equilibrium, lying

in the same plane, but not acting at the same point. One or more

of the conditions of equilibrium o Art. 5 can therefore be used to

determine the unknown forces, as was indicated in Art. 6. The

third solution of Art. 6 (Example 2) is generally most useful in

dealing with roof-trusses.

The following points should be noted:

(1) Only three forces, unknown in magnitude, can be deter-

mined, so that if the section xy cuts more than three members

which are in action under the given loads, a solution cannot be

made.

(2) The stress in a member is equal to the magnitude of the

force which it exerts, and the nature of the stress, tension, or

compression can be determined from the direction of the force

(tension, if directed away from left portion; otherwise com-

pression).

33. Method of Joints. The external forces acting upon the

joint b (Fig. 27) are: (1) the supporting force ab; (2) the load
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be; (3) the forces exerted by the members ck and ka upon the

joint. If either member as ck, is in tension, the force which it

exerts on the joint b is evidently directed away from the joint;

if in compression, towards it. As the joint is in equilibrium,

these four forces must balance, and by applying either the alge-

braic method of resolution of forces or the geometric method of

polygon of forces, the unknown forces can be determined.

In using the method of joints, the following points should be

noted

:

(1) The forces dealt with are those acting on the joint.

(2) In dealing with any one joint only two unknown forces

can be determined.

(3) The nature of the stress in a member can be determined

from the direction of the force which the member exerts on the

joint: tension, if the force acts away from the joint; compression,

if the force acts towards the joint.

(4) When the stress in a member is determined, the force which

it exerts upon the joint at each end is known, these forces being

equal and opposite.

34. Determination of Stresses in Roof-trusses. Of the

methods which have been explained, the one best adapted to roof-

trusses is the method of joints, solving by the polygon of forces.

In applying this method, the external forces being known, we

begin by constructing the polygon of forces at any joint of the

truss where only two stresses are unknown. Having thus deter-

mined these two, we repeat the construction for another joint

where only two stresses remain unknown, and continue in this

manner until the stresses in all the members have been determined.

35. Example. Bow's Notation. The truss (Fig. 28) is sub-

jected to a uniformly distributed load, W. Each intermediate
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Fig. 28.

joint of the upper chord supports \W, and each end joint \W. Each

supporting force is h\V. The external

forces are lettered as in the preceding

chapter, ab representing the left reac-

tion; be, cd, etc., the successive loads.

Letters are also placed in the spaces

into which the surface is divided by

the web members. Each member of

the truss is represented by the letters

in the adjacent spaces; e.g., the two

halves of the lower chord are ka

and ha; the vertical member is ji,

etc. The directions of the forces are indicated in the force

(or stress) diagram by the order of the letters. For this purpose

the letters are to be read in right-handed order around the truss

or any joint of it; e.g., the left reaction is ab, left-hand load

be, etc.; the force exerted by the member ck upon the left-hand

joint is ck, and upon the joint cdjk is kc.

To illustrate the manner of using this notation, the stresses in

the various members of the truss will be determined. First con-

struct the polygon of external forces. Lay off the loads on a

vertical line in right-handed order. The first load, beginning at

the left, is be; it acts downwards, and to indicate this the force is

lettered so that BC reads downwards. Continuing in this manner,

when the polygon is completed, if we read the letters surrounding

the truss in right-handed order, bedejgab, these letters in the stress

diagram, read in the same order, will represent the polygon of

external forces, the order of succession of the letters indicating

the direction in which the forces act.

Next the polygon of forces for the left-hand joint of the truss

is constructed. The known forces ab and be are already included

in the stress diagram. The two unknown forces are ck and ka.
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One letter of each (C and A) is already in the stress diagram.

These letters indicate the points from which to draw the lines

representing the unknown forces. Thus the polygon is completed

by drawing from C and .4 lines parallel to ck and ka respectively,

their point of intersection being lettered A'. Proceeding to the

next joint, kc and cd are the known forces. From the points D
and K lines are drawn parallel to dj and jk respectively, inter-

secting at J, thus completing that polygon. By this mode of

construction, the polygons of forces for the various joints of the

truss are grouped together in a single diagram called the stress

diagram. When the last joint is reached, all the stresses but one

will be known. The letters representing this one will already

be in the stress diagram, and the line joining them will be parallel

to the corresponding member of the truss if the construction is

accurate.

The following points should be noted in using Bow's notation:

(i) The stress in any member of the truss is represented by

the same letters as the member itself.

(2) The polygon of forces for any joint is lettered with the

letters surrounding that joint, the direction of the forces being

indicated by the succession of letters obtained by reading the letters

surrounding the joint in right-handed order.

(3) To determine whether any member is in tension or com-

pression, read the letters representing that member in right-

handed order about the joint at either end of the member. The

same order of succession of these letters in the stress diagram

indicates the direction of the force which the member exerts on

the joint used. If this direction is towards the joint, the stress is

compression; if away from it, tension. As an illustration, let

the nature of the stress in ck be determined. Using the left joint,

the letters read c-k. In the stress diagram this order of succes-

sion of these letters is towards the left. Referring again to the
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truss, the direction, towards the left, is seen to be towards the

joint used as a centre, this indicating that the member ck is ex-

erting force on this joint towards it. Hence ck is in compression.

(4) In constructing the polygons of forces it is to be noted

that all the sides of any polygon but the two corresponding to

the two unknown forces at the joint will be already represented

in the stress diagram, and the points from which to draw these

two sides are indicated by the lettering, as previously explained.

The point of intersection of these two sides is marked with the

letter common to the corresponding members of the truss.

(5) Referring to Fig. 27, any portion of the truss (eg., the

shaded portion) is a body in equilibrium. The external forces

acting on it must then form a polygon which would be lettered

with the letters surrounding it (e.g., abcdjka). It should be

observed that all such polygons are included in the stress diagram

(see Fig. 28). Hence the same stress diagram would be obtained

whether the method of joints or method of sections were em-

ployed in constructing the various force polygons.

In using the method illustrated, the truss is drawn accurately

to scale, the loads are also plotted accurately to scale, and the

stress diagram is constructed with extreme care. The magni-

tudes of the stresses are gotten by scaling off the proper lines of the

stress diagram, and the nature of the stress is derived from the

lettering, as previously explained. The most serious cause of

inaccuracy, especially in case of trusses having a large number of

members, is that the construction of each polygon, in turn, is

based upon preceding ones, so that errors accumulate. To guard

against this, the method of sections should be employed as indi-

cated in Art. 37.

The student is recommended to study trusses with the view 0}

understanding the purpose and action 0) their various members

independently 0) the stress diagrams. In Fig. 28, for example, the
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load cd tends to deflect the rafter, this deflection being prevented

by the brace kj, which -would therefore be in compression, kj,

being in compression, exerts a downward thrust on the lower

chord at a. The lower chord is prevented from deflecting under

this thrust by ji; ji is therefore in tension. A study of trusses

in such a manner will assist the student to a better understand-

ing of their design.

36. Determination of Maximum and Minimum Stresses. In

order to proportion the various parts of a truss, it is necessary

to know the extreme range of the stresses to which each member

will be subjected under the various combinations of loads liable

to occur. The loads to take into account will vary with the cir-

cumstances. In case of the arches supporting the train-shed roof

of the Philadelphia and Reading Terminal Station, Philadelphia,

the stresses were determined for: (1) dead load; (2) dead load and

snow on one side; (3) dead load and snow on both sides; (4)

dead and wind loads; (5) dead, snow, and wind loads. 1 On the

other hand, the train-shed trusses of the South Terminal Station,

Boston, were designed to support a uniformly distributed vertical

load only. 2 The most usual combinations are: (1) dead load;

(2) dead and snow loads; (3) dead and wind loads.

There are two methods of procedure in this connection: (1)

Construct a separate stress diagram for each kind of loading, and

combine the stresses thus determined; (2) Construct a diagram

for each combination of loads. The student should be familiar

with both methods; the latter, however, appears to be generally

preferable for the following reasons: (1) Under certain assump-

tions the first method does not give correct results; e.g., under

the assumption of parallel reactions, if the reactions for dead

1 See Trans. Am. Soc. C. E., Aug., 1895.

2 Ibid., Dec, 1899.
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and wind loads, considered separately, are assumed to be parallel,

the resultant reactions found by combining these will in general

not be parallel. Again, in dealing with friction at the supports,

the two methods will give different reactions, and consequently

different stresses. (2) In dealing with counterbracing (§ 4),

the second method is the more simple of the two; (3) When
the second method is employed, the maximum and minimum

stresses can be scaled directly from the diagrams.

37. Example. Wooden Truss fixed at Both Ends. Figure

1, Plate I, represents one of a series of parallel trusses, spaced 16

ft. between centres, supporting a roof. The vertical iron tie-rods

divide it into eight panels of equal width. Span = 80 ft. Rise

of upper chord =16 ft. The roof is to be covered with tin laid

on sheathing 1 in. thick. The sheathing is supported by rafters

2 in. by 7 in. section, spaced two feet between centres. The

rafters are supported by purlins 8 in. by 12 in. section, these

being supported at the joints of the upper chord.

Each rafter supports an area of the roof surface 2 feet wide

by 10.8 ft. long, and is proportioned as a beam to support the

maximum load, including its own weight, which is liable to come

upon this area. Each intermediate purlin supports an area

10.8 ft. wide by 16 ft. long, and is also proportioned as a beam

for the maximum load to which it is liable to be subjected. The

student should verify these dimensions of rafters and purlins,

using a working stress of 1000 lbs. per sq. in.

Calculation of Loads.

Wt. of tin and sheathing per sq. ft. of roof surface = 3^ lbs.

" " rafters (30 lbs. per cu. ft.) " " " = i£ "

" " purlins (30 lbs. per cu. ft.) " " " =2 "

Total =7 lbs.
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Estimated weight of truss = 5760 lbs. This weight is assumed

to be supported at the joints of the upper chord.

(The weight of the truss must be estimated from the actual

weights of trusses of similar design and loading already built.

Merriman gives the formula for wooden trusses, JF = ^fl/(i + Ty),

and for iron trusses TF = fa/(i-r tVO- These formulas are

derived from a table of weights of trusses given by Richer. John-

son gives, for iron trusses, the formula W=£i al
2

. In each

case IF = weight of truss in pounds, a = distance between trusses

in feet, / = span in feet. These formulas can, at the best, be only

rough approximations.)

The snow load is assumed to be 20 lbs. per sq. ft. of horizontal

projection of roof surface, and the wind pressure 40 lbs. per. sq.

ft. on a vertical surface.

Normal component of wind pressure (Hutton's formula) =

20 lbs. per sq. ft. of roof surface.

Loads at Intermediate Joints of Upper Chord.

Roof covering, etc 7X16X 10.8=1210 lbs.

Truss iX5;6o= 720 "

Total dead load at each intermediate joint = 1930 lbs.

Snow " " " " " =20X16X10 =3200 "

Wind " " " " " =2oXi6Xio.S = 346o
"

Each end joint supports one-half the load carried by an inter-

mediate joint.

The loadings considered in this example are: (1) dead load;

(2) dead and snow loads; (3) dead and wind loads. The stu-

dent should trace out the construction of the diagrams, noting

the steps taken to secure accuracy and to check the work.

Dead-load Diagram (Fig. 1 B). The reaction of each sup-

port is 7720 lbs. The total load is plotted and subdivided to
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obtain the joint loads. Since the truss is symmetrical and

symmetrically loaded, the stresses in corresponding members

on the two sides will be equal; the diagram is therefore con-

structed for one side only. In order to avoid a long succession of

joints and to check the work, the stresses in er, rq, and qk are

determined at the outset by the method of sections (Art. 32) as

follows

:

Calculate the stress in one of these members, as qk, by

moments. Taking the moment axis at the intersection of the

other two members, we have

7720-30— 965-30— 1930(20+ 10) = i2QK. .*. QK = 12,062 lbs.

The moment of the known forces being right-handed, the

moment of QK, to balance, must be left-handed, hence QK is

in tension since the force acts away from the portion of the truss

under consideration. Next plot this computed stress in the

diagram, laying off from K the length QK in such direction that

it will represent tension. The stresses in er and rq are next

determined by completing the polygon QKABCDERQ. The

remaining stresses to the left of the section are determined by the

method of joints as follows

:

At joint 1 determine BL and LK; at joint 2, LM and MK;
at joint 3, CN and NM; at joint 4, DP and PQ; at joint 5, PO
and OK. If, now, the closing line NO is parallel to the member

no, the work is checked. By this order of procedure a long suc-

cession of force polygons dependent on each other has been

avoided, thus preventing inaccuracies from accumulating, and

the work has been completely checked. Trusses should be

divided in this manner by a sufficient number of sections so that

each division will contain not more than ten or twelve joints.

It should be noted that the mere closing of the force polygons,

without the introduction into the stress diagram of stresses com-

puted independently of the diagrams, does not completely check
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the work, since errors made in constructing the truss diagram

and plotting th: loads would not interfere with the diagrams

closing.

Dead and Snow Loads. Since, in this example, the snow load

is distributed in the same manner as the dead load, the stresses

can be found bv multiplying the dead-load stresses by -^ — •

1930

Dead and Wind Loads (Fig. 1 A). The wind is taken to

come from the right. Attention is directed to the following

points:

(1) The resultant dead and wind loads are first plotted, as

shown by the dotted lines, the joint loads being found by suitable

subdivision.

(2) The resultant load intersects the lower chord at 2, the

reactions JK and KA (assumed to be parallel) being found by

dividing A J into parts inversely proportional to the segments

of the lower chord.

(3) The stresses are determined in a manner similar to that

explained for the dead load. In calculating the stress in qk it is

convenient to know the H and V components of the external

forces.

16H component of wind load =——7,
• 13840= 5140 lbs.

40
V component of wind load= £-13840=12850 lbs.

Taking moments about the right-hand support,

8oFx
= 15440-40+ 12850-20+5140-8. .*. Fj = i 1446 lbs.

5140
H, = n— 1 1446 = 2080 lbs.

15440+ 12850
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QK = 11446-30— 2080-12— 965 -30— 1930(20+ 10)

12

= 19300 lbs. (tension).

Maximum and Minimum Stresses. The maximum and

minimum stresses for the different members of the truss were

determined as follows: Tabulate the stresses in all the members,

for each of the three combinations of loads. Note that the

extreme range of stresses will be the same, in case of correspond-

ing members on the two sides of the truss. Thus, considering

the members op and uv, we find the stresses (in pounds) re-

corded in the following table:
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Frc 29.

Fig. 29) : Having resolved the loads into H and V components, plot

AD' =IH and D'D = IV, then

AD is the resultant load. To plot

the joint loads, lay off on AD' the

H component joint loads AB',B'C,

etc., in order, and on D'D the V

component joint loads D'B", B"C",

etc., in the same order. Combining

these we have AB, BC, etc., for the

resultant joint loads.

2. The precaution, illustrated in

Art. 37, of computing the stress in

one or more of the members by the

method of sections, and plotting the results in the stress diagram,

should always be employed in large or important work.

3. In constructing stress diagrams it is sometimes desirable

to obtain the directions of the members more accurately than can

be done by using the truss diagram unless the latter is constructed

on an inconveniently large scale. For this pu pose coordinate

axes can be used, the slopes of the various members being plotted

on them as indicated for st and uv (Fig. 1 D). A good general

rule to follow is to avoid obtaining the direction of a line of the

stress diagram from a shorter line of the truss.

4. Nothing is gained by constructing the stress diagram on

a very larje scale. The lines of such diagrams need not be in

error more than two or three hundredths of an inch. With a

scale of 10,000 lbs. to the inch this would be an error of 200 to

300 lbs. in the stress. Such an error is of no importance in

work requiring so small a scale.

5. The diagrams should be constructed with such care and

in such a manner as to leave no question as to their accuracy at

any stage of the construction. The wooden edges of the ordinary
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drawing-board and T square arc unreliable. A steel straight-

edge with lead weights to hold it in position is preferable. The

edges of the triangles must be straight and the 90 angle true.

The usual hard-rubber and celluloid triangles are not sufficiently

accurate in these respects and should be tested before using.

The best quality of dividers and compasses, a metal scale grad-

ated to hundredths of an inch, and a hard pencil kept sharpened

to a fine chisel edge, complete the list of necessary instruments.

All intersections to be preserved are located by a fine prick-point

enclosed in a circle.

39. Problems. 1. The truss, Fig. 30, fixed at both ends,

is one of a system of parallel trusses, spaced 10 ft. apart, support-

4L_Jt

Fig. 30.

ing a roof. The dead load is 20 lbs. per sq. ft. of roof surface.

The wind pressure is assumed to be 40 lbs. per sq. ft. on a vertical

surface. Determine the stresses in all the members due to the

combined dead and wind loads.

Directions. (1) Assume the H component reactions to be

equal. (2) Determine the normal wind loads on the two inclined

roof surfaces by Hutton's or Duchemin's formula (see table, p. 32).

(3) Plot these two wind loads together with the resultant dead

load and determine the reactions of supports by drawing a funicu-

lar polygon for these (three) resultant loads (see Arts. 15 and
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29). (4) Plot the joint loads in order (see Art. 37) and draw the

stress diagram, checking on the middle portion of the lower

chord.

Problem 2. The truss, Fig. 31, is loaded on the upper chord

with a uniformly distributed dead load of 75,000 lbs. In addi-

Fig. 31.

tion, each intermediate joint of the lower chord is loaded with

2000 lbs. The lower chord is a circular arc. The vertical web

members are equidistant. Determine the stresses in all the mem-

bers.

Directions. (1) In plotting the truss, locate the joints of

the lower chord by ordinates. (2) Plot the external forces in

right-handed order as usual, namely, loads on upper chord

—

right-hand reaction—loads on lower chord—left-hand reaction.

(3) Calculate stress in member a (or a') by moments, plotting

it in the stress diagram. (4) Construct the stress diagram for

either half-truss, checking on b (or b').

Problem 3. Determine the maximum and minimum stresses

in the truss, Fig. 31, providing for a wind pressure of 40 lbs.

per sq. ft. on a vertical surface as well as for the dead loads of

Prob. 2. Assume that one end of the truss rests on rollers, the

reaction at that end being vertical. (Note. Three combina-

tions of loads must be dealt with, namely: dead load alone;



ROOF-TRUSSES. 53

dead load with wind on roller side; dead load with wind on

fixed side.)

40. Cantilever Truss. Fig. 32, which represents one of the

train-shed trusses of the South Terminal Station, Boston, con-

Fig. 32.

sists of a central truss, AB, supported at A and B on the ends of

the cantilevers. AC, acting as a link, provides for expansion.

The dotted chord members are furnished with sliding joints and

thus do not resist tension or compression. The stresses can be

determined in the usual way, first finding the reactions at A
and B due to the loads on the central truss. 1

41. Trusses having only Two Forces to determine at Each

Joint. In the preceding examples only two unknown stresses

were encountered at each joint, so that the polygons of forces for

the successive joints of the truss could be constructed at once.

Other cases of the same nature are given in Fig. 33 A, B, C, D,

E, F, G, and H. The student should verify this statement, in-

dicating the order of succession of joints to use in constructing

the stress diagrams.

42. Fink, or French, Roof-truss. This is a type of iron truss

in common use for shops and similar buildings. Fig. 33 L
represents its most usual form. In applying the method of joints

1 See Trans. Am. Soc. C. E., Dec, 1899.
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Fig 33
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to this truss a difficulty is encountered to which attention is

directed. Beginning at the left-hand support, the force poly-

gons can be constructed in the usual manner until the joint 5

is reached, where three unknown forces are encountered. There

are various graphical devices for overcoming the difficulty; the

most satisfactory solution, however, is to calculate the stress in

ST by moments (method of sections) and insert this calculated

stress in the diagram. The stresses in the two remaining mem-

bers at the joint 5 can then be found by completing the force

polygon. If the method of procedure of Art. 37 is followed

no difficulty arises. Other trusses of the same nature are

shown in Fig. 33 I, J, K, and M

§ 4. Counterbracing and Double Systems 0} Bracing.

