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PREFACE TO THIRD EDITION

This iu‘W edition has tK^en rendered neeessar by several imjiortant

advaneos which have (K-curred recentlj’' in this branch of electrical

science. With the f^bject of epin)» the book np to date several

fairly extensive additions have been made relating to such subjects

s die (liorgi (IM.K.S.) v.dem of units, new methods of magnetic

testing, ol cinTent-transforincT testing, and the requirements of the

Kh'ctrit ity Supply (Meters) Act, 1030. This last has brought about

eunsMler tble change's m 1 h<' methods of iru'tcT testing. Many smaller

additions h<ivc also been made, and further example's, taken from

ref'cnt ex iminalion pijKT-^, havt* bec'U included.

While it impossibk' t( iiu'iude (h'seriydions of all the many new

1 istruinents introdue*‘d, th(‘ most important of these havi' been dealt

' ith and refertaiees to others hav(‘ been «idded in the bibliographies

at th(* ends of the eliapters.

The autlior would like to f'xpre's.s his grc'at appreeiation of the

many hc'lpful suggi'stioiis whi(*h he has reeeived sinoe the hook was

firRt publishc'd. In partieular reference to this (‘dition he is grateful

» Pndessor (1. (borgi, Dr. F. W. I.»an(*hester, Dr. (.. Dannatt, and

M. K. Ward for their valuable assistant' in different ways;

dso to s('\era] correspondiaits who hava' pointed out small

vrro..> and suggesti'd improvements.
K. W. fb

IVBR.STTV COI.LKOK,

NoT'riNCHAM,

.Ma^. 1940
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ELECTRICAL MEASUREMENTS
AND

MEASURING INSTRUMENTS

UHAPl’ER I

ELECTROSTATIC AND ELECTROMAGNETIC THEORY

KtrfiCTKOSTATICS

Coulomb’s Law. The earliest recorded facts in oonnec'tion with the

subject of electricity were obtained as a result of experiments
canied out by the ancient Greek philosopher Thales of Miletus,

about 600 B.C., and related to the forces of repulsion and attraction

between bodies charged with static electricity. l''ho8e facts were
qinditative only, and it was left for (youlomb, many centuries later,

to state them in a quantitative form by his Inverse Square Law,
which is perhaps the most fundamental law of electrostatics

—

kr^ (
1

)

where F is the force in dynes between two bodies charged respec-

tively with qi and ^2 units of electricity, the bodies being r centi-

metres apart, is a constant depending upon the medium, or

“dielectric,” in which the bodies are situated, and is called the

“specific inductive capacity,” or “dielectric constant,” of the

medium.
The question of dielectrics and dielectric constants will be con-

sidered in a later chapter, but it may be stated here that for a

vacuum iC = 1, and for air and most other gases its value is so nearly

unity as to cause no appreciable error for most purposes if it is taken
as such. For solid and liquid dielectrics the value of K is greater

than unity, no substance having been so far discovered for which
the dielectric constant is less than unity.

The unit of electricity in the above formula is such that two infi-

nitely small bodies, each possessing unit phar^t of electricity, and
situated 1 cm. apart in air (or, more strictly, in a vacuum), experience
a force of 1 dyne, the bodies being assumed infinitely distant from
any other charged bodies. This force is of attraction or repulsion,

according as the charges are of unlike or like sign respectively. The
unit of quantity so defined is the C.G.S. electrostatic unit of quantity
of electricity.

1



2 ELECTRICAL MEASUREMENTS

Electric Field Round Charged Conductors. If unit positive charge

of electricity be placed in the neighbourhood of a charged body it

will experience a force of attraction or repulsion according as the

charged body is negatively or positively charged. If this unit charge

be abowed to move freely, it will trace out a ''line of electric force.

For all points on this line the resultant force on the unit charge will

be in a direction tangential to the line at the given point. The
electric field in the neighbonrhood of any charged conductor or

system of charged condut ^ors can be repiesented by such lines of

forcie, arrtnv heads placed upon such lines giving the direction in

which unit positive charge would mo\c along the line.

The magnitude of the force, exfircsse^i in dvnes, \if)on unit posi-

tive charge ])laced at any point, is a measure of the “elecdric force”

Fig. 1. Links of Eleotkic Intensity Hound a Positive Charge

or “intensity” at that point, it being assumed that the introduction

of the unit charge does not affect tlie distribution of charge upon the

conductors to which the field is due.

Lines of Electric Intensity. In the preceding paragraph lines of

force are spoken of as giving the directimi of the electric field at any
point. Such lines, if defined as below, can be made to express the
intensity at a point as well as the direction of the field at the point.

To distinguish them from lines which, without regard to intensity,

merely show the direction of the field, such lines will bo called /mes

of electric intensity. These lines may be defined as such that a posi-

tive charge of q units will radiate 477^ of them, uniformly distributed

in the space surrounding it (Fig. 1), this number being the same
whatever the medium sun’ounding the charge. Thus, if the charge

q be situated at the centre of an imaginary sphere of 1 cm. radius,

then the number of such lines per square centimetre of surface of the

sphere will be
4ar

q lines per sq. cm. Now, if the surrounding

medium be air, the intensity F normal to the sphere's surface
=5= q from Equation (1). If the medium is not air, and has a dielectric
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constant K, then the intensity F normal to the sphere’s surface is

q X I 7 I 4.V • • X -x of lines per sq. cm.
-=z. In this case the intensity ^

/l X i'* A A
In general, therefore,

where h ~ lines of electric intensity per sq cm. of cross-section, the
cross-section being measured jieipeiulicular to tlie direction of the
field at the point.

Tn air, obviously, b

Electric Flux. A nuinl>a of lines of (‘leetrie intensity are spoken
of collectively as eleririv jinx. It follows from t.he above definition

of such lines that

/ - Arrq . . • . . (3)

where . / is the electric flux radiating from a charge of q units.
“6” may thus be referred to as fleetnc flax dethsity.''

Tubes of Flux, Fig. 2 represents a number of line's of electric

^(Xy-j ems
( Flux uensity

0,2 sq.cms
F/uxDens/ty

^FluxiYr

Fig. 2 . Tube oi* Fltjx

intensity forming a ‘‘tube of fiux. ’ If d and B are two points in

an electric field in air such that the intensity at A is greater than

that at i?, then, from Equation (2), the intensity at A
=

&A

where = lines per sq. cm. of cross-section of the tube at A.

Similarly, intensity at B

If , /is the electric flux in the tube, and % and aj ^^e the areas of

cross-section of the tube at A and B, these areas being measured
perpendicular to the direction of the field at the points, then

Note that this law is similar to the magnetic law

—

B *= fiH where B = lines of magnetic force per square centimetre

H *= magnetic intensity

y = magnetic permeability of the medium.



4 ELECTRICAL MEASUREMENTS

Electrical Intensity Inside a Charged Spherical Conductor. J magi]

a hollow sphere of conducting material wliieh has been given a chari

of q positive units of electricity. If its area of surface be S sq ci

the density of charge on the surface (which will be uniform) is

units per so. cm. The electric intensity at the suHace will be at f

points normal to the surface, since the sphere is of conductii

material This follows from a consideration of the fact that, if

were not so, the intensity would have a tangential component whi<

would prodace a movement of charge until the direction of tl

Fig. 3. [ntensity Inside a Sphebioal. Conductok

intensity became normal. Consider a point P inside the sphere
(Fig. 3) at which small areas of surface Oj and ag subtend a solid

angle dd as shown. Points A^ and A^ are mid-points of the areas

aj and Angle OA^P — angle OA^P = a.

Let A^P = dj, AJP = dg

Let K = dielectric constant of the medium inside the sphere.

Then, Charge on area = J
.

^ _ 91 „
it >> tt

Since the intensity is everywhere normal to the surface, intensity

at P due to charge on oq

qoi cos a .

== ^ ^ direction A^P
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Similarly, intensity at P due to charge on

qaz cos a
. „

*

~K~d ^
direction A^P

directly Opposite to direction AjP.
Now, the solid angle subtended at the oentte of a sphere of radius

AR by any area A on its surface is ^ .

Hence,

Solid angle 66 ---
aj cos a cos a

Thus, the intensities at P due to charges on Uj and are opposite

Fig. 4. Electkostatio Field Neah a Straight Conductor

and are each equal to ~ . <50, giving a resultant intensity due to
oA

these two charges cf zero.

As the same is true for all similar pairs of areas such as and
the total intensity at any point inside a charged spherical conductor

is zero.

Intensity in the Neighbourhood of a Charged Straight Conductor.
Fig. 4 (a) represents a long, thin, straight conductor which carries a

uniform charge of q units per cm. length. P is a point whose per

pendicular distance from the conductor is p cm. where p is small

compared with the length of the wire. Consider two elements of the

conductor each of length dx, as shown at and the elements

being equidistant from P.

Let NiP = NtP= I cm. ->

^

Then, if the elements dx are so small that the charges on them can
be considered as concentrated at Ni and N^y the forces (F) upon

unit positive charge placed at P will be each equal to from

Equation (1), where K is the dielectric constant of the medium.
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The directions of these forces will, as shown, each make an angle
of (90 - (j)) with the direction of the conductor, and will together be
equivalent to one force of 2F cos <j> in direction MP, the horizontal

components neutralizing one another.

The same applies to all such pairs of elements as those shown,
so that the total force upon unit charge at P—i.e. the intensity at

Fig. 5. Electrostatic Field Between Two Charged Plates

P—due to the whole length of the wire, will be in the direction MP,
and is given by

r
Jx==={)

where P ~ total intensity at P, if the distance p is small compared
with the length of the wire.

From Fig. 4 (6), it can be seen that, if dx is very small, then

Id^ = dx cos
(f)
~ dx

1/

where d<l> is the angle subtended at P by dx

P
^ 0

2q cos
<f>

~Kp~~
2q

d^ =^ dynes in the direction MP

(4)

Intensity in the Space Between Two Charged ParaUel Conducting
Plates. Fig. 5 represents the two conducting plates, which are close
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together. Their extent is supposed to be so great as compared with
their distance apart that the electrostatic field on or near their

common axis is unaffected by the fringing field at the edges of the
plates. Let plate A be charged positively and B charged negatively.

Neglecting the edge effects the distribution of charge will be uniform.

Let charge density on .4 — + units per sq. cm.

,, ,, B = - G units per sq cm.

F is a point between the plate * on or near their common axis.

Let their distance apart hi D cm.
A similar method to tb* t fo1h)wed in the preceding paragraph

can be followed, except that the intensities at P due to elemental

rings must now be considered instead of elements of length of

conductor as previously < onsidered.

8ince the charge on area da is -f odn - -j ads . dx, the force (F)

upon a unit positive chaige at P due to this area is
a . ds . dx,

K being the dielectric constant of the medium between the plates.

This force F may be split up into two components, / and /', perpendic-

ular to and parallel with the plates as shown. Since the components
of all such forces as F due to the whole of the elemental ring shown
in a direction parallel to the plates will neutralize one another, the

total force at P due to the whole of the elemental ring will be the

sum of all such components as/ perpendicular to the plates. Calling

this total perpendicular force due to the ring /r, then we have
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This force will be one of repulsion if unit positive charge is placed

at P There will also be an equal force attrai ting the unit charge to

Fig. 6, Illustrating Gauss’s Theorem

plate B. Thus the total force on unit positive charge at P—i.e.

the intensity at P

—

dynes (5)

Gauss’s Theorem. Briefly this theorem states that the total

electric flux traversing a surface which completely encloses a charge

of q units is ^irq. This holds true whatever the shape of the sur-

rounding surface, and for any dielectric. Consider a small element
of surface ds upon the surface surrounding a charge of + ? electro-

static C.G.S. units (Fig. 6 (a)). Let this element subtend a solid angle

dd at P and let the angle between the intensity F at P, due to the

charge, and the normal at P be
<f>.

Let the distance PP = Z cm.
Then, electric flux crossing element ds = b cos ^ . ds

= FK . cos </) . ds^
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Thus, the total flux crossing the whole surface

= 27 “ cos
<f
) . ds

ds.coscf)
or, since ^—

~

= solid angle do

. EqdO ^Trq (6)

If there are a number of charges inside the surface, some positive

and some negative, then, if fhf; «;harg( s are (h etc.,

.
/- - 4:7r {'],

r-
Ir I . . . (

7 )

the flux in the outwarr! dir»iCuion being considered positive.

Coulomb’s Theorem* theorem states, in effect, that the

electric intensity at the surface of a conductor, charged to a surface

density of a units per sq. cm,, ts — - dynes

^

where K is the dielectric
A

constant of the medium outside the conductor.
This follows from Gauss’s Theorem. Consider an element of

surface of the conductor ds. This element carries a charge of ads
units. From Gauss’s Theorem the flux radiating from this charge
is 4770 . ds, and, since no flux exists inside the conductor, the whole
of this flux passes outwards normally.

Thus, electric flux density at the surface b ~ 47ra . ds

ds

Hence, the intensity

F = b 4770 ,

4770 .

m
its direction being normal to the surface.

Potential. If unit positive charge is moved towards a positively

charged body work is done in overcoming the force of repulsion

acting on the charge. If this movement of the unit charge is from
a point Pi to some point Pg nearer to the positively charged body,

then the point Pg ^ higher electric potential than
point Pi and the difference of potential between the two points is

defined as the quantity of work, in ergs, required to move unit

positive charge from the point at the lower potential to the point

at the higher potential.
^

In general, the potential of any point in tli. vicinity of a system of

charged bodies is defined as the work, in ergs, required to move
unit positive charge from an infinite distance to the point considered,

assuming that the distribution of the charges on the bodies is un-

affected by the approach of the unit charge.

The electrosicUic C,G,8. unit of potential difference is defined as the

potential difference between two points such that 1 erg of work is
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done in moving unit positive charge from the point at the lower

potential to the point at the higher potential, the potential being
assumed unaltered by the presence of the unit charge.

If two points at a very small distance ds apart have a difference

of potential dV units, then the work done in moving unit positive

charge from one point to the other up the gradient of potential is

Fds where F is the average force on the unit charge during the

movement.

Thus dV ~= - Fd6

--i' ""

d y
where F is the intensity at tiny point in an electric field, being

the potential gradient at the point, the positive direction of .9 being

down the gradient of potential. Again, the potential difference V
between any two points A and B is given by

J F.ds . . . . (10)

Potential at a Point Due to a Number of Charges. The potential

at any point P distance d cm, from a single charge of q units is

equal to the work done in bringing unit charge from an infinite

distance up to the point P, i.e.

Potential at P,

(
11

)

Similarly, the potential at a point P due to a number of charges

^1 , ^2>
distant d^^ d^^ etc., respectively, from P is given by

Kdo
+ %

Kd^ + etc.
(
12

)

K being the dielectric constant of the medium.
Equipotential Surfaces. An equipotential surface is a surface such

that all points on it are at the same potential. Obviously the poten-

tial gradient^ for such a surface is zero, and from Equation (9) it

follows that the intensity along such a surface is also zero. Thus the

lines of electric intensity of the field in which the equipotential

surface is situated have no component along the surface, i.e. they
out such a surface at right angles.

Capacity. Any electric field may be considered as existing be-
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tween two conducting surfaces, although in some cases it is coa*
venient to consider one surface as infinitely removed from the other*

A charge of + g units given to one of two conductors which are near
together will induce a charge of - ^ units upon the other conductor.
An electric field will exist between them and from Equation (10)
it is obvious that there will be a potential difference between

the conductors, this potential difference being equal to JFds for

any line of electric intensity in the field. Since F, at any point, is

directly proportional to q, from Equation (1), then the potential

difference V is also directly piopovtional to q. The ratio is thus

a constant for any electric fif^Id and depends upon the dimensions
of the field and upon the medium in which it exists. This ratio is

called the ''capacity'' of the field. Thus

(13)

where C is the capacity of the field

;

q is the charge procliufing a potential difference V.

If q and V are expressed in electrostatic C.G.S. units, then C will

be given also in electrostatic C.C.S. 'units of capacity, this last unit

being defined as the capacity of a field such that one electrostatic

C.G.S. unit of charge causes a j)otentia] difference between the

conductors, between which the field exists, of one electrostatic C.G.S.

unit of potential. A condenser is essentially an arrangement of two
conductors placed comparatively close together, so that a strong

electric field exists between them.

Energy Stored in an Electric Field. If two conductors X and Y
are charged so as to have a potential difference of F units, then an
electrostatic field will exist between them, and this field will repre-

sent a quantity of storeil energy, since, from the definition of poten-

tial, work must be done to produce a potential difference between
two points. If the charges on the two conductors X and Y are

+ q and - q units respectively, and the conductors be considered as

originally uncharged, then the potential difference V may be con-

sidered as produced by the transference of q units of charge from
Y to X.
Since the potential difference V i8,from Equation (13), proportional

to the charge at any time, thus the average potential difference due
to transference of the q units is and the work done during the

transference is, from the definiWn of potential,^ Iq V ergs. This

is obviously equal to the energy stored. Hendf
Energy stored in the field between the conductors

= 4^F-i(F(7)F
== ICV^ ergs (14)

where C is the capacity of the field in electrostatic C.G.S. units.
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Energy Stored per Unit Volume of Dielectric in an Electric Field.

It can be shown experimentally that the energy stored in a condenser
is actually stored in the dielectric between the conductors bounding
the field. The energy stored per cubic centimetre of dielectric

K.F^
Stt

ergs (15)

as sliowii below, if the intensity is F and the dielectric constant is K.
O^nsider two charged

Charge^ Chargee

Dens/tj^cr f "\l?erfS/t^or

conductors having surface

densities of charge a and
0*

1 ,
whose' potentials are V

and Fj, the charges on the

conductors being -|- q and
-q (Fig. 7). The tube of

flux shown starts on area

a sq. cm., ajui finishes on
r/j sq. cm. It contains a

flux , /, where

inaa — ^TrOiai

If K is the dielectric con-

stant of the medium be-

tween the conductors, the intensity at any point P in the tube

of flux, distant x from end a, is given by

Potential F Potential Ff

Fio, 7. Toms OF Flux betwbkn Two
CHAIIOED OONDUOTOIIS

/>

a^K . (
16

)

where is the area of cross-section of the tube at P.

Now, on the assumption that the energy stored per cubic centi-

KF^
metre of volume of the dielectric is ~— ergs* then the energy stored

olT

in an element of the tube of length dx at P is

K F 2

Stt
ttr . dx

and the total energy stored in the tube

Stt

dx

where I is the length of the tube in centimetres,
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KF,
8tt f F.

e 0

''0

f F^

.

cln

Jo

dx

dx from (16)

47r(Ta

Stt

aa

aa
(V - ^j), since

Jo

dx

is the work done in moving unit charge from to a, i.e, the potential

difference (F - Fj).

But since the charge on a is aa the expression -g- (F - Fj) gives

the energy stored in the small condenser, whose plates are a and
from (14), which is, of course, the same as the energy of the tube of

flux considered.

Thus, the assumption that the energy stored per cubic (;entimetre

K .

of dielectric is ergs is correct for this tube of flux and, since
OTT

the same reasoning applies to all such tubes of flux, the assumption
is true generally.

In general, the energy stored in a dielectric the intensity in which
is a variable quantity, as above, is given by

where F is the intensity at any point and dv is an element of volume
of the field at this point.*

Force of Attraction Between Oppositely Charged Parallel Conduct-

ing Surfaces. Fig. 8 represents two parallel conducting surfaces of

* Note that the expression obtained for the ener^ stofi i per cubic centi-

metre of dielectric, viz. ergs, is similar to the expression for energy stored
o7l

uH^
in a magnetic field, i.e, —— ergs per cubic centimetre, where

H ^ intensity of the magnetic field

fi = the permeability of the medium (see page 43)
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equal area and close together, possessing charges of -f and - q
units as shown. Since their areas are equal, the surface density of

charge (cr) is the same on both surfaces and the intensity in between

them is at all points where K is the dielectric constant of the
JV

medium between them. It is assumed that the effect of the fringing

field at the edges of the surfaces is negligible.

I^et P dynes be the force of attraction between the surfaces.

Then, if one surface is moved away from the other by an infinitely

small distance dx cm., the work done is Pdx ergs, it being assumed
that the movement is so small that the intensity is unaffected by
the movement. If the area of each surface is A sq. cm., then the
increase in the energy stored, owing to the increase in volume of

Adx KF^
the dielectric, is which is, of course, equal to the

work done.

Pdx .

AdxKF^-

Htt

AKF^P ^ t2±£- dynes
Stt

A ,K
Stt

2A7ra^__
2770’

. Q

K

. / 477(7Y
\^)
dynes

dynes

dynes

. (17)

since q = Aa.

Magnetism

Coulomb’s Law. Coulomb's Inverse Square Law is true for mag-
netic quantities as for electrostatic quantities. Substituting mag-
netic quantities for electrostatic, we have

H
/ir^

where H is the force in dynes between two magnetic poles of pole

strengths and mg units, r being their distance apart in centimetres

and /i being the “permeability*' of the medium separating them
(see page 19). For air and non-magnetic substances (more strictly

for a vacuum), /u ~ I, and thus in air

H Trumz .

dynes (
18

)

The force between the poles is one of repulsion or attraction, accord-

ing to whether they are of like or unlike polarity respectively.
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Unit rmgnetic pole is defined as “a pole such that if placed at a
distance of 1cm. from an exactly similar pole, in air, it will be
repelled with a force of 1 dyne.’' Magnetic poles are considered as

being concentrated at a point.

Lines of Force and Intensity of Magnetic Field. The magnetic
field existing in the neighbourhood of a magnetic pole can be repre-

sented by lines of force similar to the lines of electric force which are

used to represent an electrostatic field, the arrowheads upon the
lines of force indicating the direction in which a unit north pole

would move if placed upon the line of force. The “intensity’^ of a
magnetic field at any point is expressed by the “force in dynes
which would be exerted on a north pole of unit strength placed at

the point,’’ it being assumed that the introduction of the unit pole

does not afiect the field. Thus, the intensity at a i)oint, distant

r cm. from a j>ole of strength m units, in air is given by

Lines of Magnetic Intensity. As in electrostatics, lines of force

can be made to express intensity of field by the number of such

lines Dressing 1 sq. cm. of area at the point considered, the area

being taken perpendicular to the direction of the field at the point

and the medium being air. Thus, in air, if the intensity at a point

were H, then H lines of magnetic intensity would cross an area of

1 sq. cm. in a direction perpendicular to the direction of the field at

the point. In a medium whose permeability is /i the intensity at a

. ^ , No. of lines of intensity per sq. cm.,
, .

point IS given by — the area being,

of course, perpendicular to the direction of the field.

Magnetic Flux and Flux Density. A number of lines of magnetic
intensity are spoken of, collectively, as “magnetic flux,” and the

number per square centimetre of cross-section as the “flux density.”

The symbols used to represent these quantities are and B
respectively.*

If lines of force cross an area A sq. cm. in a direction per-

pendicular to the area it follows from the above definitions of flux

density and magnetic intensity that

4>r^B.A (20 )

and H=^- (21)

where p is the permeability of the medium in which the field

exists.

Although these lines are spoken of above as lines of “intensity,’* to dis-

tinguish them from lines which merely indicate the direction of the field, they
are so generally referred to as “lines of force** that they will be referred to
hereafter as such.
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Magnetic Flux Radiating bom a Pole of Strength m Units. (Gauss’s
Theorem.) It can be proved by an exactly similar method to that
used for the proof of Gauss’s Theorem in electrostatics that the total

magnetic flux which traverses, in a normal direction, a surface
completely surrounding a pole of strength m units is 47rm lines, being
independent of the permeability of the medium.
Magnetic Moment and Intensity of Magnetization of a Magnet.

A magnet having poles of strength m units distant I cm. apart is

Fig. 8. Eleotbostatic Fig. 9. Bar Magnet Situated in
Field between Two a Magnetic Field
Charged Plates

said to have a “magnetic moment” of ml units. This term arises

from the fact that, if the magnet were placed in a magnetic field of

unit intensity so that its magnetic axis (i.e. the line joining its

poles) is perpendicular to the direction of the field, it would be acted

on by two forces each of m dynes, as shown in Fig. 9, these forces

forming a couple whose turning moment is rrd dyne-cm. The
symbol M is used to express magnetic moment, hence

M = ml , . . . . (22)

The intensity of magnetization (./) of a magnet is expressed by

the ratio the magnet being assumed
cross-sectional area m sq. cm.,

to be uniformly magnetized.

In the case of a bar magnet, of uniform cross-section A sq. cm.,

and of length I cm., the poles being considered at the extreme ends,

the magnetic moment is ml and the volume of the magnet (F) is

lA cub. cm.
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Then
. m rrCL M'=3 = Ai=r

and thus the intensity of magnetization may be expressed as the

magnetic moment per unit volume, the magnetization being uniform.

Fig. 10. Field Intensity in the Aik Gap of a Magnetized
Iron Bab

If the magnetization is not uniform, ./varies at different points

in the magnet, and is expressed by -jy where dM is the magnetic

moment of an element of volume dV taken at the point considered.

Relations Between Intensity of Magnetization, Flux Density, and
Magnetic Intensity. In order to determine the connection between
the intensity of magnetization in a magnetized body and the flux

density in the body, consider a long, thin rod of some magnetic
substance (say iron) which has been uniformly magnetized. The
demagnetizing effect of the ends of the rod (see page 350) may be
neglected if it is very long and thin. Now imagine a very narrow
air gap of length d cm. in the rod, with a unit magnetic pole placed
in the air gap, on the axis of the rod, and equidistJmt irom the bound*
ing faces of the air gap, as shown in Fig. 10(a). This unit pole will be
repelled from one face and attracted to the other with equal forces,

since it is equidistant from them, and the direction of these forces

will, of course, be along the axis of the rod.

Let the rod be of circular cross-section, radius r cm., and let its
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intensity of magnetization be Then, as shown in Fig. 10(6), the

intensity of the field in the air gap at P, due to the intensity of

magnetization ,/in the iron rod, can be considered as being produced

by a number of elemental rings of radius x and width dx, having a

pole strength per unit area of . / (i.e. intensity of magnetization of , /).

If Fig. 10 is compared with Fig. 5, it will be observed that the

present determination of intensity at P is almost exactly similar

to the determination of the electric intensity iit a point P in between

two oppositely-charged surfaces with surface densities of charge

a units per sq. cm. The differences between the two cases are that

instead of a units of charge per sq. cm. we now have
. / units of pole

strength per sq cm., and that the integration for the total effect at

P of the elemental rings must be performed between the limits

r TT

(f)
= tan“^ ^ and (^

~ 0, instead of the limits (jy
-- — and ^ 0.

(t i.

2

The dielectric constant K also, is replaced by the permeability,

which, since P is in air, is unity. Thus, making these necessary

modifications, we have for the total field intensity at P due to one

circular bounding surface

If the air gap is very small, so that ~ is negligible compared with

the radius r, then

h = 27T,/ (2 4

This is the intensity in the gap due to one bounding surface only.

If this is a force of repulsion upon the unit pole at P, then the other

surface, which is of opposite polarity, will attract the unit pole at

P with an equal force. Thus, the total field intensity at P is iirj'

and, since the introduction of the very narrow air gap does not

affect the intensity of magnetization in the iron, the same would be

trae in the iron if the air gap did not exist. The fiux density, also,
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in the air gap is 4xr./; which, again, is the flux density which will

exist in the iron due to the intensity of magnetization . /.

If this iron rod is placed in a magnetic field of intensity //, the

direction of this field being along the axis of the rod and in the same
direction as the intensity 47T.>f then the total flux density B in the
iron is H + 477. /' where .

/
' is the intensity of magnetization in the

iron when the rod is situated in the field of intensity H and will, of

course, be different from the intensity of magnetization
. /, existing

before the rod was placed in the magnetizing field.

If the iron rod has no fnag^ietization before biing placed in the

magrietizmg field of intensity i/, and if y is the intensity of mag-
netization produced by the field, then

J? « ^ 4 Itt / . . . . (25)

I'he term 477,/, which is tie- flex density which exists due to th(‘

magnetization of the ir.iU is sometimes called the “ferric

induction.” “Ferric indue tioit ’
is, therefore, the flux density which

exists in excess of that produced in air by the same magnetizing

j. r . • ferric induction B - H
lorce, and the intensity of magnetization IS ~ ^ or —

477 477

Equation (25) can be written

B -- fill (26)

where p is the “magnetic }>ermeability ” of the iron, which is thus

defined as the ratio of the flux density produced by a magnetizing

field of strength H to the magnetizing intensity H.

. B
l.e. H
If the iron has some residual magnetism before being placed in

the magnetic field, then the ratio B being the total flux density

in the iron, is not the correct value of the permeability.

If . /were directly proportional to // (==- kH say) for all values of //,

then Equation (25) could be written

B=-H(l + k)=^ fill

and the permeability fi would be a constant factor. This, however,

is not so, ,/ having a maximum alue depending upon the iron or

other magnetic material considered, and p is thus a^^^ariable factor

depending upon the value of H (or B), ^

When, during the magnetization of a specimen of magnetic

material, the maximum value of ./ is attained, further increase in

the magnetizing force H only increases the flux density B by
increasing H (Equation (26) ), and the material is said to be

‘*8atura.ted.”
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Fig. 11 shows a typical magnetization (B-H) curve for cast

steel. It can be seen that, above a value of B of about 16,000 lines
per sq. cm., the increase in flux density as H is increased, is very
small, which means that the intensity of magnetization

, / of the
iron is being increased only very slightly by increase of //.

The second curve in Fig. 11 shows the variation of permeability
with the magnetizing force H,
Magnetic Susceptibility. The ratio

intensity of magnetization
magnetizing force producing this intensity of magnetization

is called the “magnetic susceptibility’’ of the material and is given
by

= i (27 )

B-H
^nH

4^

from equation (25)

(28)
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Obviously, since ^ — 1 for non-magnetic substances, the magnetic
susceptibility of such substances is zero.

Fr5hlich-Kennelly Equation. An attempt to obtain an equation
which would represent with fair accuracy the law of the magnetiza-
tion curve of a magnetic material was made by Frohlich, who stated

that “the permeability is proportional to the magnetizability.”

Expressed as an equation, this means that

B ==
^

m d nH . (29)

where m and n arc constants for aii^ material, having the values

n === — and m = rp "- th^ * aluc of the ilux density at saturation

poijit in the material, and is another constant depending upon the

material. This equation can oo (otherwise ex})ressed as

which is derived fi't)m tlw abo\ c by simple algebra

If is small compared with 4:tt /, so that B %
A

it
4:V,/ =

1^

477
H AH

rn> + 7iH nH

•^=1

m + '^H

-Hm
nH
m

pH

where A —
477

klJ
(31)

where p ™ kH.

477

Thus, the ratio ~
k ^ — -/max which is the saturation value of

«

the intensity of magnetization The equations hold fairly closely

for moderate values of H, but it should be noted that the hysteresis

effect (see page 37) is not taken into account by them.
Kennelly (Ref. (5) )

modified Frohlich’s equation by the introduc-

tion of the term “reluctivity” (y) to express the reciprocal of the

permeability.

Thus y ™
* p. B

and from Equation (29)

y == -h nH (32)

m is called the “magnetic hardness coefficient” and w (which, as

previously defined, equalsi is called the “saturation coefficient.”

a—(T.5700)
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The general shape of the reluctivity curve for a magnetic material
is shown in Eig. 12. For low values of H the graph is not a straight

line, but tui-ns upwards as shown. The value of H above which the
graph becomes a straight line depends uj)on the magnetic material,

Fia. 12. Rkluctivxty Cubve

varying considerably with the percentage of carbon in the case of

steel.

. Magnetic Potential. This can be defined in a similar way to that
used in the definition of electrostatic potential. The work, in ergs,

required to move unit north pole from an infinite distance to a given

point is considered to be the magnetic potential of the point.

Thus, if is the intensity of field at a distance x cm. from a pole

of stren^h m units, the force upon unit pole situated at this distance

away is dynes, and the work done in moving the unit pole from
infinite distance to a point in the neighbourhood of the pole is
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. dx

.

erga. Also
, so that the potential at a point

distant r cm. from a pole of strength m units is given by

V = nidx^Vi.
^.2 « . (33)

Potential Near a Short Bar Magnet. Fig J3 represents a bar
magnet whose length {I cm.) is small ^•omy)ar(Hi wibli the distance

(r cm.) from its centre to t.ie poml (D wh >se magnetic potential is

being considered.

Let the magnet have a pole * rengtli m units <ind centre C as

shown, and let the line ACf^. p< rjjeudicnlar to l^(\ cut Pas' and PN
produced, in /i and A lespc^ fcively Since PC is great compared
>\ith the length of the magm t, PA ~ PB r very nearly, and

NAG =r SBC =- 9(F verv neaily.

Thus PN -= P.4 - AiV = r - ^ cos
2 ^

PS = PB + ns --r + l; cos
,f>

Potential at P is

m
^

1
^ j-

r - - cos
(f>

r d- <'08 (p

the negative sign being due to the opjK)8ite ])olfirities of the j)ol('s

of strength m units.

I
,

I
,m (r d ~ cos (f))-m(r~~ cos

<f>)

tr
' ^ ^

1*2 _ QOS^ (L

4 ^

ml cos
<f>

if r is great compared with I

Thus, y.
M cos

<f>

. (34)

where M is the magnetic moment of the bar magnet.

Force of Attraction Between Oppositely-magnetised Surfaces.

Fig. 14 represents the ends of two magnetizj^d each of cross-

section A sq. cm., the ends having opposite* polarity. Let B lines

per sq. cm. be the flux density (considered uniform) between them.

If is the permeability of the medium between the poles, the

B
intensity H in the field is — . Let P dynes be the force of attraction
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existing between them. Then if one of the bars is moved an infi-

nitesimal distance dx farther away from the other, the work done is

Pdx ergs. Now, the energy stored per cubic centimetre of a magnetic
uH^

field is ^— ergs (see page 43). Thus, assuming that the intensity
OTT

is unaltered by the infinitesimal movement, the increase in the

PuH P Dynes

N
dx

V Intensity H
Flux Density B

Fig. 14 . Attraction Bbtween Magnetizeu Surfaces

uH^
energy stored in the field is Adx ^— ©rgs, which is, of course, equal

0?T

to the work done in overcoming the force of attraction P,

Pdx = Adx
Stt

Am
dynes

or, if the field is in air,

P Am
Stt

dynes (35)

Magnetic Shells. A thin* iron sheet, magnetized as in Fig. 15,

may be thought of as consisting of an infinite number of small bar

magnets, with all the north poles on one side of the sheet and all the

thickness
t

Fig. 15. Magnetic Shell

south poles on the other. This constitutes what is known as a

“magnetic” shell, and the idea is useful in considering various

problems in electromagnetism. The “strength of the shell” is

defined as “magnetic moment per unit area.” Thus, if m is the

pole strength per unit area and the thickness of the shell is the

“strength of the shell” is = /8f.
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Electromagnetism

The study of electromagnetism originated with Oersted’s dis-

covery that a pivoted magnetic needle in the neighbourhood of a
conducting wire is deflected when a current of electricity flows in

the wire. This means that a magnetic field exists around a wire
which carries current, and as a development of Oersted's discovery
we have the definition of the “absolute” or ''C,Q S. electromagnetic''

unit of current.

This unit of current is defined as such that, if flowing in a circular

wire of 1 cm. radius, a fcToe wiJJ b< «.xerted upoxi unit magnetic
pole placed at the centre of tfie circfi of ^tt dynes (i.e. magnetic
intensity at the centre =-= 27r)

In general, if i units of cti^rent flo\^ m the circular wire, the

intensity at the centre

H 27rt ..... (36)

Ampere’s Theorem. Ampeiv showed that the magnetic effect of

a current i units, flowhig in a small closed circuit, is the same as

that of a small bar magnet placed with its axis perpendicular to the

plane of the circuit, provided tliat the magnetic moment of such a

bar magnet is equal to idA where dA ~ area of small circuit.

By considering a number of such small circuits placed together

as shown in Fig. 16(a), with currents of i units flowing in each, it can

be shown that, for any closed circuit carrying a current of i units,

the magnetic effect is the same as that of a magnetic shell occupying

the space enclosed by the circuit, provided the “strength” of such

a shell is equal to the current i. This constitutes what is known as

Ampere’s Theorem.
Weber showed experimentally that the potential at any point P

distant r from a small closed circuit of area dA carrying i units of

current .... (37 )

where is the angle between the normal to the plane (whose dimen-

sions are small compared with the distance r) and the distance r.

From Equation (34), the potential at a distance r from a short

bar magnet is

if cos (/>

^ p “ ^

Thus, if the small magnet which is equivaleti^ to'^^rae closed circuit

has magnetic moment if we can write

dA .i .cos
(f)

M cos
(f>

dA ^ M
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Again, from Equation (37),

= da

where dQ is the solid angle subtended at P by the small closed

circuit.

The potential at P due to a large number of small circuits (Fig. 16)

is

V^=: Zida^^ia .... (38)

where a is the total solid angle subtended at P by all the small

circuits.

It can be seen also, that the currents i in the small circuits

Fig. 10. Potential Due to Cubkbnt in a Closed Circuit

neutralize one another at all j^arts except the outside (as in Fig. 16(6) ),

so that the whole is equivalent to one circuit lying along the peri-

meter of the group of small circuits and carrying a current i. Thus
it is shown that for any circuit carrying i units of current, the

potential at a point P is ill where 12 is the solid angle subtended at

the point by the circuit. Again, if each of the small circuits of

Fig. 16(a), each of area dA
,
be replaced by a small magnet, of moment

M, then
M

^ “ dA
M

Now, obviously, is the strength of the magnetic shell formed

by such a replacement of the small circuits by bar magnets of

moment M, and thus the circuit is equivalent to a magnetic shell

having a strength equal to i, this strength being expressed with
the centimetre as the unit of length, and the unit magnetic pole as

the unit of pole strength, the current i being in "‘absolute** units.
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Potential Energy of a Current and a Magnetic Flux* From the
preceding paragraph it follows that the potential energy of a mag-
netic pole of strength m units, at a point P in the neighbourhood of a
closed circuit in which a current of i absolute units flows, is miti,
where 12 is the solid angle subtended at P by the circuit. This
expression represents energy, since, from the definition pf potential
difference as the work done in moving unit pole from one point to
another, the work done in moving m units is mV

^

= miil.

Now, a magnetic pole of Blrength w radifdes 47t)/z lines of force
distributed uniformly in ah directions. Thus, Ilje magnetic flux

threading the current- larryisig tcuh js x 47tw ™ ilm.

Hence, the potential energ / >f the current and magnetic flux

=
(39 )

where ^ is the flux thrc^i.vling through the current-carrying circuit.

[Note that if the flux ^ changes with time t, then^ represents

rate of change of energy, i e. power.]

Forces Due to and Acting Upon Current in a Long Straight Con-
ductor. Biot and Savart were the first to examine, by means of a

compass needle, the intensity of the magnetic field, at different

distances from a straight conductor, which is carrying current. They
showed that the intensity of the field was ‘‘inversely proportional

to the distance from the conductor in which the current flows.”

This is known as Biot-8avart’s Law.
Fig. 17(a) shows a small element of a conductor of length dlam,

carrying a current of i absolute units and situated at a distance of

r cm. from a magnetic pole of strength m units in a direction making
an angle of 6 with the element of conductor.

Laplace established the equation, related to the above case, that

the force upon the element of conductor is

/ . dl sin 6
dynes (40 )

Now, the intensity of field at the conductor due to the pole is, by

Equation (19), Hence, the force

/ = Hidl sin B

If the conductor is straight and is situated in a uniform field of

intensity H whose direction is perpendicular 4«o tBk conductor, then

F = dynes (41)

where F is the total force on the conductor and I is its length in

centimetres, i being in “absolute” or “electromagnetic C.G.S. units.”

Incidentally, this gives another means of defining the “absolute”
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unit of current (essentially the same as the previous method of

definition), i being a current such that F == 1 dyne when H ~ I and
Z “ 1 cm., the conductor and field being perpendicular.

If in Fig. 17(a) the pole m has north polarity, the force / is, by the

left-hand rule (Fig. 17(6) ), perpendicular to the plane of the paper
outwards

The Left-hand Rule states that if the thumb, forefinger, and
middle finger of the left hand are placed mutually at right angles,

l^fore Fin^r (F/ux on
Magnetic Intensity)

^Middle Finger

(Current i)

(Force or Motion)

Conductor Cb)

Fro. 17. Magnetic Intensity Due to Current in a Condlictou

then the corresponding directions of magnetic intensity, current

and force (or motion) are given as shown in Fig. 17(6).

The force upon the pole, due to the current in the conductor, is

equal in magnitude, but opposite in direction, to that of pole upon

the conductor—i.e. the force upon the pole is

sin d in a direction perpendicular to the plane of

the paper inwards.

The force upon unit pole at P (i.e. the intensity

at P) due to the current is

Now, if the conductor is straight and carries

i absolute units of current, the intensity at a

point P, which is perpendicularly distant D cm.
from the conductor, can be found as follows:

Consider an element of conductor dl as in Fig.

18. The intensity due to it is, as above, dH

= The length AB = dJ ain 6 = rdd.

Fig. 18
Magnetic Inten-

sity NBAS A
Straight
Conductor

and sin 0 = D

dHThus,

and the total intensity at P is
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H '-=2 c dd

0-0
D

if JJ is small compared with the length of the conductor.

^-D (43)

It follows from this equation that the work done in carrying unit

north pole through a eircidai path surrounding ^1k conductor is

// / 2vDf^Tjti - X '
i 'rl)

Work 'le ~ 4-7T( «^g8 . . . (44)

Force Between Two Parallel Current-carrying Conductors, TIkj

forces of attraction or repunion between two ])aral]el conductors

Attraction

I 1

' !

Fig. 19. Force Bbtwebjs Two Parallel C’itrrbnt-carrying
Conductors

A and B carrying currents q and respectively and distant 1) cm.

apart, as in Fig. 19, can be calculated from the e^ipiations obtained

in the previous paragraph. If the currents are in the same direction

(as shown), the force between the conductors is one of attraction,

and if in opposite directions the force is one of repulsion.

Consider the attractive force of 1 cm. length of conductor A upon
1 cm. length of conductor B adjacent and parallel to it as shown.

Conductor B is situated in a magnetic field, due to A, of intensity of

2i
(from Equation (43) ). Hence, from Equation (41), the force per

centimetre length of conductor is

2i
F — dynes

The force of attraction on conductor A, due to conductor B, is,

by similar reasoning, the same.

Thus, the force per centimetre length between the conductor is

F = dynes
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or, for a length I cm.

F ~ I dynes . . . (45)

It is assumed that the distance D is small compared with the lengths

of the conductors.

The dots, placed on the conductor sections to the right of

Fig. 19, indicate that the current in them flows in an outward direc-

tion. A cross so placed indicates inward direction.

Magnetic Field Due to Current in a Circular Conductor. Fig. 20(a)

shows a circular conductor carrying i absolute units of current.

Consider the intensity (dll) at a point P, on the axis of the circle,

due to the current in an element dl of the conductor. Then

in a direction perpendicular to the line joining the element to P.

This intensity may be split up into two components, one in direc-

tion OP produced, namely dH sin 0, and one perpendicular to ()P,

namely dH cos 0. Considering all such elements of the circular

conductor it is seen that the components perpendicular to OP
neutralize one another, leaving, as the intensity at P, only the sum
of all components in a direction OP produced. Thus the total in-

tensity at P due to the current is in direction OP, and is

H = ZdH sin e = sin 6

i X 277/*

~W~~ sin d

i X 277r2
. m

siuce sin

At the centre 0 of the circular conductor P = r,

(47)

Magnetic Field Produced by Two Parallel Coils Carrying the Same
Current. Consider two similar circular coils A and P, each of

N turns, and each carrying a current of i units in such directions

that their magnetic effects are in the same direction, placed coaxially

with their mean planes parallel as in Fig. 20(6). The magnetic in-

tensity at a point P on their common axis and midway between
them is, from the previous paragraph (Equation (46) ),

2Ni X 27rr*
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r being the radius of the coils and R the distance from P to the mean
circumference of either coil, it being assumed that the cross-sections
of the coils are small compared with the other dimensions involved.

i

Fig. 20. Magnetic Fiei.u Intensity near CniruLAii, (^uiirent-

CARRYiNG Coils

If I cm. is tlie distance between them

Thus H at P —

P
4

For a point Q on the axis distant x from coil 'J
,

Intensity at Q due to coil A = Ni . 27rr^

Ni . 2nr^
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Thus, resultant intensity at Q
Ni . 277r^ Ni . 27rr*

“ (r* + a:*)"- [r* + (I - 3:)*“]^

= 27r>-=>iV^

j
• (48)

If the ordinates representing the intensity of field at various

points along the axis are drawn, the result gives curves as shown
in Fig. 20(6). The curve marked (a) gives the intensity due to coil A

,

and that marked (6) the intensity due to coil B. The curve marked
{t) gives the resultant intensity, which is seen to fall somewhat
towards the midway position P.

If the distance I between the coils is made equal to the radius r

of the coils. Equation (48) becomes

+ [,.2 + (r - x)*]?j
Now [y2 + (r - — [r^ -f- -f - 2roc^l

Expanding we have

[r^ -f-
- 2r.r]i = (r^ + x^)l + k • (^^ +

3 1 (r^ + x^yi (r^ - 2ra;)^

^ 2*2 271 ^ *

T
If a: = ^ all terms but the first disappear. If x has any value

" X
which is of the same order as — the succeeding terms are small

compared with the first. Thus, the resultant intensity

This arrangement of the two coils produces a field of almost uni-

form intensity between the two coils for a considerable distance on
either side of the mid-point P and was used by von Helmholtz in

a special form of tangent galvanometer for use in the absolute

measurement of current.*

Force Between Two Parallel Coaxial Circles in which Currents are

Flowing. Consider the two circles A and B shown in Fig. 20(c).

They are coaxial, and their planes are parallel. Let circle A have
radius a cm., and carry a current absolute units, while circle B
has radius 6 cm., and carries a current absolute units. Assume
also that the radius 6 is very small.

* A diagram of the field between two coils so placed is given in Maxwell’s
Electricity and Magnetism^ Vol. II, and the complete theoiy is given in Gray’s
Absolute, Measurements in Electricity and Magnetism^ Vol. II, Part 1.
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From Equation (46) the intensity at the centre P of circle B due

where x is the distance in centi-to the current in cii’cle A is
(a^ + x^)

metres between the circles. The flux density (considered uniform,

since the radius 6 is very small) inside circle B is therefore

and thus the total flux threading through circle B is

(a^ + x^)2

Ttb^ . 2Trij^a^

(a^ +
From Equation (39) the potential energy of the coils is

7r6- . 2Trijfj^i^

(a^ x^)l
X-S

(^^9.
,

y2L2
4j'TT ^ 0

- - P.E.

The force between the cdcIch (c»f attraction or repulsion, depending
dV

upon the directions of tla^ cui rents and is from the law F

equal to
c^(F.E.)

dx

i.e.
,, , a-b^x

,F -«TT~ dynes
{a^ a;2)>i

dx

(49)

The force is one of attraction if the currents are in the same
direction, and of repulsion if the currents are in opposite directions.

a
It can be shown by differentiation that F is maximum when x —

The complete theory in connection with the force between two
parallel current-carrying coaxial coils, when the radius of neither

may be considered very small, and when they each have a number of

turns giving a finite cross-section, is beyond the scope of this book.

It is necessary for the pur})ose of measuring current in absolute

units by means of a ci:rrent balance, and has been given by Gray
(Ref. (10) )

and by J. V. Jones (Ref. (11) ).

Magnetic Field of a Solenoid. Consider the solenoid shown in

Fig. 21 to be made up of a large number of circular conductors such

as that considered above.

Let N ==: total number of turns on solenoid

i z= current in the solenoid in absolute units

I = length of solenoid in centimetres

r = radius of solenoid in centimetres
jy

c = number of turns per centimetre length = -j

Then, intensity at the centre 0 of the solcxioid due to a length

dl of the solenoid is

2rrr^
dH = cAdl X (from Equation (46)

)

in the direction of the axis of the solenoid.
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The length AB = Rdd = dl sin d

„ Rde
sin 0

, ,, . 2irr^ RdO
dll — ci X

R^ 'sine

Iso sin 6 = -5
mC

T
Substituting for ^ in the equation for dH

dH = 27rci sin 6 dO

yN turns
^

/-pr

•jg 00|000@©©j00000®^jS|e

v^(g)0000@©0@@©0@@©©@000@

Fig. 21. Magnetic Field of a Solenoid

The expression for the total intensity H at 0 due to th(‘ whole
solenoid is, therefore,

/-7T-0J

H = I 2'7Tci sin 6 d6

where 61 is the limiting value of 0 and is tan y
II = 4:7Tci cos

„ 4:7TNi «H = —^— cos 0i , . . . . (
6(1

)

or, if the solenoid is very long compared with its radius r,

H = —^— smce cos = 1

The intensity at one end of the solenoid (at P) is obtained by inte-

grating between the limits tt and 0 (if the assumption is made that
I is very great compared with r).
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Thus, intensity at one end

-P
^ 2TTci sin Bdb

— ^TTCl

(51)

i.e. the intensity at one end is half that at the centre.

Induction of Electromotive Force. >art<.day, in 1831, showed that
whenever the nvmber of linee

'jJ
n 4ignefAc imr linking with an electric

circuit is changed, an elecirou^*^ fora f irvdiwed in^ the circuit, the

magniUide of which is ional to the lafe of change of flux.

Thus, if e is the E.M.F. mdte3ed by a rat(" of change of flux of ~
lines per second.

e oc
d(j>

dt

The E.M.F. is also proportional to the number of turns of wire, N,
in the circuit in which the E.M.F. is induced.

Thus e oc N
dt

If e is expressed in 'electromagnetic C.G.8. units of E.M.FA' then

this unit of E.M.F. being defined as that induced in a circuit of

one turn when the interlinking flux is changed at the rate of one

line per second.

A law giving the direction of the induced E.M.F., in general

terms, was stated very shortly after Faraday’s discovery by Lenz.

Lenz’s Law states that 'Hhe direction of the induced E.M.F. is

such as to tend to oppose the change in the inducing flux.'' The mathe-

matical expression of this law, in conjunction with Faraday’s Law,
introduces a negative sign, and gives

c==-iV^^ (52)

Staiically-indaced E.BI.F.S. An E.M.F. i|iduo0d in a stationary

electric circuit, by a change in the number of magnetic lines linking

with it, is referred to as a “statically induced” E.M.F. as distinct

from a “dynamically induced” E.M.F., which occurs when an elec*

trie conductor cuts through lines of force which are stationary.

The simplest method of producing a statically-induced E.M.F.
is by inserting one pole of a bar magnet in the space enclosed by n
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coil of wire. If the coil forms a closed electric circuit then, upon
inserting the magnetic pole, the statically induced E.M.F. produces
a current in such a direction that its magnetic effect opposes the

magnetic field due to the pole. Upon withdrawing the ])ole, the

E.M.F. is in the opposite direction. The current produced by it

then has a magnetic effect in the same dircciion as that of the

magnetic polo. In each case, therefore, the direction of induced
E.M.F. is such as to oppose the change in the number of interlinking

lines of force.

Statically induced E.M.F.s are more often produced in a circuit

by alternating current which is flowing in an adjacent circuit, the

latter being so placed that some of the lines of force produced by
the current in it thread through the other circuit. The magnitude
of the induced E.M.F. at any instant depends upon the rate of

change of current in the inducing circuit, and upon the relative

positions of the two circuits.

Dynamically-induced E.M.F.S. Whenever an electric conductor
cuts through lines of magnetic force an E.M.F. is “dynamically
induced” in the conductor. This E.M.F. is proportional to “the
rate of cutting flux.” There is no difference, as regards the pheno-
mena involved, between statically and dynamically induced E.M.F.s.

It can be seen that if the conductor in Fig. 22(a) forms part of a closed

circuit (shown dotted), and moves left to right, the direction of the

induced E.M.F. is from X to Y, since the flux linking with the

circuit is increased. If the conductor moves right to left the direc-

tion of E.M.F. is Y to Xy since the interlinking flux is then reduced.

The direction of this E.M.F. is given quite simply by the right-

hand rule. By this rule, the corresponding directions of motion,
flux, and induced E.M.F., are given by the thumb, forefinger, and
middle finger respectively of the right hand, these being so placed

as to be mutually perpendicular (see Fig. 22(b) ).

The magnitude of the induced E.M.F. in a conductor which moves
in a plane perpendicular to the lines offorce

,

as in Fig. 22(a), is

e = flux cut per second

= B X area in square centimetres swept out by the

conductor per second

e = Blv (63)

where e is expressed in electromagnetic C.G.S. units of E.M.F., I

being the length of the conductor XF in centimetres, and v its

velocity perpendicular to the lines of force in centimetres per second.

If a conductor cuts through magnetic flux whilst moving in a
direction making an angle 6 with that of the lines of force, then the

component of its velocity in a direction perpendicular to the lines

of force is v sin 0, and the induced E.M.F. is then

e Blv sin 6 . (64)
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It is assumed in the above that the magnetic field exists in air,

so that /?—//. Equation (53) <*an tlius l>e written also as

c Hlr.

Energy in an Electric Circuit. If the conductor in which the
E.M.F. is induced forms part of a closed circuit, and if a current of

i absolute units flows in this circuit, then there will ]>e a force

opposing the motion of the conductor through the magnetic fi(‘ld,

Fio. 22. DyN\MirALi.Y Inucced E.M.F.

which force is given by Equation (41) as Ilil dynes. Thus, the work
done in moving the conductor a distance .rcm. through the field is

Hi/x ergs

If the conductor takes a time / sec*, to pass through cm. when
moving with velocity v cm. per sec.,

then work done -- Hil . vl ergs

“ fit ergs

“ energy given to the electric circuit

.’. Energy given to the electric circuit eit ergs . . (65)

Magnetic Hysteresis. This phenomenon is observed when the

current flowing in a solenoid, for the purpose of magnetizing a bar

or ring of iron, or other magnetic material upon which the solenoid

is wound, is reduced. It is found that the flux density in the iron

corresponding to this value of the current is higher than the flux

density, corresponding to the sawe value oJ[ the^i^^rent, which was
produced when the current was being increased from zero (say) to

some maximum value— i.e. the magnetism lags behmd the magnet-
izing force producing it. This effect is known as the “hysteresis

effect.’^

Consider an iron ring upon which is wound, uniformly, a mag-
netizing winding through which a current can be passed in either
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direction, as in Fig. 23. Suppose the ring has, initially, no mag-
netism. If the current in the magnetizing winding is increased
from zero to some reasonably high value, the magnetizing force

acting upon the ring is also increased, since H ~—=— ,
N being the

V

number of turns on the magnetizing winding and I cm. being the
length of the magnetic path in the ring.

If the flux d^'nsity in the ring is measured (by means of a search
coil and ballistic* galvanometer as described in Chapter IX) for

various values of //, and the F»-H curve plotted, it will be found

Rer'enstng
Switch

Iron Rm^

Search CoR

D.C. Supply To BaJ/istfC
Galvanometer

I cms.
Magnetizing
mnaUng
N. Turns

Kig. 23 . Magnetization of an Ibon Kino

that its shape is as shown by the portion OA in Fig. 24(a). If the

current is reduced gradually to zero again, after some flux density,

has been attained, the curve for descending values of H takes

the form AC, this curve, owing to the hysteresis effect, being abbve
the ascending curve OA, The flux density remaining in the iron

when the is again zero is referred to as the ‘'residual magnetism.'’

This value depends upon the magnitude of B^^x ^^d upon the

material of the specimen
;
being high for permanent magnet steels,

and very low for such material as silicon sheet steel. Since H is

now zero, = 47rJ^y where is the intensity of magnetization left

in the iron when the magnetizing force is removed.
The residual flux density, after magnetization up to satura-

tion point, is referred to as the “remanence” of the iron or steel

concerned.

If the direction of the magnetizing current is now reversed, and
gradually increased in this reverse direction until a flux density

^max is again obtained (but in the opposite direction), the curve

follows the line CDE, The negative value of H required to reduce

the residual flux density to zero, namely OD, is called the “coercive

force” Hci and will of course vary with the material and with

The value of the coercive force after previous magnetization

up to saturation point is the “coercivity ” of the iron. If the “ cycle

of magnetization ” is completed by first reducing H to zero and then
increasing it in the opposite direction to produce + B^^x again,

the curve follows the lipe EFGA, The loop so formed is called the

“hysteresis loop.”

In the above, the maximum negative flux density was taken as

being equal to the maximum positive flux density. A similar effect
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is observed, of course, if this is not so, but in this case the loop is

unsymmetrical. Symmetrical hysteresis loops, or cycles of mag-
netization, are most usual in practice, although there are a few cases

where alternating magnetism is superimposed upon unidirectional

magnetism, when unsymmetrical hysteresis loops will occur. An
example of this is found in the core of a wireless transformer, when
one of the windings often carries a direct current in addition to an
alternating current. Such an unsymmetrical loop is shown in Fig.

Fto. 24 . Hystkbesis Loops

24(6), where a symmetrical alternating magnetic field (+ i/^oa
- Hjnax) superimposed upon a steady field with its correspond-

ing flux'density B-^j giving + and - B^ for the limits of flux density.

It should be noted that, if the steady values of and B^ are

sufficiently high for the application of + Hmax produce saturation

in the iron or magnetic material then the hysteresis loop is con-

siderably distorted as shown. In such a case B^ - B^ is not equal to

Bi + -^3 ?
although these quantities would be approximately equal

if the saturation point of the material is not approached, as when

+ and - H^^^ are small. In this latter case the hysteresis loop

would be very nearly the same in shape as the normal symmetrical

loop but would, of course, be displaced relative to the axes of co-

ordinates by the amounts H^B^. The space available will not permit

further consideration of this question, but references to works on

the subject are given in the bibliography (Ref. (4), (7), (8) ).

Incremental Permeability. The term ‘‘incremental permeability,'*

introduced by Dr. Thomas Spooner,’" refers to a type of permea-

bility which has become increasingly important with the advance

of radio communication, since it relates to the case of superimposed

* Trana, Vol. XLII, p. 42.
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direct and alternating magnetizations. Spooner defines it as “the

ratio of AJ5 to for any position on a magnetization curve, or

hysteresis loop, where /S.B and may be of any magnitude, but

Ai^ must be in the reverse direction from the immediately preceding

change.”
Referring to Fig. 24a, the incremental permeability at various

points on the major hysteresis loop is given by AJ5i/A^i,
etc., these being the slopes of the minor
hysteresis loops corresponding to incre-

ment «« of H as shown.
l>r. L. G. A. Sims, who has carried out

/ much work on t his subject in recent years,

discussed and summarized this question
^ -L 1 a valuable paper before the British

/ / Association in September, 1937 (Ref.

/ ./ (13) ).

Hysteresis Loss. Although no energy

^
is required merely to maintain a magnetic
held, it is found that energy is required

to bring about a cycle of magnetiza-

tion in a magnetic material. Energy is

required to build up a magnetic field owing to the opposing E.M.F.,
which is induced in the magnetizing circuit when the flux in the

magnetic material is increased. This energy is stored in the mag-
netic field, but it is found that the quantity of energy returned to the

magnetizing circuit, when the current is reduc^ed, is less than the

quantity supplied when the field was built up. The difference is

due to “molecular magnetic friction”—as it has been called by
Steinmetz—and the energy absorbed is converted into he^t. The
energy absorbed when a magnetic material is passed through one
cycle of magnetization can be shown to be proportional to the area

of the hysteresis loop as below.

Relation Between Hysteresis Loss and the Area of the Hysteresis

Loop. Consider the magnetization of a ring specimen of iron by
means of a magnetizing winding as shown in Fig. 23.

If the length of magnetic path in the ring is I cm., and its cross-

section is o sq. cm., if the number of magnetizing turns is N

,

and
the current in the magnetizing circuit at any instant is t C.G.S. units,

then the induced E.M.F. at any instant

e =r — e.G.S. units of E.M.F. where B = flux density in

the ring in lines per square centimetre.

Thus the power supplied at any instant to overcome this back
E.M.F. (i.e. to build up the magnetic field in the ring) is

„ d (Ba)
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and the energy supplied in order to build up the magnetic field in

time t sec. is

I eidt = / aiN . ,
.df^ a / iN .

Jo Jo Jo

dB

Now, the raagnetizing force acting upon the ring is, at any instant,

given by
Ni

// 4n~

from which

and energy supplied

Ni r-- //
47r

Jo

max

HdB

since la = volume of ring in cubic centimetres, it follows that the

energy supplied per cubic centimetre to build up the field

^max
HdB ergs

This energy is stored in the magnetic field, and is represented in

Fig. 26 by the area OACDOo
Upon reducing the current (and hence the i^ux) the induced

E.M.F. is in the same direction as the applied 3.M.F., so that energy

is now returned to the magnetizing circuit as the flux is reduced.

From the above reasoning the energy returned during the reduction

of the magnetizing force from to 0 is— / HdB ergs per c.c.

where is the residual flux density. Jb^
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This energy is represented in the figure by the area ECD. Thus
the energy absorbed by the specimen due to hysteresis is the difference

between energy put in, anci energy returned to the magnetizing

circuit, and is represented by the shaded area OAGEO.
If the current is now reversed and the above process repeated, H

being finally brought back to the starting point A of the cycle of

magnetization, the energy absorbed per cubic centimetre due to

1 n
hysteresis will be —

j
IIdB ergs per cycle

X (area of hysteresis loop) ergs
477

the area of the loop being, of course, measured to scale, i e. energy
absorbed per cubic centimetre per cycle in ergs

— ^ X area of loop in square centimetres x bh . (56)
477

where b = flux density in lines per sq, cm. represented by I cm.
on B axis

h == number of C.G S. units of H represented by 1 cm.
on H axis

This expression for the energy loss in terms of the area of the loop

obviously applies whether the loop is symmetrical or not.

Steinmetz Hysteresis Law, Steinmetz has shown that the em-
pirical law .... (57)

gives the hysteresis loss for iron with sufficient accuracy for most
practical purjioses, provided the maximum flux density lies

between 1,000 and 12,000 lines per sq cm.

~ energy loss in ergs per cubic centimetre per cycle

k ~ the hysteresis coefficient of the material, and is con-

stant for any given material

The magnitude of k varies with the material. Its value for annealed

sheet steel lies between -001 and -002 and for silicon steel is about
•00084.

For values of above 12,000, the energy loss increases at a

higher rate than the l‘6th power of B^^x^ this rate increasing with
increasing values of B^^^, For values of B^^x below 1,000 also the

loss varies as some power of greater than 1*6.

Steinmetz (Ref. (3) ) has shown that for silicon steel the law

(58)

is more nearly correct, k' being about *0000457.
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With regard to the hysteresis loss in the case of an unsymmetrical
cycle, Ball has shown (Ref. (7) )

that this obeys the law

but that in this case k" is not constant for any given material but
varies with the average value of the tiux density.

Thus if i?2 ^3 limiting values of flux density as fn

Fig. 24(6),

Also, if the average value of the dux density

Ball found that

k" - k 4-

where k is the normal hysteresis coefficient of the material.

Thus, in general,

Wft = (k -I-

B.V^
k a

ergs per c.c. per cycle .... (59)

where is the lower value of the flux density and may, or may not,

be negative.

Values of a are : For ordinary annealed sheet steel a ~ -34 x 10'^"

for annealed silicon sheet steel

a = -32 X 10’^”. Obviously if Bg
~ - Bq, as in a symmetrical cycle, O "

equation (59) reduces to ^ ^ T

kB,^‘^ H
Energy Stored per Unit Volume T

of Blagnetic Field in Air. In the nr\
case of a magnetic field in air or -//

'

other non-magnetic material, the yX ^

hysteresisloop reduces to a straight

line, i.e. the hysteresis loss is zero. yX
If the same scales are used for

both B and H, this line makes an -2?
^

angle of 46“ with either axis, as in
gg ^

rig. 26. Magnetic Fielo
The energy stored in the field

per cubic centimetre when the flux density is Bj is

.
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47r
X area GAD (to scale) ergs per c.c.

47r 2 •

But = //^j since the field is in aii\

Btt
Energy stored per c.c.

(
60 )

Demagnetization Curve (Permanent*magnet Design). In the de-

sign of permanent magnets, in which the flux density in the air

gap is required to be as large as possible, while the magnetism must

be resistant to demagnetizing forces, the rernanence, coercivity, and
the demagnetization curve (portion CD of Fig. 24 (a)) of the steel to

be used are of great importance. For good magnet steel the product

Bf X He should be large.

Fig. 26a shows the demagnetization curve of magnet steel, this

being a portion of the hysteresis loop for the steel in which the

maximum magnetization has been up to saturation point, so that

DC represents the rernanence and OD the coercivity.

As the demagnetizing force is increased, the flux density falls

as shown, and at any point, when the flux density in the steel is

B4 there is, remaining in the steel, an M.M.F* per centimetre length

of path in it of This M.M.F. is that which would drive the flux
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across an air gap in tlie magnetic circuit of the magnet. The pro-

ducts are plotted in the figure, and it will 1:k‘ observed that
they exhibit a maximum value. This value {Ba • Ha),nax ia a
criterion of the value of the steel for jx^rmanont-magnet purposes,
and the most economical design of magnet is that for which B^
and are such that their ]>roduct has this maximum value. (See

Kefs. (8) and (12).)

Suppose the dimensu>ns of th(‘ magnet iuvr. Length cross-

section and of its a,:r gap: length Lg, cross-scction Ag
\
and

let the res|MH)tive flux densities be an*! By. Then
M.M.F. across the air gap — M.M.F. in the magnet

~ L
ff

. L<^

Now, the energy stored hi the air gap is, from the preceding

paragraph, {Bg^l^n) Ag . Lg erg.*?

BgAg . BgLg Flux across gap x M.M.F. across ga})

Stt 87r

If the flux in the gap is equal to the flux in the magnet, we may
write, for the energy stored in the ga}>

^ m ^ d ‘ . H
^ \y A f

Since the volume of steel is A^ . we have

Energy in air gap
„ Ba > Hd

per e.c. of steel “ —~— ergs
OTT

This is obviously maximum when the product B^ . H^ is maximum.
Values of energy per c.c. as high as 30,(KK) ergs may be obtained in

the case of cobalt steels.
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CHAPTER II

XmiTS, DmENSIONS^ AND STANDARDS

Absolute Units. An absolute system of units may be defined as a

system in which the various units are all expressed in terms of a

small number of fundamental units. In considering mechanical
units, the fundamental units are those of Length, Mass, and Time

;

and all the various mechanical units can be expressed in terms of

these three fundamental units. Electrical and magnetic units in-

volve, in addition, the properties of the media in which the electrical

or magnetic actions take place, i.e. the dielectric constant in the

case of electrostatic forces and the penneability in the case of

magnetic forces.

The British Association Committee on Practical Standards for

Electrical Measurements adopted as the fundamental units of

length, mass and time, the centimetre, gramme, and second respec-

tively, and thus brought into existence the C.G.S. system of units.

Two systems of C.0.8. units exist
;
one involving only the dielectric

constant K of the medium as well as units of length, mass, and time

;

the other involving permeability as well as units of length, mass,

and time. The first is known as the electrostatic C.G.S. system of

units (E.S.C.G.S. system), and the second as the electromagnetic

C.G.S. system (E.M.C.G.S. system).

The electromagnetic system is the more convenient from the point

of view of most electrical measurements, and is, therefore, much
more generally used than the electrostatic system. If a quantity

is expressed in ‘‘C.G.S. units*’ without the additional designation

“electromagnetic” or “electrostatic,” it may be taken that the

electromagnetic system is indicated. Both systems are absolute

systems, since their units involve only the fundamental units and
do not depend upon the physical properties of any material, as do
some of the units which are considered later.

The actual definitions of the units are based upon the results of

experiment, and wiU be considered below. In the electrostatic

C.G.S. system the dielectric constant is, for purposes of definition,

taken as unity, as is the permeability in the electromagnetic system.

Dimensions o! Velocity, Acceleration, and Force. Since velocity

= this can be expressed in the dimensional notation as
time ^

M = = (01)

the square brackets indicating that the equality is dimensional only,

and does not refer to numerical values.

46



UNITS, DIMENSIONS, AND STANDARDS 47

Thus, velocity has the “dimensions”
Similarly,

. , velocity length
Acceleration — —: ~ — -

time time X time

or, dimensionally.

[a] ==
[L]

[LT-2J (
62 )

Force == mass x acceleration

thus, representing the dimension of mass by [11],

[F] - [If j [LT ^ [If

Dimensions in Electrostatic and Electromagnetic Systems. From
Coulomb’s Inverse Square Law we have

(
63 )

i.e.

F:

Force

K9^

(quantity of electricity)^

K X length^

where K is the dielectric constant of the medium
Dimensionally,

[q?

I.e.

From which

[MLT-^] =

[£
. m

[qf

[KL»]

[?] = [K^L^M*T-^ (64)

which gives the dimensions of q in the electrostatic system.

Also, in magnetism, the force between two magnetic poles of pole

strengths and mg, distant r cm. apart, in a medium of permeability

[X is

H = dynes
fjir^

^ _ polo strength x pole strength
~~ //X length^

Dimensionally,

[MLT^^]

From which

[mf

[m] = f?LWT-' (66 )

in the electromagnetic system.
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Thus, it is seen that the dimensions of these two quantities, one
electrostatic and one magnetic, involve the dimensions of either K
or as well as those of length, mass, and time. It will be seen later

that the same holds for all such quantities.

Dimensions of Permeability (//) and Dielectric Constant (k). The
dimensions of these quantities cannot be expressed in terms of

length, mass, and time, but a relationship between their dimen-
sions can be found.

As seen in the preceding paragraph, the dimensions of a quantity
of electricity can be expressed in terms of K, etc., as

[g] =
Now, the force exerted upon a magnetic pole, i*{ strength m units

placed at the centre of a circular wire of radius r cm. due to a
current of i absolute units flowing in an arc of the circle of length

I cm. is given by
mil -

dynes

ml

Quantity of electricity, in electromagnetic C.G.S. units, flowing

in time t sec., is

q =z it z=
FrH
ml

Dimensionally,

M = \T]

[L]

substituting the expression for m from the previous paragraph.

[g] = (66)

This gives the dimensions of q in the electromagnetic system.

Since q must have the same dimensions in either system, we have

[Ii}LT ^ = [/**]

or [LT-i] = .... (67)

Now, the dimensions [LT'^] are those of a velocity.

= a velocity

It is found from experiment, as will be described later in the

chapter, that this velocity is the velocity of light, which is, very
nearly, 3 x lO^*’ cm. per sec.
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From this relationship the dimensions of any electrical quantity
can be converted from those of the electrostatic system to those of

the electromagnetic system, and vice versa.

Dimensions of Electrical and Magnetic Quantities. The dimen-
sions of the various quantities can be derived from the known
relationships between them, as shown below. As an example of

the derivation of such dimensions a few of the more important
electrical and magnetic quantities will be ‘Miinensionized.’*

L Electric Current.

, quantity
Current ^

time

[1 ]

in the E.S. system.

To convert thes3 dimensions to those of the E.M. system-

involving /a instead of K—^substitute *
. L~^T iovK^ from Equation

(67).

Thus, in the E.M. system

[i] = [fi*L-^TL^M*T-^] =
2. Electric Potential. By definition,

Potential ~ work

quantity of electricity

Thus, representing the dimensions of potential by [ F],

[F] =

in the E.S. system.

Converting to the E.M. system, we have

[F] = [f* . LT-^ = [ju* .

in the E.M. system.

3. Magnetic Flux.

E.M.F. = rate of change of flux

time

.*. Flux — E.M.F X time

Dimenaionally [,^] = [ST] =
in the E.S. system,

{^] w= [fi^L^M^T'^] in the E.M. system.or
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The dimensions of the most important electrical and magnetic
quantities in both systems, together with the relationships from
which they are derived, are given in Table I. The table gives

references to the pages upon which the definitions of the various

units are given.

PracticS and C.G.S. Units. Some of the electromagnetic C.G.S,

units are too small for practical purposes, while others are too large.

The British Association Committee fixed the practical unit of cur-

rent and resistance as and 10® E.M.O.G.S. units of current and
resistance respectively. The magnitudes of the practical units of

other quantities, in terms of the absolute E.M.C.G.S. units, can be

found from the known relationships connecting the v^arious quant ities

and are given in the table.

For example,
E.M.F. — current x resistance

The practical unit of _ the practical unit of current

“E.M.F. ^ X the practical unit of resistance

— ^ of the E.M.C.G.S. unit of current

X 10® E.M.C.G.S. units of resistance

- 10® E.M.C.G.S. units of E.M.F.

The electromagneMc C.O,S. unit of resistance is defined as the

resistance of a conductor such that 1 erg of energy is expended per

second when unit current passes through it.

The electromagnetic C,G.S. unit of current is defined as the current

which, flowing in the arc of a circle 1 cm. in length and 1 cm. in

radius, produces a force of 1 dyne on a unit magnetic pole placed at

its centre.

The determination of the number of electrostatic C.G.S. units in

one practical unit can be best illustrated by an example. In the

case of E.M.F., from the corresponding dimensions given in Table 1,

r 1 E.S.C.G.S. unit
] _ r *]

L 1 E.M.C.G.S. unitJ M*T-^
.
/x*

J

Now, if the dimensions of L, M, and T are neglected, this ratio is

equal to But it has been shown above that

— a velocity

= 3 X 10«.

1‘E.S.C.G.S. unit
•

• 1 E.M.C.G.S. unit
= 3 X 10“

1 E.S.C.G.S. unit of 3 x 10“ E.M,C.G.S. units of

E.M,F. or potential E.M.F. or potential
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Indtbctance. The practical unit of inductance is 1 Henry. It is

the inductance of a circuit such that a rate of change of current in

the circuit of 1 amp. per sec. induces an E.M.F. of 1 volt.

1 henry “ 1 volt ^ 10^

i amp. per sec.
~~ 10'

^

10» E.M.C.G.8. units

I’he C.G.S. unit of inductance is 1 cm.

Thus 1 henry = 10® cm.

Since the farad is too large a unit for many practical cases, the

microfarad (represented symbolically as ‘‘///”) or the micro-micro-

farad (represented by symbolically) are used as more con-

venient units.

1 microfarad —

1 micro-microfarad --

1

10«

1

1012

farad

farad

In the same way, the millihenry (= henry) and microhenry

(== ^ henry) are often used as more convenient units of inductance

than the henry.

It will be seen from Table I that in the electromagnetic system
inductance has the dimensions Lfx, which gives the C.G.S. unit as

1 cm., since fx in the electromagnetic system is taken as unity.

Similarly, in the electrostatic system, capacity has the dimensions
LK, which gives the electrostatic C.G.S. unit as 1 cm., since K is

taken as unity in this system.

Additional names have been given to several of the C.G.S. units

by the Symbols, Units, and Nomenclature (S.U.N.) Committee of

the International Union of Pure and Applied Physics.* The most
important of these are

—

The Maxwell (the C.G.S, unit of magnetic flux),

The Gauss (the C.G.S. unit of magnetic flux density),

The Oersted (the C.G.S. unit of intensity of magnetizing field),

The Gilbert (the C.G.S. unit of magneto-motive force).

The name Weber has been given to the practical unit of magnetic
flux (1 Weber = 10® Maxwells).

The Oiorgi (M.K.S.) System of Units. This system is one in which
the fundamental units are so chosen that the resulting electrical

and magnetic units (of quantity, current, resistance, and so on) are

identical in magnitude with the so-called practical units. Professor

G. Giorgi, who first suggested the system (Ref. (56) ), proposed (a)

the adoption ofthe metre and kilogramme as the fundamental units

of length and mass respectively in place of the centimetre and
* Report published October, 1934.
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gramme, retaining the second as the unit of time as in the C.G.S.

systems
; (6) the use of a fourth fundamental unit, necessary when

expressing electrical and magnetic quantities in dimensional form,
which, it was suggested, could be, jfbr example, the ampere, volt,

or coulomb.
The International Electrotechnical Commission, at their meeting

in 1935, supported the suggestion and submitted it to the Bureau
International des Poids et Mesures and to the S.U.N. Committee
of the International Union of Pure and Applied Physics for advice.

The report of the latter committee abated: “The M.K.S. system
can be made absolute by the assumption of any convenient value
for /Hq (the measure of the '"meability of free space)

;
but, if the

units of that system are u be the practical units of the C.G.S.

system, the value of /Uq must be lO"’.''

It was recommended, therefore, that “the ‘fourth unit' on the
M K.S. system be 10 ' ^ henry per metre, the value assigned on that
system to the permeabilit3^ of space.*'

Unfortunately, the wording of the S.U.N. report, as quoted here,

has led to some confusion as to what was intended by the state-

ment regarding the permeability of space. There appears to be
considerable difference of opinion between competent authorities

as to the value and dimensions to be assigned to this permeability.

Dr. F. W. Lanchester,* in his excellent book The Theory of
Dimensions and in his paper before Section G of the British Associa-

tion in September, 1936, maintains that to convert from C.G.S. to

M.K.S. units a conversion factor of IC' is necessary, though this is

not related to permeability, but is a pure numeric. Dr. Ezer
Griffiths has pointed outf that there is no discrepancy between the

conversion factor and the permeability of space, in this way: “In
the Giorgi units the permeability of air is 10”"’. The unit of permea-
bility in the Giorgi system is therefore 10’ times the permeability

of air, or 10’ times the C.G.S. unit of permeability.” In contributing

to the same discussion. Professor G. W, O. Howe has expressed the

matter thus: “If, as the unit, we take ten million times the per-

meability of vacuous space, then the units of current, resistance,

etc., in this M.K.S. system are the practical units—the ampere,
ohm, etc. The permeability of vacuous space, which is usually

designated and which was itself the unit of permeability in the

E.M.C.G.S. system, wiU, if expressed in terms of this enormous
Giorgi unit, have the value 10*”’, i.e. = 10"”’.”

As pointed out by Dr. Lanchester and others, tl|\M.K.S. system
is by no means the only system which, provided a suitable con-

version factor is chosen, possesses units which are identical in

* The author is very grateful to Dr. Lanchester for his kindness in su|mly-
ing him with full information regarding the discussion of this question, which
resulted from the British Association paper referred to.

t Engineering, iS’ovember, 1036.

8—fr.5700}
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magnitude with the practical units. The advantage of M.K.S.
appears to be that the metre and kilogramme are themselves of

convenient magnitudes, whilst possible alternative fundamental
units are generally much less so.

If ^0 = the corresponding value of capacitance of free space

Kq is 1/(9 X 10®), so that1^11 1

/'“ ~ 10’ ^
!» X 10» 9 X^10’«

“

where v = the velocity of light in metres per second.

Conversion of units from the C.G.8. system to the M.K.S, system
can be carried out as follows

—

Wherever fx occurs in the dimensional expression for the unit,

multiply by 10“^, for by 10~5, and so on.

Where M occurs, multiply by 10“®, and for L multiply by lO*"^.

As examples, suppose we wish to convert the E.M.C.G.S. unit of

E.M.F. or potential to M.K.S. units. The dimensions of E.M.E. are

L^M^T~^lx^y so that

1 E.M.C.G.S. unit

of E.M.E. = 10-3 X 10-- X 1 X 10-^

= 10-« M.K.S. units

But, since the E.M.C.G.S. unit is 10“® volt, it follows that the M.K.S.
unit of E.M.E. is equal in magnitude to the volt.

Again, since the current dimensions are L^M^T'^fX'^

1 E.M.C.G.S. unit

of current = 10“^ X 10“^ X I X 10^

= 10 M.K.S. units,

so that the M.K.S. unit is equal to 1 amp.
DealingwiththeE.S.C.G.S. unit ofE.M.E.(dimen8ions7>lJ^17’“^ir-l)

in the same way, replacing K by a multiplying factor of 1/9 X 10®,

we have

I E.S.C.G.S. unit of

E.M.F.( = 300 volts) = 10“i x 10-^ X 1 X 3 x 10'^

= 300 M.K.S. units

It is as easy to show that all the M.K.S. units are identical with the

practical units.

With the object of clarifying the situation regarding the fourth

unit in the Giorgi system, the author recently wrote to Professor

Ing. Giorgi and received, in reply, a copy of the latest I.E.C. report

on the question. This c<mfirms that the connecting link between
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the electrical and mechanical units shall be recommended as '‘the

permeability of free space with the value of //q = 10 ’ in the un-
rationalized system or //q 47r . 10^ in the rationalized system/'

Thus the oorainittee leave open the question of rationalization,

^dthough Professor Giorgi states: “The value of in the

future units will be 47t/ 10’ or anything near that value; in the

international units it is slightly different/’

Rationalization aims at the elimination of the factor 4?? which
occurs in many of the fundamental magnetic and electrostatic

equations Thus, Profe.'-sor Giorgi (Ref. (57)) st ites that Coulomb’s
law* should be written in the form

I
.

K 4t7fr^

in ihe eleclrostatit i

fi .
'"i'"?

fi ^rrr^

in ' he magnetism. iSuch modification of the usual forms of Coulomb's
la leads to the rationalized system mentioned in the T.E.C. report.

An alternative aspect of the question of rationalization is obtained
from the minutes of the I.E.C. Committee meeting at Torquay,
June, 1938: “The decision turns upon the question whether the

unit of magnetomotive force should be the ampere-turn or

the ampere-turn/47T/’

Relationships Between the Mechanical, Electrical, and Thermal
Practical Units. The relationships connecting the practical units

for the measurement of mechanical power, energy, and heat, with

those for the measurement of electrical power and energy are so

important that a ^consideration of them here is, perhaps, not mis-

placed.

Power.
1 h.p. = 33,000 ft.-Ib. per min.

~ 660 ft. -lb, per sec.

= 660 X 12 X 2*64 X 463*6 X 981 cm. -dynes
(or er^s) per sec.

= 746 X 10^ ergs per sec.

/, Since 1 watt « lO'^ ergs per sec.

1 h.p. = 746 watts

746
'

1 ft.-lb. per sec. =? = 1*357 watts

* The equations given here utilize the symbols employed in Chapter I.

They ooirespond to those in Professor Giorgi's paper.
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Energy.

1 Board of Trade Unit of electrical energy

-= IkWh.
= 1,000 watt-hours

1 h.p.-hr. = 746 watt-hours

= *746 kWh.

1 ft -lb. = 12 X 2*54 X 453*6 X 981 cm. -dynes (or ergs)

1*367 X 107 ergs

=- 1*367 Joules (or watt-sec.)

^ - - kWh
60 X 60 X 1000

or 1 ft.4b. = *000000377 kWh.

Thermal Units.

1 gramme-calorie = 4*18 X 10^ ergs

= 4*18 joules (or watt-seconds)

1 B.Th.U. (i.e. the heat required to raise the temperature of 1 lb. water 1°F.)

= 778 ft.-lb.

« 778 X *000000377 kWh. of electrical energy

= *000293 kWh.

1 Centigrade heat unit (i.e. the heat required to raise the temperature of
I lb. of water 1® C.)

= ? X 778 ft.-lb.
o

= *000628 kWh.

Example 1. Calculate the number of kWh. of electrical energy obtained
per hour from a generating plant whose overall efficiency is 18 per cent.

Given,
Number of pounds of coal burnt per hour = 7,000 lb.

Calorific value of the coal = 12,000 B.Th.U. per lb.

Number of B.Th.U. input per hour = 7,000 X 12,000

Output in B.Th.U. per hour = *18 x 84 X 10®

Output in kWh. per hour =*18 x 84 x 10® x *000293

= 4,420 kWh. per hour

(The power output is thus 4,420 kilowatts.)

Example 2. Calculate the number of B.O.T. units expended in pulling a
train of weight 260 tons, i mile up an incline of 1 in 76, at a steady speed of 20
miles an hour, by means of an electric locomotive, if 70 per cent of the energy
input is useftdly employed. Frictional resistance to motion may be taken as
101b. per topu
Calculate alftb the current taken by the motors if the supply voltage is

600 volts.
OCA V 2940

THMstive effort = h 260 x 161b.

= 11,467 lb.

-= 11,467 X 2,640

« 30,260,000

Work done
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/. Energy input « x *000000377 kWh.

= 16*3 kWh.

Time taken to travel \ mile = ~ hr,
40

/. Power input

.*. Current

16*3 X 1000

JL
40

652.000 watts

602.000
500" 1 30^; amp.

Dimeiisional EguatiOm. a oertr.n» physical quantity y is pro-

portioual to the product ot two or more other physical quantities,

each of which is raised to some power which is unknown, e.g.

y oc then e unkaown indices m, n, and p can be deter-

mined oy substituting thvir dimensions for the quantities y, r, z,

and v\ and equating the corresponding indices of L, M, 7\ y, and
K, as in tiu" following example.

Example. The electrical power in a circuit is proportional to the voltage,
an 1 to the resistance of the circuit, each raised to some power. Determine
these powers by the use of the dimensions of the quantities involved.

Let W OC

or W ^ k. E^R^
whf^ro A? is a number which has no dimensions.
Then, substituting the dimensions of the quantities from Table I, we have,

using the electromagnetic system,

L‘MT-> = Ir X {LT-'/a)”]

Equating corresponding indices, we have

For L—
2 = |m + n

For M—
1 ~ w, i.e. m = 2, n

Also, for T—
- 3 - 2m - n

which is satisfied also by m ~ 2, n - 1

1

For y-

0 = -f n

which is again satisfied by m *=

If OC

2, n = -l,

R

The dimensions of the physical quantities involved can also be
used to check, or detect, possible errors in equations which have
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been derived, perhaps, from somewhat complicated theory. This

use is illustrated in the following example.

Example. It is suspected that an error has been made in the derivation

of the expression

E(oM

for the current in a circuit, in terms of the voltage E, angular velocity co,

mutual inductance M, self-inductance and resistances and R^. Ascertain
if this is so and, if necessary, make a correction to ensure that the equation is

dimensionally correct.

a>, being an angular velocity, has the dimension T"*, and M has, of course,

the dimensions of inductance, i.o. Lfi in the E.M. system. Then, substituting

the dimensions of the various quantities in the electromagnetic system, we
have

—

LeJUhand Side Right-hand Side

(2’-^ (L/i)

+ T-*.Lfi. L‘r-Vl*

~
+ L'T-V*)* +

Since the sum of terms which have the same dimensions as one another must
have the same dimensions as its constituent terms, the right-hand side can
be written

[T-*L*n^ +
In order that the dimensions of this expression shall be the same as those

of the left-hand side, the second term in the denominator should have dimen-
sions 80 that the dimensions of the denominator as a whole would be

= r-*LV*

which would give for the dimeneions of the right-hand side, and
would thus make the whole equation dimensionally correct.

Thus, the dimeneions LfJi are missing from the last term in the denominator
of the right-hand side. Since these are the dimensions of inductance, the
original equation, to be dimensionally correct, should have read

j
E(dM

~ + «,«,)• -f a)*Z,jB,«L

L being an inductance, either self or mutual.

Determination of ''v ” (i.e. the ratio of the Electromagnetic to the

Electrostatic Unit of Electeicity)* It has already been stated that

= a velocity = v

and that this velocity can be shown, experinientally, to be that of
light, i.e. 3 X 10^® cm. per sec., very nearly.

To determine this velocity, the ratio of the electromagnetic and
electrostatic values of some eleotrioal quantity must be measured.
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This ratio can be measured for any of the four quantities—capacity,
resistance, E.M.F., and quantity of electricity. Of these, the first

is perhaps the best, and will b(^ described.

The method used nocc'ssitates the calculation of the capacity of

some simple form of condenser in ek^ctrostatic C.G.8. units, and also

the measurement of its capacity in electromagnetic C.G.S. units

in terms of a resistance whose value in electromagnetic C.G.S. units

is known.
The value of the velocity v can be obtained from the ratio of the

calculated electrostati * value to the measured electromagnetic value

as below.

1.»et f b( the calculat^^d value of the capacity in electrostatic

units.

,, be the measui ^d value in electromagnetic units,

Frorti Teble I

i uiHt o f eapaoit/j f K . L ~| neglooting the flirnensioas

i F.M unit ot capacity [ \ of L aiui T

Hut ^ V, .. Kf,
-

1 E.S. unit of (*apa^ ity 1

I E.M. unit ot capacity

Tims, 1 FLS, unit of capacity ~ -i of 1 E.M. unit of capacity, or the number

of r S units of capacity m 1 E.M. unit -

Now, if a certain length is expressed as L' ft . or 2/" in.

L'

12
-y = No. of mches in 1 ft.

By analogy,^ — No. of E.S. units of capacity m 1 E.M. unit ~

Procedure. The capacity having been calculated from the

dimensions of the condenser, Ogji must be measxired. There are

several ways of carrying out this measurement of capacity in electro-

magnetic C.G.S. units, the best of which is Maxwell’s bridge method,
described by him in his Electricity and Magnetism, Article 775.

In this method, the condenser O to be measured is connected in

one arm of a bridge network, as shown in Fig. 27. A commutator
is also connected in this arm, by means of wb’ch the condenser is

alternately charged and discharged. The commutator is driven by
a small motor, supplied from a steady ^^ource, and whose speed can
be varied as required.

P, Qf and B are non-inductive resistances w'hose values in absolute

electromagnetic units are known. (? is a sensitive galvanometer,
of resistance g, and b is the resistance of the battery ciretdt.
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The resistances of the leads in the condenser branch are made
negligibly small.

When the commutator is in such a position that the moving switch

3 of Fig. 27 is on contact 2, the condenser G is discharged and the

current flowing in the various arms, including the galvanometer
branch, are steady currents from the battery. When switch 3 is

on contact 1, the condenser is charged to the potential of the battery

and the galvanometer current is altered owing to the varying
current taken by the condenser while it is being charged When

Fig. 27. Circuit for the Determination of v

the condenser is fully charged, no current is taken by it, and the

galvanometer current again takes up its steady value.

The galvanometer current can be made zero by suitable adjust-

ment of the resistances P, and R, and of the speed of the com-
mutator.

The expression* for the capacity of condenser C is

6 + ^) (Q + ^ + -R))

Qb K, , Qg
\

P((2 + 6 + i?))( +

+

. (69)

n is the frequency of the commutator. To a close approximation

provided P + P is large compared with Q.

The resistances must be expressed in electromagnetic C.G.S.
units of resistance. If expressed in ohms, the value of C wiQ be in

farads. Many investigators have measured the ratio v by the above
and other methods. From their results it appears that

== 2*998 X 10^® cm. per sec.

while the average value obtained by many investigators for the

J. Thompson first gave this equation, and the theory from whieh it is

derived is given also in Laws’s Electrical MeaetmmtniU, p. 364.
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velocity of light is 2*9986 x 10^® cm. per sec. These figures are

taken from the Dictionary of Applied Physics, Vol. II, p. 960, where
a record of much work carried out on the subject is given.

International Units and Standards. These units are all defined

in terms of the electromagnetic C.G.S. system of units, and thus
precise measurements of them necessitate measurements in terms
of the absolute units. Such absolute measurements are difficult to

carry out, and require much complicated apparatus. For this

reason a number of International units were defined at a conference

in America in 1894, and these mats were adopted by the Interna-

tional Conference on Electrical Units in London in 1908, which also

issued specifications for tb * construction of International standards.

These units, whilst representing to a high degree of precision the

practical units already defined by the British Association Committee,
were defined in such a way that they could be set up without much
difficulty by the standards laboratories of different countries.

At various times adjustments of the International standards have
been made in order that they shall represent the absolute units as

nearly as possible.

When set up in accordance with the specifications, these Inter-

national standards can be used in constructing sub-standards of

a more generally useful form which can be used for calibration

purposes.

Definitions of International Units. Four International units

have been defined, namely, the ohm, ampere, volt, and watt. Of
these, the ohm, owing to the fact that as an International standard

it is the simplest and most reliable, has been chosen as the first

primary standard.

The International Ohm is the resistance offered to the passage of an un-
varying electric current by a column of mercury at the temperature of melting
ice, of mass 14*4-021 grm., of uniform cross-sectional area and of length 106*300
cm.

Although unnecessary for the purpose of definition, the cross-section of such
a column is very nearly 1 sq. mm.
The International Ampere is the unvarying electric current which, when

passed through a solution of silver nitrate in water, “ in accordance with Speci-

fication II attached to these resolutions," deposits silver at the rate of

0*0011 1800 grm. per sec.

The International Volt is the steady electric pressure which, applied to a
conductor of resistance 1 International ohm, produces a current of 1 Inter-

national ampere.
The International Watt is the electrical energy per second expended when

ati unvarying tiectrio current of 1 International amp^^ flows under a pressure
of 1 International volt. ^

The defiiutions have been generally accepted for electrical measure*
meats as well as for legal purposes.

The centimetre, gramme, and second were selected as the units
of length, mass, and time, by an International Electrical Congress
at Paris in 1881^ jind were defined by them.
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Legal Standards. For legal purposes it is necessary that some
concrete representation of the International units shall exist, which
can be referred to at any time without necessitating the making up
of the International standards in accordance with specifications.

Such standards must be verified from time to time by comparison
with the true International standard, and adjusted if necessary.

It was laid down by an Order in Council (Statutory Rules and
Orders, 1910, No. 72) that ‘‘the limits of accuracy attainable in the

use of the said denominations of standards are stated as follows

—

For the Ohm within one hundredth part of one per cent.

