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Preface

Almost every geodetic measurement depends in a fundamental way on the
earth’s gravity field. Therefore, the study of the physical properties of the gravity
field and their geodetic application, which are the subject of physical geodesy,
forms an essential part of the geodesist’s education.

During the ten years that have passed since the writing of The Earth and Its
Gravity Field by Heiskanen and Vening Meinesz, geodesy has progressed
enormously. To incorporate the results of this progress, which has been theo-
retical as w^ll as practical, in a new edition of that book became increasingly
impossible. It was necessary to write an entirely new textbook, one that is dif-
ferent ip both scope and treatment. The great increase in the amount of available
information required a strict limitation to geodetic aspects; advances in theory
made necessary an increased emphasis on mathematical methods. The outcome
is the present book, which is intended to be theoretical in the sense in which the
word is used in the term “theoretical physics.”

This textbook, intended for graduate students, presupposes the background
in mathematics and physics required by geodesy departments of American and
European Universities. The necessary fundamentals of potential theory are
presented in an introductory chapter.

Chapters 1 through 5 cover the material for a basic course in physical geodesy.
Chapters 6 through 8 present a number of more specialized and advanced
topics, where current research activity is high. (These chapters are likely to be
more subjectively biased than the others.) The reader who has mastered them
should be able to begin research of his own. For the sake of completeness we
have added a chapter on celestial methods; this material may be included in the
basic course.



vi Preface

We have tried hard to make the book self-contained. Detailed derivations
are given wherever feasible. Our approach is intuitive: verbal explanations of
the principles were felt to be more important than formal mathematical rigor
although the latter is not ignored.

Our general attitude is conservative. We do not believe that the concept of the
geoid has become obsolete. This does not mean, however, that we are unaware
ot the great significance of recent theoretical developments associated mainly
with the name of Molodensky: we discuss them in Chapter 8.

Observational techniques such as those used in gravity measurements or
astronomical observations are deliberately omitted as being out of place in a
theoretically oriented presentation.

F

Bibliographies of works cited in the text, many of which should be useful for
rirther study, will be found at the end of each chapter; citation in the text is
by author’s name and year of publication—for example, Kellogg (1929).We have not attempted to settle questions of priority. Names associated with
formulas should be considered primarily as convenient labels. Similarly, the most
readily accessible or most comprehensive publication of an author on a par-
ticular topic is given rather than his first.

Most of our own research incorporated in this book has been done at The
Ohio State University. We wish to thank Dr. Walter D. Lambert for carefully
checking parts of the manuscript for correct English.

December 1966 WEIKKO A. HEISKANEN

HELMUT MORITZ
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1
Fundamentals of Potential Theory

1-1* Introduction. Attraction and Potential

It is our purpose in this preparatory chapter to present the fundamentals of
potential theory, including spherical and ellipsoidal harmonics, in sufficient

detail to assure a full understanding of the later chapters. Our intent is to explain
the meaning of the theorems and formulas, avoiding long derivations that can
be found in any textbook on potential theory (see the references at the end of
this chapter). A simple rather than completely rigorous presentation is offered.
Still, the reader will probably consider this chapter rather abstract and perhaps
more difficult than other parts of the book. Since later practical applications
will give concrete meaning to the topics of the present chapter, the reader may
wish to read it only cursorily at first and return to it later when necessary.
According to Newton’s law of gravitation two points with masses mi, m2 ,

separated by a distance /, attract each other with a force

(1-1)

This force is directed along the line connecting the two points; k is Newton’s
gravitational constant. In cgs units the gravitational constant has the value

k = 66.7 X 10~9 cm3
g
-1

sec
-2

, (1-2)

according to measurements made by P. R. Heyl around 1930.

Although the masses mi,' m2 attract each other in a completely symmetrical
way, it is convenient to call one of them the attracting mass and the other the
attracted mass. For simplicity we set the attracted mass equal to unity and
denote the attracting mass by m. The formula

F = k
m

(1-3)



2 Fundamentals of Potential Theory

expresses the force exerted by the mass m on a unit mass located a distance /

from m.

We now introduce a rectangular coordinate system xyz, and denote the co-
ordinates of the attracting mass m by |, rj, f and the coordinates of the attracted
point P by x, y, z. The force may be represented by a vector F with magnitude F
(Fig. 1-1). The components of F are given by

X — —F cos a —

Y = —F cos /3 =

Z = —F cos y =

km x
P /

5ss-se —
7]

P l

km z - r

= —km

'

P

where

/ = V(X - 02 + (y - v)
2 + (Z — f)

2
. (1-5)

We next introduce a scalar function

km

)

v r '-«

called the potential ofgravitation. The components X, Y, Z of the gravitational
force F are then given by

' dV „ BV „ BVy dV
A — ——

j

Bx
BVZ ~
Hz’

as can be easily verified by differentiating (1-6), since

B (l\ 13/ lx - { jc- f

Bx \l) PBx P l

-
.f (1_8)

In vector symbolism (1-7) is written

F = (Z, T,Z) = grad F; (1-7
7

)

that is, the force vector is the gradient vector of the scalar function V.
It is of basic importance that according to (1-7) the three components of the

vector F can be replaced by a single function V. Especially when we consider
the attraction of systems of point masses or of solid bodies, as we do in geodesy,
it is much easier to deal with the potential than with the three components of
the force. Even in these complicated cases the relations (1-7) hold; the function
V is then simply the sum of the contributions of the respective particles.

Thus ifwe have a system of several point masses mh m2, . . . , mn ,
the potential

of the system is the sum of the individual contributions (1-6):

kzp +
k
f!+... + 'zp- k £f.*1 *2 In i=\ M

m(tff

x
FIGURE 1-1

The components of the grcn

1-2. Potential of a Soli

Let us now assume that

v (Fig. 1-2) with densit

where dv is an element

(1-9) becomes an integ
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FIGURE 1-2

Potential ofa solid body.

^Str beU
!
Cen the maSS element dm = P dv and the attractedpoint P Denoting the coordinates of the attracted point by (x, y, z) and of the

writeexplLSr
a WC “ ‘hat ' iS aeai° 8iV“ by('-5)’ “d

V(x, y, z) = k p(£, V, f)

since the element of volume is expressed by

dv = dt\ df
This is the reason for the triple integrals in (1-11).
The components of the force of attraction are given by (1-7). For instance,Wdx dx

- k
iff ^v,n£(j) d^vdt.

Note that we have interchanged the order of differentiation and integration.
Substituting (1-8) into the above expression we finally obtain

X = x~ $
P dv.

d-12)

Similar expressions hold for Y and Z.
The potential V is continuous throughout the whole space and vanishes at

f:

infinity as 1//. This cant
body acts approximately

then approximately give

planets are usually consi

The first derivatives o
throughout space, but n<

changes discontinuously

evident because the pote

where

The symbol A, called the

From (1-13 and 1-14)

must be discontinuous t

Outside the attracting

becomes

This is Laplace's equatio,

potential of gravitation

but not inside the masse

1-3. Potential of a Mate

Now we assume that the

closed surface S, with th

where dS is an element

nevertheless of great the

In exact corresponden

where / is the distance b(

(Fig. 1-3).

On S the potential V
first derivatives. Whereas
the tangent plane) are c

I*



1-3. Potential of a Material Surface 5

infinity as 1//. This can be seen from the fact that for very great distances / the
body acts approximately like a point mass, with the result that its attraction is

then approximately given by (1-6). Consequently, in celestial mechanics the
planets are usually considered as point masses.

The first derivatives of V, that is, the force components, are also continuous
throughout space, but not so the second derivatives. At points where the density
changes discontinuously, some second derivatives have a discontinuity. This is

evident because the potential V satisfies Poisson’s equation:

where
AV= — 4wkp,

dx2 dy2 dz2

(1-13)

(1-14)

The symbol A, called the Laplacian operator, has the form

a2 a2
. a2

ax2 + ay2 + ai2
’

From (1-13 and 1-14) we see that at least one of the second derivatives of V
must be discontinuous together with p.

Outside the attracting bodies, in empty space, the density p is zero and (1-13)

becomes

AF = 0. (1-15)

This is Laplace's equation. Its solutions are called harmonicfunctions. Hence the

potential of gravitation is a harmonic function outside the attracting masses
but not inside the masses: there it satisfies Poisson’s equation.

1-3. Potential of a Material Surface

Now we assume that the attracting masses form a layer, or coating, on a certain

closed surface S, with thickness zero and density

where dS is an element of surface. This case is more or less fictitious but is

nevertheless of great theoretical importance.

In exact correspondence to (1-11) the potential is given by

k
7

dS, (1-16)

where l is the distance between the attracted point P and the surface element dS
(Fig. 1-3).

On S the potential V is continuous, but there are discontinuities even in the

first derivatives. Whereas the tangential derivatives on S (derivatives taken along
the tangent plane) are continuous, the normal derivatives differ according to
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FIGURE 1-3

Potential of a material
surface.

whether we approach S from .the inner or from the outer side. If from the out-

side, then the normal derivative has on S the limit

II — lirku -j-k

s
hl(}) dS - (l-17a)

oa- -j-lirkK -j- k
Jf*w(j)

ds- (l-17b)

if from the inside,

Here and throughout the book, d/dn will denote the derivative in the direction

of the outer normal n (Fig. 1-3).

Thus we see that the normal derivative dV/dn has a discontinuity on S:

10V\ _ (dV\
\dn )e \dn )i

- 4irkic. (1-18)

The following expressions are generalizations of equations (l-17a, b), and
give the discontinuity on S of the derivative of V along an arbitrary direction m:

m =
\dm/ e

—2tPk cos (m, n) + k
Jj

- s

r) dS, (l-19a)

IISis' -\~2irkic cos (m, n) + k
JJ

JL(}K
dm \1

l

^jdS, (l-19b)

where (m ,
n) denotes the angle between the direction m and the normal n. These

Discontinuities occur o:

V is everywhere continue

on S itself, Laplace’s equ

At infinity the potentie

of a solid body, vanishin

The potential of matei

to distinguish it from the

1-4. Potential of a Doub

Imagine a dipole consisti:

— m, separated by a sm
purely fictitious because 1

less mathematically usefi

potential of the positive

the potential of the nega

The total potential of th

Denoting the directioi

Taylor series with respec

1 _ 1

h l

equations are a consequence of (l-17a, b) and of the continuity of the tangential

derivatives.
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p;the tangential
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jPtjtential ofa material

'face.

pside. If from the out-

(l-17a)

(l-17b)

Bgedhtinuity on S:

' (1-18)

!.
! 6nl(l-17a, b), and

oitrajy direction m:
JMimsM 'jf/ .

(l-19a)

%
'

V

i

y

1-4. Potential of a Double Layer 7

•i

Discontinuities occur only on the surface S; inside and outside S the potential

V is everywhere continuous with all its derivatives, satisfying everywhere, except

on S itself, Laplace’s equation for harmonic functions,

AF= 0.

At infinity the potential of a surface behaves in the same way as the potential

of a solid body, vanishing like 1// for / —»- oo

.

The potential of material surfaces is also called single-layer potential in order

to distinguish it from the double-layer potential to be considered next.

1-4. Potential of a Double Layer

Imagine a dipole consisting of two equal point masses of opposite sign, +m and
—m, separated by a small distance h (Fig. 1-4). In gravitation such a case is

purely fictitious because there are no negative masses, but the notion is neverthe-

less mathematically useful. In magnetism, however, there are real dipoles. The
potential of the positive mass is given by

V+ = km
T’

the potential of the negative mass by

The total potential of the dipole is

y-K+y.-bn(i-I)

Denoting the direction of the dipole’s axis by n, we can expand 1/4 into a

Taylor series with respect to 4:

11
4 /

l a2

* + 2^ 42

FIGURE 1-4

Potential of a dipole.

!

-m
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Substituting this into the preceding formula we get

V = k-mh
d_

dn

or, if we denote the product mh, mass times distance, as M,

2 3n2

The quantity mh — M is called dipole moment. Now let the distance h decrease

indefinitely and at the same time let the mass m increase so that the dipole

moment M — mh remains finite. Then the higher order terms tend toward zero

as h — 0, and the expression for V reaches a limit:

*-**&(}} (1 -20)

This is the potential of a dipole.

A double layer on a surface S can be pictured as two single layers separated

by a small distance h. The surface normal n intersects the two layers at two

points P and P' which are very close and have surface densities of equal mag-

nitude k and opposite sign (Fig. 1-5). Hence, every corresponding pair of points

P, P' form a dipole with dipole density (density of dipole moment)

< dM
M = dS

’

which in the above figure, is given by p = nh (h very small, k very large).

From (1-20), by summing (integrating) over all dipoles, which are continuously

distributed over the surface S, we get

s s

This is the potential of the double layer on the surface S.

( 1
-21 )

FIGURE 1-5

The double layer potential as the limit of the

potential of two single layers on two neighboring

parallel surfaces.
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|f dipole moment)
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the limit of the

on two neighboring

1-5. Gauss’ and Green’s Integral Formulas 9

It is continuous everywhere except on the surface S; there we obtain two
different limits for the potential, depending on the side (inner or outer) from
which we approach S:

lirk/i -f-

-27rkgi + fJ’TnO)*

(l-22a)

(l-22b)

The difference,

V, - Vi = 4trkp, (1-23)

is the discontinuity to which V is subjected at the surface S as we pass from the
outside to the inside.

Although equations (l-22a, b) are similar in appearance to (l-17a, b), they
are basically different. In equations (l-17a, b) the differentiation d/dn refers to
the surface normal in the attracted point P if, as a limit, it lies on the surface S
itself. In the formulas for the double-layer potential, and consequently in
(l-22a, b), the differentiation d/dn is taken along the surface normal in the
variable attracting point which carries the surface element dS. Of course, n is

the outward direction of the surface normal in both cases.

The double layer must be sharply distinguished from the single layer, or
coating, the difference being that between mass dipole and point mass. Common
to both is the behavior at infinity (vanishing like 1//) and the fact that they are
harmonic in both the interior and the exterior of 5, satisfying Laplace’s equa-
tion there. On S itself, however, they have discontinuities of a completely dif-
ferent nature, and it is these very discontinuities that make these fictitious

potentials mathematically useful, especially in connection with Green’s theo-
rems.

1-5* Gauss’ and Green’s Integral Formulas

Green’s theorems and related integral formulas are among the basic equations
of potential theory; they are indispensable tools for certain problems of theo-
retical geodesy.

Gauss formula. We start with Gauss’ integralformula.

Iff
div F dv = ffFn dS, (1-24)

» s

where v is the volume enclosed by the surface S, Fn is the projection of the vector
F onto the outer surface normal n (i.e., the normal component of F), and div F
is the so-called divergence of the vector F. If F has the components X, Y, Z,
that is,

F = (X, Y,Z),
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ax SY dZ'

dx dy dz
(1-25)

Since Gauss' formula is well known and can be found in any textbook on

engineering mathematics or mathematical physics, we need not derive it here.

Instead we shall try to make it understood intuitively.

Formula (1-24) is valid for any vector field, whatever its physical meaning.

Especially clear is the case in which F is the velocity vector of an incompressible

fluid. Inside the surface S there may be sources of flow in which fluid is generated

or sinks in which fluid is annihilated. The strength of the sources or sinks is

measured by div F. The integral on the left-hand side of (1-24) is the amount of

fluid generated (or annihilated) in unit time by the combined action of the

sources and sinks inside S; the right-hand side is the amount of fluid flowing

in unit time across the surface S. Gauss’ formula (1-24) expresses the evident

fact that both quantities are equal.

In the case where F is the vector of the gravitational force, the intuitive inter-

pretation is not so obvious, but the analogy to fluid flow is often useful. In

gravitation the components X, Y, Z of the force can be derived from a potential

V by equations ( 1 -7)

:

y 9V v dV „ dV
dx dy dz

Hence

_ dx . dY . dz dw
,

dw
,

dw AT,divF + — + _ = — + = AV,
dX dY
dx

+
dy

+ &V dfV_+
dy2 + dz2

so that by Poisson’s equation (1-13)

divF= —4trkp.

This can be interpreted to mean that the masses are the sources of the gravita-

tional field; the strength of the sources, divF, is proportional to the mass
density p. The right-hand side of (1-24) is called flux offorce, in our case gravi-

tational flux, also in analogy to fluid flow.

For any force whose components can be derived from a potential V according

to equations (1-7), Gauss’ formula may be expressed in terms of the function V.

For the moment we take the positive x-axis in the direction of the outer

surface normal n; then the normal component of F is the x-component X:

Fn = X. Then since dV/dx = dV/dn, the derivative of V in the direction of the

outer normal n, we see from (1-7) that

dV

.

In deriving (1-26) froSS

is the gradient of a functv

equation for the gravitat

arbitrary function V whic

Green’s formulas. Thes

where I/, V are functio

F = (X, Y, Z) is then gh

In order to see this, coi

The divergence is, by (1-

Thus, (1-24) becomes

UAVdv +

Inserting this and the relation div F = AF into (1-24) we get

-//sr (1-26)

This is Gauss’ integralformulafor the potential.

:
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In deriving (1-26) from (1-24) we have used only the fact that the force F
is the gradient of a function V. We need not assume that V satisfies Poisson’s

equation for the gravitational field. Therefore, Gauss’ integral holds for an
arbitrary function V which is sufficiently regular and differentiable.

Green’s formulas. These formulas are derived from (1-24) by the substitution

X=U
dx

’ Z = u 8V
dz

’

where U, V are functions of x, y, z. The normal component of the vector

F = (X, 7, 2) is then given by

In order to see this, consider again
1

the x-axis coinciding with the normal n.

The divergence is, by (1-25),

divF

Thus, (1-24) becomes

dUdV. dUdV . dUdV
, rrAT,

dx dx dy dy dz dz

U AV dv +fffm
dUdV dUdV\
dy dy dz dz )

0-27)
This is Green’s first identity.

If in this formula we interchange the functions U and V and subtract the new
equation from the original, we obtain

JJJ
(UAV — V^)dS. (1-28)

v . S

This is Green’s second identity.

In these formulas we have presupposed the functions U, V to be continuous

and finite in the spatial region v (i.e., inside and on the surface S) and to have
continuous and finite partial derivatives of the first and second order there.

Of great importance is the case in which

where / is the distance from a certain fixed point P. IfP is outside the surface S,

then l/l is regular inside and on S, and U satisfies the conditions mentioned.

If, however, P is inside S or on S, then l/l becomes infinite at a point in v and

(1-28) cannot be applied directly but must be modified. Omitting the derivation

we state only the result

:

JJJ j &Vdv = —pV + JJ
v S

ri£!:_ Fi./Tn
J dn dn \l /_

dS, (1-29)
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where
fAir if P insideS,

p - 2ir if P on S,

[0 ifP outside S.

This is Green’s third identity. It differs from the second identity (1-28) by the

term —pV. The reason for the different forms of (1-29), according as point P

is inside, on, or outside S, is the term containing d/3n(\/t), which can be re-

garded as a double-layer potential having discontinuities on S. IfP is outside S,

then l/l is regular in «, and equation (1-29), with p = 0, is an immediate con-

sequence of (1-28); v is the interior of the surface 5 (including S itself), and n

is the normal to S, directed outward.

Green’s third identity (1-29) is also valid if v is the exterior of the surface S

and the normal n is the inner normal of S. If we wish to maintain n as the outer

normal, then we have to reverse the sign of 3/dn, getting

where

j
AF dv = —pV —

Uir if P outside S,

p
—

-i 2ir if P on S,

0 if P inside S.

(i-29')

This is Green’s third identity for the exterior of the surface S. It is valid for

functions F that, besides satisfying the general requirements for Green’s identi-

ties, satisfy certain conditions at infinity, such as vanishing there.

1-6. Applications of Green’s Integral Formulas

In order to show the significance and usefulness of Green’s identities, we shall

now apply them to special cases.

1. In the third identity (1-29) we set V = 1. Then

ff
*L(][

^jdS =
|

— 4ir

— 2ir

ifP inside S,

if P on S, (1-30)

JJ 3n\l
s Ip

if P outside S.

These formulas, which are sometimes useful, are also due to Gauss. They may

be considered theorems on the potential of a double layer of constant density

kp. = 1. Such a potential has a constant value inside the surface and is zero

outside, with the characteristic discontinuity (1-23) on S’.

2. In this case V is a harmonic function outside S’: AF = 0. If the point P

is also outside S, then the third identity (1-29') yields <jp
= 4tt):

V

This formula shows that

sum of a surface potential!

and a double-layer potent!

3. Again F is harmonii

V = Vo
- const., that is,

surface. Then, for a point

The second integral is zer

This formula, attribute

be represented as a singl

V = const. If V is the Nt

we can say that any solid
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(1-31)
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Surface and is zero

0. If the point P

This formula shows that every harmonic function may be represented as the

sum of a surface potential (1-16), with density

1 dV
K

4irk dn ’

and a double-layer potential (1-21), with density p. = V/(4trk).

3. Again V is harmonic outside S. We further assume S to be a surface

V = Vo — const., that is, a surface of constant potential V, or an equipotential

surface. Then, for a point P outside S, we get from (1-31)

The second integral is zero according to (1-30). Hence

This formula, attributed to Chasles, shows that every harmonic function can

be represented as a single-layer potential on any of its equipotential surfaces

V = const. If V is the Newtonian potential of a solid body which lies inside S,

we can say that any solid body can be replaced by a suitable surface layer on one

of its outer equipotential surfaces S without changing its potential outside S

(Fig. 1-6).

We shall now give two somewhat more elaborate examples which are of basic

importance to physical geodesy.

4. In the second identity (1-28) we set U = 1. We again get Gauss’ formula

(1-26):

///"'W/s?®

equipotential

surfaceSV
V=Va X

FIGURE 1-6

Theorem ofChasles. The potential, at any

point P outside S, of a surface layer of

density k = — (Ark)”1 8V/dn is the same

as that of the attracting solid itself.
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Apply this formula to the potential W of gravity (gravitation plus centrifugal

force; see Section 2-1):

The function W satisfies an equation (2-6)

AW — —4irkp + 2co
2
,

which is similar to Poisson’s equation (1-13); o> is the angular velocity of the

earth’s rotation. Let v be the earth and S its physical surface. Then, as we shall

-2ttW +

AH quantities in this equllj

Equation (1-34) relates!®

g. If W and g are given, it

some way the above equa

be considered the matheii

surface S of the earth fror,

the famous theory of Mol(

= ~gn.

which is the component of gravity normal to the earth’s surface S.

Taking these two relations into account we find

JJJ
(— 4wkp + 2oj

2
) dv = —

- JJ gn dS

s' dS+ 2ik
v’ (1-33)

where

is the mass of the earth and v is its volume. Basically, this equation is the reason

why it is possible to determine the mass of the earth from measured gravity.

Note that it is not necessary for this purpose to know the detailed density

distribution in the interior of the earth!

5. Consider again the earth and its gravity potential W and apply the third

identity (1-29) to a point on the earth’s surface. Then p = 2?r, so that we have

/// }
AW* + 2«W - fj

- Ifl @] dS - 0.

With the same substitutions as before we get

j(-4irkP + 2^)dv + 2^W + Jj ^^(7) + J dS = 0

and, according to (1-11),

jdV + ~
63

2(X2 + /),

1-7. Harmonic Functions.
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— 2irW + JJ + J dS + 2™2
(*

2 + f) + 2o>
2

Jfj j = 0.

£ V

(1-34)

All quantities in this equation are referred to the surface S.

Equation (1-34) relates the surface S to the gravity potential W and the gravity

g. If W and g are given, it is -thus reasonable to assume that one can solve in

some way the above equation for the surface S. Actually, this equation may
be considered the mathematical basis for the determination of the physical

surface S of the earth from measured potential W and gravity g, according to

the famous theory of Molodensky (see Chapter 8).

1-7. Harmonic Functions. Stokes’ Theorem and Dirichlet’s Principle

Earlier we have defined the harmonic functions as solutions of Laplace’s equa-

tion

AV = 0. t

More precisely, a function is called harmonic in a region v of space if it satisfies

Laplace’s equation at every point of v. If the region is the exterior of a certain

closed surface S, then it must in addition vanish like 1 // for / —y- <*> . It can

be shown that every harmonic function is analytic (in the region where it satisfies

Laplace’s equation); that is, it is continuous and has continuous derivatives of

any order.

The simplest harmonic function is the reciprocal distance

1 _ 1

1
~
V(x — 0* + (y - vf + iz - ff

between two points (£, n, t) and (x, y, z), considered as a function of x, y, z.

It is the potential of a point mass m = l/k, situated at the point (£, 17, f); com-

pare (1-5) and (1-6) for km = 1.

It is easy to show that 1 // is harmonic. We form the following partial deriva-

tives with respect to x, y, z in the fashion of (1-8):

Adding the last three equations and recalling the definition of A we find

that is, 1 // is harmonic.
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The point (f, rj, t), where / is zero and 1// is infinite, is the only point to which

we cannot apply the above derivation; 1/l is not harmonic at this singular point.

As a matter of fact, the slightly more general potential (1-6) of an arbitrary

point mass m is also harmonic except at (£, i;, f), because (1-35) remains un-

changed if both sides are multiplied by km.

Not only the potential of a point mass, but also any other gravitational

potential is harmonic outside the attracting masses. Consider the potential

(1-11) of an extended body. Interchanging the order of differentiation and
integration we find from (1-11)

AK " k&
[III t *]

“
* Ilf

<*
(r)

* “ °i

V ’ V

that is, the potential of a solid body is also harmonic at any point P(x, y, z)

outside the attracting masses.

If P lies inside the attracting body the above derivation breaks down, since

1/7 becomes infinite for that mass element dm (£, ??, f) which coincides with

P(x,y, z), and (1-35) does not hold. This is the reason why the potential of a

solid body is not harmonic in its interior but instead satisfies Poisson’s differ-

ential equation (1-13).

In exactly the same manner it may be shown that the potential (1-16) of an
attracting layer on a surface S is harmonic at all points except the points of S
itself. As a consequence we see that the potential (1-21) of a double layer is also

harmonic everywhere except on the surface S, since the double-layer potential

may be considered the limit of the combined potential of two neighboring

surface layers; compare Fig. 1-5.

Thus the gravitational potential is harmonic at all points where there are no
attracting masses, and, consequently, so is the outer potential of the earth if

we disregard the atmosphere and the centrifugal force. This is the reason for

the basic importance of harmonic functions in physical geodesy.

In general, the same harmonic function can be generated by many different

mass distributions. A well-known example is the exterior potential of a homoge-
neous sphere:

whereM is the mass of the sphere and / is the distance from its center. 1 Hence all

concentric homogeneous spheres of the same total mass M, regardless of their

size, generate the same potential. The potential is the same as if the total mass
were concentrated at its center, because the potential of a point mass is also

given by this formula.

Another example is the theorem of Chasles (1-32). Take any Newtonian

potential V and denote one]
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potential V and denote one of its exterior equipotential surfaces by 5
1

. Outside S,

the potential will be the same as that of a surface layer of density

l_dV.
4ivk dn’

see Fig. 1-6.

These are particular instances of Stokes’ theorem. A function V harmonic
outside a surface 5 is uniquely determined by its values on S. In general, how-
ever, there are infinitely many mass distributions which have the given harmonic
function V as exterior potential.

It is therefore impossible to determine uniquely the generating masses from
the external potential. This inverse problem of potential theory has no unique

solution (direct problem: determination of the potential from the masses, in-

verse problem: determination of the masses from the potential). The inverse

problem occurs in geophysical prospecting by gravity measurements: invisible

masses are inferred from disturbances of the gravity field. To determine the

problem more completely, additional information is necessary, which is fur-

nished, for example, by geology or by seismic measurements.

Because of the importance of Stokes’ theorem we shall give a simple proof

of its first part. Let a given mass distribution generate a potential V and let S
be a surface that encloses all masses. Assume that a different mass distribution

inside S generates a potential V' which takes on the same values on the surface S.

If we denote the difference V' — V by U, then, according to our assumption,

U = 0 on S. Taking Green’s first identity (1-27) and setting both functions equal

to each other, we get

dv uf-dS.
dn

v v s

We apply this equation to the exterior of S, so that v is the region outside S. 1

Because U = V — V, being the difference of two harmonic functions, is also

harmonic outside S, we have At/ = 0 in v; in addition, U = 0 on S. Hence the

right-hand side and the first integral of the left-hand side vanish, and we get

fff r/duy
,

/duy
,
fauyi ,

ill LU) + Ur) + \TZ ) \
* -

If only one derivative of U is different from zero, this equation cannot hold,

because the integrand is always positive or zero. Thus, all derivatives of U
must be zero; that is, U is a constant. Since U, as a harmonic function, must be

zero at infinity, the constant must be zero. Hence, V — V — 0 or V — V
throughout v, which is what we set out to demonstrate.

Stokes’ theorem states that there is only one harmonic function V that as-

sumes given boundary values on a surface S, provided that such a harmonic

'This is possible if U is harmonic, because the regularity conditions at infinity; mentioned
at the end of the preceding sections, are satisfied in this case.
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v

function exists. The assertion that for arbitrarily prescribed boundary values

there always exists a harmonic function V that assumes on S the given boundary

values is called Dirichlet’s principle. We have two different cases: V harmonic

outside S, and V harmonic inside S.

Dirichlet’s principle has been proved for very general cases by the work of

many mathematicians, for example, Poincare and Hilbert; the proof is very

difficult.

The problem of computing the harmonic function (inside or outside S) from

its boundary values on S' is Dirichlet’s problem, or the first boundary-value

problem ofpotential theory. We shall return to it in Section 1-16.

Finally we remark that there is no function that is harmonic throughout the

entire space (except the trivial case fsO): at least one singularity always

occurs. The potential of a point mass, V = km/7, is singular for l = 0; the

potential of a surface distribution or of a double layer on a surface S is harmonic

inside and outside S, but not on S itself.

1-8. Laplace’s Equation in Spherical Coordinates

The most important harmonic functions are the so-called spherical harmonics.

To find them we introduce spherical coordinates: r (radius vector), 6 (polar

distance), X (geocentric longitude) (Fig. 1-7). Spherical coordinates are related

to rectangular coordinates x, y, z by the equations

x = r sin 0 cos X,

y — r sin 0 sin X, (1-36)

z = r cos 0;

or inversely by

Vx2 + y2 + z2,

t
Vx2 + y2

tan 1 -

(1-37)
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1

? _
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1-8. Laplace's Equation in Spherical Coordinates 1

9

To get Laplace’s equation in spherical coordinates we first determine the

element of arc (element of distance) ds in these coordinates. For this purpose

we form

dx = £ dr +
d

i de +f^’

dy=
?r

dr +
fe

de + d

I dK

dz =
¥r

dr +
¥e

dd + i dx -

By differentiating (1-36) and inserting it into the elementary formula

els
2 = dx2 + dy2 + dz2

we obtain

ds2 = dr2 + r2 dd2 + r2 sin2 9 dX2
. (1 -38)

We might have found this well-known formula more simply by geometrical

considerations, but the approach used here is more general and can also be
applied to ellipsoidal coordinates.

In (1-38) there are no terms with dr dd, drd\, and dd d\. This expresses the

evident fact that spherical coordinates are orthogonal: the spheres r = const.,

the cones 9 = const., and the planes X = const, intersect each other orthogo-

nally.

The general form of the element of arc in arbitrary orthogonal coordinates

qu qi, q3 is

els
2 = h\ dcfi + h\ dql + hi dqt.

It can be shown that Laplace’s operator in these coordinates is

1 T d hh2h3 dV\ . d

(1-39)

AV d / lhh-j dF\
hjidii _dqi \ hi dqi ) dq3

For spherical coordinates we have qx — r, q2 = 6, q3

(1-38) and (1-39) shows that

hi = 1, h = r, h3 = r sin 0.

Substituting these into (1-40) we get

(^Z\ + JL(hjHWX\.
ci_40)

V hi dqj ^ dq3 V hi dqjJ

X. Comparison of

AV = 1 d ,dF\
+

r2 dr\ dr )

On performing the differentiations we find

1 d / . an 1 .
d2V

r2 sin 8 8dV
m J

dd ) ' r2 sin2 9 d\2 ‘

v _ d2V 2 dV 1 dW cotddV 1 d2V
~ dr2

~t~
r dr

+
r2 dd2 r2 dd

+
r2 sin2 9 d\2

= 0,
,

(1-41)

which is Laplace’s equation in spherical coordinates. An alternative expression

is obtained by multiplying both sides by r?

,&V
dr2

dV
,

d2V dV+ 2r
dF +W + cote

dd
+ 1 d2V

sin2 e ax2
0. (1-410
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This form will be somewhat more convenient for our subsequent development.

1-9. Spherical Harmonics

We shall attempt to solve Laplace’s equation (1-41) or (1-41') by separating

the variables r, 6, X by means of the trial substitution

V(r,e,\)=f(r)Y(e,\), (1-42)

where/ is a function of r only and Y is a function of 0 and X only. By making

this substitution in (1-41') and dividing byfY we get

-M" + 2rf')
'd2Y

,

1 d2Y~

y de
2 + cot 0

do
+

sin2 0 ax2
,

where the primes denote differentiation with respect to the argument (r, in this

case). Since the left-hand side depends only on r and the right-hand side only

on 0 and X, both sides must be constant. We can therefore separate the equation

into two equations:
;

r2f"(r) + 2rf(r) - n(n + 1 )/(/•) = 0, (1-43) /

d2Y . ..dY,
—r + COt 0— +

sin2 e ax2 + n(n + 1)7 = 0,

where we have denoted the constant by n(n +1).
Solutions of (1-43) are given by the functions

f(r) = rn and: f(r) = r_(n+1> ;
(1-45)

this should be verified by substitution. Denoting the as yet unknown solutions

of (1-44) by Yn(6, X) we see that Laplace’s equation (1-41) is solved by the func-

tions

V = r-Yfd, X) and F = (1-46)

These functions are called solid spherical harmonics, whereas the functions

Yn(0, X) are known as (Laplace’s) surface spherical harmonics. Both kinds are

called spherical harmonics', the Kind referred to can usually be judged from the

context.

Later we shall see that n is not an arbitrary constant but must be an integer

0,1, 2,. . ,

.

If a differential equation is linear, and if we know several solutions,

then, as is well known, the sum of these solutions is also a solution. Hence we

conclude that

.

w _ V1 V fa ^ 1 TS _ V'.V=Yj >-
n Yfe,\) and F=X/ (1-47)

I;

are also solutions of Laplace’s equation AV — 0; that is, harmonic functions.

The important fact is that every harmonic function—with certain restrictions^

—

can be expressed in one of the forms (1-47).
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• 99
T

sin2 0 3X2

/
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1-10. Surface Spherical Harmonics

Now we have to determine Laplace’s surface harmonics Yn(6, X). We attempt

to solve (1-44) by a new trial substitution

Yn(e, X) = g(e)h(X), (1-48)

where the functions g and h each depend on one variable only. Making this

substitution in (1-44) and multiplying by sin2 6/gh we find

(sin 8 g" + cos 8
g' + n(n + 1) sin 8 g) =

8 n

where the primes denote differentiation with respect to the argument: 8 in g,

X in h. The left-hand side is a function of 8 only, and the right-hand side is a

function of X only. Therefore, both sides must again be constant; let the constant

bera2
. Thus the partial differential equation (1-44) splits into two ordinary dif-

ferential equations for the functions g(8) and h(X):

sin 6 g"(6) + cos 8 g'(0) + [n(n + 1) sin 8 - S-~\ g(8) fa. 0; (1-49)
L sm c/

1

//'(X) + mViCX) = 0. (1-50)

Solutions of the second equation are the functions

h(X) = cosm\ and h(X) = sin mX, (1-51)

as may be verified by substitution. The first equation is more difficult. It can be

shown that it has physically meaningful solutions only if n and m are integers

0, 1, . . . and if m is smaller than or equal to n. A solution Of (1-49) is the

so-called Legendre function Pnm(cos 6), which will be considered in some detail

in the next section. Hence

g(0) = P»m(cos 0), (1-52)
and the functions

Yn(0, X) = Pnm(cos 8) cos mX and Yn(8, X) = Pnm(cos 8) Sin mX (1-53)

are solutions of the differential equation (1-44) for Laplace’s surface harmonics.

Since this equation is linear, any linear combination of the solutions (1-53)

is also a solution. Such a linear combination has the general form

n

Yn(0, X) = ^ [anmPnm(cos 8) cos mX + bnmPnm(cos 8) sin mX],
TO—

0

where anm and bnm are arbitrary constants. This is the general expression for

the surface harmonic Yn .

Inserting this into equations (1-47) we see that

°o n

V(r, 0, X) = ^2 rn [anmPnJi.cos 0) cos mX + bnmPnm(cos 0) sin mX], (l-54a)
n= 0 to—

0

Ve(r, 8, X) = ^2 —£ ^2 [anmPnm(cos 0) cos mX + bnmPnm(cos 0) siri mX] (l-54b)
n= 0

™
to— 0
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are solutions of Laplace’s equation AF = 0; that is, harmonic functions.

Furthermore, as we have mentioned, they are very general solutions indeed:

every function which is harmonic inside a certain sphere can be expanded into

a series (l-54a), and every function which is harmonic outside a certain sphere

(such as the earth’s gravitational potential) can be expanded into a series

(l-54b). Thus we see how spherical harmonics can be useful in geodesy.

1-11. Legendre’s Functions

In the preceding section we have introduced Legendre’s function Pnm(cos 0) as

a solution of Legendre’s differential equation (1-49). The n denotes the degree

and m the order of Pnm .

It is convenient to transform Legendre’s equation (1-49) by the substitution

t=cos9. (1-55)

In order to avoid confusion, we use an overbar to denote g as a function of t.

Hence
g(o) = g(0,

g"(0) = g"(t) sin2 6 — g'(t) cos 9.

Inserting these into (1-49), dividing by sin 9, and then substituting sin2 9 = 1 — P

we get

(1 - F)g"(0 - 2fg'{t) +
|

n(n + 1)n(n
1 - f 1(0 = 0 . (1-56)

The Legendre function g(t) = Pnm(t), which is defined by

PUi) = 2^1 (1 - ^ (f - 1)"> (1-57)

satisfies (1-56). Apart from the factor (1 - f)m>2 = sin”1 9 and from a constant,

the function Pnm is the (n + m)th derivative of the polynomial (t
2 — l)

n
. It can

thus be evaluated without difficulty. For instance,

Pu(0 = % if - 1) = i Vl - f-2 = Vl — f = sin 6.

The case m = 0 is of particular importance. The functions Pn0(0 are often

simply denoted by P„(t). Then (1-57) gives

Pn(0 = Pno(0 = 24yf-„0
2 - Dn

- d-570

Because m = 0, there is no square root, that is, no sin 9. Therefore, the Pff) are

simply polynomials in t. They are called Legendre's polynomials. We give the

first few Legendre polynomials for n — 0 through n — 5:
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gendre’s function P»m(cos 0) as

-49). The n denotes the degree
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(1-55)

to denote g as a function of t.

:'(t) sin 6,

hen substituting sin2 0 = 1 — f

F T~f 1(0 = o. (i-56)

s. defined by

I

t?
-

0", (1-57)

||sin
m

6 and from a constant,

|ppIynomial (f - 1)», It can

- f = sin 0.

functions Pn0(/) .are often

I (1-570

rerefore, the Pn(f) are

jjbmials. We give the

Po(t) = 1,

Pit) = t,

ft(0 = \
p-\t,

35 15 3
^(0 = f +

m = Pe(0 = 35,3 + 1

5

4
+

8

Remember that

t = cos 0.

The polynomials may be obtained by means of (1-570 or more simply by the

recursion formula

Pn{0 = Pn-if) + tPn-if), (1-59)

by which P2 can be calculated from P0 and Ph P3 from Pi and P2, etc. Graphs

of the Legendre polynomials are shown in Fig. 1-8.

The powers of cos 0 can be expressed in terms of the cosines of multiples of 0,

such as

cos2 0 = i cos 20 + cos3
(

1 3

^
cos 30 + ^

cos 6.

Therefore, we may also express the Pn(cos 6) in this way, obtaining

3 1

P2(cos 6) = ^
cos 2d +

5 3
Picos 6) =

g
cos 30 + g

cos 0,

Pi(COS 0) = 77 COS 40 + ™ COS 20 + 27’
b4 lo 64

63 35 15
P6(cOS 0) = 777 COS 50 + 77^ COS 30 + 77 COS 0,

Izo Izo o4

(1-580

If the order m is not zero—that is, for m = 1,2, ...

,

n—Legendre’s functions

Pnm(cos 0) are called associated Legendre functions. They can easily be reduced

to the Legendre polynomials by means of the equation

PnJf) = (1 - P)m/2
d’

nPn(t)

which follows from (1-57) and (1-57'). Thus the associated Legendre functions

are expressed in terms of the Legendre polynomials of the same degree n.

We give some Pnm, writing t = cos 0, Vl — p — sin 0:

Pn(cos 0) = sin 0, P81 = sin 0 cos2 0

P2i(cos 0) = -3 sin 0 cos 0, P32 = 15 sin2 0 cos 0,

P22(cos 0) = 3 sin2 0, P33 = 15 sin3 0.

(1-61)



FIGURE 1-8

Legendre's polynomials as functions of t = cos 6. Top, n even; bottom, n odd.

We also mention an explicit formula for any Legendre function (polynomial

or associated function):

p,M - 2~<1 - <)-«i (r if
ti (
,.g^-a)i r-“. <‘-62>

where r is the greatest integer g (n — m)/2; i.e., ris (n — m)/2 or (n — m — l)/2,

whichever is an integer. This formula is convenient for use in programming an

electronic computer.



notion (polynomial

jj- “, ( 1
-62)

or(n - m — l)/2,

programming an

the quantity n\ having been cancelled out. The rth derivative of the power I
s is

^OT- S(S - !)...(*

Setting /• — n + m and s = 2n — 2fc we have

^n+’”

(f.n-ih\ _ (2n — 27c)!

' (n — m — 2k)\
1

\

Inserting this into the above expression for Pnm(t) and noting that the lowest

possible power of t is either t or f - 1, we obtain (1-62).

The surface spherical harmonics are Legendre’s functions multiplied by

cos m\ or sin m\:

' As this useful formula is seldom found in the literature, we show the deriva-

tion, which is quite straightforward. The necessary information on factorials

may be obtained from any collection of mathematical formulas.

The binomial theorem gives

o2 - 1)" = £ (- n{l) t
2n~2k = £ (- if

&= 0 "
• jfe*

o

pun = £d -^£ (
_ 1)fc

k\(n — k)\ dtn+m

The geometrical representation of these spherical harmonics is useful. The

harmonics with m = 0—that is, Legendre’s polynomials—are polynomials of

degree n in t, so that they have n zeros. These n zeros are all real and situated in

the interval — 1 Sa t S +1, that is, 0 ^ 9 g x (Fig. 1-8). The harmonics with

m = 0 thus change their sign n times in this interval ;
furthermore, they do not

depend on X. Their geometrical representation is therefore similar to Fig. 1-9,

case a. Since they divide the sphere into zones, they are also called zonal har-

monics.

The associated Legendre functions change their sign n — m times in the

interval 0 sS 6 :S it. The functions cos m\ and sin rrik have 2m zeros in the

interval 0 ^ X < 2-ir, so that the geometrical representation of the harmonics for

1-11. Legendre’s Functions 25

Thus (1-57) becomes

degree 0

degree 1

degree 2

and so on.

Po(cos0);

Pi(cos 8),

Pii(cos 0) cos X, Pn(cos 0) sin X

;

P2(cos 0),

P2i(cos 0) cos X, P2i(cos 0) sin X,

P22(cos 0) cos 2X, P22(cos 0) sin 2X

;
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(a)

FIGURE 1-9

The different kinds ofspherical harmonics: {a) zonal, (b) tesseral, (c) sectorial.

m 0 is similar to that of case b. They divide the sphere into compartments
in which they are alternately positive and negative, somewhat like a chess

board, and are called tesseral harmonics} Tn particular, for n — m, they de-

'

generate into functions that divide the sphere into positive and negative sectors,

in which case they are called sectorial harmonics (Fig. 1-9, case c).

1-12. Legendre’s
7F

Legendre’s function*

equation (1-56). There

equation. It is called-

order m, and denoted

Although the Qnff) a

satisfy relationships very

The “zonal” functions

are defined by

<2.(0 =

and the others by

Equation (1-64) is comp

<2„(0 satisfy the same re

If we evaluate the firsl

1 1 4-

<2o(o=4 ln r-
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1-12. Legendre’s Functions of the Second Kind

Legendre’s function Pnm(f) is not the only solution of Legendre’s differential

equation (1-56). There is a completely different function which also satisfies this

equation. It is called Legendre’s function of the second kind, of degree n and

order m, and denoted by Qnm(t).
Although the Qnm(t) are functions of a completely different nature, they

satisfy relationships very similar to those satisfied by the Pnm(t).
The “zonal” functions

Qn{t) s Qno(0

are defined by

Qn(f) = \
Pn(t) In - £ l

P*-l(t)Pn-k(t), (1-63)

and the others by

Qnm(t) = (1 - f)mli (1-64)

Equation (1-64) is completely analogous to (1-60); furthermore, the functions

QJf) satisfy the same recursion formula (1-59) as the functions Pff).

If we evaluate the first few Qn by (1-63) we find

Qo(t) = - In = tanh- 1
1,

Qxit) = \
In - 1 = * tanh"1

t -i, (1-65)

a«) - (l <
! - j) ta -

|
< - (I

- 5)
tanh- t-\t.

These formulas and Fig. 1-10 show that the functions Qnm are really quite

different from the functions Pnm - From the singularity ±» at t = ±1 (i.e.,

6 = 0 or ir) we see that it is impossible to substitute g„m(cos 6) for Pnm(cos 6) if 9

means the polar distance, for harmonic functions must be regular.

However, we shall encounter them in the theory of ellipsoidal harmonics

(Section 1-20), which is applied to the normal gravity field of the earth (Section

2-7). For this purpose we need Legendre’s functions of the second kind as

functions of a complex argument. If the argument z is complex we must replace

the definition (1-63) by

Qfz) = \
Pn(z) In -±1 PUz)P«-fz), (1-630

where Legendre’s polynomials Pn(z) are defined by the same formulas as in the

case of a real argument t. Thus the only change as compared to (1-63) is the

replacement of

1-12. Legendre’s Functions of the Second Kind 27

\ ^ \~—~t
= tanh 1

1
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In this section we are concerned with surface spherical harmonics. In (l-54a, b)

we have expanded harmonic functions in space into series of solid spherical

harmonics. In a similar way an arbitrary (at least in a very general sense) func-

coth-1 z

1-13. Expansion Theorem and Orthogonality Relations

FIGURE 1-10

Legendre’s functions of the second kind. Top, n even; bottom, n odd.

coth-1 z,

= coth-1 z.

e«-|lnf±| z cotbr (1-65')

In particular we have



In (l-54a, b)

Spherical

Bse) func-

t=cos9

—- t*cosd
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tion f(d, X) on the surface of the sphere can be expanded into a series of surface

spherical harmonics:

oo oo n

fie, X) = Yj Y-(e’ X) = X) £ [0nmRnmid, X) + bnmSnm(6, X)], (1-66)

n = 0 n — 0 m= 0

where we have introduced the. abbreviations 1

RnJd, X) = Pnmicos 9) COS tftX,

Snm(d, X) = Pnm(cos 0) sin mX.

The symbols anm and bnm are constant coefficients, which we shall now deter-

mine. Essential for this purpose are the so-called orthogonality relations. These

remarkable relations mean that the integral over the unit sphere of the product

of any two different functions Rnm or Snm is zero:

(1-67)

if s ^ n or r m or both; (1-68)

ff
Rnm(0, X)RJ0, X) da = 0

<r

Jf
snm(d, \ysjd, X) da = 0

cr

IJ
Rnm(9, X)Ssr(0, X) da = 0 in any case.

a

For the product of two equal functions Rnm or Snm we have

ff
[J?no(d, X)]

2 da =
cr

[RnJ6, X)] 2 da = fj
[sue, X)] 2 da =

2^ (« * °)-

(1-69)

(There is no Sn0,
since sin OX = 0.) In these formulas we have used the ab-

breviation

//-£.£.
cr

for the integral over the unit sphere. The expression

da = sin 0 dO d\

denotes the surface element of the unit sphere or the element of solid angle,

a solid angle being defined as the corresponding area on the unit sphere.

Now the determination of the coefficients anm and bnm in (1-66) is easy.

Multiplying both sides of the equation by a Certain Rsr(9, X) and integrating

over the unit sphere gives

f[ fid, \)RJfi, X) da = asr ff [RJd, X)]
2 da,

i We are following MacMillan (1930); he uses the abbreviations Cnm(0,\)
Pnm(cos 9) cos m\ and Snm(6, X) = Pnm(cos S) sin m\.
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since in the double integral on the right-hand side all terms except the one with

n— s, m = r will vanish according to the orthogonality relations (1-68). The
integral on the right-hand side has the value given in (1-69), so that a„ is deter-

mined. In a similar way we find bsr by multiplying (1-66) by Ssr(0, X) and in-

tegrating over the unit sphere. The result is

^7l0

2n + 1

4ir
f(d, X)P„(cos 8) da;

bum —
In + 1 (

n

— m)\

lit («+/«)! f(9, X)Snm(8, X) da

(1-70)

(m ^ 0).

The coefficients anm and bnm can thus be determined by integration.

We note that the Laplace spherical harmonics Yn(8, X) in (1-66) may also be
found directly by the formula

Yn(d, X)
2n+ 1

raw

f(8
f

, X')f\i(cos f) sin 6' dd' dX, (1-71)
4ir yv= o J,o'=o~

where f is the spherical distance between the points (0, X) and (O', X'), so that

(Fig. 1-11)

cos f = cos 6 cos 6' + sin 8 sin 6' cos (X — X). (1-72)

Equation (1-71) is easily verified by straightforward computation, substituting

P„(cos f) from the decomposition formula (1-82) of Section 1-15.

1-14. Fully Normalized Spherical Harmonics

The formulas of the preceding section for the expansion of a function into a

series of surface harmonics are somewhat inconvenient to handle. If we look
at equations (1-69) and (1-70) we see that there are different formulas for m = 0

FIGURE 1-11

The spherical distance <p.
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rid (0', X'), so that

(1-72)

||an, substituting

1-14. Fully Normalized Spherical Harmonics

and m 0; furthermore, the expressions are rather complicated and difficult

to remember.

It has therefore been proposed that the “conventional” harmonics Rnm and

Snm,
defined by (1-67) and (1-57) or (1-62), be replaced by other functions which

differ by a constant factor and are easier to handle. We consider here only the

fully normalizedr harmonics, which seem to be the most convenient and the

most widely used. We denote them by Rnm and Snm ;
they are defined by

Rno(0, X) = V2n+ 1 Rno(6, X) = v2ra + 1 P„(cos 0);

(Rnm(d, X)\ 1 . Un — m)l [Rnm(d, X)\ , ^ q\
v 1

\SUe, X)J
- V2(2n +l\n + m) !

\Snm(e, X)J
C J

The orthogonality relations (1-68) also hold for these fully normalized har-

monics, whereas equations (1-69) are thoroughly simplified: they become

(n — m)l fi?nm(e, x)
(1-73)

Rnm da Snm, da 1

.

This means that the average square of any fully normalized harmonic is unity,

the average being taken over the sphere (average = integral divided by area 4-tt).

This formula now holds for any m, whether it is zero or not.

If we expand an arbitrary function f(f), X) into a series of fully normalized

harmonics, analogous to (1-66),

oo n _
fie, x)=£ 2 £Clnm-Rnm(@> ^0 "1 bnm x)],

n= 0 m— 0

then the coefficients anm ,
bnm are simply given by

anm — ^ JJfiP, WnU, X) da,

<T

bnm ~ ~7~ ff R)Snm(e, X) da ,

(1-75)

(1-76)

that is, the coefficients are the average products of the function and the cor-

responding harmonic Rnm or Snm»

The simplicity of formulas (1-74) and (1-76) constitutes the main advantage

of the fully normalized spherical harmonics, and makes them useful in many

respects, even though the functions Rnm and Snm (1-73) are a little more com-

plicated than the conventional R„m and Snm : we have

Rnm(6, X) = Pnm(COS 0) COS WX,

Snm{6, X) = F,m(cos 0) sin m\,

1 The “fully normalized” harmonics are simply “normalized” in the sense of the theory of

real functions; we have to use this clumsy expression because the term “normalized spherical

harmonics” has already been used for other functions, unfortunately often for some that are

not “normalized” at all in the mathematical sense. A different normalization is usedm Jaffnke-

Emde-Losch (1960),

^function into a

Bfatf.we look

ulas form = 0

Kims except the one with

Ippffielations (1-68). The

||69), so that asr is deter-
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where
Assuming r' <r wi

where we have put a = r'

series with respect to a.

(conventional) zonal harn

y ' k\(n — k)\(n — m — 2k)\

for m 0. This corresponds to (1-62); here, as in (1-62), r is the greatest in-

teger g (n — m)/2.

There are relations between the coefficients anm and bnm for fully normalized

harmonics and the coefficients anm and bnm for conventional harmonics that are

of course inverse to those in (1-73):

V 1 — 2au + a :

Hence we obtain

which is an important foi

It would still bejiesirg

functions, oLthe-spherica

according to (1-72). This

Pn{cos i) = T„(cos 8)Pn(c

Expansion of the Reciprocal Distance
1_15

' into Zonal Harmonics. Decomposition Formula

The distance / between two points with spherical coordinates

P(r,d,\), PV, O', \
r
)

is given by

P = r2 + r"2 — 2rr' cos f, (1-79)

where ^ is the angle between the radius vectors r and r' (Fig. 1-12), so that, by

(1-72),

^ (» + '

Substituting this into (1-!

1 fF„(cos 0) ,n r

The use of fully norma

conventional harmonics

means of (1-73) we find

FIGURE 1-12

The spatial distance I.
The last formula will be

tional field in spherical
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n-m-2k (l_77b)

|§|is the greatest in-

fer fully normalized

1 harmonics that are

(1-79)

r' (Fig. 1-12), so that, by
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' cos ip — cos 0 cos O' + sin 0 sin O' cos (X
1 — X).

Assuming r' < r we may write

1 1 1

/ Vr2 — 2rr' cos \p + r'
2 rV 1 — 2au + a2

where we have put a = r'/r and u = cosf. This can be expanded into a power

series with respect to a. It is remarkable that the coefficients of an are the

(conventional) zonal harmonics, or Legendre’s polynomials Pn(u) = P„(cos f):

—j
1

= £ anPn(u) = Po(u) + aPflt) + dlPfll) + • • •
.

(1-80)
V 1 — 2aU + a2 n~0

Hence we obtain

1 r'
n

7= E^+i^(cos^
n—0

(1-81)

which is an important formula.

It would still be desirable in this equation to express P„(cos ^)..in. terms of.

functiqns_o£jthe_spherical coordinates 6, X and O', X' of which 4* is composed

according to (1-72). This is achieved by the decomposition formula

P„(cos f) = P„(cos 0)Pn(cos O')

+ 2 E I X)P„m(0\ X') + Snm(0, X)Snm(0', X01- (1-82)

m=l >
m> 1

Substituting this into (1-81) we obtain

/ ^ol '
,n+1 £ffn + m)\

[P^|X)
. r>nRmn(e>! V) + ^0) . r>nSnm{6

>

i
V)]j. (1-83)

The use of fully normalized harmonics simplifies these formulas. Replacing the

conventional harmonics in (1-82) and (1-83) by fully normalized harmonics by

means of (1-73) we find

Pn{cos i) = y~tt £ X)Rnm(0', X') + sue, X)S„m(0', X')]
;

(1-82')

i «> n i

1 n= 0 m= 0 ‘
1W • r'»Pnm(e', X') + Snr$r

~- • xo]- (1-83')

The last formula will be fundamental for the expansion of the earth’s gravita-

tional field in spherical harmonics.
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Solution of Dirichlet’s Problem by Means of
1_16

‘ spherical Harmonics. Poisson’s Integral 1

In Sec. 1-7 we mentioned Dirichlet’s problem, or thefirst boundary-value problem

ofpotential theory: given an arbitrary function on a surface S, to determine a

function V which is harmonic either inside or outside S and which assumes on S

the values of the prescribed function.

If the surface S is a sphere, then Dirichlet’s problem can be easily solved by

means of spherical harmonics. Let us take first the unit sphere, r — 1, and

expand the prescribed function^ given on the unit sphere and denoted by

7(1, 8, X), into a series of surface harmonics (1-66):

00

7(1, O, X) = Yn(6, X),

71— 0

(1-84)

the Yn(0, X) being determined by (1-71). The functions

00

Vfr, d, X) = £ rnYn(0, X)

71 — 0

(l-85a)

and

jry n \ \ V' Yn(d, X)
7e(r, 9, X) / j j.b+1

(l-85b)
c

assume the given values 7(1, 9, X) on the surface r =

verges, and for r < 1 we have

rYn < Yn
and for r > 1

Jjl < y
rn+l

^ ln '

1. The series (1-84) con-

Hence the series (l-85a) converges for r ^ 1, and the series (l-85b) converges

for r S; 1 ;
furthermore, both series have been found to represent harmonic func-

tions. Thus we see that Dirichlet’s problem is solved by Vfr, 9, X) for the interior

of the sphere r= 1, and by Vfr, 9, X) for its exterior.

For a sphere of arbitrary radius r = R the solution is similar. We expand the

given function

V(R, e,\)=Y/
Yn(d, X). (1-86)

7i—

0

The surface harmonics Yn are determined by

Yn(e, X) = '—r-— [

2*

P Y(R, 8’, X')P„(cos sin 0' dO' df. (1-86')
v ' 4-ir Jv=oJ«'=o

Then the series

F<(M,x)= 2 (l-87a)
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solves the first boundary-value problem for the interior, and the series

Ve(r, 6, X) = £ (IT*
1 7*(0’

(!-87b)

solves it for the exterior of the sphere r = R.

Thus we see that Dirichlet’s problem can always be solved for the sphere.

It is evident that this is closely related to the possibility of expanding an arbitrary

function on the sphere into a series of surface spherical harmonics and a har-

monic function in space into a series of solid spherical harmonics.

Poisson’s integral. A more direct solution is obtained as follows. We consider

only the exterior problem, which is of greater interest in geodesy. Substituting

Yn(6, X) from (1-71) into (l-87b), we obtain

^ {RY+i In + 1 [
2
* [’

£ r
’ ’

^ „?0 \ r ) 4ir ^'=° Je
'=0

V(R, 6', \')Pn(cos f) sin O' d6' d\'.

We can rearrange this as

j
r2ic r 7r » /nVn+1

r̂ ~ SLJr,,
m’ e'- X\^2n+ ‘Vi

K(cos
*\

sin O' do' d\'. (1-88)

The sum in the brackets can be evaluated. We denote the spatial distance be-

tween the points (r, 6, X) and (R, 6', X') by /. Then by (1-81)

1 1
i

“

-is
R\n+1

l vV + R2 - 2Rr cos f R \ r

Differentiating with respect to r we get

r — R cos ip

Pn(COS f).

P
-Ix>+l)gp„(c°s£>.

n — 0

Multiplying this equation by —2Rr, multiplying the expression for l/l by —R,

and then adding the two equations gives the result

R(r2 - R1
) v

l
3

” /R\n+1

]T(2ra+l)£) Pfcosf).
n = 0 \ r '

The right-hand side is the bracketed expression in (1-88). Substituting the. left-

hand side, we finally obtain

K(r, 0, X) =
R(r2 - i?

2
)

4x /\'= 0 7 0 '= o

F(^, e', XO
sin e, dg, dx^ (1 .89)

p

where
,

l = Vr2 + R3 - 2Rr cos f.

This is Poisson’s integral. It is an explicit solution of Dirichlet’s problem for

the exterior of the sphere, which has many applications in physical geodesy.
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1-17. Other Boundary-value Problems

There are other similar boundary-value problems. In Neumann's problem, or

the second boundary-value problem of potential theory, the normal derivative

dV/dn is given on the surface S, instead of the function V itself. The normal

derivative is the derivative along the outward-directed surface normal n to S.

In the third boundary-value problem a. linear combination of V and of its normal

derivative

. . dV
hV + k-

dn

is given on S.

For the sphere the solution of these boundary-value problems is also easily

expressed in terms of spherical harmonics. We shall consider the exterior prob-

lems only, these being of special interest to geodesy.

In Neumann's problem we expand the given values of dV/dn on the sphere

r = R into a series of surface harmonics:

(1-90)

ra = 0

The harmonic function which solves Neumann’s problem for the exterior of

the sphere is then

\"+1 Yn(6, A)

n + 1
Ve(r, 9, A) (1-91)

To verify it we differentiate with respect to r, getting

dVe ^ /1?Y+
2

* £ (T)

Since for the sphere the normal coincides with the radius vector, we have

(Pm
\dn / r=B \dr r—R

and we see that (1-90) is satisfied.

The third boundary-value problem is particularly relevant to physical geodesy,

because the determination of the undulations of the geoid from gravity anomalies

is just such a problem. To solve the general case we again expand the function

defined by the given boundary values into surface harmonics:

hV+k 7^
= Z 7^ X>-

' dn

The harmonic function

Ve(r, 6, A) V /RV‘+1 Yn(e,\)
,

h\r) h — (k/R)(n + 1)
(1-92)

solves the third boundary-value problem for the exterior of the sphere r = R.

The straightforward verification is completely analogous to the case of (1-91).

1

I

In the determination of t

values

so that

Ve(r,

solves the so-called boundai

As we have seen in the
]

can also be solved directly

exist for the second and thi

to (1-92') for the boundar

tegral, which will be consic

1-18. The Radial Derivativ

For later application to pi

we shall now derive an it

vector r of an arbitrary 1

harmonic function satisfies

V(r, 8, A)
RIP-

In forming the radial de

pend on r. Thus we need c

dV(r,
e, A)

dr

R_

4it

where

M(r, f)
d F
dr P

Applying this equation 1

Vi(r, 8, A) =
j

we obtain

R
i*2

Multiplying both sides of

(1-93) gives

dZ + ^vP
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ns. In Neumann’s problem, or

theory, the normal derivative

function V itself. The normal

irected surface normal n to SL

nnation of V and of its normal

y-value problems is also easily

hall consider the exterior prob-

lesy.

values of dV/dn on the sphere

In the determination of the geoidal undulations the constants h, k have the

values

*-4 k = -1,

so that

Vfr, 8, X)

"+1 Yn(e, x)

n — 1

(1-92')

solves the so-called boundary-value problem ofphysical geodesy.

As we have seen in the preceding section, the first boundary-value problem

can also be solved directly by Poisson’s integral. Similar integral formulas also

exist for the second and third problems. The integral formula that corresponds

to (1-920 for the boundary-value problem of physical geodesy is Stokes’ in-

tegral, which will be considered in detail in Chapter 2.

,A). (1-90)

a’s problem for the exterior of

Yn(B, A)
(1-91)

§*)•

radius vector, we have

tit to physical geodesy,

rom gravity anomalies

(expand the function

(1-92)

lithe sphere r = R.

||he case of (1-91).

1-18. The Radial Derivative of a Harmonic Function

For later application to problems related with the vertical gradient of gravity

we shall now derive an integral formula for the derivative along the radius

vector r of an arbitrary harmonic function which we denote by V. Such a

harmonic function satisfies Poisson’s integral (1-89):

km,x) =M r 2tt

* EMr^sin e'de'dX'.
x'=o Je'=o l

In forming the radial derivative dV/dr we note that V(R, O’ , X') does not de-

pend on r. Thus we need only to differentiate (r2 — A2)/P, obtaining

dV(r’ = !L
f~

T

. r M(r, f)V(R, e
f

, AO sin 6’ dO' d\', (1-93)
dr 4ir J\'=o Je’=o

where

M{r, 'Id

r*

p

R
~ = \ (5R

~r ~ r% ~ Rr* cos $ “ 3i?3 cos ’/') 0 -94)

Applying this equation to the special harmonic function

vt .v R. dVi
Vfr, d, A) = —

,

- p’ Vi(R, 6', AO = |
= 1,

we obtain

= 2- I** r Mir, f) sin 9' dff d\’.
47t Jx'= o Je'=

o

Multiplying both sides of this equation by V(r, 9, A) and subtracting it from

(1-93) gives

dfV ,
R

dr
-4- — Vp — f f Mir, f)(V — Vr) sin 9’ df dX', (1-95)
r 4tt Jx=o Je'=o

i
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FIGURE 1-13

The spatial distance between two points on a sphere.

where

Vp = V(r, 6, X), V = V(R, O', X').

In order to find the radial derivative at the surface of the sphere of radius R,
we must set r = R. Then / becomes (Fig. 1-13)

/o==2f?sin^
z »

and the function M takes the simple form

M(R,*)=
7

4R2 sin8 ~
d-96)

For yj, »- 0 we have M(R, f) —>- co, and we cannot use the original formula
(1-93) at the suiface of the sphere r = R. In the transformed equation (1-95),
however, we have V — VP ->- 0 for \p —>- 0, and the singularity of M for
yp —>- 0 will be neutralized. 1 Thus we obtain

dV _ I
, f

2* f* V- VP
* -

-R + 5 Jy,0

—g—™ #m (1-97)

This equation expresses dV/dr on the sphere r = R in terms of V on this sphere
thus we now have

VP = V(R, 6, X), V = V(R, 6', X'). (1-98)

Solution in terms of spherical harmonics. We may express VP as

’ Vp =
XJ (7)

Yn(p, X). (1-99)

Differentiation gives

dV Rn+1_=_^(„ +1) F#
, x).

n-0 '

1 Provided F is differentiable twice at P.
m

l-n
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ai
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be written

dV
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I" arid the singularity of M for
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For r = R this becomes

dV
dr

i
X) (

n

+ l)YJ6, X). ( 1 -100)
n = 0

This is the equivalent of (1-97) in terms of spherical harmonics.

From this equation we get an interesting by-product. Equation (1-100) may

be written

dV
dr

= vP - ^ E nY& x)-R n — 0

Comparing this with (1-97) we see that if on a sphere of radius R

VP =
y£ Yn(0, X),

n = 0

(1-101)

then

ip

2ir

V-Vp
n

sin O’ dO' d\' R
nYn(8, X).

n = 0

(1-102)

This equation is formulated entirely in terms of quantities referred to the

spherical surface only. Furthermore, for any function prescribed on the surface

of a sphere one can find a function in space that is harmonic outside the sphere

and assumes the values of the function prescribed on it. This is done by solving

Dirichlet’s exterior problem. From these facts we conclude that (1-102) holds

for an arbitrary function V defined on the surface of a sphere.

These developments will be used in Secs. 2-23 and 8-8.

1-19. Laplace’s Equation in Ellipsoidal Coordinates

Spherical harmonics are most frequently used in geodesy because they are

relatively simple arid the earth is nearly spherical. Since the earth is more nearly

an ellipsoid of revolution it might be expected that ellipsoidal harmonics, which

are defined in a way similar to that of the spherical harmonics, would be even

more suitable’ 1 As they are more complicated, however, they are used only in

certain special cases which nevertheless are important, namely, in problems

involving rigorous computation of normal gravity.

We introduce ellipsoidal coordinates u, 6, X (Fig. 1-14). In a rectangular system

a point P has the coordinates x, y, z. Now we pass through P the surface of an

ellipsoid of revolution whose center is the origin O, whose axis coincides with

the z-axis, and whose linear eccentricity has the constant value E. The coordinate

u is the semiminor axis of this ellipsoid, 8 is the complement of the ‘ reduced

1 The whole matter is a question of mathematical convenience, since both spherical and

ellipsoidal harmonics may be used for any attracting body, regardless of its form.

I
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Ellipsoidal coordinates. Top. View

from the front. Bottom. Viewfrom

above.

latitude” /3 of P with respect to this ellipsoid (the definition is seen in Fig. 1-14),

and X is the geocentric longitude in the usual sense. 1

The ellipsoidal coordinates u, d, X are related to x, y, z by the equations

‘These coordinates u, 6, X are specially adapted to an ellipsoid of revolution; they are

different from Lame’s ellipsoidal coordinates X, p, v, which refer to an ellipsoid of three dif-

ferent axes. For this reason our ellipsoidal harmonics are different from the ellipsoidal har-

monics of Lame, which are less suited to geodetic problems.

y = s/xd + E2 sin 6 sin X, ^ (1-103)

i.o s 6 -
;.,v

z — u cos 6,

which can be read from the figure, considering that Vu2 + E2
is the semimajor

axis of the ellipsoid whose surface passes through P.

If we take u = const, we find

x2 + y2
, ,

W2 + £2 -T
U2

1-20. Ellipsoidal Hamior

To solve (1-105) or (1-10

the method used to sob

which represents a hyperb

meridian plane

t§ The constant focal len§

u = const., characterizes ti

spherical coordinates u =

To find the element of

same way as in spherical c

U* + P’2 cos2 e
A , ,

ds = -
u* + £“ 1

The coordinate system u, 6

missing in the equation foi

M2 + E2 cos2 d

Wff hl ~ id -i E2 ’

If we substitute these in

(if + £2 cos2l)sin

Performing the differentia

*y -ZTHS [
(
"’

which is Laplace’s equatic

is obtained by omitting tl

(»
a+^ +2u Sr +

In the limiting case, E —

;

(1-41) and (1-41').
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s. Top. View

n. Viewfrom

X®(A
CG

soid of revolution; they are

refer to an ellipsoid of three dif-

erent from the ellipsoidal har-

which represents an ellipsoid of revolution. For 6 = const, we obtain

x2 + y
2

_ z2
_ ,

E2 sin2 8 E2 cos2 8
’

which represents a hyperboloid of one sheet, and for X = const, we get the

meridian plane

y = x tan X.

The constant focal length E = OFh which is the same for all ellipsoids

u = const., characterizes the coordinate system. For E - 0 we have the usual

spherical coordinates u = r, 6, X as a limiting case.

To find the element of arc ds in ellipsoidal coordinates we proceed in the

same way as in spherical coordinates, eq. (1-38), and obtain

ds2 = u

2

+ E

2

du2 + hi1 + E2 cos2
8) d6

2 + (u
2 + E2

) sin2 6 d\ 2
. (1-104)

u2 + E2

The coordinate system u, 6, X is again orthogonal: the products du dd, etc., are

missing in the equation for ds. Setting u = qi, 8 = q^, X = q$, we have in (1-39)

h2 = t + &?^l, Hi = M2 + E? cos2
8,

u2 +
If we substitute these into (1-40) we obtain

1 f ^ Tr.9 i r*>\ a ®

(&
2 + E2

) sin2
0.

= 1 /A \(u2 + E2
) sine ^-1

(w2 + £2 cos2 0)sm<Hdw L
' 9m J

+
aa (

sm 0
aa /

+
ax |_(

Performing the differentiations and cancelling sine we get

i r a 2F dV d2v
AV ^'

¥

+ E’ cos2 0 [<*
+ E'

2)M + 2U^ +W + CC

u2 + e2 cos2 ear
(w2 + £2

) sine ax

u2 + E2 cos2 e

a 2F
,

- dV.d 2V,.,dV
d¥ + 2u^ +W + cot9

df

U2 + E2 cos2 8 a 2

-fj = 0, (1-105)~r
(m2 + £2) sliFe ax2

J
’

which is Laplace's equation in ellipsoidal coordinates. An alternative expression

is obtained by omitting the factor (

u

2 + E2 cos2 8)~l
:

s2v ev a2F dV
,

M2 + £2 cos2 e a2F „ n
("

2 + £2)
a^ + 2m +

~d¥
+ cot 6

ee
+

(«
2 + e2

) siFe ax2
~ °* (1_1 }

In the limiting case, E—»- 0, these equations reduce to the spherical expressions

(1-41) and (1-410-

gfion is seen in Fig. 1-14),

z by the equations

(1-103)

i/
2 + £2

is the semimajor

To solve (1-105) or (1-105') we proceed in a way which is exactly analogous to

the method used to solve the corresponding equation (1-4F) in spherical CO'

1-20. Ellipsoidal Harmonics
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ordinates. What we did there may be summarized as follows. By the trial sub-
stitution

V(r,e,\)=f(r)g(e)h(\)

we separated the variables r, 8, X, so that the original partial differential equation
(1-41 ) was decomposed into three ordinary differential equations (1-43) (1-49)
and (1-50).

v '*

In order to solve Laplace’s equation in ellipsoidal coordinates (1-105') we
correspondingly make the trial substitution

V(u, 8, X) = f(u)g(8)h(X). (1-106)

Substituting and dividing byfgh we get

>' + PV" + 2“/,] + + - 0.

The variable X occurs only through the quotient h"/h, which consequently must
be constant: 1

A"
~r — —

m

2
.

h

The factor by which h"/h is multiplied can be decomposed as follows:

u2 E2 cos2 9 _ 1 E2

(w2 + E2
) sin2 8

~
sin2

6
~

u 2 + E2

Inserting the last two expressions into the preceding equation and combining
functions of the same variable we obtain

7[<“’ + eV" + 2m + m- >”•: co.») +J “ T-c g sin2
8

The two sides are functions of different independent variables and must there-
fore be constant. Denoting this constant by n(n -f 1) we finally get

(u2 + EF)f"(ti) + 2uf’(u) -
|

~n(n + 1) - m 2

J/(n) = 0; (1-107)

sin 0g"(0) + cos dgXd) +
|

~n(n + 1) sin 6 - g(e) = 0; (1-108)

h"(\) + m2
h(\) = 0. (1-109)

These are the three ordinary differential equations into which the partial dif-
ferential equation (1-105') is decomposed by the separation of variables (1-106).
The second and third equations are the same as in the spherical case, equa-

tions (1-49) and (1-50); the first equation is different. The substitutions

’

1 One sees this more clearly by writing the equation in the form

(k2 + E2
) sin2 6 f 1 r 1 ) A"

u2 + E2 cos2 e 1/
[(“2 + Et)f" + 2u/'

] +
g

+ S’ cot
8)j =

—

•

The left-hand side depends only on u and 6, the right-hand side only on X. The two sides
cannot be identically equal unless both are equal to the same constant.

(1 - f)g"(t)

where the overbar indicate

:
the new arguments r and \

with the substitution t
— c

Note thatj(r) satisfies fc

Legendre’s equation (1-56)

solutions: Legendre’s func

Qnm . For g(t), where l = i

as we have seen in Sec. 1-

and Qnm(r) are possible sol

f = rn and/ = r~ (n+1) in f

Finally, (1-109) has as b

We summarize all indivi

g(0)

h(X)

Here n and m < n are in

are solutions of Laplace’s

From these functions w

W n Qn
Ve(u> 9, X) - X —

• n= 0 m=0 Qn



as follows. By the trial sub-

If^partial differential equation
ifferential equations (1-43), (1-49),

if
•' -

' ''

pipsoidal coordinates (1-105') we

W (1.106)

,
u2 + E2 cos2 6 h" _

’
' (u- + E2

) sin2 0 ~h
~ °‘

t h"/k, which consequently must

(decomposed as follows:

I E2

pceding equation and combining

I

K +Vcotfl) + -4--
sin2 0

t variables and must there-

) we finally get

rji «’]/(«) = 0; (1-107)

pi]^ = °; d-108)

I (i-l°9)

into which the partial dif-

iration of variables (1-106).

n the spherical case, equa-

The substitutions

form

ipbside onJy on X. The two sides
gme'cdnstant.
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. u /

—

r — 1 -g 0 = "v — 1) and t
— cos d

transform the first and second equations into

(1 - r2)7"(r) - 2rJ'(j) + [n(n + 1) - j^-J/Cr) = 0,

(1 — t
2
)f"(t) — 2tg'(f) +

j

~n(n + 1) — y--

?

” ^

;

j
g(t) = 0,

where the overbar indicates that the functionsf and g are expressed in terms of
the new arguments t and t. From spherical harmonics we are already familiar
with the substitution t — cos 6 and the corresponding equation for g(t).

Note that/(r) satisfies formally the same differential equation as g(t), namely,
Legendre’s equation (1-56). As we have seen, this differential equation has two
solutions : Legendre’s function Pnm and Legendre’s function of the second kind
Qnm . For g(t), where t = cos 9, the Qnm{f) are ruled out for obvious reasons,
as we have seen in Sec. 1-12. For/(r), however, both sets of functions PnJj)
and Qk„i(t) are possible solutions; they correspond to the two different solutions

/ = rn and/= ?— <n+1
> in the spherical case.

Finally, (1-109) has as before the solutions cos m\ and sin mX.
We summarize all individual solutions:

or Qn
( • u\

1

\
l

Ej’

g(0) = Pnm(cosd);

h(X) = cos m\ or sin m\.

Here nandm< K are integers 0, 1, 2, . . . , as before. Hence the functions

V(u, 9, X) = Pnm Pnm(cos e»)|“

V(u, 9, X) = Qnm
(/J)

Pnm(cos 0){“

cos mX
sin mX

cos mX
sin m\

( 1 -110)

are solutions of Laplace’s equation AV = 0, that is, harmonic functions.
. From these functions we may by linear combination form the series

“ ™ ^nm (^p)wm-ZZ—j-U
n = Q m= Q p ( i

u
\

nm
\

l

e)

Ve(u,6,\)=XZ-
n = 0 m=

0

Q

[anmPnm(cos 6) cos mX + bnr„Pnm{cos 6) sin mX]
;

(1-1 11a)

Qnm
(

l

E)

[anmPnm(cos 6) cos mX + bnmP„m(cos 9) sin mX]
. ( 1 - 1 1 1 b)
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Here b is the semiminor axis of an arbitrary but fixed ellipsoid which may be
called the reference ellipsoid (Fig. 1-15). The division by Pnm(ib/E) or Qnm(ib/E)
is possible because they are constants

; its purpose is to simplify the expressions
and to make the coefficients anm and bnm real.

If the eccentricity £ reduces to zero, the ellipsoidal coordinates u, 6, X become
spherical coordinates r, 6, X; the ellipsoid u = b becomes the sphere r = R
(because then the semiaxes a and b are equal to the radius R); and we find

(1-112)

so that the series (1-1 11a) becomes (l-87a), and (1-1 1 lb) becomes (l-87b). Thus
we see that the function Pnm(iu/E) corresponds to rn and Qnm(iu/E) corresponds
to in spherical harmonics.

Hence the series (1-1 11a) is harmonic in the interior of the ellipsoid u = b,
and the series (1-1 1 lb) is harmonic in its exterior; this case is relevant to geodesy.
For u = b, the two series are equal:

v£b, e, x) = Vfb, e, x)

00 n

=
12 X) [^4cos 6) cos m\ + bnmPnm{cos 6) sin mX], (1-113)

Thus the solution of Dirichlet’s boundary-value problem for the ellipsoid of
revolution is easy. We expand the function V(b, 6, X), given on the ellipsoid
u — b, into a series of surface spherical harmonics with the following arguments:

FIGURE 1-15

Reference ellipsoid and el-

lipsoidal coordinates.



8 = complement of reduced latitude, X = geocentric longitude. Ihen i

is the solution of the interior problem and (1-1 1 lb) the solution of the

Dirichlet problem.

Formula (1-113) shows that not only functions that are defined

surface of a sphere can be expanded into a series of surface spherical hai

Such an expansion is even possible for rather arbitrary functions defin

convex surface.

It should be carefully noted that in spherical harmonics 6 is the polar c

which is nothing but the complement of the geocentric latitude, wh
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system; otherwise they are ai

that is parallel to the meridii

The centrifugal force/ on

The Gravity Field of the Earth

2-1. Gravity J,

The force acting on a body at rest on the earth’s surface is the resultant of
gravitational force and the centrifugal force of the earth’s rotation.
Take a rectangular coordinate system whose origin is at the earth’s center of

gravity and whose z-axis coincides with the earth’s mean axis of rotation (Fig.
2-1). The x- and j>-axes are so chosen as to obtain a right-handed coordinate

FIGURE 2-1

The centrifugal force.

v
m
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i

2
po/ /fe Earth
&;

J is the resultant of

'^flotation.

Ithe earth’s center of

Bfeof rotation (Fig. _

^Banded coordinate

•
.

.

ret.

system, otherwise they are arbitrary. For convenience we may assume an x-axis
that is parallel to the meridian plane of Greenwich (see Section 2-4).

The centrifugal force/ on a unit mass is given by

/=
where w is the angular velocity of the earth’s rotation and

V*2 + (2- 1)

is the distance from the axis of rotation. The vector f of this force has the direc-
tion of the vector

P = (x, y, 0)

and is therefore given by

f = w2
p = (co

2
x,.o)

2
j;, 0).

The centrifugal force can also be derived from a potential

1

so that

$

f = grad <t>

2(x2 +

/d$ 3$ 3$\

\3x’ dy dz )

,(2-2)

(2-3)

(2-4)

Inserting (2-3) into (2-4) yields (2-2).

The total force, the resultant of gravitational force and centrifugal force, is

called gravity. The potential of gravity, W, is the sum of the potentials of
gravitational force, K (1-11), and centrifugal force, <f>:

W = W(x, y,z) = V + $ = k ]dv + l “
2
(*

2 + y2
), (2-5)

where the integration is extended over the earth.

By differentiating (2-3) we find

.. _ d2$ . 32$ . 3 2$ . ,+ a?
= 2w -

If we combine this with Poisson’s equation (1-13) for V, we get the generalized
Poisson equation for the gravity potential W:

AW = -4-rrkp + 2aA (2-6)

Since <J> is an analytic function, the discontinuities of W are those of V: some
second derivatives have jumps at discontinuities of density.

The gradient vector of W,

. „r (dW dW dW\
(2-7)
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FIGURE 2-2

Level surfaces and plumb lines
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y,

is called the gravity vector; it is the total force (gravitationalforce plus centrifugal

force) acting on a unit mass. As a vector, it has magnitude -and direction.

The magnitude g is called gravity in the narrower sense. It has the physical

dimension of an acceleration and is measured in gals (1 gal = 1 cm sec
-2

),

the unit being named in honor of Galileo Galilei. The numerical value of g is

about 978 gals at the equator, and 983 gals at the poles. In geodesy another unit

is often convenient—the milligal, abbreviated mgal (1 mgal = 10~3 gal).

The direction of the gravity vector is the direction of the plumb line, or the

vertical; its basic significance for geodetic and astronomic measurements is

well known.

In addition to the centrifugal force, another force called the Coriolis force

acts on a moving body. It is proportional to 'the velocity with respect to the

earth, so that it is zero for bodies resting on the earth. Since in geodesy we

usually deal with instruments at rest relative to the earth, the Coriolis force

plays no part here and need not be considered.

Level Surfaces and Plumb Lines

The surfaces

W(x, y, z) = Wo = const., (2-9)

on which the potential W is constant, are called equipotential surfaces or level

surfaces.

Differentiating the gravity potential W = W(x, y, z) we find

dW , . dW , . dW ,

dx dy dz

In vector notation, using the scalar product, this reads

dW = grad W-dx = g-dx, (2-10)

where

dx = (dx, dy, dz). (2-11)

If the vector dx is taken along the equipotential surface W = W0, then the

potential remains constant and dW = 0, so that (2-10) becomes

g-dx — 0. (2-12)

i
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(2-8)

Mbrial force plus centrifugal

fmtude and direction.

^nse. It has the physical

(1 gal = 1 cm sec
-2

),

©.numerical value of g is

|/In geodesy another unit

1 = JO
-3

gal).