43. Definitions. It will be noticed that the members of a

properly designed truss form in general a system of triangles.

The triangle is the elementary truss. Under the action of forces

lying in its plane and acting at its vertices, it cannot be distorted

without changing the lengths of one or more of its sides, and

such changes are opposed by the resistance to extension and

compression of the sides. A polygonal frame of more than three

sides, assumed free to turn at the joints, can be distorted with-

out altering the lengths of any of the sides.

The quadrilateral frame (Fig. 34), acted on by the force F,

would be distorted as shown, the distance^
a

-

AB becoming shorter and CD longer, change

in length of the diagonals necessarily accom-

panying the distortion of the frame. A diag-

onal member capable of resisting both extension
,. Fig. 34.

and compression would, then, prevent distor-

tion. A member joining C and D, capable of resisting tension
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alone, would prevent distortion in the direction shown in Fig. 34,

but not in the opposite direction. Two tension diagonals, howc\ er,

would evidently make the frame stable. Thus a quadrilateral

frame may be made capable of resisting any forces acting at the

angles, tending to distort it, by the introduction of a single diagonal

member capable of resisting both tension and compression, or

of two diagonals, both capable of resisting tension alone or com-

pression alone. In the latter case it is evident that only one of

the diagonals would be stressed at a time. Considering the quad-

rilateral of Fig. 34 to represent one panel of a truss, the diagonal

which is stressed under the action of the dead load may be called

the main brace, the other the counterbrace or counter. The counter

may be stressed under the action of the wind, snow on one side

of the roof, or under non-symmetrical temporary load.

44. Notation. The system of notation of Fig. 35 is con-

venient to use for trusses with counterbracing. One diagonal

of each panel is drawn clotted. The diagonals drawn in full

lines are designated by the letters gh and ij, the same letters

accented being used for the dotted diagonals. To illustrate,

if the diagonals under stress were g'h' and ij, the verticals would

be represented by ]h', g'i, and jk; the members of the upper

chord would be bgf and ci, and of the lower chord h'e and je,

the diagonals not stressed being considered omitted from the

diagram.

45. Determination of Stresses. Diagrams Drawn for Com-

bined Loads. Case i. Parallel Chords. Having plotted the

polygon of external forces, we must first determine which

diagonal in each panel is stressed under the given system of

loads. In the case of parallel chords this may be done as

follows (see Fig. 35):
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5000 /in 1000 1000

Fig. 35.

Using the method of sections, apply the condition of equilibrium,

2V = o, to the forces acting on

the shaded portion of the truss.

The V component stresses in the

chord members, bg and h , are

each zero, hence the V compo-

nent stress in the diagonal (gh or

g'h') under stress must be equal

and opposite in direction to the

V component of the resultant ex-

ternal force. Now it will be ceen

that this resultan force is repre-

sented in the stress diagram by

the letters which lie below and above the panel in question, read

in right-hand d order, i.e., EB. This order of letters (see stress

diagram) is downward, indicating that the resultant external

force acts downward, hence the V component diagonal stress

must act upwards. Keeping in mind the fact that if a member

is in tension the force it exerts upon the shaded portion of the

truss acts away from that portion and conversely, we see that if the

diagonals are tension members gh is the one under stress, while

if they are compression members g'h' is stressed. Thus by

observing whether the resultant external force lying to the left

of any panel acts up or down as indicated in the external force

polygon, and knowing whether the diagonals are tension or com-

pression members, we can determine at a glance which diagonal

is under stress. The use of the condition 2V = o in determining

stresses is called the method 0} shears.

In Fig. 35 the diagonals are assumed to be tension members,

those drawn in full lines being consequently under stress. The

dotted diagonals are therefore omitted and the stress diagram

constructed in the usual manner.
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Case 2. Chords not Parallel. In this case the condition of

equilibrium, JM = o, can be used, as indicated in the following

example, to determine which diagonals are stressed. Having

plotted the loads (see Fig. 36), the reactions DE and EA

Fig. 36.

(assumed to be parallel) are determined by drawing a funicular

polygon for the joint loads. Now, consider the panel eb and the

forces acting on the portion of the truss to the left of the section
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mn. The two chord members intersect at O'. Taking this

point as moment axis, the moment of the stresses in the members

cut by mn must balance the moment of the external forces acting

on the left portion of the truss. The moment of each chord

stress being zero, the moment of the stress in the diagonal

gh or g'h' must balance the moment of the resultant external

force EB. This resultant force must act through the intersection

of the strings e and b (see Arts. 8 and 9). The intersection

of these strings falls here outside the limits of the drawing,

but it is evident from the direction of EB and the general

location of the intersection ot the two strings e and b that the

moment of EB about O' would be right-handed; hence the mo-

ment of the diagonal stress must be left-handed, i.e., the diagonal

gh would be stressed if the diagonals were tension members; and

g'h' if they were compression members. Dealing with the panel

ec in the same manner, we find that the moment of the resultant

external force EC = R, about the axis O, is left-handed, hence

the moment of the diagonal stress must be right-handed; i.e.,

ij is stressed if the diagonals are tension members and con-

versely.

In Fig. 36, the diagonals are assumed to be tension members,

those drawn in full lines being stressed. The stress diagram can

now be constructed in the usual manner.

If it were necessary to locate the resultant force EB, it could

be done by Art. 9 (Special Case) as follows: Using A for pole,

the strings e', ft, and b' of the special polygon for the forces EP
and PB are drawn, the intersection of e' and b' (not shown) being

one point in the line of action of EB.

It should be remarked that the diagonals under stress may

be determined by trial during the construction of the stress

diagram as follows: Omit either diagonal of a panel at random

and draw the force polygons, determining from the order of the
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letters the kind of stress in the diagonal used. If this agrees

with the stress for which the diagonals were designed, the diagram

is correct, otherwise the other diagonal is stressed and the force

polygons involved must be re-drawn. This method is unsatis-

factory compared with those previously described.

46. Example. The lower chord of the truss, Fig. 2, Plate I,

is a circular arc of 185 ft. radius. The verticals are equidistant

and the diagonals are tension members. Both ends are fixed

and the reactions are assumed to be parallel. It is required to

determine the stresses in all the members for the following system

of loads, viz. : 1. A uniformly distributed dead load of 75,000 lbs.,

the loading (18,750 lbs.) on the two central panels being divided

between the monitor and main roofs as follows: 5000 lbs. on

the monitor roof and 13,750 lbs. supported directly by the main

roof. 2. A normal wind pressure on the left side, distributed as

follows: 17,000 lbs. on vertical surface of main roof; 33,000 lbs.

on inclined surface of main roof; 9600 lbs. on vertical surface of

monitor roof, and 11,000 lbs. on inclined surface of monitor roof.

1. Stresses in Monitor Roo). The joint loads and stress

diagram are given in Fig. 2 B. The diagonals are assumed to

be tension members, je being evidently the one under stress;

gh is therefore omitted. The diagram is constructed beginning

at the joint ab. The stresses in the members ah, hg, gj, je, and

ed evidently act as loads on the main truss and are included in

the table of joint loads given below. The computed stress in

g) is 50 lbs. tension.

2. Joint Loads and Reactions for Main Truss. The joint

loads for the main truss, resolved into H and V components for

convenience in plotting and computing, are given in the following

table:
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Table of Joint Loads for Main Truss.

61

Joints.



62 GRAPHIC STATICS.

manner, working in both directions from centre and ends and

checking midway. The results are given in the table, Plate I.

It should be noted that no counterbrace is needed in those

panels where the same diagonal is stressed under all circumstances.

Problem. In the truss, Fig. 2, Plate I, determine which diago-

nals are stressed under the action of the dead load alone.

47. Determination of Stresses in Trusses with Counterbracing.

Second Method. When separate diagrams are constructed

Fig. 37.

for the different kinds of loading (see Art. 36), the determination

of the maximum stresses, where counterbracing is involved, is
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somewhat complicated. A method of procedure is illustrated

in the example, Fig. 37. The notation of Art. 44 is employed.

The diagonals are assumed to be tension members. The load-

ings are: 1. Dead load; 2. Wind load. Both ends of the truss

are fixed, the H reactions being assumed equal. Fig. 37 A is

the diagram for wind load on the left side, Fig. 37 B is the dead-

load diagram.

1. In constructing the stress diagrams, one set of diagonals,

e.g., those dotted, is omitted, and the force polygons are drawn

in the usual manner. The construction is then repeated in the

same figure, using the diagonals previously omitted (the addi-

tional lines are dotted). The diagrams thus contain the stresses

in all the members of the truss, whichever diagonal of each

panel is assumed to be stressed. There will be no confusion

if the mode of lettering of Art. 44 is employed.

2. The next step is to determine which diagonal of each

panel is stressed under each combination of loads, i.e., 1. Dead

load alone; 2. Dead load and wind on one side.

Dead Load Alone. From Fig. 37 B we find that the diagonals

in tension are ji (full) and k'V (dotted). The stresses in the mem-

bers are therefore lettered in Fig. 37 B as follows:

BH, CI, DK', EM, HG, JG, L'G, MG, HI, JI, IK', K'U, I'M.

Dead Load and Wind on Left Side. We first determine which

diagonal of each panel is stressed by combining the stresses of

Figs. 37 A and 37 B. We thus find that the diagonals in tension

are i'f (dotted) and k'V (dotted). The stresses for this com-

bination of loads are therefore lettered in the two diagrams as

follows

:

BH, CF, DK', EM, HG, J'G, L'G, MG, HI', I'J', J'K',

K'L\ L'M.
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The resultant stresses are there
r

ore found by combining the

stresses lettered as above, in the two diagrams.

Dead Load and Wind on Right Side. In this example, this

combination of loads need not be dealt with as it is obvious that

the maximum stresses in corresponding members on the two sides

of the truss will be equal.

3. Having determined the stresses due to the different com-

binations of loads, the maximum and minimum stresses can be

selected as explained in Art. 37.

48. Trussss having a Double System of Web Members.

Such a truss may be treated as a combination of two trusses hav-

ing common chords, but distinct systems of web members. The

girder of Fig. 38 A, for example, can be resolved into those shown

in Figs. 38 B and 38 C, the stresses in the members of these com-

ponent trusses being found in the usual manner. The actual

stress in any web member of

the original truss is given

directly by the diagrams while

the stress in any chord seg-

ment, as ab, is evidently equal

to the algebraic sum of the

stresses found for cd (Fig. 38

B) and ej (Fig. 38 C). When

the given truss can be resolved

in more than one way, or when

the distribution of loads be-

tween the component trusses

is uncertain, the problem is

indeterminate.

Fig. 39 is a crescent roof-truss with two systems of web mem-

bers, as shown by the full and dotted lines respectively. By
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tracing out the force polygons for the different joints it will be

seen that the stress diagram can be drawn at once for the com-

plete truss. A suitable system of lettering the interior of the

truss is given, the intersections of the diagonals being treated

as joints. If the joint 1 were made to coincide with 2, the por-

tion of its load supported by each component truss would be

Fig. 39.

uncertain and the problem in this particular would be indeter-

minate.

49. Double Diagonal Bracing. In the case of counterbraced

panels (see Fig. 33 N, O, P, Q), the two diagonals are assumed

not to be in action for the same loading; both being designed for

the same kind of stress. When the diagonals are designed to

act simultaneously (one being in tension while the other is in

compression), the truss can be resolved into two trusses having

common chords and verticals but distinct systems of diagonals.

Each joint would belong to both component trusses, and the

division of its load between the two trusses would be uncertain.

One way of dealing with this case is to assume that the load at

each joint is divided equally between the two trusses. The

stresses in the verticals and chords would be the algebraic sum

of those found for the separate trusses. The results of this

method are evidently liable to err in the wrong direction.
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§5. Three-hinged Arch.

50. Definition. A three-hinged arch consists of two arched

ribs hinged at the crown and abutments (Fig. 40). The outward

thrust at the ends may be resisted by the abutments or by a tie-

rod joining the ends. The ribs may be braced or solid.

51. Determination of Reactions of Hinges. The reactions

are assumed to act through the centres of the hinges. The re-

actions of the hinge at the crown on the two half- ribs must be

evidently equal and opposite. Let ab (Fig. 40) represent the

line of action of the resultant load supported by the left half-rib,

the right half being assumed to be unloaded. The reactions

at O' and O" must be equal and act along the line 0"0'
. The

three forces acting on the left half must, for equilibrium, inter-

sect at a common point. This condition determines On to be

the direction of the reaction at O.

The magnitudes of these reactions can now be found by con-

structing the triangle of forces ABU. BU is the magnitude
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of the reaction at O" , and of the two equal and opposite re-

actions at O' . D'A is the magnitude of the reaction at O.

The directions and magnitudes of the reactions at O, O'

,

and O" , for any resultant load be on the right half-rib, are found

in a similar manner, the triangle of forces being BCD". When
both sides are loaded, the reaction at either hinge is evidently

the resultant of the reactions due to the loads taken separately.

Combining the two separate reactions for each of the hinges

by the triangle of forces, we find the resultant reactions for the

right half- rib to be CD and DB at O" and O' respectively; and

for the left half-rib, BD and DA at O' and O respectively.

The lines of action of these reactions are Ox, xO'y, yO",

drawn parallel to DA, DB, and DC respectively. These lines

should intersect on ab and be as shown, if the construction is

accurate.

In the case of a symmetrical arch, symmetrically loaded, the

reactions at the crown will evidently be horizontal. The re-

actions of the end hinges can then for this case be found directly;

the points x and y being determined by the intersections of a

horizontal line through O' with the resultant loads.

Fig. 40 can now be interpreted as follows: The point D can

be taken to be the pole, and the lines Ox, xy, yO" the strings of a

funicular polygon for the given loads. The reactions of the hinges

can, then, be determined by constructing a funicular polygon

for the loads, such that the three strings will pass through the

hinges. The strings will be the lines of action of the reactions,

and the lengths of the corresponding rays their magnitudes.

Instead of using the resultant loads, the actual loads may be

employed in applying this method. In this case it is only neces-

sary to construct a funicular polygon for the given loads, such

that the three limiting strings will pass through the three hinges.

(For methods, see Arts. 23 and 24.)
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52. Determination of Reactions. Algebraic Solution. In

order to secure greater accuracy, it may be desired to determine

bv calculation the position of the pole of the required funicular

polygon. This is done by calculating the reaction at G', since

the ray DB (Fig. 40) or PD (Fig. 41) represents this reaction.

Let R, R be the equal and opposite reactions at O' (Fig. 41).

These are resolved into horizontal (H) and vertical (V) com-

ponents. Taking moments, about O, of the forces acting on

the left half, we have H-V- V-af=IW,
x', in which W repre-

sents any load, and .r its arm. Similarly, the moments about

O" of the forces- acting on the right half give the equation

H -V + V -a' = IWx. By solving these two equations, we deter-

mine the values of H and V, and consequently R. This value

y%-—x-

Fig. 41.

of R, laid off in the proper direction from the point D of the force

polvgon, locates the pole P of the required funicular polygon.

PA and PG are then the reactions at O and O" respectively.
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It is to be noted that PAD and PDG are the polygons of external

forces for the two half-ribs.

Problem. The semicircular arch (Fig. 42) hinged as shown,

is loaded with a dead load of

8000 pounds uniformly dis-

tributed over the roof, and

also with a wind load of I _,--

8000 pounds on the right
j

side. Find the reactions of

the hinges: (1) graphically;

(2) by calculation as ex-

plained. Also draw a funic- fig. 42.

ular polygon for these loads, to pass through the three hinges.

53. Determination of Stresses in Braced Arches. The

determination of the stresses in three-hinged braced arches will

be illustrated by the following example. Fig. 3, Plate II, rep-

resents half of a symmetrical three-hinged arch. The outer in-

clined chord is divided by the joints into 6 divisions of 5 ft. each

and one of 8.1 ft. The member 7, 4 is drawn so as to make the

adjacent segments of the inner chord equal, the other correspond-

ing members being perpendicular to the outer chord. The arch is

loaded with a dead load uniformly distributed over the outer

chord, together with a wind load on the right side. The wind

pressure on the vertical sides of the building is not supported by

the arches. It is required to determine the stresses in the wind-

ward rib. The diagonals are assumed to be tension members.

The joint loads (pounds) are as follows:

Joint.
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i. Determination 0} Reactions 0} Hinges. The resultant dead

and wind loads, IK and KA (Fig. 3 A), are plotted and their

resultant (IA) is subdivided into the joint loads. The H and V
reactions of the middle hinge, calculated by the method of Art. 52,

are: H = 14,860 lbs.; 7 = 9900 lbs. These are plotted (see Fig.

3 A), thus locating the pole P. A funicular polygon for the re-

sultant dead and wind loads is now constructed by drawing the

string (a) through the end hinge, parallel to PA, and the string

(/) through the middle hinge, parallel to PI; when it is found

that the closing string (k) is parallel to PK, thus checking the

location of the pole. The reactions of the hinges are thus PI

and AP, and the polygon of external forces is PIHGFEDCBAP.
2. Line 0} Pressure. The funicular polygon for the resultant

joint loads is now drawn (see Fig. 3). The significance of this

polygon should be noted. Beginning at the left end, the string

i is the reaction on the hinge, its magnitude being PI; the string

h is the line of action of the resultant of this reaction and the load

at the apex, its magnitude being PH; the string g is the line of

action of the resultant of the reaction and the loads ih and hg,

its magnitude being PG, etc. Thus it is seen that any string 0}

the funicular polygon for the joint loads, drawn through the hinges,

represents the line 0} action 0} the resultant external force acting

on the portion of the rib to either side of the panel in question; the

magnitude of this force being represented by the corresponding ray.

This funicular polygon is called the Line of Pressure, since its

strings represent the lines of action of the resultant pressure on

the corresponding panels of the arch.

3. Determination as to which Diagonals are Stressed. The

methods of Art. 45 are employed to determine which diagonals

are stressed, the application of these methods being based on the

preceding paragraph.

Take, for example, panel g, where the chords are parallel.
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The resultant external force, R, to the left of the section mn is

PG, acting along the string g as shown. The component of this

force at right angles to the chords evidently acts upwards; the

corresponding component of the diagonal stress must then act

downwards (method of shears) ; hence if the diagonals are tension

members, the one drawn full (16-17) is the one stressed.

Again, take the panel c, where the chords are not parallel.

The resultant external force, R', to the left of m'n', is PC acting

along the string c as shown. The moment of this force about

the intersection (not shown) of the chord members is evidently

right-handed; hence the moment of the diagonal stress must

be left-handed; therefore, the diagonals being tension members,

the one drawn full (8-9) is stressed. In Fig. 3 the diagonals

stressed are drawn in full lines.

4. Calculation 0} Stress in c-S by Moments. Having previously

found 8-9 to be the diagonal stressed in this panel, we take the

moment axis at the intersection of this diagonal and the inner

chord member, i.e., at the joint 0. In calculating the resultant

moment of the external forces to the left of m'n', about 0, we may

use the H and V component reactions at the middle hinge and

the stated joint loads to the left of m'n', or we may take the

moment of their resultant as represented by the string c and the

ray PC. In the latter case we would find the magnitude of this

resultant by scaling off PC from the stress diagram, and the

moment arm by scaling off the perpendicular distance from

to the string c. This moment divided by the perpendicular

distance from to c-8 would give the stress in c-8. Its value

is 35250 lbs. compression.