For the Ampere within one tenth part of one per cent.

For the Volt within one tenth part of one per cent.”

The standards referred to above are generally known as the
''legaV standards, and are defined in a Schedule attached to the

Order in Council as below.

Standard of Electrioal Resistance. A standard of electrical resistance
denominated one Ohm, agreeing in value within the limits of accuracy aforesaid
with that of the International Ohm, and being the resistance between the
copper terminals of the instrument marked ‘Board of Trade Ohm Standard
verified, 1894 and 1909,’ to the passage of an unvarying electrical current
when the coil of insulated wire forming part of the aforesaid instrument and
coimected to the aforesaid terminals is in all parts at a temperature of 16*4° C.

** n. Standard of Electrical Current. A standard of electrical current denom-
inated one Ampere, agreeing in value within the limits of accuracy aforesaid
with that of the International Ampere, and being the current which is passing
ill and through the coils of wire forming part of the instrument marked ‘ Board
of Trade Ampere Standard verified, 1894 and 1909,’ when on reversing the
current in the fixed coils the change in the forces acting upon the suspended
coil in its sighted position is exactly balanced by the force exerted by Gravity
in Westminster upon the iridioplatinum weight marked A and forming part
of the said instrument.

**111. Standard of Electrical Pressure. A standard of electrical pressure
denominated one Volt, agreeing in value within the limits of accuracy aforesaid

with that of the International Volt and being one himdredth part of the
pressure which when applied between the terminals forming part of the
instrument marked ‘Board of Trade Volt Standard verified, 1894 mid 1909,’

causes that rotation of the suspended portion of the instrument which is

exactly measured by the coincidence of the sighting wire with the image of

the fiducial mark A before and after application of the pressure and with
that of the fiducial mark B during the application of the pressure, these images
being produced by the suspended mirror and observed by meems of the
eyepiece.
“The coils and instruments referred to in this Schedule are deposited at the

Board of Trade Standardizing Laboratory, 8 Richmond Terrace, Whitehall,
London.*’

Absolute Measurement of International Units. (1) Measurement
OE Resistance. Many investigators, including Weber, Lorenz,
Rayleigh, iSrnith, Campbell, and Griineisen and Giebe, have mea-
sured the International Ohm in absolute measure, and their results

lead to the conclusion that the International Ohm is 1K)0048 X 10®

e.G.S. units.

In Table I resistance haf the dimensions in the eleotaro-

magnetio system. Sinoe fi is unity in this system the dimensions
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are those of a velocity and thns absolute measurements of resistance
involve the measurement of either a velocity, or of length and time,
which determine a velocity. Such measurements, in many cases,

involve the measurement of inductance and time, since inductance
has the dimensions of length in the electromagnetic system.
At least eight different methods have been used, but only one of

these methods* can be given here.

Lorenz Method, This method, originally used by Lorenz in 1873,
has since been used for the absolute measurement of resistance, in

some cases in a modified form, h\ a number of investigators.

Fia. 28. Lobenz Method fob the Absolute Measubement
OF Resistance

In the original experiments a circular metal disc, mounted con-

centrically inside a solenoid, was driven at a uniform speed of

rotation.

A steady current was passed through the solenoid, in series with

which was a low resistance R, from the terminals of which leads were
taken to two small brushes, one pressing on the edge of the rotating

disc and another making contact with the disc near its centre. A
sensitive galvanometer was included in one of these leads as shown
in Fig. 28.

As the disc rotates E.M.F.s are induced m it, since it is placed at

right angles to the field of the solenoid. The connections from the

brushes on the disc to the terminals of R are so made that the

induced E.TStf.F. in the disc is opposed by t^ jjressure drop due to

the solenoid current I in the resistance f* Tlitis, when the mduced
E.M.F, is exactly equal to the pressure drop, IB, no current passes

throng the galvanometer, which therefore gives no deflection.

IietM be the mutual inductance between the disc and the solenoid.

Other methods are given in the Dictionary oj 4ppUed FhyHm, Vol. II,

in the section on Electrical Measurements.”
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I.e. M =» the magnetic flux passing perpendicularly through the

disc surface when one electromagnetic C.G.S. unit of

current flows in the solenoid.

Thus, the flux cutting the disc when I units of current flow

through the solenoid = MI lines. The speed of rotation of the disc

(together with the current / and resistance By if necessary) can be
adjusted until no current flows through the galvanometer.

Let N re^. per sec. be the speed of rotation for zero galvanometer
deflection.

Then E.M.F. induced in th‘3 disc = MIN electromagnetic C.G S.

units of E.M.F.

Pressure drop in the resistance =- 7i2 electromagnetic C.G.S.

units of E.M.F.

I and R being expressed in E.M.C.G.S. units.

Thus MIN = IB

or B = MN electromagnetic C.G.S.

units of resistance . (70)

The value of the mutual inductance M is calculated from the

dimensions of the solenoid and disc, and from their relative positions,

using such methods as those described in Chapter V.

As a check upon this expression from the point of view of the dimensions
of the quantities involved, consider the dimensions of the product MN,

[M]

m
[MN] >

[L^ M* y’

V

ILfi]
Magnetic flux

Current

Bevolutions

Seconds
^

[LT'^fi] which are the dimensions of resistance.

If the resistance B is that of a column of mercury of known dimen-
sions, the resistivity of mercury can thus be obtained in absolute

measure, from which the resistance of the international unit of

resistance in absolute units can be calculated. Otherwise the resis-

tance B may be some resistance whose magnitude, in terms of the

international unit, is known to a high degree of precision.

The E.M.P.S in the disc may be thought of as existing in an
infinite number of radial elements, each cutting through a field of

flux density equal to where r is the radius of^ area of the disc

the disc in centimetres. The E.M,F. across the brushes is thus the

E.M.F. induced in a radial element of length r cm., moving with a
mean linear velocity of tttN cm. per sec., through a field of flux

MI
density Thus, from Equation (53), the E.M.P. induced in this

element (i.e. the E.M.F. across the brushes) is



UNITS, DIMENSIONS, AND STANDARDS 65

^ . r . TrriV^ MIN (E.M.C.G.S. units)

which is the same as the expression given above.

Precautions Necessary to Ensure Accuracy of Measurement. To obtain an
accuracy of measurement of the resistance of 1 part in 10,000, both M and iV

must be determined with an accuracy of a few parts in 100,000.

The speed N may be determined by stroboscopic methods (see Chapter
XXII) or by a directly driven chronograph, the latter being F. E. Smith’s
method (see Ref. (1,) (6) He also incorporated a fly-wheel to ensure uniform-
ity of speed.
To obtain the necessary accuracy in the value cf Jf, both the disc and sole-

noid must be carei^dly coi^sti'icted and their dimensions accurately measured.
The former of the solenoid iw T^mually a marble cylinder, very carefully machined
the dhnensions being ohfamf-d by the use of precision measuring apparatus.

The winding is of bare Conner wire, wound in grooves cut in the cylindrical

surfuco.

Sin^'e the effective ainienj^ions of the disc, when rotating, cannot be obtained
witli uie same accuracy, tlio value ofM is made as little dependent upon these

dimensions as possil le by suitably choosing the dimensions of the solenoid

relative to the disc diameter. The disc is usually of phosphor-bronze.
The effect of the earth’s magnetic field upon the E.M.F. induced in the disc

k" made small by arranging the piano of the latter in the magnetic meridian,
‘hvo meaaureraonts are made—one with the current 1 reversed- -to eliminate
tiiis effect.

To reduce the effects of thenho-electric E.M.F.s at the brush contacts,
F. E. Smith used two phosphor-bronze discs of special construction, and two
solenoids.

(2) Mbasttkement of Current. The dimensions of current, in

the electromagnetic system, being IrM^T'^ the dimensions of

(current)^ are LMT'^ if ^ is unity. But these are the dimensions of

force, so that absolute measurements of current involve the measure-
ment of force.

This force may be exerted in two ways

—

(a) By the current in a solenoid upon a suspended magnetic
needle—as in a tangent or sine galvanometer.

(b) By the current in one part of a circuit upon another part of

the circuit in series with it, and carrying the same current—as in an
electrod3mamometer or current balance.

Galvanometer methods suffer from the disadvantages that there
is always some uncertainty as to the exact position of the poles of

the magnetic needle used, and also that the horizontal component
of the earth’s magnetic field must be separately determined with
great accuracy before the results of current niseasurements can be
interpreted.

. ^
I

Electrodynamometers measure current in terms of the torsion of

a suspension wire or of a hifilar suspension, and this is not very
satisfactory. Methods of measurement which utilize some form of

current balance are therefore probably the most satisfactory, and
are most commonly used.

Tmgent Oatvanormter Method. If a current of I absolute units
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flows in the coil of a tangent galvanometer, it can easily be shown
that the steady deflection Q is such that

—

' = ™
where r — the mean radius of the galvanometer coil in centimetres

N ^ number of turns on this coil,

and li = the horizontal component of the earth’s magnetic field

(see Fig. 29).

Obviously the current can be obtained from this expression, in terms
of the deflection, the dimensions of the coil, and H,
The following assumptions are made in deriving this expression

—

(a) That the plane of the galvanometer coil lies exactly in the

magnetic meridian, and is exactly vertical.

(S) That the magnetic needle is infinitesimally short.

(c) That the needle is suspended at the exa>ct centre of the coil.

(d) That the axis of the needle is horizontal.

These assumptions are obviously not all justifiable in practice.

Again, unless the galvanometer coil has only a single layer, and is

exactly circular, the value of r may be somewhat uncertain. The
accuracy of the measurement depends, also, directly upon the

accuracy with which H is known for the particular pl^e at which
the measurement is being made. This last is a great disadvantage
of the method, sinci it usually necessitates a separate-^and highly
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accurate—determination of H, and this is about as difficult a mea-
surement as that of the current itself. Kohlrausch deviscMl a method
of measuring H and the current simultaneously (see PhilosopkicMl

Magazine, VoL XXXTX), bub the method does not apjx^ar to luive

been adopted generally.

Corrections can be apj)lied to allow for some of the divergencies

between practice and theory. Two of these—given by F. E. Smith
in the Dictionary of Applied Physics, Vol. II, p. 231—are as follows

—

(a) To allow for the fact that all the turns on the galvanometer
coil cannot be coincidlent in spnee, the field intensity at the centri?

of the coil is taken as

ttNI
log*

r h (/ f \ (r + b"-

r - d -{ V(r - df'

instead of as assumed in the elementary theory of the gal-
T

vonometer. In this expression 2h -- axial length of the coil, 2d
= radial depth of the coil, both in centimetres. This expression is

due to A. Gray, and is ghen in his Absolute Measurements, Vol. II,

I art I,

(6) To allow for the fact that the centre of the needle is not

exactly at the centre of the coil, the correction factor to be applied

to the field intensity due to the current is

3 dy^ +
1 + 2 ^

where dic, dy, and dz are the displacements of the centre of the needle

relative to the centre of the coil. These displacements are measured,
of course, in three, mutually perpendicular, directions, dx being

measured along the axis of the coil.

If, however, corrections are to be applied to allow for ail depar-

tures from the theoretical assumptions, the method becomes very
cumbersome.
Helmholtz modified the tangent galvanometer by adding a second

coil and placing the needle midway between the two coils in the

uniform field produced by this arrangement (see Chapter I). The
correction for axial displacement of the centre of the needle from
the centre of a coil is thus rendered unnecessary,*

Rayleigh Current Balance, The principle of this instrument will

first of all be discussed. If a current-carrying coil is placed with its

plane parallel to that of another current-carrying coil and in such
a position that their axes are coincident, a force—either of attraction

or repulsion—will exist between the coils, depending upon the cur-

rent directions. This force is proportional to the product of the
t

The theory of this galvanometer is given in Gray’s Absolute Meamrements
in Wlmricity and Magnetism, Vol. IT, Part 1, p. 254.
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two currents in the coils. If the coils are connected in senes, so

that the same current flows through both, the force between them
is proportional to the square of the current passing. This force

can be measured if one of the coils is movable, and is suspended

from one arm of a balance, the force thus being ‘‘weighed^’ ;
hence

the name “current weigher” given to such instruments. Lord
Rayleigh and Mrs. Sidgwick, in their experiments for the determina-

tion of the electro-chemical equivalent of silver, used two parallel

Fio. 30. Arrangement or Coils
IN THE Rayleigh Current

Balance

coaxial fixed coils with a moving
coil suspended between them, the

three coils being so arranged relative

to one another that the force upon
the moving coil was maximum.
This arrangement is shown in

Fig. 30.

The force acting on the moving
coil, and measured by the balance,

is given by

/’ = 72— dynes . (72)

where 1 is in electromagnetic C.G.S.

units and is the current in the three

coils in series. M is the mutual in-

ductance of the coils, and depends
upon their numbers of turns, and
upon their dimensions and relative

positions, dx is an element of length along the axis of the three

coils. The value of M can be calculated from the dimensions of the

coils by means of formulae given by Gray (Ref. (7) )
or by J. V.

Jones (Ref. (8) ).

In the above apparatus, if the three coils are so placed that the

moving coil is at a distance of half their radius from each of the

fixed coils, the value of becomes dependent only on the ratio

Under these circumstances, also, very little
radius of movmg cou
error is introduced by a slight inaccuracy in the axial position of the

moving coil (see Chapter I).

Bosscha (Ref. (9) )
introduced an electrical method of measuring

the ratio of the coil radii which does away with the necessity for mea-
suring the mean radii of the coils themselves—somewhat uncertain

measurements in the case of multi-layer coils.

The measurement of current in absolute units, by means of the

Rayleigh balance, thus becomes little more than a careful wekhing,
very accurate measurements of dimensions being avoided. This is

j

perhaps the greatest advantage of this form of current balance.
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Other advantages, common to all forms of current balance, are that
neither measurement of the horizontal component of the earth^s

magnetic field, nor a determination of the torsion constants of a
suspension are required.

The weighing is usually carried out by observing the change in

the weights necessary to balance the moving coil when the current

in it is reversed, this having the effect, of course, of reversing the
force upon the moving coil. It should be noted that the expression

for the force, given above, is in dynes ; and, since the weights used
in the weighing will be grammes, tiie value of g—the acceleration

due to gravity—must be known. In some forms of current balance
the accuracy with which 7 is know*! determines the accuracy of the

current measurement.
Many forms of cnrnnt balance have been constructed on this

principle, and have been used for the determination of the Inter-

national ampere in absulute units.*

In all cases a precision balance of special form is used. Great
care is necessary in the construction to ensure that the flexible leads

for the purpose of leading current into the moving coil or coils exert

np appreciable torque upon the moving system. Other important
points are the selection of truly non-magnetic material for the

bobbins of the coils. Marble is perhaps the best material from this

point of view. Brass is suitable if selected with care. The cooling

of the coils, also, is very important, water jackets being used for the

fixed coils and a water-cooled chamber being provided for the

moving coil. From the results of many investigators the Inter-

national ampere is -099988 E.M.C.G.S. units.

(3) Determination of the International Volt in Absolute
Units. The value of the international volt in terms of the absolute

unit of E.M.F. is, from its definition, obtained by Ohm’s Law, using

the values of the ohm and ampere in absolute measure which have
been determined by many investigators as stated above. Thus,
from the experimental results that 1 International ampere= -099988

E.M.C.G.S. unit and 1 International ohm = 1-00048 X 10® E.M.
O.G.S. units, it follows that 1 International volt = -099988 X 1-00048

X 10® 1-00036 X 10® E.M.C.G.S. units of E.M.F,
Standard Resistances. The standard resistance known as the

Alegal ohm,'’ as representing, for general commercial purposes, the

B^rnational unit of resistance, has already been referred to. Since

it ac.considerably easier to compare resistances tlian to determine

theiS^j^j^alue in absolute measure, it is copvenJlat to have available

stan<&vd resistances which can, from time to time, be compared
with iiik mercury International ohm set up according to the British

Association specifications. For general purposes, measurements of

Detailed descriptions of these pieces of apparatus are given in the IHe*
Honar^ c/ MfpUed Phg0ic0 , Vol. 11, pp 235, etc., and in Laws’s Eh^iritf^d

MeaaurmmjUs, p. 90.



70 ELECTRICAL MEASUREMENTS

resistance can be nifide with sufficnent accuracy by comparison with

such standards. The values of sub-standard resistances can be

determined by cora})arison witli these, sucli sub-standards being,

us(‘d in the calibration of laboratory standards of resistance.

One form of standard resistance consists of a c*oil of platinum-

silver wire non-inductively wound on a metal bobbin. The wire is

wound as shown in Fig. 31. In this bifilar method of winding, the

wire is doubled back on itself before winding. This gives the effect

of two wires, side by sidtj, carrying currents in opposite dir(‘ctions.

The magnetic fields due to the two currents neutralize one another,

giving a very small inductance.

The coil is insulated from the metal bobbin by a layer of shellaced

silk which is baked before the wire is wound on. The wire is laid

in one layer in order that the cool-

ing shall be as efficient as possible,

it being essential that the coil shall

not be appreciably heated during

use. After winding, the coil is

usually shellaced and baked at a

temperature ofabout 140° C. This

serves the double purpose of dry-

Fig. 31. Bifilatj Winding ing out the coil and of annealing

the wire, the latter being neces-

sary in order to remove conditions of strain, due to bending, from
the wire, and so ensure greater permanence of the resistance of the
coil. The coil is fixed inside an outer cylindrical metal case, which
has an ebonite top to which the coil and bobbin are attached, and
the space between the coil and the outer cylinder is filled with paraf-

fin wax. The terminals consist of long copper rods, hard-soldered to
the resistance coil, the ends of these terminals being amalgamated.
In use, the coil is maintained at a constant temperature for some
hours before measurements are made. This is done by immersing
the major portion of it in water.

The Board of Trade ohm is of this form.
Many other forms of Standard Resistance have been constructed,

the most important being those designed and constructed by the
Standards Laboratories of different countries, such as the German
Physikalisch-Technische Reichsanstalt, the American Bureau of
Standards, and the National Physical Laboratory of this country.*
B^uirements o! Standard Resistances. The most important pro-

perties of resistances which are to be used as standards of reference

are

—

(1) Permanence. The necessity for this property is obvious. In
order to avoid variation, with time, of the resistance value of the

* Several forms are described m the Dictionary of Applied Physics, Vol. n,
p. 700, etc., and in the publicat^ns mentioned in Befs. (2), (10), (11), (12),
at the end of this chapter.
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finished standard, annealing during manufacture is essential.

Thorough drying out by baking after covering the wire insulation
with shellac is also necessary and, if the coil or strip is immersed in

oil for cooling purposes, care must be taken to ensure that the oil

is free from acid and water, in order to avoid corrosion of the resis-

tance alloy. As a result of much research, manganin has proved to
be the most suitable material to be used for the coil or strip in

standard resistances. Its properties ivill be given later in the
chapter.

(2) Robust construotioj^

(3) A small temperature* et>efficieiJ of resistance, in order that the
correction for temperature variation.^ shall be small.

(4) Small thermo-electric effects, when a current is passed through
it.

Such resistances should also have as low an inductance as possible

and should be capable of carrying an appreciable current without
overheating.

Low Resistance Laboratory Standards. In the case of low resis-

tance standards such as those used for potentiometer work, the

c urents to be carried are often very large and adequate cooling

must be provided, this being done by immersing the resistance in

oil (first grade paraffin oil being often used for this purpose), the oil

being stirred by a motor-driven stirrer and water cooling being

provided. A distinction should be made, however, between resis-

tances of this latter class and those which are used for reference

purposes only, and are not required to carry large currents. These
low resistance standards are fitted with potential terminals as well

as current terminals. The potential terminals fix the points on
the resistance between which the nominal resistance of the stan-

dard is measured. The current terminals, by means of which the

resistance is connected to the supply circuit, should be at an appre-

ciable distance from the tapping points* of the potential leads in

order that the current distribution shall be uniform, throughout the

cross-section of the resistance material, by the time the tapping

points are reached (see Ref. (13) ).

Fig. 32a shows a low resistance standard of the Drysdale-Tinsley

non-inductive type, designed to carry heavy currents such as may be
required in potentiometer and other work. In addition to the ordi-

nary current and potential terminals, it has, fitted to the potential

terminals, mercury contacts for use in a standardizing bridge (se^

Chap. Vn). This type of resistance ia? manufactured by Messrs.

H. Tinsley & Co., and is designed for use with either direct or

alternating currents (up to l.OOO The resistance material used
is manganin, silver-soldered to copper rings, which are screwed to
heavy o^per lugs to which they are also soldered with tin-lead

solder. Tne manganin resistance strips are in the form of concentric

cylinders, through which the current passes ax^ially in opposite
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Kic. 32a. JJkysdale-Tinslky Non-inductive Low
Resistance Standard (500 Watt Typo)

Fio, 32b. Aiii-oooi,ed Low Kesistanoe Stanoabos
(If. (?. <0 Co.)
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directions, thus giving a very low inductance. A range of resistances

of the ype shown in the figure is manufactured, having resistance

values from *02 ohm down to -0001 ohm. The watts dissipated are

200 for resistances from *02 ohm down to *005 ohm and 500 from
‘001 ohm down to *0001 ohm.

Fig. 32b shows the construction of air-cooled low resistance

standards manufactured by W. G. Pye & Go.

Resistance Materials. It is desirable that a material to be used in the
construction of standard rtjsistancos should possess the following properties

—

(a) High specific resis'^ance, in oMer that the standard resistance, when
constructed, may be reasonaMy compact.

(&) Permanence. There should be as litdo variation in resistance with time
as possible.

(c) It should have a low ihei'mo-electric force with copper.

(d) Low temperature eoeffilcient, m order that the correction for tempera-
ture variation may be small

(e) It should not easily oxidize, and should be unaffected by moisture,

a.cids, etc.

In addition, it should, if possible, be easily worked and jointed.

From inter-comparison, over a long period of years, by various investigators,

of a number of standard coils made up in 1864 by Mathiessen and Hookin,
on behalf of the British Association, it appears that platinum is the best

material from the point of view of permanence. It has, however, the dis-

advantage of a high temperature coefficient—about 0*4 per cent per I® C,
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Many alloys* such as platinum-silver, platinum-iridium, German silver, man-
ganin, etc., have been used as resistance materials, and much research, begin-

ning with the work of Mathiessen (Ref. (14) ) has been carried out upon the

subject.
Mftnganin . Weston, in 1889, discovered that alloys of copper, manganese,

and nickel, have a very small temperature coefficient. He gave the name
“manganin** to such alloys. Lindeck (Ref. (12) ), Bash, and others, have since

further investigated the properties of the material, and it has been found that

the composition—84 per cent copper, 12 per cent manganese, 3*5 per cent

nickel, and 0*6 per cent iron— has an extremely low temperature coefficient

and is most suitable for resistance purposes.

The temperature coefficient of manganin changes sign as the temperature
increases, the point at which the change occurs depending upon the iron

content.

Fig. 33 shows a temperature-resistance curve for a standard low resistance

of the type shown in Fig. 32, such a curve being supplied by the makers with
each standard supplied.

A representative value for the specific resistance of manganin is 60 microhms
per cm, cube at 20® C., and of the temperature coefficient 0*0004 per cent

per 1® C. at 20® C. The thermo-electric E.M.F. against copper is from 3 to 8

microvolts per 1® C.

TABLE II

Properties of Other Resistance Materials

Material
Composition
(approx.)

Specific

Resistance
(microhms
per cm.-
cube)

Tempera-
tiure

Coefiioient
(%per*C.)

Thermo-
electric

E.M.P.
against
Copper
(Micro-
volts)

Remarks

Therlo .

Copper 71%
Aluminium 106%
Manganese 10-5%
Iron 2%

47
(at 20* C.)

•0005 Very low Comparatively new mate-
rial. Properties similar to
manganin.

Platinum-silver 1 part platinum, 2
parts silver

31-6 •03 Small High temperature coefla-
cient.

Constantan Copper and nickel 60
!
(at 20* C.
approx.)

- -001 40 Cheap. Easy to work.
High thermo-electric
B M.E. is a disadvantage.

Eureka . Copper 60%
Nickel 40%

As for Oonstan tan.

German silver . Copper 68%
Zinc 22%
Nickel 16%

80
(at 20* C.)

•03 35 The presence of sine in
alloys produces unstable
properties.

Platinoid. Gennan silver with
addition of about
1% tungsten.

34 to
40

•02 to
'03

20 Tungsten improves the
permanence.

Nichrome 95
(at 20* C.)
approx.

•04 Used for resistances of
rougher class, especially
at high temperatures. Is
non-corrosive.

Platinum •86 Used in resistance thermo-
metry.

Iron 12 •4 Used for resistazices when
its maffloiatic properties
and high temperature oo-
effledeat are unimportant*
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The annealing of manganin to remove bending strains, as men-
tioned above, must be carried out with the material out of contact
with air, as oxidation will otherwise take place, resulting in a high
temperature coefficient. This is best done by heating the material
to a temperature of 600-700'" C. in an atmosphere of some chemically
inert gas. although the method often adopted is to subject the
material to a gradual annealing over a period of several hours at a
temperature of about HO'^C., the material being coated with a
protecting coat of shellac varnish.

The disadvantage of Ibis meinod ss that, as discovered by Rosa
and Babcock, of the Burt an ofStandards in 1907, the shellac absorbs
moisture from the atmr^Si We, which causes it to swell and this

stresses the wire, causing appreciable variation of resistance with

time.

Current Standards, it is obviously impossible to set up a stan-

dard of current in the ^ame sense that a standard of resistance

can bo set up. Current is defined either in terms of the electro-

chemical equivalent of silver, as in the definition of the Inter-

national unit, or in terms of readings obtained when the current

is passed through some standard instrument such as the current

balance already mentioned. Arguments have been advanced in

favour of concretely defining the volt instead of the ampere for the

purpose of International units. The ease with which any voltage

can be measured by comparison with the voltage of a standard cell

by potentiometer, and the accuracy with which a standard cell can

be set up, being two of the advangages of using the volt as one of the

primary International units.

Kelvin Current Balance. The current balance as used for the

determination of the absolute value of the International ampere has

already been described. Lord Kelvin designed an instrument whose
action depends upon the same principle which has since been largely

used for the accurate measurement of current. Secondary current

balances are of this type, the instrument mentioned in the definition

of the legal ampere being a special form of Kelvin balance.

Fig. 34 shows an instrument of this type for use in the measure-

ment of currents of from 0*1 to 10 amperes. The instrument

(‘onsists of six coils, four fixed and two moving, the latter being

carried on a beam wliich can rotate in a vertical plane, like the beam
of a chemical balance. Instead of a knife edge, as the means of

pivoting this beam, it is suspended at its centre by two flexible

copper ribbons, each consisting of a large iftinber of fine wires.

These ribbons also act as leads to the hhoving coils. The latter

are situated between the two paire of fixed coils as shown in
Pig. 36, all six coils being connected in series, the connections being

such that the currents flow as shown. Under these conditions the
top fixed coil on the right attracts the adjacent moving coil A, while

the bottom fixed coil repels A. On the left the top fixed coil repels
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the adjacent moving coil B, while the bottom fixed coil attracts J5.

The total effect is thus to cause an anti-clockwise movement of the
beam carrying the moving coils. This anti-clockwise torque is

balanced by means of weights carried by a small carriage which
runs on a graduated bar attached to the moving beam. This carriage

is moved by means of cords which pass through holes in the case of

the instrument. To ensure that the weights shall always be placed

in the same position on the carriage, the latter is fitted with two
small conical pins, which fit into holes in the weights.

To use the instrument, a known weight, whose value is suitable

for use with the current fci> oe measured, is placed on the carriage,

Fia. 36. Arrangement of Coils in Kelvin Current
Balance

and a counterpoise of the same value is placed in the aluminium
V-shaped trough attached to the right-hand moving coil. The
carriage is then moved to zero at the left-hand end of the graduated
scale, and the clamping device, for removing the weight of the

moving system from the copper ligaments when the instrument is

not in use, is freed. The moving system should then be balanced as

indicated by the pointers—one at each end of the beam—which
move over small vertical scales attached to the base, A means of

adjustment is provided to obtain complete balance with zero current

if this condition should not be obtained without.

When current flows through the instrument, the anti-clockwise

torque produced by it is balanced by moving the carriage, with its

weights, along the scale to the right. If 21 cm. is the length of the

scale, and balance is obtained with a movement of the weight of

a? cm. from zero, then, the moving system b^*ug suspended at its

centre, the total turning moment due to tlie weights, each of weight

W grammes (say), is Wl-W(l’^x)=^ lffl?cm.-gm. At balance this

turning moment is equal to that due to the current, which latter is

proportional to the square of the current. The current / is calcu-

lated from the equation

I = K2VD . , (73)
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where D is the displacement of the moving weight in scale divisions

for balance, and is a constant for the instrument which depends
also upon the weight used. A fixed inspectional scale for approxi-

mate readings is fitted behind the moving scale, the former being

graduated in terms oi^VD. Four sliding weights and four counter-

poise weights are supplied with the instrument, in order to obtain

different ranges, the carriage constituting the smallest of the sliding

weights. These four weights are in the ratio 1, 4, 16, 64. The first

being the weight of the carriage ; the last three are 3, 15, and ()3

times the weight of the carriage respectively.

Kelvin balances are manufactured with ten different ranges up
to 3,500 amp. They can be used with alternating current as well

as direct, since, the currents in all the coils being the same (because

they are in series), all the magnetic fields of the coils reverse direction

together, thus producing a turning moment which is always in the

same direction.

Voltage Standards—Standard Cells. The Conference on Electrical

Units and Standards of 1908 suggested the use of the Weston normal
cell as a concrete standard of E.M.F. The advantages of the Weston
cell over the Clark cell, as given by Wolff (Ref. (4) ) may be summar-
ized briefly as follows

—

(1) A temperature coefficient of less than r/,,th that of the Clark

cell.

(2) Small hysteresis effects attending temperature variations,

while in the Clark cell such effects are large, particularly in old cells.

(3) Much longer life than the_Clark cell, which has a tendency to

crack at the point of introduction of the negative terminal wire.

(4) In the Clark cell a layer of gas is soinetimes formed in the cell

which interrupts the circuit. This does not occur in Weston cells.

Both types of cells are essentially voltaic cells of a special form,

the metals used in them—mercury, zinc, and cadmium—being such
as can be obtained with a high degree of purity. This is essential in

a cell whose E.M.F, is to be as permanent as possible.

V7eston Standard Cell. This cell, patented by Weston in 1892,

consists essentially ofmercury, as the positive element, and cadmium
amalgam—a solution of 1 part of cadmium in 7 parts of mercury

—

as the negative element. The electrolyte is a saturated solution of

cadmium sulphate, and the depolarizer mercurous sulphate. To
ensure saturation of the electrolyte, cadmium sulphate crystals are

added to it. Lord Rayleigh suggested the H form shown in Fig. 36,

the two hmbs of which are hermetically sealed. The connections

to an external circuit are made by platinum wires sealed into the

glass. In both Clark and Weston cells it is most essential that the

mercurous sulphate shall be especially pure, as impurities in it have
a much greater effect upon the permanence of the E.M.F. of the

cell than have slight impurities in most of the other chemicals

employed.



UNITS, DIMENSIONS, AND STANDARDS 79

The voltage of the cell when constructed in accordance with the
standard specification is 1*0183 International volts at 20® C., as
determined by the Technical Committee in 1910. This corresponds
to 1-0188 X 10®EMC.G.S. units of E.MT’. at 20® C. The E.M.F.
of this cell at any temperature t between the limits 0° C. and 40® C.
is obtainable from the formula

Dt — ^20 - 0-0000406 It - 20) - 0 00000095 (< - 20)®

-f 0 00000001 (< - 20)®

Clftik Cell. This cell, d'sciibcd b> its inventor, Latimer Clark
(Uef. (19) ) was recommend -d by him', is a standard of E.M.F. It has
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Fia. 36. Weston Stjlndaro Cell

been largely used as such, the reasons for its not being adopted as
an International Standard being given in the previous paragraphs.
It consists of a mercury positive electrode and a zinc amalgam
negative electrode (10 per cent zinc in mercury). The electrolyte
is a saturated solution of zinc sulphate, crystals of which are added
to ensure saturation of the solution. The mercury positive electrode
is covered with a paste of zinc and mercurous sulphates, together
with finely divided mercury, in a saturated zinc sulphate solution.

The mercurous sulphate is for the purposes of depolarization and,
as in the Weston cell, must be very carefully prepared if instability

of E.M.F. is to be avoided. Two forms of Clark cell are shown in
Pig. 37. The H type shown (a) was design^ by Lord Eayleigh,
while the cell shown in (b) was designed by Bl. hie, of the German
Eeichsanstalt.

No specification for this cell was drawn up by the International
Committee, but a full specification is given in the Dictionary of
Applied Physics, Vol. II, p. 271, The E.M.F. of the Clark cell at
15® C. is 1^4326 International volts, equivalent to 1*4333 X 10^

EJ4.C.O.S. units of E.M.F., the law of variation of E.MLF. with
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temperature being given, in the Dictionary of Applied PhysicSy as

Et = - 0-00119 {t - 15) - 0-000007 15)^

between the limits 10° C. to 25° C.

Lord Rayleigh’s formula for the E.M.F. variation with tempera-
ture, given in 1886, was

0-00077 (f-l5)l

Preoautions when Using Standard Cells. Great car© must be taken to ensure
that when in use no appreciable current is taken from a standard cell, as the
E.M.F. is only strictly constant on open circuit. The voltage falls when a
current is taken from such cells, and although they recover after a time, such
disturbances are undesirable and may lead to considerable errors in measure-
ment. Standard cells are thus only used in null methods of measurement,
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Fio. 37. Clabk Standard Cells

such as in measurements by the potentiometer. A high resistance should be
connected in aeries with the standard cell, which protects it during the initial

manipulations of the apparatus and which can be cut out when approximately
balanced conditions are obtained.

Car© should be taken also in moving a standard cell, as any appreciable
shaking up of the chemicals in the cell tends to produce variations of E.M.F.
For storage purposes a dry position having a fairly uniform temperature of

about 16® to 20® C. should be selected, in order to avoid troubles from hysteresis

effects due to temperature variations, and to avoid any possibility of leakage
currents owing to moisture on the insulating material between the terminals
of the cell.

Standards of Mutual and Self^Inductance. It has been seen

previously (Table I) that the dimensions of inductance in the electro-

magnetic system are those of length being unity in this system).

Thus standards of inductance, both self and mutual, depend for

their value upon their dimensions, together with the number of

turns of wire in them, this latter being a mere number which has

no dimensions.

The self-inductance of a coil, or the mutual inductance of a system
of cods, can be calculated from the dimensions of the coils by the
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use of formulae which have been given by many workers on this

subject.*

In the construction of a primary standard of inductance, whether
mutual or self, some form must be adopted for which a rigidly

accurate formula exists for calculation purposes. The design should
be such as to facilitate the accurate measurement of the dimensions
of the standard, for, if the formula used is rigidly correct, the errors

in the calculated value, as compared with the ^*.ctual value of the
inductance, will depend very largely upon the accuracy of such
measurements. There should, also, be no doubt as to what lengths

should be taken as the effective dimensions of the standard. For
this reason the coils used are usually single layer, and are often

wound with bare wire laid in a screw thread cut in a marble cylinder.

Other factors influencing i he design are that the dimensions should
be subject to as little variation as possible with time in order to

ensure permanence of the inductance of the standard, and also that

the bobbins used for the coils should be absolutely non>magnetic.

It hew been found that marble is the best material for the purpose, its

advantages being
:

{a) it does not warp and is unaffected by moisture and
atmospheric conditions; (6) its electrical resistance is very high, so that it

serves as an insulator when bare wire is wound on it
;
(c) its magnetic suscep*

tibility (which would be zero for a completely non-magnetic material) is about
- 0*97 X lO***, corresponding to a permeability of 0*999988, as given by Coffin

(Ref. (25) ) ;
(d) its coefficient of expansion is only about 0*000004 per degree

Centigrade
; (c) it is comparatively cheap and easy to work, so that any desired

shape can be obtained.

It is essential that metal shall be avoided as far as possible in the

construction of such coils, as eddy currents set up in metal parts

may appreciably affect the value of the inductance of the standard.

For the same reason, standards constructed for use with heavy
currents, when the conductors must be of large section, employ
stranded wire to reduce the eddy current effect. Capacity effects

should also be avoided as far as possible, and the resistance of the

windings should be low compared with the inductance.

Measurements of the dimensions of coils to be used as primary

standards are carried out by means of a precision measuring ap-

paratus, one form of which is described by Coffin (Ref. (26) ),

Primary Standards of Mutual Inductance. Such standards are

always fixed standards—i.e. they are of single value. Variable

standards of inductance will be described in a later chapter. The
general form of such primary standards is a single layer coil, uni-

formly wound and of circular cross-section its^^ial length being

large compared with its cross-sectional diameter, which forms the

primary circuit, with a coil of small axial length placed at its centre,

the latter forming the secondary ciroixit. The secondary coil may be

wound on top of the primary coil, so that their cross-seciions are as

* References to pubUcations giving such formulae are given at the end of the

chapter.
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nearly coincident as possible, or it may be wound on a separate

bobbin and placed inside the primary coil, the first form being

the better from the point of view of ease of construction and
measurement.
The flux density at the centre of the primary coil is given by Equa-