>f the plumb line, or the

•onomic measurements is

Jlpjlled the Coriolis force

PJcity with respect to the

||vSince in geodesy we
gfth, the Coriolis force

Jr (2'9)

wjiliabsurfaces or level

(2
- 10)

(2
- 11 )

Wo, then the

(2
- 12)

If the scalar product of two vectors is zero, then these vectors are normal to

each other. This equation therefore expresses the well-known fact that the

gravity vector is normal to the equipotential surface passing through the same

point.

As the level surfaces are, so to speak, horizontal everywhere, they share the

strong intuitive and physical significance of the horizontal; and they share the

geodetic importance of the plumb line because they are normal to it. Thus we

understand why so much attention is paid to the equipotential surfaces.

The surface of the oceans is, after some slight idealization, part of a certain

level surface. This particular equipotential surface was proposed as the “mathe-

matical figure of the earth” by C. F. Gauss, the “Prince of Mathematics,” and

was later termed the geoid. This definition has proved highly suitable, and the

geoid is still held by many to be the fundamental surface of physical geodesy.

If we look at equation (2-5) for the gravity potential W, we can see that the

equipotential surfaces W(x, y, z) = W0 are rather complicated mathematically.

The level surfaces that lie completely outside the earth are at least analytical

surfaces, 1 although they have no simple analytical expression, because the gravity

potential W is analytical outside the earth. This is not true of level surfaces that

are partly or wholly inside the earth, such as the geoid. They are continuous and

“smooth” (i.e., without edges), but they are no longer analytical surfaces; we

shall see in the next section that the curvature of the interior level surfaces

changes discontinuously with the density.

The lines that intersect all equipotential surfaces normally are not exactly

straight but slightly curved (Fig. 2-2). They are called lines offorce, or plumb

Level surfaces andplumb lines.



icre k is the curvature, p is t

$f&.Level surfaces. Consider n<

coordinate system xyz with o

to the surface S (Fig. 2-4). W

Comparing Fig. 2-4 with Fig.

fore, instead of (2-15) we ha\

surface with the xz-plane:

If we differentiate W(x, y,

ero and z is a function of x

dW = — g dH. (2-13)

This equation relates the height H to the potential W and will be basic for

the theory of height determination (Chapter 4). It shows clearly the inseparable

interrelation that characterizes geodesy—the interrelation between the geo-

metrical concepts (H) and the dynamic concepts (W).

Another form of equation (2-13) is

g=—. (2-14)

with the xz-plane by setting

It shows that gravity is the negative vertical gradient of the potential W, or the

vertical component of the gradient vector grad W.
Geodetic measurements (theodolite measurements, leveling, etc.) are almost

exclusively referred to the system of level surfaces and plumb lines, the geoid

playing an essential part. We thus see why the aim of physical geodesy has been
formulated as the determination of the level surfaces of the earth's gravity field.

In a still more abstract but equivalent formulation we may also say that physical

geodesy aims at the determination of the potential function W(x, y, z). At first

glance the reader is probably perplexed about this definition, which is due to

Bruns (1878), but its meaning is easily understood: if the potential W is given

as a function of the coordinates x, y, z, then we know all level surfaces including

the geoid
;
they are given by the equation

IV(x, y, z) = const.

or the special case in which

under consideration (Fig. 2-3)

50 The Gravity Field of the Earth

g-dx == g dH cos (g, dx) = g dH cos 180° = —g dH,

according to the definition of the scalar product, equation (2-10) becomes

lines. The gravity vector at any point is tangent to the plumb line at that point,

hence “direction of the gravity vector,” “vertical,” and “direction of the plumb
line” are synonymous. Sometimes this direction itself is briefly denoted as

“plumb line.”

The height H of a point above sea level (also called the orthometric height)

is measured along the curved plumb line, starting from the geoid (Fig. 2-2). If

we take the vector dx along the plumb line, in the direction of increasing height

H, then its length will be

|rfx| = dH,

and its direction is opposite to the gravity vector g, which points downward,
so that the angle between dx and g is 180°. Since

= /(*). It is

2-3. Curvature of Level Surfaces and Plumb Lines _£

We recollect the well-known formula for the curvature of a curve y

1 /'
*

P (1 +y”r*
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FIGURE 2-3

The curvature ofa curve.

where k is the curvature, p is the radius of curvature, and

dy d2y
^ dx y dx2

For the special case in which a parallel to the x-axis is tangent at the point P
under consideration (Fig. 2-3), y' = 0, we get simply

_ 1 _ cPy
K

p dx2
' (2-15)

Level surfaces. Consider now a point P on a level surface -S. Take a local

coordinate system xyz with origin at P whose z-axis is vertical, that is, normal

to the surface S (Fig. 2-4). We intersect this level surface

W(x, y, z) = iV0

with the xz-plane by setting

y = o.

Comparing Fig. 2-4 with Fig. 2-3 we see that z now takes the place of y. There-

fore, instead of (2-15) we have for the curvature of the intersection of the level

surface with the xz-plane:

v '
d2z

Kl = d*
(2-16)

If we differentiate W(x, y, z) = W0 with respect to x, considering that y is

zero and z is a function of x, we get

W-+ W-TX ’°-

Wxx + 2Wxzfx + W»
2
j_ w — = 0+ s

dx2 5

FIGURE 2-4

The local coordinate system.
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where the subscripts denote partial differentiation:

dW u/
&W

x
dx * dX dz

Since the jc-axis is tangent at P, then dz/dx = 0 at P, so that

Since the z-axis is vertical, we have, from (2-14),

w= dJV^dJV =
dz dH s

Thus (2-16) becomes

(2-17)

The curvature of the intersection of the level surface with the yz-plane is found

by replacing x with y:

(2-18)

The mean curvature J of a surface at a point P is defined- as the arithmetical

mean of the curvatures of the curves in which two mutually perpendicular

planes through the surface normal intersect the surface (Fig. 2-5). Hence we

find

\ ,,r ,
JFx* + Wyy_

(2-19)J = —7. (Ei + Ki) —

Here the minus sign is only a convention. This is an expression for the mean

curvature of the level surface.

By the generalized Poisson equation

AW = W„ + Wyy + W„ = —4irkp + 2co
2

we find

—2gJ + Wzz — —4wkp + 2oP.

surface normal

FIGURE 2-5
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(2-17)

face with the yz-plane is found

(2-18)

P is defined as the arithmetical

h two mutually perpendicular

5 surface (Fig. 2-5). Hence we

tx ~t~ Wyy
(2-19)

is an expression for the mean

- 4irkp + 2to
2

+ 2w2
.

Considering

we finally obtain

W — —s W = —— =Wz g, Wzz
dz dH

—2g/+ 4irkp — 2co2 . (2-20)

This important equation, which relates the vertical gradient of gravity dg/dH

to the mean curvature of the level surface, is also due to Bruns (1878). It is

another beautiful example of the interrelation between the geometrical and

dynamic concepts in geodesy.

Plumb lines. The curvature of the plumb line is needed for the reduction of

astronomical observations to the geoid.

A plumb line may be defined as a curve whose line element vector

chc = (dx, dy, dz)

has the direction of the gravity vector

g = (Wx, Wy, W2);

that is, dx and g differ only by a proportionality factor. This is best expressed

in the form
dx_ _ dy_ _ dz_ (r> ..

Wx Wv W‘ K )

In the coordinate system of Fig. 2-4 the curvature of the projection of the

plumb line onto the xz-plane is given by

this is equation (2-15) applied to the present case. By (2-21) we have

dx Wx
dz Wz

We differentiate witli respect to z, considering that y — 0:

% - m [
w

- {
w~ + S) - w

- (*- +w- 1)' •

In our particular coordinate system the gravity vector coincides with the z-axis,

so that its v- and y-components are zero:

Wx — Wv
= 0.

Fig. 2-4 shows that we also have

dx „

’.ion ofmean curvature.

Therefore

d-x WZWXZ

dz2 Wl
Wxz^Wzz
Wz Wz



54 The Gravity Field of the Earth

Considering Wz = —g, we finally obtain

1 dg
Ki — ~ vr~’

g dx

and similarly,

_ 1 dg
K2

gdy

(2-22a)

(2-22b)

These are the curvatures of the projections of the plumb line onto the xz- and

vz-plane, the z-axis being vertical, that is, coinciding with the gravity vector

The total curvature k of the plumb line is given, according to differential

geometry, by

k- VkI + k! = - Vgl + g?. (2-23)

o

For reducing astronomical observations (Sec. 5-6) we shall need only the

projection curvatures (2-22a, b).

We mention finally that the various formulas for the curvature of level

surfaces and plumb lines are equivalent to the single vector equation

grad g = (—2gJ + 4-rr/cp — 2«2)n + gfUii, (2-24)

where n is the unit vector along the plumb line (its unit tangent vector) and Hi

is the unit vector along the principal normal to the plumb line.

This may be easily verified. In the local xyz-system used we have

n = (0,0,1),

ni = (cos a, sin a, 0),

where a is the angle between the principal normal and the x-axis (Fig. 2-6).

The z-component of (2-24) yields Bruns’ equation (2-20), and the horizontal

components yield

~ = gic cos a, = gr. sin a.

These are identical to 0

ential geometry shows. E<
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(2-22a)

(2-22b) I
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j
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5-6) we shall need only the I;

las for the curvature of level l,

ingle vector equation

&>
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(its unit tangent vector) and ni
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astern used we have
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ion (2-20), and the horizontal

< sin a.

alized Bruns equation.

These are identical to (2-22a, b), since n ~ k cos a and k2 = k sin a, as differ-

ential geometry shows. Equation (2-24) is called the generalized Bruns equation.

More about the curvature properties and the “inner geometry” of the gravi-

tational field will be found in papers by Marussi (1949) and Hotine (1957).

2-4. Natural Coordinates

The system of level surfaces and plumb lines may be used as a three-dimensional

curvilinear coordinate system that is well suited to certain purposes; these

coordinates can be measured directly, as opposed to rectangular coordinates

x,y,z.

The direction of the earth’s axis of rotation and the position of the equatorial

plane (normal to the axis) are well defined astronomically. The geographical

latitude $ of a point P is the angle between the vertical (direction of the plumb

line) at P and the equatorial plane (Fig. 2-7). Consider now a straight line

FIGURE 2-7

Definition ofthe geographical coordinates $ andA ofP by means ofa unit sphere with center at P.

Line PN parallel to rotation axis, plane GPF normal to it, that is, parallel to equatorial plane;

n is the unit vector along the plumb line; plane NPF is the meridian plane ofP, and plane NPG
is parallel to meridian plane of Greenwich.
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«- p>-> * *
/0

TheteoRrtphical coordinates, latitude $ and longitude A, form two of the

three spatial coordinates of P. As third coordinate we may take the orthome ric

height*# of P or its potential W. Equivalent to W is the geopotential number
h

ct\v0
- W, whereV. is the potential of the geoid. The orthomemc hex^ H

was died in Sec. 2-2; see also Fig. 2-2. The relations between W, C, and H

are given by the equations

m
C,w g dH = Wo

C = Wo - W = Jq
gdH, (2-25)

# = - f
w dW

I Wo g =/:
dC

>

g

which Ho, from integrating (2-13). The integral is taken along the plumb line

of point P, starting from the geoid (H~0,W - Wi), see Fig. 2 .

The quantities

$, A, W or $, A,H

SSmTSowing way to the geocentric rectangular coordmams

, „ . of Sec 2-1 the x-axis being parallel to the Greenwich meridian plane.

From Fig. 2-7 we read that the unit vector of the vertical n has the reyz-com-

ponens
n = (cos $ cos A, cos# sin A, sin$); (2-26)

the gravity vector g is known to be

g = (Wx, Wy, Wz). 027)

On the other hand, since

direction, it is given by

so that

This equation, together w

Solving for <3? and A we fi:

These three equations reli

coordinates x, y, z, provic

We see that $, A, H are

way than the spherical co

difference between the gee
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The orthometric height H.
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ioid. The orthometric height H
elations between W, C, and H

tv0 - C,

H, (2-25)

A, sin <t>)

;

(2-26)

(2-27)

ff is taken along the plumb line

= Wo); see Fig. 2-8.

H

acentric rectangular coordinates

the Greenwich meridian plane,

the vertical n has the xyz-com-
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On the other hand, since n is the unit vector corresponding to g but of opposite

direction, it is given by

n = —

i

g

so that

- g =

This equation, together with (2-26) and (2-27), gives

—Wx = g cos $ cos A,

—Wy = g cos $ sin A,

— Wz = g sin $.

Solving for <3? and A we finally obtain

' Vw2
x + W%

(2-28)

$ = tan
-

tan
Wy (2-29)Wx

W = W(x, y, z).

These three equations relate the natural coordinates <f>, A, W to the rectangular

coordinates x, y, z, provided the function W = W(x, y, z) is known.

We see that $, A, H are related to x, y, z in a considerably more complicated

way than the spherical coordinates r, d, X of Sec. 1-8. Note also the conceptual

difference between the geographical longitude A and the geocentric longitude X.

2-5. The Potential of the Earth in Terms of Spherical Harmonics

If we look at the expression (2-5) for the gravity potential W, we see that the

part most difficult to handle is the gravitational potential V, the centrifugal

potential being a simple analytic function.

The gravitational potential V can be made more manageable for many

purposes if we keep in mind the fact that outside the attracting masses it is a

harmonic function and can therefore be expanded into a series of spherical

harmonics.

We shall now evaluate the coefficients of this series. The gravitational potential

V is given by the basic equation (1-11):

dM
l

V=k (2-30)

earth

where we now denote the mass element by dM', the integral is extended over

the entire earth. Into this integral we insert the expression (1-81):

l
JS. v'n

1 f-' rnL =1 Pn(C°Sf),
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where the Pn are the conventional Legendre polynomials, r is the radius vector -

rfftffed point Fat which V i, to be determined, ri it the vector of

the variable mass element dM. and f is the angle between

Since >- is a constant with respect to the integration over the earth, it can be

taken out of the integral. Thus we get

n — 0
'

t.n+1
r'
nPn(cos f) dM.

earth

If we write this in the usual form as a series of solid spherical harmonics,

T/ _ vV 2-J
(2-31)

n — 0

we see by comparison that the Laplace surface spherical harmonic Yn(6, X) is

S y

Yn(6,X) = k
JJj

r'
nPn(cosi)dM, (

2'32)

earth

(2-33)
the dependence on 0 and X being effected through the angle ^ince

Cos f = cos 6 cos 6' + sin d sin S^'cos (X — X).

The spherical coordinates 6, X have been defined in Sec. 1-8.

A more explicit form is obtained by using the decomposition formula (1-83 ).

i , y y _L_ flshM • r-Xjlf. V) + • ''"S-t*'.«)
/ it ln + 1 L r

If we insert this into the integral (2-30) and take the terms that depend on r, 6, X

outside of the integral, we obtain

so ft r~

Ef.t
rt= 0 in^O *-

Rnmif X)
j__ g

Snm(6, X)

j.71+1 yn+l

n
- v (2-34)

FIGURE 2-9

Expansion into

spherical harmonics.

where the constant coeffic

(2« +

(2n +

These formulas are very
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is the integral of the solid

A similar relation holds fc

Since the mass element

dM= /.
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V z
n= 0 t

where

A.nQ — k III 1

earth

A =

Bnm = 2

(n + r.
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(n + t

These formulas are not a

In connection with sate

form
kM J __

v

V
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momials, r is the radius vector

ined, r' is the radius vector of

le between r and r' (Fig. 2-9).

ation over the earth, it can he

os f) clM.

olid spherical harmonics,

spherical harmonic Yn(9, X) is

i f) dM, (2-32)

ti the angle ^ since

'cos (X' — X). (2-33)

in Sec. 1-8.

lecomposition formula (1-83'):

+ r,nSnje',V)

;he terms that depend on r, 6

,

SnmiPy X)
(2-34)

FIGURE 2-9

Expansion into

spherical harmonics .

where the constant coefficients Anm and Bnm are given by

(In + 1)Anm = k
fff

r'
nRnm(9', X') dM,

earth (2-35)

(In + 1)Bnm = k
fff

r'
nSnm(6', X') dM.

earth

These formulas are very symmetrical and easy to remember: the coefficient,

multiplied by 2n + 1, of the solid harmonic

Rnm(9, X)

j.n+1

is the integral of the solid harmonic

r'-Rnm(9', X').

A similar relation holds for Snm

•

Since the mass element is

dM = p dx' dy' dz' = pr'
2 sin 0' dr' dtf d\\ (2-36)

the, actual evaluation of the integrals requires that the density p be expressed

as a function of /•', 0', X'. Although no such expression is available at present,

this fact does not diminish the theoretical and practical significance of spherical

harmonics, since the coefficients Anm,
Bnm can be determined from the boundary

values of gravity at the earth’s surface. This is a boundary-value problem that

is related to ideas developed in Secs. 1-16 and 1-17 and will be elaborated upon

later.

If we recall the relations (1-73) and (1-78) between conventional and fully

normalized spherical harmonics, we can also write equations (2-34) and (2-35)

in terms of conventional harmonics, readily obtaining

T/ _ '<T'' V'' f A
Bnm(d, X)

v - 2-j Z-j \

Anm
,•»+]

n —0 m=

0

An0 = k
jjj

r,nPn(cos 0') dM

where

earth

B™ = 2
fn + m)\

k
fff

r
'
nSnm(

~
6'’ y) dM

earth

Snm(6, X)
(2-37)

(2-38)

(m 0).

These formulas are not as symmetrical as the corresponding formulas (2-35).

In connection with satellite dynamics, the potential V is often written in the

form

y = |i _ V J (-)
n

[JnmRnm(e, X) +"KnmSnm(d, X)])> (2-39)

f l n = l 77^ = 0 X J
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where a is the equatorial radius of the earth, so that

Anm — —kMan
J,

Bnrn
“ —kMdnK-nm}

(

n

7^ 0).

The corresponding fully normalized coefficients

7 1
j~ vIT+i

°’

(2-40)

(2-41)

(m 0)(Jnm \ _ I

' (n + m) 1 _ fJnm 1

\ 2(2n + 1)(n - m)\ \KnmJ

are also used. ,,, . . . „ ^

It is obvious that the nonzonal terms (m ^ 0) would be missing m all these

expansions if the earth had complete rotational symmetry, since the terms

mentioned depend on the longitude X. In rotationally symmetrical bodies there

is no dependence on X because all longitudes are equivalent. The tessera! and

sectorial harmonics will be small, however, since the departures from rotational

symmetry are slight. . . .
.

'

.

Finally, we discuss the convergence of (2-34), or of the equivalent series

expansions, of the earth’s potential. This series is an expansion m powers ol 1/r.

Therefore, the larger r is, the better the convergence. For smaller r it is not

necessarily convergent. For an arbitrary body, the expansion of V m spherical

harmonics can be shown to converge always outside the smallest sphere r i„

that completely encloses the body (Fig. 2-10). Inside this sphere the series is

usually divergent. In certain cases it can converge partly inside the sphere

r — ,-
n if the earth were a homogeneous ellipsoid of about the same dimensions,

then the series for V would indeed still converge at the surface of the earth

Owing to the mass irregularities, however, the series of the actual potential F

of the earth must be considered divergent at the surface of the earth

_

(Moritz,

1961). This impairs the practical significance of the spherical-harmonic expan-

sion of V for terrestrial geodesy; however, besides its theoretical value it has

great practical use in satellite dynamics.
_

It need hardly be pointed out that the spherical-harmomc expansion, always

expressing a harmonic function, can represent only the potential outside the

attracting masses, never inside.

Uj

Jdy tfie-

ZeJ" '>
*

. a

j

FIGURE 2-10

The spherical-harmonic expansion of V converges out-

side the sphere r — r0 .
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2-G. Harmonics of Lower Degree

It is instructive to evaluate the coefficients of the first few spherical harmonics
explicitly.

For ready reference we first state some conventional harmonic functions Rnm
and Snm, using (1-58) and (1-61):

Roo — 1
,

Rio = cos 9,

Ru = sin 9 cos X,

Rio = | cos2 0 — J,

Rn = 3 sin 6 cos 9 cos X,

i?22 = 3 sin2 6 cos 2X,

So — 0,

50 — 0,

51 = sin 6 sin X,

50 = 0,

51 = 3 sin 9 cos 9 sin X,

52 = 3 sin2 9 sin 2X.

(2-42)

The corresponding solid harmonics rnRnm and rnSnm are simply homogeneous
polynomials in x, y, z. For instance,

r2S22 = 6r2 sin2 6 sin X cos X = 6(r sin 9 cos X)(r sin 9 sin X) = 6xy.

In this way we find

Zoo = 1 ,

rRw = z,

rRii = x,

r2Rio
= —§x2 - |j2 + z2

,

riR2] = 3xz,

r2Rn = 3x2 - 3y\

So — 0,

rSo — 0,

''Si = y,
/2So = 0,

f2Si = 3yz,

r2Sn = 6xy.

(2-43)

Substituting these functions into the expression (2-38) for the coefficients
Anm and Bnm yields for the zero-degree term

Aoo= k
Jff

clM = IcM, (2-44a)
earth

that is, the product of the mass of the earth times the gravitational constant.
For the first-degree coefficients we get

S° = k
JJJ

z'dM, An = k
IIJ

x'clM, Bn = k
JJJ / dM; (2-44b)

earth earth —xLearth

and for the second-degree coefficients,

y
n + 2z' 2

) dM,Ai0 =
1

2
k
fiI (

~ X

earth

An = k
JJJ

x'z' dM, Bi

i

= k
JJJ

y'z' dM,
earth earth

An={k
Jf

J

(x'2 - /2
) dM, Bn = ~ JJJ

x'y' dM.
earth - *

*

(2-44c)

earth
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It is known from mechanics that

l= itJJl
x' dM> v = b!fi

y' dM> t = iii!i
z' dM (2-45)

are the rectangular coordinates of the center of gravity. If the origin of the
coordinate system coincides with the center of gravity, then these coordinates
and hence the integrals (2-44b) are zero. If the origin r = 0 is the center of
gravity of the earth, then there will be no first-degree terms in the spherical-
harmonic expansion of the potential V. This is therefore true for our geocentric
coordinate system.

The integrals

JJf
x'y'dM, fffy'z'dM, fff

z'x'dM
are the products of inertia. They are zero if the coordinate axes coincide with
the principal axes of inertia. Since the z-axis is identical with the mean rotational
axis of the earth, which coincides with the axis of maximum inertia, at least the
second and third of these products of inertia must vanish. Hence A 21 and Bn
will be zero, but not so B<n, which is proportional to the first product of inertia;
B22 would vanish only if the earth had complete rotational symmetry or if a
principal axis of inertia happened to fall on the Greenwich meridian.
The five harmonics A 10RW, A11R11 , BnSn, A21R2l , and B21S21

~all first degree
harmonics and those of degree 2 and order 1—which must thus vanish in any
spherical-harmonic expansion of the earth’s potential, are called forbidden or
inadmissible harmonics.

Introducing the moments of inertia with respect to the x-, y-, z-axes by the
well-known definitions

A =
fff(y'

2 + z'*) dM,

13 = HI O' 2 + x'~) dM, (2-46a)

c=
fJI

(x'2 + yn)dM,

and denoting the xy-product of inertia, which cannot be said to vanish, by

D = Iff x'y'dM, (2-46b)
we finally have

Aoo — kM,

A10 — An =? Bn = 0
,

Ai0 = k - c),

= Ba = 0,
’

_
(2’47)

A 22 =
^
k(B — A),

Bv = ~ kD.

Now let the x- and y-t

axes of inertia of the eart]

axes of inertia of the ear
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1

kM
,

k~ + ? B(<
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kM
,
k r ,

r + 2? ’f*
C ‘V =
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1 The notation 0(1 /r4
) means
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Now iet the x- and y-axes actually coincide with the corresponding principal
axes of inertia of the earth. (This is only theoretically possible, since the principal
xes of inertia of the earth are only inaccurately known as yet.) Then B22 = 0and taking into account (2-42) we may write explicitly

Tf k-M . k r 1 / A -j- b\v ~ ~ + H [2 (
C 2~)(l - 3 cos2 e)

+ \{B- A) sin2 6 cos 2xJ + 0 (2-48)

In rectangular coordinates this assumes the symmetrical form

V kM
+ 2p, i(B + c - 2A)x2 + (C+ A - 2B)y*

+ (A + B~ 2C)z2
] + 0 (2-48')

which is easily obtained by taking into account the relations (1-36) between
rectangular and spherical coordinates.

for

T
t^H°t

°rder
t

hi

¥er than
-

1/rS may bC neglected for Iarger distances (say,for the distance to the moon), so that (2-48) or (2-48'), omitting the higher
order terms 0(1/H), are sufficient for many astronomical purposes. For plane-
tary distances even the first term,

r piane

V = kM

is generally sufficient; it represents the potential of a point mass. Thus, for very
large distances, every body acts like a point mass.^ f°rm

p-39) f the spherical-harmonic expansion of V is used, then the
coefficients of lower degree are obtained from (2-40) and (2-47). We find

7io = Jn = K\x — 0, 3

A + B

Ma2

Jn — K2i
— 0,

A - B
(2-49)

4Ma2

t:22 = - D
2Ma*

The first of these formulas shows that the summation in (2-39) actually begins
with n = 2; the others relate the coefficients of second degree to the mass and
the moments and products of inertia of the earth.

1 The notation 0(1 /r4
) means terms of the order of 1 /r\
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2-7. The Gravity Field of the Level Ellipsoid

As a first approximation the earth is a sphere; as a second approximation itmay be considered an ellipsoid of revolution. Although the earth is not an exact
ellipsoid, the gravity field of an ellipsoid is of fundamental practical importance
because it is easy to handle mathematically and the deviations of the actual
gravity field from the ellipsoidal “normal” field are so small that they can be
considered linear. This splitting of the earth’s gravity field into a “normal”and a remaining small “disturbing” field considerably simplifies the problem
of its determination; the problem could hardly be solved otherwiseWe therefore assume that the normal figure of the earth is a level ellipsoid,
that is, “ ellipsoid of revolution which is an equipotential surface of a normal
gravity field. This assumption is necessary because the ellipsoid is to be thenormal form of the geoid, which is an equipotential surface of the actual gravity
field. Denotmg the potential of the normal gravity field by

u = U(x, y, z),

to the

e

Jc

hat

H

th

H

e

fi

eV

1
eUipSOid

;

being a Surface U = C0nst” exactJy corresponds
to the geoid, defined as a surface W = const.
The basic point here is that by postulating that the given ellipsoid be an

equipotential surface of the normal gravity field, and by prescribing the totalmass
^ we completely and uniquely determine the normal potential U. The

e ai e ensity distribution inside the ellipsoid, which produces the potential U
is quite uninteresting and need not be known at all.

1
*

This determination is made possible by Stokes’ theorem (Sec. 1-7). Originally

beTnltdT lb

h°Id f°r the gravitational Potential V, but it.can as weltbe applied to the gravity potential

U V + ^
u%x2 -j- y2

) (2-50)

if the angular velocity o> is given. The proof follows that of Sec. 1-7, with obvious

SterSnedby
^ potential function ^V) is completely

1. the shape of the ellipsoid of revolution, that is, its semiaxes a and b
,2. the total mass M, and

’

3. the angular velocity w.

The calculation will now be carried out in detail. The given ellipsoid S0,

x2 + y2 2T“

• + Tj = 1,
u- b‘

is by definition an equipotential surface

U(x, y, z) = U0.

(2-51)

(2-52)
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) (2-50)

that of Sec. 1-7, with obvious
tion U(x, y, z) is completely

is, its semiaxes a and b,

1- The given ellipsoid S0,

(2-51)

It is now convenient to introduce the ellipsoidal coordinates u, 9, X of Sec. 1-19The ellipsoid S0 is taken as the reference ellipsoid u = b. In this and the following
chapters we shall denote the ellipsoidal ^-coordinate by 0, the symbol 6 being
reserved for the spherical polar distance. This distinction is necessary because 0and 0 will be used m the same context. Furthermore, we shall introduce

-
• /3 = 90° - 0,

which is the reduced latitude much used in geometrical geodesy. See also Figs
1-14 and 1-15. * *

Since the gravitational part, V, of the normal potential U will be harmonic
outside the ellipsoid S0, we use the series (1-1 lib). The field V has rotational
symmetry and hence does not depend on the longitude X. Therefore, ail non-
zonal terms, which depend on X, must be zero, and there remains

V(u,
f3)= £ )

n — 0

where

/ h \
J^’d3

r

*(sin 0)>

e-('i)
(2-53)

E — Va2 — b2
.

is the linear eccentricity. The centrifugal potential $ is given by

$ = 2
a)2(x2 + y

2
) = g

a)
2(u2 + E2

) cos
2

(3.

Hence the total normal gravity potential may be written

- Qn 6 |)
U(u, 8) — 2_j / n -dj3„(sin 8) + ^ u2(u2

-f- E2
) cos

2
B.

n=0 Qn
(j e)

2

On the ellipsoid S0 we have u = h and U = U0 . Hence

^ -A nPn(sin 8) + ca
2(b2 + E2

) cos
2
8 — U0.

n = 0

(2-54)

(2-55)

This equation must hold for all points of Si, that is, for ah values of 8- Since

b2 + E2 = a2

and

cos2
3 = 5 [1

- p2(sin 8)1,

we have

oo

X) -^nPn(sin 8) + t- u
2a2 —

^ o)
2a2P2(sin 8) — U

(s
= 0

n = 0

as a second approximation it
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or

A0 + ~ w2a2 - Uoj P0(sin /3) + Af^sin 8)

+ (Ai ~ 3
P2(sin 0) + AJ>

n(sin 0) = 0.
' n = 3

This equation will hold for all values of0 only if the coefficient of every P„(sin 8)
is zero. Thus we get

1
Ao = U0 —

3
ai

2a2
, A\ = 0,

1

Ai =
|

co
2a2

, A3 — A

Inserting these into (2-53) gives

a(!
i)

0.

nu, # - (n -
1
-v) + 1

(2.56)

<H ' l)
a

x ti)

This formula is basically the solution ofDirichlet’s problem for the level ellipsoid,
but we can give it more convenient forms.

First, we determine the Legendre functions of the second kind, Q0 and g2 . As

coth-1 ix = l cotr1 x = —i tan-1 ->
'

1 x
we find by (1-65') with z = iu/E:

- i tan
-

*('5)

a
(
i l)-5[( 1 + 3 l)'“'‘|-3|}

By introducing the abbreviations

1

q = 1 + 3^^.=- a _

?o
1

’( 1 + 3I)

:(

,
E

0-

l +3 S)tan-1

f-3|],

(2-57)

(2-58)

and substituting in equation (2-56), we obtain

E
/ , , ran * -

V(n, 0) = ( U0 — x o)
2a2

] ~ + - coV 2. p2(sin 0). (2-59)
X / tan~i| iq,

b

Now we can express C/0 in terms of the mass M. For large values of u we have

tan
-1 - = - + o (

I.Y
u u \u*J

From the expressions

(1-103) for ellipsoidal cc

x2

so that for large values <

and

For very large distances

totically

r -( !

We know from the precei

Comparison of these two

kAti

U

are the desired relations 1

We can substitute thes<

and express P2 as

Finally, if we add the cer

potential U as

E(u, 0) = tan- 1 i +

The only constants that c

complete agreement with

2-8. Normal Gravity

The line element in ellips

ds2 = m>2 du2 -

where



(sin /S)+']£ AJ>n(sin/3) = 0.
n~ 3

ie coefficient of everyPn(sin 0)

Q*01)

7T/. b \
Hsin0)

- (2'56)

ie second kind, g0 and g2 . As

(2-57)

(2-58)
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From the expressions (1-36) for spherical coordinates and from equations
(1-103) for ellipsoidal coordinates we find

x* + y
2 + z2 = r2 = u2 + E2 cos2

0,

so that for large values of r we have

r
+ 0

(?)

For very large distances r, the first term in (2-59) is dominant, so that asymp-
totically

V = (U0 - \ odd2 )
— I + of-Y

V 3 ) tan-1 (E/b) r
+

\r3
)

We know from the preceding section that

-*?+»(*}
Comparison of these two expressions shows that

UB = ^tan-i|+I w2a2

£
1 (E/b)’

(2-60)

(2-61)

are the desired relations between mass M and potential U0 .

We can substitute these relations into the expression for V, given by (2-59),
and express as

P2(sin 0) ==
j

sin2 fj ~ J
Finally, if we add the centrifugal potential $ (2-55), we get the normal gravity
potential U as

U(u
’ ft = X tan_1

u
+

\
c°2fl2

1 (
sin2 $ ~

j) + \ + £2
> cos

2
0. (2-62)

The only constants that occur in this formula are a, b, kM, and w. This is in
complete agreement with Stokes’ theorem.

2a2 P2(sin 0). (2-59),

or large values of u we have

2-8. Normal Gravity

The line element in ellipsoidal coordinates is, according to (1-104), given by

ds2 = w2 du2 + w\u2 + E2
) d0

2 + (u
2 + E2

) cos
2
0 d\2

,

where

lu2 + E2 sin2
0

\ k2 + El (2-63)
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Along the coordinate lines we thus have:

u = variable, p = const., X = const.

P = variable, u = const., X = const.

X = variable, u = const., p = const.

The components of the normal gravity vector

y = grad U
along these coordinate lines are accordingly given by

dU = l_dU
dsu w du

w du,dsu

dsp = wVu1 + E2 dp,

ds\ Vu2 + E1 cos p d\.

(2-64)

Tw

dU
yff

= ~ = 1 du
dSfl wVu2 + E2 dp’

1 dU

(2-65)

_ _ dU _
Tx

dsx ~ Vu2 + E2 cos P dX
= 0.

The component is zero because U does not contain X. This is also evident
from the rotational symmetry.

On performing the partial differentiations we find

kM
. w2a2E a

1
' (\ . 1\

td + £2 + W+E2
q0 \2

Sm P ~
6 )

~ COs2 l3’

~ Wy* = (~V^+ E2 1
+ “2VV + £2

)
Sin P C0S A

where we have set

_ + £2 dq
q = ^ = 3

(2-66)

£ 1

(
1 + |)(

1 -| tan-1

f)- 1. (2-67)

Note that does not mean dq/du\ this notation has been borrowed from
Hirvonen (1960), where q' is the derivative with respect to another independent
variable a, which we are not using here.

For the level ellipsoid S0 itself we have u = b, and we get

7/3,0 = 0. (2-68)

(We shall often denote quantities referred to S0 by the subscript 0.) This is also
evident because on S0 the gravity vector is normal to the level surface S0 .

Hence, in addition to the X-component, the /3-component is also zero on the
reference ellipsoid u = b. 1

Thus the total gravity on the ellipsoid S0; which we simply denote by 7, is

given by

1 The other coordinate ellipsoids u = const, are not equipotential surfaces U = const,
so that the /3-component will not in general be zero.

7 = |7«,o|
l

aV

a

2 sin2sin2
/

since the relations

1
wa --Vb

a

hold on Si.

If we introduce the abl

and the second eccentricit

and remove the constant

we obtain

7 = kM
aVa2 sin2

p + b2 cos

[(”
At the equator (p = 0)

at the poles (p = ±90°) r

Normal gravity at the e

the relation

which should be verified 1

portant approximate forn

1 The first eccentricity is e
merely distinguishes the seconc
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dsu = w du,

tip = wVu2 + E2
t/,3,

= Vid -f- E2 cos 8 d\.

(2-64)

(2-65)

7 = |7u,o|
=
aV

a

2 sin2
p + b2 cos2

/?

since the relations

Vn2
-f E1 = Vb 2 + E1 = a,

w0 = 1 Vh 2 + E2 sin2 /3 = - v/a 2 sin2
/3 + 6 2 cos2

/3

hold on So.

If we introduce the abbreviation

(2-69)

ontain X. This is also evident

-5)-“'

i
2

)
sin /5 cos (3,

(2
-66)

's ,a“ ;)->• p-67)

3n has been borrowed from
:spect to another independent

ind we get

(2-68)

the subscript 0.) This is also

mal to the level surface SfJ .

nponent is also zero on the

h we simply denote by y, is

luipotential surfaces U = const.,

and the second eccentricity1

, E Va2

and remove the constant terms by noting that

1 = cos2
p + sin2 p,

we obtain

aVa2 sin2 8 + b2 cos2
p

LV '

3 q0 ,

At the equator (p = 0) we find

./ kM

1 — m m e'q'0

(2-70)

(2-71)

^cos*/?]. (2-72)

(2-73)

(2-74)

_ kM / m e'q'a\ya --ab{ l
- m

~6-f)’ (2-73)

at the poles (/3 = ±90°) normal gravity is given by

_ kM ( m e'q'0\T‘-^T 1 + r*> (2-«)

Normal gravity at the equator, ya, and normal gravity at the pole, yb, satisfy
the relation

' a — b yh — ya W 2b /, , e'<7o\

«
+ '^r-

=
^( 1 +

2i> (2-75)

which should be verified by substitution. This is the rigorous form of an im-
portant approximate formula published by Clairaut in 1738. It is therefore

7h
t firSt epcentrieity is e = E/a. The prime on e does not denote differentiation butmerely distinguishes the second eccentricity from the first.
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2-9. Expansion o

jfe

called Clairaut’s theorem. Its significance will be made clear in Sec. 2-10.

By comparing expression (2-73) for ya and expression (2-74) for y h with the

quantities within parentheses in formula (2-72) we see that y can be written in

the symmetrical form

= ayb sin2 13 cos2
(2-76)

^ V

a

2 sin2 /3 + b2 cos2

We finally introduce the geographical latitude on the ellipsoid, <j>, which is

the angle between the normal to the ellipsoid and the equatorial plane (Fig.

2-1 1). Using the well-known formula from geometrical geodesy,

we obtain

tan (3 = - tan 0,

_ aya cos
2 + bjb sin2

<j)
m

^ V

a

2 cos2
<f> + b2 sin2

<f>

(2-77)

(2-78)

The computation is left as an exercise for the reader. This rigorous formula

for normal gravity on the ellipsoid is due to Somigliana (1929).

We shall close this section with a short remark on the vertical gradient of

gravity at the reference ellipsoid, dy/dsu = dy/dh. Bruns’ formula (2-20), applied

to the normal gravity field with p = 0, yields

= —2yJ — 2w2
. (2-79)

on

The mean curvature of the ellipsoid is given by

(2-80)

where M and N are the principal radii of curvature: M is the radius in the

direction of the meridian, and N is the normal radius of curvature, taken in

the direction of the prime vertical-From geometrical geodesy we borrow the

formulas

FIGURE 2-11

Geographical (ellipsoidal) latitude 4>, geocentric

latitude 4>, reduced latitude P, and their com-

plements, for a point P oh the ellipsoid.

where

M -
(1 + o'

is the radius of curvature

admits of a simple geomet;

known as the “normal term

L

2-9. Expansion of the Norm

We have found the gravita

in terms of ellipsoidal harim

Now we wish to express thii

We first establish a relat:

By comparing the rectangu]

equations (1-36) and (1-103)

r sin 0 c

r sin 6 s

r (

The longitude X being the

equations

c

The direct transformation

by means of equations (2-8T

be solved easily in an indiret

We expand tan-1 (E/u) ini

. . E
tan-1 — =

it

Insertion of this series into t

leads, after simple manipulal
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be made clear in Sec. 2-10.

ression (2-74) for 75 with the

s see that 7 can be written in

a.
s
2
0

(2-76)

on the ellipsoid, <j>, which is

id the equatorial plane (Fig.

trical geodesy,

(2-77)

1
2

<f>'

i
2

<j>

(2-78)

eader. This rigorous formula

gliana (1929).

k on the vertical gradient of

Bruns’ formula (2-20), applied

(2-79)

(2-80)

iture: M is the radius in the

radius of curvature,' taken in

trical geodesy we borrow the

il {ellipsoidal) latitude <j>,
geocentric

reduced latitude p, and their corn-

er a point P on the ellipsoid.

M =

where

(1 + e'
2 cos2

4>)
zn W =

(1 + e'
2 cos2

ai

C=
b

(2-81)

(2-82)-

is the radius of curvature at the pole. The normal radius of curvature, N,

admits of a simple geometrical interpretation (Fig. 2-11). It is therefore also

known as the “normal terminated by the minor axis” (Bomford, 1962, p. 497).

2-9. Expansion of the Normal Potential in Spherical Harmonics

We have found the gravitational potential of the normal figure of the earth

in terms of ellipsoidal harmonics to be

V = ^4“ tan
-1 — + 7 w2n2 — P2(sin 0).

zi 'it 3 qQ

(2-83)

Now we wish to express this equation in terms of spherical coordinates r, 6, X.

We first establish a relation between ellipsoidal and spherical coordinates.

By comparing the rectangular coordinates in these two systems according to

equations (1-36) and (1-103) we get

r sin 6 cos X = vV + E1 cos 0 cos X,

r sin 6 sin X = Vu2 + E2 cos 0 sin X,

r cos d — u sin 0.

The longitude X being the same in both systems, we easily find from these

equations

cot 0 = Vn2 + E2
tan 0,

(2-84)

r — ;V

h

2 + E2 cos2
0. v.

The direct transformation of (2-83) by expressing u and 0 in terms of r and 0

by means of equations (2-84) is extremely laborious. However, the problem can

be solved easily in an indirect way.

We expand tan-1 (E/u) into the well-known power series

o

u u 3 \uj 5 \ uj

Insertion of this series into the formula (2-57)

«"3[(I+3 p)
,an"f- 3

I]

leads, after simple manipulations, to

- 2[A©‘-A©
5

^(D'- +

(2-85)

(2
-86)
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More concisely we have

tan
- E £+ ±l-V:' 2n + 1 \«/

71 = 1

2n

,©
2n+l

(2rc + l)(2n + 3)

t

By inserting this into (2-83) we obtain

F 4.^v (- Dn - (-T
+1

+ l) 2n+l\u)

** f, l)n ____ 2

5

/ p2(sin

(2« + 1)(2n + 3) ^ U
'

Introducing m, defined by (2-70), and the second eccentricity e' = E/b, we find

y kM (2-87)
7 = IT +^ (

(2n + 1)£\«; L 3<?0 2n + 3 J

We expand the potential V into a series of spherical harmonics. Because of

the rotational symmetry there will be only zonal terms, and because of the

symmetry with respect to the equatorial plane there will be only even zona

harmonics. The zonal harmonics of odd degree change sign for negative latitudes

and must therefore be absent. Accordingly, the series has the form

„ kM
, , Pfcos0)

, ^
P«(cosO)

V = — + M—-r r Ai—-5
(2

-88)

We next have to determine the coefficients Ai, A4,
For this purpose we

consider a point on the axis of rotation, outside the ellipsoid. For this point

we have 0 = 90°, 6 = 0°, and, by (2-84), u = r. Then (2-87) becomes

' n— 1

and (2
-88) takes the form

V

kME%ri

2n + t (
1

In me'\ 1

^

I yZn+l
7

2n +

3

3qQ } r2

kM + +
r ‘ x-3 ‘ *5 1

kM . . 1

, . K .

“ + 2-1 A%n
rin+l

'

r* rb 1 “1 r

Here we have used the fact that for all values of n

iA(i)= l;

see also Fig. 1-8. Comparing the coefficients in both expressions for V we find

2n me'''
,

kME2n
,

.

Ain = (— l)
n - —( 1

2n + 1 \ 2n + 3 3#<b)
(2-89)

Equations (2-88) and (2-89) give the desired expression for the potential of

the level ellipsoid as a series of spherical harmonics.

2-9. Expansion 0

The second-degree coeffic

This follows from (2-47); w<

moment of inertia with resp

inertia with respect to any

(2-89) we obtain

At =

Comparing this with the pre

k(C —

Thus the difference between

terms of “Stokes’ constants”

It is possible to eliminati

A2n = (- 1)"

(2«

V =

If we write the potential V

kM
r

kM\
r

1 -/*(

«

Z
n~X

then the J are given by

Jtn = (- 1)"+1

(2 r.

Here we have introduced th«

the important formula

which is in agreement with ec

Finally we note that on e

U(> by using (2-60), we may v

equation (2-56), in the form

V(u, P) = £ kM- Q,
(<S)

+ lJLi^ 2E*
h

This shows that the coefficie

and two are functions of the
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rfk+iAu)
. eccentricity e' = E/b, we find

iherical harmonics. Because of

lal terms, and because of the

there will be only even zonal

tange sign for negative latitudes

series has the form

(cos 6)
(2

-88)

,
A t, . . .

.

For this purpose we
e the ellipsoid. For this point

Then (2-87) becomes

2n me'\ 1

2n + 3 3<7o ) f-
n+1

»
j

“l
- A 2j> 2n+l

>oth expressions for V we find

2n me

’

+ 3 3qo
(2-89)

sxpression for the potential of

The second-degree coefficient At is

A t = k(A - Q.

This follows from (2-47); we have A = B for reasons of symmetry. The C is the

moment of inertia with respect to the axis of rotation, and A is the moment of

inertia with respect to any axis in the equatorial plane. By letting n — 1 in

(2-89) we obtain }'

f At = -\kME*(l - ——)
3 V 15 qo )

Comparing this with the preceding equation we find

k[C - A) = J
kME2 (l - ^ “)• (2-90)

Thus the difference between the principal moments of inertia is expressed in

terms of “Stokes’ constants” a
,
b, M, and co.

It is possible to eliminate qa from equations (2-89) and (2-90), obtaining

Ain ' (
(2n + 1)(2n + 3) V n + 5n MEi )' (2

‘91 )

If we write the potential V in the form

k{C - A) =
J
kME?

^1
(2-90)

Atn =(-!)»;
C- A\

(2-91)

V = —jr [l Jt
(jJ

Pfcos 0) - f
0.y

Pd!cos e)
]

then the / are given by

fn = (- 1)"+1
,

- <-
(2» + + 3) ('

- ” + * P-92>

Here we have introduced the first eccentricity e = E/a. For n = 1 this gives

the important formula

(2-920
C— zl

Ma2 ’

which is in agreement with equations (2-49).

Finally we note that on eliminating q0 = l g2 ^ by using (2-90), and

t/0 by using (2-60), we may write the expansion of V in ellipsoidal harmonics,

equation (2-56), in the form y

V(u,f) = ^kM-Q0

+ l^k(c- A-\ ME^j
• 22 ft(sin 0). (2-93)

This shows that the coefficients of the ellipsoidal harmonics of degrees zero

and two are functions of the mass and of the difference between the two prin-
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cipal moments of inertia. The analogy to the corresponding spherical-harmonic

coefficients (2-47) is obvious.

2-10. Series Expansions for the Normal Gravity Field

Since the earth ellipsoid is very nearly a sphere, the quantities

E = Vu2 — b\ linear eccentricity.

e = first (numerical) eccentricity,

a (2-94)

/ =

E
b

a — b

second (numerical) eccentricity,

-> flattening,

and similar parameters that characterize the deviation from a sphere, are small.

Therefore, series expansions in terms of these or similar parameters will be

convenient for numerical calculations.

Linear approximation. In order that the reader may find his way through

the subsequent practical formulas we first consider an approximation that is

linear in the flattening /. Here we get particularly simple and symmetrical

formulas which also exhibit plainly the structure of the higher-order expansions.

It is well known that the radius vector r of an ellipsoid is approximately

-/sin-*). r tm
As we shall see subsequently, normal gravity may, to the same approximation,

be written „ , f2-961
7 = y,a (1 + /* sm2

<f).

For 4> = ±90°, at the poles, we have r = b and y = y&. Hence we may write

b = a(l — /), 76 = 7a(l +/*)»

and solving for/and/* we obtain

a — b
f-

f*

(2-97)

(2-98)
:

76 ~ 7^

7a

so that /is the flattening defined by (2-94),’ and/* is an analogous quantity

which may be called gravity flattening.

To the same approximation, (2-75) becomes

5
/+/* :m, (2-99)

I
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larly simple and symmetrical

if the higher-order expansions,

an ellipsoid is approximately

(2-95)

y, to the same approximation,

(2-96)

l 7 = 76 . Hence we may write

+ /*),

(2-97)

(2-98)

If* is an analogous quantity
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« 2a _ centrifugal force at equator
~

7a gravity at equator (2- 100)

This is Clairaut's theorem in its original form. It is one of the most striking

formulas of physical geodesy: the (geometrical) flattening/(2-97) can be derived

from /* and m, which are -purely dynamical quantities obtained by gravity

measurements; that is, the flattening of the earth can be obtainedfrom gravity

measurements.

Of course, Clairaut’s formula is only a first approximation and must be im-

proved, first by the inclusion of higher-order ellipsoidal terms in/, and secondly

by taking the deviation of the earth’s gravity field, from the normal gravity field

into account. But the principle remains the same.

Second-order expansion. We shall now expand the closed formulas of the

two preceding sections into series in terms of the second eccentricity e' and the

flattening/, in general up to and including e'
4 or

/

2
, Terms of the order of e'

6 or

p and higher will usually be neglected.

We start from the series

The first two series have already been used in the preceding section; the third

is obtained by inserting the tan-1 series into the closed formula (2-67) for <f

.

On the reference ellipsoid So we have u = b and

so that

b

tan-1 e' — e' —
|

e'
3 + ^

e' 6

•(>4

(>4 (2-103)

3(1 +^e' 2 •••

We shall also need the series

i
e

'2 + s
e

'4

(2-99)
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r a Rv substituting these expressions into the closed for-

Potential and gravity. By snbstnu g and including the

mulas (2-61), (2-73), (2-74), and (2-75) we obtain, up

order e'
4
,

potential*

^ _ 1 „ + > + P-104)

gravity at the equator and the pole.

h-M / 3 3 Y C2-105a)

ab \ 2
r e

2m )>
(2-105a)

1 + m +

Clairaut’s theorem:

f+f* > +14

(2-105b)

(2-106)

The ratio co
2a/7o may be expressed as

— = m + s®!
1

7a Z

(2-107)

which is a more accurate version of (2-100).

From equation (2-105a) we find

/ r-k

kM = aby. (l + 2
m "^

]4
a + 4

,fl

)
(2-108)

which gives the mass in terms of equatorial gravity. By« of this equation

we can express in equation (2-104) m terms of 7. obtarmng

- ' 111 0 1 AO\

Uo = aya

ix V.— X

(
l -\ e

'. + '2 m + \r‘-
2

1
e”n,+

'2 m,y (2-109)

yields
,J hfki, — /

r7'V„ . .

7 — Ta

1
j_ ^15—— gin2

<j>

' ayj,

The denominator is expanded into a binomial series:

i -5

*_== l + -U + |x2 +
2 8

Then the abbreviated series

a2 — b2

1 + e'
2
= e'

2 — e'
4
.

byb — aya _ _ e
'2 _p ^ m -j- e'

4 — y e'
2m + Tf

Ml2

aya
2

are introduced and we obt

7 = 7a
> + (-*- e'

2 + -
2
e +

2

' We may also express thesi

the equation

The flattening /is most coi

second eccentricity e' in th;

not immediately apparent tl

of magnitude. Thus we obta

t /, 2., 11
/o = aya ( 1 —

j
f+ -^m

y = ya 1 + ^-/

+

The last formula is usually

so that we have

/* = -/-

By substituting

we finally obtain

7 = 7a I

where

is the “gravity flattening.’

Coefficients of spherical he

ments of inertia yields at once
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:pressions into the closed for-

ain, up to and including the

+ 3
uW,

e'^rn^’

m^J’

(2-104)

(2-105a)

(2-105b)

(2-106)

(2-107)

’

2
/

n

+ ^
(2-108)

vity. By means of this equation

of ya,
obtaining

_2
e

,2m+
U m^. (2-109)

th kMm/b.

.
gravity. A simple manipulation

sin2 <b
^

sin2 <j>

series:

x2 + • • •

.

i

’2 _ p'i

y e'
2m + y m2

are introduced and we obtain, upon substitution,

7 = 7« |^1
+ e'

2 + ^
m + ^

eu - y e'
2m + y m2

^
sin2

+ e'
4 + ^e' 2m^ sin4

4>J.

(2-110)

We may also express these quantities in terms of the flattening / by substituting

the equation

e
' 2
= (rhv~ 1 = 2/+ 3/2 +

The flattening /is most commonly used; it offers a slight advantage over the

second eccentricity e' in that it is of the same order of magnitude as nr. it is

not immediately apparent that m2
,
e' 2m, and e'

4 are quantities of the same order

of magnitude. Thus we obtain

kM = abya ^1 + |

m

+ ^
m2

^,
(2-111)

U0 = «7a (|l - |/+ j- m -
^/

2 - ^/m + ~m!

j. (2-112)

7 = 7a J^l + (-/+ f
m + ^/

2 - yfm + y m 2

^
sin2

<f>

+ (-^/2 + ^/m)sin4 J- (2-113)

The last formula is usually abbreviated as

7- = 7«(1 + /z sin2
<t>+

A

sin4
<j>), (2-114)

so that we have

A = -/+ \m + ^/
2 - y/m + y m 2

,

/• 1 /*n
|

^ ^

(2-115)

By substituting

we finally obtain

where

sin4 (j)
= sin2 </>--- sin2

2<j>

7 = 7a ^1 +/* sin2
<j> - ^/4 sin2 2<^>

'-A fA
is the “gravity flattening.’

_ 7b
~ 7a

7a

(2-116)

(2-117)

Coefficients of spherical harmonics. Equation (2-90) for the principal mo-

ments of inertia yields at once
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C- A. 1

3

2 me'

ME2 3 45 qa

Expanding by means of (2-102) we find

C-A = _Wlg/i
ME2 e'

2 \3 3

Inserting this into (2-92) we obtain

C - T 1 .'2

Mfl2

r m
];

e
' 4 +

5T
e

'2m

2 , l

-d-\ m

e'i _j- ? e
'2m = —\p + \fm -

(2-118)

(2-119)

The higher 2 are dread, of an order of magnitude that we have neglected.

M * empsoi*. For a

gravity ,» at this elevation can be expanded into a senes m terms

^

7h T+dh h +
2 dh*

where y and its derivatives are referred to the ellipsoid (h 0).

The first derivative dy/dh is given by Bruns’ formula (2-79).

/I 1 \
dr =
dh (ji

+1
n)

2«2
,

(2-120)

dh \jyj-
. (

where Af, iV are the principal radii of curvature of the ellipsoid, defin y

(2-81). Since

J_M
1

- (1 + e'
2 cos2

4>f
n =

(
X + |

e
'
2 cos2 * "

‘

)’

we have

jf= |( i + e
' 2cos^)i/2=

'K :

i+i — (2 + 2e' 2 cos2
<f>)

a2

1 + ^
eH cos2

<p
•

^(1 + 2/cos2
4>).

M N a
.

’ . , -

c

27 y. , o/««2 ^ (2-121)
^7 = _?7 vj + y_(. m _ 2/ sin2

<#>).
,

(2-121)

dh a

The second derivative 8Va»! may be taken from the sphericd approximation,

ibtained by neglecting e'
2 or/:

7 =
kM dy

IP’ dh

dy

da

2kM cfy = dfy __
6feM

,

dh2 da2 a4

so that

/
Thus we obtain

7w = 7 |^1
—

Using equation (2-113) for

form

The symbol y;, denotes the :

height h above the ellipsoid

latitude 0, as given by (2-11

Higher-order series expar

tities of the normal gravity 1

2-11. Numerical Values. Th<

The reference ellipsoid and

constants. Usually one takes

a,

f,

Tas

CO,

x The best-known and mos
ellipsoid:

a ±

/ =

7a =

co =

The geometric parameters

isostatically reduced astrogei

for the international ellipsoi

of Geodesy at Madrid in IS

by Heiskanen (1928) from is

international gravityformula,

y = 978.0490(1 + 0

whose coefficients were con

Cassinis (1930) [equations i

sembly at Stockholm in 193*
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(2-118)

+ i/m. (2-119)

e that we have neglected.

i ft above the ellipsoid, normal

a series in terms of ft:
\

+ * ‘ *5

ipsoid (ft = 0).

irmula (2-79):

2U 2
,

(2-120)

•e of the ellipsoid, defined by

- |
e'

2 cos2
<t>

*\

1- ^
e'

2 cos2
4>

1 •

jj
(1 + 2/cos

2
<*>).

r in /, since the elevation ft is

20) after simple manipulations:

,
»

If sin2
<j>).

(2-121)

>m the spherical approximation,

27 3 2Y _
b/cM

^
=

<3

a

2

_
a 4

so that

Thus we obtain

d 2Y _ 67

dft
2 O2 (2

-122)

7k = 7 [l - |(1 +/+ m - 2/ sin2
<£)ft + |2

ft
2
]- (2-123)

Using equation (2-113) for 7, we may also write the difference 7/ — 7 in the

form

yn - 7 = [l +/+ m + (-3/+ ^
m) sin2

<fr
h + ^ ft

2
. (2-124)

The symbol 7;,, denotes the normal gravity for a point at latitude <j>, situated at

height ft above the ellipsoid
; 7 is the gravity at the ellipsoid itself, for the same

latitude <£, as given by (2-116) or equivalent formulas.

Higher-order series expansions and computational formulas for many quan-

tities of the normal gravity field are given in Hirvonen (1960).

2-11. Numerical Values. The International Ellipsoid

The reference ellipsoid and its-gravity field are completely determined by four

constants. Usually one takes the following four parameters:

a, semimajor axis;

/, flattening;

Y„, equatorial gravity; and

o>, angular velocity.

. The best-known and most widely used values are those of the international

ellipsoid'.

a = 6 378 388.000 meters,

/ = 1/297.000,
( V5)

7a = 978.049 000 gal,
^ ’

co = 0.729 211 5MO-4 sec- 1
.

The geometric parameters a and/were determined by Hayford in 1909 from

isostatically reduced astrogeodetic data in the United States. They were adopted

for the international ellipsoid by the assembly of the International Association

of Geodesy at Madrid in 1924. The equatorial gravity value y0 was computed

by Heiskanen (1928) from isostatically reduced gravity data. The corresponding

international gravityformula,

7 = 978.0490(1 + 0.005 2884 sin 2
0 - 0.000 0059 sin2 2<f>) gal, (2-126)

whose coefficients were computed from the assumed values for a, f, ya, co by

Cassinis (1930) [equations (2-115), (2-116), (2-117)], was adopted by the as-

sembly at Stockholm in 1930.
,
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merely the inner consistency. In this way we find

b = 6 356 911.9 meters,

£= 522 976.1 meters,

e'2 = 0.006 768 17, (2-127)

q0 = 0.000 073 8130,

= 0.002 699 44,

m = 0.003 449 86.

The potential of the international ellipsoid is

U0 = 6 263 978.7 kgal meters. (2-128)

The product of the earth’s mass and the gravitational constant has the value

kM = 3.986 3290 X 102° cm3 sec"2
.

(2-129)

Since the gravitational constant has the value

k = 6.67 X 10-8 cm3 g“ l sec"2
,

the earth’s mass is

M = 5.98 X 1027
g.

Since k is not very accurate, it would be rather meaningless to give a higher

a

°^OT the constants in the spherical-harmonic expansion of the normal gravity

field we find the values

/. - Tir - °'001 om (2-130)

J4 = -0.000 002 43.

The change of normal gravity with elevation is given by the formula (2-124),

which for the international ellipsoid becomes

yh _ y _ (0.30877 — 0.00045 sin2 <f)h + 0.000 072/z 2
,

(2-131)

where yh and y are measured in gals, and h is the elevation in kiiometers

Although the international eUipsoid can no longer be considered the closest

approximation of the earth by an ellipsoid, it may still be use

^
“^

eUipsoid for geodetic purposes (see Sec. 2-21 for a discussion of his point).

A set of values that probably fit the actual situation more closely has recently

been adopted by the assembly of the International Astronomical Union at

Hamburg in 1964 (Fricke et'al., 1965):

a = 6 378 160 meters,

/2 = 0.001 0827, <> 132)

kM = 3.986 03 X 1020 cm3 sec-2
.
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geodetic determinations
; the change in the value of J%, and consequently off

is due to the results from artificial satellites.

The eastern countries use the ellipsoid of Krassowsky:

a — 6 378 245 meters,

/= 1/298.3.
(2-133)

In this book we shall continue to use the values (2-125) of the international
ellipsoid unless otherwise stated, because most computations, tables, etc., are
referred to it; moreover, those values have not as yet been officially changed by
the International Union of Geodesy and Geophysics.

2-12. Other Normal Gravity Fields and Reference Surfaces

As we have mentioned, the gravity field of the earth is conveniently split up
into a normal and a disturbing field. The normal field comprises the large-scale
features, so that the deviations of the actual gravity field from the normal
field—the disturbances—are small. The normal field should, furthermore, be
mathematically simple. Otherwise it is quite arbitrary.

The use of the ellipsoid as a reference surface for the gravity field is compar-
atively recent. It was not used officially until 1930, when the assembly of the
International Association of Geodesy at Stockholm adopted /he theoretical
gravity formula (2-126), which is based on an ellipsoid of revolution. Formerly
one used the first terms of the spherical-harmonic expansion of IF as a normal
potential U, that is, the functions

U'

U" Yo Yfe, X)
,

Yfe,\)
,

i+ + i co
2(x2 + yf

(2- 134a)

(2- 134b)fo ' yb

The first-degree harmonic is missing because the center of the earth is chosen
as the origin of coordinates; the third-degree harmonic has been omitted be-
cause the normal field is taken to be symmetrical with respect to the equatorial
plane. The functions Y0 — kM, Y->, and Y* are assumed to be those of the actual
gravity field of the earth.

The corresponding reference surfaces U = U0 are called earth spheroidsf
the surface

U'(x, y, z) — Uo (2-135a)

is known as Bruns’ spheroid; the surface

U"(x, y, z) = Uo (2-135b)
is Helmert’s spheroid.

‘ A spheroid is (1) any surface resembling a sphere; and (2) in particular, an ellipsoid of
revolution. In this book we shall use the word “spheroid” in the first, broader meaning rather
than in the second, special sense.
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According to (2-48'), Bruns’ spheroid is given by the equation

k]\d[ k— + 275 K5 + c - 2A)x2 + (C+ A- 2B)y2 + (A + B- 2Qz2
]

+ i w2(x 2 + y2
) = U0 . (2-136)

By removing the square root

r = Vx2 + y2 + z2

we find that it is an algebraic surface of the 14th degree. Helmert’s spheroid is a
surface of the 22nd degree.

Practically, these surfaces closely approximate ellipsoids. However, they are

much more complicated mathematically, so that hardly any closed formulas
can be obtained for them.

Three reasons given in favor of the ellipsoid as a reference surface in physical

geodesy are listed below.

1. Since an ellipsoid is always used as a reference surface for triangulations,

etc., the same ellipsoid can be used both as a geometrical and a physical

reference surface.

2. The closed formulas for the level ellipsoid permit not only a clear-cut

and precise definition of the normal gravity-Tield, but also practical

computations of any accuracy.

3. The functions (2- 134a) and (2- 134b) might be thought of as the natural

first approximations of the earth’s gravity field. However, the spherical-

harmonic expansion of the gravity potential is no more “natural” than,

say, an expansion in terms of ellipsoidal harmonics. If we expand W
into a series of ellipsoidal harmonics, then the level ellipsoid is the first

approximation.

The concept of the reference surface and its gravity field will become still clearer

in the following sections, particularly in Sec. 2-21.

2-13.
The AnoniaSous Gravity Field. Geoidal Undulations and
Deflections of the Vertical

The small difference between the actual gravity potential W and the normal
gravity potential U is denoted by T, so that

W(x, y, z) = U(x, y, z) + T(x, y, z);

T is called the anomalous potential, or disturbing potential.

We compare the geoid

W(x,y,z) = W0

with a reference ellipsoid

U(x, y, z) = Wo

(2-137)

Si

distance PQ between geoid
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0f the elllPSoid and thwe shall continue this practiceA
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>y the equation

+ (A + B - 2C)z2
]

\a,Kx> + y*)=U0 . (2-136)
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FIGURE 2-12

Geoid and reference ellipsoid.

T(x,y,z);

potential.

(2-137)

of the same potential Uo — Wo. A point P of the geoid is projected onto the
Point Q of the ellipsoid by means of the ellipsoidal normal (Fig. 2-12). The
distance PQ between geoid and ellipsoid is called the geoidal height, or geoidal
undulation, and is denoted by N.

1

Consider now the gravity vector g at P and the normal gravity vector y at Q.
The gravity anomaly vector Ag is defined as their difference:

Ag = gp-YQ. (2-138)

A vector is characterized by magnitude and direction. The difference in magnitude
is the gravity anomaly

4g =;#>.- Jq; (2-139)

the difference in direction is the deflection of the vertical.

The deflection of the vertical has two components, a north-south component £
and an east-west component 77 (Fig. 2-13). As the direction of the vertical is

directly defined by the geographical coordinates latitude and longitude, the
components £ and v can be expressed by them a simple wayTThe actual geo-
graphical coordinates of the geoidal point P, which define the direction of the
plumb line n or of the gravity vector g, can be determined by astronomical
measurements. They are therefore called astronomical coordinates and have
been denoted by $ and A. The ellipsoidal geographical coordyiates given by the
direction of the ellipsoidal normal n' have been denoted by <j> and X. It is evident
that X is identical with the geocentric longitude. Thus,

geoidal normal n, astronomical coordinates <f>, A;
ellipsoidal normal n'

,

“geodetic” coordinates <j>, X.

From Fig. 2-13 we read

£ = $ — (j>,

^ (2-140)
17 = (A — X) cos 4j.

Unfortunately there is a conflict of notation here. Denoting both the normal radius of
curyature of the ellipsoid and the geoidal height by N is well established in geodetic literature.
We shall continue this practice, as there is little chance of confusion.
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It is also possible to compare the vectors g and y at the same point P. Then

we get the gravity disturbance vector

6 = gp — yp. (2-141)

Accordingly, the difference in magnitude is the gravity disturbance

5g = gp — yp- (2-142)

The difference in direction—that is, the deflection of the vertical—is the same

as before, since the directions of yP and yQ practically coincide.
j

The gravity disturbance is conceptually even simpler than the gravity anomaly,

but it is not as important in terrestrial geodesy. The significance of the gravity

anomaly is that it is given directly: the gravity g is measured on the geoid

(or reduced to it, see Chapter 3), and the normal gravity y is computed for the

ellipsoid. -f.

or

N =

This is the famous Bruns fo,
disturbing potential.

Next we consider the gravi

the gravity disturbance vecto

& = grad (W
Then

g - -

because the directions of the
:

gravity disturbance is given b'

^8 ~ gp — yp =
or

Since the elevation h is reckon*

i

Comparing (2-146) with (2-

besides being the difference in
vector, is also the normal comp
We now turn to the gravity a

Relations. There are several basic mathematical relations between the quan-

tities just defined. Since

UP =UQ + (|~) N = Uq — yN,
\on )q

we have

= Up + Tp = Uq"'— yN+T.-
Because

II II £
we find

II (2-143)

we have

Remembering the definition (2-

formula (2-144) into account, vs

e:

e,

f
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!-13

ction of the vertical as illustrated by

a unit sphere with center at P.

tnd y at the same point P. Then

(2-141)
(

; gravity disturbance

(2-142)

ition of the vertical—is the same

actically coincide,

simpler than the gravity anomaly,

iy. The significance of the gravity

vity g is measured on the geoid

mal gravity y is computed for the

atical relations between the quan-

= Uq - yN,

- yN+T.
-

TN = ~-
(2-144)

This is the famous Bruns formula, which relates the geoidal undulation to the
disturbing potential.

Next we consider the gravity, disturbance. Since

g = grad W,

y - grad U,

the gravity disturbance vector (2-141) becomes

S = grad (W — U) = grad T (~
T dT m

Then

dW dU . SU

\dx dy dz
(2-145)

g = -
dn dn' dn

because the directions of the normals n and n’ almost coincide. Therefore, the
gravity disturbance is given by

Sg — gp — yp

or
\ dn dn') \ dn dn

)

dg = -3T
dn (2-146)

Since the elevation h is reckoned along the normal, we may also write

^ =
~fh (2-146')

Comparing (2-146) with (2-145), we see that the gravity disturbance Sg,
besides being the difference in magnitude of the actual and the normal gravity
vector, is also the normal component of the gravity disturbance vector 8.

We now turn to the gravity anomaly Ag. Since

we have

dT
"
dh

yp = yo + %N,

- dg = gp - yp = gp — yQ
dy

dh
N.

Remembering the definition (2-139) of the gravity anomaly and takingTSruns’
formula (2-144) into account, we find the following equivalent equations:

dT ,

~h = Ag ?1

N

dh ’

Ag = — + ^Ln
dh ^ dh ’

(2- 147a)

(2-147b)

*

(2-143)
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. ST. ldy *

Ag
dh
+

y dll
T’

(2-147c)

*r-Ag -g*. (2-147d)

(2-147e)

relating different quantities of the anomalous gravity field.

Another equivalent form is

dT 1 dy ,

dh y dh
T + Ag — 0. (2-148)

This expression is called the fundamental equation ofphysical geodesy, because

it relates the measured quantity Ag to the unknown anomalous potential T.

It has the form of a partial differential equation. If Ag were known throughout

space, then (2-148) could be discussed and solved as a real partial differential

equation. However, since Ag is known only along a surface (the geoid), the

fundamental equation (2-148) can be used only as a boundary condition, which

alone is not sufficient for computing T. Therefore, the name “differential

equation of physical geodesy,” which is sometimes used for (2-148), is rather

misleading.

One usually assumes that there are no masses outside the geoid. Of course this

is not really true. But neither do we make observations directly on the geoid;

we make them on the physical surface of the earth. In reducing- the measured

gravity to the geoid, the effect of the masses outside the geoid is removed by

computation, so that we can indeed assume that all masses are enclosed by the

geoid (see Chapters 3 and 8).

In this case, since the density p is zero everywhere outside the geoid, the

anomalous potential T is harmonic there and satisfies Laplace’s equation

AT '

d2T d2T d2T _
to2

+
dy2 + dz2

~ U '

This is, of course, a true partial differential equation and suffices, if supple-

mented by the boundary condition (2-148), for determining T at every point

outside the geoid.

If we write the boundary condition in the form

_ar_j_ 1 dy

,

dn̂ + 7.^=4g,
y dn

(2-1480

where Ag is assumed to be known at every point of the geoid, then we see that

'

a linear combination of T and dT/dn is given upon that surface. According to

Sec. 1-17, the determination of T is therefore a third boundary-value problem of

potential theory. If it is solved for T, then the geoidal height, which is the most

important geometric quantity in physical geodesy, can be computed' by Bruns’

formula (2-144).

We may therefore say th£

nation of the geoid from gi
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4r*
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Z-14. spherical Approximation

We may therefore say that the basic problem of physical geodesy, the determi-
nation of the geoid from gravity measurements, is essentially a third boundary-
value problem of potential theory.

2-14.
Sphericai Approximation. Expansion of
the Disturbing Potential in Spherical Harmonics ^

T
’^,

ref
!
rence ellipS0ld deviates from a sphere only by quantities of the order

of the flattening, / = 3 X 10-. Therefore, if we treat the reference ellipsoid
as a sphere m equations relating quantities of the anomalous field, this may
cause a relative error of the order of 3 X 10- This error is usually permissible

j
F°r mstance

’ absolute effect of this relative error on the
geoidal height is of the order of 3 X 10- N; since N hardly exceeds 100 meters
this error can usually be expected to be less than 1 meter.
As a spherical approximation we have

y = = 1 dy _ 2
r

2

dh dr
Z

rs ’ y dh ~ 7
We shall introduce a mean radius R of the earth. It is often defined as the radius
of a sphere that has the same volume as the earth ellipsoid; from the condition

we get

4 4

2
itR3 —

^
7ra^b

R = </a*b.

In a similar way we may define a mean vhlue G of gravity over the earth. Nu-
merical values of about

are usually used. Then

R — 6371 km, G = 979.8 gals

1 dy _ 2

7 dh ~ R’

dy = _2G
dh R'

(2-149)

(2-150)

(2-1500

Since the normal to the sphere is the direction of the radius vector r, we have
to the same approximation

d_ = d_ _ d_

dn dh dr

theorem (2-144) we may replace y by G, and equations (2-147)
and (2-148) become

. . 2G
dh

Ag + R
N> (2- 151a)
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fcf81*11II<f (2-15 lb)

h"
<N|Q>11II<f (2- 151c)

5g^Ag + ^N, (2-151d)

Sg^Ag + ^T; (2-151e)

§+^T+Ag=0. (2-151f)

The last equation is the spherical approximation of the fundamental boundary
condition.

The exact meaning of this spherical approximation should be carefully kept
in mind. It is used only in equations relating the small quantities T, N, Ag, etc.

The reference surface is never a sphere in any geometrical sense, but always an
ellipsoid. As the flattening /is very small, the ellipsoidal formulas can be ex-

panded into power series in terms of/ and then all terms containing/,/2
,
etc.,

are neglected. In this way one obtains formulas that are rigorously valid for
the sphere, but approximately valid for the actual reference ellipsoid as well.

However, normal gravity 7 in the gravity anomaly Ag — g — y must be com-
puted for the ellipsoid to a high degree of accuracy.

Since the anomalous potential T = W — U is a harmonic function, it can
be expanded into a series of spherical harmonics:

T(r, 6, X) = E (jy
1

Tn(0, X). (2-152)

Tn(6, X) is Laplace’s surface harmonic of degree n. On the geoid, which as a
spherical approximation corresponds to the sphere ;• = R, we have formally

co

T = T(R, 0, x) = E x> (2-152')

(we need not be concerned with questions of convergence here).

Differentiating the series (2-152) with respect to r we find

= -^ = 7X>+l)(f) Ue,x).
dT 1 /R\ n+

1

-
f/7 = 7g

)

(«+ 1

)(f) Ue, X).

On the geoid (r = R) this becomes

= -§r = J E (« + 1)T,M x).

(2-153)

z E (» + Dm x).
•(V n~0

(2-153')

These series express the gravity disturbance in terms of spherical harmonics.
The equivalent of (2- 151c) outside the earth is obviously

Its exact meaning will be
insertion of (2-153) and (2

On the geoid this becomes

This is the spherical-harmc
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term T\(0, X), it wifi in the ex
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V, (2-15 lb)

(2-15 lc)

(2-15 Id)

(2-15 le)

). (2-151Q
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;e n. On the geoid, which as a

ere r = R, we have formally

Tn(fi, X)

anvergence here).

; to r we find

R\ n+1

jj
Tn(d, X).

l)Tn(e, X).

(2-1520

(2-153)

(2-1530

terms of spherical harmonics,

is obviously

a dT 2 „Ag =~di~r T-

(2- 154)

Its exact meaning will be discussed at the end of the following section. The
insertion of (2-153) and (2-152) into this equation yields

as=4x>- i)(f)
n+
V#,x).

On the geoid this becomes

AS = i£ (" - 1)U8, X).

n = 0

(2-155)

(2-1550

This is the spherical-harmonic expansion of. the gravity anomaly.
Note that even if the anomalous potential T contains a first-degree spherical

term Ti(0, X), it will in the expression for Ag be multiplied by thefactor 1 -1=0
so that Ag can never have a first-degree spherical harmonic-even if T has one!

2-15- Gravity Anomalies Outside the Earth S/T

If a harmonic functionH is given at the surface of the earth, then, as a spherical
approximation, the values ofH outside the earth can be computed by Poisson’s
integral formula (1-89)

'

HP R_

Alt

i? 2

7
s

Hd<7.

whole
The symbol

JJ
is the usual abbreviation for an integral extended over the

<T

unit sphere, or over the full solid angle, which is the same; da denotes the element
of solid angle, defined as the surface element of the unit sphere. Hence the sur-
face element of the terrestrial sphere r = R is R* da. The meaning of the other
notations is read from Fig. 2-14. The value of the harmonic function at the

FIGURE 2-14

Notations for Poisson's integral and derived
formulas.
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variable surface element R 2 da is denoted simply by H, whereas HP refers to

the fixed point P. Obviously, then,

/ = V> + - 2Rr cos (2-156)

The harmonic function H can be expanded into a series of snherical har-

monics:

By omitting the terms of degrees one and zero we get a new function—
- 00*- (?)*=g(r-

The surface harmonics are given by

i
//

H da, H cost da.

(2-157)

H da, Hx H cos i/' da. (2-158)

according to equation (1-71). Hence we find from (2-157), on expressing H by

Poisson’s integral and substituting the integrals (2-158) for H0 and Hi, the basic

formula

= t [[
cosA Hd°- (2-! 59)(2-159)

The reason for this modification of Poisson’s integral is that the formulas of

physical geodesy are simpler if the functions involved do not contain harmonics

of degrees zero and one. It is therefore convenient to split these terms off. This

is done automatically by the modified Poisson integral (2-159).

We shall now apply these formulas to the gravity anomalies outside the earth.

Equation (2-155) yields at once

£(!) (n - 1)Tn(6, X).

Just as Tn(9, X) is a Laplace surface harmonic, so is (n — 1)Tn . Consequently

r Ag, considered as a function in space, can be expanded into a series of spherical

harmonics and is therefore a harmonic function.

Hence we can apply Poisson’s formula to r Ag, getting

R2
1 3R ,V DA w

;

~
r
~ 7? cos ^)(R AS) da,

H-R* 13R ,\ , ,—

p

- —cost) Ag da. (2-160)
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<

by H, whereas HP refers to

(2-156)

ito a series of spherical har-

i'T"-
get a new function

S(rP^ <2'157)

j' Hcosfda, (2-158)

n (2-157), on expressing H by

1-158) for Ho and H\, the basic

~ cos H da. (2-159)

integral is that the formulas of

lived do not contain harmonics

nt to split these terms off. This

tegral (2-159).

ity anomalies outside the earth.

)Tn(B, A).

so is (n — 1)Tn . Consequently

panded into a series of spherical

,
getting

~ cos ^j(R Ag) da,

^ cos ip) Ag da. (2-160)
r* )

This is the formula for the computation of gravity anomalies outside the earth
from surface gravity anomalies, or for the upward continuation of gravity
anomalies.

Finally we shall discuss the exact meaning of the gravity anomaly AgP outside
the earth. We start with a convenient definition. The level surfaces of the actual
gravity potential, the surfaces

W — const.,

are often called geopotential surfaces', the level surfaces of the normal gravity
field, the surfaces

TJ = const.,

are called spheropotential surfaces.

We consider now the point P outside the earth (Fig. 2-15) and denote the
geopotential surface passing through it by

W = WP .

There is also a spheropotential surface

U = WP
of the same constant WP . The normal plumb line through P intersects this

spheropotential surface at the point Q, which is said to correspond to P.
We see that the level surfaces W = WP and U = Wp are related to each other

in exactly the same way as are the geoid W — Wo and the reference ellipsoid
U = Wo. If, therefore, the gravity anomaly is defined by

&gp = gp— 7<2 >

as in Sec. 2-13, then albderivations and formulas of that section also hold for the
present situation, the geopotential surface W = WP replacing the geoid W = W„,
and the spheropotential surface U = WP replacing the ellipsoid TJ = W0 . This
is also the reason why (2-154) holds at P as well as at the geoid.
Note that in Sec. 2-13 P is a point at the geoid, which is denoted by P0 in

Fig. 2-15.

geopotentiat
surface
WsWD =consWps

COD l

urfc

U=Wpsconsi

spheropotenti
surface

geoid

W=Wa

ellipsoid

U=Wn

FIGURE 2-15

Geopotentiat and spheropotential sur-

faces.
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2-16. Stokes’ Formula &

The basic equation (2-154),

cl

Ag
dT
'dr

'

T,

can be considered as a boundary condition only, as long as the gravity anomalies

Ae are known only at the surface of the earth. However, by the upward con-

tinuation integral (2-160) we are now able to compute the gravity anomalies

outside the earth. Thus our basic equation changes its meaning radically, be-

coming a real differential equation that can be integrated with respect to r.

Multiplying by —F we get

-r-Ag-r'g + >r-fr (r*T).

Integrating the formula

l (FT) = —F Ag(r)
dr

between the limits “ and r we find

FT = - [

T

F Ag(r) dr,
oo J «

where Ag(r) indicates that Ay is now a function of r, computed from surface

gravity anomalies by means of the formula (2-160). Since this formula automat-

ically removes the spherical harmonics of degrees one and zero from Ag(r),

the anomalous potential T, as computed from Ag(r), cannot contain such terms.

Thus we have

” / R\n+1 Jtf Ri _
,

Therefore,

lim (rT) - lim (( T. + T, +
)
= 0,

r—

>

eo r— \ ' ' '

so that

2T
\r = FT — lim (FT) = FT.

’ x
|« r—

Hence, 2

FT = - jl
F Ag(r) dr,

1 Note that this is made possible only because T, in addition to the boundary condition,

SaU

* Tte^acfthat r\s used both as an integration variable and as an upper limit should not

cause any difficulty.

and on inserting the upward

R2
I

flT —
Air

'/<

Interchanging the order of th

R 2 fFT
4ir

The integral in brackets ca

integral is1

/(-
- R*r . - . 3R— +I + 7- co!

2F
l

- 31

For large values of r we have

'-'OH
and hence we find that as r

integral approaches
5R

If we subtract this from the in

infinity is its lower limit of int

C(-
R?r

i .
3R

P 1
1 + 7~ c0

2F
l

Hence we obtain

T(r, 6,

)

where

c , . 2R R - Rl

On the geoid itself we hav

we find

1 The reader is advised to perfort

to check the result by differentiating
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of r, computed from surface

. Since this formula automat-

es one and zero from Ag(r),

•), cannot contain such terms.

> 0
,

and on inserting the upward continuation integral (2-160) we get

r2T “ £ /„ _// (“— p
R

' + 1+—OOS Ag da dr.

a

Interchanging the order of the integrations gives

£//[/*
rs — R2r 3 7? \

p h 1 + — cos vH dr Ag da.

The integral in brackets can be evaluated by standard methods. The indefinite

integral is1

r3 — R2r
, , ,

3R ,\ ,

p b 1 + — cos dr

2r2— -j— 3/ — 3R cos 431 — 3R cos In (r — R cos f + /) + r + 3R cos \p In r.

For large values of r we have

/ = r
^

1 — y cos
^ ^

= r — R cos \f/

,

and hence we find that as r —> <x>, the right-hand side of the above indefinite

integral approaches

5R cos \p
— 3

R

cos
\

p

In 2.

If we subtract this from the indefinite integral we get the definite integral, since

infinity is its lower limit of integration. Thus

[' / r% — R2r
, , ,

3R ,\ ,

{
p— + 1 + — cos^jdr

Hence we obtain

where

?f + r-3l-Rcos t(5 + 3ln
r -* c°‘+ + '

y

T<', «. ’•)
-

j) 1 1 St'\ i) Ag d,. (2-161)

™ i\
2R ,R , Rl &

S(r,f) = T + - - 3 -g - — cos
+ (

5 + 3lnrnA^jt±J). (2.J62)

On the geoid itself we have r = R, and denoting T(R, 6, X) simply by T,

we find

(2-163a)T=
4^

^gSMda,

dition to the boundary condition,

and as an upper limit should not 1 The reader is advised to perform this integration, taking (2-156) into account, or at least
to check the result by differentiating the right-hand side with respect to r.
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/

where

S(f) = — 6 sin
| + 1 — 5 cos — 3 cos \p In ^sin

| + sin2

0 (2-164)

is obtained from S(r, f) by setting

r = R and l — 2R sin

By Bruns’ theorem, N = T/G, we finally get

ff
Ag S(f) da. (2-163b)

.
<r

This formula was published by George Gabriel Stokes in 1849; it is therefore

called Stokes’ formula, or Stokes’ integral. It is by far the most important

formula of physical geodesy because it makes it possible to determine the geoid

from gravity data. Equation (2- 163a) is also called Stokes’ formula, and S(f)

is known as Stokes’ function. This and related functions are tabulated in

Lambert and Darling (1936).