5. Completion of Stress Diagram. We plot the computed

stress in c-8 and complete the diagram in the usual way, check-

ing jt on the members 4-5 and 12-14 (marked ck in the stress

diagram). In an arch of many members more sections than one
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should be taken to secure sufficient accuracy. In the preceding

example counterbracing was introduced in order to indicate the

use of the line of pressure in determining which diagonals are

stressed. It is advisable to draw the line of pressure in any

case.

Problem. Determine the stresses in the leeward rib of the

arch of the preceding example, also the stresses for dead load

alone. Find the maximum and minimum stresses in all the mem-

ber:- for dead and wind loads.

Figure 43 represents one of the arches supporting the train-

shed roof of the Philadelphia and Reading Terminal Railway.

The diagonals are tension members. 1

Fig. 43.

54. Three-hinged Arch. Solid Ribs. Determination of

Stresses. Let Fig. 44 represent such an arch, the line of pressure

and the force polygon for the given system of loads being drawn.

The resultant external force acting to the right of any cross-

section n is DP = F, its line of action being the corresponding

string. Apply at n, the centre of gravity of the cross-section,

opposite forces equal and parallel to F, and resolve one of these

forces into F' = Dx and F" = xP, respectively perpendicular and

parallel to the section. The original force and — F form a couple

which causes a bending stress at the section, the bending moment

being equal to the moment 0) the original force about the centre 0}

1 See Trans. Am. Soc. C. E., Aug., 1895.
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gravity o) the section. In addition, F' is the direct compression

stress and F" the shearing stress at the section.

We thus see that the stress at the section is made up of:

i. A bending stress, the bending moment (M) being the

moment of the resultant external force on either side of the section,

taken about the centre of gravity of the section. If we let / =

Fig. 44.

moment of inertia of the section about the neutral axis through

the centre of gravity, and y the distance from this neutral axis to

the most compressed fibre, we have for the maximum intensity

of the bending (compression) stress

M
(1)

2. A uniformly distributed compression stress, F' = Dx,
whose intensity is

F
u= A ' (2)
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4= area of section. Combining (i) and (2), the maximum

intensity of the compression stress will be

t t
. M F'

(3)

3. A transverse shearing stress, F" = xP. This last stress

will usually be comparatively small in the case of arches.

55. Bending Moments Proportional to Vertical Intercepts.

In the case of vertical loads, the bending moments are propor-

tional to the vertical intercepts between the line of pressure and

the centre line of the arch ring.

Proof: Let RS (Fig. 45) be a portion of the centre line of an

arch, the corresponding por-

tions of the force diagram and

a line of pressure being shown.

Let n be any section of the

arch, nx being drawn perpen-

dicular to the string b, and ny

vertical. The triangles nxy

and PzB are similar, hence

Fig. 45-

nx Pz— = -=-=l ;
.*. PB nx= Pz ny.

n y PB

But PB-nx= bending moment at n (see Art. 54), hence Pz-ny

also equals the bending moment at n. As the pole distance

(Pz) is constant for vertical loads, the moments are propor-

tional to ny, the vertical intercepts, q.e.d.

Problem. Given a symmetrical three-hinged semi-circular

arch of 20 ft span between end hinges. The hinges intersect

the centre line of the arch ring. The arch is loaded with a ver-

tical load of 10,000 lbs. 5 ft. to the left of the crown hinge, and

with a vertical load of 2000 lbs. 6 ft. to the right of the crown
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hinge. The cross-section is an I section of equal flanges, 10

inches deep, 5 sq. inches section, moment of inertia = 150 (inches).

Find the maximum intensity of the compression stress.

§ 6. Bending Stresses. Sway-bracing.

56. Conditions under which Bending Stresses occur. In

order that no bending stresses may occur in the members of a

frame, the following conditions must, in general, be fulfilled:

1. The centre lines of the members must be straight and inter-

sect at a common point at the various joints. 2. External forces

must not act at any other points than the joints. 3. The various

members must be free to turn at the joints. If these conditions

are not fulfilled, bending stresses of greater or less magnitude

and definiteness will occur and should be taken into account.

Some of the more prominent cases in which such bending

stresses occur are:

1. Curved members. 2. External forces acting at other

points than the joints. E.g., when the purlins are supported on

the upper chord of a roof-truss at other points than the joints.

3. Incomplete or defective trusses, i.e., trusses in which the mem-

bers are either insufficient in number or improperly placed, so

that their resistances to tension and compression are inadequate

to secure stability. 4. Columns in buildings. 5. Centre lines

of members forming a joint, not intersecting at a common point,

etc.

Maximum Intensity 0} Stress. The determination of the

maximum intensity of the combined bending and direct (tension

or compression) stress is similar in all cases to that given in Art. 55.

If we let P = total direct stress at any section of a member, A =

area of section, M = bending moment at section, 7 = moment of

inertia of section about neutral axis through centre of gravity,
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and y = distance from this neutral axis to the most stressed fibre;

we have, for the maximum intensity of the combined stress^

, P M
/-j+T*

The following Articles give solutions of some special cases

in which bending stresses occur:

57. Purlins supported at Other Points than the Joints.

Example. The truss, Fig. 46 A, is loaded with a uniformly

distributed vertical load of 9000 lbs. The purlins divide the upper

chord into six equal parts; thus the load at each intermediate

Fig- 46.

purlin point is 1500 lbs., and at each end point 750 lbs. It is

required to determine the stresses in the frame, including the

maximum intensity of compression in the different segments of

the upper chord, its cross-section being 8" wide by 10" deep.

Consider the portion AB of the upper chord and the load at

n. The components of this load at A and B are 500 lbs. and

1000 lbs. respectively. Therefore apply at these points equal

and opposite forces of 500 lbs. and 1000 lbs. as shown in Fig. 46 C.

These added forces will neutralize each other and hence not
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affect the stresses, so that the system of forces given in Fig. 46 C

are the equivalent of the 1500 lbs. load at n. This system of

forces may be separated into two systems, namely : 1 . The down-

ward forces of 500 lbs. and 1000 lbs. at A and B respectively.

These cause direct stresses in the members of the truss. 2. The

load at n and the upward forces at A and B, these latter cor-

responding to the reactions of a beam AB, loaded at n. This

system of forces (shown by full lines in Fig. 46 C) will cause

bending stresses, also direct compression and shearing stresses

in AB.

The preceding analysis leads to the following solution: (1;

Resolve each load into components at the adjacent joints, thus

obtaining the joint loads of Fig. 46 B. Determine the direct

stresses in the members of the truss, due to these joint loads, by

constructing a stress diagram in the usual way.

(2) Treat each segment of the upper chord as an oblique beam

supported at the ends (joints) and loaded at the purlin points,

calculating the beam stresses in the usual way.

(3) Combine the stresses found in (1) and (2).

(The following conception of the case may be of service in

making this method of solution clearer. If the loads of Fig. 46 A
were supported as shown in Fig. 46 D, instead of being applied

directly to the upper chord, there would be bending stresses in the

jack-rafters, and direct stresses only in the upper chord. In

this case the forces acting at the joints of the upper chord and

those acting on the jack-rafters, together with the resulting stresses

in these members, would be determined as indicated in (1) and

(2) respectively.

In Fig. 46 A the upper chord alone serves the same purpose

as the jack-rafters and upper chord together in Fig. 46 D, so that

if the cross-sections of jack-rafters and upper chord of Fig. 46 D
were each equal to the cross-section of the upper chord of
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Fig. 46 A, the stresses in the latter would be equal to those

found by combining the stresses existing in both jack- rafters

and upper chord of Fig. 46 D.

The case may be stated otherwise as follows : Combining

the external forces acting on the jack-rafters and upper chord of

Fig. 40 D, we obtain those given in Fig. 46 A. Therefore, if we

combine the stresses in the jack-rafters and upper chord of Fig.

46 D, we will obtain those existing in the upper chord of Fig.

46 A, provided, of course, that the cross-sections are identical

in each instance.)

Solution. 1. By drawing a stress diagram (not shown) for

the joint loads of Fig. 46 B, we find the stress in AB to be 5850

lbs. compression, and in BC to be 4050 lbs. compression.

'2. Treating AB (see Fig. 46 C) as a beam loaded with 1500

lbs. at n, we find that the maximum bending moment (at ri) =

500X5X12 = 30,000 inch-lbs. Also, by resolving the reaction

at A into components along and at right angles to the beam, we

find an additional direct c mpression stress of 278 lbs. in the part

of AB below n, due to the obliquity of the loading.

3. We thus find the maximum direct stress (compression) in

AB to be 5850+278 = 6128 lbs., and the maximum bending

moment to be 30,000 inch- lbs. Substituting these values in the

formula of Art. 56, we have, for the maximum intensity of com-

. 6128 30,000-5 .

pression in AB, /= „ + —jj = 302 lbs. per square inch.

In a similar manner we find the maximum intensity of com-

pression in BC to be 283 lbs. per square inch.

It will be observed that the additional stress due to the ob-

liquity of the loading is small.

Problem. Given a triangular truss of 20 ft. span and 6 ft.

rise, loaded with a uniformly distributed vertical load of 8000 lbs.

applied directly to the rafters. The rafters are wooden beams
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4 in. by 10 in. section. Find the maximum compression stress

per square inch in these members.

58. Trussed Beam. Example. The trussed beam DE
(Fig. 47 A) is loaded uniformly. It is required to find the stresses

in the members.

As a beam, DE is supported at three equidistant points and

loaded uniformly. The reaction of the middle support in such a

case (see Strength of Materials) is %W, and of each end support

tW- Therefore apply ^ ^w ^ w
equal and opposite forces of Ij j 1 j 1 U 1 111 1 I 1 I I 11 l[

middle and%W at the

i%W at each end as shown

by the dotted lines. The

forces of Fig. 47 A can now

be separated into two bal-

anced systems, shown in

Figs. 47 B and 47 C re-

spectively. Fig. 47 B rep-

resents the forces acting on

DE as a beam, the maximum fibre stress being found by the

methods of " Strength of Materials." Fig. 47 C represents the

forces acting at the joints, the resulting tension and compression

stresses being found by constructing a stress diagram. Finally,

the maximum intensity of the stress in DE is found by combining

the stresses obtained from Figs. 47 B and 47 C in the same manner

as in Art. 57.

I 1 1 1 1 11 1 1 1 1 1 I tl .LLL

!
/i6 W (B) VsW 3/ieW

3
/; 6 w

VsW

Fig. 47.

59. Incomplete Trusses. Frames of this character are

usually subjected to bending as well as direct stresses. The

solution of a simple case follows.
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If the frame of Fig. 48 were loaded symmetrically at the joints,

no bending stresses would occur, and the direct stresses would

be found from a stress diagram in the usual way.

Fig 48.

Under an unsymmetrical load, however, such as given in

Fig. 48, the rafters would evidently deflect equally in the manner

indicated by the dotted lines.

In order to determine the stress in AB, resolve the load at A
into a horizontal component P, and one acting along the rafter.

We thus obtain P = 2000 tan 6o° = 3464 lbs.

Let x = compression stress in AB. Now, since the deflec-

tions of the two rafters are equal, the horizontal pressures at A
and B must be equal.

.'. P— x = x; .'. x=\P= 1732 lbs.

The frame can now be treated as a triangular truss loaded

at J. with 2000 lbs. (vertical) and 1732 lbs. (horizontal) acting
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to the left; and loaded at B with 1732 lbs. (horizontal) acting

to the right, in addition to the joint loads of 1000 lbs. each at

apex and left support. Following the method 'of Art. 57, these

loads can now be separated into the systems of loads shown in

Figs. 48 A, B, and C.

The stresses due to the joint loads (Fig. 48 B) arc deter-

mined from a stress diagram. They are given in the figure.

Solving Fig. 48 A, we find additional direct stresses, due to

the obliquity of the loads, of 1250 lbs. compression in the lower

half, and 1250 lbs. tension in the upper half of the rafter. We
have also a maximum bending moment in the rafter of 30000

inch lbs.

Solving Fig. 48 C, we find additional direct stresses of 750

lbs. compression in the lower half, and 750 lbs. tension in the

upper half of this rafter; also a maximum bending moment

of 30000 inch-lbs.

Combining the stresses in these three diagrams, we obtain

the following results:

Max. direct stress in left-hand rafter = 32 50 lbs. C (1)

" " " " right-hand rafter=2 750 lbs. C. ... (2)

Stress in lower chord = 2600 lbs. T (3)

Max. bending moment in left-hand rafter = 30000 in. -lbs. . (4)

" right-hand rafter =30000 in.-lbs. . (5)

Finally, (the rafters are assumed to be 4" wide by 10" deep)

we have, combining (1) with (4) and (2) with (5):

Max. intensity of compression in left-hand rafter

32=50 30000-5 .

h = 531 lbs. per sq. inch.
40 333
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Max. intensity of compression in right-hand rafter

2 7 so ^0000-5 „ . .——

—

\- — —- = 519 lbs. per sq. inch.
4° 333

60. Trusses supported by Columns. (For examples see

Fig. 2,3 G, H, and P, also Figs. 49, 52, and 54.) The entire

frame, including columns, will b treated tog ther, the points

of support being at the bases of the columns.

There are two general cases, namely: 1. When the columns

are rigidly attached to substantial foundations so that they may

be considered fixed in direction at the base. 2. When fastenings

and foundations are insufficient for this, in which case the columns

are assumed to be hinged at the base.

If the sides of the building are masonry of sufficient strength,

the frame will be required to resist wind pressure on the roof

surface only. If, however, the sides are of wood, corrugated

iron, etc., supported by the columns, the frame must resist the

wind pressure acting on the sides as well as roof of the

building.

Under the action of the wind or other non-vertical loads the

columns will be subjected to bending stresses. Special cases are

discussed in the following articles.

61. Case I. Columns Hinged at Base. The Joints oj the

Frame may be subjected to Any System oj Loads; the Columns, in

addition, being loaded at Other Points than the Joints. In

order to avoid unnecessary complication, the additional column

loading will be assumed to be a horizontal wind load, W, uni-

formly distributed over the left-hand column (Fig. 49). The

method used in deriving the formulas which follow is applicable

to any other system of column loads.
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Fig. 49.

Let Fig. 49 represent the frame, knee-braces, d,
f, and d'

, f
connecting the columns and

truss. The joint loads are

not shown, the additional

column loading (W) only

being represented. The no-

tation of Art. 28 will be used

as far as it is applicable, IH
and IV representing the

horizontal and vertical com-

ponent loads (including

column loading).

Assumptions. As in case of trusses supported on masonry

walls (see Art. 28), this solution must be based on assumptions;

those which appear to be as reasonable as any, and which will

be employed here, being that the truss is comparatively rigid,

the distances e-ef , d-d', and b-b' remaining unchanged, while the

columns bend as shown by the dotted lines e, d, bv and e' , d'', b[,

being assumed free to turn at the joints e, d, b, and c' , d' , V'. It

follows from these assumptions that the deflections of the two

columns at d and d!', relative to straight lines joining their ends,

will be equal

Separation 0} the Loads into: 1. Those causing beam stresses

in the columns. 2. Those causing direct stresses in the frame.

In order to make clear the manner of separating the loads,

we will employ a conception similar to that stated in Art. 57.

It is as follows: The left-hand column (Fig. 49) is united to the

frame at the points e and d. This column is subjected to both

direct and bending stresses. Now let us imagine that a separate

piece (Fig. 50 B), of the same cross-section as the column, and

connected with the frame by rods e, e and d, d be employed to

resist the bending stresses (the right-hand column being simi-
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larly treated), so that the columns of Fig. 50 A will be subjected

to direct stresses only.

Under these circumstances the forces acting in Fig. 50 B

will include: 1. The horizontal reaction H
x
at the base; 2. The

wind pressure W; 3. The reactions i?
x
and S^ of the connecting

rods. These forces evidently cause bending stresses. Similar

Zh-w

Fig. 50.

conditions exist at the right-hand end, except that there is no

wind load.

The forces acting on the frame (Fig. 50 A) will include:

1. The vertical reactions Vx
and V2 \ 2. The joint loads whose

H and V components are represented by -H—W and 2T re-

spectively; 3. The reactions Ru St
and R 2 , S2 of the rods. This

loading evidently causes direct stresses only, in the members of

the frame.

If now we combine the pieces of Figs. 50 B and 50 C with the

left- and right-hand columns, respectively, of Fig. 50 A, the equal

and opposite reactions, Ru S 1} R2 , and S2 will neutralize each other

so that the combined external forces will be identical with those

of Fig. 49. This being the case, we can, by combining in the

usual manner the stresses existing in the pieces of Figs. 50 B and
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50 C with those of Fig. 50 A, obtain the actual stresses in the

frame.

1. Determination oj the Values 0} R t , R2 , Su S-,, Hu H2 , V1} and

V2 . Applying the general conditions of equilibrium {IH = o\

IV = 0; IM = o) to the forces of Figs. 50 A, B, and C we have:

From Fig. 50 B. H
i
=S1+W-R1

(IH=o) . . (1)

H1-c=—+Sl(c-a) (2M=o) . . (2)

From Fig. 50 C. H2
= S2-R2

(IH = o) . . (3)

H,-c = S2
{c-a) (IM=o) . . (4)

FromFig.soA. S.+S^R.+R.+IH-W (IH=o) . . (5)

Also : Deflection at d (Fig. 50 B) = deflection at d' (Fig. 50 C) . (6)

To find the deflection at d, we have from the ordinary formulas

for deflection of beams, treating Fig. 50 B as a beam supported at

the ends and loaded with St and W:

S
t
a (c—a) 2

Deflection at d due to St

= ,^7— ;

2,cEI

Wa(c-a)
Deflection at d due to W= ^(cHcfl-fl2

).

Adding, we have:

, S^U-af Wa(c-a),
,

Total deflection at d = l ^ J +
g

V

g£/ \c
2+ca-a 2

). . (7)

Similarly:

„ S?a 2(c—a) 2

Total deflection at d' =
^£/ (8)
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Equating (7) and (8) and reducing, we have

W^+ca-p
1 l 8a(c—a)

Adding (2) and (4) and substituting H1+H2=IH (Art. 28)

we have

(IH)-c W-c
S2+S1

= -

t
r (10)

c—a 2{c—a)

Solving (9) and (10), we have

(IH)-c W(c^ 5ca-a')^~ 2{c-d) iba(c-a) ' ' * •

(IIj

(IH)-c W(c*- 3ca-a*)
^ 2 ~

2 (c-a)
+

i6a(c-a) ' ' ' ' ^
I2;

Substituting (11) and (12) in (2) and (4), we have

IH W(c*- 3ca-a*) mHl=~2 rtca~ -'
* ' ' ' (13)

Iff, W(7c>-i3ca+a*)
±r, = + 2 • • • • (1-4)2

2 idea v ^'

Substituting (11) and (13) in (1), and (12) and (14) in (2),

we have

(IH)-a W(7c*-i 3ca+a*)
1

2 (c-a)
+

i6c(c-a) * ' ' ' VS)

(IH)-a W(c'- 3ca-a*)

-~~2(c-a)
+

ibc{c-a) K }

The values of V
1
and V2 can be found as explained in Art. 28,

using either the entire system of loads or the external forces of

Fig. 50 A.
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Having determined the above quantities, the beam stresses

in the columns are calculated from the loads of Figs. 50 B and C,

while the direct stresses in the frame can be found by drawing a

stress diagram for the joint loads (Fig. 50 A).