tion (60),

H .
~~~ cos Bin lines per square centimetre

where N is the number of tuias on the coil, I its axial length in

centimetres, and i the current, in absolute units, flowing in it. 0^ is

the angle between the axis of the coil and a line drawn from the

centre point of the axis to a point on the circumference of an end
turn of the coil (see Fig. 21).

If the secondary coil, placed at the centre of the primary, has
n turns, and is of cross-section a sq. cm., the flux linkages with this

secondary coil per unit current in the primary (which is the mutual
inductance) is

nBa
i

4t7T Nna
i

cos 6i E.M.C.G.S. units of inductance,

or M = 4c7TNiia cos di

I
X 10" • henries (74)

It should be noted, however, that in the derivation of Equation

(74) assumptions are involved which are not quite justifiable for

the purpose of calculation of mutual inductance for standards pur-

poses, and that more exact formulae are apphed in practice. The
above equation gives a fairly close approximation.

Camptell Primary Standa^ of Mutual Inductance. The Campbell
type of primary standard (Ref. (26) )

consists of a primary coil of

bare copper wire wound under tension in a screw thread cut in a
marble cylinder. It is a single layer coil and is divided into two
equal parts connected in series and displaced from one another by
a distance equal to three times the axial length of one of them. The
secondary coil, consisting of a number of layers of wire wound in a
channel cut in the circumference of a marble ring, is placed so

that it is concentric and coaxial with the primary coil cylinder.

This coil is situated midway between the two portions of the primary
coil, and a means of adjustment is provided to enable the coil to

be brought into the correct position relative to the primary coil.

With this construction the magnitude of the mutual inductance
obtainable is much greater than is possible if both primary and
secondary coils are single-layered, whilst the difficulty of accurately

measuring the effective radius of the multi-layered secondary is

overcome by arranging its dimensions so that small variations of

radius or of axial position have a negligible effect upon the mutual
inductance. With the relative positions of the secondary and the
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two portions of the primary coil as stated above, maximum mutual
inductance is obtained by making the mean radius of the secondary
coil about 146 times that of the primary coil. This means that the
circumference of the secondary coil is situated in the position of
zero magnetic field when current flows in the primary coil (see Fig.

38). Thus the mutual inductance will not be appreciably affected

by small errors in measurement of the secondary coil radius, or by

Fig. 38. Constkuction of Campbet^l PRiMAHy Standard
OF Mtttttal Inductance

a small departure from the true midway })osition between the two
halves of the primary winding.

The mutual inductance is calculated by J. V. Jones's formula,

mentioned previously.

The data for the National Pliysu-al Laboratory primary standard constructed
on this principle are, as given by Campbell

—

Primary Coil—
Number of turns .... 75 in each half

Diameter ..... 30 cm.
Axial length of each half. . • 15 cm.
Distanc5e between inner ends of the

ll Cm.two halves.... 4

Secondary Coil—
Number of turns .... 485
Mean diameter .... 43*73, cm.
Axial depth ..... 1*00 cm.
Badial depth..... 0*86 cm.

The mutual inductance of this standard is given as 10*0178 millihenries.
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Secondary Standards of Mutual Inductance. Such secondary
standards are used as standards of mutual inductance for general

laboratory purposes. Since they are not absolute standards it is

not essential that their dimensions shall be determined with great

accuracy, it being merely essential that they shall have a mutual
inductance which is as near as possible to the nominal value for

which they are designed. When constructed they are compared
with a primary standard, and their mutual inductance is adjusted,

if necessary, until it is within, say, 1 part in 10,000 of their nominal
value. Such standards are constructed to have nominal values which
are either multiples or fractions of the inductance of the primary
standard.

REQiriREMENTS. Since the most important requirement of such
pieces of apparatus is that their mutual inductance shall remain
constant under all conditions of use, they should have the following

characteristics

—

(a) Their inductance should not vary with time to any appreciable

extent. For this reason the materials used must be carefully chosen
to avoid warping, and the coils must be firmly fixed in position to

avoid relative displacement.

(b) Their construction should be such that the mutual inductance

varies as little as possible with changes of temprature.

(c) Their inductance should be independent of the supply fre-

quency as far as possible. To ensure this, the wire used should be
stranded, each strand being insulated from the neighbouring ones,

in order to reduce eddy current effects in the wire. The intercapa-

city of the windings should be small, also, and the insulation should
be as perfect as possible.

Secondary standards usually consist of two coils wound on a

bobbin of marble or hard, paraffined wood, the coils being separated

by a flange. The wire is stranded copper, with double silk coverings,

i^ter winding, the coils and bobbin are immersed in hot paraffin

wax. When withdrawn and allowed to cool, the wax firmly fixes

the wires in the coils in position.

Adjustment to the value of mutual inductance required is carried

out by carrying one end of one of the coils through a further arc

of a circle in order to give the effect of a fraction of a turn. Campbell
(Ref. (27) )

gives a method of adjustment utilizing a third coil, of small

diameter, concentric and coaxial with the other two, and connected
in series with the secondary (Fig. 39). Adjustment is by alteration

of the number of turns on the small coil, a variation of one in the

number of turns on the small coil having the effect of a variation of

a fraction of a turn on the larger coil.

Primary Standards ol SeU-inductanoe. Although mutual induce

tanoes are more generally regarded as the primary standards of

inductance, owing to the greater accuracy with which their value

can be calculated from their dimensions, standards of self-inductance



UNITS, DIMENSIONS, AND STANDARDS 85

have constructed at several of the national laboratories already

mentioned. Their magnitudes are calculated from formulae pre-

viously referred to, and permanence is ensured by winding the coil

of bare hard-drawn copper wire under tension in a screw thread out

in a marble cylinder which has been very carefully ground so as to

be as nearly truly cylindrical as possible. Deseriptions of such

Marble Bobbin')

Primary \6iik Secondary^Adjustment
CoH Insulation CoH Coil

Fig. 39. Campbeix Sboondaby Standard op Mutual
Inductance

standards at the Bureau of Fltandards and at the Physikalisch

Technische Reichsanstalt have been given by J. G. Coffin (Ref. (25)

,

and by Griineisen and Giebe (Ref. (28) ), respectively. These two coils

are of inductances 216*24 mh and about 10 mh respectively.

Fio. 40a. Maxwell’s Dimensions for Self-inouotanob
Standard

Secondary Standards of Self-inductance. As in the case of secon-

dary standards of mutual inductance, self-inductance secondary

standards are constructed to have a nominal value which is usually

a simple fraction of 1 henry. Such standards are compared with a

primary standard of inductance and are used as reference standards

for general laboratory work.

For the purpose of obtaining the largest possible time oonstant (i.e. ratio

mductanoe\ winding an indiiotance coil, Maxwell i*eeommended the use
resistance / . .. i

of the relative dimensions given in Fig. 40a. An approximate formula for the

inductance of a coil having these relative dimensions }

L% ^nN*r x 10'* henries f

where N »• number of turns on coil
^

f mean radius of the coil in centimetres.

Since r ** jl*85o

X 10“* henries .... (76)

More recent work by Shawoross .and Wells (Kef. 51) on this subject has

shown that Maxwell ffid not consider enough terms in the formula whi<^ ho

used in this calculation, and that a coU of shape somewhat similar to t^t of

4-tT.5rw)
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Fig. 4t^A but having a mean diameter 3a (instead of 3*7o) gives a slightly

greater time constant (0*6 per cent greater).

The formula for the inductance of such a coil (dimensions in centimetres)
18

I, sa 16*83 Nh' X 10”® henries

or L = 26*24 N*a X 10'» henries (75a)

Actually the maximum time constant is obtained by making the mean
diameter 2’95a» but 3a is more convenient and is a sufficiently close approx-
imation.

Coils for use as secondary standards are wound of silk-covered

stranded copper wire on bobbins of marble, or of mahogany impreg-

nated with paraffin, Afte. winding, the coils are immersed in melted
paraffin wax for some time. Upon being removed and cooled, the

paraffin Wkx solidifies and rigidly fixes the coil wires in position.

Fig. 40b illustrates the construction of the Sullivan-Griffiths

secoi^dary standard of self-inductance manufactured by Messrs.

H. W. Sullivan, Ltd., and due to W. H. F. Griffiths.* In their

design, special attention is paid to the necessity for a low tempera-
ture coefficient and for geometrical stability in such secondary
standards. Two different insulating materials, A and B—bakelite

and a good loaded ebonite respectively—are used in the construction

of the formers of these coils.

The material A determines the diameter of the coil and must
have a coefficient of linear expansion which is of the same order as

that of the copper wire with which the coil is wound. The high

power-factor of bakelite is unimportant in this case, as the bakelite

end cheeks have very little electrostatic field passing through them.
The ebonite (B) upon which the wire is wound is situated in the

electrostatic field between adjacent turns of wire, and should,

therefore, have a low power-factor. This material, J5, determines

the aidal length 6t the winding and is chosen to have a sufficiently

greater coefficient of linear expansion than material A, so that the

variation of inductance due to the axial expansion of the coil former
compensates for the change of inductance caused by an increase of

coil diameter when material A expands.

By this construction the temperature coefficient of inductance

can be made extremely small.

Primary Standards of Capacity. Such standards are condensers

whose capacity can be accurately calculated, by means of an exact

formula, foom their dimensions. Capacity in the electrostatic system

I
of units has the dimensions of length (Tabje I),fbe specific inductive

capacity £"bdng unity. The capacity ci absolute condensers can
thus be expressed in terms of lengths—^i,e. of their dimaisions

—

and it is therefore of prime importance that^suoh dimensions shall

^Journal ofSpimUflc Ifuitrwmni9, Vol. VI, No. 11, November, 1929,
MmperinmM and The Wirelees Engineer, Vol. VI, No. 73, October,
ItSe, and The Wirekee Engineer and Experimental Wirpleee, Vol. XI, No. 12%
JTune, 1934.
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be very accurately known and also that these dimensions shall not
vary once the condenser has been constructed. Owing to the fact

that air is the only dielectric whose dielectric constant is definitely

known and which is free from absorption and dielectric loss (see

Chapter IV), it is always used as the dielectric in primary standard
condensers. Three types of condensers have been used as primary
standards, viz. the concentric spheres type, the concentric cylinders

type with “guard rings’* (see Chap. IV), and the parallel plate type
with guard plates. Of these, the last type is perhaps the least satis-

factory, as it requires very careful adjustment if the calculated

value of capacity is to be accurately realized. The necessity for the

guard rings and the formulae for the calculation of the capacity of

these t3rpes will be considered in Chapter IV.

The disadvantages of air as a dielectric in such condensers are as follows

—

(a) Its “dielectric strength** (see Chap. IV) is low, which necessitates a
comparatively long gap between plates in order to withstand breakdown of the
air when a voltage is applied.

(h) Its dielectric Constant (or specific inductive capacity) is low compared
with solid dielectrics, which fact, combined with the long gap referred to above,
means that an air condenser is very bulky if the capacity is to be other than
very small.

(c) Dust particles, settling in the gap between the plates, cause leakage
troubles in the condenser unless precautions, such as thorough drying of the
air in the condenser, are taken to avoid this. The minimum distance between
plates to ensure freedom from dust troubles should be 2 to 3 millimetres.

(d) Since there is no solid dielectric between the plates to act as a spacer,
the plates must be rigidly fixed in ^sition by supports of some solid dielectric.

Very few of such insulating materials are satisfactory for this purpose, owing
to their tendency to warp and cause displacement of the plates from their
original position. Fused quartz and amberite are used for such purposes.

Absolute standards of capacity were originally developed in con-

nection with the measurement of v—the ratio of the electromagnetic

to the electrostatic C.G.S. unit of quantity—as described earlier

in the chapter. Rosa and Dorsey (Ref. (30) )
have described fully

several types of absolute standards of capacity constructed by them
for this purpose.

Standard Air Ck)ndensers lor High-voltage Testing. In recent

years the development of methods of measuring the dielectric loss

and power factor of condensers at high voltages (see Chap. IV) has
led to the construction of several types of standard air condensers
for use in making such measurements.
Such condensers are either of the parallel plate or concentric

cylinder type, guard rings being employed in each case in order to

shield the condenser from e2:ternal electrostatic influences and to

render more definite the efieotive area of the electrodes, so that the

area to be used in calculating the capacity from the dimensions shall

be subject to no uncertainty. The air gap between the plates must
be large in order to withstand the applied voltage, and me edges of

the plates must be rounded in ordm* to avoid brum discharges (which
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would produce a losa of power in the condenser) due to ionization

of the air at such edges. For the same reason the surfaces of the
plates must be free from irregularities, which necessitates a very
careful grinding of these surfaces during the construction. High-
voltage condensers of the parallel plate t>y)e have been used by
various investigators, including Shanklin (Ref. (31)), who used a
high-tension plate suspended from the ceiling by insulating cord,

with two low tension plates, one on either side, the latter being
provided with earthed guard rings. This condenser was used up to

60,000 volts. Rayner, Slandring, JDavis, and Bowdler (Ref. (32) ), at

the National Physical Moratory, employed a somewhat similar

construction, the high tension plate in this case having a rounded
edge of 3 in, radius. A full description of the condenser is given by
them in the paper referred to. Dunsheath (Ref. (33) ) has described a
parallel plate condenser used by him for the same purpose.

The concentric cylinder type of condenser, developed by Petersen

(Ref. (34) )
has been more generally adopted, and is more satisfactory

than the parallel plate type owing to the difficulty of efficiently

S(jreeniiig the latter type. Petersen’s form of condenser consists of

a cylindrical low tension electrode with a guard cylinder of the same
diameter at each end. This is surrounded by the high tension

cylinder, which is concentric with the inner one and which projects

beyond the ends of the low tension cylinder by a considerable length

at each end. The ends of this high tension cylinder are bell-shaped.

Freedom from brush discharge is thus obtained, whilst the screen-

ing is efficient and the capacity of the arrangement is easily calcu-

lable, within fairly narrow limits, from the formula

c = (E.S.C.G.S. units)

2 1og.f

or C = I

aiog.f

X
1012

9 X IQii
micro-microfarads

i.e. C = I

1-8 log,f
micro-microfarads (76)

where I is the active length in centimetres o^the low tension elec-

trode, d beiilg its diameter in centimetres 9UdD tW internal diameter

of the outer electrode (I micro-microfarad farad).

Rayner (Ref. (36) ), Semm (Ref. (36) ), Churcher and Dannatt (Ref.

(37) and (W) ), and others have used condensers of this type. Fig. 41
shows the construction of a standard condenser recently designed

by CSmroher and Dannatt for use at 300 kV (R.M.S.). The electrodes
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are of machined cast iron having a specially smooth finish to avoid

surface irregularities which cause premature breakdown of the

condenser when the voltage is applied. The high tension cylinder

is suspended inside the low tension cylinder from separate supports,

and is insulated from the latter by a micarta tube.

An accuracy of 0*2 per cent in the calculated capacitance of the

Fig. 41. Churcheb and Dannatt Standard Air Condenser
FOR 300 kV.

condenser was aimed at in the design. The average breakdown
voltage is 310 kV(B.M.S.).
The original paper (Ref. (50) ) should be referred to for details of

the condenser Fig. 41 is drawn to scale, but much detail is omitted
in order to show the main features more clearly.

Compressed-gas Ocmdensers. Fig. 41a shows the construction of
the compressed-gas condenser for a maximum working voltage of
260 kV (R.M.S.) as manufactured by Metropolitan-Vickers* The
main features are the high-tension eleoiaxide A, consisting of a steel
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tube fitting tightly inside a micarta tube, the latter being long
enough to give the necessary insulation to ground for the working
voltage. Connection from the electrode to the top plate B is made
through a spring contact. The high-tension terminal, with domed
head, is fitted to the centre of a stress distributor G (used for volt-

ages above 150 kV), which is secured to the top plate by small screws.

The low-tension electrode is supported on a central post term-
inating in the cap D, which acts as a guard rmg, this being insulated
from the effective part of the electrode by an insulating collar.

The lead from the electrode, which is screened tnroughout its length,

is brought down to a screened tf^rmipal box.

The capacitance of the co^ndenser is 50// and its loss angle is

less than 0*00001 degree. The gas used may be either air or nitrogen

and it must be clean add dry. The working gas pressure is 150 lb.

per sq. in. gauge reading.

Secondary Standard (^densers. Condensers for use as secondary
standards are calibrated condensers, whose dimensions need not
be accurately known, since the magnitude of their capacity is not
calculated from their dimensions. It is essential that they shall

have a capacity which does not vary with time, and therefore care

must be exercised in selecting materials which will not warp and so

alter the dimensions of the condenser. The plates, also, must be
rigidly fixed in position, and, if possible, there should be no appre-

ciable expansion of the plates with moderate increases of tempera-

ture. The insulation should be very efficient and the construction

such that leakage is avoided. Sharp edges must also be avoided in

order to ehminate troubles from brush discharges within the con-

denser. Air is used as the dielectric in such condensers, in order

that they shall be free from dielectric losses, and the leads to the

terminals are made as short as possible, to reduce the PE loss in

the condenser to a minimum. A cover, to prevent the accumulation

of dust between the plates, must be provided, and it is desirable

also that the air should be dried before entering the interior of the

condenser, as moisture is conducive to leakage.

By the use of a number of plates instead of merely two, as in the

primary standards, much greater capacities can be obtained without
excessive bulk, capacities up to about 0*02 microfarad being obtain-

able compared with capacities of the order of 100 to 200 micro-

microfarads in the case of primary condensers.
' Glazebrook and Muirhead (Ref. (38) ) designed a secondary stan-

dard air condenser for the committee of the British Association in

1890. It consisted oftwenty-four conoen%io brlt' s tubes, the thickness

ofwhose waUs was about^ in. Twelve ofthese tubes were supported
in a vertical position by a conical braes casting, the outside surface

of which formed a series of twelve steps over which the tubes fitted

and to which they were screwed. This casting, with its tubes
attached, was carried by three ebonite pillars about 3 in. high. The
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other twelve tubes were fitted to a similar stepped brass casting,

which was carried by the outside case of the condenser so that these

tubes hung downwards in the air spaces between the other twelve

cylinders. The terminal of the insulated cylinders was in the form
of a brass rod passing through a central hole in the upper brass

casting, and insulated from it by an ebonite plug, this rod being

screwed into the bottom brass casting. The internal air of the con-

denser was dried by a small dish of sulphuric acid placed inside the

case. The capacity of this condenser was about -021 microfarad.

Fig, 42, Pbboision Aib Condbnsbb

(From Alternating Current Bridge Methods. Hague)

Giebe (Ref. (47) )
in 1909 described a modified form of the above

condenser constructed by him, and also a plate type of condenser

which he found to be superior to the former. Fig. 42 shows this

plate type of condenser. It consists of a large number of thin, circular

plates of magnalium—a magnesium-aluminium alloy—^with a space

of about 2 mm. between successive plates. In one form there are

71 plates in all—35 connected to one terminal of the condenser and
36 to the other. Hague* gives a full description of this condenser.

Messrs. H. W. Sullivan, Ltd., manufacture a range of standard

air condensers in which the insulation between the two conducting

systems consists of small pieces of silica-quartz, a material having

« A.a Bnige MoHodt, 2nd Bdition* p. 122.
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verj^ low dielectric loss. The long-period permanence of these con-
densers is 1 part in 20,000 and the temperature coefficient less

than 1 part per 100,000 per degree centigrade.

Laboratory Standards ot Capacity* The secondary standards
described above are unsuitable for general laboratory purposes. As
laboratory standards, condensers having a solid dielectric instead
of air are used. The dielectrics used for these purposes are mica and
paraffined paper, the former being the better. Both of these

materials have a specific inductive capacity g’^eater than that of air

(mica 3 to 8, paper 2 (about) ), ai»d therefore give a greater capacity

for a given size of condenser than when air is the dielectric. These
materials have also high »pocific resistance and dielectric strength,

both of which charact-eristics are necessary for the purpose for which
they are used. Condensers with solid dielectrics are not free from
dielectric loss, but in the case of mica condensers of good quality,

the power factor is of the order of *0002 to *0003 at lOO'^ and normal
temperature. The significance of this fact will perhaps be better

appreciated after Chapter IV has been read. The temperature
coefficient of good mica condensers is about 3 parts in 10,000 per

defjree centigrade, and their variation with frequency is about

1 part in 1,000 for a range of frequency from 50^ to 1,000'^, the

capacity decreasing with increasing frequency. The permanence of

such condensers is also very good, the change in capacity being of

the order of a few parts in 10,000 over a period of years (see Refs.

39, 42, 43 and 44). Sullivan precision mica condensers are worthy
of special mention since their performance is very considerably in

advance of the figures quoted here.

Paraffined paper condensers are not so reliable as mica condensers,

and are not suitable as standards for precision work. They have a

greater dielectric loss (and therefore power factor) than mica con-

densers, the power factor as stated by Grover (Ref. (40) )
for a range

of such condensers varying from *0017 to *017. Grover also found
the frequency variation to be of the order of 4 parts in 1,000 for a
frequency range of 50^^ to 1,000^^, the capacity decreasing with
increase of frequency. The manufactu'e of paper and other con-

densers is described by Mansbridge (Ref. (41) ).
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CHAPTER III

SYMBOLIC METHODS

In alternating current circuits generally, and especially in the case

of networlkS, the symbolic notation is of great use in simplifying the

calculation of the various quantities involved. For this reason it

will be considered here before proceeding to work in which such
calculations are necessary.

Pig, 43 shows a vector representing (say) a voltage, which, ex-

pressed in the usual trigonometrical notation, is given by

^ = yfnax sin ia)t + a)

This vector could otherwise be defined by stating its resolved com-

Fio. 43. ReotangxjIiAR Co-obdinatbs of a Vector

ponents in the horizontal and vertical directions—^i.e. along axes
OX and OT. Thus

V = cos a (horizontally) + sio a (vertically)

The commonest of the symbolic methods employs this means of

expression, the horizontal component being written simply as Vmax
cos a and the vertical component being distinguished by placing a
letter J in front of it. Thus, symbolically, the vector is expressed as

IV] == Vmax COS a + jV^ax sin a = V^ax [cos a+jBin a]

or [V]=^a+jb

where a and 6 are its horizontal and vertical components, the brac-

kets [ ] indicating that the notation, is symbolic.*

The former method of representation is called the Trigonometrical

* The {act that a quantity is expressed symbolically may be indicated also

by a dot placed tmder the symbol, thus-^ f etc.

96
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form, while the latter is referred to as the Rectangular form. Other

forms of representation which are sometimes used will be referred

to later in the chapter. The rectangular form—being the commonest
and, for general purposes, the most convenient—will be used

throughout in this book.

In the same way, the vectors shown in Fig. 44 can be represented

symbolically as

[Vj} = a+jb
[V,] = -c+jd
[V,]^-e-jf

[V,l=h-jh

respectively, the directions OX and OY being positive and directions

OX' and OY' negative.

Actual Value of the Operator “]”• In Fig. 45, the vectors OA,
OB, 00, and OD are all of the same magnitude V. Expressing them
symbolically, we have

OA = y

OB = jT

(X7 =- F

OD^-jV

From this it appears that the multiplication of a vector F, such as

OA, by j means that it is rotated through 90° in an anti-olockwiso
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direction. Then, multiplying OB by i, we rotate it through another
SO* to 0(7. Thus,

OA xj X j = OC
or fV = - F
i.e. i* = - 1

VTi

The operator is thus an imaginary quantity, and can be treated

as having the value V~ 1 iii all calculations in which it occurs.

Fig. 46 . Addition of Vbctors

Continuing the above, if OC is now multiplied by j, we have 0Z>.

Thus
Oi)=/F = ~;T

Multiplying OD hy j gives OA, or

X (vn[)* - V

Addition of Vectors. If two vectors, Vi and F2 (Fig. 46) are to

be added, their sum or resultant is, by the parallelogram method of

vector addition, the diagonal F. In the symbolic notation, if

[Fj] = a + and [F2]
== 0 + jd, then, as can be seen from the

figure, the symbolic expression for F is

[F] = (o + c) +j (h + d)

since the horizontal and vertical components of F are (a + c) and
(6 + d) respectively. The actual magnitude of F is obtained by

F* = (a + cf +{b + df

and its phase angle relative to OX (i.e. the angle is given by

^ a + c
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Subtraction o! Vectors. If a vec-tor
[ Fx] = a + jb is to be sub-

tracted from a vector [Fj] = c + jd, then by exactly similar reason-
ing the resultant is

[F] [Fgl-LF,] c \
jd-(a jh)

= c-a + j (d-b)

its actual value being obtained from the equation

ri - (c^aY- I- {d- by

and its phase angle from the expression

tan 6 ~
^ c-a

Multiplication o! a Vector Quantity by a Complex Quantity. The
product of two complex quantities [F,] = « + jb and [Fgl = c + jd
is

[F] == (a + jb) {c + jd) ^ac+j {be -f- (id) + j^bd

— ac - bd -i- j (be ad)

~ A ~jr jB

where A and B are the horizontal and vei^icall ^solved components

of the product [F], The numerical value of F is obviously
As an example, an impedance expressed as [Z] s= r + jjc, when

multiplied by a current whose symbolic formula is [/] = + jl^
gives a voltage whose symbolic formula is

[F] = (h+jl„)(,r+jx)
= (V - i'v®) + j -f I^}
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To find the numerical value of V,

V^ = (hr-I^r + {hr + hxr
= hV - 2hhrx + /«%* + /,V» + 2hhrx +
= {Ij? + h^) (r* +

Thus V = (V7JTTJ) (Vf2 + x2)

and since \ I -f 2^2 _ ^^0 have

V = iVr* + a:*

which is, of course, the result which would be obtained by trigono-

metrical methods. Fig. 47 illustrates this example. The triangle

OAB is the “impedance triangle,” giving the symbolic expression

r+i^ for the impedance, while OC and 01> are the current and
voltage vectors respectively.

Division of a Vector Quantity by a Complex Quantity. If a vector

quantity a + jh is to be divided by a complex quantity c + jd the

quotient is—
c+jd

Rationalizing the denominator, we have

[V]
(a + jb) (c -jd) ac + j (be - ad) -j^bd

(c +jd) (c-jd)

(ac + bd) + j (be - ad)

OC + 6d

c2 + d^
+ j

(be ~ ad)

^==C+j.D

where G and D are the resolved parts of the resultant vector.

The numerical value of V is, as before, given by F = VO* + D*.

Other Forms of Representation. Exponential Fokm. This is

really an extension of the trigonometrical form already referred to.

It was seen that a vector quantity could be expressed in the form

[F] = F (cos a + j sin a)

If the angle a is in radians, sin a and cos a can be expanded as

below

—
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“*a. N.w a».«‘ 1

a* ja^ a® ja’

-''L‘+^'‘’-rt+E+fi
Substituting for - 1 in the above we have

+ i? +

[F]=F|_l+ior'|^fa^ fa^ /a* /a®

|2
‘ 13 ^

11 15. 15

4- 4,

17 18

or [ F] = F6^‘«,

since the series is the expansion of where e is the base of natural

V
logarithms. Thus, if a current / is given by — where the voltage

Ju

[Vj ==r Fgia and the impedance [Z] — Ze^Pj then

[Z] ““ Zl^P “ Z

This is illustrated in Fig. 48,

PoLAB Fobm (1). This form of representation, suggested by
Prof. Diamant {Trans. Am. I.E.E.,

Vol, XXXV, p, 957), has not been
very generally applied, but is never-

theless useful in some types of

problems.

The vector quantity [Fj = F(co8

a + j sin a) is, in this method, ex-

pressed as FJ”* where J represents

an operator which, when applied

to a vector, rotates it through an
angle of 90®. in this respect it is fiq, 43 . Exponentul Foem
similar to j. The index m is the ratio of Refeesbntation

of the angle which the vector makes
with the horizontal axis to one right angle. Thus, in the vector F

mentioned above, wi = -, expressing the angles in circular measure^

If m is positive, the rotation is anti-clod4i.wise, and if negative the

rotation is clockwise. The 3-phase voltage vectors shown in Fig. 54

could thus be expressed in tWs form arS

[E^] ^ EJ^

[E^^EJ’^t
[E,]^EJ^t
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Cl* « TT
hmce m = a ^ m ~

TT 2,

2

Thus the vt'ctor F, above, can be written

[ F I

~ r
^

(‘OH w ^ f / sin m
^
^

(

T-* TT \
.> I~ .7 )

tv ( )in 1> Moivre’s Theorem

F(0+i.l)-
- V (j^) - VJ^

Thus J and J have the same meaning.
PoiiAR Form (2). Another form of representation which is fairly

frequently used is Vja meaning that the vector is of length V and

IS rotated in an anti-clockwise direction, so that it makes an angle

of a with the horizontal. This form is merely conventional. Using
this mode of expression, the three-phase vectors referred to in the

previous paragraph can be expressed as

[E,] ^ ElO

[A’j] ^ A' /12()° orjBy/y

The product of two vectors [Ei] = J^j/a and [E^ = E2IP may be

expressed as

E = E^E^jo + /S

and the quotient of two such vectors as

^2

Application of the Symbolic Method to Alternating Current
Problems. The application of the rectangular form of representa-

tion given above to problems in connection with alternating current

circuits can be best illustrated by means of examples. Several

different types of circuits and problems are given below.

Example 1 (Simile Series Circuit). A smusoidal voltage of virtual value
100 volts and frequency 60 cycles per second is applied to the circ^uit shown in

Fig. 49. Calculate the current in the circuit and find its phase relative to that
of the applied voltage.
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The impedances in the circuit can be expressed symbolically as

—

Impedance of = 3

M Li ~ jcoLi = j . 314 X *0159 = 5j

»»

»>

= 4

= jo)L^ = i X 314 X *0477 s= 15j

1

-J X
<n(7 314 X 318

- - 10;*

[Note. The negative sign in the condenser Lupedance is explained by
considering the current as an horizontal ^ ecior, w^hen the voltage drop across
the condenser will bo verticady downvraro^ (since it lags 90° in pliase behind

f Sohms OliShioonms

A

37d^fds.

Applied
voltage *700 ¥olts

4ohms
^WWSr-

'0477hu

Fig. 49

the current). Thus, if the current is expressed symbolically as /, the vpltage

drop (given by current x impedance of condenser) is - j i.e. tlie impedance

The total impedance of the circuit is the sum of those symbolic expressions

as shown previously.

Thus
[Z] -3 + 44-6; + Ibj-lOj

= 7 + 10;

Then Z* = 7* + 10* = 149

z = Vi49 = 12-2

and the current is = 8*2 amp.

If (ji is the phase angle between the current and voltage vectors, tan ^
Thus ^ a= 55° 2% which means that the current lags liehind the voltage by

an angle of 55° 2'. (The lag is indicated by the fact that the imaginary term
is positive.)

Ezample 2 (Sanes-Parallel Oircuit). A sinusoidal voltage of virtual value
100 volts and frequency 60 cycles per second, is applied to the circuit shown m
Fig. 50. Calculate the current in the main circuit and the currents in the two
hfanch circuil^.

Impedance of ifj

ft 7^1

Xmpedano# of <

f, X/§ '

^ 8

s ;o)Xi s

> 10

5 s

314 X -0477; -

-10»;

314 X 169
'

314 X *063%*

«

16;

- 20;

I Total impedance

«» 8-6;

Total impedanoe
<• 10 + 2<V
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Impedance of = 7

Admittance of branch

Admittance of branch II

314 X 318

Total impedance

- 7 - 10;'

1 10-20y

10 + 2(b'“ 10* 4- 20*

•02--04y=* [F,]

JL _ 7 + W
7 - 10;’ 7* -f 10*

« .047 + *067; [FaJ

Total admittance of the two
branches in parallel « [FJ -j- [T'j] *= *067 -b •027;

Tolal impedance of the two = ^ _
’067 - *027;

branches in parallel .067 -f •027;
~

^067* 4- -027*

= 12-8 -5-16;

Thus the total impedance of the complete circuit is

8 - 5; 4- 12-8 ~ 5-16; = 20-8 - 10-16;

and the current I in the main circuit is given by

100 100 (20 -8 -f 10-16;)
^ 20-8 - 10-16; 20 -8* 4- 10-16*

= 3-88 4“ 1*9;

Its numerical value is therefore y'S-gS* 4- 1 -9 *

= 4-32 amp.
1*9

and its phase relative to the applied voltage is tan"* 5
-
5- leading (since the

O’oo

imaginary term m the impedance expression is negative).

The voltage drop across the two parallel branches is

4-32 (12*8 - 6-16;) « 65*4 - 22-3^

Current in branch I
66-4 - 22-3;

10 4“ 20;

(66*4 - 22*3/) (10 - 20; )

10» 4- 20»

« -216- 2-66;

« 2-07 amp.

Its numerical value
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Its numerical value

Current in branch II « ggl"
7~1Q;'

_ (56-4-2 •3i)(7 4- IQ/)
“

7 * 4- 10»

= 4-1 + 2-61j

Its numerical value = V4*l* f
— 4-88 amp.

Adding the two branch currents gncs

4'3It> -j- *hl^/

giving the numerical value V fW* 4-~*b I • 5== 4*32 for the main current, as
before.

Application of Symbolic Method to a Network Problem. Fig. 61

shows Wien’s arrangement of Maxwell’s method of comparing a
self inductance with a ca|)acity by means
of a bridge network. V.U. is a vibration

galvanometer used as a detector for fre-
Z.

quencies within the commercial range.

The conditions for balance with this i—
network are that

i?l2?4 = ^2^3 =

as can be seen from the following.

At balance, when no current flows

through the galvanometer circuit

^1 ^2 Fig. 61. Wien Beidge
Netwobk

where Zj, Zg, Zg, and Z^ are the impedances of branches I, II, III,

and IV respectively.

= *^1 + 3^^
[Z,] = i?2

1^3] = ^3

Total admittance of branch IV

r7i_i.+M =

Total impedance of branch IV

+ j(oGJR^
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1 \-ja)CR^

Cross-mu 1tiplying,

-f- jcoLR^ == R^>^ -}- R^RgjioCR^

Equating real and imaginary terms, we have

Rj^R^ -= R^Rs

and jioljR^ ~ jR^R^toC^R^

from which L - R^RjO

Thus R^R^ = /ijfta = . . . . (77)
c

The symbolic method can be used, also, to calculate the current

in the galvanometer circuit when the bridge network is out

of balance. In Mg. 52 the

network is represented simply
by impedances, and the cyclic

currents (used by Maxwell to

simplify network calculations)

X, X + F, and A, are assumed
to flow in the three meshes as

shown.
is the impedance of the

galvanometer circuit, Z^ that
of the alternator branch, and F
the alternator voltage.

Then the current in the gal-

vanometer circuit is (X + F - X) = F. Using Kirchhoff's second
law—that the algebraic sum of the potential differences in any closed

circuit is zero— we have

Mesh L
z,x + z,(-Yyvz,(X^A)^o

or X(Z^ + ^2) ~ -2^6 Ylr ^2^ = ^

Mesh 11.

Z,(X + F) + Z,iX + F-^) + Z,F = 0
or + Z4) + F(^8 + Z4 + Zy) - .<4^4 = 0

Mesh III.

Z,(A-X) + Z4(^ ->X~ F) + Z,A^V
-X{Z, + Z4)- YZ, + A(Z, + Z4 + Z4) = F

Thus the three equations, from which F is to be obtained, are

—

X(Z^ + Z^)-YZi-AZ^^0 . (i)

X(Z^ 4“ ^4) 4" Z{Z^ 4* -^4 + Zf) - AZ^ 0 =» 0 . (ii)

- X(Z, + z^) ^ rz, +:a(Z, 4- ^4 + - f - 0 . (iii)

or
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expressing the equations in the form most suited to the solution by
the method of determinants. Then, from the algebraic theory of
determinants, we have

-X

j

^3 ^4
-Z,

~Z,
Z^ -f* 2jx r

Y

0
0

- V

=: -Z^ 0
Z2, f ^^4 -Z, 0

-(Z,^Z,^ Z. + -1 .^^6 - V

-A

-r=: \-z. -Z, 0
1

Z., -+ Z3 -^Z.^z, 0 !

- (Z2 "f Zx) -Z^ ~ y
I

1

Zi + Z^ Z
3

z^ + z. + z^ + Z, z.

- (Zi + Z^) -Z, ^2 ^4

or, expresshig the determinants by At^^ At^ Ai and A reh(»eetively,

we have

= 1
A* ~ A, ~ A„ “ A

Thus, Y = ^= V{Z^Z^ - ZgZ)

Z^ + Z^ -Z., -Z^
Z^ -I- Z^ Z, i- Z^ -i Z, - z^

I

~ (^2 "h ^4 )
~ ^2 I ^4

which is the expression for the galvanometer current. The numerical

value of this current can be obtained, in any| particular case, by
substituting in the above equation the syluoolic expressions for the

impedances of the various branches.

Network Ckmtaini&g a Mutual Inductance. Fig. 53 shows the

connections of Heaviside’s mutual inductance bridge for the deter-

mination of a self-inductance in terms of a mutual inductance.

Bx, B^, a^d ^4 are non-inductive resistances, while and JU

are self inductances, there being, in addition, mutual inductance M
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between the alternator circuit and branch IV. The inductance Lg
forms the secondary of this mutual inductance.
The treatment of a problem when mutual inductance is present

is somewhat different from that used in the previous network.

Since, at balance, the voltage across the

detector branch is zero, the volt drops across

branches I and IV are equal. Thus,

^ (-^1 + ™ (^4 +
-f jcoMi (i)

The mutual inductance term jouMi repre-

sents the voltage induced in arm IV by a

current of i in the alternator branch. The
convention is employed that this voltage is

in the opposite direction to the current i,

i.e. in the same direction as the current

We have also thatFig. 63 . Heaviside
Bridge

i = i' + r

and, since no current flows in the detector branch, the current in

arm II is also i' and in arm III is i". Thus

i^a^' == Rsi''

Substituting for i in equation (i)

i'(Ri +jcoLj) = (i?4 +jo}L2)i" +jcoM(l' + i")

or i'(Ri + jcoLi -joM) = {R^ + jcoL2 + jojM)i"

Substituting ^ i' for i"
itg

i'(Ri +ja)Li-jQ)M) = (R^ +jcoL2 +jcoM)
Rz

^1 + -jcoM ==: + jcoLz^ + jcoM

Equating real and imaginary terms we have

. (78)

Also, jwL, -jcoM = jwL, + jwM

from which . (79)

Application ot the Symbolic Method to Polyphase Circait Calcu-

latioiis. The full consideration of such problems is both outside

the scope of this work, and is too lengthy for inclusion here. The
application of the 83rmbolic notation to a three-phase circuit problem
will be considered.
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Fig. 54 shows three-;phase voltages E^, and E^, When in the
phase positions shown, these can be expressed symbolically as

[E,]^[E+jO]
[E^] = ^ cos 60® + jE sin 60®]

^E[- 0-5 + 0-866j]

[E^] = [~ E cos 60® -jE sin 60®]

E [-0*5 - 0-866i]

The symbolic sum being, vi course,

zero.

Fig. 55 shows a three-phase net-

work with alternator phase voltages

El, E^, and E^, having positive direc-

tions as shown, 1^, /j, anci /g lepre-

sent the phase (and line) currents,

and Zi, 22 ,
and % the line impedances.

P, Q, and S are the mesh currents, fiq. 54. Threb-phase
and Zi, Z^, Z^ are the phase impe- Voltage Vectors

dances, including the impedances of

both alternator and load phases and the line impedances.

Then, whether the system is balanced or not, the following

Alternator ^1 Load

equations hold, all the quantities being expressed in symbolic

notation.

Mesh P.

Ei-Zi{P-S)-Z^iP-Q)'-E^==^0

M&sh Q,
E,-Z^{Q-P}-Z,{Q-S)-E,^0

E, - Z,(8 -Q)-Z,(8~P)-Ei^(i
Mesh 8.
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Substituting line currents for mesh currents, wo have

— Zj/j + Zj/j — ^2 = 0

E^ — Zj/j Zg/
3
— fc’g = {

Zg/gor El- E^
E^. — •®;l

Vx-
Zg/g- ZJg

A’,.3 E,^ZJ.,-Zili

Eliminating /jand /j by the use of the relationship /j /^ + fa

we have
= 0 ,

Ei-E^

h -
Ei-E^

0 ^l+l)
A’, -A,

_|

+ Zg ^ (z; + z;
+

Al-Ag

-f-

ZjZj

Zg

+
Ai-Aj

4- Zg + -
Z,Zg

(80)

Z,

Similar expressions can be found for and /g in the same way.

EiXample. The three-phase star connected load shown in Fig. 56 (a) is con-
nected to a three-phase system having a line voltage of 4-40 volts. Assuming
the line voltages to be unaffected by the unbalanced load, calculate the current
flowing in the branch containing the condenser. The supply frequency
— 50 cycles per sec.

Fig. 56 (
6 ) shows the phase relationships of the three line voltages.

Then = Ei — JSJ2 ,
~ ^2 ~ ~ ”

where E^, and E^ are the phase voltages of the supply as used in the ex-
pression for in the above paragraph.

From the figure

[^12]
- 440 + y . 0

[^23] — - 440 cos 60 - y440 sin 60
= ~ 440 (0-5 -f 0-866^)

[JSJjj] — - 440 COS 60 + y . 440 sin 60

= - 440 (0*5 - 0-866y)

The impedances of the load branches are

—

“-HOTS
[Z,] = 6 + 314 X -0159; = 6 + 64

[ZJ = 3 + 314 X -04774 = 3 + 164

Then [/,]
gi-jg.

Zi + z, +
+ Ml

z, + z, + M*
Z.
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440

5 -* 6 4" ^ 4“
(5-l<») (6 + 6j)

3 + isy

,
440(0-6 - 0-866i)

6-i(!,- + 3 + i6,- + <i:iMli+J^
6 + 6;

440
,
440 (0-6 - 0-866;)

9-78- 10-87; 28 4-1;

= 440 [-069 + -023;]

*s= 30-4 10-1;

Thus the numcrictU value ul Ij is v'30-4“ + 10 1' — 32-1 amp.

The application of the symbolic method to alternating current

bridge networks is fully dealt with by Hague (Ref. (1) ), and the

application to general three-phase networks is given by Dover
(Ref. (2) ). As the matter in this chapter is necessarily brief, these

works should be consulted by readers desiring fuller information

on the subject.

Ssmimetrioal Components. The method of calculation referred to

as that of “Symmetrical Components’’ involves, and is an extexision

of, the symbolic methods already described. It is especially applic-

able to the solution of problems in connection with unbalanced
polyphase networks, and simplifies the calculation in cases which
would be very difficult, if not impossible, ^>y of er methods. The
most usual polyphase system is, of coursi, the three-phase, and
the symmetricsd components method will be discussed here with

reference to such a system.
The method, which was largely developed by C. L. Fortescue

(Rrf. 8), involves the analysis of an unbadanced system of three-

phase vectors into three systems which are each balanced but
which have different phase sequences. These are referred to as the
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posUive*seque7ice, negative-sequence, and zero^sequeTice systems respect-
ively and constitute the symmetrical components of the three
original unbalanced vectors. In other words, each of these vectors
is split up into three components, each of which forms part of a
balanced system.

Fig. 66a shows positive-, negative-, and zero-sequence systems
of vectors in diagrams (i), (ii), and (iii). It must be clearly under-

stood that all vectors are assumed to rotate in an anti-clockwise
direction in accordance with the standard convention. The sequence
is determined, not by any differences in direction of rotation, but by
the order in which the vectors ^ass any fixed position. Thus, in
the positive sequence this order is a, 6, c, whereas in the negative
sequence it is a, c, 6. The three sero-sequenoe vectors are in phase
with one another so that they pass any fixed position togeth^.
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All three systems of vectors are balanced, so that Eai, and iS7,„

are all equal in magnitude as are ^^2 * ^bz and E^i, and E^^, Ej,^, E,^.*

In diagram (iv) of Fig. 56a the three vectors E^^, E^^, and E^o of
diagrams (i), (ii), and (iii) are added vectorially to give vector E^,
as are Ej,if Ei^, Ej^q and Ecu ^ezt ^eo -^6 and Ec respectivel3^
It will be noticed that the result is an unbalanced system of vectors.

Conversely, the unbalanced system E^, and Ec can be split up
into, or replaced by, the three balanced systems shown in diagrams
(i), (ii), and (iii), these three diagr^'ms being supposed to correspond
to the same instant "of time, so that

they may be superposed in one dia-

gram to show the correct phase rela-

tionships between the nine vectors.

We must now consider the mathe-
matical treatment of symmetrical
components. For this purpose we
introduce a vector or operator a
which is comparable with the oper-

ator j already used, except that the

multiplication of a vector by a
rotates it through an angle of 120°

in an anti-clockwise direction (or by
- a 120° clockwise) instead of by 90°

as does multiplication by j. Refer-

ring to Fig. OP represents a vector V (or F + j . 0), while

OPi is the vector aV and OPj the vector a^F.

Obviously

OP^ = aF = - 0-5 V +j. 0-866F

= {-0-5+ j. 0-866)F
and OP, = a5*F = - 0-5F 0-866F

= (-0-5 -j 0*866) F
so that a = - 0*5 +j 0-866

and a® = - 0-5 -j 0-866

Again, if we multiply vector OP, by o we rotate it a further 120°

to OP, so that

a^V r:=^OP^V
or a® == If

Summarizing, we have therefore,

a =2 - 0-6 + j 0-866
- 0-6 --j 0-866

a® «s 1

a® sass a® . sas - 0*6 + j 0*866

and BO on.

* The notation used here is that commonly adopted in published work on
the subject of symmetrical components,

t a and a* are the cube roots of unity.
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It is important to note, also, that

1 + a + = 1 ~0*5 + J 0-866-0-5-j 0-866 = 0 ^
Adopting the exponential notation of page 96, a is the unit vector l.c 3

or so that any vector M.e^a^ when multiplied by a, becomes
The vector OP may be written m this notation as OPj as

and OP^ as rc^24oo

Using the operator a in relation to the 83rmmetrical components
of Fig. 56(a) we have, for example, E^x = === ^ai»
so that we obtain the follov ing equations

—

Positive-sequence

system

Eai == ^al
Eh\ — ci^En

E, a Ea

Ea2 = Ef^2 1

Eb2 == ® Eaf >

E(!2 E^2 J

Ec,o — Ej,q — Ecq

Negative-sequence
system

Zero-sequence

system

Hence the three unbalanced vectors E^, Ej,, and E^ may be ex-

])resBed by the symbolic expressions below

—

Ea =* Eao + Eai + ^o2 = -^aO + -^al + Ea^ . . . (i)

Eh = + -^52 ~ ^aO + ^^Ef^l + ^-^02 • • (ii)

Ee = + Eel + = EetQ + dE^n + cL^Efg^ • • (ih)

The symmetrical components E^q, E^^i, and E^^ may be derived, in

terms of the three unbalanced vectors Ea, E^, and E^, from these

equations as shown below.

Positive-Sequence Components, Utilizing the values obtained in

equations (i), (ii), and (iii) we have for the sum of Ea, aE^, and a^E^*

Ea + (^E^ + (^^Ee ==? Eao (1 + H"

+ Eai (1 “}- a® + Q^) + Ea2 (1 4”
“t"

= ^Eai since a* = a, a* = 1

and 1 -f- a -f a* =s 0

Hence Ear^E, Eel — Ea + <lE^ + a^Ee

3

Negative Sequence Components. Again, from (i), (ii) and (iii)

Ea *4" a^Ejf + ^Ee = Eao (1 + a +
+ Eai (!+<»* +
+ Eat (!+«* + a*)

= ZEat

Hence

Eat =* iPw *«
-fifli

« Eg 4" 4“
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Zero Sequence Components, Adding (i), (ii) and iii) we have

Ea + Eji + Ef. = + Aaj (1 + + a)

+ •^a2 (1 “i ® 1

Hence

EaQ “ Eiq Ji/fQ — E, + E, + E,

3

The zero-sequence oompom uts are thu.s each equal to one-tliird the
vector sum of the three ml»^iarieed vectors.

These statements and iquations may, from the use of the symbol
E throughout, be taken to apply to voltage vectors, but they apply
in exactly the same way to current or impedance vectors.

Froii» the above, two import int facts are immediately apparent.

First, if a system is balanced, the zero-sequence and negative-

sequence components are both zero, since we may write E^ a^E^
and Ec - clE^ from which

Ea + ^^Ea "1“ (lEc^ _ E^(\ a a^)

3 3

E^ 4- + oP^E^ Ea (1 -h a 4 a^)

3 3

The positive-sequence components arc equal to the balanced

vectors themselves since

1,1 Ea-\- OPEa 4- ^^Ea ^Ea
Ki = 3 = -^ = A

Again, although three vectors may not constitute a balanced
system, yet if their resultant is zero (i.e. if the vector sum Ea + Ej,

-f- Eq is zero) the zero-sequence components must be zero since

Eao — C^o 4- Ej, 4- Ec)/S = 0. It follows, therefore, that in mesh-
connected system there are no, zero-sequence components of voltage

and in a star-connected three-wire system with an insulated neutral

point there are no zero-sequence components of current.

It must be realized that in the few pages of available space here

no more than a brief introduction to the method of symmetrical

components can be given. For fuUer treatment, including the

application of the method to the calculation of networks upon
which there are faults, for which purpose it is particularly suited,

the reader should refer to Refs. (3) and (7) at the end of the chapter.

Before concluding, however, the application of the method will

be illustrated by an alternative solution of the problem given on
page no.
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Ibmnide. Let Ef^, Ef,, and Eg be the voltages, line to neutral, applied to

the impedances 1, 2, and 3 in Fig. 66.

Then
E, = (6 - lOi) A == (5 - lOi) \Ia, -f lai + l«2l

E\ =-(6 4- 5j) h =(6 4- 5i) [7,0 4- Ai 4-

E, - (3 + 16^) /a - (3 4- m [Ico + + /c*!

where 7^, 7^, and 7^ are the three line currents, expiessed in symbolic notation,

and 7ao, 7^1, 7o2» etc., their symmetrical components. Since there is no fourth

wire the zero-sequence components Jao> ^b09 and Jco are zero, so that we have

7J,-(5-10i) [7«4-/«.1 {^)

= (6 4" ^j) [Ai + A2 J = (6 -i 6^) [a^ioji H- ^7^2 !
• • • (2/)

E, = (3 4- m [ICl + Id = (3 4- ir>j) [rilai -t • • • (^)

Now, from the vector diagram of Fig. 56

E„ ~ E^^ 440; E^ ~ E, = «* . 440; E, ~ E^ - a . 440

Fron (a;) and (y), by subtraction, giving a and their known values,

• E, - E^ = 7«i [3-66 - 2-3i] 4- /«2 [1^*34 - 12-7;j ^ 440

Again, from (y) and (s)

E\ - E, = 7«, [15-84 - 2-8yj + 7„2 [- 18-84 + 12-8^1

= a* . 440 = - 220- 381/

And, from (z) and (x)

E, - Ea = 7,1 [- 19-5 4- 5-1/] 4- laz [6'5 - 0-1/

J

= a . 440 = - 220 4- 381/.

Only the first two of these equations are needed to evaluate 7,i and 7,2*

First eliminating I^i by multiplying the first equation by [15-84 — 2-8/] and
the second by [3-66 — 2-3/] and subtracting, we have for 7,2

Then

12-6 4- 18-8/.

440- [12-34 - 12-7/]7,2

3^6 - 2-3/
17-8 8-5/

Then

7i = 7,1 4- laz = 30-4 4- 10-1/

which is the same result as previously obtained on page 106.

We may proceed to find and J 3 oS follows

—

Iz = Qf^Icii “I** u7,2

= - 38-86 - 9-65/

73 = Ctlfti 4- ^^laZ

= 8-46 - 0-55/
*

Graphical methods of determining the symmetrical components
of three unbalanced voltages or currents are discussed fully in

Chapter XIII of the book by Wagner and Evans mentioned in Ref.

(7). The measurement of such quantities is also dealt with in

Chapter XIV of the same book. Specially constructed meters for the
analysis of unbalanced voltages and currents into their symmetrical

t components are described in a paper by T, A. Rich (Ref. (11) ).
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CHAPTER IV

CONDENSERS, CAPACITY, AND DIELECTRICS

General Considerations. In Chapter I capacity of an electric

field was defined with reference to two condensers only, and was

stated to be the ratio
^
where q is the positive charge of electricity

on one of them, a charge of - ^ units existing on the other and the
potential difference between them being v units. The assumption

Earth

Fig. 67 . System of Charged Conductors Near to
Earth

is made that all other charged bodies are at an infinite distance from
the two conductors considered—an assumption which cannot, in

general, be considered justifiable. For this reason the question of

the capacity of any charged body must be considered in more
detail.

Fig. 57 shows a general system of conductors in air, situated at

various distances from earth and from one another. If all these

conductors are at the same potential above earth, varying quantities

of electric flux will pciss from them to earth, these fluxes depending,

in each case, upon the size and shape of the conductor, and upon
its position relative to earth—^i.e. upon the ‘‘earth capacity’* of each
conductor. No flux will pass from one conductor to another, since

they are aU at the same potential above earth. The quantities of

positive electricity existing upon the various conductors will be

different, since their earth capacities are different and their potentials

the same.
Suppose the capacities of the various conductors to earth are

118
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given by (7^, Cq, etc. Suppose now that the conductors are

charged to different potentials F^, Fg, etc., above earth. In this

case, not only will some flux pass from each conductor to earth, but,

in addition, flux will pass between any one conductor and each of

the others in the system. Each of these inter-conductor fluxes will

be proportional to the difference of potential of the conductors
between which it exists, and its direction will, of course, depend upon
which of the two conductors concerned is at the higher potential.

If conductor ^ is at a higher potential than any of the other con-

ductors, fluxes will flow from it, which may be represented by
scv^ond suffix letter indicating, in each case,

the conductor to which the particular flux radiated from A flows.

If fi IB at the second highest potential, the fluxes radiating from it

are - etc., and for conductor (7
,

-
, 7^3 ,

etc.,

assumirig it to be the third highest in potential. As stated above
there will be, in each case, an earth flux which may be represented

^>y

It may be supposed that a portion of the total charge of each

ccriductor is associated with each of the fluxes radiating from that

cojiductor. These portions of charge will, of course, be proportional

to the corresponding fluxes, and therefore will be proportional to

the differences in potential between the pairs of conductors. Repre-

senting these portions of charge, in the case of A by 9'ad»

etc
,
and in the case of B by q^^y have for

the total charges on the various conductors

9. = C,V, + C,„(V^-V^) + Fc) f FJ + . . .

+ C,b(F„- FJ + Cbc(Fb- F,) + Cbb(Fb- Fb) + . . .

9. - (?oFc + CaVc- FJ + C^(Vc- Fb) 4 ~V^) + . ..

(81)

Thus, if there are n condensers, each one has n component capa-

cities, including its earth capacity.

In most cases in practice we are concerned with two (or it may be
three or four) conauctors, which are so near together, compared
with their distances from other conductors and from earth, that the

capacities due to the latter can be neglected. Thus, in the case of a
condenser having two plates, A and B, near together, it is only the

capacity (7^^ which is coiibidered, and this is spoken of as the
capacity of the condenser. In the cases cpnsicft Bd in the following

pages earth capacities and inter-capacities with conductors other

than those forming the arrangement under consideration, will be
neglected unless otherwise stated. The earth capacity, and inter-

capacity with other conductors, may, however, be of considerabie

Importance if the condenser is of small capacity and large dimen-
sions. In the case of condensers of capacity microfarad and over,

earth capacities are usually negligible.
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Capacity of Various Systems of Conductors. (1) Capacity of an
Isolated Sphekical Condtjotor. Suppose the spherical conductor
to be perfectly insulated and at an infinite distance from all other

conductors. Let its radius be i? cm. and let the medium surrounding
it have a specific inductive capacity K.

If a charge of Q units of electricity be given to the sphere, the

intensity of the electric field at any point outside it is the same as it

would be if the charge were concentrated at the centre of the sphere.

Thus, the intensity at any point P, vlistant x cm. from the centre of

the sphere, is, from Equation (1),

F =:
Kx^

and the potential of the sphere is given by

V

J
r js.it

R
Q

^ (E.S.C.G.S. units)

The capacity of the =
isolated sphere ^

KR

KR E.S.C.G.S. units
(
82

)

If the sphere is in air, its capacity in electrostatic units (or centi-

metres) is equal to its radius P, expressed in centimetres
,
or, in air,

(2) Capacity of a Spherical Conductor Inside a Concentric
Hollow Conducting Sphere. Let the radii of the inner and outer

spheres be R^ and Pg respectively, the latter being the radius

of the inner spherical surface of the outer sphere. Let K be the

specific inductive capacity of the medium between them.
If a charge of + Q units be given to the inner sphere a charge of

~ Q units will be induced on the inner surface of the outer sphere.

Since, as shown in Chapter I, the intensity at any point inside a
hollow charged conductor is zero, the intensity at any point between
the two spheres will be that due to the inner sphere only. Taking
any point P, distant x cm. from the centre of the inner sphere, and,

as before, considering the charge on this sphere to be concentrated

at its centre, we have, for the intensity at P,

F - A
The potential difference between the spheres is given by
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F ^ ~ ^ )
E.S.C.G.S. units of potential

Hence, the capacity of the arrangement is

Qc = ^ -
Q/l
K ^R\ R^

or

In air C =

^ K , R^R^ I
C = X

R^ “ 9 X 10^

KRJi^ 1 . ^
p—-p - electrostatic umts

farads

(83)

Rl ^2

(R^-Ri) X 9 X 10*^
farads

(3) Capacity Between Two Spheres at a Kelatively Great
Distance Apart In this case each sphere will have its own “self-

capacity,’’ and also a mutual capacity with the other sphere. Sup-
pose that the two spheres have equal and opposite charges, and are

Fig. 68. Two Charged Spheres

at a relatively great distance apart, and infinitely distant from all

other bodies.*

Under these conditions, ii the charges upon spheres A and B are

+ Q and ~ Q units, and their potentials F, and V^, then the capacity

between the spheres is

C
V.-V,

Let the spheres have radii Ri and R^ cm. respectively, and let

their distance apart be D cm. in air (see Fig. 58). Then the potential

at the centre 0^ of sphere A due to its own charge is^ If the
My.

second sphere is distant from sphere A, the potential at 0^^ due to

the charge on J3 is - ~

• y ^ 9^ ^9.
^ R^ D

The capacity Of a system of two charged spheres in the general case has
been fully investigated by Bussell (Ref, (12) ).
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By similar reasoning

V — -^ 4- ^

Thus the capacity between the spheres

Q Q
V. ~ V,

R.

^ 9l ^ 4-1
1 I)'^\R^'^ D) A\ ^

i) R^

or
R^R.,D

If the medium is not air but has a specific inductive capacity
then

D(R^-^R^)~2R,R^

not air bui

p K. R-fi^D
“

I){R^ + R^)-2R^Rl

C ==
^

eiectrostatir* units

electrostatic units

1

(84)

+ ]Rji) - 2RiR^ ^ 9 X 10"

If the spheres are equal

KRD 1

farads

(7 = X
2 (D--R) 9 X

where R is the common radius.

farads

Russell {loc. cit.) gives the capacity of the two spheres in parallel, i.e. when
connected by a thin wire so that they are at the same potential as

Cp ==» 4- electrostatic units . (85)

(in air), using the symbols as above. If the spheres have equal radii R, then

^ 2JSD
,Cp —

^ electrostatic units

or, in a medium of specific inductive capacity K,

farads
^ 2KRD
Ov = -f.- W X

1

D -h i? 9 X 1011

For two eqtial spheres close together, the capacity between the spheres is given
approximately by

electrostatic units in air, where R is the common radius and x the neeuest
distance between them (= D - 2R).

(4) CAPACiry Between Two Conducting Plates. Consider two
equal conducting plates, placed parallel to one another, and at a
distance D cm. apart, this distance being small compared with the
dimenmons of the plates, so that the fringing effect at the edges of
the pUtes can be neglected. Let the area of each plate (one edde
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only) be A sq. cm., and let the charges on the places be -f Q and
- Q electrostatic units.

From Chapter I the intensity at a point between the plates is

where a is the density of the charge and equals ~ . Then the

potential difference between the plates is

rD
^ 4:7tQD
"" XTV — / AttQ

V

/
KA *

Jo

Thus, (7 = Q
V AttQD

~'ka

or n KA
inD

KA
electrostatic units

,
farads (87)

Suppose that instead of there being only one dielectric in between

Plate Area. A

Plate Area A

Fio, 69. Dielectrics in Series in a Plate
Condenser

the plates, there are several parallel layers of dielectrics of thick-

nesses Dj, D^, Dg, etc., and having specific inductive capacities

Zj, Zg, etc., respectively, as in Fig. 59.

Then potential difference between surfaces (1) and (2) is

while that between surfaces (2) and (3) is

47rQ
• A

and so on. Thus, the total potential difference F between the
parallel conducting plates is

F=F„+Faa+F34 + . ..
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and the capacity between the plates is therefore

(7 =
y

ijT
A 1

^2
I

^3j—34.
Y electrostatic

j

units
(88 )

Effect of Additional Plates. If two more similar plates arc added,

one of which is connected to each of the existing plates (Fig. 60),

and tlie same dielectric placed between them, then the effective

area for the whole condenser thus formed is 3^4, and the capacity

is thus increased to
4:7tD

In general, since the use of N plates creates N -1 spaces (each of

width D cm.) the capacity of such a condenser with N plates is

^_ K.(N-\)A
AttD ^ 9 X 10^

farads (89)

By this means the capacity of a plate condenser can be made large

whilst using plates with only a comparatively small surface area.

Although these formulae must be considered as approximations,
if the plates are close together they are sufficiently accurate for most
practical purposes, even though the condenser may be in the vicinity

of other conductors.

(5) Capacity Bbtweek Two Lokq, Paeallel CoNnuenNa
Cyunpebs. This problem can be resolved into two separate cases,
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namely
:

(a) When the cylinders are at a distance apart which is

great compared with their diameters
; (6) when they are compara-

tively close together.

In the former case it is considerably easier to calculate the capa-
city between them than in the latter. This case will be considered

first.

Case (a).

Fig. 61 represents two long parallel condu^'ting cylinders, perpendicular to

the plane of the paper, each of diameter d cm. placed at a distance D cm. apart
in air, D being great compared with Gf and the cylinders being at a groat
distance from all other conductors*
Let + Q and - Q units be the cha^-gcs per centimetre axial length on A and

[-»— x - — D'X H

Q ^

Fig. 61. Parallel Cylinders

B respectively. In this case it may be assumed that the charges are concen-
trated at the axes of the cylinders.

From Equation (4), the intensity at P, distant x from cylinder due to

20
this cylinder is which is the force (in dynes, if ^ is in electrostatic units and

X in centimetres) upon unit charge placed at P. This force is in the direction

AB. Similarly, cylinder B would exert a force (of attraction) upon unit charge
20

at P of dynes, also in the direction AB, Thus the total force upon unit

charge at Pis 2(J (- -}- ^ dynes in direction AB. The potential difference

between the cylinders—which is the work done in moving unit charge from the

surface of one cylinder to the surface of the other—is

d

r
[^*2 + 5^) J***

= 20 [log,* -log, (D- *)]

i

40 log,-j-
. I

4«log, —V-

i.e. potential difference between the cylinders

F = 40 log, (E.S.C.G.S. units) (90)
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The oapaeity between the cylinders per centimetre axial length

L
““ V

41og^

electrostatic units

d

1
farads per cm. axial

4 X 2-3 X 9 X 10>» X log,„
(^ -

1

)

C = 1-21

10i»logi
^
farads per cm. axial length . (91)

If the specific inductive capacity of the medium between the
cylinders is E, then, of course,

C
10i»log,,(^-l)

The capacity per mile of two such parallel cylinders in air is

1-95

108

farsids

or, if D is great compared with d,

:

— farads per mile

10«lo&.^
C7=

Case (b). When the cylinders are comparatively close together

the treatment of the problem differs from that of Case (a), owing to

the fact that the charges of + Q and - Q cannot now be assumed to

be concentrated at the axes of the cylinders. The charges must
now be taken as concentrated along other axes, parallel to and in

the same plane as the axes of the cylinders, but displaced from these

axes, so that the distance apart of the axes along which the charges

are assumed to be concentrated is now less than the distance D.
To derive an expression for the capacity in this case the distribu-

tion of the electrostatic field between the cylinders must first be
considered.

When the cylinders are at a great distance apart, as in Case (a),

the lines of force of the electrostatic field radiate from the cylinders

uniformly in all directions, each line cutting the surfaces of the
cylinders perpendicularly. Since the potential of a point along any
one line of force decreases as the distance of the point from cylinder

A is increased, a number of equipotential surfaces exist which are
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in the form of cylinders concentric with the cylindrical conductors,
the lines of force cutting all of these cylinders perpendicularly.

If the cylindrical conductors are comparatively close together
these equipotential surfaces are still cylinders, but they are not
concentric with the surfaces of the cylindrical conductors whose
capacity is to be determined, nor are they concentric with one
another.

It can be shown* that the equations of the traces of these cylin-

drical equipotential surfaces in the planf' of the paper are = Mr,

Fig. 62. Electrostatic Field Between Charged Parallel
Cylinders which are Near Together

where and r are the distances of any point on one of the circular

traces from the traces X and Y of the axes along which the charges

+ Q and ~ Q may be assumed to be concentrated and from which

the lines of electrostatic force radiate (these lines of force being

circles, as in Fig. 62), and M is a constant which differs for different

traces. By giving M different values a series of circular traces is

obtained, as shown in the figure. When if == 1 the tm'ie is a straight

line, this being the trace of a plane the potential ol all points on
which is zero.

Now, since the surfaces of the cylindrical conductors are equi-

potential surfaces, the equations of whose traces in the plane of the
paper are given by the above relationship (r^ Mr), it follows that

See T. F. WalPs EUdrical Engineering* p. 46.
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the traces X and 7 are not coincident with the axes of the conduct-

ing cylinders, but are displaced as shown in Fig. 62.

Calculation of Capacity. To calculate the positions of the axes whose traces

are X and F, proceed as below.
Let the points X and Y be displaced inwards from the centres of the two

circles which are the traces of the cylindrical conductors A and by a distance

m in each case, and let their distance apart be I, Then I ~ D - 2m.
Since the surfaces of the cylindrical conductors are equipotential surfaces,

the equation rj — Mr holds for their traces. Consider the point P (Fig. 63)

on the trace of cylinder .4 on a line through X perpendicular to the line XY.

Then = m* -f XP\ and XP ~ M{PY)^ since for point P, =« XP
and r = PY.

Also P + XP* - PF*

and m s= —

^

For the point 8,

Ty — XS = ^
- m and r ^ SY ^ I -

Since for all points on the circular trace of A
fy = Mr

«nd = m* + XP‘
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... +
(S’-

U-i + -J
D-l

Substituting m *= and solving for I we have the solution

I =
If d is small compared with D, we have I ~ I), as in Case (a).

Thus, to calculate the capacity bet'iveen the cylinders, the treatment is

exactly the same as that of Case (a), except that the charges -f Q and - Q
per centimetre axial length are considered concentrated along parallel axes
whose ciisteuice apart is now I instead of D as in Case (a).

We have then for the intensity of field at a point such as N (Fig. 63) distant
X from X

X

and the potential difference between the cylinders

d
* — - - m

*= 4Q log^ electrostatic units of potential

I ss VD* - and 2m — D- l

V^iQ log.

]
, . ,

Thus capacity per centimetre axial length is

£7= « ^V r - (d-i>)~|

|_VD*-(i» + (dl-Z))J

Rationalizing and simplifying, we have

o L-—
TD 4- V P* -

I
electrostatic units per centimetre

^
I ^ J

^ ^

If the specific inductive capacity of the medium between the

cylinders is £, we have

(D+V^™- • • • , m
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10® logi

faiads pel mile of double
D + ~ d^\ conductor in air

These capacities are given in farads per mile, since the arrangement
of two long parallel conducting cylinders is chiefly met with in

overh ad trans ission lines where the most useful unit of length is

the mile. Formulae for the general case of two parallel cylindrical

conductors have been given by Russell (Ref. (13) ).

(6) Capacity between Two Coaxial Cylinders. An important
case of this arrangement in practice is, of course* a concentric cable.

Consider two long conducting concentric cylinderb, the diameter
of the inner one being d cm. and the inner diameter of the outer

one being D cm. Let + Q and - Q units be their charges per centi-

metre axial length. The lines of force of the electrostatic field will

be radial, and the equipotential surfaces will be cylindiical and
coaxial with the two conducting cylinders. The intensity of the

field at some point at a radial distance of a; cm. from the common
20

axis of the cylinders will be — if the dielectric separating the

cylinders is air.
^

Thus the potential difference between the cylinders is

'

ate = 2(3 j
- log,

Ij

V = 2Q logj electrostatic units
• Cb

The capacity per centimetre length is

C = ^ = —jr cm. per cm. axial length

21og,f

The general expression for a length I cm., the dielectric having
a specific inductive capacity K is

G = -

f.
cm. = —

Yt

21og.^ l-8xl0«log,j- ‘-6. ^

3-89K

looiogi,;

farads per mile

(7) Capacity of a Single Straight Conductor Parallel to
Earth. Method of Electric Images, This method is based upon the
imagination of an image** of a condu<jtor placed above the earth*s
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surface, this image being of the same size and shape as the conductor
considered and lying as far beneath the surface of the earth as the
conductor considered is above the surface. The earth’s surface is

thus in the plane of zero potential for these two conductors—con-
sidering the image as being in actual fact a conductor placed at a
distance 2H from the original one;H being the height of this original

conductor above the earth.

Since the earth’s surface is at zero potential, the electrostatic

field from the charged conductor above,

the earth, to the surface of the earth,

has the same distribution as th^* field

which would exist between the o^Uiductor

and the zero potential plane, in the case

of two conductors placed at a distance of

2H apart.

Fig. 64 shows the trace of a cylindrical

conductor A lying parallel to the earth’s

surface, and at a height H cm. above the

earth; A^ is its image. If conductor A
has a charge of + C units per cm. axial

length, then the potential difference

between it and conductor A', which is

supposed to have - Q units per cm. axial

length, is from Equation (90)

2F = AQ log. (E.S.C.G.S. units)

where d is the diameter of the conductors
and is assumed small compared with H. V is the potential of A
above that of the earth, and is also the potential of A' below earth

potential.

Thus y = 2Q log,

Conductor

H

Parth

Fig. 64 . Cyxindrical
Conductor Paraixel to

Earth

and the capacity per centimetre length of one conductor to earth is

0 = Q
V

1

2 log.
4H-d

d

electrostatic units in air

or C = K

2 log.
AH-d

d

cm. (95)

where the dielectric has specific inductive capacity K,
The capacity per mile of one conductor to earth in air is therefor©

— —

5

farads per mile

10» logio —X-
G:
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If (2 is small compared with H (as is usually the case when an over-

head line is considered) then

C = ^ ^
farads per mile

10* logic^ 10* logic—
where r is the radius of the conductor in centimetres.

If d is not small compared with the calculation of capacity

must be based upon Equation (92) instead of Equation (90) as above.

(8) Capacity Between Two Long, Straight Conductors,

Forces acting o/>

unit + charge
placed At P

Due to ^P Queto

“K"
(b)

Two Charged Pabaixel Conductors Near
TO Earth

Parallel to the Earth and to One Another. Consider two long

cylindrical conductors M and N parallel to earth and to one another,

their diameters being d cm. and their distance apart being D cm. Let

S be their height above earth and let M' and N' be their images

(Fig. 65). Suppose d small compared with H.

Let M and N have charges of + ^ and ~ Q electrostatic units per

centimetre axial length respectively and M* and N charges of —Q
and + Q units per cm. length respectively.

Consider a point P on the horizontal line joining the centres of

M and N and distance ^ cm. from M. The intensity at P is due to

all four conductors M', and Thus intensity at P in the

diftctim MN is

—

Due to ilf .

to N .

Fig. 66.
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Due to M '

.

Due to N '

.

' + X* v'4£f* + X®

- 2Qx
47/2 + 0"^

n ''OS

WiD'-W
2Q{P -X)

(I xf-f-Am
Resultant intensity at P is

^ 2Q 2i^'x 2Q(D-jc)
X ^ D-x 47fM- :r2 ” (7) - xy^ + 47/2

and the potential difference bet^ een 37 and N is

^ ,

2Q 2

a: b-x 4/72

2Qx 2Q (D ~ X)

^2-1 rr2 (7>-a:)2 + 47/2

where r is the radius of the conductors.

Integrating, we have

T7 on To T
^“^11

V — 2Q^ log,
^

+ log,
^ _

If D is great compared with r,

F = 4g log, y + 2Q log,

The capacity between the conductors is

1

4 log,
^
+ 2 log,

41og,^/—
r \VAm + DV

or (7 =
10® logic

E.vS.C.G.S. units per cm. length

farads per mUe

r \vmr+D^)
The capacity of two parallel cylinders which ar^urt a great distance

from earth was previously found to be

1-95 D95 . ,

farads per mile

10® logic- 10*logio^

D being great compared with r

.
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Thus the proximity of the earth introduces the term
in the denominator, as shown above. ^
The capacity of a system of three or more conductors, parallel

and near to the earth, can be found by similar methods (Refs.

(
1 ,) (

5
,) (

8)).
Condensers in Series and Parallel, (a) Sebies. If a number of

condensers are connected in series, as in Fig. 66, a potential difference

of V being applied between the '>iiter terminals, there will be

^2

^3

1/

Figs. 66 and 67 . Condensers in Series and in PARALiiEL

potential differences v^, V2, V3, etc., between the different pairs of

plates.

Let the capacities of the condensers (neglecting earth capacities)

be Cj, Cg, Cg, etc. If a quantity of electricity Q units is given to

the system oi condensers by means of a current which flows for a
short time through them until they are charged to the total potential

difference F, then

^1 = V3 = 1
Os

and so on.

K C is the capacity of the whole system, the potential difference

for which is V, then

C = Q
V

or F = Q
G

Thus, since F = + V3

1 4. c
,
c

,

5 ' G^^ G^'^

1-14.1 + 1 + (98)

(6) Paballel. If a potential difference F is applied to a number
of condensers connect in parallel (Fig. 67), then the potential

diff^noe across the plates of such condensers is, in each case, F,

but idle quantities of electricity given to the condensers are now
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equivalent circuit of such a cable when used on a three-phase
system of line voltage E.
To facilitate calculations of the charging current per line it is

usual to resolve the system shown in diagram (6) into either an
equivalent mesh system, as in diagram (c), or an equivalent star

system as in diagram (d). In the first case, the three capacities Cq
are replaced by three imaginary capacities connected in mesh,
in parallel with the inter-core capacities C^, and having such values

that the charging current per lino is the same as that tor the actual

cable. The magnitude of (9^ is tlios determin <I as follows

—

The voltage to neutral (i.e. the " Itage across each condenser C^)

is E/\/3 and the charging current t.iken by each Cq is (Ej\/3) . co Cq.

In diagram (c) the current taken by each condenser C^ is

E . o}C^ and the line current on this account is thus \/3. E . o) (7^.

For equivalence this line currertt must be equal to (Ejy/S) . w Cq.

Thus, V3 . A’ oO,., -
V o

or ^0
3

Hence the total equivalent mesh system consists of three groups of

(j

Cl each in parallel with C^, i.e. three capacities Cj + -^ connected

in mesh. ^

Diagram (d) shows the equivalent star system, in which the con-

densers Cl are replaced by three condensers Cg, each in parallel with

Cq and of such values that the line currents are the same as for the

actual cable.

To determine the value of Cg—
E

Current taken by each capacity Cg — ^ . coC,

Now, current taken by each capacity Ci (diagram (6) )
is EcdCi, and

the line current on this account == . EcoGi.

For equivalence

^.mC,= V3 Eo}Gj_ or G, == SG^
y/o

So that the total equivalent star system consists of three groups

of condensers in star, each consisting of Cq and (7, in parallel, i.e.

three capacities of Cq + 3(7i.
^

^

Ibastirement of three-core Cable Caiiacities. The values of the

capacities Cq and Ci for a given length of cable may be determined

.by means of two tests. First, the three cores are connected together

and iJie capacity between them and the sheath measured (see F%.
68b (a) ). The measured capacity is obviously ZCq,

tte second test may be of the capacity between two cores,
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the third being connected to the sheath (Fig. 68b (6) )
or between

two cores connected together, and the sheath and third core con-

nected together (Fig. 68b(c) ).

In the former case the capacity obtained by the measurement is

In the latter cas^ the measured ,alue is 2Cq + 2Ci.

The first test obviously enables Cq to be determined and this

value, substituted in either of the expressions obtained above for

the two alternative methods of carrying out the second test, renders

Cl calculable.

Distributed Capacity. In the foregoing paragraphs it has been

assumed in all cases that the surfaces of the conductors considered

have been assumed to be equipotential surfaces.

There are many important cases in practice when this is not so,

and in these cases the calculation of capacity cannot be carried out

by the simple methods used above. In wire-wound solenoids we
have capacity between adjacent turns, and layers, and all the

conductors in one layer are obviously not at the same potential.

The earth capacities of the turns in the coil also are not all the same.

In such coils we have what is referred to as “distributed capacity.’^

The effect of such distributed capacity is, in many cases, small

for low-frequency work, and an equivalent circuit, which represents

such a coil sufficiently accurately for most purposes, can then be
obtained by assuming the coil itself to be free from capacity but as

having a simple condenser connected in parallel with it, and also

having simple condensers connected between parts of the coil and
earth. The latter represent the distributed earth capacity, while the

former represents the distributed iiiter-turn capacity.

If such a coil is to be used for very high frequency work, e.g.

radio frequency work, such approximate methods of representation

are not justifiable, since the distributed capacity of the coil may, at

such frequencies, become of more importance than its inductance.

Capacity of a Two-layer Solenoid. Fig. 69 represents a solenoid

of circular section, having two layers of insulated wire wound con-

tinuously so that, in effect, the layers are connected together at one
end as shown. If a steady potential difference V is applied to the
terminals {aa') of the coil, then the potential difference between
layers will vary from F at the left-hand end of the coil to zero at

the right-hand end, and the electrostatic field between adjacent
turns will thus decrease from a maximum to zero, moving from left

to right. Morecroft (Principles of Radio Communication^ Chap. 11)

calculates the internal capacity of such a coil by treating it as,

essentially, two coaxial conducting cylinders, whose capacity, if |he
layers of wire are close together compared with the diameter of the
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coil, is given by the formula for flat plates, assuming at first thiit

the cylinders are equipotential surfaces.

KA
Thus, C — electrostatic units where C is the capacity when

the potential difference is the same throughout the axial length of

the cylinders, A being the area of each cylindrical surface, K the

Fio. 69. Capacity of a Two-layer Solenoid

specific inductive capacity of the medium, and D the distance in

centimetres between the layers.

If R is the radius of the section of the solenoid (assumed the same
for both layers, since their distance apart is small) and L is their

KRL
axial length then A = 2ttRL and C = capacity per

KR
centimetre axial length is ciii*

Actually the potential difference between layers varies along the

axial length from F to zero. Assuming this variation to be according

to a straight line law, we have
Energy stored in axial length Ix

c.t;2 KR ^ .

dF — 2 2i) ' 2
’

where v is the potential difference between layers di mj point of

. . F V
axial distaace x from the left-hand end (Fig. 69). Since y — y

/ x\ ^
we have v = (^“x) ^ **^'^*^

x\*

~2irT( l)dW dx
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Total energy stored is

W --

W

KRV^ ( 1

/ (^-l)
dx

r.-
4i> L 3

KRV^L
12D

Thus, if C' is the distributed capacity to be calculated

72
1 / ^

2

KRV^L

W = C'

F®

12I>

or
ERL

C =^cm. (
100

)

Morecroft (loc.

N layers as

cit.) gives the distributed capacity for a solenoid of

= . . . .am
where Cq is the capacity between the outermost and innermost

layers.

Breit {Physical Review, XVIII, p. 133 (1921) )
gives the capacity

for a short single-layer solenoid in air as approximately *07iJ electro-

static units, where I is the length of one turn of wire on the solenoid.

Shieltoig and Guard Rings. In making measurements involving the

use of condensers it is often desirable—and in some cases absolutely

necessary—to shield pieces of

apparatus from the effect of

electrostatic fields which are

external to the apparatus itself.

This is done by surrounding the

apparatus by an earthed metal
screen which may be of thin

aluminium or copper sheet, or

in the form of a wire mesh.
Charges which may be induced

in this screen pass to earth and have no effect upon the apparatus
inside.

Guard rings are used in order to overcome the difficulty of calcu-

lating accurately the capacity of a condenser which has a fringing

electrostatic field at its edges. The distribution of such fringing

fields is somewhat uncertain and this renders exact calculations of

capacity difficult.

In calculating the capacity of a parallel plate condenser in a
previous paragraph it was assumed that the effect of the field at the

edge of the plate could be n^ected. The simple formula obtained

rd

I P/atti >

•n^rrm

(d

IS ^ r* Guard

Ptate B

Fig. 70. Guard Ring
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is rendered much more accurate by the use of a guard ring as shown
in Fig. 70. The guard ring consists of a metal plate of the same
thickness as the plate A which it surrounds, and from which it is

separated by a narrow and uniform air gap. This ring is usually of

the same outside dimensions as the opposing plate B of the cbn-
denser, and is, in use, at the same potential as the plate A which it

surrounds. Under these conditions the electrostatic field between
the plates is perpendicular to the plates even up to the extreme
edge of plate A, the fringing field bein^ now transferred to the
edges of the guard ring. The etfertis?^o aiea of the plates to be used
in the capacity formula is now, of r ntsj, the area of plate A.
A formula which corrects for the wiutl* of the air gap between plate A and

the guard ring (which gap should be of yero length if no correction is to be
used) has been given by Maxwell and s

C:~ + 1^ 4
-)
2R/ (

102 )

&
iD ' 4 Z) + -azd V ' 2jB/

where the plate A (assumed circular) hm a radius R cm., D being the distance
between the plates in centimetres, and d being the width of the air gap, the
dielectric being air.

When no guard ring is used, the edge effect can be taken into account in the
calculation of capacity by a formula due to Kirchhoff. This formula is

C 51
4D [“147cJD

+ t log.
(

log,
16Tri2(D 4* 0

1 4-
?)]

-!

(103)

where R is the radius of the circular plates of the condenser, i being the thick-
ness of the plates and D the distance between them, the dielectric being air.

In cylindrical condensers the guard ring takes the form of two
cylinders, of the same diameter as the cylindrical electrode to which
they are adjacent, and placed one at each end of, and coaxial with,

this electrode. They are connected together and are, in use, charged

to the same potential as the electrode between them. Their use

was described in Chapter II in connection with high voltage air

condensers.

Dielectrics. The broadest definition of a dielectric is, simply,

“an insulator.’’ More precisely a dielectric is some medium in

which a constant electrostatic field can be maintained without

involving the supply of any appreciable amount of energy from
outside sources. The term “ dielectric ” ifl applied when an insulating

material is used to separate two neighbouring conductors such as

the plates of a condenser. As will be seen later, dielegtrios usually

increase the capacity of a system of conductors k cotnpared with

the capacity of the same system of conductors existing in vacuo.

No dielectrics are at present known which, when placed between
two conductors, decrease the capacity between them.

Three very important quantities in connection with any dielectric

are^

{a) Its “dielectric strength.”
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(b) Its “dielectric constant*’ or “specific inductive capacity.”
(c) Its “dielectric loss” and power factor.

(a) Dielectric Strength. This may be defined as the ability

of a dielectric to withstand breakdown when a voltage is applied
to it. All insulating materials should, of course, have a very high
specific resistance, so that only an extremely small current flows

through them when a voltage is applied. This is, however, an
entirely different property from dielectric strength. If a gradually
increasing voltage is applied between, say, the opposite faces of a

slab of an insulating material, the material becomes electrically

strained, the electrostatic field in it increasing in intensity with
increasing voltage. Eventually a value of the field intensity is

reached at which the material “breaks down,” i.e. the material is

punctured and is rendered useless for insulation purposes. This
effect is observed in the case of all insulating materials, although the

magnitude of the field intensity, or “potential gradient,” for which
it occurs differs for different materials. In the case of liquid or

gaseous dielectrics the breakdown is only temporary.
The dielectric strength is expressed in volts per millimetre or

per centimetre, or in Movolts per centimetre, etc. It is not quite

constant for any given material, but depends upon the duration of

the applied voltage, and upon the thickness of the dielectric. Baur’s
Law states that -p ^ (104)

where V is the voltage at breakdown, t being the thickness of the
dielectric and a being a constant for any material depending upon
the dimensions of t. Expressing this in terms of

‘
* potential gradient

’ ’

in the dielectric (i.e. in volts per centimetre length, say) we have

— = a . volts per cm.

where t is in centimetres. This law, while not exact, serves as a

guide as to the effect of variation of thickness of dielectric upon the

dielectric strength. Another law which holds for air at normal tem-
peratures and pressures with needle points as the electrodes is

V A +Bt
where t is the distance between the needle points and A and B are

constants.

When the applied voltage is alternating, the frequency of the

supply affects the dielectric strength and, also, since the maximum
value of the voltage is responsible for the breakdown, the wave-form
of the voltage, as well as its R.M.S. value, is important. The shape

of the electrodes by means of which the voltage is applied is impor-

tant, sine© the distribution of the electrostatic field depends upon
this shape, which therefore affects the dielectric strength. The true

dielectric strength is the strength at breakdown when the electro-

static field is uniform.
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X from their common axis F

Potential Gradient, In practice the potential gradient is an im-
portant matter. Consider the case of a single core cable with a
conducting outer sheath. From page 6 we have for the field

intensity at a point, between two coaxial cylinders, and at a distance
20

where Q is the charge on the

irmer conductor per centimetre axial length. Since the potential

between two points is given by JFdx, F is the potential gradient at

any point. If R^ is the radius of th** core, and JKg internal radius
of the sheath, the potential gradient at the surface of the core is

20 20
,
and at the internal surfacit the sheath

\ the gradient

in between these points varying as shown in Fig. 71. Now, if the
dielectric between the core aiid sheath consists of only one material,

of specific inductive capacity K, which is capable of withstanding,

20
without breakdown, the maximum stress at the core surface,

.AlXIj

then the outer layers of dielectric, approaching the sheath, will not
be economically used.

Graded Cables. To effect a more economical utilization of the

dielectric between the core and sheath, several different dielectrics,

of specific inductive capacities Kq, etc., are used, these being
arranged so that their specific inductive capacities are in descending
order as the radius increases. Cables insulated in this way are

referred to as “graded’’ cables. Obviously, if the dielectric used
could be varied continuously so that K vai’i^ inversely as the radius

X, an absolutely uniform potential gradient could be obtained,

between core and sheath, as shown in the dotted curve in Fig. 72.

Actually the potential gradient varies in the manner shown in the

full line curve.

In the previous work the potential difference between two coaxial

cylinders of radii R^ and was found to be

from which

F== 2Q, R.

VK

Substituting this value for Q, we have for the | oteAu^»l gradient

at any radius x

F^^f^ ^ . (105)

2 ^ .log.
5;

when only one dielectric, of specific inductive capacity K, is used.
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Another method of obtaining a uniform potential gradient be-
tween two coaxial cylinders is by the interposition of metal inter-

sheaths (consisting of cylindrical sheets of metal foil coaxial with
the two conductors) in the dielectric, between the charged con-
ductors. As an example of the use of such intersheaths, a “Con-
denser Bushing” will be considered.

Condenser Bushing. This is a type of bushing which is commonly
used for the terminals of high voltage transformers and switchgear.
Fig. 73 shows a conductor A which charged oo some high voltage
V. This conductor is insulated fr<>ai the flange B (at earth potential,

say), by a condenser bushing of sorue dielectric material

W (b) (c)

Fjq. 74 . Effect of Dielectric Thickness Upon Potential
Gradient in a Plate Condenser

with metal -foil cylindrical sheaths of different lengths and radii

embedded in it, thus splitting up what is essentially a condenser,

having the high tension conductor and flange as its plates, into a

number of condensers in series. The capacities of the condensers

formed by the metal-foil cylinders are given by the equation

2 log.*

I being the axial length of the condenser and R^ and JSg the radii of

its cylindrical plates (assumed to be of negligible thickness in the

case of the metal foil). If these eondensers all have the same capa-

city, since Q is the same for all (being the chargp pet centimetre

axial length of the high tension conductor), the pofiuntiju differences

between their plates will be equaJ, They can be made to have the

same capacity by suitably choosing the axial lengths of successive

sheets of foil together with the ratios of their radii^ . If the radial

spaces between successive sheets of foil are made equal and the

lengths adjusted to make the capacities equal, the potential gradient
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in the dielectric is uniform, but the edges of foil sheets lie on a curve,

thus giving unequal surfaces of dielectric between the edges of

successive sheets. This is undesirable from the point of view of

flashover by “creeping” along the surface. If the differences be-

tween the lengths of successive sheets are made equal, the radial

potential gradient is not uniform. A compromise between the two
conditions is usually adopted.

Effect of Yarying ThiclmeMes of Solid Dielectric upon the Potential

Oradient Between Parallel Plates. Fig, 74 shows the effect upon the

potential gradient of varying the thickness of a slab of solid dielectric

which is situated between the plates of a parallel plate condenser,

one plate being charged to a potential F volts and the other being

at earth potential. The remaining space is air.

If a is the surface density of charge on the plates and K the specific

inductive capacity of the solid dielectric, we have

—

4*770
Intensity in solid dielectric =

JRl

Intensity in air space = 4770 =
Thus KFj, = F^

Also, if d is the thickness of solid dielectric

F^.d + F,{D-d)^V
Substituting for Fp we have

l^d ^F,{D-d)=V

or F^ = .... (106)

Thus, increase of d increases the potential gradient in the air space,

as is shown in Fig. 74. Also, if is much greater than 1, the poten-

F
tial gradient in the air space approaches the value

^
, which

means that, in this case, the whole of the potential drop is across the

air space.

The high potential gradient so produced is very likely to cause

breakdown of the air in the case of a thin film of air included between
a solid dielectric and a conducting plate. The air then becomes
“ionized,” and the heat produced may damage the insulating

material.

The dielectric strengths of the most important insulating materials

are given in Table IV. The electrodes used in carrying^ out tests of

dielectric strength are usually flat plates with rounded edges or

smooth spheres of large diameter. In either case a fairly uniform
eleci^OStatio field is obtained.
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(h) Specific Inductive Capacity. This quantity is defined as
the ratio

The capacity of a condenser having the material
considered as its dielectric ^

The capacity of the same condenser with air as

the dielectric

Strictly, the capacity in the denominator should be that obtained
when a vacuum exists between the platen, since the specific induc-
tive capacity of a vacuum k unit^/, hlle that "'t air is about l-GOOG.

Most gaseous dielectrics have apt ^ jdc inductive capacity of the
same order as that of air, while solid and liquid dielectrics have
values of K varying from about 2 upwards, as shown in Table IV.

TABTo IV

Diblkotbic Stkbjngths A.FD Specific Inductive Capacities of
UiELEcriacs

Dielectiic

1

Approx. Dielectric

Strength in

Volts per mm.

Approx. Specific Inductive
Capacity

Asbestos 3,000-4,600
Bakelite . 20,000-26,000 5-6
Bitumen (vulcanized) 14,000 4-6

Cotton , 3,000-4,000 —
Ebonite . 10,000-40,000 2-3

Empire cloth . 10,000-20,000 2

Fibre 5,000 4-6

Glass 6,000-12,000 3-8

Guttapercha . , . 10,000-20,000 3-5

Indiarubber 10,000-25,000 2-3

Marble . 6,000 S

Mica 40,000-150,000 3-8

Micanite 30,000 6-8

Paper 4,000-10,000 2

Paraffin wax . 8,000 2

Porcelain 9,000-20,000 4-7

Shellac . 6,000-20,000 2-5-3-5

Slate 3,000 7

4 Transformer
(Olive .

25,000-30,000
<31

Water .
— 40-90 (decreases wfth increase

of temf ^ture)

Note. Owing to the different qualities of the y^ious materials and
to the variations in results accoroing to thO conditions of the test, the

above figures must be regarded as approximations only. Many of the figures

given wore obtained from inter-oomparison of the values given by various

authorities, while several are taken froin Miles Walker’s oud
Ossign Dynamo-deciric Machinery ; F. R. Coursey’s Electrical C^ondeUMfs *

and fifom Biysdale and Jolley’s Electrical Mmmrmg Jnetrumenii, V<^. 0*
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(c) Dijbjlbctric Loss and Power Factor. If a steady voltage

V is applied to the plates of a perfect condenser a “charging current
’’

flows from the supply for a short time and gives to the condenser a

certain quantity Q of electricity, which is sufficient to produce a

potential dilference between the condenser plates of F volts. When
this potential difference has been attained, the current ceases to

flow, the quantity of electricity Qy which has been supplied, being

given hy Q — CV where C is the capacity and is, of course, dependent

upon the specific inductive capacity of the dielectric. In a perfect

condenser, therefore, the dielectric has only one electrical property,

namely that of specific inductive capacity. It is found that with all

practical dielectrics the current

does not cease after a short

time as above, but dies away
gradually over a long period of

time as shown in Fig, 75. This
means that dielectrics have
other properties beyond that of

specific inductive capacity.

A very small “Conduction*’
current will, of course, flow

through the dielectric because
of the fact that the resistance

of the dielectric, though very
high, is not infinite. This does
not explain, however, the phe-

nomena observed in most dielectrics, since the conduction current
is at first larger than that due to plain conduction and also it is not
a constant current, dying away in time as stated.

This second phenomenon is referred to as “absorption” and
dielectrics in which it occurs are said to be “absorptive.” All

dielectrics are absorptive to some degree. If an absorptive condenser,
after being charged, is discharged, the discharging connection being
removed ^ter a short time, it is found that the potential difference

between the plates gradually rises again, i.e. the condenser charges
itself. This is known as the “residual” effect. Absorption is ex-

plained by assuming that there is a viscous movement of the mole-
cules of a dielectric when the plates between which it is situated

are charged. In charging such a condenser there is a molecular
movement which is rapid at first and corresponds to the initial

charging current, the movement thereafter being much slower and
of a viscous nature. This latter movement, which results in the
passage of charges, associated with the molecules, through the
dielectric, produces the conduction current. The residual effect can
be explained by the same assiynprion.

The capacity of a condenser may thus be divided into two compo-
nents, vis5 . the “geometric capacity” and the “absorptive capacity.”

Fig. 76. Charging Current
IN AN Imperfect Condenser
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In measuring the capacity of a condenser on direct current,

the time of charging is thus very important. The shorter the

charging time (provided this is long enough to charge the condenser
to the potential difference applied), the nearer the measured capacity

approaches the “geometric*’ capacity. Fig, 76 shows the variation

of the quantity of charge vdth time in an absorptive condenser.

The measurement of resistance of dielectrics must also be carried

out, having regard to the time of application of the P.D., since the

current for a given applied volt^isre varies vith time as shown above.

Dunsheath (Ref (l^M rep»e e its an pbborptive condenser sym-
iM^lically, as in Fig. 77 The i ^denser C\ represents the geometric

I Time
(Fiom ‘*Uigh Voltage Cable?/* Dunsheath/)

Fio. 76. Absorption in an Fio 77 Symbolic
Absorptive Condenser Combination to Imitate

Practical Dielectric

capacity, the resistance represents the pure conduction effect,

and Oa and R^ in series represents the absorption effect.

With alternating currents the absorption of the dielectric is

intimately connected with the loss of power in the dielectric, this

loss being in many ways similar to the hysteresis loss in magnetic
materials, for which reason it is often referred to as being due to

“dielectric hysteresis,” In the case of air and most other gases, the
losses are very small, and such dielectrics may be regarded as almost
perfect.

If a sintisf'ida^l voltage is applied to a perfect condenser, the

current which flows into the condenser leads the voltage in phase
by 90"', as shown in the vector diagram in Fig. 78. T vthe voltage is

F,naxSinm<

the current in a perfect condenser of capacity C farads is

i ot)G . Ffnoaj cos Wt

its virtual or E,M.S* value being (oC. V amps, where V is the virtual

6~HT.53W)
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value of the applied voltage. Owing to the dielectric loss in con-

densers, the current in condensers used in practice leads the voltage

by some angle which is slightly less than 90°, as in Fig. 79. The
angle ^ is the “phase angle’’ of the condenser, the power factor

being cos
(f>.

The angle d, which equals 90-^, is called the “loss

Figs. 78 and 79. Condensek Vector Diagrams

angle” of the condenser. Obviously the power factor may also be

expressed as sin d.

In a perfect condenser ~ 90®, and therefore 6 = 0. The dielec-

tric loss in an imperfect condenser is given by i F cos
<f)

or IV sin d

where I and V are virtual values of current and voltage. Thus the

loss in a perfect condenser is IV sin

6 = 0, since 6 = 0.

A condenser having dielectric loss can
be represented by a perfect condenser in

parallel with a resistance as in Fig. 80,

and the current I in the condenser can
be split up into a current I^ in the
resistance branch, in phase with the

voltage, and a current I^ in the con-

denser branch, leading the voltage by
90°. These components are shown in Fig. 79. Then

/^ = a>(7F = /cos6

where C is the effective capacity of the condenser,

C = cos 6
(wF

Ir‘
r-WAW*—]

nil-ll—

Fig. 80. Symbolic
Representation of an
Imperfect Condenser

The dielectric loss W = /F sin 6

= F sin 6 X
Fco(7

cos 6

= V^cdO tan 6 watts
. (107)

if C is in farads and F in volts.

The works referred to at the end of the chapter should be consulted
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by those who wish to carry the study of dielectric loss further. Refs.

(16) and (16) give the effect of frequency and of temperature upon
dielectric loss. W. H. F. Griffiths* has investigated the question
of Josses in variable air condensers.

Measurement of Dielectric Loss and Power Factor. The two most
important groups of methoas of measuring dielectric losses are

—

(a) Wattmeter methods (b) Bridge methods.
The application of the Cathode Ray Oscillograph to such measure-

ments, although not in such common use as the above methods, is

also sufficiently important vO \ arrant d 'scriptioa.

Fio. 81. Wattmeter Method of Measuring Dielectric
Loss AND Power Factor

(a) Wattmeter Methods. Owing to the fact that power loss

in dielectrics is usually very small and the power factor also small

(usually less than *01), wattmeters used for this purpose must be

very sensitive. It is necessary also, in the case of dynamometer
wattmeters, to correct for the power loss in the current coil and the

phase angle of the pressure coil, as these, if neglected, would intro-

duce serious errors.

If a dynamometer instrument is to be used, a “null” method is

usually more accurate than a deflection method. By a “null”

method is meant one in which the wattmeter deflection is brought

to zero, usually by the adjustment of a variable self-inductance in

the pressure coil circuit of the wattmeter. A phase displacement of

90® is thus produced between the currents in t^He current- and
pressure-coil circuits. The power factor of tiA dielectric can then

be calculated from the value of the variable inductance necessary

to produce zero deflection (i.e. 90® phase difference between the

current-coil and pressure-coil currents—see theory of the dynamo-
meter wattmeter, Ch. XX).
Rosa (Ref. (18) ) has described several null methods. Fig. 81 shows

Msisperimmk^ Wireiess mui The Wirehee Enffimer, VqI. Vtll, No. 90.

March, I9S1.
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the connections for the simplest of these and gives, also, the vector

diagram for zero deflection. In the figure, G is the condenser whose
power factor is to be measured, A is an alternating current ammeter,
and IT is a dynamometer wattmeter, is a high non-inductive resist-

ance in its pressure coil circuit, and L is a variable self-inductance.

An alternating voltage V is applied to the circuit and the induc-

tance L is adjusted until the wattmeter shows no deflection. The
power factor of the condenser can then be derived from the value of

L for zero deflection and from the constants of the circuit, as below.

Referring to the vector diagram, the vector OV represents the

applied voltage and 01 j,
the pressure coil current, lagging behind OV

by an angle a owing to the inductance (Ij, -j- L) of the circuit. is

the inductance of the pressure coil itself and L is the value of the

variable self-inductance for zero deflection. We may imagine the

absorptive condenser as consisting of a pure capacity G together

with a resistance r in series with it. Then the vector OA represents

the voltage drop IJmC across this pure capacity and OD the voltage

drop across r.

Thus, vector OB represents the total voltage drop across the

absorptive condenser, and the angle between OB and the current

vector Iq is the phase angle of the condenser. DF represents the

voltage drop I^Tc across the wattmeter current coil, its inductance

being considered negligible. The vector sum of OB and the voltage

drop is obviously the applied voltage F.

Since <5 and B are very small

BV BV
tan /S = ^ approx.

= IJojC
= (oCvc approx.

Thus P = taxT^coCr^

Again a — tan“^ ^
so that

^ = 90 - a +
= 90 - tan'"^ + tan~^ coCr^

The power factor of the condenser is cos
<f>

and its loss angle

Obviously, in addition to the value of the variable inductance L
the values of r,, C and cc must be known.

Electrostatic Wattmeter Method. This method has been used by
many investigators. Fig. 82 (a) shows the connections for the method
as used by Rayner (Ref. (20)). Kg. 82 (6) gives the equivalent diagram
showing the instantaneous potentials etc., at various points,

f is a non-inductive resistance.
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The moving vane of the electrostatic instrument is connected to

a tapping point on the high voltage winding of a transformer from
which the supply is obtained.

The sample of insulating material whose dielectric loss is to be
measured, is connected as shown and is provided with a guard ring

which is earthed.

Theory. Let the ratio = n

Fig. 82 , Dielectric Loss Measurement by Electrostatic
Wattmeter

From tJie theory of the electrostatic wattmeter (see Chap. XX), the instan-

taneous torque

OC («2 - V,) (v^' -

ocri

(

V, -• Va Vo - VoX

ri , ,CC-(V.-V,)--5-

If tv =* instantaneous power in the load circuit

t {Vi - V,) = tv -f ri*

Instantaneous torque

r rH*
OC - (w + r»») « -y

Thus the

oc - (tv + r»*) -

Mean torque oc - (IT + rP) -

where W = dielectric power loss

I =* viriiual value of the current (whereas i was the instant

taxudous current)
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Then, if ii is the constant of the instrument and D is the deflection

= KDT

-JW + rP)-^

W + rP

W

KD +
^2/2

nKD
r

nKD
r

nKD

+

+

+

2

nrD

nrD
~T
n -

2

^rP

rP (108)

If the tapping point on the transformer winding is adjusted so

that n = 2y the second term becomes zero, and we have

r

This avoids the correction for the power loss in the resistance r.

The voltage used by Rayner in his measurements was 10,000 volts.

(b) Bridge Methods. The Sobering bridge method is now per-

haps the most widely used of all methods of measuring dielectric

loss and power factor. All bridge methods consist essentially of a

Wheatstone bridge network, the battery supply being replaced by
an A.C. supply at either power frequency or some higher frequency
The detector used depends upon the frequency, a vibration galvano-
meter being used for power frequency work and telephones for work
at higher frequencies, the latter being often of the order of 800 to

1000 cycles per second.

Fig. 83 gives the connections of the Schering bridge, which can
be used with high or low voltages. is the condenser whose power
factor is to be measured, R^ being an imaginary resistance repre-

senting its dielectric loss component. C^isa. standard air condenser
of the type described in Chapter II. R^ and R^ are non-inductive
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resistances, the former being variable. O4 is a variable condenser.
Earthed screens are provided in order to avoid errors due to inter-

capacity between the high and low voltage arms of the bridge.

Instead of earthing one point on the network as shown in the figure,

the earth capacity effect of the galvanometer and leads is eliminated

by means of a “Wagner earth” device (Ref. (22) ), which will be de-

scribed in a later chapter. V.G. is a vibration galvanometer of a
special design suited to the purpose. This miist have a high current

sensitivity, since the impedazAces of arms 1 and 2 of the bridge are

usually very high. For the same reason, this method of measure-
ment involves only a small r>r«wer loss, bince the impedances of

branches 3 and 4 are ifsually p/aall compared with those of arms 1

and 2, the galvanometer and the resistances are at a potential of

onlv a few volts above ea^^th even when a high voltage supply (of the

order of kilovolts) Is used, except in the case of breakdown of

one of the condenser arms I and II.

In use. the bridge is balanced by successive variation of R^ and
until the vibration galvanometer indicates zero deflection. Then,

at balance,

(71 = 02.^ cos^ 3 = C2
. ^ approx. . (109)

il3 iig

since d is small, and

tan 5 = R^p) . O4 . • . . . (110)

where co = 277 X frequency

d = the “loss angle” of the condenser, sin d giving the

condenser power factor

Oj = the effective parallel capacity of the test condenser

C2 == the capacity of the standard condenser

Theory. Consider first the impedances of the four arms of the bridge num-
bered I, II, III, and IV in Fig, 83.

Arm I. Consider this arm as consisting of the effective parallel capacity of

the condenser whose power factor is to be obtained, in parallel with a resistance

/?!, as shown, the latter representing its loss component.

Total admittance of arm I = -J- -f ~-ir

ZL.
mCx

Impedance of arm I
1

+ 1 fccCjAfj

Arm 11,

Arm 111,

Arm lY,

Impedance

Impedance
a

Impedance

a>C,
“ **

1
^4



156 ELECTRICAL MEASUREMENTS
Under balance conditions

*8

" 1*

^4

. ^

Rationalizing, we have

jgad

Equating real terms

^
1 f

o)G,
^ +y«>c'.R.)

R^ loC^R^

1 jcoC\R^

c\

Fio. 84. Vector Diagram tor Uj and R
^
in Paraltjsl

Now, from Fig. 84, which shows the vector diagram for the condenser
(Uj and Ri in parallel) when a voltage E is applied to it,

EcoOi (oGiRi
cos (5

V— + co*C',‘
Vl +

or cos® <5 — ai*Ci®i?a®

1 + CO^Gy^R^^

Substituting cos* d in the equation of real terms obtained above, we have

cos*^ _ C^R^

fti®(7i*i?a
“ ^

.
Cj cos* 6

^ (oKfyC^R^Rt

From Fig, 85, showing the complete vector diagram for the bridge network
under balance conditions,

wC4 -.yy o
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(which is the expression previously stated), and also

1

Fio. 86. Vector Diagram for Sobering Bridge Under
Balance Conditions

Substituting /?4 in the expression for Cj gives

Cl — cos* 0

as previously stated.

The vector diagram of Fig. 85 needs, perhaps, some explanation.

Vector OA represents the voltage applied to the bridge. from the

supply transformer. OB is the volt drop across arm II which,

when no current flows in the vibration galvanometer branch (i.e.

under balance conditions), is equal in magnitude and phase to the

volt drop across arm I. Vector 00 is the volt drop Fg across arm III,

which is equal in magnitude and phase to that across arm IV. The
vector sum of OB and OC obviously gives the total bridge voltage

OA . The current I^ flowing in arms I and III is represented by vector

OE, while OG represents the current /g flowing in branches 11 and
IV. OF and OK represent the component parts of ttirrent I^ when
split up between the capacity Ci and resistance In the same way
OD and OH represent the components of the current /j when
similarly split up between R^ and C^.

The magnitudes of some of the vectors, e.g. OC, are exaggerated
for the sake of clearness. Fg will, in reality, be very small compared
with Fi and F.
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A direct-reading Schering bridge for the measurement of permit-

tivity and power factor of solid dielectrics at 1,600 cycles per sec.

and voltages of 100-200 is manufactured by Messrs. H. W. Sullivan,

Ltd. This covers a range of capacity up to 1,000 and power
factors from 0*05 to 50 per cent.

The Cambridge Instrument Co. manufacture both low- and high-

tension Schering bridges. For the latter form, two types of standard

condenser—a compressed-gas condenser for 120 kV. and an air

condenser for 100 kV.—are available.

Dielectric Loss Measurement by Cathode Bay Oscillograph. The

cathode ray oscillograph (described more fully in Chapter XV) con-

sists essentially of a vacuum tube, inside which, at one end, is a
cathode plate, or filament, which gives off a stream of electrons in

the form of a thin beam or pencil when the tube is in use. Two pairs

of parallel, conducting, plates are also included in the tube, near
to one another, but at different distances from the cathodes. The
planes of these pairs are perpendicular, as shown in Fig. 86, which
illustrates the construction of a cathode ray oscillograph manu-
factured by the Standard Telephones & Cables Co. Details are

omitted for clearness.

If potential differences are applied to the two pairs of plates, the
beam of electrons is deflected in one direction by one pair, and in a
direction perpendicular to this by the other pair. If the P.D.s are

alternating, a path will be continuously traced out by the electron

beam as it falls on a fluorescent screen on the end of the tube. This
path will be a straight line if the two P.D.s are sinusoidal and are

in phase, but will be an ellipse if they are not in phase. The area of
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this ellipse is maximum—for any given maximum values of the two
P.D.s—^when the two P.D.s are out of phase with one another.
Under these conditions, the semi-axes of the ellipse give the maxi-
mum values of the two potential differences to scale. The electron

beam, having negligible inertia, can immediately take up a deflected

position which is proportional, at any given time, to the deflecting

force.

When used for dielectric liss measurements, a potential difference

proportional to the applied voltage .applied to one pair of plates

and one proportional to the ei.rrent through the dielectric to the

other pair.

it will be shown below tha . ihe area of the ellipse traced out by
the ele-<3tr(iii beam is then proportional to the power loss in the

Fia. 87. MI^’TON Method for Dielectric Loss Measurement
BY Cathode Ray Oscillograph

dielectric. If there is no power loss—as in the case of an air con-

denser—the P.D.s applied to the plates are in phase with one another
and the path traced out is a straight line.

A record of the ellipse traced out in power loss measurements can
be obtained photographically.

Minton Method, J. P. Minton (Ref. (23) )
used a cathode ray

oscillograph (of a somewhat different type from the one described)

for dielectric loss and power factor measurements. The full circuit

arrangements are given by Hartshorn (Ref. Q6) ). Pig. 87 shows the

essential connections. Two dielectric samples are included in con-

densers UgCg, shown diagrammatically in the fig'W as loss-free

condensers in parallel with resistances RJd^ tb represent their loss

components. These are connected in series with two air conderusers

CjO^, as shown, the voltage drop across the latter being applied to

the oscillograph plates aa. Thus the P.D. between these plates is

proportional to the current I^ through the dielectric samples. C
is another air condenser the potential difference across which is

applied to plates bb of the oscfflograph, and is propcortional to the
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voltage applied to the dielectric samples. The vector diagram for

the circuit is given in Fig. 88. C-^ represents the total effective

capacity of the branch in which air condenser C is situated. In the

vector diagram, F is the total applied voltage from the transformer

;

Vf^ is the voltage drop across the two condensers C^ and equals

/ 2/
or —7^, i.e. is proportional to /g. is the volt drop across

the two dielectric samples, and is the vector difference between V
and Vj^. The voltage across condenser C is in phase with V and

Fio 88 . Vector Diagram for Minton Method

equals —7^ ,
or, since Ic = VcoC^, this voltage, which is applied to the

coC VmC. VC
oscillograph plates 66, is given by—^ ~ -y;-, i.e. it is proportional

to the applied voltage F.
^

Theory. If the applied voltage from the transformer is given by

then the current 7^, through the dielectric samples, is given by

*'. =

(Note that
(f>

is the phase angle of the branch containing the dielectrics and
and is not the phase angle of the dielectric alone.)

The deflection of the electron beam due to plates oa is thus proportional to
whose equation is

max + 90“)

since it lags 90® behind I,. Since

....
this equation becomes

(co< -f ^ - 90®) = (o)i -f

Thus if the deflection, at any time, due to^ plates aa, is represented by then
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The deflection y, due to plates 66, is proportional at any time to v. Thus

y OC F„„j,8ina)t

Otherwise expressed, we have

® = “ • ^smax “OS («»' +
y = /S • ^max

where a and p are proportionality constants.

hia. 89. Forms of OsciixoaRAMS Obtained with Cathode
Ray Oscillograph

The area of the ellipse traced out by the electron beam of the oscillograph

is given by

/
^max [- M + ^)] <*

where T = periodic time.

j

rT
f sin (ot sinM + <f>)cU

0

- -a/So) I COB <k- cos (2a)J + <f>)(U

^ Jo

I 2tz

Now^ if X and F are the maximum values of w and y, i.e. the semi^axes of

the ellipse (Fig. 89), we have

X sa=

and F «

Thus the area of the ellipse is ttXY cos
<f>,

which is directly pro*

porfdojxal to the power loss as mentioned previously. Since the

angle ^ is only the phase angle of the total branch containing

etc., it is now necessary to determine the actual phase angle $



162 ELECTRICAL MEASUREMENTS

(exaggerated in Fig. 88 for convenience in drawing) and the power
loss in the dielectric.

From the vector diagram

= F2 + _ 2Vv^ cos (90 -
(f))

+ vj" - 2Fi;^ sin
(f>

The voltage is measured by an electrostatic voltmeter, while F
is obtained from a knowledge of the low tension voltage of the

transformer and its transformatioii ratio. is obtained by measur-

ing the area of the ellipse and X and Y I from which cos
<f)
= - -

^
-

y |

and thus can be obtained. V
tt j

y

The current /g can be obtained from togethei with the known
capacity values of C^Cj^ and the frequency. The power factor cos 6

of the dielectric can be obtained from the known value of ^ as below.

Referring to the vector diagram (Fig. 88), the projection OM pi V
on the vector /g is also the projection of on 7g, thus,

OM == Vg cos 6 = F cos
(f>

or cos 0 = — cos 6
%

which gives the power factor of the dielectric. The power loss is

therefore

F
Vgig cos 0 = cos (^ = F/g cos

<f>
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CHAPTER V

INDUCTANCE

Self-inductance. Whenever the number of lines of magnetic force

linking with a circuit changes, an E.M.F. is induced in the circuit

;

this E.M.F. is given by

where e = induced E.M.F. in electromagnetic units

N = number of turns with which the flux links

^ = rate of change of the interlinking flux in lines per

dt second

The negative sign indicates that the direction of the E.M.F. is such

as to oppose the change in the flux.

If, now, the change in the flux is due to a change in the current

flowing in the circuit itself (by which current the inter-linking

magnetic flux is produced) and if, also, the reluctance of the path
of the magnetic flux is constant, then

tf) = ki where i is the current in the circuit in E.M. units.

dt
Thus, 6 = - Nk j- E.M. units

or e = -Nk^ X 10-» volts
at

Since k = the above expression can be written

or

e = - t X lO’*^ ^ volts

e = - i ^ volts
at

where L is the “coefficient of self-induction” or, simply, the “In-

ductance” of the circuit. Obviously L is constant for any given
circuit, only if i is constant—i.e. when no magnetic material is

fn^esent. If % is expressed in amperes, ^ is amperes per second,

and k is the flux produced by 1 amp. flowing in liie circuit. Then t
is in henries.

t«4
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It follows from the above that the inductance of a circuit, in

henries, can be expressed in words as

Number of turns x flux produced per ampere—
Mutual-inductance. If two coils are close together and unit

current flows in one of them, then the number of “linkages’" with
the other coil, of the magnetic flux due to this current, is called
‘‘ the coefficient of mutual-induction,” or simply the “ mutual-
inductance” between the coils. By “linkages” is meant the pro-

duct of lines of force and the number of turns on the coil.

If the current ^ (in E.M. units) in coil 1 varies, its rate of change

being , then the E.M.F., ej, induced in the second coil is given by

«2 = E.M. units

where iiUa the mutual-inductance.

If ^ is in amperes, and M is the number of linkages with coil 2,

per ampere in coil 1, divided by 10®, then

= - Jf^ volts
at

(
111

)

If the current flows in coil 2 instead of coil 1, then the E.M.F.

induced in coil 1 when the rate of change of current in coil 2 is

is given by

dig

di

- M^ volts
at

it being assumed that M is the same in each case.

To determine the direction of the induced E,M,F, in coil 1 consider

the current in coil 2 to be increasing; then a self-induced E.M.F.
will be produced in coif^, the direction of Which is in opposition to

the direction of the current. Since the same flux wWch induces

this self-induced E.M.F. is also inducing the E.M.F, in coil 1, this

latter E.M.F. will also be in a direction opposing that of the current

in coil 2. If the circuit of coil 1 is closed, a current will flow, due to

the induced E.M.F. and in the same direction. This current reduces

the interlinking flux and thus reduces the sel^rindiLtance of coil 2.

Hence there is a mutual action between the coUs.

Mutual-inductance is measured, Uke selP-inductance, in henries.

A mutual-indiictance of 1 henry exiete between two circuits when
a mte of change of cmrent of 1 amp,^ second in one circuit induces

an EM.Fp of 1 foU in the other circm.

Between Self- and Hntoal-indnetance. Suppose that
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two coils, having respectively N^ and turns, are so close together

that the whole of the flux produced by a current in one coil links

with the other. Let this flux be
(f>
when the current in coil 1 is ij.

Then the self-inductance of coil 1 is L^ = and the mutual

inductance is if = ^ ^
Similarly, if u flows in coil 2, its self-inductance Lg and

T

L,

or

M

-

Z/jLj

VZS

M

(
112 )

As stated above, this relationship is only true when the whole of

the flux from one coil links with the other. In practice this condition

is not fulfilled, although if the coils are very close together it is

M
very nearly so. The ratio is called the coefficient of coupling^

y L-iL^

and is of importance, especially in radio work. If this ratio is nearly

unity, the circuits are said to be ‘'close coupled,'’ while if it is con-

siderably less than unity they are said to be “loosely coupled."

Self-inductances in Series. If two coils, of self-inductances Li
and Lj henries, are connected in series and the mutual-inductance

between the coils is M^ then if the flux, produced by coil 2, linking

with coil 1, is in the same direction, at any instant, as the self-

produced flux of coil 1, then the effective self-inductance of coil 1

is Li -f M. In the same way the effective self-inductance of coil 2

is L2 + M, provided the self and mutual fluxes are in the same
direction at any instant. Thus the total self-inductance of the circuit

is

L = L^ -I- L2 "i" ^M
«

Expressing this generally, to include the case when the mutual
and self-produced fluxes ace in opposition at any instant, we have

L = 4 + L,±2M . . . (113)

Figs. 90 (a) and 90 (6) show two coils connected in series, and with

the directions of current in them such that their magnetic effects are

(a) cumluative, (6) in opposition.

In the first case, L = Zri -f ia -f 2,M, and in the second case

Z/ Zfj -f- Z/a “• 2Jf

.

(1) biditotaaoe of Two Long* ParaM Cylinders. Consider two
parallel oylinders X and Y, each of radius of cross-section
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B cm. and carrying currents of I amp., in opposite directions as

shown in Fig. 01 (a). Let the distance between the axes of the cylinders

be D cm., and the surrounding medium be air. Suppose, also, that
the material of which the cylinders are made is non-magnetic.

The flux, produced by the currents, and to which the inductar

due, is composed of two parts which must be treated separate

lese are (a) the flux surrounding the two conductors, and (6) t

Fig. 91 . Inductance of Two Long Pabaixel Cylindebs

flux which exists inside the conductors themselves. These will be
considered in order.

(a) From Equation (42), the magnetic inteni^^^y at a distance r cm.
2% 21

from a conductor carrying % absolute units of current is — or
where I is the current in amperes.

^

Thus, the total intensity of field at a point P distant I cm. frcan

21 21
cylinder X and (2> - 1) cm. from T is addition
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of the intensities due to the two cylinders separately being because

the currents in them are in opposite directions. The resultant

intensity is downwards, as shown in the figure. Since the medium
between the cylinders is air, the flux density J5 at P is also equal to

2/ 21

10/ 10(2)--/)*

Thus, the flux in a ring of very small radial width dl and axial

length 1 cm., the ring being of mean radius I cm. and concentric

with cylinder X (see Fig. 91 (6) ) r

Thus the total flux between the cylinders per centimetre axial length

is

= ^[log.Z-log.{i)-Z)J

4/, D-R~
10 R

D-R

R

U D
or yr if R is small compared with 2).

10 XI

The flux surrounding each wire is one-half the total flux, i.e.

15 5 iines per cm. axial length

. , , . , . No. of turns X flux per amp.
Smce inductance m henries = =7;^ ^ the

10 ®

inductance of one conductor per centimetre axial length due to its

external flux alone is

A log. J henries

(6) In considering the flux existing inside each conductor, assume
that the current is distributed uniformly over the cross-section of

the conductor. This assumption is justified if the supply frequency

is low. At high frequencies, the current flows almost entirely in the
outside ^*skin'^ of the conductor and in this case the flux inside the .

conductor is negligibly smaU. The expression for inductance derived

below, together with most of the succeeding expressions, gives

therefore the “low-frequency” inductance. Slight modifications,

due to the negligible internal flux, are required to convert them to

exiuesaions for “high-frequency” induotance.
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It is convenient to consider the conductor as being made up of
a very large number of filaments, all parallel to the axis and each
carrying a small fraction of the total conductor current I (see Fig. 92).

Consider an elemental ring of

radius r and radial width dr as shown . v Thickness
Then the current enclosed within / , ofRingdr

this ring

Thus the enclosed current

ElementalRing
of Filaments

Fig. 1)2. CrBRENT Distbibuti’ion

IN A CYLINDRiCAli CONDUCTOR

and the intensity of the magnetic field at radius r within the con-

ductor is

2±,

lOr

the permeability of the conductor material being unity.

Thus the flux in the elemental ring, of axial length 1cm., radius

r, and radial width dr, is B^r X 1

= dr lines
lOr

This flux does not surround the whole conductor current, but only

the current 7^.
’ Referring it to the whole conductor, we have

.7 / 27, -

^2

by multiplying by^ —the inverse ratio of the numbers of filaments.

Thus
. . 27r^ r* . 27r* -

The total flux of the inside of the conductor, referred to the whole

conductor,

-f
27r3 ^ 2IR^ I

dr == . ,
bncs

lOR^ 4 X lOR^ 20

For one conductor the inductance L is
fluk

Amp. X 10*

2^,
log.;g +

10

2 ,
^ ,

20 10 R 20

/ X 10« 10*
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- f2 log. ^ + 1 'j X 10-» P®*"

Y
It 2i J l©il^tii

or ^2 log, ^ E.M. units per cm. axial length.

If the axial length of the conductors is d cm., the inductance of

one conductor is

(

2 log. ^
i

j
cm.

The inductance per mile of one conductor is thus

L = 0*0804 + 0*740 log^o ~ millihenries per mile (114)

(2) Single Straight Wire Parallel to Earth.

Let the axial length of the wire — I cm.
„ „ radius of wire = R cm.
„ ,, height of wire above earth = H cm.

Assume the wire to be of non-magnetic material and that the radius
of the wire is small compared with its length. Then, using the
method of images, imagine that an exactly similar conductor,
running parallel to the overhead one, is embedded in the earth at
a depth H cm. immediately below the latter. If the embedded
conductor carries the same current as the overhead one, but in the
opposite direction, then the distribution of the magnetic field will
be the same as that of the single overhead conductor existing alone.
The distance between the overhead and imaginary embedded

conductor is 2H, We may, therefore, from the results of the previous
paragraph, state the inductance of the overhead conductor as

L = 0*0804 + 0*740 logi0 millihenries per mile

replacing D by 2H.
The inductance of a single straight cylindrical conductor, distant

from earth and other conductors, is given by

- 0*76 ^ millihenries

where I = length of wire in centimetres
R = radius of wire in centimetres

it being assumed that the material of the wire is non-magnetic and
that the surrounding medium is also non-magnetic.

If the wire is of magnetic material the inductance is given by

millihenries
. (115)

where /i =« permeability of the material of the wire.
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(3) A Single Circular Tom of Bound Wire. The inductance for
continuous current and low frequencies is given by Rayleigh and
Niven’s Formula (Ref. (1) ), viz.

—

L = 277Z)|^^1 10-®henrie8 (116)

where D — mean diameter of the turn in centimetres
d ~ diameter of cross section of the wire in centimetres

It is assumed in this formula that the circle is complete, i.e.

there is no gap in it, and that tlit wire is iion-magnetic material.

If a gap of length g cm. is left in * ht circle, then

- s)K (
‘ - ^.) ¥ + 2®. -

’»]
X 10~® henries . (117)

If, instead of one circular turn, we have a circular coil of circular cross-section
and N turns, the self-inductance of the coil is

i = 2-N*/) [(l + log,^ + 2̂ . - 1 .75
]

X 10'® henries. . . (118)

where d is now the diameter of the section of the coil. The formula for a single

turn IS obviously a special case of the coil when iV^ =- 1.

For high frequencies the formula, given by Grove. (Ref ( 2)

)

for a single

turn, is

L = 2tkD ^ ^ J
^ * henries . . (119)

(4) Mutual-inductance Between Two Concentric Circles. The
mutual-inductance between two concentric circles can be calculated

by integration, using the equation

idl . «

Fig. 93 shows two concentric circular wires of radii and fj,

the outer of which carries a current of i absolute units. If the flux

threading the inner circle, due to the current in an element dl of

the outer circle, is calculated, then the total flux threading the inner

circle,“^ when i units of current flow in the outer, can be found by
integrating over the whole circumference of the latter. The mutual

inductance is then given by t- where ^ is the total flux linking with

the inner circle. * »
*

It can be shown by integration* that the flux linking with the

inner circle when a current of i absolute units flows in the outer is

4cTTrii

Seo Brysdale and Jblley, EUetrical Mectmmng InHrvumnts, Vol. I, p. 136.
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if is small and assaming the medium to have unit permeability.

Thus, the mutual inductance between the circles is given by

M = 4wri |log. -
2^

cm.

fche radii and being expressed in centimetres.

If, instead of being circles of one turn only, the coils had a number

of turns, these turns being assumed to be coincident in space, then

M = |log, -
2
j

cm. . (120)

where = No. of turns on outer coil

= » „ inner coil

The length may be expressed as the distance between the

circumferences of the coils. Since the assumption that the turns

on the coils are coincident in space is not usually justified even as an
approximation, a length E called the “geometrical mean distance,”

first introduced by Maxwell, is used instead of The mutual
inductance is then given by

M = 4.7tN^N^^

I

log.^ - 2
j

cm. . . (121)

Geometrical Mean Distance'

'

may be defined as follows : Consider

a point P external to a circuit. Let dj, dg, dg, etc., be distances from
P to various points on the circuit. Then, if an infinite number of

these distances be taken, the “geometrical mean distance” R is

given by

B V^^^etc., where

or log, E »= ~ £ Ic®, d
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The factor E is used in many of the formulae for the calculation of

both mutual- and self-inductance. In the case of self-inductance,

E is the G.M.D. of the circuit from itself, or, in the case of a multi-

turn coil, of the turns from each other.

To find the self-inductance of the coil of N^ turns, using Equation
(121), with the correct value of E we have

= . .(122 )

The G.M.D. of a circular arta from itself is 0*7788 p where, in this

case, p is the radius of the cross s^^ction of the coil (assumed circular).

This expression, if compared with the expression given previously

(Equation (118) )
for the self-indiirtance of a similarly-shaped coil,

will be found to give the same result in any particular case, provided

p is small compared with r.

Example. Calculate the self-induotance of a coil of mean diameter 20 cm.,
having 10 turns, whose cross-section is circular and of radius 1 cm. (Fig. 94).

Then, using Equation (122), we have

(j) L = 47r X 100 X 10 log^
80

« 0*7788 X

= 33,080 cm.
(ii) Using Equation (118),

L=2:rxl00 x 20 [(l+^^^)log,
8 X 20

2

+

400071

40007T

24 X 400

1

[boo ^ 2400

^2403 X 4-D828 + 1-42001

L 2400

I]

J

>]
1*75 cm.

33,150 cm.

Table V gives some of the more important geometrical mean
distances.

Some exact expressions for the geometrical mean distance in

several cases are given by Butterworth (Dictionary of Applied

Physics

y

Vol. II, p. 391). For the calculation of geometrical mean
distances, see Refs, (3), (4), and (12) at the end of the chapter.

If two circles are coaxial, but not concentric, and if the difference r^ — r,

between their radii is not small compared with their radii f sen the formula
(Ref. (11)) is

where a

-L
‘

2 +
31

2048

JL _ JL.
16 “ 1024

247

6(128)»

a* -f
35

128*

henries (128)
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This equation may be written

M —
47T

where equals multiplied by the expression in brackets.

Nottage (Ref, (5) )
gives a table of values of for different values of ^

where and are the least and greatest distances between the circles

(see Fig. 96). varies from zero, when ™ = 1, to 50*16, when = 0 01.
Z/g ZZg

If the circles have approximately equa^ radii, and the distance between them
is small compared with their radius

^ T ' * • • (^24)

where d is the distance (in centimetres) between the circles.

TABLE V
Obometrical Mean Distances

Shape of Circuit

Line from itself

Rectangular area
from itself .

Circular area from
itself .

Annular ring from
itself .

Ellipse from itself .

i?

Geometrical Mean Distance

0^223131

Interpretation of'

Symbols Used

I == length of line

R = 0*2235 (a -f h) (approx, expression)

R « 0*7788r

log. R = log, r, - log,
-Ti

log, R = log, - 0-2o

a and b = sides of

rectangle
r =» radius of circle

r, as external radius
r2 =s internal radius

a and b « semi-axes
of ellipse

Two parallel straight
lines . ^ ^ '°8« ^ i

logg (D* + f*) -f- 2 y tan-1 ^ |

I = length of lines

D <=* distance between
lines

(5) Mutual Inductance Between Two Coaxial Circular Coils of

Rectangular Cross-section of Winding. From the previous para-

graph an approximate formula can be derived for the mutual

inductance between two coaxial circular coils of rectangular cross-

section, viz,

Jlf = henries . . . (126)

where ifp is the mutual inductance between the two. central turns

of the two coils and can be obtained from Equation (123). and
are the numbers of turns on the two coils.

The accuracy of this formula is of the order of 1 per cent in most
practical cases.
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RayleigKs Formula, This is a more exact formula than the above,
since it takes into account the dimensions of the cross-sections of
the coil windings to a greater degree.

Referring to Fig. 96, let the mutual-inductance between a circle

with centre x, passing through point Uj, and a circle of radius rg,

centre 7, passing through Og, be given by Mo^ai. There will be, in

all, eight such mutual-inductances—four referred to coil 2 and four
referred to coil 1. Cj, and (^/^ are the mid-|.>ob)t.s of the sides

of the section of coil 1 of wl>ich -?ectjoj. Oj u the centre point. The

Fig. 95 Fig. 96. Mutual-inductance
Between Coaxial Coils

points ttgj ^2 similarly situated on the section of

coil 2.

Then, by Rayleigh’s formula, the mutual-inductance between the

coils is given by

M =
^
^Moia2 “h Mo^2 M01C2 4” Mo^d2

M02(^1 -I-

+ M02C1 + Mo2di’- . . . (126)

where Mo is the mutual-inductance between the two central circles

of the coils (through points and Og)- The mutual-inductances

etc., canbe calculated as indicated in the previous paragraph.*

If instead of one of the coils being, as above, external to the other

and displaced axially from it, one oil the coils is insi^-^ the other at

its centre, the coils being still coaxial, the mu4aal-indiactance can

be calctdated as below. This case refers particularly to the mutual-

inductance used in ballistic galvanometer work for calibration

purposes, where a small coil is fixed inside a long circular solenoid

as in Pig. 97.

* Other methods of calculation of the mutual-inductance between two such
coils, due to Lyle, and Nottage are given by the latter (Ref. (6) ).
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\jQi I = length of long solenoid in centimetres

R = radius of long solenoid in centimetres

r — radius of internal short solenoid

Ni = No. of turns on outer solenoid

Ng ~ No. of turns on inner solenoid

Coi/I

Fig. 97. Muiual-induotancb Between Concentric Coils

If a current of I amp. flows in the outer solenoid, the magnetic
fit‘ld strength at its centre is given by

„ 4c7r Njl .

I

10 I

2 27rNJ

This also gives the value of the flux density at the centre, since the

core is air (^ = 1). Thus the flux threading the small solenoid is

27tNJ

10JR^ +
X Trr^ =

(f>

The mutual-inductance is thus

or

hennes

V-
10* /JR2 +

This is, however, only an approximate expression for the mutual
inductance, since the strength of fleld H only refers to the centre
point 0 of the solenoid and its intensity raries both axially and
radidliy.
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Correctioos. If the internal coil had negligible axial length, the mutual
inductajice, corrected for radial vanation of field strength, would be obtained
by multiplying M (above) by the expression (Ref. (12))

1 -f

Correction for the axial length of the internal coil is obtaine^l by subtracting
a quantity, given by the followirg expression, from the mutual-inductance
(Ref. (12) 1

-M
(I I , &\
\2

’'2 '"5 2/ ^2

where S = length of internal simrt oil and M

2 2A (“I f
j (1 _ J

-v i) + i V- -)
' lo o ^ K oJ ^ 2

^
2 ^ 62/

\2 2 v 5 2/

and JVf
. ^ > 2

" c indicate the mutual-inductances between two circles,

(2 2 ^ 5 2)

of radii M and r, at distances apart of ^ and fl -h I /Vc •

respectively. 6 2 / \2 z 6 2/

As the above two corrections (for axial and radial variation of field) tend
to neutralize one another, the difference between the final value of the mutual

-

inductance and the approximate value originally obtained is usually quite
small—of the order of 1 in 1,000 for usual dimensions of a mutual-inductance
for ballistic galvanometer calibration.

I S /—
If both -5 and - are equal to V 3, and if the ratio is small, the corrections

jfv y

become unnecessary (Ref. (17) ).

Tha mutual-inductance when the short coil, instead of being

situated within the long coil at its centre, is situated at the centre

but outside, is obtained by the same method as above, but B and r

are interchanged.

Example. Calculate the mutual-inductance between two coaxial circular

coils, given that

—

Length of long coil = 80 cm.

Radius of long coil = 4 cm.

No. of turns of long coil ~ 500

Length of short coil = 6 cm.

Radius of short coil *= 3 cm.

No. of turns of short coil =150

Small coil placed inside, and at the centre of, the larger coil.

27r* X 600 X 160 X 3»
Then M »

10» 80*

332
t henries, or 332 microhenries (very nearly)



178 ELECTRICAL MEASUREMENTS

(6) Selt«mdnctanc6 of Circular Coils of Rectangular Cross-

section of Winding. Consider a single-layer coil of axial length

I cm. and radius of cross-section r cm., having N turns, with

a current of 1 amp. flowing in it. If - is great, the magnetic intensity

477 NI ^
within the coil is— . -y- . If no magnetic material is present, this

is also the flux density within the coil. Thus the flux inside the

, 4^7t N

I

„ ^ . j ^ /flux X turns\ .

solenoid is X rrr^, and the inductance ( —
)

is
10 Z \ amperes /

4.'it^N1t^ N ^ .

IQif
X jhennes

or L== im henries (approx.)

This may also be written

S^
L -=

10»Z
(approx.)

(128)

where S = the total length of wire on the coil = ^irNr.

These formulae must be regarded as approximate only, since the

expression of the magnetic intensity is only true for an infinitely

long solenoid. In practice, the whole of the flux produced does not
link with all the turns, and this reduces the inductance of the sole-

noid, Nagaoka (Ref. (7)

)

has given the values of a factor by which
the above expression may be multiplied in order to take into account
the dispersion of the lines of force. This factor varies according to

the ratio of length to diameter of the coil.

Equation (128) may be written

^ “
lOH

d being the diameter of the coil. Introducing Nagaoka’s factor iC,

we have

ion *
. (129)

which is considerably more exact than the previous equation (128).

If the wire on the solenoid is closely wound, so that adjacent

turns are touching, this expression gives results which are sufficiently

accurate for most purposes. A correction is necessary if the turns

are widely spaced. Kg. 98 gives the values of the factor K for

different ratios of length to diameter of coil. The curve refers to a
single layer coil or to a coil whose depth of winding is small compared
with its diameter.

Ooursey (Ref. (8) ) has given values of a second factor Ki^ for us©
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when the depth of winding on a coil is appreciable. This factor

varies with the ratio — of \dnding
^

length of coil

depth of winding*

becomes

.

-
and also with the ratio

mean diameter of coil

The inductance formula, when is used,

-2 7yr2^2

Sca/e for Curye IT

VO ZO SO

Diameter
Length

^ 0 5 0 60 70 8-0 90

A full table of Nagaoka’s factors is given by Nottage (Ref. 5),

where other tables for the calculation of the inductance of special

coils are also given. For Coursey’s curves and further tables for

such calculations, see Refs. (5), (6), (8), (9), (10).

Fig. 99 gives values of Coursey’s facto (K ~ K^) for various

ratios of depth of winding to mean diameter of coil, and of length

of coil to depth of winding.

Equations (129) and (130) are especially suited to long, circular

coils whose depth of winding is small compared wir‘h their mean
diameter. The assumption is made, in these lormulae, that the

distribution of the current over the cross-section is uniform.

Based on formulae derived by Rayleigh and Niven, Lyle, and
Spielrein, Grover (Ref. 9) gives the formula

L =
2^^^! henries , . * . (131

)
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d being the mean diameter of the coil. P is a factor depending upon
the ratios of the various dimensions of the coil and the values of

P for different coil dimension ratios are given by Grover {loc, cit.).

This formula is more suited to the calculation of the inductances
of short circular coils of rectangular cross-section whose depth of

winding is comparatively large compared with their mean diameter,

although it can be used also for the calculation of inductance in the
same cases as Equation (130) with very little error.

Example. Calculate the inductance of a circular coil, of 500 turns, having
a rectangular cross-section of winding. Given

—

Axial length of coil =10 cm.
Mean diameter of coil = 5 cm.
Depth of winding of coil = 1 cm.

(i) Using the Coursey curve (Fig. 99) in conjunction with equation (130),

Ratio i *= 10. Ratio ^ ^ = 0-2.
b d 5

From the curve ~ Ki) ^ 0*701

*701 7r» X 600* X 6*

^ 10* X 10

4326

10*
henries or 4325 microhenries.

(ii) Using Equation (131),

b

d
0*2
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From Grover’s table, the value of P corresponding to these ratios is 6*92.

Hence

L
500^ X 5 X 6-92

2 X 10»

10«
henries, or 4,325 microhenries, as before.

Correction for Thioknese of Insulation. As mentioned above, the formulae
given take no account of the inmiation betrieen turns on the coil. For accu-
rate calculations a correction foi this insuhtt on must be apphed, although it

IS usually quite small. 6*283
This correction is meda by subl *acl ng the qua " f ifcy dN{A-{^B) henries

(Hef (5) )
from the calculswd anoe, where d and N are as above, and A

and B are '*' astants depending upon the ’'elative thickness of insulation and
number frf turns on the coil res|>et lively. Values of these constants are given
by Nottage {lot. ctf.).

(7) Self-uiductanoe of Flat Coils. By ‘‘flat'’ coils are meant
those whose axial length is small compared with their mean diameter
and depth of winding.

Spielrein gave the formula for such flat or “disc” coils of circular

form as

^

whereN = No. of turns on the coil

d = mean diameter of the coil

and is a factor which can be calculated from the expression

1HI
‘GI

6-96957 -> ^3 30-3008 logjo
^
+ 9-08008-

6 -96^

-+ 1 "48044/S^ + 0-33045/5’ + 0-12494/5® -[

where 6

/S = the ratio

depth of winding

inner radius of coil

outer radius of coil

A table of values of the factor Q are given by Grover (Ref. (9)

)

for different values of *If the axial length of the coil is appreciable

Equation (131) (previous paragraph) applies,

*to Comet lor limlatio]| Thickness. In the case of a flat spi|:al wound with
metal stfip or ribbon of rectangular cross-section, the quantity

Nr{Ai -f- Bi) henries (Ref. Grover, foe. cit.)

is added to the calculated inductance.

N w Ko. of turhft on coil

r «*« mean fadiutr of coil in centimetres
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Ai ’

B,.

' log.
V “f* 1

V -h T
N- 1

-I.
, H ir“ dis + + • •

• A3F<5i„J'^la T
JY

'^la I '^14 ^ • •
• ]^^in

M here w — axial length of efcrip

D = distance between adjacent turns

where t = thickness of strip

The factors <5u, «5ia, etc., are given in tabular form by Grover for different

values of t and r.

(8) Self'*>inductano6 in Other Cases* (a) Coils Wound on Poly-

gonal Formers, Grover (Ref. (10) ), in a Bureau of Standards

paper on this subject, gives a
method of calculating the in-

ductance of coils of this general

form by obtaining, in each case,

the “equivalent radius*’ of the

coil, and then treating it as a

circular coil having this radius.

The formulae for calculation of

the equivalent radii are some-
what complex, and reference

should be made to the original

paper for information on the

subject.

(6) Toroidal Coils, These are

coils whose axis and cross-section

are either both circular or the

former circular and the latter rectangular.

(i) Axis circular, cross-section circidar (torus) (Fig. 100 (a) ).

RusseU {Alternating Currents, Vol. I, p. 60) shows that the flux

inside such a coil, of N turns, when a current of / amp. flows in it,

is

477

Fig. 100. SEIiF-INDUOTANCB or
Toroidal Coils

where R
r '

: mean radius of axis of coil in centimetres

radius of the cross-section of the coil in centimetres.

4,N
Thus, since L = henries

10®i

the inductance is given by

£ ^ N*{R - VR*-f*) henries . (133)

(ii) Axis oiroular, oroBS-seorion rectangular (Fig. 100 (b) }.
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Again, from Russell’s expression for the flux within such a o(fll,

we have

2NbI 2
<f>=

R̂"2
where 6 = the breadth of the coil

d = radial depth of the coil, b.»ta in centimetres

R mean ra<liu‘» of ayds of coii

iov
Thus, L

2bN'‘-

10*
log.

'

R ^
^

2

or
26A’"

, Ri^ .

-pfjF
log.

5
^* hennes (134)

where R^ andB2 are the outer and inner radii of the ring respectively.

Design of Inductance Coils for Maximum Time-constont. The

ratio for any coil is spoken of as its “Time-constant/*
resistance

It is usually desirable, in designing inductance coils, to make this

ratio as great as possible. This means that the dimensions must be
such that the greatest possible inductance is obtained with a given

length of wire. Since the resistance of coils increases considerably

at high frequencies, compared with the continuous current, or low-

frequency, resistance, it is difficult to give rules for the most econ-

omical design of coil to suit different frequencies when these are high.

Referring to low-frequency conditions, the maximum inductance

for a given length of wire, using a coil of rectangular cross-section,

is obtained when the cross-section is square, i.e. when the axial

length of the coil is equal to the depth of winding on the coil.

Maxwell showed, also, that with a square section coil the induc-

tance is maximum when the mean diameter of the coil is made 3*7

times the axial length of the coil, but, as alreack pointed out on
page 83, later work by Shawcross and Wells (Be^ (26) ) has shown
that 2*96 (or more conveniently 3) is a better value than 3*7 for the

ratio of mean diameter to axial length.

The maximum inductance for a given length of wire, if the coil

is not limited as to shape, is obtainra by ma^g the coil of circular

. radius of circular axis of coil
cross-section, with a ratio of — 2 —r: ^
s=s 2*676 (Bef (26) )

radius of cross-section of the coil

« Bxpedmental work on the most efficient shape of coil has been
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caxried out also by Brooks and Turner (Ref. (11) ) and a valuable

paper by H. B. Brooks on the design of inductance coils is men-
tioned in Ref. (27) ),

Iron-KMlired Inductances. The formulae for inductance so far

considered have all been for coils with air, or non-magnetic, cores.

The inductance of iron-cored coils cannot be calculated tjasily with
great accuracy owing to the fact that the permeability of the iron

core is not constant, but varies with the magnetizing force producing
the flux. If an expression is to be given for the permeability under
these conditions it must be some mean value of the different permea-
bilities occurring at different times throughout the current cycle.

The question is further complicated by the fact that the value of the

magnetizing force is not the same for all parts of the iron core, even
for a given value of current in the coil. Thus the effective value to

be assigned to the permeability of the core of such a coil is largely a

matter for experimental determination under a given set of conditions.

The foregoing remarks apply especially to coils with open iron

cores—say in the form of a straight bar. If the core is nearly closed,

having a comparatively narrow air gap, the calculation of inductance

can be carried out approximately as follows

—

Let = reluctance of iron path

Ma = reluctance of air gap
N = No. of turns on the coil

/ = R.M.S. value of the current in the coil

<f>
=: R.M.S. value of the flux produced

Theq,

Inductance L =

-.NI
10

+ J&a

Flux X turns

Amp. X 10®

<f>Now, obviously the value of the flux per ampere, i.e. ~
,
would be

constant if Mi + Ma ^®re constant. But, although the reluctance of

the air gap Ma ^8 constant whatever the value of the magnetizing
force, the iron path reluctance Mi varies with var3dng current as

pointed out above. If, however, the reluctance Ma made large

compared with Mo the variation in the latter is negligible, since Mi
may then be entirely neglected with very little error.

Then
/ X 10*

10* M.'

henries

4:7rN*A

lOH
henries

(135 )

since
i 1 j— and fi

' 1 for air.
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Under these circumstances, the iron core provides a low reluctance

path for the flux, thus increasing the latter for a given magnetizing
force, and hence increasing the inductance of the coil.

Example. A coil of 500 turns is wound on a cylindrical former 10 cm. long
and 1*5 cm. radius. This former is placed on a rectangular iron core of e:Keotive

cross-section 2 sq. cm., and whose length of magnetic path is 30 cm. The
core contains an air-gap 0*5 cm. long. A current of 0*1 amp. R.M.S. flows
through the coil. Given that the iiean permeability of the iron of the core
under these conditions == 1,000, calculate tho inductance of the coil.

Reluctance of air gap

0 5

2
^ 0-26

Rehiotaru'j' of iron path

1 JOO
0016

Flux

In luotance

^ X 500 X 0*1

X N 226 X 600

i X lO* 0*1 X lO*

226 lines

•0113 henry

Obviously, if the reluctance of the iron path had been entirely neglected,

the calculated inductance would have been some 6 per cent larger than the
above value. Thus, uncertainty as to the correct value of the permeability
of the iron under working conditions causes a negligible error if the air gap is

made comparatively large.

To illustrate the effect of the iron core in increasing the inductance, wo will

calculate the inductance of the same coil with an air core.

From the approximate equation (128) this inductance is

4tc* X 600* X 1-5* ^^ .0022 henry (approx.)

Skin Effect, tt was pointed out earlier in the chapter,^hat there

is internal flux inside a straight cylindrical conductor which is

carrying current. Considering the conductor to be made up of an
infinite number of small filaments, parallel to its axis, each carrying

a small fraction of the total current, I amp., of the conductor, and
assuming the current density to be uniform over the conductor
cross-section (an assumption which is really justified only with

unidirectional or low-frequenoy current), we have for the flux

density at a radius r within the conductor

JJf where
^ l()r

r 1-

R being the radius of the conductor itself.

. « _ 2r*/ _ >/
• * ** 7 lOriJ* lOW

Thus, Sr oc r. In Fig. 101 Bf is shown plotted agaiust radius r

.

The total flux surrounding the filaments of the conductor (including
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the flux external to the entire conductor), when plotted against

radius r, gives the dotted curve of Fig. 101. From this curve it can
be seen that the flux surrounding the filaments near the centre of

the conductor is greater than that surrounding the filaments near
its surface. Thus the centre filaments have greater inductance than
the surface filaments.

If P is the resistance of one filament and L its inductance, then

its impedance is VP* + oy^L^ where co = 27t X frequency. At low

Fig. 101 . Distribution op Internal Flux in a Cylindrical
Conductor

frequencies the term is small compared with P, so that if a
voltage F is applied to the two ends of the conductor the current

F F
carried by any one filament is y-'- :v:rr=: == -= (very nearly), and

vP^ + ^
the current density within the conductor is uniform over its cross-

section. At high frequencies P^ is small compared with ay^L^ and
F

the current carried by a filament =^ (very nearly). Under these

conditions, then, the difference in inductance between central and
surface filaments becomes very important. The centraLfilaments
carry only a very small current, due to their greaterinductance, and
the alippstj^irelv carriftcTKy tha

filament^ i e.n5y^^^ **

Tfiee^tiv^Tcross-section of the etoduoibr at high frequencies is

therefore only the area of an outer skin, and the resistance of the
conductor Is increased accordingly. Thus the high-frequency-

resi^nce^* of a conductor is higher than its D.C. or low-frequency
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resistance, the difference depending upon the cross-section of the
conductor, the frequency, and upon the p^meability ai»d specific

resistance of the material of the conductor^/Since the material used

for such conductors is usually non-magnetic, the permeability is

almost always unity.

The high-frequency resistance of a conductor is given by

«- = «[" fa -'-ISO'" + •]••• UMI

where R is Iho stcndy-'uirent i stance at) 1

27rfln _ _ 27rh^fft

^ 10^ B~ "
10». 6'

where / freq uency

I length of conductor in centimetres

* = radius of conductor in centimetres

S = specific resistance of conductor material in ohms per

cm. cube

^ = permeability of the material of the conductor.

* The inductance of the entire conductor is slightly reduced by the
skin effect, since there is less internal flux.

The high frequency inductance is given by

M IB & constant which depends upon the position of the return
conductor of the circuit. The above two equations are due to
Maxwell. /

Reduction of Skin Effect. (l^om Equation (136) it is obvious that
the smaller the term A is made, the less the increase of resistance of

the conductor with increasing frequency)
A can be kept small by making the radius r of the conductor as

small as is consistent with current-carrying requirements and by
using nogjnagnetio material (so that /< = 1). If high-ieaistanoe

materisT^n be used, so that the specific resistai^ce /5 islargerihis

again will reduce A,
Other means which are adopted to reduce the effect are the

employment of tuhuki*.conductors, or conductors consisting of two
paraltd discs with a number of parallel high-resistance set at
equal distances apart round their ciroui^erenoes, foining them
together^ the whole forming a cage or barrel-shaped arrangement.
In these oases the internal flux cu the conductor is smaU axid tiie
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conductors may be thought of as consisting merely of “skins'" with

hollow interiors.

Stranded conductors are used
; these consisting of a large number

of fine strands, insulatedTfrom one another, and woven so that each

strand lies as much at the centre of the conductor, and as much at the

surface, as every other strand. Insuch conductors all thestrands have
the same surrounding flux and therefore have equal inductances.*

Skin Effect in Coils. Consider a cylindrical coil. The flux within

such a coil is, of course, axial, and is distributed over the cross-

section right up to the outer surface of the winding. Thus, in addi-

tion to the internal flux distribution previously considered, as

affecting the inductance of the imaginary component filaments of

the conductors, we have now a greater inductance of the radially

outermost filaments of the coil, as compared with the filaments on
the inner surface of the winding. This is due to the fact that they

enclose the whole of the coil-flux, while the latter only enclose the

flux within the winding (i.e. the flux in the core of the coil). A
variation of the inductance between the various filaments is also

caused by the proximity of other conductors.

Morecroft (Ref. (11) ) has carried out a full investigation of the

effect in various types of coils, and this work should be consulted

for further information on the subject. The effect is usually neg-

ligibly small in coils when used at low frequencies for alternating-

current measurement purposes!

Skin Effect in Iron Plates. In iron plates which are carrying

alternating magnetic flux, the skin effect is of a different nature

from that considered above. It is, in this case, the flux which is

forced outwards so as to be carried almost entirely by the outer

“skin” of the plate instead of being distributed uniformly over the

cross-section.

The effect is due to the demagnetizing effect of “eddy currents”

induced in the iron plates by the alternating flux. The plate itself

acts fils the short-circuited secondary winding of a transformer, and
“eddy currents” flow in paths lying in a plane perpendicular to the

axis of the plate, as shown in Fig. 102 (a), the currents being induced

by the alternating flux.

The effect will be referred to later in the chapter on “Eddy
Currents."

Obviously the magnitude of the effect depends upon the thickness

of the plate and upon the frequency, and it is for this reason that,

in order to obtain uniform flux distribution—and hence economical
