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PREFATORY NOTE.

That English is already the world language, what proof could

be more striking than its use in a history of Chinese mathematics

written in Japan, revised in America, ])ublished in Europe? But

naturally this is not the idiom of England nor of the United States,

nor have I striven so to cramp it. My own slight connection with

this work comes from Japan’s being the first nation to appreciate the

importance of the non -euclidean geometry, then available to them

only in my Bolyai and Lobachevski, which led to the republication

of both my little books in Tokyo, each with an introductory Note by

Baron Kikuchi, Imperial Minister of Education, now President of the

University of Kyoto (the first dated Feb. 15, 181)2). To realize how

marvelously the dormant Japanese genius for geometry has since

awakened, consult ‘^Mathematical Paj)ers from the Far EasP‘, edited

by the Author of this history (Teubner, 1910), where 24 of the 55

})apers (dating from 1892 to 1907) are in geometry.

It is a romantic j)iece of good fortune that our Author knew

personally the last of the great mathematical giants of old Japan.

Greeley, Colorado, F. S. A.

George Bruce Halsted.



INTRODUCTORY NOTE.

Historical descriptions of the mathematics that has developed in

China and Japan have been given by various authors. But these are

all scattered in various journals, to which we have no easy access;

we know of no single work that has been separately published, par-

ticularly devoted to the subject. There are, it is true, works like the

Chinese Yuan Yiian’s ^‘Biographies of Mathematicians and Astronomers”,

that appeared at the close of the 18^^ century, and T. Endo’s

^^History of Japanese Mathematics”, Tokyo, 1896. These are, indeed,

valuable sources of information, but they are of little avail to European

and American readers, being written in Chinese or Japanese. We
have therefore undertaken the composition of the present volume. We
shall be completely satisfied if we are able to give some knowledge

of the subject to Occidental readers.

The results of my studies are by no means complete as a history.

Therefore, I have avoided this title. My accounts are rather a collec-

tion of historical materials; even as such they are only too meagre

and iiisuificient, and we must in advance inform our readers that there

are still numerous other subjects considered by the old mathematicians

of Japan and China, of which no mention is made in our book.

About the Japanese mathematics I am just collaborating a popularly

written work with Dr. D. E. Smith, of New York. This history is

only too simple, but it will give a good general view of the subject.

Some parts of the productions of the Japanese mind considered in it

are not reproduced in the present volume. We have therefore tried

to give a general view and a chronology of the Japanese mathematics,

which are followed by accounts of some particular subjects. This is

the reason why 1 have adopted different plans of descrijition for the

Japanese mathematics and the Chinese science.

Throughout the whole volume 1 have instituted little or no com-

parison with the mathematical achievements of other nations. The

course of development through which the mathematical ideas have

arizen is also not specially accounted for, although studies in the

line constitute my ideal. These are all left for further and maturer

researches.

Old mathematical books, both written and printed, are now very

difficult to collect. I have thus had considerable hardship in procuring
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my materials. But despite all thsit, I must be exceedingly grateful

for the kindness and sym])athy shown by my friends, so that J have

been able to carry on my studies chietly on original sources of infor-

mation, except for some parts, that are rather trifling. In completing

this book 1 must acknowledge my indebtedness to the assistance

rendered by these gentlemen. My thanks are especially due to Mr. T. Endo,

Dr. Y. Fujikawa, the late T. Hagiwara, Prof. G. B. Ilalsted, Prof. T. Hayashi,

Dr. K. Kano, Mr. C. Kawakita, Baron D. Kikuchi, Prof. S. Mikami, Mr. N.

Okamoto, and Mr. K. Uyeno.

The reading of Chinese ideograms has been done all in accordance

with the way prevailing at present. In China the same ideograms or

letters have been enn)loyed from old times down to our days, but

their readings have gone through changes. The ideograms that are

used in Japan are almost entirely those that have heen brought from

(hiina, but the Japanese ways of reading are fpiite diflerent from the

Chinese ways, being, it is said, more like to one system followed of

old in China. But the changes in the way of reading Chinese ideo-

grams are in general being neglected by the Orientalists, so that we
have followed their usage. Nor is it easy to trace the exact readings

<»f various periods and of various localities. Even now the ideograms

are not all read (juite definitely: their readings are sometimes different

in diflerent ])arts of the (‘ountry. Tims it is not seldom that the

name of tbe same person is spelled in four or tive different ways in

the writings of the Orientalists of Furope and America We must
therefore a^k our readers not to attach much importance to the spelling

of Chinese names as given in the jiresent work.

In the names of (Jiinese persons the family names are written

first, being followed by tbe personal or individual names. In this

respect the Cbine.se names ditfer from tbe Occidental names.

In Ja])an too tbe family names are written first, as in China.

In the Japanese language all syllables end in vowels with tbe

single exception ot those that end in n. ben tbe sound of )i conies

before h, or p, or })i, this will be ebanged into n?, as is usually spelled

by Japanese Occidental ists. For convenience sake we also employ
spelling like kiffo (m* Kchi. Tbe vowels o, /. n, c, o sbould be pro-

nounced sometbing as in the (Jerman short sounds, their sounds being

all very short. 'Phe long sounds of o and n will be denoted by o and h,

which are of the same nature as the short sounds except for their lengths.

Aiy c/, //, etc, should be rt‘ad pronouncing the sounds of both vowels.

h'tv should be pronounced almost like k. Words properly spelled with

kfr have sometimes been given only with the letter /»*.

It is sometimes very difficult to know the correct reading of

Japanese proper names. For instance the name of a mathematician
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was read Yasushima by ll. Fujisawa and Ajima by D. Kikuchi. But

he family names are comparatively easy to read. The individual

names are much more difficult. Thus we are accustomed to read

such names in the general way of reading according to the sounds of

the ideograms themselves irrespective of the true way of reading. We
read Seki Kowa, although his personal name Kowa should have been

read Takakazu. Takahashi Shiji’s individual name was read Shigetoki

or Yoshitoki by T. Hayashi, but others read it Munetoki. But in

actuality we know nothing of the true reading of his name, and so

we have to read it only Shiji according to the general reading of

the ideograms. The difi*erences of readings between me and Hayashi

(in his Brief History of Japanese Mathematics^ in the Nictar Archie

f

voor Wishmide^ have arisen mostly in this way.

A descendant of the astronomer Yamaji Sliujil is an eminent

historian and thinker, but he does not know, as he has personally told

me, how the name Shuju should have been read. Saito Gigi was

T. Hagiwara’s master, but the latter told me that he had never learned

of the true reading of his master’s individual name Gigi. The in-

dividual names of the old Japanese were used upon grave or serious

occasions only, such as in signing books, for instance. On common
occasions, these names were never employed, every one bearing his

familiar name. That of Seki was Shinsuke, and thus he is sometimes

called Seki Shinsuke.

The old Japanese manuscripts are never free from various errors;

it is even so with the hand-writings of the authors. In the transcripts

which have gone through the hands of several copyists, the errors are

especially numerous. Those which we have utilised in reference are

not free from these faults. When we compare various copies of the

same manuscripts we sometimes find some parts of these quite difiering

from one another. But the errors committed in these manuscripts

are not generally easy to be found, and so in my accounts of them

the errors are not necessarily all corrected. However, we hope, the

readers who take these circumstances into account will not blame us

too much for such faults as are left unnoticed in our work.

Ohara in Kazusa, September 20^^, 1910.

Y. Mikami.
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PART 1.

THE CHINESE MATHEMATICS.

CHAPTER 1.

EARLIEST PERIOD OF CHINESE MATHEMATICS.

China is one of oldest nations in the world. In ancientness China

can be compared only with Egypt and Babylon, but with no other

countries. However far we go back on our search into remoter periods

in Chinese history, we still find there some traces of early culture.

According to the native annals, the Chinese have enjoyed their civili-

zation for tens of milleniums in the past. With their early rise of

a civilised life, mathematics dawned too undoubtedly in an early age.

The Chinese have, from the oldest times, been a race most observant

of religious rites and taking utmost care in calendrical regulations;

and consequently there can be no doubt at all as to the careful cul-

ture of arithmetical arts even in ancient days. But we are utterly at

a loss when we try to investigate the growth of the science in remote

antiquity, for old documents or records are entirely wanting.

There is no doubt as to China being an ancient nation. But

the Chinese did not always inhabit the vast land watered by the

Yellow Piver and the Yangtse Chiang; they came from the West to

settle where they now live. They are sometimes referred to as a

race a-kin to the Babylonians. As some scholars point out, the civili-

zations of the two peoples in great antiquity resemble each other in

a considerable measure. When so, is it not possible that the Chinese

had in ancient times a knowledge in arithmetical rules the same as

possessed by their brethren in the west? We are however at present

unable either to at'firm or deny this view. We are not therefore going,

at least in this place, to argue about the interrelations of the mathe-

matics developed in China and cultivated by the Babylonians. So this

Abhdigu. 8. Gesoh. d. math. WUs. XXX. 1
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interesting question must be left untouched for the results for further

studies.

According to old documents, Huang-Ti or the Yellow Emperor

made I-hai divine the sun, Chang-i divine the moon, Yii-ch’ii divine

the stars, Ling-lun establish the musical notes, Tai-nao construct the

chia-isU or sexagesimal system, Li-shou invent the numbers or the

art of numbers, and Yung-ch’eng employ all these six arts to regulate

calendars.^) As is well known the Yellow Emperor reigned over China

in the 27 century B. C.

The chia-tsu that has been ever employed from the time of the

Yellow Emperor down to the present day, consists in coordinating the

two systems, which are chia^ i, ping^ hsU, chiy kong, hsiUj jew, hieiy and

tsU, €h*ou, yifif mao, cJi'erij szu, im, tveij shen, yu^ wu^ hai.

In the chia-tsU system of enumeration, the first, second, and so

forth, are represented as chia-isU, i-cWou, ... Or if we represent the

members of the two cycles of 10 and 12 for the sake of plainness

by A^, -4,, . .
.,

and J5j, respectively, then the enumera-

tion will follow as indicated below:

^ « 2, . . AyQ ByQ =» lO,

A,By,^\2y A,By^V6y..., Ay,B,^20,

Ay B, « 21, . .
.,
A,By, = 24, A, By - 25, A, B, = 26,

-^10 ^2 ~ -®8 “ f Aq Byy = 59
,
AyQ Bj

g
« 60.

Above 60 the same enumeration returns again in repeated cycles.

The years and the days have been numbered in this way. Directions

were also indicated by this way of dividing the whole circumference

into 60 parts.

Li-shou is sometimes referred to as the author of an arithmetical

work entitled the Chiu-chang or "Nine Sections”, from which the still

extant Chiu-chang Suan-shu or "Arithmetic in Nine Sections” has

arisen by successive revisions. This opinion is probably no more than

a fiction. There was indeed a work with the title of the Huang -Ti

Chiu-chang or the Yellow Emperors Nine Sections some time at the

end of the Sung Dynasty, which, however, appears to be a mere in-

vention of later scholars. We have no means of knowing of what

kind of arithmetic was the arts Li-shou established at so early a date

1) Yiian Yiian, the Ch*ou~jen Ch'uan or 'Biographical Collections of Astro-

nomers and Mathematicians", Book 1.
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as over 3500 years ago. We may only reasonably guess the science

developed in so great an antiquity must necessarily have been of

a mere rudimental kind. So highly developed a system as laid down

in the ^‘Arithmetic in Nine Sections “ could not exist in the times of

Huang-Ti, we believe. As to the contents of the treatise just men-

tioned we shall try to give a description in a special chapter de-

voted to it.

In the sacred book of I-ching, the chapter on Hsi^izu^ it is stated,

that a river made the t\i and the Lo made the shxi. This means the

figures called the ho4'u and the lo shu were employed in fortune-telling.

According to tradition the former came down from the time of the

Emperor Fu-hi in the 29 century B. C., when a dragon-horse had

discovered himself at a river and his footsteps had left the figures of

the pa-huay which have served in sooth -saying. The h~shu comes

down to us from the time of the sage Yii, who was a great statesman

and enlightened emperor. When he was embanking upon the calami-

tous ever- flowing Yellow River, there appeared a divine tortoise,

whose back was decorated with a figure made up of the numbers

from 1 to 9. The great sage recorded and applied ii The ho-fu

and the h-shu occur in Chinese works as shown below.

The lo-slm is a magic square with the nine figures

as its elements as annexed. It comes therefore that

the magic squares were called by that name in later

China and also by some earlier Japanese mathe-

maticians.^)

4

3

9

z
2

7

8 !> 6

1) The Chinese loshu was read rakusho in Japan.



4 PART I. THE CHINESE MATHEMATICS.

CHAPTER 2. THE CHOU -PEI.

The oldest mathematical work left by the ancient Chinese that

remains extant to this very day is doubtless the Chou-pei or the Cliou-pei

SiuDhcJiing. The word suan-ching should be literally rendered by

mathematical classic” or “a sacred book of arithmetic”. But in strictness,

the Chou -pel is no mathematical work, it is one in which calendrical

subjects are considered. Yet it is of unsurmountable interest in the

history of the Chinese mathematics.

The author of the Chou-pei has ever remained unknown; nor is

known the date when it was composed. It is also questionable whether

the whole of the book was composed at a single time or at several

different times. The Chou-pei as it has been handed down to us con-

sists of two books, of which the second treats of calendrical theories

that little concern us in this place. In the first book of the Choupel

there is laid down a famous dialogue that had taken place between

the sage prince Cliou-Kong and his learned minister Shang Kao. The

dialogue is followed by another between Ying Fang and Ch’en-Tsu.

It is not known in what age these lived. As is generally believed,

or rather imagined, this second dialogue seems to be an addition

supplied by a subsequent writer. Next to the second dialogue there

is still another passage written by or recorded as taught by Lti-Shili,

that is, by Lti Pu-i, who was a powerful minister of the Monarcliy

of Ch’in in the 3rd century B. C. In any case, therefore, the per-

sonages represented in the second dialogue must have lived at the

end of the Chou Dynasty or previous to that time.

The ChoU'pei has been preserved through the commentaries of

Chang Chun-ch'ing, Ch’en Luan, Li Ch’un-feng and others. The date

of the first of these commentators is given by later native writers as

unknowable. But his preface refers to an astronomical work, the

TAng -listen

f

that was composed by Chang Heng. ^his proves well that

Chang Chun-ch’ing lived in or subsequent to the 2^'^ century A. D.,

for Chang Heng died in 139 A. D.

Although the composition of the Chou -pel or at least of its

augmented parts may be of a comparatively recent date, yet the dia-

logue recorded in it serves to reveal to us the state of mathematical

studies the Chinese had attained in so early an age as the 12*^ cen-

tury B. C., for it was in the year 1105 that Chou-Kong died. Chou-

Kong was a brother to Wu-Wang, King of the Chou Dynasty, and
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ruled over China as a regent when his youthful nephew Ch’eng-Wang

sat on the throne.

The dialogue runs as follows:

^‘Of old, Chou-Kong inquired of Shang Kao: As I have heard

that you are versed in the arts of numbers, so let me ask you. In

old times Fu-hi measured the heavens and regulated the calendar. But

arc neither the heavens susceptible of climbing, nor is the earth of

measurement by means of our measures. Whence will it be, then,

that their numbers are deduced from?

"Shang Kao replied: The art of numbers is derived from the

circle and the square. The circle is derived from the square, and the

square from the huei or the right-angled lineal. The lineal comes from 9

into 9, which makes 81. Thus break the lineal, and make the hou or breadth

3, the leu or length 4; then the distance joining the corners is 5.

Take the squares of the outer numbers, and halving, the lineal is

obtained.'^

This last sentence is very hard to be appropriately understood,

as it is originally given in the text of the Chou -pel, as well as in

Chang’s comment. It perhaps means that, taking the sura of the

squares on two sides of a right triangle and extracting its square root,

the hypotenuse will be obtained.

Shang Kao continues:

"Surrounding (a space), set them on the board, when we get 3, 4

and 5, for the two sets are both 25, which we call chi-chu or the

laying of dim. The means, therefore, which Yii bad used in governing

the world arise from these numbers.”

Here the following three diagrams are intervened.

Diagonal square. BreatUh square. Length square.

"Chou- Kong said: Ah mighty is the art of numbers! I dare ask

you of the employment of the diiis or lineals

"Shang Kao replied: The horizontal lineal adjusts the lines; the

vertical lineal looks on the height; the overturned lineal measures the

depth; the lying lineal serves to know distance; the turning lineal

makes the circle; and double lineals make a square. The square be-
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longs to the earth, the circle to the heaven; heaven is round and

earth is square.”

In this place Chang Chun-ch’ing’s note most interests us, for he

runs:^^ Things are round or pointed; numbers are odd or even. The

heaven moving describes a circle, whose subordinate numbers are odd.

The earth resting makes a square, whose subordinate numbers are even.

These are said concerning the doctrine of the yin -yang or the posi-

tiveness and negativeness*), and do not represent the actual forms of

the heavens and the earth. The heaven cannot be perceived through

to its limits; the earth cannot be followed to its ends. How then

could they be affirmed to be round or squared?”

This note is perfectly in accordance with the view entertained by

a Christian missionary wlio long stayed in China, a view which Moritz

Cantor adopts in his work as interestingly probable.^) According to

the missionary, heaven and earth were symbolic for 3 and 4; and

besides the number 3 belongs to the circle, whose circumference is

three times its diameter; 4 belongs naturally to the square; and there-

fore follows the further comparisons of the heaven with the circle and

the earth with the square.

In the sacred book, I^ckingy it is stated: Heaven one and earth

two; heaven three and earth four; heaven five and earth six; and so

on. This and allied passages in the works of various philosophers

and astrologers of different ages seem to make certain the correctness

of the entertained view.

Shang Kao proceeds:

^^The number pertaining to the square serves the standard, and

the circle is derived from the square.”

Here Chang Chun-chhng makes his comment that this pas-

sage is intended to mean the measurement of the circular area as

that of a square by multiplying together its semi -circumference and

radius

.

Shang Kao goes on:

^‘Umbrella-formed is the heaven. The heaven is bluish black;

the earth yellowish red. The number (or rather the form) pertaining

1) The yin and yang are the basic principles of the dualistic philosophy of

the I-ching^ one of the sacred books of China. The word yang means positivity,

snn-shine, male, increase, etc., and yin negativity, shadow, female, decrease, and

so forth.

2) M. Cantor, Vorl. ub. Geschichte der Mathematik, I., dritte Auflage, 1907,

p. 680.



CHAPTER 2. THE CHOU-PEI. 7

to the heaven is formed, when bluish black is its front, reddish

yellow its back. And one moulds the situations of the heaven and

earth.

Therefore one who knows of the earth is intelligent, one wlio

knows of the heaven is sage.') The knowledge comes from the shadow,

and the shadow comes from the gnomon or the lineal. The lineal

together with the number rules and guides everything in the universe

as is desired.

^^Chou-Kong said: Excellently good.”

As will appear from the text in the dialogue, the Chinese in the

time of Chou -Kong had known of the Pythagorean theorem, so im-

portant in application, that relates to the squares described upon the

sides of a right-angled triangle. Although it is not enunciated in

such a concise geometrical form as is given in Euclid, yet there is

no denying the fact of its being soundly established by the Chinese

in great antiquity.

The Chinese are sometimes considered as a race akin in blood to

the ancient Babylonians. The latter seem to have been in possession

of the same relation at least for the special case of the sides 3, 4

and 5. If the Chinese could be supposed to have borrowed their

knowledge from their Babylonian kinsmen, then why could the latter

not be thought on the contrary to have learned from the former?

Pythagoras who flourished six long centuries later than Chou- Kong,

is he not said to have traveled in the east to Babylon and perhaps

farther on probably to India? Will it not be probable that he had

seen the theorem that was destined to be connected with his name

on his travel? Might he not have encountered it brought from China

in some unknown way? The lapse of time between him and Choii-

Kong justly makes the matter an open question.

In the second dialogue of the Chou-peiy the learned Cb’en-Tsu

instructs Ying Fang in more material or well- organised topics than

Shang Kao does in the first dialogue to Chou -Kong. But the whole

concerns solely to calendrical or astronomical theories, and it is of a

comparatively later date, and so we shall not dare give it in full.

Only a stage of CKen-Tsu’s statement will be reproduced:

^^The sun lies at the summer solstice 16 000 Chinese miles to the

south, and at the winter solstice 135000 miles to the south, where

1) Here it is meant that no one can deal with astronomical subjects unless

he be a distinguished wise man.
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vertical rods throw uo shadow at the midday.') Therefore the positions

of the sun at the two solstices are 119000 miles distant from eacli other,

and at midnight the sun lies the same way distant to the north. Hence

the length of 238000 miles represents the diameter of the sun’s orbit at

the summer solstice, when its length of revolution measures 714000

miles
”

As Ch’en-Tsu states further:

the Avinter solstice the sun’s orbit has a diameter of 476000

miles, the circumference of the orbit being 1428000 miles.”

In these cases the circumference of the circle is taken as three

times its diameter, as will be easily seen. The Chinese had used the

value of ;c =-= 3 from old times.

In Lii’s argument found in the Chou -pel is stated that one year

consists of 365^ days, and that the circumference of a circle is divided

into 365“ degrees. Such a usage is commonly believed to have arisen

in a far earlier period than the age in which Lii lived.

In the second book of the Chou ’pci we read a passage to the

effect that arranging the diameter 121 *75 feet and multiplying it by 3,

one should get 365^ feet, which corresponds to the 365j degrees in

the circumference of the heavens.

Among Liih-Shih’s considerations there is given a case of division

by a fraction. To divide 119000 miles by 182^ days, both the divi-

dend and the divisor are first multiplied by the denominator of the

divisor, which is 8 in the present case; or the division is carried out

after both the members are rendered to assume integral values by

changing the unit. Though the description is given in a language

somewhat obscure, it seems to convey no other meaning than we have

mentioned.

CHAPTER 3.

THE CHIU-CHANG SUAN-SHU.

The Chinese mathematical treatise now extant next in age to the

Chou-pei is doubtless the Chiu-chamj Suan-shu or the ^^Arithmetic in

Nine Sections”. The Chou~pei is no work on arithmetic Avhen pro-

perly spoken of, while the Chiu’chang is a true arithmetical treatise,

1) These distances are inferred in a peculiar manner as is given in the

book from the lengths of shadows of the gnomon, the earth being supposed to

be flat.
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the oldest therefore that remains to the present day. This is besides

the most extensive and far-reaching of all treatises that concern

mathematics belonging to older times in China. The Chiii-chang has

therefore an invaluable interest in history.

Neither the author of tlie ‘^Arithmetic in Nine Sections” nor the

date of its composition is exactly known to us. But so far as we

can learn from what the commentator Liu Hui, who lived in the

third century of the Christian era, records in the preface of his edition,

the work was a remnant of old writings, which was revised or enlarged

by Chang T’sang and Ching Ch’ou-ch’ang in the first part of the Han
Dynasty.^) As is popularly known, all books were burned and all

scholars were buried in the year 213 B. C., by an edict of the mighty

and despotic emperor Shih Hoang- ti of the Ch’in Dynasty, without

saving the harmless treatises of arithmetic or of astronomy. It comes

therefore that there remains no book on aritlimetic that belongs to a

remoter age. But Shih Hoang-ti’s empire fell to pieces soon after his

death^), and in the beginning of the succeeding dynasty, the Han, the

lost books were searched after and learning was seen soon reviving.

It was just at this juncture that Chang T’sang made liis appearance.

According to Liu Hui, the commentator, Chang had found some old

writings, upon which he based the composition of his ever- valued

Chiii-chang Sudn-shii. The work was revised for a second time later

on by Ching Ch’ou-ch’ang. The original treatise Chang had used in

composing his work is generally believed to have been the Chiu-changy

that was edited by Chou- Kong’s orders, a fact that is however little

trustworthy. It is not known whether there had been such a work of

Chou- Kong’s at all. As we read in the calendrical department of the

Chin-Shu’'^) or the “Records of the Chin Dynasty”, Liu Hui’s commen-

tary on the “Arithmetic in Nine Sections” was written in 263 A. D.,

in the reign of Ch’en-liu-Wang, King of the Wei Monarchy. Commen-

taries on the same book were again written by Li Ch’un-feng in the

7^'' century.

Biographical notices of Chang T’sang are given in Szu-ma Ch’ien’s

Shih-chl or “Historical Records” and Pan Ku’s Han Shu or “Records

1) The Han Dynasty begins -with the accession of the Emperor Kao-tsu to

tlie throne in 202 B. C. The Dynasty flourished for two centuries, until it was

upset by the usurpation of Wang Mang at the beginning of the Ist Christian

century.

2) Shih Hoang -ti died in 210 B. C.

3) The same is also recorded in the Sui-Shu or “Records of the Sui Dynasty”.
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of the Han Dynasty”. According to these records, which are almost

identical, Chang was a civil servant of the Ch’in government in his

early life. Afterwards he fought under the first of the Han emperors,

when he achieved many brilliant exploits. After the order of things

had been restored, he served as an able civil officer, and in 176 B. C.

he was made the head minister, which position he filled for fourteen

years. Living to upward of a hundred years old, he died in 152 B. C.

As a statesman Chang was a distinguished character and his talents

were especially devoted to the financial administration. He was also

noted for his uncommon erudition; he was in particular deeply learned

in astronomical and astrological matters. He kept hundreds of wives,

who, when once pregnant with a child, were never again looked

upon.

As to Ching Ch’ou - ch’ang’s life we know little or nothing,

except that he was a minister in the reign of the Emperor Hsiian-Ti

(73—49 B. C.), as is recorded in the “Han Records”.

Of the contents of the “Arithmetic in Nine Sections”, how much
are due to Chang and how much to Ching? Or how much had these

authors utilised of the old relics of the preceding ages? About these

matters we have no means of making any decision whatever. We
must therefore content ourselves in this place merely to see what

kinds of subjects the book contains. The “Arithmetic in Nine Sections”

consists of nine separate books or chapters, as its title indicates. In

the following we try and give short descriptions of the contents of

the nine sections in turn.^)

In the first of these sections, which is headed the fang-ficn or

field mensuration

j

there are contained the rules for measuring fields of

various forms, such as the triangular, quadrangular, circular, segment

shaped, sector-shaped, or annular, etc.

The area of a triangle is given as half its base multiplied by its

altitude.

A trapezoid, isosceles or else, is half the sum of the two bases

multiplied by its altitude.

Four different rules are recorded for the area of a circle, which

are equivalent to \cd,
^

and where c and d are

1) T. Hayashi’s description of these nine sections in his Brief History of

Japanese Mathematics, Nieuw Archief, Tweede Keeks, Deel VI, Derde Stuk,

pp. 306— 307
,

is utterly different from what I know of the book. I know
nothing of the correctness of his description.
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written for the circumference and the diameter. In these rules % is

obviously taken as equal to 3.

The area of a segment of a circle is given as

= ~ {(chord) X (altitude) -f- (altitude)*),

and that of a sector of a circle as a quarter of the product of arc

and diameter.

An annular field is measured by taking half the sum of the inner

and outer circumferences and multiplying by the normal distance

between the two circumferences.

In the same chapter is given the treatment of fractions. Thus

the yueh-fcn means the reduction of a fraction to its simplified form.

The rule for this operation reads thus: “When capable of halving,

halve it. When not capable of halving, set down the denominator and

the numerator, and from the greater subtract the smaller. Repeat the

process, and finally one finds the (mg or the common divisor. Simplify

with this common divisor.” 'This rule is nothing but finding the

greatest common factor of the two numbers and dividing both by it.

49 . 7
For example, y- is given as equal to —

.

In adding fractions, first each numerator is multiplied by the

denominators of other fractions, and then the results being added, the

sum is to be divided by the continued product of the denominators.

In case of fractions with equal denominators, the numerators are to

be added at once together.

The subtraction of two fractions is carried out by multiplying

the numerators by the alternate denominators and subtracting the

smaller of the two products from the greater, and dividing the remainder

by the product of the denominators.

To multiply fractions, the numerators and the denominators are

multiplied respectively together and a division of these products leads

to the desired result.

The multiplication of the quantities « “h
^

^^*id (i* + is effected

by forming the fraction
^

In this section there is no further treatment of fractions, but the

division with a fraction is considered in a subsequent section, which

we are going on to mention in due place.

The second section is the su-mi, which treats of questions in

simple percentage and proportion.
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The third section, skiiai-fen, treats of problems on the distribution

of properties among partners according to prescribed rates. In the

beginning of the section we find the rule: “Set down the rates.

Adding them together, take the sum for the divisor. Multiply the amount

to be distributed by each rate, and we get each dividend. Thus the

division gives the answer for each.’^

The same section treats further of the fan-shuai. An example

will make clear what is meant by this heading.

“When 1 weight of string costs 240 pieces of money, how
many weights of string shall we have for 1328 pieces?”

This is nothing but a question in proportion

The fourth section is the shao-hiangy the object of which lies in

the determination of a rectangle, whose area and one side are given,

and in the evaluation of the square and cube roots of a number.

It is very noteworthy that in the problems in this section the

unit fractions are employed, although the answers are given in terms

of the usual fractions. For instance a side of a rectangular field is

denoted by

1 -f.
i 4- i q- ^ 4. i q. A i ^ i.

.

^2^ 3 “4^ 5 ^6^7 ^8^9^ 10 ^11
In this chapter a rude kind of division with fractions is given.

For illustration’s sake we give one example and its rule taken from

the book.

“There is a [rectangular] field whose breadth is one pace and a

half and one third. If [the area] is 1 pii [240 square paces], what

will be the length of the field?

“Answer. 1 30^ paces.

“Rule. As there is [the number] 3 in the denominator, we have

to take 1 to be 6, half to be 3 and one third to be 2. Adding

these together we get 11, which will be made the fa or divisor. Set

down the 240 [square] paces of the field, where too 1 is to be counted

as 6, and so this number H is to be multiplied. The product is the

shih or dividend. Thus carrying out the division we get the number

of paces contained in the length [of the field].”

It will be evident from the above that the division with a fraction

was effected by multiplying by the reversed fraction.

In the “Nine Sections” as well as in all other works of the ancient

Chinese we meet with no use of decimals.

The rules given in the section before us for the evaluation of the

square and cube roots are enunciated in obscure languages hardly
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intelligible to an unprepared mind. But when we compare these

descriptions with those in the works of Sun-Tsii and Ch’en Luan, and

when we reflect on the ways in which the calculating pieces have

been manipulated in later ages, all mysteries are cleared up without

leaving any trace of doubt.

The extraction of the square root of a given number is carried

out as follows:

^‘Arrange the number to be evolved in the dividend class.

^^Borrowing a unit calculator, advance it every two columns^),

and consider wliat number should be obtained (for the first digit in

the root).

^^With the obtained number multiply the borrowed unit, and

arrange the result in the divisor class.

^^Then carry out the division (with the dividend and the divisor).

^^The division being over, double the divisor and take it as the

determinate divisor.

^^Draw back the new divisor one column.

“Again borrow a unit calculator and advance it as before.

“Again consider what is to be the next figure in the root.

“Multiply it by the borrowed unit, and subjoin the product to the

next lower column of the determinate divisor. Then carry out the

division.

“Make the subjoining for a second time and proceed in the same

manner as before.”

In Liu Ilui’s commentary on the “Nine Sections” this process is

explained geometrically, although in a very insufficient manner.

As the Chinese of old times did not know how to treat with

decimals, their consideration of the decimal part in the square root

has led to a strange fault. Thus the “Arithmetic in Nine Sections”

proceeds something as in these lines:

“When evolving, if we don’t come to a conclusion, the number

cannot be evolved definitely. In such a case, divide the remainder

with the evolved root and take the result to the fractional part of

the root.”

No example is given, however, in the “Nine Sections” that leads

to such a value as indicated in the above rule. Imagine how it had

answered for practical purposes, however the result might have been!

As to a number having a fractional part, the whole was first

transformed into a fractional form, and then the operations of root-

l) This is the division of the given number into groups of every two digits
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extracting were applied to both members. When however the dejio-

minator is not a perfect square, both members are multiplied by the

denominator, before the process is applied.

The process described in the Arithmetic in Nine Sections” for

extracting the cube root of a number is almost literally as follows:

‘^Arrange the given number in the dividend class.

Borrow a unit calculator and advancing it every three columns,

consider what should be obtained.

"With the number obtained twice multiply the borrowed unit

and take the product as the divisor. Then divide the dividend.

"The division being over, take three times the divisor, and make

the result the determinate divisor. Draw it back one column.

"Multiply the figure now got for the root by three, and arrange

the product in the middle line.')

"Again borrow a unit in the lowest line.

"Draw these members back, the fomer two columns and the latter

three columns.

"Again estimate what should be obtained (for the next digit of

the root). Multiply it once by the middle class, then multiply the

same twice by the lowest. Subjoin these results to the determinate

divisor. Carry out a division with this class.

"And proceed further in like manner (for the next steps).

"If there be a remainder at the end, the operation does not end

exactly.

"When subjoined with a fraction, first transform the whole to a

fractional value, and extracts the roots of the denominator and the

numerator.

"When the denominator is a number not capable of an exact

evaluation, carry out the operation after multiplying both members

twice by the denominator.”

The extraction of the square and cube roots as given in the

"Nine Sections” appears to a high degree of certainty to be applied

with calculating pieces. We shall describe this sort of abacus in con-

nection with the contents of Sun-Tsu’s work later on.

The circumference of a circle is given in the same book of the

"Nine Sections” as equal to the square root of 12 times the area, and

the diameter of a sphere as equal to the cube root of ^ (volume) x 16.

1) This is meant to be arranged between the divisor class and the borrowed

unit, of course coming below the divisor.
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In the fifth section termed the shang-hmg, there are given the

volumes of various solids.

The volumes of castle walls, dikes, canals, and moats are measured

by multiplying together half the sum of their upper and lower breadths,

their height or depth, and their length.

In what follows we shall for convenience sake use these abbre-

viations: c = circumference, h = altitude or height, d = diameter,

s = side, I = length, b = breadth, {iq). h) = upper breadth, etc. Thus:

A s(|uare prism is stated as = h.

A circular cylinder is h.

A truncated square pyramid is

= ^ (
{U}>. s) (low. s) 4- (np. sy + (low. s)^) /i.

A frustum of a circular cone is

=
{
(iqh c) (low. c) -f (?G> cY + (low. c)"

}
h.

A square pyramid is =
^

(s of base)^ b.

A circular cone = (base cf h.

A right triangular prism = hlh.

A rectangular pyramid =
^

hlh.

A tetrahedron, whose two opposite edges a and b are at right

angles, is given to have the volume
^
ah h, where h or the height

denotes the common perpendicular of the said edges. Here Liu Hui’s

note adds that the volume is so measured because the figure is just

half of a rectangular pyramid.

A solid, the upper and lower breadths of whose one end are 10 and 6

respectively, the depth being 3, and whose other end has the breadth 8

and has no depth, and whose length is 7, is given to be = i (sum

of three breadths) (depth) (length).

A wedge, whose lower end has the breadth 30 and the length 40^

and whose upper end is of the length 20 with no breadth, and whose

height is 10, has the volume =
^

{2 (loiv, 1) -f (up. ?)} bh
— 5000.

The volume of the solid generated by cutting this wedge parallel

to its base is

= -
{ [2 (up, 1) -f- (low. 1)] X (up. b) -h [2 (low. 1) -f (tq). ?)] (lotv, b)] h
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Some problem s in this section refer to the comparative speeds ofdifferent

kinds of traveling, to the comparative qualities of labours, and so forth.

The sixth section is on the cliun-shu, which is nothing but alli-

gation. We here give two of the examples collected under this heading.

‘‘While a good runner walks 100 paces (or a), a bad runner goes

60 paces (or h). Now the latter goes 100 paces (or c) in advance of

the former, who then pursues the other. In how many paces will the

two come tog dier?”

The answer is: a x c f (a— &) = 250 paces.

“A hare runs 100 paces (a) ahead of a dog. The latter pursues

the former for 250 paces (/>), when the two are 30 paces (c’) apart.

In how many further paces will the dog overtake the hare?”

The answer is: ch (a — c) = 107
J

paces.

The seventh section is headed the ying-pu-tsuy which is however

sometimes referred to as the ying-mi. Both mean surplus and defi-

ciency

»

Here we give a pair of examples of the subject.

“When buying things in companionship, if each gives 8 pieces,

the surplus is 3; if each gives 7, the deficiency is 4. It is required

to know the number of persons and the price of the things bought.”

“When buying hens in companionship, if each gives 9, then 11

will be surplus; and if each gives 6, then 16 will be the deficiency.

What will be the number of persons and the price of the hens?”

These problems are equivalent to the solution of the equations

y = ax — h and y == a'x + V.

The rule for solution is given as follows:

“Arrange the rates {a and a') forwarded by the partners in buying

things. What surpasses (6), or is deficient (?>'), be each arranged below

these rates, and then cross multiply with them. Add the products

together, and one gets the shih. The surplus and deficiency being

added, make the fa. If fractional, first make both members equideno-

minated. Then the shih and the /a being divided by the difference of

the rates, the quotients represent the price of the things bought and

the number of persons, respectively.”

According to this rule we first form the arrangement (1), from

which by cross multiplication follows (2); and then by addition we
have (3). Thus

a a . . aV a!h .q. ah alh

h h-vv
'

, ,
. . ah' + ah' h -h h'

And now we have to take price = -
# »

persons =»= -

—

a — a a -a
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Although we have no means of knowing by what kind of reasoning

the ancient Chinese had been led to the above way of solution,

because no explanation is tried in the ^'Arithmetic in Nine Sections”

for the construction of this rule as well as for other rules, we can

well see that the process is quite algebraical. Thus from the two

equations given above by cross multiplying we eliminate the absolute

terms, when we obtain the result

(j; + b)y = (ah' + a'b) x, or -

Again from the given equations by subtraction follows

[a — a') X — {h f V) = 0, or x ^

and then the value of
// is also easily made out.

If 1 rightly conjecture, the solution appears to have been practised

with the calculating pieces.

In the section there is further given a second rule for the same

case, which is this: ‘'Add the surplus and deficiency, which makes the

shih. The difference of the rates is the fa. The shih^ divided by the

/a, gives the number of persons. Multiply it by the rates and subtract

the surplus or add the deficiency, when we get the price of the things
”

Here the solution of the equations considered above is given by

taking x as equal to (ft -f ft')
!

{(^ and y as

ft + 6'

,>< a — hy or ==
ft + ft'

> X a' -f ft'.

From the above it appears that the ancient Chinese had taken

two different courses in solving the system of equations of the kind

described.

In the problems that lead to the equations

y = ax h \ y = ax — ft 1

y = a'x -f ft' I y = a'x — ft' I

the first rule requires the arrangement ” from which through a cross

multiplication we get Then we have

aft' ~ a'ft

and
ft ft'

The problems also, where the corresponding equations are of the

forms y == a.x + ft and y = a'x, are considered. In this case x is given

as equal to ft — (a ~ a').

AbhdlRn. z. Gojcb. d. math. Wias. XXX.
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This same section contains also such problems as this:

two water -weeds, the one grows 3 feet and the other one

foot on the first day. The growth of the first becomes every day half

of that of the preceding day, while the other grows twice as much as

on the day before. In how many days will the two grow to equal

heights?”

This question is ''ed by applying the method of the surplus

and deficiency. For .,,/o days there is a deficiency of 1*5 feet; and

in 3 days a surplus of 1*75 feet.

g
The answer is thus given to be 2^^ days, when both grow to

g
the same height of 4 feet and 8 - decimal parts.

Nowhere in this work or in any other old treatise of the Chinese

do we find any attempt at the summation of progressions, arithmetical

or geometrical.

The eighth section, on the fang-cNengy is in actuality a con-

sideration of systems of linear simultaneous equations in three or

more unknown quantities. It is very remarkable that this section

contains the use of the terms, cheng and /w, the positive and the

negative.

The first problem in this section reads:

^'There are three classes of corn, of which three bundles of the

first class, two of the second and one of the third make 39 measures.

Two of the first, three of the second and one of the third make 34

measures. And one of the first, two of the second and three of the

third make 26 measures. How many measures of grain are contained

in one bundle of each class?”

^‘Rule. Arrange the 3, 2 and 1 bundles of the three classes and

the 39 measures of their grains at the right. Arrange other conditions

at the middle and at the left.”

The arrangement then takes the form shown in the accompanying

diagram.

The text proceeds:

*'With the first class in the

right column multiply

currently the middle co-

lumn, and directly leave

out.”
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This means to subtract the terms in the right column as

)ften as possible from the corresponding terms of the middle

column thus multiplied.

The arrangement after such

in operation becomes as

annexed.

^^Again multiply the

Qext, and directly leave

out”

This teaches to repeat the operation with the left column. The

arrangement now becomes

as represented in the dia-

gram.

‘^Then with what re-

mains of the second class

in the middle column,

directly leave out”.

That is, the 2nd class from the left column is to be eliminated

by applying the process as above described.

The result is as shown here.

^^Of the quantities that do not vanish,

make the upper the /a, the divisor, and

the lower the shih^ the dividend, i. e., the dividend for the third

class.

'‘To find the second class, with the divisor multiply the measure

in the middle column and leave out of it the dividend for the third

class. The remainder, being divided by the number of bundles of the

second class, gives the dividend for the 2nd class.

‘‘To find the first class, also with the divisor multiply the measures

in the right column and leave out from it the dividends for the third

and second classes. The remainder being divided by the number of

bundles of the first class, gives the dividend for the first class.

“Divide the dividends of the three classes by the divisor, and we

get their respective measures.”

The above process, as will be seen on a first glance, does not

deviate seriously from our procedure in solving the simultaneous system

2i/-f 1^ = 39,

2a:-f 3?/ -h 1 ^f = 34,

1 a: 4- 2 y + 3 <2? «= 26.

36 third class

99 measures

0 3 1st class

4 5 2 2nd „

8 1 1 3rd „

39
!

24 39
1

measures

1 0 3 Ist class

2 5 2 2nd „

3 1 1 3rd „

26 24 39
1

measures
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The only difference is that the expressions are arranged in vertical

columns instead of writing in horizontal lines as we do nowadays.

The Chinese manipulation appears however without doubt to have

been carried on with the calculating pieces, not in a written scheme.

The answer for the above problem is given as 9-? and 2-

measures of grain, respectively.

The above process is directly applicable only in the case when

the terms in a column are all subtractible from other columns. But

how had done the ancient Chinese to proceed in the case, for which

such is not the case?

The following is one of such examples.

There are three kinds of corn. The grains contained in two,

three and four bundles, respectively, of these three classes of corn, are

not sufficient to make a whole measure. If however we add to them

one bundle of the 2nd, 3rd, and 1st classes, respectively^ then the

grains would become full one measure in each case. How many

measures of grain does then each one bundle of the different classes

contain?”

The arrangement that

corresponds to this problem

will be as annexed.

The empty blanks have

no numbers to be arranged

therein.

9 7 4
The answer is given as ^^7 ^ measures of the three classes.

When we have to solve this problem as has been done with the

first problem, we will be led to an absurdity, because we here encounter

a case of subtracting a number from nothing. But a rule is provided

in the '^Nine Sections” for the consideration of such a problem; the

solution is carried according to the process of the cheng-fu-shu.

But what is this cMng-fu-shu? The word chmg means positive

and the word fu negative. This was therefore the treatment of positive

and negative numbers. Although no explanation is tried in the text

as to the way in which the positive and negative numbers or rather

quantities were represented, yet Liu Hui states expressly in his

commentaries that the positive calculators were of the red colour and

the negative black.

Well, the ‘^Nine Sections” explains as to the treatment of the

positive and negative quantities thus:

1 2 1st class

3 1 2nd „

4 1 3rd „

1 1 1 measures
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^‘When the equi- named (or equally signed) quantities are to be

subtracted and the different named are to be added (in their absolute

values), if a positive quantity has no opponent, make it negative; and

if a negative has no opponent, make it positive. When the different

named are to be subtracted and the same named are to be added (in

absolute values), if a positive quantity has no 0})ponent, make it

positive; and if a negative lias no opponent, make it negative.”

From this we are able to see that the author or the revisors of

the ‘^Arithmetic in Nine Sections” had known in those old days of

the algebraical addition and subtraction of positive and negative

numbers or quantities.

The ancient Chinese even employed negative numbers in the

arrangement of their eciuations, the negative sometimes appearing in

the beginning of an

expression. For

instance there is a

problem for which

we shall have the

arrangement as

given here.

In this case the text runs: ‘^Arrange two cows and five sheep

])Ositive, 13 hogs negative, the surplus of money positive”, and so forth.

It comes in the comments of Liu Hui that any terms in the

equations, not necessarily the topmost, may be eliminated, and that

the subtraction or addition may not necessarily be carried out from

right to left, but conveniently with one another in any order as we
please.

The ninth and last section is on the kou-lm. The hoH is one

side of a right triangle and the hu another side. The term kou-ku

means therefore the right triangle. The problems in this section,

twenty-four in number, are mostly those that can be solved by means

of the theorem of Pythagoras, which is enunciated in these words:

Square the first side and the second side, and add them together;

then the square root (of the sum) is the hsim or the hypotenuse.

^^Again, when the square of the second side is subtracted from

the square of the hypotenuse, the square root of the remainder is the

first side.

^‘Again, when the square of the first side is subtracted from the

square of the hypotenuse, the square root of the remainder is the

second side.”

-5 3 2 cows

b 9 5 sheep

8 ^ I 1

" hogs

- 600
1

1000 pieces
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Some of the problems found in this section are reproduced in the

following lines.

^^Under a tree 20 feet high and 3 feet in circumference, there

grows an arrow-root vine, which winds seven times the stem of the

tree and just reaches its top. How long is the vine?”

'‘Rule. Take 7 x 3 for the second side (of a right triangle) and

the tree’s height for the first side. Then the hypotenuse is the length

of the vine.”

“There grows in the middle of a pond 10 feet square a reed, which

measures 1 foot upward of the water- surface. When it is drawn to

the bank, it comes just with it. It is required to find the depth of

the water and the reed’s length.”

This problem is solved in a rule that leads to the formulae,

. , , s (half pond’s side^ — (upward of water)*

(
ep

j 2 i^upward of water)
’

(reed) = (depth) -f (upward of water).

“There is a string hanging from the top of a tree, its end mea-

suring 3 feet (a) on the ground. When however it is tightly stretched,

it reaches a point 8 feet (b) from the base of the tree. How long is

the string (a;)?”

Solution. ^ -f

“There is a pole which is inclined to a wall 10 feet high Qi) at

its top. When the pole is drawn 1 foot (d) further, it will entirely

fall on the ground. What is the length of the pole?”

The solution is:

“There is a wood of cylindrical form, whose size is unknown, and

which is buried in a wall. When it is chiseled ~ feet deep (a), it

will be seen to extend to the breadth of 1 foot (6). It is required

to know its diameter.”

Rule for solution: a -f- diameter.

This solution is equivalent to the geometrical proposition

that the product of the diameter and the altitude of a segment

of a circle is equal to the square of the chord that joins the end

of the arc and its middle point. This proposition was extensively

referred to by later Japanese mathematicians of the 18 th and

19 th centuries.
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“The height (h) of a door is 6*8 feet {1) longer than its breadth (h),

and the diagonal line measures 10 feet (^^). How long are its breadth

and height?”

The solution of this problem is effected by the formulae:

The way of the derivation of these formulae remains questionable.

Hut it will be seen that the expressions represent the positive roots

of the literal quadratic equations" (x + If = d^.

“There is a door, whose height and breadth are unknown, and

there is a rod of unknown length. It is only said that the rod is

4 feet (a) longer than the breadth of the door, and 2 feet (h) longer

than its height, being equal to its diagonal. It is required to find

these three lengths.”

Here the breadth is given by y2a?> + ^>, the height by y2ah

-h a, and the rod’s length by ]/2rtfe + a + h.

In the text of the “Nine Sections” this rule is of course expressed

like all other rules in full words, not in algebraical expressions.

The expressions found in this rule also seem to arise from a

quadratic equation.

“There is a bamboo 10 feet high, the upper end of which being

broken down reaches the ground at 3 feet from the stem; what is the

height of the break?”

This is solved in

(height of break) = (distance from stem) ’

2 (height)

This problem highly interests us, because it is stated to be con-

tained also in Brahmagupta’s work. It is certain that the Indian

learning exceedingly influenced Chinese thought, but at the same time

the discoveries made in China might have touched the eyes of Hindoo

scholars. If it were not a mere coincidence that the problem under

consideration appeared in the same form in the treatises of the two

neighbouring countries, one of the two must have borrowed it from

the other; and this may be an instance of the Chinese productions

transferred to the enlightened land in the south; for Brahmagupta

appeared full six or seven centuries subsequent to the compilation of

the Chinese treatise which we are just describing.

“There are two men standing on the same spot, of whom A goes 7,

while B goes 3. B starts to the eastward, and A goes 10 paces to
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the south and then going obliquely he just meets with B (in a point).

How many paces have A and B walked before they meet?

‘^Answer. B walks 10*5 paces and A obliquely walks 14|
paces.”

The rule is given essentially as follows: Let
J

(= «) be

the rate of A^b oblique walk. Then 7^ — (this rate) (— b) is the rate

of the southward walk, and 3x7 (= c) is the rate of B’s walk. Then
we have

(A'b oblique walk) = (Z^’g walk) = —^ •

A side of the square inscribed in a right-angled triangle is given

as the quotient of the product and sum of the two sides.

The diameter of the circle inscribed in a right-angled triangle is

given as == the quotient of twice the product of the two sides of the

right angle with the sum of the thi-ee sides.

A few problems relate to geometrical proportions.

‘^A village of 200 paces square has a gate in the middle of each

of its sides. Fifteen paces out of the east gate there is a tree. At

how many paces out of the south gate will it be visible?”

^^A (rectangular) town, whose side from east to west measures

7 miles, and whose side from south to north 9 miles, has one gate

opened in the midway of each of its four walls; and there is a tree

at 15 miles from the east gate. At what distance from the south gate

will this tree be visible?”

“A square town of unknown sides has a gate opened in midway

of each of its sides. Twenty paces out of the north gate there is a

tree, which is visible from a point where one gets by walking 14 paces

from the south gate and then 1775 paces turning to the west. What
is the length of one side?”

The solution of this problem is very remarkable, because it is

not given in a rule as usual, that is equivalent to a formula. It is

only indicated that the answer should be obtained by evolving the root

of an expression which expresses nothing but the equation,

^2 + (20+U) x~ 2 x 20 x 1775 - 0.

As a matter of course we donT find in the text anything referring

to such an equation. It is however highly probable that it is suggested

to carry the operation of root- extracting with the additional line or

term in the coefficient of the first degree in the unknown. This

additional line on the board for calculating pieces is termed the tsnnify
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a terminology universally followed in later growth of the Chinese

mathematics; it was a term first e/nployed by the author of the ‘‘Nine

Sections” in describing the process of extracting the square root. The

alleged process is only applicable to numerical calculations, not to

literal equations. But this must be deemed an extraordinary occurrence

for the mathematical attainments of the ancient Chinese, for the same

process had the destination of developing into a beautiful solution of

numerical equations of higher degrees under the exalted name of the

celestial element method

^

which is the same as the illustrious method

of Horner. As to the invention of this method we shall return

later on.

CHAPTER 4. THE SUN-TSU SUAN-CHING OR THE
ARITHMETICAL CLASSIC OF SUN-TSU.

The Sim-Tsu Suan-ching which literally means the ‘‘Arithmetical

Classic of Sun-Tsii” is a treatise methodically elaborated, consisting of

three books. It is from this work that we are enabled to know how

the ancient Chinese had treated the arithmetical operations of multi-

plication and division. We shall devote a short space to the descrip-

tion of this work.

The date of the life-time of Sun-Tsii, the author of the work,

is unfortunately not known. He was sometimes considered to he the

same person as Sun Wu, the celebrated tactician in the 6 th century

B. C., who is usually referred to as Sun-Tsu in way of respect. The

learned and illustrious archaeologist Chu I-tsun (1629— 1709) was of

this opinion*), while Tai Cheng (1722— 1777), the mathematician, main-

tains that the composition of Sun-Tsu’s treatise could not ante-date

the reign of the Han emperor, Ming-Ti. Tai Cheng bases his argument

on the fact that the treatise before us contains some words such as

“Chang-an” and “Lo-yang” and “Buddhist works”^), all of which are

assuredly of no origin of pre-ChMn era.^) Ming-Ti held government

from 58 to 75 A. D., and it was during his reign, i. e., in the year

65 A. D., that Buddhism was introduced into China.

The above words are contained in the following problems^):

“The distance between Chang-an and Lo-yang is 900 Chinese

miles. When a wheel, that measures 11 feet in a revolution, is carried

1) Yiian’s Biographical Notices^ Book 1.

2) Yiian’s Biographical Notices^ Book 1.

3) That is, before the ‘2nd century B. C.

4) The Arithmetical Classic of Stm-Tsu^ Book 3
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between these two cities, it is required to find how many revolutions

will suffice?”

There is a Buddhistic work consisting of 29 stanzas, each of

which contains 63 ideographs. It is required to find how many ideo-

graphs will be contained in all?
”

Yuan Yiian (1764— 1849), who was a distinguished statesman and

the writer of a work on the biographical notices of Chinese astronomers

and mathematicians^), agrees as do most others with the opinion of

Tai Oheng.^) As we see, we find nowhere any indication or record

that identifies the author of Sun-Tsii’s “Arithmetical Classic” with

the tactician Sun Wu.
Moreover we cannot take Sun-Tsu’s work as older than the

^‘Arithmetic in Nine Sections”. The former greatly surpasses the latter

in point of elaborateness of descriptions. Sun-Tsu may have, it appears,

based his considerations on the contents of the “Nine Sections”.

Sun-Tsii ascribes, in the preface of his work, the origin of all

things, material as well as intellectual, to the science of numbers or

of calculation.

At the beginning of Sun-Tsii’s treatise he gives the names of

great and small numbers and of the measures and weights.

VVe here quote from Sun-Tsu’s text:

“The measure originates with /m. What is one hi? The silk-

worm vomits its string, which measures (in diameter) one hu. Ten

hu make one m /5 ten mi one /mo; ten hao one //; ten li one fen\ ten

fen one fsun\ ten t'sun one dio or one foot; ten feet one change, ten

ching one yin. And 50 feet make one /won, 40 feet one jo’/, 6 feet

one p'ou or one pace, 240 paces one moUy and 300 paces one li or

one Chinese mile.

“The weight originates with one grain of panicum maliaceum;

ten of such grains make one t'sen\ ten fsm one shu] 24 shu one liang\

16 Hang one chin-., 30 chin one chiin] and 4 chiin one sMh.

“The solid measure originates in a sii or a grain of millet; six

such grains make one Awe/; ten hiei one /’so; ten t'so one chao] ten

chao one s/mo; ten s/mo one /m; ten ho one shong] ten shong one /ow;

teu ton one Aw, which contains 60000000 grains of millet.”

Sun-Tsu’s conception of great numbers was, it appears, very im-

perfect, for he says: Ten thousands of ten thousands make one r;

1) This work is entitled the Ch*ou-jen CKuan., to which we shall refer as

Yiian’s “Biographical Notices”.

•2) Yiiau’s “Biographical Notices**, Book 1.
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ten thousands of ten thousands of one i make one chaOy and so

forth; while he counts thus: One Hu of the millet grains is six thou;

sands of ten thousands; ten hu are six i, a hundred hu are six chao^ etc.

Sun-Tsii takes tc = 3, and the ratio of the side and the diagonal

of a square to be 5 to 7.

The weights of gold, silver, jewel, copper, lead, iron and stone

are given to be one cJim, 14, 12, 7^, 9^, 6 and 3 Hangs, respectively,

for one fsun cube.

Sun-Tsii does not explain expressly the use of the calculating

pieces, but what he records in the first book of his treatise seems to

indicate clearly the recourse being taken to that sort of abacus.

The calculating pieces are made of small bamboo or wooden pieces

of two colours, red and black, representing the positive and the negative

numbers. The pieces that were used in the later growth of mathe-

matics were some inches long and a sixth part of their length broad.

But in old times much longer pieces made of bamboo were in use,

as is recorded in the Han Shu, written by Pan Ku at the end of the

1 st Christian century. Although w'e are not certain how long the

abacus had been used in China, yet we are sure that it was not first

brought into use during the ages of the Han Dynasty; it had most

likely been employed from time immemorial in China. A passage

in the illustrious book, Tso Ch'uan, serves to confirm this view; and

the event told there relates to an occurrence in the year 542 B. C.

Sun-Tsii says in the first book of his treatise:

^Hn making calculations we must first know positions of numbers.

Unity is vertical and ten horizontal; the hundred stands while the

thousand lies; and the thousand and the ten look equally, and so

also the ten thousand and the hundred.”

This stage in Sun-Tsh is nothing but a description of the arrange-

ment of the calculating pieces. These pieces are usually arranged in

the following manner:

The first five numbers are represented by 1, 2, 3, 4 and 5 of

these pieces, that are arranged vertically, while in the arrangement of

the numbers from 6 to 9 one piece taken in the horizontal position

over other vertical

pieces is taken for 5.

Thus:
T T I I

<1 7 U Q

This way of arrangement is referred to in Sun-Tsii’s work in the

paragraph that follows that which we have just quoted; and it is also
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in sound accordance with what we can conjecture from the obscure

passage in the Tso Chinan mentioned above. Moreover, this was the

very way that was followed in subsequent ages.

The figures in the ten’s column are arranged with the calculating

pieces in the following manner:

For hundreds and higher numbers these arrangements are repeated

alternately, but nothing new comes in.

Thus the number 6728 will be arranged

as annexed.

To multiply two numbers together, Sun-Tsii directs to arrange

these numbers in superposition upper and lower, in such a way that

the unit in the lower number should come just uudorneath the highest

digit in the upper number. That highest digit should first be multi-

plied by the lower number, when the partial product thus obtained

should be arranged in a line that comes between the two. Then the

highest digit in the upper number should be striken out, and tlie

number underneath is to be drawn back by one digit. And now the

second highest digit in the upper number should be multipled by the

lower number, the partial product being entered in the middle line,

which is thus rectified. This rectification is not very difficult because

the numbers are all arranged with movable pieces. Proceeding in this

way the final answer will be obtained at the end of the process.

In division, as stated by Sun-Tsn, unlike the case of multiplication,

the quotient is not arranged in the middle line, or between the divi-

dend and the divisor, but in the topmost line. For instance, to

divide 100 by 6, these numbers are arranged in superposition, the

divisor coming below the other. Advance the divisor, in this case,

by two positions or columns so as to bring it under tho hundred’s

position, and try the division. But 1 is not divisible by 6, because

the divisor is greater than the dividend. Hence drawing back to the

ten’s position, and arranging 1 for the quotient in the uppermost line,

we multiply it by the divisor in the lowe.st line, and we are able to

strike out 1x6 — 6 from the dividend. Then the divisor is to be

drawn back by one column, and we proceed in like manner Wlien

there is a remainder after the division is over, take the quotient of

this remainder divided by the divisor as the fractional part of the

quotient.
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The division with a divisor that is of more than one digits is

not explained in the Classic of Sun-Tsu^ though it contains a number

of such examples.

Fractions are treated in the second book of Sun-Tsu.

The reduction of a fraction to the simplest form is done by

finding the greatest common measure of the two members, which is

the same as we find in tlie ^^Arithmetic in Nine Sections”. But Sun-

Tsii states that the denominator should be arranged in the lower line

and the numerator in the upper line.

In adding two fractions Sun-Tsu indicates that the denominators

should be arranged in tlie right and the numerators in the left, and

that then the denominators should be cross multiplied into the

numerators, the sum of which products makes the numerator and the

product of the denominator in the right column makes the denominator

of the resulting fraction.

Sun-Tsu takes tlie area of a circle to be or
2 2 12 4

where d and r denott' the diameter and circumference.

The explanation of the extraction of the square root found in the

second book of Suii-Tmi, although little differing from that in the

^‘Nine Sections", is exceedingly clear in meaning, unlike the obscure

language in the latter. The technical terms used here were the same

that became current both in China and in Japan in later years,

if not in the same meanings as uesd by Sun-Tsu We shall therefore

try to (piote from the text the following rule:

^^Arrange the area 234567 paces sijuare and make it the shih.

‘‘Next borrow a unit calculator, and make it the hsia-fa'P)

o
1 4 5 6 7 sh ih

1 hsi(i-f(i

“Advance it over every one column, thus dividing the shih in groups,

until it reaches the hundred’s place.” Thus:

2 3 4
i

6
,

7 shih

1 \
1

hsia -fa

^'Arrange the sha7i(j or root 400 above the shih.

1) The word hsia meanH below or under.
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Subjoin 40000^) under the shih and above the hsia-fa, and

make it the fang -fa.

‘^With it multiply the root 400 and subtract the product from the

shih!' Thus:

•‘The subtraction being done, double the fang -fa, and draw it

back one column, and the hsia-fa two columns.” Thus:

4
..A’ J_,

0 root

7 4 5 G 7 shih

8 0 0 fang -fa

!

1 1

“
1

1

hsia-fa

Again arrange 80 for the root next to the previous digit.

^^Subjoin 800 under the fang ‘fa, and above the hsia-fa; nominate

it the lien- fa.

^^Multiply the fang-fa and the lien- fa by ibe root 80, and sub-

tract the products from the shih." Thus:

^^When these subtractions are done, double the lien- fa, and add

to the fang -fa.

^^Draw back the fang -fa one column, and the hsia-fa two columns.”

1) This is the product of the root and the hsia-fa.
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Here the lien-fa is understood to be got rid of. And thus the

arrangement becomes:

4
! 8

i

0 root

4 1
1

6 7 shill

9 6 0 fang -fa

1

1 hsia - fa

‘^Again, arrange 4 in the next column of the previous root.

‘^Subjoin 4 under the fang- fa and above the Jisia-fa, and name it

the ijii'fa})

“Multiply the fang^ lieUy and gii“) by the root 4, and subtract

the products from the skill” Thus:

“This being over, double the gk-fa and add it to the fang -fa

“Thus we get 4H4 for the root in the above and 968 for the hsia-

fa^), the remainder being 311.”

311
“One side (of the square) is therefore 484 paces.”

This last step, that had been also adopted in the “Nine Sections”,

appears to have been invariably followed by all the mathematicians of

ancient China.

Sun-Tsii does not consider the case of the cube root.

We here state one or two problems from Sun-Tsu’s “Arithmetical

Classic”, Book 3.

“A woman was washing dishes in a river, when an official whose

business was overseeing the waters demanded of her: ^Why are there so

1) This is the sumo as the previous lien- fa, only that it is differently named.

2) This passage may seem somewhat strange, but it means that the fang-

fa and the yii-fa are to be multiplied by 4 in the root.

3) This is not in the same meaning as previously.



32 PART I. THE CHINESE MATHEMATICS.

many dishes here?’ — ^Because a feasting was entertained in the

house’, the woman replied. Thereupon the official inquired of the

number of the guests. 4 don’t know’, the woman said, ^how many

guests had been there; but every two used a dish for rice between them-

every three a dish for broth; every four a dish for meat; and there

were sixty -five dishes in all.”

^^Rule. Arrange the 65 dishes, and multiply by 12, when we get 780.

Divide it by 13, and thus we obtain the answer.”

There are certain things whose number is unknown. Repeatedly

divided by 3, the remainder is 2; by 5 the remainder is 3; and by

7 the remainder is 2. What will be the number?”

This problem reduces to the indeterminate equations

3 7)1^ 4-2 = 5 »?2 4-3 = 7 = 2,

of which the solution is

= 5 X 7r 4- 7, m., 21r 4- 4, = 3 x 5r f- 3,

for r = 0, 1, 2, 3, ... .

Sun-Tsii tries to solve this problem thus:

^^The remainder divided by 3 is 2, and so take 140. The remainder

divided by 5 is 3, and so take 63. The remainder divided by 7 is 2,

and so take 30. Adding these together we get 293. Therefrom sub-

tract 210, and we obtain the answer.”

Sun-Tsii thus satisfied himself with a single solution of the

problem.

Further adds Sun-Tsii: ^Tn general, take 70, when the remainder

of the repeated divisions by 3 is 1; take 21, when the remainder of

the repeated divisions by 5 is 1; and take 15, when the remainder of

the repeated divisions by 7 is 1. When the sum of these numbers is

above 106, subtract 105, before we get the answer.”

All the subjects treated by Sun-Tsii were those that had been

given in the ‘^Arithmetic in Nine Sections”, but the problem of

indeterminate analysis first appeared in the above in Sun-Tsii.

In solving what is equivalent to the simultaneous system

2x -f \y = 96, 2x 4- 3?/ = 144,

Sun-Tsii tries to multiply these equations respectively by the

coefficients of x in the other, and carry out the mutual subtraction.

See how he adheres to form; but see how here a step has been

obtained in advance of the “Nine Sections” by mutually multiplying
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We find in Sun-Tsii a problem of finding the least common mul-

tiple. It is this:

‘^There are three sisters, of whom the eldest comes home once in

every 5 days, the middle in every 4 days, and the youngest in every

3 days. In how many days will all the three meet together?”

'The answer is 60 days.

To solve it Sun-Tsu gives the rule in these words:

‘‘Arrange the 5 days of the eldest sister, the 4 days of the middle

and the 3 days of the youngest in the right column. Opposite to

each of these arrange unity on the left column. Then cross multiply

(the numbers on the right), when we get the numbers of their returning.

Thus the eldest comes 12 times, the middle 15 times and the youngest

20 times. If we multiply these numbers by the numbers of days

in which the sisters once come back, we shall obtain the desired

answer.”

The last problem in the ‘^Arithmetical Classic” of Sun-Tsu is one

that relates to fortune-telling. Thus:

“A pregnant woman, who is 29 years of age, is expected to give

birth to a child in the 9th month of the year. Which should be her

child, a son or a daughter?”

Sun-Tsii gives to this problem the rule:

“Take 49; add the month of her child-bearing; subtract her age.

From what now remains, subtract the heaven 1, subtract the earth 2,

subtract the man 3, subtract the four seasons 4, subtract the five

elements 5, subtract the six laws 6, subtract the seven stars 7, subtract

the eight winds 8, subtract the nine provinces 9. If then the remainder

be odd, the child shall be a son; and if even, a daughter.”

Yilan Yiian desires in his “Biographical Collections” to ascribe

this one problem to a subsequent addition, not to the original text of

Sun-Tsu, since it appears to him too unbecoming for so able a writer

as Sun-Tsh.

CHAPTER 5.

THE HAI-TAO SUAN-CHING OR THE SEA-ISLAND

ARITHMETICAL CLASSIC.

The Hai-tao Suan-ching or literally the “Sea- Island Arithmetical

Classic” was a treatise written by Liu Hui, who belonged to the

Kingdom of Wei at the warlike period of the Three Monar-

Ahhdlgn. z. Gesch. d. math. Wisg. XXX.
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chies.^) The title of the '^Sea-island Arithmetical Classic” was not the one

originarilly applied by the author himself. Liu Hui commented on

the "Arithmetic in Nine Sections”, as we have said, when he worked

the solutions of some problems which he classified under tbe heading

of Chung-ch'af and added next to the chapter on the Kou-ku^ the last

of the nine sections. But Liu’s additions could not constitute the text

of the "Nine Sections”, and it was destined in course of time to be

considered separately, assuming the title it now illustriously bears.

The title originated, because the first problem in the book concerns

the measurement of an island from a distance; it has been used per-

haps from the beginning of the T’ang Dynasty, w^hich arose to ascen-

dency in the 7 th century.

There has remained no proper copy of Liu Hui’s work; it was

only preserved in the manuscripts bearing the title, Yung-lo Tai-tien.

composed in the Yung-lo Era (1403— 1424) by the Ming government.

The "Sea-island Arithmetical Classic”, as we now possess it, was col-

lected by the imperial librarian and mathematician, Tai Cheng,

in 1775 from among the great collections just mentioned. The book

is provided with the commentaries of Li Ch’un-feng, who flourished

at the middle of the 7 th century.

About Liu Hui’s life we know little or nothing, except that he

wrote his commentary on the "Arithmetic in Nine Sections” in the

year 263 A. D., under the reign of Ch’en-liu-Wang of the Wei Kingdom,

as we learn from the Chin Shu or the "Records of the Chin Dynasty”.

If there be some different opinions about Liu’s date, yet we cannot

but believe that the accounts in the "Chin Records” are the most

authentic.

The first problem in the "Sea-island Arithmetical Classic” is this:

"There is a sea island that is to be measured. Two rods that

are both 30 feet (a) high are erected at the distance of 1000 paces

(b) from each other, making the rod in the rear to come in the same

straight line with the island and the other rod. When a man walks

123 paces (c) back from the nearer rod, the top of the island is just

visible through the end of that rod, if he tries to see with his eye

brought on the ground. The summit of the island peak is also seen

1) The age of the Three Monarchies begins with the collapse of the Later

Han Dynasty in the beginning of the 3rd century A. D., and lasted for half a

century. The three monarchies are Wei in the north, Wu in the south, and Shih

in the west. The Kingdom of Wei was exterminated in the year 266, when the

Dynasty of Chin rose in power.
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costraight with the end of the hind rod, when seen bringing the eye

in contact with the ground from a point 127 paces (d) back from

that rod. It is required to know the height and the distance of the

island.”

The rule given for the solution of this problem runs:

^‘Rule. With the height of the rods multiply the distance of the

rods, and take (the product) as the dividend; and carry the division

taking the difference (of the distances walked back from the rods) as

the divisor; add to the quotient the rod’s height, when we obtain the

height of the island.

‘^To find the distance of the island from the nearer rod, multiply

with the distance walked back from that rod the distance between the

two rods, and divide the jiroduct by the difference of the distances

walked back from the rods, when the quotient gives the distance

required.”

This rule is e(jui valent to the formulae,

(height) = « + (distance) =

It is not known how Liu Hui got at these expressions, but it

appears not improbable that they were deduced from the two proportions,

X a
1 «= ; and

, ,
= .}

.V c c X -f 0 (i (i

or what are equivalent to them.

The term vhinuj-ch'a seems to indicate an agreement with our

view. The term was originally intended to mean double or repeated

applications of the consideration as met with in the chapter on the

right triangle in the ‘^Nine Sections”, i. e, the double application of

proportions.

The second of Liu Hui’s problems is as follows:

“There grows on a hill a pine-tree, whose height is not known.

Two rods, each 20 feet high (a), are so erected in the plain below at

the mutual distance of 50 paces (?0, that they come in a straight line

with the tree. The top of the tree and the end of the front rod

make a straight line with a point on the ground 7 paces and

4 feet c) behind the rod, and at this point the base of the tree

measures 2*8 feet (c) on the top of the rod. The top of the tree again

makes a straight line with the end of the hind rod and a point on

the ground 8 paces and 5 feet (d) behind the rod. It is required to

know the height of the pine-tree and the distance of the hill from

the (front) rod.”
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The rule that is intended to solve this problem leads to the

formulae,

(height) = + e; (distance) ==

The third problem is:

^^One sees to the south a square town of unknown size. He erects

two rods 60 feet (a) apart from east to west, which are joined with

a string at the eye’s height, and let the eastern rod be costraight with

the S. E. corner and the N. E. corner of the town.

He gets 5 paces (6) to the north of the eastern

rod, and observes the N. W. corner of the town

through a point of the string at 22*6
I

feet (c)

from the east end. Again getting back to the

north 13 paces and 2 feet (d) from the rod, the

observer sees the N. W. corner of the town just

costraight with the western rod. What are then

one side of the town and the distance of the town

from the rod?”

This problem is the same as asking for the lengths (see tlie

figure) CB == X and BD ^ y in terms of DE = a, T)F =h, DG ^ c,

DA = d. [In the figure B is a right angle and DE is drawn parallel

to J5C.]

The formulae in the answer are given in forms equivalent to

(r/-^c

Liu Hui gives in his ^^Arithmetical Classic” six further similar

problems, together with the rules for their solutions.

Liu Hui’s studies of these complicated problems appear to tell

that he was acquainted with some way of algebraical manipulations.

When we moreover reflect on the contents of some parts of the ^‘Nine

Sections”, we cannot but ascribe the birth of algebra to Chinese

mathematicians in a comparatively early part of their history, much

earlier than the time of the appearance of Ch’in Chiu-shao and Li Yeh

in the 13 th century, when, as is generally believed, the Chinese algebra

was born. We put therefere a stress on Liu Hui’s considerations of

these complicated problems, that had taken place in the 3rd century,

a whole millenium previous to the dawning of the algebra of the

celestial element, of which we shall have to consider something later on.
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CHAPTER 6.

THE WU-T’SAO SUAN-CHING AND THE WORKS OP HSIA-HOU
YANG, CHANG CH’IU-CHIEN AND CHEN LUAN.

What we have next to describe are the arithmetical classics that

were adopted by the T’ang government as the treatises in its vast

examination system for the election of civil officers, and that are still

extant, other than those of which we have already made our reviews.

We mean namely the Suan-chhig and the works of Hsia hou

Yang, Chang Ch’iu-chien and Chen Liian.

Of these the author of the Wn-fsao Snan-cJiing is not known;

this title was given to the work, perhaps because it contains five books

or chapters treating under so many different headings. Its date of

composition is also unknown. So also are all lost the dates of the

two mathematicians Hsia-hou Yang and Chang Ch’iu-chien. But

Hsia-hou speaks in the preface to his treatise thus:

‘^But the arithmetic dawned from the time of Pu-hi, and the

Yellow Emperor U regulated the three numbers and made the ten

degrees-), when Li-Shou thereby worked the ^‘Niue Sections”. . . .

After the Wii fsao and Sun-Tsu, there have been various arithmetical

treatises, and Cheu Luau and Liu Hui wrote detailed commentaries

on these books. . .

.”

Chang Ch’iu-chien states expressly in the preface to his work

that he changes some of the solutions of Hsia-hou Yang and of

Sun-Tsu, which he actually does in the text of his book.

It therefore a])pears that Sun-Tsii and the Si((i)hc/iing

belong to the earliest dates, certainly to the age of the Dynasties of

Han, Poriner or Later, the works of Hsia-hou and Chang appearing

in subsequent ages. When we reflect however on the fact that Chang’s

‘^Xrithmetical Classic” was commented upon by Chen Luan, although

these commentaries of ('hen are now lost, and that Hsia-hou speaks

of the commentaries of Liu Hui and (-hen Luan upon the works of

Sun-Tsu and the Smm~chingj it must be concluded that the

two authors Hsia-hou aud Chang were doubtlessly both contemporaries

of Chen Luan. Moreover, according to Yiiau Yiian^), Chen Luan even

wrote a commentary on the “Arithmetical Classic” of Hsia-hou Yang.

1) The Yellow Erapeior belonged to the ‘27 th century B C.

2) These are understood to bo something in arithmetical considerations.

3) Yiian’s Biographical Notices, Book 11.
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Hsia-hou writes in the text of his treatise that the standard of

the measure of volume had been reconstructed in the year 425, and

again by Chen- Luan in 535. It is well known that Chen Luan served

Wu-Ti, emperor of Chou, as a minister in the second half of the

6 th century. He was extraordinarily enthusiastic in favouring Bud-

dhism against the persecutions. Chen Luan’s Wu-ching Suan-shu was

a composition under the reign of the Monarchy of Chou, for he signs

in it as belonging to the Dynasty, a monarchy that sprung into

existence in 557 and was overthrown in 581.

The mathematical treatises under consideration, except the Wu-fsao^

belong therefore safely to the 6th century.

We shall first describe the oldest of these treatises, or the

Wu-fsao Suan- clung.

There are some problems in this work, whose rules of solution

appear odd and unintelligible. These are taken as erroneous by later

scholars.

For instance the areas of drum -shaped” fields, whose form

probably consists of two congruent equilateral trapezoids, whose two

equal bases, the greater or the smaller, are made to coincide, are

given to be equal to the product of one- third of the sum of the three

bases and the altitude.

The area of a segment of a circle is calculated by multiplying

half its chord and the altitude. The result is more rough than that

found in the ^'Arithmetic in Nine Sections”.

"There is a quadrangular field, of which the eastern side is 35 paces,

the western side is 45 paces, the southern side is 25 paces and the

northern side is 15 paces. It is required to find the area of the field.”

This problem is solved in the following rule:

"Adding the eastern and western sides we get 80 paces, and

halving it, we have 40 paces. Again add the southern and northern

sides to get 40 paces, and halving it we have 20 paces. Multiply the

two together, giving the product 800 (square) paces, . . . which is the

answer required.”

This is just calling the area of a quadrilateral one fourth the product

of the sums of pairs of opposite sides. Its incorrectness is evident.

A field of the form of an overturned moon (probably a lune

bounded by the arcs of two circles) is given to be measured by the

product of half its length (the common chord) and its diameter (which

is probably meant to be the part of the common sagitta intercepted

between the two arcs).
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The above are all found in Book 1 of the Wu-t'sao Suan-ching.

All the problems in the treatise are solved by applying multiplication

and division.

The Hsia-ltou Yang Suan-ching or the ^‘Arithmetical Classic of

Hsia-hou Yang” consists of three books. The work belongs to the

middle or the latter half of the Gth century.

Hsia-hou states the same as Sun-Tsii about the arrangement of

numbers, and about multiplication and division. In some stages of the

book the author follows the Wu-t*sao Suan-ching, and in some stages

he bases his considerations on the old “Nine Sections”. Hsia-hou

makes the same mistakes as the Wu-Vsao Suan-ching in the rule for

the area of a figure consisting of two congruent trapezoids and of a

quadrilateral. For the area of a circular segment, however, he follows

the “Nine Sections", but does not follow the Wu-Vsao Suan-ching.

Hsia-hou gives three formulae for tl)e area of a circle.

Hsia-hou describes the extraction of the square root exactly in

tlie same manner as Sun-Tsii does, except that he does not give the

remainder after the operation as the fractional part of the square root

obtained, as is done by Sun-Tsh and indicated in the “Nine Sections”.

He only adds that such a remainder is left after the operation.

The problems considered by Hsia-hou Yang are all restricted

to applications of multiplication and division and to the method of

simple percentages, except some that concern the measurement of

volumes, etc.

The Chang Ch'iu-chien Suan-ching or the “Arithmetical Classic of

Chang Ch’iu-chien”, that probably belongs to the latter half of the

6th century, consists of three books or chapters. Some parts of the

book are now wanting, being lost. This work has been preserved,

with other old works, through the edition made by the government

of the Sung Dynasty in 1084. It was supplied with the detailed

accounts of the rules by Liu Hsdao-sun, and commented by Li Ch*un-

ftmg, in the 7 th century.

Chang says in the preface to his work, “In learning arithmetic,

we are not troubled with the difficulties in multiplication and division,

but we are troubled with the hardships of considering fractions.” He

thus puts a stress on the treatment of fractions.

Problems of division with a fraction are met with in this book.

Two of them are found there, of which one is this:

“With 21— divide 1768 and it is required to find what is

obtained.“
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The answer is given to be ^4”^? but no rule for the operation

is given in Chang’s text, although such is supplied by Liu Hs’iao sun’s

explanations.

The other of the two problems is:

‘^With 58 I divide 6587 ^ -h ^ > and it is required the answer
’’

2 o 4

A rule is given for this problem, which runs:

^‘Arrange 6587 on the top. Apart from it and below it, arrange

the denominator 3 to the right and the numerator 2 to the left; and

again arrange the denominator 4 below 3 to the right and the nume-

rator 3 to the left of it. Then cross multiplying, we get 12 for the

denominator and 17 for the numerator^); dividing the numerator with

the denominator, 1 is obtained for the quotient, which should be added

to the number on the top, making it 6588. Multiply it with the

denominator 12, and add thereto the numerator 5, thus obtaining 79 061.

Again multiply this number by the denominator 2 of the divisor,

when we get 158 122. Again arrange the divisor 58 below, and mul-

tiply by 2, and add the numerator 1, obtaining 117. Again with the

denominator 12 of the dividend multiply it, and we get 1404. Taking

this as the divisor, carry out the division, and we obtain 112, and the

divisor and the remainder l)eing both halved, tlie fractional part is

obtained to be

From this rule we see that the division of the fraction by

another
^

was carried out by forming a third fraction ^*1* From

this we may infer that the old Chinese had known, the division by

a fraction is equivalent to the multiplication by the reversed fraction.

If the theorem is not expressly stated, the result is exactly the same.

This theorem was obtained in Europe first in the IGth century, while

the Hindoo Mahavirakarya knew it in the 9th century.-)

Chang Ch’iu-chien further treats problems like those found in tlie

•^Sea-island Arithmetical Classic’’. He gives also problems in percentage

partition, surplus and deficiency, simultaneous e{|uations, and the kon-kii

or problems relating to the right triangle.

Chang considers the arithmetical |>rogression in a general way,

unlike other old Chinese works. Thus:

1) This brief statement should be understood to indicate the addition of the

two fractions.

2) D. E. Smith, in Bibliotheca Mathematical I9()i).
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“There is a woman, who weaves 5 feet on the first day, and her

weaving diminishes day after day, until she weaves I foot on the last

day. Supposing she has woven 30 days, it is required to know the

total amount of her weaving.”

For this problem Chang gives the following rule:

“Add together the amounts woven on the first and last days, and

take the half of the sum; then multiply thereto the number of days

of weaving, when we get the answer.”

This gives the sum of an arithmetical progression by the product

of half the sum of the first and last terms and the number of terms.

Another problem is;

“There is a weaver woman, whose weaving increases day after

day. She weaves o feet on the first day and 9 p'i and 30 feet in a

month. It is required to find the amount of the daily increase of

her weaving.”

Here the author appends the rule for solution:

“Arrange the number of feet woven, and divide it by the number

of days in a month; double the quotient obtained, and subtract there-

from twice the number of feet woven on the first day; the result will

be taken for the dividend. And divide it by the number of days in a

month less one day. Then the quotient is the answer.”

If we denote the first term, the common increase, the number of

terms, and the sum of an arithmetical progression by n, .r, r and /i,

(

2 A* \— 2a
j

:
[)' — 1), which is correct.

Chang considers problems in proportion, that do not relate to

geometrical figures. The following is one of them;

“A man, who had stolen a horse, rode away on his back. When
he had gone 37 Chinese miles (a), the owner discovered the theft and

pursued the thief for 145 miles (6); he then returned, being unable

to overtake him. When he turned back, the thief was riding 23

miles (c’) ahead of him; if he had continued in his pursuit with-

out coming back, in how many further miles would he have over-

taken himV”

This problem is solved in a rule equivalent to the formula,

r xh
[

(a - - c).

Chang also solves problems in compound proportion.

“If 7 men (a) construct 12
^

bows (b) in 9 days (c), how many

days will be required for 17 men {d) to construct 15 bows (c)?”
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The required number of days is given to be =(excxa) — (dx b).

As matter of fact we are not sure that the author has applied the

usual process we would now try.

A problem in Chang’s work relates to a geometrical progression:

“A horse, halving its speed every day, runs 700 miles in 7 days.

What are his daily journeys?”

Chang solves this problem according to the formula,

700 X (each day’s rate)
.
(64 16-f8-{-4-f2 + 1),

where the first day’s rate is taken as 64, and where he does not

apply any general formula to the summation of the geometrical pro-

gression at hand, which probably had been unknown to the ancient

Chinese.

The altitude of a square pyramid cut by a given section from a

given pyramid is stated by Chang to be

(side of .section) x (altitude)
(new altitude) =

(side of base)

This involves the theorem that the altitudes are proportional to

the sides of the sections.

In extracting the square root, Chang follows the same course as

Sun-Tsh and Hsia-hou Yang. The additional fraction, so strange in

meaning, appears also in the case of our celebrated author.

The extraction of tlie cube rout is also considered.

In the problem of finding the altitude of a circular segment,

3 . 32
whose chord is 68 -, and whose area is 514^“, Chang Cli’iu-chien gives

the answer as 12^- He seems to have applied the quadratic equation,

although the last part of his rule is wanting; for he says twice the

area the shih or the constant term, the chord the tsunff or the first

degree term, and then we miss the words that are to follow.

This view is in concord with the expression obtained for the area

of a segment:

(area) = ^
{(altitude) x (chord) -f (altitude)^}.

Chang considers another problem that is applied to a quadratic

equation.

There is a truncated circular cone, 120 feet (//) in height, and

containing so and so of rice (r); if the upper base is 15 feet (c) in

circumference, how much will be the circumference of the lower

base?”
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This problem is indicated to be solved according to the equation

r' + x 36 - = 0,

where r is the measure of rice expressed in square feet; or rather

applying to the operation of root-

extracting with the arrangement as

annexed.

A problem in Chang’s work, that

has become known as the “problem

of hundred hens” is remarkable, because

different suits of solutions are adopted

for it. The problem is:

“A cock costs f) pieces of money, a hen 3 pieces, and 3 chickens

1 piece. If then we buy with 100 pieces 100 of them, what will be

their respective numbers?”

This is equivalent to the system of indeterminate equations,

X y -{ z ~ 100, and 5 a’ -f 3 v + \
^ ~

(]hang gives the answer to be

(1) 4 cocks, 18 hens and 78 chickens;

(2) 8 „ , 11 „ „ 81 „ ;

(3) 12 „ , 4 „ „ 84 „ .

Chang’s rule for its solution is very roughly stated thus:

“The cocks every time increase by 4, the hens decrease every

time by 7, and the chickens every time increase by 3; and we get

the answers.”

Here Tai Cheng adds in his edition of the work that this rule

is hardly intelligible, but that even the commentators Chen Luan and

Li Ch’un-feng are not known to have made its explanation clear. Tai

also adds a rule for its solution obtained by Shieh Ch’a-wei, who lived

some time in the reign of the Sung Dynasty before the 13 th century.

This solution is also not of a general kind. To obtain a particular

solution, he only suggests that the 100 pieces of price should be

divided by 3 -|- 3 -h 3 = 9, in order to derive the number of hens,

because a chicken costs \ pieces, so that the cock and hen must be
O

multiplied by 3 and their numbers be added. The remainder then

being subtracted from the divisor 9, gives the number of cocks.

A like problem is also seen in Chen Loan’s commentary on the

Su-shu Chi4 written by Hsii Ytieh who belonged to the Han Dynasty.
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Hsu Yiieh is believed to have been a pupil to Liu Hung, a statesman

and astronomer of some renown, who lived about the middle of the

2nd century A. D, According to the San-kuo Chih or the ^‘History

of the Three Monarchies”, composed in 285, Han Chai, the astronomer,

who became a minister of the Kingdom of Wu, and who died in 243,

had learned Liu Hung’s calendar theory from Hsii Yiieh. These con-

siderations fix the life-time of Hsii at about the year 200. Chen Luan,

the commentator, belonged to the Gth century, as we have mentioned

above.

The problem Chen solves in the commentaries on Hsii’s work

runs: ^Hf a cock costs 5 pieces, a hen 4 pieces and 4 chickens 1 piece,

how many cocks, hens and chickens can be bought with 100 pieces

so as to make 100 in all?”

Chen gives his answer to be 15 cocks, 1 hen, and 84 chickens.

If the cock costs 4 pieces, the hen 3 pieces, and 3 chickens

1 piece, the answer becomes 8 cocks, 14 hens, and 78 chickens, as Chen

solves it.

Hsii Yiieh says in his text, ^'Avoid doing the measurement by

calculations as much as possible, let it be effected by mental deter-

mination.” Here Chen Luan explains the meaning of the sentence to

be that some problems are better answered by a direct consideration

than by the calculating pieces. He thus applies a geometrical con-

struction.

There is a large river, whose breadth is unknown. It is required

to measure it, without using the calculating pieces.”

Here the river is supposed to flow from west to east.

For the solution of this problem, Chen Luan erects three rods on

the northern side of the river costraight from north to south and

each 10 feet apart, and looks at the two banks of the river from the

middle rod, through two points in the southern rod, which will be

marked accordingly; he then transfers the heights of these marks to

the northern rod and looks through them from the middle rod on two

points on the ground, the distance between which gives the breadth

of the river that was required to be measured.

In measuring the length of a long staff, Chen Luan erects a rod

of known length and with its shadow he measures that of the staff.

To know the depth of a deep well, Chen throws therein a stick,

10 feet long for instance, and looks upon it through the ends of

another stick which he holds stretching his hand; he then let a man

go back with a stick 10 feet long farther and farther until the stick
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can be seen correspondinjjj to the marks in the stick in his hand; then

the distance walked by the man represents the depth of the well.

According to Yuan Yuan'
),

('hen Luan composed a calendar system

in tlie reign of the emperor Wu-Ti of Clioii. He also wrote commen-

taries on the Chou -pci, Chang Ch’iu ' cliien’s ‘C\rithmetical Classic”,

Tun Ch’iian’s San-fvtifi-shu, the ‘‘Arithmetical Classic ’ of Hsia-hou

Yang, the “Arithmetic in Nine Sections”, the ir?(-C.sY/o Sunn-ching,

and otlnn- calendrical works Chen Luan was a learned man not only

in mathematical and allied subjects but he w^as also profoundly read

in books of the Buddhistic religion. He wrote the Wu-ching Suan-shu

or the ‘‘Arithmetic in the Five Classics”, in which he embodied various

problems alluded to in the sacred books, Yi-chhig, Shn-ching, Shi-

cliing^ Luu-i, etc. A commentary was written on it by Li Ch’un-feng

in the 7th century.

In concludiug this chapter, we must own that the treatises

we have described in this and })receding chapters are the whole that

now remain of the Chinese productions from the oldest times down

to the btli century. There had existed various others that are now

all lost. Tlie existaut works were certainly only a few among a

multitude of those that have been lost. Nor could they be looked upon

by any means as the best representatives of the highest mathematical

attainments of the Chinese arrived at in tliose days. But unfortuna-

tely we have no means of making any guess at the true nature of

the actual state of mathematical studies carried on by the ancient

Cdiinese, e.\cept through the few remnants that are nowadays possessed

by us. Among the lost we may mention the Hsii Shaug Suan-shu

or the “Arithmetic of llsii Shang that consisted of 2b books, and the

Tu Chung Suan-slm or tlie “Arithmetic of Tu Chung”, that consisted

of 1() books. These two mathematicians llsii and Tu belong to the

age of the Former Han Dynasty, and so are not subsequent to the

1st Cliristian century. Another instance of a lost work is the San-

irng-shu of Tun (di’iian, who seems to have been a contemporary of

the astronomer Ho Ch’eng-Cien, wose life-time lay in the first half of

the f)tli century.

Of Tsu Ch’ung-chih’s Chui-shu, which is also lost, we shall speak

again in the next chapter.

1) Yiiau’s Biographical Notices, Book 11.
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CHAPTER 7.

THE CIRCLE-MEASUREMENTS BY OLDER
CHINESE MATHEMATICIANS.

As we have already observed, the ancient Chinese employed for

It the value 3, or they counted the circumference of a circle compared

with its diameter as 3 to 1. This value of % was used in China as

early at least as the time of Chou -Kong in the 12th century B. C.,

and ever subsequently. So was it employed in the Chon-pei. The

^^Arithmetic in Nine Sections’’, on such a high plane in its mathe-

matical attainments as we have described, took no other value of n.

With Sun-Tsu, the Wii4'sao Suan-ching, Hsia-hou Yang, Chang Ch’iu-

chien and Chen Luan, it was all the same.

But the Chinese did not in any way remain always satisfied only

with this rough value of jr. An attempt at circle-measurement ap-

peared soon in the course of progress of mathematical studies.

According to the Std-shu or the ‘^tecords of the Sui Dynasty ’,

in the section on the ^^Calendrical and Allied Subjects”, there had

appeared in China a host of circle-squarers in the persons of Liu Hsing,

Chang Heng, Liu Hui, Wang Fan, P’i Yen-tsung and others, who all

calculated the length of the circular circumference, who however all

obtained results differing in values from one another.

It will not be altogether without interest to give a brief descrip-

tion of the lives of these scholars, though we know little or nothing

about the values got by some of them.

Liu Hsing was a younger son to Liu Hsiao, the philosoplier, who

was of the imperial house of the Han Dynasty. Liu Hsing himself

was also a philosopher and was learned in calendrical subjects. The

^^San-t’ung Calendar” was his composition. He held a high office under

the usurper Wang Mang.^) He belongs to the first quarter of the

1st century A. D. Unfortunately we are not imformed of his value of 7t.

Chang Heng was a native of Nan-yang. Being intelligent from

his very childhood, he had betaken himself mostly to studies on

astronomy, calendar-theories, and philosophy or rather fortune-telling.

On account of his uncommon erudition he was given an office in the

court by the emporor An-Ti. He held for a time the place of chief

astrologer, and he served as a minister, before he died, which happened

in 139 A. D. He was 61 years old when he died. Chang Heng con-

structed a celestial globe that serves to illustrate the motions of

1) Yuan’s Biographical Notices, Book 2.
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heaveuly bodies, making the earth the centre of the system. He also

constructed a certain instrument, which is believed to have been a

contrivance serving for a seismometer. Chang wrote the LirKj-hsien,

an astronomical work in which he gives a creation-theory of the uni-

verse and explains how the world has arisen from chaos or nothing.^)

Chang’s calculation of the circle has been however lost, although his

value of ;r is given in a commentary on the ^‘Arithmetic in Nine

Sections” in the form that the square of the circular circumference

and the perimeter of the circumscribed square are as 5 to 8. This is

equivalent to take tc at |/lO.

T’sai Yung, who lived about the years 190—193 A. D., is said

to have used the value ;r == 3, the same as most other ancient mathe-

maticians.

Wang Fan was a general of the Wu Kingdom in South China

in the age of the Three Monarchies. When Sun Hao the king or

emperor of Wu had held a council of state in the year 2G7, Wang
appeared drunk before his emperor, who became so furiously offended

with his rude behabior that he at once drew his sword and cut him

down on the spot, \Vaug was 38 years of age when he died.^)

According to Yuan Yiiau*'^), Wang Fan calculated the circle, arriving

at the result that if the circumference be 142, then the diameter

should be 45. This value corresponds to ;r = 3' 1555 .... As to

Wang’s way of quadrature, however, we have no means of knowing

the details. As we learn from the Records of the Chiu and Sung

Dynasties, Wang had been an able astronomer.

Contemporary with Wang Fan but belonging to a different King-

dom of Wei in North China, there lived another mathematician Liu

Hui, about whose life we know nothing except that he wrote in

263 his commentaries on the “Arithmetic in Nine Sections”. But his

commentaries still remain and we find among them the particulars of

his quadrature of the circle.*)

Liu Hui starts, in his measurement of the circle, with a hexagon

inscribed in a circle whose diameter is taken as 2 feet. Each side of

the hexagon is equal to half the circular diameter. On this hexagon

Liu Hui describes a dodecagon by doubling the number of its sides,

1) The Hou-llan Shu, or “Records of the Later Han Dynasty’’.

2) The San-kuo Ghih or “Records of the Tliree Monarchies”, section on

biographies.

3) Yiian’s “Biographical Collections”, Book 6.

4) Commentaries on the “Nine Sections”.
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then doubles again the sides and describes a 24-gon, and so on. By

this way the areas of the polygons thus formed gradually approach

to that of the circle, the difference diminishing step by step. ^‘Hence”,

he says, ^Moubling and doubling the number of sides, and if we proceed

until we can no more continue the process of doubling, the perimeter

ultimately comes to coincide with the circumference of the circle, so

that by taking its area for that of tlie circle, no portion however

small will go neglected. Therefore multiplying with half circumference

to half diameter, we get the circular area.”

To carry out this calculation in actuality, Liu Hui first tries the

evaluation of a side of the inscribed dodecagon.

The diameter of the circle being 2 feet, its half or 1 foot is one

side of the hexagon. Hence with the radius 1 foot as hypotenuse and

with half a side ~ 0 5 feet as the second side of a right triangle, we

calculate the third side, which is equal to y0*75 = 0 860 025 ^ ;
and

subtracting this from the radius we get 0T33 994’^|*

Here of course Liu Hui does not take recourse to the decimal

fraction, — a conception that was entirely wanting in the ancient

mathematics of China. By Liu Hui the last written (|uaniity is desig-

nated in terms of 0000 001 feet as the unit. It may liowever be

safely said, that the conception of a decimal fraction had been nearly

arrived at in the times of Liu Hui and of his suc(‘essors. In what

follows the numbers are expressed with this unit.

Taking the last obtained quantity and tlie half of a side as the

two sides of a right-angled triangle, the hypotenuse square will be

calculated to be 26 79491 93445, where the fractional part is post-

poned. Extracting the square root of the number, a side of the dode-

cagon is obtained.

Next to calculate a side of the 24-gon, Liu Hui first deduces from

a quarter of one side square of the dodecagon and the circular radius

the third side of the right triangle with these sides to be = 965 925^?

the difference of which with the radius is 34 074 J-

The square of the hypotenuse of the right triangle with this

length and half a side of the 12-gon as two sides is = 6 81483 49446^

where the fractional continuation is postponed. This gives the square

of a side of the 24-gon.

In like manner, after calculating the two lengths, 991 444
^

and

8595 ^; Liu Hui gives the square of a side of the 48-gon
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= I 71102 78813, and hence its one side is == 130 806. Multiplying

it by 1 foot of the radius and also by 24, we have 313 93440 00000.

If we divide this number by a hundred thousands millions, we

obtain the area of the 96'gon to be 313 where the unit of length

is taken to be a tenth of one foot.

Again to carry out this calculation for the 192 -gon, two quanti-

ties 9 97858 and 2141^^^ being derived in similar way as done in

the above, the square of one side of the 96 -gon is calculated to be

42821 54 012, . . one side = 65 438. Multiplying it by the radius and

also by 48, we get 314 10 240 00000, or taking its a-liundred thou-

sands millionth part, the area of the 192- gon is found to be 314“

with the same unit as before.

Twice the difference of this area and that of the 96 -gon, which

is eciual to is the sum of the areas of the 96 figures obtained on

the outside of the 96 -gon by multiplying its sides by their sagittae.

If we add this sum to the area of the 96 -gon, the result is greater

than the circular area. Hence, of the area of the 192- gon Liu Hui

takes the integral part only as the determinate value of the circular

area, neglecting the fractional part.

When this value is divided by the radius, which is 1 foot, and

the result is doubled, we obtain the length of the circumference to

he = 6’28 feet.