62. Case II. Columns Hinged at Base and Loaded Only at

the Joints. This is a special case under Case I, the value of the

loading on the columns, other than at the joints (W in this work),

being zero. Substituting W = o in Eqs. (11), (12), (13), (14), (15),

and (16) we have

(IH)-c
_

VTT

fli-H,-— ; (18)

_ _ (IH)-a
R

x
= R

2 = —, r (19)2{c—a) v yj

Approximate Solution of Case I. An approximate solution

of Case I may be made by substituting for the intermediate column

loading (W in this work) its components at the adjacent joints,

e and d, or d and b (Fig. 49), and using the formulas of Case II.

The error involved will evidently vary with each individual case

(see Art. 66).

63. Case III. Columns Fixed at the Base. The Joints 0}

the Frame may be subjected to any System 0} Loads; the Columns,

in addition, being loaded at Other Points than the Joints. As in

Case I the intermediate column loading will be taken to be a

uniformly distributed wind load W.

Assumptions. We assume as before that the truss is com-

paratively rigid, the points e, d, e' , and d' deflecting equally, while

the columns bend as shown by the dotted lines edb2 and e'd'bj

of Fig. 49.
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Separation o) Loads. Treating the columns as beams fixed

in direction at the base, the loading is separated (see Art. 61) as

shown in Fig. 51.

Determination of Values 0) Ru S1} R2 , and S2 . It follows from

the assumptions just stated that the deflections of the columns

Si =?

£=:

Ri

h

(B)
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Equating (1) and (3) and reducing, we have

-ia
2c—a 3

.„ „ c
3 Wc 3

, v

(St-SJ-*-^-— (R-Ri)- = g-. • • (5)

Equating (1) and (2) and reducing, we have

R W
Sta

2=—
(2 :

2+2ca-a 2

)
(3c

3+ $c 2a- $ca2+ a
3
) . (6)

Equating (3) and (4) and reducing, we have

S2
a 2 =—2

(2C2+2ca— a2
), (7)

o

From 2H = o, Fig. 51 A, we have

(Sl+S2)-(R1+R2)=IH-W (8)

From equations (5), (6), (7), and (8) we have finally

T.a
2 „ T 3C

3+ 2C
2a— i<ca 2

-{-a
3

R
l
+R2=IH—.—v-

—

-,+w^ff w 1 T ; (9)1 -
2( — a)(c-\-2a) 8c(c—a)(c-\-2a) Kyj

„ r
6c 3—i2C 2a+6ca 2—a3

t xR>- R
> =W—c{c-a)(4c- a) *

<IO>

s^R?^™-*
; («)

S1
=IH-W+(R

1+ R2)-S2 (12)

From eqs. (9), (10), (11), and (12) the values of R1} R2 , S1}

and S2 can be readily determined.

The beam stresses in the columns and the direct stresses in

all the members of the frame can now be found as described for

Case I.

64. Case IV. Columns Fixed at Base and Loaded Only at the

Joints. This is a special case under Case III, the value of the
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loading on the columns, other than at the joints (W in this work)

being zero. Substituting IF = o in (9), (10), (11), and (12), and

reducing, we have

3*
2

R^R^IH

S, = S2
=IH

4(c-a)(c+2a) '

2C2+ 2Ca—(T

4(c—a)(c+2a)

'

(13)

(14)

Approximate Solution. An approximate solution of Case III

may be made as described for Case I.

65. Example. Fig. 52 represents an intermediate bent of

a steel framed building, the sides of which are corrugated iron

attached to the columns. It is required to determine the stresses

due to wind pressure on the left-hand side.

The loads are separated as explained in Art. 63 into: 1. Those

causing beam stresses in the columns (Fig. 52 B and C); 2.

Those causing direct stresses in the frame (Fig. 52 A).

Distance between bents =16 ft.

Assumed wind load on a vertical surface =30 lbs. per. sq. ft.

Total wind load on column = TF = 19200 lbs.

Normal wind load on roof Hutton's formula) = 19 lbs. per sq. ft.
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Total wind load (normal) on roof=P= 10336 lbs.

Horizontal component of P =4864 lbs.

Vertical component of P =±9120 lbs.

IH =19,200+4864 =24064 lbs.

a =36 ft.

c =40 ft.

Substituting these values in (9), (10), (11), and (12), Art. 63,

we obtain

^=10755 lbs.; .^2=11071 lbs.; S
x
= 7457 lbs.; 6"

2 =i9273 lbs.

Figs. 52 B and 52 C can now be solved as beams fixed at

one end, with the following results:

Windward column (Fig. 52 B)

:

Maximum shearing force (at base) = 15862 lbs.

Maximum bending moment (at base) = 175910 ft.-lbs.

The bending-moment diagram (see Chap. Ill) is shown by

dotted lines.

The point of inflexion (bending moment = 0) is distant

^=14.1 ft. from base.

Leeward column (Fig. 52 C):

Maximum shearing force (upper segment) = 11071 lbs.

Shearing force in lower segment, including base= 8202 lbs.

Maximum bending moment (at base) = 135350 ft.-lbs.

The bending-moment diagram (see Chap. Ill) is shown by

dotted lines.

The point of inflexion (bending moment = o) is distant

#,= 16.5 ft. from base.
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Direct stresses in frame (Fig. 52 A)

:

Taking moments about base of right-hand column, we have

6oFx
= (^+£2)30- (2?, + ^2)40+9120-45-4864 -48;

.'• T\= 1736 lbs.

and T\ = qi20— 1736=7384 lbs.

The values of 7, and T\ might also be found by using the

actual system of loads on the frame (Art. 28).

The direct stresses in the frame can now be found by con-

structing a stress diagram for the loads of Fig. 52 A. Fig. 52 A

is suitably lettered for this purpose and the external force polygon

ABCDEFGHIJA is drawn.

The cross-section of the columns being known, the bending

stresses can be computed and combined with the direct com-

pression stresses given in the stress diagram (see Art. 57).

66. Approximate Solution of the Example, Art. 65. (See

Art. 64.) Resolving the wind load on the column into compo-

nents at the adjacent joints, we obtain (see Fig. 53) 2400 lbs.

at cv 9600 lbs. at d 1} and 7200 lbs. at b
x \ the last being shown in

Fig. 53 B, since its effect is to cause a shearing stress at the base

of the column rather than direct stresses in the frame. In this

case ZH= 4864 +2400+9600= 16864 lbs.

Substituting in (13) and (14), Art. 64 we obtain

^ = #,= 1-383 lbs.

S
1
= S2

= 1 98 1 5 lbs.

Separating the loads as before, we obtain the systems of forces

shown in Fig. 53 A, B, and C. Solving, we obtain the following

results

:
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Windward column (Fig. 53 B):

Maximum shearing force (at base) = 15632 lbs.

Maximum bending moment (at base) = 139130 ft. -lbs.

The point of inflexion (bending moment = 0) is 16.5 ft. above

he base.

Leeward column (Fig. 53 C)

:

Maximum shearing force (upper segment) = 11383 lbs.

Shearing force in lower segment, including base= 8432 lbs.

Maximum bending moment (at base) =139130 ft.-lbs.

The point of inflexion is 16.5 ft. above base.

R., Ro

(C)

Fig. 53.

Direct Stresses in Frame (Fig. 53 A). Taking moments

about base of right-hand column, we have

6oF
1
= (S

1+ S2
- 9600)30- (^+ #2+2400)40+9120-45- 4864-48;

.-. 1^=1186 lbs.

and F, = 91 20 — 7, = 7934 lbs.

The polygon of external forces is given in Fig. 53 A.

A comparison of the stress diagrams (not drawn) for Figs. 52 A
and 53 A, together with the relative values of maximum shearing
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force and bending moment in Arts. 65 and 66, will serve to in-

dicate the difference in the results obtained, in this particular

example, by the two methods of solution.

When such frames are hinged at the bases of the columns

the stresses in general are larger than when fixed at the base.

67. Problems. 1. Solve the example of Art. 65, assuming

the columns hinged at the base. Compare the results with those

of Art. 65

2. Solve Problem 1 by the approximate method, and compare

results with those of Art. 66. Also compare the results with those

of Problem 1.

3. Determine the maximum bending moment, maximum

shearing force, and points of inflexion for the columns of Fig. 54,

Fig. 54.

due to a vertical load of 20000 lbs. uniformly distributed over

the roof surface, together with a normal wind load of 12500 lbs.

on the inclined roof surface. Also determine the direct stresses

in all the members of the frame. Assume the columns to be

hinged at the base.
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4. Solve Problem 3, assuming the columns to be fixed at the

base.

68. Sway-bracing. Illustration. The frame (Fig. 55) is

made up of a number of transverse frames or bents, braced so as

to resist distortion of any kind. Each bent is composed of a

UPPER ; LOWER
CHORD BRACING' CHORD BRACING

Fig. 55.

truss supported on columns, the truss and columns being braced

together as shown in the end elevation. In the intermediate

bents knee-braces, shown by the dotted lines, are commonly
used; while at the ends two intermediate columns are shown,

the bracing for these consisting of diagonal tension-rods and

horizontal struts. The bents are braced together by (1) diagonal

tension-rods in the plane of the upper chords, the purlins serving

as struts; 12) diagonal tension-rods in the plane of the lower



96 GRAPHIC STATICS.

chords; (3) diagonal tension-rods in the sides of the building

between the columns.

Such a system of bracing as described aims to prevent dis-

tortion of the individual bents, and to keep the various bents ver-

tical and in line, under the action of any horizontal force such

as wind on the side or end of the building, the pull of belts,

thrust of jib-cranes, etc. The particular system of bracing em-

Fig. 56.

ployed will vary with the circumstances. 1 The stresses in such

bracing can usually be best determined by algebraic methods.

The following example indicates a suitable solution for a

simple case, ihe system of bracing shown being, however, gen-

erally inconvenient to employ for such structures.

69. Example. The vertical lines (Fig. 56) represent two

adjacent tiers of columns in a building of skeleton construction.

The horizontal lines are floor girders or special members located

! See Johnson's "Theory and Practice of Modern Framed Structures";

also Freitag's " Architectural Engineering."
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in the floor system; these, with the diagonal tension-rods, forming

a system of wind bracing for a width of side wall of 20 ft. It

is required to find the stresses resulting from a wind pressure of

30 lbs. per sq. ft. on the side of the building.

The wind pressure on each panel is 30X12X20=7200 lbs.

The resulting pressures at the joints are given. Since the diagonals

arc tension members, those drawn in full lines will be stressed for

wind on the side shown (see § 4). The stresses in the members
cut by any section, xy, may be found algebraically as follows

:

Dealing with the forces acting on the portion of the frame

above the section, we have (1) IH = o.

.'. 3600+ 7200+ 7 200 =F' cos = .W.
•'. -F' = 22500 lbs. (tension).

(2) Taking moments about O,

3600-24+ 7200- 12 = 16F. .'. F= 10800 lbs. (tension).

(3) From IM = o or IV= we find the compression stress

in the leeward column to be 24300 lbs.

To find the stress in jk we have, dealing with the joint O,
ZH= o.

.'. Compression stress in jk= F' cos 0= 18000 lbs.

The stress diagram for this example is given in Fig. 56.
l

1 See Freitag's " Architectural Engineering " for discussion of sway-bracing
in steel framed buildings of skeleton construction.



CHAPTER III.

BEAMS.

§ i. Shearing Force and Bending Moment.

70. Definitions. The shearing force (S) at any cross-section

of a beam is the measure of the tendency of the external forces to

cause the portion of the beam lying on one side of the section to

slide over the remaining portion, this tendency being opposed

by the resistance to transverse shearing of the material. The

value of S is found by taking the algebraic sum of the external

forces lying on either side of the section.

The bending moment > M) at any cross-section of a beam is

the measure of the tendency of the external forces to cause the

portion of the beam lying on one side of the section to rotate about

the section, this tendency being opposed by the resistance to

longitudinal tension and compression of the material. The value

of J/ is found by taking the algebraic sum of the moments of the

external forces lying on either side of the section, about the neutral

axis of the section.

71. Graphical Representation of S and M. The beam

(Fig. 57) is supported at the ends and loaded with three con-

centrated loads. These loads, AB, BC, and CD, are plotted to

scale, and the supporting forces, DE and EA, are determined

by constructing the funicular polygon (Fig. 57 A).

In the S diagram (Fig. 57 B) any ordinate from XXr
, e.g., n'm'

,

represents the value of S at the corresponding section of the beam.

93
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These ordinates are taken from the external force polygon and

plotted as indicated. Thus at any section in space b, S = EA —
AB = EB, etc. The following points should be noted: i. At

Fig. 57.

any concentrated load, e.g., ab, there are two ordinates, n"m\'

and n"m" . These represent the values of 6* at sections imme-

diately to the left and right of the load, respectively, and differ in

value by the amount of the load. 2. S has opposite signs on the

two sides of the load be, hence passes through the value zero at this

section. 3. 5 is constant for any unloaded portion of a beam,

and varies uniformly in case of a uniformly distributed load; the

corresponding portions of the S diagram consisting of horizontal

and inclined straight lines respectively (see Figs. 57 to 62).

M Diagram. It has been shown (Art. 20) that in case of a

beam, any intercept, e.g., mn, of a funicular polygon multiplied

by the pole distance, y (proper attention being given to the scales

of the force and funicular polygons), is the value of M at the

section in question. Since the pole distance is constant, the

intercepts are proportional to the values of M. A funicular

polygon for the external jorces acting on the beam therefore con-
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si itutes the M diagram. In constructing this diagram the pole

distance should be taken to represent a convenient number of

units, e.g., iooo lbs. The method for determining the strings

between which any intercept is measured is as follows: The

value of M at any section, e.g., mn, is, by definition, equal to

the algebraic sum of the moments of the forces (EA and AB)
lving to one side of the section. The strings in question are the

ones between which these forces lie, i.e., e and b in this instance.

It should be noted that in case of any system of concentrated

loads the M diagram is made up of straight lines, while the por-

tion of the diagram corresponding to a uniformly distributed

load is a parabola which can be constructed as explained in

Art. 13.

Algebraic Signs 0} S and M. The following arbitrary rules

are in vogue: S is positive if the tendency is for the left-hand

portion of the beam to slide upwards relatively to the right-hand

portion and conversely. M is positive if the tendency is for the

beam to bend convex downward and conversely (see Fig. 57).

In the 5 diagrams positive ordinates will be plotted upwards.

In the M diagrams positive intercepts will lie above the closing

strings of the funicular polygon provided that the pole be taken

on the left side of the force polygon (see Figs. $7 to 62).

72. Relation between 5 and M Diagrams. The algebraic

condition for maxima and minima applied to bending moments

is —r-=o. It is proved in "Strength of Materials" that -^—=S.
dx dx

Hence, in general, the sections of a beam at which the M diagram

intercepts are greatest (or least) correspond with those where

the S diagram cuts the X axis (see Figs. 57, 59, 61, 62). This

relation between the two diagrams does not in certain cases

(see Fig. 58) hold true, the reason being that the numerically

greatest (or least) value of an ordinate, occurring within a limited
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space, is not necessarily a maximum or minimum value in the

mathematical sense.

73. Relation between Moment Diagram and Elastic Curve.

M is assumed to be positive where the beam bends convex

downward and conversely, so that the general shape of the elastic

curve may be determined by observing the algebraic sign of M
in the various parts of the beam as indicated in the M diagram.

The sections at which M changes sign and hence equals zero

evidently correspond to points of inflexion of the elastic curve.

The general form of these curves, determ*ned in this manner,

for Examples 4 and 5 (see Art. 74), are represented in Figs. 61

and 62 respectively, the points of inflexion being marked with

circles.

The following examples will serve to indicate suitable methods

for constructing the 5 and M diagrams.

74. Examples. 1. The cantilever, Fig. 58, is loaded with

a uniformly distributed load (resultant AB) and a concentrated

load BC as shown. The S diagram (Fig. 58 B) needs no ex-

Fig. 58.

planation. The M diagram (Fig. 58 A) is constructed as follows:

Substitute for the distributed load its resultant (represented by

the dotted arrow), and construct the funicular polygon, beginning

at the free end. By taking the pole on a horizontal line through
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C, the string c may be taken to coincide with the beam; the

strings b and a are then drawn. The true diagram for the dis-

tributed load is a parabola tangent to the strings a and b at the

points n and nr

, corresponding to the ends of the load. The

parabola is constructed as explained in Art. 13.

Example 2. The beam (Fig. 59) is supported at the ends

and loaded with the uniformly distributed load shown. The

supporting forces, BC and CA, are determined by constructing

a funicular polygon for the resultant load AB. The actual dia-

gram for the distributed load is a parabola tangent to the strings

a and b at n and nf respectively. The true funicular polygon

thus formed, shown by heavy lines in Fig, 59 A, constitutes the

M diagram. The S diagram, Fig. 59 B, needs no explanation.

From the 5 diagram it is seen that 5 is zero at the point O,

the maximum intercept ST, and hence maximum M occurring

at this section of the beam.

Example 3. If, in case of a distributed load, the value of .1/

at some designated section of the beam is wanted, it can be found,

without constructing the funicular curve, by making such section
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a point of division of the load (Art. 12). Fig. 60 represents a

beam supported at the ends and loaded uniformly. It is re-

quired to find the value of M at the middle of the beam. Making

Fig. 60.

this section a point of division of the load, we substitute for each

half-load the resultants AB and BC and construct the funicular

polygon shown. The ordinate ST multiplied by the pole dis-

tance gives the value of M at the section in question. In the

true M diagram a parabola tangent to the strings a, b, and c at,

n, S, and n' respectively, would take the place of these strings.

Example 4. Fig. 61 represents a beam overhanging its

right-hand support and loaded with a uniformly distributed

load over its entire length together with two concentrated loads

BC and DE. In place of the two segments of the distributed

load we substitute their resultants AB and CD and construct

the funicular polygon, Fig. 61 A. The closing string / and

corresponding ray determine the supporting forces EF and FA.

A parabola tangent to the strings a and b at n and S respectively

is the true diagram for the left-hand segment of the distributed

load, while another parabola tangent to the strings c and d at S

and n' respectively is the true diagram for the right-hand seg-

ment. The M diagram is drawn in heavy lines.

The S diagram is constructed as follows: The value of 5

at the left-hand support is FA (reaction of support). This

distance is taken from the external force polygon and plotted in
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the 5 diagram (lettered F'A'). On the left- and right-hand

sides of the load BC the values of S are FA — AB = FB and

FA —AB—BC= FC. These values are plotted and lettered

F'B' and F'C respectively. On the left- and right-hand sides

of the supporting force EF, the values of 6" are FA — AB— BC— CX
=FX and FA- AB- BC- CX+ EF = EX (lettered .F'A'" and

FIX' respectively). The load CX is the portion of CD lying

a'
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most diagram, its point of inflexion, marked by a circle, being

at the section O.

Example 5. Fig. 62 represents a beam made up of two

segments hinged together as indicated. It is supported at three

equidistant points and loaded uniformly, the resultant loads on

Fig. 62.

the two segments being AB and BC. A funicular polygon for

these resultant loads is constructed as follows: Since there can

be no bending moment at the hinge, the intercept between the

strings b and d must be zero at that point. Hence the construc-

tion is begun by drawing the string b ( = xy) in any convenient

direction and the corresponding ray; the pole P being taken

on this ray. The strings a and c are next drawn. The string

d must now pass through the points n' and O, intersecting the

middle support at n" . This determines the closing string e

(;/;?"). Rays parallel to the strings d and e determine the sup-

porting forces CD, DE, and EA.

The true diagram for the distributed load is a parabola
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tangent to the strings a, b, and c at the points n, O, and n' re-

spectively. The 31 diagram is drawn in heavy lines.