utilization—of the iron cores of alternating current apparatus, it

is necessary to limit the thickness of the laminations to be used,

according to the supply frequency.

* lUimber of curves relating to the high frequency resistance of strais^t

oenduetors, the reader should consult Morecroft^s Prin0tple9 of Bwiio
IX.
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Fig. 102 (6) illustrates the diminution of flux density at the centre

of an iron plate due to this demagnetizing effect. The figure refers

to a fairly thick plate when used with a comparatively high fre-

quency. In practice, with plates of the normal thickness (about
0‘014 in.) and commercial frequencies, the variation in flux density

over the cross-section is very much less than that shown.

Fia. 102. Flux Distribution in Iron Plates
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CHAPTER VI

MEASUREMENT OF INDUCTANCE AND CAPACITY

Self-inductance. Several approximate methods of measuring self-

inductance are worthy of mention before the more precise methods
—most of which are alterr.ating current bridge methods—are

described.

Ammeter and Voltmftek Method. Inductances of about 60
to 500 miiahenries can be measured by this method. It is suitable

for iron cored coils, sint*^ tiie full normal current to be carried by
the coil car be passed Uiroug! it during the measurement.
A suitable current, of normal frequency, is passed through the

coil, and this is measured by an A.O. ammeter while the voltage

drop across tfie coil is measured by a high resistance voltmeter.

The resistance of the coil—which wiU be the same as the A.C.
resistance, to a close approximation, if the frequency is low—must
also be measured. Then the inductance h of the coil is given by

VZ^-R^
2nf

henries

where E = the D.C. resistance of the coil

f = the frequency

, „ voltmeter reading , , . , , ,
.

and Z ==— : = the impedance of the coil
ammeter reading ^

Application of the A,C. Potentiometer to the Method, An improve-
ment upon this simple method is the introduction of an alternating

current potentiometer (see Chapter VIII) for the more precise

measurement of the current and voltage drop.

A non-inductive resistance is then connected in series with the

coil under test and the voltage drop across this, as well as that

across the coil, is measured. The phase of the voltage drop across

the coil, as weU as its magnitude, is measured.

Let R = the value of the non-inductive resistanjce

6 = the phase angle between the ounv.nt and the voltage

drop across the coil

F' = the voltage drop across the coil

I == the current (of frequency f)

Then F' = / Vr* + {2nfL)^

where r and L are the resistance an^ inductance of the coil under test.

191



192 ELECTRICAL MEASUREMENTS

Also ^

where V = the voltage drop across the non-inductive resistance.

F' - I Vr* + (27r/L)*

V'R
or, Vr* + (27r//.)* = -y

Fig. 103. Vector Diagram for Ammeter and Voltmeter Method

Fig. 104. Vector Diagram for Three-voltmeter Method

J'rom the vector diagram of Fig. 103,

/ X 2itSL = F' sin 0 = 7 Vr* + (27r/7/)* sin 6

• a
•

If
Similarly, ®

F'i?
from whiiih r = 6 . .

• (138)

* (139)

No measurement of the D.C. resistance is necessary, but the

fr^uenoy and phase angle 9 must be obs^ed.
MsTHOD. The connections of this method are

sliom in Fig. 104. A suitable cujrrent is passed through the coil,

in series with a non-inductive resistance and the voltage dro|»i
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across both parts of the circuit and across the whole circuit are

measured as shown.
From the vector diagram in the figure

F2= Fi® + 2FiF2Cose

or cos 6 = F* - Fi* - Fj®

2F,F,

But cos 6 — r

Vr»'+{2vfL)^

where r and L are the resists ace and inductance of the coil.

^
Thus + (27r/L)*

--

1 /
” p 2 F~2

“ 2nfA/(>- Fi*- VjT
”

The resistance r is measured on direct current.

Three-Ammeter Method. The diagram of connections and
vector diagram for this method are as shown in Fig. 105. In this

case the non-inductive resistance JR, together with an ammeter, is

connected in parallel with the coil whose inductance is to be
measured.
The theory of the method is exactly similar to that of the three-

voltmeter method, but with currents h. and I replacing F^, F,,

and F.

1 / 4-r2r 27 2

Thus L = - r* . . . (141)

Alternating Current Bridge Methods. The best, and most
usual methods for the precise measurement of self- and mutual-induc-
tance and capacity are those employing a bridge network with an
alternating current supply. The supply may^ be of commercial
frequency—when a vibration galvanometer is used as the detector

—or it may be of higher frequency (say 500 to 2000 ^ per second),

when telejJhones are employed as detectors.

These networks are all, in general, modifications of the original

Wheatstone bridge network and their operation is a|sp similar.

In the Wheatstone bridge method of measillng resistance with
direct current, the bridge is balanced (i.e. zero galvanometer defiec^

tion is obtained) when the voltage drops across the two arms
Connecting one of the supply terminals to the two ends of the
galvanometer branch of the network are equal in magnitude. With
A.C. bridge networks these volt drops must also be alike in pkme
as well aa in magnitude, and for this reason the introduction of

inductances or capacities in oth^ arms of the networit is necessary
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when (say) an inductance to be measured is connected in one of the

arms.

The bridge network to be chosen for the measurement of a given

self-inductance depends upon the magnitude of that inductance

and upon its ‘Hime-constant”—i.e. the ratio of inductance to resis-

tance. In the following the magnitudes of the inductances to the

Cot!

Fig. 105. Thiiee-ammetek Method

measurement of which the various methods are best suited will be

st^d.
Maxwell's Method. In this method the unknown inductance is

L

Fig. 106. Maxwell’s Method fob the Mbasubkment of
Self-induotanoe

compared with a known self-inductance. The connections for A.C.

working, together with the vector diagram, are given in Fig. 106.

= unknown self-inductance of resistance R^
jbg = known self-inductance of resistance R^

and == non-inductive resistances

D = detector

The resistances etc., include, of eourse* the resistances of
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the leads and contact resistances in the various arras. It is most
convenient to use for the known inductance a variable self-

inductance of constant resistance, its inductance l>eing of the same
order as that of L^,

bridge is balanced by varying Im^, and one of the resistances

i^3 or Alternatively, it^ and can be kept constant, and the
resistance of one of the other tT^ o arms can be varied by connecting
in the arm an additional resistance.

Theory. At balance the volta^:6 drofi a^ajss hraneli I voltage drop
across branch II, and the cun*ent i, ht branch I — carrent in }n*anch 111.

Similarly, volt drop across branch in -=r \olt hop across branch IV, and
h = ht the volt drops being equal m Tnagnjhj io and phase.
Then, using the symbolic notatioi*.

(Ri 4-
_

{R% d

Rih

or RiR^ -j- — R^hji 4 j(oL.Ji^

Equating real and imaginary quantities, we have

or

and also,

Thus

R,R, - R,H^

^^Rz
R2 Ri

i?3

L, R,

^
B,~~ R,

h (142)

The inductances and Lg should be placed at a distance from
one another and the leads used in the arms should be carefully

twisted together to avoid loops. It should be remembered in this

connection that a loop having an enclosed area of 1 sq. ft. has an

inductance of roughly 1 microhenry.

The vector diagram of Fig. 106 (6) is for balance conditions, and
shows t'l and ig in phase with and This is obviously brought
about by adjusting the impedances of the various branches so that

these currents lag by the same phase angle behind the applied

voltage F,

This method is very suitable for the measurement of inductances

of medium magnitudes and can be arranged to give results of

oo^derable precision.

Anderson Bridge^ This method requires a standard condenser,

in terms of which the self-inductance is. expressed, ft is actually a

modification of Maxwell’s method of comparing an inductance with

a condenser. The method is applicable to the precise measurement
of inductances over a wide range ol values, and is one of the com-
monest and best bridge methods.

Kg, 107 gives the diagram of connections and the vector diagram

for balanced conditions.
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L == self inductance to be measured

C = standard condenser

R^ = resistance of arm 1 (including the resistance of the

self inductance)

r, i?2 ,
R^, R4 ~ known non-inductive resistances

In the original method a battery and key were used instead of

an alternating current supply 7^2, R^, and were adj listed to give

a balance for stead^^ currents, wit), the battery key closed. The

Fig. 107. Anderson Bridge for the Measurement of
Selt-inductanoe

resistance r was then adjusted (without altering the original resis-

tance settings) to give a balance when the battery key was opened

or closed, the two balances being quite independent of one another.

When used with alternating currents, it is still convenient to

obtain a preliminary balance for steady currents, using an ordinary

galvanometer as detector, the alternating-current balance being then

obtained by varying r. Either telephones or a vibration galvano-

meter—according to the supply frequency—must be used for the

detector when alternating currents are used.

When the bridge is finally balanced the self-inductance is given

by

L = ^^[r{R, + Rt) + R,R,] . . . (143 )

Ri

^Theory. the condenser (7 to be loss-free and the reststances com*

pletely nontinduetive,
deferring to the simplified network diagram of Fig« lOS, where the branch

imnsidbnoag ax« j»pre««nied by Zv etc., and the meeh currente by it, F,

r, «a that the detector cunent ie y, we have the medieqtiataoMJ
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Mesh I.

Zi{x + r) + z,{Y + x~x) + z,{x + r- D + + y-a) = o*
or X(2, + Z, + Z,) + Y{Zy + Zj + Z, + Z.) - VZ, - ^Z,= 0

Mesh II.

z,x + z,{x - ^ z^{X - X - y) = 0

or X(Z3 + z,)-z,y-z,y - 0

Mesh III.

z,(y-x) + ^4(y AiAZ,[v x-Y)- o

- X{Z, f z,) - ‘‘z, -f r[,:, + z. y z,i - 4Z4 = o

Fig. 108 . Simplified Anderson Bridge Network

Solving algebraically for Y and equating Y to zero (which is the condition
at balance), we have

(^4 + ^4 + ^7) *“ ^7
Zt + Zf

^7 + Z^) {Z4

Z4,(^1 -f ^2 Z^)Z<f

/Sr -1- 5? >» _ Zi{Z^ -f Z7)
+ -^4 H- ^7 )

“
^ad-^7

From which,

0 *= Z%Z^Z4 “h Z^Z^Z^ -f" Z^Z^Z-j 4" Z^Z^Z^ — ZiZJIj^

Expressing the impedances symbolically, we have

[Z{\ ess 4- jO)JA [Z4]
^

[Z,] R, [Z.] « t

[ZJ = iJ. LZ,) = =4

Substituting in the impedance equation gives,

0 « - B.B,^ + B.B,*’ - («i + (^)
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Equating real and imaginary quantities,

0 - + «Ar + ii,7V - ^4^
or L {R,R^ h R^r + /V)

and
jR^Rz

o>C (oC

or R^Ra

which is the balance condition for steady currents.

Thus, the effective resistance of the aelf-inductancc under test is

(144)

If the condenser is not perfect, but has dielectric loss, the self-

inductance value given by the above expression is unaltered, but
the value of is affected.

If the self-inductance of the leads to the coil under test is appre-

ciable, this may be measured by short-circuiting the coil and obtain-

ing a second balance. The actual inductance of the coil may then
be obtained by subtraction.

Theory at Balance. The above theory may be simplified by considering
the case under balance conditions only.

Referring to Fig. 107 and taking - ig (in symbolic notation), we
have the equations

h(^i +
iJjcoC

— (^2 - ie)K*

Eliminating the currents ij, and gives

if, + jwL -} . coC . -jwC . /JjBj-ytoO . riJj, = 0

The balance conditions, as obtained above, are then determined by equating
real and imaginary terms.

The method can also be used to measure the capacity of the

condenser 0 if a calibrated self-inductance is available.

Butterworth'8 Method. This method is especially suitable for the

measurement of small inductances (e.g. a few microhenries).

The diagram of connections and the vector diagram are given in

Fig. 109.

L =» the self-inductance (of resistance to be measured

jRj a slide wire

C = fixed standard condenser

-fii* f *= non-inductive resistances.
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The resistance balance, or the balance for steady current, can be
obtained independently of the inductance balance by adjusting the

Fio. 109. Buttebwoeth’s Method for the Measurement of Small
Self-induotanobs

resistances and while the inductance balance is obtained by

adjustment of r and the slide wire setting.

At balance

R2 Bi '
. (145)

•nd *
i. = ^5^S^^[(2?8 + ii4)r + ii»(iJ* + r,)]C7 . . (146)

(Eef. (6) ). These conditions may be obtained from the mesh equa-

tions by a similar method to that used when considering the Anderson

bridge.
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To obtain maximum sensitivity

^

Butterworth has shown that the

following relationships should be fulfilled

—

where S is the resistance of the alternator branch (including r) and
D is the resistance of the detector branch. The resistance r, also,

should be small.

Fja. 110. Hay’s Bkidoe for the Measurement of Large
Sblf-induotanoes

Hay's Bridge, This method of measurement is particularly suited

to the measurement of large inductances having a comparatively

low resistance (i.e. having a large time-constant). The (diagram of

connections and the vector diagram are given in Fig. 110.

L is the inductance to be measured. is its resistance, O is a

variable standard condenser and R^ R^ and R^ non-inductive resis-

tances. Balance may be obtained by variation of C, R^, and R^,

At balance, volt drop across arm I = volt drop across arm II, and
volt drop across arm III = volt drop across arm IV.

Thus (i?j + j(oL)ii = i?2^2

r MgRjfJ
From which (147)
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and the effective resistance of the coil is

^ l+co^R^^C^ (148 )

Since the expressions for L and involve co (== 27rJ), the frequency
must be accurately measured.
Measurement with Superposed D.C. and A.C. It has been shown

by Landon and by Bartshorn (see B«f. 1, Fourth Edition, p, 391)
that Hay’s bridge may be used for t he n.easurement of self-induct-

ance in the case of iron-cered coils m which both direct and alter-

nating currents are flowing. Th .arrangement of the bridge for

such a measurement is as shown ij) Fig. 110a.

The direct current, which ma,y be adjusted to the required value
by passes through R^. L, md only, the condensers preventing

Fig. 110a

its passage through the other branches. The magnitude of the

alternating current passing through the coil L (under test) is regu-

lated by Og and r^. This current is obtained from the reading, when
the bridge is balanced, of an electrostatic voltmeter connected

"across R^. This reading gives the potential difference across

The voltmeter is removed before final balance of the bridge is made.
To obtain the requisite sensitivity, the detector D consists of a

vibration galvanometer supplied through a step-up transformer,

the condenser C^ being adjusted to resonate this transformer.

is a large condenser through w hich one comer of the bridge is

earthed. Its use avoids direct earthing of one sid% of the PiC.

supply. The bridge is balanced in the usual wi^ after the direct

and alternating currents have been adjusted to the requisite values.

Heavmde-Cam^eU Bridge. This method employs a standard

variable mutual-inductance, and can be used for the measurement
of self-inductance over a very wide range. It is one of the best

met^Kods for general laboratory use. Fig. Ill shows the diagram

of oonneotions of Heaviside’s bridge.
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The primary of the mutual indiiotometer is in the supply circuit,

and the secondary of self-inductance Z/g and resistance R^ form
arm II of the bridge. The inductance to be measured, of self-induc-

tance Lj and resistance /?j, is placed in arm I of the bridge. R^ and
S4 are non-inductive resistances.

L

Fig. 112. CAMFBiBi«n*s Modiitioation of the Heaviside
Bbidge

Balance may be obtained by varying the mutual-inductance and
resistances, R^ and R^. At balance,

+ jwLt) + jwMi = (^j + jcoLi)ii

Since f = », -+- 1,

», [Ri + jo>(L, + ilf)] = ^ [®x + joi(Li - if)]
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Thus
^^2 4- jco(L2 + M) ^ -f jco(Li - M)

Bs
or R, + j(o(L^ + M)] ^ R^ [R^ + jco{L^ - M)]

Equating real and imaginary quantities

i?2i?3 = jPiZ?4 (149)

and R.^iL^ + M) -=: R^{L^ ~ ilf ) , . . . (160)

If the resistances R^ and are equal,

Lg ^ :>/ -
or Lj- /yj r:- 2,'*^

In Campbells Modificaticno of the bridge (Refs. (10) and (11) ),

the resistances jRg and a c marie equad. A “balancing coiT' of
self-inductance equal to the self-^ uluctjmce Z/g mutual-induc-
tance secondary coil and of shghtly greater resistance than the
latter is introduced in arn> T, in series with the inductance to be
measured. A non-ind active resistance box and a “constant-induc-
tance rheostat” are also introduced in arm II. These additions are

shown in I'ig. 112.

Balance is now obtained, by variation of the mutual inductometer
and the variable resistance r, with the coil Rj, whose inductance
and resistance are to be measured, in circuit. Suppose the readings

of the mutual-inductance and resistance r are and r^. The coil

LiRi is now removed, or short-circuited across its terminals, and
balance is again obtained, giving, say, readings and fg.

Then Li = 2(lfi-ilf2)

and Ri =

By this method of operation the self-inductsnee and resistance of

the leads is eliminated and the inductance and resistance of the coil

are obtained directly.

The use of a balancing coil in the above arrangement reduces the

sensitivity of the bridge. Fig. 113 shows a better arrangement,

which improves the sensitivity and eliminates the balancing coil.

For this arrangement the secondary fixed coU of the inductometer

must be made up of two equal coils LL, the primary coil reacting

with both of them as shown. is the coil whose self-inductance is

to be measured. The resistances R^ and R^ are equal (J|g jR^ « R),

When so arranged the bridge is known as the H avutde-CampbeU
Equal Ratio Bridge,

At balance—obtained by varying the constant-inductance rheo-

stat r, and the mutual-inductance -f- —we have the relation-

ships
= jRg

« 2(ifi + ifa)and
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(where = inductance of inductometer secondary coil) the balance
conditions are

and = {n -|- l)M

When used as described above, the bridge can be^i«ed for the
measurement of inductances varying from very 1(^ values to

medium values. D. W. Dye (Ref. (9^ ) has modified the arrangement
in order to make it suitaole also for the measurement of large

inductances, and, when so modifie«» the method is a very good one
for this purpose

.

Measurement of Mutual Inductanoe. The simplest method of

measuring mutual inductan* a consists of passing an alternating

Fig. 115 . Fblioi’s Method of Mbasxtbing Mtjtijad Inductance

current—measured by an ammeter—through the primary of the

mutual inductance and observing the voltage induced in the secon-

dary by means of an electrostatic voltmeter. It is important that

the current shall have a purely sinusoidal wave-form, since harmonics

may introduce serious errors.

If the current in the primary is given by

i = Imax sin mt

then the induced voltage in the secondary will be

C = Jlf ^ = Mlynax CnS (jDt

or, taking virtual values of current and voltage,

E^mMI

from which
E
ml

Since m ^ 27r x ftequency, the frequency of the supply should be

accurately measured.
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Felicias Method, If a variable standard mutual inductometer is

available this method is an improvement upon the above. It can,

however, only be used for the measurement of mutual inductance

within the range of the standard inductometer. The connections

are shown in Fig. 115, where is the mutual inductance to be

measured and ilf is a variable standard mutual inductance.

An alternating current is passed through the two primary coils

in series, an4 the secondary coils are connected in opposition. The
standard inductance M is varied until the vibration galvanometer
D shows no deflection. Tlien, the reading of the standard gives the

mutual inductance of M^,
Some difficulty may be encountered—especially at high fre-

quencies—^in obtaining zero deflection of the detector D. The self-

capacity of the mutual inductances, and eddy currents induced in

circuits, or metal parts, in the vicinity, may render it impossible to

obtain exact balance, only a minimum deflection being obtainable.

Campbell (Ref. (3) ) has discussed these effects very fuUy and
shows how they may be taken into account.
Measurement of a Mutual-inductance as a Self-inductance,

It was pointed out in Chapter V that if two coils, of seK-inductances

Li and Lg, are connected in series, and if the mutual-inductance
between them is M, then the self-inductance of the arrangement is

given by L = Lj 4- Z/g ih ,
the alternative sign depending upon

the connections and on the relative positions of the two coils.

A simple method of obtaining the mutual-inductance ilf is to

measure—by one of the methods already described—^the self-

inductance of the combination, first with the two coils connected

in series, as in Fig. 116 (a), and then when connected as shown in Fig.

116 (b). In the first case L === Li-\- L2 + 2if, and in the second

L' Li + L2 - 2M, where L and L' are the measured self-induc-

tances. By subtraction

L-L':::=m (161)

or M == ;;

4

Mbasubement by Ballistic Galvanometer. The secondary

winding of the mutual-inductance is connected to a ballistic galvano-

meter> and aourrent of I amp. is passed through the primary winding.

Upon reversal of the current I an average E.M.F. of is

induced in the secondary winding, whereM is the mutual-inductance
in henries and t is the time in seconds taken for the reversal of the

current i. The average current in the galvanometer circuit wiU be

iMI
where R is the total resistance of the ballistic galvano-

meter circuit. Thus the quantity of electricity passed through riie
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ballistic galvanometer during the reversal is — coulombs. Now,

the equation giving the deflection of a ballistic galvanometer when
a quantity of electricity Q passes through it is

+ (see Chap. IX)

where T = time in seconds of one complt fce vibration of the gal-

vanometo moving njaiem

K ~ the galvanometer couij.t^aAjt

6 = the “throw*' of the galvanometer

X = the logarithmic dccreuient of the galvanometer vibration

Fig. 116. Mutual Inductance Connected as a Self-inductance

Hence, the mutual-inductance M is given by

""25 + .... (152)

MaxwelVs Method. The connections for the comparison of two

INDtrOTANOBS

unequal mutual-inductances are shown in Fig. 117 (a), is the

mutual-inductance to be» compared with the standard variable

ittductometer M, and L are the self-inductances of their secon-

dary windings. jBj and Jt^ are the total resistances of the two
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branches, and Z is a variable self-inductance inserted in either branch
I or branch II to obtain exact balance. The final balance is obtained
by successive adjustments of Z, and iZg.

Theory. TJaing the mesh currents as in Fig. 117 (a), the mesh equations
are

—

MmH /.

i?iX + -\-l)X~DY jmM^A - 0

or -f Z)j - jOF -f - 0

Utah II.

-f jo)L) (X -f F) + + jo}MA = 0

or + jo)L)X -f (i?2 -f- + ja)L)Y -f JcdMA — 0

where D — impedance of the detector circuit.

Since the detector current Y is zero at balance, we hav'e

+ joi{Ly -f 1)] + = 0 . . . (i)

X(i?a -f ja)L) -f joyMA = 0 . . . (ii)

Substituting in (i) for A from (ii),

X[R^ + MLr + J)] - = 0

M
or -f- jco{Li -f 0 = (^2 +

Equating real and imaginary quantities, we have

and

J?, = §i?,or

+ ^=f Xor

iZg
““

if

Li + ^ _ if1

L '“if

Hence
ifj Ri Li -f- Z

“T”' . (153)

Pig. 117 (6) gives the vector diagram for the network under
balance conditions. Then, since T = 0, the current in both of the

branches I and II will be X.
CampbdVs Method of Comparing Two Unequal MutuaUindtictances,

Pig. 118 gives the connections of the network for this method. M
is the unknown mutual-inductance whose primary winding has

self-inductance L. M^ is a standard mutual inductometer with

self-inductance L-^ in its primary winding. Suppose thatM is greater

than the maximum value of Jf^, then a variable self-inductance, in

series with the primary of the unknown, is inserted to make L + l

greater than R^ JB^, Ug, and R^ are the resistances of the four

arms.

The switches S^ and S^ are first throwil on to contacts so as to

exclude from the detector circuit tiie secondaries of the mutual
inductances. The bridge is then balanced by varying the resistances
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and the self-inductance Z. Then, as shown in connection with Max-
well’s method for the comparison of self-inductances,

P'1 __ Pb

P,^ T+l (154)

The secondaries of the mutual-inductances are then connected in

series with the detector, and in opposition to one another. This is

done by throwing over switches and S2 on bo contacts bb. Balance

Fig. 118 . Campbell’s Method fob the Comparison of Two
Mutual-inductances

is then again obtained by adjusting the variable standard Jlfj, the

four branches I, II, III, and IV being left unaltered.

Theory, Taking mesh currents X, X + Y, and il, as in the figure, we have

Mesh /.

{R^ -f j(oL^) (X-A)^ [i?, + Ml 4- Ly]X
- DF -f jcoMX --jcDMiiX - = 0

or 4 (X - ^) 4 [-R, 4 M^ 4 i') 4 jmM}X ~ DF 0

Meah II.

R^{X 4 F) 4 Rb{X ^ A) yd -^jioMX 4 jo>M^{X - X) 0

or (J?* -^ja)M)X 4 (i?4 4 i?f 4 D)Y + (R« + io>Mx) (X - « 0
tf

where D «» total impedance of the detector circuit.

When F « 0,

{Ri 4 (X — )
t= — X[i?| 4 Ji^(l 4 -hr) 4 jcoitf]

and (Ri 4 jmMi) (X - X) *= - X(Ri -ymitf)

By division

4 —yccJliifi ^ Ri 4 4 I") 4
Rg 4

**
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Hence

-f jcoMiIi^ -jcoM^i -f- w^LiM
= i?2/?8 + jmPsil 4- 4- jcoMR^ 4- - (o^My{l + L)

Equating real and imaginary quantities

RJi^ 4- m^L^M == R^R^ ~ lomS L) •

L^R^ - M^R^ - MR^ = RS 4- J^) 4- MR^ + M^R^ ,

R R
Using the conditions for the preliminary balance, viz. =s»

we have, from Equation (i),

L^M - »• M^{1 4" R) or
M,

I Jj R^ R^

~j.r
^

^3

and from Equation (ii),

- M^{R, + R,) = M{R, + R,) or -— Rj 4*

Rx 4’ Rn

Hence, finally, the balance conditions are

]\d I -f- L R2 -R2 -^4

Ml Li Ri + JR3 Ri R^

(i)

(ii)

Ri

l-hL,

(155)

Heydweiller's Modification of Carey Foster's Method. The con-

nections of the method are as in Fig. 119 (a). M is the mutual-induc-

tance to be measui^ed, having a self-inductance L in its secondary
winding. I is an additional self-inductance which may be necessary

to obtain balance of the bridge. C is a standard condenser. R^ and
JR4 are non-inductive resistances and J?i the total resistance of arm I.

The resistance iJg is made zero in Heydweiller’s modification of the

original Carey Foster bridge.

When i^a is zero the resistance R^ is obviously connected directly

across the supply (neglecting the primary of M). For this reason
JS4 is often a non-inductive, oil-cooled standard resistance. Balance
is obtained by varying R^, R^, and C. The primary of the mutual-
inductance must be connected so that the voltage induced by it in

arm I neutralizes the volt drop due to the current in this branch,

since, when = 0, the volt drop in branch I must be zero for

balance of the bridge to be obtained.

Theory. At balance

hE^i “H j^{t 4“ ^)] —j<oMi = igitJa

or, since 4 * 4-

Also,

Th^^ore,

Of.

lE^i + 4- L) -j(oM = 4- jcoM]

= iji?4

Ri + j(o(l 4" R) -jcoM JBg -f ja)M

j
^

i?4
i?a -

Q>0

RfR^ « RfR% Hh
M
C

€0(1 -f «*« mMR^ ~^
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Thus, M = C(R^U^ - B^)

and (Z + L) = M + _»

j

ifZf

ufAfi

Fio. 119. Hbydwbillbii’s Modification of Carey Foster’s Method

When i?2 = expression for (I + L) is made independent of

frequency, since the second term is then zero and

(1 + L)=^m(i + ^^
. . . . (166)

Fig. 119 (6) gives the vector diagram for balance condiviona, when
JSjj = 0. The vector representing the volt drop in the impedance
(Zj) of branch I, is counterbalanced by the vector a^Mi, representing

the induced voltage in the secondary of the mutuaWnductance, so

that Vi is asero.

Ileimreiiient ot Cai»adty» Although the commonest, and usually

the besti methods of measuring capacity are the altemating-ourrent

bridge u^hods, the apparatus required fbr such methods may not
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always be available. Under such circumstances one of the following

methods might be used.

Ammeter and Voltmeter Method. If an alternating voltage of

pure sine wave-form is applied.to a condenser of capacity C farads,

a current of oyCV amp. flow, where V is the R.M.S. value of the

applied voltage and cd = 2tt X frequency. If the current is mea-
sured by a low-reading ammeter and the voltage across the condenser

by an electrostatic voltmeter, the capacity can be determined in

terms of the readings of these instruments and of the frequency.

Instead of measuring the current by an ammeter, a non-inductive

resistance of known value may be connected in series with the

condenser, and the volt drop across this resistance measured by the

voltmeter. The current is then given by the voltmeter reading

divided by the series resistance.

If the voltage wave-form contains harmonics of appreciable

magnitude a correction may be made for this by multiplying the

measured value of the capacity, obtained as above, by the factor

y
+ . . .

7^2 + 97^2 + 25F52 + . . .

where F^, etc., are the values of the various components of

the voltage wave form. It is important in measuring capacity to

bear in mind the fact that, since the capacity reactance is
1

2nfC,
the reactance to the harmonics is less than the reactance to the

fundamental of the voltage wave, and thus the current wave is not

of the same shape as the voltage wave, the harmonics being accentu-

ated (see Chapter XV).
Fleming and Clinton’s Commutator Method. The connections

for this method—^which is a method using direct current—are shown
in Fig. 120. (7 is the condenser whose capacity is to be measured,

(7 is a moving-coil galvanometer whose natural period of vibration

is large compared with the time of charge and discharge of the

condenser.

Comnnitator Coiutructioil. The latter operation is performed by the com-
mutator K, the connections to which are as shown. This commutator consists

of three metal barrels, insulated from one another, and mounted on one shaft

as shown. The two outer barrels, which are connected, throng brushes
pressing on them, to one terminal of the battery and one terminal of the

galvanometer respectively, each have the same even number of lugs on their

peripheries. The inner barrel has teeth projecting radially and fitting in be-

tween theee lugs. The commutator is driven at a constant speed by a small

motor direct-coupled to it, a counter being geared to the shaft for the purpose
of speed mecumrement. A third brush, connected to one terminal of the

conoensw, presses on the rim of the commutator as shown. As the commu-
tator rotates this brush makes contact, first with the barrel oonitected to the
battery—whidi charges the cmadenser to the voltage F of the battery-^-and

then with the barrel connected to one terminal of the galvanometj^r^whieh
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diBcharges the condenser. The third inner barrel is provided to ensure smooth
running of this brush.

A commutator of this type, driven by a phonic motor to ensure a
very steady speed, is manufactured by Messrs. Muirhead & Co.

Since the time of charge and discharge of the condenser is small
compared with the period of the galvanometer, the latter is con-
tinuously deflected.

Let this deflection correspond to a current of I amp. in the gal-

vanometer. Then, if q is the charge (in coulombs) given to the con-
denser at each charge and N the numbe^’ of charges per second,

1/

Fio. 120. Fleming and Clinton’s Commutator Method fob
Capacity Measurements

the quantity of electricity discharged through the galvanometer
per second is coulombs per second.

Thus the current I = Nq
But g = OF where V is the battery voltage.

Therefore I = NCV

or (7= ^farads .... (167)

Leakage in the condenser may be detected by connecting the galvanometer
in series with the battery to measure the condenser charging current, a short-

circuiting wire replacing the galvanometer in the discharge circuit. The capa-

city of the condenser, determined from , where /' is the charging current,

should be the same as the previously determined value if leakage is negligible.

Maxwell’s Commutator Bridge Method has already been
described in Chapter II, page 69.

Ballistic Galvanometer Method. In this method the con-

denser is charged to a known voltage F by meana^ if a\»attery, and
then discharge through a ballistic galvanometer, the connections

being the same as those of Fig. 120, except that a key replaces the

commutator. The quantity of electricity (in coulombs) discharged

by the condenser is then given by

(t.5700)
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Then C = I

This method can also be used for the comparison of an unknown
condenser with a standard by comparing the quantities of electricity

discharged through the Ballistic galvanometer when charged to the

same voltage in each case.

With direct-current methods of measurement, the time of charge,

and of discharge, is important in the case of absorptive condensers,

Fig. 121. Die Saxjty Bbidge

since the measured value of the capacity will depend to some extent

upon these times (see Chapter IV).

A.C. Bridge Methods. De Sauty Method, This method is the

simplest way of comparing two condensers. When used on A.C. the

connections are as in Fig. 121.

= condenser whose capacity is to be measured

=: a standard condenser

and R^ = non-inductive resistances

Balance is obtained by varying either

At balance

and

Thus

or

^iRl — ^2^2

co(7i
^ (jdC^ **

. (168)

For maximum sensitivity, should be equal to C?i. The advan**

tage of the simplicity of this method is largely nullified by the fact

that it is impossible to obtain a p^ect balance if the condense
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are not both free from dielectric loss. Only in the case of air

condensers can a perfect balance be obtained.

If two imperfect condensers are to be compared, the bridge is

modified by connecting resistances in series with them, as in Fig.

122 (a). i?3 and are the series resistances, wliile and are small

resistances representing the loss components of the condensers.

Balance is obtained by variation of the resistances R^, R^,

At balance

from which it follows that

==
^3 + ^1 _ Oz

R^ Ra + ^2

The vector diagram of Fig. 122 (6) shows the relative positions of

the vector quantities under balance conditions. The angles dj and
d, are the phase angles of condensers Cj and C^ respectively.

Obviously

tan dj = == fiCcCi

mOj

and tan d2 == r^C^

From the condition ^ ==
Cl M4 + r*

C^ft^Ciri^CiB^-^CiR^we have
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or

Le.

Since

(ji)C^2 — oj^CjR^ “ C^^R^

tfin ^2 — tfin — C^R^

Cj^^
a, R,

tan <52
- tan mC^ * . (

159
)

from which expression the phase xngle of one condenser can be
found in terms of the phase angle of the other.

This method is due to Grover (Ref. (16) ).

In the vector diagram the angles 62 and di are exaggerated for

convenience in drawing. These angles are usually small, and thus
it is usually a sufficiently good approximation to write

tan (62 - <5i)
= coGi • • • (

160
)

Grover's Series Inductance Method, This method is somewhat
similar to the above, inductances being used instead of series

resistances. It is a useful method for the determination of the
capacity and power factor of a small condenser by comparison with
a standard condenser. The connections and vector diagram are

given in Fig. 123.

Li and are variable standard inductances. Rj^ and R^ are the

resistances of the arms in which these inductances are situated.

Non-inductive resistances may be connected in series with and
in which case JR| and R^ are the resistances of the arms, including
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tlie resistances of and Lg. C^ is the unknown condenser. C^ is the
standard condenser, while and fg are resistances representing the
loss components of these condensers.

Balance is obtained by variation of the inductances and Z/g,

and of the series resistances in these arms if necessary.

At balance = (R^ +^^>^^2)^2

and

From which we have
C^

^

iijf^C^
j j

(161)

In most cases, when L, ttid L. ere not large, the second term may
he neglected, whence

^ LU
(162)

The phase angles 6^ and 6^ of the two condensers may be obtained
from the expressions

tan di = r^(JoC\

and tan ^g -= rgCoOg

Substituting the relationship

C, R,

in the first of the balance conditions, we have

r r ^ ^

„ ^2 A
c/^-R.C, C,R]

whence

or

mOgrg - coCir^ = &)

tan *- tan ^g = a>

= tan di - tan Og . - . (163)

f,

where Oj and $2 the phase angles of the induc^tance arms I and II.

V Wien's Method. This method is a convenient one when an im*
perfect condenser is shunted by a resistance as is the case in cable

testing. In Fig. 124 (a), in which the connections of the bridge are

shown, C^ is the equivalent shunt capacity of the condenser, and
the shunt resistance. The condenser C^ is a standard air condense*

and iig, and R^ are non-inductive resistances. If the unknown



218 ELECTRICAL MEASUREMENTS

condenser is not already shunted by a resistance, the resistance jBj

is placed in parallel with it. Balance is obtained by variation of

the resistances R^, R^y and R^.

At balance

^ (l +jmC,R,) =
and tjjRa =

'Hence, it follows that

and

jRg
^ ^2

1 + (o^R^^C^^
’

7^3(1 + (o^R^^C^^)

(164)

(166)

The vector diagram for balance conditions is shown in Fig. 124 (5)*

Other Bridge Methods of Measuring Capacity. The Schering

Bridge method of measuring the capacity and power factor of

condensers has already been described in Chapter IV.

Some of the methods already described earlier in this chapter

for the measurement of self* or mutual-inductance in terms of capa-

city form convenient methods of measuring the capacity of a con-

denser in terms of self- or mutual-inductance, if suitable inductance

standards are available. Obviously, such methods may be used
either way about without modification, the theory of the method
remaining the same. Two such methods are Avderam'd Bridge and
the Carey-Foster Bridge*

^ Olher methods of measuring both mductanoe and oapaoity are given in
Hague^s AUsrmtmg Cmttnt Brmgs Methods and in the XHot^mairy of Af^NM
FhgmSy Voh H, to which worlKS the reader is referred for further imcmmUom
on the BUbjeot*
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Bbidob Methods fob Special Pubposes. Measurement of the

8elf4nductance of Alternating^current Resistance Standards, It is

often important that the self-inductance of heavy-current, low-
resistance standards for use in alternating-current measurements
should be known. The inductance of such standards is usually very
small, and its measurement necessitates special methods. Watt-
meter methods, using a refiectir«g-type wattmeter, have been devised

for such measurements, biit do not compare favourably with alter-

nating current bridge methods, and the latter are therefore in more
general use.

CampbelVs Method, The connections of this method (Ref. (13) ) are

given in Fig. 125. The standard resistance i?, has four terminals,

G^C^ being its “current terminals,’' and “potential ter-

minals”—whence the name “four-terminal resistances” given to such
standards. The self-inductance of J?, is I, M^, M^, and M are three

variable mutual-inductances, the former two being not neoessanly

of known values, and the latter being a low-reading standard induc-

tometer. R and L are the resistance and inductance of the circuit

containing the secondary winding of M^ and the primary of M^,
D is the detector. Balance is obtained by variation of the three

mutual inductances as required. These should be well spaced in

order to avoid mutual inductance effects between them.

Theory. At balance the sum of the voltages in the^dete<jil« r eirouit is zero.

Thus, (jB, -f jml)i -f j<oMi -f « 0

or “b yo(Z -f- Af)] 4“ 9

Also, in the eirouit containing L and i?,

jcoMii -b ii{R -b jwL) « 0

Rg -b *b M) ^ joiMt

BRg - -b Af) -b jtoLRg -b jioRit + Af )
- -

Hence
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Equating real and imaginary quantities, we have

~ o)^L{l 4- ilf
)
« ~

RR^ = (o^[L{l + M)- JlfiM,]

and R{1 ^ M) LR, = 0 (106)

Thus the self-inductance I can be found if L, Ry and M are

known, the values of Mi and M2 being unnecessary.

If Ml and M are reversed the expression for Z becomes

or

MjJ _L
' R, R

I = M-

It is necessary for balance that M should be greater than I and

MiM2>
L^R,

R
In the same paper Campbell describes the application of this

method to the measurement of the capacity and power factor of

condensers. For this purpose the comiections of the network are

the same, except that the condenser replaces the standard resistance

Rf. Balance is obtained in the same wayT and it can be shown by
the method used above that the balance conditions are

and

1

Cco^
M +

rL

'R

Rr

(167 )

(168 )

where C is the capacity and r the series resistance representing the

loss component, of the condenser under test. The power factor

r(oC can be found from the two equations,

and JL - M -1-

(
169

)

(
170)

which follow from the balance conditions. If the time constant
is small ^

a>*M (
171 )

to a very close approximation.
Bartshom^s MeOiod for the MeumremeM of the Sdf-ind'uctance of

tmo-resuftame SUmdards, Thia method, described by L. Hartshorn
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(Ref. (18) ), is essentially a modification of the Kelvin double bridge
(see Chapter VII), and compares the phase angles of two low-
resistance standards. To obtain the requisite sensitivity the supply
is of telephonic frequency, and telephones are used as the detector.

This is justifiable, since the frequency has little effect upon the

inductance of such standards. The connections are given in Fig. 126.

8 and X are the two low-resistance standards whose phase angles

are to be compared, that of 8 oeing know a and that oi X unknown.
Let their resistances be and Uj. ond tii^^ir rtclf-inductances and

Py Qi Vy ^-iid q air sL.elded a rear five n^sistances, and and

Fia. 126 . Hartshorn’s Method for the Measurement of Self-
inductance OF Low-resistance Standards

rg are low resistances—most suitably slide-wires—for fine adjustment
of the resistances of the arms. C^ and C^ are variable air condensers,

shunting Q and q. The leads from the potential terminals of S and
X are run close together to avoid inductive loops. R and K are

variable resistances with their connecting point earthed as shown.
R 8

If the ratio -jr-, is made equal to ^R A the potential of the

detector D is that of earth, although it is not actually earthed. By
this means earth-capacity effects between the telephone detector

D and the operator's head are eliminated. Thi^ poin^ will be dis-

cussed further in connection with the Wagner earth device (see

page 223).

Operation. In operation the following procedure is adopted

—

1. Adjust and C^, with connections as shown, until balance of

the bridge—i.e. silence in the telephones—^is obtained.

2. Remove the link M, connecting S and X, and obtain balance

again by adjusting and C^.
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3. Replace the link and obtain balance again by adjusting and
0,.

4. Repeat the above procedure until balance is obtained with the
link either in or out. Let the reading of for this condition be C-^

,

5. Remove the link, transfer the supply to the points and
adjust Cl until balance is again obtained. Let the setting of now
be
Then the expression for the time constant of X is

= + + ^ ™
where Lp and are the self-inductances, and P and $ the resistances

of P and Q.
The original paper should be consulted for a fuller consideration

of the method.
Sources of Error in Bridge Measurements and Precautions.

Although it is best, in considering the sources of error in A.C. bridge

measurements, to treat each particular method separately, the space

available here does not permit such consideration. The possible

sources of error are considered in general below. For more detailed

treatment the reader is referred to Dr. B. Hague’s excellent book on
Alternating Current Bridge Methods

^

to which work the author has

referred for some of the information contained in this chapter.

Stray Field Effects. Errors may be caused by the fact that the various arms
of the bridge network may be—unintentionally—either magnetically or elec-

trostatically coupled, due to the “stray** magnetic or electrostatic fields

existing round apparatus included in the network. When such effects are
present the simple theory of the network—considering each arm as being
entirely separate from the other arms except where intentionally coupled
together—is no longer quite true. Under these conditions the detector may
indicate balance—or zero deflection—^when balance conditions have not really

been obtained.
In networks containing two or more self- or mutual-inductances there may

be mutual-inductance between two of them in different bridge arms. Usually,
stray magnetic fields will be more important than electrostatic stray fields

when inductances and resistances only are present. If the bridge contains
condensers the opposite is the case, errors then being caused by inter-capacity

between the various arras. Loops formed by the leads coijnecting a piece of

apparatus to the bridge may also introduce errors owing to their inductance.
In inductance measurements the leads should be twisted together to avoid
such loops, while in capacity measurements the leads should be separated from
one another to avoid capacity between them. As already pointed out, it is

possible in some cases to eliminate the effects of the leads by making two
measurements on the bridge—one with the apparatus under test in circuit,

and one with the piece of apparatus short circuited—or by substituting a
variable standard for the unlmown and adjusting it to give balance with the
same bridge settings as when the unknown was in circuit.

To avoid errors due to magnetic coupling between arms the inductance coils

used i^ould be wound astatically—i.e. having no appreciable stray magnetic
fleld*~^r mtignetic screening may be adopb^. For such screening a thin
sheet of high permeability material is placed so as to prevent the stray mag*
natio field from reaching the apparatus in the other arms. The inductance
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coils should, also, be arranged at some distance from one another and from
the bridge. Mutual inductance between two pieces of apparatus can often be
detected by altering their relative positions and observing if the bridge settings
for balance are altered thereby.

In some cases errors are caused by direct induction effects between the
supply to the bridge, and the detector circuit, which may cause the detector
to indicate the passage of a current through it when the bridge is, in reality,

balanced. Such effects may be eliminated by placing the supply alternator
at some distance from the bridge and by supplying the bridge through an
“inter-bridge transformer.” The latter is a transformer having windings
which are very well insulated from rn.) ant^ther and which have an earthed
metallic screen betweeii n. SuCb rt nsfo»*mer8 siiould have a closed mag-
netic circuit to avoid magnetic leakf* ^ the core ‘'/ten consisting of sheet steel

riiig launchings. Usually tliere are - veta; windings on the transformer to
afford a chon: m the working \olfcage

When telephones are being useil, direct mduction between apparatus in

the bridge arms and the telep! one ciri uii may produce sound in the telephones
when the bridf?o is balanced Vhe ^irosence of such direct induction may be
detected by moving the head, whot* the bridge is almost balanced, so as to
alter the plane of the telephones relative to the bridge. If no difference in

sound is detected when the t^lephuties are thus moved about it may be assumed
that such induction effects are negligible. To eliminate such effects, when
present, the telephones must be disconnected from the bridge and moved
so that Silence is obtained when the bridge is supplied with power from the
alternator. Adjustment of the bridge to obtain balance must be carried out
with the telephones in this position.

Errors due to electrostatic coupling between the various arms of the bridge
and to earth capacities of the various pieces of apparatus may be guarded
against bj' electrostatic screening. The use of such screens renders these
capacity effects definite in magnitude and independent of the distribution
of the apparatus forming the bridge network. By this means the effect of
such inter- and earth-capacities upon the accuracy of the bridge may be made
very small.

A similar purpose is served by the various earthing devices of which that
due to Wagner (Ref. (21) )

is the most commonly used.

Wagner Earthing Device. This device is very generally used in conjunction
with most of the bridge networks previously described, and is usually very
necessary if accurate results are to be obtained. Fig. 127 shows the connec-
tions of the device for use in conjunction with the general form of bridge
network, Zj, Z„ and Z^ are the impedances of the bridge arms. X and
F axe the two variable impedances of the Wagner earth branch, the centre
point of which is earthed as shown. These impedances may consist of variable

resistances and self-inductances similar to those used in the arms of the bridge
proper, but not necess€irily of known value. D is the telephone detector.

n the switch iS is on contact 6, balance of the bridge may bo obtained by
adjustment of the impedances Zx, Zg, etc. At balance, the points a and b are

at the same potential, and no current should flow in the detector branch.
These two points are not, however, necessarily at earth potential, and it is

found that a capacity current flows from the detector branch to the observer’s

head through the telephones, thus rendering complete iil^nc^.. the telephones
unattainable, although a point of minimum sound can be obtained.

After adjusting the bridge to give minimum sound, the switch S is thrown
on to oont^t o, so that the telephones are then connected between point a
and earth. X and F are next adjusted until silence is obtained. Under these

conditions point a must be at the same potential as earth although it is not
permanently earthed.
The telephones are next connected, by the switch, back on to ab, and Z*

and Z4 are adjusted to give minimum sound a^in. The process is continued
until mienoe is obtained with the switch on either of the positions b and c,
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without further adjustment of the impedances being required when the switch
is thrown over from one to the other. Then all three points a, 6, and c must
be at earth potential. Thus the telephones are at earth potential and the
capacity effect with the observer's head is eliminated.
Lepage Errors. If the insulation between the various pieces of apparatus

forming a bridge network is not good, trouble may arise through leakage
currents from one arm to another. This is especially true in the case of high
impedance bridges. To avoid this the apparatus used may be mounted on
insulating stands.

Eddy Current Errors. Standard resistances and inductances used in bridge
networks should be so constructed as avoid variation of their values due
to eddy currents when bhe frequency is varied. The effective resistance and

Fia. 127. Connections of Wagner Earth Device

inductance of a piece of apparatus under test may vary with frequency due
to this cause. Large masses of metal in the vicinity of the bridge should be
avoided, as the flux produced by eddy currents induced in them may set up
troublesome E.M.F.s in parts of the network. In the case of mutual indue-
tances eddy current effects, if present, cause the induced voltage to lag by
some angle less than 90® behind the inducing current, in which case the simple
theory of the network does not hold.

Residual Errors. In speaking of the resistances used in the various bridge
networks the description “non-mductive” or “non-reactive” has been applied
to them, indicating that their inductance and capacity are both zero. Although
resistances for such purposes are constructed so that these quantities are very
small, it c€mnot always be assumed that they are zero. The term “residual**
is used to indicate the small inherent inductance or capacity of a resistance
coil. In precise work it is sometimes necessary to take these residuals into
^oount—for which purpose they must either be measured or calculated-
in order that errors due to them shall be avoided. The self-capacity of coils
is usually only important when the coil has many turns and the supply
frequency is mgh. The resistance and inductance of such coils are increas^
and reduced, reapectively, due to this cause by amounts which are proportional
to the squa^ of the frequency (Refs. (19), (20) ).
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Frequency and Wave-form Errors. Some of the bridges previously des-
cribed are independent of the frequency of the supply in the sense that the
balance conditions do not involve the frequency. In such oases, therefore,
the frequency of the supply is only important in its effect upon the effective
resistance and inductance of the apparatus under test ; and the fact that the
supply wave form contains harmonics is only important for the same reason.

In the case of networks in which the balance conditions do involve the
frequency, the latter is important and must be carefully measured. The wave-
form of the supply is also obviously of importance, since tb^.’ bridge cannot
be balanced both for the fundamental and the harmonics in the wave-form
(if any) simultaneously. If telepnone« are employe*! in such bridges it will be
found impossible to obtain < ompiete 3<ience, only h point of minimum sound
being obtainable.

There are two means of circumve'j* ug this diffi*,alty. The first is by using
some form of ‘ wave filter'* such as those described by Campbell (Ref. (14) ),

and the second is by using a tuned d">t6ctor, such as a vibration galvanometer,
instead of telephones. Such detectors will not respond appreciably to fre-

quencies other than that ol t>ie fundamental of the supply.
It is advantageous, if possible, to use in the bridge network such values of

the impedances that the frequency term in the expression for the quantity
to be measured is reduced to zero.

Apparatus Used in Conjunction with A.C. Bridge Networks. (1)

Sources of Current. These may be conveniently divided into

three classes
:
(a) Microphone hummers, (6) alternators, (c) oscillators.

() Microphone Hummers provide a means of obtaining a supply

of constant frequency, and of reasonably pure sine wave form, by
the use of comparatively simple apparatus. The power obtainable

from such sources is, however, usually small. Fig. 128 illustrates

the principle and connections of such a piece of apparatus due to

Campbell.
A steel bar, 2*5 cm, diameter, and of length depending upon the

desired frequency
(
given by length = .

)
is supported

\ V frequency/
at two nodal points by knife edges. This bar carries a microphone
M at one end, connected to one terminal of a battery as shown.

jP is a transformer having three windings, an earthed screen being

placed between the winding supplying the bridge and the other two
windings. C\ and are condensers. An electromagnet, energized

by two coils as shown, is placed under the centre of the bar. Coil A
is for the purpose of polarizing this magnet and carries the micro-

phone current, while coil B maintains the bar in vibration when
once such vibration is started.

The frequency obtained by this means is very con tant, and the

wave form is good, the disadvantage being the small amount of

power available.

Details of a number of other microphone hummers and of inter-

rupters, etc., are given by Campbell (Ref. (3)) and by Hague (Ref. (J )).

() AUermtors of the inductor type are in common use for supply

purposes, and have the advantage of a comparatively large output,

although the frequency obtainable is not so constant, nor, in general.
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is the wave form so good as that obtained by other methods of

supply. For measurements at commercial frequencies a motor-

alternator set of the ordinary type may be used. For higher fre-

quencies (of the order of 600 to 2,000 cycles per second) an alternator

such as that due to Duddell (Ref. (24j ) may be used. Different fre-

quencies may be obtained by varying the speed of the driving

motor, but constancy of frequency may require the use of an
automatic speed regulator.

The most suitable type of alternat >r, giving a comparatively large

output and good wave form (slight 3rd harmonic), is the Duddell

Fia. 128. CAMPBEiJii Miobophone Hummer

alternator referred to above. This machine has a rotating field

system and a stator which is in the form of a smooth ring—unslotted

—carrying a Gramme ring winding to avoid tooth ripples. The
rotor is a steel disc of 20 cm. diameter, with 30 projecting pole pieces

each carrying a magnetizing coil, these coils being held in position

by wedges in the slots separating the poles, and being supplied with
direct current from a battery. The alternator is driven by a motor
and a link belt. Frequencies up to 2,000 cycles per second are

obtainable by variation of the motor speed, the alternator speed

for this frequency being 8,000 r.p.m. A motor running at 2,000 r.p.m.

may be used, the required alternator speed being obtained by
gearing by means of the pulleys upon which the link belt runs.

The speed of the motor may be controlled by connecting a low fixed resis-

tance in the armature circuit, for starting purposes, and a diverter resistance

in parallel with the armature itself for speed control purposes. This method,
especially at the lower speeds, gives much greater stability of speed with
variation of load than the more usual variable armature series resistance

method.
As stability of speed (and therefore frequency) is of great importance, it is

often a useful precaution to include in series with the bridge network, a variable
resistance and a low reading ammeter, so that the lo^ resistance may be
maintained constant by adjustment of this variable resistance whenever the
impedance of the brid^ network is altered. By this means the load on the
driving motor is maintained constant and the speed remains steady.
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The Duddell alternator as described above has an output varying
from a few watts at 100 cycles to about half a kilowatt at 2,000
cycles. In a test upon a machine of this type, the following results
were obtained

—

Alternator field D.C. volts . . 100
Alternator armature voltage . from 3 volts at 100 cycles up

to 55 ^^olts a1 1,000 cycles

Alternator output . . , 5 watts at 100 cycles to

400 watts dt 1,200 cycles

Bridge Current, lu coruiwtum the
^

of current to a bridge
network it must be pouitod out the current-carrying capacity of the
impedances forming tiie arms oi the network should be carefully considered.
It may happen that the total 'mpe^*aaco of the two arms forming one “side”
of the network (such as arms and in Fig. 127) is low compared with the
impedances of the other two “sid6& In »uch a case the low-impedance side

may take an excessive current, with consequent damage to the apparatus
in these arms. A rough rule in connection with current-carrying capacity in

the case of resistance boxes is to allow from ^ to 1 watt per coil in circuit in

the box. For example, in the caso of a 10 ohm coil, allowing J watt per coil,

the currei't-carrying capacity is = 0*22 amp., since /*/? ~ 0-5.

From this point of view it may, in certain cases, be best to make up any
required resistance by using as many coils as possible to obtain a greater
radiation surface; thus 10 ohms may be made up of 5 ohms, 2 ohms, 2 ohms,
and 1 ohm, instead of using one 10 ohm coil.

(c) Oscillators, The advantages of this method of supply are that

the frequency is absolutely constant and determinable with great

accuracy. The power available is sufficient for most bridge measure-
ments, and the wave form is very close to a pure sine wave. For
these reasons this method of supply is very largely displacing other

methods.
Such oscillators depend upon the fact that a circuit containing

inductance L and capacity C has a natural frequency of oscillation

given by / = . If such a circuit has an E.M.F. induced in
277 V LC

it and is then left to oscillate, the fiequency of oscillation of the

current in the circuit will be given by the above expression. The
natural dying away of these oscillations, due to resistance in the

circuit, is prevented by supplying energy from another circuit con-

taining (say) a three electrode valve and henc^ osc9'ations of this

frequency are continuously produced.

Kg. 129a gives the connections of a Triode valve oscillator, as

oommbnly used for purposes of bridge supply. is a battery of

about 200 volts to obtain the requii:ed anode potential in the valve

F. JSj, is a 6 volt battery, with regtdating resistance R, for the purpose

of beating the filament of the valve. and Lg inductively

coupled with coil £i,[the latter being part of a tuned circuit of which
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the other part is a variable condenser C. The tuned circuit is con-

nected in the valve anode circuit and coil Lj in the grid circuit, as

shown, while coil i>2 supplies the bridge network. The tuning is

carried out by variation of the condenser G by means of which any

desired frequency within the range of the apparatus may be obtained.

Fio. 129a. CoNNKCTioNS OF Tiitot>k Valve OscitiLATou

In operation, when the circuit is first closed a current is ])roduced

in the anode circuit, and oscillations are set up in the tuned circuit.

Owing to the inductive coupling between coils and these

Fig. 129b. Valve Oscillatok

oscillations cause variations of grid potential which produce currents

in the anode circuit of the valve and so the oscillations are main-

tained, the energy required for the supply of the losses being ob-

tained from the batteries.

Any frequency up to the extreme limit of audibility can be

obtained by suitably choosing the values of the inductance L^ and

the condenser (7, e.g. if is henry and (? is 1 microfarad,
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“ 955 cycles per second

Fig. 129b gives the connections of a valve oscillator which has
been developed by the Cambiidge Instrument Compaxiy. The oscil-

lator covers a frequency range *^»f 60 30,000 cycles per second.

Fio. 130 (a to/). Construction of Various Types of Variable
Resistances

The output is about 0*3 watt at 100 cycles ;
about 2 watts at 350

cycles ; and about 0*2 watt at 30,000 cycles.

(2) Variable Resistances, Inductances, and Condensers.
Fixed standards of resistance, inductance, and capacity have been

described in Chapter II.

Variable Resistances. These are usually in the form of resistance

boxes. Fig. 130 illustrates the various metho^ oft ^ranging and
mounting the coils in such boxes. Fig. 130 (a; shows the simpl€«t

arrangement, in which the removal of a plug puts a coil in circuit.

The reading, as shown, is 56 ohms. An open-circuiting link or plug

is usually provided. Fig. 130(6) shows the “straight-decade arrange-

ment. One plug only is necessary for each decade, the reading with

plugs as shown being 630 ohms. The dial arrangement, the value of

the resistance in which is varied by the rotation of a laminated



230 ELECTRICAL MEASUREMENTS

copper brush or arm, is shown in Fig. 130 (c). Fig. 130 (d) illustrates a

common method of mounting the resistance coils, the coil being

non-ihductively wound on a brass spool. These brass tubes have
usually a double layer of silk ribbon wound on them, and are coated

with shellac varnish and baked to remove moisture. Manganin wire

is used ill all high-grade resistance coils, the coils being impregnated
with shellac after winding, and being annealed by baking for 10

hours at 140° 0. After annealing, the coils are usually boiled in

parafhn wax to prevent the absorption of moisture. The ends of

the coil are soldered to the terminal blocks with silver solder. Two
brass rods, connected to the brass contacts on the top of the box,

serve as terminals for the coil. The Leeds and TSlorthrup Co. use an
improved method, which consists of attaching the coil spool to the

contact blocks and soldering one en<l of the coil to the spool, the

other end being soldered to the spool of an adjacent coil.

It is of great importance in accurate work that the contact

resistance in such resistance boxes shall be small and constant in

value. The various manufactiiring firms have developed different

methods of attaining this, two such methods being shown in Figs.

130 (e) and 130 (/). The former showsthe specialtype of plugdeveloped
by Messrs, Gambrell Bros, This takes the form of a hollow brass

cylinder with brass centre pin, the outer surface being coated with
ebonite, milled so that a good grip on the plug may be obtained.

This plug fits on to two contact blocks, of the shape shown on the
left in the figure. They are slightly conical and have a centre hole

to take the plug pin. When the plug is inserted the conical shape of

the contact blocks serves to clamp it, and a very good contact is

obtained. This type of plug has the advantage that it is independent
of the other contacts on the lid of the box, which is not the case with
the form of contact shown in Fig. 130(a), where the insertion of a
plug in a hole adjacent to a plug already inserted tends to]]tighten

the original plug in its hole.

The sliding contact shown in Fig. 130 (g) is used by Messrs. H.
Tinsley & Co. for dial pattern resistance boxes. The contact blocks
are cut away as shown, a multiple-leaf copper brush being fitted to

make* contaet on both the top and bottom surfaces of the slots cut
in these blocks. This method gives a very good contact on all studs,

is compact, and gix^es protection to the contact surfaces by shielding

them, to some extent, from dust.

Fig. 130 (ft) shows the construction of a dial-pattern resistance box
by the Cambridge Instrument Co. for use in a.o. Bridge measure-
ments.

When plugs ar© used, as in the first two methods shown in the figure, car©
should be taken to ensure that these are firmly pressed home before measure-
ments are made, as appreoiable oontaot resistance may result if any of the
pltigs are loosely insei^d. 3uch plugs should be inserted and withdrawn
With a rotational, or screwing, motion, and not simply pushed in, or pulled
out, dirsetly. The former method of insertion ensures good contaot and



Fig.

130(a)
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prevents the plug from fastening tight in the contact hole, while, if the plugs
are pushed directly in, considerable difficulty may be experienced in removing
them and the contact blocks may thus become loosened.

Obviously the fewer the number of plugs used, the better, and for

this reason the anangement shown in Fig. 130 (6) is an improvement
upon that of Fig. 130 (a).

Resistance boxes are made up in a large variety of ranges, varying
from a total of 11 ohms variable in steps of 0-1 ohm up to a total of

1 megohm. The arrangement of the coil resistance values shown
in Fig. 130 (a)—viz. 5, 2, 2, 1 ; 50, 20, 20, 10, etc.— is most usual.

The adjustment of the resistance

values [of the toils varies accord-

ing to the type of box considered.

For ordinary purposes, these values

may be adjusted to 1 part in 1,000,

while in the case of boxes for pre-

cision purposes, the adjustment is

usually to 1 part in 10,000.

It is essential that resistance coils

for use in A.C. bridge measurements
shall have very small residual in-

ductance and capacity. Special

methods of winding are necessary
to fulfil this condition. To obtain
a very small inductance the coil is

wound so that adjacent parts of it

carry currents in opposite direc-

tions. In this way the magnetic
field of the coil is kept very small.

The self capacity of the coil is kept small by subdividing it so that

adjacent parts have a very small capacity and also have only a
small potential difference between them.

Since the self-capacity of coils wound on bobbins is usually quite

small, the reduction of their inductance is often the most important
question. The winding of alternate turns of the coil in reverse

directions is one method used for this purpose. This method is

illustrated in Fig. 131 (a), the arrangement shown being due to Grover
and Curtis (Ref. (17) ). The wire is wound on a cylindrical former
having an axial slit along the greater part of its length. The wire

passes through this slit once in every turn, so as to give reversal

of winding direction. The arrow heads show the directions of

current in various parts of the winding. Obviously the magnetic
effects of adjacent turns neutralize one another. This type of coil

has a very small inductance, but is somewhat difficult to wind.

Fig. 131 (6) shows the Chaperon (Ref. (22) ) method of winding.

This winding is really an extension of the bifilar principle, the cur-

rents in adjacent wires neutralizing one another as regards resultant

{Cambridge Instrument Co.)

Fio. 130W
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magnetic field, as shown. Both the inductance and capacity of coils

wound in this way are small.

Modifications of this method have been used in which the winding
is divided into a num!)er of sections connected in series.

Fio. 131. Non-indttctive Windings

Fm. 132. Campbell Constant-induotancb Rheostat

Campbell Constant Inductance Rheostat. There are several forms

of low-resistance rheostats designed to havf a ’Itry low and cal-

culable inductance. These are usually constructed on the bifilar

principle, and are often of the slide-wire fojrm. Fig. 132 (a) Ulustrat^

the construction of Campbell’s constant inductance rheostat. This

is a very useful piece of apparatus for use in certain bridge measure-

ments, since it enables a fine adjustment of the resistance of a

bridge arm to be made without altering the inductance settings.
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The resistance is increased by moving the sliding contact to the

right (Fig. 132 6). Such a movement increases the length of man-
ganin wire in circuit and reduces the length of copper wire in circuit.

Whatever the position of the slider, the total length of wire in

circuit is always the same, and forms a bihlar loop, thus maintaining

the inductance small and constant.

Variable Inductances. Such pieces of apparatus should have as

high an inductance as possible compared with their resistance, i.e.

their time-constant should be great.

The’ r inductance should be continuously

variable and should cover as great a range

as possible between maximum and mini-

mum settings. In addition, it is highly

desirable that the variation of inductance

with position of the moving part should

obey a straight line law, and also that

the coils shall be astatically wound. The
inductance for a given position should

not, of course, vary with time, and vari-

ation of frequency should not cause

appreciable variation of inductance.

Most variable-inductances are so con-

structed that they can be used as either

self- or mutual-inductances. When used
as self-inductances the fixed and moving

coils are connected in series and the inductance is given by

L = L-^ L2 ih 2jM

where L^ and L2 are the self-inductances of the fixed and moving
coils respectively, andM is the mutual-inductance (variable) between
them.

In order to eliminate frequency errors the coils are usually wound
with stranded wire and the use of metal parts in the construction

is avoided as far as possible.

Ayrton-Perry Inductometer. Fig. 133a shows, diagrammatically,

the construction of a simple form of variable inductance (self or

mutual) due to Ayrton and Perry. The moving coil is mounted
inside the fixed coil and is carried by a spindle which also carries a
pointer and handle at the top as shown. Movements of the pointer

indicate the variation in the angle between the planes of the coils,

but the scale may be graduate to read the inductance directly.

When constructed for use in accurate measurements, the coils are

wound on mahogany formers wjiose surfaces are spherical and great

care is necessary in fixing the coils so as to ensure constancy of

inductance with time.

This form of inductometer can be cheaply and easily constructed
for use as a variable self-inductance in cases where the inductance

Scale

Pointer

Fixed
Coil

Moving
Coil

Fig. 133a. Ayrton-Pbrry
Indxtotometer
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must be variable but not necessarily known, e.g. for use in one arm
of the Wagner earth device.

Its disadvantages are that the instrument produces an external
magnetic field, which may be troublesome if the inductometer is

placed near to the bridge network, and that the scale is not linear.

Fig. 133b shows an Ayrton-Perry Inductometer as manufactured

{Munhcad)

Fig. 133b. Aykton-Vjerby iNnuoTOMETisR

by Muirhead & Co., Ltd. The instrument shown has a range of 4

to 40 millihenries.

Brooks and Weaver Indvctometer, This form of inductometer

(Ref. (23) )
is one of the best forms for general pf' poses. The coils

are wound and connected astatically, the time-constant is high, and
the scale is uniform throughout the greater part of the range. It

is also fairly easily constructed, and its calibration remains reason-

ably constant with time even when in continuous use. The current

calling capacity, also, is high for this type of apparatus.

The construction of the inductor is shown in Fig, I34a. There
are, in all, six link-shaped coils—^four fixed and two moving, These
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are wound with stranded wire. The moving coils have twice as

many turns as the fixed. These coils are embedded in ebonite or

bakelite discs which are about 15 in. diameter. Bakelite has the

advantage that it has less tendency to warp than ebonite. The top

and bottom discs, which are fixed, are about \ in. thick, and are

separated by ebonite or bakelite pillars. The centre disc is thicker

—

to carry the larger coils—and is of slightly smaller diameter. It has

(a)

Fig. 134a. Constructiok of Brooks and Weaver Tnductometeb

a bevelled edge, upon which a scale is marked out over 180° of its

circumference, this scale being used in conjunction with an index

mark on the lower fixed disc Connections to the moving coils are

Fig. 134b. Hblativb Dimensions of Brooks and Weaver
Induotometbr

made through copper or phosphor-bronze ligaments soldered to the

two halves of the spindle.

The dimensions of the coils are specially chosen to give a uniform
scale, and also to obtain as great an inductance as possible for a
given length of wire. The relationships between the various dimen-
sions are given in Fig, 134b, in terms of the mean radius R of the

semicircular ends of the coils. The depth of the moving coils should
be the same as their width of winding, viz. 0*78JS, and the depth of

the fixed coils 0-39fi.

A great advantage of this method of construction is that small
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variations of the length of gap between (say) the moving disc and
the upper fixed disc, due to warping of the former or to wear of the
bearings, have no appreciable effect upon the inductance of the
instrument, since movement away from the upper fixed disc means
movement towards the lower one, thus maintaining the inductance
the same within narrow limits.

Fig. 135 shows the calibration curve for an inductometer of this

Fig. 135. Calibration Curve of Brooks and Weaver Inductometer

type when used as a self-inductance (all six coils in series). The
instrument had 144 turns on each of its fixed coils and 288 turns on

each of its moving coils, the total resistance being 17*5 ohms at

20° C.

Campbell and Butterworth-Tinsley Mutual Inductormters, Both of

these instruments are, essentially, variable mutual inductances,

such instruments having the advantage that their inductance can

be reduced to zero or given negative values, while a variable self-

inductance can only be reduced to some minimum value depending

upon the self-inductance of the coils and by the im^ual-inductance

between them.
The Campbell instrument, devised by Mr. A. Campbell (Ref. 10)

and manufactured by the Cambridge Instrument Co., has an arrange-

ment of coils as shown in Fig. 136. PP are two equal coaxial fixed

coils forming the primary winding. These are connected in series.

The two coils connected in series, form together one of the fixed

secondary windings. 8i is another secondary coil, also fixed, while
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S^ is a movable secondary coil. The three seoondaxy windings are

connected in series. A lin^ is provided for the purpose of reversing

the connections to the moving coil S^- Coils S and 8^^ are each

divided into ten sections of equal mutual inductance with the

primary^ and connections are taken from these sections to two dial

switches. The mutual inductance of each of the sections of 8^ is,

in one form of the instrument, 100 microhenries, and of coil 8
1,000 microhenries, giving a total for the two coils of 11,000 micro-

henries. Fine adjustment is obtained by rotation of the secondary

moving coil 8^, which is mounted midway between, and parallel to.

Fia. 136. Construction of Campbell Mutual Induotometbr
Manufactured by the Cambridge Instrument Co.

the fixed coils as shown. An index mark on the handle arm serves

the purpose of a pointer, readings being observed on a scale fixed

under this arm on the lid of the instrument.

The coils are wound with stranded wire, and marble is used in

the best instruments for the coil bobbins, and as the framework to

which the coils are attached. These instruments have the advantage
of high accuracy and simplicity, but possess considerable capacity,

which introduces errors at the higher frequencies.

Butterworth’s mutual inductometer (Ref. (7) ) manufactured by
Messrs. H. Tinsley & Co., is designed so as to eliminate the defect

of the Campbell and similar instruments, due to inter-capacity

between the windings. The makers claim that with this type of

instrument a correction of only 0*07 per cent is necessary in the case

of an instrument calibrated at 50 cycles and used at 1,000 cycles.

This instrument has a fixed primary coil and two sets of three

secondary coils, also fixed. There is also a moving secondary coil

for fine adjustment. Each set of fixed secondary coils consists of

three coils having mutual inductances with the primary in the ratio

of 6 : 3 : 1. Connections are made from each set to a commutator
which is manipulated as a dial switch. The two dials ara marked
1 to 10, the various inductances being obtained by connecting
various combinations of the three coUs, through the commutator,
in seriest In some cases one of the coils is reversed to give the
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required inductance. For example, 8 is obtained by the commutator
connecting the 6 and 3 coils in series so that their magnetic effects
are cumulative, and the 1 coil is reversed, thus 8 = 6 + 3 - 1.

In a common form of the instrument one dial gives 10 millihenries
in steps of 1 ,

while the other dial has a total to 1 millihenry in steps
of 0-1, the nioving coil giving from -0 01 to + 0-11 millihenry.
The readings in the latter case are observed on a scsle placed under
the handle arm, as in the Campbell instrument. In this case the
total range of the instrum.mt is 11*1) inilldienries.

Va/riable Condemers Variable londem^is may take the form of a
subdivided fixed condenser, .*-jious fractions of which can be
obtained by movement of ither a dial switch or by plugs. If

continuous variation of the capacity is re-

quired, as is often the case in A.C. bridge
work, a variable air Ccmdens# i of the parallel

plate type is used. In some cases a combina-
tion of both of the above tj^pes may be most
useful.

In a three-dial variable standard condenser
manufactured by Messrs. H. Tinsley & Co.

there are three sets of four units of capacity

—one set for each dial. These units have
values 1, 2, 3, and 5, and these are added as

required by means of a special form of switch Fxg. 137

to give values from 1 to 10. Ruby mica is

used as dielectric in the condensers, and the plates are arranged so

as to minimize inter- and earth capacities. The condensers are en-

closed in a metal case, which is supplied with a terminal, so that

earth capacity can be taken into account with precise measure-
ments. The most usual form of this instrument has a range of 1*11

microfairads.

Continuously variable condensers have air as dielectric, and con-

sist of two sets of plates, usually semicircular—one set fixed and
the other moving—arranged so that the moving plates can be

rotated in the air gap between the fixed plates as shown in Figs.

137, 138 and 139. The capacity is varied by varying the area of the

moving plates interleaving with the fixed plates. The plates, which
are usually of aluminium or brass, are proportioned so that the

capacity varies in almost exaot proportion to the angle turned

through. The plates should be made fairly (febiokl ‘O as to avoid

bending, which would alter the calibration, and all comers should

be carefully rounded. The bearings must be well fitted, so that the

axial distance between the plates shall be definite and constants tu
the Tinsley condenser shown in Fig. 138, the spindle carrying the

moving plates is mounted horizontally to avoid bending of the

plates due to their own weight. The spindle usually carries a pointer

ifhich moves over a scale on the lid of the instrument, a knob being
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fitted on the upper end of the spindle at some distance above the
lid, so that the operator’s hand shall have only a small effect upon
the capacity of the condenser. Connection to the moving plates is

made through a spiral spring, one end of which is soldered to the
spindle with which the moving plates are in electrical contact. A
metal screen either forms or is fitted inside the case. This is

usually connected, electricallv to the moving plates.

In the precision forms >t the instrument, slow motion of the

(Sullivan)

Fig. 139. Sullivan-Griffiths Series Dielectric Freoision
Variable Condenser

moving plates is obtained by means o^’ a worm, geared to the spindle,

a divided worm head being fitted to permit of more accurate readings

being made. This is shown in Fig 138, A usual range for this type
of condenser is from 200 to 3,000 micro-microfarads.

Figs. 139 and 140 illustrate the Sullivan-Gri^th^Feries dielectric-

gap variable condenser. A special design of Um moving plates is

adopted in order to avoid trouble from tffting or untrue rotation.

(See Ref. (34.)) The capacity ofthe condenser shown is approximately

600-1,000 pLfjtS* A vernier is fitted so that readings to 0*026 degree

are possible.

Square Law Condensers, Duddell (Ref. (26) ) constructed a variable

condenser with the plates shaped so as to give a square law of
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capacity variation. Such condensers are of use in wavemeters for

wireless work where the wavelength is approximately proportional
to the square root of the capacity of the variable condenser.

The plates were shaped as shown in Fig. 141. JK is the inner

radius of the fixed plates, r is a radius of the moving plates. The
law of the curve bounding the moving plates is

r^ = 4Kd + B^ .... (173)

K being a constant such that the ioierhvaving area of the plates

—shown shaded iu the figure equal to K6^. 6 is the angle

turned through b> the movm^^ ' tter front ^heir zero position. .Then,

Fig. 141. Dxiddbll Square Law Condenser

since the shaded area is proportional to 6^ it follows that the capacity

also is very nearly proportional to 6^. W. H. F. Griffiths’*' has in-

vestigated the laws of variable air condensers with several different

designs of plates.

Drysdale-Tinsley Inductance and Capacity Bridge. It is of great

convenience in A.C. bridge work to have some form of permanently
connected bridge. Apart from the saving of time and labour in

connecting up the bridge network, such a piece of apparatus, if

properly designed, minimizes errors due to inductance and capacity

in the leads, and to leakage effects. A measurement can also be

repeated if necessary, with the assurance that the distribution of

the bridge will be the same as on that employed in the previous

measurement.
The connections and arrangement of such a bridge, devised by

Dr. Drysdale, and manufactured by Messrs. H. Tinsley & Co., are

shown in Fig. 142. By alteration of the poiptioi# ot the various

plugs, this bridge can be used in most of the methods of measuring
inductance and capacity and for resistance measurement by the

Kelvin double bridge method.
By compact and symmetrical arrangement the areas of the cir-

cuits are reduced to a minimum, and residual errors are largely

JSfSifpermenial and The Wireless Engineer

^

Vol. Ill, No. 28, Janu-
ary, 1926, and Vol. HI, No. 39, December, 1926.
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eliminated. The resistances coils are wound so as to have very

small time-constants, and the supply and detector terminals are

brought out close together, so that twin flexible leads can be used.

A number of self-contained A.C. bridges for the measurement of

inductance and capacity have been developed recently by various

manufacturing firms. An interesting example is the “Mufer”
capacity bridge made by the Baldwin Instrument Company. This

employs the De Sauty Circuit (see page 214) the resistance arms
JRi and JKg being in the form of a potential divider the setting of

which, for balance, indicates the value of the capacity under test

by means of an attached pointer and scale. Two standard con-

densers are incorporated to give two scales (0 00006 to 0 016 micro-

farad and 0 016 to 4 microfarads) and the instrument also ' contains

its own oscillator of the neon tube type, the only auxiliary apparatus
required being a 120 volt dry battery and telephones. The makers
claim an accuracy of within 2 per cent. While this may not be
regarded as a precision instrument it has the advantages of porta-

bility, and great simplicity in use.

Detectors, Electrodynamometer instruments have been used in

a modified form as detectors in A.C. bridge measurements. Sumpner
(Ref. (27) )

introduced an electrodynamometer having an iron core

giving very high sensitivity, and Weibel (Ref. (28)) describes

several similar instruments designed for the same purpose.

The detectors in most common use for A.C. bridge measurements
are, however, the telephone and the vibration galvanometer.

Telephones are widely used as detectors at frequencies of 600
cycles and over, up to 2,000 or 3,000 cycles, and are the most sen-

sitive detectors available for such frequencies. The sensitivity of

a telephone varies with the frequency of the supply, since the

vibrating diaphragm which produces the sound has certain natural

frequencies of vibration at which frequencies resonance is obtained,

giving very high sensitivity. Wien (Ref. (29) ), when investigating

such resonance, found that for a Bell telephone resonance was
obtained—^with consequent highly increased sensitivity—at fre-

quencies of 1,100, 2,800, and 6,600 cycles per second, and in the case

of a Siemens telephone at frequencies of 720, 2,100, and 6,000 cycles.

The sensitivity of the observer's ear must also be taken into

account when considering the sensitivity of the telephone as a
detector. This varies with frequency. For most people a frequency
of 800 cycles per second is a convenient one, since a note of this

frequency is easily distinguished.

In selecting a telephone it is therefore best to choose one which
has maximum sensitivity at the frequency at which it is to be used.

The resistance of a telephone should match that of the bridge
network. The range of resistances obtainable is roughly from 60
ohms to 7,000 or 8,000 ohms, a suitable telephone resistance for

bridges of medium impedance being of the order of 200 ohms.
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Transformers are sometimes used in conjunction with a low
resistance telephone when the bridge network is of high impedance.
The telephone is connected to the transformer secondary (low voltage

side), the primary (high voltage side) being connected to the branch
points of the network to which the detector is usually connected.

In this way the voltage applied to the telephone is stepped down and
the current stepped up.

Tuned Detectors, To improve the sensitivity of a detector it may
be tuned so that resonance—and therefore maximum amplitude of

vibration for a given current -is obtained. Such tuned detectors

also have the advantage that the response to frequencies other

than the fundamental frequency of the supply is very small. Errors

due to harmonics in the supply wave form are thus minimized.
Campbell showed that an ordinary telephone can be tuned by means

of a small screw pressing against the diaphragm at an eccentric point.

Vibration Oalvanometers are the most widely-used tuned detectors.

They are manufactured for various frequencies from 5 cycles per

second up to 1,000 cycles, but are most commonly used below 200
cycles per second over which range they are considerably more
sensitive than the telephone.

Vibration galvanometers are of two types

—

(a) Moving-magnet. (6) Moving-coil.

The latter type is the more generally used, the moving-magnet
type having the disadvantage of being seriously affected by magnetic
fields of the resonant frequency, unless adequately screened. The
moving-coil galvanometers are not appreciably affected by such
fields.

Moving-magnet Type. The galvanometers of this type consist of

a suspended system which carries one or more small, permanent
magnets, and a light mirror about 2 or 3 mm. diameter. The magnets
are suspended between the poles of a magnet which is, in some forms,

a permanent one, and in others is an electromagnet energized by coils

carrying the current to be measured or detected. In the former the

current is passed through coils whose magnetic field causes the

suspended magnets to oscillate, the permanent magnet acting as the

control. The control in other forms is supplied by torsion of the

suspension. Air friction is the chief source of damping.
The moving system is tuned to the supply frequency either by

altering the tension and length of the suspension or by varying the

strength of the permanent magnet field, if such a magnet is included

in the instrument.

A beam of light is thrown upon the mirror and, when current is

passing through the instrument, the moving system oscillates,

producing a band of light on the scale. In adjusting a bridge

network to give zero deflection of the galvanometer, this band of

light must, of course, be reduced until it again becomes a single

spot, of the same diameter as when the supply ia switched off
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Some practice is necessary in observing when this condition has
been attained. It is usually best to switch the galvanometer in and
out of circuit and to note if there is any observable difference in the

size of the spot in the two oases.

Tuning. To tune the galvanometer, a small current of the sup-

ply frequency is passed through it, and the tuning adjustments
(variation of the tension and length of suspension or otherwise) are

Fio. 143b. Constbuction of Sohbring and Schmidt Galvanometer

continued until the reflected band of light reaches its maximum
length.

It is often helpful, in tuning, to adopt some method such as the following

:

First vary the frequency of the supply until the instrument shows maximum
deflection and note this frequency. Next adjust the galvanometer and agam
vary the supply frequency to give maximum deflection. Note this frequency
and proceed thus by successive steps tmtil maximum deflection is produced
by a supply frequency equal to that at which the measurements are to be
made.

When used in the bridge network, the galvanometer should be
shunted by a variable resistance to protect it against excessive cur-

rents when the bridge is out of balance. The shunting can be removed
in steps until balance is almost obtained, when the shunt may be
entirely removed, so that maximum sensitivity is obtained.

Fig. 143a shows a Schering and Schmidt vibration galvanometer
of the moving-magnet tyq)e, manufactured by Messrs. H. Tinsley

&Co.
Dryadcde Oalmnometer. The Drysdale instrument can be tuned

to resonance over a range of frequency of from about 20 cycles

per second to 200 cycles per second, The resonance curve is so

steep that at 50 cycles per second a variation in frequency of 2 per

cent up or down reduces the deflection for a given current by 80
per cent. The necessity of maintaining the supply frequency con-

stant within very narrow limits, when such instruments are being

used, is thus obvious.

Xn this instrument the coil carrying the current to be detected is

situated behind the moving system* Control is by means of ^
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permanent magnet. Tuning is effected by varying the mag-
netic field in the gap of this permanent magnet by means of a

magnetic shunt, the position of which is altered by means of

a screw.

The sensibility of this instrument at 50 cycles per second, when a
40 ohm coil is used, is 4 millimetres per microampere with the scale

distant one metre from the instrument.

Advantages of the instniment are the ease with which it can be
tuned, and the fact that cods cf different impedances can be inserted,

as required by the bridge net work used

Schering and Hckmidt CrUi neuter. In this instrument the sus-

|>enaion ib a phosphor-broiJ>^/ otnp aim’ ^ arries a light piece of iron

and a mirror. This moving System is enclosed in an ebonite tube
whicli can be slipped in bt lveeii the four poles of two U-shaped
magnets as shown (Fi^^ 1 43i"

,
These magnets carry four magnetizing

coils, connected in series, inrough which the alternating current is

passed The two U-shaped magnets themselves fit in between the

two poles of another magnet excited by a winding which carries

direct current The resistance of this latter winding is about 20 ohms
and it can be supplied from a 10 volt battery. It is for the purpose
of polarizing the iron needle of the suspended system. Oscillation

of the needle is produced by the distortion of the D.C. magnet field

by the superposed alternating field.

The instrument is tuned by variation of the controlling magnetic
field by adjustment of the current in the D.C. exciting winding.

In vibration galvanometers generally, the smaller the damping, the

sharper the resonance cur^^erT If the supply frequency is not abso-

lutely constant it may be convenient to make the tuning curve less

sharp by increasing the damping. Provision for this is made, in this

instrument, by supplying a small piece of copper, adjacent to the

moving needle, the position of which can be adjusted by a screw

in the suspension piece. Damping is effected due to eddy currents

induced in the copper by the moving needle^

Various resistances of the coils carrying the alternating current

can be used, a common value being 500 ohms. With a single moving
system the frequency range of an instrument of this tj^ is about
26 to 100 cycles per second. The sensitivity, as given by the makers,
when a 500 ohm coil is used, varies from 90 mm. per microampere
at 26 cycles, to 26 mm. per microampere at 70 cycles, the scale being

distant 1 metre from the instrument.
The Schering instrument is largely used^m db idenser bridges at

high voltages, its advantages for such work being as follows^
1. High insulation between the alternating current system and

the D.C. windings, owing to the fact that a ^ in. air gap is left

between the A.C. magnets and the control magnet.
2. It can he tuned from a distance by variation of the D.C.

magnet exciting current.
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3. The instrument has a very small self-capacity.

Moving-coil Vibration Galvanometers. These galvanometers are

of the d’Arsonval type, having a moving coil suspended between the

poles of a strong, permanent magnet. The moving system is designed

to have a very short, natural period of vibration ;
and the damping

is very small, in order that the resonance curve shall be sharp

—

i.e. the deflection, for a given current passing through the instru-

ment, is very much reduced by a small departure from the frequency
to which the galvanometer is tuned. The alternating current to be

detected is passed through the suspended coil, which consists of a

few turns—or often of only a single loop—of wire. The moving
system carries a small mirror, upon which a beam of light is ca^t.

The system vibrates when an alternating current is passed through
the coil, the reflected beam of light from the mirror thus throwii^
a band of light upon the scale.

These galvanometers are tuned by adjusting the length and ten*

sion of the suspended system.

thidddl Moving-coil VibraMon Galvanometer,^ In this instrument
the movmg coil consists of a single loop of fine bronze or platiniun^

silver wire, this wire passing over a small pulley at the top and
being pulled tight by a spring attached to the pulley (Fig, 144 (a) ).

See Bftf. (U),
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The tension of this spring can be adjusted for tuning purposes by
turning a milled head to which it is attached. The loop of wire is

stretched over two ivory bridge pieces, the distance apart of these
being adjustable in tuning the instrument. Variation of this dis-

tance apart obviously varies the length of the loop, which is free to

vibrate, and thus varies the natural period of the galvanometer.
The galvanometer is roughly tuned by adjustment of the bridge

(Leedh d; N&rthmp Co,)

Fig, 145a. Leeds and Northbup MoviNO-ooiii Vibration
GALVANOMETER

pieces, fine adjustment of the tuning being obtained by varying the

tension on the loop.

When a current passes through the loop a couple, tending to turn

the loop about its vertical axis, is produced. When the current

reverses this couple also reverses, thus causing oscillation of the

loop when alternating current is passed through it.

This galvanometer can be used for frequencies between 100 and
1,800 eycles per second, the current sensitivity being about 50 mm.
per microampere^ with a scale distance of 1 metre. The effective

reaistanoe is about 250 ohms. The sensitit’ty,!! the loop is not too

short, is almost inversely proportional to the frequency. In common
with moving-ooil vibration galvanometers generally, the instrument
is not greatly affected by external magnetic fields. It has the

diimdtahisge that the tuning can only be carried out by
han^ng iiie instrument, and is, therefore, not very conveuieni for

use in high*^volt«ige
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Other Movmg-coil Vibration Qrdvanometers. A. Campbell (Refs

(16,) (31,) (32,) (33)) has developed other moving-coil vibration gal-

2
£

vanometers Fig. 144 (6) shows the construction of his long-range in-

strument, and Kg. 144 (c) his short-range pattern. The former instru-

ment has a bifilar suspension carr3dng a very light coil and a small

mirror. The length of the suspension is varied, for tuning pu^oses,
by the movement of a bridge above the coil, and the tension by
means of a spiral spring at the l^ottom of the suspension. The range
of frequency covered by such an instrument is from 50 to 1,<)W

(grcles per second, and the sensitivity at 60 cycles is of the order of
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60 mm. per microampere at 1 metre scale distance, with an effective

resistance of about 500 ohms, this sensitivity falling off at the higher

frequencies to less than 1 mm. per microampere.
The short-range instrument has a single strip suspension. Tuning

is carried out in a similar way to that of the long-range instrument.

The frequency range is from
10 cycles to 400 cycles per

second, and has very high sensi-

oidty at the lower frequencies

—stated by Campbell to be of

the order of 400 mm. per micro-

ampere at a scale distance of 1

metre when the frequency is

10 cycles per second.

Fig. 1 45c shows the con-

struction and also a resonance

curve of a ('ampbell moving-
(*oil vibration galvanometer,
manufactured by the Cambridge
Instrument Co.

Fig. 145a gives details of the

CYCLES PER SEC.

{Cambridge Instrument Co.)

Fio. 1460. Campbell Moving-coil Vibration Galvanometer*and
Resonance Curve

construction of a vibration galvanometer of a similar type, manu-
factured by the Leeds & Northrup Co. The screw adjustments for

variation of the length of and tension on the suspe^mon are clearly

shown. The frequency range of this particular instrument is from
50 to 80 cycles per second, the sensitivity being stated by the maters
as 40 mm* per microampere at a scale distance of 1 metre and a
frequency of 60 cycles per second, the resistance being 700 ohms.
Kf. 145b show the resonance curve for this galvanometer.
To avoid the falling off in sensitivity with increase of frequency,

several suspensions are usually provided for use with the same
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instrument at different frequencies. Messrs. H. Tinsley & Co, make
an instrument of this type, and also manufacture a fixed-frequency

vibration galvanometer which is portable, being contained in a box
which is fitted with a lamp and scale so as to be self-contained.

Allowance is made for a tuning over about 2 or 3 per cent of the fixed

frequency, and the sensitivity is given as 9 mm. per microampere.
Vibration galvanometers, generally, are susceptible to mechanical

vibrations whose frequency is of the same order as that to which
they are tuned. For this reasoiA it is often necessary to provide some
form of support which acts as a protection from such vibrations.

One method of support which has been found to be satisfactory is

Fia. 146

to stand the instrument on rubber feet which rest on a heavy block
of slate suspended from the ceiling by springs. Underneath the
slate may be fitted damping vanes dipping into an oil dash-pot.

Theory of the Vibration Oalvanometer with One Degree of Freedom,
All the vibration galvanometers described aboVe have only one
degree of freedom—^i.e. their suspended system only rotates about the
axis of suspension. The theory of galvanometers with one degree
of freedom was first given by Wanner (Ref. 30), and the following is

based upon his work on the subject.

Considering, first of all, the constants of the galvanometer con-

sidered—called by Wanner the “intrinsic constants*'—we have
{a) The displacement constant*"* It the suspended coil is of

length {cm. (measured along the axis of the suspension), hck» a
width r cm., and has N turns, then the couple dii^acing the coil,

when it carries 4 absolute units of 'current, and is idtuated in a
magnetic field of strength H, is NHUr cos 6 dyae^cm^ (s^ ISg. 1#),
where 9 is the angle (in radians) between the plane the cddl and
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the direction of the magnetic field. If 6 is small, cos 6= 1, and the

deflecting couple is NHilr dyne-cm. Assuming the coil to be rect-

angular, /r is the area of its plane. Let Zr = A, then the expression

for the couple may be written NHAi = Oi, The constant 0 is

called the ‘‘displacement constant” of the galvanometer, and is

equal to NHA.
(b) The ^'constant of inertia.'' Of the three couples retarding the

motion, one is dependent upon the moment of inertia of the sus-

pended system and upon the angular acceleration of this system.

This couple ma;s be writtei. n where q is the “constant of inertia^'

or moment of mertia of the system,

(c; The ''dampiTig oMsianf
"

Another couple, retarding motion,

18 that due to the damping, efiect of air friction and elastic hysteresis

in the 'suspension j'his ih usually assumed proportional to the
angular velocity, and may be written

whue b is the “damping constant.^’

{d) The ’‘'control or restoration constant." The couple due to the

elasticity of the suspension is proportional to the displacement, and
may be written rS, where c is the ''restoring constant

"

We have, therefore, as the equation of motion of the system,

^
"f~ ^ ^ ’ * • (174)

Now, if the current i is alternating, and is given by the expression

we have
(pe

,

^dO

^ = ^max cos (Ot

+ C6 = cos cot (175)

The solution of this differential equation will be in two parts

The expression for 6 will be the sum of a Particular Integral and
the Complementary Function. The complementary function

—

obtained by solving the equation

a
dt^ dt

+ c6 0
)

—^will, in this case, give the expression for the angle $ when the
ourretit in the coil is zero—^i.e. it will represent the natural free

HhtsMon of the coil. As will be shown later, this expression con*

iato a filustor of the form r so that it represents a vibration of the

which ra;^dly dies away when the current is switched on. This
ih^fore^. tihe transient part eff the solution of the equs.ticm of
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The particular integral will give an expression for 6, which repre-

sents the steady vibration of the coil after the current has been
switched on for some appreciable time Proceeding, then, to obtain

the complementary function, we have

a
dt^

+ 6 I?
+ ce - 0

The “auxiliary equation” is am^ bm
|

c

this equation are

- 6 + - 4ac
Wlj = —

and

Thus

2a

b- 4ac

2a

e =

0 and the roots of

. (176)

where ^ and ^ are constants to be determined from the initial

conditions

In vibration galvanometers the damping is small, and 6^ is less

than 4ac Thus and mg are imaginary, and may be written

= jk^

m2 = -ki -jk^

where j = V - 1, k^ ~
2a

’
and k^ = V4tac - b^

2a

d = Ae^

= ^ (177)

Since, from trigonometry,

e == cos px + j sm px

and = cos px -j sin px

we have

0 = e [u4 (cos kj. + j sin k^) + ^(cos k^t -j sin k^)]

= e [(J. + B) cos kji + 3{A - B) sin k^'\

= e [0 cos k4 + B sin kji\

where C ^ A + B and D = j(A - B),

= {kJ + a)]

, C
Wh&i^ E ^ V (?* + D* and a = tan*^ ^

Thtia # sat: a < + a - . • (l^6)
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this being the transient portion of the solution which rapidly

decreases in value as t is increased. The constants F and a must be

determined from the initial conditions—i.e. they depend upon the

position of the coil at the instant corresponding to zero time.

In this expression
~~

is the angular velocity co, and is

2a
equal to 27r X the frequency of the vibrat^ory motion.

Thus
V

47ra

where / is the ' natural frequ^m^y ” of the vibrating system.

If the damping is neg(igiir<ly small, 6 — 0, and the "'undamped
natural frequency'' is giv^n by

. \^4ac _ 1 /c

47Ta 27t ^ a

and obviously depends upon the moment of inertia of the system
and upon the controlling forces.

The instrument is critically damped—i.e. it will not vibrate freely

—when / — 0. This condition is fulfilled when 4ac — 6^, or when

the damping constant 6 — 2Vac.
Proceeding to find the particular integral, we have

or

' dt^

dw

-
I Aa -TTi 4“ 6

6
,

c .

Ul^iax COS mt

Employing the operator Z), we have

(I>2 +hD + g)e
Olmax

cos cot

where fe — ~ and g ^ -
a ^ a

01max
cos cot

B
{l>*+hD + g)

Multi|>lyiQg mimerator and denominator by (Ifi^hD + g) gives

SstS?'(i^-AP + g)oo8m«

(2?» g)* - A*D*

eos + iol sin o>t + g eos^l
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+ ha> ^ sui o>t
‘ a (Z)2 gY _ ^aj^z

/ij

—
((7 ct)^) cos (of ——*’ ^ Bina)<

= ^ i
^

(^~-a>^)^ + ^W - ft)2)2 + h^co^

Substituting for h and we have

GI

[(i
~ ‘"')°” ™ ‘°']

f
[(c - (w^a) cos a)< + 6co sin o)^]

{c - oco*)* + 6*0)®

(?/ma* V(C- a<U*)* -I- 6*C0*

c-co^a

aa>^)^ + b^o)^

(C - 00)^)* +
boo

cos (ot

+

boo
^

1

(c-€lfl^)®+ 6®w?*

cw* m[00$ (cot - ^)]
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where ft = tan“
bw

c ~ aco^

This obviously represents a stejidy vibratory motion of amplitude

CImnT. (O

, - „ and of frwJuoru’Y -:rbW ^ zttV (c ~ +
The complete solution for 6, being the sum of this expression and

the expression derived previously as the complementary function,

is thus

ormax
+ <’*»

Since the first expivfssion is a transient which usually only affects

the first few vibrations afl^ir switching on, we may neglect it and
take iis the law of the displacement simply

Clfftnx

^cosH-^) . . . (181)0 - .

\ (c - rtW*)* )-

iES&ample. Fig. 147 shows how the transient term, at the beginning of the
vibration period, produces an unsteady state which gradually disappears,
giving, finally, a steady vibration.

The curves shown are based on data given by Campbell* for a vibration
galvanometer of the moving coil type developed by him.
The data given are as follows

—

Number of turns . . . .40
0*07 sq. cm.
2,700 lines per sq. cm.
1,640 ohms
100 cycles per sec.

26 X 10-«

49 X 10“»

10-4

8,600

Mean area of turn

.

Strength of magnetic field

Effective resistance

Resonance frequency
Inertia constant a.

Damping constant 6

Restoring constant c<?....
Thus, in the expression for the deflection 6 as derived above,

= 0*942

\/4<ic — 6*
- 632

2a _
(This expression is equal to

J
^ ^f^se approximation, and should

therefore equal 628 when the instrument is tuned (see page 267), slight errors

in t^he valuea of the constants probably being responsible for the discrepancy.)

« 0° ir
m « 628 (« X 100)

Assuming that has the value 10 microamps, the expression

01mm
V{c “ ao)*)* d-

Idr the lunplitude of the steady deflection has the value 0*^00917.

DwnHmaff e/ AppUed |*%etes, Vo|, It, p. 974-
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The value of hi being somewhat small, the transient term persists for an

appreciable time, taking 2 sec. to fall to 0*153 of its initial amplitude. For this

reason it is impossible to show, in the fi^re, the full curves for the two terms
in the expression for the deflection 5. Lines passing through successive

maximum points of these curves are shown instead. The dotted lines A are

the lines passing through the maximum points of the steady deflection curve
given by 6^ = -000917 cos (62 - O'" IT), while the dotted curves B pass
through the maximum points on the curve 62 — [F sin (628^ -f- a)]*

The full line curves C pass through the maximum points of the total deflection

curve (given by the summation of curves di and §2 )-

The effect of the transient term is shown by the “beat” effect which
gradually dies away as the transient terms disappear. In the figure these

beats have been drawn approximately owing to the difficulty of showing the
full curves with a scale which is, necessarily, very cramped.

Turmig. In tuning the galvanometer, the object is to make the

amplitude - as great as possible for a given current
V (c - aa)^f h bW ^ ^

a
^maxy which meaiis tliat must be made as great

V(c~-aco^r bW
as possible. This expression can be increased by increasing the

numerator 0 and by reducing the denominator V(c - cuo^)^ + bW,
Since G — NHA, it may be made large by using a coil of large

area A and with a large number of turns N. G is obviously increased

also by increasing the strength H of the magnetic field in which the

coil lies. This latter method is the more important, since increasing

the area and number of turns on the coil will increase its moment of

inertia so that a will be increased and, thereby, the denominator-
may be increased.

Considering the denominator ; of the three constants a, 6, and c

contained in it, c is the only one which can usually be varied. The
constant c is the control constant and is varied by adjusting the

length and tension of the suspension of the moving system, or by
variation of the polarizing field of the galvanometer, in the case of

moving magnet instruments.

If the supply frequency is fixed—as it usually is in bridge measure-
ments—^the tuning process consists of varying c until c - ocu® is

zero, thus making the denominator of the amplitude expression a

minimum. Since co == 27r X the supply frequency, we have the

condition c - a{27rff = 0 (/ = supply frequency), which must be
satisfied in tuning the instrument.

Thus, c must equal a{2'Trff or / ==

It should be noted that this expression for the supply frequency

/, in terms of c and a, is the same as the expression for the frequency
of the Undamped vibration of the galvanometer (see page 250).
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This means that resonance occurs when the supply frequency is

equal to the undamped natural frequency of the galvanometer.
GI

The amplitude under resonance conditions is obviously

Consider the case of the vibration galvanometer whose constants

have already been given.

The constants are

—

a - 2b < 10 «

A 49 ^ 10'«

r -- 10 4

and the resonance fiequenc / is giv<‘n as 100 cycles per second More

exactly the frequencv for le'^onance is or 100*7
277 yJ 26

Fig. 148 , Rbsonancb Curve of Vibration Gai.vanometer

cycles per second. The deflection at resonance is

GJ^ 01.
bet)

10«

X 32-27

X 277 X 100-7

The deflection at other frequencies is calculated from the expres-

sion = since (c - ao)^) is only zero at the resonance
V (c - aa>^)^ + b^(o^

frequency. A table showing the deflection for a range of frequency
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from 98 ‘5 to 102 cycles per second is given below, and these valviea

are plotted in Fig. 148. The sharpness of the resonance curve of a

vibration galvanometer is well illustrated in the curve obtained.

1'ABLK VI

Frequency 0) Deflection

Q8-5 618-£i ^^ttlQX X 2 27

99 622 X 2-93

99-5 625-] X 4-21

100 628-4 ^ % X 7-63

100-5 631-4 99
V 22-3

100-7 632-6 99 X 32*3

101 634-6 X 13
101-6 637-7 X 5 78
102 640-9 X 3-57

To compare the response of the galvanometer to harmonics in

the supply wave form consider a third harmonic when the supply

frequency is that to which the galvanometer is tuned—namely,
100-7 cycles per second. The frequency of the third harmonic is

302-1 cycles per second. At this frequency the value of the expres-

sion V(c- ao)^Y + ^ 83-32, so that, even if the amplitude of

the third harmonic were equal to that of the fundamental, the

01
amplitude of the deflection would bo only — = 0-012G^/,^j,a'.

oo'oZ

Thus the sensitivity to the fundamental compared with the sensi-

32-3
tivity to the third harmonic is = 2,690, showing that an en-

tirely negligible error is introduced by the fact that the supply

wave form contains harmonics.
The above theory is based upon an assumed current, i =

cos cof, flowing through the galvanometer, and therefore refers to

the current sensitivity^* of such instruments.

The voltage sensitivity** may be determined by considering the

case of a given voltage applied to the instrument terminals. In this

consideration the voltage induced in the coil owing to the fact that,

while vibrating, it is cutting through the magnetic field of strength

H must be taken into account. The reader is referred to Hague’s
Alternating Current Bridge Methods, 4th Edition, p. 277, or to the

Dictionary of Applied Physics, Vol. II, p. 971, for the full theory in

this case.
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CHAPTER VTl

MEASUREMENT OF RESISTANCE

From the point of view of measurement, resistances can be classified

generally as follows

—

(a) Low Resistances. All re^^istances of the order of 1 ohm and
under may be classified thus. ]n practice such resistances may be
met with in the armatures and series windings of large machines, in

ammeter shunts, cable lengths, contacts, etc.

(b) Medium Resistances. This class includes resistances from
about 1 ohm upwards to about 100,000 ohms. In practice the

majority of the pieces of electrical apparatus used have resistances

which lie between these limits.

(c) High Resistances. Resistances of 100,000 ohms and up-

wards must be so classified.

A classification such as the above is not rigid, but forms a guide
as to the method of measurement to be adopted in any particular

case.

Measurement of Low Resistance. Methods of measurement which
are suitable for the measurement of medium resistances are in most
cases unsuitable when applied to low resistance measurements,
chiefly on account of the fact that contact resistances in such

methods cause serious errors. It is clear that contact resistances of

the order (say) of 0*001 ohm—negligible though they may be when
a resistance of 100 or more ohms is to be measured—are of great

importance when the resistance to be measured is of the order of

0*01 ohms.
Again, it is usually essential, in the case of low resistances, that

the two points between which the resistance is to be measured shall

be very definitely defined. Thus the methods which are specially

adapted to low resistance measurement employ potential connections

—i.e. connecting leads which form no part of the circuit whose
resistance is to be measured, but which connect two points, in this

circuit, to the measuring circuit. These two points are spoken of

as the potential terminals^ and serve to fix, definitely, the length of

the circuit under test. In the methods used for the precise measure-
ment of low resistance, the “unknown’’ resistance is compared with
a low-resistance standard of the same order as the unknown, and
with which it is connected in series. Both resistances are fitted with
four terminals—^two “current terminals,” to be connected to the

supply circuit, and two “potential terminals” to be connected to

the^easuring circuit. This arrangement is shown in Fig, 149.

and Voltmeter Method. This method, which is the

simplest of all methods of measuring resistance, is in very common

264
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use for the measurement of low resistances when an accuracy of the

order of 1 per cent is sufficient. It must be realized, however, that

it is, essentially, a comparatively rough method, the accuracy being

limited by those of the ammeter and voltmeter used, even if correc-

tions are made for the ‘^shunting’’ effect of the voltmeter. In Fig

150, R is the resistance to be measured and F is a high-resistance

voltmeter of resistance jR,,. A current from a steady direct-ourrent

supply is passed through ll in scenes with a suitable ammeter.

To Mtasi^foment To Measurement
Circuft Circuit

l''hen, assuming the current through the unknown resistance

to be the same as that measured by the ammeter A- the former is

given by

^
voltmeter reading

ammeter reading

If the voltmeter resistance is not very large compared with the

resistance to be measured, the voltmeter current will be an appre-

ciable fraction of the current /, measured by the ammeter, and a

serious error may be introduced on this account.

Example. A resistance whose actual value is 1 ohm, is to be measured by
the ammeter and voltmeter method. The carrying capacity of the resistance

is 100 milliamperes, which is the current used in miking the measurement.
The voltmeter used has a resistance of 5 ohms, and reads up to 100 millivolts.

What is the measured value of the 1 ohm resistance ?

I-et resistance of 1 ohm resistance and voltmeter in parallel « r.

Then 1 1,1 i «

r 1 5

r - i = 0-833 ohm
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Volt drop across the resistance to bo measured

0-833 X 0-1

^ 0*0833 volt

=- voltmeter reading

Ammeter reading = 0*1 amp.

0*0833
Thus the measured value of the resistaneo ^

-833 ohm

This means that, even if the ammeter aiul voltmeter give readings
which are exactly correct, an error of (M 66 ohm, or H)*6 per cent,

ac
Supply

-ywyM
I

—
Regulating

Resistance

R
AWWi-

Fig. If)!). Ammeter and Voltmeter Method of Resistance
Measurement

is introduced by the fact that the voltmeter takes an appreciable

fraction of the total current.

If, on the other hand, the current-carrying capacity of the 1 ohm
resistance had been such that a much greater current could have
been passed through it, so that a voltmeter of resistance (say)

500 ohms, reading up to 10 volts, could have been used, then the
error introduced would have been only 0*2 per cent, as can be seen

from a similar calculation to the above.

Correction for Shunting Effect of the Voltmeter. In general terms,

if the actual value of the unknown resistance is J?, and its measured
value R^f the voltmeter resistance being R^y and the ammeter
current /, we have

—

Besistanoe of voltmeter and R in parallel =

Voltage drop across R

RR^
R Rf)

RR, I

R + R^

= voltmeter reading

(assuming the voltmeter to read oorredtly).
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Thus, upon the assumption that the ammeter reading also is

exactly correct,

RRJ RR,
'"'-{R + R„)I ~ R + R,

R = (182)

This method is useful in practice in the measurement of such

resistances as those of armatures, and of joints and contacts when the

current-carrying capacity is fairly great and when the results are

only required to within the limits of accuracy of the ammeter and
voltmeter used.

Potentiometer Method. In the potentiometer method of

measurinjr a low resistance the unknown resistance is compared
with a standard resistance of the same order of magnitude.

These standard low resistances are of the type described in Chapter II

(page 67). The following table givds the resistances and current-carrying
capacities of a range of such standards as manufactured by Messrs H.
Tinsley & Co.

TABLE VII

Resistance (Ohms)
1

Current-carrying
capacity (Amp.)

10 1

1 3
01 22
0-01 160
0-001 700
0 0005 1000
0-0001 2260

The standards are adjusted to within about 1 part in 10,000 of their
nominal value and a resistance-temperature curve is supplied with them,
giving the resistance of the 8tand€U‘d, to within 6 parts in 100,000, in terms
of National Physical Laboratory residence standards.

The unknown resistance and a standard of the same order of

resistance are connected in series as in Fig. 149. A steady current
is passed through them from a battery of the heavy-current type.

The magnitude of this current should be chosen co that a voltage

drop of the order of I volt is obtained, if possible, across each of the

resistances.

The voltage drops across both the unknown resistance and the

standard are then measured on the potentiometer {see Chapter VIII),

several measurements being made, alternately, and with as small

a time interval as possible between the measurements. The mean
values of these are taken as the correct voltage-drops across the
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two resistances. By carrying out the measurements in this way the
error due to possible variation of the supply current is minimized.
The potential leads to the potentiometer carry no current when

the potentiometer is balanced, and thus the current through the
two resistt^nces is the same. Then

Resistance of the unknown Voltage drop across the unknown
Resistance of the standard Voltage drop across the standard

from which the resistance of the unknown is obtained in terms of
that of the standard resistance.

Precautions. When used for precise work resistance standards should be
frequently checked against National Physical Laboratory standards, and the

Fia. 151. Kelvin Double Bbidob Method or Mbasuiuno
Low Resistance

most recent calibration of the resistance should be used in calculating the
resistance of the unknown. If the standard resistance is subject to appreciable
variation, with time it may be necessary to estimate its probable variation
from the time of the last calibration, on the assumption that its rate of varia-
tion is uniform, and the same as that between the dates of the two preceding
calibrations. A standard resistance in which such variation with time is large
is, of course, useless for precise work. The temperature of the two resistances,
during the test, should be measured and the resistance of the standard, at the
measured temperature, should be obtained from its resistance-temperature
curve. The measured resistance of the unknown is that at the measured
temperature, and this should be stated, as its temperature coefficient may be
large, and hence its resistance may be appreciably ffifierent at other tem-
peratures.

In precise work also, measxtrements should be made with the supply, both
direct and reversed (care must be taken to reverse the potential leads to the
potentiometer at the same time), and thermo-electric effects shoitl<l be ta^n
into account as described in the neiri chapter.

the Rehemry precautions are and a good poted^o^
ttWteir and s^isitive galVimometer arh uhtd, t&e aooura(y obtaina^
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by this method may be within a few parts in 100,000, or within

1 ^rt in 10,000.

Kelvin Double Bbidqe . This method is one of the best available

for the precise measurement of low resistances It is a development of

the Wheatstone Bridge by which the errors due to contact and leads

resistances are eliminated The connections of the bridge are shown
in Fig 151.

In the figure, X is the low resistance to be measured, and /S is a

standard resistance of the same tji Jei of magnitude. These are

connected in series with a Jow-resistanoc link r, connecting their

adjacent current terminals current is passed through them from
a batterv supply. A regulating resistance and ammeter are con-

nected in the circuit for convenience. Q, ikf, and m are four

known, non-inductive resistances, one pair of which {M and w, or

Q and q's are variable These are connected to form two sets of

ratio arms as shown, a sensitive galvanometer 0 connecting the

Q Q
dividing pomts of QM and qm The ratio ^ is kept the same as~

these ratios being varied until zero deflection of the galvanometer

18 obtained Then
,
from which X is obtained in terms

oiS.Q.SindM ^ M m

Theory. At balance of the bridge (i e zero galvanometer deflection) the
current in arm Q == current m arm M Let this current be Also, current
m arm q = current in arm m. Let this current be Therefore, the current
m X — current in S Let this current be I,

Again, voltage drop across Q = volteige drop across X -f voltage drop
across q

i.e i^Q IX -i- t^q

In the same way, = IS -f

Now, since q and m are in parallel with the resistance r, the current I in V

divides so that -

r q m I passes through q and m, i e.

r m
Substituting this value of 4, in the above equations, we have

Sjad

By division

hQ == /X +

^IS ^

rq

r -b 5 -f-

rm

M

MX .

X +

r q m

r -f <y -b w

QS +

r 4* g + m
Qmr
+ g 4*

mi »•

'M ^ r 4- 9 + m

Mr
r + g + »rt

A
.Jtt ‘V
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T \ q + mXM m

can he made very small by makingThe term
,

^ \ c*an he made very small by making
r \- q m y^M m J

fche resistance of the link r very small, and also by making the ratio

C q

^ as nearly as j)ossible equal to

If tliis term is made negligibly small- -which is not difficult to

accomplish in practice—the expression for X becomes simply

Q o

which gives the resistance of the unknown in terms of the resistance

of the standard.

In order to take into account thermo-electric E.M.F.s (see next
chapter), a measurement should also be made with the direction of

the current reversed and the mean of the two readings should be
taken as the correct value of X.

Fig. 152 shows the internal connections of a Kelvin double bridge

manufactured by Messrs. H. Tinsley & Co. In this bridge two of

the ratio arms (such as Q and q) may be made either 1, 10, 100, or

1,000 ohms, giving ratios of — either etc., Q being always
q lUOU lOU

made equal to while the other two arms (such as M and m) can
be continuously varied by means of the four dial resistances shown.
These dial resistances are arranged so that movement of the dial

arm increases or decreases both the outer and inner ratio arms (i.e.

MM and m) together, thus keeping the ratio — constant, and equal

to — (i.e. unity).

? Q
The unknown resistance X is then given by ^ A range of

standard low resistances, from 1 ohm down to 0*001 ohm, is in-

cluded in the bridge, although arrangements are made for other

standards to be used instead of these if required.

Operation of Kdvin DoMe Bridge in Practice. The method of

operation of the Kelvin double bridge in practice is often somewhat
different from that described above, especially when precise measure-
ments of low resistance are to be made. q

Instead of varying the ratio arms, keeping the ratio ~ equal to

q
JM

—
, to obtain balance of the bridge, the resists-noes Q, M, g, and mm

are often made up of resistance coils whose resistances are fixed

and are accurately known, together with their temperature



Pig. 162. Kei^vin Double Bbiboe
(H. Timley & Co.)
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coefficients. The ratios and — thus remain fixed during the test,
JxL Yfi/ ^and are made equal to one another, and roughly equal to the ratio ^

assuming this to be known, approximately. If not known, the ratio
X can be easily determined approximately by measuring Xy first of
all, using a less accurate method such as the ammeter and voltmeter
method, or, better, by the potentiometer method
Adjustment of the bridge to obtain balance is then carried out

by shunting either* the unknown resistance or the standard by a
variable resistance, such as a resistance box Then, assuming
balance to be obtained by shunting the unknown by a resistance

,

let the resistance of X and x in parallel, at balance, be X\ then

%.sMX'

and also
X'

1
_

1

X + *

from which the value of X can be obtamed. As before, measure-
ments are made also with the supply current reversed, and the
average value of the two results taken as the final value. The
sensitivity of the bridge can be determined by noting the smallest
variation of the shunting resistance x, which produces an observable
deflection of the galvanometer. The difference in X* for such a
variation of x can then easily be calculated, thus giving the sensi-

tivity of the bridge. This method of obtaining fine adjustment, by
shunting a low resistance by a resistance box of much greater resis-

tance, will be found a very useful one in electrical measurements
generally. It has the advantage, also, that the resistances of the
coils in the resistance box need not be known to within any high
degree of accuracy, since slight errors in their values introduce
negligible errors in the resistance of the combination.

The ratios and ~M m may be made exactly equal by adjustment

of the resistances of the leads to be used in connecting up the bridge,
since these leads resistances are obviously included in the arms as
well as the resistances of the coils themselves. By suitably propor-

tioning the resistances of these copper leads the ratios and —M wi

can also be made independent of temperature—^if this is necessary—to a very close approximation. The resistances of the leads need
only be known with an accuracy of (say) 1 per cent, since they are
usually small compared with those of the coils which they connect.

Example.

Eesistance of link r ^ 0*0001 ohm
Kosiatance of coil in arm Q » 10‘0027o at 20® C.

(Temperature ooefficient -00003)
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Resistance of coil in arm M « 20*01425 at 20° C.

(Temperature coefficient *00002)

Resistance of coil in arm q = 10*0027i at 20° C.

(Temperature coefficient *00003)

Resistance of coil in arm m ~ 20*0067© at 20° C.

(Temperature coefficient *000026)

Resistances of copper leads

—

In arm Q “ *0146 at 20° C.I

„ ” ~
-006?

'

**

I

coefficient *0043

;; m *0122'
i! !! j

ResistancA of standard ~ 0*01001202 at 20° C.

Kesista.;ce of “unknown” = 0*005 (about)

To biiKnoe the bridge the standard resistance is shunted by a resistance of

1 8* I ohni«» measurement being made at 20° C.

Q Q
First, the v'aiues of the two ratios — and ~ are calculated for a temperature
ao*

Mm
'flien,

<1

M
i
m

10 0027o -f *0146

’2001420 + 0660

10*0027i 4* -00615

20*0067o + -0122

0*498865

= 0*499970

To make these ratios more nearly equal the coil 111 arm q is shunted by some
resistance 2/, the value of which is found as follows.

Let q' be the shunted value of this coil, then

q
' + -OQOls

20*01 89©
= *498865

Now,

irom which

q' = 9*9806g

i = 1 + ,_L
q' lO-OOS

y = 3,532 ohms

.Since the two ratios have been thus made exactly equal at 20° C., if the
measurement is made at 20° C. the value of the unknown resistance is given
simply by

X = Q
M

where 'S' is the shunted value of the standard. Since the shunt for balance is

18*1 ohms,

i ^ ^ .L
S' *01001202 ^ 18*1

from which ^ *0100065

X = *0100065 X 0*498865

= *00499190 at 20° C.

now, the effect upon the ratios ^ and ~ of a rise in temperature

^ 0^ _ 10*0027oCl •+• *00003 X 6] + *0146[1 4* *0043 X 6]

S ^
20*0142j;i + *00002 X 6] 4- '0m0[X + *0043 x 6j
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? _ 9-9806,[1 + -00003 X 6] -f -OOOl.Cl + -0043 X 5J

m 20-0067„ri + -00002, X 6] + •0122[1 + -0043 X 5|

= -49887,

Then % - ^ - - 000010M m

and the correction term ~ ~ ^ is equal to
r + q m \M mj ^

•0001 X 20*006 io
•OOOOJ

10-0027, 4- 2O-OO07o I"
*0001

which is roughly - x -000000001 and is therefore entirely iiegUgible.

Sensitivity. Suppose that in the above measurement the smallest change m
the value of the shunt across the standard which can be detected is *5 ohm.
Then, giving this shunt the value 18*6 instead of 18-1 we have

/S' -01001208

1

1^6

from which S' — -01 0006, instead of *010006^, which means a change in S'
of 1 part in 100,000, and therefore a change in the value of X of 1 part in

100,000. Thus the sensitivity of the bridge under the above conditions is

1 part in 100,000.

In general, if x is the valiu^ of the shunt across S, we have

i _ 1 1
S' ~ S'^ X

or S'

^

Sx

8 + X

Differentiating with respect to x,

dS' ^ ns + x)-xl ^ AS'
~ ^ [ {S + xf J -~(S + *)*~ Aa;

where AS' is the change in S' for a given change Ax in x.

Thus, AS'
{8 + x)2

. Ax

Smith (Ref. 4) has shown that, if X is changed to X + 6X, the

galvanometer current is given by

I ,dx r S + M
^ ,

qm
.
r(-r + G) (^ + + <2 + ^ + if/

^ + [x + G + >sf + itfJ

wh^ G is the resistance of the galvanometer. Thus, if Y is the

sensitivity of the galvanometer used, in millmietres per micro-

ampere, the deflection for a change of dX in the value of X is given

by
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D YIdX . 10® (S + M)

Pc' I r

+ + rr I O I ? I sn+ X + Q + ^ + j>/J
(^ + « + *5 + -M)

millimetres (184)

The best value for the galvanometer resistance is

qm
,
iX + Q)(S + M)

q i XTQ + S^~ M

Heasuiement of Medium Res^^tanee. The methods used for suoh^

rneasuremeiits are -

(a) Ammeter and voitn^c'ter ?aethod.

(b) Subst’^ution methud.
(r) Differential galvanometei method.
(c?) Wheatstone bridge.

Regu/atmg \ —

^AVWWWVW—
^ A'

Fig. 153 . Measurement of Kesistanoe by Substitution

'-‘t^T^This method has been considered in the section on low resis-

tance measurements earlier in the chapter.

StrBSTiTTrTiQN Methoj). The diagram of connections for this

methocfis given in Fig. 163. X is the resistance to be measured,
while J? is a variable known resistance. A battery of ample capacity
is used for the supply, since it is important in this method that the

supply voltage shall be constant. A is an ammeter of suitable

range, or a galvanometer with a shunt which can be varied as

required.

With switch closed, and with switch on stud a, the deflection

of the ammeter or galvanometer is observed. Si is then thrown on
to stud b and the variable resistance is adjusted rntil the same
deflection is obtained on the indicating instrument. Then, the value

of M which produces the same deflection gives the resistance of the

unknown directly.

The resistances of M and X should be large compared with that of

the rest of the circuit. The method is chiefly used—somewhat
modified—^in the measurement of high resistance. The accuracy of

the measurement obviously depends upon the constancy of the
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supply voltage, of the resistance of the circuit excluding X and K,
and upon the sensitivity of the indicating instrument, as well as

upoo the accuracy with which the resistance R is known.
PiFyEBEyTLAL Galva A differential gal-

vanometer has two similar
,
but separate, windings, insulated from

one another. The windings are of equal resistance and are wound
with twinned wire so that they may be as nearly coincident as pos-

sible and thus produce almost e3.actly equal and coincident magnetic
fields when equal voltages are applied to their terminals. If equal

and opposite voltages were applied to the two windings the resultant

magnetic field would be very nearly zero. Thi'^ resultant field is

made zero by the use of a small external coil connected in series with

Kia. Jr)4. Measurement of Resistance by Differential
Galvanometb]r

the coil having the weaker magnetic field and placed so that its

magnetic effects add to that of this coil. This external coil is

adjustable so that zero magnetic field may be obtained. A small

magnetic needle, to which a pointer is attached, is pivoted in the

field produced by the windings.

The circuit connections when the instrument is to be used for

the measurement of resistance are shown in Fig. 154. X is the

unknown resistance, while is a standard resistance with which it

is to be compared. Eg and are resistance boxes connected in

circuit as shown, their positions in the circuit being such that the

two galvanometer coils, of resistances and are very nearly

the same potential, to avoid leakage effects between them, f, and

faj represent the resistances of the leads and d is the resistance of

the connecting link between X and S, and should be very low.

The galvanometer is first adjusted to zero by connecting its two
coils in series, so that their magnetic effects are in opposition, and
moving the compensating coil untff zero deflection is obtained.

Then, with connections as in Fig. 164, is given some suitable
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v^alue and the resistance Rs adjusted until zero deflection of the

galvanometer is obtained, when the resistance X is given by

^ Rck ~f~_ / + ^l \

+ u)
(185)

Theory* When zero deflection of the galvanometer is obtained, the currents
in the two galvanometer coils are equal. Let i be this current, and let I be the

current passing through X and K.

Then _ /X
4 + n

Fr ^in wViJch ^
H ^ :

Rs + -f

Rs* ^ + ^2

A' = (
6’

\R. ^ r^-\- r^/

It follows from this t vpression for X that the resistances of the

connecting leads and of the two galvanometer coils must be known,

Fig. I."),*;. Kohluausch Method < f 1\ikg the Diffkkentiat.
Galvanometer

or must be measured separately, although if 7?^, and i?, are fairly

large the error introduced by neglecting the resistances of the leads

will probably be small. This method has now been almost entirely

displaced, for resistance measurements, by the Wheatstone bridge.

Kohlmusch Method. This method, using a differential galvano-
meter, is more suited to precision measurements of resistance than
the above. It eliminates errors due to variation of the resistances

of the galvanometer circuits due to contact resistances, etc.

The connections are shown in Fig. 155 (a), X being the unknown
resistance and S a standard resistance approximately equal in

resistance to X, This standard—assuming it to be larger than X

—

is shunted by a \^ariable resistance R, P and Q are resistances in

parallel in one of the galvanometer circuits, as shown, P being

JO—(^.5700)
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variable. Arrangements are made for reversing the battery con-

nections to X and 8 by means of a specially designed switch or

commutator. This has mercury contacts and is of heavy section

to give low contact resistance. This arrangement is shown in Fig.

155 (a) and is used in conjunction with the circuit of Fig. 155 (6).

The galvanomet^er is first adjusted to give zero deflection. The

Fig. 156. Connections or Wheatstone Bridge

resistances P and R are adjusted so that zero deflection is obtained

with the switch in both of the positions (1) and (2).

Then X = S' where S' is the shunted value of S and is given by
RS

5 . If X is shunted instead of S, then, at balance, 8 = theM + o
shunted value of X,

If X and 8 are nearly equal the resistance R will be large com-
pared with 8 and X, and its value need not be known with any high

degree of precision.

The same relationship between X and 8 exists if, instead of zero

deflection being obtained in both positions of the switch, the same
deflection is obtained in both positions, the direction of the deflec-

tion being the same as well as its magnitude. This condition is

obtained if the galvanometer is not adjusted exactly to zero initially,

so that such exact adjustment is not necessary in this method.
(d) WHEATSTPyB Bbidge . This is the best and commonest

method ol measuring medium resistances. The general arrangement
is shown in Fig. 156. P and Q are two known fixed resistances^ 8
being a known variable resistance and R the unknown resistance.
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(? is a sensitive D’Arsonval galvanometer shimted by a variable

resistance N to avoid excessive deflection of the galvanometer when
the bridge is out of balance. This shunt is increased as the bridge

approaches balance, so that the shunting is zero—^giving full sensi-

tivity of the galvanometer—^when balance is almost obtained. B
is a battery of two or three eclls and M is a reversing switch so that

the battery connections the bridge may be reversed and two
separate measurements of the unk aowii resistance made in order

to eliminat/e therino « lectric /t ^rs. and are keys fitted with

insulating press-buttons, so the haj)d does not come in contact

with met it parts of the circuit, thus introducing thermo-electric

E.M.P.s The battery key, should be closed fost, followed by
the closing of Kq aft r a short interval. This avoids a sudden
(|:K)Ssibly excessive) galvais .^neter deflection, due to self-induced

E.M.F.s when the unknown resistance R has appreciable self-

mductance.
At balance-- obtained by adjustment of S—the same current

flows in both of the arms P and Q, since the galvanometer takes no
current, and the same cuiTent ^ flows also in arms R and S.

Also, voltage drop across arm F =r- voltage drop across arm Q
and voltage drop across arm R — voltage drop across arm S

Thus, i^P ^ i^R

hQ =
By division

P
Q

R
S

or
(
186

)

from which R is found in terms of P, Qy and S.

The arms P and Q are the ‘‘ratio arms” of the bridge and the
P

ratio
^
may be varied as required to increase the range of the bridge.

In the elementary forms of the Wheatstone bridge the arms P
and Q are replaced by a slide-wire of uniform cross-section whose
resistance per unit length is therefore constant. A sesde is fitted

under this slide-wire and a sliding contact—corresponding to the
point C of Pig. 156—connects one terminal of the galvanometer to

the wire.

/S is a resistance of the same order of magnitude as the unknown.
The sliding contact G is moved until zero deflection of the galvano-
meter is obtained. Then, since the slide-wire is of uniform cross-

. . P . . , length of slide-wire ac
seotaon, the ratio

^
is given by ^

being obtained from the scale.

jp
As bef«»e, Rs^y: ,8
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Precision forms of Wheatstone bridge as manufactured by Messrs.

Muirhead & Co. (a) and by Messrs. H. Tinsley & Co. (6) are shoTO

in Fig. 157. These forms contain either four or five pairs of ratio

coils—tens, hundreds, thousands, and ten-thousands, in the bridge

containing four pairs—and either four or five decades of resistance

coils which constitute the variable arm S. These may be either of

the plug pattern or sliding contact pattern, an example of each

being shown. The internal connections of the Tinsley bridge are

jr , ^$ j

jl'h t\

{Muirhead)

Fig. 157a. Wheatstone Bridge, Sliding Contact Pattern

given together with the external connections when the instrument
is used in conjunction with a slide wire.

Operation of the Bridge. The method of operation can be best illustrated
by an example.

Suppose that the actual value of the resistance to be measured is 67*63 ohms
and that a four-dial Wheatstone bridge—the dials containing units, tens,
hundreds, and thousands—is to be used in conjunction with a galvanometer
of ample sensitivity.

The bridge is connected up according to the arrangement shown in Fig. 166,
care being taken to ensure that all the connections are firmly made and that
all the plugs in the bridge blocks are firmly pressed home so that contact
resistances may be small and definite. The galvanometer is at first heavily
shunted and the ratio arms are made equal (each 10 ohms, say). The battery
supply switch is closed. Assuming the magnitude of the resistance to be
measured to be entirely unknown, first set the variable resistance arm, 8^ to
some small value—say 1 ohm. Depress the key and then lightly press the
galvanometer key Kq (immediately raising it again if the galvanometer
defieotion is excessive). Note the direction of the galvanometer defieotion

—

ri^ht or left* Next set the arm S to some high resistanoe—say 10,000 ohms

—

and «||[cdn note the direction of the deflection obtained. If this direction is

opposite to the previous one, the unknown resistance has some value between
1 1^ l^fOOO ohms, being nearest in value to the setting of N, which gives the
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smaller deflection. Adjust the resistance S imtil approximate balance is

obtained, and then remove the -shunt from the galvanometer, in steps, ad-
justing S as required, until balance is obtained with the full galvanometer
sensitivity. In the case mider consideration {R = 57*63), it will be found that
the galvanometer deflects to the left (say) with S set at 57 and to the right

with S set at 58, meaning that R lies between the two. This is the best that
can be done with equal ratio arnis.

To obtain greater accuracy, make ^100 ohms, keeping P 10 ohms, at the
same time altering S to 570. 1 nen adjust S until approximate balance is

obtained again. It will now b*:) found that the balance point is between
S 576 and 577. Q slnmld ihCu ifn maoc J,0*M)ohmL (keeping P 10 ohms)
and the process repea Final 1 al ince will ne obtained when iS ~~ 6,763
ohms. Then

H
P
Q

10

1000
. 5763 57-63

The baUcry eoriiiection*i a< (hen oiversed by the switch Jkf, and the measure*
Inent repeal'd. If it iS i'ounrl ih o. an alteration of I ohm in S disturbs the
balance, then the sensitivity is hi least I part in 6,763. As a check on the
balance it should always be ascertained that a slightly smaller value of S
causes a galvanomof-er dudoction to the left (say) and that a slight increase in

S above the balan ce point cavma a galvanometer deflection in the opposite
direction.

If, w»th equal ratio arms at the beginning of the measurement, the unknown
resistance does not lie within 1 and 10,000, the ratio arms must be adjusted
until an approximate balance is obtained between these limits of S—e.g. if

R is greater than 10.000, arm P must be made greater than Q, and if smaller
than 1 ohrn, Q must be made gi'eater than P.

All accuracy of a few parts in 10,000 is usually obtainable with
a bridge of the type described above.

Best Oalvanometer Besistance. The current through the galvano-
meter for a given change dB in the unknown resistance is given by

—

SB Q + S

0 +
“
(B + P)(Q + ^)1 B + P + Q +
B P -f- Q -j- ^

(Refs. (2) and (3)

)

o

where G is the galvanometer resistance.

Lot in dR

Then

Q + S
R^P-^Q^S

K
° G + A

For given dimensions of the galvanoinet^coil

number of turns on coil, N, oc '\/G

Deflecting torque CC oci^ ’\/W

Hence, deflection for a given change dP, and current tg is

Differentiating we have

^ OC \/Of which is zero when Q ^ A
dO 2\/^
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Thus, maximum deflection for a given change in the resistance

R, and a given current ig, is obtained when the galvanometer
resistance is given by

n „ (-R + E) (Q

S

)

R+P+Q+S
Obviously, the sensitivity may be increased, also, by increasing

the current The galvanometer may be of the D’Arsonval type

and should be as nearly criticallv damped as possible.

Precision Modifications of the Wheatstone Bridge. There are three

principal types of such bridges

—

() The slide-wire type.

() The shunt type.

(cj The Keichsanstalt type.

Space is available here for the description of only one of these

types. Full descriptions of the other types may be found in the

Di^ionary of Applied Physics^ Vol. II, p. 714.

^rey Foster Slide-wire Bridge The connections of this bridge

are sho^ in Fig. 158, a slide-wire of length L being included be-

tween R and S as shown. This bridge is specially suited to the

comparison of two nearly equal resistances. p
Resistances P and Q are first adjusted so that the ratio is

R ^
approximately equal to the ratio . Exact balance is obtained by

adjustment of the sliding contact on the slide-wire. Let be the

distance of the sliding contact from the left-hand end of the slide-

wire. The resistances R and S are then inte»changed and balance

again obtained. Let the distance now be /g-

Then, for the first balance,
P R l^r

Q- {L~l^)r

where r is the resistance per unit length of the slide-wire.

For the second balance,

P S + kr
Q- R+{L-k)r

jP - jR -f- IjT ^ "T {L — li)r aS >4* Lr
^ow,

^
+ 1 - s+{L^l^)r “ S + {L-l^)r

I
P

. ,
S + l,r + R+ {L-l,)r _ S + R + Lr

R+ (L-k)r ^ R+ {L-k)r

Hence aS + (L - li)r R + {L- l^r

or (li-yr .... (187)

Thus the difference between S and R is obtained from the resis-

tance per unit length of the slide-wire together with the difference

-
1|) between the two slide-wire lengths at balance.
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The slide-wire is calibrated

—

i.e. r is obtained—by shunting either

S or i? by a known resistance and again determining the difference

in length (// - /g')-

Suppose that S is known and that S' is its resistance when
shunted by a known resistance, then

and

from whu h

S-^R^ - l^)r

. (
188

)

From this expression it con be seen that this method gives a

S
Fig. 158 . Carey Foster Slide-wire Bridge

direct comparison between S and R in terms of lengths only, the

resistances of P and Q, contact resistances, and the resistances of

connecting leads being eliminated.

As it is important that the two resistances R and S shall not be
handled or disturbed during the measurement, a Special switch is

used to effect the interchanging of these two resistances during the
test.

Measurement of High Resistance. When the resistance to be
measured is of the order of one or more megohms, the methods of

measurement described in the foregoing pages are unsuitable. In
such cases the resistance offered to the passage of current along the

surface of the insulation is often comparable with the resistance
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itself, and special methods have to be adopted to take such ‘‘sur-

face leakage’’ into account.

Amongst the high-resistance measurements which are required

to be made in practice those of the insulation resistance of cables

are very important. The absorption effects in dielectrics have
already been mentioned in Chapter IV, and such effects are apt to

destroy the value of insulation resistance measurements unless

special precautions are taken.

A simple method of measuring insulation resistance is the direct

Fig. ir)9. Price’s Ouake-wibe Method of Measuring
High Resistance

deflection method. A very sensitive moving-coil galvanometer of

high resistance (1,000 ohms or more) is connected in series with the
resistance to be measured, and to a battery supply. The deflection

of the galvanometer gives a measure of the insulation resistance.

This method is, however, only sufficient to indicate whether the
insulation is faulty or otherwise, and cannot be regarded as a precise

method.
Price’s GxTARD-wrRB Method. Fig. 159 gives the connections

for a direct deflection method in which the errors due to surface

leakage are eliminated by the use of a ^ard wire. In the figure the
resistance to be measured is the insulation resistance of a length
of cable. The cable is immersed in water, which is contained in a
metal tank, 24 hours being allowed to elapse—^the temperature
meanwhile being maintained constant—before tihe test is carried out.
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This enables the water to soak through any defects which may exist

in the insulation, and also allows the insulation to attain the same
temperature as the water. The ends of the cable are trimmed as

shown, the outer protective covering being removed at these ends
for a length of at least 12 in. A bare wire, twisted round the

insulation near the end, is connected to the negative pole of the

supply battery—the posith e pole of which is connected to the metal
tank—so that any current which leaks toross the insulation sur-

face is taken direi‘t t< the bvttcry instead of passing through the

galvanometer, and increasu 4: its defection. The galvanometer
18 shunted as shown, the s.hnnt being of the Ayrton universal

type.

The detlectiori of the galvanometer is observed, and its scale is

afterwards calibrated by ro] /facing the insulation resistance by a

standard high resistance (usually 1 megohm), the galvanometer
shunt being varied, as requiied, to give a deflection of the same
order as before. The galvanometer, which is of the D’Arsonval
type, .diould be very sensitive (at least 1,000 mm. per microampere
at a scale distance of 1 metre), should have high resistance, and, also,

its deflection should be directly proportional to the current flowing

through it. The resistance of the universal shunt across the gal-

vanometer may be so chosen that the galvanometer is critically

damped, thus saving time in making observations

The battery should be of about 500 volts, and its E.M.F. should
be constant. 0 is a four-part commutator for reversal of the gal-

vanometer connections. S is a protective resistance of about
100,000 ohms in series with the galvanometer. is a key which
is closed on contact ‘‘a” when the battery is first switched on. The
galvanometer is thus protected from the sudden initial rush of

current which charges the cable—^the latter acting, of course, as a
condenser. Contact “6” is sufficiently close to ‘‘a’’ for the circuit

to remain closed when the key is being moved over. is another
key for the purpose of discharging the capacity of the cable.

The galvanometer and its circuit, together with the keys, must be
wejt^sulated to prevent leakage currents.

OTT nTTA^am ^THQD. In this method the insulation resis-

tance to be measured is connected in parallel with a condenser and
electrostatic voltmeter. The condenser is charged, by means of a

battery, to some suitable voltage, and is then allowed to discharge

through the resistance, its terminal voltage being observed over a

considerable period of time during discharge.

Then, assuming the condenser to be perfect, if F is its terminal

voltage at any time f
, Q being the charge, in coulombs, still remaining

in the condenser, and G its capacity, we have for the current i at

time L
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But t — F
R where R is the resistance to be measured, and through

which the condenser is discharging.

I- C^’R-~ dt

or
F
R + C

dt
= 0

Solving this differential equation for F gives F = where
E is the voltage when t = 0 (i.e. the voltage to which the condenser
was originally charged), and « is the base of Napierian logarithms.

Thus

or

logs F = logg -E -^ logg e = logg E -
CR

R = t

0 log, j

0-4343t

^ logic f

. (189)

B will be given in ohms if < is in seconds and C in farads.

Example. If 0 — 0*2 microfarad, JS7 = 400 volts, and the time taken for

the condenser terminal voltage to fall to 250 volts is IJ min.,

0.4.040 y 00
i? = — = 957-6 X 10* ohms or 957-6 megohms.

U*<5 - 4UU

W ^ ^
If the resistance R is very large, the time for an appreciable fall

in voltage is also large. The voltage-time curve will thus be very
flat, and, unless great care is taken in measuring the voltages at the

beginning and end of a given time a serious error may be made
E

in the value of the ratio ^ »
causing a corresponding error in the

measured value of B. More accurate results may thus be obtained

by measuring the change in the voltage {E ~ V) directly. Calling

this change v, the expression for R then becomes

^ 0-4343f
^ E

Laws (Ref. (2) )
gives details of a method of measuring this change

in voltage v, using a ballistic galvanometer.

If the insulation resistance of a length of cable is being measured,
the cable itself may be used as the condenser, but its capacity must
be either known or must be determined.

Sfiveral serious diMoulties are encountered when this method is peed. Owing
to absorption effects in the didbctrio under test, the current actually flowing
through the resistance is not simply dependent upon its resistancOf since an
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absorption current also flows into the insulation. For this reason observations
should be continued for a long period—several hours—if the results of such
measurements are to be of value. Again, the insulation resistance of the
voltmeter and of the condenser must be exceedingly high in order that leakage
effects shall be negligible.

Effect of the Time of Electrification. As absorption effects are present to a
greater or less degree in all insulation resistance measurements, it is important
that their influence upon the measured value of the resistance should be
considered. In Fig. 75 a curve rhowing the variation of the absorption current

in a condenser with time was given. This current falls away fairly rapidly at

first, the decrease thereafter being more gradual. Evershed (Ref. (6) ) found,
m the case of a length oi rubber-^jovored cable, that the absorption current
was some live or six times the leakage (nirrent—dependent upon the
'•esistance only—after a time ot application of voltage of 1 min., and was
about equai in value to the true leakage current after 7 min. After the voltage
had been applied for 6 or 7 hdu^'s, the absorption current still formed some
5 tu 10 per cent of the tf*.jl curr^ant flowing through the insulation. From
these result.- it is obvious that th » insulation resistance as defined by

Applied voltage

Current flowing through the insulation

depenus very much upon the time of application of the voltage. In commercial
testing a time of application of I min. is normally specified, but the resistance

value 80 obtained will be verj^ much less than the true value. The magnitude
of the insulation resistance itself will influence the effect which the absorption
has upon the measured value. If this resistance is low, the absorption current
may be negligible compared with the true leakage current, but the former will

be of nnv*h greater importance in the case of very high resistance insulation.

Effect of Temperature upon Insulation Resistance. The resistance of insu-
lating materials, generally, falls with increase of temperature, the change in

resistance being, in some cases, very rapid. For this reason it is important in

such measurements that the result should be stated together with the tem-
perature at which the test was carried out.

Koeiiigsberger and Reichenheim’s formula (Ref. 6) for the variation of the
resistance of hard insulating materials with temperature is as follows

—

-kt

(273 + 0273

where is the insulation resistance at temperature C.

^0 »» »» >»

/c is a constant for any given material.

6 is the base of Napierian logarithms.

Fig. 160 shows the curve oi (expressed as a fraction of H^) against tem-
perature, for red fibre, for which k = 8,477. The very great reduction of

resistance with increase of temperature can be observed. Curtis (Ref, (7)) gives

a table of values of the resistivity at 30® C., and of the ratio
reeastmty at 30®C.

for a number of hard insulating materials. Th© value of this ratio varies
from 1 for India ruby mica to 16*0 for yellow beeswax.

Keasarement of Resistance of Specimens of Insalating Materials.

SttbJFace anb Volume RESiSTiviTy. In the above tests the resis-

tance to be measured ha;S been assumed to be that of the insulation

of a length of cable. The direct deflection method is often applied



290 ELECTBIOAL MEASUREMENTS

to measurements of the resistance of insulating materials, small

samples of the material, in sheet form, being used. In such cases

it is necessary to distinguish between the '‘'surface resistivity^^ and

the ^'volume resistivity” or specific resistance of the material.

The surface resistivity” is deiined as the resistance between oppo-

site edges of a wJt square area of the surface of the material. This

Fig. 160 . Kesistanoe-temperatube Cttrvb fob Red Fibre

quantity depends upon the general condition of the surface and
upon the humidity, and is not a constant.

The form of specimen used for such measurements is shown in

Fig. 161. The sample rests in a pool of mercury to which the negative
pole of the battery is connected, an aimular groove containing
mercury forming the other electrode. There is a pool of mercury
also inside the specimen, and a wire from this is taken to the positive

side of the battery as shown, being connected so as to form a guard
wire to prevent the leakage current which actually passes through
the body of the specimen from passing through the galvanometer.

Then, if is the measured value of the resistance, the surface

resistivity is given by
B X Trd

I

where d is the diameter of the specie
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men and I is the length of the surface path from the annular groove
to the outer mercury pool (see figure).

This arrangement and shape of specimen are recommended in

the British Electrical and Allied Industries Research Association

Report (Ref. (11))- A number of such reports, dealing with the

measurement of volume and surface resistivity of insulating materials

and the effect of temperatu’^e humidity, etc., upon ^hese quantities,

have been repi.oduced in the / E E. J( v during ihe last few years

(Kefs. (8) to (13)). Tli'^se repo ts ghe vc-y full directions for the

study of many difierent foria« u insula trig materials—vulcanized

+
Annular
Groove
contdrnng
Mencupu

Pro. 161, P’oRM or Specimen pob Surface Resistivity
Measurements

fibre, hard composite dielectrics, unvarnished textile fabrics, insu-

lating uils, papers, etc., and also lay down the conditions under
which the various tests should be made.

Portable Insulation Testing Sets. A portable, and reasonably

accurate, form of testing set is often necessary in order that in-

sulation tests may be made on cables and wiring systems after

installation. A number of such sets have been developed and are

manufactured by various instrument makers. Most of these sets are

modifications of the ohm-meter originally designed by Ayrton and
Perry. The principle of this instrument is illustrated by Fig. 162.

Two coils, C and P, are fixed at right angles to one another, and
so that their magnetic fields—^when current flows through them

—

both exert a turning moment upon the pivoted magnetic needle

Af , to which a pointer is attached. SS are the supply terminals, the

supply usually being obtained from a small generator, giving about
500 volts, which is turned by hand. P is the pressure coil and is

connected, in series with a resistance, across the supply terminals.

G is the current coil, connected in series with the resistance X, to be

measured. This coil carries a current which isr nversely proportional

to the resistance X.
The current in coil P, which is directly proportional to the supply

voltage, is fixed, and is independent of the resistance to be measured.

The magnetic field of this coil tends to turn the needle in an anti-