Liu Hui compares this length with the diameter, 2 feet, and

obtains as the ratio of the circumference to the diameter;

(circumference) = 157 and (diameter) = .50.

Here Liu Hui adds that in this ratio the moment or modulus of

the circumference is taken somewhat smaller than its real value.

Of P’i Yen-tsung’s value of n we have never met with any men-

tion; nor know we exactly of his date. It seems, however, he was a

contemporary of the astronomer, Ho Ch’eng-t’ien, and flourished there-

fore somewhere about the first half of the 5th century, if we may

rely on a slight indication in the T'ang-sliu or the “Records of the

T’ang Dynasty."

Men, who lived during the Chin Dynasty, is said to have used the

value = 314, and Wii, of Sung Dynasty, the value = 3*1432 -f 4)

1) Muramatsii’s Sanso of 1663, Book 4.

Abhdign. z. Uesch. d. math. Wi 89 . XXX.
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Two centuries after Liu Hui, there appeared another and more

distinguished circle - squarer
,
— 1 mean Tsu Ch ung- chi h of the Liu-

Sung Dynasty. According to the Siil-shu or the ^^Records of tlie Sui

Dynasty”, the section on calendrical and allied subjects, Tsu contrived

a more eiffective method of proceeding than his predecessors had fol-

lowed. He took a circle of diameter 1000 00 000 or 10^ as equal to

10 feet and obtained for the length of its circumference the uppi^r and

lower limits, 31415927 and 3*1 415 926, where we have taken the

unit to be 10 feet. From these numbers he inferred that the true

value of the length must lie between the two, and thereupon he deduced

by some way the two fractional values for ;r, which were called the

accurate and inaccurate values. These were "^3 and y-

The inaccurate value of tc that Tsu Ch’ung-cliih obtained is nothing

but the same as arrived at by the Greek Archimedes hundreds of years

previously, but as to the other no single page of mathematical history

can assure us of its preexistence in any part of the world. As matter

of course did the Greeks not possess it. Nor knew the Hindoos

anything of it. Even in subsequent years the learned Arabians could

not rediscover Tsu’s value again. In modern Europe too it was not

known until the Dutch mathematician Adriaan Anthoniszoon, father of

Adriaan Metius, obtained it first in 1585. The Chinese had therefore

been possessed of this, the most extraordinary of all fractional values,

over a whole millenium earlier than Europe We are on this account

strongly urged to express a desire that it should henceforth be called

by the name of Tsu Ch’ung-chih’s fractional value for 71,

Tsu Ch’ung-chih wrote the CInii-shu consisting of many books or

chapters, in which his calculation of the above value of tc had been

laid down. As we are informed, this book was afterwards adopted by

the T’ang government in its mighty system of elective examinations.

But it does not exist now; it has been lost. Nevertheless the account

we have mentioned above has been preserved fortunately enough, given

by Wei Ch’ih in his Sui-shu or the ‘Tlecords of the Sui Dynasty”.

Wei Ch’ih was a learned doctor and able statesman flourishing in the

reign of Tai-tsung, the second of the T’ang emperors. He died in the

year 643.

Some scholars believe that the term chui-shu had meant the method

or process, which Tsu used in his illustrious circle-measurement. Thus

later scholars both in China and in Japan actually applied this term

to the analytical process of measuring the circle, as we shall see later
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oil. Hut in my o]Muion, the term chni-shu li»ad originally meant no

such process, but was merely a technical term used in the calendrical

science or art. So we find the term applied as the motto to some

problems of calendrical computations in the Sk-s/iu C/iin-chang (1247)

of Ch’in Chiu-shao of Sung. Ch’en Huo of Sung and others used the

term also in the same meaning. Some of later Chinese mathemati-

cians have been of the same opinion as we. Therefore we take Tsu’s

r/iHi-sliu as a treatise of calendrical theory, to which bis calculation

of the circle wa.s appended. Tsu was a great astronomer.

As Tsu Cb’ung-chih had employed the terms Vai -ch'a-tni and

k'ai-cit'a-li, as is recorded in the “Records of the Sui Dynasty’', al-

though their meanings are hardly to be discovered and so we are little

able to give them corresponding English words, yet some scholars

agree in believing in Tsu’s resorting to some kind or other of expan-

sion in series, because the obscure terms used by him seem to tell

that they were intended to mean the second and third terms in a

series. He may have applied a process something like the indeter-

minate multipliers to determine three terms in an expansion. When
we reflect on the uncommon birth of Tsu's genius, we think he might

well have done what posterity has wanted to ascribe to him.

According to Wei ChilH) Tsu Ch’ung-chih’s processes or theories

as laid down in the CliHi-shu were extraordinarily minute in description

and elegant in meaning, in so much that he stood at the head of all

mathematicians old and recent. The academical officials were little

able to understand the deep significance of his writings, which were

accordingly left untouched.

The biographical notices of Tsu Ch’ung-chih are recorded in the

Biographical Sections of the Nan-Shih or “Records of the Southern

Monarchies” and of the Nan Chai Shu or the “Records of the Chai

Dynasty in the South”. These two works hardly differ in their accounts

of the life of our great mathematician and astronomer.

Tsu Ch’ung-chih was born in 430 in Fang-yang. He served the

Emperor Hsiao-wu of the Monarchy of Sung or of Liu -Sung as it is

better known. He lived in a time when power was in a foreign con-

querors’ hands, and he served in a monarchy founded by the Hun

tribes; he himself was however certainly a native Chinese, for his

ancestors had been officials of an older native dynasty.

During the reign of Hsiao-wu, Tsu composed a new calendar

system of his own. It was just on the eve of being adopted for

1) The Records of the Sui Dynasty.
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public use in place of the system of Ho Ch’eng-t’ien (died at the end of

the Yiian*chia Era covering 424—453), when the emperor died (464)

and consequently Tsu’s calendar remained unapplied.

Tsu Ch’ung-chih invented a new kind of ^^south-pointing vehicle”,

which was found to be better than any other of the kind.

Tsu’s invention is extraordinarily remarkable, for the two ^^Records”

mentioned above equally say that it was moved neither by wind nor

by water, but by a special contrivance arranged within itself. He also

constructed an automobile vessel, which was neither provided with

sails nor rowed by human hands, but that went more than a hundred

Chinese miles in a day. The particulars, however, of these contrivances

are now all forgotten.

Tsu was not only learned in mathematical sciences, but he was

also versed in philosophy. He is said to have composed commen-

taries on the Nine Sections as well as on various philosophical

classics.

Tsu Ch’ung-chih died in 501 at the advanced age of 71. In the

decline of his life he belonged to the Monarchy of Chai, the Liu-Sung

Kingdom having been overthrown in 479. But his work Chui-shu is

always referred to as written by Tsu Ch’ung-chih of Liu -Sung, indi-

cating that his writing of the treatise happened in the reign of the

Sung Monarchy. The Sui Records fixes the date of Tsu’s circle-

measurement as having been done at the end of the Sung Dynasty

and therefore not later than the year 479, twenty years before his

death.

Tsu Ch’ung chih’s son Tsu Hong-chih and his grandson Tsu Hao

were also both versed in calendrical matters. The latter once held the

office of a local Governer General. He was captured and killed in a

battle.

Tsu Ch’ung-chih had calculated his accurate and inaccurate values

of n in the 5 th century, but these values were not destined to be

soon followed by all his successors. For as we have observed, the

mathematicians of the next century, like Chen Luan, Hsia-hou Yang

and Chang Ch’iu-chien, used neither of these values. Even the

illustrious commentator Li Ch’un-feng, who flourished in the first half

of the 7 th century, employed only the inaccurate value given by Tsu,

making no mention of the accurate value. Moreover Li referred to

Tsu’s inaccurate value as the accurate value. Afterwards it was long

used by this name. Li may not have known of Tsu’s accurate value,

but it must be noted that Wei Chih who made a record of Tsu’s
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invention of his two fractional values in his Sui Records, was a con-

temporary of Li Ch’un-feng. Tsu’s accurate fractional value was taken

up again by Chang Yu-chin many centuries later in the age of the

Mongolian yoke.

CHAPTER 8.

WANG HS’IAO-TTING AND CUBIC EQUATIONS,

As we liave said before, the “Arithmetic in Nine Sections” con-

tains a problem whose solution is given by a statement which is

equivalent to the general formula for the root of a literal quadratic

equation. In another problem in the same work the solution is

equivalent to a treatment of the quadratic equation with numerical

coefficients. This latter case was also applied by Chang Ch’iu-chien

in his Arithmetical Classic Thus the Chinese had been acquainted

with the quadratic eiiuation.s from so early a date at least at the -^ud

or 1st century B. C., and these were being used in the 6tb cen-

tury A. 1).

Besides, the “Nine Sections'’ treated of systems of simultaneous

equations, and Liu Hui considered in the ,‘lrd century those problems

of so complicated a nature tlmt we have mentioned above. All this

points out that algebraical manipulations were by no means foreign

to the Chinese mathematicians in old times.

Being prepared in this way, then, it is no wonder that we should

find a >vay soon developed in the next age for the solution of cubic

numerical equations.

The equations of the third degree come for tlie lirst time in the

Cliinese history of mathematics with the Ch'i-kii Smn-chhvj written

by Wang Hs’iao- thing at the beginning of the Tang Dynasty, or in

the first half of tin' 7 th century. Of Wang's life we know little or

almost nothing, save tliat he was ordered in his caj)arity as a Doctor

of Arithmetic in the years 023, 026, etc., to carry on an examination

upon the contents of the calendar composed by Fu Jcm-chiin in 618,

and that he served as an expert in the Astronomical Board of the

T’ang government. But fortunately his work, the Ch'i-ku Snan-chin(f,

has remained preserved to this very day, though the last parts are now

wanting.

When Wang Hs’iao-t’ung had completed the writing of his work,

he presented it to the emperor then on the throne, as we know from

his own letter of presentation which remains prefixed to his work.
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But the date of neither his composition nor his presentation is indi-

cated. Nor is it known to which emperor it had been presented.

Wang’s letter of presentation, however, reveals that the methods

employed in the solution of his problems were his own contrivances.

The book contains 20 problems, some of which are reproduced in the

following lines.

There is a right triangle, the product of whose two sides is

706^, and whose hypotenuse is greater than the first side by 30^^

It is required to know the lengths of the three sides.”

7 1 1Wang gives the answer of this problem to be 14—, 49- and 51^

He then proceeds to give the rule:

^‘The product (P) being squared and being divided by twice the

surplus (iS), make the result the shih or the constant class. Halve the

surplus, and make it the lien -fa or the second degree class. And
carry out the operation of evolution according to the extraction of

cube root. The result gives the first side. Adding the surplus to it,

one gets the hypotenuse. Divide the product with the first side and

the quotient is the second side.”

The rule is the same as to construct the cubic equation

or the arrangement as annexed, and to solve it

in a process similar to the extraction of a cube

root. It is very evident that the way of solving

an equation of the third degree in this way

applies only to numerical equations.

^Hn a right triangle, the product of the first

side and the hypotenuse is 1337—, and the diffe-

rence of the hypotenuse and the second side is

what is the length of this second side?

‘^Answer. 92~*
5

^^Rule. The (given) product (P) being squared and divided by

twice the (given) difference (Z)), we call the result the 'solid volume’.

Again cube the (given) difference, and halve it, when the difference

of this quantity and the 'solid volume’ should be taken for the shih

or the constant class. Again square the (given) difference and take

its twice as the fang -fa or the Ist degree class. Again take ^ of the
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(given) difference as the lien-fa or the 2nd degree class. Then (making

1 the 3rd degree class) divide according to the rule of the cubic

root extraction. The root gives the length required.”

This rule is equivalent to the construction of the cubic equation,

Si n I O,x»+ + - •

‘Mn a store -house shaped like a truncated square pyramid, the

difference of whose upper and lower sides is 6 feet (D) and whose

height is 9 feet (G) greater than the upper side, there is contained

187*2 measures of corn, of which 50*4 measures are carried out.

What will be the lengtlis of the upper and lower sides of the store-

house, its lieight, and the depth and a side of the upper end of the

remaining corn?

‘‘Answer. Upper side is 3 feet; lower side is 9 feet; height

12 feet; depth and upper side of tlie remainder are each 6 feet.”

To find the upper side of the store- house in this problem, Wang
Hs’iao-t’ung applies the ecpiation,

,,.3 (o + G) :r + [DG+ .r = P - ,

where F represents the volume of the store-house expressed in cubic

feet. This is the very equation to which we are led by eliminating

// and z from

;/
- x = 1), i - X = G, ‘ r (,r 1/ -f- X* + y*) = P,

wliere // and z represent the lower side and the height respectively,

and the last equation is in accordance with the formula that appears

in the “Arithmetic in Nine Sections”.

The depth of the remaining corn is obtained from the equation

P'

where h and .s denote the height and the upper side of the store-

house, and where P’ is the (juantity of corn carried out measured in

cubic feet.

Wang Hs’iao-t’ung gives in the Ch'i-ku Suan-ching only his rules

for the arrangement of the equations; he does not give the particulars

of the procedure for arriving at such equations.

No instance is to be found in Wang’s work of equations of the

fourtli and higher degrees.
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The treatment of higher equations, together with the algebraical

explanation of their construction, appear for the first time in the

history of the Chinese mathematics six whole centuries subsequent to

the age in which Wang lived.

CHAPTER 9.

ON THE INDIAN INFLUENCE.

It was in the year 65 A. D., when the Han Emperor Miug-Ti

dreaming of a "golden man” had sent a messenger to India, that the

Buddhist religion was brought to China. Even before that time inter-

course may have existed between the two nations, for it is stated in

history that the Shamans, Shih-li-fang and others, who made their

appearance in China in B. C. 218, were suspiciously sent away by the

emperor Shih Hoan-Ti of Ch’in. During Ming Ti’s reign there came

Indian Buddhists, Kashiapmadanga, Godharna and others, who settled

in China and translated Buddhistic siitras, the first of a long and

tremendous series that followed during the succeeding centuries.

Buddhism soon spread over the whole nation, and there arose a great

rivalry with the preexisting native religion of the Taoists, out of

which the former came victorious.

At first the (fiiinese translations of Sanscrit works were all done

by the Indians or the persons come to China from those countries

located in Central Asia. Hut at length native Buddhists themselves

were seen engaged in the matter.

A Chinese Buddhist Fa-hsien visited India from the land through

Central Asia and he returned to China in 414 from the sea. He

brought with him many sfitras, in the translation of which the remainder

of his life was employed.

As will be seen from the account of Fa-hsien’s travels and from

the fact that the Indian Bodhidharma came to China in 520 by sea,

we know there had existed between China and India a high way over

the seas. In these navigations comparatively large boats had been in

use, for the sailing vessel that carried Fa-hsien home from India had

200 souls on board, including the crew and passengers.

Hsiian-tsang went to India in 629 and returned to China in 645.

On his return Hsiian-tsang occupied his life in the translation of the

numerous books he had brought back with him.

In the period of the Southern and Northern Monarchies, that

lasted through the 5th and 6th centuries, when China was under the
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yoke of foreign tribes, Buddhism had become universal throughout

the whole ot the empire, and as we read in history, the Indian works

were read in translations ten times more than the native classics, a

fact that vividly tells how the Indian influence had swept over the

country. Things Indian exercised supremacy in art and literature, in

philosophy, in the mode of life and the thoughts of the inhabitants,

in every thing. It is even said, astronomy and calendrical arts had

also felt their influence. How then could arithmetic remain alone

unaflected? Nodoubt the Chinese studied the arithmetical works of

the Hindoos.

In the older mathematical works such as the Chou-pei and the

“Nine Sections “ we And the value of ;r given merely as equal to 3;

we don’t find there any other values mentioned; nor see we their

authors engaged in the problem of the circle- measurement, of which,

it appears, they had taken little care. But the question did not long

remain untouched by the Chinese, and yet, as we see, these studies

were taken up only after they had come in contact with the Indian

civilization; for the Chinese circle -squarers Chang Heng, Liu Hui,

Wang Fan, and others belong all, with the single exception of Liu

Hsing who flourished in the first part of the 1st century A. D., to the

2nd and subsequent centuries. Moreover, Wang Fan is said to have

embraced the Buddhistic faith, and it was the same with the astronomer

Han Chai who served the same monarchy as Wang a short time

previous to him. Will it be too rash for us to assume that the pro-

blem of the circle-measurement had been transplanted from Indian soil

to the fertile land of the Middle Empire?

Of Liu Hui’s quadrature of the circle we have already mentioned.

The particulars of the calculations as he records in his note to the

“Arithmetic in Nine Sections ’ as well as his value there obtained were

in all probability owing to himself; yet the first stimulus to his

undertaking of such a troublesome attempt might have been, may it

not be, got by him directly or indirectly from a Hindoo source or

a Central Asiatic? Might not the fundamental prmciples that have led

to Liu’s result be borrowed from somewhere outside of the empire?

The same may be the case also with Tsu Ch’ung-chih, although

we can never suspect that his extraordinary result could have been

derived from without.

Chen Luan to whom we have referred so often was an ardent

belieber in the Buddhistic faith. He did much in defending the

religion against the rivalry of Taoism. Hsii Ytieh’s Su-shti Chi-i
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applies to a Sanscrit term^ and Chen Luau who wrote a commentary

on this work of Hsii’s refers expressly to Buddhistic siitras in Chinese

translation, although he tells nothing of Indian mathematics. The

problems we have described as given by Chen in his note, may perchance

be a reproduction from Hindoo works. As to questions in indeter-

minate analysis we meet with instances only in works that were

compiled after the introduction of Buddhism.

But all this, it must be confessed, remains our mere conjecture;

there is nothing positive that serves as an evidence of any actual Indian

influence upon the Chinese mathematics.

In astronomy some of the Hindoo theories were studied and there

are still extant some part of them in translations and quotations. But

neither a single problem nor a single rule for solution in the domain

of mathematics now remains that is definitely known as of Indian

origin.

The fact however that the Indian mathematical works had been

studied in China can by no means be denied; for in Wei Chih’s

Records of the Sui Dynasty”, the section on the classical and other

works, it is stated that there had been works in Chinese translations

like the Brahman T^ien-wen-ching or the ^‘Brahman Astronomical

Classic”, consisting of one book, the Brahman Chich-ch'ieh listen -jtm

T'ien-iven-shuo or the ‘^Astronomical Theories of the Brahman Chieh-

ch’ieh Hsien-jen”, consisting of 30 books, the Brahman T'ien-rhing or

the “Brahman Heavenly-Theory” consisting of one book, the Alo-icng-

chieh- citing Huang -t\i or the “Map of Heavens in the Mo- tcng-chieh

Sutra”, consisting of one volume, the Brahman Suan~fa or the

“Brahman Arithmetical Rules” consisting of one book, and the Brahman

Suan-ching or the “Brahman Arithmetical Classic”, consisting of three

books. These translations are now all lost. We therefore can not

know what kind of arithmetical problems or what mode of analysis

these works had taught. There had existed nodoubt various other

translations of similar works in China.

From the 7 th century and downwards Indian scholars were some-

times employed in the Astronomical Board. There are four astronomers

recorded in the Tang-shu or the “Records of the T’aug Dynasty” who

bear the name of Chu-Fan or Gudon and who were officials in the

Astronomical Board. These persons were Chii-t’an Chiian, Chii-t’an

Lo, Chii-t’an Ch’ien and Chii-t’an Hsi-ta. These astronomers are not

exactly stated in the T'ang Records to be Indians; but these names

tell us they were For Buddha or Sakiamni is sometimes represented
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in Chinese works as Chii-t’an, which is read Gautama. And the name
of Chii-t’an Hsi-ta was to read Gautama Sidharta in all probability.

Of these Indians Chii-t’an Chilan composed a calendar system in

618 for the first emperor of the T’ang Dynasty. Chii-t’an Lo served

as the president of the Astronomical Board; a calendar system called

the Kiiang-cliai Calendar w;is his composition.

Chii-t’au Ch’ien was an official in the Astronomical Board; he

lived at the end of the 7th century and at the beginning of

the next

Chii-t'an Hsi-ta or Gautama Sidharta translated the Chiu-chih

Calendar from the Sanscrit into Chinese by an imperial order. He
served the Chinese government as the president of the Astronomical

Board. We are not informed what kind of a calendar it was, and the

work has been lost. But as we learn from a passage in the T^ang

liecordSj in this calendar the heavenly circumference, or the circle

plainly t(> speak, was divided into 3l)0 degrees, each of which contained

60 minutes In this respect it differed widely from the classical usage

of dividing the heavens into as many degrees as a year contains days

and of subdividing one degree into centesimal parts. The new calendar

differed further in not applying to the calculating pieces but in

resorting to a written mode of arithmetic. The technical terras used

therein, it is stated, were so peculiar that the Chinese scholars who
are ever fond of following conservative tendencies were little able to

understand its contents.

The employment of the symbol Q for zero or for the digit

that is wanting was probably derived from this translation of an Indian

calendrical treatise, or from some other Indian source. This employment

does not however occur until the middle of the Ifith century, so far

as we are informed.

The written arithmetic brought from India is little known to have

been practised in China. But the same mode of multiplication as

followed in India was considered nearly a millenium later in the Siian-

fa Tong-tsung of Ch^eng Tai-wei, which serves as a warrant of the

way being preserved in the land of the Chinese perhaps from the time

of the translation of the Chiu -chili Calendar.

Chii-t’an Hsi-ta also wrote the K'ai-yiian Chan-ching or the ^‘K’ai-

yiian Astrological Treatise”, that consisted of 100 books. K’ai-yiian

was the title of the Era when the treatise was composed; it covered

the years 713—741. This work is said to be a valuable source of

information.
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Soon after Chil-t’an Hsi-ta’s translation of the Chiu-chih Calendar

there appeared the native Buddhist priest I-hsing, who loved seclusion

and cared nothing for distinction, but who was urged to serve the emperor

as his adviser, in which capacity he proved an able and distinguished

character. As he was deeply learned in astronomy he was ordered in 721

to compose a calendrical system, which he accomplished in 727. I hsing’s

system is known as the T'ai-yen Calendar, He contrived an arithmetical

method called the t^ai-yen shuj by applying which he succeeded in

the construction of his system. The fai-yen method was a consideration

in the indeterminate analysis. This was the same that led to the

beautiful process of the Vai-yen cKiu-i shu established six centuries

later by Ch’in Chiu-shao at the end of the Sung Dynasty.

I-hsing was born in 683 and he died in 727 at the comparatively

early age of 44, when his composition of the T'ai-yen Calendar was

just complete. His life was full of wonderful miracles; he was one

of those experts in magic not rare among learned priests.^)

After I-hsing was dead and his calendar-system had been ordained

for practice, the learned Indian Chii-t’an Ch'ien, who was dissatisfied

in not being employed in the late calendrical composition, made an

accusation with the astronomer Ch^en Yiian-ching in 733 that I-hsing’s

calendar was nothing but copied from the Chiu-chih Calendar and that

in copying he was even left behind by the original. Nan-kung Shuo

too disapproved it. Hereupon were made observational verifications of

various calendars in the Imperial Observatory, when I-hsing’s calendar

was found to stand the actual test for 7 to 8 times in 10, while the

calendar composed by Li Ch’ung-feng proved good 3 or 4, and the

Chiu-chih only I or 2. Consequently the accusers were silenced and

condemned. As the ^^Records of the T’ang Dynasty” adds here, there

had been twenty-three different systems of calendars since the Tai-cKu

Calendar down to Li Ch’ung-feng’s. These calendars had gradually

become more accurate, but they did not go as yet very exactly with

the actual progress of the heavens. On the contrary the system ot

I-hsing answered very minutely, and it was imitated by the calendar-

makers for a long time in the succeeding centuries.

I-hsing was a Buddhist priest and he was an extraordinarily

learned man, even versed in Sanscrit. It was therefore no wonder that

he should have been suspected of consulting an Indian calendar in his

composition. If not entirely imitating the processes in the Chiu-chih

1) The Records of the Tang Dynasty^ Biographical Notices.
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Calendar

y

yet he had consulted the contents of the Chiu-chih Calendar

y

as we learn in the ^^T'ang Records”.

The possibility of the Chinese mathematic having been influenced

by the science of India may well be conjectured from the meagre

account here given. As for exact information, we have none.

CHAPTER 10.

CH’fiN HUO.

After I-hsing’s time during the long reign of the dynasties of

T’ang and Sung, mathematics was undoubtedly cultivated and made

some progress; but we have few particulars of these ages. Ch’en Huo

and Shieh Ch’a-wei are the only two men we can mention as belonging

to this period, of whom we have some knowledge. We therefore give

in this place what we know about these two mathematicians, which,

we hope, may serve as a link that connects the age of the older

mathematicians we have already described and the flourishing period

of the Chinese algebra in the 13th and 14th centuries, when Ch’in

Chiu-shao, Li Yeh and Chu Shih-chieh were active.

As to Shieh’s life we know nothing except that he wrote an

arithmetical treatise known by his name. His note on a problem in

Chang Chiu-chien’s work we have mentioned already in connection

with the latter.

Ch’en Huo was a native of Ch’ien-t’ang and he was once the

president of the Astronomical Board; he then held ministerial rank.

He died in 1075 at the age of 64. As astronomer he was able.^)

He wrote the Mong-hsia Pi-Van or the Talks Recorded at Mong-

hsia”, in which he records two arithmetical contributions of his own.

These we explain in this place.*)

The volume of a wedge-shaped figure whose head is parallel to

the base is obtained as in the ‘^Arithmetic in Nine Sections”, according

to the formula

~
{
(2a + a') ?< + (2a' + a) 6'

)
h,

where a and h, a' and h' are the lengths and breadths of the upper

and lower bases, and h the height. “When we have to apply this

formula”, says Ch’en Huo, “to the calculation of the number of wine-

1) The Records of the Sung Dynasty, section on Biographies

2) Ch’fen Huo’s Talks Recorded at Mong-hsia,
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kegs in a pile whose form is of a truncated wedge as just considered,

the result will be seen not exactly answering to the case. This devi-

ation of the results arises because there are vacancies between the

kegs and the two cases are not quite the same. The result is to be

somewhat smaller in number. If however we add to the above

formula the quantity i (V — h) h, the sum represents the number

required.

^4f for instance the uppermost layer consists of 2^ kegs and the

lowest of 12*, there are 11 layers, and we find the number of kegs

in the pile thus:

g
1(2x2 + 12)x2 + (2x 12 + 2)x 12} x 11

+ 1 (12 - 2) X 11 - C49.”

This was perhaps the first instance of the- Chinese trying the

summation of a progression.

As Ch’en Huo says, in measuring the areas of fields the process

in old treatises suffices for both rectilinear and circular shapes; but

there was no method devised for the determination of a circular arc.

He himself was not able to give a thorough process but tried to solve

the problem in one way. The following lines are taken from Ch’en’s

own words:

'^Arrange the diameter of the circular field and halve it; then the

result is to be taken as the hypotenuse. Let the difierence, that arises

when the radius is diminished by the divided part (or the sagitta),

be the first side. Subtract the square of this side from that of

the hypotenuse; extract the square-root of the remainder, and take the

result as the second side. Twice this side is the chord of the seg-

mental field. Square the divided part (or the sagitta) and lower its

digits by one position, and double the result. Again, divide the result

by the diameter and add the chord, which gives the arc of the divided

circular field.”

In this rule, the lowering of digits by one position, which is the

same as dividing by 10, is little intelligible. But here Ch’en Huo
himself tries a comment, by dint of which we are able to judge that

the rule is meant to express the arc of a circle according to the

formula,

(arc) = (chord) + 2 x^^^.
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Yiian Yiian^) refers to this process of Ch’en as the harbinger of

the way that Kuo Shou-ching used two centuries later for the same

purpose, involving an equation of the fourth degree.

CHAPTER 11.

CHTN CHIU-SHAO.

The 13 th century in China was an age of bustle and disorder.

The formidable Tartar monster Genghis Khan made his appearance

at the beginning of the century; he proved a terror not only to the

Chinese but generally to the whole of the Asiatic countries. The two

rival monarchies of Sung and Chin were both pressed on by the Mon-

golian conquerors. The Kingdom of Chin was overthrown. The

Chinese struggled for life and existence. The savage Mongolians ever

pressed on to conquer. China was deprived of territory after territory,

until it sunk destroyed in 1279.

The l3th century was such an age. Among the very bustle of

attack and defence, under the very agony of life and death, that

occupied the times, who could ever expect a sound footing won for

the progress of mathematical science? But in actuality such was the

case it was just during this epoch that the highly esteemed scholars

Ch’in Chiu-shao and Li Yeh came out from among the contending

powers. The solution of higher equations and the explanation of

algebraical considerations descend from the hands of these two mathe-

maticians.

Ch*in Chiu-shao wrote in 1247 the Su'Sliu Chiu-chang or the ^‘Nine

Sections of Mathematics”, in which he explained the process of solving

numerical equations of all degrees. The beautiful proceeding in the

indeterminate analysis known under the name fai yen ch'iu-yi shu that

had come down from Sun-Tsu’s problem and through I-hsing’s skilled

hands, was also laid down in this treatise. Ch’in’s work must not be

considered an edition of the Chiu-chang Suan-shu or the ^^Arithmetic

in Nine Sections”, because of his adopting the title of Chiu-chang,

He adopted that title because he considered his subjects as distributed

in nine separate sections, which are not the same as the headings in

the ^'Arithmetic in Nine Sections”.

Of Chain’s life no authentic history makes any record; but some-

thing about his biography is stated in the "Subsequent Collections”

1) Ynan’H Hioj^raphical Notices, Book 20.
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of the Kuei-hsin Tsa-chih written by Chou Mi. According to this book,

Ch’in Chiu-shao enlisted in the array at the age of seventeen as a

captain of volunteers. He was ingenious from childhood, and was

deeply learned in astronomy, music, arithmetic, and in the art of

architecture. In poetry too he was no stranger. In all arts of amuse-

ment, in riding, in fencing, in shooting arrows, he was a dexterous

hand. Endowed with such a brightness of intellect, he was naturally

proud, he loved extravagance. Ch’in showed little faith in his friends;

his character was of a loose nature.

Of Ch’in’s leading a military life, he himself writes in the preface

to the Su-shu Chiu-chang. He also states about his studying at the

Astronomical Board, and learning arithmetic from a certain wise man
retired in seclusion. He survived the dangers of stones and arrows,

but he was caught with a disease from which he sulfered for ten long

years, when his heart sinking within him^ he found himself an utterly

disappointed man. But gaining at length a firm faith in the inevi-

tableness of fate, he recovered his vigorous spirit and was now free

once more to employ his hours in studies, the outcome of which was

the production of the treatise that should be ever highly esteemed by

the students of Chinese mathematics.

The dates of Cli’in’s birth as well as of his death are utterly

unknown. Nor know we much about the particulars of his life.

According to Yuan Ylian^), Ch’in served the Sung Government

at Chien-k’ang Fu in 1244 and during the Pong-yu Era (1253— 1258)

he was in his service on the banks of the Yang-tse River. He was

made afterwards the governor of Ch’iung Chou and then of Mei Chou,

where he died.

Ch’in Chiu-shao’s Su-shu Chiii-cliang was not originally given under

this title by its author. Ch’in appears to have called it the Su-shu

or the Sii-hsiao merely, as we learn from the statement made by

Chang Ch’i-mei^) in bis copy of the work which he had made from

another copy of Wang Ying-lin, the latter being taken again from the

manuscripts among the Yuan-lo Tai-tien or the Yuan-lo Great Collec-

tions* Ch’in’s work as we now possess it was printed from Chang’s

copy. In the Great Collections, it was called, however, it seems, by

the title of Su-hsiao Chiurchang, which was perhaps Ch’in’s ori-

ginal title.

1) Yiian’s Biographical Notices, Book 22.

2) Chang’s preface is dated 1616.
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Ch’in treats 8
1
problems in his work distributed in nine sections,

making eighteen books or chapters. His grouping of problems is done

neither according to the old “Nine Sections” nor to the different

methods of treatment, but merely in accordance with the species of

problems considered. Every sort of arithmetical rules found in the

“Nine Sections” and the “Sea-island Arithmetic” are retaken by Ch’in

under various heads and often in more complicated forms, ( h’in does

not however consider very easy problems in his book.

Ch’in first considers some problems which he solves by means of

a method called the Vai-ifni ch^in-i-slm. (’h’in says in his preface that

this method was not treated in the “Arithmetic in Nine Sections” but

that it has been developed in the hands of calendar makers or astro-

nomers. Here he is certainly alluding to the priest I-hsing and others

The method concerns the treatment of some problems in indeter-

minate analysis.

We have mentioned Sun-Tsh’s solving a problem in the indeter-

minate analysis. It was to find a number that gives 2, 3 and 2,

respectively, as the remainders, when divided repeatedly by 3, 5 and 7.

His rule for the solution however doe.s not indicate in what way it

was obtained. Now Ch’in Chiu-shao’s process applies to the treatment

of this kind of problems. We shall illustrate the process by applying

it to Sun-Tsil’s problem, because it seems to afford a most suitable

example for our purpose.

The numbers .3, 5 and 7, that appear in the problem, are called

by Ch’in the ymn-su or the original numbers, which he arranges in a

vertical column. He then arranges unity against each of these original

numbers to the left of them. These are called the t'ien yum or the

celestial elements or celestial, monads. The term “celestial
^ ^

element” is very noteworthy in the history of Chinese mathematics,
^ g

as we shall see later on. The arrangement is effected as

annexed. ^

The numbers in tlie left column are cross multiplied by those of

the right column, or each celestial element is multiplied by the

original numbers not pertaining to it. The results are called the

yen-su or operation-numbers The arrangement thus becomes

3 5 7 original numbers

35 21
\

15 operation - nunibers

Here we have represented the arrangement in horizontal lines for

the sake of convenience, though originally vertically arranged.
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If there be a factor common to two or more of the original

numbers, this factor should be removed from these numbers, retaining

it only in one of them. The original numbers are thus to be made

such that every two of them are prime to one another. The numbers

thus simplified are called the ting-mu or definite base-numbers. The

operation -numbers such as obtained in the above are to be formed

from the base-numbers.

The definite base-numbers are taken as moduli and the congruences

are formed with their respective operation- numbers. Thus we have in

our case

35 - 2 (mod 3), 21 1 (mod 5), 15 eee 1 (mod 7).

The residues of these congruences are called the chH-su. The

results are arranged thus

3 5 7 base -numbers

2 1 1 residues

The residues that are unity are at once taken for the multipliers.

With residues that are not unity, the corresponding multipliers are to

be found according to a method called the fai-yen chiu-i-shu or the

great extension method of finding unity if we have to literally render

the term. We shall shortly describe this process in full, but for the

present we have to find in particular the multiplier for the base-

number 3, whose corresponding residue is 2.

For this purpose the residue 2 is arranged in the right upper

space, and the base-number 3 under it. Then the celestial element or

unity is put to the left of the residue, thus

1 (celestial element) 2 (residue)

3 (base-number)

The base-number 3 is divided by the residue 2, when we get the

integral quotient 1, and the remainder 1. The quotient is multiplied

by the celestial element, giving the product 1, which is called the

kuei-su or reduced number. It is arranged below the celestial

element, thus

1 (celestial element) 2 (residue)

1 (reduced number) 1 1 (remainder of base)

The next step is to divide the residue 2 by the remainder 1 of the

base-number, getting the quotient 1, for in the end of the operation

the remainder obtained from the residue in the right upper space
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should be made unity. This quotient is to be multiplied by the

number arranged in the left under space, and the result is to be added

to the left upper number. The result becomes 2, giving the arrangement

2
1

1 (remainder of the residue)

1 (reduced number) 1 (remainder of the base)

When thus the remainder of the residue becomes unity, the

operation has been brought to an end, and the number obtained now
in the left upper space will be taken for the required multiplier.

The multipliers thus obtained are then arranged in the follow-

ing way:

3
1

5 7 base -numbers

3^
j
21 15

"^

operation numbers

2 ' 1 1 multipliers

The operation-numbers should be multiplied by the corresponding

multipliers, when we obtain the fan-pang or the reduced use-numbers,

which will be arranged in this way:

3
j

! 5
-j

base-numbers

7^ ~2i
1

15
^

1
reduced use-numbers

The continued product of the definite base -numbers is called the

pen~mu or operation- modulus, which is 105 in our case.

When common factors have been removed, these removed factors

should be restored now, the corresponding use-numbers being multiplied

by them. In this way the reduced use -numbers become the definite

use-numbers.

In our case the reduced use-numbers are themselves the definite

use -numbers. These are the same numbers as employed by Sun-Tsii

in his rule of solution. Multiplying them by the respective remainders

given in the problem, their sum is to be repeatedly diminished by the

operation-modulus, when we get the desired answer, which is 23.

The above is not Ch’in^s own description but we have tried to

represent as exactly as possible the actual way of his treatment of the

process. This same way is applicable to the general case where a

number is to be found such that it will give when repeatedly divided

by ^
2 ,

mg, . . ., mn the remainders rj, r^, . . .,
We shall

only consider the divisors as having no common factors between any

two of them.
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To determine such a number, we have only to find the undeter-

mined multipliers p,, pg? Q.y • •
•> Qn in the expression

M = + rgilfgPg 4- + • •
• 4- r„ilf„p„,

where for ilfj, M„ we understand numbers of the type

n/T m. nu, . . . m„
Mk = »?iW2g . . . Wifc+1 . . . nin = ^ ^ ‘

The quantities Tl/g, M^y . . Mn all contain the factor m^y so

that the remainder of M when it is divided by is the same as

that of the first term for its expression. We have therefore to deter-

mine Pi in such a way that Mjpj becomes 1 with the modulus wq.

It is obvious that may be replaced by its residue jRj for the mo-

dulus niy for the determination of pj. It is consequently only neces-

sary to find the integral value of pj satisfying the relation Qyliy

^ pniy = 1 .

If 1^1 = 1, it follows at once that pj is to be taken also = 1,

for jp
= 0 establishes the relation. In the contrary case the deter-

mination is to be made by the method of finding unity, of which

Ch’in gives a general description, that runs as follows:

^^Arrange the ch'i (or at the right upper space, the linff (or

at the right under, and the celestial element at the left upper. First

divide with the right upper the right under; the (integral) quotient

obtained should be multiplied by the number in the lel’t upper and

(the product) should be entered into the left under. Then repeat the

process with the two members in the right column, dividing the

greater by the less. The obtained quotients should be every time

cross multiplied by the left upper or under and added to the other.

The operation should be brought to an end when the clii (or the right

upper) is reduced to unity. The quantity now obtained in the left

under is the multiplier required.”

This rule is the same, ^2* being the successive

quotients, as to form the quantities

-^1 = I Cn -^2 ~ ft "h 1, == ft 4“ Ay
^

,

= .^3 ft 4- ^2, . . ., Au == A^k— 1 Qu -f Aiji _ 2 ,

of which the last is taken for the required value of p^.

Some of the problems considered by Ch’in of the same nature

are reproduced in the following:

^4n old calendars the winter solstice returns in 365-^- days, the

499
lunar month in ^9^ days, and the kia-tsU (or sexagesimal cycle) in
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60 days. ... In how many years or months or days will these three

return to the same concurrence . .

There were three farmers who divided the rice they had raised

in common . . . equally among themselves. They went to different

places, where different standards of measure were being used, and sold

their shares, as much as could be exactly measured by the respective

standards of the places . . when A had 0*32, B 0*70, and C 0*30

measures of rice left in their hands. What would have been the total

amount raised by the three and the respective measures sold by them

separately ?”

In this problem the measures of the three places are taken to

be 0*83, 1*10, and 1*35 units of the common standard, with which

the total is to be measured.

This problem is solved according to the general scheme we have

mentioned above. The respective standards of measure 83, 110, and

135 are taken for the original numbers with which the sum total is

to be divided, giving the remainders 32, 70 and .30, respectively.

In chapter or book 4, Ch’in gives a problem that relates to the

volume of a circular keg, the diameters of whose mouth, middle section,

and base, are 105, 2*4 and 0*8 feet (w, s, b\ respectively, and whose

depth is 1*6 feet ((?), and that contains water to the depth of 1*2 feet (w).

Ch’in gives the solution, without making any explanations whatever,

like all other problems in the work, as follows. Here of course he

writes in full words. Thus

^ = (hs 4“ &* 4- s*) X
I
X 11, A' = 42,

= I X m + {^2 + 4 '^} X (S — »»), ^ ^

D = + J?6’, i/=(|)’x42;

and he gives

(lower half volume) = A - A\

(diameter of water surface) ^ B - -t

(upper half volume) == D - D\

and the contained water will be measured in a cylindrical form with

the section equal to the mouth of the keg and with the depth
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22
In this place Ch’in employs the value of jr = --

> which he calls

the accurate value, as Li Ch’un-feng had done. In another place,

however, he employs the old value of 3. And sometimes, so for

instance in book 6, he refers to the value % = l/lO. Thus in a pro-

blem concerning an annular field, he says:

“Take the diameters of the circles in the ring, and square them,

and advance the results by one position (which is equivalent to mul-

tiplying by 10), when we get the dividends; take unity as the second

degree class, and carry out the evolution for the square root; we then get

the circumferences.

“Take the circumferences of the circles in the ring, and square

them, and retrogress the results by one position (that is, divide

by 10), when we get the dividends; take unity as the second

degree class and carry out the square-root extraction, when we get the

diameters.”

Here Ch’in takes == 10. The same value of n was used by

Chang Heng, as we have said. It is curious this same value should

have been also employed in India and Arabia, We cannot however

conclude that Ch’in might have learned from his Hindoo or Arabian

predecessors of this value, because Chang Heng had lived in an age

that precedes the times where the records are made of the Hindoo

and Arabian employment of the same value. The same value appears

again in the mathematical history of China, and this time quite recently.

The earlier Japanese mathematicians too employed it.

In book 5, Ch’in gives the area of a scalene triangle thus:

“With the square of the smallest side add to the square of the

greatest side, therefrom subtract the middle side square, and take the

half of tbe remainder, which should be squared in the upper line.

With the smallest side square multiply the greatest side square and

therefrom subtract the quantity in the above; divide the remainder

by 4 and take as the dividend. Take unity as the positive second

degree class, and carry out the square-root extraction, when we get

the area.”

This rule is the same as expressed by the formula,

|/i|c*a> - (- ) }

= V^s (s - a) (s - h) (s - c),

where a, h, c represent the three sides, a and c being the greatest and

the smallest, and where s = i (a -f 6 -f c).
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In the calculation of the area of a quadrangle, Ch’in does not

follow the erroneous views employed in the Wu4'sao Suan-ching and

adopted by Hsia-hou Yang. Ch4n calculates the area by the four sides

and a perpendicular from a vertex to one of its opposite sides and

applies the formula obtained for the triangle.

For the area of a quadrangle with two pairs of equal

sides a and h and with the diagonal c that join the ends

of these pairs, Ch’in employs the equation

— {B — A)“ -f 2 (^ + ^) = 0,

where

Half the area of a banana- leaf shaped field is given by the

equation

- (a + hf X 10 +
{

-
(

2

)* ja: + .i;® = 0.

The field is included by two equal circular arcs, whose common
chord is a, and whose common sagitta is h. This equation is therefore

one that gives the area of a circular segment, whose chord is a and

whose altitude is h

The book contains a problem on the equal partition of a trape-

zoid field. This is the earliest instance of various problems of the

same nature that attracted much attention among later Chinese and

Japanese mathematicians. ’Fhe problem is this:

“There is a field, whose form is like a rudder; the south side is

smaller and measures 34 paces (a), the north side is greater and

measures 52 paces (/>); the normal length is 150 paces {h). The field

is possessed by three brothers, to whom it is to be equally divided.

In the division a path is to be provided by a side. It is required to

find the respective lengths, etc, of the distributed parts.”

For the length of A’s share that comes in the south side, the

equation is given:

— ~ X -f alix -f x‘ = 0,

where K is the quotient of (a -f h)h divided by the number of persons.

In book 8, Ch’in gives the following problem:

“There is a circular castle, whose circumference and diameter are

unknown; it is provided with four gates and three miles (a) out of the
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north gate there is a large tree, which is visible from a point 9 miles {b)

east of the south gate. What will be the lengths of the circumference

and the diameter of the castle? Here the old

value of Jt is to be used.”

Ch’in solves it according to the equation

-f
- 4

X Sa'x^ — '2b“ xHa^ xb = 0,

which is treated as one of the lOth degree.

This gives the root ic = 9, for the length of the diameter. The

treatment of equations of higher degrees appeared with the Chinese

mathematicians first in Ch’in’s work.

A problem in book 14 is this:

There is a pile of cedar timbers accumulated in a triangular

form. The number in the pile not being known, it is only known

that when the tinribers are taken away to the middle part, the remaining

layer will consist of 9 timbers. The original number and the remaining

are required.”

This is a problem of arithmetical progression, and the rule given

by Ch’in shows that the sum of such a progression will be expressed

as equal to

2 (the middle layer) x {2 (middle layer) l)=

In books 15 and 16 there are further some problems concerning

arithmetical progressions. He gives as the sum of the first r n«n,tural

numbers and as that of those from k to r the formulae,

r{r+l) r {r -f 1) __
{k - 1) k^

2 2 2

Ch’in also makes use of the formula

a + {a + b) 1- (a + f — 1 6) = I r* + (a -

Book 12 contains a problem relating to the number of months

that will be required in repaying the sum of 500 000 by a monthly

payment of 100000, the interest being reckoned at the rate of 0 65 7o
per month. In solving this problem Ch’in merely calculates the re-

mainders after each payment; he does not use any method of general

treatment, although he employs equations of higher degrees in other
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places He was probably unaware of the general formula that gives

the sum of numbers in a geometrical progression.

In book 17 the ancient treatment of the simultaneous linear

equations is given in writing in such a

form as is annexed. Of course the letters

are intended to represent the numbers

recorded in numerals representing the forms

of the arrangement of calculating pieces.

It must not be supposed that Ch’in had

recourse to a written mode of manipulation for the simultaneous

system. For he only writes down what is to be arranged and carried

out on the board for calculating pieces.

The numerals Ch’in employs in his work, and indeed very freely

throughout in all parts of it, differ little from what we have given

as the arrangements of the calculating pieces in connection with our view

of Suu-Tsii. Besides he used the symbol Q for zero. Such symbols

as X, X, >k are also employed to indicate 4, 5, and 9, the two

last symbols both representing 9. In Ch’in’s notation, the principle

of local value is strictly observed. But this is no wonder, for it is

a mere way of writing down what should be arrranged on the calcu-

lating board, where the same principle was followed from time im-

memorial. The symbol for cipher was certainly borrowed from an Indian

source, perhaps through the Chinese translation of the Chiu-chih-Li,

which is now lost. Although its use first occurs in Ch’in’s work in

so far as we know, yet Ch’in was not in all probability the first to

use this symbol in China.

VVe have spoken of Ch’in Chiu-shao’s resorting to higher equations

in solving some of his problems. He also explains in detail the actual

steps of solving such equations. We have here to describe the

practical process of extracting a root of a numerical equation as carried

out by Ch’in.

Tlie Chinese practised abacus arithmetic with the calculating

pieces, or the sangis, as we have observed, from ancient times. They

extracted the square and cube roots on the sangi-board, and indeed on

the same principle in both cases. They solved even quadratic equations

as early at least as in the times of Chang T’sang and Ching Ch’ou-

ch’ang. Such a solution was most probably carried out on the same

lines as with the extraction of a square root. At the beginning of

the 7 th century Wang Hs’iao-t’ung solved many problems by the

application of the cubic equations. Wang did not indeed indicate the
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practical way of solving these equations, but as he expressly states,

they were required to be treated in the same manner as in the extraction

of the cube-root.

Thus the approximate way of solving numerical equations had

not been foreign to the Chinese from early times; but there occurred

no instance of equations of degrees higher than the third until in the

work of Ch’in Chiu-shao. Even his solution did not rest on a new

principle, it was a natural extension of the way of root- extraction of

the second and third degrees and of the guessed process for the

quadratic and cubic equations practised in old times. Nevertheless his

explanation or extension was indispensable for the progress of the

Chinese mathematics. This way of solution of numerical equations

was not one that was executed in writing as some Occidental scholars

have conjectured; it was carried out on the calculating board. If I

am right in my opinion, the practice of the calculating pieces alone

has led the Chinese to the establishment of so estimable a process as

the solution of numerical equations of higher degrees.

Ch’in first illustrates the extraction of the root of the fourth

power in Book 4 of his work. He then proceeds in the next chapter

to the solution of the quartic equation,

- 4* 763 200 - 40 642 560 000 - 0.

Ch’in does not treat this equation as quadratic in it is solved

as a quartic equation.

It is noteworthy that Ch’in, — and with him all other Chinese

mathematicians, — makes the absolute term always negative.

In Ch’in’s original copy of the work, it is stated, he has distin-

guished the positive and the negative numbers by writing in red and

black colours in accordance with the colours of the positive and

negative pieces.

In the first place the equation before us is arranged in the follow-

ing form;

- 40642560000 shih or absolute

0 fang or 1st degree

763 200 upper lien or 2nd degree

0 lower lien or 3rd degree

-

1

yii or 4 th degree
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To carry out the evolution of the root the respective classes except

the absolute must be removed to the left, as in the case of the extraction

of the square and cube roots; these removals should be so effected that the

1st degree class is advanced by one column, the 2nd degree class by

two columns, the 3rd degree class by three columns, and the 4th

degree class by four columns. In the case before us, the same process

must be repeated for the second time; and thus the root is known

to be of three figures. Although the successive steps are indicated in

Ch’in’s work in separate diagrams, we shall here explain the process

in an abridged form, because it is too tedious to reproduce all the

passages followed hy the author.

The first figure in the root will be seen to be 8, and this is to

be multiplied by the 4th degree class and the result added algebraically

to the 3nd degree class. Multiply this by the root and algebraically

add to the 2nd degree class. Multiply the result again by the root

and add algebraically to the 1 st degree class. Multiply the root by

this result and subtract from (or algebraically add to) the absolute

class. The result is:

8 root

- 40642560000

(l") X 8 . .

.

788480000 absolute

3820544

(‘i") X 8 . . . 9856 1st degree

7632

(3«) X 8 . . .
~ 64 2nd degree

1232

(4“) X 8 . .

.

- 8 3rd degree

- 1 4 th degree

Now multiply the root by the 4 th degree class in the

newly obtained expression and add the product algebraically to

the 3rd degree class. Multiply this result by the root and add

the product algebraically to the 2nd degree class. Multiply by this

result the root and add the product algebraically to the Ist degree

class.
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Again multiply the 4th degree class by the root and add the

product algebraically to the 3rd degree class. Multiply by this

result the root and add the product algebraically to the 2nd degree

class.

Again multiply the 4 th degree class by the root and add the

product algebraically to the 3rd degree class.

The result of these operations is as follows:

8 root

absolute

1st degree

38205440000

- 11568 x8...
9856

- 92544

- 82688

1232

— 16 X 8 . .

.

- 128

- 11568 2nd degree

- 24 X 8 . .

.

- 192

- 30768

- 8

-1x8... ...-8

- 16

-1x8... . . . — 8 3rd degree

-24
-1x8... . . . - 8

- 32

- 1 4 th degree

Next move back the 1st, 2nd, 3rd and 4th degree classes by 1,

2, 3 and 4 columns respectively to the right. Thus the arrangement

assumes a form as shown on the next page.

Now taking 4 for the second figure in the root, proceed exactly

in the same manner. Successive repetitions of like operations will lead

to the evaluation of the further figures in the root. But in the case

under discussion, the absolute class vanishes after the operation is

effected for the second figure of the root, so that the evolution comes

here to end, giving the root = 840.
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In learning wliat the Chinese practised in extracting the root of

an equation as we have described, we cannot but be reminded of the

celebrated method of Horner for the approximate solution of numerical

e((uations. See how identical the two are in their points of principle.

8 ^ root

38205440000 absolute

- 82688 1 st degree

30768 ^ 2ud degree

- 32 3rd degree

- 1 4 th degree

If there is anything tluit differs in the two methods, it should be sought

for in the different ways of arrangement, which we owe naturally to

the difference in tlie systems of operation. The Chinese solved their

ecjuations on the calculating board, while Horner applied a written

mode of calculation. At any rate, who can deny the fact of Homer’s

illustrious process being used in China at least nearly six long centuries

earlier than in Europe, for Horners paper was published in 1819?

We of course don’t intend in any way to ascribe Horner’s invention

to a Chinese origin, but tlie lapse of time sufticiently makes it not

altogether impossible that the Europeans could have known of the

Chinese method in a direct or indirect w^ay. Moreover the Europeans

had been for more than two centuries in active cooperation wdth the

Chinese to transplant the Occidental sciences into the land of the

Middle Empire. Among them there w^ere not a few who were versed

in mathematics. Why could they not have come in contact with the

method of the Chinese algebra, that lay openly before their eyes?

As to the feelings of the Chinese upon the occasion of the European

algebra or process of solving numerical equations being introduced into

China in the 17 th century, we shall return again to say something,

when we discuss the mathematical attainments of the Chinese under

the present Dynasty of Ching.

The process just described equally applies to the evaluation of

the decimal part of the root, as later Chinese as well as Japanese mathe-

maticians have done, but Ch’in did not try anything of the sort.
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In the evolution of ]/l000 Ch’in gives the root to be where

the fractional part is derived in the same manner as is done in old

times

He applies the same treatment to the case of equations. In the

equation

(a + 6)’ X 10 = jgy - ( 2
^; +

where a 576 and 6 = 34, Ch’in first calculates the integral part of

the root to be 21742, when there remains the quantity 10426 in the

absolute class. Now Ch’in calculates the 1st degree class that is

needed in the next operation; this quantity is found to be 126140.

Here to find half the root, Ch’in takes the halves of these quantities

and puts

(the root)= 1087lg,V

where perhaps the denominator is erroneously halved.

It is a noted fact in history that Thomas Harriot (1560— 1621)

made all the significant terms in an equation stand on one side of

the sign of equality. Ch’in arranged the absolute term so as always

to be negative, which is much akin to the achievement of Harriot.

Ch’in’s contemporary Li Yeh and all other mathematicians in succeeding

ages followed the same way of arrangement as indicated in Ch’ins

work. In this point, therefore, the Chinese may be said to have been

more than three centuries ahead of Harriot.

Notwithstanding that Ch’in Chiu-shao was very minute on the

one hand in explaining the process of evolution or root extracting of

numerical equations, on the other he utterly neglected the description

of the way to construct such equations by algebraical considerations

from the given data in the problems. This does not mean however

that he was altogether foreign to algebraical treatments; or how could

he have been led to these complicated equations he employed in his

treatise? But the explanation of algebraical manipulations remained

in the hands of his contemporary Li Yeh, who lived far apart in the

contending monarchy of the Mongol invaders. We now pass on to

review something of the life of this mathematician.
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CHAPTER 12.

LI YEH.

In 1248, the next year after Ch’in Chiu-shao's composition of

the Su-shu Chiu-chang, there appeared the Tst-yuan Hai ching or the

^^Sea-Mirror of the Circle -Measurements” written by Li Yeh, and it

was followed by his I-kn Yen-tuan of 1259. These two works are as

invaluable in history as we have esteemed Ch’in’s work, for it is in

them that we find the algebraical considerations explained for the first

time by a Chinese hand, in so far as old documents are handed down

to us. It is highly worthy of notice that Ch'in solely concentrated

his attention upon the explanation of the process of solving the equa-

tions obtained without giving any slightest hint as to their construc-

tion, while Li merely tried to describe, if not sufficiently, how to

proceed from the given data in the problems to the construction of

the equations required in their solution, without giving the actual

method of solving them. Does it not then appear as if Ch'in and Li

had come forth at the same juncture of time to cooperate in suf-

ficiently furnishing to the Chinese algebra its requisite establishment?

Nevertheless the two lived far apart, and indeed in different and con-

tending monarchies.

Although the Sting-Shih or the ‘TIistorical Records of the Sung

Dynasty” does not give Ch’in’s biography, the Yuen-Shih or the

‘^Historical Records of the Yuen Dynasty” contains a life of Li Yeh

in the Biographical Section of the book. According to this record,

Li Yeh‘) was born at Luan-ch’ong under the yoke of the Monarchy

of Chin that was situated in the north of China and that was ever in

strife with Sung. He passed the examination of the Chin government

for the civil service and he was made after some time the governor

of Chiin Chou, when in 1232 the castle of the province fell into the

enemy’s hands. Li escaped in disguise and lived in poverty; he then

gave himself to the studies of books, which he could collect After

the overthrow of the Chin Monarchy*), the Mongolian prince Kublai

Khan sent for him, because he had learned of his wiseness Asked

by the mighty prince of the wise men of the times, Li Yeh promptly

replied: "The world is never destitute of wise men. If you will seek

1) Li Yeh is sometimes represented as Li -yeh Jin -king (as by Moritz Cantor)

but his family name was Li and his personal name Yeh; Jin-king was his familiar

name, or surname, which nil Chinese persons bear.

2) The Monarchy of Chin was overthrown by the Mongolian invaders in 1234.
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after them, they will be before you. If however you don't seek, there

comes no wise man at all This is for only an obvious reason".

Asked again of the discretion of governing the state, Li Yeh

earnestly told the prince that he ought to promote virtuous men and

get rid of unvirtuous; that he must strictly observe regulations and

keep order. He was not even afraid of expressly speaking about the

evils of the times.

Li Yeh’s replies were all approved by Kublai Khan and he

was held in great esteem; but he did not serve the Mongolians at

that time.

In his life’s decline Li Yeh lived in a Mongolian territory, where

he taught pupils, who became more and more numerous in course of

time. On Kublai Khan’s ascending the throne in 1264, Li was again

sent for; he again declined to accept service on account of his age

and infirmity. But in the next year he was obliged by repeated

entreaties to occupy a chair in the Han-lin Academy. Being there

for only a few months, he resigned his post and went away. He then

died at the age of 87. Some later writers — among them Chiao

Hsttn who flourished at the end of the 18th century and at the

beginning of the following century may be mentioned — take the

year 1265 as the date of Li Yeh’s death.

According to the Historical Records of the Yuen Dynasty", Li

Yeh left besides the two works already mentioned other writings such

as the Ching-chai Wen-chi or ^^Collections of Ching-chai’s Writings ’,

Ching'Chai being Li Yeh’s nom-de plume, consisting of 40 books, the

Pi-shu Su-hsiao consisting of 12 books, the Fan-shuo consisting of

40 books, the Kii-chin Nan or ^^The Old and Modern Times Criticised”,

that consisted of 40 books, etc.

The ‘^Sea-Mirror of Circle-measurement” was intended, as the title

indicates, to treat of measurements connected with a circle, although

the treatment does not lie in the domain of the quadrature of the

circle. As the author writes in the preface of this work, he was used

to mathematical studies from his youthful days and it was always his

regret that there was not anything settled about the calculations

referring to a circle; so for instance, the old value of n and the values

of Liu Hui and of Tsu Ch’ung-chih all differed; while there was no

process with which arcs, sagittae, and segmental areas of a circle could be

measured in such a way as was satisfactory to him. After he was

54 years of age, however, he came upon the doctrine of the Tung-yuen

Chiu-yungj which proved highly interesting to him. This was perhaps
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the way of algebraical considerations of the celestial element. But to

tell the truth, subsequent native writers are all at a loss to make clear

the meaning of this term. In any case Li Yeh cultivated the

doctrine or art thus brought before him with great care and he

was at last satisfied about the questions that had troubled him

so long.

With such preparatory remarks Li Yeh proceeds in the twelve

books or chapters of the ^‘Sea-Mirror” to establish his rules. In the

opening of the treatise he first gives a

diagram which is as shown in the

figure

In the first book or chapter Li Yeh

describes the relations of the various parts

in this figure, and the 2nd and further books

are devoted to the consideration of various

rules of calculation in relation to these

quantities. The treatment is done in the

algebraical way.

The same author’s subsequent compo-

sition, the I-ku Yen-tuan was also devoted

to algebraical treatment. The ways of

representing algebraical expressions are

however different in these two works.

We have already remarked upon Ch’in Chiu-shao’s employment

of the term ficn-yneny which means celestial element. This same term

was also employed by Li Yeh. Ch’in referred to the celestial element

in his treatment of indeterminate problems, as we have said; he did

not however employ the term in connection with his manipulation of

numerical equations, with which he has become so prominent in history.

It was in this latter connection that Li Yeh used the term celestial

element.

In the algebraical process of Li Yeh’s celestial element, unity is

employed as the representative of an unknown number. This was

certainly done with the aid of a calculating piece. But in writing in

his work Li uses the ideogram yuen or element written by the side

of it to distinguish it from other terms in an expression, which are

arranged in a vertical column. The absolute term comes under the

linear term and it is marked by the ideogram tai^ perhaps implying

the meaning that it is in the place of the tai~chi or extreme limit or

great extreme. The square of the celestial element is arranged imme-

Abhdlgn. z. Qesch. d. math. Wisa. XXX.
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diately above the element; next above comes the cube; and so on

upwards. Thus the equation

-f -f 66a: — 360 = 0

would be written as given annexed.

The square and further terms

are not expressly indicated, but

these are designated by the rela-

tive positions to the great extreme

or the absolute term. In practice

the two ideograms yuen and tai

are not necessary; one of them

may be advantageously omitted.

Li Yeh’s way of arranging

equations as found in the Sea- Mirror” is utterly different from that

of Ch’in, who had followed the development of the root-extraction

process of old times. It is utterly unknown however to us as to what

reason or reasons had induced our author to adopt such an arrange-

ment. But in the 1-ku Yen4uan Li Yeh changes his arrangement in

the same way as Ch’in has done, bringing the absolute term upper-

most and other terms successively below it. And this way was destined

to prevail thenceforth.

Ch’in Chiu-shao distinguished positive and negative numbers by

writing the former in red and the latter in black colours. This was

very natural, whether invented by Ch’in himself or otherwise, because

the Chinese had been accustomed long before to use red and black

calculating pieces to distinguish positive and negative numbers, and the

equations were ultimately to be arranged with these pieces. But it is

not convenient to use two different colours in writing and especially

in the case of printing. Thus there soon arose the usage of distinguish-

ing numbers of different signs, when representing them in writing,

by referring to a specially designed symbol. Such a symbol is met

with in both works of Li Yeh. If we are not sure whether he was

the first Chinese who used the symbol, yet his works are perhaps the

oldest writings wherein it was made use of, that are transmitted to

our time. This symbol consists of a diagonal stroke drawn through

the right-hand figure. Thus

loHi,, W. loloo

1

1

nil II

L'ri yuen or element

IIIlo tai or extreme

stand respectively for — 10 724, —9 and — 10200.
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The symbol Q for the cipher was equally employed by Ch’in

and Li.

This symbol of zero, together with Li Yeh’s way of designating

negative numbers, have been employed constantly ever since. The

Japanese mathematicians in feudal times also had recourse to these

symbols.

(Ji’in (>hiu-shao and Li Yell were contemporary scholars and

taught the treatment of equations at the same time. This has caused

some scholars to think of the latter as having been influenced by the

treatise of the former. But the majority of later native scholars appear

to have agreed in considering the productions of the two mathe-

maticians as w^orked out independently of each other, because they

lived far apart in rival monarchies. For our part we acquiesce in

this opinion. But the agreement of the two scholars in their employ-

ment of the same term of the tUcn yuen or celestial element and the

same symbol Q cipher awaits an explanation, for such could in no

way originate from the simultaneous inventions of two independent

workers. It will be meet for us therefore to conclude that the practice

of the celestial element as well as the use of the cipher symbol had

existed from before the time of these scholars. The zero symbol was

perhaps introduced irom India during the reign of the Tang Dynasty.

What Ch’in and Li themselves record in the prefaces of their works

seems to justify our view, although very scantily.

We shall say something in the next chapter about the works of

a contemporary scholar, whose writings are dated a little subsequent

to our authors and who also treats of the same matters.

Half a century later there appeared a mathematician whose name

was Chu Shih-chieh, who wrote the Szu-yuen Yn-chim in 1303.

According to the preface of this work, we learn that there had been

a certain Yuen Hao-wen, who was a civil officer in the Chin Monarchy.

After the fall of that Empire, he spent his days in writing on various

subjects, and he was versed in mathematics and especially in the

method of the celestial element. He was a friend and an intimate one

to Li Yeh. Yuen once wrote detailed notes on a mathematical treatise

entitled the Ju-chi ShiMisiao written by one Liu Ju-hsieh. This was

most certainly a treatise on the celestial element algebra, but neither

Liu’s original work nor Yuen’s notes exist now. Nor do we know of

Liu’s life-time.

The algebra of the celestial element was certainly no new inven-

tion in the l3th century; it seems it had descended from former ages.
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But it was equally true that the celestial element was not popularly

practised in those times among the whole circle ot‘ mathematicians.

Even the single fact that Li Yeh changed the way of arrangement he

had formerly employed in a later composition may well illustrate that

such a usage had not been a very common one among his contem-

poraries. See how Li Yeh had put a stress on his ^^Sea Mirror

when he recommended the treatise to his son on his death -bed!

According to Wang Te-yiian who reprinted the “Sea-Mirror” in 1287,

Li Yeh bade his son burn all his writings on his death, except the one

treatise, the Tse-yilan Hai-ching, or the “Sea-Mirror”, saying he was

aware that posterity would doubtless come to revere its contents.

In any case the Chinese algebra had sprung from the old practice

of considering the extractions of square and cube roots. The Chinese

algebra as treated by Li Yeh and his successors was manipulated on

the board for calculating pieces, which was the peculiarity of the

Chinese mathematics. We have no reason whatever to suspect the

Chinese of borrowing their way of algebraical manipulations from any

foreign source.

In the next chapter we shall speak of another mathematician in

whose works we meet again with the equations of the celestial element.

CHAPTER 13.

YANG HUI.

Immediately after the appearance of the treatises of Ch’in Chiu-

shao and Li Yeh there came out a third mathematician whose name

was Yang Hui. He was a native of Ch’ien-t’ang and belonged to the

Sung Monarchy. We know little or nothing of his life, but we are

possessed of several of his writings preserved to our own days.

These writings are the Hsiang -chieh Chiu-chang Suan-fa or “The

Analysis of the Arithmetical Rules in the Nine Sections”, 1261, in

which some of the rules and problems in the old Nine Sections are

explained; “The Supplements to the Analysis of the Nine Sections”;

and five others called by Yuan Yiian as Yang Hui Suan-fa or “Yang

Hui^s Arithmetical Works”, one of which bears the date of 1275.

In the “Analysis of the Nine Sections” Yang Hui illustrates the

summation of an arithmetical progression. To find the total distance

traversed in fifteen days by a steed who goes 193 Chinese miles (li) on

the first day and who increases his speed 15 miles every day, Yang
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takes the product of the number of days and half the sum of the first

day’s speed and that of the last day, which is found by adding to the

former 14 times one day’s increase of speed. Here he adds a diagram

as shown annexed.

It is obvious that

Yang intends to show that

the required answer is

obtained by taking a

quantity corresponding to

the area of the rectangle

com})Osed by twice this

figure, and halving the

result.

In the Suan-fa Tmuj-pien Fen -mo Yang II ui further gives the

formulae for the sums ot the progressions he calls the triangular and

the square, which are

1 + (1 + 2) + (1 -f 2 + 3) + •
• + (1 + 2 4 3 + 4 .

. + «)= --'^-6 ^

e 4 2^ -4- 3' 4 • 4 « = 3
(w 4-

.vj
yn 4 !)•

About these progressions the formulae, or rather rules that lead

to these formulae, alone are given; no explanation is tried as to the

analysis of them.

As we have said the Suau- cliimj gives the area of a

quadrilateral erroneously as the product of the half sums of the two

pairs of opposite sides. Yang Hui was aware of the incorrectness of

it, and he tried to correct it in the ‘^Su})plement of the Analysis”.

He considers a quadrilateral whose sides are successively 115, 15, 45, 25.

He calculates its area by dividing it into two parts by a perpendicular

let fall from the vertex of the sides 35 and 25 upon the side 45.

The perpendicular is taken to be 22 44995, and the two parts are

treated as a right triangle and a trapezoid. Though this relation

holds good only when the sides 15 and 45 are at right angles, yet the

author does not make any remark as to the existence of other

possibilities.

Yang Hui considers in the “Supplement” problems in simple pro-

portion, one of which is this: “A runs 100 paces (a), while B runs

60 paces (h). If now B starts 100 paces {c) ahead of A, in how

many paces will the latter overtake the former?”
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This problem may be obviously solved by the formula of pro-

portion:

Of i 0/ 1) = c : Xf

a-b a which is the very formula Yang Hui employs. He only

17
*:

writes it in the form as annexed and cross multiplies

two of the elements and divides the result by the

remaining element.

Problems in proportion were considered in the *^Nine Sections”

but this scheme of expressing a proportion was given for the first

time by Yang Hui, so far as our limited knowledge goes. He calls

proportion by the name hu-huan, which means literally alternate

exchange”. He considers in his Hsu Ku-chai-ch' i Suan-fa also problems

in compound proportion, which he calls chung hu-huan or “doubled

alternate exchanges”.

In linear equations Yang considers problems where four or five

unknown quantities come in.

In the “Supplement to the Analysis” Yang considers the problem:

“There is a rectangular field whose breadth is 24 paces and 3‘4 feet

and whose length is 36 paces and 2*8 feet. What will be its area?”

In this problem there is of course nothing that is worthy of notice,

but Yang’s consideration of it is full of interest. He first treats it

expressing the two lengths in terms of the tenth of a foot, but he

also tries to carry out the multiplication in this way: When expressed

by the decimal parts of the pace, the breadth becomes 24*68 and the

length 36 56 paces. If we multiply these together we get

24*68 X 36 * 56 = 902*308.

This shows very well that Yang Hui had been in possession of a wny

of manipulating directly decimal fractions.

Yang Hui describes in his CKong-chJu Tung-pien Suan-pong

division by the employment of the division -table which is made like

the multiplication-table. This table is a part of what has been employed

in later years in the arithmetic with the suan-pan or the sorohan of

the Japanese. We are not however informed as to whether he had

practised his calculation on this sort of abacus. Of the origin of the

sorohan we shall see later on.

In the old “Nine Sections” we find the problem: “There is a door

whose height is 6*8 feet greater than its breadth and whose diagonal

length is 10 feet. What will be the length and breadth?” This is

just to find the two sides of a right triangle, whose hypotenuse c and
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the difference d of two sides a and b are given. To solve it Yang
Hui makes use of the relation

c^ = 2a* + 4x(^)’ + 4gxa),

which may be easily verified. This is capable of

being respresented graphically as annexed. If we

2
d

j
from the whole and take the

half of the remainder, the result is the square <4-

of a + 1 d. We have therefore
2

I

For this problem Yang Hui tries a second mode of solution. Thus

from the relation c" = 2 -h 2 da d^ follows

c- d“ = 2 (a- -f d a) or da =• — d^),

to which the method of evolution with an additive term applies, i. e.,

the approximate solution of the numerical equation of the second

degree can be employed to obtain the value of a.

This method of evolution is explained graphically in the ^^Supple-

ment to the Analysis” for the case of a quadratic equation, being referred

to as taken from Liu I’s I-hi Kon-yuan, Yang employs several pro-

blems for that purpose and considers several cases separately; but we

shall give only one of these cases.

^‘There is a rectangular field, 864 square paces in area, whose

breadth is 12 paces less than the length. It is required to find the

breadth.”

Here we have A — lb = {h d) b

,

where the meanings of the

letters employed will be obvious. Consequently b = breadth is to be

obtained from

864 -f 12 X A 0.

A method had indeed existed from old times for the solution of such

an equation as this, as we have already observed. But Yang Hui

explains how such a way is to be followed. Namely, if we know

beforehand that 6 = 24 and I == 36 paces, the area of the rectangle

will consist of such parts as shown in the left of the figures. Suppose

therefore we take x — 20 and operate as in the case of the extraction
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of a square root, then we shall see that the area may be divided as in

the right-hand figure. If we subtract therefrom 20^ and 20 x 12,

the remainder will be = 2 x (20 x 4) 12 x 4 -f 41 Hence trying

to divide roughly the rem-

ainder by (20 X 2 -f 12), we

see that the next figure in

the evolved root should be 4.

If we now subtract 4", there

is no remainder for the

present case, and we find the

breadth to be 24. If however

there still is a remainder,

the same process may be

eontiuued further.

Yang Hui also gives a case of a bi*(]uadratic equation. In the

problem of finding the chord and altitude of a circular segment whose

area (a) is 32 and whose diameter (d) is 13 he gives the equation

- {2ay -f 4a + idx^ ox*' = 0,

or

~ 4096 -h 1 28 .t- 4- 52 5 rr
‘ - 0

for the determination of the altitude. The solution of this equation is

briefly explained and the root is given to be x— A. This consideration

is indicated by Yang as taken also from Liu Ls work above referred

to. No explanation is tried as to the analysis of the ])roblem. The

symbol Q for cipher is used in this place, but positive and negative

numbers are distinguished by words as done l)y Ch’in Chiu-shao.

It is very noteworthy that Yang Hui refers to Liu I’s work in

his considerations of equations but does not mention Ch'in Chiu-shao

and Li Yeh. He was certainly independent of them. Liu I was a

mathematician from whom Yang received instruction and so he belonged

to the middle of the 13th century; he was a native of Chung-shan.

We know nothing however of this mathematician; nor does his work

remain now. But from what we have said, it is clear that he had

mastered the treatment of higher equations. Taking him to have

worked without any mutual influence with Ch’in and Li, it must be

considered that the solution of equations had been practised from

before their times. It has developed in China, because the calculating

pieces were practised.

Yang Hui does not employ the name fien-ijiicn or celestial element.
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CHAPTER 14.

CHU SHIH-CHIEH.

Hall a century after the flourishing period of Ch’in Chiu-shao

and Li Yeh there appeared Chu Shih-chieh, who was versed in the

celestial element method and who was instrumental in the advancement

of the Chinese abacus algebra to the highest mark it has ever attained.

He wrote the two treatises, Stian-hsiao Chi-mcng or ^‘Introduction to

Mathematical Studies’' and Szu-yuen Yil-chien or ‘‘The Precious Mirror

of the Four Elements”. Of these the first appeared in 1299, followed

by the latter in 1303.

We know little about Chu’s life; nor is known the date of his

birth or death. As is stated in the pretace to his “Precious Mirror”,

he had lived a wanderer's life through various parts of the country

for over twenty years before he wrote that treatise, earning his liveli-

hood by teaching arithmetic to pupils who had crowded around him.

Chu’s “Introduction to Mathematical Studies" gives, a division-

table, in which some progress is seen when compared to that employed

by Yang Ilui some time previously. The division-table such as applied

to the sorohan arithmetic is said also to appear in the Suan-fa Cliiian-

nong-rhi written by Chia Hong, who belonged to the Mongol Dynasty.

Chu Shih-chieh gives in the Snan-lisiao Chi-mnig of 1299 the

rules of signs for algebraical addition and multiplication, and he treats

of examples in the four operations, and percentage partition, up to

questions in the method of the celestial element and simultaneous

equations.

In the arrangement of equations Chu takes the absolute term at

the topmost and the successive higher terms below one after another,

as was the case with Ch'iu's work and the second publication of Li

Yeh. Chu employs the diagonal stroke as done by Li to designate

negative numbers. He explains the operations of extracting the square

and cube roots; but he does not describe the wray of solving numerical

equations, except that he slightly indicates a direction to be followed

only in a few' words, which is scarcely intelligible to any reader who

is not previously initiated into the subject.^) Nor does he consider

the algebraical treatment ol’ constructing equations.

Chu’s Suan-hsiao Chi-mcng contains nothing that is advanced

further than the results of his predecessors and so it bears little value

1) See Smith and Mikami’s History.
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in the mathematical history of the Chinese. But it was the very

treatise that was destined to exercise a tremendous influence over the

mathematical development of the Japanese in the 17 th century.

Meanwhile the book had been once lost in China, and it was not until

1839 that it was restored by Lo Shih-lin’s discovery of a copy of

its Korean reprint made in 1660. ^^The Precious Mirror” that had

been also lost, was restored a little previously to the other treatise.

This book is more precious than the other, for it is in this work that

the highest development of the Chinese algebra was ever attained.

Chu’s friend writes at the end of this work thus: . Subsequently

Chiang Chou of Ping-yang wrote the J-A:w, Li Wen-i wrote the Chao-

taUj Shih Hsin-tao of Lu-ch’iian wrote the Chien-chmjy Liu Ju-hsieh

of P’ing-shui wrote the Ju-chi Shih-hsiaOy and Yuen Hao-wen of

Chiang wrote a commentary on this last work; and then their successors

have come to know of the celestial element method . . .” This passage

seems to point out something about the origin of the algebra of the

celestial element method. It must be however remembered that Chu

does not make any reference to Ch’in, Li, or Yang.

In the beginning of the ^^Precious Mirror” Chu gives what may
be called an arithmetical triangle, which he calls a diagram for the

8 th and lower powers”. This is indicated as an old calculation but

^ ^ not his own invention.

^
^

The triangle is of the

® ® ^ form shown here, where

2' (7) (2) (2)2* 2*-, 3^, . . . are

^
written for the linear

3 ^ (T) Q @ (7) ^ expression, the square,

© ® ® ® ® cubic, and the 4 th,

W ^ ^
^

2», ... for the absolute

6'0 0 ® @ @ 0 0 «'
and 1 St, 2nd, . . . deg-

• • •________ highest terms»'©®@@@@@®®» in the equations of the
«

degrees 0, 1, 2, . .

.

Previous to Chu’s time the Chinese algebra of the celestial element

was carried out only for the case with one unknown quantity, but

Chu extended the process to the case where there occur in a problem

four or less number of unknowns or that which are to be advantage-

ously considered as unknowns for the while. He distinguishes these
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four unknowns or elements as the elements of heaven, earth, man, and

thing. Of these the heaven element is arranged below the known

quantity, which is called '^the great extreme”; the earth element comes

to the left, the man element to the right and the thing element to

the upward of the great extreme.

Although Chu Shih-chieb was the first author whose writings now

remain concerning the considerations of the elements other than the

celestial element, yet such a plan had not first arisen with Chu himself.

As it is stated in a note at the end of the ‘Precious Mirror” by a friend

of the author, the earth element had previously been employed by Li

To-sai of P’ing-yang, and the man element had been referred to in

two examples by Liu Tai-chien

in his Cliien-h'un Kuo-nang. The

treatises of these scholars do not

however remain now.

Chu’s arrangement of the

four elements is effected as shown

here. We have employed an

asterisk in the middle, whereas

the character t\ii (great extreme) is originally employed. This arrange-

ment was done most certainly with the aid of the calculating pieces,

not in writing. This stands for the sum of the four elements

a -f -f- r -h d The square of this sum, which is equal to

-f- 4- -f d- 2 ah '2hc 2 cd 2 da 4-2 a c 2cbj

is arranged as also annexed above. The validity of this arrangement

1

1

1

2 O 2

1 O * * O 1

2 ' O 2

1

Trtt n “I

a^‘

4
ba't r

—f.—

.... J
Po c

J

b

'

>4

i .

ch ?

- -1-

1
1

IT

-i
4
r:

-

± l_

is shown by the left one of the two figures shown here, taking a = 4,

6 = 3, c = 2, rf = 5.

The right figure is also used for the illustration of the distribut-

ion of the square of
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Some of the problems solved by the method of the four

elements are:

There is a right triangle whose area is 30 square paces. Given

the sum of the two sides to be 17 paces, it is required to find the

sum of the first side and the hypotenuse.”

Here the sum of the first side and the hypotenuse is represented

by the heaven element and the first side by the earth element. “These

operations being carried out for the heaven and earth elements”, the

author writes, ^Hhe final equation will be found to be

- 3600 - 3706 = 0”.

'^There is a right triangle whose area is 30 square paces. Given

the sum of the two sides to be 17 paces, it is required to find the

sum of the second side and the hypotenuse.”

For this problem the rule is given thus: “Take the heaven element

for the sum of the second side and the hypotenuse; take the earth

element for the second side. These operations being carried out for

the heaven and earth elements, the final equation will be obtained

to be

3600 -f S106x ^ 11 x^- Ux^ -f = 0.”

Here it must be observed that the two last equations are the same

except that the signs are altered. But Chu considers them to be

distinct equations, because the process of evolution as we have explained

in connection with Ch’in Chiu shao’s works leads to different results

from them. The Chinese of these times were not acquainted with

the existence of more than one root in an equation. It was at a

comparatively recent date that Chinese mathematicians have come to

know of this fact, to which we shall return again in a later chapter.

As we see^from the consideration of these problems, the process

of the four elements is to take arbitrary unknowns besides that one

which is sought for, and then from the known relations given by the

data of the problem to get rid of the arbitrary unknowns.

Chu’s treatment with all the four elements may be illustrated by

the solution of the problem: “There is a right triangle, of which the

product of the second side and the sum of the 'five differences’ is

equal to the sum of the hypotenuse square and the product of the

first side and the hypotenuse; and the quotient of the sum of the

'five sums’ by the first side is equal to the difference of the second

side square and the difference of the first side and the hypotenuse.

It is required to find the 'yellow magnitude’ plus the three sides.”
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Here an explanation is needful. If we designate the three sides

of the right triangle by n, c, where the last represents the hypo-

tenuse, the ‘^yellow magnitude'’ spoken of in the above is a -{• h — c,

and the “five sums” and the “five differences” are

a a -f h Cj ri -f- (ot -f- 7) -|- (a 6)5

b — a, c — a, c c -- (h a), (a + h) - c.

Chu’s consideration of this problem is only too brief, but we shall

reproduce what he says, because it is of the deepest interest in the

history of the Chinese mathematics. Says he:

“Take the heaven element for the first side, the earth element

for the second side, the man element for the hypotenuse, and the thing

element for the quantity souglit for. And operating with these four

elements we get the equations*):

-2 *
1

0 1 0

(^0

“Operating with these four equations so as to effect elimination,

and exchanging the thing element with the heaven element we get

the equations («) and of which (/3) will be taken for the left column.

From these we get the equation (y)*), which we take to the right

2 - 8 28 *

0-1 6-2
0 0 0 -1

7

— 7 *

0 2
f

0 294

8 3

0 -4

(«) (fi) (y)

column. From the two inside columns (when ((i) and (y) are arranged

side by side on the left and right), and from the two outside columns.

1) If we denote the four elements by a-, ?/, 2
,
u

,
these equations will be

expressed by

(a) X — 2t/-l-z = 0, (b) 2x — —

=

(c) X* -j- = 0
,

[d) 2x 2y — u — 0 .

2) (a) - 2 a; - a;* d- 28 1/ + 6 xy - 8 2
/* - a; ?/• + 2 2

/’ = 0,

iP) 2x-ly^0.
294 + 3ar - 4ar* -f Sxy =» 0.3)
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by multiplication we get the expressions (d) and and subtracting

these from each other and dividing the result by 8, we obtain the

equation Evolving it according to the square root-extraction, we

0 -2058 -686

(<^) 0
, (*) -21

, (5)
-7

16 28 4

obtain a; = 14 paces, which is the required answer.”

The above statement is very brief and the particulars of the

elimination process are not indicated, but the order of procedure is

observed very clearly. Namely, Chu first takes four arbitrary unknowns,

for which four separate equations are arranged, the arrangements

being effected in a highly elegant and symmetrical manner by means

of the peculiar system we have described. From these equations all

the unknowns are eliminated except the one that is specially sought

for, giving in the end an equation in this unknown alone.

This procedure of the Chinese algebra will never fail to arouse

a great interest from the side of the historical students of mathematics.

But the interest must become most fascinating when we reflect that

all the operations of the four elements algebra were carried on in

practice with the calculating pieces.

On account of the growing interest of the four elements method

we shall try to illustrate the manner whereby the operations are

effected in the process. For that purpose we shall briefly follow what

Ting Ch’u-chung writes in his Commentary on the Precious Mirror”

published in 1876.

Thus in the problem considered above, the three sides of the

triangle and the quantity sought for being represented by the four

elements or respectively by

the sum of the quantities called the '^five differences” will be seen on

calculation to be * 2 = 2 Multiplying the second side by

1) (S) 16 a;*, (fi) — 2068 — 21 a; -f 28 a;*. Here of course the factor t/ is

understood as rejected.

2) - 686 - 7a; + 4:»*»»0.
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this quantity we get the expression (1) given below. Tbe quantity

(hypotenuse)^ -f ( 1 st side) x (hypotenuse) will be expressed by (2).

The quantities (1) and (2) being subtracted from each other, we get

the equation (3), whence we obtain (a).

0 *
2

0 0

-f- 2 ifz

(1)

3 0 1

i

0 1

•1* 0 1

0 1

-2 * 1

1

xz -f <c- — 2yz I xz -}- r- = 0 -- 2i/ -(- .r + j == 0

(2) (3) {a)

The sum of the ^^five sums” is equal to the expression (4), when

divided by the first side. The difference which is obtained by sub-

tracting the difference of the hypotenuse and the first side from the

second side square has the expression (5). These two quantities

o 4

2*

2 + +

(4)

1 0 5f: -1

1 1
!

^ 1

•r +

(5)

1

4 4

-1 0 2 1

'

I -1

2.i: -- ^ -f 4 (/ — x'if + iz

+ xz = 0

Kh)

beiu^ subtracted from each other, we get the equation (b). We have

also the relation (c) by the Pythagorean or Chou -Kong’s theorem, and

the relation (d) for the quantity sought for; or the thing element

(c) id) id')

being exchanged with the heaven element, the relation (d) assumes

the form (d').
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We consider the equation (d^) divided into two parts separated by

a horizontal cut, and square these two parts separately, whereby we

a;" - 41/2-8 yu - 4 = 0

(
8
)

get the expressions (6) and (7), which, when equated, give the equation (8).

We then multiply the equation (a) by the right -most column ot

the equation (b), when we get (9). Equating it with the equation (b)

we have (10), which assumes the ibrm (11), when the thing element

is exchanged with the heaven element and the result is doubled.^)

(9) (10) (11)

We add (11) to (8) and get (12). Then from it subtracting twice

the equation (d') we have (13). And again eliminating the highest

(12) (13) («)

line by aid of (d') we obtain (a).^)

1) These equations are equivalent to

(9)

4 a; -f x* — 8 2/
— 2 aiy + 4 2: + = 0,

(10) 2a:-f 2a;*- 12 i/- 2 a; 2/ + a; 2
/* = 0,

(11) 4w + 4w* — 241/ — 4^2/ — 2 wi/* = 0.

2) The equations (12), (13) and (cc) are equivalent to

(12) a;* — 24 1/
— 4 2

/* -f 4 M — 12 2/u -f 2 y*u — 0,

(13) 2 a; + 28 2/
— 4 2

/* — 12 2/w -f 2 2/*w = 0,

(a) 2 a; -f- r* — 28 2/
— 6 a; 2/ + 8 2/* + 2

/*^ - 2 2
/* » 0.
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Separating the equation (a) into two parts by a vertical line, and

taking the squares of these parts we get the expressions (14) and (15),

equating which we obtain the equation (16):

(15) (16)

From (16) and (r) we obtain (17), which becomes (18) after the

exchange of the thing and heaven elements. Then using (d') we

get (/3).

4 .r — 3 — 0 — 3 ?/ -f 4 = 0 2 x — 1 if = 0

(17)
'

(18) (/3)‘

From (r^) and (/3) we get (19) by subtraction. Then multiplying

it by the coefficient of the right column of (/3) and effecting elimination

by (^) we have (20). We then multiply (/3) by the right-most column

of (20) and the latter by the right column of the former and effect

the elimination when we get (y):

(19) (20) (y)

The construction of the final equation from (/3) and (y) will not

be repeated again, for Chu’s original accounts arc sufficient in this

point.

In Chu’s ^‘Precious Mirror” we find the equations,

- 2704 + 104:r2 + 296 = 0,

68 90625 - 5250 - 356 = 0,

which are given for the evaluation of the altitude of a circular segment

whose area is 26 square paces and whose diameter is 74 paces, and

Ablidlgn. *. Gesch. d. math. Wiss. XXX.
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for that of the altitude of a circular segment whose area is 1312^

square paces, the circumference of the circle being 267 paces. These

equations are of the form

— (2 area)^ -f 4 (area) -f 4 (diameter) — 5 = 0,

which is the very equation given by Yang Hui, as we have already

mentioned. In later years T’ang Shun-chih employed the same equation

at the middle of the 16th century.

CHAPTER 15.

THE ARABIAN INFLUENCE, AND KUO SHOU-CHING.

China was in brisk relation with Central Asia from old times.

The introduction of Buddhism into China was effected from the coun-

tries in Central Asia or at least from India through the way of these

countries. The old Chinese kept intercourse with the Hindoos some-

times from the sea but mostly from land through Central Asia.

There now arose in ascendency the nation of the Saracens that

was called Ta-shih, that is, Tazy, in China. The foundation of the

country is reckoned from the year 582 A. D. Ta-shih became influen-

tial in Central Asia and her dominions extended towards the boun-

daries of Chinese territories. The Saracens were a barbarous tribe at

first, but they soon came to search after and study the classical works

of the Greeks and the Hindoos; in a generation or two Ta-shih was

already a civilized nation. Astronomy and mathematics were vividly

studied there.

The intercourse of the Chinese with the Saracens could not be

said as have been very brisk. But it is an authentic fact of history

that the two nations were in contact. Would it not have been possible

that the mathematics of the Chinese was influenced by the Arabian

science?

It is recorded in history that Ta-shih embassies were received in

China in the years 615, 713, 726, 756, 798, etc. Nay, the port of

K’ang Chou in South China was opened for foreign trade, and there

came many Arabian merchants to import and export various merchan-

dises. The accounts of two Arabians who traveled in China in the

9th century are still preserved, and we are told by them that there

had been numerous Arabians, Persians, Indians and Christians at the

open port Canfu or K’ang Chou. We are also told by one of these
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travelers about the siege and fall of Canfu at the time of a civil war

that broke out in 877. The destruction of the city resulted in the

perishing of 120,000 foreigners including the retainers of the four

religions we have just mentioned. All this tells how prosperously the

maritime intercourse of China with Arabia had thrived. Then the

Chinese sciences may have received influences from the Arabians already

during the reign of the T’ang Dynasty. But we are not left with

any trace in the slightest degree to such an effect, for we know little

about the actual state of mathematical progress of these times down

to the 13 th century.

The 13 th century and the beginning of the 14 th century was a

thriving period of the Chinese mathematics when it was brought to its

perfection. We have already spoken of the achievements of Ch’in, Li

and Chu and their contemporaries. The Chinese algebra that was

manipulated with the arrangement of the calculating pieces and the

process of solving the ecfuations thus got by aid of the same pieces

were peculiar to the Chinese mind; we are not able to ascribe the

origin of this usage to the influence of the Arabians or any other

foreign sources. The symbol Q cipher may have been introduced

by the Arabians, but we are not sure even of it, for we may attribute

its introduction with equal probability to an Indian source at a much

earlier date, perhaps at the time of the translation of the Chiu-chih Li

in the eighth century.

Will there then be nothing that might tell of the existence of the

Arabian influence upon the mathematical studies of the Chinese? We
must look a little closer into the matter before we can judge the

question.

Soon after Ch’in Chiu-shao's time China was invaded by the

Mongolians, who founded the Yuen Dynasty, that ruled over the whole

country for nearly a century. The most celebrated of astronomers

who were entrusted with the construction of calendars during the

Mongolian yoke was doubtless Kuo Shou-ching. He was indeed a

Chinese, and there were not a few Chinese savants who were in the

service of the Mongolians. But it is also true that the foreign rulers

highly valued the Arabians whom they treated with the same esteem

as the Mongolians themselves and entrusted with important offices.

Even Arabian astronomers were present under the Yuen government

and they served in the office of calendar computation, as is told in history.

We read in the Yuen-Shih or ^'The Historical Records of the

Yuen Dynasty”, Book 203, that the two gunnery masters La-pu-tan
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or A-lao-wa-ting and I-szu-ma-yin') of the Western Land or Arabia

accepted the call of Kublai Khan and came to China in 1271 in order

to cast cannons At the siege of Hsiang-yang in 1273 I-szii-ma-yin

took an active part in bombarding the city. Again there were some

battle-boats that belonged to the Sung Emperor lying at anchor near

the south bank of the Yang-tse Chiang. This Arabian fired at them

from the north bank of the river and destroyed them. He died

in 1274. La pu-tan was succeeded in 1300 by his son in his office.

The descendants of the two Arabian masters continued for generations in

the service of the Yuen emperors employed with the art of gunnery.

The cannon was most certainly a Chinese invention; it was employed

in battles during the ages of T’ang and the Wu tai. It is said the Chinese

shot stones by the cannon. But in later ages the construction appears

to have been forgotten by the Chinese, while it was in some way trans-

mitted to the Arabians. It was now the Chinese who had to learn the art from

the latter. In other pursuits too many Arabian experts were employed.

At first the Mongolians adopted the calendar that was being

employed in the Monarchy of Chin in north China. But while they

were in the expedition to the countries in the distant west, they found

that the calendar in practice did not answer correctly in predicting a

lunar eclipse (1220), and it happened sometimes that they saw new

moons on the first day of the month. The able statesman and

renowned minister Ya-lii Ch’u-t’sai (1190— 1244), who was with the

Tartars during these campaigns, was a learned man very profound in

erudition and versed in astronomy too. He was consequently able to

amend the faults of the prevailing calendar and compose a new

system. Ya-lii’s calendar was not however adopted in practice. The

Mongolians learned afterwards of the superiority of the Arabian

calendars so that Kublai Khan adopted in 1267 a calendar called the

Wan-nien Li or ^^The Myriad Years’ (Calendar”, that was composed

and presented by the Arabian Cha-ma-li-ting or Cha-ma lu-ting. But

this calendar has since been lost, nor does there remain any record

about it. It was after this time that Kuo Shou-ching and others were

ordered to compute a new calendar-system (1276). Kuo’s Shou-shih Li

or Shou-shih Calendar” was computed in 1280 and was used in the

following year (1281).^)

Cha-ma-li-ting constructed in 1267 some Arabian astronomical

instruments in China. Of these we may mention a celestial globe, a

1) These names and others are read in the Chinese way as they are written in

Chinese characters. 2) The “Historical Records of the Yuen Dynasty”, Book 62.
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sun dial, gnomons for the equinoxes and solstices, and an instrument

for the observation of the starry heavens. In the "Historical Records

of the Yuen Dynasty”, section on astronomical subjects, the Arabian

names of these instruments are recorded.

Kuos calendar was one that was ever estimated as the best of all

Chinese calendars old and new. But we must not forget that it was

accomplished in the state of affairs we have just described. Its com-

position may have received some influences from Arabian science.

Under the reign of the succeeding dynasty of Ming the "Ilui-hui

Astronomical Board" was specially founded besides the Chinese Board,

and some Arabian astronomers were engaged for the study of calendars.

This fact seems to tell that the Arabians had been in active service upon the

subject from the time of Yuen Dynasty. It is also said that the astronomical

system employed in the Shou-shih Li is the same as that of Ptolemy.

Kuo Shou-ching, the author of the Shon-shih Calendar^ was a

great man endowed with rare genius Kuo considered spherical

trigonometry, that begins with him in China. Kuo’s studies on the

subject are said to be based on Arabian science.^)

Kuo Shou-ching was a native of Hsing-tai. He was born in 1231

and died in 1316. As a boy he already showed uncommon talents.

He did not like playing with other children. As his father had been

learned in mathematics and in riparian works, he was early initiated

in these subjects. It was in 1262 that he took service for Kublai

Khan. He was then active for some years in the embanking works,

wherein he was crowned with success. He took part in the calendrical

work after 1276. Kuo laid great importance on observations. As the

instruments of former ages were all unsatisfactory, he improved them

and invented various new ones himself. The construction of these

instruments is recorded in the "Historical Records of the Yuen

Dynasty”. The ShoH-shili Calendar was based upon the results of the

observations made with these instruments.

Kuo Shou-ching’s spherical trigonometry as stated by Moritz Cantor

was certainly applied to the consideration of the spherical figures

made by the intersections of the equator, the ecliptic and the moon’s

path on the celestial sphere.

The "Principles of the Tai-t’ung Calendar”*^ compiled by the

Ming government is said to involve the same principles employed by

1) M. Cantor, Vorl. ub. Geschichte d. Mathematik^ 1., 3® Aiifl., p. 684.

2) The Ming’Shih or “The Historical Records of the Ming Dynasty”, Book 32.
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Kuo and so we give something from this work in this place. We
shall not enter into details but content ourselves with giving

three figures. In one of them, which we reproduce here, the hor-

izontal line EE^ represents the equator and the

oblique the ecliptic. From the points on

the ecliptic, corresponding to the two solstices,

or S and W, perpendiculars being let fall on

the equatorial plane, there arise the right

triangles shown in the figure. When the same

is done for any point on the ecliptic, another

triangle will be obtained as represented. It will

be seen that this figure is intended to represent a projection. The arc

SE is indicated to be 23 90 grades or degrees, whereby the whole

circumference is divided into the same number of degrees as a solar

year contains days, a usage that had existed in China from very old

times. N represents the north pole.

In another figure, the equator is represented by a circle with its

centre N at the north pole. This is also a pro-

jection. Here the ecliptic comes entirely within

the equator. With any point of the equator the

larger right triangle will be formed, while there corre-

sponds another smaller right triangle in connection

with the ecliptic. The lengths a and h in the

figure are the corresponding sides of these triangles,

and these are indicated as the half equatorial chord

and the half ecliptic chord, respectively. The two triangles, it is also

indicated, will be derivable from each other. The point denoted E is

the Spring equinox.

To find the intersection of the equator and

the white orbit” or the moon’s path on the

celestial sphere, a figure is given as annexed.

Here AB '\% the distance of the white orbit from

the ecliptic. AB is given as = 6 degrees or

grades. The equator is represented by (72), and

the ecliptic by EF. A is the intersection of

the two, and is taken as the centre of the circle

whose radius is 60*875 degrees or grades. E and

F are the intersections of the white orbit with the ecliptic,

and G its intersection with the equator. The larger circle is

described with AB as the sagitta and the radius 60*875 deg-

E
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ree8 as half chord. The diameter, of this large circle is found by

the formula:

(I 623-63 degrees.