The S diagram, Fig. 62 B, is constructed as described for

Example 4, AX =XC = hAC being the resultant loads on the

two sides of the middle support. Max. S occurs on both sides

of the middle support.

Max. 31 (S=o) occurs at K, K', and the middle of the

beam, the greatest value being at the middle of the beam as shown

by inspection of the 31 diagram. 31 is zero at O and O' (Fig. 62 A),

these points being consequently the points of inflexion of the

elastic curve. This curve is drawn, one point of inflexion being

at the hinge.

75. Problems. 1. Given a beam, 16 ft. span, supported at

both ends and loaded with a uniformly distributed load of 1000

lbs. per foot, extending over the left half-span. Construct the

S and 31 diagrams and determine the values of max. S and max.

31 graphically. Check the graphical work by determining these

values algebraically.

Problem 2. Given a beam supported at two points 16 ft.

apart and overhanging the right-hand support 4 feet. It is

loaded with a uniformly distributed load of 1000 lbs. per ft.

covering the left half-span (8 ft.), also with a concentrated load

of 6000 lbs. at the extreme right end of the beam. Construct

the 5 and 31 diagrams and determine the values of max. 5 and

max. 31 both graphically and algebraically. Also locate the

point of inflexion of the elastic curve both graphically and alge-

braically.

Problem 3. Construct the S and 31 diagrams for the col-

umns of Fig. 52 and determine the values of max. S and max. 31

for each graphically.
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§ 2. Defection 0} Beams.

76. Graphical Determination of Elastic Curve. In simple

cases the usual formulas furnish the best method for determining

the deflection of a beam. In the case of beams of non-uniform

section, or loaded in a complex manner, a graphical solution

can be employed advantageously where extreme accuracy is not

required.

Example. The beam (Fig. 63), of uniform section, is sup-

ported at the ends and loaded with two concentrated loads as

shown. It is required to construct the elastic curve.

Solution. Construct the funicular polygon (Fig. 63 A) for the

given loads. The force diagram is Fig. 63 A'. Treat the surface

Fig. 63.

of this polygon as if it represented a distributed load for the same

beam, and construct a second funicular polygon. For this pur-

pose the surface (Fig. 63 A) is subdivided by ordinates, and each

division is concentrated at its centre of gravity, marked by a

circle. The areas of these surfaces are plotted to scale in the

force diagram (Fig. 63 B'), and the corresponding funicular poly-
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gon (Fig. 63 B) is drawn. The exact diagram will be a curve

inscribed in this polygon, its tangent points corresponding to the

points of division of Fig. 63 A. This curve is the clastic curve

of the beam, the deflection at any point being represented to scale

by the length of the intercept between the curve and the line SS',

this line being drawn so as to satisfy the condition that the deflec-

tion at each support is zero.

Proof:

Let = any ordinate of Fig. 63 A (inches, full size).

" Z> = pole distance in Fig. 63 A' (lbs.).

1

Z)' = pole distance in Fig. 63 B' (sq. inches, full size).

M = bending moment at any section of the beam (inch-lbs.).

E = modulus of elasticity of material (lbs. per sq. inch).

/ = moment of inertia of beam section (inches).

Take the origin of coordinates at S, X axis, horizontal, and Y
axis, vertical. (For convenience, the pole P' is here taken so

that SS' is horizontal.) Let mn be tangent to the elastic curve

at any point C" whose coordinates are x, y. The rays P'S and

P'C are parallel respectively to SS' and mn. Hence

._dy SC SA'-A'C
tan/_

dv
_
P75

_
P'S = D' W

In Eq. 1, SA f
is constant and A'C is equal to the area in Fig.

63 A, lying to the left of the point being considered; i.e.,

A'C'= Podx.

Substituting in Eq. 1,

J SA'— Podx
dy _ Jo
dx D'
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Differentiating and dividing by dx, we have, neglecting signs,

<Py O
dtil

~ D'

The general approximate) equation of the elastic curve is

dry M

(2)

(3)

Hence the curve of Fig. 63 B will be the true elastic curve

provided that the second members of Eqs. 2 and 3 are equal, i.e.,

O M OD
w=ir=~Ef>

--- DD'= EI (4)

If the pole distances are taken at random, the relative lengths

of the ordinates, Fig. 63 B, will represent the relative deflections

at the various points of the beam. If D and D' are taken so as

to satisfy Eq. 4, the scales of abscissas and ordinates will be the

same. It is desirable to magnify the ordinates so as to determine

the deflections more accurately than otherwise. Thus if the

scale of abscissas is 1 : a and we wish to make the ordinates in the

drawing n times as great as the actual deflections, we must make

the scale of ordinates «X« as great as the scale of abscissas in

Fig. 63 B. For this purpose DD' must be reduced in the same

ratio (see Art. 20) and Eq. 4 then becomes

DD' =— (5)

By means of Eq. 5 suitable values of D and D' can be selected

such that the ordinates of Fig. 63 B will represent the deflections

of the beam magnified n times.

It is not necessary, in determining deflections, for SS' (Fig.

63 B) to be horizontal, since the ordinates remain the same so

long as the pole distance D f
is not altered.
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If the bending moment changes sign, the areas (Fig. 63 A)

corresponding to negative moments must be plotted in the force

polygon (Fig. 63 B') in the opposite direction from those corre-

sponding to positive moments (see Example 2, Art. 77).

If the beam is of non-uniform section, Eq. 5 shows that DD'

must vary in the same ratio as /. This is accomplished by varying

the pole distance D' (see Example 1, Art. 77).

To determine the deflection at any given section of the beam

make one division line of the moment diagram (Fig. 63 A) cor-

respond to such section (compare with Example 3, Art. 74).

Otherwise the moment diagram may be subdivided in any man-

ner, except in case of beams of non-uniform section, for which

see Example 1, Art. 77.

77. Examples. 1. Fig. 1, Plate II, is a cantilever, 10 ft.

span, loaded at two points. I has three different values, as

given in the diagram. £ = 30000000 lbs. per. sq. in. It is

required to construct the elastic curve and determine the deflection

at the free end of the beam.

Scale 1 of space diagram, 1:20. .'.a = 20. Scale of force

diagram (Fig. 1 A'), 4000 lbs. = 1". The pole distance PA is

taken to be 4". .'. D = 4X4000= 16000. The construction of

the moment diagram (Fig. 1 A) needs no explanation. Its surface

is divided as shown and the centres of gravity of the divisions

are indicated by circles. The areas of these divisions are plotted in

Fig. 1 B' to the scale, 1000 sq. in. (full size) = i
//

. The full-size

area is obtained by multiplying the diagram area by a 2 =(2o) 2 =

400. The deflections are to be magnified five times, i.e., n=$.

EI
Substituting the preceding values in the formula DD' = —

,

l ° na

1 The scales referred to here are those of the original drawings, which have

been reduced about one-half in the plate.
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1

30000000 • 200
we have 16000 D'

=

. .*. D' = 3750 = 3.75". The
5

'
^o

pole P' is taken with a pole distance of 3.75", and the elastic curve

(Fig. 1 B) is then constructed as follows: The strings correspond-

ing to P'G', P'F', P'E are drawn in order. At the section e'

the value of I changes to 150, and the pole distance must be

reduced in the same ratio, the new pole P" lying on P'FJ . The

construction is continued in a similar manner, the pole for the

portion of the beam where I =100 being P'" . A curve tangent

to these strings at the points corresponding to the points of division

of Fig. 1 A is the elastic curve. The ordinate mn, divided by 5,

determines the deflection of the beam at the free end to be .496".

The computed deflection is .493"-

The following points concerning Fig. 1 B should be noted:

1. The vertical scale is 5-20=100 times as great as the horizontal

scale. 2. In order to determine the true deflection at the free

end, it would have been sufficient to have divided Fig. 1 A only

at the two sections where I changes in value.

If the value of I varied continuously, the divisions of the beam

and moment diagram (corresponding to d and e
f

, where I changes)

should be made sufficiently numerous to insure a close approxi-

mation to the true result, the mean value of I for each portion

of the beam being employed in the construction of the elastic

curve. Otherwise the solution for such a case is similar to that

just explained.

Example 2. The beam (Fig. 2, Plate II) is supported at

two points a and h, 14 ft. apart, and overhangs 6 ft. at the right

end. It is loaded with a distributed load of 300 lbs. per foot.

Cross-section = 6"X 12". 7= 864. £=1200000. Scale of space

diagram, 1 : 40.

The load is divided into ten equal lengths, each division being

concentrated at its middle point. Scale of force diagram (Fig. 2 A'),
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2000 lbs. = i". Pole distance = i h" ; i.e., Z>=3ooo. The sur-

face of the moment diagram 1 (Fig. 2 A) is divided as shown and

the areas plotted in Fig. 2 B' to the scale, 500 sq. in. = 1", the

positive and negative areas being laid off in opposite directions.

n=$.

EI
Substituting in the formula DD''

=—
, we have

11a

_, 1200000-864 ^.
3000 £>' = —

;
.-. JD / = i728.

5-40 '

Hence the pole distance Fig. 2 B') is -Vcnf = 3.456". Fig. 2 B

is the elastic curve. The measured ordinates at 7 ft. and 20 ft.

from the left end, divided by 5, determine the deflections at these

points to be — .144" and + .012" respectively.

The true shape of the elastic curve here would be obtained

by plotting its ordinates from a horizontal line, reducing their

scale 40 • 5 = 200 times.

78. Problem. Given a beam 16 ft. span, supported at both

ends and loaded in the middle with 4000 lbs., £= 30000000.

In the middle half of the span the cross-section is uniform, the

value of i" being 300. Outside the middle half the value of /

diminishes at a uniform rate to each support where 7=ioo. It

is required to determine the deflection at the middle of the span.

Note. In constructing the elastic curve, divide the middle

portion of the span into two 4-ft. segments and each end portion

into four i-ft. segments, using the average value of / in each.)

79. Centre of Gravity. The following constructions for centre

of gravity will be found useful in connection with the work of this

and the following chapter.

1. Centre 0) Gravity 0} Any Quadrilateral Area. Let ABCD
(Fig. 64) be the quadrilateral in question. Draw the two diago-

l This diagram might better have been constructed by the method of Art. 74.
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nals. Bisect one of these, as AC, at E. Also lay off DK' =BK
and draw EK'. Trisect EK' at G. G is the centre of gravity

of the area.

Fig. 64. Fig. 65.

2. Centre 0} Gravity oj a Trapezoid. The following special

construction is useful: Let ABCD (Fig. 65) be the trapezoid.

Bisect each of the parallel sides and draw the medial line EE'.

Extend the two parallel sides in opposite directions, laying off

AF=BC and CFr=AD. Draw FF;
, intersecting EE at G.

G is the centre of gravity desired.



CHAPTER IV.

MASONRY ARCHES, ABUTMENTS, ETC.

§ i. General Conditions o) Stability.

80. Nature of the Forces involved. Let PRMN (Fig. 66)

be a block of masonry acted upon by a force A B. In addition

to this force, the weight of the block must be taken inio account.

This weight is represented by BC, its line of action be being

drawn through the centre of gravity of the block. The resultant

of these two forces is AC, its line of action passing through the

Fig. 66. Fig. 67.

intersection of ab and be. AC is, therefore, the resultant pressure

exerted by the block upon the plane MX. This plane may be

taken to be a joint of the masonry or its base. Also, the forces

which hold the block in equilibrium are AB, BC, and the reaction

of the plane MN, this last being a force equal and opposite to

AC. Moreover, AC represents the resultant stress on the plane

MN.
Again, let PRMN (Fig. 67) be an arch-stone, BC being the

114
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load supported by this stone including its own weight. The line

of action be of this load passes through its centre of gravity. BC
is balanced by the forces AB and CA exerted upon PRMN by

the adjacent arch-stones. These three forces must, therefore,

form a triangle as shown, and their lines of action must intersect

at the same point.

81. Resistance of a Masonry Joint. The conditions of

stability for the block of Fig. 66 as far as the joint MN is con-

cerned are evidently the following: (i) the block must not over-

turn about an edge, as N; (2) it must not slide over the joint;

(3) the material of the stone and mortar must not crush. These

three conditions will be discussed in turn.

82. Resistance to Overturning. In this connection, the

tensile strength of the mortar joint is commonly neglected. Then

the block (Fig. 66) would evidently overturn, if the line of action

of the resultant force AC pierced the plane MN outside of the

surface of the joint. The moment of AC aboutN as moment axis

is the measure of the resistance to overturning about this edge,

i.e., in order to overturn the block it would be necessary to apply

a force whose moment about N was equal to that of AC, but

having the opposite sign.

83. Resistance to Sliding. Let the resultant force AC (Fig. 66)

be resolved into components parallel and perpendicular to the

joint, as indicated. The normal component represents the direct

pressure on the joint, while the parallel component tends to slide

the block over the joint, and must be resisted by the sliding

friction at the joint, the adhesion between the stone and mor-

tar being neglected.

Coefficient of Friction. Let P (Fig. 68) be the resultant
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pressure of the block on the plane A B, and $ the minimum

angle of inclination with the normal at which

sliding will occur. This angle <£ is called the

angle of repose, and tan 0, or ratio of tangential

to normal component of the force, is called the

coefficient of friction. In the case of masonry

joints, the value of the coefficient of friction is taken to be from

.4 to In order, then, for sliding not to occur, the resultant

pressure at any joint must make with the normal an angle less

than tan
-1

.4.

(A)

r*

(B)

(C)

N

R

-i1

84. Resistance to Crushing. The normal component of

AC (Fig. 66) represents the resultant compression stress at the

joint MX. This stress is assumed to be uniformly varying.

The three cases whch may occur are repre-

sented in Fig. 69. In Fig. 60 A the stress is

distributed over the whole surface of the joint,

the limiting case being Fig. 69 B, where the

intensity of stress is zero at one edge M.

In Fig. 69 C the pressure is distributed over

the portion XN of the joint. If the joint were

capable of resisting tension, this last would be

the case where the stress is partly tension and

partly compression, but, assuming the joint

incapable of resisting tension, the portion MX is without stress

and tends to open.

Case 0] Rectangular Joint. In Fig. 69 A the maximum in-

/? \f
tensity of compression fat A7

) is given by the formula f—-r.+ yyA 1

(Art. 54), in which i? = resultant normal pressure on joint; A =

area of surface of joint ; M = moment of R about centre of gravity

of this surface = R -A,,; / = moment of inertia of surface of joint

alfflj

Fig. 69.
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about its centre of gravity, and y = \d (d =MN = depth of

joint).

In Fig. 69 B the intensity of compression at M is zero, hence

R M 6RXa
-j = -j~y= ~jj~- •'• Xo^&d, or R acts at \MN from N. Hence

:

In order for the pressure on a rectangular joint to be distributed

over its entire surface, the resultant must act within the middle third

of the depth of the joint.

The maximum intensity of stress (at N) in Fig. 69 B is evi-

2R
dently double the average stress, i.e., —r. Similarly, in Fig. 69 C,

the maximum stress is double the average stress on the surface

XN = sYN.
Case of Circular Joint. To determine the limits within which

R must act in order for the pressure to be distributed over the

, , . .
, , P

R M 4RXnwhole surface of the joint, we have as before -7 = -r
/
y= —

;

—-.
J A l J Ar

.'. X = \r (r= radius of joint surface). Hence in this case the

resultant must act within one-fourth of the radius from the centre

of the joint.

For other forms of joint, the limits within which R must act

in order for the pressure to be distributed over the entire area, and

the value of the maximum intensity of stress when the pressure is

so distributed, are determined in the same manner as indicated

above for rectangular and circular surfaces.

85. Conditions to be Satisfied by Masonry Arches, Abutments,

etc. The following conditions respecting the joints should, in

general, be fulfilled:

1. The limits within which the resultant pressure acts should

be such that the pressure will be distributed over the entire surface

of each joint.
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2. The direction of the resultant pressure should be nearly

at right angles to the surface of the joint.

3. The maximum intensity of compression on each joint, in-

cluding the base, must not exceed the safe compression strength

of the material.

§ 2. Masonry Arch. Line 0} Pressure.

86. Definitions. In Fig. 70, a and b are respectively the span

and rise of the arch, // is the thickness of the arch-ring, also the

depth of the joints. The inner and outer surfaces of the arch-
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Fig. 71.

the pressure at any joint, as a, is given completely, the pressures

at the other joints can be found by

the triangle of forces (Art. 80).

Thus, representing the pressure on

the joint a by PA, the resultant of,

PA and A B, i.e., PB, will be the

pressure on the joint b, its line of

action passing through the inter-

section of pa and ab as shown.

Similarly, PC is the pressure on the

joint c, PD on the joint d, etc.

Thus it is seen that the lines of

action of the resultant pressures on the successive joints of an

arch are the strings of a funicular polygon, the corresponding

rays representing the magnitudes of these pressures. This

funicular polygon will be referred to as the line of pressure of

the arch, although the line of pressure or line of resistance, as

commonly defined, is the broken line joining the centres of pres-

sure of the successive joints.

When the arch and its loading are symmetrical it is evident

that the line of pressure will also be symmetrical with reference

to a vertical through the crown, and hence the pressure at the

crown will be horizontal. In this case only one-half the arch-

ring; need be considered.

88. A Test of Stability. In order to satisfy condition (1) of

Art. 85, in case of rectangular joints, it is necessary for the re-

sultant pressure to act within the middle third of the depth of

the joints (Art. 84) ; or, as commonly stated, the line of pressure

must lie within the middle third of the depth of the arch-ring.

If, then, it is found impossible to draw any funicular polygon

for the given system of loads which will satisfy this condition,
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the proposed arch is unsatisfactory and must be altered in one

or more of the following particulars: i. Thickness of arch-ring;

2. Form of arch- ring; 3. Distribution of loading.

A method of determining the possibility of drawing a funicular

polygon which will satisfy the above condition is illustrated in

case of the segmental arch of Fig. 72.

Fig. 72.

The arch is loaded symmetrically, the loads being assumed

vertical. The two curves drawn include between them the

middle third of the thickness of the arch-ring. The half-arch

is divided into equal segments, the loads supported by these

being AB, BC, etc. The letters a, b, etc., will be used to represent

the strings of the funicular polygons and also the joints of the

arch, a being the joint at the crown and g the joint at the spring-

ing. These so-called joints need not be actual joints but only

convenient divisions of the arch-ring.

The constructions of either Arts. 23, 24, or 25 may be employed.

Using first the construction of Art. 25, we proceed- as follows:

Assuming any pole P on a horizontal line through A, any funicu-

lar polygon XY is drawn, the strings being extended to intersect

the string a at the points b', c', etc., as shown. These points of

intersection locate the resultant loads lying between the corre-

sponding joints (see Art. 25).

We now proceed to seek a polygon whose various strings pierce
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1

the corresponding joints w'thin the limiting curves. Judging from

the general form of the polygon XY, it appears probable, for ex-

ample, that one drawn through the points X and Y' will satisfy the

condition. The strings d, e, j, and g of this polygon arc drawn

as follows: Draw the string g through Y', its direction being

Y'g*; then draw /, e, etc., in turn so as to pass through /', e'

,

etc., as shown. It is observed that this polygon falls outside the

required limits, its point of greatest departure being at the joint

d. It thus becomes apparent that a polygon drawn through Y'

and touching the outer limiting curve at the joint d is most likely

to satisfy the requirement. This polygon might have been con-

structed by the same method as the preceding one, otherwise

by Art. 24 as follows: Treating the polygon XY and the one to

be drawn as one-half the funicular polygons for the whole arch,

the closing strings will be horizontal as shown. Since the re-

quired polygon is to pass through O' , the intercepts made by

the vertical through O f
are RS and O'S' respectively. The

services of the new polygon and its pole P' are then located as

described in Art. 24. This final polygon is seen to satisfy the

requirement.