clockwise direction, while the field of coil C tends to cause clockwise

rotation.

The balance position of the needle is such that these two turning
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moments are equal. If X is infinite, there is no current m 6\ and
the needle sets along the axis of coil P, whereas if the resistance X

is very low, the turning moment of C is far greater than that of

and the needle sets along the axis of C. The scale is graduated in

CEvershed & Vignoles)

Fig. 163a, Intebnal Connections op the Megger

resistance values (usually megohms), the intermediate points be-

tween infinity and zero being obtained by calibration.

The commonest of the more modem testing sets is the megger,

manufactured by Messrs* Evershed and Vignoles,* the construction

The same manufacturers make a very useful “Bridge Meg’’ which, by
meims of a selector switch, can be used as a megger, a Wheatstone Bridge or

for feult localization by the Varley Loop (see p. 468). Variable ratio arms and
a 4-decade remstanoe are included for these additional uses.
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and connections of which are shown in Fig. 163a. In this instrument
the moving system consists of two coils moving in the field of a
permanent magnet, this construction being adopted to overcome
difficulties due to gradual demagnetization of the pivoted needle of

the older form of instrument, and also due to stray magnetic fields.

n:

P'lG. ISSb. KvERETT-EDaCTIM E RESISTANCE METROHM

The supply generator, which is hand driven, and is usually a
600 volt machine, is incorporated in the instrument as shown.
NS, NS are two permanent magnets supplying the field for both

the generator 0 and the moving coil system. C is th^ current coil,

P the pressure coil, and ^ is an additional coil in*s^es with P,

which acts as a compensating coil to make the scale of the instru-

ment more evenly divided. All three coils and the pointer are

rigidly connected, so that they move together. P is a resistanoe in
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series with the pressure coil, and M a resistance in series with the

current coil to protect the latter if the instrument is short-circuited.

X is the resistance to be measured, connected between the “line**

and “earth** terminals L and E of the instrument.

When current flows through coil C it tends to rotate in a clockwise

direction, while current in the pressure coil P causes it to rotate in

an anti-clockwise direction. Since the two coils are rigidly con-

nected together, when current flows through both the moving system
takes up an intermediate positioii a steady deflection being obtained

when the two turning moments are equal The scale of the instru-

ment is graduated in megohms.
Fig. 163b shows the constniction, and essential comiections, of

Fig. 164. Measurement oe Insulation Kesistance when the
Power is On

the Everett-Edgcumbe Resistance Metrohm.* This instrument has
a very wide range and is manufactured for the measurement of

resistances of a few ohms or for insulation resistance measurements.
The coil WC connected in series with the resistance under test

while the coil CG is connected across the terminals of the supply
battery.

Measurement of Insulation Resistance when the Power is On. It

may be necessary, in some cases, to measure the insulation resistance

to earth, of a (hstribution system, while the power is on. Such a
measurement may be made as follows. The voltage E between the

two mains—^positive and negative—is measured, together with the

voltage Fj from the positive main to earth, and the voltage from
the negative main to earth. These measurements are made with a
high resistance voltmeter whose resistance R^ should be comparable
with the insulation resistances to be measured.

Let Bi = resistance between + ve main and earth

•^2 ^ it >> it

Fig. 164 (a) shows, diagrammatically, the system when the volt-

meter is connected between the positive main and earth, and Fig.

A full descriptioii of th© instrumant was given in The EUc^rieian, Vol.

LXXXVIl, p. 460.
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164 (6) the system with the voltmeter between the negative main
and earth.

If /j is the current flowing from the positive main to the negative
main, through R^ and R^—the latter being in parallel with R^

—

in the first case we have

and

Thus,
Fi

Vy~

Ri + Rv
h

E R -j- li^(Ri iijj
)

1 j RjRv

Ri + R,

By similar reasoning, in the second case we 'have

E H- -F B^)

Fa
~

B^B^

E Rii?a I- B,{Bi 1- B^)

Tx
~

E R^R2 + Rv(Ri + Rz) ^^1

F.

Hence

,

V.

R9R1X

Substituting R^^ R-^ IT ^ expression

E R1R2 + Rv(Fi + R2)

we have
yi

R,

RiRv

{Ri + R^) + RiRv

from which R,

RtB,

^ p-(F^+F,)

j

^
p-(F^+ F,)

j

fR, + RA Fa

K )v^

Similarly, i?j

R.

-4 1

(190)

(191)

This method cannot be used if one of the mains is earthed, and
is generally only applicable if the insulation resistances to be

measured are not more than 1 or 2 megohms.
Measurement of Resistance of Electrolytes. Ow|\g to the fact

that a polarization E.M.F. is produced whenA/er a current passes

through an electrol3d;e, the usual methods of measuring resistance

cannot be used to measure the resistance of electrolytes.

Kohlrausch devised a method of measuring their resistivity. The
eleotolyte is contained in a glass tube having two platinum elec-

trodes dipping into it. This cell is connected in one arm of a Wheat-
stone bridge network as shown in Fig. 166 (a). The bridge is of the
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slide-wire form, and is supplied from an induction coil, a telephone

being used as the detector. The slide-wire may be of special form

consisting of a long manganin wire wound spirally in a groove cut

in a marble cylinder, the cylinder being stationary and the contact

—of hard steel mounted in a manganin rod to avoid thermo-electric

E.M.F.s—sliding round the cylinder. The spindle carrying the

Fia. 165 . Measubbment of the Resistance of Kleotkolytes

contact has a thread of the same pitch as that of the groove in which
the slide-wire lies.

J? is a known resistance of the same order as that of the electrolyte.

Balance is obtained by adjusting the sliding contact until no sound
can be detected in the telephone.

Then, if and Zg are the two lengths into which the slide-wire is

divided by the sliding contact, the electrolyte resistance X is given

X = if (102)

If the resistivity of the electrol3d)e is to be measured it is best to

use a cylindrical glass tube, of uniform cross-section, supported

vertically in a vessel containing the electrolyte, and with its upper
end above the surface of the liquid. (Fig, 165 (6).) The electrodes

should be of platinum and should be circular, fitting tightly inside

the cylinder. The lower electrode may be pierced to allow liquid

to flow through it, and the glass tube may be graduated so that the
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length of the column of electrolyte between the two electrodes can
be accurately determined. Then, if a is the cross-sectional area of

the column of electrolyte and I is its length, the resistivity is given

by where X is the measured resistance of the column.

The temperature should be carefully observed when making such
measurements, and this temperature stated when the results are

given.

Apparatus Used in Eesistance Ifeasurements. Resistance stan-

dards and resistance boxes hrn, already been discussed and their

(OL)

Fig. 166. Aykton Universal Shunt

construction described. Several other pieces of apparatus, used in

connection with resistance measurements, merit description.

Ayrton Universal Shunt. This is an important accessory in

galvanometer work. Fig. 166 (a) shows the connections of such a

shunt in diagrammatic form.

The galvanometer of resistance Rq, is connected across the

outer terminals ac of the shunt, whose total resistance is /S. b is

a moving contact, x is the resistance between points ab and depends

upon the position of 6.

Let I be the current flowing in the main circuit (i.e. into the

parallel combination of G and S).
I

Then, with b in position (1) the galvanometc* cun*ent

x + S-x + R^ S + R^

Again, with b in position (2)—^when x 8—^the galvanometer

current is

7 ' -w. - 7
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Thus, in moving 6 from position (2) to position (1 ), the galvanometer

current is reduced in the ratio this ratio being, therefore,
O

independent of the resistance of the galvanometer.

The “multiplying power” of the shunt—^i.e. the ratio

I
Galvanometer current

- . . , , . S Aq—for any given position, is —

^

on

By arranging the contact b to be moved in steps (by means of a

moving arm and studs connected to tapping points on the shunt S),

Slide Wire
Resistance

ohms

// Cods each Re distance ohms

11 10 9 8 y? 6 \^5 4 3 2 1 0

Fig. 167, Kelvin and Vaulby Slide

the galvanolneter current for any position of h may be made a

definite fraction of the current which flows through the galvanometer
when h is on the point Q, Thus, if 6 is in such a position that x
:= . /S, the galvanometer current is -^’^th of the current flowing

when x ,

These shunts are often made up so that the ratios of obtainable

“e fo, 1 Jtj, tsVo. etc. (see Fig. 166 (6) ).
*

It should be noted that the resistance across the galvanometer
terminaJs is no matter what the position of the contact ft. The
resistance 8 of the shunt should be chosen about 10 times that of

the galvanometer, so that the latter may not be over-damped, and
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that its sensibility may not be appreciably reduced by being thus
shunted.

Kelvin and Varley Slide. This device may be used to replace
a simple slide-wire in a Wheatstone bridge network. The principle

is used, also, in the construction of certain potentiometers, e.g,

Tinsley’s vernier potentiometer. It consists oi a slide-wire and a
number of resistance coils connected as shown in F'g. 167, where
the apparatus is inserted in a Wheatst<^r 3 bridge network.
The lower row of coils consistt^ of eleven ils, each of resistance

r ohms. Shunting two of the is anoilier row of eleven coils,

y
each of resistance — ohms, the ^jhuntmg connections being made

through two sliding contacts w hi< h always move together, so that
two coils in the bottom row are shunted by the row above, through-
out. Again, two of the coils in this second row are shunted in the
same way by a slide-wire whose resistance is equal to that of the

2
two coils which it shunts, namely

g
r. Obviously, the number of

rows of coils can be increased as far as is justifiable, taking into

consideration contact resistance errors, etc.

Since in each case the two coils are shunted by a resistance equal

to their own, the resistance of the combination is the same as the

resistance of one coil, so that the total effective resistance of each
of the rows of coils is in each case that of ten coils only.

R 5346
The reading of the slide in the figure is 5346. Thus ^
The D’Absonval Galvanometer. This instrument, which is

largely used in the various methods of measurement of resistance,

and also for potentiometer work, consists«ssentially of a circular

or rectangular coil of many turns of fine wire suspended between
the poles of a permanent magnet. There is often a fixed cylindrical

iron core inside the coil, the coil wires being situated in the two
air gaps between this core and the permanent magnet. The length

of the air gaps between the coil and pole faces, and between the coil

and core, is usually about ^ in., and the pole faces are shaped so

as to give a radial field. The suspension is a single fine strip of phos-

phor-bronze, and serves as one lead to the coil, the other lead taking

the form of a loosely coiled spiral of fine wire leading downwards
from the bottom of the coil. The suspension caniee^.^ small mirror

upon which a beam of light is cast through a glass window in the

outer brass case surrouiSing the' instrument. The beam of light

is reflected on to a scale—^usually at a distance of 1 metre from the

mirror—upon which the deflection is measured. A toimon head is

provided for adjustment of the coil position and zero setting.

In order to save tiine in using the galvanometer, damping is

provided by winding the coil on a light metal former. The damping



Fig.

168a.

D’Aksonval,

Galvanometer
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is produced by the torque—opposing motion—due to the permanent
magnet field in conjunction with currents which are induced in the
metal former when it rotates in this magnetic fi(3ld.

Damping may also be obtained by connecting a fairly low resis-

tance across the galvanometer terminals. The damping being then
dependent upon the magnitude of this resistance, it is possible, by
suitably adjusting this resistance, to make the damping critical.

Fig. 168a shows the construction of a galvanometer of this type as

manufactured by Messrs. H. Tin:>ley 4 The figure also shows
the moving system of the galvfniiomcter in letail and gives alterna-

tive connections for aperiodic o> »»alHstic um of the instrument.

Fig. 168b shows the construction of D'Arsonval galvanometers,
manufactured by the Cambridge Instrument Co. and by W. G.

Pye (fe Co.

The Cambridge Instrument Cm. liave recently introduced a very
robust form of galvanometer which requires no levelling or clamping.

This is the Cambridge “Pot” Galvanometer. It is fitted with a

pointer as well as a mirror for use with lamp and scale and gives a

deflection per micro-ampere of 12 millimetres at a scale distance of

1 metre. Its resistance is 50 ohms and its period 1*3 seconds.

Theory. Let i be the current (assumed constant) flowing through the

galvanometer coil. Then the equation of motion of the galvanometer is,

from Equation (174) (Chapter VI),

a
dt^

-I- = Qi

where 0 = the deflection in radians

t “ time in seconds

a — moment of inertia of the moving system

b = the damping constant

c = the restoring constant

0 = the displacement constant

(see theory of the vibration galvanometer, Chapter VI).

Referring to Equations (176) and (179) {loc. cit.), we have for the solution

of the above equation

e = + 7 .... ( 193 )

since the current is now constant and equal to i, co in Equation (179) being
zero. A and JB are constants to be determined from the initial conditions.

Let dj) be the final steady deflection of the galvanometer. Then fip »

the expression -f representing a motion which k sy» or *osy not,

be oscillatory, according to the relative values of the coiiStants a, b, and c.

To determine A and B, suppose that when t is zero, the deflection $ is ssero

d6 .

and also ^ 0 (i.e. the galvanometer moviqg system is stationary in its

zero position).

Then, since when ^ 0, ^ = 0,

Qi
"Ks A B A'



Fig.

168b

D’Absonvai.

Galvanometers
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Also, since when i5 = 0,

Hence,

0 = Anil -h Bm^

A = an,1 B
m, - W/, m, ~

Hence, the equation for 6 b^comerj

Now, nil '

- 6 -f Vh^ - 4:ac
and

- h - V IA ~

2ci

Thus, if 6^ > 4«c, both and ajd »oal and negative. The motion of the
galvanometer is thus non-oscillatorv, the ctefleotion gradually rising from
zero to its maximum value Th< ral v^anometer under these conditions is

said to be ''otfer-damped.^* If < 4ac, both and are imaginary. Then
referring to Equation (180), the equaMon oi motion is

0 == Oji -f e ^ F Bin (
V4aG -

! + f«)
. (196)

This equation represents an oscillatory motion, the oscillations dying away
gradually as the time t is increased, giving finally a steady deflection

Tf / is the frequency of these oscillations, then

* « , 4ac -

V4ac -
. (196)

The galvanometer, under these conditions, is under-damped. If there is

no damping 6 = 0 and T 2k (where T ~ the periodic time of the

oscillations).
^

If 6* = 4ac, then = ma ~ ^
In this case of equal roots (m^ = w^), the general solution for 0 takes the form

ep + e
2a ^

To find A and B, let 0 = 0 and
<U

0 5=
0JJ d- A

0 when t 0.

Henee,

Under these cont^tions the motion of the galvanometer is just non*oscii«

latory and the damping is said to be **cHticaV*
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Fig. 169 shows the forms of the deflection-time curves in the three

cases when the galvanometer is (a) over-damped, (h) under-damped,
(c) critically damped. The curves on the left show the rise of the

deflection, starting at 0 = 0 when i = 0, while those on the right

show the dying away of the deflection, starting at d ~ when
^ = 0.

Influence of the Resistance ol the Galvanometer Circuit upon the Damping.
In the above, the damping constant h was assumed to bo dependent merely
upon air friction and elastic hysteresis in the suspension. Tf the coil is wound

Fio. 169 Dbflkotion-timb Curves for Different Degrees
OF Damping

upon a metal former, an E.M.F. will be induced m this former when it moves
tlurough the magnetic field of the permanent magnet. A current will flow in

a closed circuit in this former, and will produce damping even though the
galvanometer circuit may be open. The induced E.M.F. is proportional to

the angular velocity of the coil ~ and this additional damping may be taken

into account by making the original damping 6, now h\
If the galvanometer circuit is closed, R being the resistance of this circuit,

the current flowing through the galvanometer—neglecting its inductance

—

will be given by

€U

,dd

H
represents a '‘back E.M.F.*’ induced in the coil due to its motion through
the magnet field, O being NBlr, N being the number of turns on the coil,

I its active len^h, r its breadth and H the intensity of the permanent
magnet field.
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The equation of motion now becomes

(199)

where I is the final value of the gnlvanometer current when the coil has
attained its steady deflection. The effective damping consteni. is now, there-

fore, + 6'^, and this now replaces I in ti.e original theory.

If 6' is small compared with the ' aoometei m critically damped when

since G, a, and c ar constants for any particular instru-

ment, critical damping may be obtained by variation of R.

It is important, in order to save both time and trouble in using
such galvanometers, that the damping shall be properly adjusted,

and also that the sensitivity of the galvanometer chosen for a
particular measurement shall not greatly exceed that demanded
by the work in hand.
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CHAPTER VIII

POTENMOIMETERS

A POTENTIOMETER is, essentially, a piece of apparatus by means of

which E.M.F.s are compared If one of two E.M.F.s is known, the
other may be determined by comparison with the known one, and
thus the potentiometer is used for the measur'^ment of E.M.F.s by
comparison with a standard E M F. It may also be applied to the
measurement of current and resistance by methods which will be
described below.

Potentiometers for Use with Direct Current. The principle of the

potentiometer is illustrated by Fig. 170, which shows the connec-
tions of the most elementary form. A battery B sends a current

i

A

Slfde

B

Fig. 170. Pujnoiflb of the Potbntiometbb

through a slide-wire of uniform cross-section, B being a regulating

resistance to limit the slide-wire current. is a battery whose
E.M.F. is to be measured. This is connected in series with a gal-

vanometer G and a key K, the polarity of B^ being as shown.

Suppose that r is the resistance per unit length of the slide-wire,

and that i is the current in it when the key K is open. Then, if the

length AC is the voltage drop across AC is irl.

If the keyK is now closed, a current will flow through the galvano-

meter in the direction A to (7 if the voltage drop across the length I

of the slide wire is greater than the E.M.F. of battery J?i. (Note

that the battery Bi is connected so as to oppose the passage of this

current.) If these two E.M.F.S are equal no current will flow through
the galvanometer.

Su|^K>se, now, that the E.M.F.8 of two batteries B^ and are

to be omnpared. Then, the first battery B^ is inserted, as shown in

1%. 190^ in series with the galvanometer, and the sliding contact

G ti wtil no current flows through the galvanomet^. Let

306
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the length AC then be is then replaced by i^o contact
C again adjusted until no current flows through G. Let the length
AC then be Zg.

Then, if E.M.F. of battery

„ „ ^2

(obviously, both and must be less thati tin E.M.F. of the
supply battery B)

we have 7i/\ - - fWj

E^ -r nL^

so that ^
'2

A scale is provided in this » icuuMdary form of potentiometer, so

that \ and may be read ofl, and the ratio gives the ratio of the

two E.M.F.s as shown above '2

If one of the batteries (say B.^) .s a standard (‘cll of known voltage,

the E.M.F. of battery is given by

X E,
*2

Procautions. The supply battery B should be of ample capacity, so that
the current i in the slide-wire may remam constant throughout the test. A
resistance should be connected m series with the galvanometer, or a universal

shunt used, for protection during the initial adjustment of the contact O',

this resistance being cut out as balance (i.e. zero deflection) is obtained. Such
a resistance is also necessary in order that no appreciable current shall be
taken from the standard cell—when inserted in the galvanometer brahch—
during the preliminary adjustment of G. The E.M.F. of a standard cell cannot
be relied upon if it is allowed to give any appreciable current.

It should be noted that when the ‘potentiometer is balanced no current is

passing through the battery under test, so that the E.M.F. measured is the
open circuit E.M.F. of the battery.

Obviously, in the above elementary form of the potentiometer the accuracy
of measurement depends to a largo extent upon the accuracy with which the

ratio y can be dt^termmed. Assuming the same error in reading 2j and to

be made, no matter what the length of the slide wire, the longer the slide-wire

the less the percentage error in measuiement due to these constant errors in

Zj, and Zg. In the modern forms of potentiometer designed for precise measure-
ments, the effect of a very long shde-wirt is obtained by connectuig a number
of resistance coils in series with a comparatively short sbde-wi^ , as described

below.

Modem Form of Potentiometer. R. E. Crompton flrst modifled

the simple slide-wire form of potentiometer described above, the

arrangement of his form of the instrument—which is still in common
use—being shown in Fig. 171.

A graduated slide-wire AC is connected in series with fourteen

{m more) coils, each of which has a resistance exactly equal to that
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of the slide-wire (of the order of 10 ohms). There are two moving
contacts, and P2» sliding over the slide-wire, and the studs of the

resistance coils, respectively. B is the supply battery (2 volt), and
Ri and R2 are two variable resistances, the former consisting of a

number of coils for coarse adjustment of the potentiometer current

and the latter taking the form of a slide-wire for fine adjustment.

The galvanometer Q is connected in series with a key Ky and a

multiple circuit switch, by means of which either the standard cell

Sy or other batteries, etc., whose E.M.F.s are to be measured, can
be connected in the galvanometer circuit. The terminals to which
apparatus under test is connected are marked positive (+) and
negative (~) to avoid the possibility of damage to the potentiometer
due to the wrong polarity being used. The standard cell and supply
battery terminals are marked similarly.

Method of Use. The potentiometer is first “standardized/’ i.e.

made direct reading by adjustment of the current from the supply
battery as follows.

A standard cell—usually of the Weston type, E.M,F. 1*0183 volts

—is connected to the terminals marked SC {being sure to connect

with the correct polarity). The galvanometer is at first heavily

shunted, or is connected in series with a high resistance,* for protec-

tion. The potentiometer is then set to read, directly, the E.M.F.
ofthe standard cell—corrected to the room temperature, if neceesary

.

* If the galvanometer is shunted it may be necessary to include a series

resistance for the protection of the Standard Cell.



POTENTIOMETEBS 309

If a Weston cell is used contact Pg will be placed on stud 1-0 and
contact Pi on *0183 on the slide-wire. Resistances and R^ are
then adjusted until no deflection of the galvanometer is observed
with the galvanometer shunt adjusted to give full sensitivity.

Leaving the resistances R^ and Pg settings so obtained,
switch over the selector switch to terminals 1, 1, to which the
battery whose E.M.F. is to be measured has b*^en connected.
Shunting the galvanometer at first, fov protectic;n, adjust Pg and,
finally, P^, until the potentiome*.er is again balanced. The reading
of the potentiometer will then ove the E.M.F. to be measured,
directly. If the adjustment of tee potentiometer to obtain balance,

in this second case, takes any appreciable time, it is advisable to

check the initial standardisatic;j i again. In order to obtain steadiness

of the potentiometer current, ^luring a test, it is well to allow the

current to flow through the jK>tcntiometer for a few minutes before

making a measurement.

Constructional Details. ll a steady < urrent is to be obtained, it is important
that the resistance of all portions of the supply battery and slide-wire circuit

shall be constant. Since the paly resistances in this circuit which are liable

to vary are i?i and it is necessary that care be taken in their design to

ensure that their moving contacts shall not be subject to resistance variations
when once set in position.

There is not much difficulty in the design of the resistance to fulfil this

condition. The moving arm and studs must be fitted with care, and the stud
contacts kept clean. The resistance i?*, which is of the slide-wire type, consists

of a manganin wire wound, in the form of a double spiral, in a groove cut in

an ebonite cylinder. Two fixed contacts are fitted, the length of wire included
between them being varied by rotation of the cylinder, which is mounted on
a spindle having a screw thread cut on it so that rotation causes the cylinder
to move up or down in the duration of its axis.

Potentiometers are often designed for a slide-wire current of 10 milliamps.
Thus, referring to Fig. 171, if the slide-wire AC and the fourteen resistance
coils in series with it have a resistance of 10 ohms each—total 160 ohms

—

the total resistance of Bi and i?3 together must be about 60 ohms if a 2 volt

battery is used for the supply.
Internal Thermo-electrio E.9I.F.8. It is very important that there shall

be no appreciable thermo-electric E.M.F.s within the potentiometer itself,

as such E.M.F.s would obviously affect the readings. For this reason, man-
ganin—which has a very low thermo-electric E.M.F. with copper—is usually
chosen as the material for the resistance coils and slide-wire. In some oases
the construction is such that all contacts and joints in the potentiometer
circuit are included within the ease of the instrument. This ensures that all

parts are at a uniform temperature and also protects the contacts from the
atmosphere. This latter point is important, since any acidl*^ of the atmo-
sphere causes corrosion of^the contacts and may set up 4mal! voltaic E.M4F*8
at the joints. To avoid corrosion the contacts are often made of a sp€»eial

gold-silver Alloy.

Leak^. In order to avoid leakage between adjacent parts of the potentio-
meter circuit, the insulation must be good. For this reason the working parts
of the instrument are mounted on an ebonite board and the internal connec-
tions are spaced so as to be as far apart as possible. iA bakelite cover is often
fitted above the eboi^ite board for protection of the instrument from light

and dirt* The knobs opeijating the moving parts project through holes in

this cover, which also carries the graduation marks.

(T.57CO}
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Standartoing Device. To save time and for greater ease of operation of
the potentiometer, the instrument is often arranged so that it is unnecessary,
when standardizing the potentiometer, or when checking this standardization
during the measurements, to set the moving contacts to any particular value
(1*0183 in the case of a Weston Standard cell). The simplest way ©f doing this

would be to utilize a standardizing coil in series with the slide-wire as shown
in Fig. 172. The resistance of this coil would have to be such that when the
standard slide-wire current passed through it, the voltage drop across it

would be exactly equal to the E.M.F of the standard cell. Since this simple
senes arrangement would nocessitale he use of a four-volt supply in order
to obtain the necessiiry voltage drops across tins coil and the slide-wire circuit

itself, one of tlio following alternative arrangomont^ is adopted

—

Fio. 172. CoNNPJOTioNS Fon Potentiometer with hTANDARoiziNG
Device

() The necessary resistance of the standardizing coil is obtained by
couneoting in series with the slide-wire a coil whose resistance is consider-
ably less than the required value, makmg up the balance by using a portion
of the slide-wire circuit ; or

() A high resistance is connected in parallel with the slide-wire circuit
(i.0. the slide-wire plus its series coils), the standard cell being connected,
by the standardizing switch, across a fraction of this resistance. This frac-
tion is such that the voltage drop across it is equal to the E.M.F, of the
standard cell when the voltage across the total is exactly equal to the
nominal voltage of the slide-wire circuit, e.g. if the nominal voltage drop
across the slide-wire oircuit is 1*9 and the I'esistonce in parallel with it is

1,990 ohms, the standard cell would be connected across 1,018*3 ohms
(the E.M.F. of the standard cell being 1*0183 volts)^

^

In either case, balance of the standard cell E.M.F. is independent of the slide-
wire settings. Since the resistance of the standatdizing coil bears a direct
relationship to the E.M.F. of the standard cell used with the polentiometer,
spoall variations in this E.M.F. due to temperature changes or^c^er catzses
a3ce often allowed for by making the standardizing eoU adjustl^le over a
small range ancient for the purpose.
Bueh an adjustable arrangement is called for in the specification;, of potentio-

meters for meter-testing statioxus. (See Electricity Commissioil il^blic^ion,
JE^tdeity Supply (Meters) Aet, 1936 j 4ppfee6d
StaRms, (Fubuslm by H*M. Stationery Office, 19374

)
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Other Forms of Potentiometer. (1) Tinsley Vernibb Potentio-
meter. Fig. 173 shows the internal connections of a potentiometer
manufactured hy Messrs. H. Tinsley & Co. This instrument has

5

I
s:

6
bi

two ranges—-the normal range of 1*90100 down to *00001 volt> and
a lower range of 0*190100 down to 1 microvolt.

There are three measuring dials. The first dial—on the left

—

measiires up to 1*8 volts (on the normal range), the middle dial reads

up to Od volts, while the last dial reads up to 0*001 volt. ^There ta
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no slide-wire. The resistances of the middle dial shunt two of the

coils of the first dial, the moving arm of which carries two contacts,

spaced two studs apart, as shown. This follows the principle of the

Kelvin-Varley slide (described in the previous chapter). The studs on
the two lower dials are staggered to avoid cramping.

This type of potentiometer is standardized by actually setting

the dials to the voltage corresponding to that of the standard cell,

there being no series resistance for this purpose
The lower range of the potentiometer is obtained by moving the

plug in the contact blocks marked ‘'reducing ratio'’ from the

position “Z by 1 ” to “Z by -1.” This inserts a redstance equal to

nine-tenths of the total resistance of the working portion of the

potentiometer in series with the latter, and at the same time shunts

the working portion by a resistance of one-ninth of its total resistance.

This has the effect of reducing the current in the measuring dials to

one-tenth of its normal value (which is 10 milliamps), whilst keeping
the current from the supply battery the same.
Brooks Deflection Potentiometer (Ref. (3) ). In this type of

potentiometer the resistance of the galvanometer circuit is kept constant

for all positions of the moving slide-wire or dial contacts. Thus, the

deflection of the galvanometer is at all times proportional to the

out-of-balance E.M.F. It is largely used in metallurgical work for

the thermo-electric measurement of high temperatures, and is

especially useful if these temperatures are subject to rapid changes.

In using this potentiometer exact balance is not aimed at. This

constitutes a great advantage, as the obtaining of an exact balance

with the potentiometers already described is difficult if the E.M.F.
to be measured is not steady. For the same reason this potentio-

meter is very satisfactory for the checking of ammeters and volt-

meters (in conjunction with a “volt-box" (see page 313) in the

latter case, and with shunts in the former case), when a mains
supply is to be used.

Fig. 174a gives a simplified diagram of connections of the poten-

tiometer as applied to the measurement of an E.M.F. which may
be imsteady but which is less than that of the supply battery B—
i.e. the E.M.F. to be measured lies within the range of the

potentiometer without the use of a volt-box being necessary.

In the figure the connections of the standard cell, for the initial

standardization of the potentiometer, are omitted for simplicity.

Such connections are similar to tiiose used in any other type of

potentiometer.

R is the rheostat for adjustment of the supply current from the

battery B (whose E.M.F. is E). abm the resistance representing the

dials and slide-wire of the potentiometer, while e/ is a resistance in

the galvanometer circuit, this> and the moving contacts, c and d,

being arranged so that the resistance q| the galyanome^r circuit

ia constant.
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Theory, l^et resistance ac == fj

}> c6 = r^

>j j> de ^*3

Let resistance of the galvanometer and its (drcuit (omitting r8)

= Rq^

Then, taking mesh current- I. and L as shown, we have, from
Kirchhoff’s laws,

I i^u I V
1

^ hJ .
. (i)

Fig. 174a. Simplified Connections of the Brooks
Dbfleotional Potentiometer

and ^qPq + ^0^3 + ~
^»)^i + V 0

or ^G(^a + + ^3 )
“ + F — 0

Solving, algebraically, for Iq gives

Eti

R + r^ + r^
-V

At balance,

jE'fi

+ rj + rg

^a + ^8 +

0

V

ri{R + ^a)

R + f^ + r^

(ii)

(m)

or



314 ELECTRICAL MEASUREMENTS

Now, neglecting the internal resistance of the battery,

E
is the total resistance of the battery circuit, and thus r> ,

Er ^ -r ^2

is the slide-wire current. Thus-T^ 1—— isr. x slide-wire current,
^ + '’l + ^2

.

which is the reading of the potentiometer and is marked on the dials

and slide-wire (jK having been adjusted initially to produce the

standard potentiometer current by comparison with the standard

cell).

If, now, the E.M.F. V to be measured falls to (V the gal-

vanometer current.—assuming the potentiometer setting to be left

the same—is

Er^

+ ri + rg
(F-dF)

rx(i^ -f r^)

+ ^2

dV_

I

] rg)

» S + r, + r.

(201)

P* T (R — 1- ^ )
*1

Now, I jKq + ^3 + ^ the resistance of the galvano-

L E + rj -f rgj

meter circuit—the portion being shunted by B + —and is

constant for all positions of the moving contact C, Thus, 'the

galvanometer current is directly proportional to the out-of-balance

E.M.F.
The galvanometer usually used is of the pivoted moving-coil type,

and its scale is graduated in terms of the out-of-balance E.M.F. dV,
Thus, the reading of the galvanometer must be added to, or sub-

tracted from, the potentiometer setting—according to the direction

of the deflection—^in order to obtain the true value, at any instant,

of the E.M.F. to be measured. The resistance of the galvanometer
circuit should be such that the instrument is as nearly as possible

critically damped in order to save time in operation.

The full connections of the potentiometer are given in Fig. 174b.
The instrument is made by the Leeds & Northrup Co.

If currents, or voltages above the normal range of the potentio-

meter, are to be measured, the method of measurement adopted is

similar to that for other types of potentiometer, but the shunts and
volt-box used must be specially designed to work in conjunction

with a particular potentiometer, and are often included in the

potentiometer itself.

Dibsselhorst or “Thermokbaftfrei” Potentiometer (Ref.

4). This potentiometer is designed and arranged so as to eliminate,

as far as possible, errors due to thermo-electfic E.M.F.s, set up at

junctions of dissimilar metals, and produced also by the heat ^m
the operator’s hand during adjustment of the working parts of the

potentiometer. It is, particularly, of use in the measurement of

very small E.M.F.S.
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175 gives a diagram of connections of the potentiometer.

B is the supply battery with its rheostat R, while V is the E.M.F.
to be measured. Si and S2 are reversing switches. 0 is the galvano-

meter which, with its key iT, is in series with the unknown E.M.F.
c and c' are two sliding contacts moving over decades of coils as

LMF to be
measured

shown. These contacts are mechanically connected so that a move-
ment of contact c (say) to the left causes an equal movement of d
to the right, and thus maintains the resistances of the paths CPWC*
and CQ& constant. At d and d' also, there are sliders, each having
two contacts, sliding over decades M and M' and over N and N\
DecadeM is similar to decade M\ as is decadeN to N\ and therefore,

again, the resistances of the two paths mentioned above remain
constant for all positions of d and d' (see diagram). P, Q, and W
are series resistances, while m, n, p, and q are four equal fixed

resistances, each connected in series with a variable dial-pattern

resistance to form, in all, four variable shunts across coils of the
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decades over which contacts c and c' slide. The sliding contacts
a and a' and b and 6' are mechanically connected, so that they both
give the same reading in all positions. The resistances in these dials

are arranged so that a variation of contacts a and a' of one stud
alters the value of the total resistance of the path CPWC* by an
amount equal to one-hundredth of the resistance of one of the coils

in decades M or M' . A similar arrangement is employed in the case

of the dials over which b and b' slide.

The resistances of the paths CPWC and CQC are arranged
so that the current in the former path is ten times that in the

latter path.

In operation the potentiometer current is first adjusted to its

standard value by the use of a stanclSnd cell, as m the case of the

simpler forms of potentiometer (the standard cell circuit is omitted
in the diagram foi simplicty^ The sliding contacts cc', dd\ eut\

and bb' are then adjusted un^u balance is obtained, when the sum
of the readings of the five dials gives the value of the unknown
E.M.F. (In the diagram the decades over which c and c' slide are

shown separately, but in the actual potentiometer they are arranged
in dial form siinilar to the other four dials, with c and c' moving
together as do oa' and bb\) A second measurement with both
switches Si and S^ reversed should give the same value to within

very narrow limits.

This potentiometer is very largely free from internal thermo-
electric effects. Briefly, this is due to the fact that the internal

connections of the instrument form a differential arrangement
since paths CPWC' and CQC' are in parallel. The thermo-electric

E.M.F.s of the two paths tend to neutralize one another. The
full theory of the apparatus is given by Diesselhorst (loc, cit.) and
by Laws (Ref. (I) ),

Use of the jPotentiometer for the Measurement of Resistance^

Current, and Voltage, (a) Resistance. The measurement of low
resistance by the method of comparison with the resistance of a
standard, using the potentiometer for the comparison, was discussed

in the previous chapter. The connections to the potentiometer when
such a measurement is to be made are shown in Fig. 176, which is

self-explanatory. Care must be taken to ensure that the polarity

of the connections is correct, and also that the battery which sup-

plies current to the unknown and standard resistances is insulated

from the supply battery of the potentiometer slide-wire. As pointed

, . ^ , . , , , , , . resistance of unknown . ,

,

out m the previous chapter, the ratio—rr t i—?—

r

is the^ ^ resistance of standard
same as the ratio of the volt drops across the two resistances as

measured by the potentiometer. Since only the rati^ of the volt

drops is required for the determination of the unknown resistance,

standardization of the potentiometer by means of a standard cell

is not absolutely necessary.
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Comotion for Thermal E.M.F.S. To take into account any thermal
which may be set up at the junctions of dissimilar metals within the

two resistonoesi proceed as follows

—

Suppose that the voltage drop across the standard resistance has just been
measured) and that the galvanometer is giving no deflection under the balance
conditions. Then, first of all determine whetlier an increase of the slide-wire

setting causes the galvanometer to deflect to the left or to the right. Next,
open the galvanometer key and set the potentiometer slide-wire or dials to

zero, and adjust the galvanometer shunt to give the full sensitivity, as used
in balancing the potentiometer during the measurement of the voltage drop
across the standard resistance. Break the current circuit of the standard
resistance and immediately depress the galvanometer key, clamping it down to

Fio. 176. Mbasubbment of Kesistanob by Potentiometeii

avoid thermal effects due to the operator’s hand. Observe the magnitude and
direction of the galvanometer deflection, and calculate the value of the
thermal E.M.F. by dividing this deflection by the predetermined value of the
deflection per microvolt out-of-balance. Wbether this thermal E.M.F. (in

microvolts) is to be added to or subtracted from the potentiometer reading
obtained when measuring the voltage drop across the standard, depends upon
the direction of the defleotibn produced by the thermal E.M.F. If this direc-

tion is the same as that produced, initially, by increase of the potentiometer
setting, the thermal E.M.F. has obviously been “assisting” the potentiometer
during the measurement, and hence the value of the thermal E.M.F. should
be added to the potentiometer reading to give the correct value of the vol-

tage drop to be measured. If the thermal E.M.F, produces a galvanometer
deflection in a direction opposite to that produced by increasing the poten-
tiometer setting, its value should be subtracted from the reading of the
potentiometer.
The same procedure should be adopted in the case of the unknown

resistance.

It should be noted that these thermo-electric E.M.F.s are usually quite
small and, if the measurement is not required to be highly accurate, may be
neglected.

{b) Current. For the measurement of current by the use of the

potentiometer the connections are similar to those of Fig. 176,

except that the unknown resistance is, of course, omitt^, the
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standard cell and standard resistance only being required. The
magnitude of the standard resistance must be so chosen that the

voltage drop across it, when the current to be measured is floying

through it, is of the order of 1 volt, and can thus be easily measured
on the potentiometer.

The potentiometer is first standardized, and the voltage drop
across the standard resistance is then measured. The value of

the current flowing through this standard is obviously given by
volt drop across standard j r v

?—:
^

^— . J he method may be used for the call-
resistance of standard

bration of an ammeter, the ammeter being connected in series with

Fig. 177. Intehnal Connkctions of Volt-box

the standard resistance and its readings, for various measured values

of the current, noted.

(c) Voltage. The use of the potentiometer for the measurement
of E.M.F.s which lie within its range—i.e. are less than 2 volts

—

has already been described. A ^^voU-box," or ‘‘ratio-box,” must be
used in conjunction with the potentiometer if the voltage to be

measured is above 2 volts. The volt-box consists of a high resistance

(from 30 to 50 ohms per volt) having a number of tappings, the

resistances between the various pairs of tappings being carefully

adjusted. Its function is that of a potential divider.

Fig. 177 gives a diagram of connections. The leads to the poten-

tiometer are taken from two tapping points, which include between
them (say) 75 ohms. If a voltage of the order of 150 volts is to be
measured, this voltage is connected between the two terminals

marked respectively “common ” and 150 volts. Thus, if the mea-
sured value of the voltage on the potentiometer is 1 -25 volts, the

7500
actual value of the voltage applied to the volt-box is 1 *25 X

= 125 volts. Instead of being marked 75 volts, 150 volts, etc., most
volt-boxes have the markings “multiply by 50/* “multiply by 100,**

etc., opposite the voltage terminals.
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Remembering that, at balance, no current flows in the galvano*
meter circuit—i.e. no current is taken by the leads from the volt-box
to the potentiometer, it is obvious that such a piece of apparatus
will give exact subdivision of the apxjlied voltage if the resistances

between the tapping points are correctly adjusted.

Voltage Standardizer. Messrs. H. Tinsley & Co. manufacture an
instrument called a ‘‘voltage standardizer,’’ which can be used
on D.C. circuits for the purpose of maintaining at a constant and
known value the voltage applied to a test circuit. Thus, in the

Fio. 178a
(B. Tinsley d? Co»)

calibration of substandard wattmeters, the current in the watt-

meter current coil will be measured on a potentiometer
;
the volt-

age on the pressure coil could be measured through a volt-box, on
the same potentiometer. It is more convenient and more accurate,

however, to utilize the voltage standardizer, which consists of a
special form of volt ratio box, the resistance tappings of which are

so adjusted that when various standard voltages are connected

across the “line” terminals, the potential difference across the low-

potential terminals is equal to the E.M.F. of a standard cell. Thus,
by connecting a standard cell, through a galvanometer, to these

low-potential terminals and maintaining zero galvanometer deflec-

tion, one ensures that the “line” voltage is maintained at the

correct value.

There is a variable dial for correcting for variation of the standard

cell voltage with temperature. This instrument has been approved
by the Electricity Commissioners under the Electricity Supply
(Meters) Act, 1936, for use in meter testing.
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Potentiometers for Special Purposes. In addition to the applies^

tions to the measurement of resistance and current described above,
potentiometers are also used, in conjunction with auxiliary apparatus
for the measurement of other quantities which are not, essentially,

electrical. Such are the measurement of temperature, for which
the potentiometer is used together with thermo-couples, and the

measurement of the degree of acidity, or alkalinity, of a solu-

tion, when a special type of cell, containing the solution under
test, is used in conjunction with the potentiometer. The measure-
ment of temperature by potentiometer will be described in

Chapter XIII.
For the measurement of acidity of solutions, Messrs. H. Tinsley

& Co. manufacture an '' lonizaHon Potentiometer.^^ It consists of a

main dial having 18 coils, the \olt diop across each, when the stan-

dard current is flow ing, being U 1 v^olt, arrl a slide wire across which
the volt drop is 0-12 volt and which can be read to 0*0001 volt.

The resistance of the potenaometer is 40 ohms, and its range can
be reducefi to one-tenth of th*‘ normal value by the movement of a

single plug, which placet a shunt across the dial and slide-wire.

Tlic special form of cell, together with its electrodes—^hydrogen

and saturated potassium chloride-calomel—^is supplied with the

potentiometer. The arrangement of the apparatus for the measure-
ment of the degree of acidity of a solution is shown in Fig. 178.

An E.M.F. is set up in tlie cell, and its value depends upon the

acidity of the solution.

This E.M.F. is given as

E == *0581^9.^ + *2488 volts at 20*" C.

where pH is a quantity from which the normality of the solution

may be obtained. The voltage E is measured by the potentiometer,

and pH—and hence the normality—determined therefrom.

Potentiometers for Use with Alternating Current. The potentio-

meter method is an exceedingly useful one for the accurate measure-

ment of alternating currents and voltages, since such measurements
are not easily carried out by other methods.
The principle of the alternating current potentiometer is the same

as that of the direct current instrument, the most important differ-

ence in operation being that, whereas in the direct current poten-

tiometer only the magnitudes of the ‘‘unknown” E.M.F. and slide-

wire voltage drop must be made equal to obtain balance, in the

alternating current instrument the phases of these two voltages, as

well as their magnitudes, must be equal for balance to he obtained.

This condition obviously necessitates modification of the potentio-

meter .as constructed for direct current work, and means that the

operation is somewhat more complicated.

Dr. C. V. Drysdale, who was largely responsible for the develop-

ment of the A.C. potentiometer, has given the history of the
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development (Ref. (5)), and has described several types using

somewhat different methods.

The frequency and wave-form of the current in the slide-wire

portion of the [)otcntiometer—i.e. of the supply—must, in all A.O.

potentiometers, bo exactly the same as those of the voltage to be

measured, and for this reason the supply for the instrument must
be taken from the same source as the voltage or current to be

measured. The various forms differ principally in their method of

dealing with the question of phase difference between the slide-wire

and “unknown” voltages.

There are two general types: {a) those which measure the un-

known voltage in polar form, i.e. in terms of its magnitude and

Fig. 179 . Connections of the Drysdale Phase-shifter

relative phase
;
and (6) those measuring the rectangular co-ordinates

of the voltage under test. Of the potentiometers described below,

the Drysdale instrument is of type (a), and the Gall and Campbell-

Larsen are of type (6).

Drysbale-Tinsley A.C. Potentiometer. This instrument com
sists of a potentiometer of the ordinary direct current type—the
coils in which are non-inductively wound—together with auxiliary

apparatus. The auxiliaries include

—

(a) A Drysdale phase-shifter, or phase-shifting transformer. This

consists of a ring-shaped stator within which, fitting closely inside

it, is a rotor which carries a winding supplying the potentiometer

slide-wire circuit. The stator is wound with either a three-phase or

two-phase winding. A rotating field is produced when currents flow

in the stator winding, and the phase of the secondary, or rotor,

current can be changed, relative to the stator supply voltage, by
rotating the rotor through any desired angle, the phase displacement

' of the secondary E.M.P. being equal to the angle through which the
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rotor is moved from its zero position. The windings are so arranged

that this alteration of phase is not accompanied by alteration of

the magnitude of the rotor-induced E.M.F, The phase alteration

produced is measured on a divided scale fixed to the top of the

instrument. Fig. 179 shows, diagrammatically, the connections of

the phase-shifter arranged for operation from a single-phase supply,

using a phase-splitting device consisting of a condenser and resistance

as shown. By successive adjustment of the condenser and resistance

exact quadrature between the currents in the two stator windings

may be obtained. This method, using a single-phase supply, forms
a very convenient means of supplying the stator windings.

(6) A precision type electro-dynamometer ammeter is required

for standardization purposes. To standardize the A.C. potentio-

meter the slide-wire circuit is swii ched on to a direct current supply,

and the standard current is obtained in the ordinary way, using a

standard cell. This standard current, required to make the potentio-

meter direct reading is measured by the precision ammeter which is

included in the battery supply circuit of the potentiometer. During
operation on alternating current, the ammeter is still included in

the supply circuit, and the R.M.S. value of the slide-wire current is

maintained at the same value as was required on direct current.

This type of ammeter reads correctly on both direct and alternating

current, and since the coils of the slide-wire circuit are non-induc-

tively wound, the potentiometer remains direct reading when used
with an alternating current supply. A change-over switch, to enable'

the potentiometer to be used on either direct or alternating current,

is also included in the auxiliary apparatus.

Operation with Alternating Current, A simplified diagram of cur-

nections of the potentiometer for use with alternating current is

given in Fig. 180. The Kelvin-Varley slide principle is employed in

the slide-wire circuit as shown. F6r is a vibration galvanometer

—

used as a detector for measurements at commercial frequencies.

This must be carefully tuned to give resonance at the frequency of

the circuit under test (which is also that of the potentiometer

supply, since the two are identical), r is a shunting resistance for

the reduction of the range of the potentiometer. When this shunt
is put in circuit—by the switch —the resistance E is simultan-

eously connected in series with the slide-wire circuit in order that

the resistance of the working portion of the potentiometer may be
maintained constant. R' is a rheostat for adjustment of the slide-

wire current. A is the precision ammeter mentioned above. The
phase-shifting transformer, whose connections are given in Fig. 179,

is omitted for clearness.

The potentiometer is first standardized by adjusting rheostat

R\ and the standard current is noted, the switch S being thrown
over to the battery side for this standardization, the vibration

galvanometer being replaced by a D’Arsonval galvanometer.



POTENTIOMETERS 325

The switch S is then thrown over to the alternating supply side,

the standard cell and D’Arsonval galvanometer being previously

replaced by the alternating voltage to be measured, and the vibra-

tion galvanometer, respectively. The stator windings of the phase-

shifter are then adjusted to exact quadrature by means of the

variable resistance and condenser, these being adjusted until the

alternating current in the slide-wire is constant for all positions of

the rotor.

Balance of the potentiometer is obtained by successive adjustment

Kia. 180. DrYSDALK-TiNSLKY A.C. POTKNTIOMF4TlSa
Simplified Diagram of Connections

of the sliding contacts of the slide-wire circuit and of the rotor of

the phase-shifter. The reading of the potentiometer dials and slide-

wire, at balance, give the magnitude of the voltage to be measured,
as in the case of direct current measurements, while the reading on
the scale of the phase-shifter gives the phase of the voltage being

measured relative to the supply voltage. If the voltage measured
is that across a standard resistance through which the current in

the circuit under test is flowing, the magnitude of this current is

obtained by dividing the measured value of the voltage by the value

of the standard resistance, while its phase relative to the voltage of

the circuit is read off from the scale of the phase-shifting transformer.

For accurate results it is necessary that the voltage and frequency
of the supply shall be steady and that the wave form of the voltage

shall be reasonably sinusoidal.

Constructional details of the potentiometer and phase-shifting

transformer are given in Dr. Drysdale’s paper Qoc, ciL), where it is

stated that, if the phase-splitting is properly carried out, the angle

of rotation of the rotor represents the change in the phase of the

rotpf E.M.F. within an accuracy of about ±
'^ALL-TrersLEY A.C. Potentiometer. This potentiometer con-

sists of two separate potentiometer circuits enclosed in a common
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ca«e. One is called the “in-phase” potentiometer and the other

the qtiadrature ” pol/ontiometer. The slide-wire circuits are supplied

with currents which have a phase difference of 00°. On the first of

these potentiometers, that component of the “iinknowir’ voltage

which is in phase with the current in the slide-wire cinniii of thfl^

potentiometer is measured. On the other potentiometer the com-
ponent of the “unknown” voltage in phase with the current in its

slide-wire circuit is measured. Since the two slide-wire currents are

in quadrature, the two measured values are the quadrature com-
ponents of the unknown voltage. If these measured values

are and respectively, then the unknown voltage is given by

F ~ VFi^ -f F2®, and its phase difference from the current in the

“in-phase” potentiometer slide-wire circuit is given by the angle 0

V
where tan 0 ===

Fig. 181 shows the connections of the potentiometer, simplified

somewhat for the sake of clearness. The in-phase and quadrature
potentiometers are shown, with their sliding contacts 66' and cc'

and rheostats E and i?' for current adjustment. The supplies to

these may be from a two-phase alternator, or may be obtained from
a single phase supply by means of a quadrature device used by
Mr. D. C. Gall, the designer of the potentiometer.* This device is

illustrated in Fig. 182.

Ti and T^ are two step-down transformers for the purpose of

obtaining a 6 volt supply for the potentiometer slide-wire circuits

and to isolate the potentiometers from the line, r is a variable

resistance and T is a transformer for the purpose of phase-splitting.

Quadrature is obtained by variation of r. Referring again to Fig.

181, F.(?. is a vibration galvanometer (tuned to the supply frequency)
with its key K. u4 is a reflecting dynamometer instrument which is

necessary for the maintainance of the currents in the two slide-wires

at the standard value (50 milliamperes). S^ and S2 are two “sign-

changing” switches which may be necessary to reverse the direction

of the unknown E.M.F. applied to the slide-wires. The necessity

of these switches depends upon the relative phases of the unknown
and slide-wire voltages. is a selector switch by which the unknown
voltages to be measured are placed in circuit. There are four pairs

of terminals for the application of such voltages, the connections

to only one pair—^to which an unknown voltage F is applied—being

shown in the figure. This selector switch, when in the position shown
in the figure—called the “test position”—allows the current in the

quadrature potentiometer slide-wire to be compared with that in

the in-phase potentiometer wire, utilizing the mutual inductance M
for the purpose.

* In his book (Ref. (9) )
Mr. Gall enters into a very full discussion of the

operation and applications of the potentiometer.
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Operation, The current in the in-phase potentiometer wire is

first adjusted to its standard value by means of a direct current
supply and a standard cell, the vibration galvanom6ter being re-

placed by a galvanometer of the B’Arsonval type for this purpose.
The dynamometer is of the torsion-head type, and the torsion head is

turned to give zero deflection on direct current. This setting is left

untouched during the calibration with alternating current, the

slide-wire current being adjusted to give zero deflection again. The

Fjg. 181. CoNNPJOTTONS OF Gall-Tinsley A.C. Potentiometer

vibration galvanometer is then placed in circniit and the direct

current supply replaced by the alternating supplies.

Now, the magnitude of the current in the quadrature potentio-

meter wire must be the same as that in the in-phase potentiometer

—namely, the standard value of 50 milliamps. These two currents

must also be exactly in quadrature. Rheostat E is adjusted until

the current in the in-phase potentiometer wire is the standard value

(as indicated on A). The selector switch is then switched on to

the test position (shown in Fig. 181). Now, the E.M.F. induced in

the secondary winding of the mutual inductance M—assuming M
to be free from eddy current effects—wili lag 90° in phase behind

the current in the primary winding-—i.e. in the quadrature potentio-

meter slide-wire. Also, if i is the primary current, then the E.M.F.

induced in the secondary is 27r X frequency x M X i where M is

the value of the mutual inductance. Thus, for given values of

frequency and mutual inductance, the induced E.M.F. ,
when i has

the standard value (50 milliamps), can easily be calculated.
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E»g. if / = 50 cycles per second

and M -= -OSIS henry

the secondary induced E.M.F.

= 277 X 50 X -0318 X ‘050

==0-5 volt

when i has the standard value.

The slide-wire of the in-phase potentiometer is thus set to this

Fig. 182 ;* Gall Quapratube Device

calculated value of induced E.M.F. in the secondary of M (the

slide-wire current being maintained at its standard value), and
rheostat R' and resistance r (see Fig. 182) are adjusted until exact
balance is obtained. For balance, the current in the quadrature
potentiometer slide-wire must be both equal to the standard value
and also must be exactly 90° out of phase with the current in the
in-phase slide-wire. This latter condition follows from the fact that
the E.M.F. in the secondary of M lags 90° in phase behind the
primary current and, therefore, for this E.M.F. to be in phase with
the voltage drop across a portion of the in-phase slide-wire, the
current in the primary of M must be in exact quadrature with the
current in this in-phase slide-wire. Any difPerence in polarity

between the two circuits is corrected for by the sign-changing
switches Si and /Sg.

Having made these adjustments the unknown voltage is switched
in circuit by means of the selector switch 8^. In this position of 8^
the two slide-wire circtiits are in series with one another and with
the vibration galvanometer, Balance is obtained by adjusting
both pairs of sliding contacts (hV and cc') together with the
reversal of switches Si and ^Sg, if necessary. At balance, the read-
ing of the slide-wire of the in phas^, potentiometer, together with
the position of 8i, give the magnitude and sign of the in-phase
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component of the unknown voltage, while the reading of the quad-
rature potentiometer with the position of 8^ give the magnitude
and sign of the quadrature component.
For example, if both 8-^ and 8^ arc in the positive position and

^2“

iMU. 183

F, and Fg are the in-phase and quadrature components of the

unknown voltage F, tlien the phase of F is as shown in Fig. 183,

while its magnitude is VFj^ +

"

R

Fio. 183a

Errors. The errors which may occur in using this potentiometer may be
due to

—

(a) Slight differences in the reading of the reflecting dy'mmometer instru-

ment on A.C. as compared with the reading on D.C. Such errors may cause
the standard current value on A.C, to boMliehtly incorrect.
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(6) Mutual inductance between the various parts of the circuit* An error

in the nominal value of the mutual inductance M would cause the current in

the quadrature slide-wire circuit to be somewhat different from the standard
value*

(c) Inaccuracy of the method of measuring the frequency, which again
would cause an error in the quadrature slide-wire standard current value.

(d) The fact that intercapacity, earth capacity, and mutual inductance
effects are present in the slide-wire coils and affect the potential gradient.

(e) The existence of harmonics in the supply wave form. Standardization
of the potentiometer is upon an R.M.S. current basis, while the potential

balances on the slide wires are dependent upon the fundamental only.

Fig. 183a gives the vector diagram of the quadrature device shown in Fig.

182 . The equivalent circuit, replacing the quadrature potentiometer slide

wire and transformer by a resistance ft, is shown in Fig. 183A(a), in which
E is the supply voltage. The voltage V across the i*esistance ft is to bo brought
into quadrature with E by adjustment of r.

In the vector diagram the vector 6ft gives the total voltage drop in r and
Lj together, and when this is combined with the voltage vector caAf/j, the
vector representing the voltage V Is obtained. The vector OA represents the
total voltage drop in r and together, and when this is combined with the
vector ctjilf/,, representing the voltage induced in by current 63, the voltage
vector E is obtained, this being perpendicular to \ eetor V as required.

In the latest form of this potentiometer, this phase splitter,

which was used to minimize the harmonicvs in the current wave
form, has been replaced by the simpler variable condenser and
variable resistance in series with the primary of the quadrature
isolating transformer. The difficulty regarding harmonics has been
overcome by using nickel-iron cores in the isolating transformers.

The result has been a large reduction in the power required for the

operation of the potentiometer.

Campbell-Larsen Potentiometer. In this instrument the two rect-

angular components of the voltage under test are measured in

terms of the voltage drop across a slide-wire resistance (for the

in-phase component) and the voltage induced in the secondary of

a mutual inductance (for the quadrature component). In the

original Larsen potentiometer the slide-wire and primary circuit

of the mutual inductance were in series and carried the same cur-

rent, but difficulties in construction of the latter and in the opera-

tion of the potentiometer at different frequencies led to Campbell’s

modification of the instrument (Ref. (10) ).

A simplified circuit, as modified, is shown in Fig. 184. D is an
A.C. detector—either vibration galvanometer or telephones, accord-

ing to the frequency. While current I passes through the primary
of the mutual inductance AT, only a portion of this current, namely

passes through the slide-wire circuit. If the resistance between
the movable contacts ab is 8 and round the path oMb is B, then

I , SI(B + 8), The setting of 8, by means of a dial resistance,

is arranged to be proportional to the frequency at which the test

is being carried out, the dial being calibrated directly in terms of

frequency. Since B + 8 is constant in magnitude, 1^. ac 8 oc fre-

quency, so that both the voltage drop in the slide-wire . r and
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the voltage in the secondary of the mutual inductance are pro-
portional to frequency. S and M are chosen so that the settings of
r and M give the two components, of the voltage being measured,
directly in volts.

A special thermal device (Refs. (9), (11) )
is used for the A.C.

standardization. The preliminary D.C. standardization utilizes a
standard cell, and the reference current, indicated on A, is thus

ToAC Supply through
Isolating Transformer

Mutual
Inductance

Fig. 184

obtained. The A.C. supply to the potentiometer and the voltage

under test must be obtained from the same source, but the instru-

ment is isolated through a transformer.

This potentiometer is manufactured by the Cambridge Instru-

ment Co.

Applications of A.C. Potentiometers. Such applications are

numerous, as the A.C. j)otentiometer is the most universal instru-

ment which exists for alternating current measurements, Only a
limited number of applications can be given in the space available

here.*

One application—namely the measurement of self inductance

—

has already been given in Chapter VI. Others are as follows

—

(a) Voltmeter Calibration. Low voltages- -up to 1*5 volts or

thereabouts—can be measured directly. Higher voltages can be

measured by using a volt-box (for medium voltages) or two

The reader should refer to Dr. Rrysdalo’s paper (Bef. {5j ), to T. Bpoouer’a
paper (Ref. (7) ), or to D. C. Gall’s book (Kef, (9) ) for the description of

other applications.
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condensers in series (for high voltages) in conjunction with th©

potentiometer.

(6) Ammeter Calibration. The measurement of various alter-

nating currents required for such calibration may be made by the

use of non-inductive standard resistances with the potentiometer,

the method being similar to that adopted when the calibration is

to be carried out with direct current.

(c) Wattmeter and Energy-meter Testing. Fig. 184a gives a

simplified diagram of the connections for such tests, the arrangement
being suited to tests at any power factor. The current coil of the

Potentiometer

Fig. 184a. Connections fob Wattmeter Testing by A.C.
POTENTIOMETE It

wattmeter is supplied through a step-down transformer and the

pressure coil from the secondary of a variable transformer whose
primary is supplied from the rotor of a phase shifting transformer.

The applied voltage to the pressure coil, and current in the current

coil, are measured by the potentiometer, using a volt-box and low-

resistance standard as shown. The power factor is varied by rota-

tion of the rotor of the phase-shifter, the reading on the dial of

which gives the phase-angle between voltage and current. A small
*mutual inductanceM is included to ensure accuracy of measurement
at zero power factor (see Dr. Drysdale’s paper, loc. cit.).

Other applications include the measurement of the ratio and
phase-angle errors of current transformers, the measurement of

core loss and magnetizing current for specimens of sheet steel, the

measurement of alternating magnetic fields and the measurement of

capacity.
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CHAPTER IX

MAGNETIC MEASUREMENTS

Magnetic tests can be divided into two general classes : direct

current tests and alternating current tests. Although they may be
subdivided to a considerable extent, these are the two most dis-

tinctly defined classes of tests. The methods of testing magnetic
specimens will therefore be dealt with under these two general

headings.

Direct Current Tests. Such tests are most generally made upon
solid (as distinct from laminated) materials, the alternating current

test methods being used chiefly for laminated materials.

The two most important quantities to be measured in these tests

are the flux density in a specimen and the magnetizing force pro-

ducing this flux density.

Magnetometer Methods. These are, perhaps, the simplest of all

methods of magnetic testing, and were largely used in the early

work on magnetism. Magnetometers are used for the measurement
of magnetic field. Often the horizontal component of such a field

is measured by them. They may be applied, also, to the measure-
ment of flux density in bar specimens of magnetic material, their

advantage for this purpose being that they measure the actual (or

static) value of flux density in the specimen as distinct from methods
such as those using a ballistic galvanometer, which measure a

change in flux density. The intensity of magnetization / . of a
specimen is measured by the magnetometer, and the corresponding

flux density B is obtained from the formula

B = 477/ + H
where H is the strength of the magnetic field producing this intensity

of magnetization. For full details of such applications the reader

should refer to the works given in Refs. (2) and (3).

Magnetometers consist essentially of a suspended magnetic needle

or system of needles, the suspension itself having good torsional

elastic qualities and exerting, usually, only a small torsional control

upon the needle.

Referring to Fig. 185, let ns represent a magnetic needle, suspended
at 0, and of length I cm. Let n and s be its poles, of strength m units,

and suppose that a horizontal control field of strength H exists in

the direction XX'. If another horizontal field, of strength F, having
a direction at right angles to XX', is made to act upon the needle,

a deflection Q is produced. The couples ^ting upon the needle are

334
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Hrnl sin 0 clockwise, and Fml cos 0 anti-clockwise. When the needle
is at rest in the deflected position,

Hml sin 0 = Fml cos 0

from which the strength of the field F is given by

F ^ H tan 0

If H is the horizontal component of the earth’s magnetic field—an
it often is—its value can be easily found, from physical tables, for
any point on the earth’s surface.

If the deflecting field is due to a bar magnet in the neighbourhood

Fig. J85

of the mf bgnetometer needle, the pole strength of this magnet can
be obtained as follows

—

Theory, Referring to Fig. 186, let 7is be the magnetometer needle
of length I and pole strength m. Let NS be the bar magnet under
test, of length L (between its poles) and pole strength m\ Suppose
that both ns and NS are in the horizontal plane and are placed as
shown. Then, the force upon pole n of the needle, due to pole N of

the bar magnet, when resolved into the direction XX' is cos
<f>i

where and are as shown, Pole N will exert the same force ujkjh
pole S of the needle, but in the opposite direction to the force on

pole n. The pole S will exert forces of cos
(f>2

in direction XX'

upon the two poles of the needle in the opposite directions to the
forces due to N. Thus, the deflecting moment upon the needle due
to the two poles of the bar magnet will be

/7 rcos ({)* cos

r - — r+-.
Now, cos = ~~~ and cos

f
~~ deflecting
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moment is
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mm'l

L
,

L
r - — r + nz z-

. n _i

If the needle is situated in a horizontal control fieldH in a, direction

perpendicular to XX\ and if the deflection of the needle is 0, then
we have

Hynl sin 6 — mml

Hence, ni

^ r +
'll 2

'4^
-

H tan 0

cos 0

L
,

L
*-2 ’ '-2

L
from which the ferric induction in the magnet or sample may be

determined (see Chapter 1).

It

^
s
K-

Fig. 186. Magnetometer Measurement

It is assumed that the length I of the needle is small compared
with the distance r.

Instead of using the horizontal component of the earth’s field as

the controlling field, a stronger control field may be used, this being

obtained by using a jiermanent magnet, or otherwise. The strength

of such a field may be measured by comparing it with that of the

earth by the oscillation method, which forms a simple means of

measuring field strength. The magnetic needle is allowed to oscillate

freely whilst situated in the field whose strength is to b^ measured,

and the time of one complete oscillation is measured. Let this time

be Ti sec. The needle is then placed in a known magnetic field such

as that of the earth, and the time of free oscillation again measured.
Let this time be Tg.

Then, from the expression for the time of one complete free oscilla-

tion, namely

(where i is the moment of inertia of the needle about the axis of
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oscillation, M is the magnetic moment of the needle, and F the
strength of the magnetic field in which it oscillates), we have

and

/JMF^

(202 )

Fi and F2
being the strengths of tlie two fields, the latter being

known.

The magnetometer method has the advantage that it is an abso-
lute method, but has the disadvantage that it is susceptible to the
influence of external magnetic fields, and also that it requires the

samples under test to be in the form either of long, thin rods, or in

the form of ellipsoids, owing to the demagnetizing effect of the ends
of bar-shaped samples.’*'

The Baltic Galvanometer. Before proceeding with the descrip-

tion of methods of testing bar- and ring-shaped samples of magnetic
material, the ballistic galvanometer and fluxmeter—instruments

which are largely used in such tests—will be described.

The ballistic galvanometer is used to measure a quantity of elec-

tricity passed through it. This quantity, in magnetic measurements,
is the result of an E.M.F. instantaneously induced in a “search coil*'

connected to the galvanometer terminals, when the magnetic flux

interlinking with the search coil is changed. Such a galvanometer

is usually of the D’Arsonval type, since this type is least affected by
external magnetic fields. It does not show a steady deflection when
in use, owing to the transitory nature of the current passing through,

but gives a “ throw’’ which is proportional to the quantity of elec-

tricity instantaneously passed through it. This quantity—and
hence the change in the flux producing it—is determined from the

calibration of the galvanometer, as ^1 be described later. The
proportionality of the throw only holds if the discharge of the elec-

tricity through the galvanometer has been complete before any
appreciable deflection of the moving system has taken place. For
this reason the moving system of such a galvanometer must have a

large moment of inertia—often ob^ined by the addition of weights

* {Several forms of magnetometer are described by D. Bye in the XWc-
tiom/ry of Applied Physice, p. 455, amongst whieh is F. £. Smith’s ma^eto-
meter for the measurement of the intensity of the earth’s magnetio field.
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to the moving system—compared with the restoring moment due
to the suspension. This means that the galvanometer has a long

period of vibration—usually from 10 to 15 seconds in practice. The
damping of the galvanometer should also be small in order that the

first deflection (or throw) shall be great.

For convenience in working, a galvanometer which is almost

dead-beat is best, but the damping must be electromagnetic,* so

that it may be determined from the constants of the instrument.

Appreciable air damping should not be present, as this is indeter-

minate. A key by which the galvanometer may be short-circuited

saves time in bringing the moving system to rest.

Other important points in the construction of such galvanometers
are that the moving coil should be free from magnetic material, and
also that the suspension strip should be carefully chosen and
mounted to avoid “set.’* The terminals, coil, and connections

within the instrument, should be of copper, throughout, in order to

avoid thermo-electric effects at the junctions In the best instru-

ments the suspension is non-conducting, the current being led into

the coil by delicate spirals of very thin copper strip.

Theory. As already stated above, the quantity of electricity

must be discharged through the galvanometer in a very short time,

during which, the moment of inertia of the moving system being

large, the movement from the zero position is negligibly small.

The passage of the electricity through the instrument gives to the

moving system energy which is dissipated gradually thereafter in

friction and electromagnetic damping.
During the actual motion the deflecting torque is thus zero, and

theequation of motion is

+ = 0

a being the moment of inertia of the moving system, b the damping
constant, c the control constant, d the deflection in radians, and t

the time in seconds.

As shown on page 266 the solution of this equation is

e ^
where A and B are constants and

~ 6 + - 4oc
=

15 ' ”*• = 25

The damping, and therefore b, is small so that both mi and are imaginary.
tJadet these conditions, as on page 266 the solution may be written

* 1*0 . due to indueed currents in the moving system during its oseillatioii

j]^ permanent magnet field.



MAGNETIC MEASUREMENTS
F being a constant which may be evaluated from a knowledge of the initial

conditions of the motion. Since b is small a justifiable simplification is

0 = £ . F , sin (V^ ^

Initial Conditions. When f = 0 the deflection = 0.

Again, if i is the current in amperes at any instant during the

discharge of electricity through the instrument, the torque may be
represented by Gi and hence

Gi = a

r d^e

d^e

df

irom which I Gi dt la ui • dt where r — total time of

i 1 ^

the discharge. Since / idi -- i/he quantity of electricity dis-

Jo
charged = Q coulombs we may write

dO.

G idt QQ^ a
de

dV

^ is the’velocity of the moving system at the end of time r, i.e.

at the beginning of the first deflection, since r is very small.

We may thus write (as a close approximation) when i = 0,

cie _G
(If a

'

Now, differeniiatiijg tJie above expression for B we have

dd

dt
-~.S f a)

d £

za

6

2a

and, when t 0

~ _ A
. gjii a cos a.

dt 2a ^ a

Again, since 0 =; 0 when t ^ 0

0 = £® . . sin (0 4- a) or, a — 0
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Substituting in the expression for B we have

The deflection at any time is thus proportional to Q and the

motion is oscillatory, the frequency of the oscillation being

0)

27T
277

'The periodic time of the motion is tiius

The graph of deflection against time is shown m Fig. 187, the

successive diminishing maxima corresponding to times

T' 3T' 5T'
~ jT » i A~ i etc.

Substituting the values of time in the expression for B gives
TT b

On

- E (2«-l)
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Without damping the amplitudes all would have been

e' = f® » C rr h

IL .

^

2
’

vf- and 0

Logarithmic DecnmenL Thr Mogaritimao decrement” A is a

constant of the galvanometer wh h L proportional to the damping
and depends upon the resistance of the galvanometer circuit.

From above we have

z
* /

0^

... Ot n b

- 4- A

'hen e' = Ois * = d^t^

-.(H-C
Obvioubly, fioin the oquutioiib for otc.

n b

approx.

0,

0.-0.
0, 0.

0.
""

0.

'

0„

From the preceding equation for the ideal undamped deflection

6’, namely, 9' = f • qJ^a y c

* This follows since

I Id)* (I)*

i«--HT*37oo)
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we have .
6' coulombs

showing that the quantity of electricity to be measured is directly

proportional to the undamped deflection 6'.

Since the periodic time T' = 277y
a

c
we have, by substitution,

Vac
*

r
277

0
'

To eliminate the quantities c and (7, suppose that a direct current

of Iq amperes passed through the galvanometer produces a steady

deflection 0, then

or

Hence, finally

r 4
277 0

• 0
'

or <? = £ •
• • -^204)

This equation may be written shortly as

Q^K.di

where Z = +
and must be found by calibration.

Since the value of iC -depends upon the damping and shunting

of the galvanometer it is essential that the resistance of the galvano-
meter circuit during calibration shall be the same as when the

galvanometer is being used for testing purposes.

Calibration of the Galvanometer. This may be carried out in a number of
ways. Some of the methods used are

—

(a) By Means or the Hibbebt Magnetic Standard. The principle of this

standard is illustrated diagrammatically in Fig. 187a (»), and its construction in

Fig. 187a (h). It is manufactured by W. G. Pye & Co. The circular bar magnet
A and iron yoke B have a narrow annular air gap between them (about 2 mm.
width) as shown. Down through this air gap a brass tube, carrying a single

layer coil (of about 1 cm. axial length) in a shallow channel, can slide freely

over a support—attached to A—which acts as a guide. The brass tube is

released from a fixed position by a trigger and falls under gravity, thus en-

suring that the coil always cuts through the magnetic field in the air gap at
the same rate. The induced E.M.F. per turn on the coil is therefore constant.

By the use of this standard the number of ** line-turns*^—i.e. the product of

turns on the coil and lines of force through which these turns out—^which

produce an observed throw on the b'cdlistic galvanometer, can be determined
in terms of the magnetic flux in the air gap of the standard and the number of

ttims on the coil. By means of tappings on the coil, the number of turns con
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be altered to give different numbers of line-turns. The number of turns

obtainable is usually from 3 to 100, and the flux in the gap of the order of

20,000 lines, giving a maximum of 2,000,000 line-turns.

Such standards are reliable, and are easy to use, but have the disadvantage

that only fixed numbers of line-turns—in multiples of (say) 20,000— can be

obtained.

(6) By Means of a Condenser. A condenser which has been charged to a

known voltage, by means of a standard cell, is discharged through the gal-

vanometer. The quantity of electricity discharged can be calculated from the

known voltage, and the capacity of the condenser. This method is not in

general use owing to the difficulty of determining exactly the capacity of the

condenser under all conditions, and also because of the fact that the damping
of the galvanometer during calibration is different from that during testing.

(u) 2 (W» 0 , Py6 <t Oo.)

Fig. 187a. Hibbeet Magnetic Standard

By Means or a Standard Solenoid This method is most commonly
for calibration purposes. A standard solenoid consists of a long coil of

wire woimd on a cylinder of insulating and non-rnagnetic material. There
may be one or more layers of wire, but the design is such that the axial length
of the solenoid is large compared with its mean diameter. Usually, the axial
length is at least 1 metre, while the mean diameter is of the order of 10 cm.
The winding must be uniform and the number of turns per centimetre axial

length should be such that a stren^h of field ff of 100 or more is obtained
at the centre of the coil when carrying its maximum allowable current. If

the axial length is great compared with the mean diameter, the field strength
in the neighbourhood of the centre of^the core^of the solenoid is uniform and
is given by

H = AT . /

10 ~zr
where JV sa No. of turns on the solenoid,

/ =c the current in amperes flowing in the winding,

L = the axial length in centimetres.

If this condition as regards axial length and mean diameter is not fulfilled,

the field strength at the centre is given by

« (208)



344 ELECTRICAL MEASUREMENTS

D ^ + 2) + T

the radial depth of the winding on the solenoid in centimetres,

mean radius of the solenoid in centimetres

Fig. 188 , Ballistic Galvanometee Calibration by Standard
Solenoid

If the radial depth, d, is small thei^ as seen in Chapter I, the held strength
at the centre of the solenoid is given by

H =
10 L

cos d

where 6 is the angle subtended at the centre of the coil by the mean radius r

at one end of the coil, i.e. 6 «= tan"^ ~
JL

2

L

Thus,

Or
(206)
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At the centre of the solenoid is wound a small secondary coil, usually of

several hundred turns of thin wire. The axial length of the secondary coil

should be small, and it may either be wound over the solenoid, or placed
within, and coaxial with it. In either case its dimensions must be accurately
known.

This secondary coil is connected to the ballistic galvanometer, and a meas-
ured current is passed through the solenoid from a battery, through a reversing

switch (Fig. 188). An E.M.F., producing a throw of the galvcmometer, is

induced in the secondary coil when the solenoid current is reversed. The
number of line-turns producing this throw is obtained from the known value
of H at the centre of the solenoid, and from the number of turns and dimen-
sions of the secondary coil. For example, suppose that H at the centre of the
solenoid is 60 when a certain current is flowing in it. Suppose, also, that the
secondary coil has 400 turns, and that its mean area is 15 sq. cm.

Then, Flux threading through the sf^condary coil « 60 x 16 « 900 linos

No. of line-turns 900 X 400 ** 360,000

Change in the number of during
reversal of the solenoid ccflpre.ft » 720,000

Other methods of calibration of ballistic galvanometers, using a Buddell
inductor or standard cell and a ki own current, are given by T. F. Wall (Ref,

(2) ) and by D. W. Dye (Ref. (3) ).

Use of the Ballisttc Galvanometer for the Measurement
OF Magnetic Flfx. Referring to Fig. 189, in order to measure
the flux in the ring specimen of magnetic material corresponding

bo a given current I in the magnetizing winding which is u^ormly
wound on the specimen, a search coil of a convenient number of

turns is wound on the specimen and connected, through a resistance

and calibrating coil, to a ballistic galvanometer BO as shown.
The magnetizing current I is reversed, and the galvanometer throw
0 obser\ed, the change in the flux produced by the current reversal

being given by kKd' where 6' is the undamped deflection (i.e.

and ii is the ballistic galvanometer constant, obtained

by the use of the calibrating coil, which forms the secondary coil

of a standard solenoid as previously described. A is a constant

depending upon the resistance of the galvanometer circuit and
number of search coil turns.

Theory,

Let N = No. of turns on search coil.

„ = flux embraced by the search coil.

„ JR = resistance of the ballistic galvanometer circuit.

„ < = the time (in seconds) taken to reverse the magnetizing

current (and hence the flux <ji).

Then, E,M.F, induced in search coil upon reversal of the flux

ws N — X 10'® volts
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Average E.M.F. induced = x ^ X 10'* volts
t

Average current in the ballistic galvanometer circuit

Fig. 189 . Flux Measuukmbnt by Ballistic Galvanometer

Quantity of electricity discharged through the galvanometer

during t sec.

— ^ X X t X 10"*^ coulombs
tti

= 2^ X 10-«

But this equals KQ'.

Hence, the flux in the specimen is given by

, RKQ' X 10«

^ = 2N . (
207 )

jB X 10*

2N
so that
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The Orassot Bluxmeter. This instrument is really a special type
of ballistic galvanometer in which the controlling torque is very
small and the electro-magnetic damping is heavy. The construction

is illustrated by Fig. 190 .

A coil of small cross-section is suspended from a spring support

by means of a single thread of silk, and hangs with it^ parallel sides

in the narrow air gaps of a permanent-magnet system, as shown.
Current is led into the coil by spirals of very thin, annealed silver

strips. By this construction the controlling torque is reduced to

a minimum. The instrument is usu-

ally fitted with a pointer (attached

to the moving system) and a scale,

although it may also be used as a
reflecting mstniment. The scab' is

graduate in terms of line-turns.

The instrument is very pou^ole
and, although not so sensitive as a
ballistic galvanometer, it has the

great advantage that the length of

time taken for the change in the flux

producing the deflection need not be
small. The deflection obtained, for

a given change of flux interlinking

with the search coil connected to the

instrument, will, in a good instru-

ment, be the same whether the time
taken for fhe change be a fraction of a second or as much as one
or two mmutes.

If no ^ontrolling torque were present the instrument would
remain in its deflected position indefinitely. Actually the pointer

returns very slowly to zero, but readings may be taken by observing

the difference in deflection at the beginning and end of the change
in flux to be measured without waiting for the pointer to retmm to

zero, the scale being uniform. The resistance of the search coil

circuit connected to the fluxmeter should be fairly small, although
its actual value is not important, a variation in this resistance of

several ohms usually having a negligible effect upon the deflection.

The inductance of the search coil circuit is also unimportant, and
may be quite large, with negligible effect upon the deflection.

Theory of the ]lRoxineter« Assume that the controlling torque is negligibly

small, and also that air damping and friction are negligible.

Let N » Ko. of turns on the search coil which is connected to the
fiuxmeter terminals.

and Ig n the resistenoe and induottmce of the search coil circuit.

B and L ^ the redstanoe and inductance of the fluxmeter.

the EiM.F. induced in the search coil at any instant.

^Spring"

"SiIk Fibre
Suspension

)/7

N

1

s

i

Fig. 190. Gbassot



348 ELECTRICAL MEASUREMENTS

tf « the E.M.F. being induced at any instant in the fluxmeter
coil due to its movement in the permanent-magnet field.

1 = the current in the circuit at any instant.

Then, e. = AT.

Also,

di

dO

where is the rate of change of flux linking with the search coil.

e. = X
,' dt

wherfe X is a constant depending upon the dimensions of the fluxmeter coil,

its number of turns, and upon the strength of the permanent magnet field

;

— is the angular velocity of the fluxmeter coil.

The equation connecting the electncnl quantities is, therefore.

4- {L + ^
5 ) ^ f (^5 + Tt)i (208)

The teitn (r^ 4 *nay be neglected if is small, since i is also very small.

d6
Hence,

Integrating with respect to t we have

(209)

Jo Jo

dil)^ .dt
dt

T being the total time taken for the change in the flux.

Thus
[ rOi ri.

I
Ndi = / KdB + /

*/ J

J

(L 4 h)di

^ and are the interlinking fluxes, 62 and 61 the deflections, and u and ij

the currents in the search -coil circuit, at the end and beginning of the change

in the flux. Since and are both zero the value of / (L 4 l^)di is also

Jh
zero (which means that the inductance does not affect the deflection).

Hence, N(<l)2 - ^1) = ^^(^2 ~ ®i)

or, if
(f)

is the change in the flux and 0 the change in the fluxmeter

deflection

(
210)

If the fluxmeter permanent-magnet field is uniform for all posi-

tions of the moving coil, K is constant, and the change in the flux

is directly proportional to the change in the deflection.

Theory when Shunted, if a very large flux is to be measured (e.g. that in

one of the poles of a large machine), the number of line-turns may be too

great to bo measured on the fluxmeter, even though a search coil of only

one turn is employed. The range of the fluxmeter can be extended for such
measurements by the use of shunts.

Fig. 191 gives a diagram of the drcuit when a shunt is used, the induced
E.M.F.*s b^ng shown as batteries, and the fluxmeter being represented hy
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the reektaaoe B. Let the resiatauce of the shunt be S, i being the current in

the search coil, i„, that in the iluxmeter, and i, that in the shunt.
Then, if v is the P.D., at any instant, across all three branches we have

V = + if (i)

c = =. (i - iJS .... (ii)

« = (“')

» “ V +
Thus, e, - ir, ^ e, + i^R

(from (i) and (ii) ).

+ iSn +

= + r,) + r.

"J
‘ •

»’n

deeLPch i
Corf

\R

Ffuxmeten

Fig. 191. Fluxmeter Circctit when Shunt?h>

since the currents and resistances are small.

• . .

From the previous theory ~ N ~ and ^

Integrating with respect to f, we have

{S F rj dd

= Kr {S F r,)

where 6 is the change in deflection caused by a change of (ft in the flux inter-

linking the search coil. Hence,

4 = d ... . (812)

Unshunted, the expression is
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Thus, the deflection for a given change in the flux, when shunted,

is to the deflection for the same change when unshunted, as 77
—

.

It should be rioted that it is the resistance, of the search coil

which is important when shunting is used, and not the resistance of

the fluxmeter itself.

MEAStTBEMENT OF LEAKAGE FaCTOB BY MeANS OF THE FlXJX-

METER. In dynamo-electric machinery the magnetic flux per pole

which crosses the air gap—the “useful flux”—is less than the flux

in the body of the pole. This is due to the fact that some lines of

force—^referred to as “leakage flux”—pass from the pole to the

adjacent poles without crossing the air gap to the armature. The
flux at the root of the pole is called the “total” flux, and the ratio

is “leakiige factor” of the pole.
Useful flux ^

This factor can be measured by means of a fluxmeter, a ballistic

galvanometer being unsuitable on account of the high inductance
of the field winding, which results in a slow rate of increase of the

flux when the voltage is switched on to the field winding.

The total flux may be measured by winding two search coils on
the yoke of the machine—in the case of a direct current machine
with a stationary field—one on either side of the pole (see Fig. 192).

As the yoke carries half of the total flux, these search coils must be
connect^ in series so that the fluxmeter measures the flux embraced
by both of them. The flux so measured will be the total flux.

Another search coil, placed on the (stationary) armature in such a
position that it embraces the useful flux from the pole, is then
connected to the fluxmeter and the useful flux measured, the leakage

factor being obtained from the two measurements.
It will usually be found that search coils of one turn only will
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be most suitable, in which case the fluxmeter i;eading gives the flux

directly. In the case of a large machine it may be necessary to use
shunts across the search coils, as described previously.

The Chattoch Magnetic Potentiometer. Before proceeding with
the methods of testing magnetic specimens, this device for the
measurement of the magnetic potential between any two points

in a magnetic field will be described. The device consists of a
uniform helix of thin wire, wound on a thin strip, or rod, of some
flexible insulating and non-magnetic material. This can be used,

in conjunction with a ballistic galvanometer, to measure magnetic
potential differences.

Let the cross-sectional area—assumed uniform—of the strip upon
which the helix is wound be A s(j[ cm., ai>d the number of turns per
centimetre length be n. Suppose that, when the helix is situated

in a magnetic field, is the ave’-age magnetic potential difference

between the two ends. Then — j HdU where H is the field

*
strength, at any point within the helix, in the direction of the

element of length of path dl^ the integral being taken between a
certain “average” point on one end of the strip and a corresponding

point on the other end.

The quantity Ap^ =/p .dA

H ,dV

where dV is an element of volume within the helix.

Now, if the strip upon which the helix is wound is of non-magnetic
material, the permeability is unity and the flux crossing any given

cross-section of the helix is given hyj H . dA where H is the field

strength at the point at which the cross-section is taken. Since the

flux embraced at any cross-section of the helix is not constant, the

E.M.F. induced in the helix when the strength of the magnetic
field in which it is situated is altered must be expressed by

-41HdA . ndl

the integral term giving the effective ' flux-turns” of the helix.

Thus, f
or e = = • • • (213)

i.e., the induced E.M.F. is proportional to the rate of change of
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magnetic potential between the two ends of the helix. From the

theory of the use of the ballistic galvanometer, given on page 320,

it can be seen that the galvanometer deflection, when the magnetic
potential is changed, ^1 be proportional to this change, i.e. if

Ajp be the change in potential.

Ap - Kd'

where 6' is the corrected throw of the galvanometer and K is the

galvanometer constant.

The change in potential Ap may be produced by a change in the

magnetizing current producing the magnetic field in which the helix

Field Strength, in Kifogausses

Fig. 193 . Resistance Field-strength Curve for Bismuth

is situated, or it may be produced by the rapid movement of one

end of the helix from one point in the field to another, the other end
being kept in the same position.

Applications of this device are the measurement of the magnetic
potential drop across a given part of a magnetic circuit, such as a

joint, and the measurement of magnetic leakage. Measurements
may be made upon alternating magnetic fields by using a vibration

galvanometer instead of a ballistic galvanometer.

From the theory of the potentiometer it can be seen that the

results are the same whether the strip upon which the helix is wound
is straight or otherwise. This is a great advantage, as the use of a
strip of flexible material is very convenient in investigations of this

nature.

Other Methods ol Measuring Magnetic Field Intensity. Several

other methods of exploring magnetic fields, although not in very

general use, deserve mention.
(a) Stakdard Search Coil. A search coil, consisting of a single

layer of (say) 50 to 100 turns of fine silk-covered wire, wound upon
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a short cylinder of non-magnetio material—usually marble—may
be used to investigate the variation in strength, from point to

point, of a magnetic field in air. The marble cylinder must be care-

fully turned so that its cross-sectional area may be uniform through-
out its axial length (about 2 or 3 cm.).

The product of cross-sectional area and number of turns for the

search coil may be determined to within a few parts in 10,000 by
the use of a standard solenoid.

(6) Bismuth Spiral. This method depends upon the fact that

the resistance of a bismuth wire is increased when it is placed in a

strong magnetic field. A curve, showing the order of this increase,

is given in Fig. 193, the curve relating to a temperature of 20® C.

A flat spiral of pure bismuth wircv- -about 1 mm. diameter—^is used
for the exploration of magnetic fi-^ldp. The resistance of the spiral,

when situated at a point in the magnetic fit Id, is measured, and this

resistance is compared with the re ustance when the spiral is removed
from the field, the temperatuie being the same in both cases. The
field-strength is obtained from n curve such as that of Fig. 193, when

, Resistance of spiral whilst in the magnetic field ^ ^
Resistance of"^i)hS^hen'^^moved^ the field

determined.
The disadvantages of this method are that it is rather insensitive

—the change in resistance per kilogauss change in field strength

being comparatively small—and also that this change in resistance

depends very largely upon the temperature.

Its advantages are that it is very simple to use, the resistance

being conveniently measured by the Wheatstone bridge method,
and that, since the spiral covers a small area—of the order of 1 sq.

cm.—the exploration of the magnetic field can be carried out in

greater detail than is possible with most other methods.
(c) Magnetic Balance and Deflecting-coil Methods. Such

methods depend upon the fact that a force is exerted upon a current-

carrying conductor when it is placed in a magnetic field, the force

depending upon the magnitude of the current in the conductor and
upon the strength of the magnetic field.

In the magnetic balance the force upon the conductor is balanced
by weights on a pivoted beam, to one end of which the conductor
is attached, the weight required for balance being used to determine
the strength of the magnetic field in which the current-carrying

conductor is situated.

In defleoting-coil methods a narrow coil, some 2 or 3 mm. wide
and 1 or 2 cm. long, is used. This coil is suspended by a fine strip

suspension from a torsion head, a mirror being attached to the

suspension for use in conjunction with a lamp and scale to indicate

deflection. A current is passed through the coil, which is placed in

the magnetic field to be measured with its plane parallel to the field.

If this current is known, the field strength corresponding to a certain
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deflection may be determined by calibration, using a magnet of

known gap-fl\ix density.

The reader is referred to the works given in Refs. (1), (3), and (7)

for fuller information regarding such methods.
The Testing of Ring Specimens. Ring Specimens are used, in

preference to rods or strips, when accurate measurements of permea-
bility, and hysteresis loss, up to a maximum value of field strength

(H) of 200 or 250, are required. The use of such specimens has the

disadvantage that they are more difficult to prepare than bar

specimens, and also are more difficult to wind with the magnetizing
winding which, when bar specimens are used, may be a permanently
wound solenoid inside which the bar is slipped. The more reliable

results obtainable with ring specimens on account of their freedom
from self-demagnetizing effects may, in some cases, justify their use.

Such specimens are cut from a representative piece of the iron,

the rings being machined so that their dimensions may be accurately

determined. The radial thickness of such rings should be fairly

small compared with their mean diameter.* If this condition is

not fulfilled, most of the flux in the iron passes through the portion

of the ring nearest to the inner circumference, thus causing a dis-

tribution of flux density across the cross-section of the ring which is

far from uniform. The mean value of the flux density (as given by
Total flux

conditions) will not correspond to the
Cross-section ^

mean value of H for the cross-section of the ring, and the B-H curve
obtained will be erroneous. For accurate results the ratio of outside

diameter of the ring to the radial thickness should be at least 16.

If sheet material is to be tested, the ring specimen should be built

up of ring punohings taken, if possible, from a number of different

sheets. The punchings should be built up with the direction of

rolling used in the manufacture of the sheet distributed radially

to obtain a uniform distribution of reluctance round the ring. The
permeability in a direction perpendicular to that of rolling is only

some 76 per cent of the permeability, at the same flux density, in a
direction parallel to the direction of rolling. During the shearing

of the rings from the sheet, the material near the sheared edges (and

for some distance inwards from the edge) is strained, the effect being

to reduce its permeability. Unless the rings are to be annealed,

after punching, to remove these strains, their radial width should

be fairly large—say 2 or 3 cm.—in order that the strained portion

shall not form an appreciable percentage of the whole cross-section.

Determination of the Blagnetusatioi]^ or B-H» Curve, (a) Method
OF Rbvebsals. For this test a ballistic galvanometer is used as

previously described. Before winding, the dimensions of the ring

must be determined. When sheet material is being tested it may be

* This question is fully considered in a paper by E. Hughes (Ref. (8) ). *
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necessary to determine the effective cross-section from the weight
of the ring, taking the specific gravity as 7-8 (for soft sheet iron).

This is necessary for accurate measurements on account of the air

spaces between individual punchings, which cause measurements
of thickness to be erroneous.

A layer of thin tape is then wound on the ring, and a search coil

consisting of a few turns of thin wire, insulated by paraffined silk,

is wound over the tape. The number of search-coil turns depends
upon the sensitivity of the ballistic galvanometer. This number of

turns must, of course, be noted. The searcjh coil is protected by
another layer of tape, over which the magnetizing winding is

uniformly wound.
The connections for the test are shown in Fig. 189. Before com-

mencing the test, it is essential that any residual magnetism which
may be present in the specimen shall be removed by demagnetiza-
tion. The short-circuiting key K ot the galvanometer is left closed,

and the current in the magnetizing winding is given such a value

that the magnetizing force H acting upon the specimen, is greater

than the maximum value to be used in the test. This current is

then very gradually reduced—the reversing switch 8 being con-

tinually thrown backwards and forwards meanwhile—in order to

pass the iron specimen through as many cycles of magnetization as

possible during the process. The minimum value of the current

finally reached should give a magnetizing force in the specimen
which is well below the smallest test value.

After demagnetization, the test is started by setting the mag-
netizing current at the lowest test value (such that i/ = 1 (say) ).

The galvanometer key K being closed, the iron specimen is then
brought into a ‘'reproducible cyclic magnetic state” by throwing
the reversing switch S backwards and forwards some twenty or

more times. The key K is next opened, and the flux in the specimen,

corresponding to this value of H, is measured on the ballistic gal-

vanometer as previously described. The change in flux, measured
by the galvanometer, when the reversing switch S is quickly reversed,

will be twice the flux in the specimen corresponding to the value of

H which has been applied,

^77 N^I'\

This value of H is given by where N == number of turns

on the magnetizing winding, = the magnetizing current, Z = the

length (in centimetres) of the mean circumference of the ring

specimen.
The flux density corresponding to this value of H is obtained

by dividing the value of the flux in the specimen (as measured
by the bamstic galvanometer) by the cross-sectioi^l area of the

specimen. v

In order to check whether the demagnetization of the specimens has been
oomplete and also to determine whether a reproducible cyclic state has been
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attained* a second measurement of flux density—for the same value of H—
may be made after subjecting the specimen to a further number of reversals

of magnetization. The second value of B should agree with the first. As
further checks upon the measurements, a reversing switch in the ballistic

galvanometer circuit (not shown in Fig. 189) may be used as follows : Measure-
ment of flux density for a given value of H may be made, with this reversing
switch in one position, first by throwing the reversing switch S over from
terminals 11' to 22' and the test repeated by throwing over from 22' to IT,
having carried out a number of reversals ofS in between the two measurements.
This procedure may be repeated with the ballistic galvanometer reversing
switch in its other position, four measurements of B being thus obtained.
These should be very nearly equal to one another, the moan giving the value
of the flux density.

The whole of this procedure is repeated for various increased

values of H up to the maximum testing point, the 20 or more
reversals of the magnetizing current at each value of H, before the

measurement is made, being important. It should be noted also

that if the resistance of the ballistic galvanometer circuit is changed
during the test, the logarithmic decrement X must be determined
for each resistance value, in order that the observed galvanometer
throws may be properly corrected, the deflection used in determining

the flux being given by

e' = e,(i + 5)
where is the observed throw.

The B-H curve may be plotted from the measured values of B
corresponding to the various values of H.

(h) The “Step-by-step"’ Method is sometimes used. In this

method there is no reversal of the magnetizing current, the procedure

being as follows : The circuit shown in Fig. 189 is set up in the same
way as for the test by the method of reversals, but the direct current

supply to the magnetizing circuit is through a potential divider

having a number of tappings, as shown in Fig. 194. The tappings

are arranged so that the magnetizing force H may be increased, in

a number of suitable steps, up to the desired maximum value. The
specimen, after the application of the search coil and magnetizing

winding, is first demagnetized. The tapping switch 8^ is then set

on tapping 1 and the switch'll closed, the galvanometer throw
corresponding to this increase in the flux density in the specimen,

from zero to some value being observed, and calculated as

previously described. corresponding to this position of switch

8^1 can be determined from the magnetizing current which then

flows. The magnetizing force is then increased to H2 by switching

82 suddenly on to tapping 2, and the corresponding increase in flux

density AB determined from the galvanometer throw observed.

Then B^—corresponding to JETj—is given by B^ + AB. This process

is repeated for other values of up to the maximum point, and the

complete B*H curve is thus obtained without any reversal of the

flux tn the specimen.



MAGNETIC MEASUREMENTS 357

Determination ol the Hysteresis Loop, (a) Stbp-by-Step Method.
The determination of the hysteresis loop by this method is carried
out by simply continuing the procedure just described for the
determination of the B-H curve. Having reached the point of

maximum H—when S2 (Fig. 194) is on tapping 10—the magnetizing
current is next reduced, in steps, to zero by moving switch down
through the tapping points, 9, 8, 7, etc. After the reduction of the
magnetizing force to zero, negative values of H are obtained by
reversing the reversing switch 8 (Fig. 189)
and then moving the switch 8^ (Fig. 194), in

steps as before.

(6 )
By the Method of Reversals. This

test again is carried out by means of a number
of steps, but the change in flux density

measured at each step is the change from
the maximum value + Umax dowu to some
lower value, the iron specimen bein^^ passed
through the remainder of the cycle of mag-
netization back to the flux density +
before commencing the next step in the test,

thus preserving the cyclic state.

The connections for the test are shown in

Fig. 195. i^i, jRg, and are resistances for Potential
the adjustment of the resistances of the Divider for Stbp-
magnetizing and ballistic galvanometer cir- by*step Method
cuits. i?3 is a variable shunting resistance

which is connected across the magnetizing winding by moving over

the switch thus reducing the current in this winding from its

maximum value down to any desired value—depending upon the

value of B^,

The procedure is as follows

—

The value of H^^ax required to produce the value of B^iaac

used during the test, is obtained from the previously determined

B-H curve of the specimen. The resistances R^ and JR4 are then

adjusted so that the magnetizing current is such that this value of

H is obtained when switch is in the ‘‘off” position. {H is, of course,

471 NI
given by H = — . -y- ,

where I is the magnetizing current, N the
iU L

number of turns on the magnetizing winding, and I the length of

magnetic path, or mean circumference, of the specimen.) The
resistance Ri is adjusted so that a convenient deflection of the

galvanometer is obtained when the maximum value of the mag-
netizing current is reversed. B^ is adjusted to such a value that a

suitable reduction of the current in the monetizing winding is

obtained when this resistance is switched in cirojait. I

Switch ES^ is then placed on contacts 11' and the short-circuiting

key K opened. The magnetization of the specimen—since the
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maximum magnetizing current is now Sowing—corresponds to

point A on the loop (Fig. 196).

The next step is to throw switch S2 quickly over from the “off”

position to contact 6, thus shunting the magnetizing winding by R^

and reducing the magnetizing force to He (say). The corresponding

reduction in flux density - AJ5—^is obtained from the galvanometer

throw, and hence the point G on the loop is obtained.

The key K is now closed, and switch RS^ reversed on to contacts

22'. Switch S2 is then opened and RS^ moveti back again to con-

tacts ir. This procedure passes the specimen through the cycle

Fig. 195. Connections for Method of Reversals

of magnetization and back to point A again, ready for the next step

in the test. The section AD cA the loop is obtain^ by continuation

of this procedure.

To obtain the section DEF of the loop, with K closed and S^ in

the “off” position, place BS^ on contacts 11'. Then place S^ on con-

tact a, open the key K, and rapidly reverse RS^ on to contacts 22',

observing the corresponding galvanometer throw. From this throw
the change in flux A-B'(Fig. 196) may be obtained, since the switching

operations described cause J? to be changed from + ^max
(say). To bring the magnetization of the specimen back to point

A, close key K, open S^ and reverse BS^ on to contacts 11'.

By continuing this process, other points on the section DEF of



MAGNETIC MEASUREMENTS 369

the loop are obtained. The section FGLA of the loop may be
obtained by drawing in the reverse of ADEF, since the two halves

are identical.

By measuring the area of the hysteresis loop so obtained—by
means of a planimeter—and expressing this area in B-H units of

area, the hysteresis loss for the material may be obtained, since

Hysteresis loss per cycle per cubic centimetre, in ergs

Area of loop in B-H units

477

The Testing of Specimens in the Form of Rods or Strips. It is

obviously much easier to prepare a specimen in the form of a

machined rod than to prepare a ring specimen as previously des-

cribed. Such specimens suffer, however, from the disadvantage of

''self’demagnetization.'' When a rod is magnetized electromagnetic-

ally, poles are produced at its ends, and these poles produce, inside

the rod, a magnetizing force from the north pole to tne south which

is in opposition to the applied magnetizing force, thus rendering

the true value ofH acting on the rod a somewhat uncertain quantity.

For accurate results, therefore, if the methods of measurement

using a ballistic galvanometer as described afewe,*^ used* this

demagnetizing effect must be corrected for, or, since the effect is

least when the ratio of diameter to length of the rod is small,
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dimensions of the specimen should be chosen so that the effect is

negligible.

The demagnetizing force due to this “end effect” is given by the

expression

. . . . (214)
477

where Bf is the ferric induction, i.e. the flux density due to the

magnetization of the iron itself, and F is a constant which depends

upon the relative dimensions of the rod. The expression might also

be written F , where .ris the intensity of magnetization.

The value of F for various ratios of length to diameter for cylin-

drical rods may be determined from a curve such as that given in

Fig. 197, which has been plotted from values given by Du Bois

(Ref. (5) )
and by Thompson and Moss (Ref. (9) ).

For an ellipsoid or very long rod, the value of the coefficient F
may be calculated from the expression

-)
a = the minor axis of the ellipsoid,

h = the major axis of the ellipsoid.

To obtain the true value of the magnetizing, force H acting on a
bar specimen must be subtracted from the value of H calculated

from the ampere-turns per centimetre length of the magnetizing

where k A
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winding. From the curves given it can be seen that the ratio

of the specimen must be of the order of 25 or more for
Diameter
the effect to have a negligible influence upon the value of H.
On account of this demagnetizing effect the value of H is often

measured by means of search coils wound on thin strips of glass and
placed with the glass lying flat on the bar specimen (Refs. (2), (3) ).

The flux density in the air at the surface of the specimen (which is

the same as H in the specimen) is measured by this means instead

of relying upon calculated values and corrections.

Bar and Yoke Methods. Such methods are commonly used for

the t/csting of bar specimens. They combine the advantages of both

Fig. 198 . Bab and Yoke Method

ring and bar specimens, the demagnetizing effect being largely

eliminated by the use of heavy-section yokes, while the advantages
of the bar specimen, cs regards preparation and ease of application

of the magnetizing force, are retained.

There are a number of such methods which are all essentially

modifications of the original yoke method due to Hopkinson.

A search coil is wound upon the bar specimen at its centre, and
the bar is then clamped between the two halves of a massive iron

yoke, whose reluctance is small compared with that of the specimen,

as shown in Fig. 198. The magnetizing winding is fixed inside the

yoke, as shown, the specimen fitting inside it.

Let N = No. of turns on the magnetizing winding,

,, / = current in the magnetizing winding.

„ Z = length of specimen between the two halves of the yoke.

„ A = cross-section of the specimen.

„ = permeability of the specimen when the magnetizing

current is /.

„ = the reluctance of the yoke.

„ — the reluctance of the two joints betweeu| i^pecimen and
yoke.

„ the total flux in the magnetic oiircuit.
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Then

4ir

10
N1

^ + % +
I

AfM,

Now, if H is the actual magnetizing force acting on the specimeni

and B is the flux density in it,

4>

Hence, H — 10

in

To
.NI

I

This may be written

H=:

4:7r

lo
Nl

(1 ”-1“ tfi)l
where m 4ii*

i

M^A/j., -|- ^IgAfi, -f- i

• (216)

The quantity m is made small by carefully fitting the specimen into

the yoke, and by making the yokes of very heavy section, thus

reducing both Rg and Ry to small quantities. In preparing the

specimen its dimensions must be very carefully adjusted so that

it exactly fits the holes in yoke to be used. The length of specimen
usually used is about 20 or 25 cm., and the diameter (if of rod form)

about 1 cm.
If m is small,

4;TT NI

^ (1 - w) approx. . . . (216)

which means that the actual value of H in the specimen differs from

the value calculated from the magnetizing ampere-turns and length

of specimen by the amount

^ m
10 *

I

m

The flux density may be measured by ballistic galvanometer in the

usual way.
Perikieameters. Permeameters, of which there is a large number

of different types, are essentially pieces of apparatus constructed

for determination of the B-H curve of magnetic specimens, of bar

form, by means of a test which is conveniently simple, and for the

performance of which the time required is short. Only a small

number of such permeameters can be described in the space available

here. In the works given in Refs. (1), (3), (10), (11), (12), and (14),

many other forms are described.
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Ewino Doitblb-bae Method. In this permeameter two exactly
similar bar specimens of the material under test are used, with two
pairs of magnetizing coils, one pair of the latter being exactly half

the length of the other pair. The number of turns, per centimetre
axial length, is the same for both pairs of coil. Two yokes of annealed
soft iron, with holes to receive the ends of the bar specimens—^the

fit being tight—are used. The arrangement of bars and yokes is

shown in Fig. 199.

The object of this arrangement is the elimination of the reluctance

of the yokes and air gaps—assumed to be the same, for a given flux

density, in all positions of the yokes—by making two tests, one with

a length of specimen I and the other with length
1

2 '
The diflerenoe

in M.M.P. required to produce the sanie flhx density in the two
cases being that required for a length ? in t.ach specimen. Thus,

LeftHand Yoke

Fig. 199 . Ewing Dottble-baji Method

Let n = No. of turns per centimetre length for both pairs of

magnetizing coils.

„ = the current in the coils when the specimen length is I,

,,
^ the current in the coils for length

„ //j — the apparent magnetizing force for length L

H - ^
,, ri2 — >> •)> O’

iy

yy

a ™ the M.M.F. rctpured for the yokes and air gaps in each

case.

B = the flux density in the specimen (the same in each case)*

4tTT nlil

i6'~TThen
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Then, if E be the true magnetizing force in the iron for a flux

density By

and =

Hence, a=^l(H^-Hi) (217)

and H = =.2H,-H^ . . (218)

The flux density corresponding to this actual value of H is meas-
ured by means of search coils and ballistic galvanometer in the

ordinary way. The complete test is carried out by first obtaining

and plotting a B-H curve for the specimens with a length of I—the

apparent values of H being plotted. The specimens are then de-

magnetized, and a second B-H curve is obtained, and plotted, with

a specimen length of Z/2, the two curves being plotted on the same
axes. The true B-H curve is obtained from these two, obtaining the

true value of H corresponding to any value of B, from the expression

above.

The disadvantages of the method are that the joint- and yoke-
reluctances are not quite the same for two different positions of the

yokes. The test requires, also, two carefully prepared specimens,

and is somewhat lengthy in operation.

Ewing Permeability Bridge. In this apparatus a standard

bar, whose B-H curve is known, is used, the value of H required

to produce a certain flux density in the bar specimen under test

being compared with that required by the standard bar for the same
flux density. The two bars—each of which is placed inside a mag-
netizing coil—are joined together at the ends by yokes. The number
of turns on the coil which magnetizes the standard bar is fixed,

and the magnetizing force H which acts upon this bar, for a given

current in this coil, is known. The same current flows through both
coils, but the number of turns on the coil which magnetizes the

test bar can be altered by dial switches, an arrangement for keeping
the circuit resistance constant being provided. The adjustment of

the number of turns on this winding is continued until there is no
difference of magnetic potential between the two yokes, when the

flux density is the same in the two bars. The equality of potential

of the two yokes is detected by means of a length of iron in the shape
of an inverted U, having an air gap containing a pivoted magnetic
needle at its centre. The two lower ends of this U are in contact

with the two yokes, and if these are at different potentials flux will

pass through the tf piece and cause the needle to deflect from its

zero position. When the magnetizing turns on the test bar coil have
been adjusted until this needle ceases to deflect, the flux density in
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the test bar is the same as that in the standard bar. The value of

H for the test bar is obtained from the number of turns on its

magnetizing winding compared with the number on the magnetizing
winding of the standard bar, and the B-H curve of this bar is then
constructed from that of the standard. This apparatus is not very
widely used owing to its somewhat limited scope, and to inaccuracies

which are chiefly due to variations of the reluctance of the joints

in the magnetic circuit.

Illiovici Permbambter. The arrangement is shown in Fig. 200.
There are two magnetizing windings connected in parallel, one

uniformly distributed on the specimen, and the other—^which acts
as a compensating winding—on the yoke. Each has a variable
resistance in series with it, the winding on the specimen having, also,

an ammeter in series with it. The operation of the permeameter
depends upon the fact that when the magnetomotive forces of the
two magnetizing windings—on the yoke and specimen—have been
adjusted until they are just sufficient to drive the existing flux

through the reluctance of that part of the circuit upon which they
are wound, there will be no magnetic potential difference across
either of these parts. The magnetic potentiometer is used to indicate
when this condition has been attained. Thus, ifhenihe magnetic
potential drop across the specimen is zero, the M.M.F. in its mag-
netizing winding is just sufficient to drive the existing flux through
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its own reluctance. The true value of in the specimen is then

given by the M.M.F. then existing in this winding divided by the

length of the specimen between the two arms of the yoke. The
effect of yoke reluctance is thus eliminated. The flux density in

the specimen is measured by a search coil and ballistic galvanometer
in the usual way.

In carrying out a test the bar specimen is placed on the yoke
with the search coil and magnetizing winding over it, the magnetic

Fig. 201 . Kokpsel Peemk-xmeter

potentiometer being then clamped in position and the specimen
demagnetized.

The current in the magnetizing winding of the test bar is then

adjusted to give the value of H required, and the throw-over switch

S is placed on contacts aa\ Resistance is then adjusted until no
galvanometer throw is observed, when the reversing switch ES is

reversed. The value of H in the specimen is then given by

H = ^ m
10 ’ i

where N is the number of turns on the magnetizing coil on the

specimen, I the length (in centimetres) of the specimen between the

arms of the yoke, and / is the current indicated by the ammeter.
The switch S is now thrown on to contacts bb' and the flux density

in the specimen corresponding to this value of JT is measured by
observing the galvanometer throw when RS is reversed.

Tests up to if == 400 can be made with this apparatus, its prin-

cipal advantages being its simplicity and its independence of the

reluctance of the yoke.

Kobpsbl Pbrmbametbr. This piece of apparatus will be de-

scribed because its principle is different from that of most other

permeameters of the bar and yoke type. Fig. 201(a) shows the

construction, from which it can be seen that the apparatus resembles

a D’Arsonval instrument, the permanent magnet being replaced by
the bar specimen and the heavy section yokes FF' in which the

specimen is clamped. The moving coil C swings in a narrow air

gap and is suppli^ with a known current from a battery, through
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a milliammeter. This coil carries a pointer moving over a scale,

and the deflection, for a given current, is obviously proportional to

the flux density in the air gap, which, again, is proportional to the
flux density in the specimen. The M.M.F. absorbed in the yokes
is compensated for by the two coils AA\ M is the magnetizing coil

surrounding the specimen, the proportions and number of turns on
this coil being such that H in the specimen is 100 times the current
in the coil (in amperes). The moving coil is so designed that the
scale gives the flux density B in the specimen, directly, if the current

50
in the moving coil in milliamperes is where S is the area of cross-

section of the specimen in square centimetres. The c( mpensating
coils AA' are connected in series with coil ^nd arc shunted by a
variable resistance. Before starting a i^esb this /csistance is adjusted
until the moving coil shows no O'"*!! ction with a heavy current in

if, and with no specimen between the yokes.

A number of different bushings for use in the holes in the yokes
allow different sizes of specimens to be used.

In carrying out a test the apparatus is set up so that the axis of

the specimen is perpendicular to the magnetic meridian. The speci-

men is then clamped in position and demagnetized, the resistance

shunting coils AA' having been previously adjusted for compensa-
tion. The current in ilf is then adjusted to give the required value

of H, and the deflections with this current—both direct and reversed

—are observed, the moving-coil current being adjusted in accordance
with the cross-section of the specimen. The mean of the two deflec-

tions—which may be appreciably different—gives the flux density

in the specimen.
The apparatus may be used for the determination of both B-H

curves and hysteresis loops. The values of H for given values of

flux density were found by C. W. Burrows, when investigating the

characteristics of this type of permeameter, to be erroneous by an

amount which depended upon the quality and size of the magnetic
specimen. Hysteresis loops obtained by its use gave too low a value

of residual flux density and too high a value of coercive force.

These errors may be corrected for by checks with standard bars

whose magnetization curves are known.
Traction Permeameters. This type of permeanieter makes

use of the fact that the pull between two magnetized surfaces is

given by
B^A

11,200,000
lb. wt.

where B is the flux density in lines per square centimetre and A is

the cross-section in square centimetres. \ '

In the Thompson form of permeameter the pull required to

separate a bar specimen from a yoke is measured by a spring balance
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and the flux density obtained from the above expression. H is

obtained from the constants of the magnetizing coil—which sur-

rounds the bar—-and from the current in this coil.

Another form of traction permeameter—the Du Bois magnetic

balance—consists of a semicircular yoke which is divided into three

parts by two air gaps near the lower ends (see Fig. 202). The sur-

faces at the air gaps are carefully faced to form plane surfaces. The
bar specimen is placed inside a magnetizing coil and fits into the

SpecimenJ Magnetizing
Winding

Fig. 202. Du Bois Magnetic Balance

two lower fixed parts of the yoke. The weight W is slid along the

scale carried by the pivoted upper part of the yoke, until the right-

hand side of the yoke is pulled over by the pull across the air gap g^.

The position of the weight, when this occurs, gives a measure of the

flux density in the specimen. The apparent value of the magnetizing

force acting on the specimen must be corrected by calibration of

the apparatus, using a standard bar or otherwise. The correction

required depends upon material which is being tested.

The inaccuracy of such permeameters causes them to be little

used except for rough tests upon bar specimens.

Burrows Double-bar and Yoke Permeameter. This permea-
meter, which was first developed by Dr. C. W. Burrows (Ref. (12) ),

has been a(k)pted as the standard apparatus for the testing of bar

specimens in America, and is used by the Bureau of Standards.

The effect of magnetic leakage at the joints between yoke and
specimen are eliminated in this permeameter by the use of a number
of compensating coils which apply compensating M.M.F.’s at

different parts of the magnetic circuit, these M.M.F.'s being just

sufficient to drive the flux through the reluctance of the part upon
which the coils are placed.

Pig. 203 shows the arrangement of the magnetic circuit and coils.

S^ is the bar specimen to be tested, S2 being a bar of similar dimen-

sions to Sy These bars are surrounded by magnetizing windings
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Ml and which are uniformly wound along the lengths of the
bars. Aii and are compensating coils for the elimination

of leakage effects at the joints between the two bars and the massive
yokes YY' into which the bars fit. C and C" are two exactly similar

search coils wound at the centres of the two bars, while and
are two similar search coils wound in the positions shown, on the test

bar, and each having exactly half the number of turns of search coil C.

Coils and d^ are connected permanently in series, as are also the

Fig. 20S. Magnevic Circtuit of Bi'Rrows Double-bar and Yoke
Pbrmbameteb

four coils Ai, B^. The dimensions of the coils Mi, are

such that H in the specimen is approximately 100 times the current

in the windings, the maximum value of H for which the apparatus

is used being from 300 to 400. The dimensions of the bar specimens

are approximately 30 cm. long and 1 cm. diameter.

The coils Ai, A 2 , Bi, B^, are supplied from a separate battery

supply, coil Ml from another separate supply, and M^ from another.

In carrying out the test it is necessary, first of all, to ensure that,

for a given value of the current in Mi—i.e. of H in the test bar

—

the flux threading through all four search coils c, c', and d*, is

the same, the current in the compensating coils, and in ilfg, being

adjusted until this condition is fulfilled. H the flux threading coils

di and d^ is the same as that threading c and c', there can be no appre-

ciable leakage of flux through the air in the neighbourhood of the

joints. This means that the M.M.F. for the joints is being supplied

by the compensating coils, and that the M.M.F. in coil Mi is used up
merely in driving the flux through the bar specimen Si inside it.

Thus H in the specimen is given ^ where

N = No. of turns on coil Mi
I =; current (in amperes) in Mi
I = length of specimen in centimetres
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It may, in some cases, be necessary to make corrections for the

fact that the magnetizing solenoids are not infinitely long, but such

corrections are usually negligible.

The procedure for obtaining equal flux threading all four search

coils is as follows

—

First, the specimen having been demagnetized, the current in

the magnetizing coil Jfj is set at the required testing value. Search
coils c and c' are then connected in series, but in opposition, to a

Fig. 204. ELiflCTTucAii Cn^cuiTs of Burrows Dooule-rar ano Yoke
Perjvteameter

ballistic galvanometer. The currents in coil and are then
simultaneously reversed. A throw will be observed on the galvano-
meter. The current in is adjusted until no throw is obtained
when the two currents are reversed. Since search coils c and c' have
equal number's of turns, this means that equal fluxes are now
threading through them. Next, search coil c is connected in series

with, but in opposition to, coils and and then to the ballistic

galvanometer. The current in the compensating coils

is then adjusted until no galvanometer throw is obtained upon
simultaneous reversal of the currents in these coils and in and

Then, since and d^ together have the same number of turns

as opil c, the flux threading all three coils is the same.
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The flux density corresponding to the value of H in coil Mi
(obtained as described above) can be measured by connecting coil c

alone to the ballistic galvanometer, and noting the throw when the

currents in the two magnetizing coils and the compensating coils

are simultaneously reversed.

Fig. 204 gives a diagram of connections showing how the switching

may be arranged for convenience in carrying out the test as described

above.*

Fahy Simplex Permeameter. This permeameter, which has

Magfietu^mg

Clamping
Post .

B tSCi. r^k
vaiL

mumu
Saarc/i
Coil

o

Lant mated
yCteei Yoke

fSpecuncn

To BQ
Fia. 204a. Fahy Simplex Pbrmeametjsk

been used by the Bureau of Standards, and is being used quite com-
monly in this country for the routine testing of bar specimens, has
the advantage of simplicity both in construction and operation,

while its accuracy is of the same order as that of the Burrows
apparatus.

An outline of its construction is given in Fig. 204a. Two iron

clamping posts clamp the specimen (of cross-section | in. by IJ in.)

against a laminated steel yoke. The latter carries the magnetizing
winding, and the specimen is surrounded by a search coU for the
measurement of the flux density in it. The magnetizing force H
acting on the specimen is measured, like the flux density, by a
ballistic galvanometer, utilizing an air-cored search coil of several

thousand turns located between the two clamping posts as shown.
The values of H so measured are corrected by calibration of the H
search coil, utilizing a specimen of known magnetic characteristics

in place of the test specimen.

Drysdalb Plug Permeameter. This permeameter, devised by
Dr. C. V, Drysdale, is for the testing of a large mass of magnetic
material. A special drill is used to cut a cyhndrioal hole in the mass
of iron to be tested, the drill being so formed that it leaves a thin

Fuller descriptions of the apparatus, testing methods, and the application
ol oprreotionB, will be found in the works given in Refs. (1), <2), (3), (12).
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rod or pin of the metal (about 0-1 in. diameter) standing in the centre

of the hole. A rose cutter at the upper end of the drill cuts a conical

hole at the surface of the iron, so that after drilling, a section through
the hole is as shown in Fig. 205(a). A split conical plug, having a
small magnetizing coil and search coil fixed to its lower end, is then
pressed into the hole so that it grips the centre pin tightly and also

makes good contact with the side of the conical hole in the iron mass
(Fig. 205(5) ). The whole then forms a bar and yoke permeameter
on a small scale, the centre pin of material being the bar specimen

Fig. 205. Dkysdale Plug Permeameter

and the mass of the material, together with the conical plug, forming

the yoke. Two holes in the plug allow leads from the magnetizing
coil and search coil to be brought out.

A measured current is passed through the magnetizing coil from
a battery through a reversing switch, H being obtained from the

characteristics of the magnetizing coil. The corresponding flux

density is measured by the search coi and ballistic galvanometer,

or fluxmeter, in the usual way.

Magnetic Testing with Intense Fields, Tl)e methods oftesting so

far described have been suitable for testing with values of the

magnetizing force jEf up to 400 or 500 in most cases. For tests at

greater field strengths than these special methods have to be used.

Various “isthmus” methods, most of which are modifications of

the original isthmus method due to Ewing, are used for tjiis purpose,

the title being derived from the fact that the specimen, in such

methods, forms a narrow “isthmus” between the two specially-

shaped poles of an electromagnet.

Ewing’s Isthmus Method. Ewing carried out tests up to iff

2= 24,600, and B about 46,000, by the use of the apparatus illus-

trated in Fig. 206(a).

The electromagnet carries magnetizing windings as shown. The
pole pieces are conical and have a cylin^cal seating, so that the

specimenmay be rotated through ISO*^ during the test. The specimen
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itself is turned down to a bobbin shape*, having a cylindrical

portion in the middle and conical ends which abut against faces on
the pole pieces, the latter forming a continuation of the conical ends
of the specimen. The whole of the |lux in the pole pieces is thus
forced to pass through the specimen of very much smaller section,

thus giving a very high flux density in the specimen. The flux

density obtainable depends upon the area of cross-section of the
isthmus, or cylindrical part, of the specimen.
Two search coils, having equal known numbers of turns, and of

Cornea/

Fig. 206 Ewing’s Isthmus Method

known cross-sections, are fitted on the cylindrical portion of the

specimen, as shown in Fig. 206(6). The inner coil—for the measure-
ment of j5-'-fit8 the specimen closely, while the outer coil—for the

measurement of H—is separated from the inner coil by a small

annular space.

In carrying out a test a magnetizing current is passed through
the winding on the electromagnet, the inner search cod being con-

nected to a ballistic galvanometer. The specimen—with its search

coils—is then quickly rotated through 180®, this being equivalent,

as regards interlinking flux, to a reversal of the magnetizing current.

The galvanometer throw is observed and the flux density obtained

therefrom. The outer search coil encloses some air flux as well as

the flux in the specimen, and the difference between the flux which
it encloses, and that enclosed by the inner search coil, is measured.
This difference in flux, when divided by the difference in cross-section

of the two search coils, gives the flux density in the air surrounding

the specimen, and this air flux density is equal to the magnetizing
force R in the specimen. The difference in the flux enclos^ by the

two search coils may be measured by connecting the two coils in

series—opposing one another—and to the ballistic galvanometer,

when the throw produced by a rotation of the specimen through
180® gives a measure of the flux between the coils. Otherwise, the

total flux enclosed by the outer coil may be measured and the

X3-~(T.57oo)
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difference in enclosed flux obtained by subtraction. The inner

search coil must of necessity enclose some air flux as well as the flux

in the specimen. This air flux is taken into account, using the

measured value of H as the air flux density. The small cross-section

of the specimen^ used in such

tests renders this correction

necessary in most cases.

The slope of the conical pole

and specimen end pieces for

maximum concentration of flux

is about 60® (between the cone

side and axis), whilst the angle

lor the most uniform field with-

in the specimen is about 39®.

A compromise is usually made
in practice.

Gumlich’s Method. This

method is the same in principle as the method described above, but
employs an improved method of determining H in the sjyecimen.

The arrangement is shown in Fig. 207.

A laminated ring yoke is used with two diametrically opposite

pole pieces PP'. These are 25 mm. in diameter, and have a central

air gap of 12 mm. The pole pieces are bored centrally to take a

specimen of diameter 6 mm. A magnetizing coil M surrounds the

pole pieces and specimen, and upon the latter are wound four search

coils in four layers. The radial spaces between the layers—and
hence between the search coils—are known, and the coils have equal

numbers of turns.

The flux density in the specimen is measured by connecting the

inner coil—of known cross-section—to a ballistic galvanometer, and
reversing the magnetizing current. Then, by connecting the search

coils in pail’s, opposing one another, to the ballistic galvanometer,
and reversing the magnetizing current in each case, the air flux

density in inter-coil spaces can be measured. These are plotted

vertically on a graph, taking radial distances from the surface of the

specimen as abscissae. By extrapolation the flux density at the

surface of the specimen—and hence H in the specimen—can be
obtained. A correction can be made also, from this graph, for the

air flux enclosed by the inner search coil.

This apparatus can be used up to H = 6,000, and can be adapted
to tests upon sheet material by using pole pieces with rectangular

holes. Other methods of carrying out tests at high inductions are

described in the publications given in Refs. (1), (2), (3), (13).

The Testing of Feebly magnetic Blateris^. For measurements
upon material which is distinctly magnetic, but whose permeability

is low (of the order of unity), the circuit shown in Fig. 208 may be

used. The magnetizing winding has a search coil at its centre, this

P//?g yb/ce

4 dearch
Coils

Specimen

Magnetizing
mndrng

Fig. 207 . Gumlioh’s Method
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search coil being fixed so that the specimen can be slipped inside it

or withdrawn without disturbing the search coil itself. This search

coil is connected, through a ballistic galvanometer, to the secondary

of a mutual inductance, the primary of which is connected in the

magnetizing circuit.

Since the material under test is only feebly magnetic, it is assumed
that there is no demagnetization due to end effect. The procedure

in tcvsting is as follows

—

Current is passed through the magnetizing coil to give the required

n
Supply

Fia. 208. Apparatus for Testing Feebly Magnetic Materials

field strength U, which is given simply by ^ ^ {N1 being

the number of ampere-turns on the magnetizing coil and I its axial

length), since the demagnetizing effect of the ends of the specimen

is negligible. Before placing the specimen inside the search coil

the mutual inductance is adjusted to give no galvanometer throw
when the magnetizing current is reversed. The specimen is then

inserted, and the galvanometer throw upon reversal of the current

observed. The flux density obtained from this throw will be that

due to the ferric induction in the specimen. Calling this flux density

Bf, we have for the total flux density, when the field strength is H,
B H

B ^ Bf + H, and for the permeability fji
= —

The Curie balance, and various modifications of it (Refs. (3), (15) ),

may be used for the measurement of the susceptibility of materials
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such as ores and rock specimens. A simplified drawing of the

arrangement is shown in Fig. 209.

The specimen is placed in a glass tube which is suspended from a
light arm which also carries a balance weight and a copper vane, the
latter moving in the gap of a permanent magnet for damping pur-

poses. The moving system also carries a mirror and another balance

weight, as shown. A permanent magnet of ring shape is mounted on
an arm which may be rotated so that the air gap of the magnet may
be moved towards or away from the tube containing the specimen.

Specimen m
6lass Tube

jSUk Fibre

Copper l^ane

M/rrop
Balance
Weights

Magnet

Fig. 209 . The Cttbif Balance

Jn carrying out the test a measurement is first made upon the

glass tube alone. The magnetM is rotated until maximum deflection

of the moving system is obtained, this deflection T being observed.

The specimen is then placed in the tube and the maximum deflection

01 of the moving system with different positions ofM again observed.

A third measurement is then made with the specimen replaced by
some material whose susceptibility is known (distilled water, whose
susceptibility is 0*79 X 10*^ is often used for this purpose).

Let the deflection now be Then

y&x »W.(01~0')
. (219)

where j^j^and >^?,are the susceptibilities, and and w^the masses,
of the unknown, and standard, materials respectively.

It should be noted that if 0' is in the opposite direction to 0i and
02 it must be treated as negative.

The Testing of Permanent Magnets. The details of the method
of testing permanent magnets, when manufactured, depend upon
the shape of the magnet, this varying greatly according to the
purpose for which the magnet is to be used. Owing to the self-

demagnetizing force, it is necessary, in testing such magnets, to
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measure H by means of search coils, of small cross-section, laid flat

against the surface of the magnet as previously described. These
search coils give the value of the air flux density at the surface of

the magnet at different points, and thus measure H for these points.

The flux density B is measured by search coils in the ordinary way.*
Betteridge Apparatus for Magnet Testing (Ref. (17)). An

outline drawing of this apparatus for the commercial testing of

permanent magnets is shown in Fig. 210. The magnet to be tested

is placed with its straight ends inside two magnetizing coils and so

that its ends press against two pole pieces, in the air gap between

which a thin iron disc, plated with copper, is mounted. This disc

is mounted in ball bearings and the clearances between it and the

pole pieces are small. It is driven round at constant speed by a

small motor, and has two small brushes making contact with its

spindle and its rim. When a current flows in the magnetizing
windings flux crosses the gap between the pole pieces, and the flux

density in the gap will be proportional to that in the magnet. An
E.M.F. will be induced in the revolving disc, this E.M.F. being pro-

portional to the gap flux density and being measured by the milli-

voltmeter F.

Thus, the voltmeter reading gives a measure of the flux density

in the specimen, while H is obtained by the usual formula from the

constants of the magnetizing coils and from the current in these

coils.

Some leakage exists between the two arms of the magnet, but
with proper design of the apparatus its effect upon the results is small,

* Details of tests upon different shapes of magnets, upon magnet steels*

and of tests for the determination of temperature effects upon magnets* will

be found in the works given in Refs. (3), (13), (14), and (16).
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Magnetic Testing with Alternating Current. When iron is subjected
to an alternating magnetic field a loss of power occurs due to

hysteresis effects in the iron. Power is absorbed, also, due to eddy
currents, which are set up in the iron due to the fact that it is elec-

trically conducting material, and that the flux threading through
it is changing. Such eddy currents will be discussed more fully in

Chapter XIV
Although the hysteresis loss per cycle in iron may be determined

from the hysteresis loop obtained in a D.O. test, this loss may be

somewhat different under the actual alternating magnetization
conditions with which it will be used in practice. Also, eddy current

losses can only be measured by the use of alternating current. For
these reasons, inspection tests upon sheet steel which is to be used
in the manufacture of transformers and other A.C. apparatus are

vexy commonly A.C. tests.

Separation of Iron Losses, It is often sufficient, in acceptance
tests of sheet material, to measure the total loss in the steel at the

standard frequency (50 cycles) ^nd with a maximum flux density

of about 10,000 lines per square centimetre. The separation of the

losses into their two components—i.e. hysteresis loss and eddy cur-

rent loss—^involves a rather more lengthy test.

Hysteresis loss, as already seen, is given by the expression

where is the loss in watts per cubic centimetre of material, /
being the number of cycles of magnetization per second (i.e. the

frequency), maximum flux density, and k a constant for

any given material. This law holds approximately for values of

^max between 1,000 and 12,000 lines sq. cm.
Eddy current loss, provided the sheets are sufficiently thin for

“skin effect” (see Chapter XIV) to be negligible, is given by the

expression

where is the loss in watts per cubic centimetre, / the frequency,

t the thickness of the sheet, and the maximum flux density.

Kf is the “form factor” of the alternating wave of flux and depends
upon the shape of this wave.

Thus, if the form factor remains constant throughout a test, and
the maximum flux density is kept constant, the total power
loss being measured at different frequencies, then this total loss

may be written

W, = Mf+NP
where M =
and N = k'Kf^ . . B^^^^

both M and N being constant for this test.
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These constants may be determined—and the total loss thus
split up into its two components, for any given frequency—by

/
plotting against / as shown in Fig. 211.

Then,^ M + Nf, so that the intercept on the vertical axis

gives M \
and N can be obtained from the slope of the graph. M

is the hysteresis loss per cycle. The eddy-current loss for any
frequency is given by the intercept PQ, as shown in Fig. 211. In

this way tlie two components of the total loss for any given form
factor and maximum flux density, can be separated.

Again, if the frequency and kept constant and the form
factor varied, the total loss being measured for various values of

form factor, then we have

Wt=^C + DKf^ . . . .

"
. (

220 )

If W

I

is now plotted vertically against values of iT/ horizontally

the constants C and D may be obtained. The intercept upon the

vertical axis (Fig. 212) gives G, and the slope of the line gives D.
Thompson and Walmsley (Ref. (20) )

have described a method of

measuring and of separating the iron losses of a transformer, using

thermionic valve rectification to obtain the form-factor of the

voltage wave.
The effect^ of variation of both form-factor of the applied voltage

and of temperature are considered in this paper.

Methods ol Measurement. Wattmeteb Method. This is perhaps
the commonest method of measuring the total ^oss m sheet steel

with alternating current. The sheet material to be tested is arranged

in the form of a “magnetic square,” of which there are several forms.
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Epstein being the originator of the arrangement. In this square

there are four bundles of strips of the sheet material. are

bound with tape to form four cores to fit inside four magnetizing

coils, the individual strips being insulated from one another by thin

tissue paper. The ends of the cores,

projecting beyond the magnetizing

windings, are, in the Epstein appar-

atus, interleaved and clamped at

the corners.

Lloyd-Fisher Magnetic Square.
Fig. 213 shows a magnetic square as

used by Lloyd and Fisher and now
in use at the National Physical

Laboratory and Bureau of Stan-

dards. The strips of material—cut

half in the direction of rolling of the

sheet during manufacture and half

perpendicular to this direction

—

are about 25 cm. long and 5 or 6

cm. wide. They are built up into four bundles and assembled to

form a complete magnetic circuit with the aid of bent corner pieces

and clamps, as shown in the figure. These comer pieces should be

of the same mateiial as the strips, or at least of material having
similar magnetic properties. The overlap at the corners should be
only a few millimetres and a correction may be applied, if necessary,

to account for the fact that the cross-section of the magnetic circuit

is doubled at the overlapping points.

A very small number of strips is shown in the figure for the sake

of clearness. The bundles of strips are placed inside four similar

magnetizing coils of heavy wire, connected in series to form the

primary winding. Each of these coils has, underneath it, two
single la^er coils of thin wire and having equal numbers of turns.

These secondary coils are connected in series in groups of four

—one on each core—to form two separate and similar secondary
windings.

The primary winding is connected either directly, or through a

transformer having a variable secondary, to an alternator having a

wave-form which is as nearly as possible sinusoidal. By this means
regulation of the magnetizing current by means of resistance, with
consequent alteration of wave-form, is avoided. If the total loss

in the sample is to be measured, the connections are as shown in

Fig. 214, the wattmeter pressure coil being supplied from one
secondary winding and an electrostatic voltmeter from the

other.

The iron specimen must be weighed and its cross-section deter-

mined before assembly. The magnetizing current is adjusted to

give the value of required, the frequency of the supply being

Fio. 212. Sepabation of
Iron Losses
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previously adjusted to the correct value. The wattmeter and volt-

meter readings are observed.

Theory of the Method, Then, the voltage induced in secondary
winding 8^* whose R.M.S. value is measured by the voltmeter,
is given by the expression

volts . . (
221 )

where Kf is the form factor, A the cross-section of the specimen,

Fio. 213 . Lloyd-Fishkr Magnetic Square

in which the maximum flux density is f the frequency, and
.A^2 number of turns on secondary winding 82*

Hence the value of B^ax be obtained,

R js; X io« „

It may be necessary to correct this expression, especially at high

values of B^^xy ^or the fact that the coil 82 encloses some air flux as

well as the flux in the sample, since the cross-sectional area of the

coil must be greater than that of the sample itself.

Let Ac ^ the cross-sectional area of the coil.

„ Ag^ the cross-sectional area of the sample.

»* == maximum magnetizing force ^equal to the flux

density in the air space within the coil).

„ = the actual maximum flux density in the sample.
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Then the total flux vnthin the coil is

^max (•^0 ~ -^s) — N A,

where is the apparent maximum flux density in the sample.

Thus,
’

E = iKf .fN^ A. + {A, - .4,)] x 10-«

= iKf .f.Ni. A, B'nax X 10-» volts

where B'„q, =

Fig. 214 . Connections for Wattmeter Method of Iron-loss
Measurement

may be determined from the permeability curve of the sample.

As regards the power loss in the iron

—

Let Wi = total iron loss.

,, W = wattmeter reading.

,, V = voltage applied to wattmeter pressure eoil.

E = voltmeter reading.

== voltage induced in coil since Si and S2 have equal

numbers of turns.

,, Tj, = resistance of wattmeter pressure coil.

j, Tc = resistance of coil Si.

yy ij,
— current in the pressure coil circuit.

Then E = (r, + r^)

F = ij,r.

Hence, power loss in the iron, together with the copper loss in the

winding 81 and in the wattmeter pressure coil

= PF ~ = ^c) _ jjr
4- ^c)
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Again, the copper losses in and are

(^j> + r^)

\>',+ ’,/

2

iU + r,)

:

r„ + fj

Therefore, Wt=W
^1 + _

E^

rj, + r.
(223)

As mentioned previously, the hysteresis and eddy current com-
ponents of the loss can be graphically determined from the results of

power measurements such as the above, at different frequencies.

Fig. 215 . Measurement of Power Loss at Different Form
Factors

Fig. 215 gives the connections for the measurement of power loss

at different form factors, the form factor being obtained from
measurements of R.M.S. and mean voltages induced in the two
windings Si and S2 ,

which have equal numbers of turns. Variation

of form factor is obtained by adjustment of E and L—variable

resistance and inductance—and of the number of turns on the

secondary of the supply transformer. The voltmeter measures
the R.M.S. voltage, and voltmeter in conjunction with a syn-

chronously-driven two-part commutator and slip rings, measures
the mean, or average, voltage.

Richter Apparatus. This apparatus, designed for the testing

of complete sheets of steel instead of small strips cut from them,
does not involve a different method of measurement but only a

difference in the arrangement and assembly of the sample. The
wattmeter method of measurement of losses is used. The sample
consists of four sheets of steel having dimensions 100 cm. wide and
200 cm. long approximately. These sheets are placed inside a

hollow wooden drum having a lattice arrangement inside to hold

the sheets, and wooden clamps to clamp the ends of each sheet
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together. The drum is wound with about 100 turns of thick copper
wire to carry a heavy magnetizing current.

The disadvantages of the apparatus are that corrections for the
air space flux must be made for all values of the copper losses

are large, and the sheets are in a strained condition during the test,

which means that the losses measured do not give the true losses

under unstrained conditions,

A.C. Bridge Methods. The A.C. bridge network can be adapted

Supply

Fig. 216 . Maxwell Bridge for Iron-loss Meastjrements

to the measurement of iron loss and effective permeability of mag-
netic samples. Such methods are very useful when the available

samples are small, and when the test is to be carried out at commer-
cial- or audio-frequencies, and with fairly low values of flux density.

Fig. 216 shows the connections of the Maxwell bridge as applied

to iron loss and permeability measurements.
J?!, and R^ are resistances, the latter being variable. In series

with jRg, in the same arm, is a variable inductance L and resistance r

.

It may be necessary to connect R^ in series with the winding on the

sample if the resistance of the latter is small. The specimen, in ring

form, is wound with a winding whose inductance is L, and effective

resistance this effective resistance containing an iron-loss com-
ponent. By, is the actual resistance of the winding on the ring. G is

a vibration galvanometer or telephone, and A an ammeter. The
supply is from an alternator having a pure sine wave form.

Balance of the bridge is obtained by adjustment of L and

Theory. At balance

Ji-Bi = ItB%

and 7i (i?, + jfcoL,) =r [(r q. ir,) + j(aL\

using the symbolic notation, o) «« 27r X frequency.
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Then

and

from wliich

or

and

h -R.

IiRg ^ Ig(r i?,).

I,Lg = I,L

R.^{r + Bg)

The iron loss in the sample is given by Rgli^ -

Now, the current Z == Zj + ^2 (^x being in phase)

Thus / = A + A = A1 , + A -

j ^ Si- 1

(224)

Hence, the iron loss W

^

is given by

"'•-'’(srfs;)’
<"-*•> •

If jV = No. of turns on the specimen,

I “ - length of mean circumference of specimen (in centimetres)

,

a cross-section of.specimen in square centimetres,

fx = effective permeability of specimen,

then, the inductance is

477 . NL N 47rN^a ^ .