Then (tH is to be found = 5*70 degrees by a certain operation.

Let BK be the distance of the equator and the ecliptic at a solstice,

or EK = 23*71 degrees. Then HA and GA are given to be

HA - (KAIEK) X GH = 13*4782 degrees,

GA ^{AE X GH)/EK = 14 63 degrees.

And we get on calculation the length of GB or half of the arc of

which tr.4 is half the chord, to be 14 66 degrees. This is the distance

of the intersection of the white orbit and the equator from the point

on the white orbit where it is at the farthest distance from the ecliptic.

It has been well noted among the later Chinese scholars that Kuo
employed a bi-quadratic equation for the determination of the altitude

of a segment of a circle and a method called the chao-cJia for the

summation of power progressions. But the former was also done by

Yang Ilui and so it did not necessarily arise with Kuo's invention. If

we have to take the equation recorded in the ‘‘Principles of the Tai-

t’ung Calendar" to be that one used by Kuo, it runs

d- (“)"* - d^x - (ri* - ad) = 0,

w^here d and a represent the diameter and arc, while the unknown

stands for the altitude.^) This equation is different from what was given

by Yang Hui.

The method of chao-cKa was one that the later Chinese and the

Japanese had to consider to an extensive degree. ShOsa was the

Japanese way of reading corresponding to the Chinese chao-ch'a. To

speak plainly, it lies in the use of undetermined multipliers, which are

to be determined. Kuo used the three differences” which he desig-

nated as lij and t'ing. This was the same as to put a quantity

to be found as equal to Ax Bx^ -f Co:® and determine the coef-

ficients Ay By C by aid of some conditions that are derived from

special values of x. The way followed by Chu Shih-chieh in his

“Precious Mirror of the Four Elements” in summing up some pro-

gressions was certainly related to it. This process too was not neces-

1) The Ming-SJiih^ Book 32.



104 PART I THE CHINESE MATHEMATICS.

sarily Kuo’s, for Li Ch’im-feng had used, it is said, the ‘Hwo ditierences”

p'ing and fing in his Lin4e Calendar of G64. This was doubtless to

determine A and B from Ax Unfortunately we are not

acquainted with Kuo’s original writings about the subject, but we shall

give our description of it as explained in the 'Principles of the Tai-

t'ung Calendar”, recorded as a chapter of the Ming-Shih or "Ming

Records”, Book 33. There the three terms jp’mr/, //, and fmg are

applied to the determination of the irregularity of the sun’s angular

motion. Thus the quadrants of the equator adjacent to the winter

solstice will be traversed each in 88*91 days, whHe the two other

quadrants are to be passed through each in 93*71 days. Kuo’s method

of the chao-ck'a is employed for the calculation of the angular speed

of sun’s apparent motion. For this purpose, the 88*91 days just men-

tioned are divided into six equal intervals, each consisting of 14*82 days.

The differences of the numbers of degrees') actually observed as

traversed by the sun for these intervals and those of the average motion

are called the chi-cKa or "differences of amounts”. We have thus:

j

days
ditferences

of amounts *)

1st division 14-82
1 7 058-025

2nd „ 2964 12976 392
3rd „ 44-46 17 693-7462

4th „ 59-28
!

21 146-7328

5 th „ 74-10 23279-997
6 th „ 88-92 i 24026-184

The differences of amounts in the above table are divided by the

respective numbers of days and the results are called the "average

daily differences” of the groups. From each average difference sub-

tracting the next average difference, the result is called the "first

difference” of that group. The same being done with the first differences,

the results are called the "second differences”. Thus:

average daily diff. 1 Ist ditf. 2nd diff.

1st group 476-25 38-45 1-38

2nd „ 437-80 39-83 1-38

3rd „ 397-97 41-21 1-38

4 th „ 356-76 ! 42-59 1-38

5 th „ 314-17 43-97 1-38

6 th „ 270-20 1

1

1) Here the circumference is divided into as many degrees as the number

of days contained in an average year.

2) Here the unit is taken to be 0*0001 degrees of the system employed.
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Denote the average daily difference of the first group by

a = 476*25, the remainder of subtracting from the first difference the

2nd difference of the 2nd group by 6 == 37*07, and half the 2nd dif-

ference of the 1 st group by c = 0 69. Then the quantity a + 6 = 513*32

should be called the t'ing-ch’a. Form the quantity =* 2*46, which

we call the pHyig-cKa. Here the divisor is the number of days for the

first group. Again form c/ 14*82* = 0*000031, which is called the

li-ch'a. Proceeding in this way finally the annexed chaO’CJia table

is formed.

Here it is added that the table should in actuality consist of the

whole quadrant (which is made up of 88*91 days or 93*71 days

according to the relation to the two solstices), but that it is repre-

sented for only 9 days or degrees for example’s sake. For instance,
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let the t'ing’Ch’a be 10000, p'ing-ch'a 100 and li-ch'a 1 , and let it be

required to find the amount pertaining to the 9 th degree. Here the

quantity

(t’ing) X 9 — (p’ing) x 9^ — (li) x 9^ = 81 171

is indicated as the required value.

The above is the process of the diao-clCa method. The same was

taken up again four centuries later by Mei Wen-ting, who fully

expounded the theory. Mei’s contemporary, the great Japanese mathem-

atician Seki Kowa also studied the same subject. Seki would

certainly have learned from Kuo’s writings, but he applied the method

to the case of any number of differences instead of Kuo’s three

differences.

Besides the composition of the Shoii-sliih Calendar

^

Kuo Shou-

ching wrote various other works, of which we may mention the twenty

books on the “Studies in the Gnomon Shadows at the two Solstices”,

the fifty books on the “Detailed Studies in the Movements of the Five

Stars or Planets”, the one book on the “Old and New Theories of

Eclipses”, the one book on “New Observations of the Stars without

Names”, etc., etc.^)

We have already spoken of Chu Shih-chieh’s recording of an

arithmetical triangle. Chu was a contemporary of Kuo. The triangle

consists of the binomial coefficients, which had been known to the

Arabians since the end of the 11th century.-) This may perhaps have

been borrowed from the Arabians in some way.

The dynasty that succeeded to the Mongolians was Ming, which

had been called the Monarchy of Wu, while the Yuen Dynasty still

sat on the Chinese throne. In the first year of the Wu Monarchy,

which was 1364, Liu Chi (1311— 1375) was appointed president of

the Astronomical Board, where the Ta-t'ung Calendar was composed.

This calendar did not differ, it is said, materially from the Shoii-shih

Calendar of the Mongolian Dynasty. In 1368, the first year the

Monarchy was called Ming, the Hui-hui Astronomical Board was estab-

lished beside the one that had previously existed. At that time the

president of the Yuen Astronomical Board, Chang Yu, was called by

the Ming Emperor, and besides Hei-ti-er, the superintendent of the

Hui-hui Astronomical Board of Yuen, and thirteen other Arabian

1) “Historical Records of the Yuen Dynasty”, article on the biography of

Kuo Shou-ching.

2) Cantor’s Geschichte, I, 3® Aufl
, p. 687.
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astronomers. In the next year (1B69) Chong-a-li and ten other

Arabians were called from the Hui-hui Board of the collapsed dynasty.

These astronomers were ordered to take part in the calendrical com-

putations at the capital of Ming, or Nanking. In 1370 the Hui-hui

Board was made a department of the Astronomical Board.

In 1382, following an imperial edict, the Hui-hui astronomers

Ma-sha-i-hei, Ma-ha-ma, and others, assisted by native scholars, trans

lated the Hiii-lnii Li-shUy or ^‘The Hui-hui Calendar- book”, and other

calendrical treatises. The originals of these works had been captured

at the fall of the Yuen capital in 1368. Among the many thousands

(d' captured books there were hundreds of Arabian manuscripts. The

translations were done orally by the foreigners and recorded by the

native scholars. In the Hui-hui Calendar translated into the Chinese

a year was composed of 365 days and no intercalary month was

provided for but an intercalary day. It was the solar calendar, as

w'ill be seen from this fact. The circumference of a circle was divided

into 360 degrees and a degree into 60 minutes, whereas the Chinese

had been accustomed to divide it into the same number as an average

year contains days. The translated calendar was used together with

the Ta- fling Calendar. The calculations recorded in the Hui-hui

Calendar were eflPected on the slate, i. e., in writing. The translation

was not free from errors, but as T’ang Shun-chih, Ch'en Jang, Yuan

Hoan and other native astronomers, who studied the calendrical theories

of the Arabians, were versed in the Arabic language and read the

original treatises, the translated works were little relied upon, and so

the defects found there w^ere not serious inconveniences.

In 1385 a foreigner from a far off land brought to the Chinese

court a treatise on calendrical theories that were to be considered on

the slate, i. e., in writing, not being relied upon the abacus. This

treatise was translated too; it was revised by Pei Lin in 1470 and

was complete in 1477.^)

The Hui-hui astronomers were employed through the whole reign

of the Ming dynasty. When the Jesuit missionaries first entered China

at the end of the 1 6 th century, they saw the Arabians at work at

their observatory in Nanking.

The Chinese astronomers have thus studied the Arabian science

since the days of the Mongolian yoke for more than three centuries.

1) The Ming-Shih or “Historical Records of the Ming Dynasty”, section on

calendrical subjects.
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Under such a state of things the Hui-hui mathematics is likely to

have been studied also. But we are utterly at a loss when we try to

illustrate concretely the influences exercised from without upon the

mathematics of the Chinese. The mathematical studies that had attained

the highest perfection under the Mongolian yoke now began to ebb.

The reign of the Ming Dynasty is marked by the decline of the science.

CHAPTER 16.

THE MATHEMATICS OF THE MING DYNASTY.

As we have observed, mathematics in China had flourished in the

highest development during the period from the end of the Sung

Dynasty to the beginning of the Mongolian yoke, when the native

Chinese were struggling against the overwhelming pressure of a foreign

power. The Tartar ascendency did not however continue very long,

for within a century a native prince arose in power and drove the

Tartars out of the country. Thus the Dynasty of Ming succeeded the

Yuen. But now mathematics was not destined to follow the same

course of progress it had prospered during the preceding ages; on the

contrary the Chinese retrogressed in mathematical studies during the

reign of the Ming emperors. If the Arabian sciences were more or

less studied, they had no spell to arouse the Chinese mind to a posi-

tion higher than occupied formerly. So far as we know, nothing

material was gained by the Chinese from Arabian sources. The three

centuries that followed the times of Kuo Shou-ching and Chu Shih-

chieh and that preceded the introduction of Christianity by the Jesuit

fathers, was an epoch of slumber for Chinese science.

In the beginning of the Ming rule there appeared no mathemati-

cian worthy of notice. The calendar in practice became more and

more inaccurate but no one was able to reform it, a fact that shows

eloquently the real state then prevailing.

Only in the 16 th century appeared mathematicians under the

Ming Dynasty whose works are at all worthy of respect.

T’ang Shun-chih (1507—1560) was marked for his skill in the

art of treating the problem of circle-measurement. He was a man of

letters as he was a mathematician.^) The equation he treats in his

^^Considerations about the arcs and sagittae^’ is the same as given by

1) The Ming-Shih^ article on the biography of T’ang.



CHAPTER 16. THE MATHEMATICS OF THE MING DYNASTY. 109

Yang Hui. He discusses through a long chain of literal arguments the

convenience of the equation’s being brought to the form\i

—
-h (area) -f (diameter) == 0.

K’u Ying-lisiang who belongs to the middle part of the 16 th cen-

tury was the g(»vernor of Yiinnan and then the minister of justice.

He was a self-taught man. He obtained T’ang’s 'H.^ommentarv on Li

Yell's Sea-Mirr«jr of Circle-Measurements” and wTote the ‘^Classified

Details in the Sea-Mirror”, wherein he distinguished the equations of

the lOid, 3rd and 4th degrees according to the signs of the various

<*oefficieuts and explained the ways of solution for tlo^ respective cases.

T’lie original notes, however, that had been intended to describe of the

(‘oDstruction oi the expressions in the celestial element, were all

abandoned as too difficult to be understood. He also wrote the ‘'Arith-

metic of Circle-Measurements” on the basis of the same material, and

the ‘‘Arithmetic oi‘ the Right Triangle” and again the ‘'Arithmetic of

the Arc and ^agitta”. 'fhis last treatise was intended to consider the

problems about the calculation of a circular segment ibund in Wu
Hsin-min’s CliiH-rhang Sna)f-f(L Chu’s ^‘Precious Mirror of the Four

Elements”, Kuo’s SJiou-shili Ll-fsno and other treatises. K'u gives*)

in ihe work among others the following formulae®):

a =---

d -f- C,

^ 4- C).S, S =

K’u also employs the equation for x =
4c’ ( J c\ ,

3
- = - (f + a

) X + ^2
“

. ''Mi:")'"'
d’.s') — {ad — s')s'

(2 + c* + a') + X*.

K’u further wrote "A Rudiment of the Calendrical ’Fheories in the

Shou-shili-Li'\ Contemporary with T’ang and K’u lived the mathem-

atician Chou Shu-hsiao.

The algebra of the celestial element, that had flourished at the

time when the decline of Sung blends with the ascendency of the

1) T’ang’a “Considerations about Arcs and Sagittac”.

2) Yiian Yiian’s “Biographical Collections”, Book 30.

3) Here we write d« diameter, c = chord, s ~ sagitta, A = area of a circular

segment, a = arc, a' = supplemental arc, s' = a rough value of the sagitta.
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Mongolian invaders, was destined to so retrogress in the ages of Ming,

that the mathematicians of those times became unable to understand

the true meaning and convenience of the process. It was even so with

such serious scholars as T’ang and K’u, who were the most illustrious

of the Ming mathematicians. The fact that K’u had made the celestial

element algebra unintelligible by getting rid of the explanations given

in older treatises which he was himself unable to make clear, has

been unequivocally blamed by the native writers of the present dynasty

of Ch’ing or Shing. The intrinsic considerations of the celestial element

algebra were restored to clear understanding only when the European

algebra had come to be studied in China at the end of the 17 th cen-

tury or at the beginning of the 18th century.

It was just at this juncture that the European missionaries made

their appearance in China and brought with them the Occidental

astronomy and mathematics. To the introduction of the European

learning we shall devote a special chapter, where mention will be

made of those scholars, Hsii Kuang-ching, Li Chi-tsao and others,

whose works were connected with the missionaries’ teaching of the

sciences. Meantime we have to say something about Ch’cng Tai-wei’s

Suan^fa Tnng-tsung or Systematised Treatise on Arithmetic”, that

appeared in 1593.

Ch’eng’s treatise is very important in mathematical history, for it

is the oldest work now extant that contains a diagram of the abacus

called snan-pany -or sorohan as it is called in Japan, and the explan-

ation of its use.') The instrument was no new invention of Ch’eng

I’ai-wei. As there are some treatises that belong to the ages previous

to Ch’eng’s time, containing the division-table expressed in verses such

as are employed in the sorohan arithmetic, so Mei Wen-ting, who was

noted for his profound learning at the end of the 17 th century, conc-

luded that this fact might serve as an indication of the existence of

the instrument at least from the beginning of the Ming Dynasty.*)

The division-table spoken of by Mei was already found in the works

of the ages preceding the Dynasty of Ming, so for instance we may

mention Yang Hui and Chu Shih-chieh who belonged to the 13 th cen-

tury. The sorohan may thus have been in use at the close of the

Sung Dynasty.

1) For a description of the instrument see Smith and Mikami’s History.

2) Mei Wen -ting, the Ku-8tian-ch*i K'ao or “On the old arithmetical

instruments”.
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Ch’ien T’ang who lived at the end of the 18 th century was of

the opinion that the sorohan arithmetic had been practised during the

Mongolian yoke.

We read in one of Yang Hui’s works that there had been those

arithmetical treatises, Fan-chu Chi, Tsou-pan Chi, etc. These certainly

belonged to the 11th or 12 th century. If we are not informed of the

nature of the contents of these works, yet their titles seem to indicate

they were treatises on the sorohan arithmetic. We have therefore to

conclude with ITsil Kuei-lin^), who lived about 1830, that the sorohan

was used in the 11th or 12 th century.

We have already mentioned the Su-shn Chi-i written by Hsii Yiieh

of the Han Dynasty in the 2nd century A. D., and commented upon

by Chen Luan in the sixth century. This work is very noteworthy,

because therein we meet with the word chu-snan. The statement in

the treatise about the chii-snan is unfortunately covered under clouds

of obscure language, which we are little able to make clear. But it

seems the very word chii-snan conveys a deep meaning, for the

ideogram chu represents jewel or ball, and snan arithmetic or calcula-

tion. It therefore means ‘^ball-arithmetic”. If we are free to make our

guess from the obscure statement in the book, the sorohan must have

existed at Hsu Yiieh’s time, although the abacus was then of a quite

ditferent form from that of its later development. The sorohan in

China was therefore of a very remote origin.

The following mathematical works are recorded in Oh’eng’s “Syst-

ematical Treatise” as having existed during the Ming Dynasty: Liu

Shih-lu, the Chm-chang Tung-ming Suan-fa; Hsia Yuan-chai, the Chih-

ming Suan^fa; Wu Hsin-ming, the Chiii-chang Fi-lei; Liu Hung, the

Suan-hsiao T'ung-sJm; Hsii Ying, the Chiu-chang Hsiang-chu Suan-fa;

Yii Chin, the Chiu-chang Hsiang-fmg Suan-fa; Cheng Kao-shong, the

Chi-mong Fa-ming Suan-fa; Chang Chiao, the CKeng-ming Suan-fa;

Ch^en Pi-chih, the Suan-li Ming-hsieh; Liu Kao, the Ting-chmg Suan-

fa; Yang T’ung, the Suan-fa Pa-fsui; Chin Hsieh, the I-hung Suan-fa;

Chu Yuen-ying, the Yung-chang Suan-fa. Of these treatises mentioned

by Ch*eng those of K’u Ying-hsiang are the only ones that are now

extant.

Ch’eng Tai-wei’s “Systematised Treatise” is precious because it

contains the earliest description of the sorohan arithmetic, it is precious

also because some magic squares and magic circles are found there.

1) Hsii Kuei-lin, the Suan-yu.
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a theme of which we are as yet able to find no example in any other

works of the Chinese. But besides these points, the treatise is not of

special value in the history of Chinese mathematics. Yet it is other-

wise exceedingly valuable, because it was destined to be highly in-

strumental in the uprise of mathematical studies in Japan in the

17 th century.

CHAPTER 17.

THE INTRODUCTION OP THE EUROPEAN MATHEMATICS.

The Chinese astronomy and mathematics that had thrived very

prosperously in the 13 th century in the hands of those distinguished

scholars, Ch’in Chiu-shao, Li Yeh, Kuo Shou-ching, Chu Shih-chieh,

etc., had the ill luck of sinking in oblivion through the succeeding

ages during the reign of the Ming Dynasty. As we have said, the

Ming scholars were so degenerate that they were little able to under-

stand the celestial element algebra and that the calendrical relbrm was

left uneffected although the prevalent calendar had become very loose

and inaccurate with the lapse of years. It was at such a juncture,

luckily for the progress of Chinese science, that the Jesuit missionaries

entered the Middle Empire. They were wise enough to teach astro-

nomy, mathematics and other branches of learning, for the purpose

of propagating their religion. Thereupon they were highly successful

and they soon earned popularity and reliance from the side of the

native scholars, which proved very favourable to the introduction of

the Occidental civilization to China.

The end of the Ming Dynasty was not the first time the Europeans

had entered the country. At the time of Han an imperial embassy

was about to visit Rome, who was however obliged to return from

Syria. In 161 A. D. a message of the Roman emperor Marcus

Antonius was received by the Chinese court.

The Jews entered China in the 2nd century B. C. Their descen-

dants are said to be still found in the country.

The Chinese travels of the Italian adventurer Marco Polo are very

famous. It was in 1274 that he went to China. According to his

account, there were Christians in China at the time of bis travels.

Mention has already been made of the two Arabian travelers’ accounts

of China. We learn from them of the Chinese trade of the Christians

at the open port of Can-fu about the 9th century. The illustrious
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“Monument of the Enlightened Religion” found in Shensy makes

known the mission of Christianity by the Nestoriaiis in the 7 th

century.

A little subsequently to Marco Polo the Armenian Hayton entered

China, and about this time the embassies of the Pope visited the

Chinese court several times. Corvino is even said to have converted

several thousands of the natives to the Christian faith.

But the introduction of the European civilization into China did

not happen until at the end of the Ming Dynasty. In 1516 the

Portuguese came to Canton in South China and subsequently they

established a colony at Macao. It was in 1579 that the Italian Jesuit

M. Ruggiero entered Canton, shortly after followed by Matteo Ricci

(1552—1610). The success of the Roman catholic mission in China

was largely due to the merit of this clever person, it was he too that

introduced for the first time the European sciences of astronomy and

mathematics. Ricci is known in China generally by his Chinese name

Li Ma-tou, which he himself had assumed while he lived. He first

attired himself like a Buddhist bonze but he subsequently assumed

the costume of the literati. He was most enthusiastic in the misssion

and his teaching of the various sciences was all effected with the view

of attaining this great goal.

Ricci and his fellow missionaries went to Peking, the capital, in

1601. The Christian mandarins of the Ming government, Hsii Kuang-

ching (1562— 1634), Li Chih-tsao (deceased in 1631) and others

learned under Ricci and other fathers mathematics, astronomy, gunnery,

and various sciences and pursuits. These native scholars recorded

what the Europeans had orally dictated, and thus several treatises

were translated or composed after the European style.

The Chi-ho Yiian-pen or the “Elements of Geometry” was a trans-

lation of the first six books of Euclid; it was translated by Ricci

and Hsu. Being taken in hand in 1603, it was complete in 1607.

The T'ung-wen Suan'Chili was dictated by Ricci and recorded by

Li Chih-tsao. Li’s preface bears the date of 1613, while Hsu’s preface

is dated 1614; the treatise was probably printed in 1614. It was

completed undoubtedly after Ricci’s death, who had died in 1610 in

China. The T'ung-wen Suan-chih is a treatise of European arithmetic.

Its contents begin with the four operations, then treat of proportions

of various descriptions, of arithmetical and geometrical progressions,

of the square and cubic root- extractions of these operations with the

additional terms such as had been considered by Yang Hui and others.

Abhdlgn. s. Gesch. d. math. Wias. XXX.
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The treatment in the work of simultaneous equations is of the same

nature as recorded by Chu Shih-chieh and Ch’eng Tai-wei, and was

perhaps taken from these or like authors.

The Hmn~yung-chiaOj that was meant for a sequel to Euclid, was

dictated by Kicci and edited by Li. The T'so-ltang Fa~i or ‘^Treatise

on Surveying” was dictated by Ricci and edited by Hsii. This work

was written after the completion of the Elements of Geometry”.

Hsii Kuang-ching also wrote the T'so-liang I-fang and the Ku-lcou 1.

The first was a work on surveying and the latter concerning the

inscription of a circle or a square in a triangle. Hsii tried demon-

strating the results obtained.

The missionaries wrote also various works on astronomical and

allied subjects about the same time as the works mentioned here appeared.

In 1629 a solar eclipse took place. The predictions made in

accordance with the methods of the Ta-t'img Calendar and of the

Hui-hui Calendar both failed to be accurate, while that computed by

Hsii Kuang-ching by aid of the European science alone came true.

The Emperor Szii-tsung was offended at the inability of the calendrical

officers and had to punish them, when Hsii asked for their pardon,

saying that even in the life-time of the great Kuo Shou-ching there

had happened a case of an eclipse prediction having failed, and that

no reform of the calendar having been effected for so long a time, it

was unavoidable that the system had become so loose and inaccurate.

He then proposed to carry out a reform upon the basis of the foreign

science. Hsii’s plan having been accepted, he was appointed the

president of the Astronomical Board, where Li Chih-tsao, Li T’ien-

ching, and the Europeans Lung Hua-ming (Congobaldi [?J), Tong Yii-

han (who died in 1630), etc., were entrusted with the reform -work.

In the next year (1630) the Italian Lo Ya-ku or Jacomo Rus and the

German T’aog Jo-wang or Adam Schaal were appointed to the same

mission. Rus came to China about the year 1625 and died there in

1636. On Hsii’s death that occurred in 1634, Li T’ien-ching succeeded

to the presidency of the Astronomical Board on his recommendation.

The work composed at this time was comprised in 126 books and was

entitled the Ch'ung-chen Li-shu or ‘‘The Calendrical Works composed

in the Ch’ung-chen Era”. The collection contains some mathematical

treatises, for instance, the “Tables of the Eight Trigonometrical Lines”,

etc. Lo Ya-ku wrote, besides, a treatise on Napier’s rods.^)

1) The Ming-Shih, and Than Yiian’s “Biographical Notices*’.
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T’ang Jo-wang or Adam Scbaal came to China in 1629 and he

was called in the following year to the Astronomical Board. His

contributions to the Clinng-chen Calendrical Works were very numerous.^)

But it was now at the close of the Ming Dynasty, and shortly there

arose rebellions in various parts of the country. In 1644 Peking was

captured by the Manchurian Tartars, who were destined to rule the

whole empire under the name Ch’ing or Shing Dynasty. At the fall

of Peking Schaal was, it appears, taken prisoner. “According to Pere

du Halde ’, says Davis-), “Adam Schaal being condemned to death

soon after the Tartar conquest, this sentence was carried to the princes

of the blood and to the regent for confirmation; but as soon as they

attempted to read it, a dreadful earthquake dispersed the assembly.

The consternation was so great, that they granted a general pardon;

all the prisoners were released except Father Adam, and he did not

get his liberty until a month afterwards when the royal palace was

consumed by the flames.”

According to Yuan YUan (“Biographical Notices”, Book 45) T’ang

Jo-wang or Adam Schaal applied to the newly established imperial

court of Ching in 1645 for permission to try a prediction about the

eclipse that would take place in the course of the year and to fore-

tell the various phases at Peking and other localities. On the day of

the eclipse he went to the Observatory accompanied by a mandarin

of high rank and made his observations when his calculations were

found to be all realised. Thereupon the new calendrical system was

adopted by an imperial edict for general use under the title of the

Shih-hsirn Calendar. Schaal was subsequently given the presidency of

the Astronomical Board.

But in 1665 Schaal was impeached for his inability or some

faults and consequently he lost his situation. The new calendar was

discontinued with Schaal’s retirement, and the old Ja-t'img Calendar

was taken again. After five years, however, the new system was

adopted for a second time. Schaal set the Ch’ung-chen Calendrical

Works in order and making such additions as might seem desirable,

he compiled the Hsin-fa Suan-shu or “Mathematical Methods of the

New Calendrical System”, consisting of a hundred books. Schaal died

in 1678 in China.

Logarithms were considered for the first time in China by the

missionary Mu Ni-ko, who had been at Chiang-ming during the Shun-

1) Yiian^s “Biographical Notices’*, Book 46.

2) J. F. Davis, The Chinese, vol. I., 1844, London.
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chih Era (1644— 1660). His publication bore the title T'ien-pu

Chm-yuan})

Nan Huai-jon or the German missionary Ferdinand Verbiest came

to China at the beginning of the Khanghy Era or soon after 1660.

It was just at the time when Schaal had been released from the

Astronomical Board and the regulating of almanacs was being

administered by the native astronomers who were little skilled in the

art. This afforded Verbiest an occasion for proving the superiority

of his own science, and he challenged to calculate, beforehand, the

lenght of a shadow of a gnomon on a certain day at noon. Here

Verbiest was found nicely accurate in his calculation, while the Chinese

astronomer failed. This happened in 1669, and two years afterwards,

the European theory of calendars being taken again into practice,

Verbiest was made the vice-president of the Astronomical Board. In

1673 he became p/esident.^)

In the first decade of the 18th century the Jesuit missionary Chi

Li -an was in the service of the Astronomical Board.

When Ricci and his successors were active in introducing the

Occidental learning at the end of the Ming Dynasty, there were Hsti

Kuang-ching, Li Chih-tsao, Li T’ien-ching and other native scholars

who rendered considerable service in propagating the knowledge

received from this source. In like way the work of calendrical regula-

tion done by Schaal and Verbiest in the first years of the Ching

Dynasty was also assisted by those native scholars, who had to make

the Occidental theories known to the general public. Thus Tu Chih-

ching wrote at the very beginning of the present dynasty the Chi- ho

Lun-yueh on the basis of Euclid. His other work, the Su-hsiao Yao

was also based on the European mathematics. Huang Tsung-i, who
wrote a book treating of the methods of the Ta-t'ungy Shou-shih and

Hui-hiii Calendars, wrote also works explaining the European theory

of the Shih-hsien Calendar and a work on the trigonometrical tables.

He died in 1679 or soon after that year at the age of 85. His son

Huang Pai-chia was a mathematician.^)

The Emperor Kanghy, who ruled China from 1662 to 1722, was

an able statesman and a distinguished ruler. He was of an enlightened

1) Yuan’s “Biographical Notices”, Book 46.

2) Yuan’s “Biographical Notices”, Book 45, and J. F. Davis, The Chinese,

vol. 8, London, 1844.

3) Yuan, Book 45.

4) Yuan, “Biographical Notices”, Book 36.



CHAPTER 17. THE INTRODUCTION OF THE EUROPEAN etc. 117

spirit and extraordinarily patronised learning. Of the various works

edited under his guidance, mention must be made here of one that

bears the title L'd-U Yuan-yuan of 1713. It consists of two parts,

the Li-hsiao Kao-chvng consisting of 42 books and the Su-Ji Chlny-

yiin consisting of 53 books. The former concerns the calendrical

theories, while the latter treats of mathematical subjects after the

European style. In both these parts the names of the authors are

omitted, but it is known that many mathematicians, both native and

European, were active in its composition.

The Sii-U Climg-ylin consists of two parts, of which the first is

of general discussions. The first pages give the ancient Jio-t'n and

ho-shu
j

and then the “elements of geometry' and the “elements of

arithmetic”. The former is diflerent from Euclid; and no proofs are

attempted. The latter treats of the four operations, up to proportion

and progressions.

The second part of Hn-lt Clung'yiin begins with the very rudiments

of arithmetic, the proportions, percentage partition, simultaneous

equations, extraction of S(iuare and cube roots, together with those

where additional members are present in these operations, areas of

rectilinear and curved figures, volumes of solids, summation of pro-

gressions of advanced kinds, the cJiuh -I'cu • fnng^ and logarithms, etc.,

whereto are added some books on the tables ot‘ trigonometrical lines

and of common logarithms, the latter being given for 11 decimal places.

These logarithmic tables are said to be the same as those published

by Adrian Vlacq in 1(328 in Holland

The chick -ken -fang is the algebra as known in Europe. But tne

letters are only used in representing the unknown quantity and its

powers; constant quantities are not represented by letters. Even the

unknowns are represented in an incomplete way. The algebra of the

chieh- ken -fang was far inferior to the abacus algebra of the celestial

element of old times, with which the author or authors of the Su-li

Ching-yiin were certainly unacquainted. When we examine the

explanations given in the work, we see the main goal of the algebra

of the chick -ken -fang in the treatment of the root or the unknown

quantity in the same manner as given or known (juaiitities and thus

carrying out the necessary or desired calculations on the unknown to

finally deduce the required value of it. It is then very evident that

they had merely aimed at constructing and solving equations. We
shall here devote some lines to describe the notations used in the

chieh- ken -fang.
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Thus the subtraction of 4 it;® + 6a;® from 2 will be

written in this way:

4 (cube) _L 6 (square) 0

minus 2 (cube) J_ 3 (square) _L 3 (root)

2 (cube) J_ 3 (square) — 3 (root)

Here the letters are of course written in Chinese characters, whose

meanings we have reproduced in the above. The symbols of positive

and negative signs are _L and —
Multiplication is carried out as

here annexed.

After the algebraical four opera-

tions are described, the equations of

the 2nd to 10th degrees are solved.

The equations are invariably all written

so that the terms containing the un-

known and its powers are brought to the left side of the sign of

equality, while the absolute term is placed on its right hand.

For the quadratic equations + 2 .r « 24 and — 4 45,

the roots are given to be

‘ (>/24 X 2) = 4 and •*-

(l/45 x 4 + 4^ + 4) = 9,

respectively. This is the same as to solve x^ ±. ax = h according to

the formula x =
^

The cubic equations are classified in nine types, which are

a;® + 6 X =« A:, a;® ± ax^ == A;,

x^ ± aa;® ±hx = liy — x^ ax^ = k.

To solve the first eight of these nine types, the first figure of

the root will be determined from the value of yky the coefficients of

x^ and X being taken into reference. Write it x^y and form the

quantity x'^ ± ax'^ ± hx', which should be subtracted from k. If there

is a remainder after this subtraction, write it k\ and form the quantity

3 a;' ® ± a X 2 a;' ± &. Divide k' by it and the second figure of the

root, which we write x'\ will be obtained. Then the same operations

are to be repeated with x' -{- These eight types are originally

considered separately.

4 (root) _L 2

2 (root) J_ 3

J_ 12 (root) _L 3

8 (square) .J_ 4 (root)

8 (square) J_ 16 (root) _L 6
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The cubic of the ninth type may be written in the form

— — — lc\ and the first figure of the root will be determined from

the value of after a little consideration. Writing this figure a/,

the quantity
^

should be subtracted from /r'. Let the remainder

be lx!\ The second figure of the root will be determined by dividing

F by the quantity 2x' — Then writing it cd\ the same pro-

cess is to be repeated with cd -f x^'.

To solve the equation of the 6 th degree + 4 a;* *= 1134 22496,

we have |/113 = 2 nearly, so that we write x = 20. The quantity

20® + 4 X 20* being subtracted from the right-hand side, and the

remainder being divided by 6 x 20* -f 4 x 20* x 3, we obtain 2, which

is to be taken for the second figure of the root. Then we subtract

the quantity 22® -f 4 x 22* from the right member of the equation,

when the subtraction proves complete. We have therefore 22 for the

root required.

In short, the solution of equations in the chieh-lcen-fang is effected

to speak in a general way thus: To solve the equation f(x) = /c, the

first figure of the root x' should be found in the first place in some

way. Then calculating the quantity k — f(x^) = k', it may be deter-

mined whether this value x' be appropriate or not. The second figure

of the root will be determined from the quotient ldlf{x')y where f{pc)

denotes the derived function of f {pc). Take it x\ and its appro-

priateness may be tested by forming the quantity k — f{xd -f- cd') *=* W.

The third figure will be obtained by the quotient k”lf{x! -+- a;''), and

so forth.

In the Su4i Ching-ym, a single positive root only is obtained for

any equation. No indication is made as to the existence of a negative

root or as to the multiplicity of roots.
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CHAPTER 18.

THE REVIVAL OF OLD MODES OF MATHEMATICS AND THE
STATE OF SUBSEQUENT YEARS.

We have just mentioned the algebra learned by the Chinese from

the Europeans and we have given the treatment followed in the Sii-li

Ching-yiin^ because the work is the oldest that contains the European

algebra and because it may be considered as tln^ best example of such

treatment. The view of the Chinese on the subject is of deep interest.

Mei Ku-ch’eng was a mathematician who took a part in the com-

pilation of the Sii'H Ching-yiin and the Li-hsiang Kao^cJicng and also

in that of the oalendrical section of the Ming-Shih or ^^Historical

Records of the Ming Dynasty”. Mei wrote, besides, the Ch^ih-shui

I~chei or Pearls Dropped in the Red River”. According to Yiiau Yiian,

Mei discovered in this work that the Chieh-ken-fang or tiie European

algebra was essentially of the same principle as the celestial element

method of former days. As we have said, the celestial element algebra

laid down in Li Yeh’s ^^Sea-Mirror of Circle-Measurements”, Kuo Shou-

ching’s ShoU’-shili Li-t'saOy etc., was little understood by the Ming

mathematicians. The method had once been practically lost. Though

mathematical studies had prospered more and more after the intro-

duction of the Occidental science.s, the method was not intelligible as

yet. Now the European algebra was brought to China. Mei Ku-

ch’eng was presented with an algebraical treatise by the Emperor

Kanghy, who was himself versed in mathematics. Upon that occasion

the Emperor said to him: ^‘The Europeans call this work 'a ar-ji-pa-la’

(or algebra), which means a method that has come from the East”.

Mei was exceedingly delighted with the subtleness of the procedure in

this science, and meanwhile he became convinced of the intimate

resemblance it bears to the old celestial element method, which was

thus to be brought to day for a second time in the hrst part of the

18th century. He then adds: ^Ht is unknowable to us why the celestial

element method employed by the calendar-makers of the Yuen Dynasty

should have been forgotten in the succeeding ages, but very luckily

for the cause of science the lost knowledge has been restored from

the people of far-off lands, because they ever strive after enlighten-

ment. Besides, they refer to their science as of ^eastern origin’, for

they do not forget whence it has come.”^)

1) Yfian’s “Biographical Notices”, Book 39.
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These words mentioned by Mei have been proudly repeated more

than once by later writers. This was the first stimulus to the Chinese

actively to take up again the older authors. If one should despise this

proud ignorance of the Chinese, he must keep in mind that all this

only serves to show how highly the Chinese scholars felt satisfied

when they saw, after they had been struck with the elegance of alge-

braical considerations, that this exalted science had existed in their

own country from old days, from before their contact with the Euro-

pean civilization.

W^e have unfortunately no information as to how the Chinese had

been induced to consider the term ^^algebra” to mean science come

from the East”. It arose perhaps from a mistake.

With the introduction of the European sciences the old learning

was also revived with ardent zeal in all quarters. The old science of

the celestial element and of the four elements was destined to attract

a great deal of attention from a number of deserving mathematicians.

It was in 1715 that Mei Ku-ch’eng passed the examination for

chiri’Shih, He died at the age of 82. His grand -father was the

illustrous Mei Wen-ting who was born at Hsuan-ch’eng in 1633 and

died in 1721. The family of the Meis furnished several members who

distinguished themselves in mathematics and astronomy Mei Wen-ting’s

father was a scholar and it was from him that Wen-ting received his

rudimental instruction. His two brothers were both astronomers and

his son I-yen, who was the father of Ku-ch’eng, was distinguished in

his mathematical studies but died young. Mei Wen-ting was a man

noted for his deep learning. He was versed in the European sciences

but did not neglect the study of old developments. He was studious

in nature, and his whole long life was consecrated uninterruptedly to

the cause of learning. If he did not enter the service of the Ching

government and passed his life in retirement, he was nevertheless

respected by the Emperor Kanghy, who sent for him in 1705 and

spent three whole days in talking with him about mathematical sub-

jects.^) This shows very well how’ Mei was held in reverence in those

days. His grand-son Mei Ku ch’eng was educated according to the

Emperor’s instructions in his imperial palace.

Mei Wen- ting wrote various works on calendrical and mathem-

atical subjects during his life time, of which it is said there were

1) Yiiau’s “Biographical Notices”, Books 37—33.

2) Yuan’s “Biographical Notices”, Book 37.



122 PART 1. THE CHINESE MATHEMATICS.

more than eighty separate books. Of these he himself printed twenty

nine. The Li-suan Ch'iian-shu, which was a collection of his writings

and was edited by himself, consisted of 72 books. His grand- son Mei

Ku-ch’eirg republished the same after some years, correcting mistakes

found in the first edition; the title was now changed to the ^lei-Shih

T'sung-sJiu Chi-yao and it consisted of G2 books, to which two books

of Mei Ku-ch’eng were appended. Among those that remained

unpublished of Mei’s writings were the 58 books of the ^^Calendrical

Theories Old and New”, which have since been lost.^)

The Li-suan Gh^ilan-shu treats, besides the calendrical theories, of

plane and spherical trigonometry, of what the author calls ^^supplements

to geometry”, of old-fashioned as well as European arithmetic, of

Napier’s rods, of the old way of treating simultaneous equations, of

root extracting, and of the chao-dia method, etc. These subjects are

highly worthy of being described in full but we shall not attempt any

description in this place. We only hope to return to them in days

to come.

Ch’en Shih-jen, who was a younger contemporary of Mei Wen-

ting, wrote the Shao-k'uang Fu~i and described the summation of power

progressions of various kinds. He considered twelve of such different

kinds, which Yiian Yiian mentions as new results not anticipated by

his predecessors. Ch’en was a native of Hai-ning and he took the

chin-shiKs degree in 1715.^)

Wang Yuen-ching, who was given the degree of chin-shih in 1751,

wrote a treatise wherein the integral number solution of a right triangle

was published. He takes the three sides as equal to a => 2r,

}) m — n, c = m -f w, where m, n and r are connected by the pro-

portion m \ r ^ r \ n. He also considers the problem of inscribing a

square or a circle in a right triangle, etc., the integral number solu-

tions being sought. Problems of this description were by no means

new in China, but Wang’s way of treatments was quite new.®)

The Szu-h'u-kuanj which is an injperial library, is very famous as

containing a great number of books of all ages and of all descriptions.

The library was opened in 1772 and the treasured books were sub-

jected to investigation. The celebrated Sm-lcu Ch'uanrsJm Mu-lu Ti~yao

or ^The Explanatory Catatogue of the Szu-k’u Library” was compiled

at this time. The publication of this catalogue proved no small

1) Yiian’s “Biographical Notice8“, Books 37 and 38.

2) Yiian’s “Biographical Notices”, Book 41.

3) Yiian’s “Biographical Notices”, Book 41.
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stimulus to the study of the old learning. One of the most noted

among the co-workers of this investigation was Tai Chen, the astro-

nomer. He died before the work was complete, at the age of 54. Liu

Hui’s ^‘Sea-Island Arithmetic”, that had been discovered by Tai among

the '^Yung-lo Great Collections”, collected by the Ming government

during the Yung-lo Era (1403— 1425), was republished with other old

treatises, printed in 1083 by the Imperial court of the Sung Dynasty,

by K’ung Chi-han (1737— 1783) under the title “Ten Arithmetical

Classics”. K’ung was a descendant of Confucius in the 69 th generation.

He was delicate in constitution but endeavoured with zeal to study old

works and made various descriptions and publications concerning old

things. Some of the ten classics had been given in reprints before

his time, but some others were made accessible to the general reading

public first by his reprints. The *^Nine Sections” was one of them,

having been very scarce in the preceding ages. After this time the

study of old mathematical works was rendered very easy and became

popular among the Chinese scholars.

Tai Chen’s pupil K’ung Kuang>shen was deeply versed in the old

learning. He grieved for the lack of accurate formulae that give the

altitude of a circular segment and obtained four new expressions,

which are

V(?)*/TH V'(3s*')V2T»-, Y{T?y/^,

where s ~ the arc, d = diameter, r = radius. These expressions are

indicated as applicable respectively in the cases where we have

s
f2 c’

30
’

where we write c = circumference and s' and s^’ = the arcs supple-

mental to s, being greater or less than s, respectively. K’ung Kuang-

shen was a chin-shih of 1771 and he died at the early age of 34.^)

In 1799 Yiian Yuan published the Ch'ou-jen Cluian or ^^Biographies

of Astronomers and Mathematicians”, consisting of 46 books, which we

have unreservedly used.^) Yuan was born in 1764 in I-wei and took

the degree of chin-shih in 1789. He served for a long time as the

Viceroy of Canton and as Minister of State, and he was renowned for

his zealous and brilliant administration. He enjoyed his emperor’s

1) Lo Shih-lin’s “Supplements to Biographical Notices”, Book 48.

2) We have referred to this work as Yiian’s “Biographical Notices” or “Bio-

graphical Collections”.
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respect and devotion. Yuan Yuan was very fond of learning, and

made various publications; he encouraged all sorts of learning. 11 is

^^Biographical Collections’’ comprised the lives of almost all mathem-

aticians ancient and modem. The composition of this work was a

painstaking enterprise. If it was not written in a systematical or

critical line, it has served for the standard of reference ever since. Li

Joan rendered him valuable assistance in writing the '^Collections”.

Besides him T’an T’ai, Chiao Hsiin and others were engaged in the

work. Yhan died in 1849 at the age of 85.^)

It was during the life-time of Yiian Yuan that Lo Shih-lin wrote

the ^^Supplements to the Biographical Collections”, consisting of six

books, which were numbered in continuation to Yiian’s original publi-

cation. Yuan wrote a preface to Lo’s work with the date of 1840.

In 1886 Chu K’o-pao wrote Third Part of Biographical Collections”.

The works of Lo and Chu are both in the same style as Yiians

writings.

Li Juan and Lo Shih-lin were distinguished in the study of old

learning. The former was especially given in the celestial element

method, and we shall say something under another heading of his

solution of equations. It was in 1802 that Lo Shih-lin obtained an

old copy of Chu Shih-chieh’s ‘Trecious Mirror of the Four Elements”

of 1303, that had long been lost and that even Yuan Yuan had not

been able to find at the time of his composition of the ^'Biographical

Notices”, and then he entered upon deep studies of the old methods

of the celestial element and of the four elements. The publication of

his "Detailed Commentary on the Precious Mirror”, consisting of

24 books, was the result of these studies. The same authors Snan-

hsiao Chi-m^ was restored to the mathematical circle of China about

the years 1835—6, when Lo discovered a copy of the Korean reprints

made in 1660 and republished it. He published various other works

besides these, and the majority of his writings have remained in

manuscript. He died at the time of the fall of Yang Chou, when he

was nearly 70.*)

Of the numerous mathematicians who contributed to the revival

of the old learning, mention wiU be made of the following names:

Ch’ien Tai-hsin (1728—1804) was Li Juan’s master and also assisted

in Yfian Yuan’s studies for the "Mathematicians’ Biographies”. Li

1) Chu K’o-pao’s “Third Part of Biographical CollectiouB*’, Book 3.

2) Chu*B “Third Part of Biographical Collections'', Book 4.
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Huang published his commentary on the '^Nine Sections" at the end of

the 18th century. Chang Tunjen (1753 — 1834?) was the author of

tlie Chi-ku Hsit'ao or "Commentary on Wang’s Chi-ku Suan ching”,

the (liin-i Smin-shu or "The Method of Finding Unity”, being a com-

mentary on Ch in Chiu-shao’s method, the K'ai-fang Pu-i or "Supple-

mental Studies on the Solution of Equations”. Huang Chiin wrote the

Ku chin Kai-fa'ng Kao or "Studies in the Old and New Methods of

Solving Equations”, that consisted of two books. Chang Chien and

Ch’en Chin-fei were learned in old-style mathematics. Shih Yueh-ch’un

considered in 1861 the old problem of the "One hundred hens ’ by aid

of the "method of finding unity”. Ting Ch’ii-chung undertook and

published the "Pai pu-t’ang Mathematical Collections”, that appeared in

the years about 1875. Ting is said to have been over 70 at that time.

Huang T’sung-hsien wrote in 1874 the "General Considerations on the

Method of Finding Unity”.

In Lo Chun-ch’ih's the problem is solved that corresponds

to the system of two equations')

(a) 9x 1 y 02 3« *= 960, (b) x + y-\-z-\-u^ 160.

Lo solves these equations thus: From (a) subtracting 3 times of (6)

and lialving the result and writing a: = 1, we have y -f
^

118 -f

which gives y = 118, = 1 as a solution. These values render

u = 160 — X — y — 2 ^ 40. Thus we have a solution. If we diminish

y by unity and increase z by 2, we get another solution. In this way

Lo obtained 40 solutions for a; = L In like way 40 other solutions

will be obtained for a: — 2, and so on, making in all 4681 solutions.

But Ting Ch’u-chung considered this number of solutions not to be

correct. According to him the correct number was 3121.

With the revival of old learning, the study of European sciences

was by no means put aside by the Chinese scholars. The mathem-

aticians we have mentioned in the above were more or less skilled

in the Occidental learning. But it appears that the Chinese had

seldom learned the European languages and read European works.

After the Hsin-fa Suan-shu and the Su-li Ching-yiin there had been

no translation of foreign books for almost a century and a half, until

Li Shan-lan made his appearance at the middle of the 19th century.

Before Li Shan -Ian’s time there was a mathematician named

Chiao Hsiin, who wrote the ShiMiu, the Shih4unf the Shih-t'Of the

1) Ting's Sii-hsiao Shih-i,
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T'ien-tjuen-i ShiJi and the KUii-famj Tumj-shih. The first three relate

to trigonometry, while the last two treat of equations. Some of these

are worthy of notice. Chiao died of a disease of the foot at the

age of 67.

Li Shan -Ian was a native of Hai-ning. In the first decade after

the middle of the 19 th century he was at Shang hai, where he became

acquainted with the Englishmen, Wei-lieh Yai-li (Alexander Wylie),

Ai Yueh-so and Wei Lien-ch’en. It was under the instruction of these

gentlemen that Li was enabled to eftect his translations of various

works. In 1860 he fought under Governor Hsii Yu-t’ing, who was a

mathematician, against the Taiping Rebellion. During the war in and

after 1862 he belonged to the command of Tseng Kuo-fan. After the

restoration of peace he was given a high situation in civil service.

He died in 1884; he was nearly 70 years old when he died. Some

of his writings were lost during the long war of the Taiping Rebellion,

but the others were published under the title Tso-Jai-chi Snan-hsiao^

which contained thirteen separate articles in 24 books. He treated

therein of triogonometrical functions, logarithms, ellipse, summation of

power progressions, etc. The power progressions were considered of

old by Kuo Shou-ching and Chu Shih-chieh, but these old scholars did

not succeed in finding any general theory about the subject. General

theories were first met with in the works of Wang and Tung, but

these were restricted to the consideration of triangular and pyramidal

progressions, respectively. It was for the first time considered in Li

Shan-lan’s book from a general point of view, as Chu K’o-pao main-

tains. Li explained the subject by tables, figures and formulae. He

was also versed in the method of the four elements.^)

The following are the titles of Li Shan-lan’s translations. The

7th and subsequent books of Euclid: This translation was done with

Wylie. Begun in 1852, it was completed in four years. The Chung-

hsiao or ^^Mechanics”, consisting of 20 books, was translated by Li and

the English Ai Yiieh-so, at the same time that Euclid was translated.

The three books on the ^‘Theory of Curves” were appended to the

treatise. The publication of the Chung-hsiao was the first instance of

a treatise on mechanics being printed in China. The Tai-wei-chi Shih-

chi or “Treatise on Conic Sections and Calculus”, consisting of 18 books,

was translated by Li and Wylie from the mathematical treatises of the

American Loomis. It was published in 1859. The T^an-tHen, con-

1) Chu’ 8 “Third Part of Biographical Collections”, Book 6.



CHAPTER 18. THE REVIVAL OF OLD MODES etc. 127

sitting of 18 books, was a translation of John Herschel’s astronomical

treatise made orally by Wylie and recorded by Li. It appeared

in 1859. Li translated also a work on botany.

Alexander Wylie, the English savant, who rendered a great service

to the progress of mathematical studies in China by translating various

treatises with Li Shan-lan, came to Shanghai in 1847. He first wrote

the Su-/tsi(w Clii-mvng or ‘'Introduction to Mathematics”, which appeared

in 1853. He treated therein of arithmetic in an exceedingly masterly

manner. He returned to England in 1862, having become infirm

by age.

These translations are also noteworthy: The I'aisu-slui or "Treatise

on Algebra”, consisting of 25 books, was translated from Wallis’ or

Harris’ work by Hua Heng-fang and the English Fu Lan-ya. It

appeared in 1872. The Wei-chi So-yiimif 8 books, was translated by

the same scholars from the same mathematician’s work: this was a

treatise on the differential and integral calculus and was intended to

supplement what had been wanting in the translation of Loomis above

referred to. It appeared in 1875. The Sim-chiao Sihli or "Treatise

on Trigonometry” and the Suan-shilt Chi-yao or "Collection of Mathem-

atical Formulae”, etc., are of historical interest. We shall not

however make any attempt to give particulars of the European

mathematics studied in China We reserve the subject for further

study.

llsia Luan-hsiang wrote the Chih-cKii-shuy in which he treated of

conics, cycloid, spirals, etc., that were not considered in the Tai-wei-

chi S/iiJhchi. He also wrote the Chih-ch'ii Tu-liskh.

As we have said, logarithmic tables were published in the Suli

Ching~yUn of 1713. The Chinese mathematicians widely employed

these tables and became perfectly convinced of the conveniency of

them. But there were no treatises in China, in which the construction

of such tables was explained. The publication of algebraical treatises

containing the theory of logarithms is only of a recent date. The

Chinese mathematicians, who were delighted with logarithmic calcula-

tion, could not be satisfied without the theory. They did not however

seek for explanations in European works; on the contrary they attempted

to make the matter clear themselves. Their studies were crowned with

some success. They at last arrived at the natural logarithms in their

explanations. Tai Hstt, Li Shan-lan, Hsfi Yu-t’ing, etc., obtained solut-

ions. Although their ways of attack were different in some points

their results all agreed.
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Tai's article on the subject was noticed by the English savant Ai

Yiieh-so, who was exceedingly struck with it. This fact is mentioned

by A. Wylie in the preface to the Tai-wei-chi Shih-chi. Ai Yueh-so

desired to see the author, pay him due respect and talk with him

about mathematics. So he went to Hang Chou, where Tai lived, on

a visit in 1854. But the Chinese mathematician refused to see the

stranger. Ai Yiieh-so translated afterwards, it is said, the book of Tai

and published it in England.') This passage is recorded by Chinese

writers as an incident highly interesting.

Following these three masters, K’u Kuan-kuang (1799— 1862),

Tou Pai-chi, Hsia Luan-hsiang, and others also carried on studies on

the subject of logarithms.

Finally Ting Ch’ii-chung, together with Tseng Chi-hung, wrote

the Tui-sii Hsiang-hsieh or ^^Logarithms Explained in Detail”, 5 books,

where the explanations are given in the algebraical way of the

Europeans.

CHAPTER 19.

LATER PROGRESS OF THE SOLUTION OF EQUATIONS.

In the later growth of the Chinese mathematics there were three

principal subjects that mostly attracted the attention of scholars. The

first of these subjects was the measurement of the circle treated in

the analytical way, and the other two concerned the solution of

numerical equations and the theory of logarithms. We propose to

devote this chapter to the treatment of equations carried on by the

Chinese mathematicians of the last century.

Equations were employed by the Chinese from early times, as

we have repeatedly mentioned. When the old modes of learning were

revived under the Ching Dynasty, the subject of equations as treated

by the celestial element method was taken up again with great zeal,

and various publications were issued concerning the subject. But the

first publication in this line worthy of our notice was certainly the

K'ai-fang Shuo written by Li Juan (1773— 1817), to whom we have

often made reference. He was a devoted savant, but his energy was

mostly consecrated to the composition of the treatise before us. Its

title means literally ^^Theory of Equations” and it consists of three

books. The first two books were early complete, but the last one was

1) Chu’s “Third Part of Biographical Collections”, Book 4.
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in the course of being written, when the author died of consumption.

The unfinished book was completed by his pupil Li Ying-nan in ful-

filment of his master’s urgent request on the death -bed. It appeared

in 1819.

The first book of Li Juan’s ^^Theory of Equations” contains a

description of the way of solution of equations. In the second book

Li maintains that the root of an equation is usually positive, but that

if negative roots be admitted, a quadratic equation may have two

roots, a cubic three roots or one root, and a bi- quadratic four or

two roots.

In the equation, — 20 -f 15iP -f rr* = 0, the absolute term and the

first degree term are of different signs, so that it is taught that the

equation has a positive root. The sameness of signs of the 1st and

2nd degree terms indicates that there exists a negative root. In fact

the above equation possesses the roots -f 1 and — 20. Li considers

that it is also the same with other cases of higher equations.

When an equation is solved in such a way as we have described

in connection with the works of Ch’in Chiu-shao, Li Juan takes away

the absolute class that has vanished after the operation, and takes the

remaining members as the respective classes of another equation,

whose number of degrees is of course one lower than the original one.

The same way of solution with this new equation will give a second

root of the original equation, and such an operation may be repeated

in application as often as the case may admit, arriving successively

at as many roots as the equation has.

In the third book it is shown that there are equations that have

no root positive or negative. For instance, the equation a;* — 4.r-f 15 = 0

is of such a nature. Here Li Juan calls the 1st and 2nd roots of

this equation wu-sUj literaUy meaning ‘‘without number”, i. e., meaning

that these roots are not to be expressed by numbers. It will be

observed that Li Juan’s tvu-su is in profound resemblance to the

musho or “without root” of Seki and other Japanese mathemati-

cians.

So far as we know, Li Juan was the first Chinese mathematician,

who knew of the existence of more than one root in an equation.

In this respect the Chinese were behind the Japanese for a century

and a half. According to Ting Ch’u-chung, the publication of Li

Juan’s work greatly encouraged the study of old learning. Li had to

evolve the roots of equations digit after digit in all cases. The de-

duction of several figures in a single operation was first effected in

Abhdlgn. s. Qesch. d. math. Wiss. XXX.
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China by Tsou Pai-chi and Hsia Luan-hsiang. Here too the Japanese

were nearly two centuries ahead of the Chinese.

Tsou Pai-chi (1819—1869) published in 1868 the Su-pii Hsi-i'ao

and appended thereto a new treatment of equations. He there gives

two different ways for the solution of equations. The determination

of the first approximation is the same in both. Thus he says: ^^When

the absolute term is negative and the first degree term is positive,

the first figure or figures of the former should be divided by those

of the latter, and the quotient thus obtained will be taken for the

first approximation. If however the absolute and 1st degree terms

are both negative but the 2nd degree term is positive, the 1st degree

term should be divided by the 2nd degree term, and in general the

first two terms that are different in sign should be taken to divide

the lower by the higher term (to get the first approximation of the

root).’^

It is evident that the author is here intending to get a positive

root, as will be seen from what we have said of Li Juan’s studies.

In the first of the two processes, the first approximation obtained

in this way will be multiplied by the highest terra (of course the

coefficient only being taken into consideration) and the product added

algebraically to the remaining highest term. The result will be multi-

plied by the first approximation and algebraically added to the next

highest term. Proceeding in this way, we come to an end when

addition is made to the 1st degree term. We have now to divide

the absolute term by this result, when the quotient will be taken for

the second approximation. The process may be repeated any number

of times and each time the approximation becomes more accurate.

For example, with the equation

— 2 + 30rc -f 110 -f 170 -f 1 38 -f- 58 -f- 10a;® = 0,

Tsou proceeds in practice as shown in the following scheme:

r, = 0-06 rg = 0054 rg = 00548 = 005470 rg = 00547 21

10

58 58-6 58-54 58-548 58-5470 58-54721

138 141-5 141-16 141-208 141-2025 141-20376

170 178-5 177-62 177-738 177-7238 177-72681

110 120-7 119 59 119-740 119-7215 119-72539

30

-2
37-2 36-46 36-563 36-5487 36-55149
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Here the left-most column represents the coefficients of the equa-

tion, the highest term being arranged on the top and the succeeding

terms coming successively below each other. The numbers marked

rj, ^
2 ,

. . . are the successive approximations. In the respective columns

are recorded the operated numbers as indicated in the above description.

The calculations are carried out to the 1st, 2nd, ... decimal places

respectively in the successive evaluations. The values of ...

are derived thus:

= 2/30 = 0 06, rg - 2/37 2 = 0 054,

rg -= 2/36-46 = 0 0548, r, - 2/36 563 = 0 05470,

>5 = 2/36‘5487 = 0054721, = 2/36-55149 = 00547173.

Tsou’s second process is as follows: The quantity that has been

obtained in the first degree term in the operation with in the first

process should be multiplied again by r^. We call the product Sj,

and we determine so as to appropriate the case according to the

amount, by which Sy^ diifers from the absolute term. We similarly form

that corresponds to r^. We then find a quantity fourth proportional

to Sy —
2̂ ,

the absolute term — and — ^
2

- Add it to (or

subtract from), and call the result rg. Repeating this way we may
get by degrees the closer approximations. For example’s sake we
reproduce Tsou’s calculation applied to the same equation as solved

above. The arrangement will be made as below:

r^ - 0 06 = 0 05

10

58 58-6 58-5

138 141-516 140-925

170 178-491 177-046

no 120-709 118*852

30 37-242 35*943

-2
2-234 1*797

= 0 0546 ^4 = 0-054719

58-546 58-54719

141-19661 141-2036437

177-70933 177-7265222

119 70293 1197250176

3653578 36-5512332

1-99485 2-0000469

When we operate with = 0*06, we get Sy = 2*234, which is

greater than the absolute term whose value is 2. It is therefore

desirable to take Isss than Vy, and in the above scheme is
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actually selected rg == 0 05. The third approximation is found from

X + r^, such that

(2-234 - 1-797) : 2 - 1*797 = 0*06 - 0 05 : a;,

whence we get x =“ 0 0046, so that == 0*0546.

When we have to find from the fourth proportional appearing

in the evaluation will be found to be 0*000001074. In this case the

quantity = 2*0000469 is > 2, the absolute term, so that we get by

subtracting the fourth proportional from the value of = 0*054717926.

If we again have to determine the last decimals of the root,

being given that it lies between 0‘054717 and 0 054718, we shall

operate with these values which we write r and r\ and get

5= 1*9999596155 and 5' = 20000032733;

and the fourth proportional to

5' -5 = 0*0000436578, 5' - 2 = 0 0000032733, r' - r = 0*000001

will be found to be 0*000000074976. Subtracting this from r' we

have

= 0*054717925024,

where eleven effective figures of the root are correctly found.

Among the posthumous works of Hsia Luan-hsiang (1823— 1864)

there was one entitled the Shao-Jcuang Chui~t'sang. Although it is

nothing but a thin booklet consisting of only a few sheets of paper,

yet it has ever been highly appreciated by later scholars, because it

gives a convenient process of finding the roots of an equation, more

advantageous than those of Li Juan and Chiao Hsiin, which were

carried digit after digit, getting a single figure in each step. It was

even more valuable than the methods of Tsou Pai-chi. Hsia’s work

was published in 1876 by Ting Ch’ii-chung in the Fai-fu-t'ang

Mathematical Collections. We here give Hsia’s results briefiy.

1. To extract the square root of a number A, an approximate

value of the root = a should be arbitrarily selected, and if we

then form

n = r. = ^ — A, r — ^8 + ^
,

these quantities rg, ... will afford the successive approximations.

Taking l/l^l for example, if we put = 10, we shall have
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rg = 121/10 == 12-1, r, = (10 -f 12-l)/2 = 1105,

= 121/1105 = 10-95, = (11 05 4- 1095)/2 = 11,

the last of which is the value required.

2. To find the root of an equation, for example,

f(x) -f 2 a; - 16 = 0,

the first step is to choose a value of the unknown that would

roughly make the left-hand side vanish. Here we have

f(3 2) _ 3-2^ + 2 X 3*2 - 16 = 0-64,

and so we write x' = 3*2. We next form the quantity

Jc = f(x^ + 1) ~ fix^) ~ 1 - 4-22 ^2x4-2-16- 0*64 - 1 = 8*4,

which is called the divisor of successive divisions. Then writing

rj = 3, we proceed as follows:

n, = - fi/,)Ik 3 -f 0 1190 = 3*1190,

>*3 = n - f(r^/k
-
3*1190 + 0*004028 = 3*1230,

r, = - f{r,)/k 3*1230 + 0*000103 = 3*123103.

We thus get x — 3*123 for the required evaluation,

3. When the above value has been obtained, a more accurate one

may be derived from it. For replacing the above x' = 3*2 by the

value of the root just obtained, we may repeat the process we have

just employed for a second time. Repeated applications of such an

operation may lead with ease to the accurate evaluation of tens of

figures in the value of the root. Thus finding one more figure in

the above value we have x' = 3*1231. With this we construct a

second value of /»;, which is A;' = 8*2462. We then have

x" = a;' - = 3-1231 + 0-00000562555 = 3123105625.

If we take this value of x for the former x' and construct the

corresponding value of k, and repeat in like way, we shall arrive at

a more approximate value of the root.

4. Hsia’s second process is for the equation

X f (a;) — A ' X + A x^ A — A — 0

to take the successive approximations of the root to he

ri = Alf(l), r^=A/f{r^), Aj f(r^), . . .

.

5. In the third process, Hsia writes an equation in the form

fix)— ax + h — i)y where fix) represents all the terras containing
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powers of x higher than the second, inclusive. Here Hsia takes the

successive approximations:

= ^ = r,^fSrA±±,....

If, for example, we take the equation •— rr- + 82 a: — 160 = 0,

we have

r, = 160/82 - 19512, 4. 160)/ 82 = 1*9976,

^3 = (^2
' + 160)/ 82 = 1*99988, . . .,

and thus the required value will be found to be rr = 2 .

6 . Hsia’s fourth process of solving numerical equations may be

briefly stated thus: In the equation

fix) = a:” + «! x'‘~^ + fla x’'~^ A + x + a^ = 0,

let be an approximate solution already obtained, and form another

equation

^ ^,.- 1
) ^ ^r,) + ... + xr ir,) + fir,) = 0.

Solve this second equation according to the process we have just

explained, and let be the approximation obtained. Then write

-f ~ rg. Repeat the same procedure with rg, when we shall get

Thus we obtain also r^, ..., which constitute the successive

approximations required. For example, in the equation

f{x)E-.x^+10^x- 10^0 = 0
,

let = 61803 be a known approximation. Form the auxiliary equation

x^ + (lO'^ + 2ri)a; + + 10“^ Tj — 10‘°) = 0,

and writing 10^ + 2ri = 223606 = /c, we get an approximate solution

of it,

u, + lOV, - W^)/Jc == 0*39887 ....

Consequently =» -f = 61803*3988. Next we form the auxiliarly

equation

X* + 1(10® + 2»-,) + 2u,}x + /(«,) = 0,

whose solution we get in the form

M, = - fiuf)/]c = 0000074989,

. •
. r, = r, + Mj = 61803-39887498.

Similarly we obtain

= 61803-39887507487,

which we take as the required value.
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CHAPTER 20.

THE STUDIES ABOUT THE VALUES OF ;r BY LATER
CHINESE MATHEMATICIANS.

We have already mentioned the results of the circle-measurements

attempted hy the older Chinese scholars. We shall here consider the

studies carried on by the Chinese about the same subject in subsequent

ages. Reserving however the results of analytical studies tried by the

Chinese in the 18 th and 19th centuries to be specially described in

the next chapter, here we have to say something of the numerical

results obtained for the value of

As we have said, Tsu Ch’ung-chih gave in the 5th century the

22 356
two fractional values of which are — and These were called

the inaccurate value and the accurate value. But the perversity of

fate so proved that the former only was destined to prevail among the

mathematicians of the succeeding ages. Even the renowned com-

mentator Li Ch’un-feng used Tsu’s inaccurate value and called it the

355
accurate value. Tsu’s fraction had long disappeared in history un-

til it was retaken by Chang Yu -chin during the Mongolian Dynasty.

Chang’s studies are worthy of notice, so that we shall now begin with

him in our consideration of this subject.

Chang Yu-chin was sometimes called Chang Chi and by other

names. Of his career we know nothing, except that he lived during

the Yuen Dynasty. Chang wrote the Ko’hsmo Ihin-sliu, consisting of

5 books. This was an astronomical or rather calendrical work but it

contained a chapter entitled Ch’icn-lisiao Chou-pei, treating of circle-

squaring.^) Of the various values of n employed from old times, that

22 355
is, of the values 3, 3*14, etc., Chang pointed out that the last

named was the most exact.

In his considerations Chang first takes up a circle of diameter

10 units and inscribes a square in it. He then doubles the number

of sides and makes it an octagon, from which are successively con-

structed a 16-gon, a 32-gon, . . ., until in the end a polygon with

or 16384 sides is arrived at, when he conceives that the polygons

will approach the circle closer and closer. The sides and consequently

the perimeters of these polygons are successively calculated in such a

1) Yiian’s “Biographical Collections”, Book 28.
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manner as was followed by Liu Hui of old. Thus one side of the

inscribed square is 7*071 .... The difference of the diameter and

this side is 2*923 .... The half of this quantity is 1464 . . . ,

which gives the sagitta of the circle with a side of the square as

chord. The sum ot its square and that of half a side being evolved

in the second degree, we get the side of an octagon = 3*826 . . . .

Multiplying by 8, we get 30*61 . . . for the perimeter of the octagon.

Chang here changes the diameter to 1000 units from 10 units,

for he feels it inconvenient to use a smaller number of units. In this

way he finds the side of the 16-gon from the expression {d —

where d is the diameter and a the side of the 8-gon, and multiplying

by 16 the perimeter of the 16-gon will be found. Proceeding in this

way, he at last calculates the side of a 16384-gon and multiplies it

by the number of sides, when he gets 3141*692 . . ., which is the

perimeter of this polygon. When this quantity is multiplied by 113,

the result will give the number 355, from which Chang concludes

that the fraction is the most accurate of all values obtained lor tc.

In these calculations Chang does not resort to circumscribed

polygons, although such are believed by Mei Wen-ting and others to

have been used by Tsu Ch’ung-chih.

As we see in Chang’s work, Tsu Ch’ung-chih’s accurate value of n
had not been altogether forgotten in later ages. But meanwhile, it is

true, it had long remained little observed by current mathematicians,

for most writers give the simpler fraction only.

Ch’in Chiu-shao gave in his Su-shu Chiu-chang of 1247 for x the

values 3 and — as well as another value j/lO. This last value was

used by Chang Heng in old times. Ch’cn Huo, who lived a short

time before Ch’in, namely at the end of the 11th century, also applied

the same value.^j This tact cannot pass without arousing one’s

attention, lor it was employed in India and Arabia too. In India

Brahmagupta*) used the value at the first half of the 7th century,

and in Arabia the Indian value was adopted by Hovarezmi^) in the

first halt of the 9th century. The Chinese may or may not have
borrowed it from a foreign source. We shall only add that Chang

1) Lo Ju-huai’s preface to Ting Ch'ii-chung’a edition of Haii Yu-t’ing’s

mathematical works, 1872.

2) M. Cantor, Geschichte, I., 3® Aufl
, p. 647.

3) Cantor, 1 ,
3® Aufl., p. 728,
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Heng lived several centuries earlier than the Indian Brahmagupta,

although Ch’en and Ch’in belonged to an age subsequent to Brahma-

gupta and Hovarezmi.

The value of = y10 comes on again in the course of the

Chinese history of mathematics. At the middle of the 18th century

Wang Yuan-chi gave it in his Kon-ku-yen. Wang took the degree of

chin-shi/i in 1751. If the reason of Wang’s taking such a value is not

known, yet Ch’ien T’ang was of the opinion that this value was

very convenient and it appeared to agree very closely with actual

measurements.') Ch’ien T’ang was a chin-shih of 1781. He died at

the age of 55. Ch’ien further argued in detail in regard to the

accuracy of the value ;t = ]/l0 thus:*)

^•The old value 3 as well as Liu Hui’s value 314 are being

generally agreed to; but these values are by no means exact. When
we measure a material circle by actual trial, its circumference will be

found to exceed 3T6 times its diameter. Little need be said about

the inaccuracy of the old value. As to Liu Hui’s value, it was

obtained by ‘^dividing” or ^^cutting” the circle, or to speak exactly,

by inscribing polygons in the circle and calculating the sagittae of

the arcs thus obtained. In this way small remainders are constantly

neglected and in the end the chord is considered to become identical

with the arc, which could never be the case. Therefore the circum-

ference obtained is not the true circumference, and the result arrived

at does not represent the true value. Besides, Liu Hui’s calculations

ending in the 96-gon and the small remainders being all cut away, it

is very natural that his value should be inaccurate. There is however

a way of getting at the exact value of 7t which is more satisfactory

than derived by calculating the polygonal perimeters. This way lies

namely to take 10 times the square of the diameter and make it the

square of the circumference, or in other words, to make for a unit

diameter the circumference to be 3' 16.”

If we don’t err in our judgment, this value n — 3T6 or = j/lO was

adopted, perhaps because <‘or so important a quantity as % it had seemed

preferrable to look upon it as underlying a simple law of formation.

Borrowed from abroad or not, it was equally the love for simplicity

of the Chinese mind that had worked to apply such a value as this in

practical purposes.

1) Yuan’s “Biographical Collections”, Book 41.

2) Yuan, Book 42. Our translation is not exactly literal.
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Towards the end of the 18th century T’an T’ai, of Chiang-ning,

attempted an experimental measurement of the circumference of a

wooden circle 10 feet in diameter, when he found it exactly equal to

3T6 feet and a little more. He then wrote the Cliou-ching Shuo or

Discussion on the Circumference and Diameter of a Circle”, in

which he defended the correctness of Ch’ien T’ang’s opinion.^)

How significant and serious such a movement had been for the

Chinese, may be well seen from the fact that it was only made away

with, as Chu K’o-pao mentions in his Third Part of the Biographical

Collections of Astronomers and Mathematicians”, Book 4, after so

illustrious a personage as Hsii Yu-t’ing had enthusiastically attempted

the calculation for the true value of 7t by means of inscribed and

circumscribed polygons.

At the close of the 16th century Hsing Yun-lu, who took the

degree of chin-shih in 1580, wrote the Studies in Calendrical Subjects

Old and Modern”, consisting of 72 books, in which he gave the value

of = 3126.2)

Ch’en Chin-mo who lived at the end of the Ming Dynasty, or at

the middle of the 17 th century, employed the value of jt = 3’ 15025.2)

A similar value of ^ as employed by Hsing was advocated some

years afterwards by Yen Shih-lung, who lived at the beginning of the

Ching Dynasty. In the second book of his ‘^New Treatise on Surveying”,

consisting of two books. Yen maintained that the area of a square
32 .

circumscribed about a circle is ~ times of the circular area.^) This is

26
equivalent to taking % — — ^ 3*125.

K’u Ch’ang-fa wrote the Wei- ching Chou-shu or “The True Con-

siderations of Circle-Measurement”. He argued that the values of 7t

obtained by Chen Luan, Tsu Ch’ung-chih, Hsin Yun-lu, T’ang Jo-wang

(Adam Schaal), and others were all inaccurate, and that 3*125 was to

be taken for the real accurate value of tc,^) K’u therefore adopted the

same value as employed by Yen. The two mathematicians Yen and

K’u belonged to the 18th century. The value of ;r = 3*125 was some-

1) Yiian’s “Biographical Collections”, Book 42, and Lo’s “Supplements”,

Book 60.

2) Yiian’fl “Biographical Collections”, Book 81.

8) Yiian’s Biographical Collections, Book 88.

4) Yiian’s “Biographical Collections”, Book 40.

6) Yuan’s “Biographical Collections”, Book 41.
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times called Chih’s value. Chih was most certainly a Chinese scholar,

although we are not well acquainted with his life. He was perhaps

Liu Chih, the astronomer, who died at the end of the Tai-kuan Era,

which lasted from 280 to 289. This same value is also said to have

been employed in Europe by Vitruvius.

In the Su’li Ching-yun of 1713, that was compiled by an imperial

order, there is a chapter devoted to the quadrature of the circle. Here

we find both the square and the hexagon inscribed in and circum-

scribed about a circle. The calculations employed are all numerical,

and are carried out by applying the Pythagorean theorem or Chou

Kung’s relation and the extraction of square roofs, the diameter of

the circle being taken = 2 x 10'^. In the first place starting from a

side of the inscribed hexagon, one side of the dodecagon is calculated

to be

51 76380 90205* 04152 46977

97675 24809 66576 64.

Then in like way the side of the 24-gon, and then that of the

48-gon, and so forth, are calculated one after another, at last getting

a side of the polygon with 3 x 2^^ == 5 15396 07 552 sides

= 121*90983 99389 29973 41424 79879 09.

Multiply it by the number of sides and we obtain the perimeter

= 628 31853 07179 58647 65801 34822

03550 10887 68.

When the calculation is started with an inscribed square, first of

all its side should be calculated, and then the side of the octagon will

be found by calculating the hypotenuse of the right triangle whose

two sides are half a side of the square and the diameter diminished

by half a side. Then the sides of the 16-gon, the 32-gon, ... being

successively calculated, we come at last to the polygon with 2®^ = 3

43597 38368 sides, whose one side will be found to be

182*86475 99083 94960 12960 68,

which gives, when multiplied by the number of sides, the quantity

628 31853 07179*58647 68630 83106

75500 30233 60,

for the perimeter of this polygon.

1) Seki’fl posthumous publication, the Ktoatsuyo Sampo^ edited by Otaka,

1712, Book 4. See also Ch’eng Tai-wei’s Suan-fa Tung-tsung, 1593.
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With the hexagon circumscribed about a circle, taking the diameter

as the hypotenuse and the radius as one side of a right triangle, the

third side will be found, when doubled, to be equal to one side of the

circumscribed triangle. Hence its one third gives the side of the

circumscribed hexagon. Next, the fourth proportional to half a side

of the hexagon, the radius, and the difference of the radius and the

hypotenuse of the right triangle with the radius and half a side of

the hexagon as sides will give half a side of the circumscribed dode-

cagon. Carrying on the calculations in this way the sides of thb

24-gon, 48-gon, . . . are found one after another, until arriving at the

side of the polygon with 3x2^ sides

121-90983 99389 29973 42107 76825 16,

which gives after multiplication by the number of sides the perimeter

of the polygon to be

628 31853 07179 58647 69321 54601

77828 39608 32.

When a square is circumscribed about a circle, the difference of

its diagonal and the diameter gives a side of the circumscribed octagon.

The sides of the 16-gon, 32-gon, ... are calculated by proportions

as in the case of the circumscribed hexagon. The side of the octagon

is given to be

82 84271 24746 19009 76033 77448 41939 61571 38,

and at last the side of the 343597 38368-gon is found

= 182-86475 99083 94960 14269 29544 50,

which gives after multiplication by the number of sides the perimeter

of the last polygon equal to

628 31853 0717958647 73127 17861 85894 13376 00.

From the values of the perimeters of the inscribed and circum-

scribed polygons just described the first 19 figures of the value of jt

are obtained which run thus:

= 3-14159 26535 89793 238.

Before the publication of the Surli Ching-yiin of 1713, in which

something of the science brought from the Western World was brought

out, there had been Jesuit missionaries, who tried the introduction of

the Occidental learning into the Middle Empire. One of these mis-

sionaries Adam Schaal, better known in China by his Chinese name
T’ang Jo-wang, is said to have tried a calculation of the circle, his

value of z being 8-14159265.
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At the beginning of the IthS century Mei Ku-ch’eng wrote the

CKih-shui I-chei or Pearls Dropped in the Red River”, in which he

published among others three formulae in infinite series expressing the

circumference, etc., which had been originally given by the French

missionary Tu Te-mei or Pierre Jartoux. To the particulars ou the

subject we shall return in the next chapter. After the publication

of Mei’s book there arose studies of allied subjects, for which various

scholars earned renown as we shall see later on.

At the begiuning of the 19th century Chu Hung (who took the

chiu-sJnh's degree iu 1(S02) employed one of Tu Te-mei’s formulae:

^ + aT 4 + 51 .1
’ + 7: 4= + " )’

to calculate the value oi‘ :r to 40 places, which are

:r-3T4159 2(3535 89793 2384(3 2(3431 86367

47227 9514,

of which the first 25 figures only are correct, as later Chinese scholars

pointed out.*) Chu Hung's value of 7t was subsequently published by

Hsu Yu-t’iug in one of his various mathematical publications. It

seems Hsii was not aware of the incorrectue.''S of the last figures,

After some time Tseng Chi -hung attempted another trial under

his master Ting Ch'u-chung's guidance. Tseng was a younger son of

the renowned statesman Tseng Kuo-fau, who led the imperial army as

the commander-in-chief during the war of the Taiping Rebellion. Tseng

died iu 1877 still very young. Tseng knew of the slowness of conver-

gency of Tu Te-inei’s series, inadequate tor the evaluation of tc when

tens of figures are required, and so he did not use it. It is said he

succeeded iu his calculation in a little more than a month and obtained

the value of 7t correct to the hundredth figure. Huang Tsuug-hsien

then calculated a table of the circular arcs ou this basis of Tseng’s

value of ;r, and Huang and Tso Ch'ien wrote the ^^Graphic.»l Explanation”

of Tseng’s calculation. This work was published by Ting Ch’il-chung

as a volume of his Pai-fu-t'ang Mathematical Colleciimis. Tso died

before the work was published (1874) at an early age. We here give

a short account of Tseng’s calculations from T’ing’s Collections,

From the formula tg (a -f /3) = {tga -f tgj3}/{l — tgatgj3) follows

the relation

1) Tseng Chi-hung, ‘^Studies in the Value of Circular Circumference”, 1874.
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tg (arc 450- arc tg
J) = (l - f)/(l + 1 x

i) = 1’

whence we have

arc 45° = arc tg
^
+ arc tg jf

the right-hand side of which Tseng expands according to a formula

obtained by Hsii Yu-t’ing, or Gregory’s series:

arc igx = x -- T + '6
"

7
+ ’

when he gets

arc 450 = 1-
1111
3 2®

-1 ' + ...
7 2'^

•

1 1111 1 1 .

+ 3- ¥ 3» - 7" F + • •

Tseng’s calculations were done by aid of this formula.

result was

«= 314159 26535 89793 23846 26433

83279 50288 41971 69399 37510

58209 74944 59230 78104 06286

20899 86280 34825 34211 7067,

„

which is correct to the lOOth figure.

Tseng also gives the value of l/;t, which is

0-31830 98861 83970 67153 77675

26745 02872 40689 19291 48091

28974 95334 68811 77935 95268

45307 01802 27605 53250 6171,1.

CHAPTER 21.

ANALYTICAL STUDIES ABOUT CIRCLE-MEASUREMENT.

INFINITE SERIES.

When Mei Ku-ch*eng published the Ch'ih-shui 1-chai or Pearls

Dropped in the Red River” as an appendix to his edition of the

collected works of his grand -father Mei Wen -ting, he gave three

formulae learned from the Jesuit missionary Tu Te-mei or the French

Pierre Jartoux and expressed in infinite series.^) The first of these

1) Ting Ch’ii-chung's Su-hsiao Shih-i, 1861, appendix. Also Yuan’s '‘Collec-

tions”, article on Tu Te-mei’s life.



CHAPTER 21. ANALYTICAL CIRCLE-MEASUREMENT etc. 143

formulae relates to the length of a circle; it is expressed in this way:

Take the diameter = 20000 00000. Three times the diameter is the

perimeter of the inscribed hexagon; take its value as the first term.

The second term, the third term, the fourth term, . . . are')

= 500 00000, T, = T, x = 281 25000,

^4 = ^3 ^ "

Here the terms are to be calculated to the unit’s place, and the results

being added together we get the circumference = 62831 85299.

It is very noteworthy that here the decimal fraction is not

employed in this calculation. The above is equivalent to

„ , / , ,

1‘ 1
,

1*. 3* 1
,

1*. 3*. 6’ 1
,

\

+ 3! ^ 4
+ ~Tr ^ 4*

+ 7“ X
i>
+ • • •)•

Tu Tc-mei’s other two formulae published by Mei are

sin a; =^ (- 1)"

72 - i 1

+ 1 a:
S 7J 1

(2n-l)!
versm 21

. 1N774-1 a;*”(— 1)
^ Jf

—

^ ^
(2 m!

Pierre Jartoux, the French Jesuit missionary, who is well known

as Tu Te-mei, entered China in 1701 and enjoyed high esteem at the

Chinese court. He surveyed the Mongolian districts with the German

Xaverius Ehrenbertus Fridelli, then surveyed and mapped the district

of Chih-li, and in 1710 carried his work of survey to the Amoor

territories with the French Johannes Bapt Regis.^) Unfortunately

enough we know nothing else about the life of Jartoux, except that

he died in 1720 in China at the age of fifty.

Jartoux or Tu Te-mei’s original manuscript was most certainly

written in European language, for Mei is always referred to as having

translated what he gave in his publication. But it does not seem

that the work had consisted merely of the three formulae, which we

have reproduced. Certainly it consisted of nine formulae, we believe.

It is said Tu’s work was given by the Emperor Kanghy to Mei Wen-

ting, the translator’s grand-father, and the original translation is said

to have been attempted for all the nine formulae. But this is con-

1 ) Here we write T,, J,, ... for the 1st, 2nd, . . . terms.

2) T. Hayasbi in the Proceedings of the Tokyo Math. Phya. Soc., 2nd Series,

Vol. IV, p. 461.
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tested. T. Hayashi is of the opinion that Tu Te-mei’s considerations

were restricted merely to the three formulae above given. He says:')

Te-mei did not treat of the arc of a circle. It was Ming An-t’u who

for the first time considered it.” Lo Shih-lin also writes in one place

thus^): "Ming An-t’u ... supplemented Tu’s three formulae ... by

other six formulae expressing the circular arcs; and there were nine

formulae in all together with Tu’s . .

According to the same author^), however, Tun Yu-ch’eng wrote

in the preface to one of his works thus: "In the spring of 1819 Chu

Hung made known to me of the original (translated) treatise of Tu

Te-mei’s nine formulae, transcribed by Master Chang, of TTai-ning.

The manuscript contains besides the nine formulae neither diagrams

nor explanations.” In the preface to Ting Ch’ii-chung’s Su~hsiao

Shih-i of 1851 Tsou Pai-chi writes: "Ting one day obtained at his

friend’s house an old manuscript on a mathematical subject. Some

opening pages and the ends were wanting, and so the writer’s name

was lost. On examination the contents were known to be formulae

expressing the chord and sagitta in terms of the arc and those ex-

pressing the arcs in terms of the chord and sagitta, which were the

original rules of Tu Te-mei. The writing was however clothed in

obscure language hard of understanding and was not accompanied by

mathematical expressions.”

In the preface to Ting Ch’u-chung’s reprint of Hsii Yu-t’ing’s

Ko-yiian Chui-shUj 1873, Tso Ch’ien says: "After the European Tu

Te-mei had established the nine formulae concerning the mensuration

of a circle and made it a general rule in the treatment of a circle

to follow the process of repeated multiplications and repeated divisions^),

in our country Ming and Tun were each successful in obtaining their

own theories or analysis of the subject, whereby Tu’s formulae were

explained (how obtained) . .
,”

These passages, which might be multiplied, are enough to point

out that the Chinese mathematicians themselves do not insist that the

nine formulae are their own invention but allow them to have been

introduced by a European master.

1) T. Hayashi, “On the analytical consideration of the arc of a circle and

the values of 3t in China” (in Japanese). Proceedings of the Tokyo M. P. S.,

2nd Series, V, p 50.

2) Lo*s “Supplements to Biographical Collections”, Book 48.

3) Lo’s “Supplements”, Book 61. See also Chu*s “Third Part”, Book 2.

4) This means the employment of infinite series.
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Of Tu Te-mei’s nine formulae three were published by Mei Ku-

ch’eng, and the other six were recorded first in Ming An-t’u's writings,

which were completed after his death.

Ming An-t’u was a Manchurian by birth and he was instructed

by the Emperor Kanghy.') Afterwards he became the president of

the Astronomical Board. He was highly interested in Tu Te-mei’s

formulae, which had been given without any analysis of their derivation.

He therefore took the pains of studying about the construction of

these formulae. After a perseverance of more than thirty years of hard

study he was at last able to write Ko'ijwn Mi -hi Chieh-fa^ consisting

of four books. But he died before the work was complete. His

youngest son Ming Hsin completed it according to his late father's

request by the aid of his pupils Ch’en Chi -hsin and Chang Hung.

It was completed in 1774 some years after the author's death.

Among the formulae considered in Ming’s work there are the follow-

ing two’):

/ X .

1*
.
H.3» (c\^

,

1*3*. 6* /c\«
,

(arc) = c+2:^xc(^) +-5-xc(^) xc(^) + ...,

/ ^9 lo .
1’ o .

1* 2’ „ /2s\», 3* „ /2»\»
1

(arc)
=’»'P* + 3 . 4

' + ^*( 4 )
*'

3 . 4 . 6 . 67i 8
' '^®(

4
)''”'

>

where d = diameter, r =» radius, c = chord and s = sagitta. These two

formulae are indicated

by Hsu Yu-t’ing^) as

those of Tu Te-mei.

In 1875 Tso Ch’ien’s

Chui - shu Shih - ming,

which was a commen-

1) T. Hayashi says:

“ The Chinese seem to employ

such a phrase (as men-

tioned in the text) for

the sake of the emperor’s

honour. It was in actuality

the receipt of a mathematical book or books from the emperor. This does not

mean that he was a mathematician.” (Proceedings of Tokyo M. P. S., 2nd

Series, Y., p. 50.) Hayashi is perhaps right, but the emperor Kanghy was actually

versed in mathematical sciences.

2) Lo’s “Supplements to Biographical Collections”, Book 48.

3) Ibid.

4)
Hsu’s Tse-yiian Mi-lUy Book 2.

Abhdlgn. z. Qeteh. d. makb. Wise XXX.
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kary on Ming’s book, was published as one volume of the Pai-fu4'ang

Collections, If we don’t know how much was due to Ming’s original

considerations and how much to Tso’s additions, yet the outlines of

the process employed were certainly taken from the original treatise.

We shall therefore see about the procedures followed in the book.

In the first place to express the chord of a segment of a circle in

terms of its arc, the chord is expressed in terms of the chords of the

2nd, 3rd, ... parts of the given arc. In the figure let the radius of

the circle be unity. In the segment BCD, whose centre is let C
be the middle of the arc, and let B be the middle of the arc BC.

Construct BF^BE, such that the point F lies on the line AE,
On BD take BO^BC and DH DC, Then writing BC == BG = a

we have BD = 2a — GH. Draw EJ= EF and FK = FJ. Produce

BE &Did BF, and take BL — 2.BE and BM=2.BP. Join LM,
which evidently passes through the point C. Turn the triangle BML
around the side BM a.8 axis. The point C falls then on G, and let

N be the point upon which L falls. If the triangle NGB be turned

again about NB SkS axis, the point G will fall on a point on CA,
Call it L Then evidently BI= BC. Again let 0 be the point where

BM cuts CA, and construct MP = MO. Similarly draw NQ ^ NR
R being the intersection of BN with CA. After such a construction

is tried, it is indicated that the triangles ABE, BEF, FJ BLM,
CMO, MOP, CGH are all similar; and that the two triangles CMO
and EFJ are congruent. We have therefore

AB:BE = BE:EF, AB:EF= BC:GH,

I'.BE^BE.EF or EF^BE\ \:BE'^ a:GH,

whence follows GH= a. BE\ and hence we have BD == 2 a — a . BE^.

Carrying considerations upon this basis, in the end the following

expression is obtained:

BD = 2a - ^4 4® 4®

14 a»

6 a®

4»

Next denoting the chord of a third

part of an arc by a, in order to find the

chord of the whole arc a figure is described

as annexed. Here BG, EH are constructed = BC, and Bd-=>Ea
BD, and ACa/3EzAZ)dy~ABdZ), and the like. We have then
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AB:BC ^ BCiCG CG.GF, BC : FG BD :dy,

2.BD^ BE + da or 2 . BD ~ dy BE ^ BC,

2.BD~dy-BC^BE.

Proceeding hereupon, in the end the expression, BE = 3 a ~ ^ ~ > will

be obtained.

When we denote by a the chord of a fourth part of a given arc,

whose chord is required to be expressed by means of a, we shall

have in like way

A similar treatment will lead, when we take a for the chords of

the lOth, 100th, 1000th, and 10000th part of a given arc, to

the expressions for the chord of the arc as follows:

1000 rt - 1666 66500

,
3003 , 21460

7+ +

,
3330 00030 . 31 63500 28500 -

,+ a» +

+
3333 30000 00300

16 66666 65000 «
,

3:133 33300 00000 03000 .

10000 a H
4 4

If we take the coefficients of a® in the last three of these ex-

pressions as divisors and divide with them respectively the quantities

100^ 1000^ 10000^ we get

24 0024 . .

.,
24 00002 4 . .

.,
24*00000 024 ...

.

Hence the members of the series with these numbers as the first

terms will be seen to approach more and more to the value 24. We
see therefore that, when the arc is taken as the first term, the second

term in the expression of the chord is to be taken as = — ^4
(arc)^.

In like way we may calculate with the coefficients of and the

numbers lOO'^, lOOO^, 10000^ and find the ratios with the preceding

terms, when we get

8007 . . 80-0007 . .
.,

80*00000 7 .

.

and we conclude that the limiting value of the series will approach

to 80. Hence the third term of our series is to be taken

1

24 X 80
(arc)^
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Id like way the 4th term will be found = 24

But the numbers 24, 80, 168, . . . are of the forms

24-4(2.3), 80-4(4.5), 168-4(6.7),...,

so that finally we obtain the formula for the chord in the form:

(chord) == (arc)
(arc)^

,

(arc)-*^ (arc)’
,

4x3! 4* X 6! 4“ xYl

Here it will be observed that the imperfect induction is skillfully

applied. This point highly resembles the development of the Japanese

yenri theory, as will be seen in a subsequent chapter.

Next to find the arc (a) in terms of its chord (c), a process of

reversion is applied to the series just obtained. Writing the radius

== and the series for c — iWj,
,
and forming the continued proportion

: in^ =

we get on calculation

= « - 4^ + 4*i6!
-

»»4 = - I

— a" H-
:7!

^

4X3!,
+mg =

etc., whence follows by successive additions

,
m.

, ^ 9a^
,

+ sT4
^ ® ^ ~ 6U^ + ' ’

+ + + 0 + W + - -'

At the end of the operation, therefore, we shall have

1 9 228
« = + 3-, 4

»»4 + 6!T* »»6 + 774. »»8 + • • • .

or 1
^

I ^ n 1
2*0 7 1= ® + sTl + 6TT* + • • •

Of Tu T^mei’s or Jartoux's formulae, the expansions of sin x and

versin Xy or cos x, for we have cos x = 1 — versin Xy were first

obtained in Europe by James Gregory (1638—1675) in his Vera

CircuLi et Hyperbolae Quadratura of 1667. The expansion of arc sin x
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was given by Sir Isaac Newton in his writings dated 1676; and in

the expansion he applied the reversion of series. Thus Jartoux who

came to China some years later than the invention of these series,

might have been acquainted with these results arrived at by the English

mathematicians, although he was a Frenchman. The reversion of series

employed by Ming An-t’u in his book as we have described may also

have been learned from a European source through Jartoux’s hand.

We are not however certain whether Newton’s way was the same as

Ming’s. The two await comparison in detail.

Tu Te-mei’s formula for the scjuare of an arc is the same as was

given by the Japanese Takebe Kenko in 1722. But his way of

analysis was utterly different from that employed by Ming in China.

In the Western World the series was published by J. de Stainvilles in

his Melanges ifAnalgse Ahjebrique et de Geometric, p. 460, Paris, 1815.

It was given however some time previously by Leonhard Euler in a

letter to Johann Bernoulli of December 10th, 1737, a letter that was

printed for the first time by G. Enestrbm in 1904.^) Besides these

instances we must own we are utterly ignorant of the existence of the

series in Europe in the LSth century or previously.

If Tu Te mei or Pierre .lartoux had actually possessed the series,

he may have obtained it himself. In that case we must admit he was

a talented mathematician. Had he learned all his nine formulae from

his predecessors, we must equally admire his profoundness of know-

ledge, and our admiration grows the more when we reflect that he

had been no })rofessional mathematician. At any rate the Chinese

mathematics was largely enriched by his introduction of these formulae.

Had he taught of the analysis leading to these results, or had Mei

Ku'Ch’eng recorded what had been taught by him, the Chinese would

undoubtedly have gained much more.

If the series was not in actuality taught by Tu Te-mei and if it

was first established by Ming An-Pu, as T. Hayashi conjectures, then

Ming’s merit is highly deserving in the mathematical history of the

Chinese. It is certain that his persevering labours have contributed

considerably to arouse the interest of later mathematicians. In any

case he was the first instance of the Chinese entering into the analytical

study of the subject. Ming was crowned with the success in his

studies nearly half a century after Takebe had succeeded in the estab-

1) P. Harzer, Die cxacten Wissenschaften im alien Japan, Jahresbericht der

D. M. V., Bd. 14, pp. .-U8—319. The said letter of Euler is given in the

bliotheca Mathematica, 3. Folge, V, p. 270.
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lishment of the same series in Japan, but the modes of analysis followed

by the two scholars were entirely different.

Fang Ching-fu, who was a contemporary of Yiian Yiian, and who

therefore belonged to the end of the 18 th century or the beginning

of the 19 th century was also interested in the expansions in infinite

series. According to Lo Shih-lin'), Fang obtained Tu Te-mei’s nine

formulae and studied them. If it was in a time before the publication

of Ming An-t’u’s book*), Fang’s results were seen on examination to

agree with those of the other.

Half a century afterMing there appeared TunYu-ch’cmg (1791— 1823).

His work Ko-yilan Lien-pi-li Tu-chiehy consisting of three books,

concerned the same line of studies. It was an old manuscript con-

taining Tu Te-mei’s nine formulae that instigated him to work. The

old manuscript was procured by him in 1819 from Chu Hung. Tun

supplied explanations or analysis to the derivation of Tu’s formulae,

and added four others. After his book had been complete, he obtained

Ming’s book, but, as he saw, the procedures followed by the two

mathematicians were not necessarily the same.®) The four formulae

obtained by Tun are as follows:^)

=== ^ 4-
(4n^-l)r,.2 2\ (9n» - 1) 7^.2 T,

rx34“ ' rx6 6
' rxT.S -r • •

• ’

rx^A rxb.6 r x 7.8

1/ _ ^ (9n^-l) 2;.r,» (25n*“- 1)

n r*x2.3 r*x4.6 r*x6.7

a' = nb
(n«-l)r

,
6* T,^

r* X 2 3 r*x4.6

(n*^26)r, 6 *

r*x6.7
1" • ' ’ ’

where a is the chord of an arc (the half of which we write x), h that

of the wth part of this arc, a' ==• sin x, h' = sin ^ radius, and

T„ .. . are the 1st, 2nd, ... terms.

The Chinese did not attempt to rectify the ellipse until at the

beginning of the 19 th century. Chu Hung was certainly the first

person who took up the problem in China. He obtained the degree

of chin-shih in 1802 and remained in service until he retired in 1830.

1) Lo’s “Supplements to Biographical Collections”, Book 48.

2) Ming’s work was first printed in 1840.

3) Lo’s “Supplements”, Book 61, and Chu’s “Third Part”, Book 2.