Using formula (2-161), which was derived by Pizzetti (1911) and later on
by Vening Meinesz (1928), we can compute the anomalous potential T at any

point outside the earth. On dividing T by the normal gravity at the given pointP
(Bruns-’ theorem) we obtain the separation NP between the geopotential surface

W — Wp and the corresponding spheropotential surface U = Wp, which, out-

side the earth, takes the place of the geoidal undulation N. (See Fig. 2-15 and
the explanations at the end of the preceding section.)

We mention again that these formulas are based on a spherical approxima-

tion; quantities of the order of 3 X 1 0
~ 3 N are neglected. This results in an error

of probably less than 1 meter in N, which can be neglected for most practical

purposes. Zagrebin, Molodensky, and Bjerhammar have developed higher

approximations, which take into account the flattening / of the reference

ellipsoid; see Sagrebin (1956), Molodenskii et al. (1962, p. 53), and Bjerhammar
(1962).

We next see from the derivation of Stokes’ formula by means of the upward
continuation integral (2-160) that it automatically suppresses the harmonic
terms of degrees one and zero in T and N. The implications of this will be dis-

cussed later. We shall see that Stokes’ formula in its original form (2-163a, _b)

holds only for a reference ellipsoid that (1) has the same potential U0 = Wo as

the geoid, (2) encloses a mass that is numerically equal to the earth’s mass,

and (3) has its center at the center of gravity of the earth. Since the first two
conditions are not accurately satisfied by the reference ellipsoids that are in

current practical use, and can hardly ever be rigorously fulfilled, Stokes’ formula

must later be modified for the case of an arbitrary reference ellipsoid.

Finally, T is assumed to be harmonic outside the geoid. This means that the

effect of the masses above the geoid must be removed by suitable gravity reduc-

tions. This will be discussed in Chapter 3.
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' In ^sin
j + sin2
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2-Xl.
ExP*'c't Forms of Stokes’ Integral. Expansion of gffff
Stokes’ Function in Spherical Harmonics

'

^

We shall now write Stokes’ formula (2- 163b) more explicitly by introducing
suitable coordinate systems on the sphere.

The use of spherical polar coordinates with origin at P offers the advantage
that the angle p, which is the' argument of Stokes’ function, is one coordinate,
the spherical distance. The other coordinate is the azimuth a, reckoned from
north. Their definitions are seen in Fig. 2-16. Denoting by P both a fixed point
on the sphere r = R (or in space) and its projection on the unit sphere is com-
mon practice and will not cause any difficulty.

If P coincides with the north pole, then p and a are identical with 6 and X.

According to Sec. 1-13 the element of solid angle is then given by

da — sin p dp da.

Since all points of the sphere are equivalent, this relation holds for an arbitrary
origin P. In the same way we have

it = r r •

JJ Ja= 0 0

Hence we find

r2ir fir

? / / Eg(f,
T J a=0 J ^~0

a)S(f) sin tp dp da (2-165)

as an explicit form of (2- 163b).

Performing the integration with respect to a first, we obtain

* jR f
V

1
/"2tr

“

N=
2

G

o |_2t J«- o
A8(A a) da

\
m Sin *

The expression in brackets is the average of Ag along a parallel of spherical
radius p. We denote this average by Ag(p), so that

FIGURE 2-16

Polar coordinates on the unit sphere.
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Hence Stokes’ formula may be written

:) da.

where we have put

N=~ Ag(f)F(f) d$,
G o

*
S(f) sin * = FtyO-

(2-1650

(2-166)

The functions Sty) and F(f) are shown in Fig. 2-1.
SDherical approx-

Alternatively we may use geographical coordinates *, X. As a spherical PP

imation 0 is the complement of geographical latitude.

0 = 90° - 4>, * = 90° - e.

Hence we have

so that Stokes’ formula now becomes

T2ir fir/2

m X)
= jl r r

2

agw,mV c°s *& dK'> (2-i67)

' AkG J\’=o )<t>
= -ir/2

FIGURE 2-17

Stokes' functions SW and F(*) = %S(*)sin*.



2-17. Explicit Forms of Stokes’ Integral 97

where
<f>,

X are the geographical coordinates of the computation point and <j>', X'

are the coordinates of the variable surface element da. The spherical distance \p

is expressed as a function of these coordinates by

t = cos- 1 [sin
<t>

sin 4>' + cos </> cos <£' cos (X' - X)]. (2-168)

Stokes’ function in terms of spherical harmonics. In Sec. 2-14 we have found

Sg(0, X) = ~ - l')Tn(e, X).

n = 0

We may also directly express Ag(d, X) as a series of Laplace surface ilrmonics:

S0, X) = 2 X).

Comparing these two series yields

n

71 = 0

so that

Sgn(e, X) = Trie, x), Tn =

T = £ Tn = i?£
71—0 71= 0

This equation shows again that ^there must be no first-degree term in the

spherical-harmonic expansion of Ag; otherwise the term Agn/(n — 1) would be
infinite for n = 1 . As usual, we shall now assume that the harmonics of degrees

zero and one are missing. We therefore start the. summation with n = 2.

Since by equation,(l-71)

Agn
In + 1

( 4tt

0

the preceding formula becomes

Ag Pn(cos \p) da.

T = ^ E /

f

A# Pn(cos f) da.

By interchanging the order of summation and integration we get

2«+ 1r=£// STrf^®0^) Agr/o-.

n = 2
" 1 J

Comparing this with Stokes’ formula (2-163a) we find the expressionfor Stokes’

function in terms of Legendre polynomials (zonal harmonics): X

sit) = £
»= 2

2« + 1 _ , .

---j Pn(COSlA). (2-169)

*
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In fact, the analytic expression (2-164) of Stokes’ function could have been

derived somewhat more simply by direct summation of this series, but we believe

that the derivation given in the preceding section is more instructive because it

also throws sidelights on important related problems.

Generalization to an Arbitrary
2"18

" Reference Ellipsoid

As we have seen, Stokes’ formula, in its original form, suppresses the spherical

harmonics of degrees zero and one in the anomalous potential T and is therefore

strictly valid only if these terms are missing. Thisefact and the condition U0 = W0

impose on the reference ellipsoid and on its normal gravity field restrictions

that are hardly ever fulfilled in practice.

We shall therefore generalize Stokes’ formula so that it will apply to an

arbitrary ellipsoid of reference, which must satisfy only the condition that it is

so close to the geoid that the deviations of the geoid from the ellipsoid can be

treated as linear.

Consider the anomalous potential T at the surface of the earth. Its expres-

sion in surface spherical harmonics is given by

T(0, X)=± TJ6, X).

71=0

By separating the terms of degrees zero and one we may write

T(0, X) = To + m, X) + T\e, X), (2-170)

where

T'(e, x) = tjq, x). (2-171)

»=a

In the general case this function T, rather than T itself, is the quantity given by

Stokes’ formula. It is equal to T only ifT0 and 2T are missing. Otherwise we have

to add T0 and 7i in order to get the complete function T.

The zero-degree term in the spherical-harmonic expansion of the potential

is equal to
kM
r

where M is the mass. Hence the zero-degree term of the anomalous potential

T = W — 17 at the surface of the earth (r = R) is given by

7’o = ^> ' (2-172)
K

where
5M = M - M’ (2-173)

is the difference between the mass M of the earth and the mass M’ of the

,
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rface of the earth. Its expres-

(2-170)

(2-171)

(2-172)

(2-173)

arth and the mass M' of the

ellipsoid. It would be zero if both masses were equal—but since we do not know
the exact mass of the earth how can we make M' equal to Ml

Subsequently we shall see that the first-degree harmonic can always be taken

to be zero. Assuming this, we can substitute (2-172) into (2-170) and express T'

by the conventional Stokes formula (2-163a). Thus we obtain

MM R
R +

4tt
Ag S(f) da. (2-174)

This is the generalization of Stokes’ formula for T. It holds for an arbitrary

reference ellipsoid whose center coincides with the center of the earth.

First-degree terms. The coefficients of the first-degree harmonic in the poten-

tial W are, according to (2-44b) and (2-45), given by

kMf kM£, kMy,

where £, t?, f are the rectangular coordinates of the earth’s center of gravity.

For the normal potential U we have the analogous quantities

kM’f, kMf, kM'rj’.

As £', rf, are very small in any case, these are practically equal to

kMf, EMU, kMf.

The coefficients of the first-degree harmonic in the anomalous potential T =
W — U are therefore equal to

kM(£-S% kMQi-n kM(i) — f). (2-175)

They are zero, and there is no first-degree harmonic TfQ, X) if the center of the

reference ellipsoid coincides with the center ofgravity of the earth. This is usually

assumed.

In the general case we find from the first-degree term of (2-37), on putting

r = R and using the coefficients (2-44b) together with (2-45),

no, X) = f [(r - rwcos e) + a - ?)pn(cos e) cos \

+ (t? — 7?')Fn(cos 6) sin X],

If the origin of the coordinate system is taken to be the center of the reference

ellipsoid, then £' = f = = 0. With Pi0(cos d) = cos 8, Pn(cos 6} = sin d, and

kM/R2 = G we then obtain the following expression for the first-degree har-

monic of T :

7i(0, X) = (?(£ sin 9 cos X -|- -q sin 0 sin X + f cos 6). (2-176a)

By dividing by G we find the first-degree harmonic of the geoidal height:

Ni(9, X) = £ sin 6 cos X + 77 sin 6 sin X + f cos 6, (2-176b)

where £, 77 , f are the rectangular coordinates of the earth’s center of gravity,

the origin being the center of the reference ellipsoid.
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On introducing the vector

£ = (£, v, r)

and the unit vector of the direction (6, X),

e = (sin 6 cos X, sin 6 sin X, cos 0),

(2- 176b) may be written as

Ni(9, X) = i-e, (2-177)

which is interpreted as the projection of the vector f onto the direction (9, X).

Hence if the two centers of gravity do not coincide, then we need only add

'

the first-degree terms (2-176a) and (2-176b) to the generalized Stokes formula
(2-174) and to its analogue for N [equation (2-181) below], respectively, in
order to get the most general solution for Stokes’ problem, the computation of
T and N from Ag. Equation (2-155') shows that any value of Ti(0, X) is compatible
with a given Ag field because, for n = 1, the quantity (n - 1)7) is zero and so
Ti, whatever be its value, does not at all enter into Ag.

Hence the most general solution for T and N contains three arbitrary con-
stants £, 77, f, which can thus be regarded as the constants of integration for
Stokes’ problem. In actual practice one always sets § = n f = 0, thus placing
the center of the reference ellipsoid at the center of the earth. This constitutes

the enormous advantage of the gravimetric determination of the geoid over
the astrogeodetic method, where the position of the reference ellipsoid with
respect to the center of the earth remains unknown.

2-19. Generalization of Stokes’ Formula for N

Let us first extend Bruns’ formula (2-144) to an arbitrary reference ellipsoid.

Suppose

W(x, y, z) = W°,

U(x,y, z) = 77°

are the equations of the geoid and the ellipsoid, where in general the constants
W° and U° are different; we have written W°, U° instead of W0, U0 in order to
avoid confusion with a zero-degree harmonic. As in Section 2-13 we have using
Fig. 2-12,

Wp = UQ -yN+ T,

but now UQ = W W° = WP, so that

yN — T — (W° — U°).

Denoting the difference between the potentials by

5W = W° - U°

we obtain the following simple generalization of Bruns’ formula

T- SWN = (2-178)

m
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We shall also need the extension of equations (2-147a-e). Those

which contain N instead of T are easily seen to hold for an arbitrary

ellipsoid as well, but the transition from N to T is now effected by

(2-178). Hence (2-147b),

Ag

formulas

reference

means of

,?Z + dy N
dh
+

dh
'

remains unchanged, but (2-147c) becomes

dT 1 dy T 1 dy wAg= ~dh + ydh
T ~jdh SW- (2-179)

Therefore, the fundamental boundary condition is now

dT . 1 ^7 j, . .
f dy

~M + ydh
T ~ Ag + ydh

S^ (2-180)

The spherical approximations of these equations are

„ T-bWN = —^—

’

1
G

(2-178')

^--§--r t + (2-179')

(2-180')

Variousforms of the generalized Stokesformula. By (2-178) we have

T= GN'+ SW.

Inserting this into (2-174) and dividing by G we obtain

N--
kSM SW

,
R

RG G 4irG
Ag S(f) da. (2-181)

(2-178)

This is the generalization of Stokes’ formula for N. It holds for an arbitrary

reference ellipsoid whose center coincides with the center of the earth.

Whereas the formula (2-174) for T contains only the effect of a mass differ-

ence oM, the formula (2-181) for N contains, in addition, the potential difference

SW. These formulas also show clearly that the simple Stokes integrals (2-163a, b)

hold only if 5M = SW = 0, that is, if the reference ellipsoid has the same poten-

tial as the geoid and the same mass as the earth. Otherwise they give N and T

only up to additive constants: putting

kSM _ SW
(2-182)JVo RG G v

and taking (2-172) into account, we have

£ //
Ag ch’T= T0 + (2-183a)
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N = N0 + 4^-y II kg SW> dar‘
(2-1 83b)

Alternative forms of (2-181), which are sometimes useful, are obtained m

^following way. Inserting the series (2-152') and (2-153') into (2-179 ), we get

Ag(0, X) = ^ 1] (» - Wt®, X) + \ hW
(2-1 84a)

as the generalization of (2-155'). Expanding the function Ag(6, X) into the usual

series of Laplace surface spherical hai monies,

ag(e, x) = ^2 kgjo, x), (2- 184b)

n— 0

and comparing the constant terms (n = 0) of these two equations, we get

where, by (1-71),

-ir0 + ^5lE= Ag°,

kg^i Ag da.

Expressing To by (2-172) in terms of SM, we obtain

Ago = -]p kdM + \ bW
'

(2-185)

(2-186)

The two equations for AT„ (2-182) and for Ag„ (2-186) can now be solved for

SM and SW:
kSM = R(R Ago + 2GAo),

8W = R Ago + GN0 .

The constant No may be expressed by either of these equations:

(2-187a)

(2-1 87b)

No

N0

R kSM
'2G

Ag0 +
2GR

R .
,

SW _
-g A8° + ~g

~

R f f , ,

kSM
-8?gJJ

Agd<r +
2GR’

a

®;// A8* +
sw
g'

On inserting these into (2-183b) we obtain

N = R
4wG JJ

kg [*) - da +
kSM
2GR’

N== ^G ff
W) ~ VI * +' IT

(2-188)

(2-189)

These formulas are completely equivalent to (2-181); they also hold for an

arbitrary reference ellipsoid.
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If M' = M, even if C/° ^ W°, we have

w = &// as
[
s<W ~5]‘fc

'
(2' 1S8,)

<r

and if U° = H70
,
even if M' ^ M, we have

A' =^j

[

Ag [S(£> - 1] rfr. (2-189')

a

These formulas are slightly more general than the simple Stokes integral,

insofar as only one of the conditions M' = M, U° = W° is presupposed. Equa-

tion (2-188') was derived by Pizzetti, and (2-189') by Hirvonen.

Determination ofN0 . If the mass M of the earth and the potential W° of the

geoid were accurately known, then Nq could be computed by (2-182). The

geoidal undulations N could then be calculated accurately by Stokes’ formula

(2-183b). By applying N to the fixed reference ellipsoid, the geoid would be

given absolutely, in its proper scale of length, without measuring a single distance.

In practice, of course, we do not know the values of M and W° to an accu-

racy sufficient to enable us to determine Nq. If we evaluate only the original

Stokes integral

N' = 4̂ a ff
Ag Sty) dcr, (2-190)

a

then we obtain, instead of the geoid S, merely a surface S' that is parallel to the

geoid at the distance Na (Fig. 2-18a). Since both surfaces are almost spherical,

they are, to a high degree of accuracy, geometrically similar ;
that is, they differ

(a) (h)

FIGURE 2-18

Two interpretations ofStokes' formula. (a) N ' is the height above the ellipsoidE of the surface S

parallel to the geoid. (6) N' is the height ofthe geoidS above the modified ellipsoidE'parallel toE
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. . , , w pan thus sav that the original Stokes integral (2-190)

yidds'a Sid'that lacks OBly a scale factor. :,orcan^

ly a single distance measurement, whereupon the constan o

T
t.t aad ft be**P’ffTX,

the"reference ellipsoid (Fig. 2-19); 5 is the distance between Pi and P2 along

geoid, and 5' is the distance between Qx and Q, along
! ^^

We shall derive the relationship between s, s ,
and . P ?

somite 7- e.2, by a spherical arc whose radius * is a mean radms of

curvature, then Fig. 2-19 shows that

Since cos e = 1 we have

ds cos e _ df_

rTn~ R

ds = ds' (1 + j) = ds' + ~ds' * ds' + ~ds.

On integrating we obtain

s = s' +
1 f

Q

2

rL "
which is the desired relation between s, s ,

and N.

By inserting N = N0 + N' we find

(No + N') ds ' fV
R JQi

ds -j- No,

so that
1 C

Qs

(s - s') - - N' ds.
K SjQi

ellipsoid

(2-191)

(2-192)
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original Stokes integral (2-190)
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j and N. If we replace the ellip-

; radius R is a mean radius of

V - ds' + ~ds.

ds, (2-191)

N.

N'ds + ^N0 ,

Ql

N' ds. (2-192)

h

d

FIGURE 2-19

Determination of the scale of.the

geoid. c.

The quantity N' is given by Stokes’ integral (2-190). We consider the distance s

to be measured on the geoid or reduced to it. The ellipsoidal distance s' can

be computed if the coordinates
<t>,

X of its end points Qi and Q2 are given.

From equations (2-140) we obtain

<f>
= 4? — £,

x = a - -a?
cos 4>

(2-193)

The astronomical coordinates $ and A are directly measured' the components

£ and v of the deflection of the vertical can be computed from Ag by Vening

Meinesz’ formula (see Sec. 2-22), so that <j> and X will be known.

Thus N0 can be computed by (2-192). We see that, in principle, one measured

distance s is sufficient for this purpose. In practice, of course, many distances,

and also angles, will be measured, and No will be obtained from a suitable ad-

justment (Sec. 5-10).

Interpretation of No. We mention finally that No, besides being the distance

between 5 and S' (Fig. 2-18a), has another simple geometrical meaning (Fig.

2-18b).
. . .....

The radius vector r of the geoid, to a sufficient approximation, is obtained

by adding the geoidal height N to the ellipsoidal radius vector given by/2-95):

r = a(l — f sin2
<j>) + N.

Now let the semimajor axis a of the reference ellipsoid be changed by 5a, the

flattening/remaining the same. Since the geocentric radius vector of the geoid

is independent of the size of the reference ellipsoid, it is not affected by this

change. By differentiating the equation for r we therefore obtain

0 = 5r = 5a(l— / sin2 <j>) + 5N = 5a + 5N,

so that the change in the semimajor axis of the reference ellipsoid is compen-

sated by a change in the geoidal undulations of

5N = — 5a.

If the change is 5a = No, then the semimajor axis of the new reference ellip-

and the new geoidal undulations are .
>

If = N + 5N = N - N0 .

By (2-183b) this is

N' =
~£ofj

ASS(f)da.

a

Hence, on changing the semimajor axis of the reference ellipsoid by No, the

new geoidal undulations are given by the original Stokes formula. That is, the

values N' obtained by applying the simple Stokes formula refer to an ellipsoid
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that has the same flattening as the original reference ellipsoid and a semimajor

axis a + 5V0 .

Since N' contains no harmonic of degree zero, we have

JJ
N' do = 0. (2- 194a)

<T

The volume v of the layer between the ellipsoid E' and the geoid is given by

f
v = JJ

N' R2 da.

because R2 da is the surface element of E1

as a spherical approximation, so

that (Fig. 2-18b)
.do = N'-R 2 da.

Hence (2-194a) expresses the fact that the total volume of this layer is zero,

or that the new ellipsoid E' with a' = a + N0 encloses the same volume as the

geoid.

Interpretation of Ago- The zero-degree harmonic Ago admits of an analogous

interpretation.

Gravity g on the geoid is obtained by adding the gravity anomaly Ag to

normal gravity given by (2-96):

g = Ya(l +/* sin2
<j>) + Ag.

Now we let the normal equatorial gravity y0 be changed by Sya,
the coefficient

/* remaining the same. Since g is not affected by this change, we find by differ-

entiating this equation

0 = Sg = 5ya(l +/* sin2
4>) + SAg = 5y„ + 5Ag,

so that

SAg = — bya.

With a change of oya = Ag0 ,
the values become

y'a = Ya + Ago, Ag' = Ag - Ago.

Noting the definition (2-185) of Ago, we find

JJ
Ag' da = 0, (2- 194b)

cr

which means that the new gravity anomalies Ag' contain no zero-degree har-

monic.

Since neither N' nor Ag' contains a zero-degree harmonic, they must refer

to an ellipsoid enclosing the same mass as the earth and having the same potential

as the geoid. This ellipsoid has the same flattening as the original reference

ellipsoid, and its other constants are

a' — a + No, y'a
— Ya + Ago.

This interpretation is related to the ideas of Ledersteger (1957).
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Determination of the Physical

" Constants of the Earth

Mass and potential. The fundamental equations for mass and potential were

found in the preceding section to be

kSM = R(R Ago + 2GN0),

8W=R Ago + GNo.

Let us recapitulate how the mass of the earth, M, and the potential of the

geoid, W°, are determined from these equations. We assume an arbitrary,

but fixed,
’

reference ellipsoid with constants M' (mass) and U° (potential).

We then compute the gravity anomalies Ag, referred to this ellipsoid, and cal-

culate Ag0 by (2-185). By measuring at least one distance 5, and also the astro-

nomical latitude $ and longitude A of its end points, we can determine N0,

using formula (2-192). Then the corrections oM and SW are computed from the

above equations. Finally, the earth’s mass M and the geoidal potential W>

are found by adding , these corrections to the assumed ellipsoidal values M
and U°:

M = M' + 8M,

W° = U°+ SW.

The mass is given in the form kM; that is, the mass is multiplied by the gravi-

tational constant rather than given as M alone because k is not very accurately

known.
_

Note the intimate connection between geometrical and physical constants.

Once we know the physical constants kM and W°, then we also know the linear

scale of the earth or, in other words, its size. Conversely, kM and W° can be

found with the aid of distance measurements. Another significant fact is that

since the gravity anomalies on the whole earth are needed in (2-185), the constants

kM and W° cannot be determined unless gravity g is known all over the earth.

This again reflects the general principle of the gravimetric method—namely,

that it is always required that g be known at every point of the earth’s surface.

Higher harmonics. In Sec" 2-5 we found the following expression for the

gravitational potential V outside the earth:

(-Y(Jnm COS m\ + Knm sin rn\)Pnm(cos
0)J.

Similarly, the normal gravitational potential may be written as

=— cos m\ + KL sin m\)Pnm(cos 0)].
r L ri= 2 m=0 V/

If we take an ellipsoid of revolution as our reference surface, then all KL are

zero, and of the J'nm only the J'n0 with n even are different from zero (see Sec. 2-9).

Subtracting the above equations and setting r = a we obtain
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T — W — U = -— T' 'y (S/»m cos mX + oKnm sin rn\)Pnm{cos 0),

a a *—J~

where
Jnm — Jnm Jnms 8Knm Knm Knm Knm*

This is possible because, for the terms of second degree and higher, the factor

kM'/a can be replaced by kM/a.

Comparing this with the expansion (2-152') of T, we see that the Laplace

surface harmonic T„(6, X), for n S: 2, is given by

Tn(e, X) = ^ (SJnm cos m\ -f 8Knm sin mX)P„™(cos 0).

In agreement with the usual spherical approximation we replace a by R, obtain-

ing

TJO, X) = (8Jnm COS m\ + 5Knm sin mX)P„m(cos 0).

We insert this equation, together with (2-172), into (2-1 84a) and obtain

Ag(e, x) = (n - lX«/»» cos mX + 8Knm sin mX)P„m(cos 0)

^ n=2 w=0

^ + (2-195a)

We can also write the spherical-harmonic expansion of Ag in the usual form

( 1
-66):

n— 0 m=

0

where the coefficients c„m and dnm are given by (1-70):

2ra + 1
Ag P„(cos 0) da ;

(2-196)

2'1±J (n.ZJnA
[[ Ag PBm(cos 0) (

COS
dr (m * 0).

2x (n + my.JJ
s nmK ’ \sm mXJ

Equations (2-195a) and (2-195b) are obviously identical to (2-184a) and

(2-184b), the Laplace surface harmonics P„(0, X) and Agn(0, X) being written

explicitly after the fashion of equation (1-66).

By comparing the coefficients in (2-195a) and (2-195b) we see that

P2

\n - \)kM
$Knm > - 1)kM

Since Jnm = J'nm + 8Jnm,
then Knm = 8Knm,
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rrik + 8Knm sin m\)Pnm{cos 0),
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k8M
,

25 IF
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ansion of Ag in the usual form

nm sin mX)F„,„(cos 0), (2-195b)

1-70):

(2-196)

(m 7*0).
m mXJ

insly identical to (2- 184a) and

,
X) and Agn(0, X) being written

(2-195b) we see that

’ (n - \)kM

i since J'nm = 0 for m ^ 0, we

r — y —on on

Jnm

Knm

RJ

{n - l)kM

i?2

CnO,

(it - l)fcM

R 2

(« - l)/cM

(2-197)

(m 0).

An

Here we have abbreviated the zonal coefficients Jn(l by

Hence the determination of the spherical-harmonic coefficients of the earth’s

potential can be described as follows. We expand the gravity anomalies Ag,

which must be given all over the world, as a series of spherical harmonics,

according to (2- 195b) and (2-196). We next compute the coefficients J’n for the

reference ellipsoid, for instance by (2-92). Then, formulas (2-197) give the de-

sired result.
*

Of particular importance is the coefficient

C- A
Ma2 ’

(2-198)

which gives the difference between the principal moments of inertia of the earth:

C is the polar moment and

2 = l(f

+

7?) (2-199)

is the mean equatorial moment of inertia; see (2-49).

2-21. The Mean Earth Ellipsoid

Since a level ellipsoid of revolution and its gravity field are completely deter-

mined by four constants, there is one and only one ellipsoid that has the same

potential W0 as the geoid and the same mass M, the same difference of mo-

ments of inertia C — A, and the same angular velocity « as the earth
; A is

defined by (2-199). By (2-198), this ellipsoid has. also the same coefficient J2 .

In many respects, it can be considered the best representation of the earth by

an ellipsoid; it is therefore called the mean earth ellipsoid.

The mean earth ellipsoid, defined by

Wo, kM, C-A, co

or, equivalently, by

Wo, kM, Jo, co,

has many desirable properties. As we have seen in Sec. 2-19, it encloses the same

volume as the geoid; in Sec. 5-11 we shall see that the sum of the squares of

the deviations N of the geoid from the mean earth ellipsoid is a minimum. If

the mean earth ellipsoid is in an absolute position, its center coinciding with

the earth’s center of gravity, then it gives rise to a normal potential U which,
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for larger distances, is almost exactly equal to the actual potential IF of the earth.

The latter property makes the mean earth ellipsoid particularly suited tor

dynamical astronomy—for instance, with regard to the theory of the motion

of the moon or of artificial satellites. The reason is that for larger distances

only the harmonics up to the second degree are- effective, and these harmonics

are equal for W and U because of the equality of kM (zero degree), the absolute

position of the ellipsoid (first degree), and the equality of /2 (second degree,

zonal 1
)-

. . ,
. ,

This definition of the mean earth ellipsoid enables us to give, in geodesy,

precise definitions of the semimajor axis a of the earth, the equatorial gravity ya,

etc. As a matter of fact, the actual equator of the earth is an irregular curve

rather than a circle or radius a, and if we would measure gravity along the

equator, we would get many different values, rather than a definite constant t.-

Something similar' is true, for instance, of the flattening/= (a - by a. These

constants, a, f, ya,
etc., must therefore be considered as derived parameters

which refer to an idealized ellipsoid rather than directly to the earth.

To obtain these quantities from given values of Wo, kM, h, «Wve solve the

two equations r

kMf , i f |

1 o _o

Wo - —p- tan- 1 e' + 5 w
2a2

,

E2

(. _ 2 me'\
“ 3a* V 15 qo )

2 me'

15 qo

with respect to a and/ and compute ya by (2-73). The first of these equations

is (2-61); the second is obtained from (2-90) by noting that/2 = (C — A)/Ma2
.

In practice, it is more convenient to use the corresponding series expansions

(2-104), (2-118), and (2-105a).

Even more convenient is the use of differential formulas. Since b — a(l j )

we may approximate (2-111) and (2-112) by

kM a2ya
^1

0Wo = a-y.(l

-f+jm)
2 , . 11 \

3
f+ Tm)-

Solving for a and ya yields

ya

I \
- m 1.

kM
Wt

M( 1kM\ +]/

By differentiating these formulas and neglecting / and m in the coefficients,

we find as spherical approximations:

1 There will also be nonzonal terms of the second degree, because A 9* B, but these are

much smaller than /2 .

11

Sa

ha =

By means of (2-182) and (1

From (2-118) we get, apprc

Differentiation finally gives

This equation expresses the

the changes in a and ya can

It should be remembered
this manner, is not at all th

poses. It is essentially define

ofkM, W0, etc. Its paramete

or the number of the rele\

an enormous amount of n
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desirable for other reasons.

A certain amount of con
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3 actual potential W of the earth.

;llipsoid particularly suited for

•d to the theory of the motion

son is that for larger distances

: effective, and these harmonics

fkM (zero degree), the absolute

equality of /2 (second degree,

ambles us to give, in geodesy,

earth, the equatorial gravity ya,

the earth is an irregular curve

iuld measure gravity along the

ther than a definite constant ya-

flattening/ = (a — b)[a. These

isidered as derived parameters

directly to the earth,

of W0,
kM, f, to we solve the

'3). The first of these equations

noting that / = (C — A)/Ma2
.

:orresponding series expansions

tl formulas. Since b — a( 1 — /).

8a = — k8M - --8W + | aofl
aya ya ~ $

8ya = ~k8M+hw+\ya8f.

(2
-200)

By means of (2-182) and (2-186), these can be considerably simplified:

5a = No H
-

g
<

fry® = Ago + ^
7^/-

From (2-118) we get, approximately,

(2
-200')

Differentiation finally gives

/ 3 r ,

1

f =
2
Ji +

2
m -

Sf=~SJ2. (2-201 )

This equation expresses the change of flattening in terms of the variation of J2 ;

the changes in a and ya can then be obtained from (2-200) or (2-200').

It should be remembered, however, that the mean earth ellipsoid, defined in

this manner, is not at all the best reference surface for practical geodetic pur-

poses. It is essentially defined empirically by means of empirical determinations

ofkM, W0, etc. Its parameters will change with every improvement in the quality

or the number of the relevant measurements (gravity, distances, etc.). Since

an enormous amount of numerical data is based on an assumed reference

ellipsoid, it would be highly impractical to change it very often, for this would

involve repeated transformations of all the data. It is much better to use a fixed

reference ellipsoid with rigidly assumed parameters, which can be more or less

arbitrary if only they give a reasonably good approximation. In this respect

even the international ellipsoid would be sufficient, although a change might be

desirable for other reasons.

A certain amount of conflict exists between the interests of geodesists and

astronomers regarding the earth ellipsoid. The geodesist needs a permanent

reference surface, whereas the astronomer wants the best approximation of

the earth by an ellipsoid. A good compromise is to use a fixed geodetic reference

ellipsoid, but from time to time to compute the “best” corrections to the as-

sumed parameters for astronomical purposes.

ng / and m in the coefficients,

legree, because A ^ B, but these are

Deflections of the Vertical.

Formula of Vening Meinesz

Stokes’ formula permits the calculation of the geoidal undulations from gravity

anomalies. A similar formula for the computation of the deflections of the

vertical from gravity anomalies has been given by Vening Meinesz (1928).
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FIGURE 2-20

The relation between the geoidal undula-

tion and the deflection of the vertical.

Fig. 2-20 shows the intersection of geoid and reference ellipsoid with a vertical

plane of arbitrary azimuth. If e is the component of the deflection of the vertical

in this plane, then

dN — — e ds, (2-202)
or

dN
e = - * ; (2-203)

the minus sign is a convention, the meaning of which will be explained later.

In a north-south direction we have
1

e = £ and ds = ds# — R dip;

in an east-west direction,

e = i? and ds = ds}. = R cos tp d\.

In the formulas for ds^ and ds\ we have again used the spherical approximation;
according to (1-38), the linear element on the sphere r = R is given by

ds2 = R2 d^ + R? cos2
ip d\\

By specializing (2-203) we find

_l_dN

R dip

1
(2-204)

R cos ip 3A

which gives the connection between the geoidal undulation N and the com-
ponents § and ;] of the deflection of the vertical.

As N is given by Stokes’ integral, our problem is to differentiate this formula
with respect to <p and A. For this purpose we use the form (2-167),

N{<P, A)
R

47tG y=o

.

= -jt/2

ag(p', \')S(ip) cos ip’ dp' d\',

where ip is defined as a function of tp, A and’ p'

,

A' by (2-168).

The integral on the right-hand side of this formula "depends on tp and A only
through p in S(p). Therefore, by differentiating under the integral sign we find

V= 0 J — —-tt/2
Ag(p', A') —^ ms rtf rW rl\

f
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IGURE 2-20

he relation between the geoidal undula-

on and the deflection of the vertical.

reference ellipsoid with a vertical

it of the deflection of the vertical

(2
-202)

(2-203)

which will be explained later.

= R dp;

R cos p dX.

sed the spherical approximation;

phere r = R is given by

s
2
p dX\

dN'

i p d\

(2-204)

lal undulation N and the com-
1.

ii is to differentiate this formula
se the form (2-167),

X')S(f) cos f' d<j>' d\',

X' by (2-168).

>rmula depends on p and X only

l under the integral sign we find

dS(p) .
,

l cos <f>' dp' dX' (2-205)

and a similar formula for dN/dX. Here we have

dS(P) _ dS(fl) op dS(fl) dS(fl) dp
Dp dp dp dX dp dX (2-206)

Writing (2-168) in the form

cos if = sin p sin p
r + cos p cos p' cos (X' — X) (2-207)

and differentiating with respect to p and X we obtain

• /
dp~Sm ^ dp

= cos ^ sm f
~ sin 0 cos P' cos (X' - X),

-sin ^ ex
= cos ^ cos ^ sm (x

' ~ x)-

We now introduce the azimuth a, as "shown in Fig. 2-16. From the spherical
tnangle of Fig. 2-21 we get, using well-known formulas of spherical trigonom-

sin f cos a = cos p sin <// - sin <j> cos p' cos (X' — X),
sin p sin a = cos p' sin' (X' - X).

’ (2-208)

Inserting these into the preceding equations we find the simple expressions

so that

am
dp

dp dip
TT = —COS ot, -Fop ’ dX

-«m coset,
d-M

dp ’ dX

—cos 4> sin a

dS(fl)

(2-209)

dp
cos p sin «.

These are substituted into (2-205) and the corresponding formula for dN/dX
arid from equations (2-204) we finally obtain

f2w /V/2

HiP, X)
l f

7r/

4irG Sjy^ o Jt'-

v(P, X) = _l r
4trG Jy

‘2r /V/2

.' = 0 Jt'~-

r/a
AS(.P', x0 cos a cos p’ dp’ dX',

&g(P\ x') sin a cos p’ dp ' dX'

(2-210)

FIGURE 2-21

The relation between geographical
and polar coordinates on the sphere.

C—

S
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or, written in the usual abbreviated form,

1 f i

r
,

dS
^ =

4ttG JJ
a

Ag
d*

1 f I
f

. dS
V

4trG JJ
A
*dp

(2-210')

sin a da.

These are the formulas of Verting Meinesz. Differentiating Stokes’ function

S(f), equation (2-164), with respect to tp we obtain Verting Meinesz ’ function

dS cos (tp/2)
, o • , ^ / , 0 1 — sin (f/2)

dtp 2 sm2 (tp/2)
r ' simp

+ 3 sin tp In [sin (tp/2) -f sin2 (tp/2)]. (2-21 1)

This can be readily verified by using the elementary trigonometric identities.

The azimuth a is given by the formula

cos <p' sin (X' — X)
tan a (2-212)

Ag(f, a) “]•~ sin tp dtp da. (2-210")

cos 4> sin <p' — sin <p cos <j>' cos (X' — X)

which is an immediate consequence of (2-208).

The form (2-210) is an expression of (2-210') in terms of geographical co-

ordinates <j> and X. As with Stokes’ formula (Sec. 2-17) we may also use an

expression in terms of spherical polar coordinates tp and a

The reader can easily verify that these equations give the deflection com-

ponents £ and ?? with the correct sign corresponding to the definition (2-140);

see also Fig. 2-13. This is the reason why we introduced the minus sign in (2-203).

We note that the formula of Vening Meinesz is valid as it stands for ah arbi-

trary reference ellipsoid, whereas Stokes’ formula had to be modified by adding

a constant No: If we differentiate the modified Stokes formula (2-183b), with

respect to <b and X, to get Vening Meinesz’ formula, then this constant No

drops out and we get equations (2-210').

The practical application of Stokes’ and Vening Meinesz’ formulas raises

many important problems, for which the reader is referred to Sec. 2-24 and to

Chapter 3. The function dS/dtp and related functions are tabulated in Sollins

(1947).

2-23.

The Vertical Gradient of Gravity.

Free-air Reduction to Sea Level

For a theoretically correct reduction of gravity to the geoid we need the vertical

gradient of gravity, dg/dh. If g is the observed value at the surface of the earth,

then the value go at the geoid may be obtained as a Taylor expansion

:

where II is the elevation of tfc

terms but the linear one, we hi

where

is th&free-air reduction to the
j

assumed that there are no ma
been removed beforehand, so
free air.”

Bruns’ formula (2-20), with P

d

d

cannot be directly applied for
the level surfaces is unknown. V
dg/dh into a normal and an an

The normal gradient dy/dh is

anomalous part, dAg/dh, will b(

Expression in terms of Ag. Ec

Ag(r, d, V

By differentiating with respect t<

1-»!>dAg

dr
n— 0

Now we can apply (1-102), settii

dAg

dr 2tt

In this equation, AgP is referrec
computed; /0 is the spatial dista
suiface element li2 da, expressec

Compare Fig. 1-13 of Sec. 1-18
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i a da,

(2-210')

a da.

)ifferentiating Stokes’ function

otain Vening Meinesz’’ function

1 - sin (ip/2)

sinp

;in(^/2) + sin’(*/2)J. (2^211)

rntary trigonometric identities.

=_*)
4>' cos (X' — X)’

(2-212)

) in terms of geographical co-

ec. 2-17) we may also use an
ss p and a\~

sin p dp da. (2-210")

tions give the deflection com-
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iuced the minus sign in (2-203).
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i had to be modified by adding

Stokes formula (2- 183b) with

rrmula, then this constant N0

ding Meinesz’ formulas raises

is referred to Sec. 2-24 and to

ctions are tabulated in Sollins

i the geoid we need the vertical

ilue at the surface of the earth,

s a Taylor expansion:

80 8
dh
H '"’

where H is the elevation of the gravity station above the geoid. Neglecting all
terms but the linear one, we have

where
go = g + F,

F ~-m H

(2-213)

(2-214)

is thefree-air reduction to the geoid. Here, as throughout this chapter, we have
assumed that there are no masses above the geoid, or that such masses have
been removed beforehand, so that this reduction is indeed carried out “in
free air.”

Bruns’ formula (2-20), with p = 0,

dg
__ - T

dhf 2gJ ' 2w2
,

cannot be directly applied for this purpose because the mean curvature J of
the level surfaces is unknown. We therefore proceed in the usual way by splitting
dg/dh into a normal and an anomalous part:

dg

dh

fry Mg
dh^ dh' (2-215)

The normal gradient dy/dh is given by (2-79) and (2-80), or by (2-121). The
anomalous part, dAg/dh, will be considered now.

Expression in terms of Ag._ Equation (2-155) may be written as

71 = 0 \ r /

By differentiating with respect to r and setting r = R, we obtain at sea level:

dAg 1 ^7 j o

17
=
~R (n + 2)Agn = --^-nAgn - _ Ag. (2-216)

;»= 0 JV
71 = 0

Now we can apply (1-102), setting V = Ag and Yn == Agn . The result is

dAg

dr -M Ag - A

g

P 2 .

p
da - AgP. (2-217)

In this equation, AgP is referred to the fixed point P at which dAg/dr is to be
computed; /0 is the spatial distance between the fixed point P and the variable
surface element R2 da

,

expressed in terms of the angular distance p by

/o = 2R sin ~

Compare Fig. 1-13 of Sec. 1-18; the element R 2 da is at the point P’

.
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The important integral formula (2-217) expresses the vertical gradient of the

gravity anomaly in terms of the gravity anomaly itself. Since the integrand

decreases very rapidly with increasing distance /<>, it is sufficient in this formula

to extend the integration only over the immediate neighborhood of the point P,

as opposed to Stokes’ and Vening Meinesz’ formulas, where the integration

must include the whole earth, if a sufficient accuracy is to be obtained.

Expression in terms of N. By differentiating equation (2-154),

with respect to r we get

dAg _ 2 T
dr dr2 r dr ~r2

To this formula we add Laplace’s equation AT = 0, which in spherical coordi-

nates has the form1

dJT 2 dT _ ten g dT 1 d 2T 1 d2T _ Q
dr2 ' r dr r2 d<p r2 d<f>

2 r2 cos2
<j> 3X2

The result, on setting r = R, is

dAg 2 tan <fidT 1 d 2T 1 d 2T
dr

~ R2

1

R2
d<t>

"i~ R2
d<t>

2 ^ R2 cos 2
<j> 3X2

Since T = GN, we may also write

dAg 2G
r

G
,

GW, G 5W
W N

R*
tan<j>

d<f>

+ R2
d<t>

2 + R2 cos2 0 3X2

(2-218)

(2-219)

This equation expresses the vertical gradient of the gravity anomaly in terms

of the geoidal undulation N and its first and second horizontal derivatives. It

can be evaluated by numerical differentiation, using a map of the function N.-

However, it is less suited for practical application than (2-217) because it re-

quires an extremely accurate and detailed local geoidal map, which is hardly

ever available; inaccuracies of N are greatly amplified by forming the second

derivatives.

Expression in terms of £ and rj. From equations (2-204) we find

so that

dN
d<f>

-RH,
dN
d\

—Ri) cos 4>,

d 2N _ _
d4> 2 dcj>

d 2N
ax2

n d-q
-R-zg cos 4>.

oX

By inserting this into (2-219)

dAg

dr

2G
R2

N-

On introducing local rectangu

R
so that (2-220) becomes

dA^ 2G
dr R2

A

The first two terms on the rij

comparison to the third term;

3A,

dr
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N =
1 See equation (1-41); substitute 6 = 90° — <£.
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:quation (2-154),

f

= 0, which in spherical coordi-

__1 dJT = Q
r2 cos2

4> dX2

r i a 2r
»
2
+ R2 cos2

<{> dX2

‘ (2-218)

d*N G d 2N
d<t>

2 + R2 cos2
</> ax2

’ (2-219)

of the gravity anomaly in terms

second horizontal derivatives. It

,
using a map of the function N.

ation than (2-217) because it re-

al geoidal map, which is hardly

amplified by forming the second

ons (2-204) we find

Rij cos
<f>,

R
dy

ax
COS

<t>.

By inserting this into (2-219) we obtain

_ 2G g <ya|
dr -WN+ R^ Un ^~R-^

G dv
(2-220)R cos cf> ax

On introducing local rectangular coordinates x, y in the tangent plane we have

Rd(j> = ds$ — dx,

R cos 4> d\ = ds\ — dy,
so that (2-220) becomes

dAg 2G Ar ,
G= + ^ftan^ G

r

(OH , §y\'
\ dx dy

J

The first two terms on the right-hand side' can be shown to be very small in
comparison to the third term; hence to a sufficient accuracy

= -r(d± M dl>\
dr [dx^dyj (2-221 )

These formulas express the vertical gradient of the gravity anomaly in terms
of the horizontal derivatives of the? deflection of the vertical. They can again
be evaluated by means of numerical differentiation if a map of f and v is avail-
able. They are better suited for practical applicationJhan (2-219) because only
first derivatives are required. For a practical computation see Mueller (1961)
These formulas will be used in Sec. 8-8.

2-24. Practical Evaluation of the Integral Formulas

Integral formulas such as Stokes’ and Vening Meinesz’ integrals must be evalu-
ated approximately by summations. The surface elements da are replaced by
small but finite compartments q, which are obtained by suitably subdividing
the surface of the earth. Two different methods of subdivision are used:

1. Templates (Fig. 2-22). The subdivision is effected by concentric circles
and their radii. The template, which is made of transparent material, is
placed on a gravity map of the same scale, so that the center of the tem-
plate coincides with the computation point P on the map. The natural
coordinates for this purpose are polar coordinates ip, a with origin at P.

2. Grid lines (Fig. 2-23). The subdivision is effected by the grid lines of some
fixed coordinate system, in particular of geographical coordinates <j>, X.
They form rectangular blocks—for example, of 10' X 10' or 1° X 1°. These
blocks are also called squares, although they are usually not squares as
defined in plane geometry.

As a definite example illustrating the principles of numerical integration
consider Stokes’ formula

*=4^//a*W)*
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FIGURE 2-22

A template.

with its explicit forms (2-165) for the template method and (2-167) for the

method that uses fixed blocks. /

For each compartment qk the gravity anomalies are replaced by their average

value Kgk in this compartment. Hence the above equation becomes

R v' f f— .... R
AitG

N
4?rG A-j a AgtSW^ = A8k

'{{^ dtr

or

A= 3520'

N = ^2 Ck ASk, (2
-222)
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FIGURE 2-23

Blocks formed by a grid of

geographical coordinates.
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4tr(
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Here

where
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where the coefficients

Sty) da

' FIGURE 2-22

A template.

e method and (2-167) for the

;s are replaced by their average

equation becomes

(2-222)

are obtained by integration over the compartment qk ;
they do not depend on Ag.

If the integrand—in our case, Stokes’ function Sty)—is reasonably constant
over the compartment qk> it may be replaced by its value Styk) at the center ofqk.

Then we have

9* qk

R2 da.

The final integral is simply the area Ak of the compartment. Hence we obtain

dkStylc)

4irGR ' (2-224)

This form is simpler, but close to the computation point it may be necessary
to use the integrated coefficients (2-223).

If the compartments are formed by lines <j> = const., X = const., then the
computation of these integrated coefficients is difficult. For the template method,
however, where the compartments are formed by lines \p = const., a = const.’
it is quite straightforward. We have

.
/“ /r J a= al J

R(a2 — at)

Sty) sin ip d-J/ da

Sty) sin 4* d\p.

The function

FIGURE 2-23

Blacks formed by a grid of
geographical coordinates.

2 J0
Sty)sinfdt= / Fty) dip (2-225)

(see Sec. 2-17) has been tabulated by Lambert and Darling (1936). Hence we
obtain r

ft =
R%G

ai) im -mi (2-226)

As another example, consider the formula (2-217) of the preceding section.
Here

_ R 2

ff do
Ck

2t JJ if

k = 2R sin
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We find

fat r4

l a— ax J if/:

— a.\.

16?ri? sin3
(&/2)

“r ~
8 ttR Jh sin2

(f/2)
“r ‘

This integral is readily solved by substituting u = sin (f/2); we obtain

ft = 2^! (1 - 1). (2-227)
-ftT \l0,1 <0,2/

The advantage of the template method is its great flexibility. The influence of

the compartments near the computation point P is greater than that of the

distant ones, and the integrand changes faster in the neighborhood of P. There-

fore, a finer subdivision is necessary around P. This can easily be provided by

templates. Moreover, the computation of integrated coefficients is easier with

the template method.

The advantage of the fixed system of blocks formed by a grid of geographical

coordinates lies in the fact that their mean gravity anomalies are needed for

many different purposes. These mean anomalies of standard-sized blocks, once

they have been determined, can be easily stored and processed by an electronic

computer. Also, the same subdivision is used for all computation points, whereas

the compartments defined by a template change when the template is moved

to the next computation point. The flexibility of the method of standard
v
blocks

is of course limited; however, one may use smaller blocks (5' X 5', for example)

in the neighborhood of P and larger ones (1° X 1°, for example) farther away.

For electronic computation this method is usually preferred.

It is also possible to combine the two methods, computing the effect of-the

inner zone by means of a template and using standard blocks outside. This may
be advantageous if the integrand changes too rapidly over a 5' X 5' block,

which is usually the smallest standard size available.

Effect of the neighborhood. In the innermost zone even the template method

may pose difficulties if the integrand becomes infinite as f 0. This happens

with Stokes’ formula, since

m =
l

(2-228)

for small ip. This can be seen from the definition (2-164), because the first term

is predominant and for small l is given by

1 ^ 1 .. 2

sin(^/2) (f/2) f

Vening Meinesz’ function becomes infinite as well, since to the same approxima-

tion,

(2-229)
df </4

V ’

f*' sin f df da

sin3
(\f'/2)

2 sin (f/2) cos (f/2) CL2. ““ 1

8ttR

[* cc

Jti si

cos (f/2)

«2 — ai
.

2IT

1
: :

•

In the gradient formula (2-2

-
if.?'-

•
•

:i m. :

j

df. - 1 Pi
.

.j
k

behaves in a similar way.
It is therefore convenient 1

V gify;.

i fe; •

will be assumed to be a circ]

instance, Stokes’ integral bec<

(2-227)

| fci: where

a 'f'O

= 0

(2-229)
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The rectangular coordinates x
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In the gradient formula (2-217) the integrand

1 = 1

n R*P*
(2-230)

behaves in a similar way.

It is therefore convenient to split off the effect of this innermost zone, which

will be assumed to be a circle 'of radius pa around the computation point. For

instance, Stokes’ integral becomes in this way

N = Ni + Ne,

where

r> f2r /V» n [2* f*
=^ /

AgS(p) da and Ne =
/

AgS(p)da.
4tG Ja=0 4ir& Ja^O J4>=t*

The radius p0 of the inner zone corresponds to a linear distance of a few kil-

ometers.

Within this distance we may treat the sphere as a plane, using polar coordi-

nates s, a where

s = Rp = R sinf = 2R sin

so that the element of area becomes

R2
da- = s ds da.

It is consistent with this approximation to use (2-228) through (2-230), putting

S(P) =
2R dS

s ’ dp

2R2
l

Po

1

In both Stokes’ and Vening Meinesz’ functions the relative error of these approx-

imations is about 1 % for .? = 10 km, and about 3% for s = 30 km. In l//o it is

even less. Hence the effect of this inner zone on our integral formulas becomes

_1_

2ttG Ja =

o

2ir — s'ds da,

m = i_ Pr f*
\

\17Ji 2irG Ja=0 JS-O

(tog\ = 1
\ dh )i 2ir

Ag Ccos-ct

sm .a
s ds da,

• s ds da.

(2-231)

(2-232)

(2-233)P* P° Ag - Agp
,

2ir Ja=

0

Js=o ss

To evaluate these integrals we expand Ag into a Taylor series at the computa-

tion point P:

Ag = Agp + xgx -+ ygv + jj- (•x2gxx + 2xygxy + y
2
gvy) + • • • •

The rectangular coordinates x, y are defined by

x = s cos a, y = s sin a.
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so that the x-axis points north. We further have

gx
\ dx jp

This Taylor series may also be written

Ag = Agp + s(gx cos a + gy sin a)

+ J (gzz COS2 a + 2gxy cos a sin a + gyy sin2 a) +

On inserting this into the above integrals, we can easily evaluate them. Perform-

ing the integration with respect to a first and noting that

Jq
da — 2ir,

[
2w

sin a da = cos a da = ( sin a cos a da = 0,
Jo Jo Jo

j
2 '

sin2 a da *= Jo
COS2 a da = tt,

we find

Ni
1 f

s
°Vs2 1

G Jo L
SP 4"^xx ^ '

J
ŝ’

(WriL (g*° +gw+ ) ds.

We now perform the integration over s, retaining only the lowest nonvanishing

terms. The result is

N; = |Agp; (2-234)

~
2.G 2G^ 9

(2-235)

(fr)*
=
1 (gxx + 8yy)‘ (2-236)

We see that the effect of the innermost circular zone on Stokes’ formula,

depends, to a first approximation, on the value of Ag at P; the effect on Vening

Meinesz’ formula depends on the first horizontal derivatives of Ag; and the

effect on the vertical gradient depends on the second horizontal derivatives.

Note that the contribution of the innermost zone to the total deflection of

the vertical has the same direction as the line of steepest inclination of the

“gravity anomaly surface” because the plane vector

0i = (£<, vd

is proportional to the horizor

The direction of grad Ag dei

The values of gx and gy ca

inclinations of north-south a

and gvy may be found by fitti

the gravity anomaly function

The influence of distant zoi

be discussed in Sec. 7-4.

For further computational

formulas see Uotila (1960). i

numerical techniques for ink
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sin a cos ada = 0,
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yy) * *

*

J

ds,

-h • • -)ds.

g only the lowest nonvanishing

2G 8»>
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Lines of constant Ag and lines of

steepest descent.

is proportional to the horizontal gradient of Ag,

grad Ag = (gx, gy).

The direction of gradAg defines the line of steepest descent (see Fig. 2-24).

The values of gx and gv can be obtained from a gravity map. They are the

inclinations of north-south and east-west profiles through P. Values for gxx

and gvy may be found by fitting a polynomial in x and y of second degree to

the gravity anomaly function in the neighborhood of P.

The influence of distant zones on Stokes’ and Vening Meinesz’ formulas will

be discussed in Sec. 7-4.

For further computational details concerning Stokes’ and Vening Meinesz’

formulas see Uotila (1960). Applied geophysicists have developed interesting

numerical techniques for integration and differentiation which are useful for

evaluating formulas like (2-217) and (2-236); see Jung (1961).
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3
Gravimetric Methods

The first step requires kno’

which of course is somewha
By such a reduction proci

ences in height of the stati

extrapolation to unobserved

3-1. Gravity Reduction j.

Gravity g measured on the physical surface of the earth is not directly compa-

rable with normal gravity y referring to the surface of the ellipsoid. A reduction

ofg to sea level is necessary. Since there are masses above sea level, the reduction

methods differ, depending on the way in which these topographic masses are dealt

with. .

Gravity reduction serves as a tool for three main purposes:

1 . determination of the geoid,

2. interpolation and extrapolation of gravity,

3. investigation of the earth’s crust.

Only the first two purposes are of a direct geodetic nature. The third is of interest

to theoretical geophysicists and geologists, who study the general structure of

the crust, and to exploration geophysicists, who search for shallow features

which might indicate mineral deposits.

The use of Stokes’ formula for the determination of the geoid requires that

the gravity anomalies Ag represent boundary values at the geoid, which implies

two conditions: first, gravity g must refer to the geoid; second, there must be

no masses outside the geoid (Sec. 2-13). Hence, figuratively speaking, gravity

reduction consists of the following steps: the topographic masses outside the

geoid are completely removed or shifted below sea level; then the gravity station

is lowered from the earth’s surface (point P) to the geoid (point P0) see Fig. 3-1).

3-2. Auxiliary Formulas %
Let us compute the potential

circular cylinder of radius a

height c above its base (Fig.

P outside cylinder. Assum
the potential is given by the

,

z

FIGURE 3-2

Potential and attraction ofa circuit

•r.
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FIGURE 3-1

Gravity reduction.

The first step requires knowledge of the density of the topographic masses,

which of course is somewhat problematical.

By such a reduction procedure certain irregularities in gravity due to differ-

ences in height of the stations are removed, so that interpolation and even

extrapolation to unobserved areas become easier (Sec. 7-10).

3-2. Auxiliary Formulas J.

Let us compute the potential U and the vertical attraction A of a homogeneous

circular cylinder of radius a and height b on a point P situated on its axis at a

height c above its base (Fig. 3-2).

P outside cylinder. Assume first that P is above the cylinder, c>b. Then

the potential is given by the general formula (1-11),

u=kffffd,:

z z

FIGURE 3-2

Potential and attraction ofa circular cylinder on an external point.
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Introducing polar coordinates s, a in the xy-plane by

x = s cos a, y = s sin a

we have

and

(3-1)

/ = Vs2 + (c - z)2

dv = dx dy dz — s ds da dz.

Hence we find, with the density p = const.,

/-2x ra n
s dz da

U = kp

— 2trkp

a= 0 Js~0 Jz= 0 Vs2 + (c — z) 2

f s ds dz

s — 0 = 0 Vs2 + (c — z)

The integration with respect to s yields

s ds

/:
= V? + (c — z) - V

a

2 + (c — z) 2 — c + 2,

/o V52
-f (c — z)2

so that we have

t/ = 2irkp (— c + z + Va2
-f (c — z) 2

) dz.

The indefinite integral is 2irkp times

2
(c - z)2 -

^
(c - z)V

a

2 + (c - z) 2 -
2
a2 In (c - z + Va2 + (c — z) 2

),

as may be verified by differentiation. Hence U finally becomes

Ue = irkp[(c - b)
2 - c2 -(c - b)Va2 + (c - b)

2 + cVa2 + c2

— a 2 In (c — b + Va2 + (c — b)2
) + a2 In (c + Va2 + c2

)], (3-2)

where the subscript e denotes that P is external to the cylinder.

The vertical attraction A is the negative derivative of U with respect to the

height c [compare equation (2-14)]:

dU
(3-3)

Differentiating (3-2) we obtain

r
.

A, = 2irkP[b + Va2 + (c - b)
2 - Va2 + c2

]. (3-4)

P on cylinder. In this case we have c = b and equations (3-2) and (3-4)

become

C/0 = rr/cp (- b 2 + hVa2 + b2 + a2 In -
+ V

^---

/l, = 2rrkp{a + b - Va2 + h2
).

(3-5)

(3-6)

P inside cylinder. We ass

the plane z = c we separat

and compute U as the sum

where the subscript / denot
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by b — c. Their sum is

c 2 — (b — c)

+ a2 In
c + v

It is easily seen that the attr;
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adz.

is dz da

-f (c — z) 2

dz

(3-1)

z)2

'Sa2 + (c — z)2 — c + z,

- (c — z)2
) Jz.

l (c — z + Va2 + (c — z) 2
),

.ally becomes

y + cVa2 + c2

a2 In (c + Va2 -j- c2
)], (3-2)
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ative of U with respect to the
j

/’

(3-3)

- V«2 + c2
]. (3-4)

nd equations (3-2) "and (3-4)

b + Va2 + b 2

>
(3-5)

(3-6)

I

I
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iP inside cylinder. We assume that P is now inside the cylinder, c < b. By

the plane z - c we separate the cylinder into two parts, 1 and 2 (Fig. 3-3),

and compute U as the sum of the contributions of these two parts:

Ui = C/i + 172 ,

where the subscript i denotes that P is now inside the cylinder. The term Ui

is given by (3-5) with b replaced by c, and U2 by the same formula with b replaced

by b — c. Their sum is

Ui = irkp [-c2 - (b - c)2 + cvV + C2 + (b - C)Va2 + (b
- c)2

+ a2 In
c + Va2 + c2

+ a2 In
b — c + Va 2 + (b — c)‘-

a a

It is easily seen that the attraction is the difference Ai — A 2

}(3 . 7)

Ai = 2irkp[2c -b - Va2 + c2 + V

'

a
‘

2 + (b - c)2
] ;

(3-8)

this formula may also be obtained by differentiating (3-7) according to (3-3).

Circular disk. Let the thickness b of the cylinder go to zero, the product

k = bp

remaining finite. The quantity k may then be considered as the surface density

(Sec. 1-3) with which matter is concentrated on the surface of a circle of radius a.

We need potential and attraction for an exterior point. By setting

K

in (3-2) and (3-4) and then letting b

the calculus

U°e = 2irkK(Va2 + c2 - c),

0, we get by well-known methods of

(3-9)

A% = 2a(i- --

7
C
--Y (3-10)

V Va2 + c2/

Sectors and compartments. The preceding formulas are not used for an entire

cylinder or disk, but for sectors and compartments such as those shown in

Fig. 2-22. For a sector of radius a and angle

27T
(3-11)

2_

1

b-c
FIGURE 3-3

Potential and attraction on an internal point.

*
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For many practical purposes
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the free-air reduction is call©
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FIGURE 3-4

A template compartment.
“““> a-a2

we must divide the above formulas by n. For a compartment subtending the

same angle and bounded by the radii ax and a2 (Fig. 3-4), we get, in an obvious

notation,

AU = - [U(a2) - U(ay)l (3-12)
n

AA = - [A(a0 - Modi , (3
'13)

n

Since A e and A t differ only by a constant, this constant drops out in (3-13)

and we obtain from (3-4) and (3-8)

AAe = AAi = kp[Val + (c - bf - Vaf + (c - bf

- Va| + c 2 + Va\ + c2
]. (3-14)

On the other hand, A(Je ^ AC/,-. >•

3-3. The Bouguer Reduction

The object of the Bouguer reduction of gravity is the complete removal of the

topographic masses, that is, the masses outside the geoid.

The Bouguer plate. Assume the area around the gravity station P to be com-

pletely flat and horizontal (Fig. 3-5), and let the masses between the geoid and

the earth’s surface have a constant density p. Then the attraction A of this so-

called Bouguer plate is obtained by letting a —j- °° in (3-6), since the plate,

considered plane, may be regarded as a circular cylinder of thickness b = h

and infinite radius. By well-known rules of the calculus we obtain

Ab — 2irkph (3-15)

FIGURE 3-5

The Bouguer plate.
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The Bouguer plate.
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as the attraction of an infinite Bouguer plate. With standard density p = 2.67

g/cm3 this becomes

Ab = 0.1119/1 mgal (3-15')

for h in meters.

Removing the plate is equivalent to subtracting its attraction (3-15) from the

observed gravity. This is called incomplete Bouguer reduction.

To complete our gravity reduction we must then lower the gravity station

from P to the geoid, to P0 . This is done by applying th& free-air reduction

> (3-16)

so called because after removal of the topography the station P is in free air.

For many practical purposes it is sufficient to use the normal gradient of gravity,

obtaining

F = — —y h = +0.3086ft mgal (3-17)
dft

for ft in meters.

This combined process of removing the topographic masses and applying

the free-air reduction is called complete Bouguer reduction. Its result is Bouguer

gravity at the geoid:

gB = g — Ab + F. (3-18)

With the assumed numerical values we have

gravity measured at P g

minus Bouguer plate —0.1119ft

plus free-air reduction -j-0.3086ft

Bouguer gravity at P0 gB = g + 0.1967ft. (3-18')

Since gB now refers to the geoid, we obtain genuine gravity anomalies in the

sense of Sec. 2-13 by subtracting normal gravity y referred to the ellipsoid:

AgB = ga — 7- (3*19)

They are called Bouguer anomalies.

Terrain correction. This simple procedure is refined by taking into account

the deviation of the actual topography from the Bouguer plate of P (Fig. 3-6).

This is called terrain correction. At A the mass surplus Am+,
which attracts

upward, is removed, causing g at P to increase. At B the mass deficiency Am-

is made up, causing g at P to increase again. The terrain correction is always

positive.

The practical determination of the terrain correction A t is done by means

of a template similar to that shown in Fig. 2-22, using (3-14) and adding the

effects of the individual compartments:

T (
=£aT. (3-20)
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A
earth’s

The terrain correction.

For a surplus mass Am+, h > hp, we have

b — h — hP, c = 0;

and for a mass deficiency Am_, h < hP,

b — c — hP — h.

By adding the terrain correction A t to (3-18) we obtain the refined Bouguer
gravity

gB — g — Ab + A t + F. (3-21)

The Bouguer reduction and the corresponding Bouguer anomalies AgB are

called refined or simple, depending on whether the terrain correction has been
applied.

In practice it is convenient to separate the Bouguer reduction into the effect

of a Bouguer plate and the terrain correction, because the latter is usually

much less. Even for mountains 3000 meters in height the terrain correction is

only of the order of 50 mgals (Heiskanen and Vening Meinesz, 1958, p. 154).

Unifiedprocedure. It is also possible to compute the total effect of the topo-
graphic masses,

At = As -At,-. (3-22)

in one step by using columns with base at sea level (Fig. 3-7), again subdividing
the terrain by means of a template. (Note the difference between At, the attrac-

tion of the topographic masses, and the terrain correction A t \) Then

At = ^2 AA,

FIGURE 3-7

The Bouguer reduction.
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where we now have b = h, c = hP . For the innermost circle use (3-6) with
b = hP .

Instead of (3-21) we now have

gB = g - At + F. (3-2F)

The Bouguer reduction may be still further refined by the consideration of
density anomalies, anomalies in the free-air gradient of gravity (Sec. 2-23),

and spherical effects. More computational formulas may be found in Jung
(1961, Sec. 6.4),

3-4. Isostasy

One might be inclined to assume that the topographic masses are simply super-

posed on an essentially homogeneous crust. If this were the case, the Bouguer
reduction would remove the main irregularities of the gravity field, so that the

Bouguer anomalies would be very small and would fluctuate randomly around
zero. However, just the opposite is true.; Bouguer anomalies in mountainous
areas are systematically . negative and may attain large values, increasing in

magnitude on the average by 100 mgals per 1000 meters of elevation. The only
explanation possible is that there is some kind of mass deficiency under the
mountains. This means that the topographic masses are compensated in some
way.
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There is a similar effect for the deflections of the vertical. The actual deflec-

tions are smaller than the visible topographic masses would suggest. In the
middle of the nineteenth century J. H. Pratt observed such an effect in the
Himalayas. At one station in this area he computed a value of 28" for the deflec-

tion of the vertical from the attraction of the visible masses of the mountains.
The value obtained through astrogeodetic measurements was only 5". Again,
some kind of compensation is needed to account for this discrepancy.

Two different theories for such a compensation were developed at almost
exactly the same time, by J. H. Pratt in 1854 and 1859, and by G. B. Airy in
1855. According to Pratt the mountains have risen from the underground
somewhat like a fermenting dough. According to Airy, the mountains are
floating on a fluid lava of higher density, so that the higher the mountain, the
deeper it sinks.

Pratt-Hayford system. This system of compensation was outlined by Pratt
and put into a mathematical form by J. F. Hayford, who used it systematically
for geodetic purposes.

The principle is illustrated by Fig. 3-8. Underneath the level of compensation
there is uniform density. Above, the mass of each column of the same cross
section is equal. Let D be the depth of the level of compensation, reckoned
from sea level, and let p0 be the density of a column of height D. Then the den-
sity p of a column of height D + h(h representing the height of the topography)
satisfies the equation

{D + h)P = Dpo, (3-23)

S km

2kmtl
m^Skm

D=t00km\

FIGURE 3-8

Isoslasy—

Pratt-Hayford model.
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Isostasy—
P.ratt-Hayford model.

which expresses the condition of equal mass. It may be assumed that

po = 2.67 g/cm 3
. (3-24)

According to (3-23), the actual density p is slightly smaller than this normal
value p0 . Consequently, there is a mass deficiency which, according to (3-23),
is given by

Ap = p0 -p = -p-j-
7
rp„. • (3-25)

In the oceans the condition of equal mass is expressed as

(D - h')p + h'Pw = Dp0, (3-26)
where

;

p,„ = 1.027 g/crn3 1

(3-27)

is the density and h! the depth of the ocean. Hence there is a mass surplus of a
suboceanic column given by

h' , ,
P P®

j

)

j^r (po Pw)> (3-28)

As a matter of fact this model of compensation is idealized and schematic.
It can be only approximately fulfilled in nature. Values of the depth of com-
pensation around

D = 100 km (3-29)
are assumed.

For a spheroidal earth the columns will converge slightly towards its center,
and other refinements may be introduced. We may postulate either equality
of mass or equality of pressure; each postulate leads to somewhat different
spherical refinements. It may be mentioned that for computational reasons
Hayford used still another, slightly different model; for instance, he reckoned
the depth of compensation D from the earth’s surface instead of from sea level.

Airy-Heiskanen system. Airy proposed this model, and Heiskanen gave it a
precise formulation for geodetic purposes and applied it extensively.

Figure 3-9 illustrates the principle. The mountains, of constant density

PO = 2.67 g/cm3
, (3-30)

float on a denser underlayer of constant density

Pi = 3.27 g/cm3
. (3-31)

The higher they are, the deeper they sink. Thus, root formations exist under
mountains, and “antiroots” under the oceans.

We denote the density difference pi — p0 by Ap. With the assumed numerical
values we have

Ap = px — p0 = 0.6 g/cm3
. (3-32)

If we denote the height of the topography by h and the thickness of the cor-
responding root by t (Fig. 3-9), then the condition Of floating equilibrium is

tAp = hpo, (3-33)
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For the oceans the corresponding condition is

t' Ap = h'(p0 — pw),

FIGURE 3-9

Isostasy—Airy-Heiskanen

model.

(3-34)

(3-35)

where h' and pw are defined as above and t' is the thickness of the antiroot

(Fig. 3-9), so that we get

r

t' = p- ^/z' = 2.73/z' - (3-36)
pi — po

for the numerical values assumed.

Again spherical corrections must be applied to these formulas for higher

accuracy, and the formulations in terms of equal mass and equal pressure lead

to slightly different results.

The normal thickness of the earth’s crust is denoted by T (Fig. 3-9). Values
of around

T = 30 km (3-37)

are assumed. The crustal thickness under mountains is then

T+h + t, (3-38)

and under the oceans it is

T-h' -t\ (3-39)

Vening Meinesz regional system. Both systems just discussed are highly

idealized in that they assume the compensation to be strictly local, that is,

they assume that compensation takes place along vertical columns. This pre-

supposes free mobility of the masses to a degree that is obviously unrealistic

in this strict form.
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is just discussed are highly
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s that is obviously unrealistic

3-5. Isostatic Reductions

The object of isostatic reduction of gravity is the regularization of the earth’s
crust according to some model of isostasy. The topographic masses are not
completely removed as they are in the Bouguer reduction, but are shifted into
the interior of the geoid in order to make up the mass deficiencies that exist
under the continents. In the isostatic model of Pratt and Hayford the topo-
graphic masses are distributed between the level of compensation and sea level,
in order to bring the crustal density from its original value to the constant
standard value po. In the Airy-Heiskanen model the topographic masses are
used to fill the roots of the continents, bringing the density from p0 = 2.67 to
pi = 3.27 g/cm3

.

In other words, the topography is removed together with its compensation,
and the final result is ideally a homogeneous crust of density p0 and constant
thickness D (Pratt-Hayford) or T (Airy-Heiskanen).

yS*ngronat compensation

local compensation

FIGURE 3-10

Local and regional compensation.

For this reason Vening Meinesz modified the Airy floating theory in 1931,
introducing regional instead of local compensation. The principal difference
between these two kinds of compensation is illustrated by Fig. 3-10. In Vening
Meinesz’ theory the topography is considered as a load on an unbroken but
yielding elastic crust.

Although Vening Meinesz’ refinement of Airy’s theory is more realistic, it is

more complicated and is therefore seldom used by geodesists because, as we
shall see, any isostatic system, if consistently applied, serves for geodetic pur-
poses as well.

Geophysical and geodetic evidence shows that the earth is about 90% iso-
statically compensated, but it is difficult to decide, at least from gravimetric
evidence alone, which model best accounts for this compensation. Although
seismic results indicate an Airy type of compensation, in some places the
compensation seems to follow the Pratt model. Nature will, of course,
never conform to any of these models to the degree of precision which we have
assumed above. However, a well-defined and consistent mathematical formula-
tion is a prerequisite for the application of isostasy for geodetic purposes.
For more details on isostasy and its geophysical applications see Heiskanen

and Vening Meinesz (1958, Chapters' 5 and 7).

3-5. Isostatic Reductions



.D V

138 Gravimetric Methods

Thus we have three steps

:

1. removal of topography,

2. removal of compensation,

3. free-air reduction to the geoid.

Steps 1 and 3 are known from Bouguer reduction, so that the techniques of

Sec. 3-3 can be applied to them. Step 2 is new and will be discussed now for the

two main isostatic systems.

Pratt-Hayford system. The method is the same as for the terrain correction,

Sec. 3-3, equation (3-20). The attraction of the.(negative) compensation is again

computed by

Ac = 23 AA,

where the attraction of a vertical column representing a compartment is given

by (3-14) with

b = D, c — D + hP

and p replaced by the density defect Ap. If the preceding Bouguer reduction

were done with the original density p of the column expressed by

'

<3
'40)

according to (3-23), then Ap would be given by (3-25).

Usually the Bouguer reduction is performed using the constant density p0 ;

the density defect Ap must then be computed by

h
Ap

D Po, (3-41)

which differs slightly from (3-25), in order to restore equality of mass accord-

ing to

(po — Ap)D + p0/z = po-D.

The first term on the left-hand side represents the mass of the layer between

the level of compensation and sea level; the second term represents the mass

of the topography, now assumed to have a density p0 .

Airy-Heiskanen system. Again we use

Ac = 23

where b and c in (3-14) are, according to Fig. 3-11, given by

b = t, c — hp -27 T~ t

and p is replaced by Ap = pi — p0 = 0.6 g/cm3
.

Total reduction. In analogy with (3-2 F) isostatically reduced gravity on the

geoid becomes
gt = g - At + Ac + F, (3-42)

m
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£
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Topography and compensation—Airy-Heiskanen
model.

where Ac is the attraction of the compensation which is actually negative
so that its removal is equivalent to the term +AC . The quantity AT is the attrac-
tion of topography, to be computed as the effect of a Bouguer plate combined
with terrain correction, equation (3-22), or in one step, as described in Sec. 3-3 •

T is the free-air reduction approximated by (3-17).

Oceanic stations. Here the terms Ar and F of (3-42) are zero, since the station
is situated on the geoid, but the term Ac is more complicated.

rc

Pra
fHayford model the Procedure is as follows. The mass surplus

3-28) of a suboceamc column of height D - b! (Fig. 3-8) is removed and used
to fill the corresponding oceanic column of height h' to the proper density PoIn mathematical terms, this is

Ac = -A x + A2,
(3

.43)

where both Ax and A, are of the form (3-20), AA being given by (3-14). For A,we have v ' 1

b = D — h\ c = D
and density P —

• Po ; for A2 we have

b = c = h'

and density Po - Pw.

In the Airy-Heiskanen model the mass surplus of the antiroot, Pl - Po is
used to fill the oceans to the proper density Po . The corresponding value is
again given by (3-43) where for vli we now have

b = t', c = T
and density Pl - Po ; and for A2 we have, as before,

b — c — h'

and density Po - p„.

In both models (3-42) reduces for oceanic stations to

3-5. Isostatic Reductions

Si, ocean — § “j“ A(j. (3-44)
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Isostatic anomalies. The isostatic gravity anomalies are—in analogy to the

Bouguer anomalies—defined by

Agr - gi — y- (3-45)

If any of the isostatic systems were rigorously true, then isostatic reduction

would fulfil perfectly its object of complete regularization of the earth’s crust,

which would become level and homogeneous. Then, with a properly chosen

reference model for y, the isostatic anomalies (3-45) would be zero.

The actual isostatic compensation occurring in nature cannot, of course,

completely conform to such abstract models. Therefore, nonzero isostatic

anomalies (3-45) will be left, but they will be small, smooth, and more or less

randomly positive and negative. On account of this smoothness and independ-

ence of elevation they are better suited for interpolation or extrapolation than

any other type of anomalies; see Chapter 7, particularly Sec. 7-10.

Their computation is relatively laborious; but this fact is rather insignificant

in view of the present possibility of using automatic computers. Reduction

tables and reduction maps further facilitate the work.

The gravity tables of Hayford and Bowie (1912) have been the prototype of

later tables. Hayford’s tables give the effects of topography and its isostatic

compensation as functions of the height of the compartment, using the isostatic

system of Pratt and Hayford with po = 2.67 g/cm3 and D = 1 13.7 km. Hayford’s

Table 3-1

Hayford Zones and Compartments

Zone Outer radius

0meters)

Number of
compartments

Zone Outer

radius

Number of
compartments

A 2 1 18 1°41T3" 1

B 68 4 17 1 54 52 1

C 230 4 16 2 11 53 1

D 590 6 15 2 33 46 1

E 1,280 8 14 3 03 05 1

F 2,290 10 13 4 1913 16

G 3,520 12 12 5 46 34 10

H 5,240 16 11 7 51 36 8

I 8,440 20 10 10 44 6

J 12,400 16 9 14 09 4

K 18,800 20 8 20 41 4

L 28,800 24 7 26 41 2

M 58,800 14
.
6 35 58 18

N 99,000 16 5 51 04 16

O 166,700 28 4 72 13 12

(1°29'58") 3 105 48 10 .

2 150 56 6

1 180 00
~

1
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division into zones and compartments is shown in Table 3-1. The curious values

for the radii of the outer zones 1 through 18 are due to the use of the foot as

the unit of length. Nevertheless, Hayford’s division has become standard for

later tables, such as those of Cassinis et al. and of Heiskanen.

The fundamental tables of Cassinis et al. (1937) are essentially a tabulation

of the general formula (3-14). They can therefore be used for all kinds of gravity

reduction, but for practical application of any reduction method special tables

must be computed from them.

Heiskanen (1938) made such special tables for the Airy-Heiskanen isostatic

system with p0 = 2.67, pi = 3.27 g/cm3
,
and normal thickness T = 20, 30, 40,

and 60 km. These tables supersede Heiskanen’s (1931) tables for T = 40, 60, 80,

and 100 km.

Tables for regional isostatic reduction according to the system of Vening

Meinesz are given in Vening Meinesz (1939).

Since the combined effect of topography and compensation for the Hayford

zones 1 through 18 varies only slowly and smoothly, this effect can be given

in the form of an isoanomaly map. This was done by Heiskanen and Nuotio

(1938); Niskanen and Kivioja (1951); Heiskanen, Niskanen, and Karki (1959);

and Karki, Kivioja, and Heiskanen (1961). The last map covers the whole world

and uses the Airy-Heiskanen system with T = 30 km.

For the Hayford zones 1 through 18 the planar formulas of Sec. 3-2 are no

longer sufficient, and spherical formulas must be used. These expressions are

highly complicated; we therefore refer the reader to Lambert (1930), Baeschlin

(1948, pp. 480-506), and Heiskanen and Vening Meinesz (1958, p. 162). For

formulas for automatic computers see Kukkamaki (1955). In Sec. 3-8 we shall

give a simplified qualitative treatment.

It may be stressed again that for geodetic purposes the isostatic model used

must be mathematically precise and self-consistent, and the same model must

be used throughout. Refinements include the consideration of irregularities of

density of the topographic masses and the consideration of the anomalous

gradient of gravity.

3-6. The Indirect Effect

The removal or shifting of masses which underly the gravity reductions change

the gravity potential and hence the geoid. This change of the geoid is an indirect

effect of the gravity reductions.

Hence the surface computed by Stokes’ formula from isostatic anomalies,

say, is not the geoid itself but a slightly different surface, the cogeoid. To every

gravity reduction there corresponds a different cogeoid.

Let the undulation of the cogeoid be Nc
. Then the undulation N of the actual

geoid is obtained from

(3-46)N = Nc + SN,
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(3-47)

by taking the indirect effect on N into account, which is given by

y
where

5^ is the change of-potential at the geoid. Equation (3-47) is an applica-
tion of Bruns’ theorem (2-144).

11

The change of potential SW is for the Bouguer reduction expressed by

SWB = UT, (3-48)
and for the isostatic reduction by

dWi = Ut — Uc, (3-49)
the subscripts of the potential V corresponding to those of Ihe attraction Aused m the preceding sections.

For the practical determination of UT and Uc the template technique, as
expressed m (3-20), may again be used

:

U = T AU> (3-50)S 'eleva“ fonnu‘as are <3-!2>. (3-2). (3-5). and (3-7). The poin. townich U refers is always the point P0 at sea level (Fig. 3-1).

.

Ut we use U°> (3_5)> with b = h and density Po (see Fig. 3-11). For Uain the continental case we use Ue, (3-2), with the following values

:

Pratt-Hayford:

b = c = D, density — Po ;

Airy-Heiskanen:

b — t, c = t + T, density Pl — Po.

The corresponding considerations for the oceanic case are left as an exercise
tor the reader.

The indirect effect with Bouguer anomalies is very great, of the order of ten

/™^.
the

i

8eoid
f

1 undulation itself. See the map (Tafel I) at the end of Helmert
(1884), where the maximum value is 440 meters. The reason is, of course that
the earth is m general isostatically compensated. Therefore, the Bouguer
anomalies cannot be used for the determination of the geoid.
With isostatic anomalies the indirect effect is smaller than N, of the order

° 0 meters, as might be expected. It is necessary, however, to compute the
indirect effect oNr carefully, using exactly the same isostatic model as for the
gravity reductions.

Furthermore before applying Stokes’ formula, the isostatic gravity anomalies
must be reduced from the geoid to the cogeoid.This is done by a simple free-air
reduction, using (3-17), by adding to Agr the correction

5 = +0.308651Vmgal, (3-51)
SW in meters. This correction a is the indirect effect on gravity, it is of the order
ot 3 mgal.

Now the isostatic anomali,
Stokes’ formula gives N’: wl
indirect effect SN to give the i

Foi the Hayford zones 1
compute U. For these forma
and Baeschlin (1948, pp. 480 '

and Darling (1936) and Heis
and 8-2.

Deflections of the vertical. 1
is, in agreement with equation

The indirect effect is essential
deflection of the vertical (Hei
Spherical formulas and fund;
(1937) for gravity, were give
(1949). See also Baeschlin (19



which is given by

(3-47)

I. Equation (3-47) is an applica-

r reduction expressed by

(3
-48)

(3-49)

g to those of the attraction A

Uc the template technique, as

(3-50)

(3-5), arid (3-7). The point to

l (Fig. 3-1).

sity po (see Fig. 3-11). For U0
following values:

h

qP0]

y pi — po-

lie case are left as an exercise

very great, of the order of ten

Tafel I) at the end of Helmert
The reason is, of course, that

ted. Therefore, the Bouguer
of the geoid.

smaller than N, of the order

ary, however, to compute the

me isostatic model as for the

the isostatic gravity anomalies
ais is done by a simple free-air

:ction

1= (3-51)

•t on gravity, it is of the order

Deflections of the vertical. The indirect effect on the deflections of the vertical
is, in agreement with equations (2-204), given by

1 dSN
s* = ~rW
8r] = —

-

1 dSN (3-52)

R cos f d\ '

The indirect effect is essentially identical with the so-called topographic-isostatic
deflection of the vertical (Heiskanen and Vening Meinesz, 1958, pp. 252-255)

flWW
1

f and fundamental tables
’ ^milar to those of cLnis et al.'