It should be noted that if this final polygon were the true

line of pressure, the points, indicated by arrows, where the strings

cut the corresponding joints would be the centres of pressure at

such joints, the corresponding rays representing the magnitudes

of these pressures.

For the case of non-symmetrical loading see Art. 93.

The student should be able to check any graphical work

algebraically, as in case of frames. Thus let it be required to

determine algebraically the magnitude and location of the crown

pressure H (Fig. 72), such that the funicular polygon will pass

through O' and Y'

.

It is known that any string represents the line of action of
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the resultant external force acting between the corresponding

joint and the crown. Thus the string d through O' is the line

of action of the resultant of H and the loading above the joint d.

The resultant moment of these forces about O' must therefore

be zero, i.e.,

H-y= M, (i)

in which M is the moment, about O', of the loads above the joint

d. Similarly,

H(y+n) = M', , . (2)

in which M' is the resultant moment, about Y', of the loads above

the springing.

By solving (1) and (2), the values of H and y may be obtained,

89. Relation between Line of Pressure and Form of Arch-

ring. It is evidently desirable, to insure stability, that the true

line of pressure coincide, as nearly as possible, with the centre

line of the arch-ring.

If various funicular polygons be constructed for the same

system of loads, changing the position of the pole but keeping

it on the same horizontal line, all such polygons will have the

same general form; hence, since one such polygon constitutes

the true line of pressure, the most suitable form of arch for a

given system of loads may be determined by observing the general

form of funicular polygons for such loads. Thus, in Fig. 72,

the form of the polygon XY or X'Y' would suggest the elliptical

or the multiple-centred circular arch to be the best forms for that

case. The most suitable form for a load uniformly distributed

horizontally would be parabolic, since the funicular polygon for

such loading is a parabola (Art. 13). And, in general, an arch

comparatively flat at the crown is suitable when the load in-

creases in intensity from the crown towards the abutments,

while a pointed arch is better adapted to the reverse condition.



MASONRY ARCHES, ABUTMENTS, ETC. 123

Conversely, when the form of arch is given, its most suitable

distribution of loading can be determined in a general way by
treating its centre line as a funicular polygon and determining
the corresponding distribution of loads. The method is illustrated

in Fig. 73.

Fig. 73.

Let MN be the centre line of the arch-ring, the short lines
a, b, etc., being the joints and the dotted lines indicating the lines
of action of the loads. The strings of a funicular polygon to
coincide with MN will be tangent to the curve at the points a,

b, etc. Therefore, to determine the distribution of loading
corresponding to this funicular polygon, draw from any pole P
lines PA, PB, etc., parallel to tangents at a, b, etc. The lengths
AB, BC, etc., thus determined indicate the relative magnitudes
of the loads on the divisions ab, be, etc., of the arch-ring. This
distribution of loads may be represented by laying off ordinates
such as ST=DE, etc. The area between the curve XY thus
constructed and MN represents the distribution of loading.
It should be observed that the diagram only represents the desired
distnbution of loads in a general way, since it is not known thatMN is the true line of pressure.
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90. Maximum and Minimum Crown Pressure. It is evident

that as the pole distance (i.e., pressure at the crown) increases,

he rays and strings of the funicular polygons become more

nearly horizontal and consequently the polygons become more

nearly flat. Hence, of all polygons which can be drawn within

the middle third (or other designated limits) of the arch-ring,

that one will correspond to a maximum crown pressure which

touches the inner limiting curve at a point nearer the crown than

that at which it touches the outer curve, and conversely.

Thus, in Fig. 72 the final polygon X'Y' corresponds to mini-

mum crown pressure (P'A), while the one corresponding to

maximum crown pressure would touch the inner limiting curve

at the crown and the outer limiting curve at some point nearer

the springing.

It should be noted in this connection that, other things equal,

as the rise of an arch increases the crown pressure diminishes.

It should also be noted that when three points on the line of

pressure (corresponding to the thrc^ hinges of a three-hinged

arch) are given, the magnitude and direction of the resultant

pressure at such points can be determined algebraically in a

manner similar to that explained in Art. 52.

91. Location of the True Line of Pressure. It remains to

consider the question as to which of the infinite number of funicu-

lar polygons corresponding to a given system of arch *loads con-

stitutes the true line of pressure.

The prominent methods * which have been suggested or are

in use for locating the true line of pressure may be divided into

two classes, namely:

I. Methods based on the " Theory of the Elastic Arch." 2

1 See Baker's " Masonry Construction " for discussion of the various methods.
2 See Weyrauch's "Theorie der Elastigen Bogentrager "; also, Lanza's

"Applied Mechanics."
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II. Methods not deduced mathematically, but rather con-

ventional in character, the only substantial evidence of their

reliability being apparently derived from observation and ex-

perience in their use. These two classes of solutions will be

discussed briefly.

Class I. It has been frequently suggested that a masonry

arch be treated in the same manner as a continuous iron arch

fixed at the ends, the solutions for the latter case being based on

the "Theory of the Elastic Arch." These solutions 1 may be

designated as follows:

A. The exact solution, in which the general formulas derived

from the "Theory of the Elastic Arch" are employed. The line

of pressure thus located may be taken to conform within very

slight limits of error to the theory. This solution is very labo-

rious.

B. The approximate solution, in which all but one of the

terms of the general formulas are omitted, leaving them in the

following form:

A^pEi ds] Jx= -fm yds] *y=+fmxds '

This method is the one commonly presented in text-books.

It is adapted to graphical methods of solution.

C. A proposition by Dr. Winkler forms the basis of a solu-

tion which may be properly included under Class I, since it is

derived from the formulas of solution B. This proposition is

as follows: "For an arch of constant section, that line of resist-

ance (pressure) is approximately the true one which lies nearest

the axis of the arch-ring as determined by the method of least

squares."

No approximate method should be employed without first

1 See Lanza's "Applied Mechanics."
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ascertaining the amount of error involved. For this purpose a com-

parison of the results to be obtained by the use of methods A,

B, and C was made in the cases shown in Plate III. Two extreme

cases were taken, namely: i. A semicircular arch; 2. A segmental

arch whose ratio of rise to span is 1 : 10. In each case three

systems of loads were employed, namely: 1. A concentrated

load at the crown; 2. A load uniformly distributed over the entire

span; 3. A load uniformly distributed over the half-span.

The arches were of uniform thickness (shown at the crown),

ratio of span to thickness of arch- ring being about 11.6. The

lines of pressure (C) were located by the calculus, not by trial,

so as to conform exactly with Winkler's proposition.

The results will not be discussed in detail, but the following

conclusions seem to be warranted.

1. Method C gives in each case (except Case 4) a line of

pressure deviating to such an extent from that of Method A as

to prove the unreliability of the former.

2. Method B gives a line of pressure agreeing closely with (A)

in case of the semicircular arch, but deviating considerably from

the latter in the case of the segmental arch. It is evident that

Method B must be used with discrimination if the results are

to be trustworthy. In general, the greater the ratio of span

to thickness of arch-ring and the greater the ratio of rise

to span, the less will be the difference between the results obtained

from Methods A and B.

Class II. Of these, the method of "Least Crown Pressure"

seems to be most commonly employed. 1

The theory of least crown pressure is essentially that the true

line of pressure is that one which, lying within the middle third

(or other designated limits) of the arch-ring, corresponds to a

1 See Baker's " Masonrv Construction."
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minimum crown pressure (see Art. 90). It appears to be based

upon the observation that most arches settle at the crown when

the centring is removed, and upon the consideration that the

crown pressure is a passive force developed by the tendency of

the two half- rings to tip towards each other, and is the least force

that is necessary to prevent such overturning.

If the arch settles at the crown (as a result of rotation, not

sliding, of the arch-stones), the tendency would appear to be to

open the joints as shown in Fig. 74, the centre of pressure moving

Fig. 74. Fig. 75.

upward at the crown and inward at the haunches. The resulting

position of the line of pressure would thus agree in a general way

with the case of minimum crown pressure (Art. 90). (It will be

observed that all the lines of pressure A, Plate III, also lie above

the centre of the arch- ring at the crown and within it at points

nearer the abutments.)

The joints a, a, where the tendency to open at the extrados

is greatest, are called the joints of rupture. They correspond

to the points where the line of pressure corresponding to mini-

mum crown pressure touches the inner limiting curve.

In the case of a pointed arch, or an arch very lightly loaded

at the crown and heavily loaded at the haunches, the tendency

may be for the crown to rise and the haunches to move inward

(Fig- 75).

The various other methods of Class II differ from the pre-

ceding only in details. Thus the true line of pressure may be
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assumed to be that one which intersects the crown joint at the

middle of its depth; at one-third the depth from the extrados,

etc.; satisfying, also, other conditions of a similar character.

Apparently all such conditions are substantially expressions of

judgment only.

Comparison o\ the Methods oj Classes I and II. The fact

that the masonry arch is built up of blocks instead of the material

being continuous and homogeneous, as in case of the elastic arch,

renders it questionable as to whether the same methods of solu-

tion are applicable to both. It must also be recognized that the

conditions which determine the location of the line of pressure

of a masonry arch are commonly numerous and uncertain.

Among such conditions are evidently the following:

i. The loading. This is generally uncertain in amount,

distribution, and direction. In the case of arches supporting

masonry walls the uncertainty is particularly great, but it evidently

exists to some extent in all cases.

2. The behavior of the arch as to the kind and amount of

distortion occurring when the centring is removed and subse-

quently. Evidently its behavior will depend upon the quality

of the material and workmanship, the rigidity of the supports,

etc.. as well as upon the loading.

It is evident that reliable formulas cannot be derived from

uncertain data, however correct the reasoning may be. Under

such circumstances the final test of the reliability of any method

of solution must be agreement with the results of experiment

and experience. In this respect the methods of Classes I and II

stand on the same footing, as each requires, experimental veri-

fication.

For the present, in lieu of adequate experimental results we

must rely largely upon the experience of the past in the construc-

tion of masonry arches; making use of that line of pressure
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which appears to be most reliable and seeing to it that, with such

line of pressure, the conditions of Art. 85 are fulfilled.

The author has no recommendation to make as regards the

best method of locating the line of pressure of a masonry arch.

In the following examples, however, the condition that "the true

line of pressure is that one which, lying within the middle third

of the arch- ring, corresponds to the minimum crown pressure,"

will be employed; the portion of the solution subsequent to the

location of the line of pressure being the same, however this

line may be located.

In order to fix the position of the line of pressure, three hinges

have been employed to some extent in Germany and elsewhere.

The line of pressure is thus determined by the condition that it

must pass through the hinges, the same as in case of the

three-hinged iron arch.

92. Example. Figure 1, Plate III, is one-half of a sym-

metrical full-centred arch in a masonry wall whose height is limited

by a horizontal line, as shown. It is required to draw the line of

pressure according to the theory of least crown pressure, and to

determine if the arch satisfies the conditions of stability.

The half-ring is divided by radial lines, which need not coin-

cide with the actual joints of the arch. It will be assumed that

each of these divisions supports the weight of the portion of wall

directly above it, as indicated by the vertical lines. If the specific

gravity of the material above the arch- ring is the same as that

of the arch- ring, the load supported by any single division, as

mil, is proportional to the area of the polygon mnn'm' . If the

specific gravities are unequal, the vertical ordinates may be

altered in length so that the areas above the divisions will repre-

sent weights to the same scale as the areas of the divisions them-

selves. Otherwise the weights of the divisions and material
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Table of Loads.

(Fig. i, Plate III.)

above them may be dealt with separately. In this example, the

wall is of uniform thickness and the weight of the masonry is,

throughout, 160 lbs. per cubic foot.

Considering one foot thickness of wall, the loads (see table)

are calculated by multiplying the cor-

responding areas by 160 lbs. HI is

taken to include two divisions to

avoid confusing the drawing; IJ is

the weight of the masonry to the

right of the line i; JK is the weight

of the masonry below RS.

The resultant loads act at the

centres of gravity of the areas. The

centre of gravity of the division mn

is O', and the centre of gravity of the

trapezoid above this division is O"

(see Art. 79). The centre of gravity

O of the entire area mnn'm' is then found by dividing the line

O'O" into parts inversely proportional to these areas. The centres

of gravity are indicated by circles.

The line of pressure is now constructed as follows : The loads

AB, BC, etc., are plotted to scale, and, selecting any pole P on a

horizontal line through A, a preliminary polygon xy is drawn, the

point x being one-third the depth of the joint below the extrados.

In drawing this polygon, the intersections c' , d', etc., of its various

strings with the string a are marked (see Art. 88).

The line of pressure desired is such that the resultant pressure

at the joint of rupture will act at one-third the depth of the joint

from the intrados. The joint of rupture may be determined by

trial as follows : Judging that it will be near the joint g, we trisect

that joint at 1 and draw the string g through 1 and g
r

. The

adjacent strings (not shown in the drawing) are then drawn, and
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it is found that the string / falls farthest outside the middle-third

limit. This joint is then trisected at 2 and the string 2/' of a new

polygon is drawn. This polygon is completed by drawing the

remaining strings in succession through e
r

, df

, etc., and is found

to satisfy the conditions except near the springing where it falls

outside the middle-third limit. This portion of the arch, however,

can be treated as part of the abutment. The centres of pressure

at the different joints are indicated by arrows.

Aside from the condition that the pressure must act within

the middle third of the arch-ring, the resistance to sliding and

crushing must be investigated.

As regards sliding, it is seen that the direction of the resultant

pressure at each joint is very nearly normal to the joint, with the

exception of the springing plane, where the pressure p'i makes

with the normal an angle greater than tan
-

.4. When, however,

the weight // is combined with P'l, the resultant pressure, P"J

(Art. 96), satisfies the requirement for safety against sliding.

For crushing, the maximum compression stress is to be cal-

culated at each dangerous joint. For example, the resultant

stress on the joint /, found by scaling off the ray P'F, is 13100

lbs. The area of the surface of the joint is iXi| = i| sq. ft.
—

252 sq. in. Average pressure per sq. in. = i
f^|-

Q-=52 lbs. Hence

the maximum stress = 2X52 = 104 lbs. per sq. in. (see Art. 84).

This stress must not exceed the working compression strength

of the masonry. (For strength of masonry see Lanza's "Applied

Mechanics " and other references.)

93. Unsymmetrical Cases. When the arch or loading is

unsymmetrical, the line of pressure is also unsymmetrical, and

must therefore be drawn for the whole arch. The construction

of the line of pressure involves the problem of drawing a funicular

polygon through three points (see Arts. 23 and 24).
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Example. (Fig. 76.) Given a segmental arch of 16 ft. span

and 3 ft. rise. Thickness of arch- ring = 1^ ft. The left and right

halves are loaded with 3200 lbs. and 6400 lbs. respectively, per

foot width of arch, these loads being uniformly distributed over

the arch-ring. It is required to construct, if possible, the line of

-ure in accordance with the method of ''least crown pressure."

Fig. 76.

The arch-ring is divided into sixteen equal divisions, and the

load supported by each is assumed to act at the middle of its outer

surface. The loads are plotted to scale, and the funicular polygon

xy is constructed, using P for pole. Selecting the points /', i/
}

and u' at one-third and two-thirds the depth of the joints from
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the intrados, the funicular polygon which will pass through these

points is located as explained in Art. 24 (see Fig. 76 A). This

polygon is not drawn, but the points on it, falling outside the

middle-third limits, which serve to locate the final line of pres-

sure, are marked by dots.

It is seen that to the right of the crown this polygon rises above

the middle-third limit, while near the left abutment it falls below.

From the position of these points it appears probable that a polygon

drawn through the three points i', 2', and if will fall within the

specified limits. The vertices of this polygon (drawn in full lines)

were located in the same manner as the preceding one (see Fig.

76 B), and it is seen that the centres of pressure at all the joints

fall within the required limits.

The pole P' of this final polygon was located by the method

of Art. 23, i.e., PZ and PZ' were drawn parallel to 1, 2 and 2, v

respectively; then ZP' and Z'P' were drawn through Z and Z'

parallel to i', 2' and 2'
', if respectively, thus locating P' . This

pole might also have been located by Art. 24. The resultant

compression at the various arch sections is represented by the

rays of this final polygon.

The stability of the abutments is essential to that of the arch

(see § 3).

§ 3. Abutments, Piers, etc.

94. Conditions of Stability. The general conditions of sta-

bility of § 1 are applicable to any piles of masonry subjected to

the action of external forces, such as the thrust of an arch or

truss, pressure of earth, water, wind, etc.

95. Example 1. Fig. 77 is an abutment subjected to a

horizontal pressure AB and a vertical pressure BC, their re-
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sultant. AC, acting at the point c. CD, DE, EF, and FG are

the weights of the four divisons

of the masonry, their centres of

gravity being marked by circles.

The pressure on the joint d is

the resultant of AC and the

weight CD of the first block.

This resultant is AD, its line of

action passing through the inter-

section of ac and a vertical

through the centre of gravity of

the block. The point of appli-

Fig. 77. cation of this resultant pressure,

at d, is indicated by an arrow. The resultant pressures at the

remaining joints are found in a similar manner.

The conditions of safety as regards sliding, overturning,

and crushing have been previously discussed. The maximum

pressure on the soil must also be kept within safe limits (see Baker's

" Masonry Construction," Chap. X).

A broken line connecting the points of application c, d, e, ),

and g of the resultant pressures on the successive joints of an

abutment is commonly called the line 0} resistance or line 0} pres-

sure, as in case of an arch (see Art. 87).

96. Example 2. The abutments of a masonry arch can be

considered in connection with the arch. In Fig. 1, Plate III, the

weights IJ and JK, lying above and below the joint RS, are

plotted to half scale (4000 lbs. = 1 in.), the pole for these two loads

being located by bisecting the ray P'l at P" . The resultant pres-

sure on RS is P"J , its line of action p"\ passing through the inter-

section of fi and ij. The resultant pressure on the base is P"K,

its line of action being p"k. To find the maximum intensity of
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the pressure on the base we have P"K= 9.1 (inches)X4000==

36400 lbs. By measurement, p"k acts 1.1 ft. from the centre of

the base. The bearing area is 7fXi = 7f sq. ft. Substituting

these values in the formula /
= T+T>'' we kave

, 36400 36400-1.1 7.75 n/. , „ ,

f= * +
+ , ,

73-^-^ = 8606 lbs. per sq. ft.
' 7-75 tV-i-(7-75) 2

v *

= 60 lbs. per sq. inch.

97. Example 3. Let Fig. 78 represent a pier supporting the

thrust of an arch on each side.

These thrusts are AB and BC,

their point of intersection O lying

on the centre line of the pier.

Let CD, DE, EF, and FG repre-

sent the weights of the pier

divisions, CD being the weight

of the pier masonry above the

joint d. The resultant pressure

on d is AD, its line of action Od

passing through O. The lines

of action of the pressures on the

remaining joints will also pass

through O, since the vertical

through this point contains the centres of gravity of all the blocks.

These lines are Od, Oe, Of, and Og, drawn parallel respectively

to AD, AE, AF, and AG. If the thrusts of the two arches are

equal and equally inclined, the resultant pressure on the pier will

evidently be vertical.

98. Example 4. Let Fig. 79 represent a chimney subjected

to wind pressure. The weights of the portions ab, be, etc., are

Fig. 78.
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AB, BC, etc., and the wind pressures on these portions are AB',

B'C, etc. The lines of action of these wind pressures are the

horizontal dotted lines ab, be, etc. With any pole P draw the

funicular polygon mn for the wind loads. (For this purpose

these loads should be plotted to a larger scale.)