4) Hsii Yu-t’ing’s Tse-yiian Mi-lu, Book 3.
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He thenceforth lived some years in Peking. Chu enjoyed the friendship

of Tun and other mathematicians, with whom their subjects were

advantageously discussed.') Chu Hung knew that an oblique section

of a circular cylinder would give an ellipse, and he considered conse-

quently that the calculations about the ellipse could be effected by aid

of a right triangle. Tun Yu-ch’cmg tried thereupon a graphical explan-

ation. He thought, if the circle is like a square, then the ellipse is like

a rectangle. In the ellipse there occur such quantities as the major

axis, the minor axis, the perimeter, the area, etc. If of these we
know any two, the others may be found therefrom. According to Lo

Shih-lin“), Tun’s treatment of this problem, it seems, was effected in

the same manner as the length of a vine winding the trunk of a tree

had been calculated in the Chiu-cliang or ‘^Nine Sections”. The

formula he obtained was (half perimeter) = '|/(a* — h'^) -f ,

where a and h are the lengths of the major and minor diameters. Of

its incorrectness Lo was already aware. Tun’s studies extended besides

these over the domain of the progressions of higher orders, of spherical

trigonometry, and of calendrical subjects. If Wang Lai had prev-

iously studied about the progression whose nth term is of the

fourth degree in n, yet it remained for Tun to consider pro-

gressions with terms that are to be expressed by higher algebraical

expressions.^)

About contemporary with Tun, another scholar became noted also

for bis studies of the analytical considerations of the circle. He was

Hsiang Ming-ta (1795— 1850). He studied spherical trigonometry,

and then he took to himself the subject of finding the length of an

elliptic arc. He then came to follow Tun’s results about the infinite

expansions concerning the circle, but he did not live to see his work

HsiaO‘Sii Yiian-sMh completed. It was subsequently supplemented by

Tai Hsii in fulfilment of the author’s request. Thus the 7 th book of

the treatise was written by Tai. In the 6th book Hsiang resorted to

infinite series to express the elliptic perimeter and he also resorted to

the same to solve equations. In 1860 Hsii Yu-t’ing was about to

publish the work, the wood-blocks having been almost wholly prepared,

when he fell in battle. Consequently the publication was retarded

1) Chu’s “Third Part of Biographical Collectiona”, Book 2.

2) Lo’s “Supplements”, Book 61.

3) Ibid.
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and the book was lost altogether, never again appearing in the mathem-

atical circle.')

Hsiang’s contemporary Tai Hsu (1805— 1860) wrote the Wai^

ciiieh Mi-lUj consisting of four books. About the same time, Li Shan-

lan wrote the Shih-shih 3Iong-pi, and Hsu Yu-t’ing wrote the Tse-yilan

and the Ko-yilan GInii-shiiy etc. These works all concern the

same or allied subjects. Ilsii’s Tse-yiian Mi-lii^) or ^^Accurate Formulae

of the Circle-Measurement” contains among others the following formulae,

p dd \l -f -f 3-4 + 3 . 1.5 «. 7.8

P = 54 q (1 + , , + 3 ^7, 6 + 3
+ ),

where p is the circumference of a circle of diameter (/, and q the

volume of a sphere of equal diameter. The volume of an ellipsoid of

revolution, elliptic cylinder, elliptic cone and its frustum are given

respectively equal to

® ahh,
\
ahh, ~ h {(2« + «') h + (2«' + a) b'],

which are multiplied by

== 1 -f
i* 1*3*

3! 4 5! 4*

1*.3*.5*

7!
-f • . . ,

where a and h denote the major and minor diameters and where the

meanings of a', // and h are obvious.

Hsii Yu-t’ing was born 1801 at Wu-chcng end took the degree of

chin-shih in 1829. During the Taiping Rebellion he was the military

governor of Chiang-su. In 1860 the imperial army was defeated at

Ching-nan and the viceroy fled for life. The rebel troups soon pressed

on in inundations to Su Chou. Hsii the Governor conducted the

defence valiantly at the head of his troops. But the garrison, not

being more than 4000 men, soon gave way. Hsii fell stabbed by a

sword, and his whole family were all killed. Hsii was noted for his

honest policy and eagerness, observant to duty, while he lived. Some

of his works Avere published by himself in his life-time, but others

that remained unpublished were mostly lost at the time of his death

Hsii was accustomed in the early part of his life to write down only

the results he had obtained, leaving the analysis employed without

1) Chu’s “Third Fart of Hiographical Collections”.

2) T’ing Ch’u-chung’s edition of Hsii’s work.
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description. Being advised however that it would be more beneficial

to after ages, if he should try to give the accounts of his detailed

studies, he had desired to follow the advice, but he did not live long

to realise the attempt, for he was too busy in his after-life to have

leisure for writings.^)

In the appendix to llsii’s ^^Measurement of the Sphere’^ we find

some formulae for the perimeter of the ellipse. We have already

given the formula obtained by Tun. After Tun’s time, Hsiang Ming-

ta tried the rectification by measuring the circumference of the circle,

described on the major axis as diameter, and the difference of the

perimeters. Tai Hsii did the same applying to the measurement of

the circle on the minor axis as diameter and the difference of the

perimeters. Hsii Yu-t’ing then obtained another formula that was

more satisfactory, as he says.^) Here we give from Hsii’s work the

formulae of Hsiang and Tai, which are as follows: If we write

1 _ 1*.3V 5*.7

h 2* 6^' 2* A* 6'*' 2*3*4* ~b^
"r • • • i

where a and h are the major and minor diameters and where m =»

i (n* — W)y then the elliptic perimeter will be expressed by Arc and K'lc.

Hsii’s own formula was expressed by finding the circumference of a

circle isoperimetric v.ith tbe ellipse. It is our great regret that we

have no material for describing the processes or analysis by which

these formulae were calculated.

We shall try in the following lines to say something of Hsii’s

process of calculating the altitude of a circular segment in terms of

the chord.^) The formula we have to explain is versin x = -}- To

4- T3 -f • • • . where the successive terms are of the forms

rj. _ 8inx rp _ m _ (2^, + T,)T, _ [2(T, + T,)J-J,IT,

For the purpose of deriving this expression, the considerations

are started from a figure as annexed. The rectangle is so constructed

1 ) Cbu’s “Third Part of Biographical Collections”, Book 4.

2) Hsii’s “Measurement of the Sphere”, appendix. Ting’s reprint.

3) Hsii’s Ko-yiian Chui-shu or the “Analysis of Circle-Measurement”, Book 2,

commented by Wu Chia-shan and supplemented by Tso Ch’ien. Published by

Ting, 1874.
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that EK = the sagitta, KA = the supplemental sagitta or the difference

of the diameter and the given sagitta, while KC is equal to KE.
Here the rectangle AC is = the

^ product of the sagitta and the

supplemental sagitta, namely,

equal to sin^a: But n AC
^ =Cl AD, Cl AD

so that we get, after the divis-

ion by the diameter d, the length

of ED, which we write T^. Thus 1\ = sia^x/d.

Next constructing the figure as shown here, we have OKN
= o NH = CD EG. But KN
= and so we write T^^jd

= DG = T,.

Next drawing the figure

as annexed, where the ruled

area is intended to become a

square, we have XiV' = (1\

+ T^-=cd D&y where 6r'

is taken such that JfT)' == We have also M3V = T,

,

/. c-i Dc/a
[II M]\V = {22\

Again

D]\V =
]\V H, and so

{21\ -f J.) T,

= ^E'H^cd
IVG", . . 1\

~d

- car

In this way the expansion as we have mentioned above may be

obtained. But HsU goes further to transform it. Thus it will be

seen that the following proportions exist:

(1) d : sin = sin a: : l\y

(2 ) d:T, = T,:T,,

(3) d:T,==2T,AT,:T,,

(4) d:T,^2 (T, + T,) + T,:T„...
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Now write == r or radius, = sin and form the continued

proportions:

TWj : = m.2 : m.j^ = wzg : = yn^ :
^5^== • •

•
,

which means to take nik = Prepared with this notation,

we have from the proportions given above

(1) = ni, : (2) 2m^ :

m,
^

2 * 2.4*

The formula (3) is considered divided into two proportions^)

^ w?, 2m» 2wi. 1 fx m., wl
= 2.4

= 2'
= 2 4= = 2-i

=
2.4 = 2.4’’

and the fourth proportionals are added together to give Tg, which is

equal to 2^”; + ”4%* ^4 ^5 obtained

, __ , 6^ rp _ 8)«,
^ 4 2.4* ^ 2.4* 5 2.4*

where mjg and further terms are neglected. Adding these results

together we have
7"i

4- To -f* ^3 + • • equal to

WJ.
,

Vlr
,

2wi-
,

Swio

+ ^.4 + ^« + “t” 2.4* '

2 ' 2.4 ' 2.4* ' 2.4

which is the same thing as to take the formula:

ver sin x
1

2 “r”
1 Biii*x

2.4 P
2 silica*

2T* 2.4*

1) The proportion is represented in the work in the form

as annexed. Here the terms are to be counted from right

to loft.

d c b 0
2) These proportions

are originally designated

as annexed.

2 m- 2»n,
2 m,

2.4* 2 2.4

Vlr,

2m,
2 4=‘ 24
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PART IL

THE JAPANESE MATHEMATICS.

CHAPTER 22.

A GENERAL VIEW OF THE JAPANESE MATHEMATICS.

Of the mathematical knowledge possessed by the Japanese in

the oldest times we know practically nothing. After the introduction

of Buddhism through Korea in the 6th century, something of tlie

Chinese mathematics was brought to Japan and studied for some time

by native scholars. But their knowledge must have been exceedingly

limited, for they did not ever rise to the point of carrying on their

work independently. Blind adherence to Chinese masters was all that

they could do. Even such a menial state did not continue very long,

for with the loosening of political regulations learning too shared the

same fate, gradually degenerating until at last practically nothing

remained.

It was after a reintroduction of the Chinese mathematics that the

Japanese became really observant of mathematical studies. After the

long duration of the dark ages the 17 th century at last saw the

science taken up into favour for a second time, when there appeared

various scholars, in whose hands the Japanese mathematics properly

so called was destined to dawn and flourish for more than two cen-

turies that followed.

The first Japanese mathematician noted in history was Mori

Kambei who lived at the beginning of the 17 th century. He is some-

times referred to as having traveled to China, but the story is not

certainly authentic.

The Chinese abacus suan-pan^ which the Japanese call sorobaHj

has extensively been used in Japan since Mori’s days. As is usually

believed, it was first brought by him from China, but its introduction

seems to be more ancient. In any case, however, Mori was a dexterous

hand in the art of manipulating the instrument. He taught the

sorohan arithmetic at Kyoto, when a multitude of pupils crowded

around him. In popularizing the abacus Mori was certainly no little

instrumental. Mori published, it is said, a treatise on the use of the

sorohan, but it has since been lost.
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Of Mori’s numerous pupils there were three, who distinguished

themselves specially. These throe were Yoshida Koyu, Imamura

Chisho and Takahara Kisshu. The Sanshi, meaning 'Three Honorable

Mathematicians or Scholars”, was the appelation respectfully given

them by their contemporaries.

Yoshida's Jinkoli of 1627 was a successful publication. After

its appearance the soroban arithmetic experienced a rapid pro-

gress. The book was destined to earn such a popularity that it went

through various editions even in the life-time of its illustrious author.

Sometimes booksellers made reprints of it without the author’s know-

ledge or permission. In after ages there were published tens of treatises

with the same title, to which some prefixes were added.

Yoshida’s work was followed by various other publications, which

were, like it, mostly based on the contents of the Chinese Ch’eng

Tai-wei’s Snan-fa Tung -tsung of 1593. This Chinese master was

reprinted in Japan in 1675.

The first half of the 17 th century was a period for the Japanese

mathematics, when the arithmetic practised on the sorohan was

becoming popularised in every part of the country. Hut now another

stimulation to the progress of the science appeared. It was the

introduction of another Chinese treatise, Ohu Shih-chieh’s Suan-hsiao

Clii-mnig of 1299. Of Chu’s works mention has been made in

chapter 14. The said treatise had been long missing in China until

it was restored by the discovery of a Korean edition of 1660 and was

reprinted by Lo Shih-liii in 1839. Even the learned YUan Yuan was

not able to find the book at the time of his historical studies.^)

This work, although missing in China, had the happy destiny of

being found in Japan, perhaps introduced from Korea, where it was

once reprinted in 1660. But the Japanese knew it from before that

date; for the first Japanese edition was given in 1658. It was widely

studied by Japanese mathematicians of the 17 th century and supplied

them with the rudiments of the instrumental algebra that was carried

on by means of the calculating pieces or sangi, as they were now

called in Japan. This was the so-called f icn-yuen-shii or the Japanese

iengen jntsiij which literally means "the celestial element method”.

The sa7igi or calculating pieces were no new makeshifts. Their

use in China we have already referred to. When the Chinese mathem-

atics was introduced for the first time from Korea to Japan, these

1) His “Biographical Collections” was complete in 1799.
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pieces were also undoubtedly brought over, and they have remained

in use ever since. But with the popularising of the sorohan the

calculating pieces were fast giving way, for they are far more cumbrous

and non- practical, when compared to the new sort of abacus. If the

algebra of the celestial element method had not come to be studied,

these pieces would certainly have altogether sunk into oblivion ere

long. It was not however the case. While the sorohan was suitable

for the practice of daily -life, the calculating pieces served best for

the discussion of complicated problems, being applicable to the solution

of numerical equations of any degree. Thus it came about that the

two sorts of abaci, the sorohan and the sangi^ had to flourish side by

side. Both were practised during the whole era of the ascendency of

the old Japanese school of mathematics.

Mathematical studies had been in continual progress since the

appearance of Yoshida’s Jinho-ki in 1627, but the introduction of

the celestial element method contributed to considerably improve the

scholars’ knowledge, and it was not long afterwards that the Japanese

began to enter upon independent work.

While the Chinese mathematicians of the 13th and 14th centuries

studied the algebra of the celestial element, they all contented

themselves with a single solution of an equation, whatever its degree

might be; they did not come to discover the existence of more than one

root in an equation. But the Japanese soon found that the roots of

an equation are not necessarily restricted to a single one. Sato Seiko

(1666) adopted various solutions to a problem that arise from the

multiplicity of roots. Thereupon Sawaguchi Kazuyuki (1670) attacked

the looseness of such a procedure, though he had admitted the existence

of more than one solution under certain circumstances. He ascribed

the origin of such solutions to the inappropriateness of the quantities

constituting the data of the problems. He thus preferred to change

some of the constants occurring in these data so as to yield a single solution.

Soon after the publication of the works of these scholars there

appeared a great genius who is called the Japanese Newton. Seki

Kowa was his name. Seki was born in the same year in which

Galileo died and Newton was born, namely in 1642. If Seki did not

surpass Newton in his achievements, yet he was no inferior of the two.

The same uplift Newton gave the mathematics of his country, Seki

was also able to render for Japan. The Japanese mathematics pro-

perly so called had awaited his genius for its sound establishment.

Nodoubt was Seki the father of Japanese mathematics.
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It is said, Seki wrote a great number of manuscript works in liis

life, but what now remain of the transcripts of these manuscripts are

not very numerous. It is a great pity, we must confess, that nothing

is known of works in his own hand- writing. But the few written

works that are still preserved are sufficient to immortalise his

memory. Who can deny his having been a mathematician of the

first rank?

Seki wrote very much but printed little. He did not publish

any of his works, except the single book entitled Hatsuhi Sani2')^, that

appeared in 1674. Its appearance was however the occasion of bringing

him the fame he deserved.

In a later edition of the JinldJci Yoshida published some mathem-
atical questions at the end of the book and proposed to solve them for

his successors. Isomnra solved these problems in his Kctsugkho of 1660

and published some other ((uestions at the end of his work. These were in

turn solved in some succeeding publications that were printed in a few years.

In this way there arose the usage of proposing new questions and

solving them in successive publications, a usage that continued for a

century and a half. It was known as the usage ot the idai slidtd —
the successive proposals and solutions. It had stimulated no little the

progress of mathematical studies. The works of Sato (1666) and of

Sawaguchi (1670), already referred to, were, with others, publications

in this line. Sawaguchi proposed fifteen new questions, and it was

kSeki s work that answered them. One of Seki’s solutions had led to

an equation of the 1458th degree. It may be better imagined than

described how tremendous such an equation should have been. Seki

does not, it is true, give the equation itself, but mentions it expressly.

A score of years afterwards Miyagi Seiko wrote the Wakan SampOy

printed in 1695, in which he considered the same problem, when he

gave the detailed analysis leading to the equation of the 1458th

degree mentioned by Seki. The consideration of equations of wonder-

fully great degrees was not rare among the Japanese mathematicians

of the 17th and 18th centuries. Sometimes equations whose degrees

were 3000 or 4000 were taken into account. However great the

degree might be, the Japanese solved them invariably by applying the

celestial element method. In solving these tremendous equations the

usual paper or wooden boards would be too insignificant for the

arrangement of the sangi pieces, and therefore, it is said, a certain

mathematician prepared a sangi ~hoB,rd ruling over the matts of his

study or sitting room, whereupon he arranged the small pieces to
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solve equations. Perseverance and hard study were a part of the spirit

that characterised Japanese mathematicians of old times.

The mathematical method Seki had used in writing his published

work was that he called the yendan jiitsUf which literally means ^Hhe

method of explanations or of analysis”. It was an extension of the

celestial element algebra of the Chinese and served as the first corner-stone

of the gigantic building he accomplished in the course of his famous

life. If he did not illustrate the nature of the method in the printed

work, only giving the results of calculations in the form of equations,

yet the elegance with which he had expressed his results did not fail

to advance his reputation among his contemporaries. A detailed

analysis of the work was attempted a douzen years afterwards by his

pupil Takebe Kenkb, and then the method became generally known

to mathematical circle outside of his school.

After the establishment of the yendan algebra, Seki pursued his

studies further and was able to arrive at the proud system of Japanese

mathematics that was known by the name of tenzan jutsic. ^JJiis name

was not one that Seki himself had used. He called it the kigeU'SeiJio,

which was perhaps intended to mean ^^a method or art by which tlie

buried origin or relations of things may be made clear”. The very

use of such a term is enough to show how proud he had felt at his

success. Seki’s higen-sciho was an algebraical system in the writing

style.

The name tenzan juisu was adopted by Matsunaga half a century

after Seki’s invention of the subject, fulfilling the desire of the master

he was serving, Naitb Masaki, feudal lord of Nobeoka in Kyushu,

who was himself a mathematician. The word tenzan consists of the

two ideograms ten that means ^Haking away” and zan that means

^Taking in”. It appears therefore that the constitution of the term

highly resembles the Arabian origin of the term algebray and thus it

has been a very appropriate terminology designating the nature of

what is practically nothing but algebra. On the introduction of the

Occidental science of algebra, however, the old term tenzan gave way

to another new one, daisu galcu* It was a mere adoption of the name

used by the Chinese. It means literally 'Hhe science in which letters

are employed in place of numbers”.

Seki’s yendan algebra was early made known to the public but the

tenzan system remained secret. It was not until 1769 that the method

was treated in a printed work, when Lord Arima, daimyo of Kurume

in Kyushu, published the Shulii SampO under the feigned name of
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Toyota. The usage of keeping inventions in secrecy must have con-

siderably delayed the progress of science, for those to whom were

imparted the secret subjects were not, and could not be, always the

best minds of their times. Unfortunately the spirit of invested interests

ruled the conduct of scholars.

The two subjects of yrndan and tenzariy both established by Seki,

equally relate to algebraical considerations, and of these the one was

early published while the other had the fate of remaining in secret

for nearly a century. The old mathematicians had evidently put a

stress on the distinction between these two sciences, or how could

such a distinct way of treatment happen? But for us who have not

been trained in the old Japanese school of learning this distinction

appears very obscure and groundless, at least at the first glance. If

we go, however, deep into the study of the Japanese science, it

becomes clear, partly at least. The yendan was intended to mean

explanation or analysis of problems. In solving problems we must

first consider the relations that exist between the various quantities

given in the data, and calculations and devices must be duly used to

get the desired solution, or before arriving at the equation from which

a solution or solutions may be obtained. All these considerations

belong to what was called the yendan jutsu or ^‘explanation process”.

It was therefore invariably applicable, whether these steps were carried

on arithmetically, or geometrically, or in the algebraical treatment in

writing or in the celestial element method as arranged by calculating

pieces. The word yendan was replaced in subsequent ages by another,

Icaigiy which definitely means “explanation”. But in a limited and

more exact sense of the term, it seems to have represented, particu-

larly in the first years of its establishment, the construction of two

or more relations, each of which is obtained by the common and

simple application of the celestial element method, and then deducing

the final equation in the celestial element from these relations. Thus,

as T. Endo rightly understands it, the yendan process was the repeated

application of the usual algebraical treatment of the celestial element

method. The final goal of the yendan algebra lay in constructing the

numerical equation to be solved by means of the calculating pieces.

The yendan algebra was carried out in writing.

In the algebra of the tenzan method the considerations were all

carried out in writing. Where it differs essentially from the yendan

algebra was in the fact that here the analysis leading to the final

results was also considered as constituting a part of available know-

Abhdlgn. z. Oesoh. d. math. Wise. XXX.
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ledge and the whole was to be done in writing, although to the final

equations was sometimes applied the celestial element method for

solution. The subjects studied under the common heading of the

tenzan algebra covered a wide scope, including the theory oC e((uations,

the solution of indeterminate equations, algebraical treatnu'iit of

geometrical relations, and so forth.

The algebraical notations that were employed in the ycudan and

ienzan algebras were the same as adopted by the (’hinese mathem-

aticians of the 13th and 14th centuries. They are indeed cumber-

some and not so convenient as those we are now employing. When
we consider the circumstances that reigned in the second hall' of the

17 th century, when Seki Kowa was ))riskly engaged in the establish-

ment of his algebraical science, and reflect on the symbols borrowed

by Seki and his contemporaries from the Cliinese masters, we 1‘eel

driven to the conclusion that the Japanese did not Ijorrow anything

from the Western World in the course of the work. The ienzan jntsn

or the Japanese algebra must have been brought to light genuinely

by the Japanese mind.^)

Seki’s predecessors were already convinced of the multiplicity of

roots in an equation, as we have said, but Seki went considerably

further in the theory of equations. He knew that the roots of an

equation are not restricted to positive ones, that an equation will in

general have as many roots as the number of its degree, that there

are equations in which this maximum number of roots does not occur,

that in such a case the number of roots that exist will be less than

the number of the degree by an even number, that there are equations

that have no roots, positive or negative, that equations with only even

powers of the unknown may be simplified by taking the square as

new unknown, that equations may be conveniently transformed by

taking new unknowns, etc., etc. Seki also knew that the data in

problems may sometimes lead to insufficiency or to impossibility, that

in such cases the limits of some constants may be so determined that

the problems become sufficient or possiole, that the solutions obtained

from the equations constructed from the data of problems do some-

times not satisfy their requirements.^)

1) See Y. Mikami, Hatono Sdha and the mathematics of Seki, in the Nieuw

Archief voor Wiskunde, IX, 2.

2) These results are recorded in Seki's manuscripts, Kaiho Hompen, Byddai

Meichi, Daijutsu Bengi, Kaiho Semshiki, etc.
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Soki gi^es a rule, which is the same as employing the derived

functions. But it seems, he did not apply the rule to the study of

maxima and minima, a.s believed by some scholars. Such an appli-

cation was left to his successors.

Before Seki’s time the solution of equations as effected by the

calculating pieces was to be calculated digit after digit, no abbreviation

of labour beeing ever tried. It was Seki who attempted such an ab-

breviation for the first time in China or Japan, so far as we kuow.‘)

That the notion of determinants is employed hv Seki is very note-

wortliy The datails of the subject will be explained in chapter 24.

The shosa method, the joichi method, etc
,
which are usually believed

to be Seki’s inventions, were certainly learned by him from the Chinese

mathematics The sliOsa, or ch'ao~cha in Chinese, is a method by which

the undetermined multipliers a, t', . . . are to be determined from

the relation S — ax -f -f yx^ -f . .
.^ on the condition that the

values of S for some known values of x are known. T. Hayashi is of

the opinion that the shOsa method is identical with the European method

of finite differences, wliich may be very correct. Seki would have

learned it most probably from Kuo Shou*ching’s writings. The joichi

jutSH is the same as Ch’in Chiu-shao’s solution of the indeterminate

relation pa — ^ \

.

Seki may have known of Ch’in’s work.^)

It is undeniable that the Japanese mathematics of the 17 th cen-

tury had been influenced by the Chinese science. But not many

Chinese works are known as studied in Japan. Ch’ong Tai-wei’s Smn-

fa Tung-isung of 1593, Chu Shih-chieh’s Suan-hsiao Chi-mvngy Kuo

Shou-ching’s calendrical works, were almost the whole that were

brought to Japan, so far as is known to us. At the beginning of the

18th century Mei Wen-ting’s Li-suan CJnia}i-shi( and the Sii-Ji Ching-giin

of 1713, etc., were imported. Seki’s pupil Takebe studied Mei’s work

and wrote remarks upon it, while Takebe’s pupil Nakane Genkei

translated some parts of it. Trigonometry was introduced into Japan

from the Occidental sources through these works. Logarithms were

also obtained by the Japanese from China. We don’t know, however,

of any material influence the Occidental mathematics exercised upon

learning in the Land of the Rising Sun.

The highest development of the Japanese mathematics must of

course be looked upon as the invention of the yenri — literally

1) Seki’s Kaihd Sanshiki, etc.

2) For Ch’in’s work see chapter 11.
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^^circle-principle” or ^^circular theory”. It was the measurement of the

circle carried out by means of analytical considerations. The method

has gone through various phases of development, but the first instances

of the theory as handed down to us are those recorded by Takebe,

Tanzan (or Awayama) and others. The rudiments of Takebes

manuscript Yenri Tetsiijiitsu or Yenri KohaijiUsii are as follows;^)

Let in a circular segment be inscribed regular polygonal lines of

2, 2^, 3^, . . . sides in succession. The sagitta to one side of the

2-gonal line will be obtained from the relation — ds 4- ^dx — 0,

where d is the diameter and s the sagitta or altitude of the given arc.

One root of this equation may be expanded in a binomial series by

means of a mathematical method called tetsiijidsu. The same method

of expansion may be applied to the sagitta of one side of the 2^-gonal

line, using the expanded form for the sagitta of the 2*gonal line.

It may be repeated any number of times. But since this procedure

is impracticable, Takebe only finds the expansions of the sagittae of

the 2, 2®, 2^ and 2^-gonal lines to the first 10 or 6 terms in this

way, and then comparing the coefficients he establishes the relations

that underlie them through an imperfect induction and forms a table

for the sagittae of the polygonal lines up to that of 2*° sides. The

product of the sagittae of the 2'-gonal line multiplied b^ the diameter

is the square of one side of the 2*4-i-gonal line. If we multiply the

result by ^-^><2* + ^^, we get the square of half the length of the

inscribed 2* + ^-gonal line. A table of this quantity is also constructed,

from which the value of lim„ ==<»
|

i x (length of the 2”-gonal line)]

is deduced by resorting to an imperfect induction. The result is

the series

2 *.4 ».6 ’‘

3.4.5 6T7.8
+

It will be noticed that this series is the same as one of the so-

called nine formulae of Tu Te-mei or the French Pierre Jartoux. (See

chapter 21.)

The measurement of the circle the analysis of which we have just

described is usually ascribed to Seki, but this does not seem to be

1) A detailed account of this manuscript is given in D. Kikuchi’s article,

Seki's method of finding the length of an arc of a circle^ in the Proceedings of the

Tokyo M. P. S., vol. 8, pp. 179—198. See also Smith and Mikami, A History of

Japanese Mathematics, Chicago.
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very authentic.^) According to an old manuscript (Tanzan Shokei’s

Yenri Halki of 1728) this analysis or the resulting series was obtained

by Takebe in 1722, after he liad persevered in his studies for tens

of years.

In any case, it is true, Seki contributed much to the subject of

tlie measurement of the circle. He was of course crowned with various

results worthy to be told in history. Otaka’s Kivatsnijd SampOy com-

piled in 1709 and published in 1712, was a work wherein were

embodied some of the results of Seki s writings. In the fourth book

of it is given something of the circle-measurement. The formula Seki

gives for the determination of the s(juare of a circular arc is <)f the

7th degree in the diameter and the sagitta. The formula, it seems,

was deduced from the numerical values of certain known arcs. An
account of the subject will be given in chapter 28.

In calculating the numerical value of an arc of a circle, Seki of

course uses numerical devices, starting from the inscribed 2-goual line

and successively doubling the number of sides. This is the same

method used in the quadrature of the circle Such a kind of measu-

rement of the circle had existed from before his time, but here one

thing remained for him to accomplish. It was the rectifying of the

result thus numerically calculated. If o, h, c be three successive values

of the jierimeters of the inscribed polygons or polygonal lines, the

rectified result will be b -f a rectification which, we
(1) — a) - {c —h]

learn from later commentaries, has been tried by the comparison of the

differences of the siu’cessive values to an infinite geometric series

This way of rectilication may he applied any number of times,

which was not however done by Seki himself. It was his pupil Takebe

who applied the method of repeated rectifications. Takebe’s valin*

of % correct to 41 figiires was calculated in this w:iy. Calculating

in a similar way a great number (4‘ figures of tin* value of the square

of an arc of a circle, he also deduced by imj)erfect induction the series

for the square of an arc. By dint of similar reasonings lie gave two

further si'ries for the same quantity. These results are embodied in

his Fnlijii Tdsujnisn of 1722.-')

1) Y. Mikumi, .1 (jucstion ou Seli's i>iventio)i of the vircte-principk

,

iu I’roc.

of 'fokyo iM. P. S,, 2n(l Series, vol. 1.

2) See for the values of n clia])ter 25 Variouri series for a ami tt- arc ^nven

iu cliapter 29.

3) See Smith and Mikami, History.
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Takebe’s studies about the circle-principle were followed by those

of Matsunaga, whose Hoyen SankyO of 1739 contains eiglit series for

the circle, its square, a circular arc, its square, an altitude of a circular

segment, and its chord.^j One of these series is the same as Takebe's

series and three others are found in Mei Ku-ch’eng’s ^Tearls dropped

in the Red River”.-’) Matsunaga gave in this manuscript his value of

7C correct to 50 figures He gives no account of how he derived the

series he has recorded.

It will be worthy of notice that all the Japanese circle-squarers

have resorted to only inscribed polygons beginning with the square.

Neither the circumscribed polygons nor the hexagon are employed,

perhaps with the single exception of Takuma Genzayemon’s using

circumscribed polygons besides those that are inscribed. Even he does

not use the hexagon, though some subsequent writers used it. It is

easy to conjecture that Takuma received the idea of resorting to

circumscribed figures from the Chinese Su4i Ching-yiin of 1713.

When we examine the manuscripts concerning the circular theory,

we never fail to be struck with the frequent resort to imperfect

induction, which was, at any rate, one of the characteristic features of

the Japanese mathematics. The old Japanese seem to have considered

mathematics as a branch of natural science; mathematical rules or

methods devised or used by them were all treated as a kind of art.

They never thought of demonstration, they never once understood

what an exact demonstration should be. Geometrical relations were

freely studied in Japan, but ali these studies were invariably carried

on algebraically, never being considered from a geometrical point of

view. If by geometry is meant a demonstrative system, the Japanese

never had the science of geometry. The Chinese translation of Euclid,

printed early in the 17th century, was nodoubt imported into Japan,

but no trace remains of the Japanese having taken notice of the book.

One of the most noteworthy achievements belonging to the

18th century is certainly Nakane Genjun’s solution of an equation.

He takes

Xr=Xr-3+ — (^r - 1
“ - s) ,

(> = 3, 4, . . .) .

for the successive approximations to one root of the equation f{x) = 0,

1) See for these series Smith and Mikami’s History.

2) See chapter 21.
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the arbitrary quantities and X2
being so selected at first that f(Xi)

and /'(.Tj,) are of different signs.

The studies of Sakabe and his pupil Kawai upon the solution of

equations will be described in chapter 39. Their results were obtained

in the opening of the l9th century. Subsequent scholars have devoted

attention to further studies about the same subject.

In connection with the circular theory we have mentioned the

expansion of one root of a quadratic equation whose coefficients are

denoted by letters. The expanded series is binomial and this reminds

us of Newton’s studies. But it does not seem that the Japanese

borrowed the result from the English savant. The tetsujutsu by which

the expansion was effected is nothing but an extension to the case of

a literal equation of the method of solving equations of the celestial

element method. If the latter was applicable to equations of any

degree, the tci>siiJutsH expansion of literal equations was restricted to

the case of the quadratic, at least in the beginning of its practice.

The scheme for the expansion was at first very complicated, but by

and by simplifications were tried in the hands of various scholars.

In later years the method was extended to equations whose degrees

exceeded the second. It was even extended to the case of an equation

of the degree infinity. Thus by the tctstijidsu expansion the Japanese

effected the reversion of series. Hasegawa Kan’s Sam2)0 SJnnsho,

printed in 1830, gives an instance of the subject. Wada Nei also

solved equations of infinite degree. (See chapter 40.)

In the course of tlie development of mathematics in Japan there

appeared some transcendental equations in connection with the solution

of some problems. These equations were solved by means of succes-

sive approximations. Kurushima’s studies on tlie yenri theory may be

mentioned in this connection, for which see chapter 30. Wada, Saito

and others who flourished in the first half of the 19 th century also

studied the subject. The method of solution devisi^d or piactised by

these mathematicians was called the kanrui jutsii or literally ‘'the

method of recurrence”.

We have mentioned the tremendous equations whose degrees were

counted by thousands. In the 17th and in the first half of the next

century scholars took ])leasure in the great value of the degrees of

the ecjuations they liad obtained. Consequently problems were con-

sidered as exalted and supreme, if they would lead to equations of

1) See Smith ami Mikami*s History.
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very high degrees. But they soon became aware of the true nature

of the subject, when they endeavoured to reduce the degree as much
as might be possible. Simplicity was then sought for. The ^‘Gion

Temple Problem” may ajfford a deserving example. The problem is

one that relates to a figure where a circle and a square are inscribed

in a circular segment with its altitude between them. It was first

suspended at the Gion Temple in Kyoto by Tsuda Yenkyu, pupil to

Nishimura Yenri. Tsuda’s solution had consisted in an equation of

the 1024 th degree, which Nakata reduced to one of the 46th degree.

Afterwards Ajima Chokuyen solved the problem in an equation of

only 10th degree. His manuscript bears the date of 1773. The

seeking after simplicity caused naturally a change in the nature of

problems considered. What would involve needless complications were

by and by neglected.

The Japanese did not content themselves with merely arriving at

the formulae of calculations; they always preferred to state them in

the form of rules expressed in words. The length of such a statement

or the number of words employed are naturally independent of the

simplicity or complexity of the formula embodied therein. But as they

were too eager after simplicity or neatness of expression, they were

at one time driven to such an extreme as to consider a rule better

than an other, simply because a less number of words was sufficient

for its statement. This inclination was especially conspicuous in the

case of Aida Ammei, whose genius enriched largely the material of

the Japanese mathematics. This defect has some relation to the

neglect of logical or demonstrative culture of the science.

The Japanese mathematics was destitute of geometry. Certainly

the Japanese was possessed of various geometrical theorems, some of

which were even, it is said, ahead of their establishment in the Western

World. But the mere enunciation of these propositions, which are

mostly expressed in formulae, does not constitute the science of geometry.

Some of the relations were established by algebraical considerations,

but sometimes intuition was the sole guide determining such matters.

It resulted therefore that correct propositions intermingled with false

results, which even the best mathematicians were not able to detect.

At the end of the 18 th century there broke out a controversy

between Aida and Fujita Sadasuke, which raged for some years and

various controversial works were published on both sides. If we want

to properly understand the matter we must look into the environment

in which both parties lived. In Japan mathematics was not cultivated
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by the government; it was entirely the science of the people. But

there were various rival schools, the teachings of which were restricted

to a few adherents. Of these schools Fujita belonged to that of Seki

which was the most powerful of all. Almost all the leading mathem-

aticians of the 18th and 19th centuries belonged to it. Fujita was a

leader of the school. If he was not a man cf creative genius, his

reputation was a very honorable one. His SeiyO SampO of 1779

became a standard of mathematical instruction. In a word he was

the most renowned mathematician of his days. Aida who was a gifted

man endowed with productive talent, was on the contrary not yet at

the height of his fame. Besides, being an almost self made man, he had

had little opportunity of receiving instruction in the secret subjects of

Seki’s school. He therefore went to Fujita with the hope of being

entrusted with the treasured gems. But he was proud and immodest

as he was talented, while Fujita was narrow-minded and despotic in

indisposition, as men in power, which their virtues do not deserve,

are frequently apt to be. The first interview therefore resulted in the

incurring of displeasure on both sides. Aida’s respect towards the

renowned man rapidly subsided, for he saw nothing in him that was

excellent. Thus a difference arose between the two contemporaries.

In the course of the controversy sometimes problems were solved

and criticisms were attempted. But as the mathematical knowledge

of those times lacked any scientific basis, there was nothing that could

be taken for a standard of reference, and so it came that frequently

the accusation and the defence both failed in precision. Mathematics

being cultivated as art, not as science, the old Japanese in pursuing

their studies of the subject must have lost much time and labour in

useless entanglement. When therefore we study the history of the

Japanese mathematics and especially about the solution of problems

in connection with the Aida-Fujita controversy, we acknowledge the

truth of Ernst Mach’s economical theory of science. The Japanese

are in general of a practical turn of mind, and the development of

mathematics, if cultivated independently of practical applications, was

carried on in the main from a practical point of view, the term

practical being understood to mean not-scientific. This usage led to

unavoidable complications.

In spite of the long controversy, Fujita enjoyed a continuance of

fame, until he passed away peacefally in 1807. Aida gradually rose

in renown, and the school he had founded, the Saijo-Ryu or ^Hhe

Superior School”, thrived. His writings numbered over a thousand.
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most of which, however, have gone tracelessly. What now remains of

his writings abounds with the results of original research. Some of

these are reproduced in subsequent chapters.

While the controversy was furiously raging between Fujita and

Aida, there was living a worthy person enjoying deep-going studies in

quiet. If he was a fellow pupil of Fujita and his friend, both being

pupils to Yamaji, yet he did not take any part in the contention. His

leisure hours were all devoted to the progress of mathematics. He
did not strive after fortune, he did not yearn after renown; the culture

of mathematics was his sole aim of life, it was his best consolation

too. If he did not acquire the fame he deserved, the science owed a

considerable improvement to his hand. This devoted savant was Ajima

Chokuyen by name.

Of Ajima’s simplification of the Gion Temple problem already

mention has been made, and some other studies given by him will be

described in subsequent chapters. His study of the problem where

three circles are inscribed in a triangle is also very famous. In this

last subject Ajima was anticipated by Ban Seiyei, but his result was

by far the more general. These investigations certainly precede that

of the famous Italian Malfatti. It must however be mentioned that

the Japanese did not consider it from the point of geometrical con-

struction, the magnitude relations only being the goal of their studies.

If Aida’s method could be compared to that of Euler, Ajima must fill

the position of Lagrange. Scientific generality, if not scientific

precision, was largely gained in the Japanese mathematics through the

rich ideas of Ajima.

The most splendid of Ajinia’s successes was perhaps his improve-

ment of the circular theory. While his predecessors had been invari-

ably accustomed to divide the arc into equal parts, he preferred to

cut the chord instead of the arc itself by parallel ordinates drawn at

equal intervals. The equal division of the chord had formerly been

attempted by the thoughtful Takebe but he was not able to deduce

aujohing profitable from it, and the success of this attempt remained

for Ajima’s genius. This was indeed a small improvement but the

result was a considerable gain in simplicity and now the circular

theory was rendered applicable to a wide scope of problems, which

extended over the whole range of calculations about the lengths and

areas of curves, volumes and surfaces of solids, centres of gravity, etc.,

subjects that were left untouched by his predecessors as unman-
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111 Ajima’s circular theory*) the chord of a circular segment will

he divided into a number of equal parts, say n, parallel ordinates

being drawn through the points of division. Thus the arc of the

segment will also be divided into n parts. Instead of taking the

element of length, Ajima first considers the area comprised between

each pair of successive ordinates, which are assumed to terminate both

ways at the circumference. The length of any one of them may be

easily calculated, and the quadratic surd being expanded by the tetsujutsu

method, its value will be obtained in a binomial series. Multiplying

it by the length of one part of the chord the product is taken as the

element of area. If we sum up such areas and go to the limit the

number of divisions is increased without limit, the result is the area

of the part of the circle which is bounded by the two extreme ordinates

and the two opposite arcs lying between them. From this area the

length of the arc sought for may be derived at once. Ajima’s succes-

sors, among whom we may S[)ecially mention Wada Nei, adopted his

construction but took the element of length directly, whence they

effected the operation of “folding” or summing up and going to the

limit.

Ajima’s way of the circular theory is not essentially different

from the operation of integration carried out between two prescribed

limits, whereby the differentials are considered as always constant.

It is therefore a particular case of definite integration. Ajima's time

was a century subsequent to the days of Newton and Leibnitz, when

the differential and integral calculus had been established. Ajima may
or may not have borrowed his conception from his European prede-

cessors. We have however no way whatever of definitely conjecturing

the influence of the Occidental mode of integration. The equal division

of the chord is a slight step from the achievements of the preceding

ages and the rest of the analysis does not considerably differ from

what had been previously done by Takebe and his followers. Besides

in the measurement of the sphere a similar procedure had been long

practised. (See chapter 26.) If the process could be considered a

particular case of integration, its deviation from the Occidental science

seems much greater than its difference from the previous phases of the

circular theory. Would it not be most likely for a man of his genius

and his eager devotion to be able to independently strike the slight

1) This is laid down in his Kohai-jut$u Kai, manuscript. See for particulars

Smith and Mikami’s History.



172 PART 11. THE JAPANESE MATHEMATICS.

step lie had added? Indeed it was a mere slight step; the tremendous

effect that neccessarily followed was certainly nothing but chance. The

circular theory as improved by Ajima is strikingly Japanese in character.

After the improvement of the circular theory^) Ajima applied him-

self to extend the result to the calculation of the volume of a solid

which is obtained by piercing a circular cylinder by another one, the

axes of the two intersecting at right angles.®) Here drawing parallel

planes at equal intervals and at right angles to the axis of the pierced

cylinder, the sections of the solid in question made by these planes

are all parts of circles such as just considered. Their areas being

found as in the above and multiplied by the equal portion of the

diameter of the piercing cylinder which is divided by the parallel

planes, we obtain the elements of volume, from which folding” gives the

desired expression for the required volume. If wo denote the diameters

of the pierced and piercing cylinders by d and k, respectively, the expression

obtained assumes the form

p I

1 1 /A:*\2 1.5 /A;*v 3 1.5.7

8 \dV 8.8\JV 8.87i6Uv 8.8. 16.‘l6 Uv
Some parts of the analysis of the problem as studied by Ajima had

been left imperfect and complicated, which were simplified subsequently

by Wada, Shiraishi, and other mathematicians. This analysis has sometimes

been compared to double integration, but it was carried out, as we have

seen, by first finding the area of a portion of a circle and then con-

structing the element of volume from it and effecting the operation

of folding. Thus the procedure was really equivalent to a double

application of the operation of integrating, but nevertheless it is not

comparable properly to any conception of a double integral.

After Ajima’s time there appeared a host of talented mathematicians

almost simultaneously and carried on their studies in happy emulation.

Among these scholars we may mention Wada Nei, Kawai Kyutoku,

Shiraishi Chdchu and numerous others. The analysis of the single

problem of the pierced cylinder that had been studied by Ajima was

extended by these men to the consideration of other problems of allied

nature. The ellipse was rectified. Not only the volume of an ellipsoid,

and especially of a spheroid, but its surface also were studied. (See

chapter 38.) The curve in space arising from the intersection of the

cylinders in Ajima’s problem was investigated. The area of the portion

1) Unfortunately the date of Ajima’s improvement is unknown to us.

2) Ajima’s manuscript, Yenchu, Sen-kuyen-jutsu, 1796.
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of the cylindrical surface bounded by this curve did not escape the

attention of scholars One of the cylinders was sometimes replaced

by an elliptic cylinder or a prism. The case where the piercingr

cylinder touches a generating line of the pierced instead of having

their axes intersecting with each other was taken up. The intersection

of a sphere and a cylinder or prism was considered. The category

of the subjects that now constituted the favourite theme of Ja2)anese

mathematics is not easy to be exhausted in such a brief sketch as we

are here trying. Suffice it to say that all these formed the subject'

matter of the ycnri or circular tlieory. But sometimes they were

counted under the new branch of mathematics called ycnri Jcafstijtdsu

or simply IcatsHjutSH^ a term that was intended to comprise the study

of problems that required the double or multiple application of the

tetsujuisH expansion. This agrees in general with the consideration

of problems in double and multiple integrations. But the Japanese

JidtSHjntsu is not equivalent to the latter. The rectification of the

ellipse required a double application of the fcfsujutsu expansion and

so belonged to the I'atsujutsu

^

but it does not relate to a double

integration. The Japanese did not happen to have the conception of

a double or multiple integral, at least, in the earlier days of the

development of the I'atsujutsu calculus. If at all, it must have

appeared in connection with the calculation of the skew surface and

similar problems in the hands of Saito, Kobayashi, Hodoji, Hagiwara

and others^), but as to the existence of this conception the results of

further studies are needed.

Of the numerous expounders of the katsHjutsu theory, who appeared

subsequent to Ajima’s time, the most noted was undoubtedly Wada

Nei. The circular theory received an improvement at his hands

starting from the form Ajima had left. Some historical writers would

therefore take it as worthy in the same degree as Ajima’s achievements.

He had been exceedingly successful in the solution of difficult problems

and so his contemporary mathematicians of the first rank had to go

to him to school. Wada lived in poverty, and being very loose in

character and given to a drinking habit, it is said, he sometimes sold

his solutions to make a little money for more drink. Thus among

the writings of his contemporaries there might be results learned from

him in this way. But it is a matter of course that the whole of

1) H6d5ji and Hagiwara’s studies on the subject will be treated in

chapter 46.
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these had not come from such a source. It is a great pity that the

manuscripts embodying Wada’s wide researches were burnt in a fire

that occurred in 1836.‘)

In the calculations of the yenri calculus or of the IcatsujntSH the

summation of some quantities and the transit to the limit is required.

But it was very tedious to go over these operations every time the

calculations are effected. It was therefore desirable to save labour by

means of a table giving the results of preliminary calculations. So

Wada Nei constructed various tables. There are some tables calculated

by Aida, but we don’t know their dates. Wada’s successors, Saito,

Hagiwara, etc., also attempted to complete the task.

In Japan the operation of integrating was called to tatanm or

^‘to fold”, and so the tables used in integrating were called jo-hyo —
^Tolding tables” or ^Hables used in folding”. The two words fatamu

and jo are of the same meaning, being different ways of reading of

one and same ideogram. The completion of these tables proved a

convenience to the Japanese yenri scholars. They afforded the same

advantage the logarithmic tables had been to the work of practical

calculators in Europe.

Here we have accidentally spoken of logarithms. The first

logarithmic tables brought to Japan were certainly those given in the

Chinese work, Su-li Ching-yiin of 1713. But it appears, the Japanese

did not take any interest in the subject for a long time. It was at

the end of the 18 th century that they began to study it. Even in

the 19 th century logarithmic tables were rarely used.

The Occidental trigonometry had a better destiny than logarithms

in Japan. There were various native scholars who studied it. Napier’s

rods or tallies were also studied, being certainly introduced through

China. About the influence of the Occidental mathematics during

the 18 th century we know almost nothing any further than these

trifles. If we cannot conclude on that account of no further influence

received from foreign sources, yet it does not appear that there had

been any material source of knowledge transmitted from Europe that

contributed greatly to the progress of the mathematical studies of the

Japanese. In the latter part of the 18 th century there arose various

Occidentalists and various Occidental sciences were studied. But in

the domain of mathematics their studies seem to have been exceedingly

insignificant.

1) Koide’s Yenri Sankyd^ 1842, preface.
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As the Japanese mathematicians of those days used to maintain,

the European science excelled in astronomical subjects but the Japanese

was the better of the two about mathematics. From the end of the

18 th and towards the next century certainly were brought numerous

treatises on astronomy and mathematics from Holland to Japan, but

it seems there was not any book treating of mathematics of advanced

nature. If the contents of elementary works were compared to the

results of native higher mathematics, the latter were necessarily ahead.

The opinion of old mathematicians about the European mathematics

was not necessarily the outcome of their prejudiced pride that shuts

away anything foreign to them. The mathematical knowledge that

they could receive from abroad must have been of a very meagre kind.

This was the reason why the mathematics of the Japanese could

proceed straight on in the same course it had trod for one or two

centuries in the past, never once deviating, until at last the political

changes of the Restoration of 1868 brought Japan under the influence

of the all-swallowing inundations of the universal civilization.

If we are led to such a conclusion as this, yet nothing restrains

us from gratefully acknowledging the influence received from without

upon some points of the science. At the middle of the l9th century

there arose vigorously studies about the centre of gravity. A germ

of the theory had indeed been seen among the writings of Seki in

connection with his method of finding the volume of a solid generated

by revolving a circular arc But it had long remained undeveloped,

and it was after a contact with the European science that it was

taken up in earnest. In Hashimoto’s treatise published in 1830 there

are two problems of finding the centre of gravity, which were solved

geometrically. This way of solution was certainly borrowed from the

Dutch science. In subsequent years the problem was connected with

the method of the circular theory.

The cycloid and epicycloid and the like were a theme favoured

in Japan. These curves were all designated by the name tenkyo kisekiy

literally meaning ‘floci described by rolling”. The first instance of the

subject was perhaps the board suspended by Wada’s pupil at the

Atago Temple in Yedo. The conception of a roulette, it is usually

believed, was learned from a Dutch source. The treatment is however

decidedly Japanese in character.

Wada’s investigation of the ^^pointed circles” or “ovals of different

species” was beyond doubt original with him. These curves, which

are closed curves of the 4 th degree, and the solids generated by their
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revolution received much attention from subsequent writers. An
account of these curves, considered as wedge-sections, will be given in

chapter 41.

The catenary or ^^hanging string” as it was called in old Japan

was another curve that was deeply studied. Its study happened to

arise some time later than the problem of the centre of gravity. The

very complexity of treatment strongly reminds us of its unindebted-

ness to any foreign source of knowledge. (See chapter 43.)

There are of course still numerous other performances effected

by the Japanese mind, which are worthy of notice. But our brief

sketch is not sufficient to make a full reference to them. VVe shall

therefore content ourselves with merely mentioning one or two more

instances. The writers of the 18 th and 19th centuries had here and

there tried some problems by the geometrical way, however imperfect

they might have been. Hasegawa’s hengyo jutsu may be mentioned as an

example, though it is not geometrical merely. It was indeed a defective

one, as the author’s contemporaries were already aware of, sometimes

leading to gross error. This was a plan for considering geometrical

problems in their special cases and extending the results to the general

case. Though erroneous if considered from a general point of view,

yet it was not a metliod utterly futile, as some scholars were inclined

to think. When managed with care, it may liave helped us in

guiding our thought in the attacks upon problems. The idea of

generalising the results obtained in special cases to the case in the

general form was itself profitable. If the old Japanese had remained

a little longer isolated from the rest of the world, they would certainly

have improved this plan to a blameless theory or method. It is said

that Saito Gigi was possessed of an exact metliod that resembled

Hasegawa’s method. It was exact and not defective, and vras so highly

valued by its author that he never dared to show it to others. His

manuscript Kyddai Benshikl was lost without being acknowledged in

the mathematical circle. Hodoji’s Kan-shinh) Sampen was a develop-

ment on the basis of a similar idea. He treated the straight line as

a special case of a circle or the plane as that of a sphere. In a word

he based his theory on the treatment of the limiting case. This point

awaits the results of further studies.

The Japanese considered the ellipse as a section of a circular

cylinder. Though they were aware of the fact that the ellipse may
be obtained from the section of a circular cone, it was seldom studied

as a section of a cone. This fact was perhaps the cause of their
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never conceiving of other sections of the cone. The parabola and

the hyperbola were not studied in Japan. In fact, Isomura’s Ketsugi-

sho of 1660 contains a diagram of a parabola, and some astronomical

works of the 19 th century were illustrated by the same. But the

mathematicians never had the pleasure of studying about them. The

hyperbola was perhaps never known to the Japanese. This state of

things continued for the whole period of the old Japanese school of

mathematics.

As we have said, the Japanese mathematics did not exist as

science but as art. On that account everything studied in Japan had

borne the character of speciality, lacking in generality. But the

Japanese were by no means wanting in the scientific spirit, they were

on the contrary endowed strongly with the zealous yearning after

truth or knowledge, which prevailed throughout the whole history of the

Japanese mathematics. Consequently scientific precision was gained

step by step, a considerable degree of generality being won by Ajiraa.

In vivid contrast to what had been treasured in former days, the final

results only, later writers came to acknowledge the value and signific-

ance of analysis or detailed accounts of calculations. Thus it happened

that various attempts were made at general rules and general methods.

Some of these, it may be, were false and defective, but the attempts

themselves were not sterile, they were of great importance. The

attitude of the old Japanese was perfectly progressive, which we

cannot but admire. Before, therefore, the Japanese came in full con-

tact witli the civilization of the world at the time of the Restoration,

it must be admitted, they had been genuinely prepared to receive

anything that w^as to enter into his grasp. The progress of civilization

in general and particularly the improvement of mathematical studies

in Japan after that remarkable event may at the first glance be

w^ondered at as having been exceedingly rapid. But when we reflect

on the intrinsic circumstances that had gradually developed with the

constant culture of the restless spirit of the Japanese, the rapid pro-

gress will be no surprise at all.

Some of the mathematicians in the first part of the 19 th century

were able to read Dutch works, though their knowledge of the language

was of an exceedingly limited kind. A certain number of Dutch

asti’onomical works were possessed by the Astronomical Board of the

Shogunate, but we know practically nothing of what were the mathem-

atical treatises brought from Holland to Japan in those days. Nor

are we able to find traces of the Dutch influence upon the writings

Abhdlirn. z. GeBcli. d. math.Wiis XXX.



178 PART 11. THE JAPANESE MATHEMATICS.

belonging to this epoch No quotations, no references are found.

The relation of the Dutch science and the mathematics cultivated in

Japan still remains unexplored.

It is almost the whole of the Dutch influence, of which we know,

that some of the writings of Kawai, Shiraishi, Ichino and others

contain some deformed Roman characters as symbols. Reflecting on

the incorrectness with which the names of the authors are spelled, their

knowledge learned from Dutch works appears to have been very limited

if any. We have no knowledge of any Occidentalist, who was at the

same time a mathematician.')

The first material introduction of the European mathematics into

Japan was certainly Alexander Wylie’s translation of Loomis’ Calculus,

which was brought to Japan soon after its publication. Just about

these times Dutch sciences were taught by Dutch men to the students

of navigation. The political changes of 1868 then took place, which

were followed by the opening of the country to receive the impor-

tations of every kind of Occidental civilization. Mathematics was now

studied after the Occidental knowledge. The mathematicians of the

old Japanese school struggled for some time longer for the existence

of their science; but with the lapse of years their influence was destined

to give way and entirely disappeared in a short time.

Something of the mathematics of the old Japanese school will be

described in the following chapters.

CHAPTER 23.

A CHRONOLOGY OF THE JAPANESE MATHEMATICS.

Introduction. In the present chapter we have to give briefly the

important events that happened during the development of the Japanese

mathematics. Of course we don’t pretend to be exhaustive, or how

can this short list be very complete or satisfactory? But we believe,

it may perchance serve to help those who refer to the subject. The

events of which we do not know the exact dates have largely been

neglected inspite of their importance.

1) Shizuki Tadao (1760—1806), who was an interpreter at Nagasaki, was a

learned astronomer. His translations of Dutch treatises are very noteworthy. At

the same time he was a renowned Occidentalist.
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Earliest tivies. Tlie Japanese used

the decimal system of numeration Rut

nothing else is known

The Japanese bad the so - called

Jindai monji or “Gods’ Age letters” but

there remains no records with them

285 A. D. Rooks were introduced

from Korea; Japanese nobles studied

them. But no arithmetic.

522. Chinese Buddhist missionary

Szu-ma Ta came. He was unnoticed.

552. Buddhism was introduced from

Korea and was now noticed.

563 or 654. The Korean doctor of

yih (Wang Lian-tung) and doctor of

chronology (Wang Pu-6on) came. Chinese

mathematics was introduced by them.

602. Korean priests came and brought

astrological and calendrical treatises with

them.

604. A Chinese calendar used in

the Monarchy of Sung was adopted.

Beign of Empfror Jomei (629- 641).

Chinese standards of measure were

adopted.

660. The crown prince (afterwards

Emperor Tenchi, born in 626) invented

a w ater clock.

Beign of Etuperor Tenchi (668— 672).

A school was ectablishcd, where two

doctors of arithmetic and 20 students

of arithmetic w’ere appointed, An obser-

vatory was established.

696. Chinese calendar the Yuen-ka

Li^ computed 3 centuries before, was

regulated. After this time the calendars

used in Japan were all those computed

in China

701. A university circular was issued;

a department of mathematics was esta

blished. Ten Chinese mathematical

tieatises were proclaimed as text-books.

The prescribed officials were 1 doctor

of astrology, 1 of astronomy, 1 of calen-

dar-theory, 1 of arithmetic, 2 of water

clock; in each of these departments 10

students except in the last named, where

20 assistants were stationed.

6 th and 0 th centuries. The university

that had been prosperous in the first

years of its establishment gradually lost

power.

916. Miyoshi Kiyoyasu died. He was

versed in arithmetic, being a statesman.

His descendants were learned in the

science.

Ca 960. Kamo Yasunori, who was

in charge of the astrological and calen-

drical subjects of the government, com-

posed a calendrical treatise, which he

presented to the emperor. Its contents

are not known. His son Koyei succeeded

him in calendrical matters and Abe no

Seimei in astrology. The descendants of

these two men succeeded to their offices.

'then learning was more and more

corrupted. Only astrology thrived.

Ca 1166 — 8. Fujiwara Michinori

(deceased in 1159) studied a subject of

mathematics called the Keishi zan. A
passage in Yoshida's /inA'oAi of 1627 was

perhaps its remnant.

Ca 1200. Buddhist bonze Genshd was

renowned as a mathematician

Ashikaga Shogunate (14—16 centuries)

Mathematical studies were practically

at a stand still. A kind of nrithmetic

called Shokei-zan, is said, prevailed.

Ca 1444—8. A soroban now remains

that was owned by a person at this epoch.

1598. Yoshida Koyu was born.

Ca 1600. Mori Kambei published a

mathematical treatise. It has been lost

Mori is said to have travelled to China.

1616. Osaka fell and thence M5ri

taught the soroban arithmetic in Kyoto.

He had numerous pupils.

1627. Yoshida published the Jinko-

ki^ treating of the soroban arithmetic.

It was based on Ch’eng’s work of 1593.

He was pupil to Mori.

1628. Mori wrote a mathematical

manuscript.

1634. New edition of the Jinkoki.

1639. Imamura Chisho, pupil to

Mori, published the Jugai-roku.
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1640. Imamuxa published the Iriki

Sanka (mathematical rules in verse).

Araki Son-yei was born in Yedo.

1641. Another edition of the/m^•o^*^.

1642. Seki Kowa, father of Japanese

mathematics, was born at Fujioka in

Kozuke (the 3rd month).

1645. Momokawa Chfibei published

the Kamei-zan.

1646. Kobayaahi Yoshinobu, an inter-

preter and astronomer at Nagasaki, was

imprisoned on suspicion of believing in

Christianity

1660.

A naturalised Portuguese Sa-

wano Chuan wrote an astronomical ma-

nuscript work, on which a comment was
tried some years afterwards by Mukai

Geishd This comment bears the title

Kenkon Bensetsu,

1662. Tawara Kamei p. the Shinkan

Sampoki.

1663. Yenarai Washo p the Sanryd-

roku.

1666. Yamada Jusei p. the Kaisanki.

1667. Takase Juji p. the Shoritsu

Inki-shu.

Hatsuzaka Jiishun p. the Sampo
Shikanki^

Shibamura Seishi p. the Kakuchi

Sansho.

Shibamura Seishi p. the ChihoSaihen-

shu

1658. Nakamura Yozayemon p. the

Shikoku Hondo.

A reprint was made by Hisada Gen-

tetsu of Chu Shih-chieh’s Suan-Jmao Chi-

meng of 1299, a work that proved ex-

ceedingly beneficial to the progress of

mathematics in Japan.

1660. Ando Yuyeki p. the commen-

tary on his master Imaraura’s Jugai-

roku of 1639.

Isomura Kittoku p. the Sampo Ke-

tsugi-shd. He solved the questions pro-

posed by Yoshida at the end of a new
edition of his Jinkoki and proposed new

ones. This was the beginning of the

usage known as the idai shoto or “suc-

cessive proposals and solutions of pro-

blems”, a usage that lasted one and a

half centuries.

1661. HiragaYasuhide accepted ser-

vice in the capacity of a mathematician

to the lord of Mito.

The name of a Japanese mathema-

tician Petrus Ilartsingius was mentioned

in van Schooten’s Latin edition of Des-

cartes’ geometry.

1662. Nakane Genkei was born in

6mi.

1663. Muramatsu Mosei p. the Sampo

Sanso. He is noted for his circle -mea-

surement. He was pupil to Iliiaga.

Muramatsu p. the Sampo Chokkai.

1664. Nozawa Teicho p. the Dokai-

sho. Isomura’s problems were solved.

Takebe Kenko was born in Y^edo,

1666. Sato Seiko p. the Sampo

Kongen-ki. Isomura’s and Nozawa’s

problems were solved. Some of these

were attacked by the celestial element

method. He knew of the existence of

more than one root in an equation.

1667. Kobayashi was released from

his imprisonment after 21 years. Ho

then taught astronomy at Nagasaki.

New edition of Yoshida’s Jinkoki.

1669. Leyden Album: Petrus Hart-

singius, Japonensis, 31, M., Hon. C.

There is no Japanese identified with

him. Hatono Soha (1641— 1697), phy-

sician, went abroad and returned home.

1670. Sawaguchi Kazuyuki p. the

Kokon Sampo -ki, a work in the line

of “proposals and solutions” (hereafter

abbreviated PS). His solutions were

all effected by the celestial element

method. He knew the existence of more

than one root but ascribed it to in-

appropriateness of the data.

Sugiyama Teiji p. the Sampo Ilatsu-

mo-Shu^ PS.

1671. Isomura wrote a manuscript

on circle-measurement.

1672. Hoshino Jitsusen p. the Ko-

kbgen-sho.
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He p. a commentary on the Suan-

hsiao Chi-mtng.

Mayeda Kenjo p. the Sampo Shigen-

ki, PS.

Furugovi (subsequently Ikeda) Shoi

p. the Sampo Jojo Orai^ PS.

Yoshida died (11th d. of 11th m ),

aged 74. He had long suffered from eye-

disease, losing at last his sight.
j

1673. Fujita Yoshikatsu p. the Sampo |

Kyushu -sho.

1674. Murase Yoshimasu p the Sam-

po Futsudan-kai.

Seki p. the JIaisabi Sajnpo and sol-

ved the 16 problems proposed by Sa-

waguchi, applying the
2
/o?don One

problem led to an equation of degree

1458.

1675. Yuasa Tokushi, pupil to Mu-

raniatsu, p. a commentary on Ch'eng's

Snan‘fa Tuny-tsung of 15'J3.

New edition of the Jinkoki.

1677. Nozawa p. the San-ku~kai.

1679. J'anaka Seiri p. the Sampo

Mi'ikai.

1680. Saji ippei p. the Sampo

Mcibi Kai.

Matsuda Seisoku p. the Sampo Kyu-

mo)i.

Seki wrote the Juji llatsumei^ a

commentary on Kuo's calcndrical trea-

tise. He used red and black colours in

writing algebraical symbols to distinguish

positive and negative signs.

Ca 1680. Seki established the tenzan

jtitsu or .lapanese algebra.

1681. Okuda Yiiyeki p. the Shimpen

Sansiiki

1683.

Seki wrote the Kai Fukudai

no Ho and used the conception of deter-

minants.

Seki wrote the Shui Shoyaku no Ho.

Takebe p. the Kenki SampO^ PS.

Hiraga died a tragical death.

1) The works of which we use the

word "wrote” are intended to mean ma-

nuscripts.

Kosaka Teichoku p. the Kuichi

Sangaku-sho, a treatise of the Kuichi

school, established by his master Toku-

hisa Komatsu.

Kobayashi pointed out the incorrect-

ness of the prediction of an eclipse

recorded in the public calendar.

Kobayashi died and with him sank

the Dutch-styled astronomy.

Nakanishi Seiko p. the Kokogen
Tekiio-shu. He was pupil to Ikeda

and founder of Nakanishi’s school.

1684. Nakanishi Seiri, brother to

Seiko, p the Sampo Zoku Tekiio - sha.

Isomura p. the Shusho Ketsugi-sho,

second edition of his former work with

notes.

1685. The dokyd Keki

,

a calendar

com])uted by Shibukawa Shunkai upon

the basis of Kuo's calendar of 1281, was

regulated. He subsiMpiently became a

hereditary Shogunate astronomer.

Takebe p. a commentary on Seki's

llatsubi Sampo. Seki's yendan algebra

was made known.

Seki wrote the Kai Indai no Ho.

Seki wrote the Bybdai J/e/c/?/, one

of his manuscripts on the theory of

equations.

1689. Ando Kichiji p. the Ikkyoku

Sampo.

The Sanqm Sliinansha appeared.

1690. Izeki Chishin p. the Sampo
JIakki., a work on the celestial element

method.

1691. Nakane Genkei p. the

Ytnshiki.

Takebe p. a commentary on Chu’s

Suan-hsiao Chi-meng of 1299.

1692. The Kaisanki Taisei appeared

.

Mori Teisai p. the 3Ioshi Seiden-Ben.

Nakane p. the Bitsugen Hakki.

Nakane p. the Sampo F%isaku-shu.

Nakane p. the Tengen Mbyb.

1693. Murata Yeisei p. the Sampo
Meisui‘ki.

1694. Suzuki Juji p. the Sampo Cho-

hd-ki.
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1696. Miyagi Seiko p. the Wakan

Sampo, P S. The equation of degree 1458

mentioned by Seki was fully treated.

1696. Ikeda Shoi p. the Gyoku-yen

Kyokuseki.

1698. Sato Moshun p. the Sampo

Tengen Shinan^ treatise on the celestial

element method.

1699. Fujii Yohon p. the Sampo

Shigen-roku.

1700. Kageyama Genshitsu p. the

Denroku ZukyO.

Ca 1700 Shibukawa wrote the Tern-

mon Keito, astronomical work.

170‘2. Nakamura Seiyei p the iSawpd

Tengen Shodan-shu.

Nakamura p. the Sampo Tengen Te-

kito - shu.

170.3. Toboken p the Sampo Jojutsu

Jenshu.

1704. ltd Yuko wrote the Sampo

Zusetsu, printed in 1710.

Yamaji Shujii was born.

1705. Matsuda Seisojtu p the Sampo

Shokai.

1706. Baba Nobutake p. the

Temmon Shinan~shd^ an astronomical

treatise.

Okuda Yuyeki p. the Shimpen Sampo

Kuisei-roku.

1707. Nakane p. the Juji-Reki Zukai

Hakki or “Kuo’s Calendar Illustrated”.

Koike Yuken died, aged 71.

1708. Seki Kowa died (24th of 10th

month) at the age of 66. He was the

most illustrious of all Japanese mathem-

aticians. He established the tenzan

jutm, Japanese algebra, and expounded

the theory of equations. He had many
pupils and his school exceedingly pro-

spered in the 18th and 19 th centuries.

He is believed to be the first expou ider

of the yenri or circle -principle.

1711. Murakami p the Kaisan Chiye-

guruma.

Ito Heizayemon p. iheYensetsu Zukai.

1712. Nishikawa Joken p. the Tern-

mon Giron.

Otaka Yusho p.the Kwatsuyo Sampo,

a collection of posthumous writings of

Seki It was compiled in 1709.

1714. Nishikawa Richu p.the Sampo

Tengen-roku

Arima Raito, feudal lord of Kurume

and mathematician, was born.

1715. HozumiYoshin p the Kagaku

Sampo, PS.

Shibukawa, the calendar reformer,

died, aged 76

1716 Miyake Kenryu p the Guo

Sampo, PS.

Matsunaga jRyohitsu, leader of Seki’s

school, wrote the Darui Shosa Shinjutsu.

1717. Tanaka Kasei p. the SUgaku

Tanki. Problems of combination were

treated.

1718. Kambara Kakka p. the San-

kanki.

Hirose Biju p. the Sangaku Chiye no

Umi.

Araki Son-yei, pupil to Seki, died

at the age of 78.

1719. Aoyama Riyei p. the Chugaku

Sampo, PS.

Wakasugi Sajuro p. the Koko Chikin-

shu.

The Dai-ZOhoKaisankiKornoku Taizen

was printed.

Nishikawa Joken was invited to the

Shogun’s court on account of his Dutch

astronomical knowledge. He had been

an interpreter at Nagasaki.

Ca 1710—20. Takebe wrote the Taisei

Sankyo, mostly based upon his master

Seki’s writings. It is voluminous and

well arranged.

1720. Kurita Kyuha p. the Shimpen

Chiho Sampo -shu. The second part ap-

peared in 1724.

Midorikawa Jumei p. the Bikai Sam-

po, PS.

Inouye Karin p. the Sampo Koshigen-

Kai.

Inouye Karin p. the Qenkai Sampo.

Minamoto Keian p. the Honcho Tem-

mon.
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1722. Man-0 Jishunp. the iTtfcuBunid-

shu, a work on surveying.

Takebe wrote the Fukyu Tetsujuisu.

The square of an arc of a circle was

expressed in infinite series. The value

of 7C correct to 41 figures.

Ca 1720—30. Nakane wrote a work

on Occidental trigonometry. It was

learned from Chinese versions.

1723. Ishiyama Seiyei p. the Sampo

Shisho Taisei.

1724. Nishikawa Joken died.

1725. Man -0 p the Kanno Kohon-

roku.

Arizawa Chitei wrote the Chusan-shiki

(Napier’s rods), perhaps learned from

Chinese works.

1726. Takebe wrote remarks on the

Chinese Mei Wen -ting’s work.

Matsunaga wrote the Danren Sojutsu

1728. Nakane wrote the Buiyaku-

jutsu SJiui.

Tanzan Shokei (possibly nom deplume

of HachiyaTeisho) wrote the Yenri Ilakki^

analytical theory of circle-measurement,

based on Takebe. Takebe’s J'enri Kohai-

jutsu of no date was perhaps prior to it.

1729. Nakane Genjun, son to Nakane

Genkei, wrote the Kaiho Eijiku -jutsu,

wherein a method of solving equations

was established.

Matsunaga wrote the Ritsuyen-Ritsu,

measurement of the sphere.

1730. Kurushima Yoshita accepted

service on Lord Naito as a mathemati-

cal instructor. His studies covered a

wide domain and were marked with

originality.

1732. Murai Shoko p. the Ryochi

Shinan, on land-surveying. The second

part appeared in 1754.

1733. Nakane Genkei died, aged 71.

He was the author of various works.

1734. Shimada Dokan wrote the

Chokcn Beiigi, surveying.

Fujita Sadasuke was born in Musashi.

1736. Matsunaga wrote the Yemhi

Yempi Rydjutsu

1738. Nakane Genjun p. the Kanto

Sampo, PS.

Nakao Saisei p. the Sangaku BemmOy
PS.

Matsunaga established the iai-m ritsu.

1739. Iriye Shukei p. the Tangen

Sampo, PS.

Matsunaga wrote the Hoyen Sankyo

and gave various series for the circle.

He calculated n to 60 figures. He also

wrote the Hoyen Zassan, certainly

previous to this date.

Takebe died (7 th month), aged 76.

Ajima Chokuyen was bom in Yedo.

Ca 1730—40. Takuma Genzayemon

opened a school of his name at Osaka.

Takuma effected the circle-measure-

ment applying to inscribed and circum-

scribed polygons.

Matsunaga wrote the Sampo Shusei.

1741. Yamamoto Kakuan p. the Ijin

Sampo, PS.

1743. Nakane p. the Kanja Otogi-

Zoshi, a treatise suitable for beginners.

The test by 9 was given.

Irino Yosho p. the Kakusd Sampo, on

the polygonal theory.

Kamiya Hotei p. the Kaisho Sampo, PS.

1745. Yamamoto p. the Sanzui, PS.

Yamamoto p.the YOkyoku Sampo, PS.

174 6. Takeda Saisei p. the Semhi

Sampo, PS.

Yamamoto p. the Keiroku Sampo, PS.

Yamamoto p. the Sampo Meigi-shu

1747. Matsunaga wrote the Kaiho

Un-6, commentary on Seki’s theory of

equations.

Rinsuiken wrote a sequel to the Taisei

Sankyo.

Aida Ammei was born in Mogami.

1748. Hasu Shigeru wrote the Heihd

Reiyaku Oenkai, continued fractions to

quadratic surd, perhap.s based on Kuru-

shima's writings

1749. Kawabatamichi Sekijii p. the

Sampo Yendan Shinan.

1760. Okumura Hogu p. the Sampo

Yendan Shut.
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Kuzuka Jitsujun p. the KaisO Sampd.

1754. Koike Yiiken died, aged 71.

A calendar-reform.

1766. Uchida Shufu p. the 8an-y6

Tehiki-gusa^ supplemented in 1764.

Murai Shoko p. the Kiku Gempo.

Ogawa Aido p. the 8amp6 Tei-i-hd.

1757. Kurushima Yoshita died (29th

of 11 th month). His writings have mostly

been lost.

1768. Koda Shin-yei died.

1759. Sakabe Kohan was born.

1761. Sen-enshi (probably the nom

de plume of Lord Arima) wrote the Keishi

Shuhd.

1762. Lord Arima wrote the Eijikii

Occhinho.

176.3. Arima wrote the Danren Hen-

kyoku -jutsu.

1764. Arima wrote the Shosa San-yo.

Imai Kentei p. the Meigen 8ampd, PS.

Murai Chuzen p. the Kaisho Tempei

8amp6,

1766. Arima wrote the Hoyen Kiko,

ellaboration of Matsunaga’s Hoyen 8an-‘

kyo.

Chiba Saiin wrote the 8hokusan Ka-

tsnho-ritsu, a work on the computation

of eclipses.

1767. Senno Kenko p. the Chiisan

Shinan^ on Napier’s rods.

1 7 68. Nagano Seiyo expounded MuraPs

Kaisho Tempei 8amp6.

Senno wrote a treatise on th e extraction

of square and cube roots by Napier’s rods

Uno Kishin p. a suplement to Iso-

mura’s Ketsugi-sho.

1769. Arima p. t\iQ8huki8amp6 under

the feigned name of Toyota Bunkei. The

tenzan algebra, after it had been kept

in secrecy for nearly a century, was at

last made public in this treatise.

1770. Tsukui Yoshitoshi p, the 8am-

p6 8hinry6.

1771. Asada GoryQ fled from the

court of the feudal lord of Kizuki and

studied astronomy at Osaka. He was

the Japanese William Herschel.

1772,

Yamaji Shujii died, aged 68.

1771. Kishi Doshb p. the Sampd K6-

toku - roku.

Mayeno Ryotaku received a Dutch

arithmetical treatise from a Dutch man.

But the title remains unknown.

1774. Fujita wrote i\\QSandatsu Kaigi^

a commentary on SekPs work.

Ajima wrote the “solution of the Gion

temple problem”.

Baito Gicho was born.

1775. The Sampd Shdjo or “Maiden’s

Arithmetic” was published, being the

sole arithmetical treatise edited by a

female hand.

Yamamoto Hifumi p. the Sampd Te~

hiki-gusa.

Yamamoto p. the Kaihd Ilayazan

Hiden.
1776. Tada Kobii p. the Skgaku Shd-

sha-Hen.

Tada p. the Kdko Shdkei.

NishimuraY enri p. the Temmon Tckiyd,

astronomical work.

1777. Yamada Kenseki p. a work in

the line of PS.

1778. Nishimura wrote the Sitgaku

Yhtca or “Evening dialogues about mathe-

matical subjects”.

1779. Fujita p. the Seiyd Sanqidy a

collection of problems and their solutions,

that served as a standard of matliema-

tical instruction.

1780. Imai Kentei died, aged 62.

Nakanishi Jokan p. the Brkigaku Hd-
sugen.

1781. Murai Chuzen p. the Sampd
Ddshimon or “An Arithmetical treatise

for children”, a well-written treatise.

Ban Seiyei p. the Sampd Gakkai. His

treatment of the polygonal theory is

noted.

1781. Ajima wrote the Kanyen Mu-
yuki-JutsUy an attempt at solving in

whole numbers the relations existing

between the circles touching internally

and externally a circle in the form of

a crown.
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Ajima wrote a commentary on Kuru-

shima’s method of the continued fraction

to the quadratic surd.

Honda Rimei wrote a commentary

on Kuo's calendar of 1281.

Furukawa Ujikiyo wrote the Kyd-d
Sampo.

The observatory of the Shogunate was

removed to Asakusa in Yedo.

1783. Yamamoto Goyu wrote tRe

Koko Sogen, a work on the indeterminate

analysis.

Lord Arima died, .aged 69. Besides

being himself a mathematician, he had

exceedingly encouraged the studies of

the science. Fujita w'as one of his re-

tainers.

1784. ^Suzuki Antan (afterwards Aida

Ammei) p. the Toaei Jinko-ki.

Saito Kirin p. the liiiokn Sampo.

Ajima wrote the Tetsajutsu Katsuho.

Ajima "wrote the liaijutsu Henkan.

Ajima wrote the Yennai Yd-ruiyen

Jutsu.

1786.

Aida p. the Kaisei Sampo, the

first of a series of controversial works

between him and Fujita. He subsequently

established his own school Saijd-Byii or

‘'Superior School”.

Fujita's pupil KamiyaTeirci answered

Aida by writing the Kaisci Sampo Seiron,

not published.

Kawabe Shin-ichi p. an illustrated

commentary on the Chou -pet.

1786. Aida p. the Kaisci Sampo Kai-

sei-ron, controversial work.

Fujita wrote an essay to show to his

pupils, but did neither publish it nor

send it to Aida.

Kamiya p. another work.

1787. Wada Nei was born in Yedo.

1788. Aida p. the Kaiivaku Bengo

in reply to Kamiya.

Fujita wrote a reply but did not

publish.

1789. Fujita Kagen, son to Fujita

Sadasuke, p. the Shmpeki Sampo, or

„ Mathematical solutions suspended be-

fore temples”, a collection of problems

dating from 1783. The usage of sus-

pending the solutions before temples had

existed from the beginning of the 18 th

century and flourished during the 19th

century. The book was reedited sub-

sequently with new additions.

Kamiya p. his reply to Aida.

Hirayama Senri wrote the 6’an.«6.

Ca 1770— 90. Ajima improved the

circular theory by introducing the equal

divisions of the chord of a circle.

1791. Inagaki Sakuho p. the Sansev.

1792. Fujita p. a revised edition of

Sato's Tengen Shinau of 1698.

1793. Inouye Shorin p. the Kyosan

Suchi.

Aida wrote the Shimpeki Sampo Jen-

sho, a criticism on the younger Fujita’s

“Temple Problems”.

Aida wrote a criticism on Fujita's

Seiyd Sampo. This was not written in

the controversial sense.

Revised edition of the Sampd Chiye

no I'mi was printed.

1794. Ajima wTote the Yenchu Sen-

kiiyen Jutsu or his analysis of the vo-

lume of the portion of a circular cylinder

pierced by another, the first instance of

the studies of allied subjects.

Ajima wrote the Juji-kan Shinjutsu

or the calculation of the cross-ring.

Murai Chiizen reprinted the “five

arithmetical classics” — Sun-tsu, Wu-
tsao, Hai-tao, Wu-ching, Hou-hsiaoYang,

which are old Chinese treatises.

Ushijima Seiyo p, the Sangaku Shosen.

Aida w rote the Sampo Ihnshiki Jutsu.

Revised edition of Aida's Tosei Jin-

koki.

Honda Rimei and seven other mathe-

maticians of Seki's school rebuilt Seki's

tomb, which had been ruined.

Ca 1790— 95. Hazama Shigetomi in-

vented an instrument with which an ellipse

may be described.

1795. Ran -yen p. the Gyoku-seki

Tsnko.
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Aida wrote the Sampo Kakujo^ a

controversial work.

Aida p. the Smipo Kokon Tsuran or

review of mathematical treatises old

and new’'.

Aida wrote the Sampo Sanjo, in which

he collected various different rules of

solution for same problems and showed

that they could be solved in different

ways.

-Asada Goryu was invited to the Sho-

gunate, which call he declined
,
but his

pupils Tdkahashi Shiji and Hazama Shige-

tomi were made Shogunate astronomers.

1796. Maruyaraa Ryogen wrote the

Shimpo Tetsujutsu Shokai. He used in-

finite continued products.

Sakabe Kohan wrote the Shinsen

Tetsujutsu.

Hosokawa Raishin p. the Kihd Zui,

Shiraishi Chochu was born.

1797. Fujita Kagen p. the Saitei

Sampo., a revision of Ushijima’s Sangaku

Shosen.

Aida p. the Sangaku Shosen Shin-

jutsu., a similar work.

1793—97. Shizuki Tadao, interpreter

at Nagasaki, wrote the Rekisho Shinsho.,

an astronomical treatise, chiefly based

on Dutch translations of John Keill’s

works and other Dutch treatises. It was

a noteworthy production in the domain

of the physical science, without precedent

in Japan. Shizuki’s nebular theory con-

tained in itwill be most worthy ofmention

.

Calendar-reform. Shibukawa Shiishd,

Yamaji Tokufii, Takahashi Shiji and

others took part in the work.

Takahashi wrote the Kisaku Kampo,
a calendrical work.

1798. Funayama Sukeyuki p. the

Yehon Kufu no Nishiki.

Aida p. criticisms on the Kanja Otogi-

zoshi.

Aida p. criticisms on the Sampo
Doshimon.

Ajima Chokuyen died at the age of

69 (on the 7 th of the 4 th month). He

did not enjoy the reputation he deserved

while he lived, but his contribution to

the progress of Japanese mathematics

was immense. He may be considered

the Japanese Lagrange.

1799. Ajima’s pupil Kusaka Sei com-

piled the Fukyu Sampo in which bis

master’s results were laid down. But it

was not published owing to a miscon-

duct of one of his pupils. There was

also another work of the same title, which

was Ajima's writings compiled by himself.

Aida wrote criticisms on the Sugaku

Shbsha-hen.

Kamiya p. the Hatsuran Sampo in

reply to Aida's Sampo Kakujo.

Asada Goryu died, aged 67. He had

constructed telescopes.

1800. Aida wrote the criticisms on

Funayama’s Yehon Kufu 7io Nishiki.

Ino Chukei, pupil to Takahashi, com-

menced his work of survey.

1801. Sakabe wrote a review on Fu-

nayama’s work and Aida’s criticisms.

The^Sorohan Hitori-Giiko was printed.

Iwahashi p. the Jleitengi Zukai^ an

astronomical work.

Aida wrote a controversial work and

sent it to Kamiya.

1802. Sakabe wrote the Kakujutsu

KeimOy treating of the polygonal theory.

A formula was obtained in the form of

an equation of degree 3730.

1803. Sakabe wrote the JtippO Fijiku

and gave the expansion for a cubic equa-

tion.

Sakabe’s pupil Kawai Kyutoku p. the

Kaishiki Shimpo (New method of solving

equations). The method was convenient

and enabled one to find all real roots,

positive or negative. This was perhaps

written by Sakabe.

1804. Mogami Tsunenori wrote the

Dorybko Setsutd.

Kono Tsurei wrote the Konten Shingo.,

or “new studies on the celestial glove”.

The Oten-lieki, a calendar, was com-

posed.
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Takahashi wrote the Lalande Be-

Jcisho Kariken, being extracted translation

of l..alande"8 Astronomia.

Takahashi died, aged 40.

1806. Uchida Gokan was born.

1806. Fujita Kagen p. the Zoku Shim-

peki Sampo or “Supplemental Temple

Problems'’.

1807. Matsuoka Noichi, of Takuma’s

school, p. the Sangaku Keiko Taizen.

Fujita Sadasuke died, aged 73.

1810. Ohara Rimcip. the Ten-

zan Shinan, treatise on the tenzan al-

gebra.

Aida p. the Sampo Tensei-hd Shinan,

a tenzan treatise. Aida changed the name

tenzayi to tensei or tensho. His work origi-

nally consisted of a hundred or more

books, of which the first few only were

printed.

Sakabe wrote the Sampo Tenzan

Shinan-roku, a tenzan treatise, which

won deserved popularity. It was printed

a few years later. Formulae for elliptic

arc and perimeter were published for the

first time.

Hattori Yoshitaka p. the Mawanbune
Anjoroku, a treatise on navigation.

1811. In the Observatory of the Sho-

gunate Hon-yaku Kyoku (Translation

Office) was opened,

Fujita Kagen wrote a commentary on

Seki’s Kaiho Ilompen.

Itsuse Korekatsu wrote the Katsujutsu

Jkku.

1812. Sakabe wrote the Kanku Kodo

Shbhbf treatise on navigation, wherein

spherical trigonometry was treated.

Kawai wrote the Sdsei Sokuyen-Jutsu,

on the rectification of the ellipse.

1813. IshiguroYushin p. the Sangaku

Kochi, the last of publications in the long

line of PS.

1814. lyezaki Zenshi p. the first part

of the Gomel Sampo.

1816.

Kitakawa Moko wrote the Sam-

pd Hatsuin treating of indeterminate

analysis.

Yentsu, a bonze p. the Bukkoku Be-

kisho-Hen or “Discussion on the Astro-

nomy of Buddha’s country”.

1816 Sakabe p. the Kairo Anshin-

roku, a work on navigation.

Furukawa Ujikiyo’s pupils edited the

Sampo Kigen, collecting the problems

suspended before temples by their fellow

pupils.

1817. New edition of Aida's Tosei

Jinkoki.

Aida died (26th of 10 th month), aged

70. He had written over 1000 booklets

in his life, of which his treatment of the

ellipse, of indeterminate equations, of

magic squares, etc., was noteworthy.

His school prospered.

1818. Nincho, bonze, p. the Koshigen

Kotei.

Takeda Shifu wrote the KaiteiSampo.

Ishizaka Joken p. the Bundo Seizu.

Ichise Icho compiled mathematical

problems and dedicated them to the

memory of his late master Aida.

Uchida Gokan wrote a commentary

on Fujita's Shimpeki Sampo
Wada Nei wrote the Yenri Shinkd.

1819 Kubodera Seikyii wrote the

Sampo Kyokiisu Jutsu or “On maxima
and minima”.

Aida's monument was erected by his

pupils at Asakusa in Yedo

1820. Hirauchi Teishin p. the Sampo
Hengyd Shiyian, in actuality written by

Hasegawa Kan.

Yoshida Juku wrote the Kikujutsu

Zukai.

Yasunaga Isei p. the Honcho Sunkan

Furukawa Ujikiyo died, aged G2 He
was the founder of the Shisei Sanka-Ryu
School His manuscript consisted

of 222 books

Matsuoka p. the Sugaku Kinuburui.

1821. Honda Rimei died, aged 77.

He was learned in the theory of navi-

gation and knew something of Dutch.

Ino Chukei, the illustrious surveyor,

died at the age of 76.
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Kubodera Seifuku compiled the Kanji

SampOy collecting the results obtained

by his fellow pupils and bis own pupils,

to dedicate to the memory of his late

master Purukawa.

Yamaguehi wrote the Shuyu Sampo.

1822. Wada constructed the Jtoku-

shin-Hydy one of his “folding tables”

used in integration.

Ind Chukei’s monument was erected

by his grand -son.

1823. Ushijima p. the Zoku Sangaku

Shdsen.

Yoshio Joan p the Yensei Kansho

ZusetsUy a Dutch -styled astronomical

treatise.

Shiraishi wrote the Hdyen Shinri Ka-

tsujutsu Senden Kigen, treating of the

theories of constructing “folding tables”.

1824. Takeda Shingen p. the Sampo

Benran.

Sakabe died at the age of 65.

1825. Wada wrote the lyen Sampd

(calculations of circles or ovals of differ-

ent species).

Ohara Rimei died.

1826. Shiraishi p. the Shamei SampUy

being a collection of temple problems,

some of which related to the volumes

and surfaces of solids such as the ellip-

soid, the intersection oftwo cylinders, etc.

lyezaki p. the 2nd part of the Gomei

Sampo.

Kawai wrote the Shin Koyen-jutau

(new method of circle-measurement).

Ishizaka Juken wrote the Jiroku

Kansho.

1827. Kajita Shintsu p. the Sampo

Okama Dango.

Tani Shomo wrote the Tetso/jutsu

Shin-i.

1828. Kimura Shoju p. the Onchi Sanso.

lyezaki wrote the Hoyen Kyuriy ma-

nuscript relating to the circular theory.

Uchida Gokan wrote ih^Kansai ShOchu

Bekisho^ a private calendar- book.

Takahashi Keiho, Shogunate astro-

nomer and son to Takahashi Shiji, was

imprisoned on his exchanging maps with

Sieboldt.

Hagiwara Teisuke was born in Kd-

zuke.

1829. Wada wrote the Rokuyaku

Sampo.

1830. Hashimoto Shdhd p. the Sampo
Tenzan Shogaka-shoy in which two pro-

blems of finding the centre of gravity

were given geometrically, perhaps learn-

ed from Dutch sources.

Baba Seito p. the Sampo Kishd.

Iwai Jiiyen p. the Sampo Zasso.

Hasegawa Kan p. the Sampo Shinsho

or “New Treatise on Tenzan Algebra”,

in the name of his pupil Chiba Yiishichi.

It was a very good treatise and soon

won popularity.

Shiraishi wrote (in Ikeda's name) the

Suri Mujin-:6 (Unlimited treasures of

mathematical knowledge), giving the

mathematical or geometrical relations

that are needful in the solution of pro-

blems.

Takahashi died in prison, aged 46.

He was perhaps poisoned.

1831. Iwata Kosei p. the Shimpen

Kohaijutsu.

Hori-ike Kyudd p. the YomyoSampo.

1832. Uchida Gokan p. the Kokon
Sankan.

Kuma Keibun wrote the Sampo lio-

ktikei - Hydy tables.

Yamamoto Gazen p. the Baizen Jin-

kdki.

1833. Murata Kdkd p. the Sampo
Sokuyen Shdkaiy or “A detailed treatise

on the ellipse”.

Hiroye Yeitei p. commentary on Fu-

jita’s “Supplemental Temple Problems”.

Yamamoto Gazen p. the first part of

the Sampo Tenzan Tebiki-gusa.

Ilirauchi p. the Shoka Kiku Yokai,

1834. Saitd Gigi p. the Sampo Yenri-

kan. The problems on the centre of

gravity as treated by the circular theory

and on the roulettes were first printed

in it.
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1836. Hasegawa Kan p. the Sampd

Kyokugyo Shinan in his pupil Akita’s

name.

Murata Koko p. the Sawpo Jikata

Shinan,

Iwata Seiyo p. the Sangaku Sokusei.

1836. Ichikawa Koyei p the Gorui

Sampd.

Kakudo, bonze, p. the Yenri Kiku

Sampo^ in which a method of gradually

approximating to the segmental area and

the length of an arc of a circle wa.s given.

He wrote the Yenri Nyoi Sampd.

Kobayaahi Churyb p.ihe Sampd Karen.

The problem of a skew surface was first

met with.

Okumura Zbchi p. the Kydchi Kodo

Sampd.

Wada’s manuscripts, Gniden and

Naiden^ embodying the results of his
|

studies, were reduced to ashes by an
'

accidental tire at Mita in Yedo. :

1837. Iwai Juyen p. the Yenri Hyd~

shaku, actually written by Keiumochi

Shoko.

Shino Chikyo p. the Kakki Samjto.

Saito Gigi )>. the Yenri Kigcn-liyd,
|

folding tables,

Hori-ikc p. the Kcppi Sampd. !

Akita Gi-ichi p. the Sampd Jikata
|

'Taisci. The woodblocks were confiscated
j

by the Shognnate, i

Yamaji Kaiko wrote tlic Scireki Shin-
j

sho or “A new treatise on Occidental

calendar -theory”.

Hirata Atsutane wrote the Ilanchd

Mukyil - reki.

Furukawa Ken, son to Ujikiyo, died,

aged 5 4.

1838. Hasegawa Kan died, aged 56

or 5 4.

1839. Kusaka Sei died, aged 75.

Fujioka Yutei p. the SanqJd Kydchi

Shinsho

1840. Saito Gigi p. the Sampd Yenri

Shinshin.

Gokai Amponp.the.SrtWjpo Semmon-shd.

Kemmochi Shoko p. the Tan-iSampd.

Hiraiichi Teishin p the Sampd Oioku-

juisu Seikai.

Hirauchi p. the Shdka Kujutsn Shinsho.

Wada Nei died (18th of 9 th month),

aged 53. He had considerably advanced

the studies of the circular theory of

higher order.

Yonemura Nichiyii p. the Heitengi

Zokkai.

1841 . Yamamoto Gazen p. the Sampd
Jojutsu, collected formulae for geome-

trical magnitudes.

Omura Isshii p. the second part of

the Sampd Tt n:an Tehikigii,<a.

Okumura Zochi wrote the Sangaku

Ilikkyu.

1842. Yegawa Keishi p. the Kosan-

kaku Shdhd Kai

,

treatise on splierieal

trigonometry.

I

Toyota Katsu’yoshi p. i\iQSampdT)ayen
' Kai, treating of the theory of the

: ellipse.

Yhe Shumi -kai Yaku-hd Keki-ki was

written by a Buddhist bonze, treating

of the Indian astronomy.

Yenoki Biingo p. the Shdan Sampd

I

Koide Shuki wrote the Yenri Sankyd,

compiled from his master Wada's writings.

! 1843. Fukuda Fuku p. the Sampd

I

Zakkai.

j

Baba Scitoku died.

1844. Takeda Tasoku p. the Shingen

\

Sampd.

I

Koide p. the Taisu-Hyd or ‘Logar-

ithmic Tables”, the first occasion of these

I tables being printed in Japan,

i
Hasegawa Ko, adopted son to llase-

gawa Kan,p.the Ab/I<se^ / a deserv-

ing treatise explaining the circular theory

of higher order. It was given in the

name of his pupil Uchida Kyumei

Saito Gichb died, aged 60.

1845. Kikuchi Chory'’ P- the Seisu

Kigen -sld, treating of indeterminate

analysis.

Fujioka Yutei p. the Sampd Yenri

Tsu^ explaining the circular theory of

higher order.
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Okada Chuki p. the Tekiyd Samjo.

He gave a method of solving equations.

1846. Minami Ryoho p. the Sampo
Yenri SandaL

1847. The Juntendo Sampu was p.

by Iwata and Kobayashi.

Kaneko Shoryo p. the Tdsei Kaismki.

Shibukawa Yuken wrote the lieki-in

Kunten and the Eeki-in Zuron^ calen-

drical works.

1848. Kemmochi Shok5 p.the Sampd

Kaiun.

1849. Shibukawa Keiyu p. the Bun-

ya Seizu, a stellar map.

Chiba Yushichi died, aged 74.

1850. Yamamoto Seiro p. the Rydchi

Hikkei, surveying.

1852. Kai Koyei p. the Sokuchi Zusetsu

(Illustrated Treatise on Land-surveying).

Kayetsu Shunko p.the Yenri Katsund,

which was reprinted in China.

Watanabe Ishin p.the OkutantoYdho

RyakU' zusetsu, on the use of the octant.

Shimozaka Genkyo p. the Chikei

Kaigi.

Takenouchi Shukei p. the Yenri Kap-

patsu.

1853. Kemmochi Shoko p. the Rydchi

Yenki JIdsei, surveying.

Sakuma San p. the Tdyd Sampd.

Murata K5k5 p. the Rydchi Tehiki-

gusa, surveying. The use of the sextant

was illustrated.

Kimura Chokuho p. the Rydchi - yd

Kiku -jutsu, surveying.

1854. Takemura Kohaku p. the Taisu-

Hyd Seikai, logarithms, originally being

Cchida Gokan’s writing.

Ono Tomogoro p. the Rydkoku Taizen

Jinkdki Furoku.

Furuya Dosei p. the Sampd Tsusho.

Watanabe Ishin p. the sequel to his

“Use of the Octant”.

1856.

Kuwamoto Seimei wrote the

Yenri Shdhci-jutsu Kdhen, circular theory

treatment of finding the centres ofgravity.

Kuwamoto p. the Sen-yen Kattsu, on

“cusped ovals”.

Suzuki Jusei p. the Rydchi Sampd,

surveying.

Ono received instruction from Dutch

men by order of the Shogunate.

1856. Hanai Kenkichi p. the Sokuryd

Shusei, surveying.

Hanai p. the Seisan Sokuchi or “A
short course on the Occidental arith-

metic”.

1857. Kemmochi p. the Sampd Risoku

Zensho, theory of interests.

Mori and others p. the Sampd Kat-

suyen-Hyd, trigonometrical tables

Yanagawa Shunzo p. the YdsanYdhd

(The Use of the Occidental Arithmetic).

Nakata Ishin p. the Rydchi Ydgaku

Shinan, surveying.

Yegawa Keishi p. the Jdjo Taisu Hyd,

a logarithmic table for the numbers

1-10000 .

The Translation Office was renamed

Bansho Shirabe-Sho — the Institute for

the Investigation of Foreign Hooks.

1858. Itsuse Korekatsu’s monument
was erected by Nakamura Shunkyo at

Asakusa in Yedo, the first time of such

an occasion for a living personage.

Fukuda Fuku died, aged 62.

1860. Yasuhara and Nakasone, etc,

p. the Suri Shimpen, really being due

to the authors’ master Saito Gicho.

Baba Seito died.

1862. Kemmochi p. the Sampd Yaku-

jutsu Shimpen.

Hagiwara p. the Sampd Hdyen-kan.

Matsuzawa Shingi p.ihcSampd Rydchi
Shdkai, surveying.