So c ^
aV1

l
y’ WCre glven by Lambert and Darling (1938) and Darling

(1949). See also Baeschlin (1948, pp. 336-380).
8

3-7. Other Gravity Reductions

ne inversion reduction of Rudzki. It is possible to find a gravity reduction

ktoTheYr ^ 18 7
;f

r0 -™S iS d°ne by sbiftin§ the topographic masses
into the interior of the geoid m such a way that

Then
U° = ^

(3
-53>

8W = Ut — Uc = 0.- — - j (3-530
This procedure was given by M. P. Rudzki in 1905. For the present purpose

dm ZTt n h
6 S
T

ld a SphCre °f radiUS R (Fig> 3 ' 12) - Let the masselement dm at Q be replaced by a mass element dm' at a certain point O' inside
the geoid situated on the same radius vector.

f

The potential due to these mass elements at the geoidal point P0 is

dUT = k~ = kdm

dUc — k

l

dm'

-)- R'2 — 2Rr cos f
kdm'

(3-54)

We shall have

V v/2 + Ri - 2Rr' cos f

dUc = dUr

3-7. Other Gravity Reductions 143

Stokes’ fn

an°malf refer StrictIy t0 the cogeoid. The application of

indheet 7T7feS

V
W1Ch acc0rdins to (3-46) is to be corrected by theindirect effect 8N to give the undulation N of the actual geoid

comLfr/
H
Fo

f°7dT 1

i

thr°Ugh 18 SpheriCal f°rmUlaS mUSt be used to

! UV
F
!L

heSe formulas we asain refer the reader to Lambert (1930)

and 19361’
TaWeS 3nd mapS haVe been given by La“ber‘and Darling (1936) and Heiskanen and Niskanen (1941). See also Secs. 3-8
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f,
5
3

' R

>

1— ^(dm')

FIGURE 3-12

Rudzki reduction as an
inversion in a sphere.

dm' = — dm
r

This is readily verified by substitution into the second of equations (3-54).
The condition (3-56) means that Q' and Q are related by inversion in the sphere

of radius R (Kellogg, 1929, p. 231). Therefore, this reduction method is called
inversion reduction or Rudzki reduction.

The condition (3-55) expresses the fact that the compensating mass dm! is
not exactly equal to dm, but is slightly smaller. Since this relative decrease of
mass is of the order of 10~8

, it may be safely neglected by setting

dm' = dm. (3-55')

Usually it is even sufficient to replace the sphere by a plane. Then O' is the
ordinary mirror image of Q (Fig. 3-13).

Rudzki gravity at the geoid becomes, in analogy to (3-42),

gB = g - At + Ac + F, (3-57)

where Ac = E AA with b = h, c = h + hP, the density being equal to that of
topography.

Since the indirect effect is zero, the cogeoid of Rudzki coincides with the
actual geoid, but the gravity field outside the earth is changed. In addition,

aeoid FIGURE 3-13

Rudzki reduction as a plane approximation.

the Rudzki reduction does i
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redUCti°n d0eS not corresP°nd to a geophysically meaningful

asZZ tTT r?UCti% °fHelmert • Here the topography is condensed soas to form a surface layer (Sec. 1-3) on the geoid 1 of density

- K = ph,
(3-58)

LuFig

m
Mir

ins ”ncha”8ed ' Again
- ,he mass is shifted a,°ag ,he

K = J/|

FIGURE 3-11

geoid
Helrriert's method of condensation.

We may consider Helmert’s condensation as a limiting case of an isostatic
reduction according to the Pratt-Hayford system as the depth ofcompensation D
goes to zero. This is often useful.2

Again we have ,,

gH = g. — At + Ac + F, (3-59)

where Ac = £ AA is now to be computed using formula (3-10) with c = hPand K = ph-hp is the height of the stationP and h the height of the compartment
The indirect effect is

SW — Up — Uc- (3-60)

The potential Uc = £ AU is to be computed using formula (3-9) with k = ph
as before, but c = 0 since it refers to the geoidal point P0 . The corresponding
8N is very small, being about 1 meter per 3 km of average elevation. It may
therefore be neglected, so that the cogeoid of the condensation reduction prac-
tically coincides with the actual geoid.
Even the “direct effect,” —AT + Ac, can usually be neglected, as the attrac-

tion of the Helmert layer nearly compensates that of the topography. There
remains

gH = g + F, (3-61)

that is, the simple free-air reduction. In this sense, the simple free-air reduction
may be considered as giving approximate boundary values at the geoid

,
to be

(Lambert
’ 1930>- In his first method

condensed the topography on a parallel surface situated 21 km
theco'iwpropnr-p “f

b<T ?
he
,§

e0ld - He dld this in order to avoid problems connected withthe convergence of the spherical-harmonic series for the potential (Sec. 2-5)

tion—name/v
be considered as a hmiting case of an isostatic reduc-

of the topoSic masses
e" SyStem asT~* x

’ corresponding to a complete removal
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used in Stokes formula. To the same degree of approximation, the “free-air
cogeoid” coincides with the actual geoid.

Hence the free-air anomalies

Agr = g + F - 7 (3-62)

may be considered as approximations of “condensation anomalies”

Ags — ga — y. (3-63)

The subject of free-air anomalies will be taken up again in Chapter 8 in a
rather different context.

The reduction of Poincare and Prey does not properly belong here because
it is intended to provide actual values of gravity inside the earth, and not to
give boundary values at the geoid. It cannot be directly used for the determina-
tion of the geoid, but is needed to obtain orthometric heights and will therefore
be discussed in Sec. 4-3. Actual gravity g0 at a geoidal point P0 is related to
Bouguer gravity gB, equation (3-2 T), by

go = gB — At,p0. (3-64)

It is obtained by subtracting from gB the attraction A r,pc of the topographic
masses on P0, which corresponds to restoring the topography after the free-air
reduction of Bouguer gravity from P to P0 .

These are the main methods that have been proposed for the reduction of
gravity.

3-8. Spherical Effects

For the spherical Hayford zones 1 through 18, or at least outside a distance of
400 km from the station, spherical formulas must be used for the computation
of gravity reduction and the indirect effect.

We have already mentioned that the exact spherical formulas are very compli-
cated. Therefore, we shall consider here an approximate technique that provides
simple qualitative insight and yields results that are accurate enough for many
purposes. We shall use surface potentials of simple and double layers on the
sphere; see Secs. 1-3 and 1-4.

Surface potentials on a sphere. The potential If at an exterior point P of
radius vector

r = R + hP (3-65)

due to a simple layer of density K on a sphere of radius R is given by

Ut =k
fj

-jR'dv-kB?

a

since the normal at the surfa
compare also Fig. 2-14. The c

We now need 1// and its der:

By differentiation we find

tf)--

R (I)
=
T6

[/:

r-R
/

Now let P move onto the

d 2 (l

drdR \J

Oh
Oh

As a further specialization w
on the spherical zone bounded 1

outside this zone we assume K =

fj Kd«~ K [
2
*

fV Ja-Ojf

and an analogous expression foi
equations (3-73) into equations

(
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^vertical attraction Al of this layer at P is the negative radial derivative

Al =
~Hr

= ~kRi
Jiff| (j)

da. (3-67)
a

The potential U, of a double-layer of density „ on this sphere is expressed by

u2 = k
JJ

V— JcR2
JJ n^Q'jdv,

(3
-68)

compare

6

als^Fig 2 iTrT^ ^ = ** is the radius sector *!ompare also Fig. 2-14. The corresponding attraction J2 is therefore given by

We now need l/l and its derivatives..We have

1

J
— (r2 + P 2 — 2rR cos yfff

•1/2

By differentiation we find

(3-69)

(3-70)

r - Reds ip d (1 R — rcosyp

P ’P SR \ l

dr dP (/)
=
p f

/2 cos 'P + XR- r cos - j? cos $].

Now let P move onto the sphere, P-^P0 . Then these formulas become

1 1

(3-71)

(3-72)

d 2

/ 2P sin (jp/2)’

dP (/} 4P2 sin (\p/2)
>

0) 8

R

3 (sin8 &/2)
+

sih"(^72))'

(3-73)

on tbe /l,
^

,

Special'zatl0n we consider the case that k and fi are constanton the spherical zone bounded by the spherical distances and / (Fig 3-15)-
outside this zone we assume K M = 0. We then have

II
Kd(T = «Lo i1* sin t dp da = 2ttk

f*
sin ^ d$ (3-74)

e

a

a

n
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S
,T
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FIGURE 3-15

A spherical zone.

1

1
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(3-77)

(3-78)

Bouguer reduction. Distant toppgraphy may be considered to form a simple

surface layer on the sphere representing the geoid, and the height of P may be

neglected so that P0 is considered instead of P. The density of the surface layer

is, as in (3-58), given by
k — ph,

so that the effect of the attraction on gravity may be computed by (3-76),

At = 2-irkph sin ^ (3-79)

For the indirect effect on the potential the formula (3-75) is used:

UT = AR-irkph sin — (3-80)

U2
— —2-irkp sin

. 1 , cos 2
(^/2)A 2 = -5 irkp.

R sin (f/2)

h -^-7T7S\

)

sin^
sm(ip/2)J

stance,

=
4
^sin| - sin

ences for two consecutive radii

) can be dropped, so that the result

Compensating reductions. Here double layers are to be used. The dipole

moment of a column of unit cross section is, according to Sec. 1-4, given by

M = hp-d, (3-81)

since hp is the mass of both the topographic column and its compensation

;

d is the distance between the two centers of mass ST and So of Fig. 3-16 (it is

the h of Sec. 1-4). The condition d—->- 0 is very nearly satisfied if d is small

compared to the distance from the station.

Hence the combined effect of topography and compensation on gravity and
potential are obtained by (3-78) and (3-77) as

At — Ac =
cos2

(<A/2)

sin (f/2)
’ (3-82)

UT — Uc — -M-2xfcP sin| (3-83)

;ant depending on fa, the following

t, (3-75)
2

. (3-76)
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Pratt Airy Rudzki Helmert

FIGURE 3-17

Topography and compensation

for different gravity reductions.

The distance d for different gravity reductions is shown by Fig. 3-17; we have:

Pratt-Hayford

:

j h + D

Airy-Heiskanen:

Rudzki (inversion):

Helmert (condensation):

d=T +

d = h,

(3-84)

These hold for the continental case.

For the oceanic case there is no inversion or condensation, but only isostatic

compensation. Instead of (3-81) we have

M = -h'(p - Pw)-d', (3-85)

where p w and h! are density and depth of the ocean, and d! is found in the same
way as before to be:

Pratt-Hayford:

Airy-Heiskanen:

Rudzki and Helmert:

d' = T

d' = 0.

h' + t’

(3-86)

The minus sign in (3-85) indicates that mass is shifted in the opposite direction
as before.

For isostatic compensation

continents:

At — Ac =

oceans:

~AC =
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IE 3-17

raphy and compensation

ferent gravity reductions.

shown by Fig. 3-17; we have:

(3-84)

condensation, but only isostatic

f, (3-85)

can, and d' is found in the same

(3-86)

shifted in the opposite direction

For isostatic compensation according to Pratt-Hayford (3-82) thus becomes:

continents:

oceans:

,
h(h + D) cos2

(f/2)
At — Ac — 2g

rrkp

h'D u _ , cos 2
(f/2)

-Ac - 2R
rrk{p p„) sin

(3-87)

These two formulas were derived by Helmert.

All these formulas are to be used in connection with a system by which the

earth is divided into spherical compartments like Hayford’s, so that actually

4 = lAd,
U = Z At/,

(3-88)

where the density and elevation can be considered constant in each compart-

ment.

3-9. Practical Determination of the Geoid

Reduction method to be used. In principle, all gravity reductions are equivalent

and must lead to the same geoid if they are properly applied, the indirect effect

being considered. There are, however, certain requirements that severely restrict

the number of practically useful reductions. The main requirements are:

1. The reduction must yield gravity anomalies that are small and smooth,

so that they can be easily interpolated and, where necessary, extrapolated.

In other words, a single anomaly should be as representative as possible

of a whole neighborhood.

2. The reduction must correspond to a geophysically meaningful model, so

that the resulting anomalies are also useful for geophysical and geological

interpretations.

3. The indirect effect should not be unduly great.

The Bouguer anomalies have good interpolatory properties—they are large

but smooth—and are geophysically significant, but the Bouguer reduction must

be excluded for the present purpose in view of its excessively large indirect

effect (Sec. 3-6).

The Rudzki reduction has no indirect effect on the geoid, but changes the

potential outside the earth, which is currently as important as the geoid. The

Rudzki anomalies have no geophysical meaning.

The condensation reduction is very simple to compute, since it approximately

yields free-air anomalies, and has a negligible indirect effect. It has some geo-„

physical significance, corresponding to an extreme case of isostatic compensa-

tion. Free-air anomalies are small but extremely dependent on topography,

so that their interpolation is very inaccurate.
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Isostatic anomalies fulfil all three requirements. The underlying models
correspond best to geological reality. The isostatic anomalies are small, smooth,

and independent of topography, so that they are ideally suited for interpolation

and extrapolation, and are very representative. The indirect effect is moderate.

Hence the free-air anomalies and the isostatic anomalies must be considered

best suited for the present purpose. The main advantage of free-air anomalies

is that they are easy to compute; their main disadvantage is that they are diffi-

cult to interpolate. With the isostatic reduction, just the opposite holds.

Because of the present possibilities of automatic computation the work
involved in isostatic reduction no longer carries great weight. On the other

hand, gravity data are still scarce and should be processed in such a way that

the maximum amount of information is extracted from them, and that they

are made as representative as possible. This speaks strongly in favor of employ-

ing isostatic reduction at the present time.

It may be mentioned that isostatic reduction can also be used in connection

with the direct gravimetric determination of the physical surface of the earth,

a topic which will be discussed in Chapter 8; see Sec. 8-11.

Gravity data. Prerequisites of the gravimetric methods are:

1 . Theoretically, gravity anomalies must be given at every point of the earth’s

surface; practically, a dense gravity net around the computation points'

and a reasonably uniform distribution of gravity measurements outside

are sufficient.

2. All gravity anomalies must be converted to the same system.

Absolute gravity measurements by means of pendulums are very laborious,

and it is difficult to achieve the required accuracy of ±1 mgal. Therefore,

relative gravity measurements are preferred, which can be made by pendulums
to an accuracy of ± 1 mgal and better, and by gravimeters to around ±0.1 mgal.

These relative measurements must be tied together in such a way that they

refer to a uniform world gravimetric system. One or several stations in each

nation form a worldwide gravity base station network (Uotila, 1964a). The
present reference datum is the so-called Potsdam system, which is based on
absolute gravity measurements performed around 1900 at the Geodetic Institute

in Potsdam, Germany.

The Potsdam system needs a constant correction which is currently estimated

to be about — 13 mgals. Several absolute determinations of gravity are in

progress. They employ different techniques such as the use of pendulums and
the observation of freely falling bodies.

The gravity data are collected and processed a.t such gravimetric data centers

as the Isostatic Institute in Helsinki, The Ohio State University, and the Bureau
Gravimetrique Internationale in Paris.

For automatic processing the data are stored as mean values of compartments
of standard size, such as 5' X 5', 10

' X 10', 1° X 1°, 2° X 2°, and 5° X 5°.

The map of Fig. 3-18 shows the gravity data available in 1959. The distribu-
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tion is far from being satisfactory. The large unsurveyed areas shown in the

oceans can be expected to be Med in with the results of seaborne and airborne

gravity measurements in the near future.

In the meantime we must try to fill the gaps with values extrapolated by

statistical techniques (Chapter 7) or by means of a geophysical model or with

values obtained by using a combination of both methods. Uotila (1964b) com-

puted free-air gravity anomalies representing the effect of topography and its

isostatic compensation only, so that they correspond to zero isostatic anomaly,

using a spherical-harmonic expansion up to the 37th degree and obtaining

5° X 5° mean values. Part of his results are shown in Fig. 3-19. Whereas Uotila

did not use any actual gravity data, Kivioja (1964) tried a combination of meas-

ured gravity data and geoph;

using an isostatic model.
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FIGURE 3-19

Mean free air anomalies of5° X 5° blocks computed by Uotila {1964b) for a mathematical model

of the earth in the sector between the longitudes 0° and 90°Efrom the North Pole to the Equator.
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ured gravity data and geophysical extrapolation to the unsurveyed areas, again

using an isostatic model.

Geoidal computations. The principles of the computation using Stokes’ for-

mula were outlined in Sec. 2-24.

The first practical computation of the geoid on a worldwide scale was carried

out by Hirvonen (1934). He calculated the geoidal undulations for 62 points

distributed in an east-west band encircling the surface of the earth. He estimated

mean free-air anomalies of 5° X 5° blocks in which gravity data were avail-

able; in unsurveyed areas he used free-air anomalies corresponding to zero

isostatic anomaly.

Tanni (1948, 1949) computed geoidal heights, using Stokes’ formula as

Hirvonen did, but on the basis of a much larger quantity of gravity data. He

employed isostatic reduction by means of both the Pratt-Hayford system with

D = 113.7 km and the Airy-Heiskanen system with T = 60 km. Tanni com-

puted global undulations, using 5° X 5° blocks, and a more detailed geoid for

Europe using 1° X 1° blocks.

The most recent detailed gravimetric geoid is the Columbus geoid (Heiskanen,

1957). Five times more gravity data than Tanni had was available then. Free-air

anomalies were employed, and the numerical integration in Stokes’ formula

was performed using an electronic computer. The computational details are

described in (Uotila, 1960). Figure 3-20 shows the European geoid.

The large-scale features of the geoid can also be obtained by means of a

spherical-harmonic expansion of lower degree, say up to degree four or eight,

using methods such as those described in Sec. 2-20. We mention Jeffreys (1943),

Zhongolovich (1952), Kaula (1961), Uotila (1962), and Kaula (1966). Figure

3-21 shows Uotila’s (1962) geoid, which corresponds to a spherical-harmonic

expansion of the fourth degree. The results of the various authors differ with

respect to the gravity data available and the methods employed for handling

the nonuniform distribution of data.

For more information see, for instance, Heiskanen (1965) and Kaula (1963).

Deflections of the vertical. Vening Meinesz’ formula (2-210) for computing

the deflections of the vertical is much more sensitive to local gravity anomalies

around the computation point than Stokes’ formula for the geoidal heights.

Therefore, a dense gravity net is needed around the computation point. The

effect of distant zones is somewhat less than in Stokes’ formula but still con-

siderable (see Sec. 7-4).

Highest accuracy is required, since ±0.3" corresponds to about ±10 meters

in position. This is much more difficult to achieve than the corresponding ac-

curacy of ±10 meters in geoidal height.

For details of the numerical integration the reader is again referred to Sec.

2-24. The effect of the innermost zone involves a careful evaluation of the

horizontal gradient of gravity. The radius of this innermost zone varies be-
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FIGURE 3-20 r

The Columbus geoid for Europe, referred to the international ellipsoid (/ = 1/297). Contour

interval 2 meters.

tween 0.1 and 10 km according to different authors and also depending on the.,

gravity data available and the accuracy desired. See also Heiskanen and Venmg

Meinesz (1958, pp. 257-277).
_

.
' . ,

If isostatic anomalies are used, then the indirect effect, which is identic

with the topographic-isostatic deflection corresponding to the isostatic model

used, must be precisely taken into account (Sec. 3-6). If free-air anomalies are

used, then deflections of the vertical at the earth’s surface, rather than on the

geoid, may be computed utilizing the refinements described in Sec. 8-9.

World geodetic system. Since the gravimetric determination of geoidal heights

yields absolute values for a reference ellipsoid coinciding with the center of

mass of the earth, it plays a fundamental role in a worldwide geodetic system

(Heiskanen, 1951; Heiskanen and Vening Meinesz, 1958, Chapter 9). This

requires a combination with astrogeodetic data (see our Chapter 5). During
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the past few years artificial satellites have also been used to gather data for a

world geodetic system (see our Chapter 9).

References

Baeschlin, C. F. (1948). Lehrbuch der Geodasie. Zurich, Orell-Fiissli.

Cassinis, G„ P. Dore, and S. Ballarin (1937). Fundamental tables for reducing gravity

observed values. R. Comm. Geod. Ital. Publ. No. 13.

Darling, F. W. (1949). Fundamental tables for the deflection of the vertical. U. b.

Coast and Geodetic Survey, Spec. Publ. No. 243.

Hayford, J. F., and W. Bowie (1912). The effect of topography and isostatic compensa-

tion upon the intensity of gravity. U. S. Coast and Geodetic Survey, Spec. Publ.

No. 10.
, . „ . . .

.

Heiskanen, W. (1924). Untersuchungen iiber Schwerkraft und Isostasie. Helsinki,

Publ. Finn. Geod. Inst., No. 4, Also: Investigations regarding gravity and isostasy.

Geol. Survey of India, 1928.

Heiskanen, W. (1931). Tables isostasiques pour le reduction dans lhypothese de

Airy des intensites de la pesanteur observees. Bull. Geod., No. 30, pp. 87-153.

Heiskanen, W. (1938). New isostatic tables for the reduction of the gravity values

calculated on the basis of Airy’s hypothesis. Helsinki, Publ. Isostat. Inst. Int. Assoc.

Geod., No. 2.

Heiskanen, W. (1951). On the world geodetic system. Ibid., No. 26.

Heiskanen, W. A. (1957). The Columbus geoid. Trans. Am. Geophys. Union, v. 38,

pp. 841-848. —
Heiskanen, W. A. (1965). Present problems of physical geodesy. Helsinki, Publ.

Isostat. Inst. Int. Assoc. Geod., No. 49.

Heiskanen, W., and E. Niskanen (1941). World maps for the indirect effect of the

undulations of the geoid on gravity anomalies. Helsinki, Publ. Isostat. Inst. Int.

Assoc. Geod., No. 7.

Heiskanen, W., E. Niskanen, and P. ICarki (1959). Topographic-isostatic reduction

maps for Europe and North Atlantic in the Hayford zones 18-1 for the Airy-

Heiskanen system, T = 30 km and 20 km. Helsinki, Publ. Isostat. Inst. Int. Assoc.

Geod., No. 31.

Heiskanen, W„ and U. Nuotio (1938). Topographic-isostatic world maps of the

effect of the Hayford zones 10, 9, 8 and 7 to 1. Helsinki, Publ. Isostat. Inst. Int.

Assoc. Geod., No. 3.
.

Heiskanen, W. A., and F. A. Veiling Meinesz (1958). The earth and its gravity field.

New York, McGraw-Hill.

Helmert, F. R. (1884). Die mathematischen und physikalischen Theorien der hoheren

Geodasie, vol. 2. Leipzig, B. G. Teubner (reprinted 1962).

Hirvonen, R. A. (1934). The continental undulations of the geoid. Helsinki, Publ.

Finn. Geod. Inst., No. 19.

Jeffreys, H. (1943). The determination of the earth’s gravitational field (second paper).

M. N. R. A. S. Geo. Supp. 5, pp. 55-66.

Jung, K. (1961). Schwerkraftverfahren in der Angewandten Geophysik. Leipzig,

Akademische Verlagsgesellschaft Geest & Portig.

Karki, P., L. Kivioja, and W. /

maps for the world for the Ha;

Helsinki, Publ. Isostat. Inst. Ii

,
Kaula, W. M. (1961). A geoid a

gravimetric, astrogeodetic, an

1799-1812.

Kaula, W. M. (1963). Determir

Geophysics, v. 1, pp. 507-551.

Kaula, W. M. (1966). Global har

ings of the Symposium “Exte

(H. Orlin, ed.), Am. Geophy;

Kellogg, O. D. (1929). Foundatio:

Dover Publications, 1953).

Kivioja, L. (1964). Effect of tope

the mean free-air gravity anoi

Isostat. Inst. Int. Assoc. Geod.

Kukkamaki, T. J. (1955). Gravi;

No. 30.

Lambert, W. D. (1930). The redu

Geod., No. 26, pp. 107-181.

Lambert, W. D., and F. W. Dar

geoid and its indirect effect ot

Publ. No. 199.

Lambert, W. D., and F. W. Darli

the vertical. Bull. Geod., No. 5

Niskanen, E., and L. Kivioja (19

of the Hayford zones 10 to 1 :

Helsinki, Publ. Isostat. Inst. In

Rice, D. A. (1952). Deflections c

No. 25, pp. 285-312.

Tanni, L. (1948). On the continer

present gravity material. Helsi:

Tanni, L. (1949). The regional r

Uotila, U. A. (1960). Investigation

Publ. Isostat. Inst. Int. Assoc. 1

Uotila, U. A. (1962). Harmonic a

Uotila, U. A. (1964a). Adjustm

Ibid., No. 42.

Uotila., U. A. (1964b). Gravity

Ibid., No. 43.

Vening Meinesz, F. A. (1939). 1

regionale. Bull. Geod., No. 63,

Zhongolovich, I. D. (1952). The e

constants connected with it (it

Astron.



;en used to gather data for a

:h, Orell-Fussli.

sntal tables for reducing gravity

3.

leflection of the vertical. U. S.

>graphy and isostatic compensa-
1 Geodetic Survey, Spec. Publ.

rkraft und Isostasie. Helsinki,

regarding gravity and isostasy.

reduction dans l’hypothese de
jeod., No. 30, pp. 87-153.

eduction of the gravity values

, Publ. Isostat. Inst. Int. Assoc.

Ibid., No. 26.

5. Am. Geophys. Union, v. 38,

sical geodesy. Helsinki, Publ.

s for the indirect effect of the

Isinki, Publ. Isostat. Inst. Int.

opographic-isostatic reduction

'ord zones 18-1 for the Airy-

Publ. Isostat. Inst. Int. Assoc.

;-isostatic world maps of the

ilsinki, Publ. Isostat. Inst. Int.

The earth and its gravity field.

:alischen Theorien der hoheren
.962).

of the geoid. Helsinki, Publ.

vitational field (second paper),

ivandten Geophysik. Leipzig,

References 1 59

Karki, P., L. Kivioja, and W. A. Heiskanen (1961). Topographic-isostatic reduction
maps for the world for the Hayford zones 18-1, Airy-Heiskanen system, T = 30 km
Helsinki, Publ. Isostat. Inst. Int. Assoc. Geod., No. 35.

Kaula, W. M. (1961). A geoid and world geodetic system based on a combination of
gravimetiic, astrogeodetic, and satellite data. J. Geophys. Research, v 66 dd
1799-1812.

’

Kaula, W. M. (1963). Determination of the earth’s gravitational field. Reviews of
Geophysics, v. 1, pp. 507-551. „.

Kaula, W. M. (1966). Global harmonic and statistical analysis of gravimetry. Proceed-
ings of the Symposium “Extension of Gravity Anomalies to Unsurveyed Areas”
(H. Orlin, ed.), Am. Geophys. Union, Geophys. Monograph No. 9, pp. 58-67.

Kellogg, O. D. (1929). Foundations of potential theory. Berlin, J. Springer (New York
Dover Publications, 1953).

Kivioja, L. (1964). Effect of topographic masses and their isostatic compensation on
the mean free-air gravity anomalies of 5° X 5° surface elements. Helsinki, Publ
Isostat. Inst. Int. Assoc. Geod., No. 46.

Kukkamald, T. J. (1955). Gravimetric reductions with electronic computors Ibid
No. 30.

’’

Lambert, W. D. (1930). The reduction of observed values of gravity to sea level Bull
Geod., No. 26, pp. 107-181.

Lambert, W. D., and F. W. Darling (1936). Tables for determining the form of the
geoid and its indirect effect on gravity. U. S. Coast and Geodetic Survey, Spec
Publ. No. 199.

y> v

Lambert, W. D., and F. W. Darling (1938). Formulas and tables for the deflection of
the vertical. Bull. Gdod., No. 57, pp. 29-71.

Niskanen, E., and L. Kivioja (1951). Topographic-isostatic world maps of the effect
of the Hayford zones 10 to 1 for the Airy-Heiskanen and Pratt-Hayford systems.
Helsinki, Publ. Isostat. Inst. Int. Assoc. Geod., No. 27.

Rice, D. A. (1952). Deflections of the vertical from gravity anomalies. Bull Geod
No. 25, pp. 285-312.

Tanni, L. (1948). On the continental undulations of the geoid as determined from the
present gravity material. Helsinki, Publ. Isostat. Inst. Int. Assoc. Geod., No. 18.

Tanni, L. (1949). The regional rise of the geoid in Central Europe. Ibid., No. 22.
Uotila, U. A. (1960). Investigations on the gravity field and shape of the earth. Helsinki,

Publ. Isostat. Inst. Int. Assoc. Geod., No. 33.

Uotila, U. A. (1962). Harmonic analysis of world-wide gravity material. Ibid., No. 39.
Uotila, U. A. (1964a). Adjustment of a world-wide gravity base station network.

Ibid., No. 42.

Uotila, U. A. (1964b). Gravity anomalies for a mathematical model of the earth.
Ibid., No. 43.

Vening Meinesz, F. A. (1939). Tables fondamentales pour la reduction isostatique
regionale. Bull. Geod., No. 63, pp. 711-776.

Zhongolovich, I. D. (1952). The external gravity field of the earth and the fundamental
constants connected with it (in Russian). Leningrad, Acad. Sci. Publ. Inst. Teor.
Astron.



4
Heights Above Sea Level

geoid

cedure of Fig. 4-1 must be ;

height differences between A
orthometric heights Ha and ,

as we shall henceforth denote

oHij ofHb (Fig. 4-2), owing to

the corresponding increment i

where g is the gravity at the 1<

line of B at bHB . Hence,

There is thus no direct gee

and the orthometric height, i

then, if not height, is directly

ured, then

is determined, so that we obta

Thus, leveling combined with

ences, that is, physical quantit:

It is somewhat more rigoroi

integral, obtaining

WE

Note that this integral is inde

ferent leveling lines connectin

4-1. Spirit Leveling

The principle of spirit leveling is well known. To measure the difference in

height, 5H, between two points A and B, vertical rods are set up at each of these

two points and a level (leveling instrument) somewhere between them (Fig. 4-1).

Since the line AB is horizontal, the difference in the rod readings h - AA

and h = SB is the height difference:

SHab — h ~~ &•

For details of the technique of measurement the reader is referred to Bomford

^
jf we measure a circuit, that is, a closed leveling line, then the algebraic sum

of all measured differences in height will not in general be rigorously zero as

one would expect it to be, even if we had been able to observe with perfect

precision. This so-called misclosure indicates that leveling is more complicated

than it appears at first sight.

Let us look into the matter more closely. Figure 4-2 shows the relevant

geometrical principles. Let the points A and B be so far apart that the pro-

B

L
\ h

LUZ—
FIGURE 4-1

Spirit leveling.
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cedure of Fig. 4-1 must be applied repeatedly. Then the . sum of the leveled

height differences between A and B will not be equal to the difference in the

orthometric heights HA and Hn - The reason is that the leveling increment bn,

as we shall henceforth denote it, is different from the corresponding increment

SHb ofHb (Fig. 4-2), owing to the nonparallelism of the level surfaces. Denoting

the corresponding increment of the potential IF by SW. we have by (2-13)

-SW = gSn = g' dHB,
(4-1)

where g is the gravity at the leveling station and g' is the gravity on the plumb

line of B at SHB . Hence,

8Hb = ^ 5 bn. (4-2)
s

There is thus no direct geometrical relation between the result of leveling

and the orthometric height, since (4-2) expresses a physical relation. What,

then, if not height, is directly obtained by leveling? If gravity g is also meas-

ured, then
SW = -g S

n

is determined, so that we obtain

B

WB - WA = -J2 8 *«. (4-3)

A

Thus, leveling combined with gravity measurements furnishes potential differ-

ences, that is, physical quantities.

It is somewhat more rigorous theoretically to replace the sum in (4-3) by an

integral, obtaining

Wb — W

a

— — g dn. (4-4)

Note that this integral is independent of the path of integration; that is, dif-

ferent leveling lines connecting the points A and B (Fig. 4-3) should give the

FIGURE 4-3

Two different leveling lines connecting A
andB; taken together, theyform a circuit.

FIGURE 4-2

Leveling and orthometric height.

SHB
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same result. This is evident because W is a function of position only; thus to
every point there corresponds a unique value W. If the leveling line returns to
A, then the total integral must be zero:

(j)
gdn -= — Wa + WA = 0. (4-5)

The symbol
j denotes an integral over a circuit.

On the other hand, the measured height difference, that is, the sum of the
leveling increments

B
rB

SnAB = 2_, = ]a
dn, (4-6)

depends on the path of integration and is thus not in general zero for a circuit:

(j) dn = misclosure ^ 0. (4-7)

In mathematical terms, dn is not a perfect differential (the differential of a
function of position), whereas dW = —g dn is perfect, so that dn becomes a
perfect differential when it is multiplied by the integrating factor (

—

g).
Potential differences are thus the result of leveling combined with gravity

measuiements. They are basic to the whole theory of heights; even orthometric
heights must be considered as quantities derived from potential differences.

Leveling without gravity measurements, although applied in practice, is

meaningless from a rigorous point of view, for the use of leveled heights (4-6)
as such leads to contradictions (misclosures); it will not be considered here.

4-2. Geopotential Numbers and Dynamic Heights
Cj

’

Let O be a point at sea level, that is, on the geoid; usually a suitable point on
the seashore is taken. Let A be another point, connected to O by a leveling line.

Then, by formula (4-3), the potential difference between A and O can be deter-
mined. The integral

jo g dn = Wo - WA = C, (4-8)

which is the difference between the potential at the geoid and the potential at
the point A, has been introduced as the geopotential number of A in Sec. 2-4.

As a potential difference, the geopotential number C is independent of the
particular leveling line used for relating the point to sea level. It is the same for
all points of a level surface; it can thus be considered as a natural measure of
height, even if it does not have the dimension of a length.

The geopotential number C is measured in geopotential units (g.p.u.), where

1 g.p.u. = 1 kgal meter = 1000 gal meter.

Since g = 0.98 kgal,

C = gH = 0.9877,

4-3.
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sea level in meters.
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so that the geopotential numbers in g.p.u. are almost equal to the height above
sea level in meters.

The geopotential numbers were adopted at a meeting of a subcommission
of the International Association of Geodesy at Florence in 1955. Formerly
the dynamic heights were used, defined by

-
. Hdyn = —

* (4-9)
7°

where 70 is normal gravity for an arbitrary standard latitude, usually 45°:

745° = 980.6294 gals

for the international ellipsoid.

Obviously the dynamic height differs from the geopotential number only in

the scale or the unit: The division by the constant 70 in (4-9) merely converts a

geopotential number into a length. However, the dynamic height has no geo-

metrical meaning whatever, so that the division by an arbitrary y c merely ob-

scures the true physical meaning of a potential difference. Hence, the geopotential

numbers are in general preferable to the dynamic heights.

Dynamic correction. It is sometimes convenient to convert the measured
height difference AnAB (4-6) into a difference of dynamic height by adding a

small correction.

Equation (4-9) gives

AHfi = HT - H7a = - (CB - CA) = - f

B

g dn
To To Ja

so that

if
To Ja

(g — To + To) dn

where

AH'ab = AnAB + DC.AB ,

DCAB =
IA
B g — To

Tc

g — To

To
Sn

(4-10)

(4-11)

is the dynamic correction.

As a matter of fact, the dynamic correction may also be used for computing
differences of geopotential numbers. We at once obtain

Cb — Ca = To A«Ab + toDCab- (4-10')

4-3. The Gravity Reduction of Poincare and Prey

To convert the results of leveling into orthometric heights, we need from (4-2)

the gravity g’ inside the earth. Since g' cannot be measured, it must be computed
from the surface gravity. This is done by reducing the measured values of gravity

according to the method of Poincare and Prey.

f
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We denote the point at which g' is to be computed by Q, so that g' — gQ .

Let P be the corresponding surface point, so that P and Q are situated on the

same plumb line (Fig. 4-4). Gravity at P, denoted by gP, is measured.

The direct way of computing gQ would be to use the formula

•— " o-12)

provided that the actual gravity gradient dg/dh inside the earth were known.
It can be obtained by Bruns’ formula (2-20),

ff
= -2gJ+ 4tkp - 2oj2

, (4-13)

if the mean curvature J of the geopotential surfaces and the density p are known
between P and Q.

The normal free-air gradient is given by (2-79):

= —lyJu — 2oj2
, (4-14)

where /0 is the mean curvature of the spheropotential surfaces. If the approx-

imation

gJ = yJ0

is sufficient, then we get from (4-13) and (4-14)

fh

==d

/h
+ 4wkp - (4' 15)

Numerically, neglecting the variation of dy/dh with latitude, we find for the

density p = 2.67 g/cm3 and k = 66.7 X 10
-9

c.g.s. units:

|§
= -0.3086 + 0.2238 = -0.0848 gal/km,

so that (4-12) becomes

go ~ gi> + 0.0848(Hp — IIq) (4=16)

FIGURE 4-4

The Prey reduction.
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luted by Q, so that g' = gQ .

P and Q are situated on the

by gp, is measured.

: the formula

(4-12)

aside the earth were known.

o>
2
,

(4-13)

; and the density p are known

(4-14)

ntial surfaces. If the approx-

(4-15)

dth latitude, we find for the

f. units:

1848 gal/km,

Hq) (446)

FIGURE 4-4

The Prey reduction.

with g in gals and H in kilometers. This simple formula, although being rather

crude, is often applied in practice.

The accurate way to compute gQ would be to use (4-12) and (4-13) with the

actual mean curvature J of the geopotential surfaces, but this would require a

knowledge of the detailed shape of these surfaces far beyond what is attainable

today.

Another way of computing' gQ ,
which is more practicable at present, is the

following. It is similar to the usual reduction of gravity to sea level (see Chap-

ter 3) and consists of three steps:

1 . Remove all masses above the geopotential surface W = Wq, which con-

tains Q, and subtract their attraction from g at P.

2. Since the gravity station P is now “in free air,” apply the free-air reduction,

thus moving the gravity station from P to Q.

3. Restore the removed masses to their former position, and add algebraically

their attraction to g at Q.

The purpose of this somewhat complicated procedure is that in step 2 the

free-air gradient can be used. If we here replace the actual free-air gradient by

the normal gradient dy/dh, the error will presumably be smaller than in using

(4-15). 1

The effect of the masses above Q (steps 1 and 3) may be computed by the

methods of Chapter 3—for example, by means of some kind of template. If

the terrain correction is neglected and only the infinite Bouguer plate between P
and Q of the normal density p = 2.67 g/cm3

is taken into account, then we

obtain simply, with the steps numbered as above:

gravity measured at P gp

1. take away Bouguer plate —0.1119 (IIp — Hq)

2. free-air reduction from P to Q +0.3086 (Hp — Hq)

3. restore Bouguer plate —0.1119 (HP — Hq)

together: gravity at Q gQ — gp + 0.0848 (HP — Hq)

This is the same as (4-16), which is thus confirmed independently. We see now

that the use of (4-15) or (4-16) amounts to replacing the terrain with a Bouguer

plate.

Finally we note that the reduction of Poincare and Prey, abbreviated as

Prey reduction, yields the actual gravity which would be measured inside the

earth if this were possible. Its purpose is thus completely different from the

purpose of the other gravity reductions, to give boundary values at the geoid;

see Sec. 3-7.

1 The free-air gradient can also be accurately computed using (2-217); the gravity anomalies

Ag to be used in this formula are the gravity anomalies obtained after performing step 2,

that is, Bouguer anomalies referred to the level of point Q.
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4-4. Orihometric Heights

We denote the intersection of the geoid and the plumb line through point P
by Pa (Fig. 4-4). Let C be the geopotential number of P, that is,

c = w0 — w,

and H its orthometric height, that is, the length of the plumb-line segment
between Po and P. Perform the integration in (4-8) along the plumb line P0P.
This is permitted because the result is independent of the path. We then get

jC'*« (4-17)

This equation contains H in an implicit way. It is also possible to get H ex-
plicitly. From

dC = ~dW = gdH,
g g

we obtain

rr (
W dW f°dCH =

~}w. T “
Jo T <4-18)

As before, the integration is extended over the plumb line.

The explicit formula (4-18), however, is of little practical use. It is better to
transform (4-17) in a way that at first looks entirely trivial:

so that

where

c ~ sdH ~ H
'Tij“ gdH'

gH,

1 [
H

g= H o
8dH

(4-19)

(4-20)

is the mean value of the gravity along the plumb line between the geoid, point
Po, and the ground, point P. From (4-19) it follows that

C
H--

g

which permits H to be computed if the mean gravity g is known. Since g does
not strongly depend on H, equation (4-21) is a practically useful formula and
not merely a tautology.

For evaluating (4-21) we need the mean gravity g. Equation (4-20) may be
written

ru

(4-22)

where g(z) is the actual gravity at the variable point Q which has the height z
(Fig. 4-4).

The simplest approximation is to use the simplified Prey reduction of (4-16):

g jj / g(~ ) dz,

(4-21) |

E-

g(z)
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g(z) = g + 0.0848(77 - z), (4-23)

where g is the gravity measured at the ground point P. The integration (4-22)

can now be performed immediately, giving

8 =
l

H [g + 0.0848(77 -z)]dz = g +
1 r zHS
4 • 0.0848 Hz -%
ri [_ 2 _

or

g = g + 0.042477 (g in gals, 77 in km). (4-24)

The factor 0.0424 holds for the normal density p = 2.67 g/cm3
. The correspond-

ing formula for arbitrary constant density is, by (4-15),

T by
8 = 8 {l% + 2irkp

)
H. (4-25)

If we use g according to (4-24) or (4-25) in the basic formula (4-21), we obtain

the so-called Hehnert heights (Helmert, 1890):

C
77 : (4-26)

g + 0.042477

with C in g.p.u., g in gals and 77 in km.

As we have seen in Sec. 4-3, this approximation replaces the terrain with an

infinite Bouguer plate of constant density and of height 77. This is often suffi-

cient. Sometimes, in high mountains and for highest precision, it is necessary

to apply to g a more rigorous Prey reduction, such as the three steps described

in Sec. 4-3. A practical and very accurate method for this purpose has been

given by Niethammer (1932). It takes the topography into account, assuming

only that the free-air gradient is normal and the density is constant down to

the geoid.

It is also sufficient to calculate g as the mean of gravity g measured at the

surface point P and of gravity g0 computed at the corresponding geoidal point

P0 by the Prey reduction:

1

8 = o (£ + £»)• (4-27)

This has been proposed by Mader (1954); it presupposes that gravity g varies

linearly along the plumb line. This can usually be assumed with sufficient ac-

curacy, even in extreme cases, as shown by Mader (1954) and by Ledersteger

(1955).

Orthometric correction. The orthometric correction is added to the measured

height difference, in order to convert it into a difference in orthometric height.

We let the leveling line connect two points A and B (Fig. 4-5). We first apply

a simple trick:

A/7/i b = IIB - Ha = 77£ - Ha - + HT + (Myn

= AHab + (7Tb - 7IT) - {Ha - HT).

Hfn
)

(4-28)
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Orthometric and dynamic correction.

(4-30)

By (4-10) we have

AHfi = Miab + DCab . (4-29)

Consider now the differences between the orthometric and dynamic heights,

Ha — Hfn and HB — Hfa
. Imagine a fictitious leveling line leading from the

foot A0 at the geoid to the ground point A along the plumb line. Then, obviously,

the measured height difference would be HA itself: Aua,a = Ha, so that

DCma = AHlS - AnA,A = H^ - HA

and

Ha - H%» = -DCau ,

Hb - Hfn = -DCb'B-

Inserting (4-29) and (4-30) into (4-28) we finally have

AHab = AnAB + DCAb + DCa,,a — DCb„b
or

AHab = AnAB + OCab,

where

OCab = DCab + DCa,a — DCb.b

is the orthometric correction. This is a remarkable relation between the ortho

metric and dynamic corrections (Ledersteger, 1955).

From (4-11) we find

(4-31)

(4-32)

DCab =

DCA,A =

DCb„b —

g_
—

To

To

g_~ To

To

g — To

To

gA — To

To

clH = & 11

H

,

where gA ,
or gB, is the mean value of gravity along the plumb line of A, or B.

Thus the orthometric correction (4-32) becomes

OCa £
A

g ~ To

To
Sn

gA — To

To
^HB . (4-33)
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metric and dynamic correction.

is. (4-29)

metric and dynamic heights,

leveling line leading from the

e plumb line. Then, obviously,

f: AriAaA = Ha , so that

nyD - Ha

0A — OCboB

DCboB (4-32)

le relation between the ortho-

55).

' l -V*

ng the plumb line of A, or B.

a
- 8-—2S hb . (4-33)

To

Here again we need the mean value of gravity along the plumb line, gA and gB \

To is an arbitrary constant—for example, normal gravity at 45° latitude.

Accuracy. Let us first evaluate the effect on H of an error in the mean gravity

g. From H = C/g we obtain by differentiation

S rr- C H8H= -- Sg=--Sg.

Since g is about 1000 gals we have, neglecting the minus sign, the simple formula

SHmm — 0gmz&\H]:m, (4-34)

the subscripts denoting the units; SH is the error in H, caused by an error Sg
in g.

For H = 1 km,

which shows that an error Sg as great as 100 mgals falsifies an elevation of
1000 meters by only 10 cm.

Let us now estimate the effect of an error of the density p on g. Differentiating

(4-25) and omitting the minus sign we find

Sg — 2vkHSp. (4-35)

If Sp = 0.1 g/cm3 and H = 1 km, then

5g = 4.2 mgals,

which causes an error of 4 mm in H. A density error of 0.6 g/cms
,
which cor-

responds to the maximum variation of rock density occurring in practice thus

falsifies H = 1000 meters by only 25 mm.
Mader (1954) has estimated the difference between the simple computation

of mean gravity according to Helmert, equation (4-25), and more accurate

methods that take the terrain correction into account. He found for Hochtor,

in the Alps, H = 2504 meters:

Helmert (4-25) g = 980.263 (Bouguer plate only).

Niethammer 2863

g = \ (g + go) (4-27)
285J

(also terrain correction).

Mean gravity g according to (4-27) differs from Niethammer’s value by only

1 mgal, which shows the linearity of g along the plumb line even in an extreme

case. This corresponds to a difference in H of 3 mm. The simple Helmert

height differs by about 6.cm from these more elaborately computed heights.

The differences are thus very small even in this rather extreme case; we see

that orthometric heights can be obtained with very high accuracy. This is of

great importance for a discussion of the recent theory of Molodensky from a

practical point of view. See Chapter 8, particularly the last section.
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Wo - W = C

4-5. Normal Heights

Assume for the moment the gravity field of the earth to be normal, that is,

W = U, g = 7, T = 0. On this assumption compute “orthometric heights”;
they will be called normal heights and denoted by H*. Thus equations (4-17)
through (4-20) become

(4-36)

(4-37)

(4-38)

(4-39)

fH*

L

H*
dC
y

’

where
C = fH*,

rn*

mk ' da‘

is the mean normal gravity along the plumb line.

As the normal potential V is a simple analytic function, these formulas can
be evaluated very easily

;
but since the potential of the earth is evidently not

normal, what does all this mean? Consider a point P on the physical surface of
the earth. It has a certain potential WP and also a certain normal potential UP,

but in general WP UP . However, there is a certain point Q on the plumb
line of P, such that UQ = WP ;

that is, the normal potential V at Q is equal to
the actual potential W at P. The normal height H* of P is nothing but the geo-
metric height of Q above the ellipsoid, just as the orthometric height of P is

the height of P above the geoid.

For more details the reader is referred to Sec. 8-3; Fig. 8-2 illustrates the
geometric relations.

We shall now give some practical formulas for the computation of normal
heights from geopotential numbers. If we write (4-39) in the form

H*

m*
y(z) dz

corresponding to (4-22), then we can express y(z) by (2-123) as

y(z) = 7 1 0 + /+ m — 2/ sin 2
<f)z + — z :

a a2

)

9

(4-40)

(4-41)

where 7 is the gravity at the ellipsoid, depending on the latitude 4> but not on z,

Thus straightforward integration with respect to z yields

H*
2 ,. 72 ^ 7z ~\h*

z--(l+/+m-2/sin 2 <£)2- + 4!L a la? 3 Jo .

or

77* 7 [
2/sin2

</>)//« + 1 H**
a2

1 - (1 +/+ m 0 h*
,

H*nysm.

0)lr+ _j. (4-42

4-6
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sin 2 4>)z + ~ z 2
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; on the latitude 4> but not on z.

o z yields
72 3 z® H*

0

lr
sin2

a T
a2

.

(4-42)

This formula may be used for computing H* by the formula

P

if* = ?•
7

(4-43)

The mean theoretical gravity itself depends on if*, by (4-42), but not strongly,

so that an iterative solution is, very simple.

It is also possible to give a direct expression of H* in terms of the geopotential

number C by inserting (4-42) into (4-43) and expanding into a series of powers

of if*: .

jj* = £ fl 4- 1(1 +/+ m — 2/ sin2 <£)H* + 0 -if*2 +
7 L a J

Solving this equation for H* and expanding H

*

in powers of C/7, we obtain

if* = ^
[i + (i +/+ m - 2/ sin2

4>)§
y
+ (“) ]’ (4'44)

where 7 is normal gravity at the ellipsoid, for the samelatitude 4>- The accuracy

of this formula will be sufficient for almost all practical purposes; still more

accurate expressions are given in Hirvonen (1960).

Corresponding to the dynamic and orthometric corrections there is a normal

correction NC of the measured height differences. Equation (4-33) immediately

yields, on replacing g by 7 and H by H*\

B

NCa.-X'*=T*' +
7A — 70

7o
HI

7B — 70

70
m

so that

AH*ab = Hb — HI = AnAB + NCAb-

(4-45)

(4-46)

The normal heights were introduced by Molodensky in connection with his

method of determining the physical surface of the earth; see Chapter 8.

4-6. Comparison of Different Height Systems

By means of the geopotential number

f point ,C-W.-W-J tdn

we can

instructive:

write the different kinds of height in a common form which is very

(4-47)height =

where the height systems differ according to how the gravity value G in the

denominator is chosen. We have:

I
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dynamic height:

orthometric height:

normal height:

G — 70 = const,,

G = g,

G — y. -&

(4-48)

It is seen that one can devise an unlimited number of other height systems by
selecting G in a different way.

The geopotential number C is, in a way, the most direct result of leveling

and is of great scientific importance. However, it is not a height in a geometrical

or practical sense. The dynamic height has at least the dimension of a height,

but no geometrical meaning. One advantage is that points of the same level

surface have the same dynamic height; this corresponds to the intuitive feeling

that if we move horizontally we remain at the same height. 1 The dynamic
correction can be very large, because gravity varies from equator to pole by
about 5000 mgals. Take, for instance, a leveling line of 1000 m difference of

height at the equator, where g = 978.0 gals, computed with y0 = 745° = 980.6

gals. Then (4-11) gives a dynamic correction of approximately

DC 978.0 - 980.6

980.6
1000 meters — —2.7 m.

Because of these large corrections, dynamic heights are not suitable as practical

heights, and the geopotential numbers are preferable for scientific purposes.

Orthometric heights are the natural “heights above sea level,” that is, heights

above the geoid. They thus have an unequalled geometrical and physical sig-

nificance. Their computation is relatively laborious, unless Helmert’s simple

formula (4-26) is used, which is sufficient in most cases. The orthometric cor-

rection is rather small. In the Alpine leveling line of Mader (1954), leading

from an elevation of 754 meters to 2505 meters, the orthometric correction is

about 15 cm per 1 km of measured height difference.

The physical and geometrical meaning of the normal heights is less obvious;

they depend on the reference ellipsoid used. Although they are basic in the new
theories of physical geodesy, they have a somewhat artificial character as com-
pared to the orthometric heights. They are, however, easy to compute rigor-

ously
;
the order of magnitude of the normal corrections is about the same as

that of the orthometric corrections. In the countries of the eastern hemisphere

they have replaced the orthometric heights in practice.

For. estimates of the difference between orthometric height H and normal
height H* we refer the reader to Sec. 8-13.

All these height systems resemble C in being functions of position only.

1 The orthometric height differs for points of the same level surface because the level sur-

faces are not parallel. This gives rise to the well-known paradoxes of “water flowing uphill,” etc.
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4-7. Triangulated Heights

For the sake of completeness we must also deal briefly with the determination

of heights by triangulation, that is, by means of zenith distances.

The problem is to determine the differences in the ellipsoidal heights h and

h2 of two points Pi and P2 if the horizontal (ellipsoidal) distances, the zenith

distances z[ and z2,
and the deflection components ei and e2 are given (Fig. 4-6).

Here n and'€2 are the components of the deflection of the vertical in the direc-

tion of the line P\P2 \
as we shall see in Sec. 5-4, equation (5-16), they are com-

puted by

«i = £1 cos a + 771 sin a,

t2 = £2 cos a + 172 sin a,

where a is the azimuth of the UnePiP2,
and £, 77 are the components of the deflec-

tion of the vertical along the meridian and the prime vertical.

The measured zenith distances refer to the astronomical zenith, that is, to

the plumb line. Hence they must be converted to the ellipsoidal zenith, which

There are thus no misclosures, as there are with measured heights. From a purely

practical point of view the desired requirements of a height system are that

1. Misclosures be eliminated.

2. Corrections to the measured heights be as small as possible.

Empirical height systems have been devised to give smaller corrections than

either the orthometric or the normal heights. They have no clear physical

significance, however, and are beyond the scope of the present book.

Accuracy. Leveling is one of the most accurate geodetic measurements. A
standard error of ±0.1 mm per km distance is possible; it increases with the

square root of the distance.

If the error of measurement and interpolation, etc., of gravity is negligible,

then the differences in the geopotential number G can be determined with an

accuracy of ±0.1 gal -meter per km distance; this corresponds to ±0.1 mm
in measured height. To achieve this, Bomford (1962, p. 206) suggests a distance

between gravity stations of 2 to 3 km in level country, 1 to 2 km in moderate

hill s, and 0.3 to 1.5 km in mountainous areas; however, Ramsayer (1963)

found station distances of 15 to 25 km, 10 to 15 km, and 5 to 10 km, to be short

enough.

Dynamic heights and normal heights are clearly as accurate as the geopoten-

tial numbers, because normal gravity 7 is errorless. Orthometric heights, how-

ever, are also affected by imperfect knowledge of density, etc., but only slightly;

see the end of Sec. 4-4.
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ellipsoid

FIGURE 4-6

Triangulated heights.

corresponds to the ellipsoidal normal. These ellipsoidal zenith distances z are

computed from the measured zenith distances z' by the formulas

Zi = z[ + ei = z[ + £1 cos a 4- 771 sin a,
(4-49) J

Z2 = z'% — e2 = Z% — £2 COS a. — r}i sin a,

which are obtained by inspecting Fig. 4-6. I

In this figure we have replaced, with sufficient accuracy, the ellipsoidal arc i

by a spherical arc of radius -$

R = ^(Ri + R2), (4-50 ;

where Ri and i?2 are the radii of curvature for the azimuth a at Pi and P2 :

_1_ _ cos2 a sin2 a

Rl Ml Nl
(4-51)

;

1 cos2 a sin2 a_
+ n2

’

M and N are the principal radii of curvature of the ellipsoid (see Sec. 2-8).

Apply the law of tangents, kr

OPiP2, obtaining

R + hi — R — h\

R + h2 + R + hi

or ./

h2 — h
2R + h^

We read from Fig. 4-6 that

so that

ten
i = I +

5

(i

On introducing

the mean elevation of the line PA

K — hi = i^l

If only one zenith distance Zi

(4-53) and z2 from the condition

is 180°:

180° — ziA

Z% — 2~2~

The main problem in determi

atmospheric refraction, which af

than the horizontal angles. Owin
an accuracy of ±1" in z is at pre

in high mountains. To eliminate

preferable to measure both zi ai

measure only zi and use (4-56). If

difference for reciprocal observe

accuracy of triangulated heights i

The problem of atmospheric :

assumed that the observed zenitl

effect of refraction.
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ellipsoidal zenith distances z are

z' by the formulas

a -)- 171 sin a,

a — 772 sin a,

(4-49)

lent accuracy, the ellipsoidal arc

i), (4-50)

le azimuth a at Pj and P2 :

i

2 a

/T’

2 Q,.

r 5

2

(4-51)

)f the ellipsoid (see Sec. 2-8).

1

I

1

1
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Apply the law of tangents, known from plane trigonometry, to the triangle

OPiP2 ,
obtaining

R + h2 — R — h\ __
tan 4(180° — zi — 180° + z2)

R + h2 + R + h
~

tan 4(180° - zi + 180° - z2)

or

hi — h _ y ~ zk (4-52)
2R + h\ + hi

= tan
^
tan

Z<1

We read from Fig. 4-6 that

7 =
P’

(4-53)

so that

-I'=1+1(1)'
— (
2R\

l
' 12P2

1 +

On introducing

hm =
2

(^1 + ^2),

the mean elevation of the line P1P2, equation (4-52) finally becomes

hi — h\
\

s
(
1+ #+12^ tan

z2 — Zi
(4-54)

If only one zenith distance zx has been measured, we can compute 7 from

(4-53) and z2 from the condition that the sum of angles of the triangle OPiP2

is 180°:

180° - zi + 180° - z2 + 7 = 180°,

or

Thus,

Zi + z2 — 7 — 180° = 0.

= 90° +. \
- Zi.

(4-55)

(4-56)

The main problem in determining heights by triangulation is the effect of

atmospheric refraction, which affects the zenith distances much more strongly

than the horizontal angles. Owing to uncertainties and variations of refraction

an accuracy of ± 1" in z is at present possible only in exceptional cases, such as

in high mountains. To eliminate the effect, of refraction as far as possible it is

preferable to measure both zi and z2 (reciprocal observations) rather than to

measure only zi and use (4-56). If.v = 10 km, the standard error of the elevation

difference for reciprocal observations is of the order of ±10 cm. Thus the

accuracy of triangulated heights is much less than that of leveling.

The problem of atmospheric refraction will not be treated here; we have

assumed that the observed zenith distances had already been corrected for the

effect of refraction.
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FIGURE 4-7

Heights above the ellipsoid and

above the geoid.

Determination of differences in vertical deflections and geoidal undulations.

The procedure described in this section presupposes that astrogeodetic deflec-

tions of the vertical (see next chapter) are known, at least at certain points.

On the other hand, measurements of zenith distances may be used to determine

differences in the deflection of the vertical: The insertion of (4-49) into (4-55)

gives

€2 - ei = z[ + z'2 - 7 - 180°, (4-57)

where y = s/R is assumed to be known.

Triangulated heights are heights h above the reference ellipsoid. Orthometric

heights H, obtained by leveling, are heights above the geoid. As Fig. 4-7 shows,

h = H + N,

so that

N, - Ah = (h2 - h) - (H2 - HO. (4-58)

Combining the triangulated (geometric) height differences with the leveled

(orthometric) height differences we thus obtain differences of geoidal undula-

tion N.

Zenith distance measurements are also important as a means for height

determination in a slightly different context, in the so-called three-dimensional

geodesy (Sec. 5-12).
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5-1. Introduction

Geodesy, as the theory of size and shape of the earth, may appear to be a purely

geometrical science. Actually, however, the earth’s gravity field, a physical

entity, is inextricably involved in most geodetic measurements, even the purely

geometric ones. The measurements of geodetic astronomy, triangulation, and

leveling all make essential use of the plumb line, which, being the direction of

the gravity vector, is no less physically defined than its magnitude, that is,

the gravity g.

Thus the astrogeodetic methods, which use the astronomical determinations

of latitude, longitude, and azimuth and the geodetic operations of triangulation,

base-line measurements, and trilateration may properly be considered as belong-

ing to physical geodesy, fully as much as the gravimetric methods.

As a general distinction, the astrogeodetic methods use the direction of the

gravity vector, employing geometrical techniques, whereas the gravimetric

methods operate with the magnitude g, making use of potential theory. A sharp

demarcation is impossible and there are frequent overlaps. The gravimetric

methods are usually considered to constitute physical geodesy in the narrower

sense.

In this chapter we shall consider some basic principles of the astrogeodetic

methods, which, apart from their intrinsic interest, are also indispensable for a

deeper understanding of the gravimetric methods.
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A few introductory ideas may help in comprehending this subject. To fix

the position of a point in space we need three coordinates. We can use, and
have used, a rectangular cartesian coordinate system. For many purposes,

however, it is preferable to take what we have called the natural coordinates'.

$ (geographical latitude), A (geographical longitude), and H (height above the

geoid), which directly refer to the- gravity field of the earth (Sec. 2-4).

The height H is obtained by geometric leveling, combined with gravity meas-

urements, and $ and A are determined by astronomical measurements. As long

as the geoid can be identified with an ellipsoid, the use of these coordinates for

computations is very simple. Since this identification is sufficient only for results

of rather low accuracy, the deviations of the geoid from an ellipsoid must be
taken into account. As we have seen, the geoid unfortunately has rather dis-

agreeable mathematical properties. It is a complicated surface with disconti-

nuities of curvature. Thus it is not suitable as a surface on which to perform
mathematical computations directly, as on the ellipsoid.

Since the deviations of the geoid from the ellipsoid are small and can be
computed, it is convenient to add small reductions to the original coordinates

4, A, H, so as to get values which refer to an ellipsoid. In this way we shall find

in Sec. 5-4:

= $ _ £
X = A — sec rf>,

h = H + N;

<f>
and X are the geographical coordinates on the ellipsoid, also called geodetic

latitude and geodetic longitude to distinguish them from the astronomical

latitude $ and the astronomical longitude A. Astronomical and geodetic coordi-

nates differ by the deflection of the vertical (components £ and n). The quantity h

is the geometric height above the ellipsoid
;
it differs from the orthometric height

H above the geoid by the geoidal undulation N.

Geodetic measurements (angles, distances) are treated similarly. The prin-

ciple of triangulation is well known: distances are obtained indirectly by meas-
uring the angles in a suitable network of triangles; only one base line is necessary

to furnish the scale of the network. Triangulation was indispensable in former

times, because angles could be measured much more easily than long distances.

Nowadays, however, long distances can be measured directly just as easily as

angles by means of electronic instruments, so that triangulation, using angular

measurements, is often replaced or supplemented by trilateration, using distance

measurements. The computation of triangulations and trilaterations on the

ellipsoid is easy. It is therefore convenient to reduce the measured angles, base

lines, and long distances to the ellipsoid, in much the same way as the astronom-

ical coordinates are treated. Then the geodetic (ellipsoidal) coordinates </>, X,

obtained (1) by reducing the astronomical coordinates and (2) by computing
triangulations or trilaterations on the ellipsoid, can be compared; they should

be identical for the same point.
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5-2. Projections onto the Ellipsoid

Let us establish the position of a point P by means of the natural coordinates

$ A H Then we may project it onto the geoid along the (slightly curved)

plumb line. The orthometric height is the distance between P and its projection

Po onto the geoid, measured along the plumb line (Fig. 5-1). Although this mode

of projection is entirely natural, the geoid is not suited for performing computa-

tions on it directly; the point P0 is therefore projected onto the reference eihp-

soid by means of the straight ellipsoidal normal, thus getting appoint Q» on

the ellipsoid. In this way, the ground point P and the corresponding point Go

on the ellipsoid are connected by a double projection, that is, by two projection

which are performed one after the other and which are quiteanalogousthe

orthometric heightH = PPo corresponding to the geoidal undulationN P0 Go-

This double projection is called Pizzetti's projection.

It is simpler to project the point P from the physical surface of the earth

directly onto the ellipsoid through the straight ellipsoidal[normal thus obtain-

ing a point Q. The distance PQ = h is the geometrical height above the ellip-

soid The ground point P is then determined by h and the geographical coordi-

nates A A of Q on the ellipsoid, so that the so-called geodetic coordinates <p,

A, h take the place of the natural coordinates T, A, H. This projection is called

'difference between Pizzetti’s and Helmert’s projection is small.

The ellipsoidal height h is equal to H + N within a fraction of a millimeter The

geodetic coordinates and A, with respect to the two projections, are related

by the equations

<j>Helmert
= <£Pmetti + ^ £>

,

H
XHelmert “ Xpizzetti ~T g V sec 9*
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ance QQ, is only about 30 cm and the geodetic coordinates differ by less than

1
01" which is below the accuracy of astronomical observations. For most

mrposes we may therefore neglect the difference between the two projections

Fizzetti's projection is better adapted to the geoid, because there

•orrespondence between a geoidal point P„ and an ellipsoidal point Q0 . Helmert s

S ecS has practical advantages, notably the straightforward convenorr of

he ellipsoidal coordinates e>, A, h into rectangular coordinates x y, z,

;impler

P
in other respects. For this reason we shall henceforth use mainly

Helmert’s projection, but practically the results hold for both projections.

However because of the curvature of the plumb line we have to drs.tngu.sh

carefully whether the astronomical coordinates refer to the ground point P or

the geoidal point P„. Even if the angle 6 in Fig. 5-1 is only 1 second of arc a

change of 1" in the geographical latitude means a linear displacement of Po

bv S a. 30 m. This must be taken into aeeoun. if we combine astronomical

coordinates and A, measured a. the ground point P, and the gravtmetrm

deflections of the vertical £ and ,, computed by Vemng Memesz formula fo

the geoidal point Po.

5-3. Helmert’s Projection. Geodetic and Rectangular Coordinates

We shall now derive the relation between the geodetic coordinates <j>, X, h of

Helmert’s projection and the corresponding rectangular coordinates x, y, x.

The equation of the reference ellipsoid in rectangular coordinates is

x2 + y
2

+
h2

1 .
(5-1)

The representation of this ellipsoid in terms of geographical coordinates is given

y
x — N cos cj> cos X,

y = N cos (j> sin X,

b* , r . ,
..

z = — N sin
a2

vhere N is the east-west radius of curvature (2-81):

rP
N

(5-2)

Va2 cos2
<t> + h2 sin2

4>

(5-3)

fhese equations are known from geometrical geodesy; it may also be verified

that a point with ^.coordinates (5-2) satrsflcs the equa-

ion of the ellipsoid (5-1) and so lies on the ellipsoid.

The components of the unit normal vector n are

n = (cos 4> cos A, cos <f>
sin X, sin <#>),

(5-4)
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because
<t> is the angle between the ellipsoidal normal and the xy-plane, which

is the equatorial plane (Fig. 5-2).

Now let the coordinates of a point P outside the ellipsoid form the vector

X = {X, Y, Z);

similarly we have, for the coordinates of the point Q on the ellipsoid,

From Figure 5-2 we read

X = x + hn,

that is

X ~ x + h cos
<t> cos X,

Y = y + h cos
<t> sin X,

Z — 2 + h sin <(>.

By (5-2) this becomes

X = (N + h) cos
<t> cos X, (5-5a)

Y — (N + h) cos 4> sin X, (5-5b)

Z = N + k
)
^ <t> - (5-5c)

2

5-3. Helmert’s Projec
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p = Vj
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(

where <~ =. (a - b*)/a\ Divid
we find

so that

-(

Geodetic and rectangular coordinates.

tan<£ =

Given X, Y, Z, and hence p,
atively for h and 0. As a first aj

tan i

Using <j>ah we compute an apj;

(5-6a) gives ha) .

Now, as a second approximal

tan =

Using <j> (2) , improved values for
peated until 0 and h remain prac

It is important not to confuse
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Xy plane

These equations are the basic transformation formulas between the geodetic
coordinates 4>, X, h and the rectangular coordinates X, Y, Z of a point outside
the ellipsoid. The origin of the rectangular coordinate system is the center of
the ellipsoid, and the z-axis is its axis of rotation; the x-axis has the Greenwich

+90°)

UdC °° and ^
'F

'aXiS haS thC l0ngitude 90° east of Greenwich (i.e., X =

A possible source of confusion is that the east-west radius of curvature of
the ellipsoid and the geoidal undulation are both denoted by the symbol N;
in (5-5) N is, of course, the radius of curvature.

Equations (5-5) permit the computation of rectangular coordinates X, Y, Z
from the geodetic coordinates <j>, X, h. The inverse procedure, the computation
°f& ^ g*ven X, Y,Z, is more complicated because (5-5) cannot be solved
for <£, X, h in a closed form; accordingly, the computation must be done iter-
atively (Hirvonen and Moritz, 1963, p. 4).

Denoting Vx* + y2 by p, we get from equations (5-5a) and (5-5b) or from
Fi§. 5-2

p = 'CX2 + Y2 = (N + h) cos <j>,

whence

h = -P-
cos 4>

Equation (5-5c) may be transformed into

( ,r a2 - b2
, . .

(5-6a)

Z — ^Ar —

—

j
N + h

J

sin ^ = (N + h — e 2N

)

sin

where e 2 = (a2 — b 2)/a 2
. Dividing this equation by the above expression for p

we find

so that

tan*.
|
(l-e’j^)' '. (Mb)

Given X, Y, Z, and hence p, equations (5-6a) and (5-6b) may be solved iter-
atively for h and 4>. As a first approximation, we set h = 0 in (5-6b), obtaining

tan 4>(X) = — (1 — e 2
)
-1

.

Using 4>m , we compute an approximate value Nm by means of (5-3). Then
(5-6a) gives hm .

Now, as a second approximation, we set h = hm in (5-6b), obtaining

tan 4>m = ? (l - e2 w \
P \ Nm + hm J

Using
<f>(2), improved values for N and h are found, etc. This procedure is re-

peated until 4> and h remain practically constant.
It is important not to confuse the geodetic coordinates <£, X, h with the ellip-

armal and the xj;-plane, which

: the ellipsoid form the vector

at Q on the ellipsoid,

(5-5a)

(5-5b)

(5-5c)
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z

FIGURE 5-3

Geodetic, reduced, and geocentric latitudes.

soidal coordinates '/3, A, u, introduced earlier in connection with the normal

gravity field, nor with the spherical coordinates A, r. The longitude A is the

same in all three systems; <f>
is the geodetic latitude (geographical latitude on the

ellipsoid), j3 is the reduced latitude, and <jS is the geocentric latitude (see Fig. 5-3).

The following equations express the rectangular coordinates in these three

systems:

X'=

7 =

= (2V + K) cos cj> cos A =

= (N + h) cos 4> sin A =

= Vu2 + E2 cos jS cos A

= vV -f E1 cos {} sin A

= r cos <j> cos A,

= r cos f sin A, (5-7)

Z =
= (a5

N + /z

)
sin ^ == u sin j8

= r sin

These relations, which follow from combining equations (1-36), (1-103), and

(5-5), can be used if we wish to compute u and /3 from h and <p or from r and <p,

etc.

5-4. Reduction of Astronomical Observations to the Ellipsoid

Now we shall establish the relation between the natural coordinates $, A,

H and the geodetic coordinates <j>, A, h referring to an ellipsoid according to

5-4. Reduction oj

Helmert’s projection. Leaving

may also formulate the proble

and A. to the ellipsoid. If we
we have to reduce the astronc

azimuth A to the ellipsoid in

and the geodetic azimuth a.

Consider a unit sphere (sph

station P. This sphere has ah
The actual plumb line inters

whereas the ellipsoidal normal

shows this unit sphere as vie\

for which the azimuth A is m
and has the zenith distances

,

The pointPN corresponds to th

distances 90° — $ and 90° —
the difference

between the astronomical and

astronomical azimuth A, corn

point F lies on the astronomic

FIGURE 5-4

The unit sphere illustrating the deflec.

view of the central portion of the figur



> xy-plarte

(

rdinate ellipsoid
ronst.

connection with the normal

h \ r. The longitude X is the

; (geographical latitude on the

ocentric latitude (see Fig. 5-3).

tr coordinates in these three

3 cos \ — r cos $ cos X,

3 sin X = r cos </> sin X, (5-7)
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le natural coordinates $, A,

to an ellipsoid according to

Helmert’s projection. Leaving aside, for the moment, the heights h and H, we
may also formulate the problem as the reduction of the astronomical coordinates
$ and A to the ellipsoid. If we also include astronomical observation of azimuth
we have to reduce the astronomical coordinates $ and A and the astronomical
azimuth A to the ellipsoid in order to obtain the geodetic coordinates

<f> and X
and the geodetic azimuth a.

Consider a unit sphere (sphere of radius 1) with its center at the observation
station P. This sphere has already been used in Sec. 2-13; see also Fig. 2-13.

The actual plumb line intersects this sphere at the astronomical zenith Z„,
whereas the ellipsoidal normal intersects it at the geodetic zenith Zg . Figure 5-4

shows this unit sphere as viewed from above. The line of sight to the target,

for which the azimuth A is measured, intersects the unit sphere at the point T
and has the zenith distances z' and z with respect to the zeniths Za and Z„.

The point /V corresponds to the direction to the north pole, which has the zenith

distances 90° - $ and 90° -
<j>, with respect to Za and Z

ff ; the angle at PN is

the difference

AX = A - X (5-8)

between the astronomical and the geodetic longitude. The angle at Za is the
astronomical azimuth A, corresponding to the geodetic azimuth a at Za . The
point F lies on the astronomical meridian, the great circle connecting PN and

FIGURE 5-4

The unit sphere illustrating the deflection of the vertical, as seen from above, and an enlarged
view of the central portion of the figure.
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and the corresponding formu

In the application of these

the deflection components £ t

Two points should be noted:

1. The axis of the reference

(otherwise there would

not be in an absolute

center of gravity.

Za,
so that the angle ZaFZ0 is 90°; £ = ZJF and y = ZeF are the components of

the deflection of the vertical.

Consider first the rectangular spherical triangle with corners Z„, F, and PN.

By Napier’s rules we have

sin 4> — cos (90° — $ + £) cos. y,

sin y — cos (90° — AX) cos <j>.

For the small angles y and AX we may use the approximations

cos y = 1, sin y = y, cos (90° — AX) = sin AX = AX.

Thus we find

£=$ — <£ = A<t>, (5-9a)

y = (A — X) cos 4> - AX cos <f>.
(5-9b)

These are the basic equations that express the components £ and y of the deflec-

tion of the vertical in terms of the geographic (astronomical and geodetic)

coordinates, thus linking astronomical and geodetic coordinates. They have

already been found in Sec. 2-13 in a different way.

The difference in azimuth

Aa = A — a (5-10)

consists of two parts, Ai« and A 2a (Fig. 5-4):

Aa = Aia -f- A2a. (5-10)

Aja is obtained from the spherical triangle Ng
NaPN,

which is obviously similar

' to the triangle ZgFPN previously used, NgPN = <P corresponding to Z„PN =

90° -
<t>,

and Aia corresponding to y. The equation corresponding to (5-9b)

is thus
.

Axa = AX sm <f>;
p-ltj

together with (5-9b) this becomes

Aia = y tan
<f>.

(5-12a)

On introducing a point G on the great circle connecting Z„ and T so that the

angle ZaGZg is 90°, and putting Z„G = S, we see that the figure ZaGTTgTa has

the same geometry as the figure ZgFP}fNaNe , so that A2a, S, z' correspond to

Aia, y,
90° — 4>. The equation corresponding to (5- 12a) is thus

A2a = 5 cot z' == 8 cot z.

Since the small figure ZaFZgG may be considered plane (see the enlarged

section of Fig. 5-4), we get by the usual formula of the transformation of plane

coordinates
S = £ sin a — y cos a,

so that

A2a = (£ sin a — y cos a) cot z, (5- 12b)

and with (5- 12a) we obtain

Aa = y tan (#> + (£ sin a — y cos a) cot z. (5-13)



= ZgF are the components of

with corners Zg, F, and Pn.

:os ij,

oximations

= sin AX = AX.

(5-9a)

is 4>. (5-9b)

>onents £ and ij of the deflec-

astronomical and geodetic)

;tic coordinates. They have

(5-10)

(5-100

}, which is obviously similar

t> corresponding to Z
fl
PN —

ion corresponding to (5-9b)

(5-11)

(5- 12a)

lecting Zg and T so that the

hat the figure ZaGTTaTa has

hat Aia, S, z' correspond to

12a) is thus

7

•ed plane (see the enlarged
' the transformation of plane

otz, (5-12b)

3 a) cot Z. (5-13)

The first term, Ai«, is the same for every target, independent of its azimuth

and zenith distance; the second term, A2a, depends on azimuth and zenith

distance. The term Aja results from the astronomical azimuth A being reckoned

from astronomical north Na rather than from geodetic north Ng ,
as is the geo-

detic azimuth a. It thus represents a shift of the zero point, which is the same for

all targets. The term A2a arises because the target T is projected from Za and Z0

onto different points Ta and T„ of the horizon; the effect is the same as that of

an inaccurate leveling of the theodolite.

Usually in first-order triangulation the lines of sight are almost horizontal,

so that z = 90°, cot z = 0. Therefore, the correction A2a can in general be

neglected and we thus get

Aa = t] tan 4> = AX sin <£. (5-14)

This is Laplace's equation in its usual simplified form. It is remarkable that the

differences Aa = A — a and AX = A — X should be related in such a simple

way.

For later reference we note that the total deflection of the vertical—that is,

the angle 6 between the actual plumb line and the ellipsoidal normal—is given by

6 = V? + (5-15)

and that the deflection component e in the direction of the azimuth a is

e = £ cos a + v sin a. (5-16)

Both relations can be read immediately from the enlarged section of Fig. 5-4;

e and S are related to £ and -q by a plane coordinate transformation.

Finally, the relationship between the orthometric height H above the geoid

and the geometric height h above the ellipsoid can be written down immediately

.because from Fig. 5-1 we read that, to a sufficient approximation,

h = H + N.

Thus the conversion formulas from natural to geodetic coordinates are

(j> = $ — £s

X = A — t] sec (j>, (5-17)

h = H+N,
and the corresponding formula for the azimuth is

a = A — rj tan 4>. (5-18)

In the application of these formulas we need the geoidal undulation N and

the deflection components £ and -q with respect to the reference ellipsoid used.

Two points should be noted:

1. The axis of the reference ellipsoid is parallel to the earth’s axis of rotation

(otherwise there would be two different poles PN in Fig. 5-4), but it need

not be in an absolute position, its center coinciding with the earth’s

center of gravity.

1875-4. Reduction of Astronomical Observations to the Ellipsoid
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2. The deflection components £ and y refer directly to the point on the ground

at which the astronomical observations are made, and not to the geoid.

If components £ and y of the deflection of the vertical are computed gravi-

metrically for the geoid by Vening Meinesz’ formula, then cf>, X, h, and a refer

to an ellipsoid in absolute position, but care should be taken because of the

curvature of the plumb line; see also the end of Sec. 5-2.

It should also be mentioned that the ellipsoidal azimuth a (5-18) refers to

the actual target T, which does not in general lie on the ellipsoid. For the con-

ventional method of computation on the ellipsoid one wishes the azimuth to

refer to a target T0 on the ellipsoid, which is the point at the foot of the normal

through T. Furthermore, a refers to what is called a normal section of the

ellipsoid, rather than to a geodesic line, which is used in computation. In either

case very small azimuth reductions are necessary; since these reductions are

purely problems in ellipsoidal geometry, the reader is referred to any textbook

on geometrical geodesy or to Bomford (1962).

Effect ofpolar migration. The direction of the earth’s axis of rotation is not

rigorously fixed with respect to the earth but undergoes very small, more or less

periodic variations. This phenomenon arises from a minute difference between

the axes of rotation and of maximum inertia, the angle between these axes

being about 0.3", and is somewhat similar to the precession of a spinning top.

This motion of the pole has a main period of about 430 days, the Chandler

period, but is rather irregular, presumably because of the movement of masses,

atmospheric variations, etc. (Fig. 5-5).

The International Latitude Service, which is maintained by the International

Astronomical Union and by the International Union of Geodesy and Geo-

physics, continuously observes the variation of latitude at several stations and

FIGURE 5-5

Polar motion.
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thus determines the motion of the pole. The results are published as the rec-

tangular coordinates of the instantaneous polePN with respect to a mean pole P%

(Fig. 5-5). The astronomically observed values of T, A, and A naturally refer

to the instantaneous pole PN and must therefore be reduced to the mean pole,

using the published values of x and y.

This is accomplished by means of the equations

4> = <3?obs
— x cos X + y sin X,

A = Aobs - (x sin X + y cos X) tan <j> + y tan far, (5-19)

A = ^obs — (x sin X + y cos X) sec
<f>.

Now <£>, A, A are referred to the mean pole; these values are used in geodesy

because they do not vary with time. Longitude, throughout this book, is reck-

oned positive to the east, as is usual in geodesy; it should be mentioned that

in the literature these formulas are often written for west longitude, according

to the practice of many astronomers. Since the correction terms containing x

and y are extremely small (of the order of 0.1"), we may use either the geodetic

values (j> and X or the astronomical values $ and A in these terms. The term

containing far (the latitude of Greenwich) in the formula for A is usually

omitted, so that the mean meridian of Greenwich remains fixed, rather than

the astronomical longitude of Greenwich itself.

The derivation of these formulas is beyond the scope of the present book;

it is given in textbooks on spherical astronomy. Nevertheless, it is interesting

to note the close similarity between the azimuth reduction (5-13) because of

the “zenith variation”—that is, the deflection of the vertical—and the longitude

reduction of (5-19) because of the polar variation. Actually, the geometry for

both cases is the same. The quantities £, rj, 90° - z,4> correspond to x, y, <t>, fay,

the difference in sign of sin a and sin X is due to the fact that, when viewed from

the zenith, azimuth is reckoned clockwise and, when
s
.viewed from the pole,

east longitude is reckoned counterclockwise.

Vertical angles. The relation between the measured zenith distance z' and

the corresponding ellipsoidal zenith distance z was found in Sec. 4-7. Equation

(4-49) gives

Reduction of Horizontal and
5'5

' Vertical Angles and of Distances

Horizontal angles. To reduce an observed horizontal angle « to the ellipsoid

we note that every angle may be considered as the difference between two azi-

muths:

CO = Glo — OL\,

Hence we can apply formula (5-13). In the difference a2 — «i, the main term

v tan 4> drops out, so that for nearly horizontal lines of sight the whole reduction

may be neglected.
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z _ z
>

_|_ e = z
' + £ cos a + v sin a, (5-20)

where a is the azimuth of the target. This equation may also be obtained by

inspecting Fig. 5-4.

Base lines. Figure 5-6 illustrates the reduction of measured base lines to the

ellipsoid Denote an element of the measured distance by dl. It has an inclina-

tion B towards the local horizon (the level geopotential surface passing through

dl). The deflection component in the direction of the measured line that has

the azimuth a is again denoted by e and given by (5-16). The element ds, whic

is the component of dl parallel to the ellipsoid, is

ds = dl cos (/3
- e) = dl cos /3 + edl sin/3.

Denoting by dl' the projection of dl onto the local horizon,

dl' = dl cos /3,

and noting that

dl sin fi
= dh,

we have

ds — dl' ~t t dh.

If R is the local radius of curvature of the azimuth a of the ellipsoid, then it

is shown in differential geometry that

1 _ cos2 a sin2
a.

(5-21)

R
~
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where M and N are, respectively, the north-south and east-west radii of curva-

ture. Then, if dsa is the projection of dl onto the ellipsoid,

ds R + h _ . h

df0
~ R

~ + R

h /?

ds0 == ds — js ds0 = dl' + edh — g ds0 .

Setting

we have

(5-22)

(5-23)

dso = dl' + edh — h dip — dV + d(di) — h d(\p + e)>

and on integration between the end points A and B we obtain

So = l' + eBhB — caIia — JA
h d(ip + e). (5-24)

If the elevation h is nearly constant along the line, as occurs almost always in

base-line measurements, then the application of a mean-value theorem of inte-

gral calculus gives
r 23

So — l
1 + (-bHb — £aHa — hm(eB £a) hm

JA
dip.

Here

/' = dl cos 0

is the sum of the locally reduced dl', and hrn is a mean elevation along the line.

On expressing dip in terms of dso by (5-23) and integrating we finally obtain

So — l' + Cjs(fe
— hm) — U(JIA hm) (5-25)

Strictly speaking, R, the local ellipsoidal radius of curvature of azimuth a,

is slightly variable along the line from A to B. In practice, however, it is per-

fectly permissible to replace the local value of R by its average along the line,

so that R in (5-23) can be considered constant, which leads to (5-25). This

amounts to the approximation of the ellipsoidal arc AB by a circular arc whose

radius R is the average along AB of the values given by (5-21).