~~~r~ "w ^L.

10»-
ayL

from which jx may be calculated when has been measured.
Campbell Bridge Method. Pig. 217 shows the connections of

a bridge method due to Campbell (Ref. (19)), this method being one
of the best known for the purpose of iron-loss measurement by a

bridge network.
The ring specimen carries two windings, a primary and a secon-

dary, having N-^ and N^ turns respectively, and having the same
cross-sectional area. Jlf is a variable mutual inductance connected
as shown. R^ and R^ are variable resistances, and A is an ammeter.
(7 is a vibration galvanometer or telephone according to the supply

frequency. The wave form of the supply voltage should be sinu-

soidal, and jRj should be made sufficiently large to ensure that the

current wave form is also sinusoidal. M and R^ are adjusted until

the galvanometer G shows no deflection or until the telephone gives

minimum sound. Under balance conditions the vector diagram is

as shown in the figure. ^ is the flux in the sample and / the current
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in the primary winding, leading the flux by a small angle on account
of iron loss, e^, Cg, and are the induced voltages in the primary
winding, the secondary winding, and in the secondary of the mutual
inductance M respectively. Balance is obtained when the vector

sum of and is equal, and opposite, to the 'vector IR^ repre-

senting the voltage drop in resistance i?2*

From this vector diagram (since ~ coM/ and = com/, m

Fig. 217 . Campbell Bridge Method

being the mutual inductance between the primary and secondary
windings on the specimen), we have,

^ (very nearly)

or m = M
and also, the iron loss

Wt = e^l cos , -p == PB^ ^
N

Now ej = — therefore the iron loss in the specimen is given by

R..P . (
225 )

Let a be the cross-section of the specimen and I its mean circum-
ference, a' being the cross-section of the windings on the specimen.