Omura Isshu studied about the ca-

tenary.

Gokai died, aged 68.

Shiraishi died, aged 66.

1863. Murayama Hoshin p. the Tsuki

Sampd.

Hirano Kih5 p. the Senchi Sampd.

Yasuma Koyoki p. the Tsuiyen Ha-

tsumd.

The Institute for Foreign Books was

made the Kaiseisho, where a department
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of matbematicB was establisbed. Kanda

K5bei was the professor in tbe Occidental

DiatbematicSy but there were only a few

wbo studied it.

1866.

Arasbi Sbicbo p. tbe Jftydchi

Sanryaku, surveying.

Omura wrote tbe Shayen Tekiid-shu.

Dutch professors of physical sciences

were appointed in the Kaiseisbo College.

Koide died, aged 68.

1866. Hagiwara p. the Siimpo Yenri

Shiron.

Omura wrote tbe Yenj'i KyokusuShin-

jutsn (a new method of finding maximum
or minimum values in the circular theory).

Takaku Kenjiro wrote tbe Henkan
Seitsu - Hen,

1867. Omura wrote the Suishi Kigen,

the measurement of the catenary.

Iwata Kosan studied the problem

illustriously known by his name.

1868. The political change of the

Restoration took place, during which the

various schools were all shut.

The libraries of the Shogunate astro-

nomers Yamaji and Shibukawa were

transferred to the Kaiyo-Maru, man of

war, for safety’s sake. The ship went

to the bottom and the books were all

destroyed.

Uchida Gokan’s library was destroyed

by fire at a country village, where he

had transferred it from Yedo.

The Imperial government being esta-

blished, the schools, ShdheiKo andKaisei

Ko, were founded. Kanda Kohei and

Yanagawa Shunzo were the professors

of mathematics.
1869.

Mathematics was taught in the

Kaisci-Ko by English and French teachers.

Old Japanese mathematics w as not taught.

1871. Hodoji Wajuro died, aged 48.

187S. Kemmochi died, aged 76.

1877. The Sugaku Kaisha or Society

of Mathematics was instituted by the

mathematicians of the old Japanese school

as well as of the new European school.

Suzuki Yen p. the Yodai Shinzutsu.

1878. Hagiwara p. the Yetiri San-yo,

the last and most advanced work in the

circular theory of higher order.

1879. Fukuda Rikcn p. the Kinsei

Meika Sandai-shii.

Fukuda p. the Sampo Tamatebako.

1881. Amano Yeisbin died, aged 40.

1882. Uchida Gokan died, aged 77.

CbibaTsuneichi p.the TansakuSampd.

Takaku died, aged 62.

1889. Fukuda Riken died, aged 74.

Hasegawa Ko died.

1891. Omura died, aged 67.

Yanagi Yuyetsu died, aged 69.

1893. Nakamura Yoshikata died,

aged 69.

1896. Endo Toshisada p. the Dai-

Kihon Sugaku-Shi or ‘ History of Japa-

nese Mathematics".

1909. Hagiwara died, aged 81.

1910. Hagiwara’s posthumous work

Heikan Sampo appeared

CHAPTER 24.

SEKl’S CONCEPTION OF THE DETERMINANT.

The manuscript known by the title Kai Fakudat no Ho is one of

Seki Kowa’s writings, dated as revised in 1683, and there is embodied

something of his algebraical method in the work. It is in this manu-

script that the idea of the determinant is said to be laid down. We
shall describe the contents of the treatise in the following lines.

1. For example’s sake we may take the problem: “There is a

truncated square pyramid of known volume. Given the sum of the
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lower side and the altitude, and the sum of the squares of the lower

side and of the altitude, it is required to find the upper side.”

This problem may he solved by directly constructing an equation

for the required quantity. But it may also be solved by constructing

two equations, from which elimination will lead to one in the quantity

sought for. Seki calls the first of these two processes the shinjutsu

or ‘^direct method”, while the other is called the 'kyojutsu or ^‘indirect

method”, indirect indeed because the final equation is not directly

aimed at but other equations are first constructed.^) The main goal

of the book lies in the treatment of the latter method, and it is here

that the conception of determinants has been employed.

Thus if we represent the volume, the upper side, the lower side,

the altitude, and the two sums, by Vj Uj I, a, and Sg respectively,

we have according to the data of the problem

4- a = g \
-f u (Sj — a) + (sj — a)2| a,

or — + (Si* -f- Sj w 4- w®) a — (25, + u) 4- = 0,

and also

4- i:. (5, — ay 4- or {s^ — s^) — 2s^a + 2a^ = 0.

It is obvious that there will result the equation for w, when a is

eliminated between these two equations in a. Here a brief note is

added something in this way: ^Hn the above the numerical values of

the various terms are not employed for the purpose of constructing

the equations; but merely the positive and negative signs and the

numerical coefficients are symbolically represented, the terms to be

added, subtracted or multiplied being recorded to one side of these

symbols, • • •
.” The notations used in this place .

are such as annexed, where the Chinese charac- v <?

ters for the volume, the sum, the square, the sq

upper, etc., are written, which we have represen- •

ted by their respective initials. Here the nature of the algebraical

symbols used by Seki appears very manifestly.

2. The two equations such as obtained in the above may be some-

times simplified. If, for example, the two equations be

1) T. Hayashi considers the meaning of the shinjutsu and kyojutsu as unintelli-

gible in his interesting article, The Fukudai and Determinants in Japanese Ma-
thematics^ Proceedings of the Tokyo M. P. S., 2nd Series, V, p. 267. But in my
opinion the two methods do not convey any further meaning than we have ex-

plained in the text.
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A +B x-C
( 1 )

^‘2E +2F AG
E -2F

(2) -E\+2F\x+G\x^==0,
by subtracting (2) from (1) and adding (2) x x to the result, we have

(A - E) A Bx- Gx^ + Z):r^ = 0, -E + 2Fx + Gx^ = 0.

3. In the equation

{AB -AG)-^ (AD H- AE) x + Ax^ 0,

the factor A is common to all the terms, and it may be removed at

once, thus leaving

{B -C) + (D E)x-\-x^^0.

The same may be done also with numerical coefficients. Thus

(- 8^ ~ 6B) -I- (40 A2D)x-{- 4Dx^ = 0

may be simplified, being divided by 2, in the form

(- iA - 3B) ^[2CAD)x^- 2Dx^ = 0.

4. Again when the two equations are of the forms

— A + 0.x + Bx^ + 0.x* — Cx^ + 0 •

-f Dx* == 0,

— E + 0.x + Fx^ 4- 0.x* + Gx^ = 0,

we may replace them by the simplified forms,

- ^ + jBx* - Cx^ + Dx^ = 0, -E+ Fx^ -f Ox* = 0,

which are considered to be equations in x*.

5. When the two equations have been simplified in these ways,

let these be, for instance, of the forms:

(1) ~ Ax* -f Bx^ — Ox* + Dx — 1 = 0,

(2)
- J5;x* + Fx + 2 = 0.

Here multiplying the equation (2) by the coefficient of the lowest

term of (1) and multiplying (1) by the coefficient of the lowest term

of (2)^) and adding, we get, after neglecting the factor x,

(3) - 2Ax* + 2J?x* - (20 + X + (2D + -F) = 0.

This operation is called the ijd or ^^alternate multiplication”.

We have from (2) and (3) by similar treatment:

(4) - 4Ax* + (4F+27)F + FF)x4-(-40-2F-22)F-F*) = 0.

1) In these multiplications the signs are of course out of consideration.

Abhdlgn. B. Gesoh. d. math. Wiia. XXX.
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Thus the equations (1) and (2) have been replaced by the two

quadratic equations (4) and (2).

6. When the resulting equation is of a complicated form, this may

be simplified by substituting some new letters. For instance in the

equation

the coefficients may be written a, /3, y, and the equation assumes the

simple form ax^ — fix — y === 0.

Expressions like %A — 2AB — AG and 8^ + 6 jB — AC may be

advantageously abbreviated in the forms Aa and 2/3 respectively.

7. Suppose now that the two equations are obtained in the forms

— -B -|- Ax = 0
,

— JO A" Gx = 0 .

By alternate multiplication, or multiplying these equations by C
and A respectively, and subtracting, we have — AD + BC = 0, which

is the required result of the elimination.

8.

In the case of the equations

— C — Bx -I- Ax^ == 0, — -F + Ex — = 0,

by alternately multiplying them by the coefficients of or — D and

-f A, and algebraically subtracting we get (1), and in similar way the

absolute terms may be eliminated, resulting in (2). Thus

( 1 )

-AF
-CD

+ AE
-BD

x = 0,
(
2)

BF
+ CE

-AF
-CD

X — 0.

9. In the case of the equations

(1) — D + Cx + Bx^ — Ax? “ 0,

(2)
- - Gx -f- Fx‘ + i’x’ - 0,

the terms in x’ should be first eliminated in a similar way, when we get

(3) (,AH + DE) + {AG -CE)x- {AF + BE) x» - 0.

Then from (3) x x + (2) x .B — (1) x JF we have

(4) {-BH + DF) + UH + DE-BQ-CF)x + {AG-CE)x^=0,
and from (4) x x + (2) x C + (1) x G we have

(5) - {CE+DG) + {-BH+ DF) x+ {AH + DE) x* - 0.

Thus the two cubic equations (1) and (2) have been replaced by

three quadratic equations (3), (4) and (5).

10. In the case of the equations
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— D + O.o; -h Cx^ — Bx^ + Ax^ = 0,

— (t -f Fx + Ex* 4 0.;r® 4- O.o;^ = 0,

a similar treatment being carried out, the four equations are found:

— AG + AFx 4 AEx* 4 0.x* = 0
,

BG -\-{-AG- BF) X + {AF - BE) x*-^ AEx^^O,
{-CG^DE) 4 {BG^ CF)X‘^{-AG~BF)x*^-AFx*=^0,

~DF+{-CG DE) X 4 BGx* - AGx* == 0.

11. The equations obtained in the above are called the JcanshiJci

or literally ‘^replacing equations’*, that is, the equations that may be

taken in place of the original ones for the purpose of elimination.

Let, for example, the replacing equations” obtained be

(1) (m*C ~ m*E) 4 (- 4 m*C) x ^ Ax* ^ 0,

(2) (m*Il — m^K) 4 (- m*F 4 m*G) rr 4 (— mB 4 'tn*C) x* = 0,

(3) 4- {ni*H — m^K) x 4 {m*D — m*E) x* = 0.

Here the factor m should be removed from (2), and m* from (3).

The factors in* and m common respectively to the absolute terms and

to the first degree terms of the three equations are also to be removed.

We have thus

(ly {C - + (- B 4 mC) x^ Ax* ^ 0,

(2/ {H - mK) \-(r-F^mG)x + (-B-j^mC) x* - 0,

(Sy L -h (H — mK) X A {B — mE) x* ^ 0.

The removal of the factors common to all the terms of an equation

is only too obvious, but that of those that are common to the terms

of the same degrees of the respective equations is not so obvious at

the first glance. No reason is indicated, however, why such an opera-

tion should be employed, if its legitimacy is not to be questioned.

This way of simplification was perhaps learned from experience.

12. The next step considered by Seki is the distinguishing of what

he calls sei (that which gives life, i. e., creative) and lioku (that which

gives death, i. e., destructive). In this place he first gives an example

for the equations

B 4 Ax = 0 and I) Cx — 0^

D B

C A

which are now written in the form as annexed.^) This

may be easily considered as the resultant determinant.

Here Seki only draws, without any explanation, the

following two diagrams:

1) The right-moat column ia counted the first.
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product

of BC sei o iBt AC product

of DA kohl o Ist AC

As will be seen from subsequent stages, sei and kohi are intended to

represent what produce positive and nega-

tive terms. These diagrams indicate, there-

fore, that in the above determinant, the

term BC is positive, while DA is nega-

tive, and that AC is cipher.

In the system of three equations here

shown annexed, which are equivalent to

C + Bx -h Ax^ = 0
,
F + Ex + Dx^ = 0

,
/ -f Hx -f Gx^ = 0

,

indication is made as follows:

I F c

H E B

G D A

product of CEOy sei o 1 BEG

2 AEH

4 AEG

„ „ FHA, „ G 5 ADF

„ „ IBDj „ O 3 BDF 6 BDG

product of CIIDj Icoku o 3 FBH 5 kDH

„ „ FBG, „ o 1 BEG 6 BDG

77 77
lEAj „ o 2 AEH 4 AEH

This plan tells that in the above system, considered as a deter-

minant, the products CEG,
FHAf IBD are sei or posi-

tive, and the products CHD,
FBGy IEA are kokii or

negative, the rest of the pro-

ducts all vanishing.

Next in the system of

four equations here shown,

we give only the products

of the elements designated as sei and Jcoku. Of the products

A ^4 A A
A Ca A -^3

A C, A A2

A A A



CHAPTER 24. SEKPS CONCEPTION OF THE DETERMINANT. 197

A,B,C,D„ B,C,D,A„

Dj Cj ,
A.^

,

A,D,C,B„ B4 Ag Dj Cl

,

A.C^D.B,, B,D,A,C\,

B4 Cg Ag Dj,

A,C,B,1\, B4 Dg Cg Ai,

C. Dj Aj Bj, 2)4 A^ Bj
,

C.BjD.A., D,C,A,B,,

C,B^A^ Bj, ^4 ^3 -^
1 )

C4 A3 Bj Dj,

C^ Bj Bj Ai ,
D4 Ag Cj Bi ,

C\A,D,B„ D4 Bg Ag Cj
,

those that are written in italic are koku, and the rest are sei If we

consider the above system of equations as a determinant, the sei and

koliu are to be preceded by positive and negative signs These are not

however called positive and negative, because they may he of opposite

signs according to circumstances.

13. The laws according to which the sei and liolm are produced

are indicated by means of diagrams for the cases of the systems of

2, 3, 4 and 5 equations. These diagrams are as annexed.

In these diagrams the products

of the elements connected by dotted

lines are to be taken as scij while

those of the elements connected by

real lines are to be taken as hokii.

It is obvious that the treatments

may be extended to cases where there

are more than five equations.

This operation is called shajo

or ^‘cross multiplication”.

System of two
oquutious.

S « «

System of three
equations.

System of four einiations. System of Hvo equations.

14. There are of course still further terms not indicated in the dia-

grams, which are, however, all to be taken in actuality. To effect
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this, Seki employs the interchanges of the order in which the equations

are taken. This operation is called kOshiki. His statement is indeed

very brief, but at the same time enough to indicate the nature of the

procedure. He says thus:

^^The koshiki or interchanges of equations. From the case of the

three replacing equations that of the four will be derived; from that

of the four equations that of the five will be derived; and so on.

For the two or three replacing equations no koshiki or interchanges

are necessary. Regular and reverse orders (jun and gyaku) are both

to be successively increased by 1, and then we get the next order.

For an odd number of replacing equations all are regular; for an even

number the regular and reverse come alternately.’*

This statement is accompanied by the following tables:')

0 0 0

Three equations.

r 0 r 0

4 3 2 1

2 4 3 1

3 2 4 1

Four equations.

4 3 5 2 1

3 4 2 5 1

5 2 4 3 1

2 5 3 4 1

3 5 4 2 1

5 3 2 4 1

4 2 3
'

5 1

2 4 5 3n
Five equations.

5 4 3 2 1

4 5 2 3 1

3 2 5 4 1

Q 3 4 5 1

The formation of successive sets is effected by taking one of the

orders, for example, 2, 4, 3, 1, adding 1 to each of them, arranging 1

to the right of the set, whereby we get 3, 5, 4, 2, 1, and then con-

stituting the middle set for the five equations.

The regular and reverse orders of interchanges will be seen from

the diagrams. The former is effected to right-side and the latter to

the left side in the above diagram.

1) These tables should be read from right to left. The letters 0 and r

stands for order and reverse.
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When we carry out this operation together with that of the shajO

we are able to obtain all the requisite terms in the expansion of a

determinant. In Seki’s book the koshiki is described before the shajO-

15. When the sei and koku of the various terms have been deter-

mined, their respective signs are to be considered. If the given system

be, for example.

I F G - 1 4 -3
H E B or 4 -5 1

G B A -3 1 2

we shall have

sei CEO = - 45 to be subtracted,

sci IBD 1
y)

sei FHA = + Z2 to be added,

koku CHD 12

koku FBG 12 •>

koku 1EA = + 10 to be subtracted.

Of these several quantities those that are marked sci are to be

added when positive and subtracted when negative, while those marked

koku are to be subtracted when positive and added when negative.

In this way the desired elimination is effected, leading to an

equation that does not contain the quantity eliminated, and that serves

the purpose of solving the problem from which we have started.

From what we have said, it is very clear that Seki was possessed

of the notion of determinants. And indeed he even indicates, if ob-

scurely, the applicability of his theory to the cases of the determinants

of orders higher than those considered by him. The theory does not

however seem to have developed since the days of its expounder during

the whole period in which flourished the mathematicians of the old

Japanese school. It is rather curious that the determinant that had

been so ingeniously practised in the elimination of a quantity between

two equations that contain it did not happen to be applied to the

solution of other kinds of problems, such as for example the linear

simultaneous equations, etc.
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CHAPTER 25.

THE VALUES OP jc USED BY THE JAPANESE MATHEMA-
TICIANS.

The value of n used by the Japanese in old times from some-

where about the 10th century and downwards through the whole

reign of the Ashikaga Shogunate (14— 16 centuries) was 3'IC.^) This

same value of sr is referred to in the Kwatsuyo SampO^) of 1709 as

the old Japanese value.

Yoshida’s JinliOld of 1627 was a treatise mainly based on the

Chinese Ch’eng Tai-wei’s work of 1593, but he did not adopt the

value of Jt given there. On the contrary he used the value % = 3* 16,

Imamura gave in his Jtigai-roku of 1639 the value = 3’1G2, which

his pupil Ando Yuyeki took to be obtained from jr* = 10 in a com-

mentary on the same work, published in 1660. Imamura’s value of x

was followed by Yamada (1658), Shibamura (1657), Isomura (1660), etc.

Previous to 1660 the Japanese did not try the quadrature of the

circle by applying the inscribed polygons with more than 32 sides, so

that their values remained naturally very incorrect.^) But there soon

appeared an attempt leading to a more exact result. Muramatsu Mosei

wrote the Sanso in 1663, in which he published his measurement of

the circle. He got from the perimeter of an inscribed 2^^^ = 32768 -gon

« = 3*14159 26487 77698 86924 8. This is correct to eight figures

but the author did not know how far it was correct, and so he was

obliged to compare it to Tsu Ch’ung-chih’s value 7C = 22/7 = 3*14657 . .

.

and to take ;r == 3 • 14. Nozawa Teicho gave the same value in his

Dolcai-sliO of 1664. Sato Seiko gave jr = 3142 in his Kongenki of

1666. Sumida Kdwun employed this value Imamura used in the

decline of his life the values jr == 314 and jr = 3*1416."') Isomura

revised in the second edition of his work (1684) the value of ;r,

giving 3*1416. In 1696 Ikeda Shdi gave the value :r = 3 141662 or

n =- 3’ 142 in his Gychiyen Kyolcu-seki In the Sampo Znsetsu of

1704 ltd Yukd gave :r = 31416. This work appears to have been

1) T. Eudo, A short account on the progress about the values of 7t in Japan

(in Japanese), in the MigaVkai, vol. 3, no. 3, p. 19.

2) A posthumous publication of Seki’s writings.

8) Endo in the article referred to, p. 20.

4) Endb’s article, p. 19.

5) Ibid.
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printed some years later. The value n =* 3’ 162 = )/T6 was used by

so late a writer as Kambara Ichigaku in his Sankan~ki of 1718. The

value of :r equivalent to yTO is still being used in some parts of

Japan by carpenters and timbermen.

Tsu Ch’ung-chih’s two fractional values, ^ and were
7 119

reobtained in Japan by Seki Kowa. Of these the former was learned

from Chinese treatises but the latter seems to have been calculated by

him anew. It was first published by his pupil Takebe Kenko in the

Kenki SanipO of 1683. That this value had been given by Seki is

stated by Takebe himself in his Ftihju Tetsujutsu of 1722. The same

value was also given in Otaka’s Kwatsuyo SampO of 1709.

As it is not possible for us to account for every value of 7t used

in Japan, we feel we are obliged to restrict ourselves to giving only

the most important results.

In the Kwatsuyo Sampo^ Book 4, of 1709, the circle -measurement

is tried by numerical calculations using the inscribed polygons from

the square up to a 2'^-gon. The perimeters of the 2'^-, 2^®- and

2'’-gons are found to be

(a) 2^5 . _ 3- 14159 26487 76985 6708,

(b) - gon = 3*14159 26523 86591 3571,

(c) 2'^
- gon = 3*14159 26532 88992 7759,

from which a rectification is tried as follows:

jr = + ft = 3 14159 26535 9.
(6 - a) ~ (c - 6)

From this value of it the following fractions are derived:

£
T

10 13 10

T’
10 22 25 29 32 35 38 41 44 47 51

T' y T’ T' To' IT' T2 ' 15' n' T5 ' To'

54 57 ^
TT' is'

’ *
’'

TTk*

In the anonymous manuscript Taisci SanhjO^) a repeated application

of the rectification process as given above is attempted. Thus from

the perimeters of the inscribed polygons from the square up to the

512 ' gon the following value is arrived at:

% -= 3 14159 26535 89793 23846 2643,

1) This is sometimes referred to Seki and sometimes to his pupil Takebe.



202 PART II. THE JAPANESE MATHEMATICS.

where the first 25 figures are correctly given. Again proceeding from

this numerical value, the formula

iL == 3 4-
1

3 + T" 3 +

will enable us to find the fractional values of jt thus:

22 333 355 103993 104348 208^41 312689 837719

ibe’ 113^ 3^102 ^ 3321^’ 66^7' 99577' 7^38l'

11 46408 42 72943

3 64913' 1370120

’

Takebe Kenko employs in his Fukyu Tetsujutsu of 1722 the same

way of quadrature as followed in the Taisei SankijOy and from the

inscribed 1024 -gon he gets the value:

n; = 314159 26535 89793 23846 26433 83279 50288 41971 2,

of which the first 41 figures are correct, the last figure being not in-

cluded. Matsunaga Ryohitsu gave in his manuscript Hoyen Sankyo of

1739 the value:

- 314159 26535 89793 23846 26433 83279

50288 41971 69399 3751,

where 50 figures are given all correct. It was calculated from the

series:

« ^ 12 12.32 12.32.52

3
“

^ 4 . 6 4 . 6 .*8 , lb 4 . 6 . 8 . 10 . 12 . 14
‘ ‘

The same value of 7t was published by Arima in his Shuki SampO

of 1769, where the two fractions are also found:

_ 64 19351 42822 45933 49304
^ ” 17 25033’ ^ “

13630 81216 70117'

which give the first 13 and 30 figures of % correctly.

Kurushima Yoshita (deceased in 1757j gave in his KyUshi Iko

or Kurushima^s Posthumous Writings the fractional values of as

follows:
227 10748 10976 , 98648

23' Ib^' TH2 ' '9886'*

About contemporary with Takebe and Matsunaga there was another

mathematician Takuma Genzayemon who tried the quadrature of the

circle by numerical calculations employing inscribed as well as circum-

scribed polygons of 2^* sides, whose perimeters are found to be
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3-14159 26535 89793 23846 26433 6658,

3- 141 59 20535 89793 23846 26433 07,

and taking the average of these two, the value of :t correct to 26

figures was established as follows'):

.-r = 3 - 14159 20535 89793 23840 20433.

CHAPTER 26. JAPANESE MATHEMATICIANS’ STUDIES

OF THE SPHERICAL VOLUME.

1. The Japanese mathematicians of the 17 th century gave various

values to the volume of a sphere, the earliest instances of which were

Imamura’s Jugairokii of 1639 and a new edition of Yoshida’s JinkoJci.

Imamura’s value of the spherical volume of unit diameter was 0*51.

Yoshida gave the value 0 5625.*) This is too large as will be seen

easily. Yamada published the Kaisanki in 1656 and corrected it, taking

to be less than 0*5. The values given by subsequent writers are:

author title date value

Shibamura Kakuchi Sansho 1657 0-525

Isomura Ketsugi -sho 1660 0-510

Muramatsu Sanso 1663 0-524

Nozawa Dokaisho 1664 0-523

Sato Kongen - ki 1666 0519

Okuda Shimpeu Sansuki 1681 0-555

Isomura (2nd edition) 1684 0-5236

Miyagi Wakan Sampo
i

1695 0-51

In the times of these writers the way of calculating the spherical

volume consisted in dividing the sphere into slices of equal thickness

by parallel planes, taking for the volume of one of these slices the

average of those of the cylinders upon its two bases and with the same

altitude, and summing up the results for all the slices. The differences

in the fiual values resulted from the different numbers into which the

sphere is divided and the different values for the area * coefficient of

the circle employed.

1) Endo’s article, No. 4, pp. 21 — 22.

2) This value was not given in the Jinloki of 1627. It was contained in a.

later edition in which some questions were proposed for solution. This edition

has been lost.



204 PART II. THE JAPANESE MATHEMATICS.

For example’s sake what Isomura says in the 1684 edition of his

Ketsugisho will be reproduced below:

we cut a sphere of diameter 1 foot into 10000 slices, the

thickness of each slice is 0*0001 feet, which will be something like

that of a very thin paper. Finding in this way the volume of each

of them, we sum up the results, 10000 in number, when we get 523*6

measures.^) Besides, it is true, there are small incommensurable parts,

which are neglected.’^

2. In Otaka’s KwatsuyO SampOy which was Seki Kowa’s posthumous

work, there is a chapter devoted to the evaluation of the spherical

volume. Following a similar consideration as done by his predecessors

Seki cuts the sphere into 60, 100 and 200 pieces and finds their sums

a = 0*6664, h = 0*6666, c = 0*66665,

where the factor is neglected. A rectification process as employed

in the calculation of the circumference of a circle (see p. 201) will

give from these three quantities the value 0*666 % . This being multi-

plied by ^ result for the spherical volume is

obtained to be

0.523
20S
339“

356 ,3 n

113
^ ^ "6

’

3. Matsunaga considered in his SampO Shusei this way of cal-

culating the volume of a sphere as unsatisfactory and tried to give a

better treatment, which is analytical.

Suppose a sphere is divided into n slices of equal thickness. The

sagittae of the spherical caps with the sections to their bases will be

denoted by Sj, Sj, . . ., being counted in order of magnitude. Then

d being the diameter of the sphere, these lengths are evidently equal

d 2 (2 8 d
to — > ; —

f

•• •. The diameters of the circles of the sections, de-
n n n '

noted by Cj, Cg, • •
*, may be expressed by the formula:

c? = 4 — Sr) Sr = 4rdSi ~

Multipliyng hj ~7t and by the common thickness, which is equal to

$
1 ,

and summing up, we have

4x|xdSi‘(l + 2 + 3 + -.. +m)-4x-"xSi»(1» + 2> + 3* + ••• + «*)

- (I + I)— +T +
”c )
- 1

-

1) Here the unit is the cube of the tenth part of a foot.
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Here the number of divisions, n, may be conceived as large as we

please, so that the reciprocal of its power may be made as small as

we please. Consequently this latter may be neglected in the end, when

we get
g
ytd^ for the volume of the sphere.

This same proceeding is also followed in the same author’s Eitsiiyen

Ritsu (Analysis for the Sphere), his pupil Yamaji’s Gyokuselci Shinjutsu

(Exact Method of finding the Spherical Volume), the anonymous

KigenJcai that bears a second title Yenri KenJcon Sho and that is some-

times referred to as containing Seki’s methods. Some scholars are on

that account of the opinion that the analysis we have just described

was due to him.')

4. The same way of analysis may be equally applied to the case

of a spherical segment, which is recorded in the manuscripts mentioned

above. If the segment is divided into n parts by sections parallel to

its base, whereby the sagitta s is cut into n parts all equal to -^5,

and if the diameters of the section circles be denoted by Cj, Cj, . . .,

which are counted beginning at the end of the sagitta, we shall have

f? = 4(d-- r X - )
r

s 4 ds= - X r — 4.S* a

-J X r*
nj n n

r= 71 r=sn
^ r--^n

4(i5 w+n* n

n Zj'" n ^ 2
r=^l r^l r=l

r= n

- X X > d
4 n

Tt a

= 6
X X nd

\
n -h

s 3s

71^ 71

whence, going to the limit n = oo, we obtain the volume of the seg-

ment to be (Snf — 2s),

The above way of finding the volumes of a sphere and a spherical

segment may have served the progress of the infinitesimal considerations

in the yenri method of the Japanese mathematics. Ajima’s improve-

ment of the circular theory by introducing the equal divisions of the

diameter or a chord of a circle instead of equally dividing an arc or

the circumference, as had been done by his predecessors, was certainly

effected in imitation of the treatment of the sphere.

5. Wada Nei (1787— 1840) took the element of volume

1) T. End5, in the Proc. of Tokyo M. P. S., vol. 7, pp. 128—126.
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and effected upon it the operation of “folding” or of integration by
means of a table, thus getting at once the expression

1

3 / 6

Wada’s predecessors had always gone through all the steps of

summing up the elements and finding the limiting value of the sum,

but the use of a folding table” enabled him to strike all this in a

single operation. And thus a considerable amount of labour was saved.

CHAPTER 27.

JAPANESE MATHEMATICIANS’ STUDIES OF FINDING THE
SURFACE OF A SPHERE.

1. Imamura Chisho gave in his Jugai-rohu of 1639 the surface

of a sphere by the fourth part of the square of its circumference.

The same was adopted by Isomura in his Ketsugi-sho of 1660. It

appears, this was in common use among the Japanese mathematicians

of those times, for Isomura refers to it in the second edition of his

work, published in 1684, as the old method. The incorrectness of the

formula was noticed by him in this edition, but according to him,

those mathematicians, Mori, Yoshida, Imamura, Takahara, Hiraga, Shi-

mada, Sumida and others had not been able to find a correct one for

the spherical surface. Isomura tried the measurement thus:

The volumes of the spheres, whose diameters are 10 and 10-0002,

being 523*6 and 523*63141 66283 24188 8, respectively, their differ-

ence is 0'03141 66283 24188 8. Dividing it by the thickness

0*0001 of the rind comprised between the two surfaces, we get

314*16628 32418 88 as the surface of the rind with the thickness of

0*000 1 . Again the volume of the sphere of diameter 9*9998 is

523*56858 64283 15811 2, and its difference from that of the sphere

of diameter 10 being divided by the thickness 0*0001, the surface of

the rind in this case will be found to be 314*15371 68418 88. The

surface of the sphere will be given by the average of these two areas,

314 16000 00418 88.

But the volume of the sphere being 523 • 6, we have

523*6 x6 == 3141-6,
so that it follows that

(surface) = ^
(diameter)^ x 7t,
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The same way of evaluating the surface of a sphere as done

by Isomura was adopted also by Takebe Kenko in his Fuhyii Tetsujutsu,

of 1722. Takebe did not however take the average of two values but

proceeded otherwise. Forming the rinds of the spheres of diameters

10*01, 10 0001 and 10*00000 01, by taking away the sphere of

diameter 10 from them, Takebe finds their quotients by the respective

thicknesses to be

314*47352 9344, 31416240 6984, 314 15929 677,

and applies to these the rectification process as given in Otaka’s Kwa-

tsuyo Sampo. Thus, denoting these values by a, h and c, the rectified

value of the spherical surface is obtained to be

(surface) = h - = 314-15926 5359.

Seeing that this value is the same as that of except for the

positions of the figures, Takebe at once writes (diameter for the

surface of the sphere.

3.

According to Takebe’s Fuhju Tctsujuisn^ Seki applied a differ-

ent way of consideration for the same purpose. Seki considered the

centre of the sphere as the vertex of a cone, taking the radius as the

altitude and the spherical volume as that of the cone. Thus we have

1

3
(surface) (radius) = (volume of cone) = (volume of sphere),

.
*

.
(spherical surface) = 3 X (spherical volume)

(radius)

a result that agrees with the formula given by Isomura.

Seki, who had used such a method of attack as here mentioned, des-

pised the procedure established by Isomura and Takebe as little worthy.

But Takebe emphasizes that he does not agree with Seki.

4.

The anonymous manuscript Kigen~kaij of which mention has

already been made, contains a chapter on the evaluation of the surface

of an ellipsoid of revolution, whose axis of revolution is a = 1 foot,

the other axis being b = 06 feet. Subtracting the volume of this

ellipsoid from those for which the values of a and b are

a 1001 1-0001 1-00001 1-000001

b 0-601 0-6001 0-60001 6-000001

and dividing the differences by the respective thicknesses of the rinds

or by 0*0005, 0*00005, 0*000005, 0*00000 05, the results will be

found, except for the factor -jr which is neglected, to be
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A = 3-12440 2, C = 3-12004 400C2,

B - 3-12044 002, D = 3*12000 44000 02.

The successive differences of these values are

F « 0-00396 198, ff = 0*00039 60198,

K - 0-00003 96001 98;

H _ 6667 K 66667 H\F _ 444 48889
*

* F “ 66700' if “ 6 66700^ AT
|

iT 444 66889
‘

Here it is argued, that as this last quantity does not become unity

no conclusion could be drawn therefrom. Consequently the author

strikes a different way.

The difference of the volumes of the two ellipsoids (a, h) and

(a' =» a 4* 5' = 6 + 2h) being divided by the quotient is, the

factor being put aside,

(a + 2ft)(6 + 2fe)̂ -at^ = 4ab + 26^ + h (4a + 86 + 86).

Taking the values of a and h as given above, and putting

2/i«0 001, 0-0001, 0-00001, 000000 1,

the quantity multiplied by h in the above expression assumes the

values *

A' - 000440 2, C' = 0 00004 40002,

« 0 00044 002, />' = 0-00000 44000 02.

If we take away these quantities from what we have designated

A, By Cy D, respectively, the remainders will be found equal. If we

then consider that in the actual case there is nothing as thickness,

we may neglect the terms multiplied by h. Thus, restoring the ne-

glected factor “jt, the surface will be given by

-^(4a& + 262)==(6*-f 2a2>)|-

This result is not correct but the idea of the procedure that has

been followed may be of some interest in history.

5. In Tani Shomo’s manuscript of 1825 or 1827 entitled Tetsujutsu

Shin-i we see the problem of finding the surface of an ellipsoid of

revolution attacked in a different way. His result is

(surface) ^ abit {i - ^ ^
where m is written for 1 — Writing t = this may be written
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(surface) / f/m* ym^ Vm’ \/m^ _- — ym
g ^ — * • *'

a formula that will be seen to represent the area of a portion of a

circle of unit diameter comprised between two equal and parallel chords

with the distance "/m. But this latter area is ^ ^ 7t — 2 x (area of

the segment whose chord is c = l/l — ni^ = a lh)y and thus Tani ex-

presses the surface of the ellipsoid of revolution by the formula

(surface) —^ |yx;c x ah — 2xah7t (segmental area)
j

•

Tani mentions, this formula was obtained also by Ikeda Teiichi’s

pupil Kinoshita Teichi and suspended before a Shinto temple in Yedo

in 1823. The result was published by Shiraishi Chochu in his Shamei

Sampu of 1826.

Tani also obtained a formula for the area of a part of the same

solid cut off by two planes normal to the axis of revolution.

Shiraishi’s measurement of the ellipsoidal surface will be considered

in chapter 38.

6. Now to return to the subject of our topic, the way of finding

the surface of a sphere from the difference of the volumes of two spheres

was again employed by Wada Nei who was a contemporary of Tani.

If in the same pursuit as Isomura and Takebe, yet Wada’s conside-

ration was effected in analytical way. If we take two spheres whose

diameters are d and d -f h, the difference of their volumes is

{d + - rf’
" = |.(3rf2/» + + h^).

If this rind be considered as developed in a flat figure, its thick-

ness will be so that its surface will be (3r^^ + 3d/i -f /i^).

But since h may be conceived as small as we please, this reduces in

the limit to
^

7t x 3d^ = d“7t, which represents the area of the spheri-

cal surface. It will be seen that Wada’s analysis agrees with that

given in the Kigm-kai for the ellipsoid of revolution.

7. In Hasegawa Kan’s Sampu Shinsho published in 1830, the same
way of measuring the spherical surface was made public. In this place

the following expression is made use of:

(surface) xh=»d^"^^(d - 21if^‘

Abhdlgn. z. Gesch. d. math, Wisa. XXX.
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CHAPTER 28.

A FORMULA FOR THE SQUARE OF AN ARC OF A CIRCLE IN

THE KWATSVYO SAMPO OF 1709.

In the Kwatsuyo Sampoy Book 4, compiled by Otaka Yusho

in 1709 from among Seki Kowa’s writings and published in 1712,

there is a formula for the square of an arc of a circle. It is this:

12 76900 (c^ ~ 5)5 (arc)* == 51 07600 - 238 35413 ^5^2

+ 434 70240ci"s5 - 379 97429

+

150 47062d*s5

- 15 01025cZs® - 2 81290 s',

where d is the diameter and s the sagitta.

Something is spoken of in the book about the construction of it,

which is however little intelligible. But when we examine the explan-

ations given in various manuscripts, such as the anonymous Kigenkaiy

Matsunaga’s Sampo SMseiy Oba Keimei’s Kwatsuyo Kojutsu no Kai or

'*A note on the formula for an arc of a circle in the Kwatsuyo Sampo'\

dated 1774, etc., the procedure becomes manifest. Here we propose

to give a brief description of the analysis.

First of all, the arcs of a circle whose diameter is 1 foot and

whose sagittae are s^ ==« 0»1, Sg == 0*2, Sg = 0-3, S4 == 0-4, Sg =» 0-45,

Sq —0*5, are found by numerical calculations, which are effected by

inscribing a regular polygonal line of two sides and successively

doubling the number of sides until a 2^^ 32768 - gonal line is

reached. The same rectification process as tried in the case of the

whole circumference, which we have already mentioned, being applied,

and the results being multiplied by 7t ^^ and divided by

=» 3*14159 26535 9 in order to keep correspondence with the frac-

tional value of jc, these arcs will be found to be

= 0*64350 11087 93284 3868,

= 0*92729 5218,

rrg - 1*15927 94807 3,

^^4 - 1*36943 84060 1,

^5 == 1*47062 89056 3.

Then for r — 1
,
2

, 3, 4, 5 the quantities ccr are formed thus:

CCr = Sr* /c + 4 (c? — Sr) Sr —
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where k is written for

]c = = 5-86960 60772 18.

It is evident that Ur vanishes if we write therein Sr ^ ^ d or

Sr = Sq. These quantities a are called the ‘‘differences of the arc

square”. The numerical values of these differences are

« 0 00460 23178 51,

^2 = 001490 76696 87,

cf3 = 0 02433 54023 45,

^4 = 0.02377 51122 95,

= 001584 54867 58.

Again the “differences of the third powers” are formed thus:

Pr
-

where m. = = 0-51776 07582 2,
‘ (d-2s,)s,-

and then the following quantities will be formed;

OTj

Yr

(d- 2 s,)..,>(s,-.s)

m,
(.V
- s.) s/ (d - 2«^)

(d-s^r-

016670 74826

-Pr,

5
,

»i, = y. id -
(rf - 2s,) s,‘ (•s

- Si) (''s
- Si)

= 0-07492 90858 3,

m, (.1^ - s,) (s^ - .<>,).•>/ (d

-

2<!^)

Yr>

m.
* (d-2s^)s^'{s^-s^)(s,-s,)(s^-s,)

’»4 (»r
- •'») (®r

- '>) V’ (<^“ 2«r)

m,

(d-s,y

(d - s,)=*

0-04002 63239 5,

-dr,

* (d - 2s,) s,* (s, -(!,) . .
.
(.s, -s,)

= 0-02523 31671 5,

»». (V - »4)
•

(''r
-

*I )
-

2«r)

{d'-\y

Here it is easy to see that 6^, dg, ^3 *,
«
3 ,

£4 ;

S 2 ; ^^ 3 ; £ 4 ; S 5 ;
all-»0. If we write cCr-=A and denote the

first terms in the expressions for /3r, yr) dr, £r> tr by B, C, D, E, F
respectively, it will be evident that

ir=^F-E+D-^C+B-A,
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But as ~ 0 for r = 1, 2, 3, 4, 5, we have

A-B + C-D + E-F==^0,

which holds good for the values of Sr that are equal to 53, Sg, s^,

S5. It also holds good for df for y, d, e all vanish,

as is evident, for the same value of Thus the above relation, in

which we now replace Xr by x and Sr by 5, that exists for s = s^,

Sg) . . S5, may be practically considered to exist for any other value

of the sagitta 5. Consequently this may be employed in determining

the length of any arc whose sagitta is given.

The formula in the KwatsuyO SampO represented in the above is

a result that will be obtained from the relation we have just described

by transforming and simplifying it.

The actual values of of, /3, y, etc., are calculated to show that they

tend to gradually diminish. The values of a have been already given.

Those of /3, y, . . . are

P, = 0*00625 15305 99 y, = 0*00606 73806 08

^8 = 0*02292 29379 23 y^ = 0*00688 39200 96

== 0*03838 79480 99 ^4 = 000059 29825 77

ft = 0*03217 52297 65 ft - 0*00109 59431 02

ya 0 00157 28554 46 ^5 = 0 00006 66273 69

The reasoning in deriving the formula is thus very clear, but it

remains at the same time very doubtful what had caused Seki to hit

upon such a way. As to this point we earnestly long for the results

of further studies. Its relation to the shosa method is also to be

made clear. In any case the construction of the formula must be

highly interesting from the historical point of view. If it is not so

general as a formula expressed in an infinite series, still its value in

history can by no means be looked upon as inferior to that of the

latter. It may not improbably have been the key to the rise of the

analytical considerations. It is rather astonishing that all this should

hitherto have escaped the notice of historical writers on the Japanese

mathematics.
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CHAPTER 29.

SOME SERIES FOR USED BY THE JAPANESE
MATHEMATICIANS.

We have already mentioned the values of 7t used by the Japanese

mathematicians of the 17 th and 18th centuries. We propose in this

place to give some of the infinite series given for tc and its powers

by the scholars of the 18 th and 19th centuries.

The first instance we meet with is the two series for obtained

in Tanzan Shokei’s manuscript of 1728 entitled Yenrl Hakki, The

analysis described there is ascribed to Takebe Kenkd. These two

series arc

(1)

(2 ) (' + 2 + 2.8 ^
6 ^ 6.15

^

1 ,4 .^
6.r5.^

2.8.18

6.15.28

+)'

which have been obtained from Takebe’s series (given on p. 164) by writing

s =
2
" ^ ~ respectively.

Matsunaga gave in his Hoycn Sankyo of 1739 or 1738 the two

series

(3)

(4)

2 Q I I ,

l*.2^3*
,

\
^ ^

‘3.4 3.4.5.6 3.4.5.6.7.8'
+ * '

_ o /.
I

1*
,

i*.:u 1*3*.5» \

^ \i
4.6 4.6.8.10 4.6.8.10.12.14 ' 7

It is from the series (4) that Matsunaga calculated his value of n

correct to 50 figures.

In Sakabe’s Tenzan Shinanroka written in 1810 and printed in

the next few years there is found the series:

1.3.5 X 4.6.8

17

1 1x4 1.3 X 4.6 1.3.5 X.
(O) 4 (1 -

g ,

In Hasegawa Kan’s SampO Shinslio printed in 1830 this series is

indicated as obtained by combining each two terms, except the first

term, of the series

4~“^
6 6x 5 6x5.7 6 x 6.7.9 6 x5.7.9.11

Hasegawa Ko gave in his Kyxiscki Tsuko of 1844, published in his

pupil Uchida Kyumei’s name, the series:

iO T ^ ”
2.3 8.6 48.7 38479 3840.11

' * ‘ ’
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or rewritten in the form

4 ^ 3 ! 6 ! 71 9 !

’ ' ’ ‘

Eawai Kyutoku gave in his manuscript Shin Koyen-Jutsu the series

rn\ o /i I
1 *

I
3 * 8 * 6 *

,
3 *.6 ‘.7 *

,
\

no'l £. = i 4- 4- I I

2 -8 .4.6

^ ' 4 3 2 X 3.6 2 X 3 .5.7 2 x 3.6 7 9 2 x 3 .6 . 7 . 9.11

Of these two series Kawai says the former is inconvenient as its

convergence is very slow. The series (8) is also found in this manu-

script. Kawai was a pupil to Sakabe.

Wada Nei (1787—1840) is said to have given the following

series:^)

/<-|N ^ 11^1 ^
I I

I Jv

y ~ ^ 3 .2.4 5 .8T* 7.48 4 » 9 384 .4 * “ wJ 111 L
» ^ 9 .384 .4 * ^

(12)
"

1 4- Jl- + ± 4- j
,^ 2 ^ 3.2 ^ 6 8 ^ 7.48 ^ 9.384

~

/iQ'\ il — ..L j \ (_
^ _i_ 4. I

.

4 3 ^ 5.2 ^ 7.8 ^ 9 48 ^ 11 384
^ ’

8’ 3 15.2 35.8 63.48 99.384
’

riM Jl_ J_ 4.
^ 82 16 35.2 63 8 99.48 143.384 "t"

* ‘ ‘ ’

4 3 15 105 945 10395 "t"
* * * ’

/17^ = JL 4. it! 4. 4_ 4. 4_
^ 8 16 105 946 i0:^95 185135

‘ ’

/| ON ^
=ss 1 4-

^
j

^
I I

j

^ 2 }/¥ 3 6.8.2* 7.48.2* 9.384.2* “T"
’ ’ ’ ’

no') ^ s= ^ ?- - - ^ ....
8 2 16 63 143 255

In Koide Shuki’s manuscript Yenri SankyO of 1842, which was

based upon Wada’s writings, we find the two series:

(20) |=i_l4-|-| + ]--i\ + ....

,Qiv 5_ _ 1 \ I ?_ _ JL?
4 ^ 3.2 5.8 7.48 9.384 11 3“840

’ ’ ‘ ’

of which the former is the same as (16).

1) T. Endo’s article in the Bigdklcai, vol. 3
,
no. 4

, p. 24 .

2) The same as (4)
given in a different form.
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The anonymous manuscript Sampo Yenri HyOy giving some tables

required in the yenri calculations, probably due to Wada, contains the

series:

9
^ “ 3^3 5.3* “ 7.3" 9^^ ’

2|/3 3.3 • 6.3* 7.3-^ ’ 9.3^

__1_3_ 3.15 ^ 15.105 __
\

8* 48* 384*
* *

X = 2}/3 (g]
- + + 7;^ + 9^3^ + •• )>

= 4 (1 + 2
-- + + • )>

Jt- = 8 (1 + + 3 15 2. + + 5 915 -2^ + • •)*)'

_2 __ o /> 1
2

,
8

,
48

,
384

, \® y T-
2,3 4

T 3.16.4"* 4.106.4“ 6.946.4* + '

‘ 7"

In the Yenri Semhi’-Hyo^ an anonymous table, probably due to

AVada, we see the series:

^
2* 8* 48* 384* 3840*

‘ ‘ '

Uchida (lokau’s (1805— 1882) Kojutsu Henhan Jenshu, a manu-

script, gives among others the following series:

(9q\ ^_3]/3/i ,
3

,

3-3* 16.3* 105.3* \X- ^1 + ---- + -^ 4,3 + 7;4n.48 + y. 44,384 + * * *1 ,

O 0.0- 10.0’ 100. 0 -
,

OT2 6.4*.*8 7;4".48 9.4*.384

(30) ..,3/3(l-| + ?-.V+»;-*:+,..),

(31 )
% = 2/2 (1 + ^ J 2 + 7 2 a^4"8 + y.irssi

+ -'4^- + • . -V^ 11.
2 -.3840 ^ /

Of these (30) is apparently divergent.

We conclude this chapter by describing Tani Shomo’s consider-

ations for deriving some formulae for x. These are taken from his

Tetsiijutsu Shin-i of 1825 or 1827. Let

-r-4
. Q .

3c- . 5c’ 35c®
,
63c“

,,5c’
,

35c® 63c“
1-

1-12 + rr^ 2816

c« 5 c® 7c'®

16 128
~ ~

2bQ

be the arc of a circle with unit diameter and with the chord c, and

the length of the chord drawn perpendicular to c at its end. From the

expressions of P and Q follows easily:

1) The same as a transformed form of (1).
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f\ p - /)
8c ’^ IGc^

Vs — ^ cv
3 15

'“
35 45 55

q,^V-cq ^H,)
__

8cV,> _ 16oU^ _ 3‘2c^ . 64c'‘

“a 15 “35 ~ 79" 385

If we write c = 1, then vanishes, while from the series for P,

follow, after dividing by ? the series:

^ ‘ - 4-
3

-1- + 33
*r -f +

4
,

2
,

3
,

5
1

36
,

y + 6 + 14 + 36 + 352 + *
• ’

16
,

8
,

2
,

5
,

^ 15 ' 21 9* 3'> '

’ ‘ ’

32
,

16
,

12
,

35 + 46 + ^ +

_ 64
,

128
,- 79 + 3«5 + • • • ’

Again let A be the area of the circular segment with the chord c,

then we have
. c* c^* bc^ 1^ ^ 6 40 “ 112

~
il62' 2816

’

A ios 2c'' c’ c'-' 10
A-cQ^==^ ^ - IT “ - -705 ’

A - cQ'^

A^cQ^

A-^cQ^

3
4c’ (3^—

g
-

^ ^
,

3 4c®V’ Sc'^v* 64 c’ 22 c” 8c“

3
4^’(3’ Se^Q^ __

and writing c = 1 we get

(37) T = l-|-
6 40 112 1152 2816

1
J_ _

14 36 704
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(39)

(40)

(41)

Tt _ C4 _ 32 _ 8 _
4 ” 36

”
46 54

Tf _ 128 64 _T “* 63' ~
77

‘ ’

CHAPTER 30.

KURUSHIMA’S CIRCLE-MEASUREMENT.

There is a manuscript entitled the Kyu-shi Kohai-SOj which means

‘^Kurushima’s-) results of Circle-Measurements”, a work that is of high

interest in the Japanese mathematics. We give some of his results in

the following lines.

1. Kurushima gives for the square of an arc of a circle (a) the

expressions

:

(,2 = - 5l2s) s' + ;.56s- - 788rfs
}

+ j(;} 9193G(«- - 12529G(7s - 59832 s-) s' - 97984 rf*s

+ G828rfs*+ 1054 1 s^},

^ (1591 3;}696,/^ + 3 28473s'' - 644 50261 rfs) I65'

+ 41404 8746G(f^s 4- 308 74623(/s- - 1 33429ri3},

where r/ = diameter, d’ ^ the sagitta, s' — the sagitta of the arc

‘2 ^ x = 91910(? - 10425s - 86064s'.

In the above s' is to be found from the equation, cis — 4ds'

— 4.<9'2 ^ which we have s' — \ jrf — ]/rf((f — s)|. Or, if we

write

and denote by Dq, Z>j, Dg, ... the original term and the successive

differences, namely, the 1st term and those that follow it, we shall

have
A. Dy . Di

^'-i + t + 1+2 +

1) Kurushima Yoshita was a scholar noted for the peculiarity of his character.

He died in 1767.
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Again Kurushiina gives as inaccurate formulae for the arc square

the following three:

{!j(l~s)l^ds y l(G30</-195)fZ-2:is2}4s

“iTcT-Ss
' ^ “

45(14r/-9.s-)
'

2 __
l{(1417ru/-5a5r).s)r/ -- 840,s2} d- - S'^\ As^

^

(45d-32i;)315t/

He further gives the formulae

= 16^20 70500<r.s

- 4 75999 52400rf'.s*- 97581 46100(^88^ _ 34188 74960rf^s<

- 14825 2104fW^s'^- 7081 05216(Ps'' - 34G6 36800(iV

- 1605 GSaoO^^s" - 584 55040s''),

= iGvl / 1 433257? + Ads + * s^

where
.^ = 2474 33165 91021 68713 24740(^^9^

- 5217 12944 78069 36920 86006(/\s'

+ 3703 39108 13137 53441 lOHOt/^s'^

- 1003 31457 52198 44044 97600f?s®

+ 80 81700 29592 75826 608005^

B= 38843 51113 19021 77602^/'

- 1 06872 38977 48560 61125fi\9

-f 1 09084 65303 66266 52000

- 50472 81827 18611 49040^?^^^

+ 10216 76096 82596 05760 ^/.9^

2. The ratio of sagitta and arc of a circular segment has a max-

imum value, as will be seen easily. This was observed by Kurushiina

for the first time in Japan, so far as we know. He tried to obtain

by successive approximations the maximum value of m = s% j ad,

where s, a, d are written for sagitta, arc and diameter.

In the first place putting d = 1, the sagittae Oo and 1 will give

the values of m to be both unity. Kurusliima designates the corre-

sponding arcs by the fractions -- and
j

• We shall denote these

arcs by
j
and The arc that arises from these two by virtue

of the relation existing between the sagittae,

^3 = 2
^ ~ ^2 + (^1 "b ‘*^

2) }
>
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will be denoted by tbe fraction being obtained as the average of

J
and

Y*’
with other arcs. Then writing the values of s and

m for [p/(2l ^p/'i
Kurushima gives the following values:

S5/h = 0-69:H1 71618 25448 85857 9,

m5/«=l’l06l4 67458 92071 81737 26,

S3/, 0-85355 33905 93273 76220 04,

m:v4= 1*13807 11874 57698 34960 04,

.s,/, = 0-96193 97662 55643 37806 35,

m7/8 - 1 09935 97328 63592 43207 2.

Thus the limiting value of m will be seen to lie in the neigh-

bourhood of [3/4], Proceeding in this way Kurushinia hnds the values

of s and m in the limit to be

[5] = 0-84457 88682 029, \m] 1-13821 68528 69,

and consequently he linds the square of the arc and its length to be

[a]2 = 5-43413 15043 04, [a\ = 2 23112 23700 83.

Kurushinia tries still another proceeding for tlie same problem.

Thus writing x = the arc for which the quotient of the arc by its

sagitta has the minimum value, and y = the corresponding sagitta,

we liave^)

— \Gy 4" 4a:* fl 4- .

3 ^ 3 5 X (->

1„

3.5.7 X 0 S 3 5 7 I

X

UxG 8.1(1
0;

and Kurushinia takes the equation

— 16y -f-
8^-* 4 -

3 ' 3.5 3 5.7 X 6 ‘ 3. 5. 7. 9 x G.H
. . = 0

without any further description, only saying it is obtained according

to tlie method of the limiting value”. Taking the difference of the

two equations, we get, on the removal of the superfluous factor

/r6 ^10
i

2 I
U . \L' .

^ ~ ^ "^3 x0” 3.5“x^.8 :i.5r7'^^To 3.5.7 9?^r8ToJ9 "T ' '

j

1) Hero wo bavo understood d and its powers for simplicity’s sake. Kuru-

shima gives the formula for the sagitta in another part of the manuscript in

the form

(sagitta) = (arc)*(. (arc)- (arc)'‘

Ad I
^ 3.4^2 +

If we write d=2 and a; = half the arc, this formula becomes
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which Kurushima calls an '^unlimited equation” for the limiting arc,

meaning an equation with an unlimited number of terms or an

equation whose number of degrees is infinite. This equation is the

same as we should obtain by differentiation after writing y\x=‘ii^

If Kurushima had not learned of the result of the differential calculus

directly or indirectly from an European source, he may have deviced

something that resembled the calculus to arrive at his rule for the

limiting value. Or at least he may have extended the result given by

Seki.^) Unfortunately, however, we are not in position to make any

guess on the matter, because Kurushima does not indicate the deriv-

ation of his process.

Kurushima goes on to try the solution of the above equation of

the infinite degree. It will be of interest to see how he has attempted

to get approximations. For that purpose he neglects the higher terms

and successively takes 2, 3, 4, ... first terms. Thus he gets the

following equations:

72 - + a;" = 0
,

2880 - 720a;2 + 0
,

201600 - 50400^^'-^ -f 2mx^ -
217 72800 - 54 43200:^2 ^ 3 02400:r^ - 756:r« lOSx^ - a;'® == 0,

etc., from which he obtains the roots, x^ = 4, 6
,

5‘4, 5*435, 5*434.

These values will be seen to alternately increase and decrease and

to successively approach a certain limit. Proceeding in this way Kurii-

shima says that the first figures may be determined step by step.

These correctly obtained figures are called ^^pure”, while the succeeding

figures that are not correct are called ‘firapure”. The impure figures are

not easy to be corrected, but proceeding further and farther in the

evolutions, the impurity of remoter figures will disappear more and

more. Thus saying, he calls this process the ‘^method of drawing the

pure out of the impure”, in compaidson to the appearance of pure

draught by stillstanding out of impure mixture.

But Kurushima does not renew the solutions of the successive

equations from the outset. He now takes the quantities:

A = 5-4, a, = 1 - 3^2
= 0-95, = 1 - ^ 0-92671 42,

aj = 1 _ ^ = 0-87489 356, - 1 -
3
-;. = 0-73753 2,

a, = 1 - A = 0-00433 18; b, = A- A = 3-75,

1) Consult Smith and Mikami’s History for Sekps theory.
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7.10
.4 = 2-7108, 16341,

1, = ] - 'V 4 _ 0-5098, h - = 0-1 274;

and forms cir,
I

h = 0 034, which will be added to = 5‘4 to |^et a

nearer approximation = 5*434.

The next step is to take A == 5 434 and construct the quantities

which are equal to

K = 0-00000 0603, H = 0-50729,

and to form K
,

i/ = 0 00013. This being added to the previous value

of the root, we have = 5*43413. This is done by the same principle

as followed above.

Proceeding in this way, Kurushima deduces the next digits to be

0-00000 15, 0-00000 00043 04,

so that the tinal approximation is taken

= 5-43413 15043 04.

3. Again Kurushima gives an analytical expression for the square

of the arc, which he derives from the equation we have mentioned

above, llis description is of cource very meagre, hardly intelligible

to any reader of his manuscript. But when we caretully examine the

meanings conveyed by the obscure language with which he has expressed

his results, we are able to find out the paths followed by him. If

namely we write

or (arc)’ = -f Dj + Pg “h + • • •>

we shall then have from the said equation

a + D, -f D, -f...

= 4

+ + 2B,T), + {2D,B, + /),») + (2Z)o D, + 2D,B,) + • •
•

)

-sA.sl +(3D/A-f 3DJV)-}-...}

+"-l

3.G.6'A7.10.9.12l
+•} + •
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Here the quantities within the crooked brackets in the successive

lines represent the powers of and thus it will be seen that mult-

iplication of series is employed. This operation has since been exten-

sively applied by the Japanese mathei))aticians in the calculations

concerning the circular theory.

Now equating the terms in above equation according to vertical

columns, we have

Z)„ = 4, R JL
a.6

‘2D,D,
1

6.8
7) ^

etc.

D, = ~{{2D,D, + AO - - A -
v.lo

+ 2A A) - + 3AAO

--i-(4A^A-„.i,/)oO]}.

The numerical values of the D’s are calculated to be

A = 4, A “ 0-88888 88 ,

A = 0-30617 28 A 0-12579 26 ...
,

A = 0-05689 376 ...
, A = 0-02734 05 ... ,

and the sum of R^ and further terras resulting to be = 0 0526 • . • ,

= 5-43037 796 ....

Dividing by Dq, llj by and so on, finally the formula

for the square of the arc is obtained in the form

90 64360
X̂/4 + • • • •

>1 I
2 ^ ,

31
,

4012 . 16331
,4 + (i

Dq -f D^ + --
-f D3

-)-
9 ' 90 • 9765 ' 36108 ' 188 62306

Thus Kurushima has effected the reversion of series by a numerical way.

Next to express the value of the limiting sagitta by an infinite

expansion, the same process as given above will apply, first taking

the series

(sagitta) = (arc)'‘

+
(arcj®

4x3.4 ’ 4x3.4.6,6

and substituting the same expression for the powers of (arc)^ as above

and grouping in like way. Thus we have

^0 4 h 4 1 3.4 ^0 j 9
^

11

405^

A - 1 la'i[2AA’ - a (SA’A - A)] -A| -

;

1223

. .
. ,

where the symbols Dq, ... are of the same meanings

as used in the above, and the series for the sagitta will be got

Do' - D/ - D/ Dg' 0 84486 97
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CHAPTER 31.

KURUSHIMA’S METHOD OF CONTINUED FRACTIONS FOR
THE QUADRATIC SURD.

Seki Kowa u.secl a mathematical method called the reiyaku jutsu,

by which he got the successive fractional values of % from its numer-
3

ical value. This way consisted in taking -- first place and then

adding unity successively to the denominator and 3 or 4 to the num-

erator according to circumstances. This way of calculation was pub-

lished by Otaka in 1712.

Seki’s pupil Takebe Kenko employed the method of continued

fractions, which he called by the same name reiyalai jutsu. Takebe’s

consideration rested on continued divisions starting from a numerical

value. The method is recorded in his Fukyu Tctsujuisu of 1722. The

anonymous manuscript Tnisei Sankyo and several other manuscripts

belonging to the 18 th century also contain the same way of treatment.

A little later than Seki and Takebe the continued fraction was

applied to the expansion of a quadratic surd, which is usually believed

to have been effected by Kurushima Yo.shita (deceased in 1757). This

method was called the heilio rciyaku-jutsu. The date of its establish-

ment is however not known, but it w’as also known to other mathem-

aticians of his day, for Matsunaga mentions it in his S(i))q)0 Shftsei of

no date, and Hasu Shigeru considers it in his Heilio liciyaku Genkai

of 1748. Hasu does not mention Kurushima’s name but he expressly

states that he has based his work on a document. T. End(H) is of

the opinion that this document must have been Kurushima’s original

writings. Kurushima’s metliod w^as expounded by Ajima Chokuyen in

1782 in his Hciho Beiyaku Kai. Here we propose to illustrate the

method following Ajima’s description.

By actual calculation we find

j/iV = >/67 = 8-18535 27718 7245

from which the reiyaku process, as employed by Takebe, gives the

following result:
I o I

T-
1
- Vi + 1

.A ~ Q 4. ,

li,
“ ^2 + ‘ Q 4- 3

and writing

— 1, a.^ — — a>^ -i-

^^5 = ^4 <25 + as; • . • ;

1) Endo’s History of Japanese Mathematics (in Japanese), II, p. 105.
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— Qi) ^2 — ^2 1 j ^3 — ^2 Qi) y
~ ^3 ^4 H" ^^2 y

h == KQ^ hy • • • y

the fractions • * • are the successive approximations to

the value of YN. The values of these fractions are

41 90

ll'

1.31

16
’

223 1676 1899

232
'

3577 9053

ll06’

4 1812

.5967
’

205 ' 232 ' 437

If we call Vjay the greater or smaller fraction according as

- ar^ iV^ is > or < 0, the 1st, 3rd, 5th, ...
,
are greater fractions,

while the 2nd, 4th, Gth, ... are smaller fractions.

This way of treatment little diflers from what Takebe has emp-

loyed. But upon the basis of the above result Kurushima tries devel-

oping the theory directly from N and not from the value of y/N.

Thus by writing N — -f r^, the first approximation = --
i

obtained at once. Next to find (Jo?

ht, 6, -f- 1 4* I

is

Y~N =
whence follows

1 + Q, + (- N -f ^0, or 1 + 2h, Q,

or solved for

^2 = 4" (*i + fV + n) = f)’ nearly,

_ U, -k.

r,Q.^^0,

+

where /jg is so selected that 2&j — Ag becomes an exact multiple of r^.

And the integral part is specially to be taken for (Jg, or

n 2
V2 '

'1 '1

From this we have \ = 2b^ — whence follows

:

62 = n (i + Qi “
or + Ajg (Na^^ — 62^) = ^1^2? ^2

“

Again from

Vn = ^ = 5 + ^ ^ K + ^1

we have

(N - 6.’) + 2 (a,N- bM Q, + ia,^N - b,^) = 0
,

or
»‘i + 2(6, -*;j) ^3-raQ3* = 0,

for the coefficient of the second term may be transformed thus;

a^N- 6i6j ^NQi — ^ ^ - *^8.
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and those of other terms may be easily transformed. Solving this

last equation for ^3 we have

% == + 7 y (^^1 ” hy + q. K •j/^^2

'2 ^2 '2 ’2

for >*
1^2 = = 2 ?q — /Cg, + A-g^ + ^i >*2 ==

^‘i5

and therefore approximately

Q.
b,-k^

,
1 , 2 b, -k, B,

» q h = — ‘

'

r. U ^ U

As in the case of Q.,, the integral quotient of should be

specially called and we have thus ^ and write

= 2^-/.V
Proceeding in this way, Q^y ... may be similarly calculated

step by step. We shall give the results only:

B,-k,y r3 = ^'1 -f -^8 ^’ri •

^*3 J 4 Tt — 9 h k k — n — y O r — ^ + ^4^4
;

> ^>4 '‘4> ^4 ^}V4J M “ ’

'.s 's

= -^7 - B, = 2h,- L,
,

j,-, = B, - r, Q,, r, -

Applying these expressions, the api)roximations to )/tU are

calculated as in the annexed table:

index a b >*
1

1

B Q h

1 1

i

5
1

+ 6 10

2 1 6 - 5 6 1 4

3 2 11 +3 9 1 1

4 7 39 - 2 10 3 0

5 37 206 -f 3 10 5 0

6 118 657 - 5 9 3 1

7 155 863 + 6 6 1 4

8 273 1520 - 1 10 1 0

9 2885 16063 + 0 10 10 0

10 3158 17583 — 5 6 1 4

11 6043 33646 + 3 9 1 1

12 21287 1 18521 - 2 10 3 0

13 1 12478 6 26252 + 3 10 5 0

14 3 58721 19 97274 -5 9 3 1

15 4 71399 26 23525 + 6 6 1 4

16 8 29920 46 20799 - 1 10 1 0

Abhdlgn. a. Geseb.d. math. Wiss. XXX.
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Here we see that -f 3,
=> rg = — 5

,
1*1 == = + 6 .

Then conies — -- 1 . After this the same values recur as before.

If we take iV’*= 21
,
the values of r succeed as follows:

“f 5,
-— 4

, “h 3, ~ 4
, + “ "h ” 4

,
4-3, -- 4

, 4 5,
-— 1

,
... .

Here taking as the middle, equal values occur before and after it,

and from — 1 onward the same values recur as antecedent to it.

The same recurrence will be seen also with the (^^>’8, with the only

dijfference that the members come one position after those of the r s.

Now the denominators are of the forms:

% ~ ^ >
ttg == ^2 ~ J ^^3 ~ ^2 ^3 “h ~ Q)1 ^34 1 >

^4 ~ ^3 Qi 4 % Q2 Q‘i 4 4 Q2 y

^5 ~ ^4 65 "h ^3 “ ft ft ft ft d" ft ft) d” ft ft) d* ft) ft 4 1 ;
• • • •

Let for instance be ^3 ^5, taking r.j as the middle of a period

of recurrence. In this case we have ft = ft, ft = ft» ft = ft; so

that the expressions for become

«6 = ft d- ^4 ,
= ag ft. 4 = a. ft ft 4 ft d* a^y

dg — <^7 ft 4 ^*6 ^5 ft ft 64 d- ft 4 tt,- ft 4 ^^5 ft 4 f^4

= CI
5 (ft ft ft 4 ft 4 ft) 4 (ft ft 4 1)

= 4 (% 4 %)>

the last of which is the denominator to which belongs the value of r

intermediate to the periods of recurrence. For the numerators we

have similarly

^6 ^5 ft d- ^4; ^7 — ^6 ft d- \ ft ft d" ^hft d- ^5;

^>8 = ^7 ft d- 2^6 = ^4 («^3 + %) “
We infer thus that when r,-, the middle member of the recurrence

of r, is negative, the denominator and numerator belonging to the

value of r equal to unity which comes to the intermediate position

between the periods of recurrence are of the forms:

ttj — (a ,-.-

1

4 0 (^t—

1

4 hi — 1 .

We have also

&/ = Na/ 4 1 = (a,--i 4 a,^,)WN 4 1,

== {ai-i 4 ai-^ifhi^ 4 n- (ai-i 4 a,.|- 1)^4 1,

== (a,- _ 1 4 4 ^ _ 1 4 -f 1) 4 1,

where the upper or lower signs are to be taken according as r,- is

negative or positive. Equating the two eii.pressions for a/, we have

26 .

(a<_-i4a»+i)n ~26, -=0, 4 + i
-
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There may arise cases where no single middle member occurs for

a period of recurrence. The annexed table for iV = 73 is an example.

index a h r B Q
1

k

1 1 8 + 9 16

2 1 9 -8 9 1 7

3 2 17 + 3 15 1 1

4 11 94 - 3 16 5 0

5 57 487 + 8 15 5 1

6 68 581 - 9 9 1 7

7 125 ? + 1 16 1 0

8 2068 17609 - 9 16 16 0

9 2173 18737 + 8 9 1 7

10 4261 36406 ~ 3 15 1 1

11 23468 2 00767 + 3 16 5 0

12 1 27751 10 40241 - 8 15 5 1

13 1 45249 12 41008 + 9 9 1 7

14 2 67000 22 81249 - 1 16 1 0

In this case there are two middle members, that are numerically

equal, in every group of recurrence of r. It is, however, the same as

in the former case that there are members that are numerically equal

on both sides of these two middle members, and that there is an

element equal to unity, positive or negative, between two successive groups.

Hetaining the same notation Uj, hj as before, assuming r,, nume-

rically equal, we shall have

(ij ar -I' u^/4- ^ (fJh -i- 1 + i-

In the appendix of Ajima’s work, also based on Kurushima’s

original text, some problems in the indeterminate analysis are solved

by the liei/io rciijalxu jutsu, which we have just explained. One of

them is:

^Tn the Chinko-ShU there is a problem wliich runs: Being given

that the ditference of 10 times the sum of the three sides of a right

triangle and 51 times the difference of the two sides including the

right angle is 1, it is required to find the rational number values of

the three sides.”

In the CJMtO-shUf whose authorship is not known, it is stated,

neither rule for solution nor answer of the problem was given. It

was only mentioned that there was something to be orally told about
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it Kurushima tries to solve it by his method and obtains the two

sets of solutions:

His rule of solution is this: From the relation ccp~^q~\,
where we write - 51, /3 = 10, the constants in the problem, we

find p = 1, ^ = 5, and in the first place we take V — a' — p ^ 1,

o! -\- V d ^ q=^ b. We then form the quantities A 2aqA-

B ~2a^ + 1 /3^, and expand B in a continued fraction, when we

shall find the denominator and numerator pertaining to the value of Ivj

that is equal to — 2, to be d == 27 and n — 1966. Now the quantities

n — A .

1 o 10

~Tt X « + 3 = 18 .7
220

241

give the values of a + & + and

n —
“ji
—X /3 +2) = 3

8

iV
n-\' A X — p = 3

166

241

give those of h — a. If we combine these values with the relation

^ aa a + 6 + 26', we get the two sets of the values of a, h, c, as we

have given them above.

If we interchange a and in the relation ap — ^q \

,

we shall

obtain the same results in the end.

The values of a, hj c, obtained above, contain fractional parts, but

a + ^ + 2c is = 27, w^hich is a whole number, and tlius we get answer,

suitable to the data of the problem. If this quantity be fractional

too, there will occur no value of Jc equal to — 2. In such a case, we

look for some even value of Ic which is negative. If its half be a

perfect square, the denominator and numerator pertaining to it being

simplified by it will answer our purpose.

Here Ajima adds some explanations: Let p, q be such quantities

as satisfy the relation ap — ^q^ Then we may take p = V — a’

and g = a' + 6'
-f c'. But p being an indeterminate multiplier, the

same relation will be satisfied also by = a + and

j3p±j}==b — «, where the upper or lower signs are to be simultan-

eously taken; for we have

(tcQ ±q)P - (pQ ±p)cc .- ± /3g T «p = T 1.

Now using the above relations and writing

t a + h + 2c or = 2 (a + 6 + c)^ -f (?> — c)®

we have
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2 ((CQ ± qy + (^() ± 2^y — = 0,

or (2q^ + ± (‘^ccq + 2/3p) o 4- (2a^ 4- q‘^ = 0^

or (2.^- 4- ;r — fr) ± 2Aq 4- Bq- ^ 0,

whence we get, as will be verified on actual calculation,

_ ^4
,

1 / B(2q^ +

If the square root under the radical sign could be found in an integral

form, Q will be of a rational form. Thus let n d be the fractional

value of YB obtained by the method of continued fractions, corres-

ponding to the quantity Ic = — 2y as described in the above. Then
we shall have

(I t :=:^ (t h + 2c and n = Yt- />’ — 2,

and consequently the value of p becomes p = ^ The further steps

are mentioned as needless to be explained.

CHAPTER B2.

PROBLEMS IN INDETERMINATE ANALYSIS IN MATSUNAGA’S

MANUSCRIPT.

The solution of indeterminate problems was one of the favorite

studies of the Japanese mathematicians of the old school. The oldest

treatise in wliich these problems were considered in full was perhaps

^latsunaga's Sanipo SliRsciy a manuscript belonging to the first half of

the LSth century. In this chapter some of the methods mentioned

there will be considered.

1. The rule for the wliole number solution of a right triangle is

given thus: ^‘Take two numbers odd and even. The sum of the squares

of these numbers gives the liypotenuse. Let the difference of these

squares be the right number, and twice the product of the odd and

the even numbers be the left. Then tliese two will give the first and

second sides.”

The construction of this rule is explained in three ways.

(a) Let a, />, c be the three sides of a right triangle, c being tlie

hypotenuse; and write

a = 2m 4-1, r — b ^ 2n,

wlience follows

C + h
a“ (2 7)1 -j- 1)“

c — b (2 n) ’
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or if we get rid of the denominators we have

c = (2m + 1)^+ (2w)^, a = 2(2m-h 1) (2n)f h = (2m + iy~-(2n)*.

(b) Let ABC be a right triangle

right-angled at C, Draw the perpendi-

cular CD, dividing the hypotenuse into

two parts DB and DA, Produce CD io

meet the circum- circle again in N, and

complete the inscribed rectangle CNKM
upon the side CN. Then MNK is another

right triangle, whose sides are KN= DA
~DB and KM^2,CD, the hypotenuse

being the same as in the original triangle

ABC. Now write OB == (2m + 1); CA
= (2n). Then we have

2.CB.CA - AB{2.CD) = 2 (2m + 1) (2w).

Consequently the sides of the right triangle KMN are proportional to

(2n)^— (2m + 1)^, 2 (2m -f 1) (2n), (2n)^-f (2m + l)^

which we take for the solution required.

(c) Take c = (2m + 1)*'* + (2w)^ or sauared

- (2m + 1)^ + 2 (2m + 1)' {2ny + (2n)^

If we here change the sign of 2 (2m A ]y(2ny, tlie result is still a

perfect square. Hence we may take a = 2 (2m + 1) (2n), for then

we have

c* =
{
(2m + ly + {2ny

)
~ 4 (2m + 1)^ (2ny = {(2m + iy- {2ny]\

so that h =« (2m 4- 1)^ — (2w)^.

The values of a, h, c, that do not exceed 1000, are given in a

table.

2. In the case of the scalene triangle, whose tliree sides and area

are to be given in integral values, Matsunaga considers three ways,

remarking that these arc by no means very satisfactory and con-

sequently desiring posterity to devise a simpler process.

(a) Kurushma^s method. Take the three fractions

dy ay
Mg d, — Mj Mj

dg Mjdg + Mgd/
and
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where the first two are selected at will. But it is remarked, the values

of d and n such that n.^ ^3 <di, or <^2 >
should

not be used. If w.j = d^ — or = Wg, d^, == d^y the case will

be of the isosceles triangle; and if = 1, the triangle will be

right angled. Then

a^ = n^ («2 (Zj + n-i d^) ,
{n^ d.^ + m, d^)

,

= m,, (m, d^ + fZ,)

give the values of the three sides of a triangle. If these values have

factors common to them, sueh factors, it is remarked, should be

removed.

The same rule of solution also applies, when the fractious n^^^d^

and Wo /rig are reciprocated. In this case, if the product of the new
denominators be less than that of the numerators, these values should

not be adopted.

(b) A certain mathematician's method. If we take three numbers

niy itj /j, where m>w, and form the quantities

A = -f A-, B {m^ + w^) n or (n^ + A'“) ;n,

C == {m“ — n^) h + {n^ — A'-) m or (?w“ — n^) A ± {
7)1

^ — A^) w,

then any set of Ay By (7 is a solution.

(c) Author's method. Let h^y and n.,, 6^,, Cg be any two sets

of integral solutions of a riglit triangle, c being the hypotenuse.

Assume a^, a., are odd, wliile Ag are even. If we describe the

right triangles with the common hypotenuse and with the sides

a\ = aj c.g, h\ ~ /q (\,y and a'o = ^ Agf'i, and join the two ver-

tices, we thus form the two triangles with the sides a\y and a',,, h\.

By adjusting the two right triangles in different ways, eight such

triangles will be formed in all. The third sides are fq Ug + Aj and

When the values of the three sides have a common
factor, this is to be removed.

The actual values of the three sides below 1000 are given in a

table, which is followed by another table giving tlie i)rimitive numbers

beWlOOO.
3. The equation rx^ -f has the solution

X — 2mw, y ~ rm^ ~ -c* = rnr -f- w^,

where n is to be so selected that it does not contain the factor r,

being even or odd according as r is odd or even.

4. The solution of the equation r (z^ — y'^) =- is

X = 2r X mn, y == rm* — n\ z == rm^ + w*.
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5. Of tLe equations of the type rx^ — Matsunaga says

some may be solved, while others remain without solution. In the

types that have been solved r is of the forms 21:? or 1:^ -\-

(a) The solution of 2

—

is

X == ni^ -^x^j y = (m 4- ny— 2n^, z -=- {in -f ny — 2 nr.

(b) The solution of 21z^x^—if^z^ is

Cj ?/
= /c (a ± h), z =^li {a 6),

where a, ?>, c are any integers satisfying the Pythagorean relation.

(c) The solutions of — y^ =

(1) X — c, 1/ = lea + Ihy z == la + ]ch\

(2) x = Cj y = la ±J:h^ z -== lea -\. Ihy

where a, ft, c are as before, and where tlic upper or the lower signs

are to be simultaneously taken.

(d) The solution of Ic^x^ _ ^2 ^ ^2 jg ^ ^ y ^ ^

6. The equation of the type l:x^ ~ h/ z^, whore k — I is a per-

fect square, may be solved in some special cases. Thus, writing

y — a + we have

A-a2 - Uf = A: (a- + l^'^) -l{a + B^y

= (A - I) - 2lBap -f I (A - B^) /32

= ,j[(A: - Z) a - + [(A: - Z)Z(/c - - Z^B^JjJS ,

which is to be made a perfect square. This may be realised if we

write (A ~ l)l{k — B^) — l“B'^ = 0, whence B may be determined to

be J5 ^ +yk — 1. Thus the values of y and z become

y — ci ± |/A — /
I

z ± a "j/A — /.

Now the values of a and ^ should be so determined as to satisfy

the relation x^ = 4* Iji^. Hence from § 3 wc have

X == Im^ 4- n\ a = Im^ — |3 = 2?nn.

Again similarly writing y^ a? ~ k(i^, x ^ a Bji, we obtain

X = (Am^ 4- n^) ± yi^ I (2mn), y = Am" —

= 1/A “ ? (Am* 4- n“) ± Ic {2mn).

7. The equation lrx?—rif=z^ or rx^~k'^i/=z^ may be solved

by applying to the cases we have already explained. But the general

equation of the type kx^— rif= z^^ where neither A — r, nor A nor r

is a perfect square is mentioned by Matsunaga as not yet solved.
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8. To solve tlie equation 1lx“ -f r'lf = z\ where A: -fr is a perfect

square, Mtatsimaga applies a similar method as above, writing

X — u B/i;

or
— r/5^, 2/

= a 4-^/3.

9. The solution of the equation x ij == is given to be

X = ~ y = {m + ~ z {in -f- ny — mn.

When the sign of xy is negative, the expressions for y and z

should be exchanged.

10. To solve the equation -{• jr + = n\ Matsunaga takes x

and y at pleasure; then x“ + if being separated into the product of

two factors a and |3, the values of z and a will be given by

- = 1 {a /3) and it = ~ (a + ^).

This consideration will apply to the case of the equation

though it is not mentioned by the author.

11. The solution of the equation is

X = (^nr 3n.^) in, y ^ (})in^^ n-) n, .r = ni^ +
12. The solution of x^ i/ -{-

z-

=

is

X = .>n' — y = 4/n";r, ^ = 2 (in^ — n^) mn, u = + ni

Here the author adds that there has been found no method appli-

cable to the ease of more than four elements.

13. The solution of .r*-— ?/“= is

X = = nr — ir, y = 2mnz.

14. Equation X'^— iy~z'^: solution

z == nv^ — n'^y X = zm, y == zn.

15. To solve the equation x^ + ?/'= /«’, let ~k be = -f 11, where

is the greatest square contained in A*. Form the quantities

a^ = 2r — 1
,

a, =- tq - 2, - 2 ,
-= Ug — 2, . .

.

;

bj = 2 >' + 1
,

== ^ ? ^3 = ^2 + 2 , ^4 = 63 + 2 ,
. . . ,

and from 21t = A successively subtract ?q, h, When these sub-

tractions are impossible, successively add a^, a^, . .

,

and carry out the

subtractions. If we come at last to a remainder that vanishes, let

the values of a and h employed in the last place be a! and V

.

Then

X = 1) and ^ — 1) is a solution required.
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Another solution. Let /c = write

a/ = 2r' — 1 ,
a^' = a/ — 2, a.J = a/ — 4, a,/ -- a/ — 6, ....

From 7iJ subtract successively 1, 3, 5^...^ until it becomes impossible

to carry on the operation any more. Let tlie last remainder be A' and

the last subtrahend be Write

V ^ b,' + 2, ?)3' = b/ + 4, b/ = 6/ -b G, . . .,

and proceed as in the first way. Thus we may similarly obtain the

required values of and

IG. To solve the equation A bx separate b into the pro-

duct of two factors wn and find a number p that satisfies the

relation ?)ip — nq ^ 1. Find a number A such that 2|)U rE: A (mod n).

Then x=~A(Am — 2a) will be a value required. If Am — 2a be

= 0, then AA^ should be taken in place of A and we proceed in

the same manner. If A = 0^ take m for A, If Am — 2u < 0, we

have to take (A + l)m — 2a in place of A7n — 2 a.

Or otherwise. If we write 2a A b in the form bQAl^^ then

X — (2a A b) — (Q A will be an answer. It is here noted that

this will be advantag(.‘Ously ajjplied when b is a ])rime number. It

will lead, liowevcr, in tlie contrary case, to a value of x which is not

very small.

17. To solve the equation a + bx y\ for example G9 + 1 lx -= 7/,
we have first to form the quantities

1 = 1^- a,, 1 -f 3 = 2^ _ a,, 1 -f 3 + 5 - 3'
. .

.

with the modulus /; = 11. The number of «’s is evidently restricted

to a certain number. In our case w(i have only to take cc^ --- 1,

— 4, 9, b, — 3. We have then

^ — O A
b b

= 6 +
3

11
^

and comparing Ji 3 with the a’s, we see that B is equal to (or^ —

)

If there is no a which is equal to 7i, the problem is insoluble. Now

form the quantities

2 X r 4- ^ 21 = 1 X fe + 10 - f/b + B\

(2r 4 b) - ((/ 4 1) B"= 1 - X, Bb A = 3G - 6^-

/b 4 6 - 23 = bQ"A B'' = b X 2 4 1;
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(/c f h) - (Q" + - 3 X ] - 20 = h,

hxh + /,•- = 250,')
“ " = 1 7

,

and tills last quantity is a required value of .r.

18. Problem. There is a certain number ns yet unknown. If we

evolve it in the second degree with 69 as the additive 1st degree

coefficient, there will remain the remainder lo if we do the same

with the additive quantity 72, the remainder will he 7. What is the

unknown number?”

As we have here translated literally the meanings of the technical

terms employed, it will he hardly intelligible to any reader who is not

familiar with the peculiar mode of writing of the old Japanese mathem-

aticians. But if we symbolically represent, the problem is nothing

but to find the integral numiier value of x satisfying the equations:

;?/i“ f G9 = a: - 15, -|- 72 y., = .r 7

.

or generally

?/i
‘ + Hi == ; Pi' + Vi = “ h

Matsunaga solves this problem thus: Factorise the quantity

(aj -h 45,) + 45^,) «= 455

into nin, whereby 7)i and n should be so chosen that m-\-n>2a^
or 202- In our case, therefore, the two factors 9l and 5 are not to be

taken, and so we have to take m = 455 and n — 1. We have then

1 /m — n

‘2 V 2

1 hn -f 11

2 \ 2
- Oo) = 78 == y.,

and the value of x follows directly to be 11707.

In case
^

{in — n) — «, < \ {ni -f- n) -- a.,, we have to take

1 /)n -f \ 1 /in — n \=
2 i 2

^
2 ( 2

“
''V

*

The analysis of this rule is tried thus: Eliminating x from the

two given relations we have

(- + h, + a^1J^ + - «2(/2
- = 0,

from which follows

Ih == V 2
T 4 (—• 5.2 -f 5, q- (qy, -f

Here expressing the (juantity under the radical sign by /r, and

solving it for ?/,, it follows (whereby we use the letter 1)

y,
= — + 2

' /"i' + "^*2 “ '*
2
^ “ ^5 + IX=

1) If thi.s (piantity be a, a further procedure is required to be repeated

us already done.



236 PART II. THE JAPANESE MATHEMATICS.

Now let the numerical value of + 4ih,2 — ~ 4:h^ be equal to

Then in order that V should be a perfect square, I must be

of the form y (m + n). Hence Ave have

2/, = Y (
-7- -

«i) , -
2 -)+«'» = ( 2 )

’

and therefore has the value
^

~

19. To solve the equation a + cx’ — (6 + dx)y, Matsuuaga rewrites

it in the form {a — by) + (c —dy)x = 0 and considers it as an equation

in X, If the coefficient of x he free from any unknown quantity, the

joichi jutsu or the relation mp — nq = 1 may be applied. If the ab-

solute term be free from any unknown quantity, we may solve it by

factorising this term. But in the case before us botli the cocflicieut

of X and the absolute term are dependent on ?/, which is yet unknown,

and thus neither of the two is directly applicable. If liOAvever we

write X — xjd the equation becomes {ad — bdy) -f {c — dy)j\ == 0,

and making the substitution x^ -= x^ — b we get

{ad — bd) + (c — dy) 0,

thus leading to a form in which the absolute term is inde[)eiident of

y. Since x is to be positive, x^ must also be so, and consequently

X2—b>0f or X
2
>b and necessarily positive. Hence the two coeffi-

cients of the last form of the equation are of different signs. Then

we shall write it in the form

mn ± (c — dy) = 0,

where the two signs depend on circumstances. We have now only

to take m^x^y w = qi (c — f??/), which ought to be necessarily positive.

The values of x and y follow at once.

20. In what Ave have described in the above, the factorization of

a number has been often resorted to. Matsunaga’s trial of the matter

is something as follows: Let a number to be factorised be Avritten in

the form JR, and Ave shall first consider the case of r odd. Now
Avriting

the following calculations will be made:

11 - QJh + A, 1<^2 - Ki + 4,

A-f A, 7^3'= a; +8,

^2 + Ag' == ()3 2?3 -1- ylg, 7a
3
= 2 (Jg -f Ag', A4 = 7f3-l-8,

A,= 2<3,+ 7C;, AV=A,4-8,
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wliicli will come to an end, when we arrive at a vanishing value of

yl;,. In this case tlie value of is a rec^uired factor. The other

factor will be given by -f Bn+ 2

In case r is even, we have to write r — 1 and to take A -f 1

in place of 7Y, and [)roceed in the same manner as in the other case.

In these calculations labour may be saved by abbreviating two or

three steps in a single operation, which will easily follow.

CHAPTER 33.

THE INDETERMINATE EQUATION -ki/^a.

There is an anonymous manuscript probably, or certainly, be-

longing to the first part of the 18th century entitled FiuijO Iluhjaku

Hhinjidsu, in which the indeterminate equation F' — kj/ a is solved.

For that purpose the unknown author forms the congruences:

1
"

1
— 0 ,, a,y 3" (7c— ly'

for the modulus k. Then selecting from among the quantities

a.2 j
...1 that wliich is equal to the given number a, let it be Gr-

The author now takes .r = r to be the required value of .r.

Ill forming the above congruences a considerable amount of labour

may he saved by some contrivances. Thus we see that or

k — a,., according as k is even or odd. This may be proved as

follows: D

(/,
- == ^3I)k + (- !)">- (31)

k

+ + Gr]

= {31) k -E (- lyar - {31) k + a, or (.17) k {k - a,).

Again in finding Gr it is not necessary to form the nth power

of r. For we may advantageously proceed thus:

E hij : h^r _ h, = h^r • •
•

,

~ -i a,..

When r is of the form ^3 •
*

•
>

wia-y employ the residues

of the factors, whose product affords the required residue of r.

For example we take the equation — 29 y = 2d . Here we have

for ttj, Gif a.
27 ;

••• the following values:

1 3 11 9 22
i

^ 16 27 5

1

8 1 14
1

12 6 19

28 26 18 20 7
i

25 13 2 24| 21
i

15
!

17 23 10

In this table we see that the number 25 is given by ®23 '

required value of x is, therefore, x = 23.

1) Here we write {31) to mean “a multiple of”.
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CHAPTER 34.

AJIMA’S BENJUTSU HENKAN.

In the 3rd month of 1784 Ajima Chokuyen wrote the manuscript

entitled Benjutsu Hcnkan. This title may be probably rendered in

^‘The adaptation of general considerations to cases of similar nature”.

It was one of the results representing the highest mark of development

of the tenzan algebra. The contents of the book are essentially as

reproduced in the following lines.

1. In the figure let K be the external

circle and I the internal circle. Three circles

Ay C are described touching these two

circles and one another. We denote by these

letters the centres of the respective circles

as well as their diameters. It is required

to find A and C in terms of J, E, By and

the sagitta 5, which is the part of the com-

mon diameter of E and I comprised between

the two circumferences.

We write

d = 2,IE *= — E 1 -|- 2Sy

}) = 2:EA^E- Ay

c^2.IA^I^ Ay

(l==2.}i]B = E - By

e = = By

f=^2,AB=^A -{^By

and drawing AM and BN at right angles to lEy and AH to BNy
we write (j^2.EMy h — AJMy i = 2.ENy j = BNy k = 2.AHj
I == BH, We have then^)

a() = 2
and = j {a^h^ — (i^(f)y

or effecting reduction and writing m — E. I A- Es — Is — s^y we get

aVi^ - ni [{E ^J)sAs^+{E-I)A- A^}.

We have similarly

ay= m{ - {E I)s A s^A{E-I)B- B^}y

1) The expressions in the text are not very trustworthy, being different in

different transcripts. I have not, however, necessarily tried to correct them, for

my aim will be attained if the main feature of the analysis could be represented.
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and further

= m (- ^2 ^ 2^ + (E + I)AB,

a^j X 21 = aH'^ -{• a-f —
^ m[ - 2AB - 2B^ - {E - I) A + (E - I)B]

+ iA + BfAB,
Now equating the square of crj^ x 21 with 4 times the product

of and we have, after rearrangement and the removal of the

factor a* the equation

-{I+EfB^
-f ni^

- 2m {E-- I) B

* - 2m {E-I)B^ \x + m-B‘ = 0,

- 2mnB
j

-}-2m{E-l)Bs
I

from which A is to be determined. Here we have written n— -E/-f 5^

If we change A into B and B into 6', we obtain the equation for C. But

by these changes the equation remains unchanged. Hence A and C
are the two roots of the above equation.

If we write ^ ^ {(E — I) B + n — {E — I)s
}
x — m B, we have')

^ _ ^ie(E s)}x\

Consequently designating the coefficient of x^ in the right-hand side

by and taking the square roots of both sides we get

[{E - 1)B + n-{E - J)s:i:y}x - mB=:^0,

where the upper sign pertains to A and the lower to C.

From these two expressions for A and C, by multiplying C and

A respectively and adding together, we get

{- niB + 2 {E - 1) BC + 2nC - 2 {E - 1) sC}x - niBC = 0,

which .serves to give A in terms of B and

0. This is called the fundamental equation.

2. Next Ajima proceeds to find the dia-

meters of the circles A^, which are

described as shown in the figure, in terms of

E, 1 and A^.

Here the coloured circle corresponds to

the circle (7, and the circles A^ and A^ to B and

A of the case already considered. And thus

from the relation we have obtained we get, for x = Hg,

{(i; -- I) A, + 2E1 - m-~p\x- mA, = 0,

1) For it is « = 0.
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where we write

771 = IE -}- Es — Is — = {E — (^1 -{-

i?
== 2 YiA^sYiA, - s) IE- {E- I) {A, - ?jlE.

Again substituting in the fundamental equation for C and

for B, we obtain

[
— mA2 + 2 (E— I) A^ Ao-\- 2nA^ — 2 {E— I) sA

^ }
x — inA^A^ = 0,

from which x = A^ is to be determined. Here w denotes El + This

equation may be written in the form

I _ 1
2(7^’-iU, tHAx _ X- A^ = 0,

I

m ' A^m ^ ^

which is called the second fundamental equation.

A A A
If we write = 1 = pi, / — P2;

‘ equation

becomes

(— (>! + (> + X — A^ = 0
,

where It = — 2
,

o = y and hence
m ' ^ m

and A.i = AjQy

If we substitute A^ for A^ and A^ for A^ in the second fun-

damental equation we obtain the equation for ^4 in the form

1 4.
'^iE-I)A, 4. ElA,

' 7)1 ^f^A^

which is called the third fundamental equation. By multiplying with

p2, this transforms into

,

2 {E- I)A^ ^EIA^
^2“^ m' A,m~

2A,
]

.

j

X A^ 0,

or Q2 + Q + ^‘'(>3)^ - ^1 = ^)

whence we get

Q3^ + Q - Q2f and A^ =*= A^ /p^.

Proceeding in this way the values of (>5, pg,
••• may be succes-

sively obtained. Thus

Qi = Qi-Jc + Q — Qi-2y and Ai = AJq^.

This relation may be proved by mathematical induction but no such

method of proof was possessed of by the old Japanese mathematicians.

In cases like this it was only customary to take the relation for

granted from its existence in a few first instances.



CHAPTER 34. AJiMA'S HENJUTSU HENKAN. 241

3. When agrees with s, we have = 1 ,
and

1 xkA- Q - 92= 92) • • P2 = 2
’

and the same formulae for (> 3 , ^4 ,
• • apply as given above.

4. When the circle touches 5
,
the diameter A^ is first to be

found from the equation

(E -h \yx^ — Am {E — I) X A- {A7)r — Am El) = 0,

which is obtained from the quadratic for A in terms of 2^ in § 1.

5. Ajimas consideration is not necessarily restricted to the simple

case where the internal circle entirely lies within the external circle.

He even takes up the case where the

internal” circle, that intersects the ^^ex*

ternal” circle, becomes infinitely great. He
says thus:

^^When the internal circle increases

in magnitude without limit, its circum-

ference gradually stretches itself until at

last it becomes a straight line. In that

case the length of the diameter of the

internal circle is not measurable by our

means; there is no bound to its magni-

tude. The figure of this case is as annexed. This figure is that of a

circular segment, whithin which a series of successive circles are in-

scribed, and now the problem reduces to that of finding the diameters

of these circles in terms of the external diameter E, the sagitta s and

the diameter of the circle

As Ajima considers, here we have

m = (E - s) {I A- s), k
\i:i

{1A^){E-^)
9

i’"
(7 + s)(£-s)!

and consequently in the limit I = c<q we have

7)1 = {E — s)x (infinity), 7c === — 2, p
2 A,

£ - .s

Now to find 9o, Ajima takes the equation obtained in § 1,

{lA-Ef^B^A-m^
I

A^-2m{E-I)B'^-2m)i77
,

~2m{E-I)B ' -^2m{E-I)Bs
|

and writes in it A = Ay^, B = replaces w/ and 7i by their values

and divides by (i + E)'^ and goes to the limit i = 00
,
when the

result is

A^\A^^A- 2{E - s)A,^A., -f 2{E - s)A,AJ- 2{E - s)sA,A,

- 2{E - s)EA,A, A- {E- {E - 0,

AbJidlgii. z. Gescli. tl, math. Wiss. XXX.
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which is called the equation for the circle inscribed in a segment.

This is quadratic in and treating as done in § 1, we get

I- A, + £!+s^ “iO )
X - (Jff - s)^, = 0,

where the upper sign pertains to A2 and the lower to the circle on

the other side of A^. Dividing by E—s^ for A2 we have

E~~s {
“" “1“ "h 5 — 2 (s -f jdj)

I

a; — = 0,

whence we obtain the value of pg. In similar way as we have done

before, the quantities pg, p^,
• •• may be obtained and with them the

values of A^j A^, A^^ - .

6. The cases where the circle A^ is described about the sagitta s as

diameter or where A^ touches the sagitta of the segment may be treated

as special cases from the general formulae obtained in the last paragraph.

7 . When the external and internal circles touch each other we have

E-s^I, I+s=^E, m = IE, n~[E~-l)s IE,

so that the equation of A^ becomes

PE^ x^-2PPA^
\ x + PE^A;^=-0,

-^2(E^I)2EAi -2{E- 1) lEA,^

+ (E + iyA,^

solving which we get

El
/^E-1)J^

El
X — A^ = 0,

whence the coefficient of x gives the value of pg. For p and h we

^ ^ _ 2 = 2
,” m IE m ^

which serve for the determination of the values of pg, P4,

8.

Suppose the external

circle in the case just con-

/ \ sidered becomes infinitely great.

I j \ In this case the external circle

\
I

Aj \ stretches out into a straight

\ J line. Here A^ is necessarily

greater than ./Ig?

adopt the equation

for the determination of A^^f f^-hing the positive sign before the radi-

cand. When we go to the limit E = 00, this becomes
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whence we obtain (ig ^
2 - q and k are of the values

2(A’- 7)yl, 2.1,

El ^ r /r 2,

and serve for determining the values of (>3 , (> 4 ,
• .