The terms with and represent the effect of the inclination between the

geopotential and spheropotential surfaces; they will often be negligible. The

term s0hm/R is due to the convergence of the ellipsoidal normals.

The rigorous reduction of base lines according to (5-25) thus involves the

geoidal undulation N, through the height h above the ellipsoid, and the deflec-

tion of the vertical t. The base lines are reduced directly to the ellipsoid by means

of the straight ellipsoidal normals, in conformity with Helmert’s projection.

Spatial distances. Electronic measurement of distance yields straight spatial

distances / between two points A and B (Fig. 5-7). These distances may either

b v sin a, (5-20)

tion may also be obtained by

1915-5. Reduction of Horizontal and Vertical Angles and of Distances
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be used directly for computations in the geodetic coordinate system <j>, X, h, as

in “three-dimensional geodesy” (see Sec. 5-12), or they may be reduced to the

surface of the ellipsoid to obtain chord distances k or geodesic distances s0 -

We shall again approximate the ellipsoidal arc A0B0 by a circular arc of

radius R that is the mean ellipsoidal radius of curvature along A 0B0 . By applying

the law of cosines to the triangle OAB we find

/
2 = (JR + hf + (R + h2y - 2(R + hJ(R + h2) cos

With

cos \j/
— 1 — 2 sin2

^
this is transformed into

B = (h2 - hy + 4i?2 (l + |)
(l + sin2

and with

h = 2R sin
^

(5-26)

(5-27)
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Ellipsoidal refinements of these formulas may be found in Rmner (1956).

The reason for the great difference between' the reduction procedures for

base lines and for electronically measured distances is that base lines may e

considered as measured along the earth’s surface and piecewise reduced to the

local horizon, which involves the direction of the vertical, whereas straig

spatial distances are independent of the vertical. Therefore, the reduction

formula (5-26) does not contain the deflection of the vertical «.

Reduction of the Astronomical Coordinates

for the Curvature of the Plumb Line

The astronomical coordinates <i> and A, as observed on the surface of the earth

are not rigorously equal to their corresponding values at the geoid because

plumb line, the line of force, is not straight, or/in other words, because the leve

surfaces are not parallel. Thus if we wish our astronomical coordinates to refer

to the geoid, we must reduce our observations accordingly.

Helmert’s projection in principle avoids the reduction for plumt - me curva .

ture because h does not use the geoid directly, but we still need this reduction

if we want to use or to obtain quantities that are referred to the geoid. Examples

of such cases are:

1 The gravimetric deflections are usiially computed by Vening Meinesz’

formula for the geoid, so that either the gravimetric deflections must be

reduced upward to the ground point or the astronomical observations

must be reduced downward to the geoid, in order to make the two quan-

tities comparable. *
. . r ,

2. If astronomical observations are used for the determination' of t e g ,

the same reduction must be applied, as explained in the next section.

Consider the projection of the plumb line onto the meridian plane Accord-

ing to the well-known definition of the curvature of a plane curve, the ang e

between two neighboring tangents of this projection of the plumb line

d<j> = -mdh,

where the minus sign is conventional and the curvature «i is given by (2 22a).

(5-26)
ill

The x-axis is horizontal and points northward. Hence the total change of lati-

tude along the plumb line between a point on the ground, P, and its projection

onto the geoid, Pa ,
is given by

S4> = fp
F

a

d<i> - Jpi(5-27)
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or

S* = - f - &dh. (5-28a)
r Jp.gdX

Similarly we find for the change of longitude, k2 (2-22b) replacing m,

<>Acos<f> = -T-fdh, (5-28b)

g Sy

where the y-axis is horizontal and points eastwards.

Alternative formulas. There is a close relationship between the curvature

reduction of astronomical coordinates and the orthometric reduction of level-

ing, considered in Sec. 4.4.

FIGURE 5-8

Plumb-line curvature and orthometric correction.
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The orthometric correction d(OC) has been defined as the quantitythatmust

be added to the leveling increment dn in order to convert it into the orthome

height difference dH: ^ ^ ^ (5-29)

From Fig. 5-8 we see that, for a north-south profile, the curvature reduction

and the orthometric correction are related by the simple formula

5, = *20.

Similarly we find

d\ cos 4>
=

According to Sec. 4-4, we have

dC — g dn = —dW,

dx

d(OQ
‘
dy

(5-30b)

H
g

Hence (5-29) becomes

d{OC)

so that

dH--dC
g

1

dH + tdW,
.8

8X cos <j>

dH 1 dW
}

dx
+

g dx
’

dH ,ldW.
dy
+

g dy

(5-31)

t

%

These equations relate the reduction for the curvature of the plumb line to the

ISmeTric height B and the potential W. In view of the trregular shape

of the plumb lines it is remarkable that such simple general relations as (5-30)

“te'rlSons may be used to find computational formulas for the curvature

reductions H and SX (Bodemtiller, 1957). We have

dC JC\ dC
<KOQ-dH---d^) g

~ dS-^dg-‘~=-^dg + l-j
g g

2 g S g

gdC
g

lid

lei to

atorial plane

-x(north) or

d(OC)^-^dg + 8-jI

By substituting this into (5-30a, b) we obtain

V
g 9X g

dn.

- tan pu
(5-32)

cos d>

H dg j_g ' tan i

g
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where we have set

„ dn
. 0 dn

tan/3i = — > tan ft
=

so that ft and ft are the angles of inclination of the north-south and east-west

profiles with respect to the local horizon; g is the mean value of gravity between

the geoid and the ground. In these formulas we need only this mean value g,

together with its horizontal derivatives, and the ground value g, whereas in

(5-28) we must know the horizontal derivatives of gravity all along the plumb

line. The detailed shape of the plumb lines does not directly enter into (5-32)

as it does into (5-28).
„ ,

The mean value g is found by a Prey reduction of the measured gravity g.

In order that the numerical differentiations dg/dx and Og/dy give reliable re-

sults a dense gravity net around the station is necessary, and the Prey reduction

must be performed carefully. The inclination angles ft and ft are taken from a

topographical map.
.

The sign of these corrections may be found in the following way. It g de-

creases in the x-direction, then formulas (5-28) and (5-32) give 5<f> > 0 and

Fig. 5-8 shows that $ at P0 is then greater than at P. The same holds for A,

so that we have

‘bgeoid = Aground + H, (5-33)

Ageoid = Aground ~F 5A.

For other methods for determining the curvature of the plumb line see Arnold

(1956, Sec. C) and Ledersteger (1955).

Curvature of the normal plumb line. If, instead of the actual gravity g, the

normal gravity 7 is used for the computation of the plumb line curvature, we

find, using

7 = 7*(l + /* sin2
<#> — \h •••)>

that

dd ± LOl === /* sin (j, cos <f>
= ~f* sin <j> cos <£,

dx R d<j> R J R

dy ^ 1 dy _ Q
dy R cos 4> d\

Hence the integrand {l/y){dy/dx) in (5-28a) does not depend on h, so that the

integration can be performed immediately. We find

^normal = h sin 2<f>
= -0.17" hkm sin 2<f>,

(5
.34)

SXnormal — 0.

The curvature of the normal plumb line in the east-west direction is zero, owing

to the rotational symmetry of the ellipsoid of revolution.

The normal reduction (5-34) is often conventionally applied, but this is of little
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not depend on h, so that the
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west direction is zero, owing

lution.

lly applied, but this is of little

use for the effect of topographic irregularities on the curvature of the plumb

line is often much greater than the “normal” part. In high mountains the actual

reduction may amount to several seconds of arc (Kobold and Hunziker, 1962).

For a rigorous use of the normal reduction (5-34) see Sec. 8-9.

5-7, The Astrogeodetic Determination of the Geoid

The shape of the geoid can be determined if the deflections of the vertical are

given. The basic equation is (2-202):

dN^-eds. (5-35)

On integrating we get

where

Nb — Na ~~
fa

e
(5-36)

« = £ cos a +. y sin a

is the component of the deflection of the vertical along the profile AB, whose

azimuth, is see equation (5-16). r

This formula expresses the geoidal undulation as an integral of the vertical

deflections along a profile. Since N is a function of position, this mtegral is

independent of the form of the line that connects the points A and B. This line

need not necessarily be a geodesic on the ellipsoid, and a may m the general

case be variable. In practice, north-south profiles (e = £) or east-west profiles

(e = „) are often used. The integral (5-36) is to be evaluated by a numerical

or graphical integration. The deflection component e must be given at enough

stations along the profile such that the interpolation between these stations

can be done reliably. Sometimes a map of £ and y is available for a certain area.

Such a map is constructed by interpolation between well-distributed stations

at which £ and y have been determined. Then the profiles of integration may

suitably selected; loops may be formed to obtain redundancies which must be

"^deflection components £ and „ are obtained directly from the equations

|
rj = (A — X) cos f, (5-37)

that is, by comparing the astronomic and geodetic coordinates of the same point,

then this method is called the astrogeodetic determination of the geoid.

^THie astronomical coordinates are directly observed; the geodetic coordinates

are obtained in the following way. In a larger triangulation system a certain

tial point” Pi is chosen for which the undulation N, and the components £i and

1 of the deflection of the vertical are prescribed. Here £„ m, and Ni may be as-

IbSSy” principle ;
the position of the reference ellipsord wtlh respect

to the earth is thereby fixed. For the sake of definiteness let us consider tiie case

that is of greatest practical importance, that is, the case in which £i yi iS case, because £,
- - 0, the geoid and the ellrpsotd have the same sur-
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FIGURE 5-9

The reference ellipsoid is tangent to the geoid at Pi.

face normal, 1 so that, because Ax = 0, the ellipsoid is tangent to the geoid

below Pi (Fig. 5-9). The condition that the axis of the reference ellipsoid be p -

allel to the earth’s axis of rotation finally determines the orientation of theta-

angulation net because Laplace’s equation (5-14) then gives Ao, = m tan - U,

so^hat at = Ai; that is, at the initial point the geodetic azimuth is equal to t

Now we can reduce the measured distances and angles to the ellipsoid and

compute on it the position of the points of the triangulation net (their geodetic

coordinates <f>
and X) in the usual way. After measuring the “ordinates $ and A

astronomically at the same points, we can then compute the deflection com-

ponents £ and n by (5-37). Starting from the assumed value Ax at the imtial point

Px (in our case Ax = 0) we can finally compute the geoida! heights A of any

point of the triangulation net by repeated application of (5-36). These geoidal

heights refer to the ellipsoid that was fixed by prescribing &, m, Ax, and, ot

course, its semimajor axis a and its flattening f. To employ a frequently used

term thev refer to the given astrogeodetic datum (a,f; iji, m, Ax).

By means ofA and the orthometric height A, the height h above the ellipsoid

is obtained (h = H + A), so that the rectangular spatial coordinates A, X, z

can be computed by (5-5). But unless £ and y are absolute deflections, the origin

of the coordinate system will not be at the center of the earth ;
see Sec. 5-9.

A flaw in the procedure described above apparently is that A, £, y are already

1 We disregard the curvature of the plumb line.

i
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a compute the deflection com-

bed value Ni at the initial point

3 the geoidal heights N of any

cation of (5-36). These geoidal

prescribing iji, yi, Ni, and, of

'. To employ a frequently used

i (a,f; gi, Vh Ni).

the height h above the ellipsoid

lar spatial coordinates X, Y, Z
absolute deflections, the origin

;r of the earth; see Sec. 5-9.

rently is that N, g, y are already

needed for the reduction of the measured angles and distances to the ellips .

However, for this purpose approximate values of N, g, y are sufficient. The

are obtained by performing the process just explained with unreduced angles

and distances. We can also get suitable values for N, g, y in other ways, fo

instance bv Stokes’ formula. . . . A

It should be mentioned that, in practice the component y is often obtained

from azimuth measurements by (5-18),

y = (A - a) cot <f>, (
5 ‘38)

because astronomical measurements of azimuth are simpler than those of

longitude. Moreover, longitude and azimuth are often measured at the

point. Then Laplace’s condition

Aa = AX sin <t>

furnishes an important check on the correct orientation of the net and may be

used for adjustment purposes. Astronomical stations with longitude and azimu

observations are therefore called Laplace stations.

The astrogeodetic determination of the geoid was known to Helmer ( ),

it is also called astronomical leveling.

Comparison with the Stokes method. It is quite instructive to compare Hel-

mert’s formula

N = Na - f*eds

for the astrogeodetic method with Stokes’ formula

N = ff
Ag

a

for the gravimetric method. Both methods use the gravity vector g. It is com-

pared with a normal gravity vector y. The components g
= A<t>

and y — AX cosA>

of the deflection of the vertical represent the differences m direction, and e

gravity anomaly Ag represents the difference in magnitude of the two vectors.

Helmert’s formula determines the geoidal undulation N from g and n, tha is,

by means of the direction of g, and Stokes’ formula determines N from Ag,

that is, by means of the magnitude of g. Both formulas are somewhat similar,

they are integrals which contain e, or £ and y, and Ag in a linear form.

Otherwise the two formulas show marked differences, which are characteristic

f for the respective methods. In Helmert’s formula the integration is extended

over part of a profile; thus it is sufficient to know the deflection of the vertical

in a limited area. The position of the reference ellipsoid with respect to the

$ earth’s center of gravity is unknown, however, and can be determined on y y

; means of the gravimetric method (Sec. 5-10) or the analysis of satellite orbits

f (Sec. 9-8). Furthermore, the astrogeodetic method can be used only on ,

because the necessary measurements are impossible at sea.
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In Stokes’ formula, however, the integration should be extended over the

whole earth. The gravity anomaly Ag must be known all over the earth; how-

ever, accurate gravity measurements at sea are possible. The gravimetric method

yields, for the whole earth, absolute geoidal undulations, the center of the ref-

erence ellipsoid coinciding with the center of the earth-

Thus, of the classical geodetic methods, only the gravimetric method makes

possible a world-wide geodetic system. The astrogeodetic method is necessary—

for instance, to furnish the scale. Thus both methods must be combined, sup-

plemented by such geodetic information as can be obtained in other ways,

particularly that obtained from artificial satellites; see Chapter 9.

Correctionfor the curvature of the plumb line. In formula (5-36), the deflection

components £ and r, refer to the geoid. This means that the astronomical ob-

servations of $ and A must be reduced to the geoid according to Sec. 5-6.

It is also possible and often more convenient to apply this correction for

plumb-line curvature not to the astronomical coordinates $ and A but to the

geoidal height differences computed from the unreduced deflection components

(Helmert, 1900 and 1901).

These N values, denoted by N'

,

are obtained by using m (5-37) the directly

observed <3> and A, which define the direction of the plumb line at the station P

in Fig. 5-10. The notation N will be reserved for the correct geoidal heights.

Then we read from Fig. 5-10:

dh = dN + dH = dN' + dn,

Reduction of astronomical leveling.

where h is the geometric height

;
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geoid W=Wa

ellipsoid

h is the geometric height above the ellipsoid. Thus we see that the differ-

between the unreduced and the correct element of geoidal height,

dN' — dN = dH — dn = d{OC), (5-39)

is equal to the difference between the element dH of orthometric height and

the leveling increment dn, which is the orthometric reduction d(OC).

ThUS
Nb - Na = N'b - N1 - OCAB,

(5-40)

so that we can immediately apply equation (4-33) of the preceding chapter.

+ (MD

where 70 is an arbitrary constant value that can be chosen conveniently ,
the

deflection components e are computed from the observed ground values $

and A by (5-37) and (5- 16).
. .

The astrogeodetic method has often been applied to the determination of

geoidal sections; see, for instance, Bomford (1963), Fischer (1961), Galle

(1914), Niethammer (1939), Olander (1951), Rice (1962), and Wolf (1956). A

discussion of the method’s practical aspects and accuracy will be found in

Bomford (1962, Chap. 5, Sec. 5).

5-8.

Interpolation of Deflections of the

Vertical. Astrogravimetric Leveling

Helmert’s formula (5-36) for the astronomical leveling presupposes that the

stations at which the deflections of the vertical are known are very close to one

another. Thus a profile for e can be constructed by interpolation, and the inte-

gration in (5-36) can be performed numerically or graphically.

If for A and B in (5-36) we take two neighboring astrogeodetic stations, and

if they are so close together that the geoidal profile between them can be approx-

imated by the arc of a circle, then this formula becomes

Nb - Na =
6A + 6B (5-42)

where s is the distance between A and B. In this way the interpolation can be

avoided; but this is only apparent, since the assumption that the geoid between

A and B forms a circular arc is itself equivalent to an interpolation, and not

necessarily the best one.

In moderately level areas a station distance of 25 km, say, and the approx-

imation (5-42) are usually satisfactory; but in high mountains a spacing of even

10 km or less may not be sufficient.

Since astronomical observations are time-consuming, more efficient means

for interpolation between the astrogeodetic stations have been devised. Such

methods are:

1 should be extended over the

mown all over the earth; how-

issible. The gravimetric method
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i earth.
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measurement of zenith distances

;

use of the torsion balance;

astrogravimetric leveling;

use of.topographic-isostatic deflections.

Making use of the basic relatio

We shall now discuss some aspects of these methods.

Zenith distances. Measurements of zenith distances can, at least theoretically,

be used to replace astronomical observations (de Graaf-Hunter, 1913).

The principle has already been described in Sec. 4-7. The basic equation is

(4-57): „
ex= z[ + Z2 - y - 180°, C5^

where z'i and z'2 are the measured zenith distances which have been corrected

for the effect of atmospheric refraction. The angle 7 is given by

where s is the ellipsoidal distance between the stations 1 and 2, and R is a mean

radius of curvature along the arc s. The distance s is obtained by triangulation

or trilateration.

The difficulty with this method is, of course, the proper allowance for atmos-

pheric refraction. At present, therefore, its use is limited to high mountains.

This method is being applied successfully in the Swiss, alps, where deflection

differences have been obtained with an accuracy of ±1" (Kobold, 1951).

Torsion balance measurements. The torsion balance is an instrument that

measures certain combinations

d 2W_d2W d 2W d2W d2W
'dy2

' “
dx2 ’ dx dy dx dz dy dz

the xy-plane being tangent to the ellipsoid, we have

d 2T dW
dx dy dx dy

1

of the second partial derivatives of the gravity potential with respect to a rec-

tangular coordinate system having a vertical z-axis.

Let us take the x-axis northward and consider the quantity

at the geoid. Since the normal potential U is constant along the ellipsoid, and

consequently

-^= 0,'
dx dy

where G is a mean value of gra
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•
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1
d 'w

z dy dz

lotential with respect to a ree-

ds.

the quantity

Making use of the basic relations

1 dT 1 dT
^ ~ G dx’

v G dy

where G is a mean value of gravity, we obtain

_ &V = _1 8 2 fV
(5-45)

dy dx G dxdy

from torsion balance measurements.

We thus know certain horizontal derivatives of the components of the deflec-

tion of the vertical. It is clear that we can get differences £2 — £i and — 571

of the deflection components by a suitable integration of (5-45). The details

are somewhat involved; the reader will find descriptions in Baeschlin (1948)

and in Mueller (1963).

This method is very sensitive to topographic irregularities, and the measure-

ment is time-consuming. It is seldom used nowadays, but it is perhaps unduly

neglected. Apart from its great theoretical interest it may be of practical im-

portance in level areas where a detailed gravity survey, necessary for astro-

gravimetric leveling, does not exist or is not feasible—for instance, along coast

lines.

Astrogravimetric leveling. If in Vening Meinesz’ formula the integration is not

extended over the whole earth but only over a neighborhood of the point con-

sidered, then an error is introduced because the distant zones are neglected.

This error, however, is almost the same for points that are not too far apart,

and varies only slowly over the points of a short profile, so that the gravimetric

deflections computed in this way can be used for interpolation between astro-

geodetic deflections.

From £' and f, obtained gravimetrically, the components d are computed

in the usual way:
d = £' cos a + f sin a. (5-46)

The differences

5e = e — d (5-47)

between the “correct” astrogeodetic deflections e and the approximate gravi-

metric values d vary only slowly and may be assumed to change linearly with

distance, so that they can be computed by a linear interpolation

8ep = 5eA +
Sf?-

-±d SAPi (5-48)
Sab

where P is any point on the profile between the astronomical stations A and B,

and s is the distance between the points corresponding to the subscripts.

The procedure is thus as follows. At A and B the astronomical deflections

€4 and en are given. Compute at these points and at the intermediate points

Pi, P2, ... ,Pn the gravimetric deflections dA ,
dB , di, d, . . . , <4 and interpolate

fie, at the intermediate points by (5-48). Then the desired deflections of the verti-
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cal « at the intermediate points, referred to the astrogeodetic datum, are com-

PUtedbY
6i = e< + 8e, (5-49)

This combination of "astrogeodetic deflections wrth gravrmetncal y inter-

polated values is called astrogmvimetric leveling (Molodensku et al, 1%

Chap. 6). It is considered to be the best method of interpolation If this method

is used, then the astrogeodetic stations may be as far apart as 100 to 200 km

in level country, but then a sufficiently dense gravity net must extend to at

least twice the distance between two stations.

Astrogravimetric leveling shows the great flexibility of the gravimetric method.

The Vening Meinesz formula can be applied for two completely differen p

poses- if we are integrating over the whole earth, it gives absolute deflections

of the vertical, thus providing the absolute orientation of the astrogeodetic

systems ;
if we are integrating over a limited area, it helps to interpolate betw

the relative astrogeodetic deflections.

Use o/ topographic-isostatic deflections. In (5-49) the vertical deflections e'

can also be computed from the effect of topography (Helmert, 1900 and 1901).

This method may be refined by considering the effect of the isostatic compen-

sation as well. No gravity information is needed here. This method hass be

applied successfully for interpolation between Alpine astrogeodetic stations

that are not too far apart (Niethammer, 1939). However, it is affected by un-

known density anomalies, etc., and is rather laborious. Hence astrogravimetric

leveling will be preferred when distances between astrogeodetic stations aie

large.

S-9, Coordinate Transformations and Datum Shifts

As we have established in Sec. 5-7, a geodetic datum is determined by the

dimensions of the reference ellipsoid (semimajor axis a and flattening /) and

its position with respect to the earth or the geoid. This relative position is

usually given by the geoidal undulation N, and the components & and Vl o

the deflection of the vertical at an initial point P£. Instead of &, m, W we might

as well use the geodetic coordinates <j>h Xi, h, of Pi because

& = $i — 4>i,

= (Ai — Xi) cos (j>,

Ni = hi - Hx .

A superficially different but equivalent method is to use the rectangular co-

ordinates Xo, >’o, Zo Of the center of the reference ellipsoid with respect to the

center of the earth.

If we vary the geodetic datum—that is, the reference ellipsoid and its posi-

tion—then the geodetic coon

of the vertical and the undulai

will also change. Since there i

can formulate these changes ii

vu Ni,

Mathematically, the problem i

every geodetic datum correspoi

4>, X, h.

Suppose that the center of tl

earth’s center of gravity, but thr

axis of rotation. Assume a rec

is the earth’s center of gravity

axes being directed as usual. L
with respect to this system be :

must obviously be modified so 1

X = x0

F = jo

These equations form the sta

formulas of coordinate transforj

First we ask how the rectang

geodetic coordinates
<f>, X, h by

the geodetic datum, namely 1

(x0, j0, zo), by ha, 5/ and 5x0, 8y0,

translation (parallel displaceme

to the axis of the earth.

The solution of this problem

.
,

BY

,

5j° + 8a

since, according to Taylor’s th,

entials.
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s astrogeodetic datum, are com-

(5-49)

dus with gravimetrically inter-

Hng (Molodenskii et al., 1962,

of interpolation. If this method

: as far apart as 100 to 200 km
gravity net must extend to at

bility of the gravimetric method,

ir two completely different pur-

th, it gives absolute deflections

rientation of the astrogeodetic

i, it helps to interpolate between

5
-49) the vertical deflections e'

iphy (Helmert, 1900 and 1901).

: effect of the isostatic compen-

;d here. This method has been

Alpine astrogeodetic stations

However, it is affected by un-

torious. Hence astrogravimetric

reen astrogeodetic stations are

; datum is determined by the

>r axis a and flattening /) and

;eoid. This relative position is

1 the components £i and rn of

1 . Instead of f, vi, A'i we might

Pi because

*, (5-50)

is to use the rectangular co-

e ellipsoid with respect to the

Terence ellipsoid and its posi-

tion—then the geodetic coordinates <f>,
X, h and consequently the deflections

of the vertical and the undulations of the geoid,

£ = $ - <£,

v - (A — X) cos <£,
(5-51)

N = h — H,

will also change. Since there are three different ways of fixing the datum, we

can formulate these changes in terms of the variation of

£i, 571, Ni, or 4>1, Xi, hi, or Xo, yo, Zo-

Mathematically, the problem is simply a transformation of coordinates, since

every geodetic datum corresponds to a different system of geodetic coordinates

</>, X, h.
,

Suppose that the center of the reference ellipsoid does not coincide with the

earth’s center of gravity, but that the axis of the ellipsoid is parallel to the earth’s

axis of rotation. Assume a rectangular coordinate system XYZ whose origin

is the earth’s center of gravity (not the center of the ellipsoid, as before), the

axes being directed as usual. Let the coordinates of the center of the ellipsoid

with respect to this system be x0, y0, zo, as stated above. Then equations (5-5)

must obviously be modified so that they become

X = xo + (N + h) cos 4> cos X,

Y = y0 +• (N + h) cos <t>
sin X, (5-52)

Z = z0 + (~ N + hj sin 4>.

These equations form the starting point for various important differential

formulas of coordinate transformation.

First we ask how the rectangular coordinates X, Y, Z change if we vary the

geodetic coordinates </>, X, h by small amounts 8<t>, 5X, oh and if we also alter

the geodetic datum, namely the reference ellipsoid (a,/) and its position

(xo, jo, z0), by ha, 8fand Sx0, 5y0 ,
Sz0 . Note that S3c0,

5z0 correspond to a small

translation (parallel displacement) of the ellipsoid, its axis remaining parallel

to the axis of the earth.

The solution of this problem is found by differentiating (5-52):

5* = + If* +f */+ Sf^ + ir
sx + w sh>

SY , sy, + If +f >f+ + ||* (5-53)

az - +f a/+
Ifh + f SX +

since, according to Taylor’s theorem, small changes can be treated as differ-

entials.

<
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In these differential formulas we shall be satisfied with an approximation.

Since the flattening/is small, we may expand (2-81) as

('
‘

N = a~ (1 + a'
2 cos2 4>)~

1/2 = T { 1 - ie
' 2 cos2*)

b

a(l +/• .)(!
.— fcos2 0 +/ — /cos2

<^ •••);

N = a(l +/ sin2 <f>);

since

b2

- iV
a2

(1 _ 2/ • • -Ml +/ sin2 * • •) = fl(l - 2/+/sm 2
0),

Z> = a(l-/), e'
2 — 2f .

Thus equations (5-52) are approximated by

X = xo + (a + af siQ2 0 + cos 4” cos

X == j0 + (a + af sin2
<j> + h) cos 0 sin X,

Z = z0 + (a - 2a/+ a/ sin2 0 + *) sin <£•

Now we can form the partial derivatives in (5-53), for instance

3Z

(5-52')

da
— (i + / sin2

0) cos 0 cos X = cos 0 cos X,

since we may neglect the flattening in these coefficients. This amounts to using

for the coefficients, and only for them, a spherical approximation analogou

to that of Sec. 2-14. Similarly, all coefficients are easily obtained as partial

derivatives, and equations (5-53) become

8X — Sxo — a sin <f>
cos X 50 — a cos <#> sin X 5X

.

+ cos 4> cos X(5/i + 8a + a sm2
<j> 8f),

x Y = Svn — a sin 0 sin X 50 + a cos </ cos X 5X _ ,, -

,

-f- cos <j> sin X(5/z + 5a + a sm2 0 of), (5-54b)

SZ = Sz0 + a cos <f>
84> + sin + 8a + a sin2 0 8f) - 2a sin 0 8f. (5 54c)

These formulas give the changes in the rectangular coordinates X, Y Z m

terms of the variation in the position (x0, y„, z0) and the dimensions (af ) o

effipsoid and in the geodetic coordinates 0, \ h referred to it.

Transformation of the geodetic coordinates. Several

the transformation of coordinates may be derived from equations (5-54). Firs
,

let the position of P in space remain unchanged ;
that is, let

8X = 5 F = 5Z = 0.

Determine the change of the geodetic coordinates 0, X, h if the dimensions of

the reference ellipsoid and its position are vaned.

The problem is thus to solve equations (5-54) for 50, 5X, 5h, the left hand

being set equal to zero. To get 50 multiply (5-54a) by ~sm0cosX, (5-54b

5-9. Coor,

by — sin <j> sin X, and (5-54c) by

way. For SX the factors are — s

cos 0 sin X, and sin <j>. The result

a 50 = sin <p cos X ox0 + sin

a cos 0 SX = sin X Sx0 — cos

8h = —cos 0 cos X Sx0 — co

We have seen that the translat

of the changes in the geodetic co>

of 8xo, 8yo, 8z0 . The problem is tb

other points.

First we express the parallel

terms of the given 8<f>h SXi, 8h\.

(again because the position of

0 = 0X,
X = Xi, h = hi. Then we

Sx0 = a sin cos Xj 50i + a cos <;

= (cos 4n sin 4>
— sin 4>i cos 0

+ (sin 4^1 sin <;

— + (sin 2

where

5y0 = a sin 4>i sin Xi 8<t>i
— a cos <j

8zo = — a cos <f>1 5<£i
— sin 4nQ>h.

These expressions for the shi

equations (5-55), so that we finall

50 = (cos 0x cos 0 + sin 01 sin 0

+ (sin 0i cos <j

+ 2 cos 0(sin

cos 0 5X = sin 0i sin AX 50x + co

These formulas express the va:

of the variations 50i, 5Xj., of at

of the reference ellip



= a( 1 - 2/+/ sin2
0),

^ + 5a + a sin2
fa Sf), (5-54a)

;s fa, X, h if the dimensions of

>r 50, 5X, Sh, the left-hand sides

54a) by — sin fa cos X, (5-54b)
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- sin fa sin X, and (5-54c) by cos fa, and add all equations obtained in this

. For 5X the factors are -sinX, cosX, and 0; for 5h they are cos 4, cos X,

;os fa sin X, and sin <f>.
The result is

a 50 = sin 4> cos X 5x0 + sin 0 sin X 5y0 - cos fa Sz0 + 2a sin 0 cos 4> of,

a cos faS\ — sin X 8x0 cos X 5yo,
^

Sh = _ cos fa cos X 5x0 - cos 0 sin X oy0 - sin faSz0 - 8a + a sm2 0 Sf.

We have seen that the translation of the ellipsoid may also be given m terms

of the changes in the geodetic coordinates 50b S\h 8h of an initial point mstea

of 8x0,
8y0, 8zq. The problem is then to determine the variations 50, 5X, Sh at the

First we express the parallel displacement (Sx0,
Sy0,

Sz0) of the elhpsoid m

terms of the given S0i, SX1, Shi. In equations (5-54), set SX - S —

(again because the position of the points in space remains unchanged) and

0 = fah X = Xi, h = h1. Then we get

5x0 = a sin 01 cos Xi 50i + a cos <t>1
sin Xi 5Xi

.

— cos 4>1 cos \i(Shi + 5a + a sm2 0i °J )>

5y0 = a sin fai sin Xi S0i — a cos fai cos Xi 5Xi

— cos fa sin Xi(S/zi + Sa + a sm2
fa of), (5-56)

Sz0 = -a cos fa 8fa - sin 0i(5/ii + 5a + a sin2
0i 5/) + 2a sin0i 5/.

These expressions for the shift components Sx0, 8y0, 5

z

0 are inserted into

equations (5-55), so that we finally obtain:

84> = (cos fa cos fa + sin sin fa cos AX) 5d>j
- sin 4> sin AX • cos fa SXi

/ S/)i ,
5a

cos fa 5X

+ (sin 4>i cos fa

+ 2 cos 0(sin 4> — sin 0i) 5/,

sin fa sin AX 50i + cos AX • cos 0i 5Xi

— cos fa sm AX I

—

cos fa sin fa cos AX)^~ + ~ + siniin2 <jf>i 5A

5a
+ — + sin2

fa Sf
CL

')

Sh
= (cos fa sin fa

- sin fa cos fa cos AX) 8fa + cos fa sin AX • cos fa 8X1

+ (sin fa sin fa + cos fa cos 4> cos AX)(~ + " + s1q2 & ‘^)

— — + (sin2
fa

a
2 sin 0i sin fa) Sf,

where
AX = X — Xi.

These formulas express the variations 50, SX, Sh at an arbitrary point m terms

of the variations 50x, 5Xx, Sh at a given point and the changes 5a and if of e

parameters of the reference ellipsoid. They thus relate two different systems of

itisfied with an approximation.

2-81) as

\
e'

2 cos2 0 • •

•

^

<1 +/-/cos 2 0 •••);

);

= COS 0 cos X,

ficients. This amounts to using

deal approximation analogous

are easily obtained as partial

l cos 0 cos X,

1 cos 0 sin X,

0 + /z) sin 0.

3), for instance

(5-52')

'1 + Sa + a sin2 fa Sf), (5-54b)

0 Sf) - 2a sin fa Sf. (5-54c)

gular coordinates X, Y, Z in

nd the dimensions (a,/) of the

referred to it.

jveral important formulas for

d from equations (5-54). First,

that is, let
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Both (5-55) and (5-57) are infinitesimal transformations of geodetic coordinates,

fhev differ oidy in the parameters used for determining the coordinate system

the geodetic datum; in (5-55) the coordinate system is defined by (aj; x0, Jo, Zo)

and in (5-57) by (a,f\ fa, Ai> ^0-

Transformation oft, rj, N. Usually, equations (5-57) are expressed in terms of

the variations of the deflection components $ and 17 and of the geoidal undu a-

tionTSnce the natural coordinates *, A, H are not affected by a datum shift

and remain unchanged, we get from (5-51)

d<b = —
cost— ft,.

f

.

(5 '58)

Sh = SN,

so that equations (5-57) assume the form

= (cos <pi cos <f> + sin fa sin </> cos AX)
~ sm ^ Sm AX Svi

— (sin 4>i cos 4>
~~ cos fa s^n ^ cos AX^(

— 2 cos <//sin 4> — sin </n) 8f

5ij = sin </>i sin AX 5|i + cos AX Siji

+ cos 4>{ sin AX ^ + sin2 fa 5fj’ (5
"59)

5A

W+^ + sin^iS/
a a

- (cos </>i sin 4>
~ sin fa cos ^ cos AX)

cos 4> sin AX Siji

+ (sin 4>x sin <j> + cos <pi cos <f>
cos AX)^ -1 + ~ + sin2 fa 5f)

_ — + (sin2
<t>
— 2 sin 4>i sin </>)

5/
'•

(3
’

These formulas for the effect of a shift of the geodetic datum are among the

most important equations of geodesy. They were derived by several scientists

amon* them Veifing Meinesz (1950, 1953), by whose name they are usually

known Superficially similar formulas due to Helmert were in use earlier

but they are based on completely different geometrical principles, and are not

suited for the purposes of modern geodesy .
2

. „

i We mention de Graaff-Hunter in 1929, Krassovsky in 1934 and 1942, and Bomford in

SSSSBSsS

It may be noted that the firs

derived by differentiating'the thii

1 d(8A
R d(f>

8f
=

8r] = R COS q

as a spherical approximation.

Applications. As an illustratior

important practical case, the abso

its conversion to a world geodetic

a triangulation or trilateration net

(,a',f; |t, vu AO- The quantities i

prime. Thus |!, 171 , N[ belong to th

to be zero or to have any other vt

Suppose now that at the initial

absolute deflection components |i

be discussed in the following sectic

refer to a different ellipsoid (a,/),

earth. The quantities a, f; |i, vu

completely.

It is now very easy to transform

system. Set

«£i - & -
8r) = rji

—
6N1 = Ai -

and compute, for all points of the

tions (5-59). Then the |, 17 ,
N in th

geodetic coordinates in the w

and the geocentric rectangular coc

A related problem is that of dete

of the original reference ellipsoid d

the new datum (a,/; |i, 171, A/), th

Xo



are so close to each other that

Mathematically, equations (5-57)

to the geodesist, they give the

ire equivalent to equations (5-55).

rmations of geodetic coordinates;

termining the coordinate system,

stem is defined by (a,f ; x0, Jo, zo)

s (5-57) are expressed in terms of

md r

)

and of the geoidal undula-

ire not affected by a datum shift

(5-58)

fin 4> sin AX 8yi

„J5Ni
t>
cos

. 8a
, . , ,

-) H sin2
4>

i

a
Sf
)

(**} + ** + &*& \, (5 .59)
\ a a /

— cos 4> sin AX 5r? i

b cos AX)^^
1 + “ + sic5

<h sfj

*)*/

s geodetic datum are among the

re derived by several scientists, 1

f whose name they are usually

> Helmert were in use earlier,

metrical principles, and are not

y in 1934 and 1942, and Bomford in

:s on the ellipsoid, which is essentially

ea is the translation of the ellipsoid in

aisional character of modern geodesy.
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It may be noted that the first two equations (5-59) could also have been

derived by differentiating'the third of these equations, since (2-204) gives

l am-j. d (W\
~ Rd4> d<t> \ a /

1 3(8JV) ^ 1_ /5A\
Sv ~ R cos <(> d\ cos <j>d\\a )

as a spherical approximation.

Applications. As an illustration, we shall apply these formulas to the most

important practical case, the absolute orientation of a local geodetic system, or

its conversion to a world geodetic system (Heiskanen, 1951). Let us assume that

a triangulation or trilateration net has been computed on a local geodetic datum

(a! f; in, yi, N{). The quantities referred to this system will be indicated by a

prime! Thus £, y[, N[ belong to the fundamental point Pi, they may be assumed

to be zero or to have any other values.

Suppose now that at the initial point the absolute geoidal height Ah and the

absolute deflection components f and m are known. (Their determination wi

be discussed in the following section.) The absolute values N, £, y will m general

refer to a different ellipsoid (a, /), whose center is at the center of gravity of the

earth. The quantities a, /; & yu Ni determine this “world geodetic system

completely. "
, , , , 7/w .

It is now very easy to transform the local system (a ,/ ; Vu AO to the world

:
:

system. Set

Sh = Sa = a- o',
(5-60)

8y = yi-yi, y

.
tNi = Ni-N[; .

J 7 7

and compute, for all points of the local system, the changes 8g, 8y, 8N by equa-

tions (5-59). Then the £, y, N in the world system are given by

f\
$ = r + at,

y — y' + 8y,

| N = N' + 8N.

The geodetic coordinates in the world geodetic system are obtained from

<t>
= 4>'

X = X'

h

• by sec <fi,

h' + SA,

and the geocentric rectangular coordinates X,Y,Z can be computed by (5-5).

A related problem is that of determining the coordinates x0, Jo, Zo of the^center

of the original reference ellipsoid defining the local datum (a ,f', £i, yi, v- mce

the new datum (a,/; f, yi, Ax), the world datum, is in an absolute position, we

have ’ _ n ,

y§ — Zo — u*Xo
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I

so that
8xo — x0 x0

Sy0 = yo — y<>

Sz0 = z0 — z'o

and
, „ ,

x'0 = —8x0, yo = — sJo, Zo - ozo,

where to, to, to are competed from (5-56). This solves opr problem.

5-10. Determination of the Size of the Earth

obtained by (2- 183b),

N= No+ -
-gjj

Ag S(fa) da. (5-62)

eod the determination

determining the constant No (Sec. 2-19). As we have seen, ivo

geometrical meaning: if a is the equatorial radius of the given reference ellip

soid, then (5-63)
as — & + No v

is the equatorial radius of an ellipsoid whose normal potential U0 is equal to

the actual potential Wo of the geoid, and which encloses the same mass as tha

“
the

"X the flattening / remaining the same If the assumed reference

ellipsoid has been chosen so that it has the same value o

C - A
Ma2

as the earth, this quantity now being known accurately

f”XXefflpS?
(see Chap. 9), then aE will be the semimajor axis of the mean earth elhpsoi ,

SC

By^he^gravimetric method we can determine only the second term on the

rigM-hand side of the above formula, that is, the Stokes integral; to detenmne

Jwe need to use the astrogeodetic method with at least one measured distance

m pr“t“ has already been described in Sec. 2-19; we shall now approach

'XrprXemmay'be formulated concisely in the following way. The gravr

mJtXgeoX assLed to be known all over the earth; it ts tn an absolute

position, but since N, is not known, its scale is indetemmate The astrogeod

oeoid is known over part of the earth; it is in a relative position defined by the

focal geodetic datum! but its scale is correctly known. What we have to do is

to fit both geoids together, thus (1) determining the scale of the gravimetric

geoid and (2) transforming the

system.

Suppose that the same refe;

[If not, we can first transfora

of the gravimetric reference e

S£i = 8rn = SNi = 0.] We denoi

absolute gravimetric datum by

geodetic datum by -q Then

for both systems, we have Sa =

the first two equations of (5-59)

£ = £' + (cos fa cos 4> + sin fa s

rj = + sin fa sin AX 5gi + cos

If 5£], Srji, SNi at the initial poi:

pute the deflections i- and tj in

and compare them with the co

directly by the Vening Meinesz

same result. Denoting the transfi

and the direct gravimetric deflec

In practice, 5|i and Siji can be

= ff

but 8Ni cannot be determined b

because of inaccuracies in measu

nonzero residuals £
a — '£° and tj

reasonable to treat and Siji

them in such a way that the sum

ical stations is a minimum:

This can be done by the usual ]

as unknowns and equations (5-(

As regards the parameters re

and oiji help to determine the

1 The simple condition (5-65) is no

ment computations, because different

are not taken into account. For an in



5-10. Determination of the Size of the Earth 21

1

(5-61)

his solves our problem.

reference ellipsoid whose center

ren the geoidal undulations are

S(f) da, (5-62)

h is reduced to the problem of

have seen, N0 has an immediate

lius of the given* reference ellip-

(5-63)

normal potential U0 is equal to

i encloses the same mass as that

;ame. If the assumed reference

le value of

curately from artificial satellites

xis of the mean earth ellipsoid

;

te only the second term on the

le Stokes integral; to determine

i at least one measured distance,

c. 2-19; we shall now approach

i the following way. The gravi-

the earth; it is in an absolute

ideterminate. The astrogeodetic

relative position defined by the

known. What we have to do is

og the scale of the gravimetric

geoid and (2) transforming the local astrogeodetic datum to the world geodetic

Y
Suppose that the same reference ellipsoid (a,/) is used m both systems,

rif not, we can first transform the astrogeodetic system to the parameters

of the ’gravimetric reference ellipsoid by means of formulas (5-59), setting

gt _ g = gjVi = 0.] We denote the deflection components with respect to the

absolute gravimetric datum by {, v and those with respect to the local astro-

geodetic datum by f. Then, because the same reference ellipsoid is used

for both systems, we have 8a = 8f
— 0, and with

= £ - S', 5v = v - v'

the first two equations of (5-59) yield

£ = £'-[- (cos <f> i
cos <j> + sin <j>i sin 4> cos AX) — sin <j> sin AX 5m

, - (sin <}>i cos <f>
- cos sin <f>

cos AX) (5-64)

r, = f + sin 4>i sin AX Sf + cos AX 8m + cos </>i sm AX— >

If Sf, 8m, 8Ni at the initial point are assumed to be known, then we can com-

pute the deflections £ and n in the world system by means of these formulas

and compare them with the corresponding gravimetric deflections, obtained

directly by the Vening Meinesz formula. Theoretically, we should obtain the

same result. Denoting the transformed astrogeodetic deflections (5-64) by v
a

and the direct gravimetric deflections by v
a

,
we thus should have

£a _ = r)°.

In practice, 5?i and 8m can be directly computed for the initial point by

S& = £? - 8Vi
= 171 - vu

but 8Ni cannot be determined because N0 is not at first known. Furthermore,

because of inaccuracies in measurement and computation, there would be smal

nonzero residuals f - ? and even if No were known. tt is therrfore

reasonable to treat 8f and 8m as unknown, as well as Nu and to deter™"e

them in such a way that the sum of the squares of these residuals at all astronom-

ical stations is a minimum:

^2 [(£“ — ij
9
)
2 + (v

a -
’J
5
)
2
]
= Minimum. (5-65)

I- This can be done by the usual least-squares adjustment, with i, 8m ,
and 5N,

as unknowns and equations (5-64) as the observation equations. 1

As regards the parameters resulting from the adjustment, the quantities

and 8m help to determine the absolute position of the astrogeodetic system.

are not taken into account. For an improved method see Kaula (1959).
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Since the sum (5-65) is extended over many astronomical stations, and SVl
from the adjustment will be much more accurate than if they were computed
from the gravimetric deflections and q'{ at the fundamental point I\ only,
as indicated above.

Of greatest interest, however, is the quantity

m1 = Nr~N'u (5-66)

N
'i is the astrogeodetic geoidal height at the initial point, and like and v [ it

has been assumed beforehand to define the local geodetic datum (a, /; q[, N[).
The quantity Nx is expressed by the generalized Stokes formula (5-62), which
contains the constant No as an unknown parameter. But now, since SNi has
been found, it is possible to determine this parameter by

M + 5N - Ag S(ip) da,

as equations (5-62) and (5-66) show.
The parameter 8N\ thus serves two different purposes. It determines the scale

of the global gravimetric geoid; and, together with Sfc and SVl , it is needed for
transforming the local astrogeodetic datum to the global system.

If the flattening of the given reference ellipsoid is in agreement with the
coefficient J2 of the actual earth, then the “equatorial radius of the earth” is

computed by adding No, obtained from (5-67), to the semimajor axis of the given
ellipsoid according to (5-63).

If astrogeodetic geoidal heights N' have been determined at suitable points,
it is also possible to express TV as a function of 5£i, Srji, SNi by using the third
equation of (5-59),

TV = TV' - (cos fa sin <j> - sin fa cos
<f> cos AX)a 5& — cos 4> sin AX a SVl

+ (sin fa sin <j> + cos fa cos <j> cos AX) <5Ah, (5-68)

and to determine 5£i, 8qh SNi from the condition

^2(Na — Ne
)
2 = Minimum, (5-69)

where Na are the transformed astrogeodetic geoidal heights (5-68) and N° are
those obtained gravimetricaily by means of the extended Stokes formula (5-62).
The analogy between these equations and (5-64) and (5-65) is obvious.

Actual determinations of the equatorial radius of the earth were made in
this way, for example, by Ledersteger (1951) and Fischer (1959).

An alternative approach. We have seen in the preceding section that we may
define a geodetic coordinate system or a reference datum in two alternative
ways: either by

(a,f;x0,yo,z0)
or by

/i Vh Ah).

In the first case the position of the :

ordinates x0, y0, zn of its center wit]

second case, by the assumed geodeti

point, or by the equivalent quantitie

The second definition is the more <

used it so far in this section. The firs

to our problem that is in some r<

pp. 113-117).

We have found, in Sec. 2-18, tha

with respect to the earth’s center :

adding a first-degree spherical har:

formula (5-62). An astrogeodetic dt

a geocentric system to which (5-62)
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where
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by Sx0, 8y0, 8zo and 8 by 90° —
<j>.

Since the deflection components ,

we have
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the resulting equations by — l/R w

£' = £ + -£
(5v0 sin <j> co

V + (ox<j sin X

where q are the astrogeodetic dc

as obtained by Vening Meinesz’ fo:

Equations (5-70) and (5-72) are 1

and the shift parameters ox
{), 8y0 ,

and undulations, £', q ,
N'\ and the
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tronomical stations, and
ite than if they were computed
:he fundamental point Pt only,

(5-66)

itial point, and like and fi it

geodetic datum (a,/; & v{, Ni).

d Stokes formula (5-62), which
meter. But now, since SNi has

imeter by

Ag S(f) ch, (5-67)

imposes. It determines the scale

yith §£x and Srjh it is needed for

he global system.

)Soid is in agreement with the

uatorial radius of the earth” is

) the semimajor axis of the given

i determined at suitable points,

f 5£x, 6-rji, oN^ by using the third

S£i — cos <j> sin AX a Siji

cos <f)i cos 4> cos AX) SNi, (5-68)

n

-imum, (5-69)

oidal heights (5-68) and N° are

extended Stokes formula (5-62).

I and (5-65) is obvious.

ius of the earth were made in

d Fischer (1959),

i preceding section that we may
ence datum in two alternative

In the first case the position of the reference ellipsoid is determined by the co-

ordinates Vo, jo, z0 of its center with respect to the center of the earth; in the

second case, by the assumed geodetic coordinates <f>i, Xi, h of an arbitrary initial

point, or by the equivalent quantities £i, i?i, Ni.

The second definition is the more customary of the two, and we have therefore

used it so far in this section. The first definition, however, provides an approach

to our problem that is in some respects simpler (Molodenskii et al., 1962,

pp. 113-117).

We have found, in Sec. 2-18, that a parallel shift of the reference ellipsoid

with respect to the earth’s center is expressed in the geoidal undulation by

adding a first-degree spherical harmonic (2-176b) to the generalized Stokes

formula (5-62). An astrogeodetic datum differs by precisely such a shift from

a geocentric system to which (5-62) refers. Therefore, the astrogeodetic geoidal

undulation must have the form

JV' = N + Svo cos <f>
cos X + 8yo cos 4> sin X + Szo sin <f>

= + Wo + Sxo cos <j> cos X + 8y0 cos <#> sin X + 5z0 sin cf>, (5-70)

where

Nst = j

I

Ag S(f) da (5-71)

cr

is Stokes’ integral and 8x0 ,
Sy0,

8z0 are certain constants. In agreement with

(5-61) they are the negative coordinates of the center of the ellipsoid with respect

to the center of the earth. As compared to (2-176b), we have replaced f v, f

by 5v0, 8y0,

5

z0 and 9 by 90° — <j>.

Since the deflection components are, according to (2-204), defined by

we have

\dN = 1 dN
R d<t>’

v R cos <j) d\
’

dN
d\

— ib? cos <t>.

By differentiating (5-70) with respect to <j> and X and multiplying both sides of

the resulting equations by — 1/R we get

t' = £ + 4 (&e0 sin <f>
cos X + 5y0 sin 0 sin X — 8za cos <t>),

K

f — y (5vo sin X gVo cos X),

(5-72)

where f are the astrogeodetic deflections and £, y the gravimetric deflections

as obtained by Vening Meinesz’ formula.

Equations (5-70) and (5-72) are basic for determining the scale parameter No

and the shift parameters 8xo, 8yn ,
oza . The data are: astrogeodetic deflections

and undulations, £', f, N'; and the gravimetrically computed quantities |, i?, Nst .
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Four equations of type (5-70), obtained by setting up (5-70) for four astro-
geodetic stations, are the minimum requirement for the determination of all
four parameters; three equations of type (5-72) give the shift parameters. It is
remarkable that the scale parameter A0 cannot be determined from deflections
of the vertical alone, since equations (5-72) do not contain it.

In practice many equations of types (5-70) and (5-72) will be available, one
or more for every astrogeodetic station. This calls for an adjustment. Again
we may use the minimum condition (5-65), supplemented by at least one gravi-
metric determination ofA to furnish the scale parameter Ac, or else the condition
(5-69). Then

= s' £ ij
^x° sin ^ cos ^ sin 4> sin X — 8z0 cos 0),

1

v' — V — w (<bc0 sin X
JJ

Vu-v 0 alii A — 5y0 COS X),

A“ — As = A' — Ast — 8x0 cos 0 cos X — 5yQ cos 0 sin X

Each of these expressions should ideally be equal to zero.

(5-73)

feo sin 0 — No.

The only difference between (5-64) and (5-68) on the one hand and (5-72)
and (5-70) on the other hand is the choice of parameters: 5|1; 8th, <>Ai or 8xo,
Sy0, 8z0 . Therefore, we could also have derived these equations from the for-
mulas of Sec. 5-9, using equations (5-55) with

W = £'-£,
5X cos 0 = -8t] - v

' — rj,

hh = 8N = —(A' - N),

8a = 8f= 0.

5-11. Best-fitting Ellipsoids and the Mean Earth Ellipsoid

In Sec. 2-21 we defined the mean earth ellipsoid physically as that eUipsoid of
revolution which shares with the earth the mass M, the potential W0, the differ-
ence between thejrrincipal moments of inertia k(C - A), and the angular
velocity «, where A = (A + B)/2.

It is also possible to define the mean earth ellipsoid geometrically as that
ellipsoid which approximates the geoid most closely. This definition is perhaps
more appealing to the geodesist; it may, for instance, be formulated by the
condition that the sum of the squares of the deviations N of the geoid from the
ellipsoid be a minimum

:

//
A2 da = Minimum (5-74)

(this integral is to be considered the limit of a sum). The condition of closest
approximation may also be expressed in terms of the deflections of the vertical:

5-11. Best-fitt
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im). The condition of closest

:he deflections of the vertical:

JJ (£
2 + v

2
) dor = Minimum, (5-75)

minimizing the sum of the squares of the total deflection of the vertical

e = V^2 q_ ,
;
2_

Many other similar definitions of closest approximation are possible.
The first definition is the most plausible and the most appropriate intuitively,

as has been already noted by Helmert; in principle, however, all definitions
are more or less conventional and are equivalent theoretically.
The second definition, based on the condition (5-75), uses deflections of the

vertical and is thus particularly well adapted to the astrogeodetic method.
However, since this method can be applied only over limited areas, at most
spanning the continents, the integral (5-75) must be replaced by a sum covering
the astronomical stations of a restricted region:

(?
2 + V

2
)
= Minimum. (5-75')

lln this way we can get only the best-fitting ellipsoid for the region considered,
rather than a general earth ellipsoid. As Fig. 5-11 indicates, a locally best-
fitting ellipsoid may be quite different from the mean earth ellipsoid, which
can be considered a best-fitting ellipsoid for the whole earth.

•

a good
.

aPProximatlon °f the earth ellipsoid by a local best-fitting ellipsoid
is desired, it is advisable to subtract the effect of the topography and of its
isostatic compensation from the astrogeodetic deflections of the vertical before
the minimum condition (5-75') is applied. The purpose of this procedure is to
smooth the irregularities of the geoid. In this way Hayford computed the inter-
national ellipsoid as_ ellipsoid that best fits the isostatically reduced vertical
deflections m the United States. See his papers quoted at the end of Chapter 2;^aPP (1963) made an interesting recomputation.

This method is impaired by unknown density anomalies and by the lack of
complete isostatic compensation. Therefore, it is better to go still one step

mean earth ellipsoid

FIGURE 5-11

A local best-fitting ellipsoid

and the mean earth ellip-

soid.
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FIGURE 5-12

Bruns’ polyhedron.

parameters; for each station—three coordinates and two parameters definingthe direction of the plumb line. The main observational data for this purpose

tions

,°ntal an^eS End Zenith distances
) obtained by theodolite observa-

2
' SSSSSST*' obtained

’ for instance> by electronic

3
' Tr°TC

i ?
bservati0ns 0f Iatitude and longitude to fix the direction

polyhedron
’ °f aZimUth A l° determine the orientation of the

We may use a rectangular coordinate system; then the three coordinatesto be determined will be X, Y, Z. The parameters defining the direction of die

L
ne

we^hT
niently taken

i

t0 be * and A
’—W SSSf-Slgitude. We shall now express the astronomical azimuth A, the measured

fi~:,erS

“”th diS,an“ “nd lhC dista”“ *

We introduce a local coordinate system u, v, w according to Fig 5-13 The

pSL: and t

S

he

i0n7^ the --Indies whh^plumb lme, and the u- and »-axcs point northward and eastward respectivelyen azimuth A and zenith distance d to a neighboring station Q are given by

(5-78)

u - AX-e',

v = AX-e",

w = AXn,
(5-79)

where e', e", n are the unit (

vector leading from P to Q :

In the X FZ-system we have

and, according to (2-26),

In order to express e' and e" \
onto the XF-plane having the
and A + 90°, we find at once

On expressing u, v, w in ten
inserting them into (5-78) we o

A — tan^1

~AX sin

z' = COS-1~ cos ^

Foi the sake of completeness i

tance s.

w(zenith)

(east)
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where e', e", n are the unit coordinate vectors in
vector leading from P to Q ;

the “"^system, and AX is the

* AX = XQ - XP .

In the XXZ-system we have the components

/
A;

-AX- at:
\AZ)

and, according to (2-26),

(5-80)

(5-8 la)

/cos 4 cos A\
n =

|

cos $ sin A
].

\ sin$ J

onto the T* **^ The Sections of e' and e"
and A + 90°, we find at once

^ S md and the longitudes
;

A + 180°

/-sin* cos A\ /—sin A\

V
SI

co!r
A

}
' 77 0-81b)

^-ts according to (5-79) and

^ = tan- 1 -AX sin A + AFcos A

2' = cos-1 ^jLg£lj_
C0S A + A Y cos $ sin A + AZ sin $
VAX2 + A Y2 -Pa2? ’ (5-82)

s ~ v/ax2 -)- AY2
-f- AZ2

tance

^ °f COmpleteness we have added the obvious equation for the dis-

ccording to Fig. 5-13. The
w-axis coincides with the

p-.

,,iv(zenith)

md eastward, respectively.
I n AX

ing station Q are given by

.f| Ss

Q

(5-78) 3
Jj
$
•fs / PJ>

s e*

'
•

w

I / ~~T~*
:1 A /

-u(north)

(5-79)

rv(east)

FIGURE 5-13

The local coordinate system uvw.
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HZ-

FIGURE 5-14

The unit sphere illustrating the

unit vectors n, e', e", as seen from

the east {top) and from the north

pole {bottom).

These equations express the observables azimuth, zenith distance, and linear

distance in terms of rectangular coordinates and direction parameters:

A = A(XP,
YP, ZP ; Xq, Yq, Zq ;

<J», A),

z' = z'iXp, YP,
ZP X(h Yq,

Zq \ 4>, A), (5-82')

5 = s(Xp, Yp,Zp;XQ! Yq,Zq).

The first of equations (5-82), or (5-820, serves this purpose not only for the

azimuth A, but also for horizontal angles, since every horizontal angle may be

considered as a difference of two azimuths.

Differentialformulas. Since equations (5-82) are somewhat complicated, it is

often convenient to assume suitable approximate values and to compute cor-

rections by differential formulas. The differential formula for the azimuth has

the form

SA k\ oXr -f- k-y o Yp T* kg SZp -f~ ki oXq -|- k$ SYq

4 ke 5Zq + kj SYp -f- kg SAp, (5-83)

where

h

It should be noted that <I> a

so that

Similar expressions hold for

Instead of rectangular coo:

nates <j>, X, h. The insertion (

functions of <j>P, \P,
hP ; 4>Q ,

X c

complicated as to be of litth

responding differential form

equations (5-54) with 5x0 - 5

SX = — sin
<f> cos \1

5Y — — sin (j> sin \-J

SZ = cos 4> 1

and insert them into (5-83) £

Omitting the simple but labo

SA = fli 54>p 02 S.

Sz
r — h\ 5<t>P "b bg S,

Ss ~ Ci ofp -f- C2 S.

where

RetR sin a
a\ = —=

, a2ssmz s si)

R sin (

s sm z

R cos a

[cos (<j)Q

s sin z

_ COS a COS <pQ
r .

(cos AX — sin

[sin AX 4ssmz

iti — sin a cot z, as = sin

R
hi =1 — cos z cos a, bi =

s

R

h =
s sinz

(cos 4> sin <j>Q co

(cos <j> sin AX —
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very horizontal angle may be

; somewhat complicated, it is

values and to compute cor-

formula for the azimuth has

Q

"e + k7 8<bp + kg 8Ap, (5-83)

1

m

k = id 7
3A

dXP’ ks
~3A-

so that

^ be n°ted $ and A d6fine Ae direction of the Plumb line at P,

-$ = '1>p, A = Ap.

Similar expressions hold for 8z’ and 8s.

na!eTr
d

x °T
K 2 we may also use geodetic coordi-

functions of* X 7?“, .'’“T (5 '5) int0 (5 '82) »ves A •
*’• » asunctions of &>, XP, hP \ <j>Q, xQ, hQ ; and $P, AP . These functions, however are socomplicated as to be of little use; we do better to limit ourselves to the cor-respondmg differential formulas from the outset. For this purpose we writeequations (5-54) with 8x0 = 8y0 = 8z0 = 8a = 8/ = 0 and a = R, obtaining

8X = — sin ^ cos X-R8<j>- sin X-R cos <j> 8X + cos </> cos X-8h,Y sin <j> sin X-RS<t> + cosX-R cos
<l> 8X + cos <j> sin X-8h, (5-84)

^

cos 4>.RS4>
-f- sin <j>-8h,

and insert them into (5-83) and the corresponding expressions for 8z' and 8s.mitting the simple but laborious details we merely state the result:

5A = ai 84>P + fl2 8XP + a% 8hP + a4 84>Q + a5 8XQ + a6 ShQ

+ a7 -f- ag SAP,

8z' = bx 84>p + b2 8XP + bz 8hP + Z>4 8<pQ + b$ 8XQ + bs ShQ (5-85)

3c + b7 + bg SAP,

8s = Cl 8<t>P + c2 8XP + c8 8hP + c4 8$q + c6 SXQ + c6 ShQ,where

tfi =

a4 =

u5 =

R sin a
s sin z

’

R sin a

isinz

R COS a

a2 =
R cos a
s sin z

’ as = 0,

s sin z

z
tcos (4>q — <t>) + sin rj>Q sin AX cot a],

(cos AX — sin <j> sin AX tan a),

„ _ cos a cos <£q r •

6
s sin z l-

sm AX + (sin ^ cos Ax - cos 0 tan <j>Q) tan a],s sm z

a7 = sin a cot z, as — sin
<f>
— cos a cos 4> cot z;

, R Rbl = --cosz cos a, b2 = —- COS z sin a,
j s >

1

bg — - sin z,
s

bi = R

b,=

m:

s sin z

R
s sin z

(5-86

(cos <j> sin 4>q cos AX — sin <p cos <j>Q — cos z sin zQ cos aQ),

(cos
<f> sin AX — cos z sin zQ sin aQ),
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'v
l

bn =
; (

cos 2 cos 2Q + sin 0 sin
<f>c + cos <*> cos <f>g cos AX),

<3 bill A

bi = —cos a, Z>8 = —cos
<t>

sin a;

Ci = — R sin z cos a, c2 = —R sin z sin a, c3 = —cos z,

C4 — i? sin zq cos ag, C5 = —R sin zq sin <xq
, c$ = —cos zq.

Here we have used the abbreviation

AX — Xg — X/>

and have omitted the subscript P in quantities referred to point P; aQ and zQ
are azimuth and zenith distance to P measured in Q.
A complete derivation can be found in Wolf (1963b). It may be mentioned

that by following the method outlined above we end up with expressions for
the coefficients (5-86) that partly contain the astronomic coordinates $, A, and
partly the geodetic coordinates

<f>, X. The former arise from the differentiation

ol (5-82); the latter enter through (5-84). For the sake of consistency we have
in (5-86) used the geodetic quantities only, since in these small coefficients we
may replace $, A by <f>, X without losing accuracy.

However, the fundamental conceptual difference between the astronomic and
the geodetic latitude and longitude should be carefully noted. The astronomical
coordinates” $ and A enter as direction parameters, defining the direction of

the plumb line [compare equations (5-82)], whereas their geodetic counterparts
4> and X, together with h, enter as true point coordinates essentially equivalent
to X, Y, Z. This is also the reason why the equation for 5s docs not contain 54>

and 5A, for the spatial distance s does not depend on the direction of the plumb
line.

“Three-dimensional” and “classical” geodesy. The formulas developed so far

contain the main principles of three-dimensional geodesy. The computation is

as follows. Preliminary values of <j>, X, h are obtained, for instance, by using
the corresponding natural coordinates:

r =
X° = A,

h° = H.

(If available, <#>° and X° may preferably be taken as the geodetic coordinates
computed on a local datum.) These preliminary coordinates 0°, X°, h° are con-
verted into rectangular coordinates Z°, T°, Z° according to equations (5-5).

Then azimuths A 0
,
zenith distances z°, and linear distances s° are computed

from these preliminary coordinates by means of (5-82), as far as needed to
compare them with the observed values of A, z'

,
and s, or with measured hori-

zontal angles, which are azimuth differences. Each difference

5A = A — A 0
,

8z' = z' — z°, 5s = s — s°

will furnish one equation of type (5-85). A sufficient number of such equations

will permit the solution with

station, preferably by means
This procedure was advo

equations (5-85) without eva

gave a very detailed and ci

activity. 1

It is easy to see the relation
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will permit the solution with respect to the unknowns 8<j>, oX, oh, 5$, 5A for each

station, preferably by means of a least-squares adjustment.

This procedure was advocated by Bruns (1878), who stated the form of

equations (5-85) without evaluating the coefficients, and by Hotine (1959), who

gave a very detailed and complete exposition and initiated extensive recent

activity. 1

It is easy to see the relation between this procedure and the methods described

earlier in this chapter. Let us first specialize the first two equations (5-85) for

the case

5<f>
= 5\ = Sh = 0

for both points P and Q, and

» = *-*=.*,
(5_g7)

SA — A — X = t] sec 4>.

This means that without changing the ellipsoidal coordinates <j>, X, h as such

we make the transition from the ellipsoidal normal, for which </>, X are the direc-

tion parameters, to the actual plupib line defined by i>, A.

For this special case we shall evidently have

SA — A — a,

Sz' = z' — z,

corresponding to the transition from the ellipsoidal azimuth a and zenith dis-

tance z (referred to the ellipsoidal normal) to the observed azimuth A and

zenith distance z' (referred to the actual plumb line). With these substitutions

we obtain from (5-85) <

a — A ail, a&i] sec ff>,

(5-88)
z = z' — bit — bit) sec <£,

and with the coefficients (5-86),

a = A — t sin a cot z — ?;(tan <l>
— cos a cot z)

= A — t) tan <f> (£ sin a y cos a) cot z; (5-88')

z — z' + £ cos a + y sin a.

Thus we have again arrived at equations (5-13) and (5-20) for the reduction

to the ellipsoid, but in a quite different way.

After this specialization we shall return to the general case of equations

(5-85). We write the first two equations (5-85) in the form

SA — a? S$ — as SA = «i 8<t>p + a2 S\p + 03 Shp + 04 84>q + °i> ^

Q

+ a*

Sz' — bi 5$ — bs SA = b\ S<j>p + (>2 5Xp + b% Shp -+- bn 8<j>Q + bs S\q + b$ SHq.

If we again define 5$ and 5A by (5-87), then the left-hand sides become

SA — — any sec 4> — 5(A — a7t
— agy sec <j>) = 5a,

Sz' — bit, — bgq sec <j> = S(/ — ht ~ bsy sec <f>)
= Sz.

1 For simple computational formulas see Hirvonen (1964).

= — cosz,
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it number of such equations

3 (j> cos 4>q cos AX),
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This means that these left-hand sides are now the changes in ellipsoidal

azimuth a and zenith distance z due to a variation of the geodetic coordinates.

In other words, we are left with the purely ellipsoidal equations

Sa — fli 54>p + «2 5\p + o.% Slip + <Xs S4>q + a$ S\q -f- a6 SHq,

Sz — biS(j)p + bi 8\p + bz Shp + bi Scj>Q + bf, SKq + b$ 8Iiq.

Thus the “classical” method of reduction to the ellipsoid and computation

by means of ellipsoidal quantities is seen to be formally equivalent to the “three-

dimensional” method as expressed in the original equations (5-85). Both meth-

ods, if applied correctly, must give the same result (Levallois, 1963).

Since the deflection components f and »/, which are needed for a reduction

to the ellipsoid, already presuppose good values of the geodetic coordinates 4>

and X, which can only be computed after this reduction, we are again led to an

iterative procedure quite analogous to that outlined in Sec. 5-7. The principal

difference is that in the astrogeodetic method the geoidal heights N are deter-

mined by an integration of the deflections of the vertical, as described in Sec. 5-7,

whereas in the Bruns-Hotine method they are obtained through the use of

zenith distances, as differences between triangulated and orthometric heights;

see Sec. 4-7, equation (4-58). The astrogeodetic determination of N is usually

preferred in practice because the measured zenith distances are strongly affected

by unknown anomalies of atmospheric refraction.

It goes without saying that the spatial triangulation of Bruns and Hotine

and the conventional astrogeodetic method are equivalent also in that they

alone are not sufficient to determine the position of the local datums with

respect to the center of mass of the earth.

Another aspect of the application of zenith distances, their use for deter-

mining deflections of the vertical as outlined in Secs. 4-7 and 5-8, is of course

also implicitly contained in the second of equations (5-85).
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6
Gravity Field Outside the Earth

6-1. Introduction

The practical interest in the gravity field outside the earth is of a comparatively

recent date. The two main purposes of such studies are (1) the evaluation of

the effect of gravitational irregularities on motion in the earth’s field, and (2) the

application of gravity measurements made with airborne instruments.

For computational reasons it is again convenient to split the gravity potential

W and the gravity vector

g = grad W (6-1)

into a normal potential U and a normal gravity vector

y = grad U, (6-2)

and the disturbing potential T — W — U and the gravity disturbance vector

8 = grad T = g — y, (6-3)

The normal gravity field is usually taken to be the gravity field of a suitable

equipotential ellipsoid. This permits closed formulas and offers other advantages

of mathematical simplicity; see Sec. 2-12.

Thus U and y are computed first, and W and g are then obtained by

W=U + T, (6-4)

g = y + 8. (6-5)

For some purposes we need the vector of gravitation, grad V (pure attraction

without centrifugal force) rather than the vector of gravity. The gravitational
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vector is computed from the gravity vector by subtracting the vector of centrif-

ugal force:

grad V — g — grad $ = g

the notations of Sec. 2-1 being used. The rectangular coordinate system x, y, z

will be applied in this chapter in the usual sense: it is geocentric, the x- and

j-axes lying in the equatorial plane with Greenwich longitudes 0° and 90° East,

respectively, and the z-axis being the rotation axis of the earth.

The sign of the components of g, y, 8, etc. will always be chosen so that they

are positive in the direction of increasing coordinates.

6-2. Normal Gravity—Closed Formulas

The gravity field of an equipotential ellipsoid is best expressed in terms of

ellipsoidal coordinates u, 0, X, introduced in Secs. 1-19 and 2-7. They are related

to rectangular coordinates x, y, z by

x — Vu2 + E2 cos j8 cos X,

y = V

u

2 + E2 cos 0 sin X, (6-7)

z — u sin 13.

If x, y, z are given, then u, /3, X can be computed by closed formulas. First we find

x2
.
yi =

(U
2 -|_ £2

) cos
2
0, z2 = u2 sin2

/?.

On eliminating /3 between these two equations we obtain a quadratic equation

for u2
,
whose solution is

u2 = (.

x

2 + y
2 + z2 - E2

)
i +

1 / 4E272 1

2 V 1 +
(x 1 + y

2 + z2 - E'f J
' (6"8a)

Then 0 is given by

zVn 2
-f- El

(6-8b)

and for X we simply have

y
tan X = -•

The ellipsoidal coordinates now being known, the normal potential U is

given by (2-62):

U=~ tan- 1 - + \ w2a2 q- ( sin2 0 - J- 1 + i co
2(w2 + £2

) cos
2
0. (6-9)

h u l qo \ 5 J L

The components of y along the coordinate lines are, by (2-65) and (2-66),

1 dU 1 T kM
,

co
2a2E q' ( 1 . 1\ , ,

„~\

wdu w \_u2 + E2 u2 + E2
q0 \2 6/ J*lG

sin^~i)~ w%cos24

wVu2 + E2 3/3

Vm2
-f E2 cos/3 dX

To get the components of -

du Vu2 + E2

^u2 + E1 sin (3 cos

On introducing the componei

we obtain

cos j3 cos X -

1 . . 1— sin 3 cos X yx \

w w

W v u2
-f- JS2

vVu2 + E2

^ sin
I

s
w
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/a>2x\

~
{
a^Y (6-6)
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ich longitudes 0° and 90° East,

is of the earth.

[ always be chosen so that they
iates.

is best expressed in terms of
1-19 and 2-7. They are related

»s X,

1 x
> (6-7)

closed formulas. First we find

= u~ sin2
ft

i obtain a quadratic equation

4E2z2 1
2 + y2 + z2 — E2

)
2\

(6-8 b)

(6-8c)

the normal potential U is

- ^
co

2(u2 + E2
) cos

2
ft (6-9)

'e, by (2-65) and (2-66),

- — 6)
2W cos2

/?

J,

73 =
dU

wVu2 + E2 d/3

1

= -- ( 7===== q- + CO
2VM2 + E*) sin p cos ft (6-10)w\ Vu2 + E2 qo - /

g-0.”

yx
Vw2 + £2 C0S|g dX

To get the components of y in the xyz-system, we compute

dU _ dU dx dll dy . dU dz

du dx du dy du dz dll
6

he partial derivatives of x, y, z with respect to u, (3, X are obtained by differ-

entiating equations (6-7); we find

dU _ u

du
~
v> + E2

dU

COS P COS X -r- +
u . . .du . . 'au

t
.-=:=== cos p sm X— + sm p—

>

to \V + F2 dy ^ dz

•VjTT ________
Vm2 -j- £2 sin ftcos X — Vn2 + £2 sin p sin X~ + u cos p

dp dx dy

= —vV _|_ £2 cos /3 sin X^ + Vw2 + -E2 cos p cos X
ax dx dy

On introducing the components

dU

dU

7*
l_d£7

W du

we obtain

7u
wN'u2 + E-

1

cos p cos X 7* + ' "77"
2 I F2

cos 0 sin X 7, + - sin p y„wV u2 + £2 w

73 = sm <3 cos X yxw
— sin p sin \yv -\ 7w wV M* + E2

COS p y„ (6
- 11 )

7x = —sin X yx +cos X yv.

These are the formulas of an orthogonal rectangular coordinate transformation.

It is well known that the inverse transformation is obtained by simply inter-

changing the rows and columns in the matrix of this equation system. Thus

we obtain

tl 1

yx = —7—— - cos p cos X yu sin p cos X 73 — sin X 7%
h>Vk! + E1 w

yy — — cos p sin X yu — — sin p sin X 73 + cos X 7*, (6-12)
wV u2 + E2 w

yz = - sin p 7mw Vu2 + E1
COS P 73.

This follows from the definition of these coefficients as direction cosines; equa-

tions (6-12) may also be found by solving the linear equations (6-11) with respect

to yx, 7„, 7, in some other way.

6-2. Normal Gravity—Closed Formulas
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The formulas of the present section are completely rigorous. It is possible

to expand them into series; more convenient, however, are series expansions

in spherical coordinates, which will be considered in the next section.

In xyz-components this equatk

6-3. Normal Gravity—Series Expansions

In this section we shall use ordinary spherical coordinates r (radius vector),

$ (geocentric latitude), and X (longitude):

r = Vx 2 -j- y
2 + z2

,

z
$
— tan-1 V

x

i +

,

(6-13)

X = tan
" 1 -•

x

According to Sec. 2-9, the potential of normal gravitation V may be written

in the form

kM - E (zf ^n(sm^)
71=1 ' r/

The potential of normal gravity U is then given by

V = V +
where $ is the centrifugal potential. By (2-92), the coefficients J2n are

J2n ~ (- 1)"+1

(2„ + 1)(2n + 3) ^ ' •"* ME2

The components of y along the coordinate lines are defined by

dU 1 dU 1 dU
7r = __

(6-14)

(6-15)

(6-16)

(6-17)
r 60

' ,A
r cos $ dX

These components closely correspond to the components (6-10), because for

£ = 0 we have u = r, p = $,w = 1. Thus the rectangular components yx, yv, y2

are obtained from (6-12) directly by setting E = 0:

yx = cos 4> cos X 7 r — sin <j> cos X 7$ — sin X y\,

yy = cos 4> sin X yr — sin <£ sin X 75 + cos X y\, (6-18)

7* = sin $ 7r + cos $ 7$.
J

These equations also hold when 71 5^ 0, but as a matter of fact we have 7x = 0

in our case.

It is convenient first to compute the components of the vector of normal

gravitation,
r = grad V, (6-19)

and then to calculate 7 by adding the centrifugal force:

7 = T + grad T. (6-20)

The vector r also has consic

the effect of the normal gravitr

The components of T along

given by

r _dV
— n..

’

It is easily seen that equation (6

the corresponding compone

The components (6-21) are o'

and 4>. After elementary manip

kM

These equations are suitable, fc

verge very rapidly, it is often s

A slight modification is obta

that

easily obtain

r, = -G +

r? = -E <

n = X

formulas may be used ii

A more explicit form that is

expressing the P2n and dP2„,
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COS $ dX
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hangular components yx, y„, yz
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y$ - sin X yx,
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matter of fact we have = 0

ents of the vector of normal
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force:
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1

In xyz-components this equation reads

yz — r* + w2x,

7» = r„ + C0
2
y, (6-200

72 = IV y

The vector r also has considerable interest of its own, because it represents

the effect of the normal gravitational attraction of the earth on a satellite.

The components of r along the coordinate lines are, in analogy to (6-17),

given by \
'

1 * r d$
T = = o. (6-21)

dr
* <p rd$ r cos dX

It is easily seen that equation (6-18) also holds if we replace all components of y

by the corresponding components of r.

The components (6-21) are obtained by differentiating (6-14) with respect to r

and After elementary manipulations we thus find

r r = fl - E (2n + 1)/2» (^V^sin </>)

r L n— 1 \ r/

Ts
_kM

r2

dPin

dij>

(6
-22)

These equations are suitable for numerical calculations. Since these series con-

verge very rapidly, it is often sufficient to consider terms up to /4 only.

A slight modification is obtained by introducing

G = M, G.-m (6-23)

so that

Setting

we easily obtain

(6-24)

V = r [g — E C2„Gn+1PUsin 0) ,

L n — 1
J

Tr
= -G + X) (2» + l)C2„G"+1?2r.(sin <j5), (6-25)

72 — 1

T5 = “E C2"G"+1 dPin
d(j>

rhese formulas may be used instead of (6-14) and (6-22).

A more explicit form that is directly suited for hand calculations is obtained

>y expressing the P->n and dPin/d4> in powers of cos 2<i>.
Substituting



232 Gravity field Outside the Earth

t
2 = sin2 0 = ^ ^

cos 20

into (1-58) we find

P2 = \-\cos 24>, Pt= cos + | cos2 2,?.

These equations are easily differentiated with respect to <f>,
yielding dP2„/d<j>.

On insertion into (6-25) we get, retaining terms up to n = 2 only,

V = r C-i
i C,G2 + J

C2G2 cos 20

+ g QG3 + ^ C4G 3 cos 20 - | C4G3 cos2

20^

T, = -G + l
C2G2 - ? C2G2 cos 20

% C4G3 - § C4(P cos 20 +^ C4G3 cos2
20,

32 1.0 ^

r? = sin 0 cos 0 (-3 C2G2 -
^
C4G 3 + ~ C4G3 cos 20j-

With the numerical values of the international ellipsoid (Sec. 2-11), formulas

(6-23) and (6-26) become

3986 3290.45
(/ always in kilometers) (6-27)

V = r(1000G - 0.2786G2 + 0.8359G 2 cos 20
- 0.0010G3 - 0.0008G3 cos 20 + 0.0028G3 cos2

20),

T, = - 1000G + 0.8359G 2 - 2.5077G2 cos 20 (6-28)

+ 0.005 1G 3 + 0.0039G3 cos 20 - 0.01 38G 3 cos2 20,

= sin 0 cos 0 (— 3.3436G2 + 0.003 lG3 - 0.0220G3 cos 20).

These expressions give V in geopotential units (1 g.p.u. = 1000 gal-meters)

and TV and r* in gals, to an accuracy of 1 mgal. 1

After the computation of r r and I>„ l\ being zero, the rectangular components

r„ r„, r z are obtained by means of (6-18), where the components of y are to

be replaced by those of F. If the components of y are needed, they may be

computed from (6-20').

1 Series expansions of higher order will be found in Hirvonen and Moritz (1963, p. 12)

We have in (6-28) adopted the general notations of this paper, but the derivation is different.

It should be noted that Hirvonen defines IV and with opposite sign and that he denotes the

geocentric latitude by 0. ,

6-4. Gravity Disturbances—Din

It is convenient to start with the

vector 6, equation (6-3), in the

the preceding section. In analog

°r = TT* 5
<

The disturbing potential T may

at the earth’s surface by the for:

where S(r, 0) is the extended St'

c . 2R R - Rl
S(r, W = y + y t 3

According to (6-29), we must

Here we note that the integral c

only through the function S(r,

differentiation, we have

R

The point P at which 6 is to be

responding coordinates of the

denoted by 0', X'. Then da will

and 0, the angular distance bet

0 = cos-1 [sin 0

We have

dS(r, 0) = d§(

30 c

1 For comparison, we note that

sm = s$, fir = h are used.



- cos 20 + ^2
c°s2 20-

respect to 0, yielding dP2n/d$.
up to n = 2 only,

20 — ^ C4G8 cos2
20^>

(6-26)

175
20 + C4G» cos2 20, .

* cos 20^-

l ellipsoid (Sec. 2-11), formulas

in kilometers)
, (6-27)

? + 0.0028G3 cos2
20),

(6-28)

b - 0.0138G3 cos2
20,

20C?3 cos 20).

(1 g.p.u. = 1000 gal-meters)

K

o, the rectangular components
e the components of y are to

f y are needed, they may be

'irvonen and Moritz (1963, p. 12)
per, but the derivation is different,

posite sign and that he denotes the

6-4, Gravity Disturbances—Direct Method

It is convenient to start with the components Sr, 8$, S\ of the gravity disturbance

vector 6, equation (6-3), in the spherical coordinates r, 0, X that were used in

the preceding section. In analogy to (6-17) we have 1

1 dTdT 1 dT =
dr ’ r 50’ x

r cos 0 dX
(6-29)

The disturbing potential T may be expressed in terms of the free-air anomalies

at the earth’s surface by the formula of Pizzetti, equations (2-161) and (2-162),

Tp = T(r, 0, X) =
R
4ir

Ag S(r, 0) da. (6-30)

where Sir, 0) is the extended Stokes function,

2R ,R_,RI R2

l
+

r >2 '

and

S(r, 0) + t~3
r — R cos 0 +

-j. (6-

/ = V

r

2 + R2 - 2Rr cos 0r (6-32)

According to (6-29), we must differentiate (6-30) with respect to r, 0, and X.

Here we note that the integral on the right-hand side of (6-30) depends on r, 0, X

only through the function S(r, 0). Thus, Ag being constant with respect to the

differentiation, we have

R

8x —

A
3S(r, 0)+Ag ~ da.

dr

dS(r, 0)

50
(6-33)

5x =
4-irr cos (

„
dS(r, 0) ,

The point P at which 6 is to be computed has the coordinates 0, X ;
let the cor-

responding coordinates of the variable point P', to which Ag and dcr refer, be

denoted by 0', X'. Then da will be expressed by

da = cos 0' d<j>' dX'

and 0, the angular distance between P and P'

,

becomes

0 = cos-1 [sin 0 sin 0'. + cos 0 cos 0' cos (X' — X)].

We have

dS(r, 0) dSjr, 0) 50 dS(r, 0) __ dS(r, 0) 50

50 50 50 5X 50 5X

(6-34)

(6-35)

(6-36)

1 For comparison, we note that in Hirvonen and Moritz (1963) the notations S„ = —Sr,

sm = aj, S( = Sx are used,

cos 20



see Sec. 2-15 and Fig. 2-15.