FEDCB
- 1 I ,A

To find the resultant pressure at any section, as e, the line of

action /;• of the resultant wind pressure above that section is

located by the intersection of the strings a and e.

The pressure at the section e is the resultant of this wind

pressure and the weight of masonry above e. The line of action

rs of this pressure will act through r, the point of intersection of

the resultant wind pressure and weight of masonry above e, and

its direction will be parallel to E'E, its magnitude being repre-
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sented by the length of E'E. The resultant pressure at any other

section can be determined in a similar manner.

The preceding examples will serve to indicate the method of

determining the stability of such structures when the loads are

known.
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Gerhard's Guide to Sanitary House-inspection i6mo, 1 00

Theatre Fires and Panics i2mo, 1 50

1



Hatfield's American House Carpenter 8vo, 5 00
Holly's Carpenters' and Joiners' Handbook i8mo, 75
Johnson's Statics by Algebraic and Graphic Methods 8vo, 2 00

Kidder's Architect's and Builder's Pocket-book i6mo, morocco, 4 00

Merrill's Stones for Building and Decoration 8vo, 5 00
Monckton's Stair-building 4to, 4 00

Patton's Practical Treatise on Foundations 8vo, 5 00
Siebert and Biggin's Modern Stone-cutting and Masonry 8vo, 1 50
Snow's Principal Species of Wood 8vo, 3 50
Sondericker's Graphic Statics with Applications to Trusses, Beams, and Arches.

(Shortly.)

Wait's Engineering and Architectural Jurisprudence 8vo, 6 00

Sheep, 6 50
Law of Operations Preliminary to Construction in Engineering and Archi-

tecture
_ . .8vo, 5 00

Sheep, 5 50
Law of Contracts 8vo, 3 00

Woodbury's Fire Protection of Mills 8vo, 2 50
Worcester and Atkinson's Small Hospitals, Establishment and Maintenance,

Suggestions.for Hospital Architecture, with Plans for a Small Hospital.

i2mo, 1 25

The World's Columbian Exposition of 1893 Large 4to, 1 00

ARMY AND. NAVY.

Bernadou's Smokeless Powder, Nitro-cellulose, and the Theory of the Cellulose

Molecule i2mo, 2 50
* Bruff's Text-book Ordnance and Gunnery 8vo, 6 00

Chase's Screw Propellers and Marine Propulsion 8vo, 3 00

Craig's Azimuth 4to, 3 50

Crehore and Squire's Polarizing Photo-chronograph 8vo, 3 00

Cronkhite's Gunnery for Non-commissioned Officers 24010. morocco, 2 00
* Davis's Elements of Law 8vo, 2 50
* Treatise on the Military Law of United States 8vo,

* Sheep

De Brack's Cavalry Outpost Duties. (Carr.) 24mo, morocco,

Dietz's Soldier's First Aid Handbook i6mo, morocco,
* Dredge's Modern French Artillery 4to, half morocco,

Durand's Resistance and Propulsion of Ships 8vo,

* Dyer's Handbook of Light Artillery i2mo,

Eissler's Modern High Explosives 8vo,

* Fiebeger's Text-book on Field Fortification Small 8vo,

Hamilton's The Gunner's Catechism i8mo,
* Hoff's Elementary Naval Tactics 8vo,

Ingalls's Handbook of Problems in Direct Fire 8vo,

* Ballistic Tables 8vo,

* Lyons's Treatise on Electromagnetic Phenomena. Vols. I. and II . . 8vo, each

,

* Mahan's Permanent Fortifications. (Mercur.) 8vo, half morocco,

Manual for Courts-martial i6mo morocco,

* Mercur's Attack of Fortified Places nmo, 2

* Elements of the Art of War 8vo, 4

Metcalf's.Cost of Manufactures—And the Administration of Workshops, Public

and Private 8vo, 5

* Ordnance and Gunnery nmo, 5

Murray's Infantry Drill Regulations i8mo, paper,

* Phelps's Practical Marine Surveying 8vo, 2

Powell's Army Officer's Examiner nmo, 4

Sharpe's Art of Subsisting Armies in War i8mo, morocco, 1
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* Walke's Lectures on Explosives 8vo, 4 00

* Wheeler's Siege Operations and Military Mining 8vo, 2 00

Winthrop's Abridgment of Military Law i2mo, 2 50

Woodhull's Notes on Military Hygiene i6mo, 1 50

Young's Simple Elements of Navigation i6mo. morocco, 1 00

Second Edition, Enlarged and Revised i6mo, morocco 2 00

ASSAYING.

Fletcher's Practical Instructions in Quantitative Assaying with the Blowpipe.

nmo, morocco, 1 50

Furman's Manual of Practical Assaying 8vo, 3 00

Miller's Manual of Assaying 1 2mo, 1 00

O'Driscoll's Notes on the Treatment of Gold Ores 8vo, 2 00

Ricketts and Miller's Notes on Assaying 8vo, 3 00

Ulke's Modern Electrolytic Copper Refining 8vo, 3 00

Wilson's Cyanide Processes i2mo, 1 50

Chlorination Process i2mo. 1 50

ASTRONOMY.

Comstock's Field Astronomy for Engineers 8vo, 2 50

raig's Azimuth 4*0, 3 50

Doolittle's Treatise on Practical Astronomy 8vo, 4 00

Gore's Elements of Geodesy 8vo, 2 50

Hayford's Text-book of Geodetic Astronomy 8vo, 3 00

Merriman's Elements of Precise Surveying and Geodesy 8vo, 2 50

* Michie and Harlow's Practical Astronomy 8vo, 3 00

* White's Elements of Theoretical and Descriptive Astronomy nmo, 2 00

BOTANY.

Davenport's Statistical Methods, with Special Reference to Biological Variation.

i6mo, morocco, 1 25

Thome and Bennett's Structural and Physiological Botany i6mo, 2 25

Westermaier's Compendium of General Botany. (Schneider.) 8vo, 2 00

CHEMISTRY.

Adriance's Laboratory Calculations and Specific Gravity Tables i2mo, 1 25

Allen's Tables for Iron Analysis 8vo, 3 00

Arnold's Compendium of Chemistry. (Mandel.) (In preparation.)

Austen's Notes for Chemical Students i2mo, 1 50

Bernadou's Smokeless Powder.—Nitro-cellulose, and Theory of the Cellulose

Molecule i2mo, 2 50

Bolton's Quantitative Analysis 8vo, 1 so

* Browning's Introduction to the Rarer Elements 8vo, 1 50

Brush and Penfield's Manual of Determinative Mineralogy 8vo, 4 00

Classen's Quantitative Chemical Analysis by Electrolysis. (Boltwood.) . . . .8vo 3 00

Cohn's Indicators and Test-papers i2mo, 2 00

Tests and Reagents 8vo, 3 00

Copeland's Manual of Bacteriology. (In preparation.)

Craft's Short Course in Qualitative Chemical Analysis. (Schaeffer.) i2mo, 2 00

Drechsel's Chemical Reactions. (Merrill.) i2mo, 1 25

Duhem's Thermodynamics and Chemistry. (Burgess.) (Shortly.)

Eissler's Modern High Explosives 8vo, 4 00
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Effront's Enzymes and their Applications. (Prescott.) 8vo, 3 00

Erdmann's Introduction to Chemical Preparations. (Dunlap.) i2mo, 1 25

Fletcher's Practical Instructions in Quantitative Assaying with the Blowpipe.

i2mo, morocco, 1 50

Fowler's Sewage Works Analyses nmo, 2 00

Fresenius's Manual of Qualitative Chemical Analysis. (Wells.) 8vo, 5 00

Manual of Qualitative Chemical Analysis. Parti. Descriptive. (Wells.)

8vo, 3 00

System of Instruction in Quantitative Chemical Analysis. (Cohn.)

2 vols. (.Shortly.)

Fuertes's Water and Public Health nmo, 1 50

Furman's Manual of Practical Assaying 8vo, 3 00

Gill's Gas and Fuel Analysis for Engineers nmo, 1 25

Grotenfelt's Principles of Modern Dairy Practice. ( Woll. ) nmo

.

2 00

Hammarsten's Text-book of Physiological Chemistry. (Mandel.) 8vo, 4 00

Helm's Principles of Mathematical Chemistry. (Morgan.) nmo. 1 50

Hinds's Inorganic Chemistry 8vo, 3 00

* Laboratory Manual for Students nmo, 75

Holleman's Text-book of Inorganic Chemistry. (Cooper.) 8vo, 2 50

Text-book of Organic Chemistry. (Walker and Mott.) 8vo, 2 50

Hopkins's Oil-chemists* Handbook 8vo, 3 00

Jackson's Directions for Laboratory Work in Physiological Chemistry. .8vo, 1 00

Keep's Cast Iron 8vo, 2 50

Ladd's Manual of Quantitative Chemical Analysis nmo 1 00

Landauer's Spectrum Analysis. (Tingle.) 8vo, 3 00

Lassar-Cohn's Practical Urinary Analysis. (Lorenz.) nmo, 1 00

Leach's The Inspection and Analysis of Food with Special Reference to State

Control. (In preparation.')

L<"'b's Electrolysis and Electrosynthesis of Organic Compounds. (Lorenz.) nmo, 1 00

Mandel's Handbook for Bio-chemical Laboratory nmo, 1 50

Mason's Water-supply. (Considered Principally from a Sanitary Standpoint.)

3d Edition, Rewritten 8vo, 4 00

Examination of Water. (Chemical and Bacteriological.) nmo, 1 25

Meyer's Determination of Radicles in Carbon Compounds. (Tingle.). . nmo, 1 00

Miller's Manual of Assaying nmo, 1 00

Mixter's Elementary Text-book of Chemistry nmo, 1 50

Morgan's Outline of Theory of Solution and its Results nmo, 1 00

Elements of Physical Chemistry nmo, 2 00

Nichols's Water-supply. (Considered mainly from a Chemical and Sanitary

Standpoint, 1883.) 8vo, 2 50

O'Brine's Laboratory Guide in Chemical Analysis 8vo, 2 00

O'Driscoll's Notes on the Treatment of Gold Ores 8vo, 2 00

Ost and Kolbeck's Text-book of Chemical Technology. (Lorenz—Bozart.)

(In preparation.)

* Penfield's Notes on Determinative Mineralogy and Record of Mineral Tests.

8vo, paper, 50

Pictet's The Alkaloids and their Chemical Constitution. (Biddle.) (In

preparation.)

Pinner's Introduction to Organic Chemistry. (Austen.) nmo, 1 50

Poole's Calorific Power of Fuels 8vo, 3 00
• Reisig's Guide to Piece-dyeing 8vo, 25 00

Richards and Woodman's Air .Water, and Food from a Sanitary Standpoint. 8vo, 2 00

Richards's Cost of Living as Modified by Sanitary Science nmo, 1 00

Cost of Food a Study in Dietaries nmo, 1 00

• Richards and Williams's The Dietary Computer 8vo, 1 50

Ricketts and Russell's Skeleton Notes upon Inorganic Chemistry. (Part I.

—

Non-metallic Elements.) 8vo, morocco, 75

Ricketts and Miller's Notes on Assaying 8vo, 3 00
4



d eal's Sewage and the Bacterial Purification of Sewage 8vo, 3 50

Ruddiman's Incompatibilities in Prescriptions 8vo, 2 00

Schimpf's Text-book of Volumetric Analysis i2mo. 2 50

Spencer's Handbook for Chemists of Beet-sugar Houses i6mo, morocco, 3 00

Handbook for Sugar Manufacturers and their Chemists. .i6mo, morocco, 2 00

Stockbridge's Rocks and Soils 8vo, 2 50

* Tillman's Elementary Lessons in Heat 8vo, 1 50

* Descriptive General Chemistry 8vo 3 00

TreadwelTs Qualitative Analysis. (Hall.) 8vo, 3 00

Turneaure and Russell's Public Water-supplies 8vo, 5 00

Van Deventer's Physical Chemistry for Beginners. (Boltwood.) i2mo, 1 50

* Walke's Lectures on Explosives 8vo, 4 00

Wells's Laboratory Guide in Qualitative Chemical Analysis 8vo, 1 50

Short Course in Inorganic Qualitative Chemical Analysis for Engineering

Students i2mo, 1 50

Whipple's Microscopy of Drinking-water 8vo, 3 5o

Wiechmann's Sugar Analysis Small 8vo, 2 50

Wilson's Cyanide Processes i2mo, 1 50

Chlorination Process i2mo. 1 50

Wulling's Elementary Course in Inorganic Pharmaceutical and Medical Chem-

istry i2mo, 2 00

CIVIL ENGINEERING.

BRIDGES AND ROOFS. HYDRAULICS. MATERIALS OF ENGINEERING.
RAILWAY ENGINEERING.

Baker's Engineers' Surveying Instruments i2mo, 3 00

Bixby's Graphical Computing Table Paper, 10^X24} inches 25

** Burr's Ancient and Modern Engineering and the Isthmian Canal. (Postage

27 cents additional.) 8vo, m
Comstock's Field Astronomy for Engineers 8vo,

Davis's Elevation and Stadia Tables 8vo,

Elliott's Engineering for Land Drainage i2mo,

Practical Farm Drainage 1 2mo,

Folwell's Sewerage. (Designing and Maintenance.) Svo,

Freitag's Architectural Engineering. 2d Edition, Rewritten Svo,

French and Ives's Stereotomy 8vo,

Goodhue's Municipal Improvements iimo,

Goodrich's Economic Disposal of Towns' Refuse 8vo,

Gore's Elements of Geodesy 8vo,

Hayford's Text-book of Geodetic Astronomy 8vo, 3 00

Howe's Retaining Walls for Earth i2mo, 1 25

Johnson's Theory and Practice of Surveying Small 8vo, 4 00

Statics by Algebraic and Graphic Methods 8vo, 2 00

Kiersted's Sewage Disposal i2mo, 1 25

Laplace's Philosophical Essay on Probabilities. (Truscott and Emory.) i2mo, 2 00

Mahan's Treatise on Civil Engineering. (1873.) (Wood.) 8vo„ 5 00

* Descriptive Geometry 8vo, 1 50

Merriman's Elements of Precise Surveying and Geodesy 8vo, 2 50

Elements of Sanitary Engineering .
8vo, 2 00

Merriman and Brooks's Handbook for Surveyors i6mo, morocco, 2 00

Nugent's Plane Surveying 8vo, 3 50

Ogden's Sewer Design i2mo, 2 00

Patton's Treatise on Civil Engineering 8vo, half leather, 7 50

Reed's Topographical Drawing and Sketching 4to, 5 00

Rideal'sJSewage and the Bacterial Purification of Sewage 8vo, 3 50

Siebert and Biggin's Modern Stone-cutting and Masonry 8vo, 1 50

Smith's Manual of Topographical Drawing. (McMillan.) 8vo, 3 50

5
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Fuertes's Water and Public Health 1 2mo, i 50

Water-filtration Works i2mo, 2 50

Ganguillet and Kutter's General Formula for the Uniform Flow of Water in

Rivers and Other Channels. (Hering and Trautwine.) 8vo, 4 00

Hazen's Filtration of Public Water-supply 8vo, 3 00

Hazlehurst's Towers and Tanks for Water-works 8vo, 2 50

Herschel's 115 Experiments on the Carrying Capacity of Large, Riveted, Metal

Conduits 8vo, 2 00

Mason's Water-supply. (Considered Principally from a Sanitary Stand-

point.) 3d Edition, Rewritten 8vo, 4 00

Merriman's Treatise on Hydraulics, gth Edition, Rewritten 8vo, 5 00
* Michie's Elements of Analytical Mechanics 8vo, 4 00

Schuyler's Reservoirs for Irrigation, Water-power, and Domestic Water-

supply Large 8vo, 5 00
** Thomas and Watt's Improvement of Riyers. (Post., 44 c. additional), 4to, 6 00

Turneaure and Russell's Public Water-supplies 8vo. 5 00

Wegmann's Desien and Construction of Dams 4to, 5 oo>

Water-supplv of the City of New York from 1658 to 1895 4to, 10 00

Weisbach's Hydraulics and Hydraulic Motors. (Du Bois.) 8vo, 5 00
Wilson's Manual of Irrigation Engineering Small 8vo. 4 00
Wolff's Windmill as a Prime Mover 8vo, '

3 oo>

Wood's Turbines 8vo, 2 50
Elements of Analytical Mechanics 8vo, 3 00

MATERIALS OF ENGINEERING.

Baker's Treatise on Masonry Construction 8vo,

Roads and Pavements 8vo,

Black's United States Public Works Oblong 4to,

Bovey's Strength of Materials and Theory of Structures 8vo,

Burr's Elasticity and Resistance of the Materials of Engineering. 6th Edi-

tion, Rewritten 8vo,

Byrne's Highway Construction 8vo,

Inspection of the Materials and Workmanship Employed in Construction.

i6mo.
Church's Mechanics of Engineering 8vo,

Du Bois's Mechanics of Engineering. Vol. I Small 4to,

Johnson's Materials of Construction Large 8vo,

Keep's Cast Iron 8vo,

Lanza's Applied Mechanics 8vp,

Martens's Handbook on Testing Materials. (Henning.) 2 vols 8vo,

Merrill's Stones for Building and Decoration 8vo,

Merriman's Text-book on the Mechanics of Materials 8vo,

Strength of Materials 1 2mo,
Metcalf's Steel. A Manual for Steel-users i2mo,

Patton's Practical Treatise on Foundations 8vo,

Rockwell's Roads and Pavements in France 121110,

Smith's Wire : Its Use and Manufacture Small 4to,

Materials of Machines i2mo,

Snow's Principal Species of Wood 8vo,

Spalding's Hydraulic Cement nmo,
Text-book on Roads and Pavements nmo,

Thurston's Materials of Engineering. 3 Parts 8vo,

Part I.—Non-metallic Materials of Engineering and Metallurgy 8vo,

Part II.—Iron and Steel 8vo,

Part III.—A Treatise on Brasses, Bronzes, and Other Alloys and their

Constituents 8vo, 2^50

7
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Thurston's Text-bdok of the Materials of Construction 8vo, 5
Tillson's Street Pavements and Paving Materials 8vo, 4
Waddell's De Pontibus. (A Pocket-book for Bridge Engineers.) • i6mo, mor., 3

Specifications for Steel Bridges nmo, 1

Wood's Treatise on the Resistance of Materials, and an Appendix on the Pres-

ervation of Timber 8vo, 2

Elements of Analytical Mechanics 8vo, 3

RAILWAY ENGINEERING.

Andrews's Handbook for Street Railway Engineers. 3X5 inches, morocco, 1 25
Berg's Buildings and Structures of American Railroads 4to, 5 00
Brooks's Handbook of Street Railroad Location i6mo. morocco, 1 50
Butts's Civil Engineer's Field-book i6mo, morocco, 2 50
Crandall's Transition Curve i6mo, morocco, 1 50

Railway and Other Earthwork Tables 8vo, 1 50
Dawson's "Engineering" and Electric Traction Pocket-book. i6mo, morocco, 4 00
Dredge's History of the Pennsylvania Railroad: (1879) Paper, 5 00
* Drinker's Tunneling, Explosive Compounds, and Rock Drills, 4to, half mor., 25 00
Fisher's Table of Cubic Yards Cardboard, 25
Godwin's Railroad Engineers' Field-book and Explorers' Guide i6mo, mor., 2 50
Howard's Transition Curve Field-book i6mo morocco 1 50
Hudson's Tables for Calculating the Cubic Contents of Excavations and Em-

bankments 8vo, 1 00
Molitor and Beard's Manual for Resident Engineers i6mo, 1 00
Ragle's Field Manual for Railroad Engineers i6mo, morocco. 3 00
Philbrick's Field Manual for Engineers i6mo, morocco, 3 00
Pratt and Alden's Street-railway Road-bed 8vo, 2 00
Searles's Field Engineering i6mo, morocco, 3 00

Railroad Spiral. i6mo, morocco 1 50
Taylor's Prismoidal Formulas and Earthwork 8vo, 1 50
* Trautwine's Method of Calculating the Cubic Contents of Excavations and

Embankments by the Aid of Diagrams 8vo, 2 00
he Field Practice of .Laying Out Circular Curves for Railroads.

i2mo, morocco, 2 50
* Cross-section Sheet Paper, 25
Webb's Railroad Construction. 2d Edition, Rewritten i6mo. morocco, 5 00
Wellington's Economic Theory of the Location of Railways Small 8vo, 5 00

DRAWING.