Then, flux per ampere flowing in the primary winding, linking the

two windings

^ttNJ

10
( + a - aj

j. inNiiafi + a' -a)
or ^
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where is the permeability of the specimen. Hence, the mutual
inductance

‘i:TTN^Ni(afx + a' -a)m - ~ _ M (226)

If the current I is measured as an R.M.S. value, and is of sinusoidal

wave form,

H^ax in the specimen =

_ 4nN^lV2
101

If, also, maximum flux den*ity in the specimen, the flux

threading the secondary, per am})ere in the primary, is

aB^gj. + (u _a)Hwait

V21

or
V 1/ y W (227)

For the description of other bridge methods of iron-loss measure-
ment, see Ref. (3)

Measurement c! Iron Loss by A.C. Potentiometer. The A.C
potentiometer, which has already been described, may be used for

the measurement of the power loss in samples of iron at low flux

densities and forms a veiy satisfactory method. The connections

are given in Fig. 218, in which the potentiometer is assumed to be
of the Tinsley-Gall pattern. This potentiometer is very suitable

for such measurements, since it measures the magnetizing- and iron-

loss components of the exciting current separately.

The sample—of ring form—carries two windings. The primary
winding has turns and the secondary N2 turns, the supply to the

former being through a regulating transformer, from an alternator

which also supplies current to the two potentiometer slide-wire

circuits. The alternator should have a sinusoidal voltage wave form
in which case the current wave form will be approximately sinu-

soidal, if the flux density in the sample is low. A variable resistance

R and a standard resistance are connected in series with the primary
winding, the latter being for the purpose of measuring the current

in the primary winding by measuring the magnitude and phase of

the voltage drop across it. G is a vibration galvanometer.
The flux density B^gg. in the sample is obtained from the

expression

R X 10®

4Kf.A,f,N2
where E is the E.M.F. (R.M.S. value) induced in the secondary
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winding, A is the cross-section of the sample and / the supply

frequency. If the form factor Kf is 1*11—i.e. if the supply voltage

. , , P , JS; X 10»
wave IS sinusoidal— is given by

The voltage E is measured by moving the switch ^ on to contact

1, setting the “quadrature” potentiometer at zero, and adjusting

the “in-phase” potentiometer until the vibration galvanometer

shows no deflection, it being assumed that the necessary standard-

izing adjustments of the potentiometer have first of all been made
as described in Chapter VIII. The setting of the “in-phase”
potentiometer for balance then gives the value of the voltage E
directly.

The switch 8 is then thrown over to contact 2, and both the “in-

phase” and “quadrature” potentiometers adjusted to give zero

galvanometer deflection. The reading of the “in-phase” potcintio-

meter then gives the value of where I

^

is the loss component
of the current in the primary winding and i?, is the value of the

standard resistance. . The reading of the “quadrature’* potentio-

meter gives the value where is the magnetizing component
of the primary current.
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Hysteresis Loss in Small Specimens. In development work on
electrical sheet steels, it may be necessary to determine both the
rotational and alternating hysteresis loss in the sheet when the
available samples are quite small. Owing to the considerable

variation in magnetic properties in different directions relative to
the direction of rolling, it is also convenient to be able to carry out
tests upon the same sample with different directions of magnetiza-
tion. F. Brailsford (Refs. (39) and (40) )

has described methods of

measurement of such rotational and alternating hysteresis losses,

utilizing for the purpose a modified torque magnetometer. The
samples used are in the form of discs of 1 J in. diameter, three such
discs being used as one sample. These are mounted on a brass rod
whi6h is suspended, by a phosphor-bionze suspension, in the air

gap of an electromagnet with which field strengths up to ^ = 450
can be obtained. Since the moii;od of testing does not involve

continuous rotation, eddy-current losses are absent.

The reader is referred to Brailsford’s papers for a full description

of the apparatus and for the theory of the method.
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CHAPTER X
ILLXJMINATION

In the subject of illumination we are concerned with the light which
is obtained from incandescent bodies of various forms. The Light

emitted from such bodies depends very largely upon their tempera-
ture. A body which is hotter than the medium surrounding it

radiates energy into that medium. This energy is radiated in the
form of heat waves only, if the tempeiature of the body is below
that at which it becomes ‘ red-i ot.'* At the ‘‘red-hot” temperature
the body is emitting light waves m addition to heat waves. The
wave-length <^>f the heat 'waves emitted at lower temperatures is

comparatively great, but, as the temi)ei«4ture rises, the wave-length
of the shortest wave whk h is being emitted diminishes until it

enters the baud of wave-lengths which are classed as light waves
and gives the impression of red light. At higher temperatures
still, the wave-length of the shortest wave emitted from the

body gives the impression of white light, when the body is said

to be “white-hot.” Throughout, heat waves are emitted as well as

light waves The velocity of all these radiated waves—heat and
light alike—is the same, namely, 3 x 10^^ cm. per sec. The wave-
lengths of the visible light waves are between *0008 mm. and
•0004 mm. The ratio

Energy radiated in the form of light

Total energy radiated by the body

is called the radiant efficiency of the body, and obviously depends
upon the temperature of the body. The maximum radiant efficiency

is obtained at such a temperature that the wave-length of the

shortest wave radiated by the body is *0004 mm., since further

increase in temperature will only increase the total energy radiated

without increasing the amount of energy which is radiated in the

form of light.

Before proceeding with the consideration of the laws of illumina-

tion, some definitions of the quantities to be dealt with must be
given.

Definitions. Light is defined as that part of the energy radiated

from a body which produces the sensation of light upon the human
eye. Light is thus energy.

Luminous Flux (flux of hght) is the light enxjrgy radkded per

second from a luminous body. Luminous flux is therefore a form of

power,

391
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The Luminous Intensity in any given direction is the luminous
flux radiated per unit solid angle (i.e. the solid angular density of

flux) measured in the direction in which the intensity is required.

Referring to Fig, 219, if 0 is a point source of light and OX is the

direction in which the intensity is required, then the luminous flux

contained within the solid angle (Sm, divided by do), is the intensity

in the direction OX. The angle is a very small solid angle con-

taining the direction OX, If a is the area, at radius r, which sub-

tends the solid angle do) at 0, then do) — If is the flux within

the solid angle, then intensity in direction OX is ^
The Lumen. For measurement, or comparison, purposes, some

standard of flux must be used. The unit of flux is the himen^ which

Fig. 219

is the flux emitted in unit solid angle from a source of 1 candle-power

(situated at the apex of the solid angle), the intensity in all directions

being the same.
Thus, a source of 1 candle-power emits 477 lumens, and the candle-

power of a source of light in any given direction is (from the above
definition) measured by the number of lumens per unit solid angle

in that direction.

The Mean Horizontal Candle-power (M.H.C.P.) of a source of light

is the average value of the caniie-powers in all directions in a hori-

zontal plane passing through the source of light.

The Mean Spherical Candle-power (M.S.C.P.) of a source is the

mean of the candle-powers in all directions from the source of light,

and is the same as the candle-power of a source of light which radiates

the same total flux uniformly in all directions.

The Mean Hemispherical Candle-power (M.H.S.C.P.) of a source

may be measured for the space either above or below a horizontal

plane, through the source. It is, therefore, the mean of the candle-

powers taken in all directions within the hemisphere, either above
or below the horizontal plane containing the source of light.

The Candle-hour is a unit of quantity of light, and is the quantity
of light emitted in one hour by a source of unit mean spherical

candle-power (i.e. emitting unit flux in a unit solid angle).

The Lumen Hour is also a unit of quantity and is the light emitted
when a flux of one lumen continues for one hour.
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The Eeduction Factor of a source of light is the ratio

Mean spherical candle-power

Mean horizontal candle-power

for the source.

The Illumination (or degree of illumination) of a surface is mea-
sured by the flux received per unit area of surface.

The Candle-foot is the unit of illumination, and is the illumination

produced upon the inner surface of a sphere of 1 ft. radius when a
point source of light of 1 candle-power is placed at the centre of the

sphere.

The Brightness of a source of light is the flux emitted per unit

area of surface of the source, in a direction ];)erpondicular to the

surface.

Laws of Illumination. (1) Tho Alluminatirm of a surface is in-

versely proportional to the sqtiare of the distance of the surface

from the source of light, provided the latter is a point source or is

sufficiently distant from the surface to be regarded as such.

This is obviously true, since th.‘ solid angle subtended at the point

A
source by the surface is ^

(where A is the area of the surface and r

its distance from the source) and hence, for a given flux per unit

solid angle from the source, the flux per unit area a ^
(2) Lambert’s Cosine Law. This law states that, if a surface is

inclined at an angle 90 - 0 to the direction of the luminous flux, then

the illumination of the surface is reduced from that given according

to law 1 (above) in the ratio . From Fig. 220 it can be seen

that if is the luminous flux falling upon the surface when in

position 1, then the flux falling upon the surface when in position 2

will be ,3^ cos 0 where 6 is the angle between the two positions.

Hence, if A is the area of surface, the illumination in position 1 will

be and in position 2,

Standards of Candle-power.
two classes

—

Such standards may be divided into

Flame Standards.

Incandescent Standards.

Flame Standards. There are two flame standard lamps which
are still in use. These are the Hefner and the Harcourt Pentane
lamp.

Hefner Standard Lamp. This lamp has been adopted as the

German standard of candle-power. Its construction is illustrated
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in Fig. 221. It consists of a brass tank containing the fuel, which
is a specially pure grade of amyl acetate. The wick, consisting of a

number of strands of untwisted cotton, passes from the tank up
through a German silver tube whose dimensions are : Height 2*5 cm.,

internal diameter 0*8 cm., thickness of wall 0 015 cm. The height

0)

of the flame—which should be 4 cm. from the tip to the top of the

tube—^is adjusted by means of a screw which adjusts the height of

the wick. The flame height is observed through a gauge containing

a lens, and a ground glass screen

with a horizontal hair line. The
height of the flame is adjusted

until the tip is at the level of the

hair line. It is necessary to pro-

tect the flame from draught, as the

candle-power of the lamp depends
very much upon the flame height,

the candle power varying directly

with the height of the flame within

limits of a few per cent above or

below the standard height.

The candle-power of the lamp
depends also upon atmospheric

conditions ;
humidity, atmospheric pressure, and the presence of

carbon dioxide in the air, all being factors which influence the

candle-power.

The formula for candle-power is

/ == 1 + 0-0055(8-8 - e) ~ 0-00015(760 ~ 6) . . (228)

where I is the candle-power in Hefner units, e the humidity in litres

of water vapour per cubic metre of moist air, and h the atmospheric

pressure in millimetres of mercury. The correction for carbon dioxide

in the atmosphere is by adding a term 0-0072(0-75 - h) to the above

expression for candle-power, k being the number of litres of carbon

dioxide present in one cubic metre of air, but this correction is some-
what uncertain and should be avoided if possible.

Fig. 221 . Hefner Standard
Lamp
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Under standard conditions, the candle-power (i.e. 1 Hefner candle-
power) of this lamp is 0-9 British candle-power. The British candle-
power has been adopted as the International unit. The disadvantages
of the lamp as a primary standard are the unsteadiness of its flame,
the colour of the flame—which is reddish—and its low candle-power.
It has the advantages, however, of simplicity, both in construction
and operation, while it is easily reproducible and is durable.

By making the flame height 4*5 cm. instead of 4 cm., the candle-

power of the lamp may be increased to 1 International candle-power.

The Harcourt Pentane Lamp. This lamp, the construction of

which is shown in the simplified sketch of Eig. 222, has been adopted

as the British standard of candle-power. Its candle-power under
the standard conditions of temperature, atmospheric pressure, and
humidity, is 10 International units.

There is no wick in this lamp. The burner, which is made of

steatite, and has thirty holes drilled in it, is fed with pentane vapour
from a tank containing liquid pentane. Stop-cocks on the air inlet

tube to the tank, and on the vapour outlet tube, regulate the rate

of flow of vapour and so control the height of the flame. A window
in the pentane tank serves as a gauge for the level of liquid in the

tank, which should be maintained about half full. Air, which enters

the tank, passes over the liquid pentane and carries pentane vapour
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with it to the burner through a rubber tube. The chimney tube,

held over the flame, has a small mica window with cross-bar, the

latter being 3*8 cm. above the bottom end of the chimney. A
cylindrical wooden gauge is used to adjust the level of the bottom of

the ch’mney to 4*7 cm. above the top of the burner. When the

lamp is burning the flame tip should reach a level half-way between
the window cross-bar and the bottom of the window. This is the

standard height of the flame, and is obtained by adjustment of the

fuel stop-cooks. Air passes both up the centre of the burner and
outside the burner through the guiding tubes shown. A tube sur-

rounding the chimney carries air for the supply to the centre of the

burner. A blackened screen, surrounding the top of the burner,

protects the flame from draught.
In using the lamp the hollow supporting column should be vertical,

levelling screws at the base being provided for adjustment purposes.

The chimney should, also, be exactly central over the burner, and
this condition also is obtained by adjusting screws (not shown). In

making photometric measurements with the lamp, the photometer
should be at a distance of 1 metre from the centre of the burner.

The equation for the candle-power of the lamp, allowing for

temperature, pressure, and humidity values, but neglecting atmo-
spheric carbon dioxide, as given by Walsh (Ref. (1) )

is

I = 10 [1 -f 0-0052(8 - 6)+ 0-001 (15 - t) - 0-00085(760 -6)] (229)

where I is the candle-power in International units, e is the humidity
in litres of water vapour per cubic metre of moist air, b is the atmo-
spheric pressure in millimetres of mercury, and t is the temperature
in degrees centigrade. Obviously, the candle-power is 10 units under
the standard conditions of e = 8 litres, t = 15° C., and b = 760 mm.

This lamp has the advantages, as compared with the Hefner, of

higher candle-power, better colour, and greater steadiness of flame.

It is also less affected, as regards candle-power, by the height of

flame. Its disadvantages are its lack of portability, complicated
construction, and its bulk.

The Carcel Lamp was used in France as a primary standard, but
is not used now to any appreciable extent owing to the difficulty of

obtaining a sufficient standard of purity in its fuel—colza, or rape-

seed oil, supplied to the wick by a pump driven by clockwork.

1 Carcel candle = 9-66 International candle-power units

Other Standards of Candle-power. The difficulties experi-

enced with flame standards in obtaining steadiness of flame and
purity of fuel has led to the investigation of other means of obtaining
standards of candle-power. Incandescent standards have been
developed, of which the best known is the Violle Standard. Violle

suggested that the light given out normally by 1 sq. cm. of surface of

molten platinum at the temperature of solidification should be used
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as a primary standard of candle-power. This standard was adopted
in 1889 by the International Electrical Congress. One-twentieth
part of its candle-power was chosen as a unit, and given the name
“Bougie Decimale.’’ This unit is very nearly one International
candle.

From the researches of Petavel (Ref. (6)) on the subject, the candle-
power of this standard can only be relied upon to about 1 per cent,

which is not satisfactory for a primary standard. Other disadvan-
tages are the redness of the light given
by the platinum and also the diffi-

culties in manipulation.

The platinum must be chemically

pure and must not weigh less than

500 grams. It must be melted by an
oxy-hydrogen blow-pipe in a crucible

of pure lime. The hydrogen burnt in

the hame must contain no carbon
and the proportions by volume of the

two gases should be hydrogen 4,

oxygen 3.

Arc Standards, The light given by
1 sq. mm. of surface of the positive

crater of a direct current carbon arc was recommended by Swinburne
and S. P. Thompson as a primary standard of candle-power. To
ensure steadiness of the arc so that the brightness of the* crater

may be uniform, Forrest used one positive carbon and two negatives,

set as shown in Fig. 223. The carbons should be about 0*8 cm.

diameter and the current about 10 amp.
The light used in measurements is that passing through a hole, of

1 sq. mm. area, in an opaque screen placed in front of the crater.

With carbons 0*6 cm. diameter the expression I = 232^ gives the

candle-power approximately, / being the candle-power and A the

current in amperes.
Black Body Standard. A perfectly “black body” is one which

absorbs all radiations which fall upon it. Such a body is the best

possible radiator. The use of a black body at a definite temperature

has been suggested as a candle-power standard. The candle-power

of a definite surface of such a body can be calculated from its tem-

perature. The temperature must, however, be measured with great

accuracy, since the candle-power varies considerably with small

temperature changes.

One form of black body used is a porcelain tube electrically

heated. This and other forms, together with methods of measuring
the temperature, are described by Walsh (Ref. (1) ).

Incandescekt Lamps. Incandescent filament lamps have been
used, during recent years, as working standards of candle-power,

and are very convenient for the purpose. No lamp which can be
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used aa a primary standard has so far been constructed. Standard

lamps are preserved and used at the National Physical Laboratory

in this country, and in similar institutions abroad. One such lamp
used at the National Physical Laboratory (Ref. (1) )

consists of a

cylindrical bulb of 10 cm. diameter, containing a single loop of

carbon about 10 cm. long. It is used with the plane of the filament

perpendicular to the direction in which the candle-power measure-

ment is being made. The distance of this lamp from the photometer
is kept fixed, so that the illumination at the photometer is 10 metre-

candles. The candle-power of this lamp is about 15.

Sub-standards. Standards of candle-power for use in general

laboratory measurements must be conveniently portable and robust.

Incandescent lamps are now very largely used for this purpose, their

candle-power being first of all obtained by comparison with some
primary standard and thereafter checked from time to time against

such a standard.

The principal requirement of such sub-standard lamps is that

their candle-power shall not vary appreciably with time, and that the

light which reaches the photometer from the lamp shall be of a

uniform character.

A special construction is adopted for sub-standards which are

to be used in precise work. The filament is of tungsten, and is

mounted in a single plane, this plane being at right angles to the

axis of the photometer bench when measurements are being made.
This is necessary in order to fix, definitely, the direction in which
the candle-power of the lamp is that measured when the lamp was
standardized. For the same reason these lamps are permanently
fixed in a special holder which can be attached to the photometer
bench, and which ensures that the directions in which the light is

radiated by the lamp to the photometer “head,” or measuring device,

is always the same as when the lamp was standardized. This pre-

caution is necessary, since the candle-power of the lamp will not be
the same in all directions, due to the effects of the supports for the

filament, to slight differences in thickness of the glass bulb, and to

other causes. The leads to the terminals of the lamp are also per-

manently connected to avoid unsteadiness of contact. Further, in

order to ensure constancy of candle-power, the joints between
filament and leading-in wires are welded, the bulb is made specially

large in order to reduce the density of any blackening deposit upon
the glass and, after manufacture the lamps are “aged” before

standardization by being run for 100 hours or more. In use, these

lamps must be run at a specified potential, which must not be
exceeded by even a small percentage, if the candle-power is to remain
constant.

In sub-standard lamps of low candle-power the filament may be

a single loop of tungsten or carbon.

In order that sub-standard lamps shall not be used any more
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than is absolutely necessary, comparison lamps are often used for
laboratory purposes, these lamps being such that their candle-power
remains reasonably constant. Such lamps may be checked at
frequent intervals against the sub-standard.

Acetylene Sub-standard. In cases where the use of electric lamps
is inconvenient, an acetylene sub-standard of the type shown in
Fig. 224 (Eastman-Kodak type) may be used. The burner, which
gives a flame some 5 cm. high and 3 or 4 mm. diameter, is of
the Bray, air-mixing type. A metal cylinder, having a wedge-shaped
opening in one side, surrounds the flame. The height of this opening
is adjusted to a little below the middle of the

flame, where the intensity is steadied. The lamp
burns gas at a pressure of 9 cm. of water. The
colour of the light is very nearly the same as that

of a vacuum tungsten lamp.
The Measurement o! Candle-power. For this

purpose, apparatus consisting of a photometer
l>ench and a ‘ photometer head’^ is used, in con-

junction with a standard oi sub-standard lamp.

The principle upon which most of the methods of

measurement are based is the Inverse Square
Law. Fig. 225 represents, diagrammatically, two
lamj)s S and T set at a distance apart, with some
type of screen in line with, and between, them.

Let S he & standard lamp (of known candle-power)

and T the lamp whose candle-power, in the dii*ec-

tion of the line joining it to the standard lamp, is

required. If the screen is moved in between the

lamps until the illumination is the same on both
sides of it, then, from the Inverse Square Law, Eastman-Kodak

Candle-power of T Acetylene
Sub-standard

Candle-power of S

where l-y and Zg are the distances of the screen from S and T
respectively.

The screen or detecting device, used for determining the point at

which the lamps give equal illumination, is called the “photometer

head,” and the graduated bench upon which it slides is called the

“photometer bench.” Many different types of photometer head

can be used in conjunction with one photometer bench. A number
of these will be described, but, first of all, the photometer bench

merits description.

The Photometer Bench. The most usual type of photometer

bench consists of two steel rods, some three or four metres long,

which carry the stands or saddles holding the two Jamps to be

compared, the carriage for the photometer head, und for any other

apparatus which may be used in making measurement. One of the
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bars carries a brass strip which bears a scale graduated in milli-

metres. The main requirements of such a bench are that it shall

be rigid—in order that the lamps being compared may be free from

vibration—and that the carriage which holds the photometer head

may be moved along smoothly and with very little effort. Since

the method of measurement involves the square of distances, it is

necessary that these distances shall be measured very accurately

if the results of the candle-power measurement are to be accurate.

The carriages which slide upon the bench have, except in the case

of the one which carries the photometer head, a circular table which
can be rotated in a horizontal plane and clamped in any position.

This table carries a scale, graduated in degrees, round its edge, for

measurement of the angle of rotation. The carriages also carry

sockets, etc., for the attachment of the lamp, under test. Since it

is very important that no light, other than that from the lamps

Fig. 225 , Measurement of Candle-power

under comparison, shall reach the screen of the photometer head, a

system of opaque black screens is often used. For the same reason

the photometry room is usually darkened and its walls are painted

dead black.

In using the bench, the photometer head is moved along until

the illumination from the two sources is the same as nearly as can
be judged. To obtain the distance more exactly, two points are

found at which there is a perceptible difference in the illumination

from the two sides, and the point half-way between them is then
taken as the position for equal illumination.

Photometer Heads. Most photometer heads consist of some
device by means of which the illumination of two surfaces, side by
side—one illuminated by the standard lamp and the other by the

test lamp—may be compared under exactly similar conditions and
without movement of the eye. Each of these surfaces should receive

light from only one of the two sources, and they should be separated

from one another only by some sharply-defined boundary. The
heads most commonly used are the Bunsen and the Lummer-
Brodhun (contrast type), there being little difference between these

two types from the point of view of accuracy of measurement.
When the lamps to be compared give lights of the same, or very

similar, colour, these two photometer heads are the best for the

purpose, but if the colours of the two lights are appreciably different

a Flicker photometer will probably give better results.
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Bunsen Head. This device consists essentially of a piece of thin
opaque paper which has a translucent ‘‘spot” at its centre, this
“spot” being obtained by treating the centre portion of the paper
with oil or wax. The device is often called the “Grease Spot Photo-
meter.” If the paper is placed between the two lamps to be com-
pared, with its plane perpendicular to the line joining them, the
opaque part of the paper will be illuminated from one source only,

while the transparent part will be illuminated from both sources.

The positions at which the transparent spot is no longer perceptible

are then obtained, viewing the paper first from one side and then
from the other. The candle-power of the test lamp may then be

obtained from the expression

(C.P.), ^ (C.P.),
ff.

where [C P.jyand (G.P.),are the W' die- Powell'S of the tost lamp and

Test lamp
Standard

Fig. 226

standard respectively, and Zj' being the two distances of the

photometer head from the former and Zg ^J^d Zg' the two distances

of the head from the latter,

A second method of using the Bunsen head is to illuminate one

side of the paper from a fixed lamp, the photometer head also being

kept in a fixed position, and then measuring the distances, on the

opposite side of the paper, at which, first the test lamp, and then a

standard lamp, must be placed in order to cause the grease spot to

disappear. If Z^ and Zg are these distances, then

(P.f-)T _ ^
(C.P.).

-

A third, and perhaps the best, method of using the photometer
head is to use two mirrors, placed behind the paper as shown in

Fig. 226, so that the two sides may be viewed at the same time.

The position of the head for equal contrast in illumination between
the opaque and transparent portions of the paper on the two sides

is then determined, and the candle-power of the test lamp calculated

from the same expression as before. It may be liecessfiry to reverse

the photometer head and repeat the experiment
, taking the geo-

metric mean of the two results as the correct value.
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Lummer-Brodhun Photometer Head. This head may be considered

as an improved “grease spot” photometer in which the spot is

completely transparent. There are two types of this head, the

equality-of-brightness type and the contrast type, the latter being the

better, and being very generally used in photometric measurements.

Fig. 227 illustrates the equality-of-brightness type. In the photo-

meter head there are two mirrors, Mj and M2,
a plaster-of-paris

screen S, and a compound prism P. This compound prism is made
up of two right-angled glass prisms. The principal surface of one
of these prisms is spherical, but has a small flat portion at its centre,

this flat surface making optical contact with the flat surface of the
other prism as sliown. Light entering the head from the two lamps
illuminates both sides of the screen S. The light from the test lamp

Fig. 227 . Lummer-Brodhitn Photometer Head : Equality-of-
brightness Type

(say) is reflected by the screen surface, upon which it falls, to mirror

Ml which again reflects it to the compound prism. Only that por-

tion of this reflected light which falls on the flat central portion of

the spherical prism is allowed to pass through to the telescope, the

rest of the light being reflected back. Again, light from the standard

lamp, after being reflected from S and M2 , falls on the compound
prism. That portion of its light which falls on the surface of contact

of the two prisms passes through the compound prism, the rest being

reflected through the telescope as shown. The effect in the telescope

is to show the centre portion of a circular area illuminated by the

test lamp and a surrounding area illuminated by the standard
(Fig. 228). Thus the arrangement gives the same effect as the

“grease spot” photometer. The photometer head is moved until

the dividing line between the centre portion and surrounding ring

of light disappears. This will only disappear completely if the two
lights being compared are of the same colour.

In the “contrast” type of Lummer-Brodhun head the compound
prism is arranged as shown in Fig. 229 (a). The two joining surfaces

of the component right-angled prisms are flat, but the left-hand
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one has its hypotenuse surface etched away at a, 6, and c, so as to
form a pattern as shown in Fig. 229(6). The light falling on the
compound prism from the two sides of the screen passes through
the unetched portions of the joining surface and is reflected at the
etched surfaces. This means that, with the weaker source of light

on the right and the stronger on the left (the sources referred to

^/Jumination
from Standard

I//umination
from Tesf Lamp

Fio. 228

being the illuminated surfaces of the screen in the photometer head),

the etched surface will be less fvrightly illuminated than the un-
etched portion, as shown by the shaded and unshaded portions in

Fig. 229(6). G and are sheets of glass which give a little reflected

Fig. 229 . Lcjmmbr-Brodhijn Photometer Head ; Contrast Type

light for the purpose of maintaining some difference between the

illumination of the etched and unetched areas in all positions of

the photometer head. This difference is about 8 per cent when the

photometer head is in the balance position. In this balance position

the difference in illumination between the etched and unetched
portions should be the same on each half of the circular area. Upon
moving away from the balance position the contrast infUumination
between area c and its surrounding area will becoiie less (say), and
the contrast between the illumination of a6 and the inner trapezium
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will become greater. The balance position is, therefore, that which

gives equal contrasty and not equal brightness.

An accuracy of within 1 per cent can be obtained with this type

of head when comparing lights of similar colour, and for such a

purpose it is the most accurate photometer head available.

There are many other types of photometers, amongst which are

several polarization photometers, in which the two fields of light

which are being compared are made equal by weakening one of them
by the use of polarizing prisms. The Martens photometer is an
instrument of this type. For descriptions of this and other types of

photometers, Refs (1), (2), (3) should be consulted.

Flicker Photometers. These photometers depend upon the fact

that, if two illuminated surfaces are presented to the eye alternately,

the alternations being rapid, flicker

disappears when the surfaces are of

equal brightness. Colour differences

between the two lights under com-
parison do not affect these photo-

meters to the same extent as they
do photometers of the steady com-
parison type, since the colour differ-

ence between two alternating fields

of light disappears at a lower speed

of alternation than does a difference

of brightness. The speed of alterna-

tion used should be the lowest speed with which disappearance of

flicker can be obtained over the smallest possible range of variation

of brightness, this speed depending upon the difference in colour of

the two lights.

Fig. 230 shows the form of rotating disc used in the Simmance-
Abady flicker photometer. The disc is of plaster-of-paris, and is in

the form of a double-truncated cone. In constructing this disc, two
cones are truncated by a cut in a plane making an angle with the

base of the cone, and passing through a point on the circumference
of the base. These truncated portions, shown shaded in Fig. 230(a),

are then fitted together to form the disc shown in Fig. 230(6). This
disc is placed with its axis along the line joining the two lamps under
comparison, and is driven round at the required minimum speed
by a small motor. Since each half of the disc is illuminated from
one source only, the eye is presented with the two fields of light to

be compared, alternately. Candle-power measurements are made
in the ordinary way, the rotating disc being moved to such a position

that flicker disappears when the two halves of the disc are illumin-

ated equally.

The line dividing the halves of the disc should have no thick-

,

ness, and the two parts should be visible for equal lengths of time
per revolution, if accurate results are to be obtained.

Fig. 230. Rotating Disc of
Simmance-Abady Flicker

Photometer
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H. E. Ives and E. T, Kingsbury (Ref. (7)) have investigated the
subject of flicker j>hotometers very fully, and have stated the

conditions necessary for their satisfactory use.

Distribution of Candle-power. In the above the candle-power of

a lamp in one given direction only has been considered. It is often

important that the candle-power distribution in a number of direc-

tions round the source shall be known. The distribution measure-
ments usually made are for the determination of the mean horizontal
candle-power and the mean spherical candle-power.
Mean Horizontal Candle-power. This may be determined for

any lamp by turning the lamp about a vertical axis (by means of

Fig. 231 . Determination of Mean Horizontal Candle-power

the rotating table on the photometer bench carriage) and measuring
the candle-power in the direction of the line joining the test lamp
and standard after every 10^^ or 15° rotation. A polar curve may be
plotted from these measurements, this curve being the horizontal

distribution curve of candle-power (see Fig. 231(a)).

To obtain the mean horizontal candle-power the candle-power
may be plotted against degrees rotation on rectangular axes, as

shown in Fig. 231(6). The mean height of this curve (obtained by
Simpson’s Rule or by planimeter) gives the mean horizontal candle-

power. The M.H.C.P.may also be determined from a single measure-
ment by using a piece of apparatus which spins the lamp round at

about 200 revolutions per minute. The candle power is measured
by a photometer in the ordinary way. If the sj>eed of rotation is

high enough there is no appreciable flicker on the photometer head
screen. The candle-power so determined is the mean horizontal

candle-power.
Mean Spherical Candle-power. This may be obtained from

the candle-power distribution curve in a vertical plane. The vertical

distribution curve of a lamp may be obtained by tiltiiig the lamp
in a vertical plane, using a specially constructed apparatus which
keeps the centre of the test lamp stationary during the rotation

14--(T.57oo)
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through 180°. Measurements of candle-power are then made in the

ordinary way every 10° or 15°. The assumption is made that the

candle-power of the lamp is not altered by movement from its normal
position. If this assumption is not justifiable in a particular case,

measurements of candle-power must be made by using an arrange-

ment of mirrors in conjunction with a bodily movement of the lamp
in a vertical direction (see Ref. (1) ).

It may be necessary to make measurements in two or more ver-

tical planes, and to obtain the curve of mean vertical distribution

Fig. 232, Bousseau’s Construction

from these measurements, but in many cases measurements in one
vertical plane only, are sufficient.

The mean vertical distribution curve of the lamp having been
obtained, the mean spherical candle-power may be obtained graphic-

ally by one of several constructions.

Rousseau's Construction. This construction is illustrated in Fig.

232. The polar curve P is the mean vertical distribution curve for

the lamp. A semicircle of any convenient radius is drawn with the

pole 0 of the polar diagram as centre, X Y being its diameter. The
line X' Y' is drawn equal and parallel to this vertical diameter, and
from this line are set up ordinates which are equal to a corresponding

radius on the polar curve (e.g. ordinate CD is made equal to radius

OQ, and so on), these ordinates being set up along projections from
the ends of radii of the polar curve. The curve joining the ends of

these ordinates (i.e. curve X'DZ) is the Rousseau curve. The mean

height of this curve I i.e.
1
gives the mean spherical

candle-power of the lamp to the same scale as that to which the

polar curve is drawn.
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Theory. ,1 11 Total flux radiated
Mean spherical candle-power ~ ^

—

Total solid angle

Total flux
~

47T

^ , . , , , . 1 « 11 Area subtending the angle „
(Solid angle being defined by

R^iisa
^ sphere the

solid angle is —

—

— 4tc.)

Now, consider the candle-power, or luminous intensity, in a direction making
an angle 6 with the horizontal, as in Fig. 232. Let this intensity be I. This
intensity will apply to the surface of a zone of a sphere produced by the rota-

tion of the small length ab about the line XY. Length ah is rdOy where r is

the radius of the semicircle whose diameter is XF and dd a very small angular
element. Now, the area of this zone is 2nr cos 0 . rdO or cos Odd, so

2Tcr* cos Odd
that the solid angle subtended by it at O is , i.e. 2;r cos 6 .

The flux contained within this solid angle is, by definition of luminous
intensity,

I X the solid angle

or cos $ . dO

Thus, the total flux radiated from tho lamp is

7T

2

2ixl cos 6 . dO

'2

and the M if 27tI cos 0 . dfl = -

n

f 1 cos 6 . dd

"2

Now, the small length cd is equal to rdd . cos 0, and hence the area dA {to

scale) is

Ir cos 0 . dd

Thus the total area under the Rousseau curve is

7T

2

and its mean height

Ir cos 6 . dd

JL^

2r
Ir cos 6 ,d6 ^ I cos 6 . dd
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which is the expression derived above for the mean spherical candle-
power of the lamp.
The mean hemispherical candle-power of the lamp may be ob-

tained by using Rousseau’s construction for either the upper or
lower half of the polar curve of mean vertical distribution.

The Integrating Sphere, This piece of apparatus is now commonly
used for the measurement of mean spherical candle-power. The
method of measurement consists essentially of a measurement of
the total flux of light radiated by the lamp, from which the M.S.C.P.
may be obtained by dividing by 47r. The candle-powers of the lamp
in all directions from the source are taken into account in this

apparatus, which thus gives a better value of M.S.C.P. than the
method previouvsly described, which is based upon the assumption
that the candle-power distribution is the same in all vertical planes—an assumption which may not always be justifiable.

The integrating sphere consists of a hollow sphere, a metre or
more in diameter, the inside surface of which is painted with a white
paint which is as perfectly diffusing as possible. The sphere contains
a small window of translucent glass which is illuminated by reflection
from the inner surface of the sphere when a lamp is placed inside.
Light is prevented from reaching the window directly from the lamp
by the interposition of a small screen in between the two.

It can be shown that the illumination of every part of the internal
spherical surface is the same (Refs. (1), (2), (3)). This illumination is

proportional to the total flux of light emitted by the lamp, and
hence to the M.S.C.P. of the lamp.
To measure the mean spherical candle-power of a lamp, the lamp

is placed inside the sphere and the brightness of the glass window
measured. A sub-standard lamp, whose M.S.C.P. is known, is then
substituted for the test lamp, and the brightness of the window again
measured. The mean spherical candle-powers of the two lamps are
proportional to the corresponding brightnesses of the sphere window.
The measurements of window brightness may be made by the

use of some form of illuminometer to compare the brightness of the
window with that of a surface whose illumination can be varied and
is known. A Lummer-Brodhun photometer head can also be used
for the purpose. A mirror is placed so as to reflect light from the
sphere window into the compound prism of the photometer and
balance is obtained, using a lamp on the other side of the photometer
for comparison purposes. Balance is obtained (by moving the com-
parison lamp) first with the sub-standard lamp in the sphere and
then with the test lamp inside, the squares of the corresponding
distances of the comparison lamp from the photometer head being in-

versely proportional to the mean spherical candle-powers of the lamps.
Ulbricht, in 1900, first suggested this use of the internally illumin-

ated sphere, and it is therefore named, after him, the Ulbricht
sphere.



ILLUMINATION 409

The arrangement, together with the photometer for brightness

measurement, is shown in Fig. 233.

Illumination Photometers. These photometers are used for the

measurement of the illumination of surfaces. They may be required

to measure the illumination in rooms or in streets, and should,

therefore, be, in general, portable instruments. The general prin-

ciple of such instruments is that of the comparison of the illumina-

tion of a white matt surface placed at the point at which the

illumination is to be measured, with the illumination of another

surface forming part of the instrument, whose illumination is known
and variable.

The Trotter Illumination Photometer. This was the earliest

form of “tilting screen"’ illumination I'hotoraeteu a type which

Fia. 233 . Measubement of Mean Spherical Candle-power by
Means of the Integrating Sphere

depends, for its operation, upon Lambert’s cosine law. The con-

struction is shown in Fig. 234. A small lamp L—supplied from a

battery—throws light on to a mirror My from which it is reflected

on to a white diffusing surface Ay of matt celluloid, which can be
tilted. The top of the box containing the lamp and tilting surface

carries another white celluloid surface Q which has a slot F cut in

it, through which the surface A can be viewed.

In use the apparatus is placed with the surface Q at the place at

which the illumination is to be measured. The surface A—illumin-

ated, by reflection, from the lamp L—is tilted by means of the cam
(7, through a roller attached to the tilting surface, until its illumina-

tion, as viewed through the slot F, is the same as that of the surface

Q, A pointer attached to the shaft of the cam thw gives the illu-

mination of Q directly from a scale /S'j on the side of the box, over
which the pointer P moves.

This scale is calibrated by means of a standard lamp which is

used to produce a number of known illuminations upon the surface

e.
The cam (7 is for the purpose of producing a more uniform scale
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than would be obtained by mounting the pointer on the spindle

carrying surface A. The lamp L must be “aged” to give a constant

candle-power, although the latter need not be known. During

calibration this lamp can be moved up and down until the best

position—observed from scale 8-^—is obtained.

A plumb-bob and tilting arrangement for the box of the instru-

ment are usually provided so that the

measurement of illumination of sloping

surfaces may be carried out. The range
of the instrument is usually 0-01 to 4
foot-candles.

Trotter Daylight Attachment.
For the measurement of daylight

illumination, Trotter devised an at-

tachment which can be used with
almost any form of portable illumin-

ation photometer. This consists of a
straight tube A (Fig. 235) having a
branch tube B leading into it as shown.
The tube A is blackened inside and has
a circular opening D in the cover at

its upper end. Its lower end is rigidly

attached to the photometer box lid,

and covers the surface Q, no light being admitted except through the
opening D, The surface Q is viewed from the branch tube By and
its illumination measured. No light must be admitted through the
observation tube B.

Then, if 6 is the brightness of the sky, H the height of tube A,

Fio. 235. Trotter
Daylight Attachment
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and R the radius of its circular opening Z>, the total illumination

of the surface in the neighbourhood of the instrument may be
obtained as follows

—

For a sky brightness 6, the open daylight illumination is 'irb

b
(Ref. (1)). The illumination of surface Q is — . Hence, the open

daylight illumination is obtained by multiplying the measured

illumination by -755 .

Macbeth Iiluminometee. The operation of this instrument is

based upon the Inverse Square Law, and it is one of the most acc]i-

rate instruments of this type The construction of

the instrument is shown in Fig. 230.
,

A Lummer-Brodhun compound prism H is mounted
in a box and viewed through a tc'lescope T. On the

opposite side of the prism from the telescope is a

tube P, wbicn is pointed towards a test plate of opal

Fig. 236 . MaCBBTH iLIiUMINOMKTEK

glass, situated at the point at which the illumination is to be

measured. ^ is a screen of opal glass, which is illuminated by a

lamp L in an enclosure having an aperture in the side nearest

the screen R, The lamp is moved along a tube which is at right

angles to the telescope, by a rack and pinion R, until balance

is obtained at the photometer head. A scale S then gives the

illumination of the test plate directly in foot-candles. The lamp L
is supplied from a dry battery or accumulator, and a milliammeter
and rheostat are provided with the instrument for adjustment of

the lamp current to its correct value (i.e. that which makes the

scale S direct reading).

A reference standard, for the purpose of checking the calibration

of the instmment, is also supplied, the whole apparatus being made
up in a portable form which includes rheostats, milliammeter, refer-

ence standard, and the instrument itself in a small case.

The construction of the reference standard is shown in Pig. 237.

The standard is placed with its base on the tost plate whose illu-

mination is to be measured. The sighting aperture P of the
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iliuminometer is inserted in the branch tube at E as shown. The
lamp in the standard is supplied from the same battery as the

iliuminometer lamp, and its current is adjusted to give some known
value of illumination (corresponding to the lamp current) on the

test plate. The iliuminometer lamp is then moved until its scale

reading is that corresponding to the test-plate illumination, and its

current is adjusted until balance is obtained at the photometer head
with the iliuminometer lamp in this fixed position. The current so

obtained is then maintained in the iliuminometer lamp during the

illumination measurements. The normal
range of this iliuminometer is 1 to 25 foot-

candles.

Physical Photometry. A number of

attempts have been made to introduce

methods of photometric measurement
which do not depend upon the human eye

for the judgment of equality of brightness.

Of these the most recent, and probably the

most successful, utilize a photo-electric

cell.

A photo-electric cell is a piece of appar-

atus which, when connected in an electric

circuit, allows a current to pass only when
light falls upon the cell. The magnitude
of the current varies also with the inten-

sity of the light.

A difficulty experienced with many of

the earlier types of photo-electric cells was that the relationship

between the photo-electric current and the luminous flux falling

on the cell was not linear, nor did it remain constant over a long

period. More recently the construction of such cells has been im-

proved to overcome this difficulty, and photo-electric methods of

testing lamps for commercial purposes have been developed.

A circuit for the measurement of luminous flux by a bridge, or null,

method is shown in Fig. 237a. P.G. is a photo-electric cell and
and Fg are amplifying valves. The bridge being initially balanced
with no light falling on P.(7., the introduction of light will produce
a voltage across the grid leak Q>L, which unbalances the bridge.

Balance is restored by applying a potential from the potential

divider P.D., this voltage being directly proportional to the photo-

electric current, and therefore to the luminous flux falling on P.C.
(assuming P,G. to have a linear current-luminous flux characteristic).

P,D, is thus calibrated in lumens. The lamp under test is placed

inside an integrating cube, the aperature of which allows light

(directly proportional to the total lumens of the lamp under test)

to fall on the photo cell which is contained within a small adjoining

integrator.

Fig. 237 . Reference
Standard
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For consistent results the insulation of the grid circuits of
and Fj must he kept very high and constant and the apparatus
must be screened from stray electrostatic and electromagnetic
disturbances.

Descriptions of other photo-electric methods of measurement
will be found in the publications mentioned in Refs. (1), (2), (3),

(5), (9), (11), (12), (13), (14).
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CHAPTER XI

HIGH-VOLTAGE MEASUREMENTS AND TESTING

General Classification. The rapid advance in the use of high voltages

for transmission purposes, during the last few years, has necessarily

been accompanied by extensive research upon high-voltage pheno-

mena. The subject of high voltage testing is, therefore, a very
important one at the present time, and includes a large variety of

testing methods *

These may be classified as follows -

1. Sustained low-frequency tests. 3. High-frequency tests.

2, Constant direct-current tests. 4. Surge, or impulse tests.

Purpose of Various Test Methods. (1 )
8t stained Low-freqxjency

tests are by far the commonest of all high voltage tests. The fre-

quency used is almost always the standard frequency—50 cycles

per second—in this and most European countries, and 60 cycles

per second in America.
Voltages of 2 or 3 kilovolts (50 cycles) are used for routine pressure

tests upon motors, switchgear, and other apparatus after manu-
facture, and in some cases after installation, in accordance with
specifications of the British Standards Institution.

British Standard Specification No. 116 for “Oil-immersed
Switches and Circuit Breakers for Alternating Current Circuits,”

states that when such apparatus is tested at the maker’s works,

“the test voltages shall be as follows

—

TABLE VIII

Rated Voltage Test Voltage

For voltages below 1,000 volts.

For voltages of 1,000 volts and
upwards.

For tripping and closing coils other
than coils in series with the
switch or circuit breaker.

For coils operated from the secon-
dary of a current transformer.

1.000 volts plus twice the rated voltage
with a minimum of 2,000 volts.

2.000 volts plus 21 times the rated
voltage.

1.000 volts plus twice the rated voltage
of operating circuit with a minimum
of 2,000 volts.

2.000 volts.

. The test voltage shall be alternating, preferably of sine-wave form,

* Owing to the impossibility of covering, fully, the whole ground of the
subject in a single chapter, an extensive list of recent papers on high-voltage
measurements is given at the end bf the chapter. These should be referred

to for more detailed information.

414
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5

and of a frequency not less than the rated frequency. The test voltage shall
be measured by means of a suitable instrument connected to the high voltage
side of the transformer supplying the test voltage. The test shall be com-
menced at a voltage of about one-third the test voltage, which shall be in-

creased to the full test voltage as rapidly as is consistent with its value being
indicated by the measuring instrument. The full test voltage shall then
be maintained for one minute.”

Further regulations are given for tests after erection on site.

Low-frequency tests are made upon specimens of insulation

material for the determination of their dielectric strength and
dielectric losses, the latter liaving been already discussed in Chapter
IV. Voltages up to about 50 kilovolts are used for this purpose.
For the routine testing of supply mains, voltages of the order of

30 kilovolts are used; while for works tests upor high-voltage

transformers, porcelain insulators, and other apparatus, the voltages

may be 100 to 150 kilovolts. Voltages of LOOO kilovolts and up-
wards are used for research work and for Ihe testing of strings of

porcelain insulators and of high-tension cables.

(2) Constant Dibect Curbjent Tests. To transmit large

amounts of power efficiently, high transmission voltages are neces-

sary, and overhead lines have b^n erected with a working pressure

of 220,000 volts. Paper insulated cables are now installed with a

working pressure of 66,000 volts, three-phase, in the case of three-

core cables, and 132,000 volts, three-phase, in the case of single-core

cables.

The Regulations of the Electricity Commissioners state that no
extra-high-pressure main shall be brought into use “unless, after

it has been placed in position, and before it is used for the purposes

of supply, the insulation of every part thereof has withstood the

continuous application, during half an hour, of pressure exceeding

the maximum pressure to which it is intended to be subjected in

use, that is to say, in the case of every electric line to be used for a

pressure not exceeding 10,000 volts, twice the said maximum pres-

sure, and in the case of a line to be used for a pressure exceeding

10,000 volts, a pressure exceeding the said maximum pressure by
10,000 volts

;
and the undertakers shall record the results of the tests

of each main or section of a main.’'

If such pressure tests were carried out with an alternating high-

tension supply, the transformer for the purpose would have to be of

inconveniently large capacity, owing to the heavy charging current

taken by such lengths of cable. Transport difficulties would be

encountered, also, in moving the testing transformer to the site of

the cable system, and for this reason high-tension direct current is

used for testing purposes. The plant for such a supply need only

be of small capacity, and may bo constructed in a portable form.

High-tension direct current is also used in research work Upon
insulation and upon X-rays and electrical preeipitation.

(3) High-frequency Tests. Such tests, at frequencies varying



4i6 ELECTRICAL MEASUREMENTS

from several thousand cycles per second to a million or more cycles,

are important in work upon insulators for wireless purposes where

such frequencies are usual. It has been found, also, that in the case

of porcelain insulators in service on transmission lines, breakdown,

or flashover, occurs in most cases as a result of high-frequency

disturbances in the line, these being due either to switching opera-

tions or to external causes. Thus, insulators which may be satis-

factory under high voltage of low frequency are not necessarily

satisfactory under the different conditions existing when the fre-

quency is of a much higher order.

It has been found that undamped high-frequency oscillations

—

i.e. oscillations of a])proximately constant amplitude—cause failure

of insulators at comparatively low '^oltages, due to high dielectric

loss and heating. Such oscillations do not. however, occur in power
systems in practice. Damped high-lrequency oscillations having a

Fig. 238 . Damped Oscillations

wave-form such as that shown in Fig. 238 do occur in practice, due
to switching operations, or to arcing grounds.

For this reason, high-voltage tests at high frequencies are made
in insulator manufacturing works, in an endeavour to obtain a
design of insulator which will satisfactorily withstand all conditions

in service.

(4) Surge, or Impulse Tests. These tests are carried out in

order to investigate the influence of “surges^* in a transmission line

upon breakdown of the line insulators, and of the end turns of

transformers connected to the line. In order to appreciate the

importance of such tests and to realize what are the requirements of

the testing plant, the nature of these surges must be understood.
Such surges are usually produced by lightning in the neighbour-

hood of the transmission line, and are the result of the sudden
discharge of the electricity on the suspended particles of a thunder
cloud, which takes the form of a lightning stroke. A direct lightning

stroke on the line is comparatively rare, but a charged cloud above,
and near to, the line, will induce charges, of opposite sign to that of

its own charge, in the line. These charges are “bound'* (i.e. held in

that portion of the line nearest the cloud) so long as the cloud re-

mains near without discharging its electricity by a lightning stroke.

If, however, the cloud is suddenly discharged—as it is when the
lightning stroke occurs—the induced charges in the line are no
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longer bound, but travel, with the velocity of light, along the line

to equalize the potential at all points of the line.

This means that a steep-fronted voltage wave travels along the

line, its form being as shown in Fig. 239.* Due to this travelling

wave the potential of any point along the line will rise very suddenly
from its normal value by an amount equal to the amplitude of the

wave. The time taken for this voltage rise is of the order of 1

millionth of a second (Ref. (12) ). The effect is to impose very severe

stresses upon the line insulators and upon the transformer windings

(if the wave is allowed to reach them), the stresses depending upon
the steepness of the wave front.

Violent rupture of insulators is often caused by such surges, and
the investigation of their effect upon different types of insulators

and other apparatus, as well as the testing of surge-absorbers

designed for transformer protection, is obvio.isly of gteat importance.

P'lG. 239. SuKGE Wave-form

The testing plant for this purpose must be capable of producing

a high, uni-directional voltage, suddenly applied to the apparatus
under test.

Testing Apparatus. Certain apparatus is common to all types of

high-voltage tests. Special apparatus is required, in addition, for

direct current, high frequency, and impulse tests. For all tests, the

following apparatus is usually essential.

() A high-voltage transformer.

() Apparatus for voltage regulation.

(c) Control gear and high-tension connections, including safety

protective devices.

{d) Apparatus for voltage measurement.

(a) High-voltage Transformers. Such transformers, for test-

ing purposes, require careful design, owing to the fact that they are

subjected to transient voltages and surges during their normal
operation *when the insulation under test breaks down. To with-

stand the internal stresses set up by such disturbances the trans-

former insulation must be carefully proportioned. The transformers

are usually single-phase, core type, and are oil-immorsed, bakelite

cylinders being used for insulation between high- and low-tension

* Soe also Refs. (8), (9). (10), (11), (12).
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windings* Transformers for cable testing, and certain other pur-

poses, may also be required to give a considerable current, and

the question of regulation and cooling must therefore be carefully

considered. In insulation testing the current taken from the trans-

former, when the test specimen breaks down, is limited by the

insertion of water resistances in the test circuit, so that for such

purposes the transformer need not have a large kVA capacity.

The following table gives the order of the capacities required for

various purposes, and also the approximate values of maximum
voltage used.

TABLE IX

A pproxiinate

1

Maximum
Purpose of Tiansformer Capacity Voltage

(kVA; (kV)

Routine pressure tests upon motors and

i1

switchgear ...... Small 2 or 3

Insulation testing ... 10 to 20 60
Routme testing of cables ....
High-voltage transformer and porcelain

50 10 to 30

insulator testing and research 20 to 50 100 to 200
Reseaich and testing of stimgs of msulatois. ^ to 1 kVA per 600 to 2,000

kilovolt

High-voltage cable testing 100 to 500 100 to 500

Equipments giving a maximum high-tension voltage up to 500 kV
have usually a single high-voltage transformer. For the higher

voltages—1 ,000 kV and upwards—two or more transformers are

generally used, connected in cascade—a method of connection due
to Prof. Dessauer. This arrangement is found to be more convenient

than the single transformer for very high voltages, owing to the

very large size and high cost of a single transformer for the purpose.

A common method of connecting transformers in cascade is shown
in Fig. 240. The low-tension supply is connected to the primary
winding of transformer I, the tank of which is earthed. One end of

the H.T. secondary winding of this transformer is connected to

the earthed tank. From the other end of the secondary winding, a

lead passes through a high-voltage bushing, which provides insula-

tion for the full secondary voltage between this lead and the tank.

Through this bushing also runs a second lead from a tapping point

on the secondary winding, the voltage between this tapping point

and the high-voltage end of the secondary winding being that

required for the primary winding of transformer II. One end of the

secondary winding of transformer II is connected to its tank, which
is insulated from earth for the fuD secondary voltage of transformer

I, The other end of the secondary winding provides the high voltage
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terminal of the equipment, the total voltage—to earth—obtainable
being approximately the sum of the secondary voltages of the two
transformers.

(6) Voltage Regulation. In order to avoid surges on the high-

tension side of the transformer, and also for accuracy of voltage

measurement, it is essential that the regulation of voltage shall be
smooth. Sudden variations of the testing voltage must be avoided
in most tests. Another requirement of voltage-regulating apparatus
is that it shall not cause distortion of the voltage wave-form.
The transformer secondary voltage is regulated by variation of

Vc/c&ge Bushing'

. Sigh l/oftagp

Leio'

L'Tcink insulated
For the ST Vo/tage
of Transformer J

Fig. 240 . Cascade Connection oi Transformers

the voltage applied to its primary winding. This may be done
either

—

(i) By variation of the alternator field current, or

(ii) By insertion of either resistance or inductance in the supply

circuit from the alternator, or

(iii) By means of an induction regulator, or

(iv) By means of a tapped transformer.

(i) Variation of the Alternator Field Current. This method can

only be used, of course, when a separate alternator is used for the

supply to the testing plant. Except in the case of comparatively

small plants for routine testing, a separate alternator is generally

used. The alternator should have a voltage wave-form which is as

nearly as possible sinusoidal on no load, and the distortion under
load conditions should be small. This is achieved by making the

air gap of the alternator large; by special design of the armature
windings ; and by suitable regulation of the number, and shape, of

the slots.

This method of voltage regulation has the advantages of smooth
control of the voltage from zero to the. full voltage, absence of

TransformerH
^ lXi

L T
Supply

^S/gh f/oltage

Bushing
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impedance for regulation purposes in the transformer primary

circuit (which may produce wave-form distortion), good wave-form,

convenience, simplicity, and freedom from appreciable disturbance

by frequent short-circuiting of the transformer during testing.

The field current of the alternator is varied directly in the case of

fairly small machines, but when a large alternator is used the field

current of the exciter may be varied, thus varying the alternator

field current indirectly. Fig. 241 shows the connections for direct

variation of the alternator field current. A potential divider, con-

nected across a steady D.C. supply, is used, and the connections

H. TTransformer

Fig, 241 . Alternator Field Current Method of
Voltage Control

are arranged so that a small field current in a reverse direction to

the normal one, may be obtained. By this arrangement zero voltage

may be obtained by neutralization of the residual magnetism in the

field. Smooth and gradual voltage regulation is obtained by a

special design of the potential divider, which should have a large

number of turns and some provision for very gradual and steady

movement of the sliding contact.

(ii) Resistance, or Inductance, Control, When a separate alter-

nator is not used—in the case of small equipments—resistance or

inductance must be inserted in the A.C. supply circuit for voltage

regulation.

If resistance is used, it is better to make the connections as in

Fig. 242, using the resistance as a potential divider, than to insert

it in series with the transformer primary winding. Zero voltage

can be obtained in this way. A slider resistance should be used for

smooth voltage regulation.

The disadvantages of the resistance method are the loss of power
in the resistance and the impracticability of its use for high powers,

owing to the very large size and great cost of resistances for the

purpose. For small equipments (2 or 3 kVA) it has the advantages
of cheapness, convenience, smooth voltage variation, and small

distortion of the voltage w^ve-form.
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A choke coil, connected in series with the transformer primary,
may be used instead of resistance. Voltage regulation is then
obtained by the withdrawal or insertion of the iron core of the coil.

This method has the advantage of greater efficiency than the resis-

tance method, on account of its low power factor, but has several
serious disadvantages. These are

—

(1) the large size of coil required if the power to be dealt with
is high

;

(2) the distortion of wave-form owing to the iron core

;

(3) the fact that increase of its inductance will increase the

Fig. 242. Potential Divider Control

primary voltage of the transformer instead of decreasing it if

the power factor of the load on the secondary side of the testing

transformer is leading, as is often the case.

(iii) Induction Regulator Method. This method of voltage regu-

lation lu.s the advantage of smooth regulation from zero to full

Fio. 243. Induction-regulator Control

voltage, and may be used for all loads and power factors. It is,

therefore, much to be preferred to the resistance and inductance

methods described above.

An induction regulator is, essentially, a transformer, or mutual
inductance, the secondary voltage of which can be varied by the

rotation of the primary through any required angle up to 180°.

The connections are shown in Fig. 243. By rotation of the primary
winding the voltage induced in the secondary may be varied from
- to + i/ (where E is the low tension supply voltage). Thus the

voltage applied to the H.T. transformer primary may be varied

from zero to 2E.
Careful design, with distributed windings on the rotor, are neces-

sary to prevent wave-form distortion. This method of regulation

is often used in cable-testing equipments, since its gradual voltage

variation at loads of any magnitude is advantageous for such work.
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(iv) Voltage Variation by Means of a Tapped Transformer, Fig

244 gives the connections of this method of regulation. An inter-

mediate regulating transformer is used, having its primary supplied

from the L.T. supply. The secondary winding of the traiisformei

has a large number of tappings whereby the voltage applied to the

primary of the H.T. transformer may be varied. In order to avoid

surges, due to the opening of the secondary circuit of the regulating

transformer when the tapping switch is moved, two contact brushes

are used, making contact with adjacent studs, and with a “buffer’’

resistance or reactance coil between them to prevent short-circuit

of a section of the transformer winding. An auto-transformer may
be used instead of ihe double-wound transformer shown in the

L.T.

Supply

Voltage ftefulf H J
J Transformef* ^Transformer

I—

I

sJ 2

Buffer ^
Resistance ^
or Reactance'^
CoU

i

Fig. 244 . Tapped-transformer Regulation

diagram. The operation is similar to that in the case of the double-

wound transformer.

For gradual regulation a number of coarse tappings are used

togetlier with fine tappings. The method has the advantages of

high efficiency and small wave-form distortion, but the regulation

is not smooth unless a very large number of tappings is used and,

when the power of the equipment is large, the switchgear must be

large and is expensive.

(c) Control Gear and Connections. On the low tension side

—i.e. in the primary circuit of the H.T. transformer, there should

be

—

A main switch, to isolate the testing apparatus from the supply.

Fuses.

A circuit breaker, with arrangements for tripping the breaker over

a wide current range, and having a no-volt coil in order to protect

apparatus from damage in the event of failure of the supply.

An over-voltage relay, which short-circuits the no-volt coil of the

circuit breaker if the supply voltage exceeds a predetermined value.

Interlocks. These are arrangements which guard against the

supply to the transformer being switched on except at a low value,

or which make it impossible for the operator to pass inside the screen

-

work surrounding the high-tension testing area while the supply is

on. The latter takes the form of a switch on the gate of the screen.

Earth connections. Both for safety and for the protection of

apparatus it is necessary that all metal parts, forming part of the

testing equipment, which should be at earth potential, should be
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definitely earthed. This applies to the framework of switchgear and
to the guard screen, transformer tanks (except where a cascade
arrangement is used), and to one end of each of the transformer
windings.

On the high-tension side care must be taken in deciding the size

and shape of the leads and connections, in order to avoid “corona’’
loss, which may distort the voltage wave-form and may influence

the breakdown or flash-over voltages measured, on account of the
surges in the circuits, and because of ionization of the air in the test

room, which it may produce. “Corona” is the name given to the

luminous glow which surrounds a high-tension conductor when the

potential gradient at its surface exceeds the disruptive strength of

air. Breakdown of the air at tlie conductor surface occurs first of

all, and this spreads outwards, ionizing tho air immediately sur-

rounding the conductor, and producing bo^li a glow and a hissing

sound. The result of such coroici is a loss of power, with the pos-

sible effects mentiC)ned above. The voltage at which corona occurs

depends upon the diameter of the high-tension conductor, the voltage

increasing with increaring diameter. Thus, to avoid such effects

the conductors in the high-vohage circuit should be made much
larger than is necessitated by current-carrying considerations.

Norris and Taylor (Ref. (13); recommend for the diameters of high-

tension conductors “1 in. for 100 kV and about 12 in. for 1,000 kV,
if the a mosphenc conditions are normal and the high-tension

clearances are ample.” High-tension conductors are almost always
bare, the surrounding air forming the principal insulation. The
supports for these conductors are usually bakelite tubes or rods, or

porcelain insulators. Since the current to be carried is usually very

small, good contact at joints is not often essential, mere touch being

sufficient. Sharp edges, which produce concentration of electrostatic

field, must be avoided throughout the circuit. Terminals are usually

fitted with spherical metal caps, and sharp bends in conductors are

fitted with spherical elbow pieces to distribute the electric stress.

As a protection from surges which may be produced when a

sphere-gap, or the apparatus under test, breaks down, a high resis-

tance (about J ohm per volt), or choke coil, is inserted in the main
high-voltage circuit. A sphere-gap is also connected across the

high-voltage winding as a protection in the event of excessive voltage

being applied to the circuit. This may be the same gap as is used

for voltage measurement. A water resistance, consisting of a glass

tube or tubes containing water, with some common salt added, is

connected in the sphere-gap circuit to prevent pitting of the sphere

surfaces by limiting the current flowing at breakdown. These
resistances should be about 1 ohm per volt to limit the current to

1 amp.
Fig. 245 gives a simplified diagram of connections for a high-

voltage testing equipment having a separate supply alternate.
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(d) Apparatus for Voltage Measurements. Owing to the
difficulty of designing electrostatic voltmeters, for the measurement

of extra high voltages, which will be free

from errors due to corona effects within

the instrument, and to external elec-

trostatic fields, a number of special

methods of measurement have been

devised for the purpose. Some method
must be available, also, for calibrating

such voltmeters when constructed, since,

up to the present, no absolute voltmeter

for the measurement of high voltages

has been developed sufficiently for

general use. Until recently there has

been some doubt as to which of the

methods devised was the best. Recent
work by the British Electrical and Allied

Industries Research Association (Ref.

(14)), and the American Institute of

Electrical Engineers, has led to the stan-

dardization of the sphere-gap method as

the most reliable one.

(i) Sphere^gap. Two metal spheres are

used, separated by an air gap. The
potential difference between the spheres

is raised until a spark passes between
them. The value of the potential differ-

ence required for spark-over depends
upon the dielectric strength of air, the

size of the spheres, their distance apart,

and upon a number of other factors.

As a result of the research work already
mentioned, the British Standards
Institution have drawn up a list of

“Standard Rules for the Measurement
of Voltage with Sphere-gaps *(No. 358
(1929)). Some years ago the American
Institute of Electrical Engineers drew
up a list of rules for the measurement
of voltages up to 50 kV, using needle

points for a spark-gap, instead of spheres
as at present used. The disadvantages
of this form of gap were the errors

caused by variation in sharpness of the
needles

; by variation of the humidity of the atmosphere ; and^

by the corona which formed at the points before the gap actually

sparked over.
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In the B.S.I. rules referred to above, six sizes of spheres are
to be used to cover a range of voltage from 10 to 900 kV, namely,
of diameters 20 mm., 62*5 mm., 125 mm., 250 mm., 500 mm.,
750 mm. The following are extracts from these rules

—

“1. A spark-gap may be used with advantage for the determination of the
peak value of the voltage-wave, and for checking and calibrating voltmeters
and volt-measuring devices for high-voltage tests.

“2. Using the sphere spark-gap in conjunction with the calibrations herein
provided, voltages may be measmed from 10 kV up to nearly 1,000 kV.

“3. The sphere curvature, measured by a spherometer, shall not vary more
than one per cent from that of a true sphere of the required diameter.

*‘4. In the case of 20 mm. spheres, the gap shall be vertical and the lower
sphere earthed. In the case of larger spheres it is preferable that the gap shall

be vertical, but one sphere may be earthed or both may be insulated.

“The apparatus shall be set up in a space comparatively free from external
electric fields. No extraneous body or part of the circuit shall be nearer the
spheres than twice the diameter of the spheres. ... If one sphere be earthed,
the spark-point of this sphere, which shall bo the lower one in a vertical

arrangement, sliall be approximately fice diameters above the earth-plate or
floor.

“6. It is recommended that brass 8j>hores l>e used, and that the surface of

the spheres ahull be cleaned immediately before use, avoiding, however, a
high degree of polish.”

Tlie rules provide that the current at spark-over shall be limited

to I amp., and that the interval between consecutive discharges

shall be great enough to prevent appreciable heating of the spheres.

Both the density of the air and the humidity may affect the spark-

over voltage for a given gap-setting. The “relative air density,” d,

is given by

_ 0-3925
^ 273 + /

. (230)

where b = barometric pressure in millimetres

t = temperature in degrees centigrade

A correction factor, by which the spark-over voltage for a given

gap-setting, under the standard conditions (760 mm. pressure and
25® C.) must be multiplied, in order to obtain the actual spark-over

voltage, may be obtained from a table given in the B.S.I. rules.

This factor is approximately equal to d for values of d above 0-9.

With regard to humidity, the rules state that “over the various

ranges of voltage covered by these calibration tables, the sphere-gap
is independent of humidity. Deposited dew lowers the spark-over

voltage and invalidates these calibrations.”

For the calibration of a spark-gap from a standard sphere-gap
the two gaps should not be connected in parallel. “Equivalent
spacings should be determined by comparing each gap in turn with
a suitable indicating instrument.”

F .W. Peek (Ref. (15)), Russell (Ref. (16)), and others have obtained

formulae by which the spark-over voltage for a given gap-setting
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and sphere-diameter may be calculated, but the use of the calibra-

tions given in the B.S.I. rules is to be recommended instead of

the use of such formulae, the application of which is limited.

The spark-over voltages given in the rules are in terms of R.M.S.
(sine-wave) voltage. To obtain the corresponding peak values

—

which are important since it is the peak value of the voltage, rather
than the R.M.S. value, which determines the flash-over, or break-
down ^f insulation—the R.M.S. values given must be multiplied

by ^2.
A disadvantage of the sphere-gap method of measurement is that

it cannot be used to give a continuous record of voltage. It is

generally used to calibrate some indicating instrument, or other
apparatus, which does give such a continuous record. In the
following methods of measurement, wherever calibration is referred
to, it is to be understood that the sphere-gap method is implied
unless otherwise stated,*

For the most recent work on this subject, the reader is referred
to the papers mentioned in Refs. (79), (80), and (83).

(ii) Transformer Ratio Methods of Measurement. In this method
the primary voltage of the high-tension transformer is measured by
a calibrated voltmeter, and this is multiplied by the turns ratio of
the transformer to obtain the secondary voltage. The assumption
is made that the transformer ratio is unaffected by the transformer
impedance and by variations in the load. The method also gives
R.M.S. values of voltage, and the secondary voltage wave-form
must be determined in order that peak values of voltage may be
obtained from the “crest factor” of the wave, i.e. the ratio

Peak voltage

R.M.S. voltage*

Some high-tension transformers carry a separate voltmeter-coil
having a number of turns which is a definite fraction of the number
of turns on the secondary winding. The voltage induced in this coil

(measured by a low-voltage voltmeter), when multiplied by the
turns-ratio, gives the secondary voltage of the transformer. This
method cannot be used with the cascade arrangement of transformers
and may only be relied upon to within 1 or 2 per cent.

(iii) Potential Divider Methods. In such methods, either a high
resistance, or air condenser, must be used, connected across the high-
voltage winding, a definite fraction of the total secondary voltage
being measured by means of a low-voltage electrostatic voltmeter.
High resistances for this purpose have the disadvantage of residual

phase-angle errors due to the effects of distributed capacity, unless
special precautions are taken in their design (Ref. (17)). Such

The calibration of the sphere-gap itself is described by Whitehead and
Castellain (Ref. (14) ), who used a number of different methods for the purpose,
and obtained consistency between them.
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resistances have been constructed, however, and are used in several
high-voltage equipments.
The advantages of condensers as compared with resistances are

:

their comparatively simple construction, their freedom from heating,

and the fact that they are much more easily shielded from extraneous
capacity effects than are high resistances. Churcher and Dannatt
(Refs. (18), (19)) have described the construction and use of such
condensers.

In the condenser method an electrostatic voltmeter, whose
capacity is large compared with that of the high voltage standard
condenser, is connected in series with the latter, and is shunted by
a capacitance of much greater value than its own. The capacity

of the standard condenser must be accurately known, and it is

important that it shall be “pure,” i.e. free from dielectric loss.

^H.T, Winding

1 ^Standard
Condenser

I
f -

~^!::^£Iectrostatic

^ Mtmeter

Fig. 246 . Condenser Potential Divider

For the latter reason air condensers are always used for this purpose,

their capacity usually being from 50 to 100 /4

If (7 is the capacity of the standard condenser, and that of the

condenser which shunts the electrostatic voltmeter (see Fig. 246),

then the voltmeter reading v is given by

V ==
i

where i is the current passing through the condensers and co == 27t

X frequency.

Neglecting the capacity of the voltmeter, the effective capacity

CC
of C and Cj, in series, is - h-

^ and the voltage V of the high-tension

circuit, is
“i"

Thus, V = . . . . (231)

This method measures R.M.S. voltage values. ^
Other methods utilizing a standard impedance involve tlu‘

The effect of humidity of the atmosphere and of dust deposits, upon the

purity of condensers is given by Churcher and Dannatt {he, cit.).
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measurement of the current which flows through the impedance

—

either a standard air condenser or high resistance—when it is con-

nected across the high-tension winding of the transformer. The
current may be measured by means of a thermo-junction and
galvanometer; by measuring the voltage drop across a known
resistance, in series with the standard high impedance, using an
electrometer

;
or by a valve-voltmeter method described by White-

head and Castellain {Joe. cii.),

A thermO’jiinction consists of a small “heater’" of fine wire,

through which the current to be measured is passed. To the centre

of this heater is attached a thermo-junction of two dissimilar metals,

the attachment being by means of a small bead of a material which,

while being electrically insulating, is a good thermal conductor.

An E.M.F. is set up, in the circuit containing the thermo-junction,

when a current is passed through the heater. This E.M.F. depends
upon the magnitude of the heating effect of the current, and thus

the R.M.S. value of a small alternating current may be measured by
comparison with a known direct current. The thermo-junction,
which may be of the vacuum type—in which the heater and junction

are enclosed in a small evacuated glass bulb with terminals brought
out—or air type, is used in conjunction with some form of galvano-

meter. The arrangement is calibrated with direct current, and is

then used for the measurement of alternating currents of the same
order of magnitude as the direct, calibrating current. Such thermo-
junctions may be obtained for either 2*5 mA, 5 ma. 10 ma. and so

on, up to 10 amp. Below 1 amp. they are vacuum type, and above
1 amp. air type.

From the measured value of the current flowing through a
standard impedance, the R.M.S. values of the high-tension voltage

may be obtained by multiplication by the value of the impedance.
(iv) Measurement of Peak Voltage, Owing to the fact that the

maximum or peak value of the applied voltage is that which produces
the actual breakdown stress in the material under test, it is important
that this value should be known in most cases. If methods of

voltage measurement which give R.M.S. voltage values are used,

the peak voltage may be obtained from the crest-factor of the

voltage wave. It is often more satisfactory, however, to use some
method of voltage measurement which gives the peak value of the
voltage directly. From the fact that the breakdown of air is involved
in the sphere-gap method, this is obviously one method which de-

pends upon the peak values, and the calibration curves for sphere-

gaps, already referred to, give such peak values.

Other methods of measurement of peak voltage have been devised

and arc ^ follows

—

(1) Rectified Condenser Charging-current Method. This method
depends upon the fact that the peak voltage value is proportional

to the average charging-current of a standard air condenser The



HIGH^VOLTAQE MEASUREMENTS 429

charging-current is therefore rectified, either by a mechanical recti-

fier, or by specially designed thermionic valves, and its average value
is then measured by a D.C. moving-coil, permanent-magnet milli-

ammeter, or by a d'Arsonval galvanometer.
The valves used—often referred to as Kenotrons—depend for

their action upon the fact that if two electrodes are enclosed within

a highly evacuated tube, one of these electrodes—the plate—being

comparatively cold, whilst the other—the filament—is heated,

current is passed only in the direction plate to filament. The amount
of current which it is possible to rectify by this means is dependent
upon the filament temperature.

One-half of each wave must be entirely suppressed by such a

valve. In order to prevent ripples in the output current wave, two
valves are used with a suitable proportioning of inductance and
capacity in the circuit.

The condenser used may be either of the type already mentioned,
the capacity being calculated from the dimensions of the condenser

—when the method is an absolute one— or it may take the form of

a condenser bushing, fittivl to the transformer, in which case cali-

bration is needed.

Theory. If v is the voltage across the condenser, of capacity (7, at any
instant, and q is the quantity of electricity in the condenser at that instant, we
have

Cv

where i = charging current and t = time.

Now, during one whole period, the voltage rises to a positive maximum,
falls to zero, rises to a negative maximum, and falls again to zero, thus giving

a total change in voltage, during the cycle, of where is the peak,
or maximum, value. Meanwhile, the quantity of electricity supplied to the

fT
condenser during this period is

J
idtf T being the periodic time.

Thu» idt = O .

Now, - rT Jo

i /'^

tJo
idt

(7.4F^

idt is the average value of the charging-current, Hence,

where f is the frequency.

Thus

4(7 F̂max ^ An V

4Cf
(232)

which gives the peak voltage value if the capacity of the condenser
and the frequency (which must be kept constant throughout the

test) are known.
Fig. 247 shows the connections of an arrangement for peak voltage

measurement using full-wave rectification (see Ref. (20)).
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This method of peak voltage raeaeurement was first described by Chubb

and Fortescue, and its accuracy is considered by Davis, Bowdler, and Stand-
ring (Ref. (21)), who state that, for a sine wave of voltage, the method is accu-
rate provided that the impedance of the rectifier is negligibly small compared
with that of the condenser ; that the rectifier is efficient in entirely suppressing
one-half of the alternating wave ; and that the milliammeter, or galvanometer,
indicates the mean current correctly.

Fxo. 247. Circuit for Peak Voltage Measurement by
Rectified Condenser Charging Current

With regard to wave-form, the same authors state that: “the method . . .

is satisfactory for all wave-shapes with the exception of (1) wave-shapes with
different positive and negative maxima, and (2) wave-shapes with more than
one peak in each half cycle.”

(2) Ryall Crest Voltmeter. Dr. L. E. Ryall (Ref. (22)) has recently

developed a simple form of crest voltmeter which is independent of

frequency. It consists of a neon lamp, used in conjunction with a

condenser potential-divider. Two condensers, one—a variable one

—of much greater capacity than the other, are connected in series

across the voltage whose peak value is to be measured. A neon lamp
of a specially chosen type, is connected across the variable condenser

(see Fig. 248). Neon lamps have the characteristic that they only

commence to glow when the voltage applied to them reaches a

certain definite value, called the “striking” voltage.

In this method of peak voltage measurement the variable air

condenser, across which the lamp is connected, is adjusted until the

lamp “strikes.” Then the peak value of the H.T. voltage is given by

^1 + . . . (233)

where ^ striking voltage of the lamp (which is a
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constant quantity if the type of lamp is suitably chosen), and
and C2 are the capacities of the variable and fixed condensers
respectively.

Ryall found that the A.C, striking voltage for a neon lamp ‘*is

constant for all frequencies above 25 cycles per second, and can be
measured to within ± J per cent if about 5 min. is allowed to elapse

between successive flashes of the lamp, so that the lamp can return

to its original ionized condition.

“The A.C. extinguishing voltage, Va.c.e.f is also constant for all

frequencies above 25 cycles per second, and can be measured to

within i J per cent.”

The accuracy of the method obviously depends upon the accuracy

l lG, 248. CONNECTIONfc OF RyALL CrEST VOLTMETER

with wliich Va.c.s. may be determined, and upon the accuracy with

which the capacities Cj and C\ are known.
Both the lamp and condenser are enclosed within metal boxes

for screening purposes, and the lamp, in addition, is screened by a

wrapping of lead foil, which is earthed, as the lamp glows when
placed in a strong electrostatic field.

A design of such a crest voltmeter for 150 kV (max.) is given by
Ryall (loc. cit,).

(v) High-voltage Voltmeters. For the measurement of voltages up
to about 200 kV, several forms of voltmeter have been designed

which may be connected across the high-voltage circuit directly,

without any potential-dividing device. Most of these are of the

“ attracted-disc ” type, based on Lord Kelvin’s volt balance. The
latter is an absolute instrument. It consists of two flat discs, one
fixed, and the other suspended from one arm of a balance. The
fixed disc is insulated from the case of the instrument and is charged

to a high potential. The pull between the two discs is given by

.... (234)

where A is the area of the moving disc, V the voltage between the
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discs, d the distance between them, and K the dielectric constant of

the medium. This force is balanced by weights on the balance arm,

the magnitude of the weights giving the force F, and hence F.

Fig. 249a shows the construction of the Siemens and Halske

instrument, based on the above principle, while Fig. 249b shows
the Abraham voltmeter, the latter being fairly commonly used in

modern high-voltage testing equipments.
In the former instrument the high-tension plate is in the form of a

hollow metal spheroid, suspended, by means of an aluminium rod

and metal filament, in oil. The oil tends to prevent the formation

's>^^^^^^''Pointer(Spring Control)

Filament

^ ^Meta! Tube

--Aluminium Rod

'-Porcelain Insulator

^Guard Shield

^Moving Plate

fixed
Plate

Fio. 249a Siemens and Halske High-tension Voltmeter

of an arc between the high-tension plate and the earthed plate, and
by enabling the two plates to be brought nearer together, increases

the working forces of the instrument. The earthed plate is in the

form of a shallow metal pan, which also screens the instrument from
external electrostatic effects. Another guard screen is provided in

the oil just above the high-tension plate, as shown.
Control of the instrument is by a spiral spring on the pointer

spindle, and damping is by fluid friction of the high-tension plate

in the oil. The cam on the pointer spindle gives a scale which is

almost uniform over the upper 70 per cent of its range.

In the Abraham instrument—manufactured by Messrs. Everett-

Edgcumbe—there are two hollow metal mushroom-shaped discs

arranged as shown. The right-hand disc forms the high-tension

plate, while the centre portion of the left-hand disc is cut away and
encloses a small disc which is movable and is geared to the pointer

of the instrument. The two mushroom-shaped discs are fixed in

position except that the right-hand one may be set to different

distances from the other, to alter the range of the instrument. A
scale is provided, for this setting, on the right-hand support. The
two large discs form adequate protection for the working parts of

the instrument against external electrostatic disturbances.
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Ionic Wind Voltmeter, When a highly-charged point is situated
in air or other gas, a movement of the air surrounding the point is

observed. This is referred to as the “electric wind,” and is brought
about by the repulsion of ions from the surface of the point by the
intense electrostatic field. These ions, colliding with uncharged
molecules of air in the neighbourhood of the point, carry the latter

with them and set up the “electric wind.” If an earthed electrode

{Everett- EdQcnml>e ds Vo)

Fig. 249b. Abraham-Villa rd Voltmeter

is placed near to the highly-charged one, an intense electric field

exists, of course, between the two, and a similar wind is observed

also at the earth electrode.

This phenomenon has been investigated by Prof. W. M. Thornton
and Messrs. M. Waters and W. G. Thompson, and has been put to a

useful purpose in their Ionic Wind Voltmeter (Ref. (23)).

Fig. 250 shows the principle of the instrument. A hot wire, of

platinum-gold alloy, included in one arm of a Wheatstone bridge

network, is used as the earthed electrode of a high-tension gap.

Before the high voltage is applied to the gap the bridge network is

balanced—i.e. the galvanometer G is set to zero. When the voltage

across the gap exceeds a certain value—called the “threshold

voltage”—the electric wind cools the hot wire and hence reduces

its rei|istance. A reduction of 25 per cent in resistance is obtainable
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under suitable conditions, and this is sufficient to cause an appre-

ciable out-of-balance voltage in the bridge network, as indicated

by the galvanometer deflection. The cooling, and hence the gal-

vanometer deflection, depends upon the potential gradient (and

hence upon the applied voltage), as well as upon the temperature of

the electrode, the nature and pressure of the gas in which the

electrostatic field exists, and upon the frequency.

The “threshold voltage’’ is the voltage which is required before

the potential gradient is sufficient for ionization to commence.
When the applied voltage is alternating, therefore, only that portion

of the voltage-wave which lies above the threshold value is effective

from the point of view of cooling of the hot wire. In Fig. 251, F0

is the threshold voltage, and the shaded portion of the wave is that

which is effective in producing cooling. The area of the effective

portion of the voltage wave—and hence the cooling—varies for

different wave shapes, even though the waves have the same E.M.S.
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value. Voltage wave-form, therefore, influences the instrumeni

readings, which are proportional to the shaded area of the wave,
but the authors have shown how this influence may be predeter-

mined. Calibration of the instrument is on a sine wave-form.
The calibration is carried out by means of a sphere-gap. An

electrostatic shunt, in the form of an earthed guard-wire, whose

200H.P SOOkl/A
ISOORPM 1500R.P.M (Steatite and Porcelain Products, Ltd.)

Fig. 262. Low-frequency H.T. Testing Equipment

position is variable, is used in one form of the instrument for scale

variation during calibration, A movement of this shunt varies the

intensity of electrostatic field at the hot wire.

The voltmeter can be used to indicate either crest or R.M.S.

alternating voltages, or direct voltages. Several forms of the in-

strument have been constructed, both for out-door and laboratory

use, and for voltages up to 300 kV. These are described in the

original paper, which also gives the effect of voltage wave-form and

frequency upon the performance of the instrument.

A great advantage is that the high voltage may be measured by

an observer at some distance from the charged conductors, and, in

the case of the form for outdoor use, the robust construction, and

its freedom from disturbance by weather and temiperature condi-

tions, render the instrument a very valuable one.
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Special Apparatus lor Tests other than Low-freuuency Alternating

Current Tests. The apparatus described in the foregoing pages is,

to a great extent, common to all methods of high-voltage testing.

Except for a few special pieces of apparatus which may be required

in individual cases, according to the purpose for which the equip-

ment is to be used, no further apparatus is required for sustained

low-frequency high voltage tests. A complete diagram of connec-

tions for an equipment of this type as used by Steatite and Porcelain

Products, Ltd., is shown in Fig. 252.

Apparatus, in addition to that already described, is required

Fig. 253 . Delon Mechanical Kectifieb

however, for the other types of test—namely, constant direct current

tests, high-frequency tests, and surge tests.

Constant Direct Current Tests. As previously mentioned,
high-voltage direct cifrrent is chiefly used for the testing of high-

voltage cables after installation. For the generation of high-tension

direct current a number of comparative low-voltage generators can
be connected in series. A specially designed machine, called a

“transverter’’ (Ref. (24)), can also be used to obtain D.C. from a
three-phase A.C. supply. Both of these methods are, however, only

of use when a large amount of power is to be dealt with, and cannot
be adapted to a small power-testing set, which, for the purpose of

cable testing, should be portable.

The methods of obtaining the direct current now used is by the

rectification of high-voltage alternating current, the latter being

obtained from a high-voltage transformer.

The rectification may be done either by a mechanical rectifier or

by a thermionic valve rectifier.