9. Ajima concludes the work with these words: ^‘Besides what

we have considered in the foregoing treatise, we may proceed in simi-

lar way whenever we meet with a class of problems whose natures

resemble each other, by first discussing the general case and then

changing the result for like cases. Here we have selected only a case

of the renjiitsu and discussed it for example’s sake.”

Thus it appears Ajima had meant by the term rcnjutsii the general

consideration that may be applied to special cases, ’fhe considerations

of the old Japanese mathematicians are generally believed to have ever

been of special nature and to have lacked in generality, but when we

come to examine the contents of the manuscript before us, we feel

that such a belief does not apply to the case of the gifted Ajima

Chokuyen, who was particularly noted for his creative genius.

CHAPTER 35.

AJIMA’S STUDY OF CIRCLES SUCCESSIVELY INSCRIBED

FORxMING A CROWN WITHIN A CIRCLE.

1 . Mention has been made in the last chapter of Ajima’s studies

of the circles successively inscribed between two circles, external and

internal, as laid down in his manuscript of 1784. The case of the

same problem where the inscribed circles

form a ring as shown in the figure was

also studied by him. Here we propose to

say something of Ajima’s results laid down

in the two manuscripts, the Ycnnai Yo-

liuiyen-Jntsu and the Ycnnai Yo-Eaiycn-

Jutsu Kohen (on the successively inscribed

circles within a circle, and a sequel to the

same). The former is dated as revised in

the second month of 1784, and the latter

as revised in the month of 1791. The former had therefore been

written before the manuscript we have mentioned in the last chapter.

2. In the manuscript of 1784 Ajima first considers the case

where the circle is described about the ^^sagitta” of the external
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and internal circles, or E and J, which is the portion of the dia-

meter common to both intercepted by their circumferences. In this

case, writing

p2 “ Qs ~ * * *

and

t

4 E

I

{I = P2
—

we shall have^)

P3
= tw 1, (>4-- t^w — 2tiv +

Qr, = tv — 4:f tv 4- 4ittV \ f

W — iV + 11 f W — 6t W pg,

P7
— tv — 8 tt? -f 22 w — 24 + 9 ^ -j- 1 ,

.

Now if the number of the inscribed circles be 3, then and

^3 are to be equal, so that equating pg and pg we get

tiv 1 1 — P2 = 0
,

or t tv — tjv -- Oj or ^ — 1 = 0 .

When 4 circles are inscribed, Ag is to be equal to ^14 ;
and

when 5 circles are inscribed, is to be equal to ^44 ;
and thus

equating the expressions for pg and P4 , pj and P4 ,
respectively, we

obtain

^- 2-0 and +

Proceeding in this way we deduce the following equations:

6 circles : — 4 ^ + 3 = 0,

7 ,,
-1-0,

8 „ 6^2_|.i0j5-4 = 0,

9 „ 7/^-1- l5^2„io^ + 1-0,

10 „
^"- 8 //‘ + 21^2__2o^ +5 - 0,

It will be easy to see that the equations for even numbers of

circles contain some superfluous factors — Icivajo in Japanese —
which should be got rid of. Thus dividing the e({uations for the 6

,

8
,
10 . . . . circles by those for the 3, 4, 5, . . . circles, respectively,

then the equations for 4, 6
,
8

,
. . . circles will assume the forms:

t-2-0, ^- 3 - 0
,

^‘'- 4 / + 2 - 0
,

5 ^ + 5 .. 0
,

4^ - 2 - 0
,

lt^+ 14 ^ - 2 - 0,. . .

1) These relations may be obtained in like way as in the last chapter.

The derivation is, however, not explained in the manuscript before us.
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In the equations of the circles of odd numbers there are also

those that contain superfluous factors. If for instance we divide the

equation for 9 circles with that for 3 circles we have

9^ - 1 = 0.

In these equations we calculate the value of t. Then the relation

{E - A,)t - AFT 0

may be made use of in determining one oi‘ the quantities i:, A^

in terms of the other two,

Ajiina then considers the case where there are described two

equal circles A^ touching along the sagitta as a common tangent.

3. The considerations in the ^‘Sequel’' of 1791 are intended in a

more general way. From the same author’s lienjufsu Henlan of

1784, which we have mentioned in the last chapter, we have

(/+ - I^A,^'A,~2m[E - 1)A,AA

4* 2 ni {E— 1) A^ A,,s --2 m n Ay Jo + m^Ay“ • =

where .s denotes the sagitta of E and 1 and

m ^ JE E

$

— Is - n - El »
5‘.

From this, by writing i = 41E follows the equation for A^:

16PFJ ' A,^+'^2PEUy
;

Jg + lGPFi^.V^o.

+ (i + EyAy^t^ - UPIrAyt
j

-H{E-I)IEAyt - S{E-I)IEAyt
1

Now proceeding as done in the Iicnjiifsii Ilcnlan we get for Jo

the relation

2 Ar t Ar Q — 2 Ay — 0
,

where

9- ^

We thus get (jg, and consequently we get Jg*

find the value of which is equal to k + 2y the quantity k being

equal to AIEjm — 2. We shall therefore first find k for conveniency’s

sake. Thus

Ps = 92^ + ? - (»1 = 92^ + (e - 1).

(>4= + 9 - 92= 92^H((»-1)A: + (9-92)>

9h — 92^*+ (9 — 1)^’+ (9 “ +
Pe = 92 + (9 — 0 + (9 — ^ 92) — (9 — 2

) 4- 92> • • •
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When there are inscribed 3 circles, the circles and as

well as A2 and Ar, should respectively coincide, so that equating
(>i

and ^4 as well as and we have

u r-:^ Pg + (p
— 1)*: + (p — Ps

— 1) = 0,

^-=P2F+(p-l)A:*+(p-2p2)fc + (l-pj) - 0,

whence we get

—ale + ^ (— P2+ 1)A; + (1 — P2)
== 0, or — A: — 1 = 0.

In the case of four circles, the circles and A^ as well as

and Aq respectively coincide, so that equating and Qo
have, after the rejection of the factor ky

a pg k^ -I- (p
— i)k + (q

— 2Q2) == 0,

ft p2^^®+ (q
— 1)^'^+ {q — 3 pg)A: — (p - 2) ^ 0,

whence we have

y = /3 — a/c z: — pgA; — (p
— 2) = 0,

d = a + yk ~~ k -t- (p — 2pg) =0,

e ^ y + d EE (— pg + 1
)

A: — (
2 pg

— 2
)
^ 0

,
or — A: — 2 = 0 .

This value of ky however, does not agree with the data of the

problem, so that here we have to take k == 0.

In the same way the values of k may be obtained for the cases

of 5
, 6, . . . circles. Then using the relation / = A; + 2

,
we get the

equations for 3
,
4

,
5

,
, . circles as follows:

^ - 1 - 0, ^ - 2 - 0,
^2 _ 1 _ 0^

^-3 = 0, 0,
^^- 4 ^ + 2 = 0, . . .

Now it will be seen that these equations are the same as those

that give the ^‘moments”') of the squares of the diagonals subtending

two sides of the regular polygons having the same number of sides

as there are inscribed circles in our case. We may therefore make

use of the expressions for the diagonals instead of the values of t.

When the values of t have been found, we have at once that of pg

from the expression we have obtained in the above. And then

Pg, P4, . . . may be successively evaluated by virtue of the relation

Pr = pr— life + p — Pr— 2-

1) Moments or modulus means the rates of quantities.
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CHAPTER 36.

AIDA’S SOLUTION OF THE INDETERMINATE EQUATION

= ?r-

Problems in the indeterminate analysis were one of the favorite

themes studied by the old Japanese mathematicians. One of the

most striking instances among the numberless results obtained by

them concerning this subject was certainly Aida Ammei’s (1747—1817)

solution of the equation

-f + x^^ = y\

as laid down in his manuscript Snmpo Seisu-jufsu}) Aida’s treatment

may be applied at once to the case of any number of variables, so

that we shall consider the problem in the generalised form

x^^ -f- xj + x^^ d -f xl -= t/.

Aida’s solution of this equation consists in

x^ — — + ((
2

“
-r ^

3
^ + ’ ‘

‘ (ll)

Xr = 2 aj flfr {r -- 2, 3, ...

,

n),

where a,, On are any integers. The legitimacy of this

solution may be easily verified thus: The left side is

= — 2a^‘i:al -i- -h 4ai-(2:ar) = ((ij* 4- + h

which proves that y is also of the integral form. Here we have

written the symbol to designate a sum extending for the values

of r from 2 to n. This designation will be followed throughout in this

chapter.

If for instance we take n — 5 the following numerical values

will be obtained:

a^ (I
2 «3 «4

i

^^5 •^2 x^ ^4 ^5 y

5 4 3 2 1 5 40 30 20 10 55

4 3 2 1 5 23 24 16 8 40 55

3 2 1 5 4 37
i

6 30 24 55

2 1 5 4 3 47 4 20 16 12 55

1
'

5 4 3 2 53 j.o 8 6 4 55

1 ) The subjects described in this place follow the contents of C. HitomPs

article in the Journal of the Tokyo Physics School, Vol. 15, pp. 359—362.
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Next Aida gives rules of solution for various other equations

allied in form to the one just considered. Some of these are repro-

duced in generalised forms in the following lines:

Equation:

1:^1^ + + h nrrii

has the solution (for r = 2, 3, . . . w)

+ 2>ar; Xr~2a^ ar,

for the left-hand side of the equation is

= -f i:r{4a,^aj.)

= (a,H2a2^+3a3^ + ... + w?,)^

In the equation

I- 3a;/ + 6a:3^ + • •
• + xl = i/,

Aida takes the solution

a;, = — a/ + 3 a,^ + 60,^ + lOa^’’ !-••+ a/,

Xr— 2aiar (r = 2, 3, . . n).

For here we have

= + ^^2^ “I" + • •
• H—LtJ ^ 2

1

If in general p^, p^, Ps, • • • he the figurative numbers of any

order or polygonal numbers, still the way of solution applies to the

equation

jPl^l^ + i?2V + P3V+ • '
• +PnX/ =* y%

as C. Hitomi mentions in his article.^)

1) After the above article was written I have seen Aida’s original work, in

which it appears that the author has intended to show his solution applicable to

the general case not restricted to the sum of five squares. He has also solved equa-

tions of the forms

and + + - =2/'>

1 a:/ + 9a;,“ + 36a:,«+ 100 a;,* + ... = ?/*.

The solutions of these equations are all of the same forms as we have given in

the text. The composition of Aida’s work was not anterior to 1807, as a passage

in it concerns a work of Sakabe Kohan that bears this date. It appears Ajima

Chokuyen had anticipated Aida in some points about what we have mentioned in

this chapter.
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CHAPTER 37.

AIDA’S STUDIES ON THE ELLIPSE.

1. Aida Ammei wrote the manuscript Sampo Sokuyen Shu con-

sisting of twenty books, in which he laid down the results of his

considerations about the ellipse and allied subjects. Although the

date of his composition is not known, yet certainly it was the pro-

duction of his old age. In subsequent ages the properties of the

ellipse became one of the favourite subjects of the Japanese mathe-

maticians, but so far as we know Aida was the first scholar who

carried on extensive studies on the ellipse in earlier days.

2. The most striking point in Aida’s work is perhaps the employ-

ment of an instrument called sokuym-ki or ^^ellipse-describer”. This

is a contrivance by which the two foci of an ellipse are fastened by

a string of pre- determined length. The use of the focal property in

describing an ellipse would appear no extraordinary event to those

who are accustomed to consider the curve in reference to its foci. But

when we reflect that the focal properties were not taken into account

by the Japanese mathematicians in general, we cannot help being

interested to find such an instrument used by Aida. In book 6 Aida

describes of it as follows:

^Hf one desires to describe an ellipse, he should first construct

an ellipse -describer, without the aid of which the actual form of the

curve can hardly be obtained. The instrument is made of a flat wooden

board, on which two needles are provided. The first of these needles

is fixed, while the second is so adjusted that it may be slided freely

along the gutter cut through the board, thus making it possible to

take any lengths for the major

and minor diameters. Besides,

a jointer must be used, on which

a string- stop should be pro-

vided at the board’s thickness

from its end, and a fude or

'wool-pencil’^) is to be jointed to the jointer on describing the curve.

If thus, for instance, an ellipse is to be described with the major

diameter 5 units and the minor diameter 3 units, we have to take a

string 9 units long, making the distance between the two needles 4

1) With which the Japanese used to write. There was no pencil in Japan.



250 PART 11. THE JAPANESE MATHEMATICS.

units. If we now stretch the string tightly, the wool -pencil will take a po-

sition 0-5 units in front of the first needle, the form of the string now

consisting of two partly coincident lines. This is the point whence

the curve will begin to be described. If we then turn the wool-

pencil as it would go naturally with the string stretched, the string

forms always the two sides of a triangle. When it reaches the

minor diameter, the triangle becomes isosceles. Described in this

way, never making the string loose, we get the natural form of the

ellipse.”

Aida does not make any mention as to whence he had learned

of the instrument. But his pupil Ichino Mokyo writes in his

manuscript, Dayen-shu Tsujutsu of 1820, that an instrument for

describing the ellipse was brought from abroad, together with some

theories concerning the curve. The ellipse -describer we have just

described must have been the instrument referred to by Ichino

though we know nothing definitely.^)

3. Here we shall see something of what Aida studies of the focal

properties of the ellipse, because a similar way of consideration is

hardly to be met with among the writings of his contemporaries or

among those of after -ages.

Let a, &, Cj k be the major diameter, minor diameter, focal

distance and length of the string*), respectively. Then a — c is twice

the length between one of the needles and the end of the major dia-

meter. If we add 2c thereto, we obtain 7c - a + c. We have also

which serves for the determina-

tion of c in terms of a and h. In

the figure let the sagitta AD=^s
be given, and let the chord

PP' ^ h be required. Here we

have

=^{F,D + F,F,Y+FD\

a* — 2a, FF^ — ac + 2sc = 0, or (a* — 25c)* — (2a PZ"\)*== 0,

1) The ellipse-describer constructed by Hazama Jufu is more interesting than

that of Aida and something will be mentioned of it in another place. I have

learned of the instrument after the composition of the j^resent work.

2) Of course the two ends of the string are both fastened to one of the

needles and go around the other.
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but

= FD^ + F,D-- = PD> + - I- s)',

.-.b^as-b^s^ -a^PD^^O, or h =-- 2.PD ^ 2
~

Thus it will be seen that the elliptic chord h is obtained from

the corresponding chord of the circle witli a as diameter by multi-

plying by b/a. It follows therefere that the areas of an elliptic seg-

ment or of an entire ellipse may be obtained from the corresponding

areas of a circle by multiplying by h/a. About this point Aida

further tries a mode of demonstration. For, let Cr be the chords

parallel to the minor diameter at equal intervals, 1 say. Then c,.

will be expressed by
^
xCr, where cl are the corresponding chord of

the circle about a as diameter. But the area of the circular segment

^ I
o (cl + Cr 4. 1 ) 1 ^?

while that of the elliptic segment is

or b/a times of the circular segment. It is also evidently the same

for the whole area of the ellipse.

4. Ill the case of a segment which is cut obliquely through the

end of the minor diameter, let c be the chord of the segment, and

let h and k be the ordinate and abscissa of the end-point of the

chord Cy the corresponding ordinate of the circle about the major

diameter being h'. Here these lengths are assigned to terminate at the

major and minor diameters. The relation that exists between the

length and breadth of a rectangle inscribed in an ellipse will be

found to be

~ (length)^ — (breadth)^ a® = 0,

so that writing the two sides of the rectangle 2 h and 2 k respectively

and having reference to the expression

we have
- 0

,

from which h can be determined in terms of a, b, and c.
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Again we have

h' = and = A;® + a —

where c' is the circular chord corresponding to c. Thus the area

of the circular segment with the chord c' may be found, and Aida

draws the conclusion without further considerations that the elliptic

segment is h/a times of the circular segment.

The same result will be obtained if the segmental chord be

drawn from an end of the major diameter.

5. Aida’s rectification of the ellipse is of some interest, for it

is effected according to a principle different from those that were

employed by other Japanese mathematicians. In the first place Aida

maintains that the segmental area bounded by the chord joining the

ends of the major and minor diameters may be taken for the first

approximation to the length of a quadrantal arc. If we draw an

ordinate at the middle of half the major diameter the sum of the

two segmental areas bounded by the two arcs thus divided and their

respective chords will afford the second approximation. Next divide

the half major diameter into four equal parts drawing the ordinates

at the points of division. The areas of the four segments bounded by

the four arcs divided by these ordinates and their respective chords

being added together, their sum is to be taken for the third approxima-

tion. Proceeding in this way successive approximations will be ob-

tained. When we come thus to the number of divisions which may
be counted by tens of thousands, the segmental area will become so

exceedingly thin that it can be practically considered as representing

the length of the arc of the segment. Thus we ultimately arrive at

the value of the length of the arc of the quadrant.

Aida expressly argues in this way, but he does not seem to

follow exactly this rule in actual calculations. For he says further

that the expressions for the successive chords in the ellipse being

found, these will be seen not to be proportional to the cerrespond-

ing lengths in the circle described about the major diameter. The
elliptic perimeter, therefore, he concludes, cannot be found as pro-

portional to the circular circumference. Consequently he makes the

calculation as follows. Writing ^ = a/2n, the ordinates of the

auxiliarly circle at the points of division and terminated at the

major diameter will be

(a — t)ty (a — 2t)2t, = (a — 3^)3^, . .
.;
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whence writing m =^hla we obtain the corresponding ordinates for

the ellipse, Pi = Pi'>nj p^^p^'iny p^^ p^ . . .y and the successive

chords of the elliptic arcs are found to be

Ci = <’ + Pi*, Cj* = <* + (pj - Pi)’, c/ = <’ + ( p, - p.^y, . .

.

Aida goes no further than this in his consideration. He was not

perhaps possessed of the final formula expressing the value of the

elliptic perimeter in a convenient form, a perfection which was left

to the hands of his successors to complete. About the studies of the

same subject by the mathematicians Sakabe, Kawai, Ichino, Tani,

Shiraishi, Wada, etc., we hope we shall one day be able to give a de-

tailed account.

6. In Book 20 of his work Aida considers obtaining a relation that

exists when four equal circles are described touching an ellipse exter-

nally so that their centres form

a rectangle. For this purpose

he describes two figures as an-

nexed. In the first figure the

circle B is described touching

two of the four equal circles.

From C, the point of contact,

CK is let fall perpendicular

to the major diameter. Here

we shall denote the major and

minor diameters by a and ft, the sides of the rectangle by It and A:, of

which we take the former to be parallel to hy and the diameters of

the circles A and B by these letters. Let M be the point of intersection

of h and a. In the second of the figures a rectangle is represented, of

which the diagonal is equal to a and one side = h. Let O' be the

centre, and take OB' on the diagonal equal to OB. Draw B'

F

at

right angles to it, ending in the line through O' parallel to a side;

draw PK' parallel to another side. It is noted that K' is the point

where the circles A and B touch the ellipse.

Now without explanation the author gives these relations:

= B'P^= y = OJ5= =

d = ifA: = B’A-' = e = B3£=l-y.
We have then

= or yB+d{A+B)-=^,
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which, on squaring and rewriting, gives

/3V 2 ^ 6^^+ B)S+ /3» 6
' (^ + J5j* - ~ 5* a* = 0,

or

( 1 ) +

Again writing = GK^ ==
^
B^ — d^, we have

^T = I = ^4“’ £*U+B)=-’-l^A* = 0,

whence we get

(
2) {A + By - {A + By a^B^^O

From the relations (1) and (2) follows

l^A^ + (2 ¥ a^A)B + a'^)B^

-(2&2 a^A)B^-AB^ = 0,

- ¥A^ - (2 h^A)B - (b^ - a^A^+ h^a^)B^A {2 a^A)B^ -r a^B^ = 0
,

whence the elimination of B gives the required relation in the form

B^Q^+ AQ^a^h^A^A 4:F^ +l^P -21a^¥A^ = 0,

where P and Q are written for

- a^A^ - 6^2 _ ^2^2 ;^2^2 ^ 7.252^ -A^ + /<* + k\

7. This same problem is considered in still another way,

which is very interesting, as a kind of projection is resorted

to, although I am little able to fully understand the construc-

tion used. To quote the author’s own words in a translation

as literal as the case will admit, “This problem may be con-

sidered, as will seem from the figure annexed^), as arising from a

circular cylinder, which is touched by spheres, by cutting with a plane

through the points where the spheres touch the elliptic perimeter of

the section, whereby the circles A will be produced in the section

plane touching the ellipse. We may therefore consider the five quan-

tities presented in the data of the problem together with an additio-

nal one, constituting six in all, and form two expressions for the

diameter of the sphere, when we have to effect the cross multipli-

cations*) of these expressions and thus arrive at the required relation.”

1) Hero we omit the figure.

2) Here Aida uses the same word shajo or cross multiplications, which Seki

Kowa used in his treatment of the determinant. Aida has perhaps applied the

same theory as done by Seki, though the details of calculations are not indicated.
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For the purpose of constructing the two expressions just men-

tioned, a figure is drawn such as shown here. The diameter of the

sphere being S, we write

h^a^A^+(2a^A^b)S + {a^A^

-

]ra^)S^ - {2b^)S^-h^S* = 0,

A^^¥+ {2A^ba^)S+ a^j-]c^a^^)S^-{2a^b)S^-¥S* = 0 .

Here eliminating S by cross multiplication we obtain the same re>

lation as arrived at previously.

Thus the author adds that in the two ways of procedure, we

have tried, the same formula has been deduced, which shows the

legitimacy of the result obtained.

8. Aida further considers the problem of finding the radii

vectores of an ellipse drawn from the centre for every minute of

angle. To solve this problem the chords drawn through the ends of

the radii vectores parallel to the major and minor diameters are to
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be found. Let these be denoted by Cr and pr- Then the required

lengths will be found to be expressed by the formula;

Though there are various other points in the manuscript that are

worthy of remark, we shall not enter into detailed discussion of them

in this place, because we fear lest it should drive us into tediousness

CHAPTER 38.

SHlRAISHrS CALCULATION OF THE ELLIPSOIDAL SURFACE.

Studies of the ellipsoid of revolution were not rare among the

writings of the old Japanese mathematicians, but it is not so com-

mon for us to meet with results of their studies of the ellipsoid. We
have however some documents concerning the subject, and a remark-

able instance is furnished in a problem in Shiraishi Chochii’s

Shamei SampUj Book IL, published in 1826. The problem relates to

the evaluation of the surface of an ellipsoid. In this book the result

only is given, the analysis being not described. Let a, by c he the

three principal diameters, and form the quantities:

Then ahTC is called the original term, which we denote by Z>q;

is the first difference The second, third,... differences

Dg, jDg, . . . will be formed in this way:

A “ 2v^ i as)' a = I
A^ - A s)

'

A = Aiv-T* as)’ a = A^^ - '^As)> • • -

and the original term being diminished by the successive

differences gives the formula for the surface of the ellipsoid.

This formula is given in the Shamei Sampu in the name of the

author’s pupil Ikeda Tei-ichi, whose authorship seems however to

be only nominal, for there remains a manuscript written by his

master, dated the 13*^^ day of the 6‘^ month of 1824. In old

Japan the master’s results were sometimes published in his pupils’

names. Various publications abound actually with a great number of

such instances.
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In the following lines we have to describe Shiraishi’s treatment

of the problem.^)

For the purpose of finding the surface of an ellipsoid Shiraishi

constructs a figure as shown here. Suppose AA'= a is divided into

2n equal parts by pla-

nes normal to it. Let

two successive planes

of the series meet the

section of the ellipsoid

made by the plane of

AA!^a and BB'=h
in the points P and B\
Then we take 2.PP'

= Sr for the element of arc of that section, and have

where
I

Bk*r\
a> r

/-I-
b\

a*

If pr denotes the perpendicular OD dropped from the contre 0 upon

the line of PP\ we have pr^hh/Sryi
These relations are given without explanation, being stated as ex-

plained in a different manuscript, but we shall not concern ourselves

here about these matters.

Now Shiraishi considers the strip of the ellipsoidal surface cut

off by two planes through the axis CC == c and through the points

P and P' respectively. Such a strip is indicated in the figure by

the ruled portion, which is taken as the element of area or Sry

and Shiraishi gives the following formula

o o ^ C* C* \

Sr=»23rPr^l ^.3 ^ 7.3
* *

*]»

where C is written in place of 1— Shiraishi does not explain

the construction of this formula in the manuscript before us but he

only indicates by way of a figure that it has been obtained from

assuming the element of area to be given by a corresponding portion

1) The expressions given in the text may not be very correct owing to va-

rious causes, but our account will be enough to show the essence of’ the process

followed by the author.

Abhdlgn. «. G«sch. d. math. Wi8». XXX.
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of an elliptic cylinder, whose base is an ellipse with c and 2pr as the

principal diameters, which is cut by two planes drawn through the

diameter c, cutting the length Sr from the generating line at the middle

part of it.

Writing u4 « 1— the quantity C may be written

C A + 'an'

Thus the expression for Sr becomes

,

Bc'k'r'(

,

B'c^k'^r^ /+ —b^\

+ “6^1

+ • • • •

A A' A^
13 3-6

"” 57 7-9

1 2^ 3^a

rs
"

3 6
”
” 6~7 79

1 3^ 6A*
“ 3-6 ' 6*7 79

1

" 6-7 7-9

1

7«9

If we effect the summation and go to the limit, which may be

effected by means of tables, the surface of the ellipsoid will be

obtained to be = the product of abyt and

1^ 1
_

1, 1-8

A'
8 5

A'
57 7-9 /

+ Be' . 2^ 3^» iA' \

26» '

1 1-8 3-6 6-7 7 9 '

}

+ 3B*c‘ ,

f

1 3^ 6^* \

8 6‘ ’

1 8^6 5-7 79
'

‘ 7

4_
16B>c»

1f

1

8486* '

1 67 7.9 7

+ 106B*c»

884 6* '

(

— ^ \
7*9 /

To transform this expression Shiraishi writes q = and
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then writes

1=-Oo',

^ +1

F +^r = 3.5A'

® = 5 . 7

. 4A’e
,
3-6A’e*

,
6 i5Ae*

,
i06e‘^ + -

2
+ -

-
s

+ —48 - + -3^ '

and forms the quantities

7.9d;=

=7)o'^, - C„

3

2

4
3‘

6

\-{B,A,-B,)^^- + ^^a
{B,A,-B,)^

8

~ a2 ‘ 8

,
SA’e*

-2‘ + "8

+ 48

3 3A’e 15Ap‘“ /R /( P\ e
, ,

n a^ n
I

jovip ^= -j-' + “ 8~ + “8“ + "aal-
= • •>

384

and also

l-2{-B,A,+ B,) + B,A^A'‘=^{\),

(- A, + B,) + B, A ^A^- 4-*^ = (2),

® •

* (- £3^4 + + £3^ = ^4- 14:^ _ V = (3),3

7 6

2

SA*q

8

8

3^*p»

From the last two groups we obtain

2-2(-B,A,+ B,) + B,A = A*-^,

^ (- B,B, + B,) + B,A = A^-^^-

48
(4),..,

Hi (- S. .4. + B.) + B.^ - ’4-'- 4^' - 4-'
3

6 . 8
(^B,A,-hB,) + B,A^A^^

2

4A*q 6A»p* 4 3A*q*
8 48

16 A Q*

384
'

which are equal to • • •> respectively. Thus equating these

two groups, we have after some simple transformations
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to: =13 A',

1.3*<A'- =2-3 5A',

A' - 1 • A' =^ i>3',

A' - 3 • A' = ^
4
',

7 • 9 ^^

4

where we write t A

A'-5.7^1>A'= -
4— A',- •,

+ 2
() and ^ = -4 + (>• From these follows at

once, on replacing Dq—1 by D^^ahx, and Z)\, Z>g', . . . by Dj,

Dg, . . ., and making some alterations of letters used, the formula we

have given as reproduced from the Shamei Sampu of 182G.

Note. We find the same problem attacked by Tani Shomo in his

Tetsujutsu Shin-i, Book II. Tani’s procedure is different from that

followed by Shiraishi. He divides the ellipsoid by parallel planes

which are drawn at equal intervals normal to the diameter a and con-

siders the elements of area thus obtained to be the lateral surfaces of

truncated elliptic cones. His final result is the same as obtained by

Shiraishi.

Hasegawa Ko’s Sampo Kyfiseki Tsuko of 1844 was perhaps the

first publication in which the analysis of the same problem was printed.

Although the analysis we have described and the result obtained

by it are not very sure whether exact or not, yet we believe they are

interesting from the historical point of view.

CHAPTER 39.

SAKABE-KAWAI’S SOLUTION OF EQUATIONS.

1. Sakabe Kohan wrote in 1803 the manuscript Hippo Eijiku or

^^Approximations to a root of a cubic equation in alternately increasing

and decreasing values.’' It was Fujita Seishin, who first studied a similar ex-

pansion and instigated Sakabe to write the manuscript before us. When the

former had obtained his solution, he went to the latter to ask for his

opinion on the matter. As Fujita’s original solutions were effected

by means of repeated applications of the cubic root-extraction and of

raising to cubic powers, Sakabe attempted an improvement by resort-

ing to the repeated extractions of the square roots and repeated

squaring. Thereupon Fujita was no little displeased, and insisted upon

the legitimacy of his own invention. ^'As the equation is of the third
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degree”, Fujita would say, ^Ve ought naturally to adopt the cubic

evolution in solving it, or the method could not be considered as

authentic.” Sakabe, therefore, devised a method that answered Fujita’s

purpose.

2. Sakabe maintains that the cubic equation in its general form

can not be treated so as to be solved by the soroban. He therefore

first transforms it into such a form that the term in the second

degree becomes wanting. Let for example

— Uq -f ^ ^

be a form of the cubic equation. Then writing x = the equat-

ion becomes
— -f 9<'^^a3:r^ — -f x^^ = 0.

Again writing = Sag 4-

(— 27aQa3^ -f- da^a^a^ — + (9a^a^ — Sag^) x^ 4- xj == 0,

in which the second degree term has disappeared. According to the

signs of the absolute and 1st degree terras, therefore, we have to

consider the three forms

— a 4- bx -f x^ = 0
,

a bx — x^ = 0, a — bx + x^ = 0
,

which we call (^), (2?) and ((7). One root of these equations is

positive. There may of course arise a case where there is no positive

root, but then changing the sign of either term the sign of the root

may be made positive. It therefore suffices to consider the above

three forms,

i). The equation (A) may he written a = hx x^y and hence

a > x^. Consequently for the first approximation we take = a.

is obviously > x. We have next x^ = a — bx, and hence X^^

= a~-bX^ will be taken for the second approximation. Xg is < x.

In this way

X3' = a - bX„ = a - 6X3, X52 ==a~bX^, ....

may be taken as further approximations, whereby X^, Xg, X3, . . .

are alternately greater aud less than the actual value of x. Thus the

positive root of (A) has been expanded in the infinite formula:

i- ^ X J
X {a — {a — {a — a ^ b) ^ h) ^ b) ^ ... .

The equation (C) has two positive roots, of which the greater x^

will be approximated thus:

Xj3=:_«, Xg^^-a+X^h, X,^ = ^a + X,b,
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of which Xj is of cource not to be taken as representing an approx-

imation. To obtain the smaller root we have to carry out the oper-

ation of root-extraction (as practised with the calculating pieces, i. e.

by the celestial element method) with the greater root that has

been already obtained. Thus we have

(a — hx^ + 4- (— & + ^
1 ^) X x^x^ = 0,

or on the removal of the factor x,

b Xi^) -h x^x 4 x^ = 0,

from which the value of the second root will be obtained. Hence

In the equation (B) we have

Xi8 = a, X,^ = n + X,h, Xs» = a+ Xgfe, . .. .

About these approximations Sakabe remarks that they are by no

means very satisfactory, being inconvenient in practice and being

slow in convergence.

4. We next give the solutions Sakabe considers to be of practical

value. The equation (A) being written in the form ^ we

write Xj = a/fe, which is evidently greater than the actual value of x.

Next writing the equation in the form x = a/(b -f x^), we take

^2-&Tv’
as the successive approximations. These quantities are alternately

greater and less than the actual value of x and gradually approach it.

For example in the equation -“8-45a;-fic^ = 0, actual calculat-

ions will show that Xjg is correct for the first two figures. Thus the

convergence is very slow and therefore Sakabe devised another way

of solution, which is derived from the former thus: Writing

2

64X,2
I

-2 + I

-3 b + x,^
I

Xj, Xg, ... are the successive approximations.

5. The equation (B) may be written a ^ x^ — hx ==> x (x^ — h)j

from which we see that & is < x^. Hence Xj^ = & is a smaller

approximation. Then writing the equation in the form x^ = h + ajx,

we take

Y
» &4X«2

Xo* = & 4



CHAPTER 39. SAKABE-KAWAPS SOLUTION OF EQUATIONS. 263

for the successive approximations, wLicli alternately increase and

decrease.

6. The equation (C) being written a = hx — = x {h — x"^), it is

evidently h > x^. We thus take Xj = 5 2 for the first approximation,

which is necessarily greater than the actual value. Then writing the

equation in the form x^ = h — ajx, we take Xg* = h — X3* =- h

—

•

for the successive approximations, which increase in value

step by step. This root is the greater of the two positive ones.

To obtain the second of these roots we write
^
= a: — y • The

first approximation Xj = a/h is obviously less than the actual value

of X. Next rewriting the equation in the form x = al(h — x^), we take

the successive approximations to be

X,
a

5-X,*' b-X,^'

which are all less than the actual root.

7. We have no knowledge of the formulae Fujita Seishin had

obtained and shown to Sakabe. But afterwards he suspended his

results at the Atago Temple in Yedo, of which there remains a

transcript entitled Hippo Sanka^Jutsu Kigen. It was in 1820 that he

suspended his solutions. Therein he states that he obtained the results

twenty years before. There he solves the equation ^ a hx^ using

the approximations = a -f and Xr^ = a -P 6Xr_i, the derivation

of which is very obvious. In case a or & is negative, these quant-

ities are only to be made negative in the expressions for X.

When the equation has two positive roots Fujita gives the rule

for finding the second of these roots.

In the case of the equations x^ ± {bx — a) = 0, Fujita also employs

the approximations X^^afh, X^ = a/(& ± X,.! 1 ). This is the same

as one of Sakabe’s solutions. If we may judge from what Sakabe

writes in his manuscript, this seems to have been learned by Fujita

from the other.

8. In the same year that Sakabe wrote the HippO Eijiku^ i. e.,

in 1801, his pupil Kawai Kyiitoku published the Kaishiki ShimpO or

“A new method of solving equations”, consisting of two books. The

method embodied therein is usually believed to be Sakabe’s invention.

This is one of the most important works of the Japanese mathe-

maticians.

Let an equation be written in the form

-f a^x -f a^x^ + • •
• 4* anX^'-^ 4 = 0,
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where the coefficients are numbers positive or negative. This equation

has in general n rootS; which the author calls the 1st, 2nd, , . wth

roots, which, he maintains without demonstration, will be positive or

negative according as a,,, ...
;

ag, are respectively

of different or same signs.

To find the rth root the author forms the quantity B = — PjQ,

ai+aj-4 + -
• + “„_r + i

P.

Q = CIt,-

An - r

r-l- 2 + -_r-f 3-4 + -f an-^iA-

Here any value would answer for A, only that it is to be so selected

that P and Q assume different signs respectively from and

—

r

4- 2 * Next taking another quanty A* also at will but with the same

restriction as before, we form in the same way as i?. H A — B
and A' — B' be of different signs, the equation has in general a root

that lies between A and A\ This theorem as well as all the contents

of the book are given without explanation.

Making use of this theorem, trials with different values of A will

step by step narrow the limits between which the rth root lies. In

this way the first approximation can be determined. But we may

sometimes take the average of A, A\ By B' for X^y for a very rough

value will answer our purpose. If we form X^ from X^ as we have

done in getting B from A^ this Xg is the second approximation.

Repeating the process successive approximations may be obtained. If

no reasoning is attempted by the author, it seems to have been devised

in the same way as followed by Sakabe in his Eijilm.

The above way of solution may be enunciated thus: Let an

algebraical equation be written in the form {fr being of the rth degree)

fr{x) 4- = 0 or x = — fr{oc)lx^f,{x) = 0f'r).

If be a value of x nearly satisfying the equation, the quantities

= a:3
== 0 (iC

2), ... are taken for successive approximations.

Namely, if we write }, the quantity a; = lim,=oo

is in general the root of the equation. Of the value of x^y of

course, the restriction as mentioned above is necessary.

9. By examples we shall illustrate how the special devices have

been used in practice. The first root of the equation

630 + 2711a: + 2562

+

194a;^ - 318a:^ - 25x^ + 6a;'^ = 0

is positive, for the signs of the two highest terms are different. For

that root we have .4 ==* 10, ^ = 8*6; A' = 9, R' = 9. Thus A' and B
being equal, this equal value is that of the root. The second root
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which is negative is equal to — 5, for .4 = — 5 gives the same value

of B. The third root is approximately equal to 3*5, for we have

= 8, 5 = 416; ^2 = ^2 = 314; ^3 = 3,53 = 404.

The 4 th and 5 th roots are — 2 and — 1, respectively. For the sixth

root we have A = 0 5, 5 =• — 0*41 and = — 0*3, 5' = — 031,

whence we infer that it lies between — 0*5 and — 0*3. In this case the

difference of A and 5 being very small, their average
\

{A^ + 5')

= — 0 3 1 may be taken for the first approximation.

10. For the second root of the equation

1 74720 - 9392a; -f 168a;* - a;* = 0,

we take the values of A equal to 50, 40, 30, 20, 10, when the

corresponding values of 5 will be found to be 49*9, 39*2, 25 8, 4*43,

and negative. These are all useless and so naturally must we look

for a greater value of A in order to suit our purpose. Thus we have

A, == 55 A, = 58

B, = 55-002 5, = 57-99
•

-^1 “
I

"
j®*

4
' 56-19,

and therefore 56 will be taken as the first approximation.

11. For the first root of — 3 -f- 11^ — -f *=» 0 we have

A \ _1 J 10 i

20
i

30
I

0-2
!

0 3

5 negative
I
negative

|

045 0*63
|

21 negative

If the difference of A and 5 increase with the increase of Ay the root

will in general be less than unity. But here 5 becomes negative with

a small value of Ay which shows that there is no root which is real;

for now the root ought to be positive, the signs of the two highest

terms being different. The case is designated as musliO or literally

without root”^), whereby is meant that the root is imaginary. It

does not however appear that imaginary numbers were known to the

Japanese mathematicians.

The second root Avill be negative; but as the values of 5 corres-

ponding to = 0*1, 0-8, 2 are negative, 36, negative, this is also a

case of without root”.

If the difference of A and 5 be always very large or lead always

to negative results, the corresponding root will be imaginary or

^Svithout root”.

1) The mttsho or “without root” was a terminology used by Seki. He used

the term to indicate an equation having no real roots positive or negative.
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12. The 1st, 2nd, 3rd roots of 343 — 196rr + — 2x^ « 0 are

7, 7 and 3*5, respectively. In the case of the first root the values of

A and B are

^4
i

10
I

9
1

8
I

6
I

5
i

4
I

3

B \ 9A \ 8-7
i

7-9
I

5*9
|

4*76
|

3-71
1

3 88

As is seen from this example, the difference of A and B is large

at first, gradually diminishes, and then increases again. Here for the

6th and 7th values of A and B, the quantities Aq — B^ and A^
— B^ are of different signs. But the existence of this relation does not

take place at a position where the difference of A and B is small, but

it occurs where the difference has increased considerably. This fact

shows that there will exist another root which is equal or nearly

equal to the one under consideration. Thus the secondary root or

roots are first to be examined. For the second root we have

^
I

3
I

4
I

5
I

6
I

8
!

9
I

10

B
i >816T4-08 I

5-096
I

6-036
|

8 059 9 28 ^10-78

Here the same circumstance arises as in the case of the first root.

We conclude therefore that the 1 st and 2nd roots will be equal or

nearly equal. The roots of this description lie where the difference

of A and B is least. Hence the first and second roots will lie both

between 6 and 8. The fact that Aj^ exceeds B^^ while A^ is smaller

than Hjj, owes its cause to the existence of the third root which

has the value 3'5.

13. Another important point in Sakabe-Kawai’s method will be

the rectification or numerical interpolation of the results obtained,

applying to a treatment resembling that used by Seki in the meas-

urements of circular arcs and the perimeter of a circle.

Let the successive approximations to the first root of

4732 - 2860a; + 179 -f 40 a;^ - 3a;^ = 0
be

= 12, r, = 12-598, = 12 851, 12-946.

For the purpose of rectifying the author takes

r' = = 13*001, where m == -—

-

=2-7.

Then the fifth approximation being calculated in the usual way,

this is rectified according to the formula

= 12-99990 6,® m — 1 ^
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where m is the same as before. And similarly proceeding we are

led to

r/ = 13-00000 1, r/ = 12 99999 996, ....

Similarly for the third root we have

rj = 8, rg =* 7*3892, = 7* 1423, = 7*0509, m = 2*7,

r; = 6 997, « 7*00007, = 6*99999 8, r/ « 7*00000 004, ..

.

14. In the first root of the equtition — 936 -f 373a; + — 5a;®

** 0 the first four approximations are — l‘2f = 8*35, = 7’8492,

=s 8*0656
;
and here the rectified value of will be

r/ = = 800002, where m = = 2*3.

Then calculating we have as follows:

r' = = 8 00000 0006,

- 8-00000 00000 01, x,' = 8 00000 00000 00005,

and so on. This way of rectification is the same as tried in the last

paragraph, only that the signs of the terms are accounted for.

For the second root which is negative, we have,

8*0448, - 10*147, = 7*9310, >*4 = 10*317,...,

where the signs are neglected. These values show that they do not

tend to approach a limit, but on the contrary diverge gradually. Our

usual way, therefore, does not apply in such a case. But the interpol-

ation process makes the results available. Here the value of m is

= 0*9, and the rectified successive approximations are obtained as

follows:

r; = 905, n/ = 9*001, == 9*00002,

r/ = 9*00000 03, = 9*00000 0007,

15. The existence of more than one root in an algebraical equat-

ion the Japanese had known from the middle of the 17 th century,

and Seki Kdwa even knew of the existence of n roots in general in

an equation of the nth degree. But as to a method by which all the

real roots of an equation could be invariably found there is nothing

in the writings of the 18 th or previous centuries. But Sakabe-Kawai’s

work was not necessarily the first instance of such a method. Kawai

himself quotes an example from the SampO Shojo^) or ‘^Maiden’s

1) The SampO Shojo was written by a physician in the Province of Settsu,

who lived afterwards in Yedo. It was edited and published by his daughter Taira

Aki-ko.
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Arithmetic^’ which is the only mathematical treatise edited by a female

hand in Japan before the restoration of 1868. The quotation runs:

^‘How many roots will exist in the equation

40216 08000 - 19081 02200:r + 3611 34200a:*

- 340 70206rr« + 16 01620a:^ - 30000a;^ = 0

and what will he their values?

“Answer, x^ — 10, = 13 x^ = lO^^; x^ = 10^^-

^'This is a problem proposed by a certain Nakai. It is unknown
to me from whom he had learned mathematics. But as to this pro-

blem, it is a very interesting one. Having learned of it, while in

Osaka years ago, at the Temple of Lord Sugawara, I dwelt very long

upon it, when at last a thought came across me. If there be a

superhuman being who could solve it, his result would undoubtedly

be worthy of notice and quite new, I thought. At length, however,

I was lucky enough to get the answer. The method I used has been

retained in careful secrecy and I have ever since never dared to show

it to any one. I therefore in this book too do not explain the method

of solution, I only give the values of the roots.”

The Maiden’s Arithmetic’^ was printed in 1774.

Kawai adds in his book that the equation here quoted has another

root equal to 10, the same as one already found. It does not seem

that equal roots were counted as two before his time.

CHAPTER 40.

SOME TABLES USED IN THE YENRI CALCULATIONS, AND
THE EQUATION OF INFINITE DEGREE.

The yenri method of later Japanese mathematicians consisted in

dividing a certain quantity such as a diameter, a chord, etc., into n

equal parts, finding some quantity connected with one of these equal

parts as the element of magnitude to be calculated, carrying out the

summation for all the parts of the divided quantity, and then going

to the limit n ~ oo . It was very tedious to go always through all

these steps, and thus the Japanese mathematicians devised to carry out

these operations by means of specially constructed tables, which were

called jO-hyO or literally ^Tolding tables”. The operation of integrat-

ion was called in Japan by the verb tatamu, “to fold” or “folding”.

Jo is the character for this word. Thus these tables were intended to

mean the tables employed for the purpose of integration.
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It is usually believed, the first tables were calculated by Wada
Nei (1787— 1840); of this, however, we are not sure. There is a

table given by Aida Ammei also.

We give something of the construction of the tables as treated

by Wada. According to him there are three fundamental cases for

the evaluation of the limits to be applied in the yenri calculus; these

are expressed by the formulae,

lim„^«> (1^‘ -f -f + • *
• + n^) x

lim„ = .{l* + 2*+3* + ... + (n + A-/jx Ai'
n
~

where k is any integer, and where ^ is a finite number however large.

The sum of the progression 1* -f 2* 4- 3* -f • • -f w* and the

product of this sum multiplied by 1/n**^^ have respectively the values,

for k 0, 1, 2, 3, . . ., as follows:

n
I

1

T’
n 1,1 1

4*
2
^ 2’ m * 2

- )

n

1 1 1 .
1 1

3
+

2
4* 6’ y 2 ir + T y*

n*
,

n» n* 1 .
1 1 .

1 1

4
+ 2" 4-

T’ 4 +Y n ^ 4

n''
.

n* n
i

1.1 1 .
1 1

1 + 2
4-

3' 3
^

‘ ‘ 4-
1

6^2 n 3 n*

If we now go to the limit n== the terms multiplied by w“^ and

its powers all vanish, and we have, for A: == 0, 1, 2, 3, . . .,

lim„~« “fc -f 1 (1* + 2* + 3^' -|- • • • -f w*) ~
2 ^

In case the number of terras to be summed up is n + t, we shall

subsitute n + ^ for n in the formulae of n terms and multiplying the

results by l/n* + ^, we go to the limit, when we get the same values

as already obtained.

Wada’s tables called to, sai, nan and hoku (east, west, south

north) are very well-known. If we write

n ' n n* ' n*

these tables are the results of folding related to these quantities. In

these tables the integrated results of the products of the quantities,

which are shown in the uppermost line and the leftmost column, are

given in the blanks situated in the same column and same row as these

factors.
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1 E E^ E^ E^ ...

1 1 1 1 1 1 1 1

n 1 2 3 5 6 7

r 1! 1! 1! 1! 1! 1! 1!

1.2 4.6 6.6 677 778

,.2 2! 2! 2! t 2! 2! 2! 2!

1.2.3 2^4 ^.5 4.6.6 6.6.7
1 6.7.8 7.^9

i

,.s 3! 3! 3! 3!
i1

3! 3! 3!

n* 1.2.3.4 ^3.4.5 '3T4r6"6 4.6.6.7
i

6.7.8.9 7^8.9.10

••

\J Ve
I

>/]?' }/~e' Ye"'
j

>/A^"
I

Ye'"

All the members of this table are to be multiplied by the factor 2.

It is noteworthy that the old Japanese had no notation for fractional

indices

.
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\ > s s* ...

r

n*

1

T
1

'4

1

6

1

8

1

10

1

12

1

14
...

,.8 2 2 2 2 2 2 2

1

2.4 4.6 6.8 8.10 10.12 12.14 14.16

2.4 2.4 2.4 2.4 2.4 : 2.4
i

2.4

n^\ 2 4 6 4.6.8 6.8.10 8.10 12
i
10.12.14 1244.16

;
14.16 18

r’
1

2.4.6 2.4.6 1 2.4.6 2.4.6 2.4.6
;

2.4.6
1

2.4.6
! _

n” i 2.4.6/8 4.6.87i0 6.8.10.12 8.10.12.14 10.12 14.16 12 14.16.18 14.16.18.20

...
!

i

; ^

\ii
/

3

vs' VS
11 13

.

1 ! 1.3 1..6 5 \ 3.5.7 1.3 ... 9 1.3. . 11 13.. . 13

n 2.4 2.4.6 2.4.6.8 2.4 ... 10 2.4 . . 12 2.4 . . . 14

2 ^

r2 1 1 1.3 1.3.0 1.3.5 7 1.3. .9 1.3. . 11 1.3 . . . 13

^1 2 4 2.4 6 2 4.6.8 2.4.6.8.10 2.4 . . 12 2.4 . 14 2.4 . . . 16
I

I

1 1.3 1.3.6
;

1.3.5.

7

i

1 3. . . 9
!
13. 11 1.3 ..

1

13
'

2 4.6 2.4^.8
1

2.4.6.8.10 2.4.6...I2 2 A.', .74 1 2.4 . . Te
1

. 18 i

1 rVi
i

1.3.5 1.3.6. 7 1

1.3 ... 9 11 '1.3.. . 13 :

n" i 2.4.6.8
1

2.4.6... 12 2.4.6... 14
i

£4 . . .16 1 2.4 .

.

1

.18
:
2.4.

.

.20

~
1

i

’ *
*

!

1

1

• • • . .

.

All the terms of this table are to be multiplied by the factor j •

Besides, the members in the 2nd, 3rd, 4th, . . . horizontal rows are

to be multiplied by 1, 1.3, 1.3.5, 1.3.5.7, . , respectively.

\ .77 .

_Vs]__.77 Vs -

r 1 1 1 1 1 1 1

n* 3 6 7 9 11 13 15

2 2 2 2 2 2

n* 3.6 6.7 7.9 9.11 11.13 13 15 15.17

r® 2.4 2.4 2.4 24 M.. 2.4 2.4

n® 3.5.7 6.7.9 7.9.11 9.11.13 11.13.15 i3.16;i7 16.17.19

2.4.6 2.4.6 2.4.6
I

2.4 6 2.4.6 2.4.6 2.4 6

n« 8.6.7.9 6.7.97il L9.hTi3 97i. 13.16 1^13^1^.17 1315.17. 19 1677.1^

...| ... |. . .
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1 E E^ . 4 .

1

n
x-~
Vi

1

1

2

1.3

2.4 2.4.6 2.4.6.8 2,4.6.8.10

1.3.6 7 9,11

2 4.6.. .12
...

1.3.6 1.3 5.7 1.3 6.7.9 1.3.6.7.9.11.13

1 1 2 2.4 2.4.6 2.4.6.8 2.4.6.8.10 2.4 6. .12

n "" Vn 3 3 5 3.5.7 36.7.9 3.6.7.9.11 3.5.7.9.11.13 3 5.7... 13.16|
1

1

xiA'
1 2 2.4 2.4.6 2.4.6.8 2.4.6.8.10 2.4.6 . . 12

n Vn 6 5^9 5.7;9.11 6.7.9.11.13 577 977713.15 5.7.9 . .

.

15.17'

1 1 2 2.4 2.4.6 2.4.6.8 2 4.6.8 10 2 4.6. . 12

n Vn T 7.9 7.9.11 7.9.11.13 7.9.11.13T5 7,9.11... 17 7.9,11.. 17.19j

... .... [...

The members of this table are all multiplied by the factor 2.

/E yff
/ 5

yE t
/e

’

yi;
11 13

...

1 1— X —

^

1 1.3 1.3 5 1.3.6.7 1.3.6 7.9 1,3.5.. .11 1.3.5.

.

.13

”
Vi-

2 2.4 2.4.6 2.46.8 2.4 6 8.10 2.4.6 .12 2.4 6.. .14

^ xiA 1 1.3 1.3.6 1.3.6.7 1. 3.5.7,

9

1.3.6 . . 13 1.3.6.. .16

> K w 2.4 2.4.6 2.4.6.8 24.6.8.10 2.4.6 8.10.12 2.4.6 . . 14 2.4.6.. .16

-^-xiA*
1 1.3 1.3 5 1.3.6.7 1.3.6.7 9 1.3.5 . . 15 1.3 6.. .17

» K n 2.4.6 ^.6~8 2.4.6.8.10 2.4.6... 12 2.4.6 ... 14 2.4.6 .7Tre 2.4.6.

.

.18

-xlA‘ 1 1.3 1.3.6 1.3.6.7 1.3.5.7.9 1.3.6 .

.

. 17 13.5.. .19

” Vn 24.6.8 2.4.6.8.10 24.6... 12 2.4.6.. 14 2.4.6 . . . 16 2.4.6 .

.

,. 18 2A76. .
7*20

...

All the members are to be multiplied by and those of the

second, third, , . . rows are to be multiplied by 1, 1.3, 1.3.5, 1.3.5.7,

. . respectively.
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S‘ s* S' ...

1

n
x-jj 1 8.12 8 12.16 8.12.16.20 8.12 . . 24 8.12 .

.

.28 8.12.. .32

Vi 6.9 5.9 13 6.9.13.17 69.. 17.21 6.9 ..

.

26 69... 29

1 -i/r 1 8.12 8 12.16 8.12.16 20 8.12 . ..24 8.12.. 28 8.12.. .32

n ^Vn 7 7.11 7.11.15 7.11.15.19 7.11 . . 19.23 7.11 . . . 27 7.11.. .31

1 lA’
1 8.12 8.12 16 8.12.16.20 8.12 . . 24 8 12 . .28 8.12.. . 32

n ^Vn 9 903 9.13.17
1

9.13 17.21 9.13 . . . 21.25 9.13 . . .29 9.13 .

.

. 83

1 l/r^ 1 8.12 8.12.16 8.12.16 20 8.12. . .24 8.12 . . . 28 8.12 . . .32

n AL” 11 11.16 11.15.19| 11.15.19.23 n i6. ..23.27 rr. 1 6

.

.31|11.16. .35
j...

. .

.
j

... ...

All members are multiplied by 8, and the 1st, 2nd, 3rd, . . .

rows are divided by 1, 3, 5, 7, . . respectively.

In the following four tables we write A: = 1, 2, 3, ... and

A;' - 3, 5, 7, . . .

Abhdlgn. z. Gesoh. d. math. Wisa. XXX.
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r

n®

r*

n* n«

r’

n^*

11 vs'
1 7t

1 T
2 7t

i73 Y
2.4 7t

1 .Y6 Y
2.4.6 yt

1.3,6.7 Y ,

2.4.6.8 ;r

1.3.6 7.9 2

2.4.6.8.10 yt

i.3.6.7.9.11 2

iiVs" • •

n
11HH 1

As the binomial series has been very prominent in the Japanese

mathematics, we give Wada’s tables for itJ) For (1 — we have

(1 — m) * 1

(1 — = 1

1 1 1.3 1 3.6 1.3.6.7

2 22 2« 2* 2''

1 2 2.6 2.6.7 2.6.8.11

3
” 32 3" 8^

1 8 3.7 8.7.11 3.7.11.16

4 42 4» 4^ 45

X X X X X
m m2 m* m* m'"’

T 1.2 3! 41 b]

Here the factors
1.2

are intended to be multiplied into

all the terms in the respective columns. On rewriting these become

1.3 « 1.3.6 . 1.3 6.7
1 - T - 2^ - ^6:i.1 2 ,
1 - T M - 26

2.4.68.10

2 .6 .8.118 2.6 8 .— imr —
8.6,9 3.6.9.12 8.6.9.12.16

1 - ® 2

478
^ 8.7,11.168.7 8 8.7.11 .

^ ImO
4.8.12 4.8.12.16 4.8 12.16,20

m" — •

1) These are taken from Wada Nei’s Kaihd TsugiSyo. there are numerous
sources in which binomial series are laid down.
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For the expansion of V 1 — tn, etc., we have*)

= 1 + 1 (_ 1 _ 2 - 2.5 - 2.5.8 - 2.5.8.11
),

fT-V = 1 + 2 (- 1 - 1 - 1.4 - 1.4.7 - 1.4.7.10
),

= 1 + 3 (- 1 ),

f'l Z m* = 1 + 4 (_ 1 + 2 + 2.5 + 2.5.8 + 2 5.8.11 + •..),

1/(1 + m)i

m m* tn* tn" tn*

8 18 162 1944 29160

1 1 8 .
3.6

.
3 5.7

2 =3 1 ± Y + _L
2* ^ u . .

2" -

1 1 4 .
4.7

.
4.7.10

.S =a 1 ±
3
+

5
± 3^ + 3" - ‘

1 1 . 6 .
6.9

.
6 9.13

4 » 1 ± T + 4^ + —JT- ± • '

m tn* m» tn"

T Y 6 ~2i

There are given still further formulae, and we see that the general

expression for (1 ± has been possessed of by Wada and other

Japanese mathematicians.

We have already mentioned of Kurushima Yoshita’s solving an

equation of degree infinite. The same was attacked by Wada Nei

also. His formula is given in the Yenri SankyO written by his pupil

Koide Shuki in 1842. By the way we shall give it in this place.

The author distinguishes equations in two kinds, teishiki and nmshikiy

which may perhaps be literally rendered ‘^limited equation” and "un-

limited equation”. The former is of a finite number of degrees, while

the latter is of infinite number of degrees. Koide gives the "unlim-

ited equation” in these three forms

k + X + + a^x^ + a^x^ + a^x^ -f -f*
• • • « 0,

— k + x + ajo;* -f 0.a:® + a^x^ + 0.x^ -f a^x^ -f • • • = 0,

— A; -f a; + 0.a;* + a^x^ -f O.a;^ -h a^x^ + Ojc® -f . . . =* 0.

1) The factors indicated below the lines are to be multiplied into the terms

going above the respective members.
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Of these the roots of the first two are given as follows:

x = k — a^h^ — a2 h^ — a^ — ^4 Z;® — . • . ,

4- +3aia2 4-6aja3

— 5ai® “21ai^a2 — 28ai*a3

+ 14 a/ + 84a/

-f — 52a/
4- la^a^

— 2Sa^a2^

and

X ^ k — a^k^ 4-0 k^ — fc** 4- 0 k^ —
I
Z;® 4- . . . .

4*2 a/ 4-0 4-0aja3 4-0
— 5a/ 4-0 — 28a/a3

4- 14a/ 4- 0

- 52a/

Comparing the signs in these two expressions we see that some

of them might be erroneous, owing to the incorrectness of trans-

criptions.

Here Koide adds that these formulae of Wada were also obtained

by Tsunekawa Tokko, who was a mathematician of Miyagi’s school

and the author’s former master. Koide emphasizes that the results

of the two scholars wholly agreed. Koide indicates that these formulae

were obtained by the application of the tetsujutsu expansion.

About the application of the ^^unlimited equation” in the circular

theory, Koide takes this example:^) Given the diameter of a circular

segment and its arc, to find the length of the chord. If we write

a==»arc, c = chord, = diameter, we have the formula,

— .tc^ Sc^ lbc'^ 106 c»
® ® 3.2 6 8 d‘ 7.48 d» 9.384 d»

from which follows the "unlimited equation” for ir= c = chord,

— a + x + 0,x^-\- T^x^-h0.x^+ -^^x^ + 0.x^ +

If we denote the coefficients of a;®, a;®, ... hj a^y . . . ,
this

equation is of the very form of the third of the fundamental "unlim-

ited equations” given above, of which we have omitted the formula

of solution. Its root will be

1) Koide’s Yenri Sankyo, Book 1.
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a — a.a'' ~ a.

-f- Sdo -p 8 a2

-V2a^^

d do

-f" SOd^dQ

— bbd^^d^

-f 55

+ 5a4*

-f 12a2^a8

— 78 a./ a,

4 364a2®a4l

-273a2^

4
— IS d^

This will lead on calculation') to the formula

a’
,

g'*

2.Zd^ 48.1 05 384.945

2
^ D I

^ n ^ ^ 71 ^ _ n _L
' ^ 2.3 4.5 a * 6.7 «,9 ^2 ^3 "t

-

where Dq, Dj, Dg, . . . are the usual original term and the successive

differences.

In the anonymous Yenri Semhi H\jo (Tables used in the Yenri

Analysis), the root of the equation of degree infinite

(ly 4 (/jO; 4 0,2^^ 4 4 . . . 0

is given in the form

®0
I

^0 ^2
I

^*0 ^3

a, + V «/
g^j a.^

a. ^

1
^0

g,®

6^1/ a, O,

5 «,,(/-

14a,

.

3a,
• ^7

a,

'

7a,_X

aV“

28 a/o,a
,

84ao®a,*a3

7ao®5,a4

V
280,% a*,

42 o,®g,'^’

4

The coefficients in this formula and in that given by Koide will

be seen to differ something. This difference would have arisen from

the faults in transcriptions or somehow.

The same manuscript gives the square roots of the series

^0 “ ^2 ^3 ^4 ^'5 ‘ ’ ’

^0 “ “h
“

"I" ®4 ^5 ”1" ‘ * ’ ’

^0 “1"
"I" ^2 "b <*3 4 ^^4 4 Ug 4 • • • ’

^0 4 4 ®3 — CI4 4 <15
— • • • ’

1) This calculation is not indicated in Koide’s book.
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«8 «4 X
2a 2 a ^ 2a

2a, a, 2 a, a. 2a, a.

8a» ^ 8a®

a/ 2a, a.+ 8a®

3a/ _ 3.3 a/ a, 3.3 a/ a,

“48a® 48a‘ 48 a®'

3.3

“48 a'’

16 a/ _ 15.4 a/a,
~ Ysir/ ^384a^

105 a,

3840a»

etc., where we have written a for Ya^.

In these manuscripts the method of derivation is not explained.

As we have said, Koide only indicates the hint that the formulae are

to be obtained by the tetsujutsii method. This latter is usually ascribed

to Seki Kowa, if his authorship of the method is not very certain.

What we know exactly about the matter is that it was employed by

Takebe and Tanzan Shokei in the 2nd decade of the 18th century. At

those times the method was entirely restricted to the case of the literal

quadratic equation. It went through gradual development, whereby

it became more and more simplified. At the end of the 18 th or at

the beginning of the l9th century the operation became at length

applicable to the cases of equations higher than the second, soon being

extended even to the case of degree infinite. The equation of unlim-

ited number of degrees had indeed been treated by Kurushima at or

before the middle of the 18th century, but his considerations had been

no application of the tetsujuisu method, and therefore had been restricted

to a special case; but the studies tried by Wada and others were

analytical and applicable in general. It was in fact an analytical

procedure of the reversion of series. Fortunately for us we find the

method described in a treatise, and indeed in a published work, namely

in Hasegawa Kan’s SampO Shinsho of 1830. The circle -measurement

described in the book was not so convenient a one as done by Ajima

and followed by Wada and others. T. Endo*) says about it: ^^The

method of solution for the arc of a circle in the book was considerably

old-fashioned, not resembling the yenri calculus of his days. Con-

1) Endos* History, III, p. 108.
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sequently mathematicians versed in the theory did not lay any importance

upon it.” We don’t know why Endo should call it old-fashioned;

we have never met among the writings of Hasegawa’s predecessors

with anything resembling to the analysis used by him. Endo perhaps

refers only to the point of Hasegawa’s inscribing a number of equal

chords within a segment of a circle, without considering the nature

of the number of these chords and of the method employed. However

cumbersome and unwieldy his 'treatments might be, we cannot pass

over without paying our attention, for it is here that we find the

reversion of series explained in detail.

Well, Hasegawa deduces the length of an arc of a circle from

the consideration of an inscribed w-gonal line. In the circular theory

of Takehe and other early writers the number n was always taken as

a power of 2, but Hasegawa put no restriction on the value of m,

which he took to be any integer whatever. This is a point that

interests us. The calculation of the sides of the inscribed regular

polygonal lines is effected in an imperfect way by the comparison of

the series obtained for 2, 3 and 4-gonal lines. We shall here briefly

follow his procedure. Let c be the chord and s its sagitta, then for

1
the side p of the 2-gonal line we have P“

— or

= so that we have to solve the equation ^ 4a: 4- 4a:* == 0>

where q = c^ld^ and x=p^fd'^. The iefsujutsu expansion gives then

4. I 4. _u
’^3"

.

(P 4 42 2.42 4^ 2.4* ^

==
4
+

For the 3-gonal line a figure is drawn as annexed. Here we

have

e* == /.2 ^ — b)*
)
= 2

^*
-h cp,

or applying the formula for the 2-gonal line

above obtained, we have cd^ — 3d^2^ + 42>^ = 0,

whence, writing q = c^/d^, x ^ p^/d'^, follows

— g + 9a: ~ 24a:* -f 16a:’* == 0,

and the tetsiijutsu expansion for the cubic gives
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For the 4-gonal line the expansion for the 2-gonal line is taken

and the resulting equation is subjected for a second expansion. We
have thus

3 _ ^ ^
^ 42 ^ 6.8

^0 ^ 10.12

The ratio of the numerical

7.92
2) + D

14.16
^2

coefficients

+
18 20

of these three series are

1 1.6 8.10 6.14 7.18 9.22

22
^

476^ 6.To* 8.14* 10.18* TTT2
'

1 2.8 5.14 8.20 11.26 14.32
3"2'

6 . 9
'

12.21* 16.27* r8.33

1 2.10 7.18 11.26 15.34 19.42

42
'

8 . 12
’

12 20* 16.28* 20.36* 2'4T4

The laws of formation of these numbers are not difficult to h&

discovered. For in the first row the numbers

1, 3, 5, 7, 9, . . .; 4, 6, 8, 10, 12, . . 6, lO, 14, 18, 22, . . .

proceed in arithmetical progressions, and it is the same with the rest

of rows. Thus it will be found that the corresponding ratios for the

n-gonal line are

^ 1).2(1 n ^1) (2 n - 10.2_(2_n -f- 1) (3yt- l ).2(3n-f 1)

2w.3n ^ 3n.6n ^ 4w.7n

(4n~-l).2(4n4l)

j,
6 11.9 w

^ *

1 2(22n2-J^ 2(32^''-^ 2(l2n2-i) 2(6**n2-l)

w*'
' ’ S.bn'~^ “

4.7n2 6.9>?=« ^ O.lln*””^

We have therefore for the w-gonal line,

»>+

If the method of the tetsiijuisu expansion is applied to this series,

we have, on writing

Next to find c* and c in terms of d, n and p, Hasegawa takes the

expression obtained above in the form

_ _ (l^-x) (22-x)(3*-x)c»

3d2
- nY + c* + -L+ +

+
(1* - x) . . .

(4* - x)c'^ 2(1* - x) . . .
(5* -x)c^*

36.3*d«

-f . . . = 0,
7.5*.8'‘d» ^ 77.62.3M^®

where x This is an equation of degree infinite, from which we

have to extract the value of c*. Let it be required to find the first
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six terms in the expansion. Here we have only to retain the first

powers of up to the 6 th in the above series, for higher powers do

not affect the required terms in the expansion. We have thus an

equation of the 6 th degree in c*, a root of which is to be extracted

by the tetsujutsu method. We shall write this equation for simplicity's

sake in the form^),

— ^ -f a; -f -f + yoc* -h dx^ ^ bx^ =» 0,

which will be arranged in this scheme:*)

0® 1® 2® 3" 40 5®
1

6®

1
1

« Y
: ^

1

B

The first step is to take — 0®
^
1® = ^ as the first terra in the

required expansion, and to follow the same steps as in solving num-

erical equations by the celestial element method (for which see

chapter 11). The expression that remains after the operation assumes

the form:

0® 1® 2® 3® 4® 5® 6®

(-< 1 « /3 Y d B

+ 0 + 2at + 3/3< + 4 yt + bdt -f 6^^

+ + 3/J<* + + + IbBt^

+ + 10d<® + 20 ei^

+ Yt* + + Ibtt*
\

+ St^ + 6£<®

The next term in the expansion will be given by the lowest term

in t in the absolute class divided by 1, which is the lowest term in

the 1° class, taken with the opposite sign. Then the same process

as before is to be repeated, but some of the members may be neglected

without affecting the result in our required expansion. The members

that affect the coefficient of in the absolute term class are the

first 5, 3 and 1 terms in 1®, 2®, 3® classes. The remaining members

1) In Haso^awa't) work it is given in a somewhat different form.

2) Here wc employ the symbols 0^ 2^ . . . for the absolute and Ist,

2nd, . . . degree classes.
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may be all got rid of at once. Carrying out the operation in this

simplified form, we obtain the following result:^)

o o 1“ 2® 3®

0

+ 0

+ (« — «)

+ y — 3a^ +
+ d — 4a y -f 3a*^

+ B— 5ad + Ca'j' — a*/3

1

+ 2a

+ 3/3 - 2a*

-f 4y — 6a/3

+ 5d — (6ay* — a*j3)*

a

+ 3/3*

+ Gy — a/3*

/3*

The terms marked with asterisks are not needed in the next

operation, so that these are not accounted in full. The third term of

the expansion is taken = (2a* “ in accordance with the same rule

as done before. Effecting a similar

operation as before we get the

remaining expression in the form

as annexed, where we write

A = y — 3a/3-f-a* + (4a* — 2 a/3),

B d — 4as -{ 3a*/3 -f (8a*/3

-3/3*~4a'i

(7= 2— 5 ad + 6a*y— a^/3 + (— 4/3y— 3a*/3 + 8a*y + 7a/3* + 6a*

- 14a*i3),

/) = 4y — 6aj3 -h (3a* — ccp).

The fourth term

of the expansion is

— At\ and the oper-

ation goes as shown

annexed.

The fifth term is

— (.B — 2a.4)^'^, and

we obtain the following expression after the corresponding operation.

1) Here we have omitted to write down t and its powers for simplicity’s

sake, but the successive rows will be considered as multiplied by t®, t*, . . .

respectively.

oO 1*

{A-A)t^

{+B-2aA)t^
{+y-(3/8-2a*)^)<“

1

2at

(-b3/3-2a*)^**

o o 1“ 2°

At*‘

+ Bt”

+ Gt’‘

1

+ 2a^

+ (3/3-2a*j<*

+ £><»*

a*
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11
o

1

o
.

1®

{B-2ttA)t-'-{B- 2a A)t'~‘

+ { C - (3^ - 2a^)A - 2a (/3 - 2aA)]t^

1

+ 2at

The next and last term required will then obviously be

(- C + (.3/3 - 2u^)A + 2« (B - 2aA)\t\

Thus the result obtained is, after rewriting, of the form

«> - tV - “ («• - 1') I', + “ (« - 2') 7),
- y, («• - Z’)D,

+ - ^.+ ' '

where k = p^jd^.

The above is the way of reversion of series employed by the

old Japanese mathematicians of a century ago.

If we apply the ietsujutsu process to this series we obtain

c=pn- («* - 1®) T»o + 4*6
- 3’

I i>, - ~ («* - 5*) Z>j + •

What we have said in the above is applicable to the kahujuisu or

polygonal theory, one of important branches of the Japanese math-

ematics. Thus to find the s(|uare of tlie circuraradius r of the regular

n-gon, Hasegawa proceeds as follows:*) From wliat lias been obtained

we have

- C + ('’ -
.!.) ’r- + t‘. i?'

-
.') ?.

+ 7
*. i ^

Now the hexagon is the only polygon whose side bears a com-

mensurable ratio to the diameter of the circum-circle. And so the

author takes the hexagon for the purpose of his explanation. It will

be seen that the side of an equilateral triangle is the chord of an arc

to which six sides of a 18-gon are inscribed, that the side of a square

is the chord of an arc to which six sides of a 24-gon are inscribed,

that the side of a pentagon is the chord of an arc to which six sides

of a 30-gon are inscribed, and so on. Hence if ni be the number of

1) The procedure is only partially rigorous.
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sides, — is the number of equal chords inscribed within the arc of a

side of the hexagon, which is y- If therefore we take c = y
we have = and 1 /n*— 6 7^* say. Thus the above series

becomes

JEl. V-k
66

whence follows « r® jp* / (the series).

* Z) 4- D 4.
^ n 4 . .

,

^ 7.8 ^2 ^ 9 10 -^8 + • •

This reasoning has originally been attempted in the case of

polygons whose number of sides is a multiple of 6. But the author

has no hesitation to apply it to the general case without any further

considerations. This was of course not the case only with our author;

the Japanese mathematicians of the old school were ever accustomed

with such looseness of reasoning. What they had aimed at was in

the final results only; the preliminary considerations leading to these

results were merely looked upon as instruments serving for the purpose.

The formula for the circum-radius r of a regular m-gon was

obtained to be

r /nf i
^ J. T) _L r\ i t\ i

1 m + “IT" ^0 + A + -TgjT A + • •

the same expression as obtained by Kurushima Yoshita.')

CHAPTER 41.

ON THE WEDGE-SECTIONS IN HASEGAWA’S
KYUSEKI TStJKO.

1. The best treatise on the circular theory was undoubtedly Hase-

gawa Ko^s KyuseJci Tsuko. This was written by Hasegawa’s hand but

it was brought out in his pupil Uchida Kyuraei’s name in 1844, The

work contains a discussion on circular wedges, of which we shall

attempt a description in the following lines.

The subject of the wedge was no new theme. Some of the pro-

blems in the ancient Chiu-chang or JSine Sections concerned it, being

followed by various other writers. Japanese mathematicians of the 17 th

and 18 th centuries also extensively studied allied subjects. Even wedges

on circular bases were noticed before the publication of the treatise

before us. But a systematic study of the subject was attempted for

the first time in Hasegawa’s work.

1) Fukuda Riken’s Sampo Tamatebako, 1879



CHAPTER 41. ON THE WEDGE SECTIONS IN HASESAWA’S etc. 285

2. Hasegawa treats circular wedges in two classes. The edge of

a wedge may be of any length independent of the size of the base,

but Hasegawa considers only the case for which the edge is equal to

the diameter of the base circle, except in some special cases. The

formation of such a wedge may be conceived in two ways, as he

discusses.

Suppose the diameter of the base circle, which is parallel to the

edge, be divided into a number of equal parts as the edge is divided.

Drawing the ordinates at right angles to the diameter at these points

of division, join the corresponding points of division of the circum-

ference and of the edge by straight lines. If then the number of di-

visions be increased without limit, we get a surface, which is the cir-

cular wedge of one species.

The wedge of another species will be obtained when the divisions

of the semi -circumference upon the said diameter are effected equally.

These circular wedges are called right when the diameter of refer-

ence and the edge form a rectangle, its plane being normal to that of

the base. Oblicjue wedges may also be formed.

The base of a wedge may be replaced by an ellipse, by a circular

segment or by plane curves of any form. The discussions of these

w^edges would be highly interesting, for they are far more complicated

than in the case of the circular wedge.

Of the two species of wedges, the second is the one which is

usually referred to as a wedge simply. Hasegawa calls this sort of

the wedge the ‘^normal wedge”, while the other is called ^Hhe abnormal”.

He however mostly considers the latter species.

3. If the right circular or elliptic wedges of this species are cut

by a plane parallel to the base, the section is an ellipse. The section

by a plane normal to the diameter of reference (in the case of an el-

liptic wedge the major or minor diameter being understood) and through

one end of the diameter and the opposite end of the wedge, is a curve

called hoshu-yen or hoshu -formed circle or oval”. It was called in

later years by the name scnyen or ^‘pointed circle or cusped oval”.

If the plane does not go through the end of the edge, but cuts

the wedge along the generating line through that end, the form of

the section is a curve resembling the ^‘cusped oval” but not with a

point or cusp.

The section that goes through a point on the edge is a curve also

with a pointed end, which is however not a cusp in this case but a

node.
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In the case of an oblique wedge the sections are also of the same

forms, save that they are deformed owing to the obliqueness of the

wedge.

Other kinds of sections may of course be formed, such for example

as the section through the middle point of either semi- circumference

or half perimeter divided by the diameter parallel to the edge.

4. The wedges considered in the following lines are, except in

exceptional cases, all abnormal wedges. And therefore we shall for

the sake of simplicity call the wedge of this description merely a wedge.

To find the area of a section parallel to the base of a circular

wedge, Hasegawa proceeds in this way. Divide the diameter of the

base into n equal parts by parallel diameters 2hy

P2 ,
. • Pn—iy which are counted beginning at one

end of the diameter. Construct the normal sections

through these ordinates. Then designating the

altitude of the wedge by /i, that of the section by

}i\ the chord of the section plane corresponding to

Pr by kry the greatest value of hr (or the middle

one) by k, we have

,, hk ^ prh' prk

where d is the diameter of the base parallel to the edge. Hence the

d j) Jc

element of area of the section is Ar = K x = and consequently
n

the area is

”
A.

kd^^
A = = = = hd ,

r=l r=l

where B is the area of the base. But kd^ the area of an ellipse

with k and d as its principal diameters. Thus Hasegawa concludes

that the section is an ellipse.

This consideration is equally applicable to the case of an elliptic

wedge. In that case d' being the diameter of the base normal to dy

the value of k will be found from — hkjd^ and thus kr = Prkfd',

Therefore the area of the section is to be taken

where B' is the area of the basic ellipse.



CHAPTER 41. ON THE WEDGE-SECTIONS IN HASEGAWA’S etc. 287

5. For the volume of the part of the wedge cut off by the section

parallel to the base from the side of the edge, we have

• • = Vr-hm ^ — -2“ X
4

'

1

If we write k == <l in this formula, we get the whole volume of

a circular wedge to be ~ ^^2

6. Next to find the volume of a part of the wedge cut off by a

plane, which goes through one end of the edge and the opposite end

of the diameter of the base paralLl to it, and

which is normal to the plane of these parallels, ^ ^
we have to try a construction similar to that in M Z ^
the previous case and designating as in the figure, / \

the expressions for hr and (jr are hr

p X r

qr ^ * Hence the element of volume is

X r and

hrqr X
hp^r'd

K=Wlim 2'^’;’.

7.

The hoshmjen is the curve arising from the section of a circu-

lar or elliptic wedge cut through an end-point of the diameter and

the o})posite end of the edge. The straight line joining these two

end-points is called the vertical axis of the curve, while the axis nor-

mal to it at its middle way is called the lateral axis. This latter is,

as is evident, of half the length of the diameter of the base conjugate

to that which is parallel to the edge.

The calculation about the hislmycn is the same or similar, whether

the base of the wedge be circular or elliptic.

Let the vertical and lateral axes of the curve be a and 6, resp-

ectively. Then in the construction as done in § 6, a will be divided

into n equal parts. Thus for the element of area of the curve we

have ^ ^
4
Ar = X - =

n

a X ?• X

as will be calculated by aid of a table.
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To find the area of the section through the end of the diameter

of the base and the middle point of the edge, let the line joining

these two points be a and divide a into 2n equal parts by the planes

normal to the diameter. We designate the chords of the base obtained

by these planes by iJg,... counting from the centre, and the lines

drawn from the points of division of a to the edge by /tg, .... and

the chords of the section drawn parallel to ... by q, ....

We have then ,

4 a a Vr^r r
Ar X Cr — X —i— == a X -}> Xp^.

n n h

.4 = alimn=oo
ad
3*

9.

In the case of a section that goes through the end of the

diameter of the base and through a point of the generating line at

the other end of the diameter, let a be a similar length as before,

and let and be the two parts of the generating line, of which

the former is adjacent to the base. We divide the diameter d into n

equal parts by parallel planes, whose intersections with the base we

call pr, the number r being counted from the generating line towards

the other end of the diameter. Let ... be the heights of the

corresponding points of division of a, and let Av be the similar mag-

nitudes as in the previous case. We have then a = + d^y and

h ' nh

.
•

. Ar^krX — ^ X “ + k' X
n h\^n n*/

n 71

r=l r= l

ad /, ,
h'\ n ad h'\ tc

“x('*» + Y)4- = Tr-T) 4-

10.

The circular wedges which arise from equal

divisions of the circumference of the base circle are

also considered. To find the volume of such a cir-

cular wedge, a construction is used as shown in the

figure where half the semi* circumference of the base

is divided into 2n equal parts. Draw the chords

Pi) Pi) • • from the points of division at right angles

to the diameter of reference, the numbers being

counted from the centre towards both sides. The chord joining the

ends of the two equal chords is termed and the perpendicular



CHAPTER 41. ON THE WEDGE-SECTIONS IN HASEGAWA’S etc. 289

let fall onpi, ... from the ends of pg, ... respectively are termed

y; y; The edge being also divided into 2n equal parts, each

part is equal to ^?/2n =» c/2, say.

We take for the element of volume Vr twice the volume of the

rectilinear wedge with the base Pr x y and the edge y, the normal

altitude being the same as that of the circular wedge, or h. Thus

Vr = ^hpr(2Xr + c).

Now suppose a figure drawn as annexed. We
have evidently

pr : d ^ Xr : t,

dx
or / = —

Pr

But the equal parts (namely twice the parts we have

divided) of the divisions of the circumference may be looked upon as

the limiting value of t, so that we may write

. dn 1 j d

2 n n n

When we substitute these values of c and t in Vr, it becomes

F. = I hpr
(
2Xr + = I hXr {pr + ~) >

whence the operation of folding or integration gives

n n

r— l r= l

^ I
/jx hd^ ( n . 1\

=-yr><T) + 8i(‘^)
=

-3-(T + ir)-

11. The area of a section of the circular wedge of this species

cut parallel to the base is found as follows. For this purpose Hase-

gawa carries out the same construction as in § 10, whereby the lenghts

for the section corresponding to pr and Xr in the base are denoted by

hr and yr respectively. Let h! be the normal distance of the section

from the edge, and k its diameter normal to the edge. Here we have

and also

d :pr — k : kr

(c Xr) I (c yr) h I h\

Prk
and h'

d ’

or c — yr

h\c-x^)

Abhdlgn s. Oe«oh. d. math. Wiss. XXX.
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whence we have
A'(c-x,) xk

- + d

Writing c = tpr — dx^ as in the last paragraph, we have

for the element of area

. , / cA
, ,

^r^r***
Ar = VrKr ^ ^ d d )

^ % dn ^ d^

** -4 = — (l — -j^limn„ao + ^limn^oo ^^rPr

2Aj r j y \
I

k^yt

12. For the volume of the part of the wedge cut off by the sec-

tion, the element is taken ^~}JUr(^yr + c) and consequently we have

the volume

V= lim„=^ao ^ -^(22/r + C) =
r=l

hk/k
tU + d)’

where A is the area of the section.

CHAPTER 42.

MAGIC SQUARES.

Magic squares and magic circles were studied in China, and we

may mention, for instance, Ch’eng Tai-wei’s Smn-fa Tung-tsung of

1593. This treatise was introduced into Japan and caused the uprise

of mathematical studies. The Japanese too studied these subjects

apparently borrowing from the Chinese master.*) The subject consti-

tuted one of the favourite themes for the Japanese mathematicians.

We here propose to make a statement about one or two instances of

the magic squares occurring in the 18 th and 19 th centuries.

The Kyushi Ikd or ^'Kurushima’s Posthumous Works’* contains a

method of constructing odd magic squares. Taking n* to be the number

of elements, the numbers 1, w*, n, (n* + 1 — n) and + 1) will

be arranged as shown in the left one of the figures and we have to fill

1) See Smith and Mikami'a History. Something about the subject in the

17 th century is described there.
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the cells along the diagonal CD by numbers that decrease towards C
and increase towards D by successive multiples of n. The next step

22 47 16 41 10 35 4

5 23 48 17 42 11 29

30 6 24 49 18 36 12

13 31 7 25 43 19 37

38 14 32 1 26 44 20

21 39 8 33 2
i

27 45

46
i

40
i

9 34
1
3 28

is to fill along the lines n to n* and 1 to (n* -f 1 — n) according to

the same law as along CD. Then the cells along the diagonal AB
and parallel to it will be filled decreasing and increasing by unity in

the directions of A and Ji, respectively. The right one of the figures

represents a 7 -square constructed in this manner.

Murai Chuzen’s Sampo Doshimon of 1781 was the first occasion

of describing a general method for magic squares in a printed work,

the writings of his predecessors, Seki, Aoyama, Matsunaga. etc., being

all recorded only in manuscripts. We shall illustrate Murai’s way of

constructing an odd square for the case of 5* elements Arrange the

tl 1

number ~
-f 1 =» 3 in the cells along one diagonal, and other numbers

increasing or decreasing by unity are to be arranged along the lines

parallel to this diagonal, as shown in the first of the accompanying

figures, where these numbers are represented in Roman numerals. The

same way of arrangement will be also done along another diagonal

and parallel to it, which we represent by Arabian numerals. The second

of the figures is an arrangement of natural numbers in a natural order

1 2 3 4 6

14 10 1 22 18

20 11 7 3 24

21 17 13 9 5

2 23 19 15 6

8
1

^ 25 16 12

IV, V, I, Hr, III,

V4 I3 If, III. IV5

I, III III, IV, V.

III UlJ V, I.

III, IV, V, I4 II3

1 6 11 16 21

2 7 12 17 22

3 8 13 18 23

4 9 14 19

5 10 15 20 25
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and we designate its rows and columns as represented there. Then

we construct a third square whose cells we fill corresponding to those

of the first square, in such a way that the elements in the second

square with the numbers of rows and columns as indicated respectively

by the Roman and Arabian numerals in the first square are used for

the purpose. So for instance the cell of the third square, that corre-

sponds to that in the first square marked III and 5, will be filled with

the member 23 of the second square, which lies in the row 3 and the

column 5. The square thus formed is magical as required. The same

rule will be applicable to the case of any number of elements.

For even squares Murai gives only an example,

where the arrangement as shown in the figure is

indicated without any explanation. But when we

compare it with the explanation in the case of

an odd square, the law of construction will be

obvious.

Gokai Ampon’s Sampo Semmon-sho of 1840

treats also of a mode of constructing magic squares.

He considers them classified into three kinds, odd, doubly even and

simply even. To construct an odd square, Gokai places the unity in

the cell one position below the central one and proceeds from that

along the diagonal line leading to the

right under side, filling the cells by the

numbers 2, 3, .... When we come how-

ever to a position along the line at bot-

tom or along the right side, it will be

passed over to the topmost cell in the

next vertical line or to the leftmost cell

in the next horizontal line, and continued

in the same way. When in this way we

come to a cell already filled, we have to

go to the cell next to it at the left under

side. The same construction may also be

adopted, if we place unity in the cell two or more positions below

the central one. In this case every time the same number of posi-

tions is to be passed over in the procedure. The annexed figure may

illustrate the nature of the construction.

To construct a doubly even square with (4w)* elements, it is con-

sidered to consist of a number of 4- squares. Suppose in these elemen-

tary 4 -squares the diagonals drawn. Then arranging the first (4n)*

rr 7

11 3

4 .c 12

2i /

5

> /

-S 6

10 2 i 5,

^IV 2i

2ui 4n In ^in

Int 4 2n

4i 3iv ^IV



CHAPTER 42. MAGIC SQUARES. 293

natural numbers in the two schemes as annexed, fill the cells of a

square with the corresponding members of the first of these aggregates

1 4n + 1 2.4n + 1 3.4n 2.4w 4n

2 4n + 2 2.4n + 2
j

*
! i

: ; : ; 2.4n + 2 4 m -f 2 2

4m 2.4m 3.4m 2.4m +1 4n 4- 1 1

that come under the diagonal lines just mentioned and with those of

the second that do not come under such lines The result is a magic

square

For the construction of simply even squares, Gokai first draws

such figures as annexed and fills the cells along the diagonals in an

P BBBBBB BBB
Si BBBBB BBBB

BBBBBBBBBBqBBBBBBBB BB
SBBBBB BB

D BBBBB BBB
B BBBBBBBBB
BBBBBBBBBiBB BBBBBBBBiB

B BBBBBBBBBB
DBBBBBBBBBBB
BBBBBBBBiBB1
BBBBB BBBabI

i BBBBB BBBBIBIB'

6’-iquare. KT'-squar*’. I4**8quare.

order similar to the first of the above aggregates in the case of a

doubly even square and fills the cells marked with circles in the same

manner as in the second of the aggregates. Then taking the two

; 2?m 4- 1 Mi 4-1 1

2 m 4- 2
* 2 Mi 4 2 Mi 4* 2 2

1 Mi 4* 1 EDH •

arrangements as shown here, where we understand by m the number of

cells in one side, the cells marked with asterisks (originally black

circles) are to be filled by’ corresponding members of the 1st of these

arrangements, while the remaining cells are to be filled by those of

the second.



294 PART II. THE JAPANESE MATHEMATICS.

CHAPTER 43.

THE CATENARY.

1. The first appearance of problems concerning the catenary in

a Japanese work was perhaps in the Sfiri Slihnpcn, Book 2, published

in 1860 by Yasuhara and Nakasone. The catenary was called suishi

or ^^hanging string” in Japan. The work here mentioned contains a

problem of finding the length of the sagitta^) of a catenary, whose

length and the distance apart of whose two end-points are given.

Here the problem is solved by a consideration resulting from the

treatment of an ellipse. This way of solution was a very rude one ‘^)

In 1862 Hagiwara Teisuke published the Samiw Hoyen-lian, in

which he gave the problem of finding the length of the lianging sagitta

of a catenary, which is hung between two equal heights, being given

the length of the curve. Writing the distance of the two ends = a,

and the sagitta of the catenary = 6, the rule given by Hagiwara for

solution is equivalent to the series:

i[(s + a) l/s* - rt* + + 3^ {
Do - (s - ay

+ (1 - m)
(
Do - 1 D. - ;

»» -
I m l\ - „ D, - . .

.) j ]

,

where Dq = {s^ — a^) ~ m = uud where and Z>j, />
2 ,

. .

.

represent the original term and the successive difterences. llagiwara’s

solution was given without explanation.

2. Some time after the publication of Hagiwara’s work, Omura

Tsshu wrote the manuscript Suishi Kigeriy in which he embodied the

results of his studies on the catenary. His work bears the date of

the 6th month of 1867. In the 2nd month of 1868 Omura and Kagami

Mitsuteru effected further studies. We give some of these results in

the following lines:®)

To find the sagitta 6 of a catenary in terms of the distance a

between the two end-points and the length s of the curve, Omura draws

1)

Here we employ the term saj^itta — shi or ya in Japanese — accordinp; to

the usage followed by the Japanese mathematicians of the old school. In the case

of a catenary the word suishi or “hanging sagitta “ was also used. Its meaning

will be obvious, being the altidude of the curve.

2) C. Kawakita’s note to Omura’s Suishi Kigen.

3) C. Kawakita’s copy of the Suishi Kigen, dated 1874.
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a figure as annexed. Here the ordinates are drawn at equal intervals

and the horizontal parallels are taken at such distances

that the lengths indicated in the figure by Aj, ... have the values

/q - Ic -j) Av = (2r — 1) 1:

2bt h

2rh

71 71^

where t = r/n. Here the second term may

be neglected as it does not affect the result

in the end, so that we may write Av = 2htjn^.

We have for the square of the element of arc

= Z* 2 _L ^2 — -f
4n'

or .Sr
=

^a\/p
*'

2n
1 -

1-(1

(1 -- f-)* 3(1-

48

3
.

3

where we have written p = ^2 -f 1, ^ P- Now carrying out

the operation of folding, namely summing and going to limit, we

obtain, after doubling the result,

s = 2 lira„^« '^Sr^ (l _ 1 _ .f _ ^
r— 1

The value of h may be obtained from this expression by the

application of the kanrui jiiisu or the method of recurring approxim-

ations. Thus substituting V = \ |/s* — for h in the above formula,

let s' be the value that corresponds to s. Then y(s' — s) will be

< V — hy and will be nearly = 5 ' — 6
,

so that V -- — (s' — 5) ee V'

is > 6.

Next find the value of s" in like w^ay with 6", and so on, until

two successive values of agree with each other. This coincident

value will represent the length of the sagitta required.^)

3. Supposing the two end-points of a catenary to lie horizontally,

let the distance betw^een these end-points be a, the length of the

1) The approximation method called the ka7xmi-jutsu is usually believed to

have been established by Saito Gichd and hrst given in his Sampo Yenri-kan of

1884. It is a process to be applied to the solution of a transcendental equation.

We are however uncertain whether Wada Nei had been possessed of it before

Saito or not. This point is to be studied in the future.
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sagitta being h. Then suppose a horizontal chord is drawn, whose

length is a\ What will be the length V of the part of the sagitta

cut off by this horizontal chord?

To calculate this length Oniura makes a construction in like way as

in the former case, and takes the ath ordinate counted from the sagitta

to go through the end of the chord. Then adopting the same nota-

tions as above, we have

/j 4- 3A: -f 5/c 4- . . . -f (2^ ~ 1) /j « n = iH)ln\

but = =
\2 n) n

4. The length of a catenary hung between two points not of equal

height may also be found. Thus let A, By C be the ordinates of the

two end-points and of the lowest point of the curve, and let a be the

horizontal distance of the two ends. The horizontal chords should be

constructed at the two ends. Denote these by x and x\ We have

then (the second formula being the result of the last paragraph)

x' ^ 2a — X and (B — C)x^ = (A — C)

X

Y
a

m +

1

and
x' m a

2 ~ w 4- 1
^ where

JL — C

With these values we may proceed as tried in the above and ob-

tain the exprt'ssions for the lengths of the catenary with these two

chords. Half the sum will afford the length rerjuired. Thus it is

equal to

-'=)’
+ |.(iTr)

I’

+ '” - «) - <-') +
1 [

+

where

m /(A -C)* +
«

1

l2(wi + i)l
+1/{A-C)iii-a) +

a

l2(»i + 1)1

5. We shall next describe Omura and Kagami’s studies for finding

the chord of a catenary in terms of its length and sagitta.

Suppose two weights and are suspended from the tri-

section points of a string. Here a figure as annexed is given, where

B^K and B^K represent the components of the weights, while the

point K is indicated thus: ^^This point is the centre of gravity of the
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larger weight and the smaller weight. The right and left components
of weight are directed towards the centre of gravity”. The figure is

accompanied by the following principle: ^‘If,

as in the figure, (the length) be obtained

in correspondence to the larger weight, then

should necessarily be obtained in corre*

spondence to the smaller weight. This is

the same as with the lever”.

Here the division of the length is ob-

viously intended in the proportion inverse to

the weights. This principle is given in an axiomatical way.

In the consideration of the catenary the authors assume that equal

weights are suspended at equal intervals, when the parts of the string

between these weights are taken to be tightly stretched. Since now
the weights are assumed to be equal, the centres of gravity of each

successive two comes always midway between them. ‘‘Thus arises the

theory of the catenary”, it is added, “from such a consideration. If

then we consider the string divided in equal parts by suspended weights,

we shall obtain the actual form of the catenary, when we go to the

limit where the number of suspended weights becomes infinite.”

For the purpo.se of calculating

the catenary the authors employ two

sorts of figures. In one of these

figures n ordinates are drawn at one

side of tlie sagitta at equal intervals 1.

The chords successively joining the

ends of these ordinates are called the

first, second, . . ., chords, which we

denote by Sg, —
Now from the ends of the ordinates horizontal lines are drawn

towards the respective previous ordinates, from which they cut off the

parts tyj Uy /g, ..., whlcli are of the lengths:

/j = ^ <4
= 7^, ....

Write 5j = s, and m = then we have — f*,

panded,

j
/.. m m- 3»«-‘ 15 m* \

^
^ V ”

2
”

8
—

48 384
'* /’

We have also writing = 8
• y r (r — l)j

or ex-
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s,*= (
2 r - 1)* <’ + - s* + {

(

2 r - D* - 1
}

<» = s* + 8 • f,

Next another figure is constructed in like way with the only

difference that the 1 st, 2 nd, ... chords, or Sr, are all made equal to

s = 5^. Superposing this figure upon the

former, so that the sagittae of the two

figures become coincident, and so also the

I two chords 5j, the second chord of the se-

cond figure will partly coincide with the

of the first figure, and the successive chords

of the second figure take positions parallel

respectively to S
3 , 5^, ... of the first figure,

® the result being as shown annexed.

Here by the similarity of triangles we have

, {2r-i)ts
tr \ Uf — Sr \ Sf Ur — — f

Sr Sr

whence, writing the sagitta =» ft, follows by summation

t=2t=2 =2^2*'- i+2(-
2Z6 ::.T2-0

’

r==.l r=l ^ r=l f=l

—^ -b 2n^m^ — 3 • ^ 4* — . .

.

aym ^

4- n^m — 4n*m* + 10
•

^ — lOn^vi^ H- • • •

-f 2n^m* — 1 1 • ^ 4- 29 •--n'Un* - . .

.

u o

4- 4- — 175 • 4- • •

o o

+ 112
o

This may be considered as an equation for ]/w = t/s. If we write

nj/m == cc, it will assume the form^)

1) The slight disagreement in the coefficients of these two expressions is

certainly due to the fault of transcription.
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ns 4 2 x^ — b x'+ 14

4 60 70

n2

.

2 55 406

3n*

20 350

3

112 ;

Ti? i

== cCf the quantity sn becomes

0 .

of the catenary. Hence writing b ]- (this length! = and neglecting

l/w and its powers, we obtain the equation

— a X ~ + 2x^ — bx^ -f \ix^ — ...== 0,

whence, the expansion by the kL'iu-jutsu method being applied, we get

ny = a -f -f a*’ -f a' -f • • • = a /(I — a*).

Again, writing the horizontal chord = r, we have from the above

figure by proportion

Sr l S I l Vrt . . IV =
^

>

‘r

2® I V V *
. V 'V/ . ,

Z Z^”'"
.'V

24 6. .(21)
'^' ”*

r— I ' r— 1 i«l ^ '

, ^ - .,vi.3.r> . . .(2t- n . 'V= « +2 1)'
ir 4.6...(2 .)

- ”'’2

n — nr

4- n

3*2 - + I

l\
-5«»

4* 2n

r= \

Hi»- 15 «‘ + 105 n’
7.4o

4- 42

- 35

4-

256

9.384
m* 4"

— 450
I

4- 693 n'
I

— 420 n*
I

4- 72n
!

n 4“ A^m A^in} 4- A._^m^ 4* • say.

If we now substitute for I its expansion, we get after multiplic-

ation

Jl a
2 ’ 48

all the terms in the respective horizontal lines.

1) The factors -
,
—

,

are here indicated as to be multiplied into
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1
2

n + A
• — w

1

8
’

-h A 2

-A
— n

48

m*+ As

-A

J[6
884

m* + A^

-A
-A
-A

‘ — n

Here the A'^ being replaced by their respective values and writing

4mw* — h, we have

^ ^ - 1_ , ^
^ 3.2 ^ 6.8

A;*-
7.48

4-
1

8.2n*
^

48 n*

J 11^ I6.128n^

+ Q

37

320n*

387

3840 n*

1643

107620n«

^'3
.