Barr's Kinematics of Machinery 8vo, 2 50
• Bartlett's Mechanical Drawing 8vo, 3 00
Coolidge's Manual of Drawing 8vo, paper, 1 00
Durley's Kinematics of Machines 8vo, 4 00
Hill's Text-book on Shades and Shadows, and Perspective 8vo, 2 00
Jones's Machine Design:

Part I.—Kinematics of Machinery 8vo, 1 50
Part H.—Form, Strength, and Proportions of Parts 8vo,

MacCord's Elements of Descriptive Geometry 8vo,
Kinematics ; or, Practical Mechanism 8vo,
Mechanical Drawing 4to,
Velocity Diagrams 8vo,

* Mahan's Descriptive Geometry and Stone-cutting 8vo,
Industrial Drawing. (Thompson.) 8vo,

Reed's Topographical Drawing and Sketching 4to,

8
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Wait's Engineering and Architectural Jurisprudence 8vo, 6 oo

Sheep, 6 50
Law of Operations Preliminary to Construction in Engineering'and Archi-

tecture 8vo, 5 00

Sheep, 5 5°
Law of Contracts 8vo, 3 00

Winthrop's Abridgment of Military Law i2mo, 2 so

MANUFACTURES,

Bernadou's Smokeless Powder—Nitro-cellulose and Theory of the Cellulose

Molecule nmo, 2 50

Bolland's Iron Founder nmo, 2 50
" The Iron Founder," Supplement i2mo, 2 50
Encyclopedia of Founding and Dictionary of_Foundry Terms Used. in the

Practice of Moulding nmo, 3 00
Eissler's Modern High Explosives 8vo, 4 00
Effront's Enzymes and their Applications. ( Prescott. ) 8vo

,

3 00
Fitzgerald's Boston Machinist i8mo, 1 00

Ford's Boiler Making for Boiler Makers i8mo, 1 00
Hopkins's Oil-chemists' Handbook 8vo, 3 00
Keep's Cast Iron 8vo, 2 50
Leach's The Inspection and Analysis of Food with SpecialTleference to State

Control. (In preparation.)

Metcalf's Steel. A Manual for Steel-users i2mo, 2 00
Metcalfe's Cost of Manufactures—And the Administration of Workshops,

Public and Private ; 8vo, 5 00
Meyer's Modern Locomotive Construction 4to, 10 00
* Reisig's Guide to Piece-dyeing 8vo, 25 00
Smith's Press-working of Metals 8vo, 3 00

Wire: Its Use and Manufacture Small 4to, 3 00
Spalding's Hydraulic Cement nmo, 2 00
Spencer's Handbook for Chemists of Beet-sugar Houses i6mo, morocco, 3 00

Handbook tor sugar Manufacturers ana their Chemists.. . i6mo, morocco, 2 00
Thurston's Manual of Steam-boilers, their Designs, Construction and Opera-

tion 8vo, 5 00
* Walke's Lectures on Explosives 8vo, 4 00
West's American Foundry Practice nmo, 2 50

Moulder's Text-book nmo, 2 50
Wiechmann's Sugar Analysis Small 8vo, 2 50
Wolff's Windmill as a Prime Mover 8vo, 3 00
Woodbury's Fire Protection of Mills 8vo, 2 50

MATHEMATICS.

Baker's Elliptic Functions 8vo, 1 50
* Bass's Elements of Differential Calculus nmo, 4 00
Briggs's Elements of Plane Analytic Geometry nmo, 1 00
Chapman's Elementary Course in Theory of Equations 1 2mo, 1 50
Compton's Manual of Logarithmic Computations nmo, 1 50
Davis's Introduction to the Logic of Algebra 8vo, 1 50
* Dickson's College Algebra Large nmo, 1 50
* Introduction to the Theory of Algebraic Equations Large^nmo, 1 25
Halsted's Elements of Geometry 8vo, 1 75

Elementary Synthetic Geometry 8vo 1 50
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Warren's Elements of Machine Construction and Drawing Svo, 7 50
Weisbach's Kinematics and the Power of Trarsmission. Herrmann

—

Klein.) 8vo, 5 00

Machinery of Transmission and Governors. (Herrmann— Klein.). .8vo, 5 00

Hydraul.cs and Hydraulic Motors. (Du Bois.) 8vo, 5 00

Wolff's Windmill as a Prime Mover 8vo, 3 00

Wood's Turbines 8vo, 2 50

MATERIALS OF ENGINEERING.

Bovey's Strength of Materials and Theory of Structures 8vo, 7 50
Burr's Elasticity and Resistance of the Materials of Engineering. 6th Edition,

Reset 8vo

,

7 50
Church's Mechanics of Engineering 8vo, 6 00
Johnson's Materials of Construction Large 8vo, 6 00
Keep's Cast Iron 8vo 2 50
Lanza's Applied Mechanics 8vo, 7 50
Martens's Handbook on Testing Materials. (Henning.) 8vo, 7 50
Merriman's Text-book on the Mechanics of Materials 8vo, 4 00

Strength of Mater'als i2mo, 1 00
Metcalf's Steel. A Manual for Steel-users nmo 2 00
Smith's Wire : Its Use and Manufacture Small 4to, 3 00

Materials of Machines nmo, 1 00
Thurston's Materials of Engineering 3 vols., Svo 8 00

Part II.—Iron and Steel 8vo, 3 50
Part IH.—A Treatise on Brasses, Bronzes, and Other Alloys and their

Constituents 8vo, 2 50
Text-book of the Materials of Construction 8vo 5 00

Wood's Treatise on the Resistance of Materials and an Appendix on the

Preservation of Timber Svo, 2 00

Elements of Analytical Mechanics 8vo, 3 00

STEAM-ENGINES AND BOILERS.

Carnot's Reflections on the Motive Power of Heat. (Thurston.) i2mo, l 50
Dawson's "Engineering" and Electric Traction Pocket-book. . i6mo, mor., 4 00
Ford's Boiler Making for Boiler Makers i8mo, 1 00
Goss's Locomotive Sparks 8vo, 2 00
Hemenway's Indicator Practice and Steam-engine Economy nmo, 2 00

Hutton's Mechanical Engineering of Power Plants 8vo, 5 00

Heat and Heat-engines 8vo, 5 00
Kent's Steam-boiler Economy 8vo, 4 00
Kneass's Practice and Theory of the Injector Svo. 1 50
MacCord's Slide-valves 8vo, 2 00
Meyer's Modern Locomotive Construction 4to, 10 00
Peabody's Manual of the Steam-engine Indicator 12mo, 1 50

Tables of the Properties of Saturated Steam and Other Vapors 8vo, 1 00

Thermodynamics of the Steam-engine and Other Heat-engines 8vo, 5 00
Valve-gears for Steam-engines 8vo, 2 50

Peabody and Miller's Steam-boilers 8vo, 4 00
Pray's Twenty Years with the Indicator Large 8vo, 2 50
Pupln's Thermodynamics of Reversible Cycles in Gases and Saturated Vapors.

(Osterberg.) i2mo, 1 25
Reagan's Locomotives : Simple, Compound, and Electric i2mo, 2 50
Rontgen's Principles of Thermodynamics. (Du Bois.) 8vo, 5 00

Sinclair's Locomotive Engine Running and Management 12mo, 2 00

Smart's Handbook of Engineering Laboratory Practice nmo, 2 50

Snow's Steam-boiler Practice 8vo, 3 00
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Spangler's Valve-gears 8vo, 2 50
Notes on Thermodynamics umo, 1 00

Spangler, Greene, and Marshall's Elements of Steam-engineering 8vo, 3 00
Thurston's Handy Tables 8vo. 1 50

Manual of the Steam-engine 2 vols. . 8vo 10 00
Part I.—History, Structuce, and Theory 8vo, 6 00
Part H.—Design, Construction, and Operation 8vo, 6 00
Handbook of Engine and Boiler Trials, and the Use of the Indicator and

the Prony Brake 8vo 5 00
Stationary Steam-engines 8vo, 2 50
Steam-boiler Explosions in Theory and in Practice 12 mo, 1 50
Manual of Steam-boiler? , Their Designs, Construction, and Operation . 8vo, 5 00

Weisbach's Heat, Steam, a ii Steam-engines. (Du Bois.) 8vo, 5 00
Whitham's Steam-engine 1 esign 8vo, 5 00
Wilson's Treatise on Steam-boilers. (Flather.) i6mo, 2 50
Wood's Thermodynamics. Heat Motors, and Refrigerating Machines. . . .8vo, 4 00

MECHANICS A.ND MACHINERY.

Barr's Kinematics ot Machinery 8vo, 2^50
Bovey's Strength of Materials and Theory of Structures 8vo, 7 50
Chase's The Art of Pattern-making i2mo, 2 50
Chordal.—Extracts from Letters i2mo, 2 00
Church's Mechanics of Engineering 8vo 6 00

Notes and Examples in Mechanics 8vo. 2 00
Compton's First Lessons in Metal-working i2mo, 1 50
Compton and De Groodt's The Speed Lathe i2tno, 1 50
Cromwell's Treatise on Toothed Gearing i2mo, 1 50

Treatise on Belts and Pulleys i2mo, 1 50
Dana's Text-book of Elementary Mechanics for the Use of Colleges and

Schools i2mo, 1 50
Dingey's Machinery Pattern Making i2mo, 2 00
Dredge's Record of the Transportation Exhibits Building of the World's

Columbian Exposition of 18Q3 4to, half morocco, 5 00
Du Bok's Elementary Principles of Mechanics

:

VoL I.—Kinematics 8vo,
Vol. U.—Statics 8vo,
Vol. IH.—Kinetics 8vo,
Mechanics of Engineering. Vol. I Small 4to,

Vol. II Small 4to,

Durley's Kinematics of Machines 8vo,

Fitzgerald's Boston Machinist i6mo, 1 00
Flather's Dynamometers, and the Measurement of Power i2mo, 3 00

Rope Driving i2mo, 2 00
Goss's Locomotive Sparks 8vo, 2 00
Hall's Car Lubrication i2mo, 1 00
Holly's Art of Saw Filing i8mo 75
* Johnson's Theoretical Mechanics 1 2mo, 3 00

Statics by Graphic and Algebraic Methods 8vo, 2 00
Jones's Machine Design:

Part I.—Kinematics of Machinery 8vo, 1 50
Part H.—Form, Strength, and Proportions of Parts 8vo, 3 00

Kerr's Power and Power Transmission 8vo, 2 00
Lanza's Applied Mechanics 8vo, 7 50
MacCord's Kinematics; or, Practical Mechanism 8vo, 5 00

Velocity Diagrams 8vo, 1 50
Maurer's Technical Mechanics. (In preparation.)
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Merriman's Text-book on the Mechanics of Materials 8vo, 4 00

* Michie's Elements of Analytical Mechanics 8vo, 4 00

Reagan's Locomotives: Simple, Compound, and Electric i2mo, 2 50

Reid's Course'in Mechanical Drawing 8vo, 2 00

Text-book of:Mechanical Drawing and Elementary Machine Design. .8vo, 3 00

Richards's Compressed Air i2mo, 1 So

Robinson's Principles of Mechanism 8vo, 3 00

Ryan, Norris, and Hoxie's Electrical Machinery. (In preparation.)

Sinclair's Locomotive-engine Running and]Management nmo, 2 00

Smith's Press-working of Metals 8vo, 3 00

Materials of Machines i2mo, 1 00

Spangler, Greene, and Marshall's Elements of Steam-engineering 8vo, 3 00

Thurston's Treatise on Friction and Lost Work in Machinery and Mill

Work 8vo, 3 00

Animal as a Machine and Prime Motor, and the Laws of Energetics, nmo, 1 00

Warren's Elements of Machine Construction and Drawing 8vo, 7 50

Weisbach's Kinematics : and the Power of Transmission. (Herrmann

—

Klein.) 8vo, 5 00

Machinery of Transmission and Governors. (Herrmann—Klein. ).8vo, 5 00

Wood's Elements of Analytical Mechanics 8vo, 3 00

Principles of Elementary Mechanics i2mo, 1 25

Turbines 8vo, 2 50

The World's Columbian Exposition of 1893 4to, 1 00

METALLURGY.

Egleston's Metallurgy of Silver, Gold, and Mercury:

Vol. I.—Silver 8vo, 7 50

Vol. II.—Gold and Mercury 8vo, 7 50

** Iles's Lead-smelting. (Postage g cents additional.) nmo, 2 50

Keep's Cast Iron 8vo, 2 50

Kunhardt's Practice of Ore Dressing in Europe 8vo, 1 50

Le Chatelier's High-temperature Measurements. (Boudouard—Burgess.) . nmo, 3 00

Metcalf's Steel. A Manual for Steel-users nmo, 2 00

Smith's Materials of Machines nmo, 1 00

Thurston's Materials of Engineering. In Thsee Parts 8vo, 8 00

Part H.—Iron and Steel 8vo, 3 50

Part III.—A Treatise on Brasses, Bronzes, and Other Alloys and their

Constituents 8vo, 2 50

Ulke's Modern Electrolytic Copper Refining 8vo, 3 00

MINERALOGY.

Barringer's Description of Minerals of Commercial Value. Oblong, morocco, 2 50

Boyd's Resources of Southwest Virginia 8vo, 3 00

Map of Southwest Virginia Pocket-book form, 2 00

Brush's Manual of Determinative Mineralogy. (Penfield.) 8vo, 4 00

Chester's Catalogue of Minerals 8vo, paper, 1 00

Cloth, 1 25

Dictionary of the Names of Minerals 8vo, 3 50

Dana's System of Mineralogy Large 8vo, half leather, 12 50

First Appendix to Dana's New "System of Mineralogy.". .. .Large 8vo, 1 00

Text-book of Mineralogy 8vo, 4 00

Minerals and How to Study Them nmo, 1 50

Catalogue of American Localities of Minerals Large 8vo, 1 00

Manual of Mineralogy and Petrography nmo, 2 00

Egleston's Catalogue of Minerals and Synonyms 8vo, 2 50

Hussak's The Determination of Rock-forming Minerals. (Smith.) Small 8vo, 2 00
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* Penfield's Notes on Determinative Mineralogy and Record of Mineral Tests.

8vo, paper, o 50

Rosenbusch's Microscopical Physiography of the Rock-making Minerals.

(Iddings.)
8vo

- 5 00

• Tillman's Text-book of Important Minerals and Docks 8vo, 2 00

Williams's Manual of Lithology 8vo - 3 0O

MINING.

Beard's Ventilation of Mines 12mo> 2 5°

Boyd's Resources of Southwest Virginia • •
-8vo, 3 00

Map of Southwest Virginia Pocket-book form, 2 00

• Drinker's Tunneling, Explosive Compounds, and Rock Drills.

4to, half morocco, 25 00

Eissler's Modern High Explosives
8v0 ' 4 00

Fowler's Sewage Works Analyses i2mo, 2 00

Goodyear's Coal-mines of the Western Coast of the United States 12-mo, 2 50

Ihlseng's Manual of Mining vo * 4

** Iles's Lead-smelting. (Postage oc. additional.) I2m0 ' 2 5°

Kunhardt's Practice of Ore Dressing in Europe 8v0 > ' 5°

O'Driscoll's Notes on the Treatment of Gold Ores 8vo, 2 00

* Walke's Lectures on Explosives
vo> 4

Wilson's Cyanide Processes
"m0

'
l

f°« i2mo, 1 50
Chlonnation Process

Hydraulic and Placer Mining I2mo
-

2 00

Treatise on Practical and Theoretical Mine Ventilation "mo, 1 25

SANITARY SCIENCE.

Copeland's Manual of Bacteriology. (In preparation.)

Folwell's Sewerage. (Designing, Construction, and Maintenance.; 8vo, 3 00

Water-supply Engineering
vo

' 4

Fuertes's Water and Public Health I2mo
«

J 5°

Water-filtration Works 12mo
'

2

Gerhard's Guide to Sanitary House-inspection • • •
• l6mo

Goodrich's Economical Disposal of Town's Refuse Demy 8vo, 3

Hazen's Filtration of Public Water-supplies • •
wo. 3 ~>

Kiersted's Sewage Disposal • • •
••••••" "«„'

Leach's The Inspection and Analysis of Food with Special Reference to State

Control. (In preparation.)

Mason's Water-supply. (Considered Principally from a Sanitary Stand-

point.) 3d Edition, Rewritten 8vo >

Examination of Water. (Chemical and Bacteriological.) i2mo, 1 25

Merriman's Elements of Sanitary Engineering .8vo, 2 00

Nichols's Water-supply. (Considered Mainly from a Chemical and San.Ury

Standpoint.) (1883.)
8v°* 5°

1. . i2mo, 2 00
Ogden's Sewer Design

* Price's Handbook on Sanitation » ^

Richards's Cost of Food. A Study in Dietaries »mo. I 00

Cost of Living as Modified by Sanitary.Science I2mo -

Richards and Woodman's Air, Water, and Food from a Sanitary Stand-
^ ^

point R
'

* Richards and Williams's The DietarylComputer »<>

Rideal's Sewage and Bacterial Purification of Sewage ^o, 3 5

Turneaure and RusseU's Public Water-supplies V| 5

Whipple's Microscopy of Drinking-water •

Woodhull's Notes and MiUtary Hygiene 10mo •

15

1 00

SO

00

50

50



MISCELLANEOUS.

Barker's Deep-sea Soundings 8vo, 2 00

Emmons's Geological Guide-book of the Rocky Mountain Excursion of the

International Congress of Geologists Large 8vo, 1 50

Ferrel's Popular Treatise on the Winds 8vo, 4 00

Haines's American Railway Management nmo, 2 50

Mott's Composition.'Digestibility, and Nutritive Value of Food. Mounted chart. 1 25

Fallacy of the Present Theory of Sound i6mo, 1 00

Ricketts's History of Rensselaer Polytechnic Institute, 1824-1894. Small 8vo, 3 00

Rotherham's Emphasized New Testament Large 8vo, 2 00

Steel's Treatise on the Diseases of the Dog 8vo, 3 50

Totten's Important Question in Metrology 8vo, 2 50

The World's Columbian Exposition of 1893 4*o, 1 00

Worcester and Atkinson. Small Hospitals, Establishment and Maintenance,

and Suggestions for Hospital Architecture, with Plans for a Small

Hospital i2mo, 1 25

HEBREW AND CHALDEE TEXT-BOOKS.

Green's Grammar of the Hebrew Language 8vo, 3 00

Elementary Hebrew Grammar i2mo, 1 25

Hebrew Chrestomathy 8vo, 2 00

Gesenius's Hebrew and Chaldee Lexicon to the Old Testament Scriptures.

(Tregelles.) Small 4to, half morocco, 5 00

Letteris's Hebrew Bible 8vo, 2 25
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