The deflection of the vertical,

from the normal plumb line at

west components,

| these equations correspond to

J and is independent of longitude

:
dNp = d_ /Tp\

| d$\ya)
and

Comparison of (6-29) and (6-48)

We see that NP, ip, rjP are giv

the factor ±l/yQ . Hence these

Vening Meinesz’ formulas for

formulas for r = R, t = 1.

Writing equations (6-49) in tb

Then the extended Stokes fun
become

S(r, VO =
/ [|+ 1 -3D-

dS(r, p) _ PI - 4
dr R L D 3 + D

t COS ip

dS(r,M
ap

= —

t

2 sin<A(~ +

These expressions are used in (i

The separation NP of the geo

corresponding spheropotential

;

given by

234

Now we recall the corresponding derivations of Sec. 2-22, leading to Vening

Meinesz’ formula. As a spherical approximation, which is sufficient for T, 8,

etc., we may identify the geocentric latitude
<f>
with the geographical latitude p.

Thus equations (6-36) and (2-206) are completely analogous, and (2-209) may
be borrowed from Sec. 2-22:

•\
f 'j

*

-r^ = —cos a, -r- = — cos $ sin a. (6-37)

The azimuth a is given by formula (2-212):

cos 4>' sin (X' — X)
tan a = —r-. - y-

T> / .. , .

—-r-
cos <j> sm <t>

— sm p cos p cos (X — X)

By means of (6-36) and (6-37), equations (6-33) become

‘-iff (6-39a)

8* = ff Ag
dS

i’,^ cos a da,

A
dS(r, p) . ,Ag ,

- - Sin a da.
dip

(6-39b)

Now we shall form the derivatives of the extended Stokes function (6-31)

with respect to r and p. By differentiating (6-32) we get

dl r — R cos ip dl Rr .
, ,, ...

T,~ 7— 5T T sm# - ((”40)

By means of these auxiliary relations we find

dS R(F - R-) 4R R 6RI
fC AW

= sin V'
-

+ fW(,3 + 61

2R?r _ 6R* 8K2

/3 ;/ fi

3i?2 (r — R cos ip — l
,

r — R cos ^ + A
.

1

;-2 V / sin2 ip
1

2r /J

Somewhat more convenient expressions are obtained by substituting

D = - = v l — 2t cosp + r
2

.

Gravity Field Outside the Earth



(6-46a)
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Then the extended Stokes function (6-31) and its derivatives (6-41) and (6-42)

become

ro /_ . 1 — t cos 4/ +
“
1

t
-i + 1 - 3D - t cos p (^5 + 3 In •

—

p n_ J! + 4 + i_<sc
D 3 D

— t cos ^ ^
1 3 + 6 In

1 — t cos \p + jA

= — t
2 sin i

1 — ? cos \p
— D (6-46b)

A sin 2 ip

These expressions are used in (6-30) and (6-39) to compute T and 8.

The separation NP of the geopotential surface through P, W = WP ,
and the

corresponding spheropotential surface 1/ = Wp is according to Bruns theorem

given by
Tp. (6-47)

see Sec. 2-15 and Fig. 2-15.

The deflection of the vertical, which is the deviation of the actual plumb line

from the normal plumb line at P, is represented by its north-south and east-

west components,

t = (6-48)*F
r d<f>

1)1
rcos<f> d\

.

these equations correspond to (2-204). Since y varies -very little with latitude

and is independent of longitude, we have

dNP _ d_ ITA = 1 9TP _
TP dyQ ^ 1 8Tp

~~ d$\yq) yci d$ y% d<j> ya

(6-49)

dNP 1 dTp !

d\ yo d\

Comparison of (6-29) and (6-48) shows that

We see that NP, &>, yP are given by equations (6-30) and (6-39b), apart from

the factor ±l/yq- Hence these equations are the extensions of Stokes’ and

Vening Meinesz’ formulas for points outside the earth and reduce to these

formulas for r = R, t — 1.

Writing equations (6-49) in the form

5$ = -yZ, h = -7V, (
6‘49 ^

cos 4> sin a. (6-37)

s S' cos (X' — X)

33) become

(6-38)

(6-39a)

')
COS a da,

sin a da.

extended Stokes function (6-31)

) we get

ysin^. (6-40)

(6-41)

jR cos \p + A
2r

(6-42)

itained by substituting

(6-43)

+ f-. - ' (6-44)

is of Sec. 2-22, leading to Vening

don, which is sufficient for T, 8,

with the geographical latitude </>.

:tely analogous, and (2-209) may
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— «• «he deilecion

radW component thowtt tTS * ®*«« 8- » The
vectors, since as a spherical approximation

* “ of Ihese

....
~

Sr = Ss — gp — yp, -n x

wluch is the scalar gravity disturbance; see Sec. 2-13
( ’

6-5. Gravity Disturbances-Coating Method

£ ‘ 1W, uses the fact tha,

reference ellipse, <1, without TT " COatin8
> the

theorem of potential theorv ,Ws is ri

**"* P°,e" tiaI - According to a

the total mass of the earth In the cas/oHhu a
f’° s

|

slblc ,f the Seoid encloses

very good approximation
,ie “““ ear,h *his is Possible to a

form IST"
”'h &C ' ‘-3

’ WC ***** *<“ disturbing potentitd i„ „le

(M1)

c“raf a r
“ Spheiical aPProxuuation is

density « of the coating
°0W ha,e *° de«™™ the surface

deri”,rit. 0?7t 5 <at “ leVel) the "0rmal ***» * r is the -outer

-IitJck + k

R cos \p

l3

fl(l — COS l/t)

S^sln 3 (i/r/2)

We now set

so that (6-53) may be written ;

Finally we express dT/dn in te
mental equation of physical gee

obtaining

G is mean gravity at sea level, ai

Thus the density M of the co
known.

After expressing k in terms of
(6-51) becomes

because as a spherical approxin
the same meaning as in the prece

to form the components (6-2!
entiate (6-58) in exactly the sam
ceding section. Instead of

we now have

and /j. takes the place of Ag. We

which are comparable to (6-39)
found by using (6-40), so that we



lirectly related to the deflection
on of the vectors g and y. The
ifference in magnitude of these

'p,

2-13.

(6-50)

so that (6-53) may be written as

6-5. Gravity Disturbances—-Coating Method 237

(6-54)
2tt1<:k M,

dT T
’
dn 2R-

:

(6-55)

A. by .he -fada-

Orhn, 1959) uses the fact that
rface layer, or coating, on the
nal potential. According to a
possible if the geoid encloses
'tual earth this is possible to a

he disturbing potential in the

obtaining

BT
tin

~ 2T

Ag + 3T
2R

3G

(6-56)

(6-57)

'S.
(6-51)

SZSThe
8r

dt^
t

"Vr
1

'
“d Ard“»"s geoidal undulation,

known!
Y ' “atm8 c” be c™>Pnted if both Ag and X an

(•ST5 ‘ " ,ermS °f " aCCOTdin8 (6-54>- thE potentia

i?2
I

S a spherical approximation is

lave to determine the surface

derivative of T is the “outer

T

Mt dS
2ir I

da. (6-58)

(i)
dS.

(6-52)

R cos \l/

P

n Of'/2)

dS

1

"2Rl

(6-53)

because as a spherical approximation dS — R2 da- the svmhnk n a ru
the same meaning as in the preceding section

* * ““ ' ha,!

JLTsL c0mp“nen‘s <6-29) »f ‘be gravity distnrbance s, we most differ-

ceding Lion. InsSrf
!‘m,! ‘h“ W6 ditferentiaW <«-*» in the pre-

eSC'.W
we now have

2ir l
’

and a takes the place of Ag. We find the ejpressions

S'"5 If » Hi)^
J

Si = ~
2^jj P

if, (l)
cos “ <bi

(6-59)
<r

5x =
~£?ff ^%(j) sin ada

>

found Cu^(^so°thtt
3

we
denVatIVM^ t0 ' and + are
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r — R cos 4/

E2

f I E . fcos

2rj sin

On substituting (6-43) and (6-44), equations (6-58) and (6-60) finally become

' 2*JJ D ua
’

cr

a _• £! f

f

.1 — t cost ,
r

2x JJ dT-**,
(T

^"l = Jl ff sint fcos a]
,

hJ 2ir JJ
M

Z)3 (sin a J

^

(6-62a)

(6-62b)

Again, equations (6-61) and (6-62b) together with (6-47) and (6-49) may be0 compute the separation of corresponding geopotential and spheronot'en
t.al surfaces, and the deflection of the vertical

and spheropoten-

.oih

h

:
,he 8eo,dai heish,s n *°* 8i™" < ‘"“o"

6-6. Gravity Disturbances-Upward Continuation

We apply Poisson's integral formula (1-89) to the harmonic function T:

Tr, = ff T

of“phScxheZ om ,he ,angcm p,anc inStead

w . , „

' = V?T7iS-
(6-64.)

and the y-axis pointing east in the tanged plane! "ftatm^To'S
^ = V^+^+^2

> (6-64b)
the surface element becomes -

’

,
R2 da = dx dy,

and we further have

'• = R + //,

'•2 - R2 = ('• + A)(r - R) = 2*//.

Thus (6-63) becomes the plane
i

T - H (” [°° TTr ~u s**-
This important formula is calie,
the computation of the value o)

AP-plane from the values of Tgi
tion of a harmonic function. Be
dT, dz, are harmonic, because if

CM
then we also have

il , df (dT\
dx2 \dx) + dy2 Vdx/ +

Thus the upward continuation
function, may also be applied ti

As T is the disturbing poten
of the gravity disturbance:

dT



kw

l«

1 COS \j/

JT da,

fcosal

lsin ot)
d(T ’

(6-60)

-58) and (6-60) finally become

(6-61)

' cos
\P

y,i
~ da,

(6-62a)

™ a
\da.

in aJ (6-62b)

with (6-47) and (6-49), may be
g geopotential and spheropoten-

icights TV to be given in addition

n

ie harmonic function T:

da.
(6-63)

practically coincides with its
;rand is very small at greater
Ber the tangent plane instead

(6-64a)

’’ Z
’ tile x'axis pointing north

fhen we may also write

(6-64b)
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H
2TT J _«

r rr

-to
J^dx dy == —

>
cbc </y. (6-65;

.
- — J-» (x2 -j- y 2

-f- 772)3/2
1 y

theU^
rif

Ttt\
i

iufof tt'h
continuation integral.” It permits

xy-plane from tL values of r
he ha™°mc function r at a Point above the

tion of a harmonic function Both7°
n ,*eplane

’.
tl]at 1S

> the upward continua-

dT/dz, are harmonic, becauseV P denvatlves
’ dT/d*> 9T/dy

,

d 2T d*T d 2T
dx2

"i‘
dy2 +

0.

then we also have

fm +

5

(I) +

5

(D =1 (if+g+ g) - „

:ssr fOT “y“
Of the

“S P,rtiaI deriV",,iV“ “• *te

9

dT
dx

— 5a></>,
dT
dy

dT
dz
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We are not writing 8X, 5„, S z because we wish to reserve this notation for the
components in the geocentric global coordinate system, which should not be
confused with the local system introduced in this section. Thus we have in
addition to (6-65)

00

Sr =
Srjj f

dx dy’ (6-66a)

— oo

^ = S II F
dxdy

>

„ (6-66b)

' 5x = f//t^-
— oo

On the left-hand side of these equations, the components of 6 refer to the ele-
vated point P

;

in the integral on the right-hand side, they are taken at sea level
and are to be computed from the expressions

Sr = —Sg = — ^Ag + — N
), (6-67a)

h = -(?{,

S\ — —Grj, (6-67b)

which follow from (6-49') and (6-50), applied to sea level, together with (2-15 Id).
The symbols R and G denote, as usual, a mean earth radius and a mean value
of gravity on the earth’s surface.

Hence we may compute T and 6 by means of the upward continuation
integral if the geoidal undulations N and the deflection components £ and t?

at the earth’s surface are given.

The plane approximation is sufficient except for very high altitudes (>250 km
say). Otherwise we must use the spherical formula (6-63) for T. For the radial
component Sr, equations (6-74) or (6-75) below, with or replacing Ag, may be
shown to hold. The corresponding spherical formulas for the upward continua-
tion of the horizontal components 8$ and ox are not known. The reason why
the same formula, the upward continuation integral, holds for T and the com-
ponents of S in the planar case only is that the derivatives of T are harmonic
only when referred to a cartesian coordinate system.

6-7. Additional Considerations

Reference surface. The preceding formulas for the disturbing potential T and
the gravity disturbance vector 5 are rigorously valid if the reference surface is a
sphere. In practice the gravity anomalies are referred to an ellipsoid. The above
formulas for T and 6 are also valid for an ellipsoidal reference surface if a rela-
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r ,s
' -

very careful in computing t, which enters into twl i
“ ?

°ld
’ we must be

^ US6

t

d aS

sphere. Actually/we use a reieren^ ^
r = R + H,

(6-68)

r
a suffident

Thus r as computed by f6-681 diff^fi^ ^ S C earth
’

S mean radius -

a
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,
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concerned-for instance,

E=EeB5ES=~s
:sss==s=s?ss

zfr hishes‘ accry in hi8h mds^:S5r~
(6-69)

may reduce to any other level surface IF = 1F1; for instance to that

(6~66a)
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P 6-1

R.M.S. Influence of the Zone bey>

Din

ASr

(mgal)

gration much farther than 20°
I

it is extended over the whole ea

We further see that the effec

much less in the coating metho<

is less in the coating method
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be

compute 8r not by this method 1
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method. IfH = 0, then th<

and in the coating method is st

continuation, however, this effe

puted” value at P is then idenl
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neighborhood ofP is of any re

section that it is usually suffic

continuation is used.

This is also the reason why \

the method of Sec. 6-6, but not

tances for which this approxim

As a summary, the following

is given, the direct method;

the horizontal components and

ponent of 6 and for T; if Ag, 1

throughout.

The accuracy obtainable is at
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13.5° (1500 km)
18.0° (2000 km)

20°
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W=W,
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FIGURE 6-2

Reduction to sea level and

to the level of F.

passing through F (Fig. 6-2), using h instead of h in (6-69). Then we should

also use Hh rather than H, in (6-68). For large-scale purposes, reduction to sea

level appears to be preferable.T’robably such a reduction will attain a consider-

able amount only in exceptional cases, so that it can usually be neglected, and H
in the formulas of Secs. 6-4 through 6-6 may be taken as the height of P above

sea level or above ground. For other methods of considering the topography

see Arnold (1959), Brovar (1963), Levallois (1960), and Moritz (1966).

Comparison of methods. Of all methods described in the three preceding

sections, the formulas for the direct method are the most complicated, but they

can be handled very well if the required functions have been tabulated or if the

formulas are programmed for an automatic computer. Only the gravity anom-

alies Ag are required here. If the geoidal heights N are known in addition to Ag,

then the coating method is preferable because it involves somewhat simpler

formulas. Although computation is simplest in the upward continuation method,

it requires the largest amount of data: N for T, Ag and N for 5r,
and £ and ij

for 8$ and 8\.

To get a better insight into the applicability of these three methods, we shall

consider the effect of the distant zones. Table 6-1, taken from Hirvonen and

Moritz (1963, p. 63), shows the root mean square influence A5r, A5$ = A8\ of

the zones beyond a spherical radius xp0 on 8 r, &$, and 8X . The method by which

this table was computed is essentially that to be described in Sec. 7-4. The

values in this table hold for all altitudes H from zero up to several hundred

kilometers.

We recognize that for > 20° or 30° the influence of the distant

decreases very slowly. Therefore, it seems to be impractical to extend the into
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applied in particular if the integration is extended sufficiently far. The standard
errors of all three components are approximately proportional to l/H and are
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Details on the upward continuation method will be found in the following
sec ion. As for the direct method and the coating method using standard-sized

45 ° T/T f
at th

,

C f0lk,wing sizes are considered appropriate at about
latitude. Up to a latitude difference from the computation point ofAd> = 1 5°

un to

a

Ar
Slt

4

U

?
dl?re

;l
AX = 20 USe 5 ' X 5 ' blocks

; this zone,

Z = ff ,7
“ X " 4,5

’

o

USG 20 X 2°' blocks
’ outside this z°ne, up to

blocks

12 5 d AX ~~ 5 ’ USC 1 X 10 blocks; and outside this zone, 5° X 5°

bOT P.°“ltS ^
elevations of only a few kilometers, even 5' X 5' blocks alone

y not be sufficient around the computation point, and additional considera-
tions may be necessary, such as the use of a template for the innermost region
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The details of these numerical integrations are thus somewhat intricate: the
reader may find more about them in Hirvonen and Moritz (1963).

Computation of the gravity vector. After computing the components 8n fo, Sx
y numerical integration, we may transform them into cartesian coordinates

t7
* W1* 57

pe
f

to the world coordinate system. The transformation equa-
tions are (6-18), the components of y being replaced by the corresponding
components of 6, it is easily seen that (6-18) holds for an arbitrary vector

coordinates^y

0^ C0mp0nents of the gravity vector g in spherical

gr=7r + dr, g? = y?, + S,y, gx = SX, (6-70)
where yr, yh 7x are given by the formulas of Sec. 6-3, and then apply (6-18)

gx = cos 0 cos X gr - sin 0 cos X gj - sin X gx,

gv = cos 0 sin X gr — sin 0 sin X gj + cos X gx ,

St ~ sin 0gr -)-cos0g^.

coMinfui rtfp 1S ^ C0rap0nents in ellipsoidal coordinates ac-
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to S 6'2 ' F°r he Sma quantltles b, b we may again apply the
spherical appioximation, neglecting a relative error of the order of the flatten-mg If the flattening is neglected, then the ellipsoidal coordinates u, ft X reduce
to the spherical coordinates r, 0, X, so that as a spherical approximation

K b = h'05 (6-71)
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Sx being rigorously the same in both systems. Thus ST, 8$, $x may also be con-
sidered as the components of 6 in ellipsoidal coordinates.
Then we have

gu = yu + 8r, gf> = yp + gx = 8x; (6-72)

anc* S*> gy> S* are obtained by (6-12), the components of g replacing the cor-
responding components of y. It, is evident that the spherical approximation
can only be used for 6, so that yu and yp must be computed by the rigorous
formulas (6-10).

"

.

The gravity potential W may be computed by (6-4); the gravitational poten-
tial V is obtained by subtracting the centrifugal potential a\x2 + >' 2

)/2; and
the vector of gravitation is given by (6-6).

Spherical harmonics. The anomalous potential T and its derivatives may also
be^ obtained by means of their spherical-harmonic expansions, whose co-
efficients are computed by harmonic analysis of gravity anomalies (Sec. 2-20).
Because of the slow convergence of these series, however, they can be applied
for computations at satellite elevations (around 1000 km) only. They are useful
for the computation of satellite orbits; see Secs. 9-6 through 9-8.

8-8. Gravity Anomalies Outside the Earth

Suppose gravity g is to be computed at some pointP outside the earth (Fig. 6-3)

;

we shall be concerned here only with the magnitude of the gravity vector. This
is conveniently done by adding a correction to the normal gravity y

.

From
Sec. 2-13 we recall two different kinds of such a correction, g — y.

1 . The gravity disturbance 8g, in which g and y both refer to the same point P„
2. The gravity anomaly Ag. Here g refers to P, but y refers to the correspond-

P

FIGURE 6-3

Gravity anomalies and disturb-

ancies.
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ing point Q, which is situated on the plumb line of P, and whose normal
potential U is the same as the actual potential W of P, that is, UQ = WP .

These two quantities are connected by

Ag = Sg-^NP ;

this simple form is sufficient for moderate altitudes.

The gravity disturbance is used when the spatial position of P, that is, its

geocentric rectangular coordinates x, y, z, is given, such as in the computation
of gravity along space trajectories or satellite orbits. Then one usually needs
the complete vector g, not just its magnitude g, and the computations are done
by the methods described in the preceding sections. In Sec. 2-13 we saw that
the difference in magnitude Sg is practically equal to the vertical component
of the gravity disturbance vector:

Sg = —Sr.

In this section we shall be concerned with the gravity anomaly Ag. It is used
whenever the natural coordinates (Sec. 2-4), in particular the potential W, ofP
are given. For then we can determine Q as that point whose normal potential
is equal to the given value of W; that is, we can compute the height of Q above
the, ellipsoid by an ellipsoidal formula such as (4-44), with C = Wa — W. Then
the normal gravity at Q is given, for instance, by (2-123).

At the earth’s
, surface, the potential W is determined by leveling (Sec. 4-1);

this is why gravity anomalies, and not gravity disturbances, are the basic ma-
terial of gravimetric geodesy. If the height Hi of P above ground is given, then
the potential at P may be obtained by

W = V/j — gHh (6-73)

where Wx is the potential at the ground point F below P, and g is the mean
gravity between F and P. Thus even in this case W is given rather than rec-

tangular coordinates x, y, z, and the use of gravity anomalies Ag is appropriate.
This is the case, for instance, in airborne gravity measurements, where the
height of the aircraft above ground is measured.

Formulas. The basic formula is

AgP =

where

/= V~s

Practical integration. We m
or 1° X 1°, say), suitable fc

templates.

The integral (6-76) is then r

where Agk is the mean over 1

A<j> and AX are used, then

where 4>k and h refer to the c

(2-224). For a polar templat

(2-223) also have a simple fc

(with -p replaced by 5), we ha’

Ck
H m

2lT J a = 0

on performing the integri

where h = Vsl + H2 and h -

is divided into n compartmen

jjfda, (6-74)

which differs from (2-160) in that the spherical harmonics of degrees zero and
one, which have been excluded there, are left in the present formula. By making
the usual substitutions (6-43) and (6-44) we obtain

AgP =
~ T) ff Ag

4tt JJ d 3
da. (6-75)
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and we obtain

(6-79')

where h belongs to the inner and l2 to the outer radius.

Hirvonen (1962) has made an optimal design for a template. It is constructed
so that the eri or caused by each compartment has the same root mean square
size. Table 6-2 gives Hirvonen’s coefficients. The radii si and s2 and the elevation
H are to be measured in the same unit.

Table 6-2

Hirvonen’s Template Constants

Number of

Compartments
Coefficients

0.07152

0.02767

0.01846

0.01412

0.00621

0.00433

0.00301

0.00206

0.00132

0.00089

0.01942

0.01077

0.01259

0.01572

0.00928

0.00751

0.00562

0.00400

0.00260

0.00176

//= 0.5

0.21913

0.04171

0.01496

0.00860

0.00337

0.00225

0.00153

0.00104

0.00066

0.00044

As we saw in the preceding section, upward continuation is essentially a local
problem. The main contribution to the integrals (6-76) or (6-76') comes from
the area around the computation point P, the influence of distant regions being
negligibly small. Let us consider the effect of the zone beyond a certain dis-
tance so from P (Fig. 6-4). According to (6-76'), this effect is given by

2v Ja- o (s* + Wfc- sdsda
h r °°

J a= 0 J s ~$

i

r

ds da,

because for larges we may replace / = Vs2 + H* by s. If we introduce a certain

average value dg of the gravity anomalies in the zone s > s0, then, according
to a mean value theorem of integral calculus, we may express the average value
of the effect of this zone as

which is equal to

FIGURE 6-4

The zone s > so.
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)’ (6-79')

r radius.
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has the same root mean square

e radii si and s2 and the elevation

Coefficients

0.01942

0.01077

0.01259

0.01572

0.00928

0.00751

0.00562

0.00400

0.00260

0.00176

H = 0.5

0.21913
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(6-80)

FIGURE 6-4

The zone .y > so.

From this formula we see that s0 must be roughly proportional toH ifwe wish
to get the same errors for different elevations H. For instance, if j0 = 10//,

then ? = 0.1 Ag. If Ag does not exceed 10 mgals, then e will be smaller than
1 mgal. This can often be assumed, because we may expect that the values of Ag
for the zone s> s0 tend to average out for large values of s0 . In such cases
it will be sufficient to extend the integration only asfar as 10 times the elevation.

In many respects the considerations of the preceding section are applicable
to the upward continuation of the gravity anomalies as well. Again free-air
anomalies referred to ground level or, more accurately, to some level surface,
are to be used. If the ground is elevated above sea level, but reasonably flat’

it is somewhat better to regard IJ as elevation above ground rather than above
sea level, because the ground may then be considered locally part of a level
surface.

For accuracy considerations the reader is referred to Moritz (1962).
The inverse problem, the downward continuation of gravity anomalies, occurs

in the reduction of gravity measured on board an aircraft, and also in a certain
refined solution of the geodetic boundary-value problem to be described in
Sec. 8-10. There is no closed integral formula inverse to (6-75) or (6-76), but
the problem of downward continuation may be solved by the iterative method
of Sec. 8-10.

Upward and downward continuation are also tools of geophysical explora-
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tion, but here the objective is quite different. Several methods have been de-veloped m this connection, some of which are also applicable for geodet cSTS!:p S“' «958), bSS
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7
Statistical Methods in Physical Geodesy

7-1. Introduction

The most important problems of physical geodesy are formulated and solved
in terms of integrals extended over the whole earth. An example is Stokes’

formula. Thus, in principle, we need the gravity g at every point of the earth’s

surface. As a matter of fact, even in the densest gravity net we measure g only
at relatively few points, so that we must estimate g at other points by interpola-

tion. In large parts of the oceans we have made no observations at all; these

gaps must be filled by some kind of extrapolation.

Mathematically there is no difference between interpolation and extrapola-

tion; therefore they are denoted by the same term, prediction.

Prediction (interpolation or extrapolation) cannot, of course, give exact

values; hence, the problem is to estimate the errors that are to be expected in

the gravity g or in the gravity anomaly Ag. Since Ag is further used to compute
other quantities, such as the geoidal undulation N or the deflection components

| and 77, we must also investigate the influence of the prediction errors of Ag
on N, £, 77, etc. This is called error propagation.

It is also important to know which prediction method gives highest accuracy,

either in Ag or in derived quantities N, f, 77, etc. To be able to find these “best”
prediction methods, it is obviously necessary to have solved the previous prob-
lem, to known the prediction error of Ag and its influence on the derived quan-
tities.

Another question is this. In principle, our integral formulas always involve

integrations over the whole earth. In practice, however, integrations are often
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extended only over a limited area, either because there are no gravity meas-
urements beyond this area, or because there is practically no increase in accuracy
ifwe go farther. The effect of the neglected distant zones is then to be estimated,

summarizing, we have the following problems:

1. Estimation of interpolation and extrapolation errors of Ag-
2. Estimation of the effect of these errors on derived quantities (TV, £, «, etc.)-
3. Determination of the best prediction method

;

4. Estimation of the effect of neglected distant zones.

Since we are interested in the average rather than the individual errors weare led to a statistical treatment. This will be the topic of the present chapter.

7-2. The Covariance Function

It is quite remarkable that all the problems mentioned above can be solved bymeans of only one function of one variable, without any other information.*
Ins is the covariancefunction of the gravity anomalies.
Flrst we need a measure of the average size of the gravity anomalies Ag.

it we form the average of Ag over the whole earth, we get the value zero:

M™ m
iff Agda = 0. (7-1)

The symbol M stands for the average over the whole earth (over the unit
sphere); this average is equal to the integral over the unit sphere divided by its
area 4.. The integral is zero if there is no term of degree zero in the expansion
o the. gravity anomalies Ag into spherical harmonics, that is, if a reference
ellipsoid of the same mass as the earth and of the same potential as the geoid
is used. This will be assumed throughout this chapter.2

Clearly the quantity M {Ag}, which is zero, cannot be used to characterize
^average size of the gravity anomalies. Consider then the average square

var {Ag} = M {Ag2
} iff Ag2 da. (7-2)

cr

It is called the variance of the gravity anomalies. Its square root is the root mean
square (r.m.s.) anomaly

:

r.m.s. {Ag} = Vvar {Ag} = V~M {Ag2
}. (7-3)

' We are first neglecting the correlation with elevation.
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ts square root is the root mean

/M {Ag2
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we may form new gravity anomalies
M\Ag*\ = 0 and all the following

The r.m.s. anomaly is a very useful measure of the average size of the gravity

anomalies; it is usually given in the form

r.m.s. (Ag) = ±35 mgals;

the plus and minus signs express the ambiguity of the sign of the square root

and symbolize that Ag may be either positive or negative. The r.m.s. anomaly
is very intuitive; but the variance of Ag is more convenient to handle math-
ematically and admits of an important generalization.

Instead of the average square of Ag consider the average product of the gravity

anomalies Ag Ag' at each pair of points P and P' that are at a constant distance

s apart. This average product is called the covariance of the gravity anomalies

for the distance s and is defined by

covs {Ag} = M {Ag Ag'}. (7-4)

The average is to be extended over all pairs of points P and P' for which PP' =
s -- const.

The covariance characterizes the statistical correlation of the gravity anomalies

Ag and Ag', which is their tendency to have about the same size and sign. If

the covariance is zero, then the anomalies Ag and Ag' are uncorrelated or inde-

pendent 1 of one another; in other words, the size or sign of Ag has no influence

on the size or sign of Ag'. Gravity anomalies at points that are far apart may be

considered uncorrelated or independent, because the local disturbances that

cause Ag have almost no influence on Ag' and vice versa.

If we consider the covariance as a function of s = PP’, then we get the

covariance function C(s) mentioned at the beginning:

C(s) m covs {Ag} = M {AgAg'} {PPr = s). (7-5)

For s = Owe have

C(0) = M {Ag2
} = var {Ag}, (7-5')

/
according to (7-2). The covariance for r = 0 is the variance.

C(s)

FIGURE 7-1

The covariance function.

A typical form of the function C(s) is shown in Fig. 7-1. For small distances s

(1 km, say), Ag' is almost equal to Ag, so that the covariance is almost equal

to the variance; in other words, there is a very strong correlation. The covari-

ance C(s) decreases with increasing s, because then the anomalies Ag and Ag'

1 In the precise language of mathematical statistics, zero correlation and independence are

not quite the same, but we may neglect the difference here.



Table 7-1

Estimated Values of the Covariance Function for Free-air Anomalies

Unit 1 mgal2

c« f C(W * . cm
opO + 1201 8°

. +124 27° +18
0.5° 751 9°

r
104 29° + 6

1.0° 468 10° 1

82 31° + 8

1.5° 356 11° 76 33° + 5

2.0° 332 13° 54 35° - 8

2.5° 306 15° 47 40° -12
3.0° 296 17° 45 50° -20
4° 272 19° 34 60° -30
5° 246 2i

o
35 90° - 4

6° 214 23° 10 120° + 12
7° 174 25° 2Q 150° -21

1 Positive covariances mean that Ag and Ag' tend to have the same size and the same sign
;

negative covariances mean that Ag and Ag' tend to have the same size and opposite sign. The
stronger this tendency, the larger is C(s); the absolute value of C(s) can, however, never
exceed the variance C(0).
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become more and more independent. For very large distances the covariance

will be very small, but not in general exactly zero because the gravity anomalies

are affected not only by local mass disturbances but also by regional factors.

So we shall instead expect an oscillation between small positive and negative

values. 1

The practical determination of the covariance function C(s) is somewhat
problematical. Ifwe were to determine it exactly, we should have to know gravity

at every point of the earth’s surface. This we obviously do not know; and if we
knew it, then the covariance function would have lost most of its significance,

because then we could solve our problems rigorously without needing statistics^

As a matter of fact, we can only estimate the covariance function from samples
distributed over the whole earth. But even this is not quite possible at present,

because of the imperfect or completely missing gravity data over the oceans.

For a discussion of sampling and related problems see Kaula (1963, 1966).

The most comprehensive estimate that we have at the present time was made
by Kaula (1959). Some of his values are given in Table 7-1. They refer to free-

air anomalies. The argument is the spherical distance
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corresponding to a linear distance s measured on the earth’s surface; R is a

mean radius of the earth. The r.m.s. free-air anomaly is

r.m.s. {Ag} = V 1201 = ±35 mgals. (7-7)
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We see that C(s) decreases with increasing s and that, for s/R > 30°, very small

values oscillate between plus and minus.

For some purposes we need a local covariance function rather than a global

one; then the average M is extended over a limited area only, instead of over

the whole earth as above. Such a local covariance function is useful for more
detailed studies in a limited area—for instance, for interpolation problems. As
an example we mention that Hirvonen (1962), investigating the local covariance

function of the free-air anomalies in Ohio, found numerical values that are

well represented by an analytical expression of the form

Co
CC?)

1 + (s/df

where

Co = 337 mgals 2
,

d = 40 km.

This function is valid for s < 100 km.

(7-8)

(7-9)

Expansion of the Covariance Function
in Spherical Harmonics

The more or less complicated integral formulas of physical geodesy usually

take on a much simpler form if they are rewritten in terms of spherical har-

monics. A good example is Stokes’ formula (see Sec. 2-17). Unfortunately this

theoretical advantage is in most cases balanced by the practical disadvantage

that the relevant series converge very slowly. In certain cases, however, the

convergence is good. Then the use of spherical harmonics is very convenient

practically; we shall encounter such a case in the next section.

The spherical-harmonic expansion of the gravity anomalies Ag may be

written in different ways, such as

oo

Ag(6, X) = £ A8n(0, X), (7-10)

n= 2

where Agn(d, X) is the Laplace surface harmonic of degree n; or, more explicitly,

« n

Ag(0, X) = X) X) \_&nmRnm(6, X) bnmSnm(p! X)], (7-11)

n— 2 m—

0

where

Rnm(d, X) = P„77i(cos 6) cos m\,
(7-12)

Snm(6, X) = Pnm(cos 6) sin m\ ^

are the conventional spherical harmonics; or in terms of fully normalized

harmonics (see Sec. 1-14):

. <*> 71

Ag(8, X) = ^2 22 [anjRnm(9, X) + hnmSnm(0, X)]. (7-13)

n— 2 m=

0

Here d is the polar distance (complement of geocentric latitude) and X is the

longitude.

(7-6)

on the earth’s surface; R is a
iraaly is

35 mgals.
(7-7)

e-air Anomalies

ace function C(s) is somewhat
. we should have to know gravity
'viously do not know; and if we
tve lost most of its significance,
ously without needing statistics,

variance function from samples
is not quite possible at present,

,
gravity data over the oceans.

:ms see Kaula (1963, 1966).
e at the present time was made
i Table 7-1. They refer to free-
ance

y large distances the covariance
ro because the gravity anomalies
;es but also by regional factors,
een small positive and negative



consi

equator

7-3. Expansion of the <

North Pole

The cn = cno are the only coi

use the equivalent expression

The coefficients imthese seri<

2n T” 1

4JT J

We shall now determine 1

(7-19) and the coefficients a„,

an expression for C(f) in ter

more explicitly. Take the t\

spherical distance \j/ is given

cos ip = cos

Here f and the azimuth a i

to the pole P(0, X).

The symbol M in (7-5) den

quires two steps. First, we av

in Fig. 7-2 by a broken line),

the circle, so that the distanc

c* =

;

2n 1~2~
J

and

256 Statistical Methods in Physical Geodesy

Let us now find the average products of two Laplace harmonics

n

&gn(e, X) = Mn# X) + tnmSnJfi, X)]. (7-14)

m= 0

These average products are

1 f
2* f

T

M{Agn A

g

n .} = .-
/

Agn(d, X) Ag*'(9, X) sin 0 dO d\, (7-15)
‘+7ryx=oj9=o

since the averaging is extended over the whole earth, that is, over the whole

unit sphere. Take first n' = n, which gives the average square of the Laplace

harmonic of degree n :

M{Agt} = ~ ( [ [Agjd, X)] 2 sin 0 dd dk. (7-16)
47T = 0 Jo=

o

Inserting (7-14) and taking into account the orthogonality relations (1-68) and

the normalization (1-74), we easily find

M{Agl) = (aL + bind- (7-17)
m — 0

Consider now the average product (7-15) of two Laplace harmonics of different

degree, n' ^ n. Owing to the orthogonality of the spherical harmonics the inte-

gral in (7-15) is zero:

M{Agn Agn.} = 0 if n'^n. (7-18)

In statistical terms this means that two Laplace harmonics of different degrees

are uncorrelated or, broadly speaking, statistically independent.

In a way similar to that used for the gravity anomalies we may also expand
the covariance function C(s) into a series of spherical harmonics. Let us take

an arbitrary, but fixed, point P as the pole of this expansion. Thus spherical polar

coordinates (angular distance from P) and a (azimuth) are introduced (Fig.

7-2). The angular distance ip corresponds to the linear distance s according to

(7-6). If we expand the covariance function, with argument \p, into a series of

spherical harmonics with respect to the pole P and coordinates f and a, we
have

co n

C($) — ^ y ^ j {.CnmRnmfjfi <%) "f“ dnmSnmlfi rt)],

n = 2 m = 0

which is of the same type as (7-1 1). But since C depends only on the distance \p

and not on the azimuth a, the spherical harmonics cannot contain any terms

that explicitly depend on a. The only harmonics independent of a are the zonal

functions

Rnff, Ct) = P„(C0S f),

so that we are left with
00

<W) = EcnPn(cosf). (7-19)
71=2



North Pole

FIGURE 7-2

Spherical coordinates & a.

The cn = c„0 are the only coefficients that are not equal to zero. We shall also

use the equivalent expression in terms of fully normalized harmonics:

cm = E 5nP„(COS^). (7-20)

The coefficients in these series, according to Secs. 1-13 and 1-14, are given by

2n + 1

47T.

2n -f- 1

<*= 0 J$=o
C(p)Pn(cos i/') sin p dip da

C(}p)Pr(cos p) sin p dp (7-21)

(7-22)
” V2n + 1

We shall now determine the relation between the coefficients cn of C(p) in

(7-19) and the coefficients anm and bnm of Ag in (7-14). For this purpose we need

an expression for C(p) in terms of Ag, which is easily obtained by writing (7-5)

more explicitly. Take the two points P(6, X) and P'(d', X') of Fig. 7-2. Their

spherical distance p is given by r

cos p = cos 6 cos d' -f- sin 9 sin 9' cos (X' — X). (7-23)

Here p and the azimuth a are the polar coordinates of P'(Q', X') with respect

to the pole P(6, X).

The symbol M in (7-5) denotes the average over the unit sphere. To find it re-

quires two steps. First, we average over the spherical circle of radius p (denoted

in Fig. 7-2 by a broken line), keeping the pole P fixed and letting P' move along

the circle, so that the distance PP' remains constant. This gives

C* J_ P'
2ir Ja=

o

c±g{d, X) Ag(6', X') da,

I

A

gn ,(e, X) sin 9 de d\, (7- 1 5)

earth, that is, over the whole
average square of the Laplace

X)] 2 sin 6 dd d\. (7-16)

logonality relations (1-68) and

blm). (7-17)
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(7-14)

>aplace harmonics

®nmSnm(6, X)].
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1 It should be mentioned that

gravity anomalies is the theory of

a stationary stochastic process on

are nothing but the spectral analys

processes is found in Miller (1956;

where C* still depends on the point P chosen as the pole p — 0. Second, we

average C* over the unit sphere:

2ir ftc

/ C* sin 8 dd dX

1
r2ir r 7r /*2tt

= / / /
Ag(8, X) Ag(6', X') sin 6 dO dX da.

oM J\= 0 Je= o Ja = o

This is equal to the covariance function C(p), the symbol M in (7-5) now being

written explicitly:

Ag(6, X) Ag{Q', X') sin 6 dd dX da. (7-24)
87T

2 yx= o Je = o J a= 0

The coordinates 6', X' in this formula are understood to be related to 9, X by

(7-23) with p = const., but to be arbitrary otherwise; this, of course, expresses

the fact that in (7-5) the average is extended over all pairs of points P and P'

for which TP' = p = const.

To compute the coefficients cn ,
insert (7-24) into (7-21), obtaining

2n + 1

1^ = 0
C(p)Pn(cos p) sin p dp

C2t

Ag(0, X) Ag{9', X')
/x=o Je= o J

a

= o J &=o

Pn(cos p) sin p dp da- sin 9 dd dX. (7-25)

Consider first the integration with respect to a and \p. According to (1-71) we
have

2n + 1 P
/<*=o J

= 2n + 1

4ir

Ag(0', X')Pn(cos i/0 sin \p dp da

/x'=

0

J9'=

o

Ag{6', X')Pn{cos p) sin 6' dd' dX' = Ag-re(0, X),

the change of integration variables being evident. Hence (7-25) becomes

X= 0 70= 0
Ag(9, X) Agn(d, X) sin 9 dd dX.

1

Ck = S,

This may also be written

cn — M{Ag Ag„}

.

Into this we now insert (7-10), which we write

oo

Agio, X) = Agn .(0, -X),

n'= 2

denoting the summation index by n! instead of n. We get

c„ = M

(7-26)

(7-27)

55
,
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According to (7-18) only the term with tf = n is different from zero, so that

by (7-17) we finally obtain

cn = M{Ag = ^2 (aim + him). (7-28)

m= 0

Hence cn is the average square of the Laplace harmonic AgJO, X) of degree n,

or its variance. For these reasons the cn are also called degree variances . [The

“degree covariances” are zero, because of (7-18).]

Equation (7-28) relates the coefficients anm and bnm of Ag and cn of C(s) in

the simplest possible way. Note that anm and bnm are coefficients of fully nor-

malized harmonics, whereas cn are coefficients of conventional harmonics. As a

matter of fact, we may also use the anm and bnm (conventional) or the cn (fully

normalized); but then (7-28) will obviously become slightly more complicated. 1

1 It should be mentioned that the mathematics behind the statistical description of the

gravity anomalies is the theory of stochastic processes. The gravity anomaly field is treated as

a stationary stochastic process on a sphere; the spherical-harmonic expansions of this section

are nothing but the spectral analysis of that process. An elementary introduction to stochastic

processes is found in Miller (1956).

!

7-4.

Influence of Distant Zones on Stokes’

and Vening Meinesz’ Formulas

The spherical-harmonic expansions of the preceding section will now be used

to evaluate the effects of neglecting the distant zones on the computation of the

geoidal height and the deflection of the vertical.

Let us split Stokes’ integral (2-165) into two parts:

R
4ttG

ft
c f

2ir

t=0 Ja= 0
Ag iS(cos ip) sin ip dp da

*=o
Ag S(cos ip) sin -p dp da. (7-29)

4ttG
.

We are now denoting Stokes’ function by ,S(cos p) instead of S(p) in order to

have a simple and consistent notation later on in this section.

If the integration is extended not over the whole earth but only up to a

spherical distance p0,
then only the first integral of (7-29) is considered. The

error SN that results from neglecting the zones beyond p = pa is therefore

given by the second integral in (7-29),

SN
R f

T

4kG J
Ag S(cos p) sin p dp da.

Introducing the (discontinuous) function (Fig. 7-3)

if 0 ^ p < pa,

if po Ss P Ss Tt,
S(cos« = {“

(cosW

(7-30)

(7-31)
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S(cos-f)

Jv
FIGURE 7-3

The function S (cos f).

7-4. Influence of Distant Zom

I-

f

we may write (7-30) in the form

SN
R r2ir

Ag S(cos \p) sin ip dp da. (7-32)
4ttG Jj,= 0 J a = 0

‘

The integration can now be formally extended over the whole unit sphere

because the zones with f < p0 make no contribution to the value of the integral.

The function 5(cos p), being piecewise continuous, may be expanded into a

series of Legendre polynomials (zonal harmonics):

2n T 1

71 = 0

S(cos p) = QnPn(cos p). (7-33)

For formal reasons we denote the coefficients in this expansion by (2n + \)Qn/2.

According to Sec. 1-13, equation (1-70), they are given by

2n -T 1

Qn
2Yl -f- j

r2ir C 7

r

J ct= 0 J
S(cos p)Pn(cos p) sin p dip da.

2 4tt

The integration with respect to a can be performed immediately, giving

f da = 2ir,
Ja= 0

’

so that

Qn - Jj
S(cos ip)Pn(cos ip) sin ip dip.

Using (7-31) we finally find

On = [
w
S(cos\p)PJcosip)siaip dip.

J'pa
(7-34)

This equation determines the Q„ as functions of the limiting radius \p0 - The

evaluation of this integral is but a matter of routine; it will be given below.

We now insert (7-33) into (7-32). After interchanging the order of integration

and summation we obtain

SN
R

8ttG

™ /
,

2ir f tt

(2« + l)Qn
/ /

Ag Pn(cos ip) sin ip dp da.
n— 0 J a=

0

J \f/
= 0

By (1-71), the double integral is equal to 47r Agn/(2n + 1), so that

oN(0, X) = e»Agn(0,\).
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If we want the r.m.s. effect

sphere:

SN2 = M{8

i? 2
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Pn(cos f) sin -p dp/ da.

2n + 1), so that

(8, X), (7-35)

nonic of Ag.

Equation (7-35) gives the error in TV at a certain point P(6, X) caused by
neglecting the gravity anomalies beyond a circle of radius whose center is P.

If we want the r.m.s. effect SN, we must form the average M over the unit

sphere:

m « M{SN2
} = M{(2 Qn Ag.)

2

}

2 f
03

^

03

'
-x

4/72
^

v Qn Qn r ^gn' r
^ mi = 2 = 2 J

~ AG2
M Z Aga Agn'Tw W=2n' = 2 J

= 4iE E Q„ga'Af{Agre Agv}.U « = 2 a' = 2

The manipulations performed here are obvious. First we inserted (7-35); then

we introduced another summation index n', in order to transform the square

of a sum into a double sum; finally we interchanged the order of integration

(symbol M) and summation.

According to equation (7-18) of the preceding section all M{Agn Ag„<} are

zero except when n! — n. Hence we finally obtain

SN2 =%E G2 = §-*E Qi (7-36)

Thus the r.m.s. influence of the remote zones on the geoidal height N may
be computed from the degree variances or, what amounts to the same thing,

from the covariance function. This is an example of the fundamental role of

the covariance function in statistical problems of physical geodesy.

Formulas for the influence of the remote zones on the deflection of the vertical

are considerably more difficult to derive. We shall therefore sketch only the main
points; a detailed derivation may be found in the paper by Hirvonen and
Moritz (1963), referred to in Chapter 6.

By equations (2-204) and (7-35) we have

~ _L?m_ _J_xp n
* R d<p 2G£f2

Qn
dA

d(j>

8rj =
1

"

= -575E Qn
;2G cos 4> d\R cos cp d\

The total r.m.s. error 86 of the deflection of the vertical is thus given by

S62 s M{8? + St?
2
}

=m E E QMn'M
n — 2 n' = 2

dAgn dAgn >
,

1 dAgn dAgn ,

dtp, dtp COS2
<p dX dX

FIGURE 7-3

The function S (cos f).
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It may be shown that for an arbitrary Laplace surface harmonic Yn of degree n

the following relations hold

:

dYn dY,,» 1 SYn dYn -

(7-37)

0 if n' ^ n;
dtp dtp cos2

cf> d\ dX

see also Jeffreys (1962, p. 135). Hence, for Yn = Agn , we obtain

se* = zL Z «(« + 1)62 = ik E «(« + 1)62*. (7-38)^ n= 2 n=2

This formula gives the r.m.s. influence of the remote zones on the total deflec-

tion of the vertical 9;
1 it corresponds to equation (7-36) for N.

The coefficients Qn . To obtain the Qn explicitly as functions of the radius

fo, we must evaluate the integral (7-34). Substituting

'Pa• ^
sm

^
= z, sin -y = t (7-39)

we get

Qn = /J
S(cos xP)Pn(cos fl) sin xp# = 4 j

1

Pn{ 1 - 2z2)S(l - 2z2)z <fe,

because

cos \p = 1 — 2 sin2

^
= 1 — 2

z

2
,

sin xj/cfy = 4 sin
^

• cos
^
d
|
= 4z dz.

By interchanging the limits of integration we finally find

Qn f*PJL1- 2z2
)S'(l - 2z2)z c/z. (7-40)

The >S(1 — 2z 2
) means that in the Stokes function S(cos xp), we must replace

cos \p by 1 — 2z2
, and sin (\p/2) by z:

5(1 - 2z2
)
= ~

z
- 3 In z(l + z) + 6z2 In z(l + z) - 4 - 6z + 10z2

; (7-41)

similarly Pn( 1
— 2z2

) means that the argument of the zonal harmonic Pn

[t in equations (1-58)] is to be replaced by 1 - 2z2
,
for instance

Pod ~ 2

z

2
) = 1, A( 1 - 2z2

) = 1 - 2z2
,
P2(l - 2z2

) = |(1 - 2z2
)
2 - -•

(7-42)

1 Above,- the symbol 0 was used to denote the polar distance!

±25 m
21

18

14
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we obtain, for instance,
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g2 = 2 - 4/ + 5l 2 + 14/ 3 -
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surface harmonic Yn of degree n

= n(n + 1) M{Y*},

(7-37)

= 0 if n! n;

= Ag„, we obtain

IG2 Z «(« + (7-38)

mote zones on the total deflec-

n (7-36) for TV.

itly as functions of the radius
ing

: t (7-39)

pn(l - 2z2)S(l - 2z*)zdz,

- 2z2
,

2
= 4z£fe.

Jly find

- 2z 2)z dz. (7.40)

on S(cos V), we must replace

z) - 4 - 6z + 10z2
; (7-41)

: of the zonal harmonic Pn

for instance

~ 2z2
) = |(1 - 2z2

)
2 - i.

(7-42)

ance

!

AN AN

VDbo ±25 m ±2.4"

13.5° 21 2.0

>—* OO Oo
18 1.8

30° 14 1.2

60° ±14 m ±1.2"

90° 11 1.1

135° 8 0.8

180° o'- 0.0

The integral (7-40) can thus be evaluated by the usual methods of integration;

we obtain, for instance,

Qo — — 4/ + 5 1
2 -(- 6t3 — ID + (61

2 — 6

1

4
) In t(\ + t),

Qi = -It + 4t2 + y r
3 - 14D - 8t6 + y /

6

+ (6t2 - 12/4 + 8t 6
) In t(l + 0-2 In (1 + t), (7-43)

g2 = 2 - 4t + 5r2 + 14ts - y t
4 - 30r6 + 47r6 + 18ff - y t

8

+ (6t2 - 24t4 + 36/ 6 - 18t8
) In 1(1 + t).

Formulas for the Qn up to n = 8 and a table of values may be found in

Molodenskii et.al. (1962, p. 148-150).

If Vo = 0, then the function S{cos if) of equation (7-31) reduces to Stokes’

function S(cos V) for all values of V:

S(cos V) = Z QnPn{cos V) = £(cos V) = Z l~rr PJcos
n—Q Z

, n« 2
n 1

so that

Qo= Qi = o, Qn = (».£2) ifVo=0. (7-44)

Numerical results. Since the size of the gK decreases quickly with increasing n,

except for small Vo, the series (7-36) and (7-38) converge rapidly, so that a few

terms are in general sufficient.

Kaula (1959, p. 2419) proposes the following maximum plausible values

(mgals 2
) for the degree variances:

c2 = 15, c3 = 43, Ci = 30, Ci = c6 = c7 = c8 = 25, (7-45)

which are consistent with the values of the covariance function of Table 7-1.

Then the mean effect of the gravity anomalies beyond a spherical radius Vo is

given by Table 7-2. The first three values of Vo correspond to linear distances of

1000, 1500, and 2000 km. The summation in (7-36) and (7-38) was extended

up to n = 8.

Table 7-2

R.M.S. Influence of the Zone beyond the Radius Vo on
Geoidal Height N and Deflection of the Vertical 6

7-4. Influence of Distant Zones on Stokes'
1

and Vening Meinesz’ Formulas 263
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Molodenskii et al. (1962, p. 167) give numerical estimates of SN and SB

which are about 70% higher. They are based on values of cn — Agi correspond-
ing to a spherical-harmonic expansion obtained by Zhongolovich in 1952.

7-5. Interpolation and Extrapolation of Gravity Anomalies

As was pointed out in Sec. 7-1, the purpose of prediction (interpolation and
extrapolation) is to supplement the gravity observations, which can be made at

only a relatively few points, by estimating the values of gravity or of gravity
anomalies at all the other points P of the earth’s surface.

If P is surrounded by gravity stations, we must interpolate; if the gravity
stations are far away from P

,
we shall extrapolate. Evidently there is no sharp

distinction between these two kinds of prediction, and the mathematical formu-
lation is the same in both cases.

In order to predict a gravity anomaly at P, we must have information about
the gravity anomaly function. The most important information is, of course,
the values observed at certain points. In addition, we need some information
on the form of the anomaly function. If the gravity measurements are very
dense, then the continuity or “smoothness” of the function is sufficient—for
instance, for linear interpolation. Otherwise we may try to use statistical in-

formation on the general structure of the gravity anomalies. Here we must
consider two kinds of statistical correlation: the autocorrelation—the correla-
tion between each other—of gravity anomalies, and the correlation of the gravity

anomalies with elevation.

Correlation with elevation will for the moment be disregarded; Sec. 7-10 will

be devoted to this topic. The autocorrelation is characterized by the covariance
function considered in Sec. 7-2.

Mathematically, the purpose of prediction is to find a function of the ob-
served gravity anomalies Agi, Ag2,

. . . , Agn,
1 such that the unknown anomaly

Agp at P is approximated by the function

AgP = F(Agh Ag2, . . . , Agn). (7-46)

in practice, only linear functions of the Ag{ are used. If we denote the predicted

value of AgP by AgP,
such a linear prediction has the form

n

Agp ~ api Agi + aP2 Ag2 + • •
• + aPn Agn = ^ aPi Agt-. (7-47)

i= 1

The coefficients aPi depend only on the relative position of P and the gravity
stations I, 2,...,«; they are independent of the Agi. Depending on the way we
choose these coefficients, we obtain different interpolation or extrapolation
methods. Here are some examples.

Geometrical interpolation. The “gravity anomaly surface,” as represented

1 Here Agi denotes the value of Ag at a point /, not a spherical harmonic!
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FIGURE 7-4

Geometrical interpolation.

by a gravity anomaly map, may be approximated by a polyhedron by dividing

the area into triangles whose corners are formed by the gravity stations, and
passing a plane through the three corners of each triangle (see Fig. 7-4). This
is approximately what is done in constructing the contour lines of a gravity

anomaly map by means of graphical interpolation.

Analytically this interpolation may be formulated as follows. Let point P be
situated inside a triangle with corners 1, 2, 3 (Fig. 7-4). To each point we assign

its value Ag as its z-coordinate, so that the points 1, 2, and 3 have “spatial”

coordinates (xh yu zi), (x2, y2, z2), and (x3, y3, z3);x and y are ordinary plane co-

ordinates. The plane through 1, 2, 3 has the equation

_ (*2 ~ x)jy3 - yi)
-

(fz - y)(x3 - xi)

(*2 - xAiys - ys) - (ji
- yd(xs

-- Xi)

(xz ~ x)(y1 - ys) - (y8
- y){xi

- xi)

(x3 - x2)(yi - y?j - (y3
- yd(xi -- xi)

(xi ~ x)(y2 - yx)
-

(y,
- y)(x2 - xi)

(Xi — x3)(y2 - yi) - (yi— y3)(x2 - Xi)

(7-48)

If we replace zi, z2,
z3 by Agh A

g

2, A

g

3,
then z is the interpolated value AgP

at point P, which has the plane coordinates x, y. Thus

Agp — an Agi otpi Ag2 -f- ap% Ago,

where the api are the coefficients of z< in the preceding equation.

(7-49)

Representation. Often the measured anomaly of a gravity station 1 is made
to represent the whole neighborhood, so that

AgP - Agi (7-50)

as long as P lies within a certain neighborhood of point 1.

Here
cepi = 1, ap2 = apz = — = ctpn — 0.

This method is rather crude, but simple and accurate enough for many purposes.
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.

Zero anomaly. If there are no gravity measurements in a large area—for
instance, on the oceans—then the estimate

aSp = 0 (7-51)
is used in this area. In this trivial case all op/s are zero.

If all known gravity stations are far away, and if we know of nothing better
then this primitive extrapolation method is applied, although the accuracy is
poor. Isostatic anomalies are preferable for this purpose.
None of these three methods gives optimum accuracy. In the next section

we shall investigate the accuracy of the general prediction formula (7
-47) and

find those coefficients a,-p that yield the most accurate results.

7-6. Accuracy ofPn

Thus mP is the root mean sq
or briefly, the standard error o
Taking all these relations ini

ml = C0 - 2

This is the fundamental formul
formula (7-47). For the speci;

particular values of aP i are to 1

As an example consider the
are zero except one. Here (7-5i

'f - 7-6.
Accuracy of Prediction Methods.
Least Squares Prediction

In order to compare the various possible methods of prediction, to determine
their range of applicability, and to find the most accurate method, we must
evaluate their accuracy.

Consider the general case of equation (7-47). The correct gravity anomaly at P
is Agp, the predicted value is

ASr = Z api ASi-
1=1

The difference is the error eP of prediction,

eP = Agp - Agp = Agp api Ag<. (7-52)

By squaring we find

e
2
P = (Agp - J2 aPi Agi)(AgP - ^ aPk Agk)

* k

= - 2z aPi AgP Agi +zz aPiaPk Agi A

g

k . (7-53)
i i k

Let us now form the average M of this formula over the area considered
(either a limited region or the whole earth). Then we have, by (7

-5),

M{Agi Agk} = C(ik) = Cut,

M{Agp Agi} = C(Pi) = CPi, (7.541M{Agi} = C(0) =. C0.

These are particular values of the covariance function C(s), for s = ik, s = Pi,“d 5 = for instance, ik is the distance between the gravity stations / and k.
lhe abridged notations Cik and CPi are self-explanatory.
We further set

M {el} = ml. (7-55)
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>n C(s), for s = ik, s = Pi,
be gravity stations i and k.
3ry.
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Thus mP is the root mean square error of a predicted gravity anomaly at P,
or briefly, the standard error ofprediction (interpolation or extrapolation).
Taking all these relations into account, we find the average M of (7-53) to be

m% — C0 — 2t cxpiCpi -j- y j y '
cepicepkCuc. (7-56)

i=i i= l * = l

This is the fundamental formula for the standard error of the general prediction
formula (7-47). For the special cases described in the preceding section, the
particular values of aPl are to be inserted.

As an example consider the case of representation, equation (7-50); all a’&
are zero except one. Here (7-56) yields

ml = Co - 2Cpi + Co = 2C0 - 2CP1 .

-Often we need not only the standard error mP of prediction but also the
correlation of the prediction errors eP and eg at two different points P and Q,
expressed by the ‘’’’error covariance” <jPq, which is defined by

<tpq = M {ePeQ}. (7.57)
(If the errors eP and eg are uncorrelated, then the error covariance o>o = 0 )
By (7-52) we have

ffpQ = M {{AgP - api Agi)(AgQ - aQk Agh)}
* k

= M {AgP AgQ - £ api AgQ Agt - 22 aQk AgP Agk.
i k

+ Y2 ^2 aFiOtQk Agi Agk}

,

J i k
and finally

n n
o-pQ = CPq — 2j apiCe,- — 22 aQiCpi + X) Xj aPiaQkCik- (7-58)

*=1 i=l

The notations are self-explanatory; for instance, CPQ = C(PQ).

The error covariance function. The values of the error covariance aPQ, for
different positions of the points P and Q, form a continuous function of the
coordinates of P and Q. This function is called the error covariance function,
or briefly, the errorfunction, and is denoted by <j(xp, yP, xQ, yQ). IfP and Q are
different, then we simply have

<r(xp, yp, xq, yo) = ctpqI (7-59a)

if P and Q coincide, then (7-58) reduces to (7-56), so that

<r(xP, yP, xP, yP) = ml (7-59b)

is the square of the standard prediction error at P.

Thus the error covariances <tPq may be considered as special values of the
error covariance function, just as the covariances CPq of the gravity anomalies
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may be considered as special values of the covariance function C(s). To repeat,

the error function is the covariance function of the prediction errors, defined as

M {epeo} ,

whereas C(s) is the covariance function of the gravity anomalies, defined as

M {AgpAgQ}.

The term “covariance function” in the narrower sense will be reserved for C(s).

By (7-56) and (7-58) the error function can be expressed in terms of the co-

variance function-, we may write more explicitly

it

°(xP,yP, xQ, yQ) = C(PQ) - apiC(Qi) —]T aQiC(Pi)
i=l

a
*=1

+ E E ocpi<XQkC(ik). (7-60)
i = 1 k= l

Thus we recognize the basic role of the covariance function in accuracy studies.

The error function, on the other hand, is fundamental for problems of error

propagation, as we shall see in the following sections.

Least squares prediction. The values of aPi for the most accurate prediction

method are obtained by minimizing the standard prediction error expressed by

(7-56) as a function of the a’s. The familiar necessary conditions for a minimum
are

crnip

dapi
2Cpi + 2 ^ upkCik = 0 (i = 1,2,..., it)

A= 1

or

CikOLpk — Cpi. (7-61)
m

k=

i

This is a system of n linear equations in the n unknowns aPk ; the solution is

apk = E Ck^Cpi, (7-62)

i— 1

where C\k
X) denote the elements of the inverse of the matrix (C«),

Inserting (7-62) into (7-47) gives

. n n n

&gp — apk = ^2 ^2 cf 1;
Cpi Agk.

k= 1 1=1 k= l

In matrix notation this is written

AgP — (Cph Cp2, . . , , CPn)
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EEar^c
. k l
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i k
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i k

i k

Thus the standard error of leas'

ml — Co —EE Ci/c
v,
CpiCP

t = l k= 1

(7-63)
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We see that for optimal prediction we must know the statistical behavior of the
gravity anomalies through the covariance function C.(s).

There is a close connection between this optimal prediction method and the
method of least squares adjustment. Although they refer to somewhat different
problems, both are designed to give most accurate results. The linear equations
(7-61) correspond to the “normal equations” of adjustment computations.
Prediction by means of formula (7-63) is therefore called ‘"least squares pre-
diction. Details will be found in Kaula (1963) and in Moritz (1965).

5

11 is easy
,

t0 determine the accuracy of least squares prediction. Insert the
as of equation (7-62) into (7-56), after appropriate changes in the indices of
summation. This gives

mP — Co — 2 22 apkCpk +ZZ apkapiCki
k k i

= C,-2Z£ct t CpiCpk -f- 22 22 21 21 Cht
r>
CpiC(

ji

x)
CpjCia

.

1 * i 3 k l

We have

22 Cjf^Cki = 5&
ifj = K
ifj k.

The matrix (5«) is the unit matrix. This formula states that the product of a
• matrix and its inverse is the unit matrix. Thus we further have

2 2 = J2 ck~%k = ay\
k l k

because a matrix remains unchanged on multiplication by the unit matrix.
Hence we get

= C0 - 222 cik
l)CnCpk +22 C^CpiCpiik

j
-

= c°
- 2Z Z Cik ’CpiCpk -j- 22 21 Cik

X)
CpiCpk

i k i k

Cik
l)

CpiCpk.
i k

Thus the standard error of least squares prediction is given by

m% = C0 -22 Cik
v>
CpiCpk

i = 1 £=1

— C0 — (Cpi, Cp2, . .
. , CPn)

/Cu Cl2

{
Ql C22

\cnl C„2

(7-64)



270 Statistical Methods in Physical Geodesy

In the same way we find the error covariance in the points P and Q

:

n n

aPQ = CpQ — ^ CiP
11
CpiCqk

t = l k = 1

/c„ C„ ••• C\n \ (CQA
I Cn C22 • •

• Ci„ \ / C02 \
= CPQ - (Cph Cp2, . . . ,

Cpn) j

'

11 1- (7-65)

By these two formulas the error covariance function for least squares prediction
is given. Both formulas have a form similar to that of (7-63) and are equally

well suited for automatic computations, so that Ag and its accuracy can be
calculated at the same time.

as the average of the individual •

7,2 ~
I&i3 _/x=oL^ X^Tinmt

|
/*27T r TT

=
Ifur 2 Jx = o je=()

x)Knn(6

1 I** f* f2* fT

167r2 Jx= o ./«= o A'-O 7«'=o

Practical considerations. Geometrical interpolation (Sec. 7-5) is suited for the
interpolation of point anomalies in a dense gravity net, with station distances
of 10 km or less. If mean anomalies for blocks of 5' X 5' or larger are needed
rather than point anomalies, then some kind of representation, such as that
considered in the previous section, may be simpler and hardly less accurate.

Least squares prediction is, of course, more accurate than either geometrical
interpolation or representation, but the improvement in accuracy is not strik-

ing. The main advantage of least squares prediction is that it permits a sys-

tematic, purely numerical processing of gravity data; the construction of
gravity anomaly maps is no longer necessary. The same formula applies to
both interpolation and extrapolation, so that gaps in the gravity data make
no difference in the method of computation, which becomes completely sche-
matic. Because large matrices are involved, an electronic high-speed computer
is indispensable. For practical and computational details see Rapp (1964).
For larger station distances, of 50 km or more, prediction of individual point

values becomes meaningless. In this case we must work with mean anomalies
of, say, 1° X 1° blocks. This will be the subject of Sec. 7-9.

Error Propagation. Accuracy~~ “of Spherical Harmonics

7-7. Error Propa

literature (Moritz 1961, 1964a);

cases, which will be considered

The first problem is this. The
of fully normalized spherical ha:

Ag(e, x)

where

The error covariance function a
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<7(0, X, 0',

as the average product of the ir

0, X and O', X'. The error covarian

coordinates 0, X rather than a ft

The effect of these errors e(0,

:

represented by

jl r
j

4irJi=oJ
where -q is thus the individual eri

of its standard error, is evidently

The gravity anomalies are the observational data from which other quantities
of geodetic interest, such as geoidal undulations, deflections of the vertical,

or the external gravity field, are computed. All these computations are done
by means of integral formulas. The problem is now to estimate the accuracy
of these derived quantities from the given accuracy of the gravity anomalies.

Conventional error theory does not directly cover this case. It must be slightly

modified; this is done by a natural and logical extension of the usual theory of
error propagation. Readers interested in the general method are referred to the

§K>!
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literature (Moritz 1961, 1964a); here we must limit ourselves to two practical
cases, which will be considered in this and in the following section.
The first problem is this. The gravity anomaly field is expanded into a. series

of fully normalized spherical harmonics (7-13):

°°
_

sg(e, x) = X) “f~ bnmSnm(09

where
n = 2 m~

0

anm\ _ J_ [’

bnJ 4tt /x=oJ ()=o
^ , (7-66)

The error covariance function a of the gravity anomalies is given; we need to
determine the accuracy of the coefficients anm and bnm, that is, their error vari-
ances (standard errors) and covariances.

We denote the individual error tP of the gravity anomaly at a point P with
coordinates 6 and A by

<e, X).

The totality of these errors at all points of the sphere obviously forms a func-
tion of 6 and X. The error covariance function is then, according to (7-59a)
and (7-57), given by

°<0, A, 6’, X') = M{e(9, X) <£)', A')} (7-67)

as the average product of the individual errors at two points with coordinates
6, A and 6', X'. The error covariance <r is here considered as a function of spherical
coordinates 6, X rather than a function of plane coordinates x, y.
The effect of these errors e(6, X) on the coefficient anm is, according to (7-66),

represented by

1 [
2
* f

T

r
>
=
JZ /

6(A XJJU*, X) sin 9 de dx
> (7-68)

where -q is thus the individual error of anm . The error variance of anm,
the square

of its standard error, is evidently given by

m2 = (7-69)

as the average of the individual f. Hence, we must first form f. We have

2
1

v =
r r 2t

L/x=o Je=o
t{6, X)Rnm(0, X) sin 8 dd d\

I
r 2tt r -a

=
Iffir2 J\~o J 6—0

X^nm(9, ^ sin 9 dd dk

C2if

/ x'=o Je'=o
e(8', k')Rnm(d', X') sin 6' dd' d\'

j
r 2ir r it r 2 tt r -a-

16w 2
Jx=o Je=o Jy=o Jo’=o ^ ^ ’ X b)Rnm(8', X') sisin 8

sin 8' d8 dk dti’ dk'.
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Here we have used two well-known theorems of integral calculus:

1. The symbols that denote variables of integration in a definite integral

are irrelevant; they may be replaced by any other symbols. In our case,

9, X have been replaced by O', X' in the second integral.

2. Products of definite integrals may be written as one multiple integral.

Now we can average the last equation to get the standard error m according to
(7-69). We find

m* =
I5P Jx=0 Jtm0 Jv_ 0 J,m0

x) <«'. WTUe, WnJe’, x') sin e

sin d' dO d\ dd' dX',

We have been able to place the symbol M inside the integral because M, by
its definition as the average over the unit sphere, is really a double integral,

and the order of integrals with fixed finite limits can be interchanged.
The definition (7-67) finally yields

=o jy= o Je'=

o

<7(0, X, O', X')Rnje, \)Rnm(6', X') sin 0

sin 0' dO dX dd’ d\'. (7-70)

This is the desired formula for the standard error of the spherical-harmonic
coefficient dnm .Jf we want the standard error of the coefficient bnm, we must
merely replace Rnm by the corresponding function Snm .

This formula thus solves a particular problem of error propagation in gravi-

metric computations. Like (7-66), it is an integral formula. The error covariance
function <7 enters essentially; we thus see the fundamental importance of <7 for

error propagation. If the error function is given, then the evaluation of the
integral (7-70) can be effected without theoretical difficulties, for instance, by
numerical integration.

A particularly simple result is obtained if we subject the error function to

two assumptions:

1. Only errors at neighboring points are noticeably correlated; beyond a
certain distance there is no correlation.

2. The accuracy is the same for every point of the earth’s surface.

Let us examine what these assumptions mean practically. The principal inac-

curacies of the gravity anomalies are caused by interpolation. If other errors
are neglected, then the error covariance function may be computed by the
formulas of the preceding section. Assumption 1 is natural because, in a reason-
ably dense gravity net, interpolation errors at points that are at some distance
apart are practically uncorrelated. Assumption 2 holds in the idealized case of
uniform coverage of the whole earth by gravity measurements. It merely states
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that the accuracy is the same at every point; the accuracy may, however, be
ditlerent in different directions, as in the case of profile measurements.

.

The cruciaI Point, which permits a drastic simplification of the fourfold
integral (7-70), is that by assumption 1 the integrand will be noticeably different
from zero only if 9' = 6 and X' = X, because the error function for two distant
points is zero. Hence we may approximate (7-70) by

/V f2tr

m 2 ==
1

167T2
./x = o, =0 Jy L n

<J^’ X’ S’’ ^%Rnm(9, X)] 2 sin B
= U J H =0

sin B' dd dX dd' d\'
and perform the integration over d' and X' first. We set

LL a(d
’ K 6’’ X

'

} Sin e ' cW dX' = § (7-71)

(R = 6371 km); by assumption 2 this will be a constant independent of posi-
tion. The quantity 5 will be called error constant; a practical way of com-
puting it and numerical values will be given in Sec. 7-9.

Then the formula for m2 becomes

m2

r2ir r 7i

[Rnm(6, X)] 2 sin 6 dd dX. (7-72)16tt2R2 jx=o Jo=o

By equation (1-74), the integral is 4tt, so that we finally obtain the simple result

m' -
43? (7-73)

where m is the standard error of any coefiicient a... For 5 the function 1<
must be replaced by Snm, which obviously gives the same result.
Thus the standard errors of all fully normalized coefficients anm and bnm are

equal and given by (7-73).

Let us now compute the error covariance of two different spherical-harmonic
coefficients anm and apq . The individual error -q of anm is given by (7-68)- the
error f* of apq is’

j
r2ir r 7r

V*^4^
Jx'-o Jo' - o

<6 ’' X'> sin d9> M-

The error covariance of anm and avq is defined as

<r(anm, aPa) =

Repeating the procedure leading to (7-70) we find
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S f
2ir

f
T

<r(dnm, apq) = I Rnm(d, X)RPi(6, X) sin 6 dd dX.
x *” 0 j B— 0



274 Statistical Methods in Physical Geodesy

Because ol the orthogonality of two different spherical harmonics this is zeroWe would have obtained the same result if we had replaced Rpq by S„ to get
the error covariance between the coefficients dnm and bpg. Thus all the coeffi-
cients anm and bnm are uncorrelated.

As a matter of fact, these simple results hold only as long as the approximate
substitution leading from (7-70) to (7-72) is permissible. As one easily recog-
nizes, it breaks down for spherical harmonics of very high degree n but is
valid for the harmonics of lower degree, which are of greatest geodetic interest.

Using these results, one can also easily compute the accuracy of the coeffi-
cients Jnm and Knm of the gravitational potential V (Moritz, 1964a).

7-8.
Accuracy of Gcoidal Undulations
Computed from Gravity Anomalies

This problem initiated the application of statistical techniques to gravimetric
geodesy. Two basic papers (de Graaff-Hunter, 1935; Hirvonen, 1956) have been
devoted to it. The second gave rise to an extensive modern development.
We shall again consider an idealized gravity net that is uniform and homo-

geneous over the whole earth, and study the accuracy in the geoidal undula-
tion N obtainable with such a gravity net. This question is of importance
because the result indicates how a gravity survey must be planned in order to
achieve a certain prescribed accuracy in N. It is therefore considered in several
publications: de Graaff-Hunter (1935), Kaula (1957), Groten and Moritz
(1964).

We shall thus study the error propagation in Stokes’ formula

R [
2lt

[

*

N=
4^G J a= o j*. o

“)SW Sin * d* da -

This is done in quite the same way as in the preceding section. The individual
error ofN is given by

r%v r.ir

r J Ct— O J if/ =
<#, AW) sin 4/ d\p da

;

and its square becomes

e(\p, a)S(ip) sin \p d\p da

(
R y [

2*

\4irGj = o
.

[2* /V

“W)sin t'w

flit r

T

-o io'-o i^-0
a')SU/)s('l

/') sin 4/

sin \p' d<p da d\p' da'.
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Forming the average M of both sides of this equation we find

- (£})’a •»> »-*»»* *

sin p' dp da dp' da'. (7-74)

Here m is the standard error of N, and a(9, X, 6', X') is the error function of the
gravity anomalies. This is the general formula for error propagation in Stokes’
formula. It is valid for an arbitrary form of the error function.

This equation may again be simplified drastically if we make the two assump-
tions no correlation of errors beyond a certain small distance and uniform
accuracy which we already used in the preceding section. We apply the
same trick as with equation (7-70). We set S(p') = S(p) and then perform the
integration over p'.

Using the error constant S according to (7-71) we obtain

16ir2G2

r%TT r -tr

/ / mw sin P dp da.
J a = 0 J o

The integration with respect to a may now be performed at once; we finally get

[S(p)]t sin p dp.

This formula is very simple, but unfortunately it does not hold in this form;
in fact, it yields the value °o . The reason is that if we approximately replace
S(p') by S(p) we must assume that for p' = p we also have S(f') = S(f). This
is not so at the neighborhood of the origin p = 0, because S(f) increases rapidly
there and is, in fact, discontinuous at the origin: S(p) —>- oo if p — 0.

We must therefore exclude the origin by beginning the integration with
P — Po (Pa small) instead of with p = 0:

m2 =
8^/^ [W)]2sin^^ (?-75)

The small neighborhood p < p0 must then be taken into account in some other
way, for which the reader is referred to Groten and Moritz (1964).
The integral in (7-75) may be evaluated in several ways. One possibility is to

take the functions S(p) and S(p) sin p from the tables of Lambert and Darling
(1936), referred to in Chapter 2, and compute the integral by numerical integra-
tion. For certain values of p0 the integral

J* [-SW] 2 sin p dp,

computed in this way, is tabulated in the paper by Groten and Moritz referred
to above. There is also a closed formula for the integral, given in Molodenskii
et al. (1962, p. 157), but it is rather complicated.

The numerical values of Table 7-3 were computed on the basis of the results,
particularly for the error constant S, of the following section. They also in-
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Table 7-3 .

Standard Error of the Geoidal Undulation for

Idealized Uniform Gravity Distributions

Unit I meter

Block Or—

1

X0 2° X 2° 5° X 5° oXoO

Point ±1.5 db5 ±13 ±25
Profile ±1.2 ±3 ±7 ±9

corporate the central zone \p < \p0,
which is excluded in (7-75), and correspond

to the cases in which there is one arbitrarily situated point, or one central

east-west profile gravity measurement in each 1° X 1°, 2° X 2°, 5° X 5°, or
10° X 10° block, uniformly over the entire surface of the earth.

A final remark seems to be in order about the error constant S, which should

not be confused with Stokes’ function Sty), in general problems of error propa-

gation. Assume that the error covariance function <r(6, X, 9', X') satisfies the

assumptions 1 and 2 of the preceding section and that we can apply the trick

of replacing 8', X' by 8, X in part of the integrand. This is possible if the partic-

ular part of the integrand changes slowly and continuously with 9 and X, in-

stances being found in the last two sections. Then the error covariance function

enters into the error propagation formula only through the error constant S,

which can be computed once for all and is independent of the particular prob-

lem of error propagation. Thus the central role of 5 becomes evident.

7-9. Accuracy of Mean Anomalies

The mean gravity anomaly Ag of a rectangular block ABCD of sides a and b

is expressed by

— 1 f
a

f
b

AS = At
/ /

Ag(x, y)dx dy (7-76)

(Fig. 7-5). This rigorous formula presupposes that the gravity anomaly Ag
be given at every point (x, y) inside the rectangle ABCD.

In practice we have measured Ag at only a few points within the rectangle;

X
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formula (7-77) becomes
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es that the gravity anomaly Ag
lgle ABCD.
. few points within the rectangle;
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lean anomaly of a rectangle.

the problem is to estimate the mean anomaly Ag from these measurements.

One way is to interpolate or predict Ag at all other points of the block by the

methods of Sec. 7-5 and to compute Ag from these estimated point anomalies

Ag by formula (7-76).

We may also use a more direct way. In analogy to (7-47), we may approx-

imate Ag by a linear combination of the measured values Agi, Ag2, . . . ,
Ag„:

, W

Ag = ai Agi + «2 Ag2 + r • • + otn Agn = A?*- (7-77)

The error of the predicted value Ag is clearly the difference

n

e = Ag — Ag = Ag — ^ Agi. (7-78)

i=i

By squaring we get

e
2 = Xg2 _ 2 on Agi Ag + X) S aiC!k Agi Agk '

i = 1 i= l k— 1

To find the standard error m of the estimated mean anomaly, we form the aver-

age M, obtaining

OLiCLkCilc. (7-79)

i= 1 i= l k— 1

The quantity Cik is defined by (7-54) ;
the quantity

C = M{Ag2
}

(7-BO)

is the mean square of the mean block anomaly Ag, or its variance; and

Ci = M{Agi Ag) (7-81)

is the covariance between the point Ag, and the mean anomaly Ag.

These quantities can be expressed in terms of the covariance function C(s).

On inserting (7-76) into (7-80) and taking the definition (7-5) of the covariance

function into account, we readily find

c = J- [

a

r r P C(V(X - x'f + {y - y'Y) dx dy dx' dy'.

a2b 2
Jx = 0 Jy= 0 Jx'-o Jy'= 0

(/-6Z)

Similarly

Ci = 4- P P C(V(x - Xif + (y- yd*) dx dy, (7-83)

CIV J x— 0 J

y

-

0

where (x,-, y{) are the coordinates of the point at which Agt is measured.

If there is only one measured gravity anomaly Agi in the block, the prediction

formula (7-77) becomes

Ag = aAgi, (7-84)
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and equation (7-79) is simplified to

m2 = C — 2aCi + a2C0, (7-85)

where we have set on = a and C0 = C(0).
The a, in (7-77) and a in (7-84) may be chosen in different ways. Particularly

simple is the case of direct representation, a = 1. The mean anomaly Ag is
directly approximated, or represented, by the measured anomaly Ag,. Equation
(7-84) then becomes

and (7-85) reduces ,o
^ " A&

<7
-86>

tn 2 = C — 2Ci -f- C0 . (7-87)

Equation (7-87) depends on the location (xh y,) of the gravity station through
Ci, equation (7-83). It is also useful to consider the average error variancem for an arbitrary situation of the gravity observation within the square:

W = 5LL m%Xh y0 dXl dyi -
(7-88)

Averaging (7-87) we must keep in mind that C and C0,
being constants, remain

unchanged, whereas the average of Ci becomes

f
a

f
b -

'

/ Ci dxi dyi — C.
a-0 J yi= 0

This is immediately seen on comparing (7-82) and (7-83).
Hence we get simply

m2 = C0 — C.
(7-89)

Hirvonen (1956), to whom this formula is due, wrote it in a particularly elegant
and instructive form:

6

E2
S = Go — Gi (7-89')

He called E, the (standard) error of representation. The symbol G„ is the r.m.s.mean gravity anomaly of a block of side s 1 (he considered square blocks with°~ b ~ S); thls follows from the definition (7-80), C = Gi Accordingly, G0
is the r.m s. point anomaly, which may be considered as a mean anomaly of
a block of side s = 0; in our notation Go = C0 .

The preceding formulas may be investigated for other prediction methods by
assuming different values of The values of «,• that minimize m\ equation
(7-79), are readily found (least squares prediction). All this is done along lines
similar to those in Secs. 7-5 and 7-6.

S

Generalizations and extensions are obvious. Besides error variances m2 wemay also consider error covariances of different blocks. These can be used to
compute the error constant S mentioned in the preceding sections. Another
extension is to profile observations, where gravity is measured along profiles

1 In the present chapter we are using j in a different meaning

!
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Least Standard Error 99 26 18

27 20 16

17 16 14

(a = 0.991)
Least Error Constant 148 4

Average
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356 22 -6
-34 -21 -7
-5 -2 0
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rather than at point stations. All this, however, is beyond the scope of the pres-
ent book; the reader is referred to Moritz (1964b).

Numerical results. We shall merely give some numerical values from Moritz
(1964b), with explanation but without detailed formulas. Basically, the error
variances m2 of (7-85), and the corresponding error covariances, were computed
for different a. This is the case in which there is one gravity station in each
block. There is a similar set of formulas for the error variances and covari-
ances for one measured gravity profile in each block; these formulas were also
evaluated. The integrations were performed on the basis of the estimated co-
variances C(f) of Table 7-1, using an electronic computer. The author consid-
ered 1 X 1 , 2 X 2°, 5° X 5°, and 10° X 10° blocks in 45° latitude, so that
a 10° X 10° block is a rectangle, 1 1 12 km X 788 km.
Table 7-4 shows the error variances and error covariances for point gravity

Table 7-4

Error Variances and Covariances (mgals2
) . Point Observations

Zero Anomaly

(a = 0)

Representation

(a = 1 )

844 584 379

508 430 348

334 327 313

153 4 -1
-2 -4 -1

T l 0

(a = 0.788)

Least Standard Error 99 26 18

27 20 16

17 16 14

(a = 0.991)

Least Error Constant 148 4 0

-2 -3 -1
1 1 0

Average

Representation

(« = 1 )

356 22 -6
-34 -21 -7
-5 -2 0

2° X 2°

591 388 298

356 318 282

269 262 243

434 -1 0

6 4-1
0 0 0

(<* = 0.565)

208 77 56

77 63 53

50 49 45

(a = 0.959)

394 0 0

8 4 0

0 1 0

609 -15 2

-26 -5 1

2 3 3

5° X 5° 10° X 10°

375 270 155 266 144 55

230 190 114 110 76 42

95 85 68 34 30 22

763 1 2 852 4 1

8 5-4-13 1 00-11 000
(a = 0.338) (a = 0.256)

238 116 67 188 77 31

100 82 51 63 44 23

44 39 30 19 17 12

(a = 0.862) (a = 0.659)

567 5 4 383 15 7

9 6 0 10 12 5

3 2 2 4 4 2

825 12 7 934 18 1

13 12 -9 -26 -9 0

-10 -8 -1 -2 -2 -1

observations. The first value in the top line of each section (for zero anomaly,
representation, etc.) is the error variance; the second value in the top line of each
section is the error covariance between a block and its neighbor to the east
(or west); the third value in each top line is the error covariance between two
blocks that have the same latitude and are separated by one other block, etc.
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The relative position of any two blocks under consideration is thus directly
represented by the place occupied by their covariance in the table.