Now going to the limit n == 00
,
ns becomes =*= y (length of cate-

nary) *»YiS', and neglecting the terms containing 1/n and its powers,

we have
c ^ 1 _ 16A:» 106jfc* _
5 ^ 3.2 6.8 7.48 9.884

Here A; == 4mn* == 4aV(l — a*)*, as we have given before, so that

the powers of the expansion of Ic being substituted in the above for-

mula we have

c . 2a2 2.1a* 2.3a® 2.16a®
^ 3 16 106 946

where a *- 25/&^)

1) It will be easily noticed that the above analysis given by Omnra and

Kagami is not very exact. The authors have sometimes put

lim^_^ nx8 =half th»* length of the catenary,

nxM^—the sagitta of the catenary;

but there is no vouch for the legitimacy of these relations. The truth of the

final result is therefore uncertain. This way of inexactness is, however, not rare

among the productions of the Japanese mind, which has lacked in the scientific

precission.
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CHAPTER 44.

HAGIWARA TEISUKE.

1. The last great mathematician belonging to the old Japanese

school was certainly Hagiwara Teisuke. He contributed very much
to the progress of the school during its closing days, and he may
safely be taken for the best representative of his contemporary old

school mathematicians, so that we have to say something about his

life and works in this place. Besides, I knew the man when he

lived. By actual conversation 1 have gathered much concerning his

ideas. The impressions left by him upon my mind have ever remai-

ned, and will always continue to remain, with a vivid image in my
memory. He was very old when I first saw him, and he told me
that he had neglected his studies of mathematics for a score of years,

being disappointed by the all -pervading influence of the Occidental

mode of learning. He would not, however, concede anything to the

superiority of his antagonist school. He insisted upon his belief of

the inability of the Occidental mathematics to solve such complicated

problems as had been studied by him. The wonderfully skillful devices

of the old school alone liad been helpful to lead him to the satis-

factory solutions of these unwieldy questions. In the later day^s of

his active studies he was indeed brought in contact with the inte-

gral calculus but his knowledge of it was of a vulgar and undigested

kind; for he was learned in no European language and there had been

no satisfactory translations of Occidental w^orks in those days in all

Japan. The Chinese translation of Loomis w^as perhaps the best source

of information he could avail himself of. When we reflect on these cir-

cumstances we sympathise with his attitude. About the actual state

of mathematical development in the West he had known nothing.

He knew not even the progress of the Western science cultivated by

his own countrymen in his old days. When I told him that these

problems could be attacked by applying the integral calculus from

such and such stand- points, he would only nod with a smile. I must

say, I could not convince him of the greatness of the science at pre-

sent, greater than the highest attainment of the old Japanese mathema-

tics as developed in his hand. He died therefore with the mistaken

but firm conviction that his results were the best artistic productions

ever designed by the human hand or mind in the domain of mathem-
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atics, Japanese or foreign. This was perhaps the feeling of almost

all great mathematicians Japan produced during the days when the

old school of mathematics flourished. We sometimes meet with

utterances of the same nature in the writings of old scholars.

Hagiwara Teisuke was born in 1828 as a son to a farmer in a

village in Kozuke, the same province where Seki Kdwa was born. From
his boyhood he was brought up as a farmer, he received no special

education other than a farmer s son was accustomed to receive in those

days. He early lost his father and established himself as farmer; he

lived in narrow circumstances. It was in 1851 that he began to

study mathematics. Saitd Gigi, the renowned mathematician, who

was a rich farmer, was then carrying on his studies in a village ten

miles from Hagiwara’s residence. Hagiwara went to him to receive

instruction. As however he was too busy for leisure, he was ac-

customed to make his visits in the fore night of a holiday after he

had finished the day’s task and to remain a day long with his master

and to return in the night of the day, thus spending no single hour

prescribed for his farming work. The distance, the ten miles, was,

besides, always measured by him on foot. It was in this way that he

learned mathematics.

The province of Kozuke is highly noted for having produced a

number of celebrated mathematicians. Putting the case of Seki aside, for

he was no native of the province, being a Shogunate Samurai by

birth, though he had seen his first day there, the first appearance of

a mathematician from the province was perhaps Fujita Seishin, who
lived at the beginning of the 19 th century. Fujita’s contemporary

Ono Yeijfi and Saito Gicho were great teachers, and especially the

latter is well known. It was the influence of these two men that

stimulated the study of mathematics in the neighbourhood of the

places where they dwelt Hagiwara’s master was the son of this Saito.

Among the mathematicians of Kozuke the names of Ichikawa Koyei,

Kemmochi Shoko, Iwai Juyen, Nakasone Soho, etc, may be specially

mentioned.

2. Hagiwara was a farmer and his mathematical studies were

only cultivated in leisure hours, but he was a genius, a rare genius,

and his knowledge was soon at the height of the times. His first

career as a mathematician was certainly the suspending of his results

of three problems at a temple in Mayebashi, a town not far from

his village. The suspended board is still seen in the very place

where he offered it to the god enshrined there. It is dated 1858.
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One of these problems is as follows: ^^Let a sphere be intersected

by four circular cylinders, equal two by two, and all parallel, such

that the right section is as shown in the figure,

where the five circles touch each other in four

points. Given the diameter of the sphere, it is

required to find the portion of the spherical surface

corresponding to the lime in the figure, such that

the portion of the spherical surface corresponding

to the ruled portion should be maximum/’

The rule given for the solution of this problem may be formu-

lated thus: _____

(required surface) = }/)/20 — 2 x (diameter)^.

Another problem relates to the centre of gravity of a curve

called the oijcn^ which is given as the locus described by a point on

a small circle that rolls on another large circle, the point and the

circle both rolling to the right along the respective circles in such a

way that the point returns after a complete revolution to the starting

position, where the two circles touch.’’

Let the diameters of the large (the base) and the small (the

rolling) circles be d and A*. Writing

B-x>+2,

the areas of the circular segments with the sagittae

h = ./
+ 1) "n** *4 = 2

(C - 1),

and the common chord c = 45i.s’2, wdll be found. We denote these

areas by and r/g. Then the areas of the two portions of the curve

cut by the line normal to the axis of symmetry through the centre

of gravity will be

A, == {a, n -> (A + C)k^ A, + c^) {A + C) A•^

where A is that part that lies to the side with the cusp.

3. Ilagiwara wrote very much in the course of his long life. But

he did not publish all; he only printed some of the results he had

obtained. Most of the Japanese printed works concerning mathem-

atics were of thin nature, the problems and the final formulae for

their solution, expressed in the form of rules, being their sole con-

tents. The detailed analysis of the problems considered was seldom

given in published works. This usage had arizen certainly on ac-
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count of the expense of printing, for the call for such books was ex-

ceedingly small and the wood-blocks were to be prepared by the

authors themselves. The three books printed by Hagiwara are (1)

the Sampo Hoyen-han of 1862, (2) the Sampo Yenri Shiron of 1867

and (3) the Yenri San~yo of 1878, which all relate to the circular

theory of higher order. And in the decline of his life he attempted

the publication of his last work, Reikan Sampo
y

the results of his

studies about the tenzan problems. The publication was entrusted to

the hand of C. Kawakita several years ago, but it was not brought

out during the life-time of the author, who died on the 28 th of No-

vember, 1909, at the advaneed age of 81. About the matter a

comical event had occurred, of which I was a witness.')

After the Restoration of 1868 Hagiwara taught for a short time

(1878— 81) the normal school of Mayebashi. He also laboured some

three years (1881— 84) at the historical research work carried on by

the Imperial University of Tokyo. Except for these few years he

ever remained home at his native village. He was born as a farmer’s

son, lived as a farmer and died as such. If he had begun life in po-

verty, he was fortunate to make some fortune by his assiduity.

His writings are now preserved by his descendants in abundance.

Resides the original analysis of his printed works, his tables used

in folding or integration and his chronology of the Japanese mathem-

atics may be of special value. In the following lines we have to

say something about his results in published works. These may serve

as specimens of the last development of the Japanese mathematics.

4. Here we give some of the problems considered by him.

Problem 6 of the Hoyen-kan^) (abbreviated in the following

as H. K). Given the diameters of the larger and smaller circles (the

smaller being not greater than half of the greater), it is required to

find the surface of the solid obtained by revolving the curve about

its axis, which is the locus of a point on the smaller circle whose

centre lies on the larger circle, when the smaller circle turns to

the right along the larger circle and the point in the same direction

along the smaller circle, at such a rate that it will return to its

starting position after a complete revolution.

1) Hagiwara’s Reikan Sampo was published in 1910 by the kindness of

K. Nagasawa.

2) These problems are described only after meanings, not being necessarily

literal translations.
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Rule. The diameters of the greater and smaller circles being d

and ky we have

(surface) = [40 - {
5 -

j
’] x

Problem 22. H. K. A frustum of a pyramid with base a regular

polygon is supposed to be deformed in such a way that the upper

base being fixed the lower is turned in its plane just through a re-

volution. It is required to find the length of the line that corresponds

to the lateral edge of the original frustum, being given the sides of

the two bases and the altitude.

Problem 24 H. K. A frustum of an oblique circular cone with

a generating line normal to the circular section is cut by a plane

through tin* end of the said generating line at the larger base and

normal to the plane of that generating line and the diameter of the

other base drawn from its end, cutting from this diameter a sagitta

of prescribed length. It is required to find the centre of gravity of

the portion thus cut off.

Problem 26. U. K To find the centre of gravity of the solid

in problem 6,

Problem 28, H. K. To find the area of the portion of a hemi-

sphere that will he illuminated by a lighted small sphere.

Problem 30. II K. There is a .spherii al cap. which is supposed

to he greater than a hemi -sphere, comprised between two planes in-

clined to each other. Sup})Ose a spherical cap similar in form to

the said one, also comprised between the two planes, is described

touching that one. It is rccpiired to find the length of the curve

described by the centn* of the base of the second spherical cap.

Rule Let d he the diameter of the central sphere, k that of the

smallest sphere described touching it, and let .s be the sagitta of the

central spherical cap. Then finding the j)erimeter of the ellipse, the

squares of whose major and minor diameters are

its product with d -b k will be the required length

Problem 31. H. K. Three spheres A, B, C are touching extern-

ally two hy two. The sphere B turns along a great circle of the

sphere A to the right, while C turns to the left always keeping contact

with the two other spheres, at such a rate that the two moving spheres

will come back to the original position after a complete revolution.

Abhdlgn. z. Gcscli. d. iiiath. Wi«t», ,\ X X.
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Then the locus of G will divide the surface of A into two portions,

of which the greater is required to be evaluated in terms of the three

diameters.

Rule. (Area) - A^Tt.

Problem 32. H. K. A sphere touches a right elliptic cone

and the plane that is drawn through its vertex normal to its axis.

When the sphere turns round always keeping these contacts, it will

describe a locus on the plane, which is a closed curve. It is required

to find its area in terms of the diameter d of the sphere, the major

and minor diameters a and 6 of a right section of the cone and h

the altitude of the section.

Rule. If we write

a*/ a* -|-

Ar^Jc-{- rl\

1)3= |,(aZ)3 - D. =

the required area will be given by

Problem 33. H. K. The half of an anchor-

ring stands on a plane as shown in the figure,

and a sphere that touches both the ring and

the plane (the diameter d of the sphere being

at most equal to the difference of those of

the right section of the ring and the axial

section normal to it, which we denote by h and ?), turns round the

ring describing a locus on the plane. It is required to find the area

of this curve.

Rule. If we write

i>
= d) (I d) J-M

A;
-I- d'

D,^~V{l + d)Vk^+2kd,

and
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2.4 ^
‘3.4^^^

the required area will be given by -f D, -j- -f . • .

Problem 34. H. K. Let there be two circles A and B, of which

A is the greater, touching each other with a common tangent be-

tween them. The circle A rolls along the line to the left, while

the circle B turns to the right keeping con-

tact with A, and the spot on the circle B
which is originally coincident with the point

of contact of the base line, rolls along the

circle B to the right, describing a locus as

shown in the figure in complete revolutions.

Given the diameters of the circles A and B
and the length of ilfX — it is required to find the area of the

curve.

Rule. Area ==-
1
2 jB* 4- -f ^ + y ^ P’

Problem 35. H. K. This is the same as problem 33, only that

the whole ring is taken instead of the half of it in the previous

problem.

Problem 8 of the Sampo Yenri Shiron (which we abbreviate S.Y. S.).*)

When a circular cylinder is pierced by an elliptic cylinder going

obliquely as shown in the figure, the axes of the

two being supposed to be at right angles with one

another, it is required to find the volume of the

pierced portion, given the diameter d of the cir-

cular cylinder and the major and minor diameters

a and h of the base of the elliptic cylinder and

also the lengths indicated and Sg in the figure,

which are drawn normal to the generating lines

in reference.

This problem was first given in Saito Gigi’s Yenri-han of 1834,

but Hagiwara revised its solution as being incorrect.

1) This work was a revision of the solutions published by the author’s

predecessors concerning the problems in the circular theory of higher order.
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Problem 9. S. Y. S. A circular cone, the diameter of whose base

is df is bended as in the figure, so that the axis h becomes an arc

C
of a circle of diameter d'. It is required to find

the lengths of the curves corresponding to the

generating lines in the plane of the circle of bending.

This was first published in Kobayashi’s Sarnpo

Koren of 1836, in the solution of which was em*

ployed the tetsu-jiitsu expansion three times. After-

wards it was also solved in Kuwamoto’s Sen- yen

Kattsil of 1855. But both solutions had not been

very simple and so Hagiwara solved it anew with the double applica-

tion of the expansion process.

Problem 10. S. Y. S. The area' of a

choku-hishi (which is a kind of skew surface)

is required in terms of the three axes

BE' CC' = c. The choku-

hishi is such a surface or figure composed of

surfaces that the sections parallel to any two

of the axes are all rhombi.

The solution of this problem given in the Sampo Koren being

not convenient and that in Saito’s Yenri Shinshin being incorrect,

Hagiwara obtained a revised solution.

Problem 31. S.Y. S. The surface area of the portion of an elliptic

cone intercepted by a circular cylinder, the axes of the two intersecting

at right angles, is required.

Hagiwara’s solution was a revision of that in Murayama’s Tsuki

Sampo.

Problem 32. S. Y. S. A rod AB py

which is tangent to a circle K at its one

end A, turns round the circumference without

sliding, when its end A describes a curve

as shown in the figure, terminating at a point

A^f when the rod assumes the position of A'B\
with another end B now touching the circle.

It is required to find the length of the curve

and the area bounded by it, the circle, and the final position of the rod.

Rule. If we write s = length and a = area, we have

TT'
and ^^3 Tk y or a = p
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where the two formulae of the area are applicable when p — K% is

or is not positive.

This problem was previously considered in the Tsuki Samp'Oy

but the rule given there was applicable only to the case where the

rod did not revolve round the circle more than a complete revolution.

Hagiwara therefore revised it so as to become generally applicable.

Problem 34. S. Y. S. It i.s required to find the area of the

surface resulting from the revolution of a cycloid with its greatest

ordinate as axis.

2
Rule. Area = / 2 k^y where k is the length of the

base of the cycloid.

This was a revision of the solution given in the Tsui -yen

Hatsumo.

Problem 4 of Yenri San-yo (Y. S.). Two congruent circular

cones of equal altitudes are intersecting at right angles as in the

figure It is required to balance it so that the axis of one of them

should be horizontal.

Problem 14. Y. S. There

are described a number (n)

of equal circles (diameter d)

with their centres on a

straight line and touching

successively. Let there be a

spot on the circumference of

the last circle on this said line. If then the second circle revolves rr ..*jd

the first, the third round the second, and so on, the directions of the

revolutions being all the same, the spot will describe a locus, whose

form is as shown in the above figure, returning to its starting

point after a complete revolution. It is required to find the area of

the oval.

Rule. Area =* (2w — 1 ) mx ^
x d^.

Problem 15. Let there be described an even number 2w of cir-

cles all touching at a common point 2\ such that the 1st, 3rd, . .

circles lie to one side of T, while the remaining 2nd, 4th, . . . lie to

the other side of it, forming two series of circles consisting of equal

numbers, arranged in order of size, the 1st and 2nd being the great-

est of the respective series. Let K be the centre of the 2 nth circle,

and let there be a spot at K which is assumed as belonging to the



310 PART 11. THE JAPANESE MATHEMATICS.

circumference of the circle described with T as centre and passing

through the point. Now the 2nd circle turns round the 1st circle, the

3rd round the 2nd, and so forth, all

to the right. The circle T is carried

with its centre on the 2wth circle, and

the point or spot K is carried on the

circle T. The nature of the turnings

are so conceived that the whole figure

will assume its original form after a

complete revolution. The locus which K
describes is obviously a closed curve and

so also that of T. It is required to find

the area of the annulus formed by these

two loci.

Rule. If the diameter of the circle

T be dy the required area will be

d^x
^
X (2n + 1).

Problem 20. Y. S. It is required to find the volume of a figure

that is formed by four equal circular cones as shown in the figure,

in terms of the altitude and diameter of the

cones and the length and breadth of the figure.

There are also problems requiring the

volumes and lateral surfaces of the figures

composed of a number of equal cones in a

similar way as in this problem.

Problem 25. Y. S. There is a figure composed by intersecting a

circular cylinder obliquely with an ellipsoid of revolution such that the

latter internally touches a generating line of the former. If this solid be

suspended in equilibrium by a string coinciding with the generating

line opposite the said one, how long will be the altitude of the cy-

linder? Here the major and minor diameters of the ellipsoid, the

former being the axis of revolution, the longest sagitta drawn norm-

al to the line of suspension') and the diameter of the cylinder are

assumed to be known.

Problem 30. Y. S. An ellipsoid of revolution with the major

diameter as axis, from which a hole is pierced by a circular cylinder

that touches one end of this diameter, is placed on a plane board.

1) We mean by this phrase the greatest normal distance of a point on the

ellipsoid from the line of reference at the opposite side of the cylinder.



CHAPTER46. HAGIWARA’S FORMULA FOR THE AREA OF THE CURVE etc. 311

Cut it by the vertical plane through its point of contact with the

board and normal to the vertical plane containing the axis. Given

the two diameters of the ellipsoid and the diameter of the cylinder,

it is required to find the volume of the cut off portion.

5. The solutions of some of the problems considered by Hagiwara

will be given in the next chapters. In the rules of his solutions he

sometimes used the logarithmic series, but this was borrowed by

him from the Occidental science through the suggestion of his friend

Okamoto Norifumi.

It is said that there was no one, to the greatest satisfaction of

Hagiwara’s pride, in the whole Empire, who could verify the results

of all the questions in the Yenri San- yd, with the single exception of

Omura Isshii, who was able to solve some of the problems. Omura

was versed in something of the European mathematics, although his

knowledge in this domain was of a most limited kind.

Hagiwara was a person rarely convinced to admit the superiority

of others in their studies. But he could not help admiring the talents

of this Omura, who was his senior by a few years. Hodoji Wajuro,

Suzuki Yen, Takaku Kenjiro, Iwata Sempei (better known as Iwata

Kosan, Kosan being his literary name), and others were among those

for whom he had shown his respect. He had a good opinion of

Sonobe Keizo, mathematician of Takuma’s school, who perhaps

still lives.

Among Hagiwara’s unpublished works we may mention the tables

constructed or revised by him for the purpose of folding or integra-

tion. Of these tables we hope to have a good occasion for carrying

out our studies. The rest of Hagiwara’s writings are, we hope, full

of deep interest to constitute the theme of our further studies.

CHAPTER 45.

HAGIWARA’S FORMULA FOR THE AREA OF THE CURVE
DESCRIBED BY A SPHERE ROLLING ROUND AN ANCHOR-

RING STANDING ON A PLANE.

Hagiwara Teisuke’s Sampo Hoyen-kan, printed in 1862, contains

a problem which runs as follows: ^^There is an anchor -ring standing

normally on a flat stand. A sphere that touches the ring at its base

rolls round it until returning to the first position after a whole

circuit. The path described by the sphere on the plane is of a
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special form. Given the diameter of the ring, the diameter of its

section, and the diameter of the sphere (equal to that of the ring when

greatest), it is required to find the area of

the locus.”

Let the diameter of the ring be a, that

of the sphere 6, and that of the section of

the ring c. Then Hagiwara’s rule for so-

lution may be expressed by

(area) = ahn{I\ — D^ — D^ — D3 — •

• ),

where writing k = and

It, r-Ut,
l-lCk. E^}^Dk,..,

the quantities and Dj,
y
are of tlie forms

D,~A, O, - .(B + 4 a), D, ~
/)

[(,' --
j
(B - /l)],

z>.-,[b-;|c+4(b-

Ue+;|(.'+y(B- ‘1)1],...

In Hagiwara’s work this rule was published without any exj)lan-

ation. We propose here to supply the analysis of the problem as

tried by Omura Isshii in one of his manuscripts.

Omura first gives the figures as reproduced in this place.

Here the construction

of the figures is not ex-

plained, and there are

some points that are not

easily comprehen8ible,but

we shall only follow the

analysis attempted. The

nature of the figures may

be revealed from the ex-

pressions of the various

lengths. Thus n being

the number of divisions

we have
• tr = h X — — hi, say: Sr

n ’ n y J ’> r =* (1 - i)h]

V - (ft + c)Sr - 5,*- (1 - i)h{J) + c){ 1 - ()(l - 0),
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where q ^ h/{h -h c), or expanded

= /i iybVh + c{i~ l{i-

i

)
? - (1 - 0’ p* - "g (1 - 0’ p*

ir»

384
(1- O'p^-

. a -\-h n — b
Cr == ^ H

^2 )

fr^ = Cr“ —
^

— / ?>* + i ah = i ah\l — ^{l — i))f

where O^bja, and from this we have

I = i/i.!
^ - ') + * - ')’+ u ~ ')’

+ ’">(i-0‘+ •);

KVahi (1 S . ., 6.,,, 21*.,,
• •

-J
-

°=“l2 ~
4 C’-0*-s,6®’(l 0’

136

2.884

15

<D'(1 - if

4 a <I>
j ; + f <D(1 - 0 + •; 4>*(1 - 0* +

‘-i
- O’

+o« 4
and writing the element of area =-- Ar — hr Ir, we have

k ]/a (6 4 e)

= YErJ _ 4» - *1*
<!>>

2 Vi 4 V* 16 Vi 96 V»

^ ±{- ,

2 V 2vr

31/l-i(l-i)»

H'(

4- . .

4 V«

vi^«(i_-»r

2 yi

o +
6 Vl- i(l-i)»

16 yr

3 Vf^'(l-«)’

4 Vi

Vi-7(i_i;>

®‘4-)

4...\
4l/i /

4-

2 V* )
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n’(

161/i

yi-i (1 - ,-)

^
4) i

1 2
If we fold this expression, or sum up for

^ ^

go to the limit n == oo
,
we shall have

(area) 2 3 3^ 5.H

nbYa.yb+c ^

3-3^) 5.16$* 21.105$®

2.4 2.6. 1*6 27876.96

^ YV

+ i‘(

3.1^ 5 . 105$®

2'YY 2. 8.6 ! 16

16 3.105$
2 . 6.2 2 . 8 . 6.

4

___
106 _

2 .876.
2"

T.+'')

" +)
+ • 1

2$
2

3$* 3.16$® 1

4 2.6.16 2

P /
3$ 16 $*

2 1 ¥. 2
~
2.6.4 2

16$

8 1 2 . 6.2 2

3p®/

48 \ 2

$ 3$- 3.16$®

8 2TY716 2.8.6.96

8
~ 9 $ p 45$*p

'

2T 4Y “87'38
Y*

15 9* 75 $ Q*

‘
8 . 384*792“

106 . 3 e®

48 . 192

16.106 $*

946 $*p

y 1

48 . 3840 ^

106.21$^®

48 . 3840

945.16()*

Hagiwara’s rule follows from this double series.
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CHAPTER 46.

THE SKEW SURFACE.

1. Let ABCD be a gauche quadrilateral. Divide the opposite

sides AB and CD into an equal number of equal parts and join the

corresponding points of division by straight lines. With the other

pair of opposite sides AD and BC, the same construction is per-

formed. The result is a kind of net. If the numbers of divisions of the

two pairs are increased without limit, we get a skew surface, The

calculations of some figures connected with such a surface were

attempted by the Japanese mathematicians of the 19th century.

The first place we meet with the question about this surface is

Kobayashi’s Sampo Korcriy printed in 1836. It is the same problem

of the chohi-hishi as subsequently studied by Hagiwara. If we take

three mutually rectangular axes intersecting in their middle points and

form a rectangle with two of the axes as a pair of medians, there

will be formed eight gauche quadrilaterals with the segments of the

sides of the rectangle and the joining lines of the end-points of the

axes, of which those that are coplanar with the rectangle are excluded.

The figure enclosed by the skew surfaces with these gauche quadri-

laterals as bases is the so-called chohi-hisiti.

Kobayashi’s result of the problem of fiuding the whole surface of

the figure was given as suspended before a temple at Dyeda in the

province of Shinano.

Ill Saito’s Yenri SJiimhm of 1840 the problem was considered

of finding the lateral surface of a figure which is the half of a

choku-bishi.

Fujioka Yutei also considered the surface in his Sampo Yenri’

tsu of 1845. There are still other printed works, where we find the

problems relating to the skew surface. But all these publications

only contain the results of calculations, there being none in which

the analysis is considered at the same time. We have therefore no

knowledge of the treatment followed by Kobayashi, and other earlier

writers. We have consequently to describe the ways of procedure

tried by Hodoji Wajuro and Hagiwara Teisuke.

2. There is a manuscript written by Hodoji entitled ^^The Ana-

lysis of the 12 th Problem of the Sampo Koren^\ We give the re-

sults of the book. In the first place he considers as follows: Let

ABCD be the skew surface which is to be quadrated. Make a con-
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struction as shown in the figure, where DCB^ A'
is a rectangle, AA^

and BB' normal to its plane, FQ
|| |1

AB, FF’
||

AA\
QQ^\ QiQ,^\\BB\ P'(2'117V<?/lt

A^B\ Suppose PiCi

Qi Fi are two consecutive planes

among the parallel planes drawn

at equal intervals dividing the

skew surface into n parts. Then

we may write Q' = y
- B' C

and
''

• B'C. Let PC

be joined and PTl be drawn from P at right angles to PC. We shall

first take FK
. QQ^ as the element of area (.<4^). We have thus')

PC^-CC'^-f F'Q'^+ FF'*, KC =
n BC {B'C*AAA'.BB'),

.\FK*^ FC*-KC^^CD*A {AA -- BBJ CB'* ^
""-.y

which we write = CD* jl-f say. And it follows

A- pjt
.
9 -BO . CD

;,
(
1 +

.O’-
’ «

(j
)•+ .. (j)‘

I'
4--W-C)

and the operation of folding, i. e., integration by terms, gives

(area) = BC . CD
1

1 -f
^

^ «
1 8 .

3 3

6 .8®^ 7.48“
4 ia 4- • • •

9.384
^

BC . CD
1 1 + - LJ . D, + ?-• .D, -

.

I

.

where D^, D^, . . . denote as usual the successive differences.

But if the above procedure be legitimate, it must also be legiti-

mate to draw the perpendicular QK' from Q io AD and take QK'. PPj
as the element of area. In this case calculation®) will lead to the

formula:

(area)=^ i) . C/)
{ 1 +^ A + A -

i

9“'A+--]’

where we have {AA— BB')B C*ICD*.AD* instead of the former

« - {AA - BB')*B'C*ICD*.BCl
If we give some numerical values to the length considered in

the problem, the above two formulae will be seen to give somewhat

1) The derivation of the expression for XC is not given.

2) Which is given by Hodoji as in the previous case.
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different values to the area in question,*) which is the testimonial

the illegitimacy of both the formulae.

3. Hodoji thus concludes that

the above way of treatment is in-

correct but he proceeds thereupon

to make further considerations.

One eighth part of the rhokxi-

hishi considered in the Sampo Korrn

is of the form annexed and may be

conceived as consisting of such

elementary parts as FQQ' P\ which

are cut off by planes parallel to

drawn at equal intervals. One

of these parts is treated according

to the first of the two formulae obtained above. Here we have

qq'^^.OD, PH^-OA, P'R'=r --)oa,

0B'‘ + OB-.k,

317

of

whore we write

t -
OB*'

k ^ I + I: and also s ==

= a,

ele-

Then applying the said formula, whereby we write 2. OB =

2 .OD — h^ 2. and taking 4 times of VQ(/P' as the

iiieiit of area (-4^), we liave

== a//
{
/k+ "" + •

1

•

"> 3.‘i\k H it)/* 18*’)'* 9.384 *’)^* '

If we denote tlu* successive terms within the brackets by Dq, D^j

7^2, and e.xpand we get

1

1 f i‘( 1nj 8 \tr) + 48
'•(-')-

384 \
.)+ 1

*
.

j
1 ‘d

r \* 15 105 ,

j3.21 2 \ n/ B \i1/ 48 384 \ /^ / 1

1 .

5.81
- 1 -f '(n-'M;

r \*‘ 105

4 ) + 48 ‘•cr-
945 ,

384 \ )

3 s*
j

7T~48 1

1 - H r\4 315

n 1
~ IW

3465 /,

384 \ 1 1

15 5*
j

9.384 1

-1 r \4 693

iT/ Tb
9009 /

384 \ 1

1) Neither the numerical calculations nor the results are given, except the

conclusion.
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Then carrying out the operation of folding and doubling the re-

sults we have for the whole area of the choku’hishi the expression

2ab (Dq + Dj -h -f •

•), where

A-
(

1 +
1

3.2
t - -5^* +

g

3 . 2 (
*- 1

3^2 t -f-

II
g®

(-1 +
3

^2 t-

D« = 3g»
I'+i - 5

f 4-
35 2

7 . 48 3.2
t -f- 5.8^

15 s*

9.384 (-1 +
7

3T2
t -

7.48^^ 9.384^

i

'*+)’

To transform this expression for the area of the chokubishi,

Hodoji proceeds as follows: Writing p = it will be seen on

actual calculation that Dj, . . . may be rewritten thus:

D _ _isl li /_ J .
1 1

* 9. 384 1
3 yp p'^Tp) r

n _ ri fl /48 24 \ 6 i 1 1
0 11.8840 1_6 13 \y-p ’^pYp)^ p^yyi ^y-vp}’"'
If we write herein

^,= ‘ A,
2 41 ^ t-A->3 6 * p

j ^ >4
^

^5- 10^4 p

the expression for the area, except for the factor 2ab, may be written,

Dq being expressed in its expanded form, thus:

5 + :?i _ 4. I~
3 6 ‘ 7

h 4 ^jl
9 11

,

sA^ _ sM,
's'

~ ^Te rfTo
‘

I
3 Ag

I
_^£j^8“^7 9.2 11 . 2 . 10

'

P Rg + Ag Rg + fi ^, + Pg Bg+Pg
'"^“’"3 6“^7 9 11
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where the successive terms are summed up according to vertical

lines and the abbreviations Pj, Pg, . . . are employed.

The above is the very formula given by Kobayashi tn his Sampo

Koren of 1836. But as Hodoji maintains, his analysis has been based

upon a false formula. He therefore concludes that the formula thus

obtained is itself false.

4 But Hagiwara Teisuke considered otherwise. Many a time he

discussed the result with Hodoji and was convinced of the exactness

of the procedure, although the partial result in the first part of the

analysis had been inexact, for the inexactness was to be rendered

exact by the treatment of infinitesimal magnitudes. He therefore

followed the same mode of analysis as used by Hodoji in the above,

but he did not give his result in the form published by Kobayashi.

His transformations are attempted something in the following manner.

For this purpose Hagiwara takes the quantity:

which is equal to

1 1
5a” 105a^

y§ +i 3.2 V
"^6.8 T . 48 j/jS +1’ 9 . 384

^ 1 ip 3^f» 16a” 105«* _
Va“^ 3 . 2 pa”^!^ 6 . 1 . 48l/a+l’ 9 . 384l/a-}-l®

_ _1 3a=^/3 » 16a”/3”

Ya+iyp^ 3.2V'a+iVi^+i^ 6 . Sj/a+ lV"^+l^ lA^ya-^Vyj^’^

1 06a^/3 *

9.384 )/a^V|5+^^

The first line of this expression, when expanded, assumes the form:

- l/J 3/3* 16/3” 105/3*

^ 2
“
48 384

4. 1 . JL ^ 4. _L \
3 . 2 \

"^2 8 48 384 /

a* / o 16/3
I

106/3* 946/3” 10396/3* \

5 . 8 V
^ 2

' 8‘ 48 “’384 *
' 7

1 / iR I

106/3 946/3*
,

10396/3” 186136/3*
, \ ,

“^7.48
1. 2

8“"^'
48 884

of which’ the sums of the l5^, 2nd , . .

.

vertical columns are denoted

by • Let the expansions of the successive terms of the second

line be aj, ag, ^g, . .

.

Writing the third line in the form
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- 1 +
3/3*

4
16^« 106^*

+...)
V 2 8 48 384

4- - “
(.

8.2V« + l’’\

- 1/3 +
3/3*

“‘2

15^’’

H
4-

105/3'

~48
*”

945/3*
"”348“

4" (
6.8]/b + 1* \

- +
16^
"2

106 /3^

-g— +
9.45

48

10395/3*

“384

4- - /-

7.48|/a+l® \
-15/3H

106/3^__ _ _
945/3'*

8
+

10395^'*
^^48“

13513.5^’

”384
”—

)

we shall denote the terms by where the indices i and j refer to

the rows and columns, respectively. Of the terms thus expanded

we effect the summation according to the schemes, d-

+ ^'2 + (^12 hdy ^3 + V (^3 + (31)^ • • ^erms being taken

such that the indices are in the order tir + t2(r-\)-\- ^3ir-2)-f • • •

4- /ri- Thus we get the said quantity

1 -

+ 8^< ‘+

+ o.'V*[

+ ^”-1
^ 7.48 1

;-i6+

1 a
+

3a* 15a*
4

105a'

3 . 2 5 .

8

7 48 ir.“384

3a 15a*
f

105 a* 946a'
4

2 5 .

8'
yr48 9 . 384

16 a

3.2 +
105 a*

5.8
- 946a*

"7T48
4-

10395 a'

9 . 384
-

105a 945 a*
4-

10395 a* 135135 a'
+3~^ 0 00 oc 9'. 384

4-

Next in like way we may obtain a similar expression for

\-Ey(i + 1 f -

1

wVu + 1 + VTvyVft,

and adding the two together, the result will be seen, taking a — 6’*/a*

and == to be the same as the formula obtained by Hodoji for

the area of the cholcuhoshi^j^ so that we infer that

area E W H

2a?>
“

3 )/^ 41 ^ H>7a + 1 'dycT-fiypi-l

Eyjji wyccji /! + «"+

P

3.2 3.2 3

_ 2E Ep S

3 . 2 ]/^Ti 3 . 2 |/j^T 3 *|/«4lV^l

^ Wa_
3.21/a-fl 3.2^0^"^ ^

1) This expression is the very one which is not as yet subjected to any

transformation by him.
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“:j72"^5.8~ 7748

W 3(p*

^8 7748 97384

where, writing ^ ^ ^ ^ ^

1050*
__

97^84

\(f

3 .

1 a|)

3

Hagiwara tries to carry out the transformation further. It will be

seen that E may be obtained by folding or integrating the expression

,, 1 36* /ry 156" /r\6 1066* /r\»

1/-^ 7:7* ^ 2~ U; ~8 U/ 48 \n) 384 U/Ki+eg
But Er may be expressed in this way:

yj* ISal?" 105t|?*

^8 7. 48 3 . 384

Vi+^+ii Vi

- (14-

^-T- where A: = 1 — > v = .. ... 7 .— ~[

L \«/ 1 + a + /3J

Ikv 15A:"r" 105A* r*

~2
'

'S”^
‘ 48 384

^ )
1^1 4- Of -f ^

whence the operation of folding or integration gives

„ V/3+1 ,

Ir
,

3^*
,

ISv"
,

I06v*
,

\

^ ^ " )’

and similarly, writing a = /3/(l + a + jS), (i = “fl/(l + “ + /5)» have

/ la 3ff* 16o» 105ff* \

5 U + s + TT + ioT + -JiT + )'W: Vcc-\-i

Vi + «+>’

S == V^+i /i ^ 4. _ \

^ yij^ccJt^} \ 3 15 105 945
'7*

The value of E here obtained may be thrown into the following

form: Writing v = 6/^, ^ = 1 4- 0, 0 a/(/3 -f 1), we have

1_ 16
^

86* 1060*

~ 3Vt® 15 105 V't’ 945 ]/T^

— 1 _ 4_ ^1* _ 4.
^Q36* _

^ 2 ”8 48 384

16 __ ^* 160" _ 1

3^36" _
3

“ ^2 3.8’ ’3T'48 ’3.384

3.16* 3.66" 3.366* 3.3166" 3. 34666®
^ 4. +

'Yr.’384~

16 16" 16.70* 16.636" 16.6930® 16.90096’
~ 106 ‘ 10672 106 . 8 "l05 . 48 106 . 384

4-

Abhdlgn. 1 . Gesoh. d. math. Wi*8, XXX.
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or being summed up .according to the oblique lines at the left upper

corner,
iQ

,
36* __

150» 1060*

3.2"^ 5. 8 7.48 9. 384
’ '

which is the very expression for E previously obtained. It follows

therefore that the above value is correct.

Consequently, substituting the above values of Ey W, S, we have

area 2E' p E' S'

2ab “ 3.2^1-f.a + |J 2.2|/l + a + |5 +

3.2yi + a-f-/3
^

3.2yiTM-/5 ^

where E\ W\ S' are the quantities within the brackets in the above

values of E, W, 5, respectively. This is a formula for the required

area. But if we take the expression

S ^ 1 /i 4.il 4.
3 ^*

.

\

y^yp + I ya + iy^yiT • 8 . 2
“^ 6.8 7.48

which has been obtained in the above, this will be seen to represent

the quotient of the circular arc with the unit diameter and the

chord tlf, divided by }/^, Thus in the above formula the quantity

SV*/! + a + P being replaced by this quotient, the result is the very

final expression Hagiwara has given to the formula for the area of

the figure he has considered. The rule published in his Yenri Shiron

of 1866, given revising Saito’s rule in the Yenri Shinshin of 1840, is

based upon this formula. Hagiwara is sure about the correctness of

the rule of the Sampo KoreUj because numerical tests lead to the

same result as his rule.

Allied subjects studied by Hagiwara and other Japanese mathem-

aticians we hope to discuss in another place.

CHAPTER 47.

A SHORT NOTICE OF THE HISTORICAL STUDIES OF THE
JAPANESE MATHEMATICS.

The first instance of a historical sketch made about the Japanese

mathematics was perhaps the short article entitled Araki Son-yei Chadan^

which literally means ‘^Tea-table Stories told by Araki gon-yei”. The

writer was certainly Arakins pupil Matsunaga Ryohitsu. Araki who

was a pupil of the great Seki KOwa was older than his master. He

was a rmin or masterless samurai. When Seki died in 1708, he was
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entrusted, it is said, with his writings. It was upon these writings

that he made his pupil Otaka compile Seki’s posthumous work, Kwa-
tsuyo SampOj that appeared in 1712. The name Scki-shi Shichibu-sho

or “Seki’s Seven Books” was his selection, as we are told.^) He serv-

ived his master a few years and died in 1718 at the advanced age

of 78.^) About his life, however, we know little, nor does there remain

any manuscript of importance originating from his pen. But “Araki’s

Stories”, brief as it is, affords us an interesting source of information

about the actual state of mathematical studies in their earliest days.

Araki’s older contemporary, Isomura Kittoku, also wrote some

sketches about mathematicians.®)

We are told by C. Kawakita who is deeply learned in the bio-

graphies of Japanese mathematicians, that Nakane Genkei (1662—1733),

the learned astronomer, had an interest for mathematical history.

Nakane was by profession a physician in Kyoto in his younger days.

Afterwards he became an official in the Shogunate mint in Osaka and

subsequently he was called by the Shogun Yoshimuna to observational

work. He was versed in every branch of learnings and he contributed

no little to the progress of civilization in Japan. He wrote a large

number of books. We do not now possess however his writings on

the history of mathematics.

Nakane Genkei’s son was Nakane Genjun, who was learned in

mathematics, and whose solution of equations is very noted. Murai

Chuzen, who was a physician in Kyoto, distinguished himself in the

domain of mathematics as a pupil of the younger Nakane. A number

of treatises were printed by him, which are worthy of notice. One of

these was the Santpd Doshimmi or “Arithmetic for Boys” of 1781, a

treatise that was written well, being easily understood by beginners.

A chapter of the book was given to the history of ftiathematics, being

entitled the Sangaku Yengm or “Origin of Arithmetic”. The article

is in fact very brief, but is at the same time full of information inter-

esting to us. C. Kawakita asserts that it was based upon the historical

researches of the elder Nakane. Of course have we no testimony to

the assertion.

The preface of Fujita Sadasuke’s Seiyo Sampo or “Choice Results

of Mathematical Solutions” of 1789 contains something of mathem-

atical history, especially about Seki’s life. Fujita was renowned for

1) Endd’s History, II, p. 42.

2) C. Kawakita, in the Honcho Sugaku Koyen-shu, 1908, p. 1.

3) Isomura's Ketsugi-shoy edition of 1684, notes.
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the popularity of this book and for the long controversy he had with

Aida Ammei. He was by far the most famous of all the mathemat-

icians of his time, if he was not the greatest of them. Fujita was a

pupil of Yamaji Shuju (1704— 1772).

There is a manuscript entitled Yamaji Ktmju Sensei Chawoj or

“Teatable Stories told by Signior Yamaji Kunju”. Kunju was Yamaji

Shuju’s literary name. The contents of this manuscript are a record

of anecdotes of the talented but strange -charactered mathematician

Kurushima Yoshita. Both Kurushima and Yamaji were natives of the

province of Bitchu, and the latter was a pupil of the former. If the

lives of Japanese mathematicians are in general little known to us,

the biography of Kurushima, thanks to this manuscript, has reached

us in comparatively unusual detail, whereas his own writings have

largely been lost long since, those that are still preserved being only

a few among a large number of the kind.*) Yamaji Shuju who began

his life in poverty was on account of his learning made an officer in

the Astronomical Board of the Shogunate and became noted for his

astronomical and mathematical activities. The writer of ^^Yamaji’s

stories” was certainly, though it is given anonymously, Fujita Sadasuke;

the style of its composition resembles very much that of the prefnee

of the Seiyd Samp'o, which we have already mentioned. Fujita was a

native of Musashi, wherein Tokyo is situated. At twenty he entered

the Astronomical Board through Yamaji’s recommendation but he resigned

the post after five years having eye trouble. Afterwards he accepted

the call of Lord Arima, of Kurume, who was himself a learned math-

ematician and the author of various works, and served him in the

capacity of mathematician. He was delicate in health, but he was

always very studious and wrote a great number of works.

Fujita’s composition of a lineage of mathematicians (The Sampo

Meika Den) of 1781 is worthy to be mentioned in this place. A
number of attempts were made in the same line by various authors

after his days. Of these the most noteworthy was no doubt the Sanka

Fu-ryaku or Brief Lineage of Mathematicians”, written by Ozawa

Seiyo, of Mito, in 1801. It contains various sources of information.

Shiraishi Chochti’s Suka Jimmei-shi or ^'A List of Mathematicians”,

the same author’s Sangaku Keizu or Lineage of Mathematicians”, of

1) According to Koide Shuki, the results obtained by Kurushima were mostly

intermingled with those of Seki’s school, because the leaders of this school were

desirous to ascribe them to be their own or their masters’ productions, in order

to add their fame or influence.
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1857, Nakamura Yoshikata’s additions thereto, Furukawa Ujikiyo’s

Sangaku Bai-Keizu, the anonymous KiJcujiiisu Benrai no Maki or

^‘Lineage of Surveyors”, which was originally written in the 18th cent-

ury and continued by Watanabe Ishin about 1855, etc, are all in the

same line. Manuscripts of like nature are still numerous.

The Matsunoya Hikki is a voluminous manuscript a miscellany.

It was written by Oyamada Yosei and a chapter is devoted to the

Sangaku Shuhan or ^'Mathematics and the Sorohan'\ which relates

somewhat to the history of mathematics.

Kamizawa Teikan Avrote the Okinagusa, a voluminous miscellany,

which contains an article entitled Seki Shinsuke SanjiUsu no Koto or

"On Seki KSwa’s Mathematical Studies”, which forms a valuable con-

tribution to Seki’s biography. Kamizawa was an official in the mun-

icipal office of Kyoto and died in 1795 at the age of 85. One point

of his article relates to Seki’s visit to Nara where he saw mathematical

books brought from China. The original of this story, it is recorded

in a manuscript belonging to the beginning of the 19th century, was

a certain Saito’s Burin Inken-roku. But according to K. Kano,^) the

manuscript Burin Kemhun-roku was the oldest material for the story.

The two manuscripts, Sanwa Zuihitsu or "Miscellany about Mathem-

atical Subjects”, and Sanwa Sh€(taku-shu or "Stories concerning Math-

ematical Subjects”, both composed in the first half of the 19th century,

are valuable for historical information. One of these manuscripts was

written by Furukawa Ken (1783—1837), and the other seems also to

be from his pen. This author was Furukawa Ujikiyo’s son and a

Shogunate samurai. According to N. Okamoto, the elder Furukawa is

said to have extensively studied the biographies of Japanese mathem-

aticians. His results were partly employed by C. Kawakita Avhen he

carried on similar studies.

Uchida Gokan published the Kokon Sankwan in 1832, containing

a short note on the history of mathematics. He had once attempted

to write a history entitled Sangoku ChUjin- Ben or "Biographies of

Astronomers and Mathematicians of the Three Countries”. The name

Chujin-Ben was borrowed from the Chinese Yuan YOan’s "Biographical

Collections”. The "three countries” apparently signify Japan, China

and Europe. We are not however sure that the attempt was executed.

There does not remain any writing of Uchida concerning the history

of mathematics, in so far as we know.

1) The Honcho Sugaku Koyen-shu^ 1908, D. Kikuchi’s article, p. 27.
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In any case, the historical studies of mathematics during the

flowering period of the old school were exceedingly limited in extent.

We may therefore safely say that the history of mathematics had

been practically left by them without being studied. If there are

scattered trivial sketches here and there, no one of them is of special value.

The flrst person who entered into a detailed study of the mathematics

of Japan from a historical point of view was certainly Kawakita Chorin

(born in 1840). Being interested from boyhood in mathematical

studies, he first learned from Qokai Ampon (1796—1862) and after

his death he went to Uchida to receive his instruction. It was about

the year 1865 that he first formed his plan of writing a history of

mathematics. Nakamura Yoshikata (1824—1893) and Amano Yeishin

(1841—1881) were his associates in the plan. The former was Shiraishi’s

pupil and the latter was Hasegawa’s pupil. But the political change of 1868

having taken place, the three mathematicians were obliged to live apart, and

Kawakita alone continued his historical studies. The Sampo Zahhai shU or

^^Miscellaneous Collections of Mathematical Solutions”, which he collected

in a manuscript consisting of numerous books, is of great value. Besides,

he wrote the Honcho Sugaku Shiryo or Materials for the History of

Japanese Mathematics”, which was partly published in the Journal of

the Society of Mathematics” {SUgaku Kyokai Zasshi)^ but which mostly

remains unpublished. This manuscript gives the biographies of most

of the mathematicians who appeared during the three centuries when

flourished the Japanese mathematics. The unpublished parts remain in

his hands not shown to any one. Though he is now advanced in years

he is contemplating the completion of his historical studies. Kawakita

was active in the work of land surveying carried on by the General

Staff for a long time, a position from which he withdrew in 1910 on

account of his age; he then retired to a country residence in Shizuoka

Prefecture to spend his old days.

Kawakita’s friend Fukuda Riken (1815—1889) published the Sampo

Tamatehako or “A Treasure-Book of Mathematics” in 1879 It consisted

of two thin books, of which the first contained two articles about the

history of Japanese calendars and of Japanese mathematics. Fukuda was

a native of the province of Mino and a pupil to Koide Shuki. He lived

in Osaka before the restoration of 1868, but came to Tokyo after the

political change and taught mathematics to pupils in a manner half

Japanese and half European. He was instrumental in the propagation

of the Occidental mathematics in Japan during the first years of its

study. Though his book was brief, it was perhaps one of the first in-
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stances of bringing the history of Japanese mathematics before the

public. The book is also of value for reference. If we are to believe

C. Kawakita, the true writer was Kawakita himself.

With the name of Kawakita that ofOkamoto Norifumi (born in 1847)

must be associated in equal credit. He belonged to the school of Hasegawa

and is deeply learned in the Occidental mode of mathematics too. If

he has written little and has little published the results of his studies,

his historical researches have been carried on in an able scientific

spirit. His mode of study is in profound contrast to that of Kawakita,

whose labourious investigations have mostly lain in the domain of bio«

graphy. Besides, it is undeniable that Kawakita’s writings have more

or less been enriched by Okamoto’s suggestion and information. It

is only to be regretted that we have not a history of the Japanese

mathematics from his pen. Okamoto has spent most ofhis life in the educa-

tional circle, and at the time oftheestablishment of some normal schools by

the Department of Education he was appointed to the directorship of the

Osaka school. Afterwards he became the head professor of the Gaku-

shn-in or Peers’ College in Tokyo at its establishment. He is at present

active as the principal of a school in Tokyo. He is noted for the

firmness and uprightness of his character.

Some time after Kawakita and Okamoto had entered upon historical

studies of the Japanese mathematics, there appeared a third scholar

who pursued the same course of studies. He was Endo Toshisada (born

in 1845), of the province of Ise. He at first taught in the normal school

of Tokyo. Soon after the organization of the Siigaku Kaisha or Mathem-

atical Companv in Tokyo, which developed in later years into the Tokyo

Mathematico- Physical Society of the present day, he took up historical

8tudie.s. Being a man of great enthusiasm, he concentrated his sole

efforts to the work. But as he went further, unsurraountable obstacles

appeared in his path. How he struggled may be well imagined. Many

a time he was so reduced in spirit that he had to postpone the work.

Reflection on the past labours, only, retained him in the work. Thus

struggling hard with poverty and all sorts of difficulties that are

common to those undertakings worthy of praise and admiration, he

continued to persevere in his scheme sixteen long years, when at last in

1893 he was crowned with the success of completing his history. He

had previously published his results in the “Journal of the Educational

Society of Japan” (Nos. 40 and 41, 1886), but he attracted little atten-

tion. Even after finishing his work, he was long unable to find a

publisher. It was by the pecuniary help rendered by a certain millionaire
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that the book was at length printed in 1896. It was entitled the Dai-

Nippon Sugahi-Shi or ^^History of Japanese Mathematics”. Eodo’s

history consisted of three parts, comprising in all 445 pages. It has

served and will ever continue to serve as a good standard of reference

for his successors. Endo for a time took part in the research work

of the Imperial University of Tokyo, which was discontinued on his

leaving the institution. He then taught a school in Akita. On the

renewal of the same work by the Imperial Academy of Science at

Tokyo in 1906 under the directorship of Baron D. Kiknchi (born in

1854), the studies were enstrusted again to Endo’s hand.

It will not be without interest here to try a short review of Encld’s

ever deserving '^History of Japanese Mathematics”. To briefly ])oint

its nature out, it is typically more chronological than historical, in the

strict sense of the word. Almost every event worthy of remembrance

about the development of the Japanese mathematics may be expected

to be recorded in the work. Whoever reads the book cannot fail to

be reminded of the immense degree of difficulty the author surmounted

in the compilation. But the book does not remain without blemish.

Those who are not acquainted with the peculiar notations employed

by the old Japanese mathematicians complain of the nnintelligibility

of some parts of the contents, which are recorded under cover of these

notations. Mathematicians brought up in their younger days in the

Wasan school are in a way dissatisfied with inaccuracies, with which

the book is not free. It is a great regret that the author did not

give any references, and that the authentic facts taken from old docum-

ents and the results of judgment or conjecture were intermingled

without any distinction. At any rate Endo is a man of enthusiasm

and this led him to his final success, but on the other hand it caused

him to be too passionate in his judgment, keeping him from being

strictly scientific. Moreover his style of writing follows somewhat

the manner in which Chinese historians have written their chro-

nicles; he little learns from the mode of history- writing of Occi-

dental scholars. These are the blemishes in Endo’s history of which

we often hear.

When, however, we compare the work before us with the Chinese

Yiian Yuan’s ‘^Biographical Collections”, from which we have so often

drawn, Endo was by far a better and abler writer, although Yiian

Yiian is of a great merit never surpassed by his successors.

Endo wrote beside his ‘‘History of Japanese Mathematics” va-

rious other articles on the same subject, the majority of which
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appeared in the ^‘Proceedings of the Tokyo Mathematico- Physical

Society”, etc.^)

This same journal contains also the historical writings of D. Kikuchi,

T. Hayashi, Y. Mikami, and others. Kikuchi was born in Yedo, being

a retainer of the feudal lord of Tsuyama. He early visited England

to receive his education there and on his return he was made professor

of mathematics in the University of Tokyo. He afterwards became

the Minister of ?]ducation and h^ is now the President of the University

of Kyoto. He was ennobled with the title of baron for his merit

rendered for the state. His historical works are partial studies but

are of greatest interest.

Hayashi Tsuruichi, born at Tokushima, received his education in

the Imperial University of Tokyo and is now a professor in the Higher

Normal School of Tokyo. He wrote various articles on the history

of Japanese mathematics, of which his Brief History of Japanese Maih-

ematics, that appeared in the Nietitv Archief roor Wiskunde, is most

noted. This was an abridged translation of End()’8 ‘‘History” with

some additions and alterations. The undertaking of the work came

from a request from P. H. Schoote, of Amsterdam, to Kikuchi and the

Latter’s recommandation of the author.

Tlie accounts given by R. Fujisawa, of Tokyo, on the occasion

of the third mathematical congress at Paris in 1903, and those given

hy P. Har/.er, of Kiel, in 1905 are also of deep interest.

On the 5th of December, 1907, the Tokyo Mathematico- Physical

Society held lectures in memory of the 200th anniversary of Seki’s death.

The lectures were published in the following year (1908) with the

title Honcho Snyakn Tsuzoku Koiien-shn or “Popular Lectures on the

Japanese Mathematics”. Its contents are F. Fujisawa, “The opening

Address”, pp. 1 — 16; T. Hayashi, ‘‘On the Works of Seki Kowa”,

pp, 1 — 40; K. Kano, “Memorable Mathematicians in Seki’s School’’,

pp. 1 — 28; 1). Kikuchi, “On the Mathematics of the Japanese, pp.

1—29; C. Kawakita. “The Progress of Japanese Mathematics after Seki

1) Endo has lecently composed a siijiplement to his History^ which equals

in amount to the conteuts ot his former publicacion. When it is published, we

believe it will contain valuable contributions that doubtless highly enrich the sub-

ject. As to the bringing out of these results of i is many years' studies nothing

is set up by him at present.

2) Baron Kikuchi was nominated a privy councilor in 1912.

3) In 1911 he was transferred to the newly established Tohoku Imperial

University, Sendai.
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and the Mathematical Controversy”, pp. 1— 31; T. Endo, the

Posthumous Promotions of Seki Kowa”, pp. 33—42. These lectures

are all of special value.

The names of Uyeno Kiyoslii and other scholars cannot escape

mention in this place, for if they have not recorded many of the results

of their studies, yet they are deeply learned in the history of the

Japanese mathematics.

At closing this article we shall say a few words about the hist-

orical researches of the Imperial Academy of Science in Tokyo. As

we have said the work was begun some years ago (1881) by the

Imperial University of Tokyo, when Hagiwara Teisuke, who was the

last of the great mathematicians of the old Japanese school, was chiefly

active there. C. Kawakita also rendered a great service in collecting

materials. Hagiwara left the institution in three years and after some

years T. Endo succeeded him. But as he did not remain there long,

the work was obliged to be discontinued before completion. After

some ten years of inactivity, however, the Imperial Academy of Science

in Tokyo decided upon Baron Kikuchi’s proposal to continue the post-

poned work of the Imperial University of Tokyo and the plan was put

into execution in 1906 under Kikuchi’s directorship. Endo was called

for work again, afterwards Y. Mikami entered there too. Before long

the results of detailed studies will be brought before the reading

public from the institution.')

In concluding, this volume, it must be a deep regret for us to

state that the historial studies of the Japanese mathematics are being

generally neglected by the majority of our contemporary mathematicians.

We long however enthusiastically that the historical studies should be

carried on in a satisfactory manner, before the materials are scattered

tracelessly.

1) In 1911 the Tohoku Imperial University was established in Sendai, and

the research work of old Japanese mathematics was begun there also, whereby

Y. Mikami twice received invitation which he declined.
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addition, algebraical, 21, 89.

Ai Yfieh-so, 126, 128.

Aida Ammei, 168, 169, 170,

174, 183, 185, 186, 187,

247—256, 269, 324.

Aida-Fujita controversy,

168, 169.

Ajiiua Chokuyen, 168, 170,

171,172,173,177,183,184,

185, 186, 205, 223, 227,

228, 238-246, 248, 278.

Akita (tiichi, 189.

A -lao- wa-tiug, 100.

algebra, 36, 117, 120, 121,

127, 160.

algebra, Arabian origin of

the term, 160.

algebra, Chinese, 36, 61,

77, 79, 84, 90, 94, 99.

algebra, Chinese abacus, 87.

algebra, European, 77, 120.

algebra, instrumental, 157.

algebra, Japanese, 162, 181,

182.

algebra, Occidental, 160.

algebraical addition, 21, 89.

algebraical consideratious,

manipulations
, treat-

ments, etc., 17, 36, 53,

56, 63, 78, 79, 81, 84, 89,

117, 118, 121, 161, 168.

algebraical expressions. 23,

81, 161.

algebraical notations, 162.

algebraical subtraction, 21.

alligation, 16.

alternate exchange {hu-

huan), 86.

alternate exchanges, doub-

led, {chuhff hu-Jiuah), 86.

Amano Ycishin, 191, 326.

Ando Kichiji, 181.

Ando Vi yeki, 180, 200.

angular speed of sun's ap-

parent motion, 104.

annular field, 11.

Anthoniszoon
,

Adriaan,

father of Metius, 50.

An-ti, Emperor, 46.

.\oyama Uiyei, 182, 291.

Arabia, 70, 98— 108, 136.

Arabian astronomers, 99,

101, 106, 107, 111.

Arabian astronomical in-

struments, 100, 111.

Arabian calendars, 100, 108.

Arabians, 50, 70, 98, 99,
j

100, 106, 107.

Arabian science, 98, 101 , 107.

Araki Son-yci,180, 182,322,

323.

Arashi Shicho, 191.

Archimedes, 50.

ArimaKaido, I.ord, 160, 182,

184, 185, 202, 324.

arithmetic, 2, 8, 9, 37, 39,

64, 110, 117, 127,167,179.

arithmetic, a written mode
of, 59.

arithmetic, European, 113,

122, 190.

Arithmetic in the Five Clas-

sics, the, 45.

Arithmetic in Nine Sections,

the, 2, 3, 8— 25, 29, 32,

34. 38, 45, 46, 47, 63, 65,

57, 61, 63, 65.

Arithmetical Classic of Sun-

Tsu, the, 25— 33, 38

arithmetical triangle, 90,

106.

Arizawa Chitei, 183.

Asada (Joryu, 184, 186.

Ashikaga Shogunate, the,

179, 200.

astronomers, 65, 99, 107,

116.

Astronomical Board, 53, 58,

59, 61, 64, 101, 106, 107,

114, 115, 116, 145.

Astronomical Board
,

the

Ilui-hui, 101, 106, 107

Astronomical Board,, the

Yuen, 106.

Astronomical Board of the

Shogunate, 177, 324.

astronomy or astronomical

theories, etc., 7, 9, 10,

58, 98, 101, 112, 127,

135, 175, 179, 180.

astronomy, European or

I

Occidental, 110, 113.

I
automobile vessel, 52.

Awayama, 164.

Baba Nohutake, 182.

Baba Seito, 188, 19(i.

: Baba Seitoku, 189,

;

Babylon, 1, 7.

Babylonians, 1, 7.

ball -arithmetic (chM-suan),

111 .

Ban Seiyei, 170, 184.

banana-leaf-shaped field, 7 1

.

i

Bansho Shirabe-sho, the,

I

190.

I

base -numbers, 66, 67.

Bernoulli, Johann, 149.

Bikai Sampo, the, 182.

binomial coefficients, 106.

binomialseries, 164,167,171,

i 274.
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BSdhidharma, 56.

Brahmagupta, 23, 136, 137.

Brahman Chieh-ch'iehHsien-

jen Tien-wen-shuo (Astro-

nomical theories of the

Brahman Chieh-ch’ieh

Hsien-jen), the, 58.

Brahman Suan ching (Brah-

man ArithmeticalClassic),

the, 58.

Brahman Suan-fa (Brah-

man Arithmetical Rules),

the, 68.

Brahman (Brah-

man Heavenly -Theory),

the, 58.

Brahman T'ien-wen-ching

(Brahman Astronomical

Classic), the, 58.

Buddha, 68, 187.

Buddhism, 26, 38, 46, 66,

67, 68, 98, 166, 179.

Buddhistic sutras, 56, 68.

Buddhists, 56.

Buh'koku Rekishd-hen, the,

187.

Bundo Seizu, the, 187.

Bun-ya Seim, the, 190.

Burin Inken-roku, the, 325.

Burin Kembun-roku, the,

826

Byddai Meichi, the, 162, 181.

calculating board, 73, 74,77.

calculating pieces, 13, 14,

17, 20, 24, 27, 28, 44, 69,

73, 74, 81, 82, 84, 88, 91,

94, 99, 167, 168,161,163.
calculus, 126, 178, 262.

calculus, differential, 220.

calculus, differential and
integral, 127, 171.

calculus, integral, 301.

calendaror calendar-system,

6, 46, 61, 62, 63, 69, 60,

68, 99, 100, 101, 116, 122.

calendrical regulations, 1.

calendrical subjects, 4, 46,

121, 136, 138, 161, 179.

calendar theory or science,

7, 44, 61, 107, 117, 163

Cantor, Moritz, 6, 79, 101,

106, 136.

catenary, 176, 190, 191,

294-300.

celestial element, 65, 66,68,

81, 83, 84, 88,90,91, 109,

117, 121, 124, 161.

celestial element algebra, or

algebra ofthe celestial ele-

ment method, 36, 83, 90,

109,110,112,120,168,160.

celestial element method, 25,

89, 90, 120, 124, 128, 167,

168, 159, 161, 162, 167,

180, 181, 182, 262, 281.

celestial globe, 100, 186.

celestial monads, 65.

celestial sphere, 101, 102.

Central Asia, 66, 98.

centre of gravity, 170, 176,

176, 188, 190, 296, 297,

303.

Chai, Monarchy of, 52.

Cha-ma-li-ting or Cha-ina-

lu-ting, 100.

Chang Chi, 135.

Chang Chiao, 111.

Chang Chicn, 125.

Chang Ch’i-raei, 64.

Chang Ch’iu-chien, 37, 39

to 43, 46, 46, 62, 53, 61.

Chang ChHu-chien Snan-

ching (Arithmetical Clas-

sic of Chang Ch’iu-ching),

the, 39— 43, 46.

Chang Chun-ch’ing, 4, 6, 6.

Chang lleng, 4, 46, 47, 67.

70, 136, 137.

Cliang Hung, 145.

Chang, Master, 144.

Chang T’sang, 9, 10, 73.

Chang Tun-jen, 126

Chang Yu, 106.

Chang Yu-chin, 63, 136, 136.

Chang-i, 2

chao- ch'a method, 103, 104,

106, 122, 163.

chao-ch’a table, 105.

Chao-tan, the, 90.

Ch’^n Chi-hsin, 146.

Ch’en Chin-fei, 125.

Ch’en Chin -mo, 138.

Ch’en Huo, 61, 61-63, 136,

137.

Ch’6n Jang, 107.

Ch’en Loan, 4, 13, 37, ,38,

43, 44, 45, 46, 52, 57, 68,

111, 138

Cli’en Pi-chih, 111.

Ch’en Shih-jen, 122.

Ch’en Yiian-cliing, 60.

chnig (positive), 18, 20.

Cheng Kao-shong, 111.

Ch’eng Tai-wai, 69, 110, III,

114, 139, 157, 163, 179,

181, 200.

chaig fu-shii, 20.

Ch '('n

g

- m ing Sua n - fa , t li e,

111 .

Ch’eng -VV'ang, 5.

Ch’eu-liu-Wang 9, 34

Ciren-Tsfi, 4, 7, 8.

ch'i, 68.

Chi Li-an, 116.

Cilia Hong, 89

Chiang Chou, 90.

Chiao Hsiin, 80, 124, 125,

126, 132.

chin-tsu or kia-tsu, 2, 68.

(’liiba Saiin, 184

Chiba Tsuneichi, 191.

Chiba Yiishichi, 188, 190.

chi-vh'a (differences of

amounts), 104

chi-chii, 6.

Chieh-ch’ieli Hsin-jen, 68.

chich ken -fang, 117, 119,

120 .

Cli’ien Tai-hsin, 124.

Ch’ienT’ang, 111, 137, 138.

Chien - ching

,

the, 90.

Chien-hsiao Chou-pei, the,

136.

Ch'ien k'un K'uo-nang, the,

91.

Chill, 139.

Chih-ch'u-shu, the, 127.

Chih-cKii Tu-hsieh, the, Vll

.

Chih-ming Suan-fa, tlie, 1 1 1.

Ch i- ho Lun - yiieh, the, 116.

Chiho Sampd-sJni, the Shim-

pen, 182.

Chiho Sanhenshii, the, 180.

Chi -ho Yiian-pen {Klements

of Geometry), 113

Oiih-shuil-chei, the, 120,

141, 142.

Chib’s value, 139.
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Chikci Kaifji, the, 190

Chi-ku ]Iiii-t*ao, the, 126.

Chi'ku Suan- thing, the, 63

to 66, 126.

Chi-nioyig Fa-ming Suan-fa,

the, 111.

Chin, Monarchy of, 63, 79,

83, 100.

Ch'in, Monarcliy of, 4, 9,

10 , 66 .

Ch’in C’hiii-ahao, 36, 51,60,

61, 63— 78, 79, 81, 82, 83,

84, 88, 89, 90, 9i, 99, 1 12,

126. 129, 136, 137, 163

Chin I)ynaaty, 34, 47, 49

Cliin Hsieh, 111.

Ch’ino or Shinj::^ Dynasty, 77,

110, 116, 116, 121, 128,

138

ChingCirou-ch’aug,9, 10,73.

Chxng chai Wtn-chi, the, 80.

Chin-k(i Shu, the, 227.

(hin-shn (Hecords of the

('liin riynasty), the, 9, 34.

ch'i-.''U (resi<luc of a con-

gnienco), 60.

Chiu-chang (Nine Sections),

the, 2, 8, 9, 161, 284

Chiu - chang Ihiang - chu

the, 111.

(.'h in cha ng llsia ng-t'u ng

Suun-fu^ tlie. 111

Chiu - chang Pi - hi, the 111.

Ch I
M - ch (I Vg Snan - fa, the,

109

Ch in-ch ang Suan-shu (A rith -

nietic in Nine Sections),

the, 2, 8—26, 63.

Chiu - chang Tung - m ing

Suan-fa, the, 111.

Chiu-chih-Li or Chiu-chih

Calendar, the, 59, 60, 61,

73, 99.

Chiu-i Siian-shu, the, 126.

Choken liengi, the, 183.

choku-bishi, 308, 316, 316,

318, 320.

Chong-a-li, 107.

CFong - ch 'u Tung - pien

Suan -pong, the, 86.

Chou Dynasty, 4.

Chou Kingdom or Dynasty,

88, 45.

Chou Mi, 64.

Chou Shu-hsiao, 109.

Chou-ching Shuo, the, 138.

Chou-jen (Wtian (Biographi-

cal Collections of Astro-

nomers and Mathemati-

cians), the, 2, 26, 123.

Chou -Kong, 4, 5, 7, 9, 46.

Chou -Kong's theorem, 95,

139.

Chou- pci, the, 4—8, 46, 46,

67, 186

Chou-pei Suan-ching, the, 4.

Christianity, 108, 113, 180.

Christians, 98, 112.

Chu Hung, 141, 144, 150,

161.

Chu I tsun, 25.

('hu K‘o-pao, 124, 126, 128,

138, 144, 160, 161, 152,

163.

Chu Shih-chieh, 61, 83, 89 to

99, 103, 106, 108, 109, 98,

110, 112, 114, 124, 126,

167, 163, 180, 181.

Chu Yuen -y ing, 111.

Chilgaku Sampu, the, 182.

Chui-shu, the, 45, 60, 61,

62

chui-shu, 60, 61.

Chui-shu Shih-ming, the,

145

Chung - cFa , the, 34.

chxing-ch'a, 34, 36

Ch'ung - chcn JJ - ahu oi

Ch ung - then ( \ilendar,

the, U4, 116

chung hu - huan (doubled

alternate exchanges), 86.

('hung - hsiao (Mechanics),

the, 126.

chiin-shu (alligation), 16.

chiis (lineals), 5.

Chusan-shiki
,
the, 183.

Chusan Shinan, the, 184.

chu -suan (ball - arithmetic),

111 .

Chii-t'an (or Cudon), 58.

Chii-t’au (Buddha), 59.

Chii-t’an Ch’ien, 68, 69, 60.

Chii-t’an Chiian, 58, 69.

I

Chii-t’an Hsi-ta, 68, 69, 60.

1
Chii-t'an Lo, 58, 69.

circle, arc of a, or circular

arc, 62, 80, 164, 165, 166,

189, 210-212, 217, 218,

278.

circle, area of, or circular

area, 6, 10, 29, 39, 49.

circle, circumference of, 6,

8, 14, 46, 47, 128, 141,

143, 153, 166, 204.

circle, sagitta of, 80.

1
circle, sector of a, 11.

circle - measurement, or

measurement of the circle,

' 46-53, 67, 80, 108, 109,

i

128, 135, 138, 142 — 165,

164, 166, 180, 183, 188,

i 200, 201, 202, 217-222,
i 278.

circle -principle, 164, 166,

166, 182.

circular cone, 15, 42, 176.

circular cylinder, 15, 161,

172, 176.

circular keg, volume of, 69.

circular segment, altitude

of, 42, 88, 97, 98, 163,

!

123, 163, 166.

circular segment, areaof, 11,

22, 38, 39,42,71,80,109.

circular segment, maximum
value of the ratio of the

sagitta and arc of, 218.

circular theory, 164, 166,

167,170,171,172,173,176,

185, 188, 189, 190, 191,

206, 222, 279, 284, 304,

307.

companionship, 16.

comparative speeds and
qualities, 16.

Confucius, 123.

Congobaldi, 114.

conics, 127.

conic sections, 126.

continued fraction, 183,

185, 223—229.

continued product, infinite,

186.

Corvino, 113.

creation -theory of the uni-

verse, 47.

cross multiplication, 16, 17,

197, 264, 266.
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cube root, 14, 31, 42, 64, 74.

curve in space, 172.

curves, areas of, 117, 170.

curves, lengths of, 170.

curves, theory of, 126.

cusped oval, 190, 285.

cycloid, 127, 175, 309.

cylinder, problem of the

pierced, 172, 184.

Daijutsu Bengi, the, 162.

Dai Nippon Sugaku - Shi,

the, 191, 328.

daisu-gaku (algebra), 160.

Daizen Jinkoki, the, 188.

Danren Henkyoku - jutsu,

the, 184.

Danren Sojutsu, the, 183.

Darui Shosa Shinjutsu, the,

182.

Davis, J.F., 116, 116.

Dayen Kai, the Sampo,

189.

Dayen-shu Tsujutsu, the,

260.

decimal fraction or frac-

tions, 48, 86, 143.

decimals, 12, 13.
|

definite base-numbers {ting -
\

mu), 66, 67.

definite use -numbers, 67.

Denroku Zukyd, the, 182.

derived functions, 163.

Descartes, 180.

determinant, 163, 181, 191

to 199, 254.

differentials, 171.

differentiation, 220.

division, 8, 12, 26, 28, 29,

89, 40, 86.

division -table, 86, 89, 110.

Dokai-sho, the, 180, 203.

Doryoko Setsuto, the, 186.

drum -shaped fields, 38.

Dutch science, etc., 175,

177, 178, 181, 182, 184,

186, 188, 190, 191.

earth element, 91, 92.

eclipse or eclipses, 100,

106, 114, 181, 184.

Egypt, 1.

Eijiku Otchinhb, the, 184.

element of length, or of arc,

171, 257.

Elements of Geometry, the,

113, 114, 117.

elements of volume, 172,

205, 287, 289.

ellipse, 126, 151, 172, 176,

187, 189, 249—266.

ellipse, rectification of, 160,

153, 173, 187, 252.

ellipse -describer, 185, 249,

250.

ellipsoid, 172, 188,209, 256

! to 260.

ellipsoid of revolution, 152,

207, 208, 209, 256.

elliptic arc, length of, 151,

187.

elliptic cone, 152.

elliptic cylinder, 152, 173.

elliptic perimeter, or peri-

meter of the ellipse, 151,

163, 187.

Endo Toahisada, 161, 191,

200, 203, 206, 214, 223,

278, 279, 323, 327, 328,

329, 330.

Enestrom, G, 149.

England, 127, 128.

English teachers, 191.

epicycloid, 175.

equation of degree infinity,

167, 220, 276-284.

equation of the fourth de-

gree, 63, 74,87, 92,97,98,

103, 109.

equations, construction of,

79, 81, 82, 89, 192.

equations, cubic, 53— 56,

73, 74, 109, 118, 119, 129,

186, 260—263, 279.

equations, higher, 26, 66,

56, 63., 72, 73, 74, 88,

118, 119, 129, 134, 169,

167, 168, 181, 182, 186,

263—268, 278.

equations, indeterminate,

32, 43, 126, 162, 163, 187,

231—237, 247 - 248.

equations, literal,26, 53, 167.

equations, numerical, 26, 63,

54, 63, 73, 74, 77, 78, 81,

87, 89, 128,134,158, 161.

equation, quadratic, 23, 24,

42, 43, 63, 73, 74. 87,

109, 118, 129, 167, 278,

281.

equations, simultaneous, 18

to 21, 40, 53, 73, 89, 114,

117, 122, 199.

equations, solution of, 16,

17, 63, 74 — 78, 79, 99,

119, 124, 125, 128—134,

158, 163, 166, 167, 183,

186, 190, 260—268.

equations, systemof, 17,126,

equations, theory of, 128,

129, 162, 181, 182, 183.

equations, transcendental,

167, 295.

Euclid, 7, 113, 114, 116,

117, 126, 166.

Euler, Leonhard, 149, 170.

Europe, 40, 50, 77, 117, 139,

148, 149, 174.

Europeans, 77, 112, 113,114,

120, 128.

European science
,
etc. ,114,

121, 125, 127, 149, 176.

expansion, 61, 148, 149, 150,

151, 164, 164, 167, 222.

explanation process, 161.

fa, 12, 16, 17, 19, 29.

factorization of a number,

236.

Fa-hsien, 56.

fang, 74.

Fang Ching-fu, 160.

fang -ch'eng (linear simul-

taneous equations), 18.

fang-fa, 30, 31, 54.

fang-Vien (field mensura-

tion), 10.

fan-shuai, 12.

Fun-shiio, the, 80.

fan-yung (reduced use-num-

bers), 67.

fields of various forms, 10.

finite differences, method of,

163.

fold, to, 174, 268.

folding, 171, 172, 206, 268,

289, 296, 311, 318, 321.

folding tables, 174, 188,

206, 268-274, 277.
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fortune- telling, 3, 83.

four elements, the, 91, 92,

93, 94, 121, 124, 126.

four elements, method of

the, 91—98, 126.

four elements algebra, 94.

fraction or fractions, 8, 11,

12, 18, 14, 29, 39, 40.

fractions, division of, 8, 12,

39, 40.

French teachers, 191.

Fridelli, Xaverius Ehren-

bertus, 143.

fu (negative), 18, 20.

Fu Jen-chiin, 63.

Fu Lan-ya, 127.

Fu-hi, Emperor, 3, 6, 37.

Fujii Yohon, 182.

Fujioka Yutei, 189, 315.

Fujisawa, R., 329.

Fujita Kagen, 185, 186,

187, 188.

Fujita Sadasuke 168, 169,

170, 183, 184, 185, 187,

323.

Fujita Seishin, 260', 261,

263, 302.

Fujita Yoshikatsu, 181.

Fukuda Fukii, 189, 190.

FukudaRiken, 191,284,326.

Fukyu Sanipo, tlie, 186.

Fukyil Tetsujiitsu, the, 165,

183, 201, 202, 207.

Funayama Sukeyuki, 186.

Furukawa Ken, 189, 326.

Furukawa Ujikiyo, 185,

187, 188, 189, 326.

Furuya Dosei, 190.

Futsudan~kai, the Sampo,
181.

Gaiden, the, 188.

Galileo, 158.

Gautama (Ch’ii-t’an), 69.

Gautama Sidharta, 69.

Genghis Khan, 63.

Genkai Sampo, the, 182.

Gensho, 179.

geometrical construction,

44.

geometrical figures, 41.

geometrical relations, 162,

164, 188.

geometrical problems, 176.

geometry, 117, 122, 166,168.

Gion Temple Problem, the,

168, 170, 184.

gnomon or gnomons, 7, 8,

101, 106.

Godharna, 56.

Gokai Ampon, 189, 190,

292, 293, 326.

Gomei Sampo, the, 187,

188.

Gorui Sampo, the, 189.

great extreme, 91.

great numbers, 26, 27.

greatest common measure,

29.

Greeks, 50, 98.

Gregory, James, 142, 148.

Gudon (or Ch’ii-t’an
,

68.

gunnery, 100, 113.

Gu-o Sampo, the, 182.

Gyokuseki Shitijutsu, the,

*205.

Gi,okii-seki Tsuko, the, 185.

Gyokuycn Kyoku-seki, the,

182,' 200.

Hachiya Teisl.o, 183.

Hagiwara Teisukc, 173, 174,

190, 191, 294, 301—322,

330.

Hai’tao Suan-ching (Sea-

island Arithmetical Clas-

sic), the, 33— 36, 185.

Halde, Pere du, 116.

Han Chai, 44, 67.

Han Dynasty, 9, 10, 25, 27,

34, 37, 43, 45, 46, 47, 56,

111
,
112 .

Hanai Kenkichi, 190.

hanging8tring(orcatenary),

176, 294.

Han-lin Academy, the, 80.

Han-sku (Records of the

Han Dynasty), the, 9, 10,

27.

Harriot, Thomas, 78.

Han-is (or Wallis), 127.

Hartsingius, Petrus, 180.

Harzer, 149, 329.

Hasegawa Kan, 167, 176,

187, 188, 189, 209, 218,

278, 279, 280, 281, 283.

Hasegawa K6, 189, 191,

213, 260, 284- 290, 326,

327.

Hashimoto Shoho, 175, 188.

Hasu Shigeru, 183, 223.

Hatono Soha, 162, 180.

llatmhi Sumpo, the, 169,

181.

JIatsumd-sJiu

,

the Sampd,

ISO.

Hatsuraii Sampo, the, 186.

Hatsuzaka Jushun, 180.

Hattori Yoshitaka, 187.

Hayashi Tsuruichi, 10, 143,

144, 145, 149, 163, 192,

329.

Hayton, 113.

Hazama Shigetomi (Jwfu),

185, 186, 250.

heaven element, 91, 92, 93,

95, 96, 97.

Heihd Eeiyaku Genkai, the,

183, 223.

heihd reiyaku jutsu, 223,227.

Heihd Beiyaku Kai, the,

223.

Jleitengi Zokkai, the, 189.

ITeitengi Znkai, the, 186.

Hei-ti-er, 106.

hengyd jutsu, 176.

Hengy d Sh inan
,
tb e Sampd,

187.

Henkan SeitsuHen, the, 101.

lletishiU Jutsu, the Sampd,

185.

Herschel, John, 127.

Herschel, William, 184.

Hichijd Yenshiki, the, 181.

Hiu'ioo vvorks, 58.

Hindoos, Hindoo scholars,

etc., 23, 50, 57, 58, 70, 98.

Hiraga Vasuhide, 180, 181,

206.

Hirano Kiho, 190.

Hiraiichi Teishin, 187, 188,

189.

Hirayama Senri, 185.

Hirata Atsutane, 189.

Hirose Bijii, 182.

Hiroye Yeitei, 188.

Hisada (or Kuda) Gentetsu,

180.

Hitomi, C., 247, 248.
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Ho Ch’enty-t’ien, 46, 49, 52.

Hodoji Wajiir5, 173, 176,

191, 311, 316, 316, 317,

318, 319, 320.

Holland, 117, 176, 177

Honcho Mukyu-reki, the,

189.

Honcho Sankan, the, 187.

Honcho Sugaku Shiry o, the,

326

Honchd Temmon, the, 182.

Honda Rimei, 185, 187.

Hon-yaku Kyoku, the, 187.

Hori-ike Kyudo, 188, 189.

Horner, 26, 77.

Hoshino Jitsusen, 180, 181.

hoshuyen, 286, 287.

Hosokawa Raishin, 186.

ho^fu, 3, 117.

Hou-Han Shu (Records of

the Later Han Dynasty),

the, 47.

Hovarezmi. 136, 137.

Hoyen Kiko^ the, 184

Hoxjen Kyuri, the, 188.

Hoyen Sankyo, the, 166,

183, 184, 202, 213.

Hoyen Zassan, the, 183.

Hozumi Yoshin, 182.

Hsia Luan-hsiang, 127, 128,

130, 132, 133, 134.

Hsia Yiian-chai, 111.

hsia-fa, 29, 30, 31.

Hsia-bou Yang. 37, 38, 39,

42, 45, 46, 62, 71, 185.

Hsia -hou Yang Suan - ching

(Arithmetical Classic of

Hsia-houYang), the, 39,46.

Hsiang Min-ta, 161, 162, 153.

Hsiang - chieh Chiu - chang

Suan ‘ fa

f

the, 84.

Hsiao -su Yiian-shih, the,

151.

Hsiao -wu, Emperor of Liu-

Sung, 51.

hsien (hypotenuse), 21.

Hsin-fa Suan-shu, the, 115,

126.

Hsin Yun-lu, 138.

Hsii Kuang-ching, 110, 113,

114, 116.

Hsu Ku-chai’ChH Suan-fa^

the, 86.

Hsii Kuei-lin, 111.

Ilsii Shang, 46.

Hsu Shang Suau’shu, the, 46.

Hsii Ying, 111.

HsuYiieh, 43,44. 57,58,111.

Hsii Yu-t’ing, 126, 127, 136,

138, 141, 142, 144, 145,

150, 151, 162, 153, 154.

Hsiian-Ti, Emperor, 10.

Hsiian-tsang, 66.

Ilua Heng -fang, 127.

Huan Chiin, 126.

Iluan Pai-chia, 116.

Huan T’sung-hsien, 125, 141.

Huang Tsuug-i, 116.

Huang-Ti (Yellow Emperor),

2, 3.

Huang - 27 Chiu - chang

(Yellow Emperor’s Nine

Sections), the, 2.

Huan - yung - chiaoy the, 114.

hu - huan (alternate ex-

change), 86.

Hui-hui astronomers, 107. I

Hui - hui Astronomical

Board, 101, 106, 107.

Hui-hui Li-shu (Hui-hui

Calendar -book), the, 107,

114, 116.

Hui-hui mathematics, 108.

hyperbola, 177.

Ichikawa Koyei, 189, 3 02.

I-ching (or Yi- ching), the

3, 6, 46.

Ichino Mokyo, 178, 250, 263.

Ichise Ich5, 187.

idai shoto, 159, 180.

I-hai, 2.

I-hsing, 60, 61, 63, 66.

I-hung Suan- fa, the. 111,

1-jin Savtpd, the, 183.

ijo (alternate multiplica-

tion), 193.

Ikeda-Shoi, 181, 182, 200.

IkedaTei-ichi, 188,209, 266.

Jkkyoku Sampo, the, 181.

1-ku, the, 90.

1-ku Kon-yiian, the, 87.

hku Yen-tuan, the,7 9,81, 82.

Imai Kentei, 184.

Imamura Cbish5, 167, 179,

180, 203, 206.

imperfect induction, 148

164, 165, 166.

Imperial Academy ofTokyo,

328, 330.

Imperial Observatory, 60.

Imperial University of Sen-

dai, 330.

Imperial University of To-

kyo, 304, 328, 330.

Iiiagaki Sakuho, 185.

indeterminate analysis, 32,

68, 60, 63, 66, 186, 187,

189, 227, 229—287, 247.

indeterminate multipliers,

51, 228.

indeterminate problems, 81,

228.

India, 7, 56—61, 70, 83, 98,

136.

Indian calendar, 60.

Indians, 56, 58, 98.

Indian learning, science,

etc., 23, 73, 99.

intiniteseries, 141, 142— 166,

164, 165, 166, 183, 212,

213—217.

Inki Sanka

,

the, 180.

Ino Chukei, 186, 187, 188.

Inouye Karin, 182.

Inouye Shorin, 185.

integral, double, 172.

integral, multiple, 173.

integration, 171, 188, 268,

289, 311, 321.

integration, delinite, 171.

integration, double, 172,173.

integration, multiple, 173.

Irino Yosho, 183.

Iriye Shiikei, 183.

Ishiguro YTishin, 187.

Ishiyania Seiyei, 183.

Ishizaka Joken, 187, 188.

Isomura Kittoku, 169, 177,

180, 181, 184, 200, 203,

204, 206, 208, 209, 323.

I-szu-ma-yin, 100.

Ito Heizayemon, 182.

Il6 Yuko, 182, 200.

Itsuse Korekatsu, 187, 190.

Iwahashi, 186.

Iwai Jiiyen, 188, 189, 302.

Iwata Kosan (or Iwata

Sempei), 191, 311.
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Iwata Koaei, 188, 100.

Iwata Soiyo, 189.

Iwata 811.

lyen Snmjiu^ the, 188.

lyezaki Zenslii, 187, 188

1-yu-lu, the, 125.

Izeki (!hishin, 181.

Jartoiix, Pierre, 141, 142,

148, 148, 149, 164.

Jesuit missionaries or fa-

thers, 107, 108, no, 112,

114, 140.

Jews, 112.

Jikata Shinan, tlie Sampo,

189.

Jikata 7'aisei, the Sarnjx),

189

Jinkdki, the, 157, 158, 150,

179, 180, 181, 200, 208

Jiraku Kansha, the, 188

Jd-hyd i^foltlinj,^ tables\ 174,

268.

Jdichi-jatfiu OTjOidu inetliod,

163, 236.

Joja Oral, the Sanijid, 181.

Joja 2\iit!u llyo, the, 190

Jdjuti^u Zoishu, the Samiiu.

182.

Jokyd Jitki, the, isi.

Joniei, Kinperor, 179.

Ju-chi ShihJisia(i,the, 88, 90.

Jayai •roku

,

the, 179, 180,

200, 208, 20r..

Juji Jlatsumri

,

the, 181

Juji-kan Shin-jn(t;u, tlie,185.

f/wy/ Jieki Zukai llakki, the,

182.

Juniendo Snmpu, the, 190.

knigi fexplanation or ana-

lysis
,

161.

Kaiho Kijiku-jHtfiu,t]io,, 188.

Kaihn JJayazan Hideri, the,

184

Kaiho Uompen. the, 162,

187.

Kaihn Sattshiki

,

the. 162,

168

Kaiho Tt>v(ji JO/d, the, 274.

K(i ih b Ibi - 100 . the, 188

Kai Indai no Ho, tlie, 181.

Kairo Anshin-roka, tlie, 187.

Ka isa n Chiyeguruma, the,

1H2

Kaisan-ki

,

the, 180, 2o3.

Kaisanki Komoku Taizen,

the Dai Zoho

,

182.

Kaisanki Taisei

,

the, 181

Kaisviroku

,

the Shimpen

Sampit, 182.

Kaisi i Sampo, the. 185.

Kaisci Sampo Kaiseiron,

the, 185.

Kaisci Sampo Seiroii

,

the.

185

Kaiseisho, the, 190, 191

Kaishiki Shirnpo, the, 186.

263.

Kaisho Samj)0
,
the, 183.

KaisfiO 'j'empei Sam}H>, the,

184

haisu Sampo, tlie. 184

Kailci Sam}d. tlie, 187.

Kaiivakn Benyo, the, 185.

I
Kdi-yii ni Chany-ching , the,

i 59.

Kajita Stiintsu, 188.

, KaU'i Sampo, the, 189.

Kakuihi Sanshit, the, 180,

Kagaku Sampo, the, 1S2.

Kagaiiii Mitsuterii, 294,296,

300,

Kageyama Genshitsii, 182.

Kai Koyei, 190

k'ai-vKa-li

,

51.

ISai-ch'a-mi

,

51.

;

203.

I
Kakndo, 189.

i
kaku-JutsH i^pol\goiial tlieo-

i

i-y).

, K(ih(jntsu Krimo, the, 186

I

Kakuso Sam]i6, the, 183.

:
KamharaKakka (Ichigaku ',

K'ai-fang Pu-i, the, 125.

K'ai-fang Shno, the, 128.

K^ai-fang 'rung-shih, the,

126.

Kai J<'ukndai no Ho, the,

181, 191.

i 182, 201.

I

Kamei-zan

,

the, 180.

!
Kamiya Hotei, 188.

!
Kamiya Teirei, 185, 186

I

Kamizawa Teikan, 825.
' Kamo Koyei, 179.
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Kamo Yasunori, 179.

Kauila Kohei, 191.

Kaneko Shoryo, 190.

Kan-hy, Emjterur, 116, 120,

121, 14.3, 145.

Kanja Otoyi-zoshi, the, 183,

186.

Konji Sampo, the, 188.

Kanku Kodo Shohd the, 187.

Kanno Kohon-roku, the,

183.

Kano, K
,
325, 329.

1

kanrui -juisu
, 167, 295.

Kansa i Sh och u Beh isho ,
th e

,

188 .

kanshiki, 195.

j

Kan-shinko Sampen, the,

I

176.

I

Kunto Sampo, the, 183.

1 Kan-yen I\IuyHk{~Jutsu, the,

! 184.

I

Kau-tnu, Emperor, 9.

j

Kashiapmadanga
,
66.

kat,sujHisu
, 173, 174

:
Katsiijufsu Tkku, the, 187.

Katsujutsu Sendoi Kigen,

I

the Hbycn Shinri, 188.

I

Katsuyen HyO, the Sampo,

190.

'

i
Kawuhatamiohi Sekiyu,183.

! Kawabe Shiu-iebi, 185.

' Kawai Kyntoku, 167, 172,

178, 186, 187, 188, 214,

253, 260— 268.

Kawakita Churin, 294, 304,

328, 325, 326, 327, 329,

330.

Kayetsu Shuuko, 190,

Keill, John, 186.

Keiroku Sampo, the, 183.

Kei,shi Shiiho, the 184.

keishi-ztin, 179.

KfMiimochi ShokO, 189, 190,

191, 302.

Kodi'i Sampo, the, 181, 201.

Kodoni Bensetsn, the, 180.

Keppi Sampo, the, 189.

Kdsugi-,sho, the Sampo, 159,

177^ 180, 184, 203, 206.

Ketsugi-sho, the Shusho,

181*, 204, 323.

kia-tsu (or chia-tsu), 2, 68.

Kigen-kai, the,, 205, 207, 209.



338 INDEX.

kigen- Seiko, 160.

Kihd Zui, the, 186.

Kiku Buntd-shu, the, 183.

Kikuchi Ch ryo, 189.

Kikuchi Dairoku
,

Baron,

164, 325, 328, 329, 880.

Kiku Gempo, the, 184.
|

Kikujutsu TJenrai no Makiy
|

the, 326,

Kikujutsu Zukai, the, 187.
|

Kimura Chokuho, 190.

Kimura Shoju, 188.

Kinoshita Teichi, 209.

Kinsei Meika Sandai-shu,

the, 191.

Kisaku Kampo, the, 186.

Kishi Doflho, 184

Kitakawa Moko, 187.

Kobayashi, 190.

Kobayashi Churyo, 173, 189,

309, 315, 319.

Kobayashi Yoshinobu, 180,

181.

Koda Shin-yei, 184.

Kohai’jutsu Kai, the, 171.

Ko-hsiao Hsin-shu, the, 135.

Koide Shiiki, 174, 189, 191,

214, 275, 276, 277, 278,

324, 326.

Koike Yiiken 181, 184.

Kojutsu Henkan Jenshu,

the, 215.

Koko Chikin-shu, the, 182.

Kokbgen-Sho , the, 180.

Kbkogen Tekito-shu, the,l 81

.

Kokon Sampd-ki, the, 180.

Kokon Sankan,ihey 188,325.

Koko Shokei, the, 184.

Koko Sogen, the, 185.

koku, 195.

Kongen-ki, the Sampo, 180,

200, 203.

Kono Tsurei, 186.

Konten Shingo, the, 186.

Korea, 166, 167, 179.

Kosaka Teichoku, 181.

Kosankaku Shoho Kai, the,

189.

Koshigen- Kai , the Sampo,
182.

Koshigen Kotei, the, 187.

koshiki (interchanges of

equations), 198.

kou (breadth of a right

triangle), 6, 21.

kou-ku (right triangle), 21,

40

KoU’ku, the chapter on, 34.

KoU'ku yen, the, 137.

Ko-yiinn Chui shu,ihQy 144,

162, 153.

Ko-yiian Lien-pi -li Ta-

chiehy the, 150.

Ko-yuan Mi-lu Chiek-fa,

the, 145.

A'W (length ofa right triangle)

5, 21.

K’u Chang -fa, 138.

K’u Kuan-kuang, 128.

K’u Ying-hsiang, 109, 110,

111 .

Kuang-ckai Calendar, the,

69.

K’uang Kuang-shen, 123.

Kublai Khan,79,80, 100, 101.

Kubodera Seifuku, 188.

Kubodora Seikyii, 187.

Ku-chin Kai -fang Kao,
the, 125.

Ku-chin Nan, the, 80.

kuei (right angled lineal), 6.

Kuei-hsin Tsa-chih, the, 64

kuei-su {ox reduced number),

66 .

Kuichi Sangaku- sho, the,

181.

Ku-kou I, the, 114.

Kuma Keibun, 188.

K’ung Chi-han, 123.

Kuo Shou-ching, 63, 98 to

108, 109, 112, 114, 120,

126, 163, 181, 182, 186.

Kurita Kyiiha, 182.

Kurushima Yoshita, 167,

183, 184, 185, 202,

217—229, 230, 275, 278,

284, 290, 324.

Kusaka Sei, 186, 189.

Ku-suan-cKi Kao,i\\% 110.

Kuwamoto Seimei, 190, 308.

Kuzuka Jitsujun, 184.

kwajo, 244.

Kwatsuyo Sampo
,
the, 139,

165, 182, 200, 201, 204,

207, 210, 212, 223.

Kybdai Benshiki, the, 176.

Kyokugyd Shinan, the

Sampo, 189,

Kyokusn JutsUy the

187.

Ky6-6 Sampo, the, 185.

Kijdsan Suchi, the, 185.

Kyuseki Tsiikd, the, 189,

213, 260, 284—290.

Kyushi Iko, the, 202, 290.

Kynshi Kohai-So, the, 217.

Kyiishn-sho, the 6’awj^d, 181

.

Lagrange, 170, 186.

Lalande, 187,

Lalande Hekisho Kanken,
the, 187.

La-pu-tany 99, 100.

least common multiple, 33.

Leibnitz, 171.

liy 103, 104, 106.

LiChih-taao, 110, 113, 114,

116

Li Ch’un-feug, 4, 9, 34, 39,

43, 45, 52, 53, 60, 70, 104,

13.5.

Li Huan, 124— 126.

Li Juan, 124, 128, 129, 130,

132.

Li Ma-tou (Matteo Ricci),

113.

Li Shan -Ian, 126, 126, 127,

152.

Li T’ion-ching, 114, 116.

Li To-sai, 91.

Li Wen-i, 90.

Li Yeh, 36, 61, 63, 78,

79— 84, 88,89,90,99,109,

112
,
120 .

Li Ying-nan, 129.

li-cWay 106, 106.

lien, 31, 74

lien-fa, 30, 31, 64, 55.

Li-hsiao for hsiang) Kao-
cheng, the, 117, 120.

limited equation, 275.

limiting case, 176.

lineal, 6, 7.

Ling-hsien, the, 4, 47.

Lin-lun, 2.

Lin te Calendar, the, 104.

Li-shou, 2, 37.

Li-suan CKUan-shu, the,

122, 163.
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Liu Chi, 1U6.

Liu Chib, 139.

Liu Hsiao, 46.

Liu Hs'iao-sun, 39, 40.

liiu Using, 46, 57.

Liu Hui, 9, 13, 16, 20, 21,

33 -36, 37, 46, 47 — 49,

50, 53, 57, HU, 123, 136,

137.

Liu Hung, 44

Liu Hung, 111.

Liu I, H7, HH

Liu Ju-hsieh, H3, 90.

Liu Kuo, 111.

Liu Shill -111, 111

Liu Tai - cliicn
,
91.

Liu -Sung Dynasty, 47, 49,

50, 61, 52.

lu) Chuu-ch'ih
,
125.

liO Ju-liuai, 136.

Lo Sliih-lin. 90, 123, 124,

138,144, 145,150, 151,157.

liO Ya-ku (Jaoomo Rus), 114.

local value, principle of, 73.

logarithmic tables, 117, 127,

174, 189, 190.

logarithms, 115, 117, 126,

127, 128, 103, 174, 190.

Loomis, 120, 127, 178, 301.

ht-sliu, 3, 117.

Ijii I’u-i (Lii-Shili), 4, 8.

//?(-// Yiian-yuun, the, 117.

Lung Hua-ming Congo-

bal(li), 114.