^

The meaning of zero anomaly (a = 0) and representation (a = 1) is clear
Least standard error” corresponds to that value of a which minimizes m-

(./-03 ):

a = % (7-90)

least error constant” refers to that a which minimizes the error constant S'

^ ?
rStJ0ur

,

ltems the Sravity station was assumed to lie at the center
each block. The last item, “average representation,” refers to a random

position of the gravity station within the block. The corresponding error vari-
ances are expressed by (7-89), whereas the error variance for “representation”
was given by (7-87).

i n

Table 7-5 shows the analogous results for the accuracy of profile gravity

Table 7-5

Error Variances and Covariances (mgals2). Profile Observations

Zero Anomaly

(a = 0)

Representation

(a = 1 )

1° X 1°

844 584 379

508 430 348

334 327 313

80 23 2

1-3 -1
2 1 0

(a = 0 .868)

Least Standard Error 62 22 7

15 8 6

8 7 5

(a = 0.992)

Least Error Constant 78 22 1

1 -2 -1
2 1 0

Average

Representation

(a - 1 )

193 70 10

-46 -20 -2
-5-2 .0

2° X 2° 5° X 5°

591 388 298 375 270 155

356 318 282 230 190 114

269 262 243 95 85 68

165 26 0 180 13 0
10 2 0 7 3 -4
0 1 0 0 0 0

(a — 0.752) (a — 0.666)

113 34 18 115 32 15

35 22 17 29 22 11

17 16 15 13 11 8

(a = 0.977) {a = 0.956)

156 25 0 164 11 0
11 2 0 6 2 -4
0 10 10 0

254 51 4 211 28 10
-29 -6 1 6 6 -5

1 2 2 -12 -8 -1

10° x 10
°

266 144 55

110 76 42

34 30 22

125' 10 0

-9 -1 0

0 0 0

(ce = 0.660)

74 15 6

14 10 5

4 4 2

(a = 0.929)

106 7 0

-6 0 0

0 0 0

176 34 3

-3o-io o m
-3 -2 0

measurements. “Representation,” “least standard error,” and “least error
constant” refer to equally spaced east-west profiles through the center of each
block, whereas “average representation” corresponds to a random position of
the east-west profile within the block.

The variances are, of course, smallest for the assumption of a centrally

located gravity station or profile

observations. This may be reco
refers to the central case, to “av
over observations distributed cv
the location of the observations

Table 7-6

Error Constants

S/R2 (mgals 2
)

1°X1° 2° X 2
Poin
° 5°

Representation 0.029 0.40 4

Least Standard

Error 0.184 2.14 12.

Least Error

Constant 0.029 0.38 3

Average

Representation 0.040 0.52 4

Finally, Table 7-6 shows the
quantities S/R2

, where R = 637]
These tables show that the di

accuracy and error correlation.

correlation, so that it is not be
particularly clear from the error
preceding section that the error
is relevant for error propagation
minimized rather than the stand;
tion (a — 1) are almost as good
with respect to error propagation
as a weighted average of observe
weight is given to the zero anom;

7-10. Correlation with Elevation

So far we have taken into accon
anomalies, their autocorrelation,

which is important in many case
gravity anomalies uncorrelated w
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consideration is thus directly

iance in the table.

^presentation (a = 1) is clear.

Iue of a which minimizes m2

(7-90)

imizes the error constant S.

is assumed to lie at the center
citation,” refers to a random
The corresponding error vari-

variance for “representation”

e accuracy of profile gravity

Tvations

5° X 5° 10° X 10°

375 270 155 266 144 55
230 190 114 110 76 42
95 85 68 34 30 22

180 13 0 125 10 0
7 3 -4 -9 -1 0
0 0 0 0 0 0

(a = 0.666) (a = 0.660)

115 32 15 74 15 6

29 22 11 14 10 5

13 11 8 4 4 2

(a --= 0.956) (a = 0.929)

164 11 0 106 7 0
6 2 -4 -6 0 0
1 0 0 0 0 0

211 28 10 176 34 3

6 6 -5 -30 -10 0
-12 -8 -1 -3 -2 0

located gravity station or profile. They will be larger for other situations of the
observations. This may be recognized by comparing “representation,” which
refers to the central case, to “average representation,” where we have averaged
over observations distributed ever the entire block. Note that for larger blocks
the location of the observations has less influence.

Table 7-6

Error Constants

S/R2 (mgals2
)

Point Profile
1° X 1° 2° X 2° 5° X 5° 10° X 10° 1° X 1° 2”X2° 5“ X 5° 10° X 10°

Representation 0.029 0.40 4.2 18.1 0.027 0.21 1.2

Least Standard

Error 0.184 2.14 12.3 20.6 0.084 0.77 3.5

Least Error

Constant 0.029 0.38 3.6 11.8 0.026 0.21 1.1

Average

Representation 0.040 0.52 4.5 18.7 0.032 0.30 1.3 2.9

Finally, Table 7-6 shows the corresponding error constants, or rather the
quantities S/R2

, where R = 6371 km.
These tables show that the different methods of estimation differ widely in

accuracy and error correlation. “Least standard error” has a rather large error
correlation, so that it is not best with respect to error propagation. This is
particularly clear from the error constants of Table 7-6: we have seen in the
preceding section that the error constant S, rather than the standard error m,
is relevant for error propagation. Thus the error constant should in general be
minimized rather than the standard error, but the results of direct representa-
tion (a - 1) are almost as good. “Least standard error” is distinctly inferior
with respect to error propagation. It gives too small an a; if we interpret a < 1

as a weighted average of observed anomaly and zero anomaly, then too much
weight is given to the zero anomaly, which has a large correlation.

I error,” and “least error

through the center of each
ds to a random position of

assumption of a centrally

7-10. Correlation with Elevation

So far we have taken info account only the mutual correlation of the gravity
anomalies, their autocorrelation, disregarding the correlation with elevation,
which is important in many cases. Therefore our formulas were valid only for
gravity anomalies uncorrelated with elevation, such as isostatic or, to a certain
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extent, Bouguer anomalies; or for free-air anomalies in moderately flat areas,
rree-air anomalies in mountains must be treated differently.

Fig. 7-6, following Uotila (1960), shows the correlation of free-air anomalies
w!th elevation. The gravity anomalies Ag are plotted against the elevation h.
If there were an exact functional dependence between Ag and h, then all points
would he on a straight line (or, more generally, on a curve). In reality, there ison y an approximate functional relation, a general trend or tendency of the
tree-air anomalies to increase linearly with elevation; exceptions, even large
ones, are possible. This shows very well the meaning of correlation
We have characterized the mutual correlation of the gravity anomalies by

the autocovariance function
(7-5),

C(s) = M{Ag Ag’}

,

where s = PP'. In a similar way we may form the functions

B(s) = M(Ag Ah'} = M{Ag' Ah}, (7-91)
expressing the correlation between gravity and elevation, and

A(s) = M{Ah Ah’),
(7-92)

which is the autocovariance function of the elevation differences

Ah = h- M{h};
(7

.93)
the symbol M{h} denotes the mean elevation of the whole area considered

Ag and Ah are not correlated, then the function B(s) is identically zero
II this is not the case, then we should also take the elevation into account in
our interpolation.

It is easy to extend the prediction formula (7-47) for this purpose. Restricting
ourselves to predictions linear in Ah as well as in Ag, we may write

ASp = Y aPi ASi + Y Pn Ahi
~

/3A/ip, (7.94)
i i

where the coefficients aPi, (3Pi, and /3 do not depend on Ag or Ah.

y>=AS°N,\*9°E
<f=4S°N, X=3°E

0 1 1 ' Ag(mgat)
-ISO -100 -SO 0 +50

FIGURE 7-6

Correlation of the free-air anomalies with elevation.

+50 +100 +150

-Ag(mgal)

In statistical terminology, this
tion) by linear regression. Simila
The error of prediction is

eP = AgP — AgP = Ag!

Squaring and averaging in the u

mr = Co + 2/3B0 + pAo - 2 X
i

~ 20 Yj Ppi-Api +
i

+ZE fipifipkAit
i k

where

A0 = A(0),

An = A{Pi),

Aa — A{ik),

P being the point at which Ag is

gravity stations.

This formula, which is clearl

error of prediction if correlation
to find a formula for the error
matrix formulas corresponding
prediction that minimizes (7-95):
functions A, B, and C, but no othe
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f

In statistical terminology, this is the removal of trend (with respect to eleva-
tion) by linear regression. Similarly, (7-47) is an autoregressive formula.
The error of prediction is

ep = Agp ~ Agp = ASp + PAhP ~ £ api Agi - £ fa Ahi.
i %

Squaring and averaging in the 'usual way yields

m| = Co + 2/350 + PA0 - 2£ aPiCPi - 2 (£ fa + p *P,)BPi
i i i

~
2/3£/ ftPiAPi -f-sz aPiCtPicCik + 2£ £ upifipkBih

* i k . i h

+zz ftpiftpkA ik, (7-95)

where

Ao = A(0), B
(t
= 5(0), Co = C(0),

APi = A(Pi), BPi = B(Pi), CPi = C(Pi),

A^ = A(ik), Bik = B(ik), Cik = C(ik);

P being the point at which Ag is to be predicted, and i or k denoting the given
gravity stations.

This formula, which is clearly an extension of (7-56), gives the standard
error of prediction if correlation with elevation is taken into account. It is easy
to find a formula for the error covariance function, generalizing (7-60), and
matrix formulas corresponding to (7-63) through (7-65) for a least squares
prediction that minimizes (7-95); see Moritz (1963). It should be noted that the
functions A, B, and C, but no other statistical quantities, enter into these formulas.

Application to Bouguer anomalies. Of great practical importance is the ques-
tion whether it is possible to render the free-air anomalies independent of ele-
vation by adding a term that is proportional to the elevation. In other words
when is the quantity

z = Ag-b Ah, (7-96)

with a certain coefficient b, uncorrelated with elevation?
The form of z is that of a Bouguer anomaly; for a real Bouguer anomaly

we have, according to Sec. 3-3,

(7-97)b = 2irkp]

if the density p = 2.67 g/cm3
, then

b — T-0.112mgal/meter. (7-97')

Let us form the covariance function Z(s) of the “Bouguer anomaly” (7-96)
with elevation:

Z(s) = M{z Ah') = M{Ag Ah' - b Ah Ah'} = B(s) - bA(s).
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If z is to be independent of h, then Z(s) must be identically zero. The condi-
tion is

B(s) - bA(s) - 0, (7-98)

which must be satisfied for all s and a certain constant h.

We see that the “Bouguer anomaly” z is uncorrelated with elevation if the
functions A(s) and B(s) are proportional for the area considered; the constant b
is then represented by

b =M
A(s)- (7-99)

It may be shown that this is equivalent to the condition that the points of
Fig. 7-6 lie approximately on a straight line, and not on some other curve. The
coefficient b is then given by

b = tan a (7-100)

as the inclination of the line towards the h-axis.

In practice these conditions are very often fulfilled to a good approximation;
and furthermore, by computing b from equation (7-99) or determining it

graphically by means of (7-100), we often get a value that is close to the normal
Bouguer gradient (7-97').

If we assume that b depends only on the rock density p, then we obtain a
means for determining the average density, which is often difficult, to measure
directly. This is the Nettleton method,” used in geophysical prospecting;
the coefficient b is found statistically by means of equations (7-99) or (7-100),
and the rock density p is then computed from (7-97). Figure 7-7 illustrates the
principle of this method; see also Jung (1956, p. 600).

distance along profile—»-

FIGURE 7-7

Bouguer anomalies corresponding to different densities p. The best density is p - 2.4 g/cm3

(no correlation); for other densities the Bouguer anomalies are correlated with elevation (positive
correlation for p — 2.2, negative correlation for p = 2.6).
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If condition (7-98) is fulfilled, then we may consider the “Bouguer anomaly” z
as a gravity anomaly that is completely uncorrelated with elevation; we can
directly apply to it the whole theory of the preceding sections. But even when
this condition is not quite satisfied, Bouguer anomalies will in general be far
less correlated with elevation than free-air anomalies. The fact that in (7-96)
gravity is reduced to a mean elevation and not to sea level, is quite irrelevant
in this connection, because this is only a question ofan additive constant.
From this crude statistical point of view, such refinements as terrain correction,
etc., may also be disregarded.

It is thus possible to consider the Bouguer reduction as a means of obtaining
gravity anomalies that are less dependent on elevation and hence more repre-
sentative than free-air anomalies. More precisely, the Bouguer anomalies take
care of the dependence on the local irregularities of elevation. The isostatic
anomalies are, in addition, also largely independent of the regional features of
topography. See also Chapter 3.
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8
Modern Methods for Determining

the Figure of the Earth

8-1. Introduction

In the preceding chapters we have usually followed what might be called the
conservative approach to the problems of physical geodesy. The geodetic
measurements—astronomical coordinates and azimuths, horizontal angles, grav-
ity observations, etc.—are reduced to the geoid, and the “geodetic boundary-
value problem” is solved for the geoid by means of Stokes’ integral- and similar
ormulas. The geoid then serves as a basis for establishing the position of points
of the earth’s surface.

The advantage of this approach is that the geoid is a level surface, capable
of simple definition in terms of the physically meaningful and geodetically im-
portant potential W. The geoid represents the most obvious mathematical
formulation of a horizontal surface at sea level. This is why the use of the geoid
simplifies geodetic problems and makes them accessible to geometrical intuition.
The disadvantage is that the potential W inside the earth, and hence the

geoid W = const., depends on the density p because of Poisson’s equation (2-6)

AW = —4irkp -j- 2w 2
.

Therefore, in order to determine or to use the geoid, the density of the masses
at every point between the geoid and the ground must be known, at least
theoretically. This is clearly impossible, and therefore some assumptions con-
cerning the density must be made, which is unsatisfactory theoretically, even
though the practical influence of these assumptions is usually very small.
For this reason it is of basic importance that Molodensky in 1945 was able
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to show that the physical surface of the earth can be determined from geodetic
measurements alone, without using the density of the earth’s crust. This requires
that the concept of the geoid be abandoned. The mathematical formulation
becomes more abstract and more difficult. Both the gravimetric method and the
astrogeodetic method can be modified for this purpose. The gravity anomalies
and the deflections of the vertical,now refer to the ground, and no longer to
sea level; the “height anomalies” at ground level take the place of the geoidal
undulations.

These recent developments have considerably broadened our insight into the
principles of physical geodesy and have also introduced powerful new methods
for attacking classical problems. Hence their basic theoretical significance is
hardly lessened by the fact that many scientists prefer to retain the geoid because
of its conceptual and practical advantages.

In this chapter we shall first give a concise survey of the conventional deter-
mination of the geoid by means of gravity reductions, in order to understand
better the modern ideas. After an exposition of Molodensky’s theory we shall
show how the new methods may be applied to classical problems such as gravity
reduction or the determination of the geoid.

It should be mentioned that the terms “modern” and “conventional” merely
serve as convenient labels; they do not imply any connotation of value or
preferability.

8-2. Gravity Reductions and the Geoid

The integrals of Stokes and of Vening Meinesz and similar formulas presuppose
that the disturbing potential T is harmonic on the geoid, which implies that there
are no masses outside the geoid. This assumption—no masses outside the
bounding surface—is necessary if we wish to treat any problem of physical
geodesy as a boundary-value problem in the sense of potential theory. The
reason is that the boundary-value problems of potential theory always involve
harmonic functions, that is, solutions of Laplace’s equation

AT = 0.

We know, for instance, that the determination of T or N from the gravity
anomalies Ag may be considered as a third boundary-value problem; see Sec
2-13.

Since there are masses outside the geoid, they must be moved inside the geoid
or completely removed, before we can apply Stokes’ integral or related formulas.
This

'

is the purpose of the various gravity reductions. They were considered ex-
tensively in Chapter 3; we therefore can limit ourselves to pointing out those
theoretical features that are relevant to our present problem.

If the external masses, the masses outside the geoid, are removed or moved
inside the geoid, gravity will be changed. Furthermore, gravity is observed at

ground level, but is needed at sea level. The reduction of gravity thus involves

the consideration of these two ,

the geoid.
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the consideration of these two effects, in order to obtain boundary values on
the geoid.

This so-called regularization of the geoid by removing the external masses
unfortunately also changes the level surfaces and hence, in general, the geoid.
This is the indirect effect; the changed geoid is called the cogeoid or the regu-
larized geoid.

The principle of this method may be described as follows (Jung, 1956, p. 578) •

see Fig. 8-1.

1. The masses outside the geoid are, by computation, either removed entirely
or else moved inside the geoid. The effect of this procedure on the value
of gravity g at the station P is considered.

2. The gravity station is moved from P down to the geoid, to the point P0.

Again, the corresponding effect on the gravity is considered.
3. The indirect effect, the distance 8N = Pf c

, is obtained by dividing the
change in potential at the geoid, 5W, by normal gravity (Bruns’ theorem):

SW
(8-1)8N

4. The gravity station is now moved from the geoidal point P0 to the cogeoid,
to the point Pc

. This gives the boundary value of gravity at the cogeoid, g’.

5. The shape of the cogeoid is computed from the reduced gravity anomalies

= g
c - 7 (8-2)

by Stokes’ formula, which gives Nc = QPC
.

6. Finally, the geoid is determined by considering the indirect effect. The
geoidal undulation N is thus obtained as

N = Nc + 8N. (g_3)

At first sight it may seem that the masses between the geoid and the cogeoid
should be removed if the cogeoid |iappens to be below the geoid, because Stokes’
formula is applied to the cogeoid.

1

However, this is not necessary, and therefore
we need not be concerned with a “secondary indirect effect.” The argument is a
little too technical to be presented here; see Moritz (1965, p. 26).
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In principle every gravity reduction that gives boundary values at the geoid

is equally suited for the determination of the geoid, provided the indirect effect

is properly taken into account.

1

Thus the selection of a good reduction method

should be made from other points of view, such as the geophysical meaning of

the reduced gravity anomalies, the simplicity of computation, the feasibility of

interpolation between the gravity stations, the smallness or even absence of the

indirect effect, etc.; see Sec. 3-9.
. ,

The Bouguer reduction corresponds to a complete removal of the external

masses. In the isostatic reduction these masses are shifted vertically downward

according to some theory of isostasy. In Helmert’s condensation reduction the

external masses are compressed to form a surface layer on the geoid. In t e

Rudzki reduction they are moved inside the geoid in such a way that the potentia

on the geoid, and hence the geoid itself, remains unchanged (the external

potential and the external level surfaces, however, are changed); hence there

is no indirect effect in this case.
_ . , _ .

Quite different are the Prey reduction and the free-air reduction. The Poincare-

Prey reduction (Sec. 4-3) gives the actual gravity inside the earth; it does not

give boundary values. The free-air reduction, in the present context, requires

that the masses outside the geoid have been removed beforehand; it is here part

of every gravity reduction to the geoid rather than an independent reduction.

In Sec. 8-10 we shall deal with another aspect of this problem.

In all reduction methods it is necessary to know the density of the masses

above the geoid. In practice this involves some kind of an assumption—for

instance, putting p == 2.67 g/cm3
. A second assumption is usually made m the

free-air reduction, which is part of the reduction of gravity to the geoid: the

actual free-air gravity gradient is assumed to be equal to the normal gradient

-0.3086 mgal/meter.

These two assumptions falsify our results, at least theoretically (Moritz, 1962).

The second assumption can be avoided by using the actual free-air gradient

as computed by the methods of Sec. 2-23. The anomalies Ag to be used m

formula (2-217) must be the reduced gravity anomalies at Ihe^eoid^gravity g

after steps 1 and 2 of the above description, minus theoretical gravity y on the

ellipsoid. This presupposes that in step 2 a preliminary free-air reduction using

the normal gradient has been applied first.

Deflections of the vertical. The indirect effect affects the deflection of the

vertical as well as the geoidal height. We have found

N = N° + 5N,.'

where N° is the undulation of the cogeoid, the immediate result of Stokes’

i A formal proof, based on a transformation of a certain integral equation, may be found

in Moritz (1965, Sec. 4).
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formula, and SN is the indirect effect. By differentiating N in a horizontal direc-

tion we get the deflection component along this direction:

dN _ dNc _ d(8N)
e “

ds
~ ds ds

K J

This means that to the immediate result of Vening Meinesz’ formula, —dN°/ds,

we must add a term representing the horizontal derivative of dN; see also

Sec. 3-6.

In the case of the Rudzki reduction, where the indirect effect is zero, Vening

Meinesz’ formula will give deflections of the vertical that refer directly to the

geoid.

8-3. Molodensky’s Problem

We have just seen that the reduction of gravity to sea level necessarily involves

assumptions concerning the density of the masses above the geoid. This is

equally true of other geodetic computations when performed in the conventional

way.

To see this, consider the problem of computing the geodetic coordinates

<f>, X, h, from the natural coordinates T, A, H, as described in Chapter 5. The

geometric height h above the ellipsoid is obtained from the orthometric height II

above the geoid and the geoidal undulation N by

h = H+N.

The determination ofN was considered in the preceding section. To compute H
from the results of leveling, we need the mean gravity g along the plumb line

between the geoid and the ground (Sec. 4-4). Since gravity g cannot be measured

inside the earth, we compute it by Prey’s reduction, for which we must know

the density of the masses above the geoid.

The geodetic coordinates <j> and X are obtained from the astronomical co-

ordinates $ and A and the deflection components £ and r
j
by

<j> = $ — £, X = A — i? sec 4>.

The coordinates $ and A are measured on the ground; £ and ?? can be computed

for the geoid by Vening Meinesz’ formula, the indirect effect being taken into

account according to the preceding section. To apply the above formulas, either

$ and A must be reduced down to the geoid or £ and rj must be reduced up to

the ground. In both cases this involves the reduction for the curvature of the

plumb line (Sec. 5-6), which also depends on the mean value g through its

horizontal derivatives. Hence Prey’s reduction enters here too.

Thus we see that in the conventional approach to the problems of physical

geodesy we must know the density of the outer masses or make assumptions

concerning it. To avoid this, Molodensky in 1945 proposed a different approach.

Figure 8-2 shows the geometrical principles of this method. The ground point
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P is again projected onto the ellipsoid according to Helmert. However, the

geometric height h is now determined by

It - H* + X,
t8

'5)

the normal height H* replacing the orthometric height II, and the height anomaly

'? replacing the geoidal undulation N.
.

, r , ,

This will be clear if one considers the surface whose normal potential U at

every point Q is equal to the actual potential W at the corresponding point

P, so that UQ = WP,
corresponding points P and Q being situated on the same

ellipsoidal normal. This surface is called the telluroid (Hirvonen I960, 1961).

The vertical distance from the ellipsoid to the telluroid is the normal height H

(Sec. 4-5), whereas the geometric height h is the vertical distance from the ellips-

oid to the ground. The difference between these two heights is thus the height

anomaly
t = (8-6)

closely corresponding to the geoidal undulation N = h - H, which is the dif-

ference between the geometric and the orthometric height. .... .

The normal height H*, and hence the telluroid S, can be determined by level-

ing combined with gravity measurements, according to Sec. 4-5. First the

geopotential number of P, C = W0 - WP,
is computed by

C = jo
P
gdn,

where g is the measured gravity and dn is the leveling increment. The normal

height H* is then related to C by an analytical expression such as (4-44),

H*
C
To

1 + (1 +f+m 2/sin2
f) hJ UTo

where To is the normal gravity at the ellipsoidal point Q0 . Obviously IP is

independent of the density.
.

The normal height H* of a ground point P is identical with the height above

the ellipsoid, h, of the corresponding telluroid point Q. If the geopotential

function W were equal to the normal potential function U at every point, then
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2 would coincide with P, the telluroid would coincide with the physical surface

rf the earth, and the normal height of every point would be equal to its geometric

reight. Actually, however, Wp^ Up-, hence the difference

= hp — Hp = hp — hQ

is not zero. This explains the term “height anomaly” for f.

The gravity anomaly is now defined as

Ag = gp
— Tq!

it is the difference between the actual gravity as measured on the ground and the

normal gravity on the telluroid. The normal gravity on the telluroid, which we

shall briefly dlnote by 7 ,
is computed from the normal gravity at the ellipsoid,

70, by the normal free-air reduction, but now applied upward.

,
7*7 if* _l JL H*2 + — •» (8-8)

7 = 7q = 7o + ^2J + 21 Qtf

For this reason the new gravity anomalies (8-7) are called free-air anomalies.

They are referred to ground level, whereas the conventional gravity anomalies

Sve ta-Sd to sea level. Therefore the new free-arr anomalies have

nothing in common with a free-air reduction of actual gravity to sea level,

except the name. This distinction should be carefully kept m mind.

A direct formula for computing 7 at Q is (2-123),

y - v.[l - 2(1 +/+ m - 2/sin’

+

3 (f) ]•
,8 ‘9)

,h

,

e

r,
ooMtial surface W-Wr - const, and the corresponding spheropotenttal

V- W, - const, at .he point P. In Sec. 2-16 we have denoted fltis

distance by Nr, and have found that Bruns' formula (2-144) also applies to th

quantity. Hence we have for f = Ap

f = (8-10)

7

T — wP — Up being the disturbing potential at ground level, and 7 being the

by an expression analogous to Stokes’ formula for the geoida1 : N.Th

k indeed true However, the telluroid is not a level surface, and to every pom
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oceans, because there f.
= N, and is very close to the geoid anywhere else. This

surface has been called the quasigeoid by Molodensky. However, the quasigeoid

is not a level surface and has no physical meaning whatever. It must be con-

sidered as a concession to conventional conceptions that call for a geoidlike

surface. From this point of view the normal height of a point is its elevation

above the quasigeoid, just as the orthometric height is its elevation above the

geoid.

8-4. Linear Integral Equations

In the following sections we shall make use of linear integral equations. For the
.

reader who is not familiar with this subject we shall now give a brief intuitive

introduction to linear integral equations, which is sufficient for our purpose.

More details may be found in such standard treatises as Courant and Hilbert

(1953)

The functions defined on the surface of the earth are functions of two vari-

ables (for instance, latitude and longitude). For simplicity, however, we shall

be concerned here with functions of one variable only; this is sufficient for a

general understanding.

Consider the equation

£ K(s, t)u(t) dt = f(s). (8-11)

It is called a linear integral equation of the first kind. The functions f(s) and

K(s, 0 (called the kernel of the integral equation) are given; the problem is to

determine the unknown function u{t) from this equation.

The analogy of this integral equation with the system of linear equations

^2 KijUj = fi O'
= 1,2,..., n), (8-12)

3 = 1

which may be fully written as

KnUi + KtfUt + • •
• + Kinun

Kniii + KnUi -F • • • T" K%nUn

Kn\Ul + KniUz T" • • • T" K-nnUn fn ,

is evident. There correspond:

n

integral P to sum ;

Jt-a y=l

variables s, t to indices i,j.

= fu
='/*,

(8
- 12')
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t — A,

(8-120

Uj-
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This shows that a linear integral equation may be considered as an analogue ofa

svstem of linear equations. .... ,

It is also very easy to approximate the integral equation (8-11) by a system

of linear equations. We may’ divide the interval of integration (a, b) into n

equal parts and set

h — a
- h —

n

h ,

3A ,5h
ti= a + ^ h = a + -rp U - a + 2’. „ ,

tn = a +
2' “ ~

' 2 ' 2

Then Fig. 8-3 shows that the integral may be approximated by

(In - l)/r.

j
b

K(s, t)u(t) dt = K(s, h)u(ti)-h + K(s, ti)u(h)-h + + K(s, Qu(Q-h.

This is nothing but the usual approximation of an area by a sum of rectangles;

iS is considered here as a fixed parameter. Thus the integral equation (8-11)

becomes approximately

h[K(s, h)u(ti) + K(s, t2)u(h) + •
• + K(s, trl)u(tn)} =As)-

Letting s successively be equal to U, h, . . . , tn ,
we obtain

h[K(th h)u(ti) + K(ti, h)u(h) + •
• + K(ti, tn)u(tn)] = f(h),

h[K(h, ti)u(h) + K(h, h)u(h) + • • • + K(h, tn)u(tn)\ - f(h),

(8-13)

h[K(tn, tl)u(tl) + K(tn, h)u(h) + • • • + K(tn, tn)u(tn
.)]

On substituting

hK(u, t,) = Kij, u(tj) = uh m =/*>

the svstem (8-13) becomes the system (8-12) or (8-120-

A s yi —> co the approximate system of linear equations (8-13) changes rigor-

ously into the integral equation (8-11). We may thus regard a linear integral

equation as the limit («->“)«/ « system of linear equations.

The system (8-13) may also be used for an approximate solution of the integral

equation (8-11): we may compute the values of u(t) for t = h, h, . . , , U by

FIGURE 8-3

Approximation of an area by a

sum of rectangles.
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solving (8-13) and interpolate for other arguments t (in the same way as in a

table of functions).
.

Considerably more important theoretically and in application are the linear

integral equations of the second kind. They have the form

u(s) + J*
K(s, t)u(t) dt = /(•?)• (8-14)

As a matter of fact, such an integral equation is equivalent to a system of linear

equations of the form

;=i

and may be approximated by it, in the way shown above.

Since it is easy to think of a linear integral equation as a limit of a system of

linear equations, we have chosen this approach here, although later we shall

solve our integral equations differently, by an iterative process rather than by

approximating them by systems of linear equations.

Application of Green’s Identities

By applying Green’s third identity to the gravity potential W we derived in

Sec. 1-6 the formula (1-34),

+ // [
W

Tn (?)
-

}3 dS + 2“V + f,)

+ 2w2

flit
0. (8-16)

f0
P
g dn -

Here S is the physical surface of the earth; l is the distance between a fixed

point P, to which the first and third terms refer, and the variable surface element

dS; n is the outward directed normal to the physical surface at dS; dW/dn

is the component of the gravity vector normal to S; the z-axis is the earth’s

axis of rotation; « is the angular velocity; and l' is the distance between P and

the volume element dv. Slight changes of notation are obvious.

This equation, which was also obtained by de Graaff-Hunter (1960), relates

the earth’s surface 5- to the potential W and its normal derivative dW/dn. It

represents the most direct mathematical formulation of the problem of the

gravimetric determination of the figure of the earth S, or in other words, of the

boundary-value problem of physical geodesy according to Molodensky. It is

therefore worthwhile to examine its meaning in some detail.

The gravity potential W at any point P is obtained, apart from an additive

constant W0,
by leveling combined with gravity measurements according to

The normal component dW/dn
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The normal component dW/dn of the gravity vector g is determined by the

measurement of g, which is the magnitude of g, and of the astronomical latitude

and longitude, which establish the direction of g.

Hence the only unknown in (8-16) is the surface S itself, because l, l , x, y

are determined by 5 and by the astronomical coordinates of the points involved.

It is therefore plausible to assume that this equation can be solved for 5 in

some way. Thus we see how' it is possible to determine a purely geometrical

quantity—namely, the shape of the surface S'—solely from physical quantities

connected with the earth’s gravitational field (gravity potential and gravity

vector).

So far we have considered the constant Wo, which can be taken as the poten-

tial at sea level, as known. As we have seen in Sec. 2-20, it is related to the

linear scale of the earth; see also Molodenskii et ah (1962a, p. 113). If W0 is

only approximately known, as it is at present, then the shape of the earth is

determined only up to a scale factor. The measurement of a single distance

(preferably a long arc) is sufficient to establish the scale. No other measure-

ments of distances or angles, neither triangulation nor trilateration, are neces-

sary in principle.

Thus the geodetic measurements that are necessary and sufficient for the

gravimetric determination of the physical surface of the earth may be sum-

marized as:

1. gravity measurements;

2. astronomical determination of latitude and longitude;

3. leveling; and

4. measurement of one distance.

This, of course, is the theoretical minimum; in practice triangulation and tri-

lateration are very useful because of their high relative accuracy.
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Linearization. The basic equation (8-16) has the symbolic form

dW\
dn

the problem is to solve it for S. Unfortunately it is a nonlinear integral equation

that cannot be solved directly. However, we can apply to it the usual treatment

of any complicated nonlinear equation: we linearize it by introducing suitable

approximate values, so that we finally get a linear equation for the deviation

of the actual from the approximate solution. The actual potential W is thus

approximated by a normal potential U; the approximate solution for 5 is the

telluroid 2. The deviation ofW from U is the disturbing potential T — W — U,

and the deviation of S from 2 is the height anomaly f.

We shall now proceed to the linearization of (8-16). Since W in this equation

is quite an arbitrary function, we may apply (8-16) also to the normal poten-

tial U, getting
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-2ttU +. ^ dS + 2ttco
2(x2 + y

2
) + 2co2

r~°-
AJ.

Subtracting this from the original equation (8-16) we obtain

2tT+ //[
rs(/)“ri]'K

~ 0'

This equation is already much simpler than (8-16). The essential point how-

ever, is that in this equation we can replace the integration over the unknow

surface S by an integration over the known telluroid 2, getting

- 2*r+
// [rTn (f)-\V\

dz -')-

The reason why this is possible is that dS differs from dZ only by quantities

of the order of the height anomaly f

:

dS= i/2(l + At + B? + •••)•

Thus we have
A^ i ** nrn Jvv 1TdS= rc/2 + -r2 (/2 +
7

If we limit oursel.es to terms linear in T or f - T/y, then the terms eontaining

P and higher powers of T will be neglected, and there remains

TdS = Td2

or as long as it is multiplied by terms of the order of T,

dS= </2. (8
* 19)

Note that this replacement of S by 2 is not permissible in the original equation

(8-16), because IT is of a greater order of magnitude than T.

In (8-18) the normal n is the normal to the physical surface of the earth ,

to the same accuracy, the normal to the telluroid. It is thus in general not vertical.

For this reason dT/dn is not equal to

dT:= _Ag + i^T (8
-20)

dh
s

7Eh

[this is equation (2-147c) applied to ground level], but it contains, besides Ag,

the components £ and i? of the deflection of the vertical.
.

The actual evaluation of dT/dn in terms of Ag, £ y is somewhat laborious

(Molodenskii et al„ 1962a, Chapter V; Moritz, 1965 P- 18>- 1?
e
p

for®’^
because we shall find a more convenient solution to Molodensky s problem

in the next section, we omit the derivation here. The result is

9T _ [ , _u A T + 7(£ tan di -l- >? tan ft)l cos 6, (8-21) j
dn L y dh J

where ft is the angle of inclination of a north-south terrain profile with respect

|

to the horizontal; similarly, fh

the angle of maximum inclinatio:

The insertion of (8-21) into (8-

1 dy cos

y dh l

This is a linear integral equatior

tial T or for the height anomaly

that the unknown function u is

is given by the right-hand side c

expression in brackets in the i

integral equation is also conside

If we want to solve this equati

tion components | and ij. Since

and since J and v are multipliec

the deflection components are

,
ceeded in eliminating J and 17 fr<

As we have indicated, we sha

the following section. We shall tl

but mention only that the integr;

analogous to that to be describe

Application to the geoid. The

to the geoid, provided the geoid

outside it. Instead of the tellur

furthermore, ft = ft = /3 = 0, ;

r±(T
Ldh \l

This equation is much simpler

deflection components £ and rj.

If the reference ellipsoid is t

if we make a spherical approxin

Stokes’ formula. This is immedi

T in terms of Ag as a spherical i

By expanding the ellipsoidal

parameter of the order of the 1

iteratively, using Stokes’ formi

possible to find a relatively s

determination of the regularizec

order of e’ 2 (Molodenskii et al.



re of the Earth

X2 y j2) + 2co
2

JJ j y
= 0.

earth

>) we obtain

)Ti

r ^ = o.

16). The essential point, how-

integration over the unknown

roid 2, getting

d2 = 0. (8-18)

•s from dZ only by quantities

+ •••)•

r/y, then the terms containing

there remains

er of T,

(8-19)

issible in the original equation

tude than T.

lysical surface of the earth or,

it is thus in general not vertical.

r (8-20)

1], but it contains, besides Ag,
vertical.

g, £, r] is somewhat laborious

:, 1965, p. 18). Therefore, and

on to Molodensky’s problem

The result is

f tan ft)J
cos ft, (8-21)

,ith terrain profile with respect
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to the horizontal; similarly, ft is the inclination of an east-west profile; ft is

the angle of maximum inclination of the terrain.

The insertion of (8-21) into (8-18) yields

2

= jj y
[Ag - y(£ tan ft + V tan &)] cos /3 dZ. (8-22)

2

This is a linear integral equation of the second kind for the disturbing poten-

tial T or for the height anomaly f = T/y. If we compare it with (8-14), we see

that the unknown function u is now represented by T, the known function /
is given by the right-hand side of (8-22), and the kernel K is — l/27r times the

expression in brackets in the integral on the left-hand side of (8-22). This

integral equation is also considered by Levallois (1958).

If we want to solve this equation for T we must know, besides Ag, the deflec-

tion components £ and ij. Since the inclinations ft and ft are usually small,

and since £ and q are multiplied by tan ft and tan ft, approximate values for

the deflection components are usually sufficient. Molodensky has even suc-

.
ceeded in eliminating £ and r, from (8-22) in a highly ingenious way.

As We have indicated, we shall deal with a considerably simpler method in

the following section. We shall therefore pursue the present approach no further

but mention only that the integral equation (8-22) can be solved by an iteration

analogous to that to be described in Sec. 8-7.

Application to the geoid. The integral equation (8-22) may also be applied

to the geoid, provided the geoid has been “regularized” by removing the masses

outside it. Instead - of the telluroid 2 we then have the reference ellipsoid E\

furthermore, ft = ft = j3 = 0, and d/dn = d/dh. Hence we obtain

mm) 1 dy 1

y dhl_

This equation is much simpler than (8-22), because it does not contain the

deflection components £ and -q.

If the reference ellipsoid is approximated by a sphere, or in other words,

if we make a spherical approximation, the solution of (8-23) is given simply by

Stokes’ formula. This is immediately obvious because Stokes’ formula expresses

T in terms of Ag as a spherical approximation.

By expanding the ellipsoidal quantities of (8-23) in terms of e'
2 or a similar

parameter of the order of the flattening, this integral equation may be solved

iteratively, using Stokes’ formula as a first approximation. In this way it is

possible to find a relatively simple solution of “Zagrebin’s problem,” the

determination of the regularized geoid by means of a reference ellipsoid to the

order of e' 2 (Molodenskii et al., ,1962a, p. 53).
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The integral equation method thus makes possible the numerical solution of

boundary-value problems of physical geodesy-problems whose solution by

some other method may he much more complicated or even impossible. Besides

this advantage in solving problems we have also an advantage m formulating

problems. By the integral equations (8-22) and (8-23) the respective problems

are completely described. The corresponding conventional

be to determine a function T that outside a certain surface (the earth s surface

or the regularized geoid) satisfies Laplace’s differential equation

AT = 0 (8-24a)

and is subject to the boundary condition (8-20),

&£ _ i §1 t = —Ag
dh y dh

(8-24b)

on this surface. It is evident that the formulation by means of one mtegial

equation (instead of a differential equation and a boundary condition) is shor e
,

it also brings the problem closer to a solution m many cases.

Even if T is not harmonic, in the case of the actual geoid, a direct integral

equation approach is still possible, whereas the conventional approach can no

longer be used directly. The application of an integral equation, corresponding

to (8-23), to the actual geoid provides a direct mathematical treatment of the

problem of gravity reductions for the determination of the geoid (Moritz,

1965, Sec. 4). Hence the integral equation method is also an efficient tool for

problems of classical geodesy.

8-6. Integral Equation for the Surface Layer

The integral equation (8-22) has the disadvantage that it contains, besides the

gravity anomaly Ag, the deflection components { and v As we have mentioned,

ft is possible to transform (8-22) so that it contains Ag only, but then it becomes

rather complicated.

A simpler and more practical integral equation may be obtained in the fol-

lowing way. We may express the anomalous potential T as the potential of a

surface layer (Sec. 1-3) on the earth’s surface or, to the same accuracy, on the

telluroid: .

,T=
j] f

(8
"25)

The symbol <t>
is the surface density k multiplied by the gravitational constant.

We insert this expression into the boundary condition (8-20),

dT
,

1 dy „ _ . „.dJl -u 1 T - Ag.
dh^ ydh 1 S

If we wish to differentiate equation (8-25) with respect to h, we must remember

from Sec. 1-3 that the derivatives of a surface layer potential are discontinuous

at the surface. For the boundary

tive, which is given by equation

(K)
\dhp)e

where the direction of m is now

(8-25) and the boundary condi

d/dm — d/dhp. The angle (m, n)

surface normal, which is the incl

On inserting this expression in

2ir<{> COS -ill

where R is a mean radius of tl

or, to the same approximation,

We have

1 dy _
yp dhp

so that we find, after a simple c

A7i\_
dhp \ / /
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er potential are discontinuous

at the surface. For the boundary condition we obviously need the outer deriva-

tive, which is given by equation (l-19a):

(£.) =
\dhpje.

-27T(j> cos d + 7
dz>

(8-26)

where the direction of m is now the vertical of the point P to which both T m

(8-25) and the boundary condition (8-20) refer; we have therefore written

d/dm = d/dhp. The angle (m, n) is now the angle between this vertical and the

surface normal, which is the inclination angle /?•

On inserting this expression into the boundary condition we obtain

2ir</> cos p-urn 1 dy 1~

7p dhp /_

(8-27)

The quantities outside the integral are always taken at the point P. If quan-

tities inside the integral are to refer to this point, they are specially marked by

the subscript P, otherwise they are taken at the surface element dS.

It is instructive to compare this equation with (8-22). Both are linear integral

equations of the second kind. The coefficient of T inside the integral in (8-22) is

apparently quite similar to the corresponding coefficient of <j> in (8-27). However,

7 and the partial derivatives 3/dn and 3/dh in (8-22) are taken at dh, whereas y

and d/dh in (8-27) refer to P.
. , J ,

The advantage of the new integral equation (8-27) is that it depends only

on Ag.

Spherical approximation. We now write the integral equation (8-27) as a

spherical approximation. Note that this means that the reference ellipsoid,

but not the telluroid, is approximated by a sphere.

Then the geocentric radius vectors of P and of c/2 are approximated by (see

Fig. 8-4) .
•

rp~ R + % (8-28)

r — P1 + h,

where jR is a mean radius of the earth and h is the height above the ellipsoid

or, to the same approximation, the orthometric or also the normal height.

We have —
/ = Vr2

P + r2 — 2rPr cos f,

:G)-£G)~
rp — r cos f

jt ’

1 dy _ 2_,

yjp dhp t'p

so that we find, after a simple calculation,

j_ (j\ _ } 37 1 3

dhp \ l

)

7p dhp l 2rpl
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Thus (8-27) becomes

-
2ir<f> cos/3 - ff (2

^+ ~2rfP~)
^ = Ag>

The surface element <72 may be eliminated by noting that the projection of dl

onto the local horizon is given by
,

dl, cos /3.

This is also equal to

where do- is the element of solid angle, because r is the radius vector of dl.

Hence we have
dl = r2 sec /3 do.

Thus our integral equation finally becomes

2irtf> cos/3 — [I \^+
11^pLY^^-<i>do = Eg.

This equation will be simplified and solved in the next section.

If 4> is known, then T and f are determined by (8-25), which may be written



gure of the Earth 8-7. Solution of the Integral Equation 303

;IGURE 8-4

spherical approximation.

4>d2 — Ag.

noting that the projection of c/2

e r is the radius vector of c/2.

• sec (i •</> d<r = Ag. (8-30)

le next section.

f (8-25), which may be written

ft da. (8-31)

in (8-30) may also be applied

and (8-30) becomes

where

2tr</>
— 3R tda Ag,

. . 70 = 2R sin

see Fig. 1-13.

T and N are expressed in terms of 4> by (8-31), which now becomes

T = GN = R2

where G is an average value for the gravity.

On inserting (8-34) into (8-32) we find

da.

(8-32)

(8-33)

(8-34)

*-s(4s+^ r
)
= s(4* + s")- -

(S '35)

This expression of <t>
in terms of Ag and N is equivalent to (6-57), since p== 2r<f>.

The geoidal height N is given as a spherical approximation by Stokes’ formula

N R
4-irG

Ag da. (8-36)

This is inserted into (8-35), which gives

2ir4> = Ag + ^ JJ
Ag S(f) da. (8-37)

<r

This formula expresses <j> in terms of Ag and is thus a solution of the integral

equation (8-32).

Solving (8-35) we find

T = y (2W> - Ag). (8-38)

These simple formulas are valid for the regularized geoid to a spherical

approximation. ,

8-7. Solution of the Integral Equation

Before solving the integral equation (8-30) we simplify it by noting that

r = R + h — R ^1 +

differs from R by less than 10"3
,
which is smaller than the error of the spherical

approximation. Thus we may safely put
> = R,
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and denoted the “zero-order apj

Since (8-42) is of the form (8-1

present notation reads

2-xfa = (

b) After this, the quantities (

first power; second and higher

small correction fa, so that as a

To this approximation we still hi

co

because the quadratic terms in tl

COS 8 = -7=2
Vi +

are neglected.

Hence (8-39) becomes

2ir(fa + 00 —
Ij
<r

both Qi — hp)/lo and fa a

neglected in the second integral,

lirfa — Jj y
dcr + 2irfa

-

<r-

The first two terms on the left-hr

ing to (8-42). There remains

2'*-THi
a

or

2irfa -

<h =

r* -t*P = (It - hP)(r + rP) = 2R(h - hP),

obtaining '
.

cos f - ff (f +
sec "f d

.

- 4g. (8-39)

cr

This equation is simpler than (8-30), but quite as accurate.

We can also simplify the expression for the distance /. We find

/2 = r
2
P + r2 — 2)>r cos \j/

=*(R + hpf + (R + hf - 2(R + hp)(R + h) cos i

= 2i?2(l - cos f) + 2R{h + hp)( 1 - cos £) -f + W - 2hPh cos f

= 4i?2 sin2

1^1 +
/Z + (h — hPy.

For the same reason as above we may neglect (

h

+ hP)/R and hPh/R2
,
obtaining

/2 = /
2 + (h - hPf,

i-4+(44e)'- (S40)

Here /0 denotes the spherical distance (8-33).

With these preliminary steps completed we are now able to solve the integral

equation (8-39). The basic principle is to use an expansion in powers of the

quantities

^ ~ -- and tan /3,
(8-41)

k

These quantities are of the same order of magnitude because, as k 0, then

(

h

— hp)/lo obviously approaches tan f, where f is the angle of inclination in

the direction of Z0 .

Note that the quantities (8-41) are of a greater order of magnitude than h/R.

Hence they must be taken into account, although h/R was neglected in (8-39).

To give a numerical example, we assume a moderate mountain slope of incli-

nation d = 15° at an elevation h of 1000 meters. Then

4 = 0.00016, but tan /3 = 0.27.
R

Solution. The solution of (8-39) is obtained by successive approximations,

a) As a first step, the quantities (8-41) are neglected. Then (8-39) becomes

2*+>~T jj f0
d° = G°> (8

'42)

or

where we have put

Go = Ag .
(843)
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= 2R(h - hP),

sec /3 • ft da — Ag. (8-39)

.S accurate,

istance /. We find

-j- h) cos ft

ft) + h% + fa — 2

h

Ph cos ip

+ hP)/R and hPh/R2
,
obtaining

(8-40)

e now able to solve the integral

an expansion in powers of the

ft (8-41)

itude because, as k—

y

0, then

ft is the angle of inclination in

r order of magnitude than h/R.

ft h/R was neglected in (8-39).

derate mountain slope of incli-

.. Then

? = 0.27.

and denoted the “zero-order approximation” of ft by ft.

Since (8-42) is of the form (8-32), its solution is given by (8-37), which in the

present notation reads

2irft0 = Go + ~ JJ
Go S(ft) d<r. (8-44)

or

b) After this, the quantities (8-41) are taken into account, but only to the

first power; second and higher powers are neglected. Then ft will receive a

small correction fti, so that as a “first-order approximation”

ft — fto + ftn (8-45)

To this approximation we still have

/ = h,

cos /3 = sec /? = 1,

because the quadratic terms in the series

/= loJl +
fh - fa l[l+i(^y + ...],

cos p = .

^ = 1 — i tan2
p +

Vl + tan2
ft

2

are neglected.

Hence (8-39) becomes

2^. + *)-“//.*^*-'//^ da -R?
Jj

^(fto + fti) dcr = Ag.

Since both (h - hP)/k and fti are first-order quantities, their product is to be

neglected in the second integral, and we obtain

;

lit
'6, + 2r4,,-™f[%<b-R‘[[

t
fto da — Go.

The first two terms on the left-hand side are equal to the right-hand side, accord-

ing to (8-42). There remains

2'*-t

y successive approximations.

;lected. Then (8-39) becomes

(8-42)

37? f f fti

where

- da = Gh

?! = R
- [j

fto da.

(8-43)
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Equation (8-46) is the same as (8-42), with & and Gx instead of 0O and G„.
Its solution is therefore given by (8-44),

„ .
'.3 if

2it4>i — Gi + ://• Sty) da.

c) As a next step we could take the squares of the quantities (8-41) into
account, neglecting third and higher powers. The procedure is essentially the
same as in (b). In this way we may proceed to higher and higher approximations.
Molodensky (Molodenskii et al., 1 962a, p. 1 1 8) has devised an elegant method

for this purpose and has also computed the second- and third-order approxima-
tions. However, practical tests have indicated that the first-order approximation -1

is accurate enough in most cases. Accordingly, we shall here limit ourselves to
this approximation.

To obtain T and f from 0, we use (8-31), in which we again set r = R:

+ = To + I
7

! +

Since both 0O and satisfy equations of the form (8-32) and are related to T0

and 7i by equations of the form (8-34), we may apply (8-38), obtaining

To — ~ (27r0o — Go),

Ti—

y

(2?r0i — Gi).

On inserting (8-44) and (8-48) we find

rp R
Uo ~ T~ill

<T

r

G0 Sty) da.

ill

I'

Gi Sty) da.

Bruns’ formula, t = T/y, thus finally gives

f = ft + ft = Yfy Jj
As Sty) da + JJ

Gi Sty) da, (8-50)

tr <r

where, according to (8-47) and (8-35)

Ci = £ // (
A* +H f°)

da- (8
-51)

Thus <r is again approximately given by Stokes’ formula; this is the term f0 .

In addition we have a small correction fj. The steps of computation are as

follows: first, compute f0 by Stokes’ formula; then, evaluate Gl by means of

(8-51); and finally, use Gv to calculate the correction term ft in (8-50).

In the following section w<
may even be neglected withou
The integral formula (8-51)

lined in Sec. 2-24; see also Bur!
The method of using the pi

suitable integral equation, des
alized to construct other integ
can be solved by the iterative
1964).

8-8. Geometrical Interpretatior

We shall now describe a geom
imate solution (8-50),

Using the notation of Sec. 6-5
, v

so that (8-51) takes the form

Gi

We shall now apply a transforms
et al. (1962b). We write

{h - hP)ix = {h

Then (8-54) becomes

G1 = - h :

Note that if hP is taken out of the
cause, apart from the quantities i

the point P.

? % means of equations (1-101) a
spherical harmonics. Let the sphei
and hg be
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(8

-48)

•es of the quantities (8-41) into
The procedure is essentially the
gher and higher approximations.

8) has devised an elegant method
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C

<f>! ,

f + * • • = Zo + T\ + * •

.

)rm (8-32) and are related to T0

aPPly (8-38), obtaining

ro),

n).

) da,

(8-49)

I da.

£~
y JJ KSWda, (8-50)

<r

3(7 \ j.

2R^)dcr. (8-51)

:s’ formula; this is the term f„.

e steps of computation are as
then, evaluate Gl by means of
tion term ft in (8-50).
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In the following section we shall see that the term containing ft in (8-51)
may even be neglected without impairing the accuracy.
The integral formula (8-51) can be evaluated by the usual methods, as out-

lined in Sec. 2-24
; see also Bursa (1 965).

The method of using the potential of a fictitious surface layer to obtain a
suitable integral equation, described in the preceding section, may be gener-
alized to construct other integral equations for Molodensky’s problem. They
can be solved by the iterative method used in the present section (Brovar
1964).

v

8-8. Geometrical Interpretation

We shall now describe a geometrical interpretation of Molodensky’s approx-
imate solution (8-50),

f = 4~ JJ (AS + G0 S(f) da.

a

Using the notation of Sec. 6-5, we put

"L
2.
R'-

(8-52)

a ,3(7,
M ft,

so that (8-51) takes the form

(8-53)

(8-54)

We shall now apply a transformation whose principle was given by Molodenskv
et al. (1962b). We write

(h hp)n = (h — hp)fi + hpup — hpfxp

— ~hp(n — fip) + (hp — hppP).

Then (8-54) becomes

Gi-5 //
M j ,

R2
[ [ hp — (hp)p .

~a~* + s / / —

r

1 *• <8
-55>

Note that if hp is taken out of the integral, it may be denoted simply by h be-
cause, apart from the quantities within the integral sign, everything refers to
the point P.

By means of equations (1-101) and (1-102) we may express (8-55) in terms of
spherical harmonics. Let the spherical-harmonic expansions of the functions p
and hp be

v = ^>2 Vn, hp=Y2 W»'
n= 0 n=

0

(8-56)



308 Modern Methodsfor Determining the Figure of the Earth

Then (8-55) becomes

- 4 X)
- 4 Yj n(hf)n.

Subtracting and adding 1/R times

00 00

hyj Hn == hg = y] (hf)n

we obtain

Gi
h

Rz (n - ik - ^i> - i)(K,
0 -“'o

We may thus split Gi into two parts:

Gi = Gu + G12,

(8-57)

Thus we see that the term Gn <

ity anomaly from the ground
Neglecting again a relative errc

Before we consider Gi2 we no
the effect of Gh may be split in 1

Then

where

<&-!?(»- IK- -*£// 43 A

(8-58)

(8-59a)

tu — R
4ttj // G» 51

= ^ '[[
hji - (K)p .

h
Gl2

2t JJ ll

' + (8-59b)

Let us first consider the term Gu . Writing Ag = £ Ag„ and T0 = J^Tn
(note that T0 here means the zero-order approximation of the function T and

not the harmonic of degree zero!), we have

gn Agw -{- Tn'

Hence (8-59a) becomes

h
<?u Z (« - d ~£ (»

-

w.

According to equations (2-216) and (2-155') we have

A? (" + 2)
dh’ R? ^ 1

'
>7” “

The second component

fl2 = -

can be directly evaluated. Remer

f = l

in terms of spherical harmonics is

r» =

Ifwe replace f by f12, Ag by G12 , an
(8-59b), then the conversion of (8 :

becomes

K-L = t:;

^(« ~ 1)7

The summation from n = 0 to oo
j

so that

r 1
dAg 3hG“--hlk~2R Ag- (8-60)

Since Gu will be added to Ag, according to (8-52) and (8-58), the quantity

(h/R)Ag, which is at most of the order of 10~3 Ag, may be safely neglected as

compared to Ag, and there remains

,

dAg

On inserting (8-53) with G = y thi

fl2

Since f12 is added to f„, we again ir

h/R if we neglect the second term <

we finally obtain

Gu = —h
dh

(8-60')

fl2

This term is as simple as (8-60')
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n(Jhi)n •

(hp)n

'(n- WuX.

f g ~ tip , h

(8-57)

(8-58)

(8-59a)

/
4

-SP+^- <m»)

ig Ag - D Agn and T0 = ZTn
jximation of the function T and

rn .

(n ~ \)Tn

+ W>tin-l)Tn .

e have

L(n-l)Tn =-Ag,
o

4?- (8-60)

(8-52) and (8-58), the quantity
3 Ag, may be safely neglected as

(8-60')

Thus wo see that the term G„ corresponds lo the reduction of thefree-air grav-

Zrr”^ '0 Snund '» »» »>>«/. hy the topographie elevatioh INeglecting again a relative error of h/R we have by (2-217)

«—ksHturBL *- (8-61)

the^ffect ^7°
nsider

,

Gl2 ^ note that the correction term fi, which represents
the effect of Gh may be split m the same way as Gx .

Then
+ (8-62)

f" If
°u Sm* ~

//
*
S

j§ *• (8-63a)

a

The second component

fl2 = 4^ // Gl2^ da (8-63b)
a

can be directly evaluated. Remember that the equivalent of Stokes’ formula

r=
*
4wy JJ ****>*

in terms of spherical harmonics is

In ~
R

-Agn .

(n - l)y

'

(8 SQbWhen
f

th

y^%^ Gl?

;

Agn by ~ (n ~ 1)(W*’ in agreement with

becomes
& h C°nVerS1°n °f (8 '63b) to an expression in spherical harmonics

(ri2)n =
or=h>i (~ii)

(n ~ = ~~ (kfa.

The summation from n = 0 to » yields the simple formula

fu =
7

On inserting (8-53) with G = 7 this becomes

_ hAg 3h
„

(8-64)

(8-65)

Since is added to fo, we again introduce a relative error of the order of only
/i/7i if we neglect the second term on the right-hand side of this equation. Thuswe finally obtain

fl2 = h. (8-65')

This term is as simple as (8-60') and admits of a corresponding geometrical
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~o

interpretation. Consider the vertical derivative of the height anomaly f. We find

dt = d_

dh dh

dT 1 dy

,

dh dh \yj y dh y* dh

according to equation (2-147c) this is equal to

^ ~ - A
8.

dh y
Hence (8-65') is equivalent to

4- J. Ox t)
dh'ydh )

Thus we see that the term f12 corresponds to the reduction of the height anomaly
from sea level to the ground, the sign of this reduction being opposite to that of
(8-60').

Using (8-63 a) and (8-67) we may write the solution (8-52) in the alternative
form

f =
4 (

Ag-W h
)
S(^ d<r+M h- (8-68)

<T

The geometrical interpretation of this equation is evident from what has been
said: the free-air anomalies Ag at ground level are reduced to sea level to become

Ag* = Ag — f^-h; (8
_69)

then Stokes’ integral gives height anomalies at sea level, which are reduced
upward to ground level by adding the term (8-67).
As a by-product we have obtained the important result that n (8-53) can be

replaced by Ag without introducing a relative error of an order greater than
h/R- this error has been neglected already in equation (8-39). This is seen by
comparing (8-59a) with (8-61), and (8-64) with (8-65'). Thus equation (8-51)
for Gi may be essentially simplified to become

r R2

ff h — hP ,Gl=z
2^JJ—lf- A8dir

- (8-70)

cr

Equation (8-52), together with (8-70), and equation (8-68), together with
(8-61) and (8-66), are two equally simple and practical formulas for the height
anomaly f. They are both valid to a linear approximation, an approximation
linear in the quantities (8-41).

Hence we see why gravity anomalies Ag at ground level may be used in (8-61)
whereas the equivalent expression (2-217) was originally derived for gravity
anomalies at sea level, which in the present case are given by (8-69). Since Ag*
and Ag differ only by terms of the order of h, the difference between using Ag
oi Ag* in (8-61) is of the order of h2

, which is negligible in the linear approx-
imation.
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alentto^
^ ^ rCpkce hh^ h ~ h° 8-5b). Thus (8-68) is equiv-

r=
£^jJ[

Ag - d

^(h ~^]mda + fh (h-h«).

sotfia
1

!

211*10111^ WC may takC aS reference level the level of the point P itself,

ho = hp,

P
?T ^ Whi? thS height anomaly ^ is computed. If this choice isk

’ h
,

e ESt term ln t ’e above expression will be zero, because outside theintegral h always means hP, so that h ~ hB = hP - hP = 0. Thus we have

f =
R_

4try
Ag -^(h ~ hp)^S(f) da. (8-71)

This formula is particularly simple; geometrically it means that the free-air

S Tt
re

r

Ced frT t

!

ie gr°UIld t0 the Ievel of the computation point P(Fig. 8-5c). The reference level is thus different for different computation points.

8-9- Deflections of the Vertical

in Sec. 2-22 we have found that the components of the deflection of the vertical
at the geoid are given by

t = = _I atf

ds$ R d<p

= _m i qn (8'72)

ds\ R cos 4> d\
’

In the same way, the deflection components at the earth’s surface are expressed

Y_ - 1
1 3f

r~' rM’ v
~ —

R cos <pd\ (8-73)

However, we must be careful in forming the partial derivatives of f In (8-73)
the derivatives are taken along the level surface W = WP containing the point?

hTnW
S

h
he

,

enVat
!i

V
f,

ln(8'72) Ere take° al0ng the geoid w = W<>- On the otherka
f
d ’ by S

f
ym
f
MoJ°densky’s problem we obtain the height anomalies along

the physical surface of the earth S.
S

Let S’ be given by an expression of the form

W= W(<f>, X)f

J
a* 1S

’
th® P°tential at the Physical surface of the earth is expressed as a function

symb^zed by"

C°°rdmateS * and X ' The height a»°™hes along 5 may be

f = ((<£, x, W) = f[tf>, X, W(4>, X)].

i

r

m

I

Differentiating this with respi

*[*, k ^ _ p
c-

h<j>
[_

according to well-known rule

Since

this is equivalent to

or

\d<t>Js

(d[\

\d<f>Jt

( *t)
W/i

The partial derivative df/dh is

where (3h in the terminology of
north-south terrain profile witl

&)
p4>/w=w

We recall that <9fjdip along
and that <3f/3f> along S is obtaij
for f. Hence we get from (8-73;

(;

= -(

where f correspondingly is th<

Finally we must differentiati

to Ag + Gx instead of Ag, the
Replacing Ag in equations (2-2
hand sides of (8-75). We thus (

1 =

47ry

4^7

(4?

(Ag

These are Molodensky’s forr
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Differentiating this with respect to <£ along 5 yields

frfo. w(4, >01 = fd£(<f>, X, W)
~1

dcf> df Jw= const.
+ x, W) dwu.x)

ew df
according to well-known rules of the calculus. We abbreviate this as

Since

this is equivalent to

(*) = L
\d<j)Js V

+ 60F

,
d<f>/w= Wp ' dW d(f>

dW = —g dh,

or

(Bt\ = /
\d<j>/s V,d<t>/w=Wp dh d(j>

df dh

m
\d<j>/W=Wr (8-74)

dfdh_

/s dh d<j>

The partial derivative dt/dh is given by (8-66); furthermore, we have

1 dh dh

R d<t> dsj,
tan

TnrTf
1

’

I? f
6 termino

ifSy
of Secs - 5-6 and 8-5, is the angle of inclination of a

north-south terrain profile with respect to the horizontal. Hence we findm
\d<j)Jw=:Wp (m) + R — tan ft.\d<p/s y

We recall that d[/d<i> along the level surface W = WP is needed in (8-73)
and that dfld$ along S is obtained by differentiating (8-52) or a similar solution
for f. Hence we get from (8-73)

-VisS _
\R d<t>)s

Ag
tan 8b

(8-75)

where ft correspondingly is the angle of inclination of an east-west profile
Finally we must differentiate (8-52). Since (8-52) is Stokes’ formula, applied

to Ag + G, instead of Ag, the result is Vening Meinesz’ formulas (Sec 2-22)
Replacing Ag in equations (2-210') by Ag + G) gives the first term on the right-
hand sides of (8-75). We thus obtain

{ =
1

4iryII
(Ag + Gi)— cos a da- — ^ tan ft.

(Ag + Gx
)^ sin ado — ~ tan ft.

(8-76)

a

These are Molodensky’s formulas for the deflection of the vertical at the
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AnaUernative formula. Numerical calculations (Molodenskii et al. 1962a
p. 223) indicate that the two correction terms to Vening Meinesz’ formula,

//
dS jcos

1

dip (sin a
dcr and _Agftan A

7 (tan
(8-77)

can each attain quite large values in steep mountains, but that they tend to
cancel each other m equations (8-76). The reason for this becomes evident on
splitting' Ox according to formula (8-58) of the preceding section. Then the first
term in (8-77) for the component £ becomes

r dS , l
Vi -jj cos a di7 = -

—

dip 4wy
n dS
Oil —r. COS a da + -

—

dip 4jryui r dS
CO2^ COS a da

dAg

dh *)

dS d<-12
-77 COS a da — —
df R dtp

X* =

earth’s surface to a linear approximation. If we neglect the first-order terms-
the correction G, and- the inclinations ft and ft—we are left with the original
Vening Meinesz formulas (2-210').

B

COS ex. da “j~

and finally.

1 d(Mg)

Ry d(j>

r dS
Gi COS a da um dS

dip
cos a da

4^11 Gi§ C0Sad<r=:

a

L ff dAg (U u \
dS

, . Ag
4iry JJ ~dh

(h ~ hp)
Jp

COS ada + ~ tan (8-78')

a '

On adding the two terms (8-77), the first being expressed by (8-78'), we see that

Ag ftan ftl

7 ItanftJ

Here we have used equations (8-63) and (8-65'); because the horizontal deriva-
tives of 7 are so small, they have been neglected in these correction terms.
As we did at the end of the preceding section, we may refer the elevation h

to the level of point P instead of to sea level by replacing h by h — hP. Then the
last term of (8-78) becomes zero, because h denotes hP there and is replaced by
hp - hP = 0. We thus obtain
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Sadu -j-

\ dS

kII
dS

'tty'
G\Z~ COS a da

1 ww

) dp
C0Sadff .

dfl2

i? 30

’)^ cos ada +~ id
l‘
A
§},

d'J' Ry 30

dS
d\js

cos a da

+ ^tan ft+
* “t.

7 y R 30
(8-78)

); because the horizontal deriva-
:d in these correction terms.
>n, we may refer the elevation h
replacing h by h - hP . Then the
lotes hP there and is replaced by

S ^ ,
An

J,
cos <x da tan ft. (8-78')

expressed by (8-78'), we see that

n
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will cancel out, leaving

__L [[fog.
4*~y JJ (8-79)

Hence the generalized Vemng Meinesz equations (8-76) become

4/Jb- 3A
(A • Ap)]^/cos «

df (sin
<0T. (8-80)

Si”P,er ' “S Station
Of polo, P so« 8ra,,ty “0mal ‘eS are red"ced “ th““

tog,Ag* = Ag
dh

(h — /ip).

This shows the relation between the equivalent formulas (8-76) and f8 801and also mdtcates why (8-80) seams to be preferable in prac ce M-TOtSewo cancell,ng terms me computed in completely differentC whereb^ddi

CatTS '‘“'T (8 '80) *hey” ^TeS
(I962af

supplemented by nonlinear terms, is also used by Arnold

Relation with the geographical coordinates. The deflection components f and“ by the above expressions represent the deviation ofThfS ntamb

de"flnX
”°mal P'“mb ““ “ ,hC 8™"d P0i“ ^ SSSS

? = 0 - 0*,

V = (A — X*) cos 0. (8-81)

Irethus'^irn^
a0d

t
rePr

!
Sent th£ actual ^graphical coordinates of P; they

S reoresett fbr
10 T ^ t0 the gr°Und ' The ^bdls 0* andX represent the normal geographical coordinates of P, defining the direction

«Xf°;x
u

r
b

h

nr Ke id'” ,i“i «*>

no n o nfth ’ Z
are th£ n°rmal Scographical coordinates of the footpoint Q0 of the straight perpendicular to the ellipsoid (Fig 8-6)

of f T™7>°fna
.f

°!P- * and **• diffeI from the normal coordinates
S«, * and \

,

by the correction for the normal curvature of the plumbline; see Sec. 5-6. Formula (5-34) gives
P

J.f t
h
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/.
FIGURE 8-6

Normal geographical latitude 0 * and geodetic latitude <j>.

Because of the rotational symmetry we have rigorously

v = x,

because go and goo lie on the same ellipsoidal meridian. Furthermore, even in
extreme cases the distance between g0 and g00 can never exceed a few centime-
ters. For this reason we may also set

=
without introducing a perceptible error. Hence we can identify 0' and X' with
<£ and X, which are the geodetic coordinates ofP according to Helmert’s projec-
tion (Sec. 5-3). Therefore, we may replace the above equations for 0* and X* by

4>* = 0 +/* | sin 20,

X* = X.

(8-82)

If we introduce the deflection components according to Helmert’s projection
defined as

' "

ij-Ielmert — T — 0,

^Helmert ~ (A — X) COS 0,

we see that they are related to £ and q by the equations

•

, h
feelmert = £ +/* -5 sin 20,K
^Heimerfc z=z

^}»

Thus £ and teeimert differ by the normal reduction for the curvature of the plumb
line.

(8-83)

(8-84)

l

The deflection components £He]
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h .

50normal = f* sin 20.

The deflection components feeimert and ??Heimert are used in astrogeodetic compu-

tations; £ and 77 are those obtained gravimetrically from formulas (8-76) dr

(8-80).

These relations are quite analogous to the corresponding equations (5-33)

for the conventional method using the geoid. The corrections 50 and 5X for

the curvature of the plumb line are now replaced by their normal values 50nOrmai

and 5Xn0rmai = 0. This is comparable to the replacement of the orthometric

height in the conventional theory by the normal height in the new theory.

8-10. Downward Continuation to Sea Level

The basic integral equation (8-27) is extended over the physical surface of the

earth. We may, however, interpret its solution as a free-air reduction to sea

level by means of the anomalous gradient dAg/dh, as we have seen in Sec. 8-8 .

This forms a link between the modern and the conventional point of view.

The interpretation of Sec. 8-8 was limited to the linear approximation, terms

of second and higher degree in the quantities (8-41) having been neglected.

However, we may also extend the principle of free-air reduction to sea level

to higher approximations.

Assume a fictitious field of gravity anomalies Ag* on the ellipsoid E (at sea

level), which generate on the earth’s surface S (at ground level) the measured

free-air anomalies Ag and the height anomalies t (Fig. 8-7). This is to be under-

stood in the sense that Ag and Ag* are related to each other by upward continua-

tion according to Sec. 6-8 .

An integral equation. According to equation (6-75) we have

ig - Jl^ (8-85)

tX
.

where

. t = — and r — RA- hp.
r

In this equation the terms that depend on the flattening of the reference ellipsoid

are neglected (spherical approximation); R is a mean radius of the earth, and h

is the topographic height.

FIGURE 8-7

ground s Free-air anomalies at ground level, Ag,

and at sea level, Ag*.

sea level E
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, Given Ag* we may compute Ag from (8-85). But since Ag at ground level is

obtained by measurement, we shall obtain the fictitious anomalies Ag* at sea

level by solving (8-85) for Ag*. In this sense, equation (8-85) is a linear integral

equation of the first kind for the function Ag*; see Sec. 8-4. It may again be

solved by an expansion in powers of the quantities (8-41), according to the

method of Sec. 8-7. The linear approximation to the solution is then obviously

given by (8-69).

Another way of solving (8-85) is to use an iterative method. Let us transform

(8-85) in the following way. The identity

F =_ t% 1 - F)
(8

-86)

may be verified by a straightforward evaluation of the integral, taking the defi-

nition (6-44) ofD into account. Since Ag outside the integral refers to the point P,

we may write (8-85) more precisely as

Agp
F(l-F) [[ A£

4x JJ D*
(8-85')

Next we multiply (8-86) by Ag% which is a constant with respect to the integra-

tion, and subtract the product from (8-850- The result is

AgP - F Agp
t
2
( 1 ~ F) f f Ag* - Ag%

4?r JJ

The factor F of Agp may be set equal to unity without appreciable loss of ac-

curacy. Thus we obtain, as an alternative expression for (8-85), the integral

equation

F(1 - F) ff Ag* - Agp
Agp = Agp (8-87)

which lends itself to iterative solution by automatic computer.

As a first approximation we set

(i)

Ag* Ag,

then compute a second approximation by

<r

a third approximation by

(i)

Ag*
<i)

Agp

(3)

Ag% = Agp
F( 1 - F)

47T

(2) (2)

Ag* - Ag|.

Ds

and so forth. This process will usually converge well.

In this way the “downwa
ground level (Ag) to sea leve

may also be performed as a
j

Physical interpretation. Th<

on the physical surface of the

tical with the actual gravity a

observation. Therefore, the
|

earth must also be identical w
according to an extension of S

(Sec. 1-7); remember that the

It follows that the harmon
to Pizzetti’s generalization (2-

T(r, e, >

is identical with the actual di

surface.

Inside the earth, however,

coincide with the actual distr

that (8-88) inside the earth, t

alytical continuation of the ex

analytical continuation of the

From this we see that Ag* ai

direct correspondence to physi

is possible. Imagine that the

interior in such a way that ti

remains unchanged. The nev

the ellipsoid, since the exterio:

the original potential on and oi

outside the ellipsoid.

This interpretation furnishe

this free-air reduction to sea le

gravity reduction. What charai

mass-shift is not actually car:

solving the integral equation (;

outside the ellipsoid—an impo
Sec. 8-2.

Applications. This method i

combines the advantages of the

avoiding the drawbacks of bo

method does not require that t

sky’s integral equations exteni



ure of the Earth

But since Ag at ground level is

fictitious anomalies Ag* at sea
uation (8-85) is a linear integral

;
see Sec. 8-4. It may again be

ntities (8-41), according to the
3 the solution is then obviously

ative method. Let us transform

da

D3 (8-86)
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5F da. (8-850
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resultis

&g* - Ag;

£3

F
da.

without appreciable loss of ac-

ression for (8-85), the integral

?*~Sg%
£)3 “ff

>

iatic computer.

(8-87)

i) (i)

?* ~ Ag}.

D3
da.

2 ) (2)

r*-Ag£
D3

well.
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In this way the “downward continuation” of the gravity anomalies from
ground level (Ag) to sea level (Ag*) may be carried out. This iterative process
may also be performed as a plane approximation, using equation (6-76).

Physical interpretation. The sea-level anomalies Ag* thus obtained generate
on the physical surface of the earth a field of gravity anomalies Ag that is iden-

tical with the actual gravity anomalies on the earth’s surface as obtained from
observation. Therefore, the gravity anomalies that they generate outside the

earth must also be identical with the actual gravity anomalies outside the earth,

according to an extension of Stokes’ uniqueness theorem for harmonic functions

(Sec. 1-7); remember that the function r Ag is harmonic according to Sec. 2-15.

It follows that the harmonic function T that is produced by Ag* according
to Pizzetti’s generalization (2-161) of Stokes’ formula

T(r, 6, X)
R
4irII

Ag* S(r, xp) da. (8
-88)

is identical with the actual disturbing potential of the earth outside and on its

surface.

Inside the earth, however, the harmonic function defined by (8-88) cannot
coincide with the actual disturbing potential, which is not harmonic. We say

that (8-88) inside the earth, but above the reference ellipsoid, defines the an-

alytical continuation of the external potential. Hence Ag* corresponds to this

analytical continuation of the external field, and not to the actual internal field.

From this we see that Ag* and the mathematical model based on it have no
direct correspondence to physical reality. Nevertheless, a physical interpretation

is possible. Imagine that the masses outside the ellipsoid are shifted into its

interior in such a way that the potential on and outside the earth’s surface S
remains unchanged. The new disturbing potential is now harmonic outside

the ellipsoid, since the exterior masses have been removed, and coincides with

the original potential on and outside S. It is therefore given by (8-88) everywhere
outside the ellipsoid.

This interpretation furnishes a relation with the ideas of Sec. 8-2, because
this free-air reduction to sea level can indeed be considered a mass-transporting

gravity reduction. What characterizes our present reduction is the fact that this

mass-shift is not actually carried out, the anomalies Ag* being obtained by
solving the integral equation (8-85), which does not explicitly contain the masses

outside the ellipsoid—an important distinction from the methods discussed in

Sec. 8-2.

Applications. This method is very attractive theoretically and practically. It

combines the advantages of the modern and the conventional approaches, while

avoiding the drawbacks of both. In agreement with Molodensky’s ideas, the

method does not require that the rock density be known, but avoids Moloden-
sky’s integral equations extended over the surface of the earth and replaces



320 Modem Methodsfor Determining the Figure of the Earth
8-11

them by the very simple equation (8-85), which is extended over the reference

ellipsoid as approximated by a sphere or even by a plane. As in the conven-

tional method of using gravity reductions, the simple formulas referring to equi-

potential surfaces that were considered in Chapter 2, such as Stokes’ formula,

can now be applied rigorously, but unlike the conventional reductions the down-

ward continuation does not distort the external gravity field, which is of par-

ticular interest at present.

After reduction, or rather downward continuation, of Ag* to sea level by

solving (8-87) for Ag* we can compute the external gravity field, the spherical

harmonics, etc., rigorously by means of the conventional formulas of Chapters 2

and 6
,
provided we use Ag* rather than Ag in these formulas. For instance,

the coefficients of the spherical harmonics of the gravitational potential may
be obtained by expanding the function Ag* according to equations (2- 195b)

and (2-196); see also Sec. 6-7.

If we wish to compute the height anomaly f at a point P at ground level we
must remember that P lies above the ellipsoid, so that the formulas for the

external gravity field are to be applied. On dividing (8
-88) by y we obtain

f = 4
“-
jf

^S(r^) da, (8-89)

or

where r = R + h, h being the topographic height of P. The function S(r, f)

is expressed by (6-31) or (6-45). Similarly £ and 17,
being deflections of the vertical

above sea level, must be computed by (6-49) and (6-39b). This gives

A * dS(r,$). fcos
«'

di/' \sin a
(8-90)

where dS(r, is expressed by (6-42) or (6-46b). The linear approximation

of (8-89) is evidently represented by (8
-68).

This solution of Molodensky’s problem by downward continuation of Ag to

sea level is probably the most comprehensive and versatile method. The solution

is carried out in two steps: v
'

1. Downward continuation ofAg from ground level to sea level, using (8-69)

or an iterative solution of (8-87), which is more:accurate.

2. Computation of height anomalies, deflections of the vertical at ground

level, the external gravity field, etc., by means of the conventional spherical

formulas.

This indirect procedure, downward continuation to sea level and again upward
continuation to ground level or above, has the advantage that only the conven-

tional spherical formulas are needed
;
yet at the same time the irregularities of

the earth’s topography are fully taken into account. Step (1) need be performed

only once; the resulting anomalies Ag* may be stored and used for all further

computations.
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b). The linear approximation

This solution has been advocated by Bjerhammar (1964), who solved the

integral equation (8-85) in a different way.

Validity of this method. So far we have assumed that the integral equation

(8-85) can actually be solved for Ag*. Obviously this is the case if, and only if,

it is possible to shift the masses outside the ellipsoid into its interior in such

a way that the potential outside the earth remains unchanged or, in other words,

if the analytical continuation of the disturbing potential T is a regular function

everywhere between the earth’s surface and the ellipsoid. Thus the question

arises whether the external potential can be analytically continued down to

sea level.

Rigorously, the answer must be in the negative, in view of the irregularities

of topography (Molodenskii et al., 1962a, p. 120; Moritz, 1965, Sec. 6.4). This

fact is also related to the divergence at the earth’s surface of the spherical-

harmonic expansion for the external potential (Sec. 2-5).

However, the analytical continuation of the external potential down to sea

level is probably possible with sufficient accuracy for all practical purposes.

Bjerhammar has pointed out that the assumption of a complete continuous

gravity coverage at every point of the earth’s surface, from which the above

negative answer follows, is unrealistic because we can measure gravity only at

discrete points. If the purpose of physical geodesy is understood as the determina-

tion of a gravity field that is compatible with the given discrete observations,

then it is always possible to find a potential that can be analytically continued

down to the ellipsoid.

The practical applicability of downward continuation to sea level is also

borne out by the fact that its linear approximation may be obtained by a formal

transformation of (8-52), as discussed in Sec. 8-8, in a way which is not affected

by the difficulties of analytical continuation.
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8-11. Gravity Reduction in the Modern Theory

In Sec. 8-2 we have considered gravity reductions from the point of view of the

determination of the geoid. It is quite remarkable that these reductions, such

as the Bouguer or the isostatic reduction, can also be incorporated into the

new method of direct determination of the earth’s physical surface, although

with essentially changed meaning (Arnold, 1962b; Levallois, 1962; Moritz,

1965, Sec. 5.2; Pellinen, 1962).;

Let the masses outside the geoid be removed or moved inside the geoid, as

described in Sec. 8-2, and consider the effect of this procedure on quantities

referred to the ground.

We denote the changes in potential and in gravity by SW and Sg; then the new

values at the ground will be

Wc = W — SW,
(8-91)

g
c = g~ Sg.
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The disturbing potential T = W — V becomes

Tc — T — 8W.

The physical surface S as such will remain unchanged, but the telluroid 2 will

change, because its points Q are defined by UQ = fVp, and the potential W
at any surface point P will be affected by the mass displacements according to

(8-91). The distance QQ C between the original telluroid 2 and the changed
telluroid 2 C (Fig. 8-8) is given by

QQ C = —
7

according to Bruns’ theorem. This is identical with the variation of the height

anomaly so that

8WH = t - T (8-92)

Normal gravity y on the telluroid 2 becomes on the changed telluroid 2C
:

(8-93)

so that the new gravity anomaly will be

AT- = r - 7C = (g - Sg) ~(y + 8W^j

1 dy
,

or

Age = Ag ^~Vth bW- (8-94)

m-

FIGURE 8-8

The telluroid before and after gravity reduction
,
2 and 2C

.
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c consists of the free-air anomaly Ag and two

reductions:
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1. the direct effect, —Sg, of the shift of the outer masses on g; and

2. the “indirect effect,” .

of this shift on y, because of the change of the telluroid to which y refers.

If the masses outside the geoid are completely removed, then Agc is a Bouguer

anomaly; if the outer masses are shifted vertically downward according to some

isostatic hypothesis, then Agc is an isostatic anomaly, etc. In this way we may

get a “ground equivalent” for each conventional gravity reduction.

Now we may describe the determination of the height anomalies f in a way

that is similar to the corresponding procedure for the geoidal undulations N
of Sec. 8-2:

1. The masses outside the geoid are, by computation, removed entirely or

else moved inside the geoid
;
W and g change to Wc and g

c according to

(8-91).

2. The point at which normal gravity is computed is moved from the ellipsoid

upward to the telluroid point Q.

3. The indirect effect, the distance QQC = Sf, is computed by (8-92).

4. The point to which normal gravity refers is now moved from the point Q
of the telluroid 2 to the point Q c of the changed telluroid 2 C

,
according

to (8-93).

5. The changed height anomalies are computed from the “reduced”

gravity anomalies Ag
c (8-94) by any solution of Molodensky’s problem,

such as equation (8-50).

6. Finally, the original height anomalies f are obtained by considering the

indirect effect according to

r = P + K- (8
"95)

The purpose of this somewhat complicated procedure is to make use of the

well-known advantages of Bouguer and isostatic anomalies. The Bouguer

anomalies, and even more so the isostatic anomalies, are smoother and more

representative than the free-air anomalies and can therefore be interpolated

more easily and more accurately.

The isostatic gravity anomalies Ag° in the new sense are thus quite analogous

to the conventional isostatic anomalies. (The same holds, of course, for any

other type of gravity reduction.) The difference is that now the isostatic anom-

alies, etc., refer to the physical surface of the earth as well as the free-air anom-

alies. If the isostatic anomalies in this new sense are analytically continued from
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the earth’s surface down to the geoid, then the isostatic anomalies in the con-

ventional sense are obtained.
, . . , ,

Hence the isostatic anomalies according to the conventional definition and these

according to the new definition are related through analytical continuation. This

SetkS to two conclusions. First, the difference between the isostatic anom-

alies according to these two definitions will be small, because the distance along

which this analytical continuation is made is only the height above sea level

and because the isostatic reduction achieves a strong smoothing of the an

alous gravity field. This difference is considerably smaller than the corresponding

difference between free-air anomalies at ground level and at sea level (Groton,

1964). This fact clearly provides a computational advantage if isostatic anomalies

are used in a formula such as (8-87).
,

Second, we obtain a relation between the conventional and the modern use

of gravity reduction if the method of downward continuation, as discussed in

the preceding section, is applied for obtaining the height anoinalies. As we

have just seen, the gravity anomalies Agc* at sea level, obtained by downward

continuation of the isostatic ground-level anomalies Ag‘, are identical with the

isostatic anomalies in the conventional sense. Hence we obtain on the one hand

the height anomalies by - /

A f/'Ar*sc*+*.0* + (v) 1

(8-96)

4tT7 J J ° \ 7 /ground

«r

according to (8-89) and (8-92), and on the other hand the geoidal undulations by

N R
4x70 ^w*+.(rlU’ (8’97)

according to (8-3). Since the height anomalies refer to the elevation /i, the func-

tion S(R + h, f) replaces in (8-96) the original function of Stokes W
S(R \b), which occurs in (8-97) because the geoidal undulation refers to zero

elevation. Normal gravity at telluroid and ellipsoid are denoted by 7 and 70 .

Summarizing, we have the following steps

:

1. Computation of the free-air anomaly at ground level, Ag, according to

(8-7)

2. Computation of the isostatic anomaly at ground level, Ag\ according

3 Downward continuation of Ag‘ by an iterative solution of (8-87) where

‘

Ag and Ag* are replaced by Ag‘ and Ag‘*. the resulting isostatic anomalies

at sea level, Agc* may now be used for two purposes: either for
_

4a. the determination of the physical surface of the earth according to (8-96),

or for

4b. the determination of the geoid according to (8-97).
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An error in the assumed density of the masses below the earth s surface

affects the geoidal undulations as determined from (8-97) but does not influence

the height anomalies resulting from (8-96). This is clear because a wrong guess

of the density means only that the masses above sea level are not completely

removed, which is no worse than not removing them at all when using free-air

anomalies.

It is of historic interest to note that as early as 1912 Hayford referred his

isostatic gravity anomalies to the earth’s surface by reducing 7 upward to ground

level instead of reducing g to sea level; of course he was not aware of the the-

oretical refinements that go with this procedure.

Determination of the Geoid from
°"12

‘ Ground-level Anomalies

We have seen that it is possible to determine the physical surface of the earth,

by means of the height anomalies f, and the direction of the plumb line on it,

by means of the deflection components £ and rj, from free-air anomalies referred

to the ground. If we plot the orthometric height H downward along the plumb

line, starting from the physical surface, then the locus of the points so obtained

will be the geoid (Fig. 8-9).

This geometrical idea may be formulated analytically in the following way.

Conventionally, the height h above the ellipsoid is given by

h = H+N;

FIGURE 8-9

The geoid lies at a depth H below the earth’s surface.
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according to the modern theory, by

h = H* + f.

From these two equations we get

N _ f _j_ #* _ H. (8
*98)

This means that the difference between the geoidal undulation N and the height

anomaly f is equal to the difference between the normal height H and the

orthometric height H. Since f is also the undulation of the quasigeoid, this

difference is also the distance between geoid and quasigeoid.

According to Sec. 4-6 the two heights are defined by

H = -> H* = ?>
g v

where C is the geopotential number, g is the mean gravity along the plumb line

between geoid and ground, and f is the mean normal gravity along the normal

plumb line between ellipsoid and telluroid. By eliminating C between these

two equations we readily find

(8-99)H* - H

which is also the distance between the geoid and the quasigeoid; hence

N = S +^H. (8
-100)

The height anomaly f may be expressed, for instance, by Molodensky’s

formula (8-50). Then we obtain

N R
4tTJ

,

Ag S(f) da JLjjGi S(f) da + H, (8-101)

where Gx is the term (8-70). Thus A is given by Stokes’ integral, applied to

free-air anomalies at ground level, and two small corrections, where

1 the term containing Gi represents the effect of topography; and

2. the term containing g-y represents the distance between the geoid and

the quasigeoid.

If we neglect these two corrections, then the geoidal undulations N are given

by Stokes’ integral using free-air anomalies. This was first noted by Stokes in

1849. A new approach by Jeffreys (1931) by means of Green’s identities started

the recent developments, which culminated in the work of Molodensky and

others. The ideas of the present section are essentially those of Arnold (1962a),

although his treatment is different. His final formulas are equivalent to the

expression of f in terms of free-air gravity anomalies reduced to point level,

equation (8
-71 ), but he also considers nonlinear terms.

, ,

The advantage of this method for the determination of N is that the density
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of the masses above sea level enters only indirectly, as an effect on the orthomet-

ric height H through the mean gravity g, which must be computed by a Prey

reduction (Sec. 4-4). Hence, as far as errors in the density are concerned, the

geoidal undulation N as obtained by this method is as accurate as the orthomet-

ric height.

As a matter of fact, the gravity anomaly Ag in this method refers to ground

level
;

it is the difference between gravity at ground and normal gravity at the

telluroid. Instead of using directly this free-air anomaly we may also use other

gravity anomalies—for instance, the isostatic anomaly in the sense of Sec. 8-11.

8-13. Review

The new methods described in this chapter are primarily intended for the deter-

mination of the physical surface of the earth, but they are also well suited for

the determination of the geoid (Sec. 8-12). Their essential feature is that the

gravity anomalies now refer to the ground, whether we deal with free-air

anomalies or with isostatic, or other similarly reduced, gravity anomalies

(Sec. 8-11).

The immediate result is the height anomaly f, the separation between the

geopotential and the corresponding spheropotential surface at ground level.

By plotting the height anomalies above the ellipsoid we get the quasigeoid.

This geoid-like surface has no physical significance, but it furnishes a convenient

visualization of the height anomalies. By plotting the orthometric height from

the earth’s surface vertically downward, we obtain the geoid.

It is instructive to compare the geoid and the quasigeoid. The geoidal undula-

tion N and (, the undulation of the quasigeoid, are related by (8-100), or

N-t H = H* — H. (8
-102)

The term g — 7 is approximately equal to the Bouguer anomaly; this may be

immediately seen by using (4-25) together with

- .
1 dy tt

y = y ~2dh H-

The quantity 7 in the denominator may be replaced by a constant average value,

say 981 gals. Since the Bouguer anomaly is rather insensitive to local topographic

irregularities, the coefficient is locally constant, so that there is approximately a

linear relation between f and the local irregularities of the height H. In other

words, the quasigeoid mirrors the topography (Fig. 8-10).

To get a quantitative estimate of the difference N — f. We again use the

fact that

g — y .
AgB

981 gals
10~8 AgB,
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where AgB is the Bouguer anomaly in gals, so that

((
— A)in meters

= ~ AgJS in gals * #in km- (8-103)

Since Ae« is usually negative on the continents, the differences f - N are usually

po”“ivTtl!ere In other words, the height anomaly f is in general greater than

the corresponding geoidal undolation N on land. Or.the oceans we of eontse

have ( = A. If Age = -100 mgals = -0.1 gal and H = 1 km, then

f — IV = 0.1 meter.

Furthermore, the Bouguer anomaly depends on the mean elevation of the

terrain, decreasing approximately by 0.1 gal per 1 km average elevation A -

suming as a rough estimate, which may be verified by inspecting maps of

Bouguer anomalies,

AgBix - 0. 1 //' ' in kms

we obtain

(f-A)inmetera = +0.1H^n kmHinw ,,
C8

-104)

where H is the height of the station and AaT is an average height of the area

considered. We see that the difference f
- A increases faster than the elevation,

almost as the square of the elevation.
. , . ., i._

As a matter of fact, this formula is suited .only to giving an 'dea of th^order

of magnitude. As an extreme example, take Mt. Blanc m the Alps,

meters If the average elevation is taken as 3 km, the above

- N = 1.4 meters, whereas, more accurately, according to Arnold (1960,

p - 66)
’ g - y =- 360 mgals, f - A = 1.8 meters.

since r - A = H - H*, the approximate formulas given above may also

berd to estimatfthe differencefbetween the orthometric height H and the

n

°A
1

theorSc^y important point is that the quasigeoid can be determined

without hypothetical assumptions concerning the density bu no '

The avoidance of such assumptions has been the guiding

research. However, orthometric heights are but little affected by errorsm density.

The error in H due to the imperfect knowledge of the density hardly ever ex-

ceeds 1-2 decimeters even in extreme cases (Sec. 4-4). It is presumably sm

than the inaccuracy of the corresponding f even with very good gravity cover-
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age, because of inevitable errors of interpolation, etc. If, therefore, the method

of Sec. 8-12 is used, the geoid can be determined with practically the same ac-

curacy as the quasigeoid. 1 Thus we may well retain the geoid with its physical

significance and its other advantages.

How much do Molodensky’s formulas differ from the corresponding equa-

tions of Stokes and Vening Meinesz? The deviation of f from the result of the

original Stokes formula is given by the equivalent expressions

fi
=

Airy
Gy S(f) da or fi

R
Airy

dAg
dh

(h — hp) S(f) da.

according to equations (8-50) and (8-71). This correction is even considerably

smaller than the difference f
- N. For Mt. Blanc, Arnold (1960, p. 57) found

k to be only -0.2 meter, as compared to f
— N = 1.8 meters.

The deflection of the vertical is relatively more affected by the Molodensky

correction than is the height anomaly. In extreme cases this correction may

attain values of a few seconds, as test computations by Arnold (1960) and

studies of models by Molodensky (Molodenskii et al., 1962a, pp. 217-225)

indicate. This is considerable, since 1" in the deflection corresponds to 30 meters

in position.
, , r . ,, • ,

We may summarize the result of applying Stokes’ and Vemng Meinesz

formulas to free-air anomalies directly, without any corrections. Stokes’ formula

yields height anomalies f with high accuracy; for many practical purposes we

may, in addition, identify these height anomalies with the corresponding geoidal

undulations N. Vening Meinesz’ formula gives deflections of the vertical at

ground level that are relatively less accurate, but often acceptable.

An advantage of the modern theory is its direct relation to the external gravity

field of the earth, which is particularly important nowadays for the computation

of the effect of gravitational disturbances on space trajectories and satellite

orbits. It is immediately clear that ground-level quantities, such as free-air

gravity anomalies, are better suited for this purpose than the corresponding

quantities referred to the geoid, which is separated from the external field by

the outer masses. For the computation of the external field and of spherical

harmonics the method described in Sec. 8-10 is particularly appropriate; see

also Sec. 6-7. . .. .

Practically it is usually adequate to consider the linear approximation only

by using (8-69). In many cases it is even possible to neglect the correction

-(dAg/dh)h, identifying the sea-level free-air anomalies Ag* with the corre-

sponding ground-level anomalies Ag. In agreement with Sec. 3-7, these free-air

anomalies Ag* = Ag may also be considered approximations to condensation

anomalies in the sense of Helmert. This approximation is particularly sufficient

for the external gravity field, spherical harmonics, and geoidal undulations or

i Theoretically it is even possible to eliminate completely the errors arising from the use

of the geoid (Moritz, 1962, 1964).
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, • hl anomalies. For deflections of the vertical it is often necessary to use a

more- careful approach, such as the consideration of the indirect effect with

mass-transporting gravity reductions (Sec. 8-2) or the modern methods of Sec.

8'9

In high and steep mountains the approach of Molodensky and others through

free-air anomalies meets with practical difficulties, such as unrehability o

eolation large corrections, and other computational problems. To avoid this

even the “orthodox” Russians use a kind of Bouguer reduction m the sense of

Sec 8-11 and suggest a smoothing of the physical surface somewhat similar to

de Graaff-Huntefs (1958) model earth (Pellinen, 1962); Arnold (1962b) advo-

cate?the isostatic reduction. Thus the clash between “conventional” and

“modern” ideas gives way to an important reconciliation.
. ..

F^rthSdy .he reader is referred to the textbooks by Molodenskt. e. al.

(1962a) and Magnitzki et al. (1964).
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9-1. Introduction. Observational Methods

The subject of this chapter is the use of observations of the motion of the moon

and of artificial satellites, and also of the precession of the earth s axis, fof deter-

mining features of the gravity field and figure of the earth. Only the barest

essentials can be presented within the scope of a chapter. The reader will find

more information in special textbooks such as Berroth and Hofmann (1960) and

Mueller (1964), in review articles such as Kaula (1962) and Cook (1963), and in

the published proceedings of the two international symposia on the use of

artificial satellites for geodesy (Veis, 1963, 1966). These publications also give

extensive reference to earlier papers.

The observational methods are intended to determine the spatial direction and

the distance to the satellite. Directions may be measured visually by means of

theodolites, photographically by photographing the satellite against the back-

ground of stars, or by means of radio waves transmitted from the satellite, using

the principle of interference. Photography can achieve an accuracy of about one

second of arc, whereas the accuracy of the other methods is less by at least one

order of magnitude. The principle of the photographic method is this. On the

photographic plate the image of the satellite is surrounded by images of stars.

The directions to the surrounding stars are defined by their right ascensions and

declinations (see Sec. 9-8), which are known from spherical astronomy. By

interpolation we find the right ascension of the direction to the artificial satellite,

or to the center of the moon. A modification is the method of occulation: at

the moment at which a point on the moon’s limb covers a star, the direction to

this point is equal to the known direction to the star.

Distances are measured by radar or by means of modulated light (“optical
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M2

figure 9-2

Determination of the scale of the earth-
moon system.

Geometric determination of the equatorial radius. The moon’s orbit is known
with extreme precision, but its scale is less well determined. The radius of the
moon’s orbit (which may be considered circular in this context) is not too accu-
rately known either in relation to the size of the earth or in metrical units. The
problem is thus first to establish the relation between the radius a £ of the moon’s
orbit and the earth’s equatorial radius a. By measuring one distance we shall
then know both a and a c .

Let us for the moment consider the earth as an exact ellipsoid of revolution
ofknown flattening/. According to Fig. 9-2, the relation between a and a £ maybe established either by intersecting an ellipsoidal point P of known latitude
and longitude from two spatial positions Mx and M2 of the moon, or by inter-
secting one positionM of the moon from two ellipsoidal points Pi and P2 whose
latitude and longitude are known. Both methods were applied, the first by
J . A. O’Keefe around 1952, and the second by A. C. D. Crommelin around 1910
So far no distance measurement has been considered. Figure 9-2 is therefore

determined only apart from the scale. What is known is the ratio a: a. This
ratio mayTie interpreted geometrically by the angle *, the equatorial horizontal
parallax. From Fig. 9-2 we read

sin^ = ^. (9-1)

In order to find both a and a £, it is sufficient to determine the scale of the
figure by measuring one distance—for instance, the arc s = PJ\ or the straight
distance S = PMl . The terrestrial distance x may be obtained by triangulation
etc.

; 5 has been measured recently by B. S. Yaplee, using radar.
This is the principle of the method. It is easy to generalize it to the actual

case in which the earth is not an exact ellipsoid. This is done by applying small
corrections. The geodetic coordinates 4>, with respect to a certain reference

I
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ellipsoid, of a point P on t
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By plotting the height above the ellipsoid,

' h = H+N,
downward along the ellipsoidal normal, starting from P, we get a point P that
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maSS "***“»" «*•» The basic relation isKepler s third law for planetary motion, applied to the moon

:

n2al = k(M+Mc\ (9.2)
where n is the mean angular velocity of the moon’s revolution k is the sravitamnal constant, and M and Mc are the masses of earth and moon. Introducing

2w~

the period P of the moon’s revolution (the time it takes to complete one revo-lution around the earth), we obtain the more familiar form

P2

_ 4tt2

~ k(M + Mf) (
9-2')

"SitinTaeS'
5 Peri°d ““^ °Ube °f,he

/ (9
-3 )

which is about %Q, we may write (9-2) as

ri2kM
1 + M

a%. (9-

F1GUKE 9-3

Reduction to the ellipsoid.
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By measuring radar distances to the moon, and by means of an approximate

value for a, we may compute the orbital radius Then we obtain kM by the

above equation.

We can also express kM in terms of equatorial gravity ya by using (2-111),

which may be written

kM = a2ya(l -/+ fm • • •)• (9-5)

Here we have introduced b = a(l — /) and neglected terms of the second and

higher order.

The basic relations (9-1), (9-4), and (9-5) may be combined and applied in

various ways. Solving (9-5) for a we obtain

IkM ,, ,,
a = -W— (1 + if-

\ 7«

This formula gives the equatorial radius in terms of the celestially obtained

constant kM and of equatorial gravity. Thus a is obtained without terrestrial

distance measurements.

By expressing a e in terms of a and ir by (9-1) we may write (9-4) as

kM = J?— )

*

1 + ju \sin 7

r

)

Equating the right-hand sides of this equation and of (9-5) and solving for a

we find

sin 3
7T 7a(l -/+|rn •••)•

This formula gives a in terms of the parallax w and of equatorial gravity. Here

distance measurement does not enter at all, not even implicitly as in the appli-,

cation of (9-6), where the celestial determination of kM by means of (9-4)

involves measurements of extraterrestrial distances.

It is also possible to solve (9-7) for sin ir with the result

My«(l+n) K 1

expressing the angle tt in terms of a and ya . When calculated in this way, v is

called dynamic parallax.

We thus have a connection between the parallax ir, the equatorial radius a,

and equatorial gravity ya,
which must be taken into account ifwe wish to obtain

a consistent system of geodetic and astronomical constants. A study by Fischer

(1962) shows that there are discrepancies in this respect. This is to be expected

in view of the scarcity of our observational data.

9-3. Dynamic Effects of the Earth’s Flattening

If the earth were a homogeneous sphere, then the orbit of a satellite such as the

moon would be an exact Keplerian ellipse. The oblateness of the earth, however,

gives rise to a slow variation Oj

by a corresponding variation

precession. Both effects will n<
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gives rise to a slow variation of the orbitalplane with time, which is accompanied
by a corresponding variation of the direction of the earth’s axis in space the
precession. Both effects will now be derived jointly.

Figure 9-4 shows the intersection of the equatorial plane and the orbital plane
with a unit sphere centered at the earth’s center of mass. The vector L of angularmomentum of the earth’s rotation coincides with the earth’s axis of rotation
(to within 0.3"), thus being normal to the equatorial plane. Its magnitude is

L = Co;,

where C is the moment of inertia of the earth about its axis of rotation, and «
is its angular velocity. The vector L c of angular momentum of the moon’s
revolution m its orbit is normal to the orbital plane. Its magnitude is

Lc = M<ca\ n,

because Mca% is the moment of inertia of the moon’s orbital motion and n is
the mean angular velocity of this motion. The small ellipticity of the moon’s
orbit is again neglected.

Because of the oblateness of the earth there are forces that tend to make the
orbital and the equatorial planes coincide. It is a well-known peculiarity of
rotational motion that the rotating systems cannot follow this tendency so that
the effect is quite different. For reasons of symmetry, the average resultant of
these forces lies m the plane defined by the vectors L and Le . The moment N
of the resulting force is therefore normal to this plane. Its magnitude is given by

d of equatorial gravity. Here
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where A is the mean equatorial moment of inertia, defined by (2-199) and i is
the inclination of the orbit (see Fig. 9-4). The derivation of this formula may be
found m (Thomson, 1961, pp. 94-97). 1

3

According to a well-known law of mechanics, the moment N is the derivative
of the angular momentum L with respect to time.

Hence we have

dL = Ndt.

The vector dL, being parallel to N, is normal to the vector L, and we read from
Jr lg. y-4

dL^Lde.
Comparing the last two equations we find

dt N
dt
= T (9-10)

Rotating the earth’s axis by dt is equivalent to tilting the equatorial plane by
the same angle. This gives rise to a precession of the node K along the orbit by
the amount (see Fig. 9-4)

y

j-r de
dL = -

—

sin i

Hence we get, using (9-10),

N
^ L sin i (9- 11 a)

where the dot is the usual symbol for the temporal derivative, L = dL/dt. This
^ormula gives the precession of the earth’s axis, measured along the moon’s

It follows by analogy that a corresponding formula holds for the regression
oj the orbitalplane, as expressed by the temporal variation of the angle 0 = FK
measured from a fixed point F on the equator. Replacing L by in (9-1 la)we thus obtain v ’

Tesinz’ (9-1 lb)

the minus sign indicating the, retrogressive motion of the node K.
1 ’ ,ser

J

:iug the above expressions for L, L c ,
and N into (9-1 la, b) and taking

(9-4) into account we find
8

,t, _ 3«2
ft C -A

~ 2^ 1+ h ~C~ C0S (9-12a)

3n 1 ( a V C
2 1 + n \a (9- 12b)
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"f
expressi0ns

(9
’ lla) and (9-1 lb) are closely similar, the

,wL‘ r
* S 0ba

!
e”eSS aS exP.ressed by the inequality of the moments of

.

and 'A ls <lulte dlffei'ent on T and Si. The precession of the earth’s axis,% is proportional to the ratio

fr_ C ~AH
c ’ (9-13)

which is called mechanical elfipticity. The regression of the orbital plane -Si
is proportional to the quantity

’ 5

J'i — C-

A

Ma2 (9-14;

which is nothing but the well-known spherical-harmonic coefficient (2-198).
The development ef the external gravitational potential in spherical harmonics

does not explicitly depend on the internal structure of the earth, since many
different configurations of mass may give rise to the same external potential

Th
f
mechamcal elhpticity H, however, depends essentially on the

distribution of mass inside the earth. Hence it is evident that the geometric
flattening/ of the mean earth ellipsoid is directly related to the coefficient /,

1 W
!

iereas
1

the c°mection between / and H is more complicatedand indirect, involving the mass distribution.
Because of these relations it is possible to determine /from both / and H

but the determination from / is more direct and therefore preferable. Unfortu-
nately the accuracy of/ as obtained from the regression of the moon’s node is
rather poor (see also Sec. 9-6). A precise determination of / was possible only™Ugh

J,

e USe of art,ficiaI sateHites. The reason is seen on inspecting equation
(9-12b). The regression of the orbital plane, -ft, contains the factor (a/a c)\It is therefore largest for close artificial satellites, where

— = 1

(fl* being here the radius of the sateffite’s orbit), and very small for the moon
wnere - ’

— = i-
a €

~ 60

Matters are just the opposite with the precession, equation (9- 12a). It is
evident that the motion of an artificial satellite cannot noticeably affect the
irection of the earth’s axis. This is expressed in equation (9-12a) by the fact

that the ratio M, the mass of the satellite to the mass of the earth, is negligibly
small. For the moon, however, this mass ratio is appreciable, ^ = A. The pre-
cessional effect of the moon is combined with the effect of the sun, which also
depends on H through a formula analogous to (9-12a). The influence of the
sun is about half of that of the moon. This “luni-solar precession,” and hence

are known very accurately. The determination of/from H will be the subject
of the next section.

J

In equations (9- 12a, b) only the mutual influence of earth and moon was
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taken into account. This is a rather unrealistic simplification, because the
sun, whose dominant attraction affects the moon’s orbit even more than the
earth s oblateness, was left out of consideration. The interactions between earth,
sun, and moon make an accurate analysis exceedingly difficult, but our simplified
approach illustrates the principles to a sufficient extent.

Determination of the Flattening from
Precession. Hydrostatic Equilibrium

We have seen in the preceding section that observing the rate of precession of
the earth’s axis yields the mechanical ellipticity

V _ C-AH
C

The geometrical flattening/ of the mean earth ellipsoid can be determined fromH as well as from Z. There is, however, an essential difference. The determina-
tion of /from Z is straightforward, and no assumptions about the earth’s
internal structure are needed; see Sec. 2-21. If we wish to determine/from H,
however, we must assume that the earth is approximately in hydrostatic or
fluid equilibrium, which is only superficially disturbed by the solid crust.
The theory of spheroidal figures of fluid equilibrium is governed by the famous

differential equation of Clairaut, published in 1743:

- 4V= °-

pr2 dr r
)

(9-15)

This second-order linear differential equation connects the flattening / of any
level surface of the earth with its mean radius r and with the density p.
The solution of Clairaut’s equation yields a relation between Z and H:

i)h, (9-16)
2 /, 2 5m
3 \ 5V2/

where m is defined by equation (2-100). Equation (2-118) becomes, on neglecting
second-order terms,

/ = §(/- §m). (9-17)

By equating the right-hand sides of these two equations we obtain

/
1

or in a slightly more practical form.

4

Im
fern

2f

(9-18)
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/'
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2f
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plane around the earth’s axis, the inclination remaining constant on the average.

The earth’s flattening causes the largest but not the only deviation of the

gravitational field of the earth from that of a homogeneous sphere. Generally

the gravitational potential can be expanded into a series of spherical harmonics

according to Sec. 2-5, equation (2-39):

V 2 (*)" JnPn (cos 6)

- E E ('-Yv- cos mX + sin mX)Pnm (cos e)
}

(9_20)

Here the terms containing Jn are the zonal harmonics, and those containing Jnm

and Knm the tesseral harmonics.

Since the moon is far away, the only term of appreciable influence is /2,
which

represents the flattening. Artificial satellites are much closer to the earth, a

typical height above ground of a geodetically used satellite being 1000 km.

Hence they are also influenced by harmonics other than /2 and can therefore be

used to determine harmonics of low degree. For this purpose we must study

the effect of gravitational disturbances on the orbits of close satellites.

Before we can do this we must briefly review the theory of an undisturbed

orbit. By this we mean that the gravitational potential has the form

r

all J’s and K ’s being zero. This represents the gravitational field of a point mass

or a homogeneous sphere. Then the motion of a satellite is described by Kepler s

three laws for planetary motion. 1

According to Kepler’s first law, the orbit is an ellipse of which the center of

the earth occupies one focus. The position of the orbit in space is defined by the

six orbital elements:

a semimajor axis,

e eccentricity,

i inclination,

0 right ascension of the node,

co argument of perigee,

T time of perigee passage.

If a and b are the semiaxes of the orbital ellipse (not to be confused with those

of the terrestrial ellipsoid), then the eccentricity is defined by

Figure 9-5 shows the projection of the orbit onto a geocentric unit sphere. The

line ofnodes is the intersectior

it connects the ascending and
node, 0, is the angle between

equinox T. 1 The major axis of 1

the position where the satelliti

the satellite is farthest away. 1

is the argument of perigee.

The angular distance of the

denoted by v; it is a function c

written

where r is the distance of the

is the length of the radius vect

anomaly v form a pair of pola

equation of an ellipse. See Ffi

According to Kepler’s secor,

the radius vector r between ai:

1 Satellites with parabolic or hyperbolic orbits are of no interest in this context.
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FIGURE 9-5

The satellite orbit as pro-

jected onto a unit sphere.

P = perigee
, A = apogee,

K = ascending node, K' =
descending node, S = in-

stantaneous position of sat-

ellite .

line of nodes is the intersection of the orbital plane with the plane of the equator •

it connects the ascending and the descending node. The right ascension of the
node, 0, is the angle between the line of nodes and the direction to the vernal
equinox T. 1 The major axis of the orbit intersects the orbital ellipse at the perigee
the position where the satellite is closest to the earth, and at the apogee, where
the satellite is farthest away. The angle w between the nodes and the major axis
is the argument of perigee.

The angular distance of the satellite S from perigee is called true anomaly and
denoted by ti; it is a function of time. The equation of the orbital ellipse may be
written

r =
1 + e cos v

where r is the distance of the satellite from the earth’s center of mass and

(9-22)

p = - = a(l - e2
) (9-23)

is the length of the radius vector r for v = 90°. The radius vector r and the true
anomaly v form a pair of polar coordinates, and (9-22) is the well-known polar
equation of an ellipse. See Fig. 9-6 for an illustration of these quantities.
According to Kepler’s second law, the area of the elliptical sector swept by

the radius vector r between any two positions of the satellite is proportional to

^° C3lled lon^ °f the node
> but in conformity with astronomicalminology it is the right ascension of the (ascending) node. For the definition of the vernalequinox and of right ascension see Secs. 9-7 and 9-8.

;rest in this context.
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FIGURE 9-S

The orbital ellipse. P = perigee,

A = apogee, F = earth’s center oj

mass, S - instantaneous position

ofsatellite.

the time it takes the satellite to pass from one position to the other. In other-

words, the time rate of change of the area swept by the radius vector is constant.

Since the element of area of a sector in polar coordinates r and v is \r2 dv, this

law may be formulated mathematically as

r2

jt
= VkMa(l - e2

), (9
'24)

where the constant has already been given its proper value.

Kepler's third law has been anticipated by (9-2). Since the mass of the satellite

is negligibly small, we now have

n2a3 = kM, (9-25)

where
2TT

n -
~P

is the “mean motion” (mean angular velocity) of the satellite, P being its period.

So far we have assumed that all Jn, Jnm, and Knm in (9-20) are zero. Because

of the irregularities of the earth’s gravitational field this is not true, even though

these coefficients are small. Therefore, the satellite is subject to small disturbing

forces. We may still consider the satellite orbit as an ellipse, but then the param-

eters of this ellipse, the orbital elements, will no longer be constant but will

change slowly. At each instant this so-called osculating ellipse will be slightly

different. It is defined as follows. Imagine that at the instant under consideration

all disturbing forces suddenly vanish. Then the satellite will continue its motion

along an exact ellipse; this is the osculating ellipse.

If we resolve the total disturbing force into rectangular components S, T, and

W—S being directed along the radius vector, Ik- being normal to the orbital

plane, and T being normal to S and IF1—then the time rate of change of the

orbital parameters can be expressed in terms of these components:

1 This notation follows astronomical usage; there is no relation to the geodetic use of T

and W for potentials.

2a?

b kM 1
eS sin v -j

. b
e — -

a

a

kM S sin u +

di r f~a~

it
= bim Wcos(0,+l

IfF sin(“ + t’

b VkM sin i

, _ b I a
W

a ykM
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a = 2a2

JkM{ eSsmv + ^.
T•>

6
(^-~cosz) + ^rJ,

di / i u

dt~ b’\]m Wcos (°3 + v)’

n =

(9-26)
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kM sin i

’
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r-±£ Tsin v

p
W sin (o3 -f v) cot i

']•

£wtiofTnXmrllifTr °
f*- •*-*“ may*« find

(1961, p. 301) or Plummer (1918, p. 151).

” InStanC6, Br°UWer ^ Ciemence

9-6. Determination of Zonal Harmonics

Ifte is much greater than that

zonal harmnnino •
,

* rapidly chanse their sign, whereas the effect of the

kM

where the perturbing potential

+ R,

d kM
-sf*. /

a

e\
n+

1

R
ae ,4 (j) Wcos 6

)

(9-27)

(9-28)

is a function of r and 6 only. 1 '2

restriaf S?
^ radius of the earth (the semimajor axis of the ter

disturbing potentklTof physfca" geod^y^th^^bu?
1

1 r
C

f
est

-

ial mechanics and the
of the flattening through J2 .

§ y * 4 R’ but not T
’ a,so incorporates the effect

atmosphere (atmospheric V"** as
.

the resistance of the

g—onai perturbances must be taken4accou^S^^^ScS
(



346 Celestial Methods

Since 5 is the component of the perturbing force along the radius vector,

we have

S = — •
(9-29a)

dr

The components of the perturbing force along the meridian and the prime

vertical are
ldR . 1 dR

r dB
3nd

r sin d 3X"

The components T and W are obtained from these by a plane rotation (Fig. 9-7):

1 dR ,

1 dR .

r= __|_ coSa +__ sm a,

1 dR . 1 dR
W = — TTsma

r dd
COS a.

r sin d dX

From the rectangular spherical triangle ABC it follows that

cos (« + v) sin i . _ cos i

COS CL — — :— ? Sin a — ”
COb a

sin e Sin d

so that finally

r =

W =

cos (co + v) sin i dR
,

cos i dR
>

r sin d dd r sin2 Q d\

cos i dR cos (co + v) sin i dR
>

(9-29b)

(9-29c)

"rsin0 dB r sin2 6 d\

We have included dR/d\ because of the presence of longitude-dependent

FIGURE 9-7

Components of the perturb-

ing force. A - node, C =

satellite.
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tesseral harmonics in the general case; see Sec. 9-8. In our present case, where R
is given by (9-28), dR/d\ is zero.

Now we must differentiate (9-28) with respect to r and 0, compute the com-
ponents S, T, W from equations (9-29), and insert them into the system (9-26).

In this way we can express the rates of change a, e, ... of the orbital elements
in terms of the coefficients f, J3, /4, . . .

.

We cannot, however, observe these rates of change directly. Rather, we ob-
serve the changes of the orbital elements after several revolutions. The changes
after one revolution, with period P, are

fh+P fto+P fto+P r.

Aa==
Jk

ddt> Ae =
Jt

&dt' Ai=
It Jt

dt’ etc -

The u is an arbitrary “epoch” (instant of time). In order to perform these
integrations, we must express a, e, ... in terms of one independent variable.

For this independent variable we may take the time t or the true anomaly v.

The second possibility will be adopted here.

The polar distance 6 is expressed as a function of v through the relation

cos d = sin (oj + v) sin i, (9-30)

which follows from the spherical triangle ABC of Fig. 9-7. The radius vector r

is also a function of v according to (9-22). Finally, Kepler’s second law (9-24)
furnishes the relation between v and the time t:

dt _ r2

dv ~ VkMa( 1 - e2)’

Hence we may change the integration variable from t to

instance.

where

Aa

v, obtaining, for

da _ da dt _ /*
2

dv dt dv ~ VkMa(\ - e 2
)

Analogous formulas hold for the other orbital elements.

After performing all these operations, which are lengthy but not too difficult,

we find

Aa = 0;

tan i-Ai;

—
^

sin2 ij cos i cos a-J3

+ ^ -re

^
1 — g

sin2 ij sin 2i sin 2a> • e./4
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,
15+ T ff

: sin 2
z )•/,

- sin 2
i

)
cot i sin .<

4
sin2 ij cos z-/4

t sin co •

AG = -3*
(jfJ

cos i-J,
(9.31)

+ 3ir

(^) ^
1 — ~ sin2 cot / sin w • e/3

+ T T
(f)

~ ?
si”2

z‘) cos *-J* • •
•

;

Aco = 6tt (l - ~ sin 2 z^ ./2

+ 3ir
(

1 —
^

sin2
z'^ sin z sin o» • e/3

~ 15T
(p) [O-y^z + gsin^z)

+ (g
~ sin 2 z) sin2

z cos 2w
J

• /4 • •

.

Terms of the order of e 2
./3 and e2/4, which are very small, have been neglected

in these equations. The proportionality of Ae and Az' is more or less accidental:
it holds only with respect to long-periodic disturbances; e and di/dt themselves
are not proportional. The quantity p is defined by (9-23); it is hardly necessary
to repeat that a, p, e, etc. refer to the orbital ellipse and not to the terrestrial
ellipsoid, of which ae is the equatorial radius.
By integrating over one revolution we have removed the short-periodic

terms of periods P, 2P, 3P, ...

,

such as cos v, cos 2c, etc. What remains are
secular terms, which are constant for one revolution and increase steadily with
the number of revolutions, and the long-periodic terms, which change very
s owly with time in a periodic manner. The argument of perigee co increases
slowly but steadily, so that the perigee of a satellite orbit also rotates around
the earth, but much slower than the satellite itself; a typical period of co is
two months. Therefore, terms containing cos co, sin «, or sin 2co are called long-
periodic.

The fiist equation of (9-31) shows that the semimajor axis of the orbit does
not change secularly or long-periodically. The eccentricity and the inclination
undergo long-period, but not secular, variations, whereas 0 and co change both
secularly and long-periodically.

The equations (9-31) are linear in

/

2,/3,/4, . . . . For practical applications non-
mear terms containing J\, /2/3,

/2/4, etc. must also be taken into account, since
J~ ls ^ie order of /4 . The derivation of these nonlinear terms is much more
difficult, and their expressions are different in the various orbital theories that
have been proposed. For these reasons such expressions will not be given here,
Equations (9-31), supplemented by certain nonlinear terms, can be used to

determine coefficients /2, J3, /4, etc. The secular or long-periodic variations
AO, Aw, Ae, Az being known from observation for a sufficient number of satellites,
we obtain equations of the form

a2Ji + a3/s + a^J,

bzJ?. + Mr+ IhJ.

which can be solved for /2, J3

of these equations, we must nt
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a2J2 + a-Jz + aJi + • •

. + fl22/| + anj2j3 + ... =
b2J2 + b 3J3 + bif + • •

• + bnJl + b2Zff + • . = B, (9-32)

which can be solved for f, f, f, Since there can be only a finite number
of these equations, we must neglect all Jn with n greater than a certain number n0which depends on the number, of equations available, on their degree of mutual
independence, etc. This, of course, is a difficulty with this method.
From (9-31) it is seen that the coefficients of the ./„ depend essentially on the

inclination i. It is therefore important to use satellites with a wide variety of
inclinations, m order to get equations with a high mutual independence.
Now the question arises as to which orbital elements are to be used for deter-

mining the coefficients The semimajor axis a clearly cannot be used at all
As for the other elements, we must distinguish between coefficients of even
and of odd degree n. The even coefficients J2, J4,

.

. . can be well determined from
the regression of the node, Afi, and the rotation of perigee, Aco. This is seen on
inspecting (9-31). The even harmonics cause secular disturbances of Q and co
which are much larger than the long-periodic effects of the odd coefficients’
since Jg, . . . are multiplied by the small eccentricity e.

On the other hand, in Ae and Ai the odd coefficients f, f, . . . have a much
larger effect than the even coefficients, which here appear with the small factor e.
Therefore, the odd coefficients are determined from Ae or Ai, or from the change
of perigee distance ra — FP (Fig. 9-6). Since r0 is the radius vector for v = 0
we have from (9-22) and (9-23)

ro = T+l = 0(1 ~

so that

Aro = —aAe
because Aa = 0. Thus the variation of perigee distance is proportional to the
variation of eccentricity and may be used instead of Ae.

Numerical values. Helmert (1884, p. 472) used the regression of the node
of the moon’s orbit to determine J2, which is the only coefficient to have an
appreciable effect on it.

1

He found

J2 = 1086.5 X 10~ 6

by averaging two widely different values. This corresponds to a flattening of

297.8 ± 2.2.

1 Note that for e = 0 and p = a » ac ,
the equation for An in (9-31) becomes

AO = —37r Jt cos ;,

which, apart from a slightly different notation and other
(9-12b), derived in a completely different way.

minor differences, is the same as
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This value is quite close to the recent results, but has a much larger uncertainty.
Reliable values by this method can only be obtained from close artificial

satellites. Currently accepted values are, for example,

Jt = 1082.6 X 10-«,

Jz = -2.5 X 10- 6

, (9-33)

Ji = -1.6X10-%
whose standard errors are assumed to be around 0.2 X 10~ 6 or better; see the
review paper by Kozai in Veis (1966).

The most significant geodetic result is the reliable determination of J2,
and

hence of the flattening/. At present l//is believed to have a value between 298.2
and 298.3 with a standard error of better than 0.1; in 1964 the International

Astronomical Union adopted the value 298.25 corresponding to J2 = 1082.7 X
10“ 6 (see Sec. 2-1 1).

g_7
Rectangular Coordinates of the
Satellite and Their Perturbations

We shall now describe how the rectangular coordinates of the satellite are com-
puted from the orbital elements. Then we shall outline how they are affected

by the irregularities of the gravity field. These considerations are necessary for
the determination of tesseral harmonics from satellite observations.
We introduce a coordinate system XYZ that is at rest with respect to the stars.

The origin is at the earth’s center of mass. The Z-axis coincides with its axis
of rotation; the A7-plane is the equatorial plane. The Z-axis is the line of inter-

section of the equatorial plane and the ecliptic (the plane of the earth’s orbit
around the sun); according to astronomical terminology, it points to the vernal
equinox T. This coordinate system XYZ is fundamental in spherical astron-
omy. 1

The relation between the rectangular coordinates of a satellite and the ele-

ments of its osculating ellipse (Sec. 9-5) at a certain time is found as follows.
Let f, t?, f be the angles between the radius vector r and the Z-, 7-, Z-axis, re-

spectively; then

X — r cos £, 7 = r cos 77, Z — r cos f

.

The relevant relations between directions are represented by means of the unit
sphere of Fig. 9-8. Its center is at the origin O; and the points Z, 7, Z denote
the intersection of the respective coordinate axes with the unit sphere. The point
5 represents the direction of the radius vector to the satellite; K is the node.
Then f is the arc XS, etc.

1 The directions of the coordinate axes so defined are not completely constant in time This
fact requires certain refinements, for which the reader is referred to the article by G Veis
‘ Precise Aspects of Terrestrial and Celestial Reference Frames” in Veis (1963). In the present
context we shall consider the T7Z-system as constant in time.

9-7. Rectangular Coordinc

The application of the law 0
XKS gives

cos £ = cos 12 cos

From the triangle KYS we find

cos ?? = sin O cos

Finally the triangle KSZ yields

cos (
Hence we have

X = r[cos 0 cos ((

Y = ;-[sin 0 cos (<

Z — r sin (&> + v)

where, according to (9-22),

r

This expresses the rectangular c

ments of its osculating orbit, the
of time.
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a fixed reference orbit—for instar
to, having the elements a0, e0, i0, a
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corresponding to an osculating e
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he plane of the earth’s orbit

ology, it points to the vernal

imental in spherical astron-

es of a satellite and the ele-

lin time is found as follows.

” and the X-, Y-,Z-axis, re-

= r cos f

.

rented by means of the unit

d the points X, Y, Z denote

ith the unit sphere. The point

the satellite; K is the node.

completely constant in time. This
eferred to the article by G. Veis,

aes” in Veis (1963). In the present

ne.

appIlcation of the law of cosines to the side £ of the spherical triangleXKS gives

cos £ — cos 0 cos (oi + v) — sin fi sin (a> + v) cos i.

From the triangle KYS we find in the same way

cos i] = sin 0 cos (u v) -f- cos fi sin (o> + v) cos i.

Finally the triangle KSZ yields

cos f = sin (oj + v) sin i.

Hence we have

X = /-[cos 0 cos (u + ») - sin 0 sin (&> + v) cos z],

Y — /-[sin 0 cos (u + t) -j- cos 0 sin (w -f- v) cos /], (9-34)
Z — r sin (o> -f- d) sin i,

where, according to (9-22),

r =
g( 1 ~ e2)

1 + e cos v

This expresses the rectangular coordinates of the satellite in terms of the ele-
ments of its osculating orbit, the true anomaly v fixing its position as a function
of time.

Since the osculating ellipse does not remain constant, it is convenient to use
a fixed reference orbit—for instance, the osculating ellipse X0 at a certain instant
to, avmg the elements a0, e0, fi0, o0, T0 . At a later instant t the orbital elements
will have changed to a0 + A ta, e0 + A te, i0 + A* U0 + Aft roo + A (co, T0 + A tT,
corresponding to an osculating ellipse Et.
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The orbital elements in (9-34) refer to this instantaneous osculating ellipse,

so that a = a0 + A ta, etc. Therefore, the coordinates X, Y, Z depend on the

time in two ways: explicitly, through the true anomaly v, and implicitly, through

the variable elements of the osculating orbit. We shall eliminate the implicit

dependence in the following way. We evaluate (9-34) using the elements a0, etc.,

of the fixed reference ellipse. Then the coordinates X0,
Y0, Z0 so obtained depend

on the time only explicitly, and correspond to a Keplerian motion in space

along a fixed ellipse. To convert them into true coordinates X, Y, Z, these

values XQ, Y0,
Z0 must be corrected by A tX, A t Y, A tZ, for which the linear

terms of a Taylor expansion of (9-34) give

AiZ - ^ Aia + fr Aie +
iff

Ati + HrAiQ + f£
Aiw + AtV>

.

A *7 = ^ A ‘a
+dIA '

e+d
£ Ati +

H

a ‘°
+d
I A**+

d

I a* (9
-35>de

k nr BZ .
i
dZ

,

dZ . . . dZ
A 0 ,

dZ
A ,

dZ
AtZ ~ ^ Ata + d7

Aie +
~di

Aa + to
A(fi + A(“ + Ait, ‘

The partial derivatives are readily obtained by differentiating (9-34); note that r

is a function of a, e, and v.

In these equations we have used the perturbation of the true anomaly, A tv,

instead of the perturbation of perigee epoch, A tT.

Perturbations expressed in terms of Jnm and Knm . The perturbations of the

orbital elements are found by integrating (9-26):

A ta ==
I*

adt, A te = j‘ edt, .... (9-36)

A similar expression can be written for A tv. The components S, T, W of the

perturbing force are expressed in terms of Jn,
Jnm,

and Krm by equations (9-27)

and (9-29), where the perturbing potential

n kM (

a

e\ n+l

^ — 2 j (”) Jn,Pn(COS &) “j” 2 j {Jnm COS TYlK
ae n = 2

\t / L 1

+ Knm sin m\)Pnm{cos 0)

now also contains the tesseral harmonics.

By performing the integrations in (9-36) we obtain equations of the form

A ta ^ y
{AnmJnm + AnmKnrn)^

n,m

A te = "y

{^nmJnm + BnmKnm), (9-37

)

the coefficients Anm,
etc., being functions of the time t, which as a rule are

periodic. Zonal and tesseral harmonics have been combined in (9-37) by setting

f 9-8. Determination i
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Y~ Y(fi(
Z = Z(t

; c

as explicit functions of the firm
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This is the advantage of (9-39)
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The actual expressions for
(

been satisfied with outlining tl

Kaula (1962) and to the literati
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only half a day, etc. Therefore
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mined by two angles. Correspo
duced in the preceding section,
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da dv
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'35>

\+~A ta + ^A tv.
dco dv

'erentiating (9-34); note that r

ion of the true anomaly, Atv,

nm. The perturbations of the

It, .... (9-36)
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)s m\

+ Knm sin rnX)Pnm(cos 6)

:ain equations of the form

Knrn)> (9-37)

time t, which as a rule are

combined in (9-37) by setting
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follows.”

and admitting thC ValUC m = °
; thiS practice wil1 be continued w what

comd
e

inateTz
n

/z afj
the perturbation of the rectangular

the form
* functl0ns of harmonic coefficients 4, and Knm in

AtX ^2 (
Lnmjnm -f- LnmKnm),

7i,m

^ h ^2 (.MnmJnm “l” XfnmKnm),
n,m

~ 22 (NnmJnm + NnmKnm),

(9-38)

where again Lnm, Lnm,
Mnm, etc. are functions of the time t.

(9 34i

e

mim,ffip

b

r!lV^ T added
<
.

tc

!

the coordinates Z„, Y0, Z„ computed from
( 34) using the orbital elements of the reference ellipse E0 . In this way we obtainthe rectangular coordinates of the satellite in the form

X = X(t; a0, e0, /o, Oo, .w0, T0 ; Jnm, Knm),~ Y(t; oq, e<j, z'o, fi0, ^6, T0 ; Jnm,-Knm),2 = Z(f, a0, e0, z’o, Q0, w0, T0 ; Jnm, Knm),

(9-39)

s eAp/zczt functions of the time t, containing as constant parameters the orbital

Thk if bf referenCe dIlpse E° and the gravitational coefficients Jnm and Knm

^mnler ffit

a

H

Va T u'
39)^ ^ SyStem (9‘34)’ which formally * much

pier, but depends on the variable orbital parameters of the osculating ellipse

, n ,

Ctaa‘ expressions for (9-39) are very complicated. Therefore we have

Kaula f 1962^ a

t

^ procedure
> referring the reader for details toKaula (1962) and to the literature given there.

9-8.
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and Station Positions
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0b-rvmg Statl°n: the distance 5 and the direction as deter-mined by two angles. Corresponding to our coordinate system X, Y Z intro-duced m the preceding section, these two angles are the right ascension « and
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FIGURE 9-9

The direction to the satellite as defined by right ascension a and declination 5.

the declination 8, whose definition may be seen m Fig. 9-9 The angles a and S

are obtained by photographing the satellite against the background of stars

as outlined in Sec. 9-1. We also recall that s can be measured by radar, either

ordinary or optical. 1
. . D , v v

Denoting the rectangular coordinates of the terrestrial station P y p, p,

Zp, and of the satellite S by Xk, Ys, Zs,
we find by inspecting Fig. 9-9

Xs — XP = 5 cos 8 cos a,

Ys — YP = s cos 8 sin a,

Zs — Zp = s sin 8,

(9-40)

so that

tan-

tan
-

Ys - YP
Xs — Xp

Zp
V(X,s - Xpf + (Ys - Ypf

(9-41)

s = .Vi(Xs — Xp)
2 + (Ys — Tp)

2 + (Zs Zp) .

We shall now compute the rectangular coordinates Xp, YP,
ZP of the ob-

serving station P. The system XYZ, being fixed with respect to the stars, rotates

with respect to the earth. The coordinates of P in this system will therefore be

functions of time. Let xP, yP,
zP be the coordinates of P in the usual geocentric

coordinate system fixed with respect to the earth. In this system, the z-axis,

coinciding with the Z-axis, is the earth’s axis of rotation; the x-axis lies m the

mean meridian plane of Greenwich, corresponding to the longitude \ - U ,

and the y-axis points to A = 90° east. Figure 9-10 shows that

i The measurement of the radial velocity ds/dt of the satellite by means of the Doppler

effect is also very important for the determination of tesseral harmomes and station positions.

D^pler measmements are treated in essentially the same way as measurements of directions

and distances.
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Xp = xP cos r — yP sin r,

YP = xp sin r + yP cos r, (9-42)
Zp = Zp.

The angle r is Called Greenwich sidereal time
;
its value is

r = wt,

where co is the angular velocity of the earth’s rotation. It is proportional to the
time t and, in appropriate units, measures it. Thus absolute Greenwich time is

needed to convert the constant (in time) coordinates xp, yP, zP to the periodically
varying coordinates XP, YP, ZP that are required in (9-40) and (9-41).
As a final step we insert the station coordinates, as given by (9-42), and the

satellite coordinates, as symbolized by (9-39), into (9-41), obtaining expressions
of the form

a — a(xP, yP, zp ; t\ flo, <?o, h, Ho, <oo, To; Jnm, Knm),
S — 8(xP, yP,

zP ", t; a0, e0, /0, Ho, mo, To; Jnm, Knm), (9-43)
s = s(xp, yP, zP ; t; a0, e0, /0, WOj To', Jnm, Knm).

Besides depending on the station coordinates and the time, they also contain
the orbital and gravitational parameters.

Every observed a, 8, or s furnishes an equation of type (9-43). Provided we
have a sufficient number of such observation equations, we can solve them for
the station coordinates xP, yP, zP, for the orbital parameters a0,

e0, etc., of the
reference ellipse, and for a certain number of gravitational parameters Jnm
and Knm . This is the principle of the orbital method. In practice, differential
formulas will be applied to determine corrections to assume approximate values
by means of a least squares adjustment.

(Zs - ZP)\
ates Xp, Yp

,
Zp of the ob-

r respect to the stars, rotates

this system will therefore be

ofP in the usual geocentric

. In this system, the z-axis,

tation; the x-axis lies in the

lg to the longitude X = 0°;

shows that

itellite by means of the Doppler
! harmonics and station positions,

ay as measurements of directions

FIGURE 9-10

Geocentric coordinate systems XYZ (celestial) and xyz (terrestrial).
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Therefore, the actual analytical developments are from the outset directed

toward obtaining differential formulas corresponding to (9-43). The substitu-

tions indicated above are thus consistently performed in terms of the correspond-

ing differential expressions. In this way one is able to operate with linear

equations and to employ that efficient tool of linear analysis, matrix calculus.

Simple though the principle of this procedure is, the details when written

out are nevertheless so complicated that the reader must again be referred to

the literature (e.g., Kaula, 1962).

Besides these analytical problems, which have been satisfactorily solved,

the geodetic application of (9-43) raises difficulties similar in principle to those

involved in the determination of zonal harmonics by means of (9-32), but even

more serious in practice. Strictly speaking, an infinite number of unknowns,

Jnm, Knm,
etc., are to be determined from a finite number of observations. In

order to get a definite solution it must be assumed that the effect of higher

degree terms is negligibly small. But even then there are very many unknowns:

coordinates of the observing stations, parameters of the reference orbit, and

gravitational parameters; in addition, other unknowns must be included to take

into account nongravitational forces acting on the satellite, such as air drag.

To get a strong solution, observations should be evenly distributed both in

space (with respect to the inclination of the satellites used) and in time. This is

difficult to achieve. From this point of view radio methods such as the doppler

method are superior to photographic observations.

Present results. At present (1966) several determinations of tesseral harmonics

up to the seventh degree are available; see the review paper by Y. Kozai in

Veis (1966). These coefficients represent the large-scale features of the disturb-

ing potential T and hence of the geoid, since the geoidal height is given by

N = T/y. There is a general agreement between the broad qualitative aspects

of these determinations as expressed in geoidal maps, although the details of

these maps, and even more so the individual coefficients, are rather different.

As an example we take the first nonzonal coefficients, J2

2

and Kn, which

according to Sec. 2-6, equation (2-49) express the inequality of the earth’s

principal equatorial moments of inertia or, somewhat loosely speaking; its

triaxiality. By analyzing optical observations in 1964, I. G. Izsak found the

values

/22 = -0.83 X 10-6
,

if22 = 0.56 X 10-6
,

whereas R. J. Anderle in 1965 obtained

jn = - 1.58 X 10~6
, Kn = 0.98 X 10~ 6

from doppler observations.

As far as station positions are concerned, it is hoped that an accuracy of

absolute geocentric position of ±10 meters will eventually be achieved. The

present accuracy is perhaps around ±30 meters.

\
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Stellar triangulation. It is also possible to perform a three-dimensional

triangulation by applying equations (9-40) through (9-42) in a purely geometric

way. In this method the orbit itself is not used, the satellite being considered

merely as an elevated target, in place ofwhich a flashing rocket or an illuminated

balloon might also be employed. Then the satellite must be observed simultane-

ously from several ground stations. The position S of the satellite at that instant

forms a corner of a three-dimensional triangulation net, in much the same way
as the ground stations do; and the coordinates of S are directly determined as

unknowns just as the coordinates of any ground station P are determined.

This procedure is called stellar iriangulation
;

its principles were given by
Y. Vaisala in 1946. This astronomical method of triangulation is basically the

same as terrestrial three-dimensional triangulation described in Sec. 5-12.

Azimuth and zenith distance are replaced by right ascension and declination,

and equations (9-41), together with (9-42), take the place of (5-82). In the same
way as in Sec. 5-12 we may introduce approximate positions, which are cor-

rected by differential formulas analogous to (5-83) or (5-85).

The main advantage of stellar triangulation as compared to terrestrial tri-

angulation rests on the fact that atmospheric refraction is made harmless by
referring the satellite direction to the star background, since the main part of

the refraction affects the images of the satellite and the stars in the same way
and hence cancels out. Other advantages of stellar triangulation are the pos-

sibility of measuring larger triangles, because intervisibility between the ground

stations is not required, and its independence of the direction of the plumb
line, since equations (9-41) do not contain <t> and A.

A practical difficulty is caused by the need of observing simultaneously from

several stations. This requires a synchronization accurate to one millisecond

or better, because of the rapid motion of the satellite. 1

As compared to the joint determination of station positions and tesseral

harmonics by means of the orbital method expressed by (9-43), stellar tri-

angulation has the advantage that it does not depend on an infinite number of

gravitational parameters. On the other hand, it cannot give absolute geocentric

positions. It is a common feature of all geometric methods—the conventional

astrogeodetic method, the spatial triangulation of Bruns-Hotine, and stellar

triangulation—that they can only furnish relative positions. In the case of stellar

triangulation this is expressed by the fact that the observables a, 8, and s depend

only on the coordinate differences according to (9-41).

In order to obtain geocentric coordinates we must have recourse to physical

principles—to potential theory in the gravimetric method and to celestial

mechanics in the orbital method.

1 For the same reason, accurate timing is also necessary in the orbital method using non-
simultaneous observations. As a rough estimate, one millisecond of time and one second of

arc in direction correspond to the desired positional accuracy of ±10 meters.



358 Celestial Methods

References

Berroth, A., and W. Hofmann (1960). Kosmische Geodasie. Karlsruhe, G. Braun.

Brouwer, D., and G. M. Clemence (1961). Methods of celestial mechanics. New York
and London, Academic Press.

Cook, A. H. (1963). The contribution of observations of satellites to the determination

of the earth’s gravitational potential. Space Science Reviews, v. 2, pp. 355-437.

Fischer, I. (1962). The parallax of the moon in terms of a world geodetic system.

Astron. J., v. 67, pp. 373-378.

Helmert, F. R. (1884). Die mathematischen und physikalischen Theorien der hoheren

Geodasie, vol. 2. Leipzig, B. G. Teubner (reprinted 1962).

Jeffreys, H. (1962). The earth. 4th ed., Cambridge University Press.

Kaula, W. M. (1962). Celestial geodesy. Advances in Geophysics, v. 9, pp. 191-293.

Kopal, Z. (1960). Figures of equilibrium of celestial bodies. Madison, The University

of Wisconsin Press.

Ledersteger, K. (1966). Multi-parametric theory of spheroidal equilibrium figures and
the normal-spheroids of earth and moon (Final Technical Report). Vienna, Tech-
nical University, Institute of Geodesy.

Mueller, 1. 1. (1964). Introduction to satellite geodesy. New York, Ungar.

Plummer, H. C. (1918). An introductory treatise on dynamical astronomy. Cambridge
University Press (New York, Dover Publications, 1960).

Thomson, W. T. (1961). Introduction to space dynamics. New York and London,
Wiley.

Veis, G., ed. (1963). The use of artificial satellites for geodesy (Proceedings of the First

International Symposium on the Use of Artificial Satellites for Geodesy, Washington,

D.C., April 1962). Amsterdam, North-Holland Publishing Co.
Veis, G., ed. (1966). Proceedings of the Second International Symposium on the Use

of Artificial Satellites for Geodesy, Athens, April 1965. In press.

Wavre, R. (1932). Figures planetaires et Geodesie. Paris, Gauthier-Villars.

Airy’s theory of isostasy, 134
Airy-Heiskanen gravity reduction,
Airy-Heiskanen isostatic system, 135
Angular velocity of earth, 47, 79
Antiroot, 135
Astrogeodetic datum, 198, 204
Astrogeodetic methods, 178, 224
and gravimetric methods, 199, 21C

Astrogravimetric leveling, 203
Astronomical coordinates, 55, 83

as direction parameters, 222
reduction for polar motion, 189
reduction to ellipsoid, 184
reduction to geoid, 193

Astronomical leveling, 199
correction for plumb-line curvati

Attraction, gravitational, 1

of homogeneous cylinder, 127
Autocorrelation, 264
Azimuth, 95, 185

reduction of, 186, 223

Base lines, reduction of, 190
Bjerhammar’s method, 321
Block, 117
Bouguer anomaly, 131, 133, 283, 323
Bouguer plate, 130
Bouguer reduction, 130, 149, 323

complete, 131

refined, 132
Boundary condition, fundamental,

101, 300
Boundary value, 17, 126
Boundary-value problems, 1 8 , 34, 36,

of physical geodesy, 37, 86, 288, 1

also Gravimetric methods; Molod
problem

Bruns’ definition of physical geodesy,
Bruns’ equation (gravity gradient). 53

generalized, 55



adasie. Karlsruhe, G. Braun,

elestial mechanics. New York

satellites to the determination

Reviews, v. 2, pp. 355-437.

of a world geodetic system.

ilischen Theorien der hoheren

162).
‘

srsity Press.

leophysics, v. 9, pp. 191-293.

lies. Madison, The University

roidal equilibrium figures and

mical Report). Vienna, Tech-

4ew York, Ungar.

imical astronomy. Cambridge
i0).

lies. New York and London,

)desy (Proceedings of the First

lites for Geodesy, Washington,

ihing Co.

tional Symposium on the Use
5. In press.

5, Gauthier-Villars.

Airy’s theory of isostasy, 134
Airy-Heiskanen gravity reduction, 138, 150
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Antiroot, 135

Astrogeodetic datum, 198, 204
Astrogeodetic methods, 178, 224
and gravimetric methods, 199, 210

Astrogravimetric leveling, 203
Astronomical coordinates, 55, 83

as direction parameters, 222
reduction for polar motion, 189
reduction to ellipsoid, 184
reduction to geoid, 193

Astronomical leveling, 199
correction for plumb-line curvature, 200

Attraction, gravitational, 1

of homogeneous cylinder, 127
Autocorrelation, 264
Azimuth, 95, 185

reduction of, 1 86, 223

Base lines, reduction of, 190
Bjerhammar’s method, 321
Block, 117

Bouguer anomaly, 131, 133, 283, 323
Bouguer plate, 130
Bouguer reduction, 130, 149, 323

complete, 131

refined, 132
Boundary condition, fundamental, 86, 88,

101, 300

Boundary value, 17, 126
Boundary-value problems, 18, 34, 36, 44

of physical geodesy, 37, 86, 288, 296; see
also Gravimetric methods; Molodensky’s
problem

Bruns’ definition of physical geodesy, 50
Bruns’ equation (gravity gradient). 53

generalized, 55

Index

Bruns’ spheroid, 81

Bruns’ theorem (geoid, etc.) 85, 235, 293
generalized, 100
for indirect effect, 142, 322

Bruns-Hotine triangulation, 217

Celestial methods, 332
Center of gravity, 62, 99
Centrifugal force, 47
Chandler period, 188
Chasles’ theorem, 13

Circuit, leveling, 160
Clairaut’s differential equation, 340
Clairaut’s theorem, 69, 75, 76
Coating, 5

Coating method, 236
Cogeoid, 141, 289
Columbus geoid, 155
Compartments, 117, 130

Rayford’s, 140
Compensation, 149

isostatic, 134, 137

Condensation reduction, 145, 150
Continuation, analytical, 319, 321, 324
downward, 249, 317
upward, 91, 238, 247

Coordinates

astronomical, 55, 83

ellipsoidal, 39, 184
geocentric, 46, 350
geodetic, 83, 179, 180, 184
geographical, 59, 83, 179, 180, 184
natural, 55

orthogonal, 19

polar on sphere, 95
rectangular, 2, 46, 350
spherical, 18

transformation of, 181, 184, 204, 228
Coriolis force, 48
Correlation, statistical, 253, 264

with elevation, 281
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Covariance, 253 coordinates, 350 "Iff

of errors, 267 geodetic use, 332
: Sfj

Covariance function, 253, 268 observation, 332 -||1

local, 255 orbital theory, 341 :

Crust, normal thickness of, 136 Eccentricity, 39, 74, 342 |§j
Electronic computation, 120, 140, 141, 152, :

247, 270, 318

Datum: see Geodetic datum Ellipsoid ||

Datum shift, 204; see also Translation of best-fitting, 215
j

reference ellipsoid gravity field of, 64 ,

Declination, 354 international (Hayford), 79, 111, 215

Decomposition formula, 33 Krassowsky, 81 f|

Deflection of the vertical, 83, 111, 186 level, 64 ;

absolute; see gravimetric mean earth, 109, 214

astrogeodetic, 197, 211 reference, 44, 82, 111, 179 §
external, 235 Ellipsoidal coordinates, 39 j
gravimetric, 155, 204, 211; see also Vening

Meinesz’ integral formula
and geodetic coordinates, 184 i|

Ellipsoidal harmonics, 41, 73 §
ground-level, 188, 312, 316 Ellipticity, mechanical, 339 ij

indirect effect on, 143, 290 Equipotential surface, 13, 48, 91
-.fj

topographic-isostatic, 143, 204 Error, r.m.s. (standard), 267 m
total, 187 of prediction, 267, 277, 283 .

transformation of, 208 of representation, 278 j
from zenith distances, 176, 202 Error constant, 273, 276, 281 .1®

Degree of spherical harmonics, 22 Error covariance function, 267, 272 |T
Density, 3, 131 Error propagation, 251, 270 1

effect on orthometric height, 169 Extrapolation of gravity, 154, 251, 264; see |
and Molodensky’s theory, 287 also Prediction M S

Depth of compensation, 134 r'M t

Derivative, normal, 6 Mi
Deviation: see Deflection Flattening, 74 M 1

Dipole, 7, 149 from gravity, 75, 111 11

1

Dipole density, 8 from orbital analysis, 350 f

from precession, 340Dipole moment, 8

Dirichlet’s principle, 18 Flux, gravitational, 10 || |
Dirichlet’s problem, 18, 34, 44 Force |
Discontinuities (in potential, etc.), 5, 6, 9, 18, centrifugal, 47 M $

47, 49 gravitational, 1 1

1

Distant zones, effect of, 242, 248, 252, 259 of gravity, 48 |

!

Divergence of a vector, 9 Free-air anomaly, 146, 293 it

Double layer, 8 computed from topography, 154 I t

Dynamic correction, 163, 172 correlation with elevation, 282 J §
Dynamic height, 163, 172 reduction to sea level, 310, 317 1

j

Free-air reduction, 115, 131, 145, 290, 317

Earth

center of gravity, 62, 99
equatorial radius (semimajor axis), 110,

212, 334, 335
mass, 14, 61, 107, 335
mathematical figure, 49
mean gravity, 87

mean radius, 87

physical surface, 15, 296, 321; see also

Molodensky’s problem
scale, 104, 107, 210, 297, 333
triaxiality, 356

Earth ellipsoid, mean, 109, 214
Earth satellites

Gal, 48 \
Gauss’ definition of earth’s figure, 49 J

Gauss’ integral formulas, 9, 12

Geodesy
physical, 50, 178; see also Gravimetric j

methods
three-dimensional, 217 I

Geodetic coordinates, 83, 179, 180, 184

and rectangular coordinates, 182, 183

transformation of, 206
Geodetic datum (system), 198, 204

world, 156, 200, 209, 211

see also Position I'

Geoid, 49
Geoid determination, 199, 200 21

C

astrogeodetic, 197
gravimetric, 94, 126, 151, 288, 32

Geoidal height, 83
absolute, 200; see also Geoid d

tion, gravimetric
accuracy of, 274
determination of; see Geoid detei
indirect effect on, 141, 289
transformation of, 208
and triangulated height, 176

Geopotential surface, 91
Geopotential number, 56, 162, 171
Geopotential unit, 162
Gradient, vertical, 50
of gravity, 53, 70, 114, 164

Gradient vector, 2
Gravimetric methods, 126
and astrogeodetic methods, 178
deflection of the vertical, 114

'

1

external field, 227
geoid, 94, 155
physical surface, 296, 327
prerequisites of, 152
spherical harmonics, 107, 155

Gravitation, 1

vector of normal, 230
Gravitational constant, 1 , 107
Gravity, 47, 48

external, 78, 245
normal, 70, 74, 77

Gravity anomaly, 83
Bouguer, 131, 133, 283, 323
condensation, 146
external, 91, 245
free-air; see Free-air anomaly
ground-level, 293, 323
geophysical meaning of, 151
isostatic, 140, 285, 323
mean, 118, 152, 276
vertical gradient of, 115, 119, 122

Gravity data currently available, 153
Gravity disturbance, 84

external, 233, 236, 238
and gravity anomaly, 245, 246

Gravity field, 46
anomalous, 82
external, 227
inner geometry of, 55
normal, 64, 81

Gravity flattening, 74
Gravity formula : see Gravity normal

international, 79
Gravity reduction, 126; 151, 288, 321
Airy-Heiskanen, 138, 150
Bouguer, 130, 149, 323
condensation, 145, 150
free-air, 115, 131, 145, 290, 317



ates, 350

c use, 332

tion, 332

theory, 341

:ty, 39, 74, 342

s computation, 120, 140, 141, 152,

>70, 318

l'ng, 215

field of, 64

:ional (Hayford), 79, 111, 215
vsky, 81

1

irth, 109, 214

:e, 44, 82, 111, 179

1 coordinates, 39

idetic coordinates, 184

1 harmonics, 41, 73

,
mechanical, 339

dial surface, 13, 48, 91

l.s. (standard), 267

iction, 267, 277, 283

:sentation, 278

stant, 273, 276, 281

ariance function, 267, 272

pagation, 251, 270
tion of gravity, 154, 251, 264; see

Prediction

Si

avity, 75, 111

bital analysis, 350“”

ecession, 340

/itational, 10 -

[gal, 47

:ional, 1

ity, 48
inomaly, 146, 293

ed from topography, 154

ion with elevation, 282

an to sea level, 310, 317

eduction, 115, 131, 145, 290, 317

finition of earth’s figure, 49

tegral formulas, 9, 12

1, 50, 178; see also Gravimetric

ods

imensional, 217

coordinates, 83, 179, 180, 184

tangular coordinates, 182, 183

rmation of, 206

datum (system), 198, 204

156, 200, 209, 211

Position

Geoid, 49
Geoid determination, 199, 200, 210

astrogeodetic, 197

gravimetric, 94, 126, 151, 288, 324, 325
Geoidal height, 83

absolute, 200; see also Geoid determina-
tion, gravimetric

accuracy of, 274
determination of; see Geoid determination
indirect effect on, 141, 289
transformation of, 208
and triangulated height, 176

Geopotential surface, 91
Geopotential number, 56, 162, 171, 172
Geopotential unit, 162
Gradient, vertical, 50

of gravity, 53, 70, 114, 164
Gradient vector, 2
Gravimetric methods, 126
and astrogeodetic methods, 178, 199, 210
deflection of the vertical, 114, 155, 204
external field, 227
geoid, 94, 155

physical surface, 296, 327
prerequisites of, 152
spherical harmonics, 107, 155

Gravitation, 1

vector of normal, 230
Gravitational constant, 1, 107
Gravity, 47, 48

external, 78, 245
normal, 70, 74, 77

Gravity anomaly, 83

Bouguer, 131, 133, 283, 323
condensation, 146
external, 91, 245
free-air; see Free-air anomaly
ground-level, 293, 323
geophysical meaning of, 151
isostatic, 140, 285, 323
mean, 118, 152, 276
vertical gradient of, 115, 119, 122

Gravity data currently available, 153
Gravity disturbance, 84

external, 233, 236, 238
and gravity anomaly, 245, 246

Gravity field, 46
anomalous, 82
external, 227
inner geometry of, 55
normal, 64, 81

Gravity flattening, 74
Gravity formula : see Gravity, normal

international, 79
Gravity reduction, 126, 151, 288, 321

Airy-Heiskanen, 138, 150
Bouguer, 130, 149, 323
condensation, 145, 150
free-air, 1 1 5, 1 3 1 , 145, 290, 3 1

7

Helmert, 145, 150
inversion, 143, 150
isostatic, 137, 150, 323
Poincare-Prey, 146, 163
Pratt-Hayford, 138, 150
Rudzki, 143, 150
spherical effects in, 146

Gravity vector, 48, 83
external, 244
normal, 68, 228, 230

Green’s formulas, 11

applications, 12, 296

Harmonic function, 5, 15

Hayford ellipsoid, 79, 215
Hayford zones, 140
Height

dynamic, 163, 172
geoidal; see Geoidal height

geometric, 176, 179

Helmert, 167

normal, 170, 172, 292
orthometric, 50, 56, 166, 172
triangulated, 173

Height anomaly, 292
formulas, 306, 310, 312, 320, 324
and geoidal height, 326, 328

Helmert’s condensation, 145
Helmert’s definition of earth ellipsoid, 215
Helmert’s geoidal formula, 199
Helmert’s height, 167
Helmert’s projection, 180, 181
Helmert’s spheroid, 81

Hydrostatic equilibrium, 340

Independence, statistical, 253
of spherical harmonics, 256

Indirect effect, 141, 151, 289
on deflection of vertical, 143, 290
on gravity, 142, 323
on height anomaly, 322, 323

Infinity, vanishing of potential at, 5, 7, 9, 15

Initial point, 197, 204
Integral equations, 294

applications, 297, 300, 317
Integration, practical, 117, 197, 244, 247
International Association of Geodesy, 79, 163

International Astronomical Union, 80, 188,

350

International ellipsoid, 79, 111, 215
International gravity formula, 79
International Latitude Service, 188
International Union of Geodesy and Geo-

physics, 188
Interpolation

deflections of the vertical, 201

gravity, 251, 264; see also Prediction
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Inverse problem of potential theory, 17

Inversion, Rudzki’s method of, 143

Isostasy, 133

Airy-Heiskanen system, 135

local, 136

Pratt-Hayford system, 134

regional, 137

Vening Meinesz system, 136

Isostatic anomaly, 140, 285, 323

Isostatic reduction, 137, 150, 323

oceanic stations, 139, 150, 151

tables and maps for, 140, 141

Kepler’s laws, 335, 342

Kernel of an integral equation, 294

Krassowsky’s ellipsoid, 81

Laplace’s equation (azimuth), 187, 199

Laplace’s equation (potential), 5, 86

in ellipsoidal coordinates, 41

in spherical coordinates, 19

Laplace station, 199

Laplaeian operator, 5

in orthogonal coordinates, 19

Latitude

astronomical, 55, 83

geocentric, 45, 184

geodetic, 83, 179, 184

geographical, 55, 83, 179, 184

reduced, 39, 40, 184

Least squares prediction, 268

Legendre’s differential equation, 22, 27, 43

Legendre’s functions, 21, 22

associated, 23

of the second kind, 27, 66

Legendre’s polynomials, 22, 33

Level surface, 48, 91

mean curvature of, 52

normal, 64, 91

Leveling, 160

accuracy of, 173

astrogravimetric, 203

astronomical, 199

spirit, 160

station distance for, 173

Leveling increment, 161

Line of force, 49; see also Plumb line

Linear approximation

for Molodensky’s problem, 310, 329

for normal field, 74

Longitude
astronomical, 55, 83

geocentric, 18, 40, 83, 179, 184

geodetic, 83, 179, 184

geographical, 55, 83, 179, 184

Mean pole, 189

Meridian, 185

Meridian plane, 56

Milligal, 48

Misclosure, 160, 162

Molodensky’s problem, 15, 291, 296

solutions of, 306, 310, 312, 320, 324

Molodensky’s solution, 306

for deflections of vertical, 313

Moments of inertia, 62, 73

Moon, geodetic use of, 333, 339, 349

Natural coordinates, 55

reduction to ellipsoid, 184

Nettleton’s method, 284

Neumann’s problem, 36

Newton’s law of gravitation, 1

Normal component, 9

Normal correction, 171

Normal gravity, 70, 74, 77

external, 78, 228, 230

Normal height, 170, 172, 292

,
and orthometric height, 328

Normal potential

of gravitation, 66, 73

of gravity, 67

Normal radius of curvature, 70

Normal spheroid, 81

Normalization of spherical harmonics, 31

Orbital elements, 342

variation of, 345, 347

Orbital method, 355

Order of spherical harmonics, 22

Orientation, absolute, 209, 211

Orthogonality of spherical harmonics, 29

Orthometric correction, 167, 172

and dynamic correction, 168

and plumb-line curvature, 194, 201

Orthometric height, 50, 56, 166, 172

accuracy, 169

Osculating ellipse, 344

Parallax, 334, 336

Perturbations

orbital elements, 347, 352

rectangular coordinates, 353

Pizzetti’s integral formula, 94, 233, 319

Pizzetti’s projection, 180

Plumb line, 48, 50

curvature of, 53, 193, 200

normal, 196, 315

Poincare-Prey reduction, 146, 163

Poisson’s equation, 5

generalized, 47
Mass of earth, 14, 107, 335

and spherical harmonics, 61

Poisson’s integral, 35, 328
modified, 90

Polar migration, 188
Position

absolute (geocentric), 100, 109, 21

relative, 210, 357
see also Geodetic datum; Ori

absolute

Potential

anomalous (disturbing), 82, 227, 7

of centrifugal force, 47
of dipole, 8

of double layer, 8, 12, 147
external, 94, 227
geoidal, 83, 107

gravitational, 2, 57
gravity, 14, 47
of homogeneous cylinder, 127
of homogeneous sphere, 16
and leveling, 161

normal, 67
perturbing, 345
of point mass, 2
of solid body, 3

of surface layer, 5, 146
Potsdam system, 152
Pratt’s theory of isostasy, 134
Pratt-Hayford isostatic system, 134
Precession, 337
Prediction, 251, 264, 282

accuracy of, 266, 277, 283
of mean anomalies, 277
optimum (least squares), 268

Prey reduction, 146, 163
Products of inertia, 62

Quasigeoid, 294
and geoid, 327

Recursion formula for Legendre’s
;

mials, 23
Reduction

astronomical coordinates, 184, 189,
astronomical leveling, 200
azimuth, 186, 223
base lines, 190
distances, 191

gravity; see Gravity reduction
horizontal angles, 189
leveling; see Dynamic correction; I

correction; Orthometric correctio
natural coordinates, 184
zenith distances, 174, 189, 223

Reference ellipsoid, 44, 82, 111, 179
Reference level for free-air anomalie:

311

Reference orbit, 351



-ole, 189

in, 185

in plane, 56

1,48

ure, 160, 162

msky’s problem, 15, 291, 296

ons of, 306, 310, 312, 320, 324

:nsky’s solution, 306

Sections of vertical, 313

.ts of inertia, 62, 73

geodetic use of, 333, 339, 349

. coordinates, 55

;tion to ellipsoid, 184

sn’s method, 284

nn’s problem, 36

i’s law of gravitation, 1

. component, 9

. correction, 171

i gravity, 70, 74, 77

nal, 78, 228, 230

[ height, 170, 172, 292

>rthometric height, 328

I potential

avitation, 66, 73

avity, 67

l radius of curvature, 70

1 spheroid, 81

fixation of spherical harmonics, 31

elements, 342

.tion of, 345, 347

. method, 355

?f spherical harmonics, 22

ition, absolute, 209, 211

onality of spherical harmonics, 29

aetric correction, 167, 172

dynamic correction, 168

plumb-line curvature, 194, 201

aetric height, 50', 56, 166, 172

racy, 169

ting ellipse, 344

x, 334, 336

nations

;al elements, 347, 352

ingular coordinates, 353

i’s integral formula, 94, 233, 319

i’s projection, 180

line, 48, 50

ature of, 53, 193, 200

nal, 196, 315

.re-Prey reduction, 146, 163

n’s equation, 5

:ralized, 47

Poisson’s integral, 35, 328
modified, 90

Polar migration, 188
: Position

absolute (geocentric), 100, 109, 217, 357
J relative, 210, 357

j
see also Geodetic datum; Orientation,

j
absolute

4 Potential

fj anomalous (disturbing), 82, 227, 299

i of centrifugal force, 47

:j
of dipole, 8

J
of double layer, 8, 12, 147

4j
external, 94, 227

§\ geoidal, 83, 107

?;]
gravitational, 2, 57

I gravity, 14, 47

f| of homogeneous cylinder, 127

|

of homogeneous sphere, 16

3 and leveling, 161

:ii normal, 67

§ perturbing, 345

M of point mass, 2

§]
of solid body, 3

:|j
of surface layer, 5, 146

3j Potsdam system, 152

1 Pratt’s theory of isostasy, 134

g Pratt-Hayfbrd isostatic system, 1 34

>s Precession, 337

I Prediction, 251, 264, 282

|- accuracy of, 266, 277, 283

|
of mean anomalies, 277

|
optimum (least squares), 268

Prey reduction, 146, 163

|
Products of inertia, 62

Quasigeoid, 294

and geoid, 327

j
Recursion formula for Legendre’s polyno-

| mials, 23

1 Reduction
astronomical coordinates, 184, 189, 193

|
astronomical leveling, 200
azimuth, 186, 223

|
base lines, 190

1 distances, 191

j
gravity; see Gravity reduction

|
horizontal angles, 189
leveling; see Dynamic correction; Normal

correction; Orthometric correction
natural coordinates, 184
zenith distances, 174, 189, 223

Reference ellipsoid, 44, 82, 111, 179

J Reference level for free-air anomalies, 293,

I 311

|
Reference orbit, 351

Index 363

Reference surfaces, 81

Refraction, atmospheric, 175, 357
Regression

of orbital plane, 338
statistical, 283

Regularization

of crust, 137

of geoid, 289
Representation, 265, 278
Right ascension, 353
Root formations, 135
Root mean square (r.m.s.) anomaly, 252, 278
Root mean square (r.m.s.) error, 267
Rotation of earth, 46
Rudzki’s definition of earth ellipsoid, 216
Rudzki reduction, 143, 150

Satellites, earth: see Earth satellites

Scale of earth, 104, 107, 297
determination, 210, 333

Separation of geopotential and spheropoten-
tial surfaces, 94, 235

Series expansions for normal field, 71, 74, 230
Solid angle, 29

Somigliana’s formula, 70
Spherical approximation, 78, 87, 94, 206, 241,

301

Spherical-harmonic coefficients, 59, 60, 62, 63,

73, 78

accuracy, 270

determination, 107, 345, 353
Spherical-harmonic series, 21

for anomalous field, 88, 89, 102
convergence of, 60
for covariance function, 255
for normal field, 71, 230
for potential, 57

practical applications of, 155, 157, 232, 245,

345, 352

for Stokes’ function, 97
Spherical harmonics, 20

conventional, 31

forbidden (inadmissible), 62
Laplace, 20, 21

normalized, 31

sectorial, 26
solid, 20, 61

surface, 20, 21, 25, 61

tesseral, 26, 353

zonal, 25, 33, 345

Spheroid, earth, 81

Spheropotential surface, 91

Statistical methods, 251

Stochastic processes, 259

Stokes’ constants for ellipsoid, 67, 73

numerical values, 79, 80

Stokes’ function, 94, 96, 97, 120

for external field, 93, 235
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Stokes’ integral formula, 94, 95, 329

effect of central zone, 122

effect of distant zones, 259

generalization for external field, 94, 233

eeneralization to arbitrary ellipsoid, yy,

generalizations for geoid, 324, 326

generalizations for height anomalies, 306,

310, 312, 320, 324

numerical evaluation, 118, 119

Stokes’ problem, 94, 100

Stokes’ theorem, 17, 64

Surface
equipotential, 13, 48, 91

level, 48, 91

material, 5

Telluroid, 292

change by gravity reduction, ill

Templates, integration by, 117, 131, 142, 247

Terrain correction, 131

Topography (topographic masses), 126

Torsion balance, 202

Translation of reference ellipsoid, 205

nnrl first-deeree harmonic, 99, 213

see also Orientation, absolute

Triangulation, 173, 179

spatial, 217, 357

stellar (Vaisala), 357

Trilateration, 179

reduction of, 191

True anomaly, 343

Undulation, geoidal: see Geoidal height

Upward continuation integral, 239, 247

Vaisala’s stellar triangulation, 357

Variance, 252

degree, 259, 263

Vening Meinesz’ function, 114, 120

Vening Meinesz’ integral formula, 114, 329

effect of central zone, 122

effect of distant zones, 259

generalizations, 235, 313, 315, 320

Vening Meinesz’ isostatic system, 136

Vening Meinesz’ transformation formulas,

208

Vernal equinox, 350
. ,

Vertical: see Deflection of the vertical ;
Plumb

line

World geodetic system, 156, 200, 209, 211;

see also Position, absolute

World gravimetric system, 152

Zagrebin’s problem, 94, 299

Zenith, 173, 185

Zenith distance, 173

reduction of, 174, 189, 223

use of, 173, 202, 224