Lun-if the, 45.

Lii-Shih Lu Hu-i), 4, 8.

3Iach, Ernst, 169.

magic circles, 111, 290.

magic square or squares, 3,

111, 187, 290-293.

Ma-ha-ma, 107.

Mahavirakarya, 40.

Malfatti, 170.

man element, 91.

Manchurian Tartars, 115.

Man -0 Jishun, 182.

Marco Polo, 110, 113.

Marcus Antonins, 112.

Maruyaraa Ryogon, 186.

Ma-sha-i-hei, 107.

mathematicians, Chinese,

26, 36, 51, 68, 71, 72, 74,

77, 92, 117. 127, 128, 135,

144, 158, 162.

matliematicians, English,

149.

mathematicians, European,

117.

mathematicians, Japanese,

3, 22, 70, 71, 77, 83, 129,

157, 159, 160, 175.

mathematic.s, European,

112 — 119, 127, 17.5, 178,

311.

mathematics, Hui-hui, 108.

,, ,
Indian, 58.

„ ,
Occidental,

no, 163, 174, U)l, 301,

326

Matsuda Seisoku, 181, 182.

Matsunaga Ryohitsu, 160,

166, 182, 183, 202, 204,

210, 223, 229-237, 291,

322.

Matsunoya Hikki, the, 325.

Matsuota Noichi, 187.

Matsuzawa Sliingi, 190

Mauaribune Anjoraku, the,

187.

maxima and minima, 163,

187, 191.

Mayeda Kenjo, 181.

Mayeno Ryotaku, 184.

measures, 26.

mechanics, 126.

Mei I -yen, 121.

Mei Ku-ch’cug, 120, 121,

122, 141, 142, 143, 145,

149, 166.

Mei Wen-ting, 106, 110, 121,

122, 136, 142, 143, 163,

183.

Mcigeti Sampo, the, 184.

Mei Shih Tstivg~shu Chi-

yao, the, 122.

meishiki

,

275.

Meisni-ki^ the Sampo, 181.

Men, 49.

method of finding unity, 66,

68, 126.

method of recurrence, 167,

295.

Michinori, Fiyiwara, 179.

Middle Empire, 67, 77, 112,

140.

Midorikawa Jumei, 182.

Mikami, Y., 89, 110, 162,

161, 165 166, 167, 171,

220, 290, 329, 330.

Minami Ryoho, 190.

Minamoto Keiau, 182

MingAn-t'u, 144, 145, 146,

150.

I Ming l)yuasty, 34, 101, lOG,

107, 108— 112, 113, 115,

IJG, 120, 123, 138.

Ming Hsin. 145.

Mi)ig-Sh{h (Historical Rc-
1 cords of the Ming Dy-

nasty), 101, 103, 104, 10*7,

I 108. Ill, 120

! Ming-Ti, Emperor. 25, 56.

' Miyagi Seiko, 169, 182, 203.

Miyagi's School, 276.

;

Miyake Kenryu, 182

:
Miyoshi Kiyoyasu, 179.

Mogami Tokiinai (Tsune-

j

uori). 186.

1 Momokawa Chubei, 180.

1 Mimg-lisia Pi- fan (lalks

I

Recorded at Mong-bsia)

tlie, 61.

Mongol or Mongolian Dynas-

ty, 89, 106 135.

Mongolians, 63, 78, 79, 80,

99, 100, 106, 110,

Mongolian yoke, 53, 99, 107,

108, 111.

!
Mori, 190.

M(^ri Kambei, 156, 157, 179,

206,

Mori Teisai, 181.

Mdshi Seiden Ben, the, 181.

j

Mo-teng~chieh-ching Huan-

j

Pw(Map of Heavens in the

]

Mo-tcng-chieh Siitra), 58.

1 Mu Ni-ko, 115.

Mukai Genshb, 180.

multiplication, 11, 25, 28,

39, 40, 59, 86, 89, 118.

multiplication -table, 86,

multiplicity of roots, 119,

129, 158, 162, 180, 264,

267.

Murai Chuzen, 184, 185,291,

292, 32.3.

Mnrai Shbko, 183, 184.

‘ Murakami, 182.
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Muramatau Mosei, 49, 180,

181, 200, 203.

Murase Yoshimasu, 181.

Murata Koko, 188, 189, 190.

Murata Yeisei, 181.

Marayama lloshin, 190, 308.

iimshd (without root), 129,

265.

Myriad Years’ Calendar, the,

100 .

Nagano Seiyo, 184.

Nagasawa, K
,
304.

Kaiden, the. 189.

Naito Masaki, Lord, 160,

183.

Nakai, 268.

Nakamura Seiyei, 182.

„ Shunkyo, 190.

„ Yoshikata, 191,

326, 326.

Nakamura Vozayemon, 180.

Nakane Genjun, 166, 183,

323.

Nakane Genkei, 163, 180,

181, 182, 183, 323.

Nakanishi Joken, 184

„ Seiko, 181.

,, Seiri, 181.

Nakao Saisei, 183.

Nakasoue Soho, 190, 294,

302.

Nakata, 168.

Nakata Ishin, 190.

Nan Chai-Shu (Records of

the Chai Dynasty in the

South), the, 61.

Nan lluai-jen (Ferdinand

Verbiest), 116.

Nan-kung Shuo, 60.

Nan- Shill (Records of the

Southern Monarchies)

the, 51.

Napier’s rods or tallies, 114,

122, 174, 183, 184

negative, 18, 20, 21, 27, 74,

82 83, 88, 89.

negative root or roots, 119,

129, 162, 186, 266, 267.

Nestorians, 113,

Newton, Sir Isaac, 149, 168,

167, 171.

Nincho, 187.

Nine Sections, the, 2, 12,

13, 14, 20, 23, 25, 26, 29,

31, 32, 34, 36, 36, 37, 39,

47, 62, 63, 67, 66, 84, 86,

123, J26, 161, 284.

Nishikawa Joken, 182, 183.

„ Richu, 182.

Nishimura Yenri, 168, 184.

Nozawa Teicho, 180, 181,

200, 203

numerals, 73.

Oba Keimei, 210.

Occidental sciences, 77, 116,

125, 140, 163, 171, 174,

189, 190, 311.

Occidental trigonometry,

174, 183.

octant, 190.

Ogawa Aido, 184.

Ohaia Rimei, 187, 188.

Okada Chuki, 190.

Okamoto Norifumi, 311,

325, 327.

Okinagusay the, 325.

OkudaYuyeki, 181, 182,203.

Okumura llogu, 183.

,, Zochi, 189.

OkiUanto Yoho Jiyaku-Zu-

aetsu, the, 190.

Omura Isshu, 189, 190, 191,

294, 296, 300, 311, 312.

Onchi SansOy the, 188.

Ono Tomogoro, 190.

Ono Yeiju, 302.

operation-modulus (j/en-mu),

67.

operation numbers (yen-

su)y 66, 66 67.

original numbers (yuen-su),

66
,
66 .

Otaka Yusho, 139, 166, 182,

_201, 204, 207, 210, 223.

Oten liekiy the, 186.

ovals ofdifferent species,! 76

.

Oyamada Yosei, 326.

oyeriy 303.

Ozawa Seiyo, 324.

Tty 46-63, 1 86-142, 144, 166,

200— 208, 213— 217.

« = 3, or old value of 8,

11, 27, 46, 47, 67, 70, 72,

80, 136, 136, 187.

TT == 3 16, 137, 200.

7r = 314, etc., 49, 135,

137, 200.

7r - 3 1656 . . ., 47.

:r = 3-16026, 138.

= 3 • 126, 138.

:r = 3-116, 138.

= 60 ’

;r = 50, 70, 135, 136,

200
,
201

,
202 .

Qr.R

= 50,135,136,201,

202, 210.

JT. = ylo, 47, 70, 136, 137,

200
,
201 .

n-, 9 iigures of, 140.

7c
y 1 9 figures of, 140

,
25 and 26 figures of,

141, 201, 202, 203.

rr
y 41 figures of, 165, 183,

202.

Tty 50 figures of, 166, 183,

202, 213.

Tty 100 tigures of, 141, 142.

Tty accurate value of, 50,

52, 53, 70, 136

Tty fractional values of, 201,

202, 223.

Tty inaccurate value of, 60,

52, 135.

Pai-fu-fa7ig Mathematical

CoUectioiiSy the, 125, 182,

141, 146.

pa-kuUy 3.

Pan Ku, 9, 27.

Van-chu Chiy the, 111.

parabola, 177.

Pei Lin, 107.

percentage or percentage

partition, II, 39, 40, 89,

117.

Persians, 98.

P’i Yen-tsung, 46, 49.

pierced cylinder, 172.

p’ingy 103, 101, 106.

p*ing-ch’a, 106, 106.

Pi-shu Su-hsiao, the, 80.

pointed circles, 175, 285.

Polo, Marco, 112, 113.

polygonal theory, 188, 184,

186, 283.

Pope, the, 113.
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Portuguese, 113, 180.
|

positive, 18, 20, 21, 27, 74,
|

82, 88.
1

Precious Mirror of the Four

Elements, the, 89, 90,91,

94, 97, 103, 109, 124,

prism, 16.

problem of a hundred liens, i

43, 125.
I

progres.siou or progressious,
;

62,85, 103, 117, 122, 126,

161, 269.

])rogres8ion
,

arithmetical,

18, 40, 41, 72, 84, 113.

ju-ogression, geometrical 18,

42, 73, 113.

])rojection, 102. 264

ju’oportion or ]»roportiou8,

11, 12, 24, ;}6, 41. 85, 86,

li;{, 117, 154, 165.

jiiopurtion
,
compound, 41,

86 .

Ptolemy, loi.

pyramid, 15, 42, 66.

Pythagoras, 7.

Pythagorean theorem or

theorem of Pythagoras, 7,

21, 95, 139.

(]|uadrangleor({uadrilateral,

38, 71, 86.

rakusho (magie 8(iuare\ 3.

Kan -yen, 185.

rectitication process, 201,

204, 207, 210, 266, 267.

recurrence, method of, 167,

296.

reduced number [kuei-su),

66, 67.

reduced use -numbers (fan-

yung\ 67.

Regis, Johannes Jtapt., 143.

Heikan Sam2J6

,

the, 191,

304

reiyakn jutsu, 223.

Jiehigaku Ilosilgcu^ the, 184.

Beki in Kunten, the, 190.

,, Zuron, the, 190.

Bekisho Shinsho, the, 186.

renjutsu, 243

Benjutfiti Hcnkan, the, 186,

238— 243, 246.

replacing equations (tan-
|

shiki), 195.

Ricci, Matteo, 113, 114,

116.

right triangle orright angled
'

triangle, 5, 7, 21, 24, 40, i

64, 92, 109.

right triangle, integral num-

ber solution of, 122, !

227- 231

Riusniken, 183.

Bippo Eijiku, the, 186,

260, 263, 264.

Bippo Sanka- juisu Kigcn,

the, 263.

Bisoku Zen.sh<t, the Sanqn),

190

Bilof.u Sinn})d

.

tlie, 185

Bitsi(gr)i th*“. 181,

I\ii<ug<'n y»'/t.s’i/,the. 183,2(t5.

B(t/> id ci • Hyo
,

t he Sumjio,

1H8.

Biikudiin - lljfo ,
the

,
1 88.

Biihuyaku Sam}>o, tlu\ 188.

Rome, 112.

root -extraction or root-ex-

I

tracting, 13. 14, 24. 78,

82, 94, 113, 122.

roulette, 175. 188. '

Ruggiero, M., 113.

Biiijo idn'ifoku >ihin jutsu,

the. 2:>7

Buiyuku jutsn Shui

,

the,

1

183

I

Rus, Jacomo. 114.

Jxyoc.hi Jlikkci, the, 190

j
,, Kodo the,

189.

Bydchi SampOy the, 190.

., Sanryaku, the, 191

„ Shituui, the, 183.

BydcJii Shinsho, the, 189,

„ Shokai, the Sampo,

190

Byoch I I'chikigusa, the, 1 9

0

„ Ycnki llosei, the,

1

190.

Bydchi Ydgaku Shimin, the,

190.

Bydchi -yd Kiku Jutsu, the

190.

Bydkoku Taizen JinkdkiFu-

roku, the, 190.

Saijo Ryu, the, 169, 185.

Saitei Sampo, the, 186.

Saitb. 325.

„ Gicln, 167, 173, 184,

189, 190, 295, 302.

Saito Gigi, 174, 176, 188,

189, 3U2, 307, 308, 315,

322.

Saito Kirin, 185.

Saji lp])ei, isi.

Sakabo Kohan, 167, 184,

186, 187, 188, 213, 214,

248, 253, 260 — 268.

Sakiamni (Boddha
,
58

Sakuma San, 190.

Snmpd Benrun

,

the, 188

,, Chdhd-ki, tlie, 181.

(lioU^ui

.

tlie, 18(»

., Chokujutsu Seikai,

the. 1S9.

Sampo Ifdshiurn, the. 184,

186, 291 323.

Snnpd Eusaku - shu, the,

181

Sumpd fiakkai, the, 184.

JIdkki, the, 181.

Sampo Ilotsuiu, the, 187

i/oye>?-/.'rtn, the, 190,

294, 301- 307.

Sampo Jojutsu, the, is9.

.. hai-un, the, 190.

Kakujo, the, 186.

Eigeu, the, 187.

.. KishO, tlie, 188

.. Kokou Tsurau ,
the,

186

Sampo A'o/fn.thc, 189,308,

316, 310, 319, 322.

Simpo Kdt()hi-)oku, the,

184.

Sampo Mcitn Kai

,

the,

181.

Sampo Mt'igi-shil, tlie. 183.

,, ^feiklli, the, 181.

Nyumon, the, 181.

„ Okauui Dango, the,

188.

Sampo Siivjn, the, 186.

,. Semmon-shd, tiie,

189, 292.

Savqo Shikonki, the, 180.

., Shinansha, the, 181.

„ Shivryd, the, 184.
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Sampd Shinsho, the, 188,

209, 213, 278.

Sampd Shisho Taisei, the,

183.

Sampd Shdjo, the, 184, 267.

„ Shdkai, the, 182.

„ Shiisei, the, 183, 204,

210, 223, 229.

Sampd SokuyenShdkai, the,

188.

Sampd Tamatehako, the,

191, 284, 326.

Sampd Tebikigusa,i\iQ, 184.

„ Tei-i-hd, the, 184.

„ Tsusho, the, 190.

„ Yenri Hyd, the, iib.

„ Yenri-kan, the, 188,

295, 307.

Sampd Zakkai, the, 189.

„ Zakkai - shu
,

the,

326.

Sampd Zasso, the, 188.

„ Zoku Tekiid-shu, the,

181

Sampd Zusetsu, the, 1S2, 200.

Sandatsu Kaigi, the, 184.

Sangaku Bemmd, the, 183.

„ Chiye no Umi, the,

182, 186.

Sangaku Hikkyu, the, 189.

„ Keiko Taizen, the,

187.

Sangaku Kdchi, the, 187.

„ Shdsen, the, 185.

„ „ Shivjutsu,

the, 186.

Sangaku Shdsen, the Zoku,

188

Sangaku Sokusei, the, 189.

sangi or sangis, 73, 157,158,

169.

board, 73, 159.

Sangoku Chujin-Den, tie,

325.

Sankanki, the, 182, 201.

San-kuo Chih (History of

the Three Monarchies), 44,

47.

Sanryd-roku, the, 180.

Sanscrit, 59, 60.

Sanscrit term, an, 58.

Sanscrit works, 66.

Sanseki, the, 187.

Sansen, the, 186. I

Sanshi (Three honorable
'

Scholars), the, 167.

Sanso, the Sampd, 49, 180,

200, 203.

Sansd, the, 186.

San-teng^shu, the, 46.

San-Vung Calendar, the, 46.

Sanwa Shutaku - shu

,

the,

325.

Sanwa Zuihitsu, the, 325.

San - yd Tebiki - gusa

,

the

,

184.

Sanzui, the, 183.

Saracens, 98.

Sato Moshun, 181, 186.

Sato Seiko, 168, 169, 180,

200, 203.

Sawaguchi Kazuyuki, 168,

169, 180, 181.

Sawano Chuan, 180.

Schaal, Adam, 114, 116, 116,

138, 140.

Schooten, van, 180.

Schoote, P. H., 329.

Sea - island Arithmetical

Classic, the, 33—36, 40,

66, 123.

Sea - mirror of Circle -

Measurements, the, 79,

80, 81, 82, 84, 109, 120*

sei, 196.

Seireki Shinsho, the, 189.

Seisan Sokuchi, the, 190.

seismometer, 47.

Seisu-jutsu, the Sampd, 247.

Seisii Kigen-shd, the, 189.

Seiyd Sampd, the, 169, 184,

186, 323, 324.

Seki Kowa, 106, 129, 139,

158, 169, 160, 161, 162,

163, 164, 166, 169, 176,

180, 181, 182, 183, 184,

185, 187, 192, 196, 199,

200, 201, 204, 206, 207,

210, 212, 220, 223, 264,

266,266,267,278,291,302,

322,323,324,326,329,330.

Seki's school, 169, 186.

Sembi Sampd, the, 183.

Senchi Sampd, the, 190.

Sen- enshi, 184

Senno Kenko, 184.

sen- yen, 286.

Sen -yen Kattsii, the, 190,

308

series, binomial, 164, 167,

171, 274.

series, expansion in, 61.

series, infinite, 141 142—166,

164, 166, 166, 183, 212.

8eries,infinite geometric, 165.

series
,

multiplication of,

222 .

series, inversion of, 149,167,

222, 278, 283.

sexagesimal system or cycle,

2
,
68 .

sextant, 190.

shajd (cross multiplication),

197, 264.

Shainei Sampu, the, 188,

209, 266, 260.

shang (or root), 29.

Shang Kao, 4, 6, 6, 7.

shang kung, 16.

shao-kuang, 12.

Shao-kuangChui-t'sang, the,

132

ShaO'k'uang Pu-i, the, 122.

Shayen Tekitd-shU, the, 191.

Shibamura Seishi, 180, 200*,

203.

Shibukawa Keiyu, 190.

„ Shunkai,181,182.

„ Shusho, 186

„ Yuken, 190.

Shichijd Y€7ishiki, the, 181.

Shi-ching, the, 46.

Shieh Ch’a-wei, 43, 61.

Shigen-ki, the Samjd, 181.

Shigen-roku, the Sampd, 182.

skill, 12, 16, 17, 19, 29, 30,

31, 42, 64, 74.

Shih, Monarchy of, 34.

Shih Hoang - Ti of Ch’in Dy-

nasty, 9, 66.

Shih Hsin-tao, 90.

Shih Yueh-ch’un, 126.

/SA?7i-c/it(Hi8toricalRecords),

the, 9.

Shih - hsien Calendar

,

the,

116, 116.

Shih-hu, the, 126.

Shih -li fang, 66.

Shih-lun, the, 126.
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Shih-shih the, 152 I

Shih-t'o, the, 125.

Shikaku Mondo, the, 180,
|

vShimaila, 206.

Shimada Dokan, 183.

Shimozaka Genkyo, 190.

Shimpeki SauiiJo, the, 186,
^

187 '

Shimpeki Snmpd Zemho,
|

the, 185.
I

Shimpeki Sampo, the Zoku

187.

Shiynpen Kohai-jutsii

,

the,

188.

Shimpen Sansuki, the, 181,

203.

Shimpo Tetsujiitsu Shokai,

the, 186.

Shivgen Sampo, the, 189.

Shivkan Sampoki, the, 180.

Shin Koyen-jutsu, the, 188,

214.

Shino Chikyo, 189.
j

Sliinsen Tetsujutsu, the, ISij. \

Shiraishi Chochu, 172, 178,

186, 188, 190, 209, 253,

256 — 260, 324, 326.

Shisei Sanka Ryu, the, 187.

Shizuki Tadao 178, 186.

Shoah Sampo, the, 189.

Shoka Kiku Yokai, the 188,

, ,
Kuju tsn Sh insho, th e

,

189.

Shokei-zan, the, 179.

Shokusan Kaisuho- Jiitsu,

the, 184.

Shontsu Tnkishu, the, 180.

hosa method, 103, 163,

212 .

liQsa San-yd, the, 184.

wu-shih Li or Shou-shih

Calendar, the, 100, 101,

106, 109, 116.

ou-shih lA-t'sao, the, 109,

120 .

u-ching, the, 45.

•>ai-fen, 12.

\i Shoyaku no Ho, the,

81.

ki Sampo, the, 160, 184,

02 .

'nmi-kai Yaku-ho Leki-ki,

le, 189.

Shuyfi Sampo, the, 188.

Siebold, 188.
;

signs, rules of, 89.

simultaneous system, 32,

73.

skew surface, 173, 189, 308,

315— 322.

small numbers, 2(».

Smith, I). E
, 40, 89, 110,

164, 166, 166, 167, 171,

220, 290.

Sokuchi Zusetsu, the, 190.

Sokuryo ShiiMi, tlie, 190.

sokuyen-ki ellipse -descri-
|

her), 249. I

Sokugen Shu, the Sampo,
249.

solar calendar, 107

Souobe Keizo, 311.

soroban, 86, 110, 111, 156,

157. 158, 179, 261, 325.

soroban arithmetic, 89, 110,

111, 156, 157, 179.

Soroban Hdori Geiko, the,

186.

I

Sosei Sokuyen -JuisH

,

the,

187.

,

Southern and Northern Mo-

I

uarchies, 56.

I south -pointing vehicle, 52.

sphere, diameter of, 14.

sphere, measurement of,

153, 171, 183, 203—206
spherical tigures, 101.

spherical trigonometry, 101,

i 122, 161, 187, 189.

spheroid, 172.

spirals, 127.

square root, 13, 14, 21, 25,

29— 31, 39, 42, 70, 73,

88, 139.

square and cube roots, 12,

14, 73, 75, 84, 89, 117,

184

Stainvilles, J. de, 149.

Suan-fa Chuan~nonq~chi,

the, 89.

Suan-fa Pa-Vsui, the. 111.

Suan-fa Tung-pien Pen-mo,

the, 85.

Suan-fa Tung (or Tong)-

tsung, the, 59, 110, 139,

i 157, 163, 181, 290.

Suan-hsiao Chi-meng (Intro-

duction to Mathematical

Studies), the, 89, 124, 157,

163, 180, 181.

Suan-hsiao Tung-shu, the,

111 .

Suan-Ji Ming-hsich, the. 111.

suan-pan '^soroban,, 86, 110,

166.

Suan-shih Chi-yao, the, 127.

Suan-yu, the, 111.

subtraction, 118.

subtraction, algebraical, 21.

successive approximations,

131, 132, 134, 166, 167,

218, 224, 252, 260-268.

Sugaku Kaisha, the, 191,327.

Sugaku Kinuburui, the, 187.

Sugaku Shdsha-hen. the, 1 84,

186.

Sugaku Tanki, the, 182.

„ Yaira, the, 184.

Sugawara, Lord, 26S.

Sugiyama Teiji, 180.

Su-hsiao, the, 64.

,, Chi-meng, the,

127

Su-hAao Chiu-chang, the,

64.

Su-hsian Shih-i, the, 125,

142, 144.

Su-hsiao Yao, the, 116.

suishi (hanging sagitta),294.

sui^hi (hanging string or

catenary), 294.

Suishi Kigen,the, 191, 294.

Sui-shu (Records of the Sui

Dynasty), 9, 46, 60, 51,

62, 53, 58.

Su-li Ching-yun, the, 117,

119, 120, 125, 127, 139,

140, 163, 166, 174.

su-mi, 11.

Sumida Kdwun, 200, 206.

Sun Hao, 47.

Sun Wu, 25, 26.

Sun-chiao Su-Ji

,

the, 127.

sun-dial, 101.

Sung Dynasty, 2, 39, 43, 51,

52, 60, 61, 63, 64, 79, 84,

100, 108, 109, no, 123.

Sung Dynasty (Liu -Sung),

47, 49, 50, 51, 52, 179.
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8ung-Shih (Records of the

Sung Dynasty), the, 61,

79.

Sun-Tsu, 13, 14, 25 — 33,

37, 39, 42, 46, 63, 65, 67,

185.

8un-Tsu Suan-ching the,

25—33.
superfluous factors, 244, 245.

Superior School, the, 169,

185.

8u-pu Hsi-t'ao, the, 130

surfaces of solids, 170, 188,

206 — 209, 256 - 260.

Suri Mujin~zdf the, 188

Suri-Shimpen, the, 190, 294.

surplus and deficiency, 16,

17, 18, 40.

Su-shu, the, 64.

Su-shuChi~iy the, 43, 57, 11 1

.

Su-shu Ch iu- chang (Nine

Sections of Mathematics),

the, 51, 63, 64, 79, 136.

Suzuki Antau (Aida Ammei),

185

Suzuki Juji, 181.

„ Jiiseii 190.

„ Yen, 191, 311.

symbol for cipher or zero,

59, 73, 83, 88, 99,

Syria, 112.

Szii - k'u Ch'uan - sliu iMu - hi

Ti-yao, the, 122.

Szu-k’u-kuan (Library), the,

122 ,

Szu-ma Ch’ien, 9.

Szu-ma Ta, 179.

Szii-tsung; Emperor, 114.

Szu-yuen Yu~chien (Pre-

cious Mirror of the Four
Elements), 83, 89.

tables, 174.

tables used in folding, 174,

268 — 274, 277, 311.

Tada Kobu, 184.

tai (or extreme), 81, 82, 91.

Tai Cheng (or Chen), 25,

26, 34, 43, 123.

Tai Hsu, 127, 128, 151, 162,

163.

tai-chi (extreme limit), 81.

Tai-ch'u Calendar, the. 60.

tai-in^ritsu, 183.

Tai-nao, 2.

Taira Aki-ko, 267.

Taisei Sankyd

,

the, 182,

183, 201, 202, 223.

2\xi-m Hsiang -hsieh

,

the,

128.

Taisii Hyd

,

th**, 189.

„ ,, AS'c/A-a/,the,190.

Tai - sii - ah u, the, 127.

Tai-tsung, Emperor, 50.

Tai- (^or Ta-)Vung Calendar,
the, 101, 103i 104, 106,

107, 114, 115, 116.

Tai-wei-chi Shih ehi ('frea-

tiseon Conic Sections and

Calculus, rjii, 127, 128.

'fai-yen Calendar, the, 60.

t'ai-yen ch'ui~i (or yl) Shu
(oreat extension method

of finding unity), 60, 63,

65, 66.

fai- yen-shu

,

60

Takahara Kisshu, 167, 206.

Takahashi Kcihi), 188.

„ Shiji, 186, 187,

188.

Takaku Kenjiro, 191, .311.

Takasc .Tuji, 18o.

TakebeKenko, 149, 100,163,

164, 165, 166, 170, 171,

180, 181, 182, 183, 201,

202, 207, 209, 213, 22.3,

224, 278, 279.

1’akeda Saisei, 183.

,, Shifu, 187.

,, Shingen, 188.

,, Tasoku, 189.

Takemura Kohaku, 190.

Takenoucbi Slmkei, 190.

Takunia Genzayemon, 166,

183, 202.

Takuma’s school, 183, 187,

311.

T’an Tai, 124, 138.

Tanaka Kasei, 182.

,, Seiri, 181 .

T’ang Dynasty, etc., 34, 37,

60, 53, 69, 61,83,90, 100.

T’ang Jo - wang (Adam
Schaal),il4. 116,138, 140.

Tang Shun-chih, 98, 107,

108. 109. 110.

Tangen Suatpo, the, 1

Tang -Shu (Hecords o

T’ang Dynasty), the

68, 59, 60, 61.

Tani Shonio, 188, 208,

215, 253, 260.

Tan-i Sampd

,

the, 18

Tansal u Sampd

,

the,

Tan-Vitn

,

ttic, 126.

Tanzan Shokei, 161,

183, 21.3, 278.

I’aoisni, 57.

Taoists
,
the

,
56.

Tartars, lOo, 108,

Ta-shih, 98.

taiam u (to fold), 1

268.

I'avvara Kamei, 180.

Tiizy, 98,

feishiki, 275.

Tekiyd SampO, tlic, 1

'I'emmon the,

Temmon KeifO, the, 1

Temmo)i Shijian -bhO,

Shogakti, 182

Temmon Tekigd, th«',

'I’enchi, Emperor, 179

teng (common divisor

tengen jutau (celestial

nn.mt inethod i

,
157.

Tengen Mdyv, the, U
Tcnge.n-roku. tlie Sc

182.

'Tengen Shinan, the Sc}

182, 185.

Tengen ShOdan-shu,
Sampd, 182.

Te ngen Tekdd-shu

,

Sampo, 182.

tenkyo kischi (loci dc.se

by rolling
,

175.

Tensei- ho Shinan

,

tlie

pd, 187.

tenznn, 160, 161, 187

,, algebra, 161,

184, 187, 188,

„ jutsu, 160, 162

182.

„ method, 161 .

Tenzan Shinan, tlie St

187.

i
Tenzan Shinan - roku ,

' Samnd. 187. 213.
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Tenzan Shogaku-sho, the,

188

Ttnzan Tebikigusa, tiie, 188,

189.

tetrahedron, 15.

tetsujutsu, 1(14, 167, 171,

278, 281, 283, 299.

tetsujutsu expansion, 167,

173, 276, 279, 280, 308.

Tetsvjutsn Katsuho, the,

185.

Jeisujutsu Shi7\-i, tiie,

188, 208, ,215, 260.

thin^ element, 91, 93, 95,

96, 97.

Three Monarchie.s
,

33— 34,

44, 47.

T'ien~pu Chi n- yuan, tlie,

116.

t’len-yuen (celestial ele-

ment), 65, 81, 83, 88.

T ien-yueu -i Shih, the, 126.

t'ien-yuen ‘ shu (celestial ele-

ment metliod), 157.

ting, 68.

ting, 103, 104, 106

Tin^ Ch’iin-clinn^% 94, 125,

128, 129, 132, 136, 141,

142, 144, 153.

t'ing-ch'ii, 105, 106

Ting~chh\(j Suan~fa, the,

111

ting-mu (detinite base-num-

bers;, 66

Toboken, 182.

Tokuhisa Komatsu, 181.

Ton^ Yii-ban, 114.

I'dsei Jinkoki, the, 186.

„ Kaisanki, the, 190.

Tou Pai-chi, 128.

Togo Sampo, the, 190.

Toyota Hunkei, 161, 184.

Toyota Katsuyoshi, 189.

trapezoid, 10, 71.

triangle, area of, 10, 70.

trigonometrical functions,

126.

trigonometrical tables, 1 14,

116, 117, 190.

trigonometry, 122, 126, 127,

161, 163, 174.

trigonometry
,
spherical ,101,

122, 161, 187, 189.

T’sai Yung, 47.

Tseng Chi-hung, 128, 141,

142.

Tseug Kuo -fan, 126, 141.

i Tsc-yiian Hai-ching (Sea-

mirror of Circle-Measure-

ment), the, 79, 84.

Tsc-yimn Mi-lu, the, 145,

150, 152.

I Tso (3rien, 141, 144, 145,

146, 153

Tsa Chuan

,

the, 27, 28.

Tso - Am - ihi Suan - hsiao,

the, 126

Tso Hang Fa -

1

(^Treatise

on Surveying', the, 114.

Tso-Hang I-t'ung, the, 114.

Tsou Pai-chi, 130, 131, 132,

144.

Ts>u-pan Chi, the. 111.

I'su Ch'ung-chih
, 45, 50 to

53, 57, 80, 135, 136, 138,

200
,
201 .

Tsu llong-chih, 52.

Tsu Hao, 52

Tsuda Yenkyii, 168,

I'suiyen llatsumo, the, 190,

309.

Tsiiki Sampo, the, 190, 308

Tsukui Yoshitoshi, 184

tsung, 24, 42.

j

Tsunekawa Tokko, 276.

, Tu Chill -ching, 116.

Tu Chung, 45.

Tu Ch ung Suan -shu, the, ib.

Tu Te-mei Pierre Jartoux),

141, 142, 143, 144, 145,

148, 149, 150, 164

lui-su Hsiang - hsieh

,

the,

128.

Tun Ch’iian, 45.

Tun i^or Tung) Yu-ch'eng,

126, 144, 150, 151, 163.

Tung-u en Suan-chih

,

the,

113.

Tung-yuen Chiu yung, doc-

trine of, 80.

Uchida Gokan, 187, 188,

190, 191, 216, 326,

326.

,, Kyumei, 189, 213,

284.

Uchida Shiifii, 184.

undetermined multipliers,

68, 103, 163.

unlimited equation, 220,

276, 276.

Uno Kisbin, 184.

Ushijima Seiyb, 185, 186,

188.

Uyeno Kiyoshi, 330.

Verbiest, Ferdinand, 116.

Vitruvius, 139.

Vlacq, Adrian, 117.

volume or volumes, 15, 39,

117, 170, 172, 175, 188,

203— 206

Wada Nei, 167, 171, 172,

173, 174, 175, 185, 188,

189, 205, 206, 209. 214,

215, 263, 269, 276, 278,

295

irn/-c/n>/j Mi-Ju, the, 152.

HuA'an Sampo, the, 159,

182, 203.

Wakasugi Sajuro, 182.

Wallis (or Harris), 127.

Wang Fan, 46. 47, 57.

,, Hs'iao-t'ung, 53—56,

73, 125.

Wang Lai, 126, 151.

,, Liang- tung, 179.

,, Mang, 9, 46,

,,
Pu-son, 179.

,,
Te-yiian, 84.

,, Ying-lin, 64.

,, Yiian-chi, 137.

,, Yuen -ching, 122.

iran-nfcn-LuMyriad Years

Calendar), the, 100.

Watanabe Isbin, 190, 325.

water- clock, 179

wedge, 15, 62, 284.

wedge, circular, 284— 290.

wedge, elliptic, 285, 2-6,

287.

wedge - sections
, 176, 284

to 290

wedge-shaped ligure, 61.

Wei Chih, 50, 51, 52. 58.

,,
Lien-ch’en, 126.

Wei Monarchy or Kingdom,

9, 33, 34, 47.
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Wci-ching Chrm-shu, the,

138.

Wei-chi So - yiian, the, 127.

weights, 26, 27.

Wei-Ueh Yei-li (Alexander

Wylie), 126.

white orbit, or moon’s path

on the celestial sphere,

102 .

Wei- chi So-yiian, the,

127.

without number (wu - m),

129.

without root (mu?h6)

,

129,

265

Wu Chia-shan, 153.

,, Hsin-ining, 109, 111.

Wu, Kingdom ot‘, 34, 44, 47.

Wu, Monarchy of, 106.

Wu of Sung Dynasty, 49.

Wu<hing Suan-.shu (Arith-

metic in the Five Classics),

the, 38, 45, 185.

wit-su (or without number),

129.

Wu-tai, the age of, 100.

Wu-Ti, emperor of Chou,

38, 45.

Wu-t\^ao Suan- citing, the,

37, 38, 39, 45, 46, 71, 85,

185.

Wu-Wang, 4.

Wylie, Alexander
,
126, 127,

128, 178.

Yakujutm Shimpen, the

Sampo, 190.

Yn-h’l Ch’u-t’sai, 100.

Yamada Jiisei, 180, 200,

203.

Yamada Kenseki, 184.

Yiimaguchi, 188.

Yamaji Kaiko, 189.

„ Shuju, 170, 182,

184, 205, 324.

,, Tokufti, 186.

Yamamoto Gazen, 188, 189.

„ Goyu, 185.

,, Hifumi, 184.

,, Kakuan, 183.

,, Seiro, 190

Yanagawa Shunzo, 190, 191.

’'^unagi Yuyetsu, 191.

yang (positivity), 6.
j

Yang Dili, 84—88, 89, 90,
j

98, 103, 109, no, 111,
I

113.
I

Yang Ihii Sitan-fa, the, 84
!

Yang Thing, 111.
j

Yasuhara, 190, 294.
|

Yasuma Koyeki, 190.

Yasunaga Isci, 187.

Yegawa Keishi, 189, 190.

Yehon Knf It no Nishiki, the,
;

186. i

Y’ellow Emperor (Hiian-Ti).
|

2, 37.
I

Yellow Emperor's Nine Sec-
|

tions, 2.

Yembi Yempi Hydjutm, the,

183.

Yen Shih-lung, 138.

Y'enarni Wa.sho, 180

YenchuSeytkayen-jutsu, the,

172, 185.

gendan

,

161.

yendan algebra, 160, 161,

162, 181. ’

yendan jutsu, 160, 161,181.
j

Yendan Shinan, the Sampo,

183.

Yendan Shut, the Saynio, '

183.

yen-mu (operation- modu-

lus), 67.

Yemidi Yd - riiiyen Jutsu

,

the, 185, 243.

Yeuoki Bungo, 189.

yenri, 163, 173, 174,182,205,

215, 268.

„ calculus, 174, 269,

278.

Venri Hakki, the, 165, 183,

213.

„ Hydshaku, the, 189.

„ Kappaisu, the, 190.

yenri katsujutsu, 173.

Yenri Katsund, the, 190.

„ Kigen-hyd, the, 189.

,, Kiku Sampo
y

the,

189.

„ Kohai-jutsu, the,

164, 183

„ Kyokusu Shinjutsu,

the, 191.

„ NyoiSampo, the

Yenri Sandai, the Sampo,
190.

,, Sankyd, the, 174,

189, 214, 275, 276.

„ San-yd, the, 191,

304, 309—311

, Ncmfci- ////o, the, 215,

277.

,,
Shinku, the, 187.

,, Shinshl)), the Samjjo,

189, 308, 322

„ S/tiron
,
the Sampo,

191, 304, 307— 309,

322.

„ Shohei-jiiisu Kdhen,

the, 190

„ Tetsiijutsu, the, 164.

yenri theory, 148, 167.

Yenri Tsu, ihc Sampd, 189,

315.

Yensei Kanslid Zusetsn, the,

188,

Yvnsctsu Zukai, the, 182.

yen-su 'operation-nuinber.s),

65.

Yentsu, 187

Yi-ching (or I-ching\ the,

3, 6, 45.

yin I negativity), 6.

Yhng Fang, 4, 7.

ying-nu, IG.

ying-pu-tsu surplus and

deticiency), 16.

ying-yang
(
positiveness and

negativeness), 6.

Yddai Shinjutsu, the, 191.

Ydkyokn Sampd, the, 183.

Ydmyd Sampo, the, 188.

Yoneiimra Nichiyu, 189.

Ydsfui Ydhd, the, 190.

Yoshida Juku, 187

„ Koyu, 157, 158,

169, 179, 180, 181, 200,

203, 206

Yoshirnune, the Shogun,

323.

Yoahio Joan, 188.

Yti, Emperor, 3, 6.

yu, 31, 74.

Yii Chin, 111.

Yiian Hoan, 107.

„ Yiian, 2, 25, 26, 83,

37, 45, 46, 47, 68, 64, 84,
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109, 114, 115, 116, 120,

121, 122, 123, 124, 136,

137, 138, 142, 160, 157,

326, 328.

Yuan Jo (or Yung-lo)

Tiii-tien (Yuan-lo Great

(’ollections), the, 34, 64,

123

Ynasa Tokushi, 181.

Yii-ch’u, 2.

yiieh-fen (reduction ofa frac-

tion), 11.

yuen (element), 81, 82

Yuen Hao-wen, 83, 90.

Yuen Dynasty, 99, 101, 106,

107, 108. 120, 135.

Yuen-ka Li, the. 179.

Yuen-Shih (Historical Re

cords of thjB Yuen Dy-

nasty), the, 79, 80, 99,

100, 101, 106

yuen-su (original numbers),

65.

yii-fa, 31.

Yung- chang Suan-fa, the,

111

Yung-ch’eng, 2.
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MODERN PURE SOLID GEOMETRY
By N. ALTSHILLER-COURT

In this second edition of this well-known book on
synthetic solid geometry, the author has supple-
mented several of the chapters with an account of

recent results.

—Approx. 340 pp. 54^x8, 1147) In prep.

STRING FIGURES, and other monographs

By BALL, CAJORI, CARSLAW, and PETERSEN

Four Volumes in One:
String Figures, hy W. W. Rouse Ball;

The Elements of Non-Euclidean Plane Geometry,
by H. S. Carslaw;
A History of the Logarithmic Slide Rule,
by F. Cajori;

Methods and Theories for the Solution of Problems
of Geometrical Construction, by J. Petersen

—528 pp. 5y4x8, 1130) Four vols. in one. $3.9S

THEORIE DES OPERATIONS LINEAIRES
By S. BANACH
—1933. xii 4 250 pp. f HO) $3.95

THEORIE DER FUNKTIONEN MEHRERER
KOMPLEXER VERANDERLICHEN

By H. BEHNKE and P. THULLEN
— (Ergeb. der Math.) 1934. vii4-M5 pp. 5’/2x8>/2- 168] $3.25

CONFORMAL MAPPING
By L, BIEBERBACH

“The first book in English to give an elementary,
readable account of the Riemann Mapping Theorem
and the distortion theorems and uniformisation
problem with which it is connected. . . . Presented
in very attractive and readable form.”—Math. Gazette.

. . thorough and painstaking . . . lucid and
clear and well arranged ... an excellent text.”

—Bulletin of the A. M. S.

“Engineers will profitably use this book for its

accurate exposition.”

—

Appl. Mechanics Reviews.

— 1952. Vi 4 234 pp, 41/2x61/2 . [901 $2.50

BASIC GEOMETRY
By G. D. BIRKHOFF and R. BEATLEY

A highly recommended high-school text by two
eminent scholars.

—Third edition. 1959. 294 pp. SVasB. [1201 $3.95
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KREiS UND KUGEL
By W. BLASCHKE

Isoperimetric properties of the circle and sphere,
the (Brunn-Minkowski) theory of convex ladies,
and differential-geometric properties (in the
large) of convex bodies. A standard work.
—X + >69 pp. 5V2X8V2. [59] Cloth iS.SO

[115] Paper $1.50

VORLESUNGEN UBER INTEGRAL-
GEOMETRIE. Vols. I and II

By W. BLASCHKE

EINFUHRUNG IN DIE THEORIE DER
SYSTEME VON DIFFERENTIAL-

GLEICHUNGEN
By E. KAHLER
—222 pp 5V2X8V2. [64] Three Vols. in One $4.50

VORLESUNGEN UBER FOURIERSCHE
INTEGRALE

By S. BOCHNER

“A readable account of those parts of the subject
useful for applications to problems of mathe-
matical physics or pure analysis.”

—Bulletin of the A. M. S,
— 1932. 237 pp. 5V2X8I/2. Orig. pub. at $6.40. [42] $3.50

ALMOST PERIODIC FUNCTIONS
By H. BOHR

Translated by H. Cohn. From the famous series

Ergebnisse der Mathematik und ihrer Grenzge-
biete, a beautiful exposition of the theory of Al-
most Periodic Functions written by the creator of
that theory.
— 1951. 120 pp. 6x9. Lithotyped. Germon edition wos $4.50.

[27] $2.50

LECTURES ON THE
CALCULUS OF VARIATIONS

By O. BOLZA

A standard text by a major contributor to the

theory.

—Ready June or July, 1961 . Corr. repr. of first ed. xi -f 267 pp.
5%x8. fM51 Cloth W-25

[152] Paper $1.19

THEORIE DER KONVEXEN KORPER
By T. BONNESEN and W. FENCHEL

“Remarkable monograph.”—J. D. Tamarkin, Bulletin of the A. M,S*
—1934. 171 pp. 5V2X8I/2. Orig. publ. ot $7.50 [54] $3.95
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THE CALCULUS OF FINITE DIFFERENCES

By G. BOOLE

A standard work on the subject of finite differ-

ences and difference equations by one of the semi-
nal minds in the field of finite mathematics.
Some of the topics covered are: Interpolation,

Finite Integration, Summation of Series, General
Theory of Difference and Differential Equations
of First Order, Linear DEqns with Variable Co-
efficients, Linear DEqns, Geometrical Applications,
Numerous exercises with answers.

—Fourth edition. 1958. xii -f- 336 pp. 5x8. (121 ] Cloth $3.95
[148] Paper $1.39

A TREATISE ON
DIFFERENTIAL EQUATIONS

By G. B001.E-

Includingr the Supplementary Volume.

—Fifth edition. 1959. xxiv -f 735 pp. 5V4x8. [128] $6.00

THEORY OF FUNCTIONS
By C. CARATHiODORY

Translated by F. Steinhardt. The recent, and
already famous textbook, Funktionentheorie.

Partial Contents: Part One. Chap. I. Algebra of
Complex Numbers. II. Geometry of Complex Num-
bers. III. Euclidean, Spherical, and Non-Euclid-
ean Geometry. Part Two. Theorems from Point Set
Theory and Topology. Chap. 1. Sequences and Con-
tinuous Complex Functions. II. Curves and
Regions. III. Line Integrals. Part Three. Analytic
Functions. Chap. I. Foundations. II. The Maxi-
mum-modulus principle. III. Poisson Integral and
Harmonic Functions. IV. Meromorphic Functions.
Part Four. Generation of Analytic Functions by
Limiting Processes. Chap. I. Uniform Convergence.
II. Normal Families of Meromorphic Functions.
III. Power Series. IV. Partial Fraction Decompo-
sition and the Calculus of Residues. Part Five.
Special Functions. Chap. I. The Exponential Func-
tion and the Trigonometric Functions. II. Logarith-
mic Function. III. Bernoulli Nmirbers and the
Gamma Function.

Vol, II.: Part Six. Foundations of Geometric
Function Theory. Chap. I. Bounded Functions. II.

Conformal Mapping. III. The Mapping of the
Boundary. Part Seven. The Triangle Function and
Picard's Theorem. Chap. I. Functions of Several
Complex Variables. II. Conformal Mapping of
Circular-Arc Triangles. III. The Schwarz Triangle
Functions and the Modular Function. IV. Essential
Singularities and Picard's Theorems.
“A book by a master . . . Cai*Rth4odory himself

regarded [it] as his finest achievement . . . written
from a catholic point of view."

—

Bulletin of A,M,S.
—^Vol. I. Second edition. 1958. 310 pp. 6x9. (97] $4.95
—Vol. 1 1. Second edition. 1 960. 220 pp. 6x9. [1061 $4.95
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MEASURE AND INTEGRAL
By C. CARATHiODORY
—About 360 pp. Translated from the German. In prep.

VORLESUNGEN UBER REELLE FUNKTIONEN
By C. CARATHEODORY

This great classic is at once a book for the begin-
ner, a reference work for the advanced scholar and
a source of inspiration for the research worker.

—2nd, latest complete, ed. 728 pp. Orig. publ. at

$11.60. [38] $8.00

ELECTRIC CIRCUIT THEORY and the

OPERATIONAL CALCULUS
By J. R. CARSON

“A rigorous and logical exposition and treatment
of the Heaviside operational calculus and its ap-
plications to electrical problems . . . will be enjoyed
and studied by mathematicians, engineers and
scientists.”—Electrical World.

—2nd ed. 206 pp. SVaxS. [92] Cloth $3.95

[1)4]Poper $1.88

TEXTBOOK OF ALGEBRA
By G. CHRYSTAL

The usefulness, both as a textbook and as a work
of reference, of this charming classic is attested

to by the number of editions it has run through

—

the present being the sixth. Its richness of content
can be only appreciated by an examination of the
twelve-hundred-page book itself. Thousands of

valuable exercises (with solutions).

6th ed. 2 Vols. 1235 pages. 5%x8, [84] Each volume $2.95

EIGENWERTPROBLEME UND IHRE

NUMERISCHE BEHANDLUNG
By L COLLATZ

‘Tart I presents an interesting and valuable col-

lection of PRACTICAL APPLICATIONS.
“Part n deals with the MATHEMATICAL

THEORY.
“Part III takes up various methods of NUMER-

ICAL SOLUTION of boundary value problems.
The£ s include step-by-step approximations, graph-
ical integration, the Rayleigh-Ritz method and
methods depending on finite differences. Here, as
throughout the book, the theory is kept in close
touch with practice by numerous specific examples.”

—Mathematical Reviews.

—1 945. 350 pp. 5V2X8V2. Orig. pub. at $8.80. [41 1 $4.95
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ALGEBREN
By M. DBURtNG

-T-(Ergeb. der Math.) 1935. v M3 pp. Orig. pub.
at $6.60. tsOJ $3.95

HISTORY OF THE THEORY OF NUMBERS
By L. E. DICKSON

“A monumental work . . . Dickson always has in

mind the needs of the investigator . . . The author
has [often] expressed in a nut-shell the main re-

sults of a long and involved paper in a muck
clearer way than the writer of the article did him-
self. The ability to reduce complicated mathemati-
cal arguments to simple and elementary terms is

highly developed in Dickson.”—Bulletin of A. M. S.

—Vol. I I Divisibility and Primolity) xii 4- ^86 pp. Vol. II

IDiophontine Analysis) xxv + 803 pp. Vol. Ill (Quodratic and
Higher Forms) v -f 313 pp. (861 Three vol. set $19.95

STUDIES IN THE THEORY OF NUMBERS
By L E. DICKSON

A systematic exposition, starting from first prin-

ciples, of the arithmetic of quadratic forms, chiefly

(but not entirely) ternary forms, including numer-
ous original investigations and correct proofs of a
number of classical results that have been stated
or proved erroneously in the literature.

—1930. viii -f 230 pp. 53/8x8. (1511 In prep.

THE INTEGRAL CALCULUS
By J. W. EDWARDS

A leisurely, immensely detailed, textbook of over
1,900 pages, rich in illustrative examples and ma-
nipulative techniques and containing much inter-

esting material that must of necessity be omitted
from less comprehensive works.
There are forty large chapters in all. The earlier

cover a leisurely and a more-than-usually-detailed
treatment of all the elementary standard topics.

Later chapters include: Jacobian Elliptic Func-
tions, Weierstrassian Elliptic Functions, Evalu-
ation of Definite Integrals, Harmonic Analysis,
Calculus of Variations, etc. Every chapter contains
many exercises (with solutions).

—2 vols. 1 ,922 pp. 5x8. Originally published at $31 .50 the set.

ri021, [1051 Each volume $7.50

AUTOMORPHIC FUNCTIONS
By L R. FORD

“Comprehensive , . . remarkably clear and ex-
plicit.”—Bulletin of the A. M, S.

—2nd ed. (Cor. repr.) x-f 333 pp. 5%x8. [851 $4.95
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ASYMPTOTIC SERIES

By W. B. FORD

Two VOLUMES IN ONE: Studies on Divergent Series

and Summahility and The Asymptotic Develop-

ments of Functions Defined by MacLaurin Series.

Partial Contents: I. MacLaurin Sum-Formula;
Introduction to Study of Asymptotic Series. II.

Determination of Asymptotic Development of a
Given Function. III. Asymptotic Solutions of

Linear Differential Equations. ... V. Summahility,

etc. /. First General Theorem. . . . III. MacLaurin
Series whose General Coefficient is Algebraic.

VII. Functions of Bessel Type. VIII. Asymptotic
Behavior of Solution of Differential Equations of

Fuchsian Type. Bibliography.

— 1916; 1936-60. x -1 341 pp. 6x9. (1431 Two vols. in one.

$6.00

THE CALCULUS OF EXTENSION
By H. G. FORDBR

Partial Contents: 1. Plane Geometry. II. Geometry
in Space. III. Applications to Projective Geometry.
. . . VIII. Applications to Systems of Linear Equa-
tions and Determinants. XII. Oriented Circle and
Systems of Circles. XIII. The General Theory of

Matrices . . . XV. Algebraic Products.

— 1941-60. xvi -f 490 pp. 5 Hx8. (135) $4.95

RUSSIAN MATHEMATICAL BIBLIOGRAPHY

By G. E. FORSYTHE

A bibliography of Russian Mathematics Books for

the past quarter century. Supplements may be

issued. Added subject index.

—1 956. 1 06 pp. 5x8. [1111 $3.95

CURVE TRACING
By P. FROST

This much-quoted and charming treatise gives a
very readable treatment of a topic that can only

be touched upon briefly in courses on Analytic

Geometry. Teachers will find it invaluable as sup-

plementary reading for their more interested

students and for reference. The Calculus is not

used.
Seventeen plates, containing over 200 figures,

illustrate the discussion in the text.

—5th (unaltered) ed. 1960. 210 pp. -f 17 fold-out plates.

5%x8. [1401 $3.50
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THE THEORY OF MATRICES
By F. R. GANTMACHER

Translated from the Russian, with further revi-

sions by the Author.

This treatise by one of Russia’s leading mathe-
maticians gives, in easily accessible form, a co-

herent account of matrix theory with a view to

applications in mathematics, theoretical physics,

statistics, electrical engineering, etc. The indi-

vidual chapters have been kept as far as possible

independent of each other, so that the reader ac-

quainted with the contents of Chapter I can pro-

ceed immediately to the chapters that especially

interest him. Much of the material has been avail-

able until now only in the periodical literature.

Partial Contents. .VoL. Onk. I. Matrices and
Matrix Operations. II. The Algorithm of Gauss
and Applications. III. Linear Operators in an
n-Dimensional Vector Space. IV. Characteristic
Polynomial and Minimal Polynomial of a Matrix
(Generalized Rezout Theorem, Method of Faddeev
for Simultaneous Computation of Coefficients of

Characteristic Polynomial and Adjoint Matrix,
... ). V. Functions of Matrices (Various Forms
of the Definition, Components, Application to In-

tegration of System of Linear Differential Eqns,
Stability of Motion, . . .). VI. Equivalent Trans-
formations of Polynomial Matrices; Analytic The-
ory of Elementary Divisors. VI 1. The Structure
of a Linear Operator in an r/-Dimensional Space
(Minimal Polynomial, Congruence, Factor Space,
Jordan I'orm, Krylov’s Method of Transforming
Secular Eqn, . . .). VIII. Matri?c Equations (Ma-
trix Polynomial Eqns, Roots and Logarithm of

Matrices, . . .). IX. Linear Operators in a Unitary
Space. X. Quadratic and Hermitian Forms.

Volume Two. XL Complex Symmetric, Skew-
symmetric, and Orthogonal Matrices. XII. Singu-
lar Pencils of Matrices. XIIL Matrices with Non-
Negative Elements (General Properties, Spectral
Properties, Reducible Matrices, Primitive and
Imprimitive Matrices, Stochastic Matrices, Limit-
ing Probabilities for Homogeneous Markov Chain,
Totally Non-Negative Matrices, Oscillatory Ma-
trices . . .). XIV. Applications of the Theory of
Matrices to the Investigation of Systems of Linear
Differential Equations (Systems with Variable
Coefficients, Lyapunov Transformations, Reduc-
ible Systems, Erugin’s Theorem, Multiplicative
Integral, Volterra’s Calculus, Differential Sys-
tems in Complex Domain, Analytic Functions of
Several Matrices, The Research of Lappo-
Danilevskii, . .). XV. The Problem of Routh-
Hurwitz and Related Questions (Routh’s Algo-
rithm, Lyapunov’s Theorem, Method of Quadratic
Forms, Infinite Hankel Matrices of Finite Rank,
Stability, -Markov Parameters, Problem of Mo-
ments. Theorems of Markov and Chebyshev.
Generalized Routh-Hurwitz Problem, . . .). Bib-
liography.

—Vol. I. I960. X -f 374 pp. 6x9. [13)1 $6.00—Vol. II. 1960. x-1- 277 pp. 6x9. [1331 $6.00
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ARITHMETISCHE UNTERSUCHUNGEN
By C. F. GAUSS

Th(; German translation of his Disquisitiones
A rith nu’ticdf.

—Repr of 1st German cd 860 pp. 5%xS [150] In prep.

THEORY OF PROBABILITY

By B. V. GNEDENKO

Translated from the second Russian edition, with
additions and revisions hy Prof. Gnedenko,

Partial Conteata: I. The Concept of Probability
(Different approaches to the definition, Field of

events, (ieometrical Probability. Statistical defini-

tion. Axiomatic construction . . .). II. Sequences
of Independent Trials. III. Markov Chains. IV.
Random Variables and Distribution Functions
(Continuous and discrete distributions. Multi-
dimensional d. functions. Functions of random
variables. Stieltjes integral). V. Numerical Char-
acteristics of Random Variables (Mathematical
expectation. Variance . . . Moments). VI. Law of

Large Numbers (Mass phenomena. Tchebychev’s
form of law. Strong law of large numbers . . .).

VI I . Characteristic Functions (Properties. Inver-
sion formula and uniqueness theorem. Helly’s
theorems. Limit theorems. Char, functs. for multi-
dimensional random variables . . .). VI 11. Classical

Limit Theorem (Liapunov’s theorem. Local limit

theorem). IX. Theory of Infinitely Divisible Dis-

tribution Laws. X. Theory of Stochastic Processes
(Generalized Markov equation. Continuous S.

processes. Purely discontinuous S. processes. Kol-
mogorov-Feller equations. Homogeneous S. proc-
esses with independent increments. Stationary S.

process. Stochastic integral. Spectral theorem of
S. processes. BirkhofT-Khinchine ergodic theorem)

.

XL Elements of Statistics (Some problems. Varia-
tional series and empirical distribution functions.
Glivenko’s theorem and Kolmogorov’s compati-
bility criterion. Two-sample problem. Critical
region. Comparison of two statistical hypotheses
. . . Confidence limits). T.XBLES. bibliogr.xphy.

-Ready, 1961-1962 Aboui 400 pp 6x9 [132] Prob $6.50

LES INTEGRALES DE STIELTJES et leurs Appli-

cations aux Probl^mes de la Physique Math^-

matique

By N. GUNTHER
— 1932. 498 pp 5V2 x8. 1631 $5.95
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LECONS SUR LA PROPAGATION DES
ONDES ET LES EQUATIONS DE
L'HYDRODYNAMIQUE

By J. HADAMARD
“[Hadamard’s] unusual analytic proficiency en-

ables him to connect in a wonderful manner the
physical problem of propagation of waves and the
mathematical problem of Cauchy concerning the
characteristics of partial differential equations of
the second order.”

—

Bulletin of the A. M. S.

—viii + 375 pp. 5»/2 x8V2- [581 M-95

REELLE FUNKTIONEN. Punktfunklionen
By H. HAHN
—426 pp. 5 ’72x81/2. Orig. pub. at $12.80. 152] $4.95

LECTURES ON ERGODIC THEORY
By P. R. HALMOS

CONTENTS

:

Introduction. Recurrence. Mean
Convergence. Pointwise Convergence. Ergodicity.

Mixing. Measure Algebras. Discrete Spectrum.
Automorphisms of Compact Groups. Generalized
Proper Values. Weak Topology. Weak Approxima-
tion. Uniform Topology. Uniform Approximation.
Category. Invariant Measures. Generalized Er-
godic Theorems. Unsolved Problems.

“Written in the pleasant, relaxed, and clear style

usually associated with the author. The material
is organized very well and painlessly presented. A
number of remarks ranging from the serious to

the whimsical add insight and enjoyment to the

reading of the book.”
—Bulletin of the Amer. Math. Soc.

— 1960. (Repr. of 1956 ed.) v.ii + 101 pp 5 ’74x8. [142) $2.95

INTRODUCTION TO HILBERT SPACE AND
THE THEORY OF SPECTRAL MULTIPLICITY

By P. R. HALMOS

Prof. Halmos’ recent book gives a clear, readable
introductory treatment of Hilbert Space. The
multiplicity theory of continuous spectra is

treated, for the first time in English, in full

generality.
— 1957. 2nd ed. (c. repr. of Isf ed.). 120 pp. 6x9. [821 $3.25

RAMANUJAN:
Twelve Lectures on His Life and Works

By G. H. HARDY

The book is somewhat more than an account of the
mathematical work and personality of Ramanujan

;

it is one of the very few full-length books of “shop
talk” by an important mathematician.
—viii -f 236 pp. 6x9. [136] $3.95
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GRUND2UGE DER MENGENLEHRE
By F. HAUSDORFF

Some of the topics in the Grundzu^e omitted from
later editions:

Symmetric Sets—Princif)lc of Duality— most of
the “Algebra” of Sets—most of the “f)rdered
Sets”— I'arlially Ordered Sets—Arbitrary Sets
of Complexes—Normal Types—Initial and
Final Ordering—Complexes of Real Numbers-
General Topological Spaces—Euclidean Spaces
—the Special Methods Applicable in the Euclid-
ean plane—Jordan’s separation Theorem—The
Theory of Content and Measure—^The Theory
of the Lebesgue Integral.

— First edition. 484 pp 5'/2*8V4 (61 1 $4,95

SET THEORY
By F. HAUSDORFF

Now for the first time available in English,
Hausdorff’s classic text-book has been an inspira-

tion and a delight to those who have lead it in the
original German. The translation is from the
Third (latest) German edition.

“We wish to state without qualification that this

is an indispensable book for all.those interested in

the theory of sets and the allied branches of real

variable theory.”—nuUetin of A. M. N.

— 1957 352 pp 6x9 (119) $6.00

VORLESUNGEN UBER DIE THEORIE DER
ALGEBRAISCHEN ZAHLEN

By E. HECKE

“An elegant and comprehensive account of the
modern theory of algebraic numbers.”

Hulh tiv of the A. M. S.

“A classic,"—A/af/u’»7mfiru/ Gazette.

1923 264 pp 5V2 x8’'2 (461 $3.95

INTEGRALGLEICHUNGEN UNO
GLEICHUNGEN MIT UNENDLICHVIELEN
UNBEKAHNTEN

By E. HELLINGER and O. TOEPLITZ

“Indispensable to anybody who desires to pene-
trate deeply into this subject.”— of A.M.S.

- -With o preface by E Hilb 1928. 286 pp. 5>/4>c8. [891 $4.50
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Grundzuge Einer Allgemeinen Theorie der

LINEAREN INTEGRALGLEICHUNGEN *

By D. HILBERT

—306 pp. 5'/2 x8»/4. (9)1 $4.50

PRINCIPLES OF MATHEMATICAL LOGIC
By D. HILBERT and W. ACKERMANN

The famous Griindiige der Tfieoreiischen Logik
translated into English, with added notes and re-

visions by Prof, R. E. Luck.

“The best textbook in a Western European
language for a student wishing a fairly thorough
treatment .”—Bulletin of the A. M. S.

--^1950-59. xii + 172 pp. 6x9. (691 $3.75

GEOMETRY AND THE IMAGINATION
By D. HILBERT and S. COHN-VOSSEN

The theme of this book is insight. Not merely
proofs, but proofs that offer insight—intuitive

undcistanding—into ivhy they arc true. Not
merely properties of the hyperboloid or of Pascal’s

hexagon, but insight into why they have these

properties. In this wide-ranging survey, one of the
world's greatest and most original mathematicians
uses insight as both his technique and his aim.
Both the beginner and the mature mathematician
will learn much from this fascinating treatise.

Translated from the German by P. Nkmenyi.

Cii.APTER He.\dings: I. The Simplest Curves and
surfaces. II. Regular Systems of Points. III. Pro-
jective Configurations. IV. Differential Geometry.
V. Kinematics. VI. Topology.

“A mathematical classic . . . The purpose is to

make the reader see and feel the proofs.”

—

Science.

“A fascinating tour of the 20th-century mathe-
matical zoo.”

—

Scientific American.

“Students . . . will experience the sensation of

being taken into the friendly confidence of a great
mathematician and being shown the real signifi-

cance of things.”

—

Science Progress.

“A glance down the index {twenty-five columns
of it) reveal the breadth of range:—
“Annulus; Atomic sti ucture; Automorphic func-

tions; Bubble, soap; Caustic Curve; Color problem;
Density of packing, of circles; Four-dimensional
space; Gears, hyperboloidal

;
Graphite; Lattices;

Mapping; “Monkey Saddle”; Table salt; Zinc.

**These are but a few of the topics . . . The title

evokes the imagination and the text must surely
capture it.”

—

Math. Gazette.
—1952. 358 pp. 6x9. (87] $6.00
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SQUARING THE CIRCLE, and other

Monographs

By HOBSON, HUDSON, SINGH, and KEMPE

Four volumes in one.

Squaring the Circle, by Hobson. A fascinating
account of one of the three famous problems of
antiquity, its significance, its history, the mathe-
matical work it inspired in modern times, and its

eventual solution in the closing years of the last

century.

Ruler and Compasses, by Hudson. “An ana-
lytical and geometrical investigation of how far
Euclidean constructions can take us. It is as thor-

oughgoing as it is constructive.”

—

Sci. Monthly.

The Theory and Construction of Non-
Differentiable Functions, by Sinyh. I. Func-
tions Defined by Series. II. Functions Defined Geo-
metrically. III. h'unctions Defined Arithmetically.
IV. Properties of Non-DifTerentiable Functions.

How TO Draw a Straight Line, by Kempe. An
intriguing monograph on linkages. Describes,

among other things, a linkage that will trisect any
angle.

‘intriguing, meaty.”—Scientific American.
—388 pp. '^'/2^7>/2. (95] Four vols m one $3.25

SPHERICAL AND ELLIPSOIDAL HARMONICS
By E. W. HOBSON
“A comprehensive treatise . . . and the standard
reference in its field.”

—

Bulletin of the A. M. S.

— 1930 512 pp 530 x8 Or.g pub. of $13 50 (104] $6.00

DIE METHODEN ZUR ANGENAHERTEN
LOSUNG VON EIGENWERTPROBLEMEN IN

DER ELASTOKINETIK
By K. HOHENEMSER
— (Ergeb der Math) 1932 89 pp 5 '''

2 x8'2 Ong pub at

$4,25. (551 $2.75

ERGODENTHEORIE
By 5. HOPF
— < Ergeb. der Math ) 1937 89 pp 5* 2 ^

8'
'2

(431 $2.75

HUDSON, "Ruler and Compajsej," see Hobson

THE CALCULUS OF FINITE DIFFERENCES

By CHARLES JORDAN
“.

. . destined to remain the classic treatment of

the subject . . . for many years to come.”

—

Harry
C. Carver, Founder and formerly Editor of the

Annals of Mathematical Statistics.

— 1 947 , Second edition xxi f 652 pp. 5’

'

2^8 V4 (331 $6.00
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THEORIE DER ORTHOGONALREIHEN
By S. KACZMARZ and H. STEINHAUS

The theory of general orthogonal functions. Mono-
grafje Matematyczne, Vol. VI.
—3(Mpp. 6x9 [831 $4.95

KAHIER, s«e Blaschkc

DIFFERENTIALGLEICHUNGEN:
LOESUNGSMETHODEN UNO LOESUNGEN

By E. KAMKE
Everything possible that can be of use when one
has a given differential equation to solve, or when
one wishes to investigate that solution thoroughly.

PART A: Cteneral Methods of Solution and the
Properties of the Solutions.

PART B: Boundary and Characteristic Value
Problems.

PART C: Dictionary of some 1600 Equations in

Lexicographical Order, with solution, techniques

for solving, and references.

“A reference work of outstanding importance
which should be in every mathematical library.”

—Mathematical Gazette.

—Third ed. 692 pp. 6x9. Orig. Publ. ct $1 5 00 [441 $9.50

KEMPE, "How to Draw a Straight line," lee Hobson

ASYMPTOTISCHE GESETZE DER
WAHRSCHEINLICHKEITSRECHNUNG

By A. A. KHINTCHINE

— 1933. 82 pp. (Ergeb, der Moth.) 5Y2xdY2 Oriq pub at

$3.85. [361 Poper $2.00

ENTWICKLUNG DER MATHEMATIK IM 19.

JAHRHUNDERT
By F. KLEIN

Vol. I deals with general Advanced Mathematics
of the prolific 19th century. Vol. II deals with the
mathematics of Relativity Theory.

—616 pp. 51/4 x81/4 . Ong. $14.40. [74] 2 Vols in one $7.50

VORLESUNGEN UBER HOHERE GEOMETRIE
By FELIX KLEIN

In this third edition there has been added to the
first two sections of Klein's classical work a third
section written by Professors Blai^chke, Radon,
Artin and Schreier on recent developments.
—Third ed. 413 pp. 51/2x8 . Orig. publ. ot $10.80. (651 $4.95
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VORLESUNGEN UEBER
NICHT-EUKLIDISCHE GEOMETRIE

By F. KLEIN

Chapter Headings; I. Concept of Projective Geom-
etry. II. Structures of the Second Degree. III.

Collineations that Carry Structure of Second De-
gree into Itself. IV. Introduction of the Euclidean
Metric into Projective Geometry. V. Projective
Coordinates Independent of Euclidean Geometry,
VI. Projective Determination of Measure. VII. Re-
lation between Elliptic, Euclidean, and Hyperbolic
Geometries. VIII. The Two Non-Euclidean Geom-
etries. IX. The Problem of the Structure of Space.
X AND XI. Relation between Non-Euclidean Geom-
etry and other Branches of Mathematics.

— 1928. XII -f 326 pp. 5x8 11291 $4.95

FAMOUS PROBLEMS, and other monographs

By KLEIN, SHEPPARD, MacMAHON, and MORDELL

ForK voi.r.MEs in one.

FvMor.s Problems of Elementary Geometry,
by Klein. A fascinating little book. A simple, easily
understandable, account of the famous problems of

Geometry—The Duplication of the Cube, Trisec-
tion of the Angle, Squaring of the Circle—and the
proofs that these cannot be solved by ruler and
compass—presentable, say, before an undergradu-
ate math club (no calculus required). Also, the
modern firoblems about transcendental numbers,
the existence of such numbers, and proofs of the
transcendence of e.

From Determinant to Tensor, by Sheppard.
A novel and charming introduction. Written with
the utmost simplicity. Pt I. Origin of Determi-
nants. II. Properties of Determinants. III. Solution
of Simultaneous Equations. IV. Properties. V. Ten-
sor Notation. Pt II. VI. Sets. VII. Cogredience,
etc. VIII. Examples from Statistics. IX. Tensors
in Theory of Relativity.

Introduction to Combinatory Analysis, by
MacMahon. A concise introduction to this field.

Written as introduction to the author’s two-volume
work.
Three Lectcres on Fermat’s Last Theorem,

by Mordell. These lectures on what is perhaps the

most celebrated conjecture in Mathematics are

intended for those without training in Number
Theory. I. History, Early Proofs. II. Rummer’s
Treatment and Recent Results. III. Libri’s and
Germain’s Methods.

—350 pp. 5 V4 X8 V4 . H081 Four vols. in one. $3.25
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THEORIE DER ENDLICHEN UND
UNENDLICHEN GRAPHEN

By D. k6n/G

“Elegant applications to Matrix Theory . . .

Abstract Set Theory . . . Linear Forms . . . Elec-
tricity . . . Basis Problems . , . Logic, Theory of

Games, Group Theory."—L. Kalmar, Acta Szeged.

— 1936. 269 pp. 5 1/4 x8 Ong. publ. at $7.20, [721 $4.50

DIOPHANTISCHE APPROXIMATIONEN

By J. F. KOKSMA

— (Ergcb. der Math.) 1936. 165 pp 5 V2 x8'/2 Ong. publ. ot

$7.25. [661 $3.50

FOUNDATIONS OF THE THEORY OF
PROBABILITY

By A. KOLMOGOROV

Translation edited by N. Morrison. With a bibli-

ography and notes by A. T. Bharucha-Reid.

Almost indispensable for anyone who wishes a
thorough understanding of modern statistics, this

basic tract develops probability theory on a postu-
lational basis.

- 2nd cd. 1956. viii -H 84 pp. 6x9. [23] $2.50

EINFUHRUNG IN DIE THEORIE DER

KONTINUIERLICHEN GRUPPEN

By G. KOWALEWSKI

—406 pp. 5 1/4 x8

1

/4 . Orig. publ. at $10.20. (701 $4.95

DETERMINANTENTHEORIE
EINSCHLIESSLICH DER FREDHOLMSCHEN
DETERMINANTEN

By G. KOWALEWSKI

PARTIAL CONTENTS: Definition and Simple
Properties . . . Systems of Linear Equations . . .

Symmetric, Skew-symmetric, Orthogonal Deter-
minants . . . Resultants and Discriminants . . .

Linear and Quadratic Forms . . . Functional, Wron-
skian, Gramian determinants . . . Geometrical ap-
plications . . . Linear Integral Equations . . . Theory
of Elementary Divisors.
“A classic in its field."—Bulletin of the A. M. S.

—Third edition. 1942 328 pp. 51/2 x8 . [391 $4.95
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IDEALTHEORIE

By W. KRULL
— (Ergcb. dor Math.) 1935. 159 pp, 5V2^^V2 Orig, pubi

(poper bovind) ot $7.00 [48] Cloth, $3.95

GROUP THEORY
By A. KUROSH

Translated from the second Russian edition and
with added notes by Prof. K. A. Hirsch.
A complete rewriting of the first, and already

famous, Russian edition.

Partial Contenta: Part one: The Elements of

Group Theory. Chap. I. Definition. 11. Subgroups
(Systems, Cyclic Groups, Ascending Sequences of

Groups). 111. Normal Subgroups. IV. Endomor-
phisms and Automorphisms. Groups with Opera-
tors. V. Series of Subgroups. Direct Products.
Defining Relations, etc. Part two: Abelian Groups.
VI. Foundations of the Theory of Abelian Groups
(Finite Abelian Groups, Rings of Endomorphisms,
Abelian Groups with Operators). Vll. Primary
and Mixed Abelian Groups. Vlll. Torsion-Free
Abelian Groups. Editor’s Notes. Bibliography.

Vol. II. Part Three: Group-Theoretical Con-
structions. LX. Free Products and Free Groups
(Free Products with Amalgamated Subgroup,
Fully Invariant Subgroups). X. Finitely Genera-
ted Groups. XI. Direct Products. Lattices (Modu-
lar, Complete Modular, etc.). Xll. Extensions of

Groups (of Abelian Groups, of Non-commutative
Groups, Cohomology Groups). Part Foi’r: Solv-

able and Nilpotent Groups. Xlll. Finiteness Con-
ditions, Sylow Subgroups, etc. XIV. Solvable
Groups (Solvable and Generalized Solvable Groups,
Local Theorem's). XV. Nilpotent Groups (General-
ized, Complete, Locally Nilpotent Torsion-Free,
etc.). Editor’s Notes. Bibliography.

--Vol I 2nd ed 1959 27 1 pp. 6x9 [107] $4.95

—Vol II. 2nd cd 1960 308 pp. 6x9. [109] $4.95

DIFFERENTIAL AND INTEGRAL CALCULUS
By £. LANDAU
Landau’s sparkling Einfiihrung in English trans-

lation. Completely rigorous, completely self-

contained, borrowing not even the fundamental
theorem of algebra (of which it gives a rigorous
elementary proof), it develops the entire calculus

including Fourier series, starting only with the

properties of the number system. A masterpiece of

rigor and clarity.

—2nd ed. 1960. 372 pp. 6x9 [78] $6.00

ELEMENTARE ZAHLENTHEORIE
By £. LANDAU
“Interest is enlisted at once and sustained by the
accuracy, skill, and enthusiasm with which Landau
marshals . . . facts and simplifies . . . details.”

—G. />. Birkhoff, Bulletin of the A. M. S.

— 1927. vii-f 180 -fiv pp. 5y2x8V4 [26] $3.50
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VORLESUNGEN UBER ZAHLENTHEORIE
By E. LANDAU
The various sections of this important work
(Additive, Analytic, Geometric, and Algebraic
Number Theory) can be read independently of one
another.
—Vol. I, Pt. 2, Additive Number Theory) xii -f- ^80 pp. Vol,

1 1 . ( Analytical Number Theory ond Geometrical NumberTheory

)

viii T 308 pp. Vol. III. (Algebraic NumberTheory and Fermat's
Last Theorem) viii -f 341 pp. 5 V4 X8 V4 . «(Vol. I, Pt. 1 is issued

as Elementary Number Theory.) Originally publ. at $26.40

[321 Three vols. in one $ 14.00

ELEMENTARY NUMBER THEORY
By E. LANDAU
The present work is a translation of Prof. Lan-
dau’s famous Elementare Zahlentheorie, with
added exercises by Prof. Paul T. Bateman.
Part One. Foundations of Number Theory. I.

Divisors. II. Prime Numbers, Prime Factoriza-
tion. III. G.C.D. IV. Number-theoretic Func-
tions. V. Congruences. VI. Quadratic Residues.
VII. Pell’s Equation. Part Two. Brun’s Theorem
and Dirichlet’s Theorem. Part Three. Decompo-
sition into Two, Three, and Four Squares. I.

Farey Fractions. II. Dec. into 2 Squares. III. Dec.
into 4 Squares. IV. Dec. into 3 Squares. Part
Four. Class Numbers of Binary Qua(iratic Forms.
II. Classes of Forms. III. Finiteness of Class
Number. IV. Primary Representation . . . VI.
Gaussian Sums . . . IX. Final Formulas for Class
Number.

Exercises for Parts One, Two, and Three.
— 1958. 256 pp. 6x9. [1251 $4.95

EINFUHRUNG IN DIE ELEMENTARE UND
ANALYTISCHE THEORIE DER
ALGEBRAISCHE ZAHLEN UND DER IDEALE

By E. LANDAU
—2nd ed. vii 4- H7 pp. 5 »/2 x8 . [621 $2.95

GRUNDLAGEN DER ANALYSIS
By E. LANDAU
The student who wishes to study mathematical
German will find Landau’s famous Grundlagen der
Analysis ideally suited to his needs.

Only a few score of German words will enable
him to read the entire book with only an occasional

glance at the Vocabulary! [A Complete German-
English vocabulary, prepared with the novice

especially in mind, has been appended to the book.]

—3rd ed. 1960. 173 pp. 5%x8. [241 Cloth $3.50
[1411 Paper $1.95
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FOUNDATIONS OF ANALYSIS
By E. LANDAU
“Certainly no clearer treatment of the foundations
of the number system can be offered. . . . One can
only be thankful to the author for this fundamental
piece of exposition, which is alive with his vitality

and genius."

—

J. F. Ritt, Amer. Matii. Monthly.
—2nd ed. 1960 6x9. 179) $3.50

HANDBUCH DER LEHRE VON DER
VERTEILUNG DER PRIMZAHLEN

By E. LANDAU
To Landau’s monumental work on prime-number
theory there has been added, in this edition, two of

Landau’s papers and an up-to-date guide to the
work: an Appendix by Prof. Paul T. Bateman.
—2nd ed 1953. 1,028 pp 5V'2x8'2 (96) $13.95

UEBER ANALYSIS
By E. LANDAU, 6. RIEMANN, and H. BY

L

-See Wcyl-Landau-Ricmann

MEMOIRES SUR LA THEORIE DES SYSTEMES
DES EQUATIONS DIFFERENTIELLES

LINEAIRES, Vols. I, 11, III

By J. A. LAPPO DANILEVSKlf
TuRKF. VOLl'MKS IN ONK.

Some of the chapter titles are: General theory of

functions of matrices; Analytic theory of matrices;
Problem of Poincare; Systems of equations in

neighborhood of a pole; Analytic continuation; In-

tegral ecjuations and their a])plication to the theory
of linear differential equations; Kiemann’s prob-
lem; etc.

“The theory of (systems of linear differential

equations] is treated with elegance and generality
by the author, and his contributions constitute an
important addition to the field of differential equa-
tions."— Applied Mechanics Revieivs.
— 3 volumes bound as one 689 pp. f941 $10.00

TOPOLOGY
By S. LEFSCHETZ

CONTENTS: I. Elementary Combinatorial
Theory of Complexes. 11. Topological Invariance
of Homology Characters. III. Manifolds and their

Duality Theorems. IV. Intersections of Chains
on a Manifold. V. Product Complexes. VI. Trans-
formations of Manifolds, their Coincidences, Fixed
Points. VII. Infinite Complexes. VIII. Applica-
tions to Analytical and Algebraic Varieties.

—2nd ed. (Corr. repr. of 1st ed.). x t 410 pp S'AxS’A
ril61 $4.95
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ELEMENTS OF ALGEBRA
By HOWARD LEVI

‘This book is addressed to beginning students of
mathematics. . . . The level of the book, however, is

so unusually high, mathematically as well as peda-
gogically, that it merits the attention of profes-
sional mathematicians (as well as of professional
pedagogues) interested in the wider dissemina-
tion of their subject among cultured people ... a
closer approximation to the right way to teach
mathematics to beginners than anything else now
in existence.”—Bulletin of the A. M. S.

—Third ed. 1960 xi-}-161 pp. 5%x8 (1031 $3.25

LE CALCUL DES RESIDUS

By E. LINDELOF

Important applications in a striking diversity of

mathematical fields : statistics, number theory, the
theory of Fourier series, the calculus of finite

differences, mathematical physics and advanced
calculus, as well as function theory itself.

— 151 pp. 5'/2 x8'/2. (34 1 $3.Z5

THE THEORY OF MATRICES
By C. C. MacDUFFEE

"No mathematical library can afford to be without
this book,”—Bh/IcIik of the A. M. S.

— I Ergob. der Math.) 2rid edition. 116 pp. 6x9 Ong. puhl

at $5 20. 1281 $2.95

MACMAHON, "Introduction . .
." see Klein

COMBINATORY ANALYSIS, Vols. I and II

By P. A. MACMAHON

Two VOLl'MES IN ONE.

A broad and extensive treatise on an importatit
branch of mathematics.

—XX + 300 + XX -f 340 pp. 5%x8 I 1371 Two vols m one

$7.50

FORMULAS AND THEOREMS FOR THE
FUNCTIONS OF MATHEMATICAL PHYSICS

By W. MAGNUS and F. OBERHETTINGER

Gathered into a compact, handy and well-arranged
refeiencc work are thousands of results on the
many important functions needed by the physicist,

engineer and applied mathematician.

Translated by J. Wkrmer.
1954. 182 pp. 6x9. German edition was $7 00 (51 I $3.90



CHELSEA SCIENTIEIC BOOKS

THE DEVELOPMENT OF
MATHEMATICS IN CHINA AND JAPAN

By Y. MIKAMI

A scholarly work.

— First od >913 vin ^ 347 pp 5%x8 Summer, '61

11491 ^3.95

GEOMETRIE DER ZAHLEN
By H. MINKOWSKI
—VIII f 256 pp, 51/2 x81/4 . [931 $4.50

DIOPHANTISCHE APPROXIMATIONEN
By H. MINKOWSKI

“Since the author has given an elementary, enter-
taining, account, both in geometric and arithmetic
language, of some important original results as
well as the salient features of a classic theory, but
presented in a novel manner, his work is deserving
of the attention of the very widest circle of
readers.”

—

L. E. Dickaon.
- vim 235 pp, 51

, 4 x814 [1181 $4.50

MOROELL, “Fermat's Last Theorem/' see Klein

INVERSIVE GEOMETRY
By F. MORLEY and F. V, MORLEY

Cii.xPTER Headings: I. Operations of Elementary
Geometry. II. Algebra. III. The Euclidean Group.
IV. Inversions. V. Quadratics. VI. The Inversive
Group of the Plane. VII. Finite Inversive Groups.
VIII. Parabolic, Hyperbolic, and Elliptic Geom-
etries. IX. Celestial Sphere. X. Flow. XI. Differ-

ential Geometry. XII. The Line and the Circle.

XIII. Regular Polygons. XIV. Motions. XV. The
Triangle. XVI. Invariants under Homologies.
XVII. Rational Curves. XVIII. Conics. XIX.
Cardioid and Deltoid. XX. Cremona Transforma-
tions. XXI. The ?j-Line.

—XI -f 273 pp, 51/4x81,4 [ion $3.95

LEHRBUCH DER KOMBINATORIK
By E. NETTO

The standard work on the fascinating subject of

Combinatory Analysis.

• Second edition, vni 1 348 pp. 5x8 in. [1231 $4.95

VORLESUNGEN UBER

DIFFERENZENRECHNUNG
By N. H. NORLUND
— IX + 551 pp. 5x8, Orig. pubi at $1 1 .50, [1001 $5.95



CHELSEA SCIENTIFIC BOOKS

FUNCTIONS OF REAL VARIABLES

FUNCTIONS OF A COMPLEX VARIABLE

By W. F. OSGOOD
Two VOLUMES IN ONE.

‘'Well-organized courses, systematic, lucid, fun-
damental, with many brief sets of appropriate

exercises, and occasional suggestions for more ex-

tensive reading. The technical terms have been
kept to a minimum, and have been clearly ex-

plained. The aim has been to develop the student’s

power and to furnish him with a substantial body
of classic theorems, whose proofs illustrate the

methods and whose results provide equipment for

further progress.”

—

Bulletin of A. M, S
—676 pp. 5x8. 2 vols. in I . [124] $4.95

DIE LEHRE VON DEN KETTENBRUECHEN
By O. PERRON

Both the Arithmetic Theory and the Analytic
Theory are treated fully.

“An indisi)ensable work . . . Perron remains the
best guide for the novice. The style is simple and
precise and presents no difficulties.”

—Mathematical Gazette.

--2nd cd 536 pp. 5 V4 X8 . (73| $5.95

IRRATIONALZAHLEN

By O. PERRON

Methods of introducing irrational numbers
(Cauchy, Bolzano, Weierstrass, Dedekind, Cantor,
Meray, Bachman, etc.) Systematic fractions, con-

tinued fractions. Cantors se7'ies and algorithm,
Lxiroth's and Engels series. Cantor’s products.
Approximations, Kronecker theorem, Algebraic
and transcendental Jiumhers {including transcen-
dency proofs for e and jx; Liouville numbers, etc.)

—2nd ed 1939 207 pp 5 V4 S8 V4 [47] Cloth $3.25

1113] Paper $1.50

EIGHT-PLACE TABLES OF
TRIGONOMETRIC FUNCTIONS

By J. PETERS

With an appendix on the computation to twenty
decimal places.

—Approx. 950 pp. 8x1 1 . 11541 In prep.

SUBHARMONIC FUNCTIONS
By T. RADO
— (Ergeb. der Math.) 1937. iv -f 56 pp. 5'/2x8y2 160| $2.00



CHELSEA SCIENTIFIC BOOKS

THE PROBLEM OF PLATEAU
By 7. RADO
— ;Ergcb der Math) )933. 113 pp. 0'''g P^bl (m
paper binding) at $5.10. [81! Cloth, $2.95

EINFUHRUNG IN DIE KOMBINATORISCHE
TOPOLOGIE

By K. REIDEMEISTER

Group Theory occupies the first half of the book;
applications to Topology, the second. This well-

known book is of interest both to algebraists and
topologists.

—221 pp. 5V2 x8'/4. 176] $3.50

KNOTENTHEORIE
By fC. REIDEMEISTER

— lErgeb. der Math.) 1932 78 pp. 5>/2>‘8'/2. 140) $2.25

FOURIER SERIES

By W. ROGOSINSKI

Translated by H. Cohn. Designed for beginners
with no more background than a year of calculus,

this text covers, nevertheless, an amazing amount
of ground. It is suitable for self-study courses as
well a.s classroom use.

"The field covered is extensive and the treatment
is thoroughly modern in outlook ... An admirable
guide to the theory."—Mathemntical Gazette.

—Second ed. 1959 vi f 176 pp. 41/2 x61/2 . 167] $2.25

CONIC SECTIONS
By G. SALMON

"The classic book on the subject, covering the whole
ground and full of touches of gerfius."

—Mathema ticn I A ssociation.

—6th ed. XV -f 400 pp. 51/4 x8 %. [99] Cloth $3.25

[98] Paper $ 1.94

HIGHER PLANE CURVES
By G. SALMON

Chapter Headings: I. Coordinates. II. General
Properties of Algebraic Curves. III. Envelopes. IV.

Metrical Properties. V. Cubics. VI. Quartics. VII.

Transcendental Curves. VIII. Transformation of

Curves. IX. General Theory of Curves.

—3rd ed xix 4 395 pp. 5%x8. [138] $4.95



CHELSEA SCIENTIFIC BOOKS

ANALYTIC GEOMETRY OF
THREE DIMENSIONS

By G. SALMON

A rich and detailed treatment^by the author of

Conic SectioHfi, Higher Plane Clirvee, etc.

—Seventh edition. (V. 1). 496 pp. 5x8, fl22) $4.95

INTRODUCTION TO MODERN ALGEBRA
AND MATRIX THEORY

By O. SCHRE/ER and E. SPERNER

An English translation of the revolutionary work,
Einfuhrunij in die Analytische Geometrie und
Algebra. Chapter Headings: I. Affine Space. Linear
Equations. (Vector Spaces). II. Euclidean Space.

Theory of Determinants. III. The Theory of Fields.

Fundamental Theorem of Algebra. IV. Elements
of Group Theory. V. Matrices and Linear Trans-
formations. The treatment of matrices is especially

extensive.

“Outstanding . . . good introduction . . . well

suited for use as a text . . . Self-contained and each
topic is painstakingly developed.”

—Mathematics Teacher.

—Second ed. 1959. viii -j- 378 pp. (80| $6.00

PROJECTIVE GEOMETRY OF n DIMENSIONS
By O. SCHREIER and E. SPERNER

Translated from the German by Calvin A. Rogers.

A textbook on the analytic projective geometry
of n dimensions whose clarity and explicitness of

presentation can hardly be surpassed.

Suitable for a one-semester course on the senior

undergraduate or first-year graduate level. The
background required is minimal: The definition

and simplest properties of vector spaces and the

elements of matrix theory. F'or the reader lacking
this background, suitable reference is made to the
Authors’ companion volume Introduction to Mod-
em Algebra and Matrix Theory.

There are exercises at the end of each chapter
to enable the student to test his mastery of the
material.

Chapter Headings: I. n-Dimensional Projective
Space. II. General Projective Coordinates. III.

Hyperplane Coordinates. The Duality Principle.

IV. The Cross Ratio. V. Projectivities. VI. Linear
Projectivities of Pn onto Itself. VII. Correlations.
VIII. Hypersurfaces of the Second Order. IX.
Projective Classification of Hypersurfaces of the
Second Order. X. Projective Properties of Hyper-
surfaces of the Second Order. XL The Affine

Classification of Hypersurfaces of the Second Or-
der. XII. The Metric Classification of Hyper-
surfaces of the Second Order.

—1961. 208 pp. 6x9. (1261 $4.95



CHELSEA SCIENTIFIC BOOKS

PROJECTIVE METHODS
IN PLANE ANALYTICAL GEOMETRY

By C. A. SCOTT

The orij^inal title of the present work, as it ap-
peared in the first and second editions, was “An
Introductory Account of Certain Modern Ideas and
Methods in Plane Analytic Geometry.” The title

has been changed to the present more concise and
more descriptive form, and the corrections indi-

cated in the second edition have been incorporated
into the text.

Chaptkr Headings; I. Point and Line Co-
ordinates. II. Infinity. Transformation of Coordi-
nates. III. Figures Determined by Four Elements.
IV. The Principle of Duality. V. Descrii)tive Prop-
erties of Curves. VI. Metric Properties of Curves;
Line at Infinity. VII. Metric Properties of Curves;
Circular Points. VIII. Unicursal (Rational)
Curves. Tracing of Curves. IX. Cross-Ratio,
Homography, and Involution. X. Projection and
Linear Transformation. XL Theory of Corre-
spondence. XII. The Absolute. XIII. Invariants
and Covariants.

—Ready, Summer, 1961 3rd cd xiv + 288 pp 5x8
(M61 Probably $3.50

LEHRBUCH DER TOPOLOGIE
By H. SEIFERT and W. THRELFALL

This famous book is the only modern work on com-
hhmtorinl topology addressed to the student as well

as to the specialist. It is almost indispensable to

the mathematician who wishes to gain a knowledge
of this important field.

“The exposition proceeds by easy stages with
examples and illustrations at every turn.”

—Bulletin of the A. M. S.

- 1934 360 pp 5’/2x8r2 Or.g pubi ot $8.00. [31] $4.95

SHEPPARD, "From Determinant to Ten»or," see Klein

HYPOTHESE DU CONTINU
By W. SIERPINSKI

An appendix consisting of Sixteen research papers
now brings this important work up to date. This
represents an increase of more than forty percent
in the number of pages.

“One sees how deeply this postulate cuts through
all phases of the foundations of mathematics, how
intimately many fundamental questions of anal-

ysis and geometry are connected with it ... a most
excellent addition to our mathematical literature.”

—Bulletin of A. M. S.

Second edition. 1957. xvii -f- 274 pp. 5x8. [117] $4.95

SINGH, "Non-Differentiable Functions," se* Hobson



CHELSEA SCIENTIFIC BOOKS

DIOPHANTISCHE GLEICHUNGEN
By T. SKOLEM

“This comprehensive presentation . . . should be
warmly welcomed. We recommend the book most
heartily.”

—

Acta Szeged.

— (Ergeb. der Moth.) 1938. ix-f 130 pp. 5’/2>«8>/2- Cloth.

Orig. publ. at $6.50. 175] $3.50

ALGEBRAISCHE THEORIE DER KOERPER
By E. STEINirZ

“Epoch-making.”

—

A. Hoar, Aca Szeged.
— 177 pp. including two appendices. 51/4x8 'Z^. [77] $3.25

INTERPOLATION

By J. F. STEFFENSEN

“A landmark in the history of the subject.

“Starting from scratch, the author deals with
formulae of interpolation, construction of tables,

inverse interpolation, summation of formulae,
the symbolic calculus, interpolation with several

variables, in a clear, elegant and rigorous manner
. . . The student . . . will be rewarded by a compre-
hensive view of the whole field. ... A classic ac-

count which no serious student can afford to

neglect.”

—

Mathematical Gazette.

—1950. 2nd ed. 256 pp. S'AxSiA Ong, $8.00. [71 ] $4.95

A HISTORY OF THE MATHEMATICAL
THEORY OF PROBABILITY

By /, TODHUNTER

Introduces the reader to almost every process and
every species of problem which the literature of
the subject can furnish. Hundreds of problems are
solved in detail.

—640 pp. 51/4x8. Previously publ. at $8.00. [57] $6.00

SET TOPOLOGY
By R. VAIDYANATHASWAMY

In this text on Topology, the first edition of which
was published in India, the concept of partial order
has been made the unifying theme.

Over 500 exercises for the reader enrich the text.

Chapter Headings: I. Algebra of Subsets of a
Set. II. Rings and Fields of Sets. III. Algebra of

Partial Order. IV. The Closure Function. V. Neigh-
borhood Topology. VI. Open and Closed Sets. VII.

Topological Maps. VIII. The Derived Set in T,

Space. IX. The Topological Product. X. Con-
vergence in Metrical Space. XI. Convergence
Topology.

—2nd ed. 1960. vi -f 305 pp. 6x9. [139] $6.00



CHELSEA SCIENTIFIC BOOKS

LECTURES ON THE GENERAL THEORY OF
INTEGRAL FUNCTIONS

By G. VALIRON
—1923. XII -f 208 pp. 5V4 x8. [561 ^3.50

GRUPPEN VON LINEAREN
TRANSFORMATIONEN

By B. L VAN DER WAERDEN
— (Ergeb. der Moth ) 1935. 94 pp. SVixS’/z- H5] $2.50

LEHRBUCH DER ALGEBRA
By H. WEBER

The bible of classical algebra, still unsurpassed for

its clarity and completeness. Much of the material
on elliptic functions is not available elsewhere in

connected form.

Parti.\l Contents: VOL. I. Ch.\p. I. Rational
Functions. II. Determinants. III. Roots of Alge-
braic Equations. V. Symmetric Functions. V.
Linear Transformations. Invariants. VI. Tchirn-
haus Transformation. VII. Reality of Roots. VIII.

Sturm’s Theorem. X. Limits on Roots. X. Approxi-
mate Computation of Roots. XI. Continued Frac-
tions. XII. Roots of Unity. XIII. Galois Theory.
XIV. Applications of Permutation Group to

Equations. XV. Cyclic Equations. XVI. Kreistei-

lung. XVII. Algebraic Solution of Equations.
XVIII. Roots of Metacyclic Equations.

VOL. II. Chaps. I.-V. Group Theory. VI.-X.
Theory of Linear Groups. XI.-XVI. Applications
of Group Theory (General Equation of Fifth De-
gree. The Group CLas and Equations of Seventh
Degree . . .). XVII.-XXIV. Algebraic Numbers.
XXV. Transcendental Numbers.

VOL. III. Chap. I. Elliptic Integral. II. Theta
Functions. III. Transformation of Theta Functions.
IV. Elliptic Functions. V. Modular Function. V.
Multiplication of Elliptic Functions. Division. VII.

Equations of Transformation. VIII. Groups of the
Transformation Equations and the Equation of

Fifth Degree . . . XI.-XVI. Quadratic Fields. XVII.
Elliptic Functions and Quadratic Forms. XVIII.
Galois Group of Class Equation. XIX. Computa-
tion of Class Invariant . . . XII. Cayley’s Develop-

ment of Modular Function. XXIII. Class Fields.

XXIV.-XXVI. Algebraic Functions. XXVII. Alge-
braic and Abelian Differentials.

—Ready, Fall, '61. 3rd ed. (C. repr. of 2nd ed ) 2,345 pp. 5x8.
[144] Three vol. set Probably $19^50
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DAS KONTINUUM,
und andere Monographien

By H. WEYL, E. LANDAU, and B. RIEMANN

Four volumes in one.

Das Kontinuum (Kritische Untersuchungen
ueber die Grundlagen der Analysis), by //. IVeyl.

Reprint of 2nd edition.

Mathematische Analyse des Raumproblems,
by H. Weyl
Darstellung und Begruendung einiger

NEURER Ergebnisse DER Funktionentheorie, by
E. Landau. Reprint of 2nd edition.

Ueber die Hypothesen, welche der Geometrie
zu Grunde liegen, by B. Riemann. Reprint of 3rd
edition, edited and with comments by H. Weyl.

—83 + 1 17 -f 120 + 48 pp. 5'/4 x8. 11341 Four vols. in one.

$6.00

THE THEORY OF GROUPS
By H. J. ZASSENHAUS

In this considerably augmented second edition of
his famous work. Prof. Zassenhaus puts the origi-

nal text in a lattice-theoretical framework. This
has been done by the addition of new material as
appendixes, so that the book can also continue to

be read, as before, on a strictly group-theoretical
level. The new edition has sixty percent more
pages than the old.

The number of exercises, also has been greatly
increased.

“A wealth of material in compact form."

—Bulletin of A. M. S.

—Second edition. 1958. viii 4- 265 pp. 6x9. [531 $6,00

Prices subject to change without notice
