HIGH-VOLTAGE MEASUREMENTS 437

Ddon Mechanical Rectifier, Fig. 253 illustrates the principle of

this apparatus. An insulated disc D carries a conducting bar B,
the ends of which come, in turn, opposite to one pair of the collecting

brushes aa' and bb\ This disc is driven in synchronism with the

alternating current supply, so that the rotating bar B is opposite

to collecting brushes 66' (say) at the instant when the high voltage

wave is at its positive maximum point, and opposite m', when the

voltage is negative maximum. Sparks pass between the collecting

brushes and the connecting bar at these instants, the result being

that the condenser 2 is charged to a voltage of + E^f^x (above

F(c. 254 . Three-core Cable Tests

earth) and condenser 1 to a voltage of - (below earth). Thus
the potential across condenser 3 is and this voltage is direct^

not alternating. The high-tension D.C. is thus obtained from
condenser 3, and since the charging of the condensers is taking
place continuously, condenser 3 can supply direct current to a
circuit under test.

In tests upon cables the internal capacity between the cable

cores, and from cores to ground, form the condensers 1, 2, and 3,

so that other condensers are unnecessary. Fig. 254 shows the con-

nections for tests upon three-core cables. Fig. 254(a) shows the high
voltage applied between cores, and Fig. 254(6) between one core and
ground.
The spark-over which takes place at the collecting brushes in the

mechanical rectifier tends to set up surges and oscillations which,
by weakening the cable dielectric, may cause breakdown at a lower
indicated voltage than would otherwise be obtained.

For this reason the mechanical rectifier has \jmn displaced,

to a considerable extent, by thermionic valve rectifiers*

i5“~(T.5roo)
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Valve Rectifier. The principle of operation of these valves has
already been explained in this chapter. Fig. 265 shows the con-

nections for high-voltage D.C. test upon a three-core cable—cores

to ground—using a single rectifying valve.

Current passes through the valve only during one half-wave of

the voltage cycle. During this time the condenser formed by the

cable cores and the sheath is charged to a potential equal to that

of the maximum value, of the high-tension transformer
secondary voltage. When this voltage reverses—during the next
half-wave—the potential of this cable-condenser remains the same,

Fio. 266. Connections for D.C. High-voltage Cable Tests

while the potential of the valve filament rises to a maximum poten-

tial of V.fnax jn the opposite direction. Thus the valve must be able

to withstand a voltage of 2F^^a. between its plate and filament.

The filament-transformer windings must, also, be insulated for a

voltage of V^ax between windings. The milliammeter MA reads

the charging and leakage current through the condenser formed
by the cable.

The voltage for the valve filaments is usually 8 volts, and care

must be taken that the correct voltage is used, since departure from
it, by a comparatively small percentage, causes a considerable fall

in the output current of the valves if the filament voltage is low.

Resistances of about J megohm are connected in the plate circuits

of these valves for protection against surge effects.

Tests are usually made upon three-core cables with connections

as shown in Fig. 266(6) as well as with the connections of Fig. 266(a).

Rectifying valves are manufactured to withstand voltages up to

200 kV, so that pressure tests may be made with a single valve up



HIGH-VOLTAGE MEASVREMENTS 439

to 100 kV, although about 50 kV ia the usual limit for single-valve

tests.

Two valves are used for test voltages up to 200 kV. The connec-

tions for such a test are shown in Fig. 256a, the test being one

between cores A and jf? of a three-core cable. Valve allows

current to flow only in the direction j)late to fllarneiit. Thus, during

one half-cycle current flows through it in this direction, and core

A of the cable is charged to a potential below earth, V^ax
being the maximum value of the voltage wave of the H.T. trans-

former secondary winding. Meanwhile, valve 1^^ is allowing no

Fio. 266a. Connections for Hiqh-voltaoe D.C Test op to
200 kV

current t<o flow through it. During the next half-cycle the process

is reversed, current flowing through valve Vj, and charging core B
to a potential V^^ax above earth. Thus the D.C. potential between
cores is 2V^axf ^^id from each core to earth Vcase-

in the case of a single-core cable, if the same pressure (2V^ax)
is to be applied between core and sheath as between cores in the
three-core cable, two auxiliary condensers must be used, connected,
as shown in Pig. 256b.

In some portable high-voltage D.C. testing sets a single-phase

low-voltage alternator, driven by a petrol engine, is used for the
supply. The primary of the high-voltage transformer is supplied
through an auto-transformer with a variable inductance choke-coil

for fine adjustment. Voltage measurement is made by an electro-

static voltmeter of the Abraham Villard type, directly connected
across the cable cores under test, although a sphere-gap is often
included. In order to avoid trouble from surges, which may cause
breakdown of apparatus, it is advisable to increase the testing

pressure to its full value gradually, and also t j discharge the cable

through a high resistance. Owing to dielectric absorption it is
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necessary, also, to maintain the discharging connection for a con-

siderable length of time, in order to avoid a subsequent dangerous
rise of voltage.

For D.C, voltages of more than 200 kV, it is necessary to use a
combination of a two-valve testing set with another similar set, as

in Fig. 257, which gives the connections of a “Sunic"’ testing set

for 400,000 volts (between points A and Fig. 258 shows a

“Sunic” two-valve 100,000 volt D.C. cable-testing equipment, made
up in portable form.

Fig. 256b. Connections in the Case of a Single-cork Cable

Other connections for high-voltage D.C. cable-testing are given
by J. Urmston (Ref. (25)).

Equivalence of D.C, and A.C. Test Voltages, Owing to the “elec-

tric osmosis'' effect, any moisture which may exist within the cable

dielectric tends to move towards the negatively-charged electrode

(the sheath or one of the cores, depending upon the test), when a
D.C. voltage is applied. Although the amount of such moisture is

usually small, it may yet be sufficient to cause breakdown due to
its concentration near the negative electrode. If the applied voltage
is alternating, no such movement of moisture occurs, the moisture
remaining uniformly distributed. Again, breakdown may occur
when testing cable-samples due to surges which are produced by
spark-discharge and corona effects at the cable ends. These effects

are more severe with A.C. than with D.C.

For these reasons it is obvious that there are other considerations
beyond mere equivalence of potential gradient, which must deter-

mine to what alternating voltage a given direct voltage is equivalent
from the point of view of insulation breakdown.

Mr. N. A. Allen, to whom the author is indebted for much of his

* This set, together with other testing sets for 100,000 volts and other
voltages, is manufactured by Messrs, Watson & Sons (Electro-Medioal), Ltd.
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information upon cable-testing with direct currents, gives (Ref. (24))

a table showing the ratios of D.C. to A.C. test voltage, quoted by
various authorities as giving an equivalent breakdown-test upon
cables and dielectrics. For paper-insulated cables, although a

D.C./A.C. ratio of 2-6 has been used, Mr. Allen suggests that a ratio

of 1*5 to 2 0 would be more satisfactory. Owing to the fact, also,

that this ratio increases with increasing insulation thickness, he

suggests the adoption of a ratio 1*5 for cables up to 33,000, and a

ratio of about 2-0 for voltages above this. The following table

—

{Watson, London)

Fig. 257. Connections of “Sunk” Testing Equipment
Giving 400 kV D C.

taken from the same paper—ogives the D.C./A.C. ratios usually

adopted by English cable makers

—

TABLE X

Standard Test-voltage
Ratio Average Thioknesa

of DielectricWorking Voltage
A.C.

1

D.C.
D.C./A.C.

11,000
22,000
33,000

20,000
44.000
66.000

1

30.000
75.000
100,000 ^

^
^ 0*30 in. (7*62 mm.)

1 >40 in. (10*2 mm.)
0*50 in. (12*7 mm.)
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Localimtion of Faults in Uigh-voltage Cables, Another application

of the Kenotron, or hot-cathode, rectifying valve, is in the localiza-
tion of faults in long lengths of high-voltage cable. Such faults are
often of very high resistance and cannot easily be located, with
accuracy, by the ordinary methods of fault localization given in the
following chapter.

In high-voltage cables the large amount of oil present in the cables

(WaUon, London)

Fia. 258. “SuNic” Two-valve Portable Testing Equipme^jt
FOR 100,000 VOLTS D.C.

and joints causes faults in the cable, which may be obvious—owing
to their low resistances—^when the high testing voltage is applied,
to seal up rapidly when this voltage is withdrawn, resulting in their
having, again, a high resistance. One method of dealing with such
a fault is to reduce its resistance by the continued application of
a high testing voltage which burns out’’ the fault, and enables
location io be made by ordinary methods.

"Die method which has been largely adopted, as being more
satisfactory than this, is to use a valve rectifier high-tension D.C.
testing set for the supply of current for a “Murray loop” test. This
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and similar H.T. tests are described by Allen (Ref. {^)) and by
Urmston (Ref. (26)).

Fig. 259 gives the connections for such a test, using a single-valve

D.C. high-voltage testing set whereby a testing voltage of about

60 kV—which is usually sufficient for the purpose—can be obtained.

A two-valve set may be used, if necessary, for higher testing voltages.

A loop is made by connecting together (by means of a short-

circuiting strap) the two distant ends of a sound cable and the

faulty one. A highly insulated slide-wire, having a sliding contact

which can be operated by a long insulating handle, is connected

across the near ends of the loop, and a galvanometer and spark-gap

—the latter for protection of the galvanometer—are also connected

across these ends as shown, I’li^' l>.(' testing voltage is applied t-o

{WaUon, London)

Fig. 259 . Connections of an Equipment for Localization of
Faults in High Voltage Cables

an intermediate point on the slide-wire, and an Abraham voltmeter
is used to indicate the applied voltage. A high resistance and
milliammeter are connected in the supply circuit for the limitation

and measurement, respectively, of the supply current—i.e. of the

fault current.

The procedure, as given by Urmston (Ref. (26)) is os follows;

“Pressure is then applied, and when the breakdown occurs the fault

current is limited to 3 or 4 mA., and a preliminary balance made.
The current is then increased to 40 or 60 mA., and the balance
readjusted.*’

The cable voltage is usually low when the fault is fully broken
down, but the voltage may rise very suddenly if the fault clears, and
this necessitates the precautions regarding insulation of the slide-

wire in order to safeguard the operator. The spark-gap, which is

set to about *01 in. by micrometer, is lot the protection of the

galvanometer and slide-wire when the fault resistance falls, at
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breakdown, resulting in the discharge of the cable. The inductance

of the galvanometer and bridge circuit cause this discharge current

to pass across the spark-gap rather than through them.

If a and 6 are the resistances of the slide-wire ratio arms at balance

(see Fig. 259), and c and d are the resistances of the cable lengths

to the fault, then

a ~~
c

or
d -|- b

a

. . c

c + d

c

a(c + d)

a + 6

Thus, assuming the resistance of the cable-loop, per unit length,

to be uniform, and calling the total length of the loop L, we have

—

Distance of fault from point A =
a + b

The resistance and length of the short-circuiting strap may be
assumed negligible.

High-frequency Tests. It has been stated already that the

behaviour of insulating materials at high frequencies is very different

from that at ordinary commercial frequencies. This is largely due
to the very much greater dielectric power loss, within the material

at the high frequency. The heat produced by this power loss tends

to produce breakdown of the insulation at voltages which are

smaller than those at which breakdown occurs when the frequency
is low. Such tests are useful, also, in the detection of lack of homo-
geneity in compound-filled porcelain insulators.

Two kinds of high-frequency high-voltage tests are carried out

—

(a) Tests with apparatus which produces undamped high-fre-

quency oscillations.

(b) Tests with apparatus producing damped high-frequency

oscillations.

(a) Undamped oscillations do not occur in power systems, but are

useful for insulation testing purposes, especially for insulation to be
used in radio work.

High-frequency alternators have been used for frequencies up to

30,000 cycles per second, and high-frequency arc generators have
also been used, but these have the disadvantage that smooth voltage

variation is difficult.

Fig. 260 shows a valve circuit used by the Metropolitan-Vickers

Electrical Co., Ltd., for such tests. Voltage variation is effected by
variation of the coupling between the anode circuit of the mam
valve, and the secondary circuit, by means of the variometer if,

or by variation of the anode voltage of the valves. The voltage

obtainable is 150 kV, and the frequency 100,000 cycles per second.
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(6) Damped high-frequency oscillations are obtained by the use of

a Tesla coil, together with a circuit containing a quenched 8pai:k-gap,

as shown in Fig. 261. The Tesla coil constitutes the high-voltage

transformer. It consists of two air-cored coils which are placed

(Metropolitan- Vtckern Elec. Co,, Ltd.)

Fio 260. High-frequency Testing Equipment fob 160 kV

concentrically. The high-voltage secondary coil has a large number

of turrit and is wound on a frame of insulating material, the insu-

lation between turns being air, or in some cases, oil. If the Tesla

c*()il is oil-immersed, the spacing between turns can be made smaller

Tr/^^er Gap i i
Fig. 261. Circuit for High-voltage Tests with Damped

High-frequency Oscillations

than when air is the insulation. The primary winding has only a

few turns, wound on an insulating frame. The supply is usually

50 cycle A.C. to the priuiary of a high-voltage testing transformer,

although a valve rectifier may be used on tha necdiidary side of this

transformer to give a D.C. supply to the primary side of the Tesla
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transformer. Two condensers, Cp and (7* are connected in the

primary and secondary circuits respectively, of the Tesla trans-

former. (7p is an air condenser. (7, is usually made up of a sphere-

gap, for voltage measurement purposes, the internal capacity of

the secondary winding of the Tesla coil, and the capacity of the

apparatus under test, the latter being usually small in comparison
with the other two. The primary circuit of this transformer also

contains a trigger spark-gap.

Assuming the supply to the primary of the Tesla transformer to

be alternating—as it usually is—the condenser (7^, is charged to

some maximum voltage, which depends upon the voltage on the

secondary side of the supply transformer, and upon the setting of

the “trigger-gap.” At this voltage value the trigger-gap breaks

down, the condenser (7^ discharges, and a train of damped oscilla-

tions, of high frequency, is produced in the circuit containing

the spark-gap, and the primary winding of the Tesla transformer.

During the time taken for this train of oscillations to die away (this

time being a very small fraction of a second), the spark-gap is con-

ducting, due to the formation of an arc across it.

This charge and discharge of condenser Cj, takes place twice in

one voltage cycle—i.e. in 7^ sec. for 50 cycle supply. Thus there

will be 100 of these trains of damped oscillations per second.

The frequency of the oscillations themselves is very high

—

100,000 cycles per second being a usual value—its actual value de-

pending upon the inductance and capacity of the oscillatory circiiit.

B. L. Goodlet (Ref. (26) )
states, in connection with the test frequency to be

adopted, that “to the author’s knowledge the highest frequency oscillation

from which any serious trouble has been experienced on any transmission
system is 80,000 cycles.” He also gives results of tests which show that the
spark-over voltage of an insulator is very little higher at about 600,000 cycles
than it is at 100,000 cycles, and suggests that 100,000 cycles per second is

therefore the maximum required for testing purposes.

The frequency is given approximately by the expression

/=-^=
2Wljo^

where is the inductance of the primary circuit of the Tesla

transformer.

Oscillations are induced in the secondary circuit of the Tesla

transformer by oscillatory current in the primary, and these will be
of the same frequency as those in the primary circuit if the secondary
inductance and capacity are adjusted so that the two circuits are

in tune—^i.e. if LjOj, = LgCg— and (7, being the inductance and
capacity of the secondary oscillatory circuit. In this way a series

of trains of damped oscillations are applied to the apparatus under
test, connected as shown.
To prevent the energy of the oscillatory discharge from surging
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backwards and forwards between the primary and secondary circuits

of the Tesla transformer, the trigger spark-gap must be quenched
by air-blast cooling. This is helped by using a rotating spark-gap,

A sphere-gap is used for voltage measurement, and if the wave-
form of the Tesla secondary voltage is required a cathode-ray

oscillograph—which is the form of oscillograph most suited to high-

frequency observations—must be used. Accurate measurements of

the high-frequency voltage are not always required, as such tests

are often carried out by allowing high-frequency discharge to take

place across the surface of an insulator for a certain time, and
observing its effect upon the insulator. The frequency of the dis-

charge is obtained from the constants of the oscillatory circuits.

Voltage and Frequency Values in the Oscillatory Circuits. The voltage
rolatiouships in the piinioiy 8ind gv c >r'dar>’ oirci-itej of the Tesla transformer
oan be determined «pproxijnateU (K' K (26))

—

i/6t - -naxiTTinm voliago U» m ,-ic*h the primary condenser (7^ is charged,

,, F. - TAaxirmun voltage t*> virhi<>} the secondary condenser O- is

charged.
I'hen,

Energy m primary condenser :t b^oakdo^^^l of trigger-gap = ^ ^

v

This energy is passed to the secondary circuit, with some loss due to
resistance and dklcct-nc tisses, and to the fact rJint the electromagnetic
ctuipling betw'een Lhe two circuits js not perfect.

Energy given to secondary circuit .=
^ C^Fs^. If £:#is the efficiency of the

energy transfer, then ^

h c V ^ ^ p - a V *

2 S
r

5 • t, • JO
r p

or

Thus.

T7 2
^ S

e
Os

To determine the oscillation frequencies in the two circuits, let M be the
mutual inductance between the two windings of the Tesla transformer. Let
Jp and Ig be the currents in the primary and secondary oscillatory circuits,

respectively. Then, using the symbolic notation and neglecting the resistances
of the two circuits, since these are usually small compared with the other
impedances in the circuits, we have

—

For the primary circuit,

= Q (236 )

(o) being 27t X frequency).

In the secondary circuit,

I. . (237)

is jcoM

jcoL

j(oLg -
coC,

jcoM
Then

j
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=“”• - die, + ^

+

1;

-

»

Let -—= = K® or iiC — • 7——

(K is the “coefficient of coupling’* of the circuits.)

Then +

or «,• (1 - JC*) - ,V - rW + ....r r TT^L,G, ^ co>L„Lfi^C,

Factorizing, we have,

since when the two circuits are tuned.

ar —

= .. 1
X
—

2n\/Z,,C,(l - K)

—

-

1
w —

L,C,{1 + K)

A = 1

2TtVLfi,(l + Kj
(/a being another value of the frequency)

Now, K is usually small compared with L^pj, and so that

as previously stated, the frequency is given, approximately, by

/ = . . . (238)
1-n^LjO^ 2WL,C,

With regard to the closeness of the coupling between the two
circuits of the Tesla transformer, Goodlet Qoc. cit.) points out that

if this is very close an impulse effect will be obtained rather than an
oscillatory one, and, if the coupling is very loose, the conditions

existing with undamped oscillations will be obtained.

Surge or Impulse Tests. In surge tests it is required to apply
to the circuit or apparatus under test, a high direct voltage whose
value rises from zero to maximum in a very short time and dies

away again comparatively slowly—^i.e. a voltage having a very
steep wave-front and a fiat tail—^is to be applied. This is done by
means of a circuit due to Prof. Marx, and called the Marx circuit

after him. The connections of one such circuit—of which there are

several modifications—are shown in Fig. 262.

Cj, Gj, and are condensers which are connected in parallel

with high resistances, etc., between them. These resistances

are usually in the form of tubes of salt water, and the resistance of

each may be about J megohm. /S,, and 8^ are trigger spark-gaps.
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The condensers are charged, in parallel, from a high-tension

transformer, through a rectifying valve. At a certain voltage,

depending upon their setting, the trigger-gaps break down and
connect the condensers in series instantaneously. Thus the voltage

between the point T and earth, at this instant, is the sum of the

voltages to which the condensers were charged. The discharge takes

place in so short a time that the energy-loss in the high resistances is

negligible. Thus, the whole of the energy which is stored in the

condensers during charging, is suddenly discharged through the

test circuit when the trigger-gaps break down. The gaps are set

so that 8-^ breaks down at a slightly lower voltage than S^t 8^ at a

slightly lower voltage than 8^, and so on. Then 8
^
breaks down first

and 82 and 8^ follow instantly.

Although only three gaps are shown in the figure, the number of

gaps and condensers may be increased to give any desired multiple

of the charging voltage. The number which can be used successfully

is limited to some extent, however, by the fact that the very high

resistance between the supply and the distant condensers, when a
large number are used, may prevent these distant condensers from
receiving a full charge. A large number of gaps in series also reduces

the impulse voltage obtainable.

Rectifying valves are made for voltages up to 110 kV (at present),

so that with one valve an impulse voltage of 440 kV could be
obtained with the arrangement shown in Fig. 262.

Alternating voltages may be used for charging condensers for an
impulse test instead of using rectifying valves, but the multiplying

circuit described above is impracticable with an A.C. supply, and
also the polarity of the impulse voltage applied to the test circuit

cannot easily be controlled. The latter point is important, since the

polarity affects the spark-over voltage somewhat.
If two rectifying valves are used instead of a single one, the

charging voltage may be doubled and the number of multiplying

stages, for a given impulse voltage, halved. The ccunections when
two valves are used are as shown in Fig. 263. This circuit would
give the same impulse voltage as that of Fig. 262, if the rectifying

valves used were for the same working voltage (110 kV) in each case.
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Steepness of the Wave-front. In this figure a discharge gap is

shown, and also a resistance R, in parallel with the apparatus under
test. These are for the purpose of controlling the shape of the

impulse voltage wave. They are very necessary, and were omitted

from Fig. 262 only for the sake of clearness.

In order to obtain a steeply-fronted wave inductance should be

avoided in the connections of the surge-generating circuit, and the

capacity should be at least 1,000 micro-micro-farads.

The time taken for the voltage to rise to its maximum is usually

less than 1 microsecond, and the time taken for it to die away to

half the crest value is usually of the order of 20 to 50 microseconds.

Fio. 263. Two-VALVE Surge TEsTiNri Circujt

The law of discharge of a condenser Ls

JL
(239)

where e = voltage at any time t seconds, reckoned from the com-
mencement of discharge

E = initial, or maximum voltage (when t = 0)

e = the base of natural logarithms

C = capacity of the condenser

R = the discharge resistance

Obviously when t = CR^

The time t' taken for the voltage to fall to half the crest value

may be obtained as below

—

w X.
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t'

2 =

or = Ci? loge 2 = 0*6950]? (240)

Thus the shape of the tail of the impulse voltage wave can be
altered by variation of the discharge resistance J?. Although not
shown in the connection diagrams, condensers are often connected
across the trigger-gaps to hasten the decline of voltage across them
and thus increase the steepness of the impulse wave-front. These
condensers have also a stabilizing effeci upon the impulse generating

circuit.

A sphere-gap is used for vf»ltage measurement, the calibration

at power frequencies being useil. Owing to the fact that the sphere-

gap and apparatus under test are in parallel, care must be taken in

using the former for voltage measurement. Goodlet (Ref. (26)) sug-

gests that a satisfactory method is to reduce the sphere-gap setting

until, when successive impulses are applied, a discharge takes place,

upon each application, either over the insulator under test, or over

the sphere-gap, the number of discharges being equally divided

between the two. This sphere-gap setting is then used to obtain,

from it/s calibration, the applied voltage.

Impulse Batio. The “impulse ratio” of insulator is the ratio

Minimum spark-over voltage when tested with an impulse voltage

Spark-over voltage when tested at power frequency

This is not constant for any given insulator, but is always greater than unity.

It depends upon

—

() The polarity of the impulse voltage. The spark-over voltage is usually
less, by some 10 per cent, when the insulator pin (in the case of a porcelain
insulator) is positive, than when it is negative.

() The steepness of the impulse wave-front and the time of decay of the
impulse voltage. The highest spark-over voltage is obtained with an impulse
voltage which rises most lapidly to its crest value and also falls away again
rapidly. Goodlet {loc. cit.) gives the figures 1*3 to 1*5 for the mean impulse
ratio in the case of pin-type porcelain insulators, and 1-2 to 1*4 for suspension
insulators.

Notes on the Testing of Insulators, Insulating Materials, and
Cable Lengths. While impulse and high-frequency tests are carried

out, as above described, for research purposes, and by manufac-
turers, in order to ensure that their finished products will give

satisfactory performance in service, the most general tests upon
insulating materials are carried out at power frequencies. Such
tests may be carried out in accordance with the purchaser’s specifica-

tions, and their exact nature then depends upon imlividual require-

ments. So many factors, such as barometric pressuref temperature,

time of application of the testing voltage, and so on, influence the

results of these tests that the British Standards Institution, and
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similar authorities in other countries, have drawn up standard

specifications which state standard test conditions for various types

of manufactured apparatus and materials.

Testing of Porcelain Insulators. 8uch insulators are designed

so that spark-over occurs at a lower voltage than puncture, thus

safeguarding the insulator, in service, against destruction in the

case of line disturbances. Spark-over tests are thus very important

in this case. Spark-over, or surface breakdown, is really due to a

breakdown of the air at the insulator surface, and the voltage at

which it occurs for a given insulator defjcnds upon

—

() The barometric pressure.

() The temperature.
(c) The shape of the electrostatic field.

id) The humidity.
(e) The nature of the contact between the insulator and the

electrodes.

Of these factors, the first two can be taken into account by assum-
ing that the spark-over voltage is directly proportional to the “air

density factor
0-3926

273 -t- i
, 6 being the pressure in millimetres of

mercury and t the temperature in degrees centigrade), provided this

is not very different from unity.

If the electrostatic field has no component in a direction normal
to the surface of the insulator,, the breakdown voltage is simply that

for the air alone, and is practically independent of the material of

the insulator. Usually, however, the electrostatic field lies partly

in the surrounding air and partly in the insulator, and the shape of

this field becomes very important. It is thus necessary to take into

account the disposition of any metal parts, used for mounting pur-

poses, when considering results.

The spark-over voltage decreases with increasing humidity. Dirt

of any kind upon the surface has a similar effect to that of deposited

moisture in lowering the spark-over voltage, and thus for consistent

results upon a given insulator it should be both clean and dry.*

Unless the contacts between the electrodes and insulator are good,

ionization of the air near the contacts will take place, and the

breakdown voltage will be reduced.

The time of application of the voltage may also affect the results.

If the appHed voltage is high, and is maintained for some time at a
value a little below the normal spark-over voltage, breakdown often

occurs.

In addition to the dry spark-over test, rain tests, and tests in a

misty or smoke-laden atmosphere are often carried out, the rain

test being specified in B.S.I. Standard Specification No. 137,

for “Porcelain Insulators for Overhead Power Lines” (3,000-160,000

volts).

See also Kef. (84).
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The requirements of porcelain insulators in this specification are that the

insulator, when dry, shall spark over before it is punctured; that the dry
spark-over voltage shall exceed that obtained in a rain test; and that the

spark-over and puncture voltages shall not be less than certain values—-
depending upon the working voltage of the insulator—which are stated in

the specification.

Regarding the specified “Dry Spark-over Test,” the specification states

that——
“The insulator, complete with metal fittings, shall be tested when dry as

follows—
“A wire of 0*4 in. diameter shall be fixed to the insulator in a manner

similar to that adopted in service.

“An alternating voltage of any frequency from 25 to 100 periods per second,
approximately of sine wave-form, shall be applied between the wire and pin

or other support of the insulator.”

Calibration of the voltage measuring instruments by a sphere-gap is specified.

The test voltage should l»e applied, starting at about one-third the full

test voltage, and increased at about 'ue kilovolt per second until spark-over
occurs.

For the rain test it is specified tliat artificial rain at a temperature of about
15* C., equivalent to 1 in. m 5 min., shall be applied to the insulator, the rain

being dii’ected downwards at an angle of about 45* from the vertical. The
resistance of the water at l5''C. is not to be more than 20,000 ohms per
centimetre cube.

Tn the sf)e<jified puncture test, the procedure is the same as that in the dry
spark-over test, except that the insulator is to be immersed in oil during the
test. The application of the test voltage should be at the rate of approxi-
mately one kilovolt per second until the insulator is punctured.
A rou ine high-voltage test which is specified states that an alternating

voltage of approximately sine wave-form, and of any frequency between
26 and 100 cycles per second, and whose value is just sufficient to cause
spark-over, shall be applied to the insulator and maintained for five minutes
without causing the insulator to puncture.

Potential .Distribution Along a Suspension Insulator
String. Owing to the earth capacitances between the metal fittings

(caps and pins) of an insulator string and the, supporting tower or

pole, the potential distribution across the various component units

of the string is by no means uniform. The potentials across the

units adjacent to the line conductor are much greater than those

across units nearer to the supporting cross-arm. If all the units are

identical, the consequence is that the “string efficiency,” i.e. the

ratio
breakdown voltage of the complete string

^

breakdown voltage per unit x number of units

Measurement of the potential distribution along such a string

may be carried out in the laboratory by either (a) direct measure-

ment or (b) a potential divider or null method. These methods may
be understood from the simplified diagrams of Fig. 263a, in which
(a) shows the direct method and (6) the potential-divider method.
In (a) a small test spark-gap is employed, set to spark over at a

voltage e across it. The potential F across the string is brought up

* Far a fuller discussion of the question, see Ref. (78); also F. W. Peek,
Trans, AJ.E,SJ.f Vol. XXXI, p. 907; or H, Cotton, The Tranamissim and
Distribution of Electrical Energy,
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to such a value as to cause the gap to spark. The connection P is

moved from one unit to another down the string, and for each

position the required value of F for gap spark-over is determined.

The results give the percentage voltage drops e/F for the various

portions of the string.*

Although this method is very simple and involves only a capaci-

tance ciurent, which does not cause pitting of the spheres, it is

rather rough, and the presence of the exploring wire, unless this is

correctly placed, may influence the electrostatic field distribution.

Again, the capacitance of the gap itself may be comparable to that

of the insulator units. In Method {b) the contact M is moved until

the indicator shows zero, when the potentials of M and P are

4 I 4

«t) (b)

Fig. 263a

obviously the same, so that that of P is known, for a given applied

voltage F, from the calibration of the potential divider.

The potential divider may be a resistance or condenser, or it

may be replaced by a separate source of supply. This source, either

from an induction regulatorf or a second alternator driven in syn-

chronism with that supplying the insulator string, must be in the

same phase and of the same wave form as the supply volts F.

The indicator! may be: (i) a spark-gap; (ii) a neon tube of

special construction
;

(iii) an electrometer across a high resistance

;

(iv) a vibration galvanometer in series with a high resistance
;

or

(v) a triode.

The use of an electrometer for the measurement of high alter-

nating voltages has been described by P. W. Baguley and H. Cotton.
||

They used a Lindemann electrometer, which is a very useful instru-

ment for the measurement of very small currents. The instrument,

* See K. H. Marvin, Trans. A.I.EE,, January and June, 1916.

t Drewnowsky, fur EUktrotechniky Vol. XXVII, p. 229.

j See also A. Schwaiger, “Voltage Distribution for Insulator Suspension
Chains,“ E. <md Af., No. 60, 1919; and “Theory of the High-voltage Insu-
lator,” E.T.Z^t No. 43, 1920; and E. and Af., No. 38, 1920; also Sobering
and Raske, E.T.Z., Vol. LVI, p. 76, 1936.

Il
World Pou>er, ^Vol. XIX, No. CXI, March. 1933.
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described by F. A. Lindemann and T. C. Keeley,* is manufactured
by the Cambridge Instrument Co.

Testing of Insulating Materials. In the case of such materials

it is not the voltage which produces spark-over breakdown which is

important, but rather the voltage for puncture of a given thickness

(i.e. the dielectric strength). The measurements made upon insu-

lating materials are usually, therefore, those of dielectric strength

and of dielectric loss and power factor, the latter being intimately

connected with the dielectric strength of the material.

The nature of the breakdown of gases is comparatively simple,

the electrostatic held strength at which it occurs being constant for

any gas at a given temperature and pressure, provided the field is

homogeneous. Comparatively recentlv it has been realized that the

breakdown of solid insulating mat< rials is not of so simple a nature,

and does not oc(mr simply wh’>fn the apfhi. d potential gradient, or

field strength, exceeds a certain critical value, regardless of other

conditions.

It is found that the die trie strength of a given material depends,

apart from the chemical and physical properties of the material

itself, upon the following factors

—

() The thickness of the sample tested.

() The shape of the sample,

(c) The previous electric and thermal treatment of the sample.

(d) The shape, size, material, and arrangement of the electrodes.

(e) The nature of the contact which the electrodes make with the

sample.

(/) The wave-form and frequency of the applied voltage (if

alternating).

(g) The rate of application of the testing voltage and the time

during which it is maintained at a constant value.

{h) The temperature and humidity when the test is carried out.

(i) The moisture content of the sample.

It is obviously very necessary, therefore, that tests shall be carried

out under standard conditions, and with standard sizes and shapes

of both sample and electrodes if the results are to have any real

significance.

The Nature of Dielectric Breakdown. The theory of breakdown which has
been most generally adopted of recent years, and which most satisfactorily

explains the observed phenomena, is the Thermal theory. K. W. Wagner
first attempted to give a definite nmthematical theory of thermal breakdown,
and Prof. Miles Walker, during a discussion on E. H. Rayner’s paper on
‘‘High-voltage Tests and Energy Losses in Insulating Materials” {Jour.

Vol. XLIX p. 3) stated the essentials of the theory, which are as follows

—

Dielectric losses occur in insulating materials, when an electrostatic field

is applied to them. These losses result in the formation heat within the
material. Most insulating materials are bad thermal conductors, so that, even
though the heat so produced is small, it is not rapidly carried away by the

Phil. Mag., 1924. Vol. XLVII, p. 677. -
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materia.!. Now, the conductivity of such materials increases considerably
with increase of temperature, and the dielectric losses, therefore, rise and
produce more heat, the temperature thus building up from the small initial

temperature rise. If the rate of increase of heat (Sssipated, with rise of tem-
perature, is greater than the rate of increase of dielectric loss with temperature
rise, a stable condition (thermal balance) will be reached. If, however, the
latter rate of increase is greater than the former, the insulation will break down
owing to the excessive heat production, which bums the material.

Now, the dielectric losses per cubic centimetre in a given material and at a
given temperature, are directly proportional to the frequency of the electric

field and to the square of the field strength. These facts, together with the
thermal theory, explain the decrease in breakdown voltage with increasing

time of application and increasing temperature, and also the dependence of

Specimen in form of flat sheet
not less than 4" diam., containing

recess to receive the electrodes

Electrodes

Two r'diam. spheres

"'Thickness of ebonite between

spheres - 20 mils.

{By courtesy of the B.S.I.)

Fio. 264. Arrangement of Electrodes for the Testing of
Ebonite

this voltage upon the shape, size, and material of the electrodes and upon the
form of the electric field.

For the mathematical treatment of the thermal theory, the reader should
refer to Refs. (27), (28).

Importance of Dielectric Loss Measurements. From the abov6 it

will be realized that the measurements of dielectric loss in insulating

materials are very important, and give a fair indication as to com-
parative dielectric strengths of such materials. In the case of cables,

dielectric loss measurements are now generally recognized as the
most reliable guide to the quality and condition of the cable.

The measurement of dielectric losses was dealt with in Chapter IV.

Directions for the Testing of Solid Specimens. A number of reports

issued by the British Electrical and Allied Industries Research
Association* give directions for the study of insulating materials

of all classes, including solid dielectrics, papers, fabrics, varnishes,

and oils.

The following extracts from the B.S.I. Standard Specification (No. 284

* See references at end of chapter.
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(1931) )
for “Ebonite for Electrical Purposes,” will serve to indicate what pre-

cautions are to be taken and what methods adopted in the testing of ebonite,

which may be taken as a typical solid dielectric.

“Electric Strength. The ebonite, when of a form and thickness rendering
the test possible, shall withstand for one minute without breakdown the fol-

lowing test-voltages when applied in accordance with the method described
in Appendix VII

—

For Grade I—2,250 volts per mil (90 kV per mm.).
For Grade II— 1,500 volts per mil (60 kV per mm.).”

Appendix VII gives the following method

—

“A sheet or disc of the material, not less than 4 in. (101*6 mm.) in diameter,
shall be taken and recessed on both sides so as to accommodate the spherical
electrodes described below, with a wall or partition of the material between
them 20 mils (0*508 mm.) thick, as shown in Fig. 4.

“The test shall be carried out at a temperature of from 15® C. to 25® C.
“The electrical stress shall be applied the specimen by means of two

1 in. diameter spheres Ottiiig into fm' recesses without leaving any clearance,
especially at the centre.”

“Fig. 4,” referred to in the extrac', is reproduced in Fig. 264. It is further
specified that the specimen shall bt) con<litioned, before testing, by being
“subjected to a controlled atmosj»here ha^/ing a relative humidity of 75 per
cent at a temperature of from 15® C. to 25° C. for not less than 18 hours,”
after which it must be tested, withm three minutes after withdrawal from the
controlled atmosphere. The applied voltage is to be of approximately 50 cycles

frequency and of sinusoidal wave-form. This voltage must be commenced at
about one-third the full value and increased rapidly to the full testing voltage.

It is laid down also that the power factor shall not exceed 0*6 per cent for

Grade I and 0*8 per cent for Grade 11 when tested at 800 cycles per second by
the Schering Bridge method.

The Testing of Insulating Oils. In B.8.I. Standard speci-

fication (No. 148 (1927) )
for “Insulating Oils for Electrical Pur-

poses (excluding Cables).’' the method of applying the testing

voltage (which must be alternating, of approximately sine wave-
form, and of frequency between 25 and 100 cycles per second)

which is recommended, is shown in Fig. 265, taken from the

specification.

It is specified that

—

“ The minimum internal dimensions of the test-cell shall be 65 mm.
X 90 mm. X 100 mm. high.

“The electrodes shall be spheres of 13 mm. diameter, preferably of brass,

arranged horizontally with a separation of 4 mm. (0*167 in.). The electrodes

shall be inunersed in the oil to a distance of not less than 50 mm. (2 in.) from
the surface.

“The volume of the oil for each test shall not be less than 300 c.c.

“The temperature of the oil shall be between 15*6® C. and 20® C.”
On account of the serious effect of suspended solids and moisture in the oil,

upon the electric strength, great care must be taken in preparing the oil

sample for test and in cleaning the test-cell.

Cable Testing. The cable tests which have been already de-

scribed in this chapter have been tests upon cables already installed.

Acceptance tests, which are tests called for by pirchasers before

accepting cables from the manufacturers, are also of importance.

The results of such tests must be a reliable guide as to the probability

of the cables being satisfactory in service.



NOTE • When used, the test cell is to be stood In a thick porcelain
dish or otherwise insulated from earth.

All corners and edges to be well rounded off.

{By oourte^ of the B,SJ.)

Fig. 266 . Apparatus fob the Measurement of the Dielectric
Strength of Oil

reliable information regarding the cable, since the breakdown value,

when the voltage is applied for a considerable time, is usually con-

siderably smaller than that obtained with rapid application of

voltage. Thus, tests with a voltage apj^ed for 15 or 30 min. were
carried out in addition to the rapid tests. As a development of these
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tests, time-voltage curves for short lengths of cable, are now carried

out by some manufacturers (Ref. (29), (30)). These are obtained by
first determining the breakdown voltage for one length with rapid

application of voltage, and then, with other lengths, finding the

length of time required before breakdown occurs, with applied

voltages of gradually decreasing magnitudes for each test length.

For example, if 100 kV produces breakdown of sample 1, when
rapidly applied, and it is found that it takes 5 min. for 90 kV to

produce breakdown of sample 2, 12 min. for 85 kV to produce
breakdown of sample *3, and so on, a time-volttige curve for the

cable can be plotted. This method is suggested by Dunsheath
(Ref. (6)). E, A. Beavis (Ref. (30)) has investigated the question of the

preparation of the ends of the cable lengths for such tests, in order

to avoid breakdown by fiash-over instead of by puncture.

Dielectric loss and power factor tests are regarded as giving the

most reliable information as to the quality of the cable, and such

tests are of greater importance than breakdown tests upon short

lengths.

It is found that the dielectric losses in high-voltage cables do not

increase with the square of the voltage, as is the case with most
simple dielectrics, nor does the power factor remain constant. The
losses increase in proportion .to some power of the voltage greater

than the squai’e and the power factor rises with voltage, these

effects being due to “ionization’" caused by air which is entrapped
within the cable insulation. Measurements of power-factor with
different voltages applied to the cable are therefore made, and the

power factor voltage curve plotted. This should be practically flat

if the cable under test is such as will be satisfactory in service. The
variation of power factor with temperature is also of importance.

In a good cable the power factor should increase very little with
increase of temperature. To investigate this power factor, measure-
ments are made at different dielectric temperatures, obtained by
heating the cable by the passage of current through its cores. The
power factor voltage curve is also obtained when the cable has

cooled after a heat run. This should not be appreciably different

from the curve obtained before the heat run.
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CHAPTER XII

LOCALIZATION OF CABLE FAULTS

The routine testing of cables with high-voltages and the localization

of faults in high-tension cables, using high-voltage B.C., have
already been dealt with in the previous chapter. Only the localiza-

tion of faults in cables which are in service, and for use with the

lower distribution voltages, wiU be considered here.

The faults which are most likely to occur are
:
(a) a breakdown

of the insulation of the cable which allows current to flow from the

core to earth or to the cable ^heftth- -called a ‘‘ground” fault;

(6) a “cross ’ or short-circuit iu which case the insulation

between two cables, or betweeii two cores of a multi-core cable, is

faulty
,
and (r) an open-circuit fault where the conductor becomes

Far* c

£r}d
Fault:

Testing
end

Resistance
to Ground

Ground

Fig 266 Ground Fault on a Single Cable

broken or a joint pulls out. The methods used for locating an open-

circuit differ from those used in the other two cases.

The causes of such faults are numerous and need not concern us.

It is important that their exact position shall be determined, how-
ever, in order that repairs may be undertaken without loss of time

and effort. In most cases the only ways of doing this involve a test

by one or other of the following methods.
In the case of multi-core cables it is advisable, first of aU, to

measure the insulation resistance of each core to ground and also

between cores. If the fault is a “ground” this will enable the faulty

core to be discovered; and if a short-circuit, the cores which are

involved can be determined.
' miavier and Earth Overlap Tests. These tests enable one to find

the position of a ground on a single cable—^i.e. when no other cables

run along with the faulty one.

The case is illustrated by Fig. 266. The total resistance of the

cable, before the occurrence of the fault, is assumed to be known.
Let tliis be R ohms. Suppose also that r is the resistance of the fault

to ground, and that rj and are the resistances of the lengths of

cable, “far end” to fault, and “testing end” to fault, respectively.
*

'
463
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In the Blavier test the resistance between line and ground is

measured, first with the “far end” disconnected from earth, and then
with the “far end” earthed.

These measurements may be made with the aid of a low-tension

supply, and either an ammeter and voltmeter, or a bridge network.

Theory. Let the two measured values of resistance be Mj and M,.

Then Jlsfj
== -f r

= + • •

and i? — fi -f rg

From (i), r =* - r*

Hence, in (iO, M. r, +

(i)

(ii)

(iii)

from which {M^ - r^) {M^ - r, -f r^) -- - r,)
^

Substituting from (iii), we have, after simplifying,

MiAfg - 2M^r^ -f fa* +
or fg* - 2Afaf + M** - Jlf ^ R{M^~ M^)

(r2-M2)^ = (Mi-M2) [R-M,)

Thus r, = il/, ± - Jf,) (,R - ifj) . (241)

Since rg is obviously less than M^y the negative sign in this ex-

pression is the one tc be taken, i.e.

fa = ilfg - V{My- M^) {R - if2 ) . e . (242)

In the “earth overlap” test, the two measurements made are:

first, the reSstMice^^j oetween line and ground, measured from the

testing end,” with the “far end” earthed^* and then the resistance

ifg, line to ground, measured at the “far-end,” with the “testing

end” earthed.

rr,

Then Jtf, = r, +

Jf, = r, +

and, as before, i? = + r^.

By elimination, as in the Blavier test, we have

and also lEEEMl.

(243)

(244)

In each of the above tests, the distance of the fault from either

end is obtained from the resistance between the fault and the end
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by using the known value of the resistance, per unit length, of the

cable.

\ Voltage-drop Tests. These tests can be used when a second cable,

free from faults, runs along with the faulty cable, the sound cable

being used, either as part of the current circuit as in Fig. 267, or

as a potential lead to the voltmeter as in Fig. 268.

Referring to Fig. 267, a large steady current is passed through the

loop formed by the sound and faulty cables, joined together at the

distant end, as shown, by a low resistance connection. The current

is from a number of accumulators, and is regulated and measured
by the resistance R and ammeter A. By means of the throw-over

switch S the voltmeter F, one terminal of which is earthed, is con-

nected first across the section ed of the loop, and then across the

section abed. Let the two readings obtained be Fj and Fg. Since

267 . Sound Cable Used in Conjunction with the
Faulty One

the same current flows through both of these loop-sections (neglect

ing the voltmeter current) we have

Fj Resistance of section ed

Fg
~~

Resistance of section abed

Fj Resistance of section ed

Fj 4“ F 2 Resistance of the whole loop ahede

Now, if the cross-section of the cable is the same throughout the

length, we have

Distance of fault from e Fj

Length of the whole loop Fj + F2

from which the position of the fault can be found. If the cable

cross-section is not uniform, a correction must be applied to allow

for the fact.

The resistance of the voltmeter should be large compared with
the resistance of the fault, since the latter forms part of the volt-

meter circuit, and indeed, this fact constitutes an objection to the

method. Another reason for the high-resistance voltmeter is in

order that the instrument shall not take an appieciabie current and
so introduce errors in measurement.
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In the circuit shown in Fig. 268, the fault resistance does not
enter into the resistance of the voltmeter circuit. In this case the
voltmeter measures the voltage drop across the length ed of the
cable, and the resistance of this length is obtained by dividing by
the current through it (as indicated by the ammeter A ).

The voltmeter resistance should be high, as compared with the
resistance of both the length ed, and of length abed, of the cable,

if corrections for voltmeter current are to be avoided. If the volt-

meter is electrostatic, no corrections are, of course, necessary.

The length ed is calculated, as before, from the known resistance
per unit length. Care must be taken that the current passed through
the length ed of the cable is not sufficient to produce appreciable
heating of the cable, as the resistance per unit length will then be
different from that used in the calculation of length.

The same precaution must be taken in the previous method if

the cable cross-section is not uniform. If the cross-section is the
same throughout, however, the proportionality renders the precau-
tion less necessary, although it is not advisable to pass such a current
as will produce appreciable heating, even in this case.

Tests. These tests can be carried out for the location of
either a ground or a short-circuit fault, provided that a sound cable
runs along with the grounded cable or with the two cables (or cores
in a multi-core cable) which are short-circuited. Such tests have
the advantage that the resistance of the fault does not effect the
results obtained, provided this resistance is not very high, in which
case it may adversely affect the sensitivity.

Mttb^y Loop Test . The connections for this test are shown in
Fig. 269. Connections (a) are for a test for a ground fault, and (6)

for a short-circuit fault. Both circuits are essentially Wheatstone
bridge networks, 0 being a galvanometer and P and Q resistances,

or a slide-wire, forming two ratio arms. Referring to Fig. 269(a), the
bridge is balanced by adjustment of P and Q until 0 indicates zero
deflection.

Then,
P R
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P + Q R + X
Q ^ X
Q XX

- P + Q R + X 2r
(245)

where r is the resistance of one of the cables when free from faults.

The value of r may be obtained from the lengths, cross-sections, and

temperatures of the two cables, all of which are assumed to be the

same for each. The distance of the fault from the lower end of

resistance Q may then be obtained from the value of X obtained as

above.

It should be noted that the resistance of the fault enters only in

the battery supply circuit, and, provided it is not sufficiently large

to reduce the sensitivity, will not affect the results.

In Fig. 269(5), the connections are practically the same as in the

ground test, except that a portion of one of the short-circuiting

cables is substituted for an earth path in the battery circuit. Balance

is obtained as before, by the adjustment of P and Q and, at balance^

Q_R
p-

X

P X
P + R + X

. (246 )

The total resistance {R + of the loop is assumed to be known,

so that X, and hence the distance of the fault from the upper end
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of P, may be calculated. Again, the fault resistance enters only into

the battery circuit.

Varley Loop Test. This test makes provision for themeasure-
ment of the total loof resistance instead of obtaining it from the

known lengths of cable and their resistance per unit length. The
connections are shown in Fig. 270 for .both the ground and short-

circuit tests

—

(a) and (b) respectively. In this loop test the ratio

arms P and Q are fixed, balance being obtained by adjustment of

a variable resistance S, placed in series with the section of the loop

having the smaller resistance. When balance is obtained, with the

Fig. 270a-« Varlev Loop Test fur Ground Faudt

Fig. 270i3. Valu-ey Loop Test for Short Circuit Fault

throw-over switch, in the battery circjiit, on contact c, then, in

either test, the magnitude of the resistance X may be obtained from
the setting of S for balance, together with the values of P and Q
and of the resistance R + X (i.e. the total resistance of the loop).

At balance, in either the ground or short-circuit test,

P R'

or

Hence,

or

Q'^ X + S
P-f"^ R ~h X -j~ S

^ + P + «

fr Q (ii + X -f- S) - 5" (P + Q)

F + Q
~

e(Jl-{-X)-SF
F + Q

. (247)
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Now, P, Qt and 8 are known. R X may be measured by throw-
ing over to contact d and obtaining a balance by adjustment of 8
as in the ordinary Wheatstone bridge network. In the ground test,

as connected in Fig. 270a, at balance

P R + X

where 8^ is the new setting of 8. Thus R X can be found. In
Fig 270b, at balance,

P 8^
Q'-^ R + X

where 8^ again is the required setting of 8^ for balance. The mea-
sured value of P + is then used in the calculation of X, from
whose value the position of tixe fault is obtained as before.

Fisher Loop Test In this ti^st, developed by H. W. Fisher, two
sound conductors, running from tue testing end to the far end of

the faulty cable, must be available. The lengths and resistances of

these two conductors need not be known, but the length and resis-

tance of the faulty cable must be known.
Two balances of the bridge network are necessary, the two con-

nections for these being as shown in Fig 271 (a) and (6). In the
first te&t, one of the sound cables— -of resistance J7j—is left dis-

connect xl, and in the second test it is merely used as a lead from
the battery to the far end of the faulty cable. R^ is the resistance

of the other sound cable, while x and r are the resistances between
the fault and the testing end, and between fault and the far end
respectively.

Theory. Let Fj and be the balance values of P and Q in the first test,

and Pj and their values in the second test.

Then.

and

Pi _ r

Qi X

P

t

_ P-z

<?2 a; + r

Pj IS eliminated as follows

—

^ 4. 1 == -f - = Pj f r -f a?XX X

4. 1 ^ ^ ^ Pg -f r -f- y

Qz a;-fr x + r oj-fr

{248)

x6—(T.5700)
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If the resistance per unit length of the faulty cable is uniform, we

have
Distance of fault from testing end

X^otal length of faulty cable

4- 1

'

Q,

Fault Localizing Bridges. Sev^al forms of fault-localizing bridge,

which are portable and are arranged for determination of the dis-
tance of a fault from the testing end directly {i.e. without calcula-
tion), are made up by different manufacturers. Fig. 272 shows the
connections and lay-out of the Raphael bridge, developed by F. C.
Raphael, and manufactured by Messrs. Muirhead & Co., Ltd. It
consists of a double slide-wire, with a scale, and two movable con-
tacts S and P. The former contact connects one end of the cable
loop to any point on the bridge wire, while P is the sliding contact
for balance adjustment. The galvanometer and battery are con-
nected to the cable loop, as in the Murray loop test (Mg. 269(o) ).

In carrying out a test for a ground fault location, the contact S
is plac^ in such a position on the slide-wire that the number of
scale divisions of the working portion of this wire is a convenient
multiple of, or is the, same as, the length of the loop in yards. P
is then moved until balance is obtained, when the scale reading
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opposite P gives the distance of the fault from the testing end, in

yards, directly.

The relationship at balance is the same as in the Murray loop test,

namely, = I
Corrections to be Applied in Loop Tests. If a ratio Ruch as

Resistance to fault

Resistance of the whole loop

is, in one of these tests, determined in terms of resistances in the bridge ratio

arms, it is ol>vi()nsly only equal to

Distance to fault

Length of the whole loop

if the cable section (and also the iemperatuie) is uniform throughout the loop.

If this is not so, corrections must Ijc upplied.

Gatvanomete^

(Muirhead)

PxG. 272, Raphael Fault Localizing Bridge

Correction when the Cross-section and Length of both Faulty and Sound Cables

are Knovm.

Let Lf ~ length of faulty cable.

„ Gy — cross-section of faulty cable.

,, L, = length of sound cable.

„ a, = cross-section of sound cable.

Then, equivalent length of the whole loop is -f- L,
. ^ and this length

must be used in calculating the distemoe to the fault, instead of the actual

length of loop. If resistances of the two cables, per unit length and are

used instead of cross-sections, the equivalent length is Ly. -f L, ^ . Tempera-

ture corrections are applied in a similar way if the temperatures of the two
cables are known or can be estimated with reasonable accuracy.

Correction when the Cross-section of the FauUy Cable is Not vnifortn. Sup-
pose the faulty cable consists of a number of sections, in serie \ these sections

having different resistances per unit length. Let L,, L,. etc., be the lengths

of these sections, and r^, f|, r^ etc., be their resistances per unit length. Then,
the first section has resistance the second L^r^, and so on. If x is the
Fesistanoe—obtained by measurement—of the cable from testing end to the
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ffttilt, it is first necessary to determine in which section the fault exists. Thus,
if » is greater than but less than the fault is

in the third section, and its chstanoe L along this section from the point of

junction with section 2 is given by

L = (249)

As mentioned above, temperature corrections must also be applied if any
appreciable difference of temperature exists between the various sections. It

may be necessary, also, to correct for the resistance of joints if these are
niunerous.
Although other cases requiring corrections exist, enough has been said to

indicate the method of applying such corrections in any particular case.

‘^ts tor an Open-circuit Fault If a complete disconnection

occiirriins'ca^^ fsnrit-burning clear without causing

a ground fault, or on account of the cable being pulled out at a

joint—^its position may be found by a capacity test. The capacity

of a cable, to ground or to another parallel conductor, is proportional

to the length of the cable. If the capacity C of the whole length of

the cable, when sound, is known, and the capacity Cg^ of the length

between one end and the fault is measured, the distance of the

C
fault from the testing end is X length of the whole cable. If the

C
capacity C is not known, tests must be carried out from each end
of the cable, the sum of the two capacities so measured will be the

capacity (7. The distance of the fault from either end can then be
obtained as above.

A ballistic galvanometer may be used for the measurement of

capacity, or, alternatively, an alternating current bridge method,
using a high-frequency generator and telephone detector, may be
employ d.

Connections for the measurement of the capacity of the cable up
to the fault are shown in Fig. 273, two alternatives being given.

The first method of measurement is by direct deflection, using a

ballistic galvanometer. (7 is a standard condenser. The galvano-

meter BG is shunted by an Ayrton shunt. The galvanometer throw
is first observed when the capacity represented by the cable-length

is charged from the battery, the standard condenser being then out

of circuit. This condenser is then substituted for the cable by means
of the switches shown, and the galvanometer “throw’" produced,

when it is charged from the same battery, is observed. If and
Eg are these two throws—corrected if necessary for variations of

the shunting powers in the two cases—we have

Capacity of cable-length to the fault

Capacity of standard condenser

In the second method a condenser bridge is employed, the supply

being a high-ftequency generator, and the detector T a telephone.
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The cable capacity is then measured in terms of the standard con-
denser C, the non-inductive resistances P and Q being adjusted to

give a balance of the bridge, when

Capacity of cable-length to the fault Q
Capacity of standard condenser ~~ P

The distance to the fault is then obtained, as described above,

from this measured value of the capacity, up to the fault, compared
with the capacity of the whole cable.

An open-circuit fault locator operating on this principle is manu-
factured by Messrs. H. W. Sullivan, Ltd. A Kelvin-Varley slide

wire is used for the ratio arms P and Q,

Induction Method of Testing, This method, which is used for

the localization of ground faults in cables, can only be successfully

employed when the cable has no metallic sheath or armouring. It

is, however, useful for the localization of such faults in vulcanized

bitumen cables, and has the merit of discovering the fault directly

without reliance having to be placed upon calculations, or upon
assumptions as to cable resistance.

A battery and interrupter are used to send an interrupted direct

current through the faulty cable. An exploring, or search coil, to

the terminals of which a telephone receiver is coimeoted, is then
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placed with its plane parallel to the direction of the cable as shown
in Fig, 274. This coil consists of about two hundred turns of 26 or

30 S.W.G. wire, wound on an equilateral triangle former of about
3 ft. side.* The intermittent current in the cable induces an E.M.F.
in the coil, and a note is thus heard in the telephone receiver. If

the search coil is moved along the cable in the direction of the

fault, this note will cease immediately the fault is j)a8sed, since the

Fio. 274 . Induction Metfod or Loc atinc a Ground Fault

testing current there passes to earth, and from thence passes to the

earthed terminal of the testing batte^3^ The position of the fault

is thus directly determined from the cessation of the telephone note.

If the cable is lead-covered or is armoured, the method is rendered

uncertain, owing to the currents flowing in the sheath (which is

connected to the cable at the fault) and to the magnetic shielding

effect of the steel armouring in the latter case.

A test set on this principle, containing an impulse generator as

well as two different forms of search coil, is the “P & B” Cable
Tracer and Fault Locator, made by Price and Belsham, Ltd. From
the point of view of tracing the run of an underground .cable the

magnetic shielding effect of the armouring is negligible.
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CHAPTER XIII

ELECTRICAL METHODS OF MEASURING TEMPERATURE

General. The methods of measuring temperature, which are most
important, are

—

(a) By mercury thermometers.

(^) thermometers.
(c) By pyrometers.

Pyrometers are instruments, or pieces of apparatus, which are

generally used for the measurement of temperatures above the
range of the ordinary thermometers, although some pyrometers
can be used also for the mmmrement of temperatures which are

within this range. There ar<^ four types of pyrometers, namely,
platinum resistance, thermo-electric, radiation, and optical pyro-

meters. Of these, the first three are electrical instruments, and it is

with these that we are most concerned in this chapter, although in

the commonest form of optical pyrometer electrical measurements
are involved.

Mercury thermometers are generally used for temperatures up to

about*300® C., mercury remaining liquid over the range ~39®C.
to 357® C. If the mercury is under pressure of an inert gas such as

nitrogen or carbon dioxide, the boiling point is increased so that

temperatures up to 540® C. may be measured. To avoid trouble

from softening of the glass quartz tubes containing mercury, under
gas pressure, can be used up to 700® C. Tin, which melts at 232® C.,

has b^n used instead of mercury for temperatures up to 1000® C.

Oas thermometers depend for their operation upon the fact that

for certain gases, the change in volume, at constant pressure, or

the change in pressure, at constant volume, as their temperature
varies, obeys a regular law. They are therefore used as standards

for the measurement of temperature and, although such thermo-
meters are not suitable for commercial and ordinary laboratory

measurements, they have been used to determine the melting points

of a number of metals. These melting points, once established, may
be used in the calibration of other—and more convenient—instru-

ments for temperature measurement. Gas thermometers have been
used up to 1550® C., and their probable error has been given by
A. L. Day* as ± 2® C. He also gives the melting points of a number
of metals, including that of pure platinum, at 1755® C.

The change in electrical resistance, corresponding to any given

temperature change, is found to be a perfectly constant quantity

* TranMCtionB of ihe Faraday Society

,

November, 1911, p. 142.
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for any given piece of metal. The thermo-electric E.M.F., set up
in a given thermo-junction of two dissimilar metals, for any given

change in temperature, is also quite definite. Since both electrical

resistance and E.M.F. can be conveniently measured with ^reat

precision, electrical pyrometers, depending upon these effects, form
very convenient and sensitive methods of measuring temperature.

Mectrical Resistance Pyrometers. These pyrometers may be used
to cover a range from - 200° C. to 1200° C., readings to 1° C. being

possible when the resistance material is platinum, as it usually is.

The law of resistance variation with temperature has been fully

investigated by Callendar and Griffiths, using an air thermometer
as standard. Copper and nickel have also been used for low tem-

perature ranges—up to about 10o° C. The chief requirement of

the materials used in such thermometers is that their resistance at

a certain temperature must be the same after subsequent heating

as it was before the heating. Again, the change in resistance, per

degree alteration in temperature, should be as large as possible
;
but

this is not uniform over any large temperature range for any of the

resistance metals in use. Provided, however, the law of variation is

known for any particular specimen, this can be used as a standard

for the calibration of other resistance thermometers. If the material

is suitably chosen, and is properly treated before being used, con-

stancy of resistance at any given temperature can be obtained.

Platinum has been found very satisfactory in this respect. The
resistance thermometer in which such a material is used will com-
pare favourably, as regards constancy, with the best mercury
thermometers, and forms one of the most accurate methods of

measuring temperatures within their range.

Laws of Resistance Variation. The law of increase of resistance of platinum
with increase of temperature has been found to be

Ji^=^ R^{1 (250)

where = the resistance at temperature C.

» O'^C.

and a and ^ are constants. Callendar found that for pure platinum a ~ *0037

and p = -00000057.
For simplicity a single constant k has been introduced, called the “funda-

mental coefficient,” which can be used to express the law of variation of

resistance in the form

R^^R^{l+kt) . . . . . . (251)

With sufficient accuracy for small temperature changes. This constant is

determined by testing a platinum resistance pyrometer with melting ice and
boiUng water—i.e. at 0® C, and 100® C.

Then, if Ry^ and if® are its resistance at 1 00® C. and 0® C. respectively, we
have

- i2o (1 + look)

lOOE^
from whieh
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Then, for the resistance R at any temperature C, we have

or

i? = (1 + ^

(^JW" ^o)= R,

R

0 +

1U +

lOORo

^^joo ~

1(K)

0 fp~ , 1 m
(
262 )

is called the “platinum temperature,” and a correction must be applied
in order to determine the temperature in degrees centigrade.
From the above expression, we have

I

R ~ Rfi

^ Riqo ~ Rq
X 100

is the “fundamental interval,” and is constant for any particular
pyrometer. The correction to bo applied to convert platinum temperatures
to centigrade temperatures is rendered necessary, when higher temperatures
than 100® C. are to be determined, on account of tlie importance of the con-
stant ^ at these temperatures.

If M is the resistance at an actuf I temperature of C.. this temperature is

obtained from the platinum teii!j[>erature from the following expression,
due to Callendar,

'-^<--‘'[lroo)‘-(roo)]
• • • • (263)

This “difference formula” is correct to within up to 600° C., and to

within C up to 1,000° C. The constant d depends upon the purity of the
platinum, its value being J *5 if the platinum is very pure. This constant is

determinjr*d from measurements of the resistance of the pyrometer at three
known te nperatures, namely, those of melting ice, boiling water, and boiling

sulphur, which are 0° C., 100° C., and 444*6° C. respectively.

A calibration curve for the particular pyrometer is used, in practice, to
obtain the centigrade temperatures, instead of using the formula.

C. F. Marvin* found that the resistance of pure nickel varies with tempera-
ture, according to the law

log^ R ~ a ht , . . . . . . (264)

where R = resistance in ohms
t — temperature in degrees centigrade

and a and 6 are constants of the order of 1 and 0*0017 respectively, depending
upon the purity. For a temperature range of - 25° C. to 350° C, the assump-
tion that this law is true will not introduce a greater error than 1° C. If the
range of temperature is small, the error will be under 01° C.

Construction of Platinum Resistance Thermometers. A bare

platinum wire (usually about 0*2 nim. diameter) is wound on a mica
frame, and is enclosed within a porcelain, or fused silica, tjube. This

tube may also be enclosed within a steel tube for protection, its use

being dependent upon the temperature to be measured and upon
the situation of the instrument when in use. The bridge, or measur-
ing circuit, is often situated at a considerable distance from the

body whose temperature is to be measured, and for this reason

resistance changes with temperature in the long leads required, may
introduce errors of measurement, unless compensaving leads are

used. The latter are in the form of a loop of wire, of the same

Physical Retnew, April, 1910, p. 622.
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material as the leads to the thermometer, running along with these

leads and ending in a loop of platinum wire, inside the thermometer
tube, but not connected to the resistance coil. In use, these com-
pensating leads are connected in the opposite side of the bridge to

that in which the thermometer itself is connected. Any temperature

changes which affect the leads to the thermometer also affect the

compensating leads, equally, and thus the

balance of the bridge network is not affected

by them. Copper or steel tubes are sometimes
used, instead of porcelain or silica ones, for

temperatures up to about 700° C. It is essential

that the platinum should be protected from
fumes which iuay corrode it and cause change
of resistance. Joints within the thermometer
itself should be welded, since metallic solderings

give off fumes, when hot, which cause deterior-

ation of the platinum. Also, the platinum

wire is subjected to a special annealing treat-

ment, to avoid subsequent changes of resistance,

when in use, due to strain.

These pyrometers may be used for continuous

work up to about 900° C., and, intermittently,

for temperatures up to 1200° C. Above 900° C.

trouble may be experienced due to deterioration

of both the platinum and of the mica insulation.

The accuracy obtainable is of the order of 0-01°

C. up to 100° C., 0*5° C. up to 500° C., and 3° C.

up to 1000° C.

The construction of a platinum resistance

thermometer manufactured by the Cambridge
Scientific Instrument Co., Ltd., is shown in

Fig. 275.

Method of Use. These pyrometers may be

lii « o-Tc r», ^sed either in a Wheatstone bridge network of

Resistance ordmary type, or in conjunction with an
Thermometer indicating instrument, such as the Whipple

Indicator, which gives the temperature directly.

They may be used, also, with a recording instrument such as the
CaUendar Recorder, which records temperature variations on a
revolving drum. A Kelvin double bridge is used instead of a Wheat-
stone bridge when the thermometer resistance is low.

Fig. 276 shows the connections for the measurement of the change
in resistance of the thermometer with temperature by a Wheatstone
bridge network. P and Q are equal ratio arms. In a third arm are

a variable resistance R and the compensating leads. The thermo-
meter coil is oontaine(| in the fourth arm, with a slide-wire in

between these last two arms, as shown.
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A special bridge, designed for the purpose, is often used, and the
slide-wire is graduated in degrees, the position of the slide-wire

contact for balance of the bridge giving the temperature directly.

Temperature Indicators and Recorders. The Whipple indicator

consists of a bridge of this type, the slide-wire being wound spirally

on a drum. The indicator is calibrated so that the position of the
drum, for balance, gives the temperature directly in degrees.

Other forms of temperature indicators are in the form of a bridge
network, but do not require adjustment of resistance after the
initial balance. If the bridge is balanced at the lowest temperature

Fio 270. Bridge Network for Temperature
Measurements

of the range of the thermometer variation of temperature, producing

resistance variation, will cause a galvanometer current to flow.

This current will depend upon the resistance variation—^i.e. upon
the temperature—so that the galvanometer can be calibrated to

read temperature directly. Errors due to changes of battery voltage

in this form of instrument are avoided by the provision of a standard

resistance, which can be substituted for the thermometer resistance;

and the bridge adjusted to give a standard indication upon the

indicator scale with this standard resistance in circuit.

In the Callendar Recorder, the bridge is kept balanced automatic-

ally by sensitive relays which are operated by the current in the

galvanometer branch of a Wheatstone network. A sliding contact

is moved along a slide-wire by these relays. A drum, whose axis

is parallel to the shde-wire, revolves slowly and carries a chart upon
which a pen, carried by the sliding contact arm, traces the move-
ments of the sliding contact. These movements are proportional

to the temperature variations, and thus a record of the temperature

is made upon the chart.
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The construction of a recorder of this type is shown in Fig. 277,

the makers being the Cambridge Scientific Instrument Co., Ltd.

Fig. 278 shows the Leeds and Northrup Recorder, of a .similar type

operated by a small electric motor.*
Thermo-electric Pyrometers. These pyrometers may be used for

the measurement of temperatures up to 1400° C. They are generally

(Cambndffe Instrument Co.)

Fig. 277. Callendar Recorder

used for less precise work than that for which resistance thermo-
meters are used, and have the advantage of being cheaper than the

latter. They also have the advantage of following temperature
changes with very little time-lag, and are thus suitable for use in

recording comparatively rapid temperature changes. They are very
convenient, also, for measuring the temperature at one particular

point in a piece of apparatus.
If two wires, of different metals, are joined together at each end

so as to form a complete electrical circuit, it is found that a current

Both of these companies have been largely concerned with the develop-
ment of resistance thermometers of various types, and their catalogues give

details of a number of these.



MEASURING TEMPERATURE 481

flows in the circuit if one of the junctions is at a higher temperature
than the other.* This current is the result of an E.M.F. which is

set up in the circuit and which is a function of the temperature of

the “hot"’ junction if the other—the ‘"cold” junction—is main-

tained at a constant temperature. If, instead of the two wires being

directly joined together at the “cold’' junction, two leads are taken

(Leeds <L Northrup Co.)

Fio. 278. Temper A.TURE Recorder

from these ends of the wires to an indicating instrument, tlie thermo-

electric effect is the same, provided the ends are maintained at the

same “cold" temperature.

In thermo-electric pyrometers the E.M.F. set up is either measurexi

by a potentiometer or is allowed to send a current through a gal-

vanometer, connected in the circuit as just described, the galvano-

meter deflection then being proportional to the thermo-electric

E.M.F. if the resistance of the circuit is constant. Since the thermo-

electric E.M.F. is really dependent upon the difference of tempera-

ture between the two junctions, it is necessary to keep the tempera-

ture of the “cold" junction constant, if the temperature of the

“hot" junction is to be accurately measured.

Compensating Leads. The tube containing the thermo-couple itself is

necessarily fairly short. This means that the temperature of the two open
ends of the couple may be very far from constant. For this reason, “comp^-
sating leads** are used to connect these ends to the indicating or measuring
instrument. The materials of these leads are chosen so tlat the thermo-
electric E.M.F.s set up at their junctions with the open ends of the thermo-
couple are equal and opposite, and so neutralize one another. The effect

The “Seebeck** effect.
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obtained is therefore that of removing the cold junction from the thermonwter
head to the terminals of the indicating instrument, or to some point where
the temp^ature is reasonably constant and can be controlled. In the latter

case, hexible copper leads are taken from the constant-temperature point to

the indicating instrument. A “ballast “ resistance is also included in the cir-

cuit. This is a resistance of material having a negligibly small temperature
coeffioientj,^ and its value is made large compared with the resistance of the

rest of the circuit so as to make changes of resistance of the latter with
temperature of no importance.

The complete circuit is as shown in Fig. 279. If a high-resistance

galvanometer is used, the ballast resistance may be unnecessary.

This method of use is most suitable when the temperature to be

measured is very high. In this case the absolute constancy of the

cold junction temperature is not such great importance as when
the temperature to be measured is lower. For lower temperature
measurements the cold junction may be contained within a vacuum

J:

Hot
Junction

Thermometer
Head

7
Thermometer
Tube

" Thermo-Couple

Jotnt Box Indicator3
..j

pH
Ba/iast
Heaia^nce

Fig. 279 . Connections of Thermo-electric Pyrometer

flask, and maintained at a known low temperature, the connections

then being as in Fig. 280.

Thermo-electric E.M.F.8. The law of E.M.F. produced with variation of

the temperature difference between hot and cold junctions may be written

e - a (T-To) 4- 7V) .... (256)

where e — thermo-electric E.M.F. in volts

T and Tq = the absolute* temperatures of the hot and cold
junctions respectively

and a and p are constants which depend upon the metals forming the couple.
This law, obtained experimentally, holds for most thermo-couples. It may

be extended as follows

—

« = (T-T,)[a + + r.n

or e = (T - 2’,)[a + 2fi
]

Expressing the temperatures in degrees centigrade (on the ordinary scale
instead of as absolute values), we have,

or r -(!-(,) to + 2^ X 273 + . . . (263 )

Absolute temperatures on the centigrade scale are obtained by adding
273^ to the centigrade temperature.
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where is the average temperature, in degrees centigrade, of the hot and
cold junctions. Writing y for (a -f- 2/9 x 27’3), we have for the E.M.F. per
degree centigrade temperature difference between the junctions,

= y + . . . . (267)

Wedtnore and Onslow (Ref. (2)) give the thermo-electric E.M.F.s of a number
of metals when used as a thermo-junction with lead—which has no thermo-
electric effect—as the other metal of the junction. The E.M.F.s, in micro-
volts per degree centigrade, are given in the form of the above equation,
taking lead as zero.

For example, compared with lead, the E.M.F.s of iron, and copper, in

microvolts per degree centigrade, are given as

Iron . . . 4 17-34 - 0487^^^

Copper . . 4 1*36 4- -0095^^^,

Thus, an iron -copper couple would give 15*98 - -0582^^,, microvolts per
degree centigrade.

Fro. 280

it can be seen from this expression that when

149s 275= C.

there will be no thermo-electric E.M.F.
Below 276** C. current flows, therefore, from the copper to the iron, at the

hot junction, and above 275® C. from iron to copper.

The rnecm temperature at which the thermo-electric E.M.F. per degree C.

is zero is called the “neutral’* temperature.
A more usual law, which is the one generally adopted for thermo-electric

pyrometers, is

logio e = A logio T 4- R (258)

where e is the thermo-electric E.M.F, in microvolts and T is the temperature
of the hot jimction in degrees centigrade, the cold junction being erf 0® C.,

A and B are constants which depend upon the materials used in the couple.

The E.M.F. produced for any given temperature difference between hot
and cold junctions is constant, at a given hot-junction temperature, for any
pair of metals, regardless of the size of the two wires and of the areas in contact
at the junctions.

Metals used for Thermo-junctions. Two classes of metals are used

in thermo-junctions—base metals and rare metals. The advantages

of the base metal couples are that such metals are comparatively

cheap, and the couples, therefore, may be made more robust than
when exx)en8ive metals are used. They have also a high thermo-
electric E.M.F. The rare metals—usually platinum and platinum
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alloys—are more durable for a given size, and can withstand higher

temperatures, than the base metals. Their thermo-electric E.M.F.s

are somewhat small (about one-fifth as great as those with base

metals), but are more constant than those obtained with the base

metals.

Amongst the latter are couples of copper-constantan, silver-

constantan and iron-constantan. These can be used for temperature

ic ^i^^Corf>ecti&n for Co/clJunc\

/m
ny

,

/I fCofdJunction at20X. \

^^'^'^^\\CorrectmforOX.-
j

+ J >05mvj

. Chromeh^lumel
- - -pJ^-fCoIdJunction at 20X. \

y (Correction Ibr OX^'^dZmv)

Plat V. Plat. Rhodium

Hundreds, ^Centigrade

{Foster Instrument Co.)

Fig. 281 . Voltage-temperature Curves for Thermo-couples

measurements up to 500° C., 700° C., and 900° C., respectively, and
their thermo-electric E.M.F.s in millivolts at 500° C. (the cold

junction being at 0° C.) are approximately 27-8, 27-6, and 26*7

respectively. The Hoskins couple—a nickel wire with a wire made
of an alloy of 90 per cent nickel and 10 per cent chromium—is also

used up to 1100° C., its thermo-electric E.M.F. at 500° C. being

approximately 10 0 millivolts when the cold junction is at 0° C.

Platinum with platinum-rhodium (alloy), and platinum with
platinum-iridium, are rare-metal couples which are commonly used

for temperatures (continuous) up to 1400° C. and 1000° C. respec-

tively, their thermo-electric E.M.F.s at 500° C. being 4*4 millivolts

and 7*4 millivolts respectively.

The laws for these last two couples are

—

For platinum—platinum iridium 10 per cent,

Logic e == MO logic T + 0*89 . . . (259)
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For platinum—platinum rhodium 10 per cent,

Logio e = M9 logio T + 0-52 . . . (260)

e being in microvolts and T in degrees centigrade. The temperature
of the cold junction is assumed to be 0"^ C.

For temperature measurements up to about 80° C. a bismuth

-

antimony couple is often used,

A graph, showing the results of tests upon various
thermo-couples by the Foster Instrument Co., is

given in Fig. 281.

Construction and Use of Thermo-electric Pyro-
meters. The construction of the thermo-electric

pyrometer is illustrated in Fig. 282a, which shows a
pyrometer manufactured by the Cambridge Scien-

tific Instrument Co. for liigh temf>erature measure-
ments (up to 900° C.) in wh'ch the couple is

iron-constanUn.

To protect the thermo-couple, a sheath, sur-

rounding the hot junction, is almost always used.

{Cambridge Inatrument Co.

Fig. 282b. Si RrAci? Pyrometer Fig. 282a
Thermo-electric

Pyrometer

This may be of steel, or nickel-chrome, for base-metal couples

employed at the lower temperatures, but is usually of porcelain or

quartz, in the case of the rare-metal pyrometers for use at the

highest temperatures. Alundum (fused alumina and fireclay) sheaths

are sometimes used also at the very high temperatures. In rare-

metal thermo-couples the wires forming the couple may be about
0*02 in. diameter, but in the base metal couples the wire diameter

is usually about 01 in. The junction itself may be formed by either

twisting or fusing the two wires together.

Fig. 282b shows a thermo-electric pyrometer manufactured by
the Cambridge Instrument Co. for the measurement of the tempera-

tures of surfaces. The thermo-couple takes the form of a thin strip

(about 0*01 in. thick and 0*26 in. wide), consisting of pieces of two
(Ussimilar metals welded together end to end. This strip is flexible
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and, if pressed lightly upon a hot surface such as a heated metal

roller, it conforms to the shape of the latter and makes intimate

contact with it.

The E.M.F. set up in the strip is measured on an indicator whose

scale is graduated directly in degrees centigrade

As previously stated, thermo-electric E.M F s may be measured

either directly by a galvanometer, or by a potentiometer. The

former is the more convenient for most practical purposes, since the

galvanometer may be calibrated—^for a given temperature of the

cold junction -to give temperatures directly. If the galvanometer

{CamhndgB Instrumni CoJ)

Fig 283a. Tbbiperatxjbb: Indicator

has a high resistance, changes of resistance of the thermo-couple
circuit with temperature will introduce no appreciable errors.

Calibration of the galvanometer may be by comparison with another
instrument (already calibrated), or may be carried out by observing

the deflection for a number of known temperatures, such as the

boiling points or melting points of various substances.*

This method of using the thermo-couple may be applied either to

indication, or to the continuous recording, of temperatures.

The potentiometer method, in which the thermo-electric E.M.F.
is measured by comparison with the E.M.F. of a standard cell, is,

however, more precise than the above method.

Special potentiometers for such purposes are manufactured by
various scientific instrument manufacturers, and have already been
mentioned in Chapter VIII.

* For table# of $uoh temperatures, see Ref. (2).
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Fig. 283a shows the construction of an indicator manufactured
by the Cambridge Instrument Co. for use with their thermo-electric

pyrometers. The moving coil, C, of the indicator is suspended

magnetically in the field of the magnet of which D is the pole block.

A and Ai are iron discs, B is an iron core, O and Gi are control

springs, and H and Hi pivots. The magnetic suspension ensures

resilience and protects the pivots against the effects of vibration.

An indicator for the same purpose, manufactured by the Foster

Instrument Co., is illustrated in Fig. 283b. The “Resilia** patent

design of the moving system protects the latter against vibration

by ensuring that the pivots of the coil and the jewels shall not be

separated by such vibration. The pivots are turned inwards from
the coil and rest in conical jewels carried by a very light staff. This

staff is held in position, relative to the core, by light springs, so that

when the instrument is subjected to mechanical vibration the coil,

pivots, jewels, and staff move together and the pivots are uninjured.

For the recording of temperature variations, a recorder, similar

in construction to that already described, in dealing with resistance

thermometers (see page 467), is used. Instead of the moving contact,

which carries the pen, moving over the slide-wire of a Wheatstone
bridge network, it now moves over a slide-wire in a potentiometer

circuit, the latter being included in the recorder itself.

Radiation Pyrometers. For temperatures above about 1200® C.

it is convenient, if not absolutely necessary, to employ som^ method
of measurement in which the measuring apparatus is not subjected

to the full heating effect of the source whose temperature is to be

measured. Pyrometers for such measurements depend, for their

action, upon the heat radiated from the source, and are therefore

called ‘‘radiation” pyrometers. Their upper limit of measurement
depends upon the possibility of calibrating the instruments at very
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high temperatures. Reliable tables of standardization temperatures
can be obtained, giving temperatures up to the melting point of

platinum (1750° C.).

Radiation pyrometers are either of the Foster fixed-focus type
or of the F4ry variable-focus type.

Fixed-focus Tvpe. Fig. 284a shows a pyrometer of this type.

It consists essentially of a long tube MNPQ containing a concave
mirror C which is adapted to focus the heat rays which pass into
the tube—from the source AB, through the narrow aperture EF,
on a sensitive thermo-couple D The image formed at i) is a “heat
image,'* and is always in focus, without adjustment, over a wide

A

'8

(floater Instrument Co )

Fig. 284a. Foster Fixed-iocus Type or Radiation Pyrometpiu

range of distances between the pyrometer and the source of heat.

This is brought about by making the tube long and the aperture small.

Suppose the solid angle subtended at (r is (^ ;
then, provided the

radiating surface of the hot body is large enough to subtend this

angle ^ at (? at any given distance of the pyrometer tube from the

hot body, the temperature measured will be the true one. If, how-
ever, the distance between the hot body and pyrometer is so great

that the total radiating surface subtends an angle less than
(f>

at

G, the measured temperature will be low.

The heating of the thermo-couple at D is proportional to the

temperature of the radiating surface. The E.M.F. produced in the
thermo-couple is measured as previously described. If a galvano-
meter or miJlivoltmeter is used for this purpose, it may be calibrated

to read temperatures directly.

The Slehm^Boltsmauxi Law of Badiatioil states that the energy radiated by
a heated black body (i.e. a body for which the radiated energy for a given
temp«!^tiire is a maximum) is proportional to the fourth power of its absolute
temperature.

^ M N
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If is the absolute temperature of the hot body and is the absolute
temperature of a colder body near to it, then the law of radiation is

Tf - fc (261)

where W is the energy received by the cooler body and fc is a constant.

Again, the energy W* received by the body at absolute temperature
from a body at temperature Tj, is given by

W'

^
' W T2* - Ti*

If 'J\ is sma)l compared with T, and T^.

mately,
W _ TV
W ~ 2\*

we have, very approxi-

(262)

{Cambridge Instrument Co.)

Fig, 284b. F^jry V a.riabi.e-focu8 Pyrometer

The receiver at D is blackened so as to approach as nearly as

possible to the theoretical “black body,’’ and absorbs all, or almost
all, of the radiations falling upon it. Its temperature rise is thus
proportional to the fourth power of the absolute temperature of

the hot body, whose temperature is to be measured. For this

reason the scale of the indicating instrument used with radia-

tion pyrometers is cramped at the lower end, and open at the

upper end.

FfiRY Variable-focus Pyrometer, The construction of the

F4ry variable focus pyrometer, manufactured by the Cambridge
Scientific Instrument Co., is shown in Fig. 284b. \ concave miiror,

with an opening at its centre, through which the hot body may be
observed through an eyepiece, is used to focus the heat radiations
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upon a sensitive thermo-junction N> The focusing is carried out
by means of a rack and pinion, which moves the mirror as required.

A small mirror is placed directly behind the thermo-couple. The
position of the concave mirror is adjusted, by the focusing arrange-

ment, until the two images of the hot body, which are reflected

upon the small mirror behind the thermo-couple, by the concave
mirror, overlap the couple itself. The distance of the pyrometer
from the hot body is not important, provided it is small enough for

this overlap to be obtained. As in the fixed-focus instrument, the

E.M.F. set up in the thermo-couple is measured by a sensitive

moving coil instrument whose scale may be graduated in tempera-
tures directly.

Use of Badiation Pyrometers. To both of the above pyrometers
the terminals of the thermo-couple --which form the cold junction

of the couple—must be protected from the heat from the hot body
whose temperature is to be measured. Base metal couples, such as

copper-constantan, are usually employed in both cases.

.^though the laws of radiation stated above only hold, strictly,

for perfectly black bodies, only small errors are usually introduced,

owing to the departure of the actual hot bodies from black body
conditions, since this departure is, in most cases for which such

pyrometers are used, slight.

Radiation pyrometers are, used for temperatures above 600° C.,

since at lower temperatures errors may be introduced by the fact

that the temperature of the pyrometer itself may not be negligible

compared with that of the hot body. They are often used for the

measurement of furnace temperatures. If viewed through a small

opening, a furnace which is surrounded by walls which are at

approximately the same temperature as itself behaves as a perfectly

black body.

Such pyrometers may be used for recording purposes by using

the thermocouple in conjunction with a recorder of the type de-

scribed earlier in the chapter.

The advantages of these p3rrometers are their high upper limit

of temperature measurement, and their comparative independence
upon the distance of the instrument from the hot body. They have,

however, the disadvantage of having to be calibrated individually,

using hot bodies whose temperatures are known.
O^oal Pyrometers. The optical system of the “disappearing

filament “ type of optical pyrometer is shown in Fig. 285. It is

manufactm*^ by the Leeds and Northrup Co. F is a standard lamp,
and L is a lens. This lens focuses light, radiated from the hot body,
upon the plane containing the lamp filament. The light from the

hot body, and that from the lamp, are both viewed through a piece

of red glass R which renders the comparison of these monochromatic

,

i.e. using light of one wave-length only, and not the whole of the

light. “Hie intensity of the light of any one wave-length depends
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upon the temperature of the hot body. In this case red light is used

tor the comparison.
The current through the lamp filament is adjusted until the

brightness of the filament is equal to that of the source, as viewed

through R. When these two brightnesses are equal the outhiie of
the filament disappears into the surrounding field of light from the
hot body. Otherwise the filament shows either brighter or duller

than the surrounding light, according as its temperature is greater

or less than that requir^ for equality of brightness.
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The current through the lamp for equality of brightness is meas-
ured either by an ammeter, or galvanometer, whose scale gives the
‘temperature of the hot body directly as a result of previous cali-

bration against hot bodies of known temperatures, or by including the
lamp in one arm of a Wheatstone bridge network. In the Leeds and
Northrup instrument shown the former method is used. The bridge
network method is adopted in ^n optical p5rrometer manufactured
by Messrs. H. Tinsley & Co. The lamp current is adjusted by
variation of the current supplied to the bridge network, and the
out-of-balance currents at the increased lamp temperatures (above
the temperature tor which the network is balanced) are indicated
on the bridge galvanometer and give a measure of the temperature.

In the calibration of the standard lamp the hot body is assumed
to be perfectly "‘black, ’ Even if this condition is not fulfilled, the
errors caused thereby are less in the case of an optical pyrometer,
when monochromatic light is used for comparison purposes, than
when radiation pyrometers are used.
These pyrometers may be used for temperatures up to about

3500° C., but above 1400° C. an absorption screen is interposed
between the hot body and the lamp as the latter should not be run
above this temperature (1400° C.).

The measurement of the increase in temperature of coils in
electrical machinery and apparatus by measurement of the increase
of resistance and otherwise, have not been discussed in the foregoing
pages, but such methods are discussed in several of the publications
mentioned below.
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CHAPTER XI

EDDY CURRENTS

The Nature of Eddy Currents. The term “eddy currents’’ is applied

to those electric currents which circulate within a mass of con-

ducting material when the latter is situated in a varying magnetic

field. The conducting material may be considered as consisting of

a large number of closed conducting paths, each of which behaves

like the short-circuited winding of a transformer of which the

varying magnetic field is the working flux.

“Eddy” E.M.F.s are induced in these elemental paths, by the

varying magnetic field, giving rise to the eddy currents. Fig. 286
illustrates the induction of these eddy E.M.F.s, with their accom-
panying currents.

Effects of Eddy Currents. These eddy currents result in a loss of

power, with consequent heating of the material, and the magnitude
of this power loss is often a matter of considerable importance in

electrical engineering.

The eddy currents, since they flow in closed paths in the material

—usually iron—^have an axial magnetic field of their own which is

in opposition to the inducing magnetic field, and so reduces its

strength. This reduction is greatest at the centre of the core, since

the eddy currents in all the elemental paths, from the centre of the

material to the outside surface, are effective in producing the op-

posing magnetic field there. This results in a flux distribution

which is not uniform, the flux density in the outer portions of the

494
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conductor being greater than that at its centre, which is screened
by the eddy currents. The effect is a reduction of the effective

cross-section of the core.

The question of the effect of eddy currents upon the flux distribu-

tion is chiefly of importance in transformers and other apparatus
where the iron used would otherwise be worked at uniform flux

density.

Not only is the distribution of flux in such cores affected by eddy
currents, but the magnitude of the flux, for a given value of mag-
netizing current, is obviously reduced thereby, and the phase of

the resultant flux is not the same as that of the magnetizing current.

Eddy Current Loss in Cylindrical Conductors. Fig. 287 represents

a portion of a conductor which carries an alternating magnetic flux

in a direction parallel to its axis. Eddy currents will thus flow in

elemental circular paths, as shown.
Assume^—as an approximation—that the flux distribution is

uniform and that it alternates according to the law

B = sin (ot

where B is the flux density at any time t.

cu = 277 X frequency ~ 2??/

Consider, first, 1 cm. axial length of the conductor. The flux

enclosed by an elemental circular path of radius x and radial width
(fx, at any instant is

TTX^ . B
Thus, the E.M.F. induced in this path is given by

d(7rx* . B) - » „ ,
e rs; — : X 10 ® volts

Cut

= TTX® . co&mt X 10 ®

= 2iT^x^fB^^^coBmt X 10“ ®



496 ELECTRICAL MEASUREMENTS

The R.M.S. value of this voltage is

2 ^
V2

X 10-

= X 10-«

If S is the specific resistance of the material of the conductor
(in ohms per centimetre cube), the resistance of the elemental path
is

~
Y

axial length of 1 cm.)

Thus, neglecting its inductance, the R.M.S. value of the eddy current
in this path is

, _ X 10-

«

* 2

d̂x

. , _ •^xfE„,xdx

V2S
The eddy current loss in watts in this elemental path is thus

X 10'* amp.

TT^x^fB^^dx^x^ ^
2jtxS

2S^

S

dx

dx X 10'^® watts

Thus the total loss per centimetre axial length, obtained by inte-

gration between the limits and zero, is

W ^

^
D

“ 2

S
X 10-^«

. dx

or W = X 10->« watts per cm. . (263)
axial length

If the flux wave-form is not sinusoidal, but has a form-factor kf

instead of (®'® case of the sine wave), the above expression

becomes

W =
8S

X 10-“ (264)

Now, the eddy E.M.F. is independent of the length of the cylinder
(provided the flux is parallel to the axis throughout), and since the
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eddy cuiTent loss in watts = this loss is proportional
1

Thus, eddy current loss oc ^ oc
2ttx^ ^ ^

dx. I

where I is the total axial length of the cylinder and r^! the resistance

of an elemental path of radius a:, radial thickness dx, and axial

length 1.

Summarizing, the total eddy current loss in a cylindrical conductor

Fio. 288. Eddy Cubrknts in Thin Shsbts

of any given diameter and material, is directly proportional to its

axial length.

The eddy current loss per cubic centimetre of the conductor is,

therefore, in the general case,

w = S8
X

4

or w iCf , J .

2.S
D* X 10’^® watts per c.o. (266)

In general, the eddy current loss per cubic centimetre, for a given

material and form-factor of the flux-wave is proportional to

Eddy Corrent Loss in Tbin Sheets. Fig. 288(a) shows a thin plate,

of thickness t and b width, the thickness being small in comparison
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with the width. Suppose that this plate carries an alternating

magnetic flux B = sin mU and that the flux density is uniform
over the cross-section, the flux running parallel to the axis of the

plate as shown. Eddy currents will flow in the plate in elemental

paths, as shown in Fig. 288(6).

Consider 1 cm. axial length, and also 1 cm. of the width of the

plate. In the case of an elemental path whose long sides are each
distant x cm. from the centre of the plate, and whose depth is dx
(Fig. 288(6)), the flux enclosed within 1 cm. width of this path is, at

any instant,

2x X I X B ~ sin ayt

Thus, the E.M.F. induced in this portion of the elemental path is

^ ^ sill w/) X 10-*

or Cjc
~ 2xB^^yoy cos cot X 10 ® volts

Its R.M.S. value is

X 10'® volts
V2

If S is the speciflc resistance of the material of the plate (in ohms
per centimetre cube), the resistance of this portion of the path is

2 X S 2S
T r or ^ ohms. Then, neglecting the end portions of the path
dx X 1 dx

(parallel to the edges of the plate), the eddy current in the path is

Lx

2V28
dx

X 10'® amp.

or = X 10 ® amp.
S

Thus, the eddy current loss in this path per centimetre length

and breadth of the plate is

= 27T^Px^B^ax^dx^ X 10-1® 2^
X5*

^ jq.i,

8

Integrating between the limits a: = — and x = 0, we have, for

the total loss per centimetre length and breadth of the plate,

t

W dx
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watts per cm. length and breadth (i.e. for t cub. cm.)
Thus the loss per cubic centimetre is

If the wave-form of the flux is not sinusoidal, but has a form-
factor kf, the loss per cubic centimetre is

.... (268 ,

Influence of Eddy Curraits upon the Phase and Magnitude of the

Flui in an Iron Ctore. Consider au iron plate in which a magnetic
flux, parallel to the axis of the plate, exists and alternates according

to a sinusoidal law.

AsstJme, also, for simplicity in the following discussion, that all

the eddy ourr* nis are in the same phase relative to the working
magnetic flux in the iron core—and therefore relative also to the

eddy E.M.F Although this assumption is not correct, owing to the

different phase singles of the various eddy current paths in the core,

it will suffice for the discussion of the effect of the eddy currents

upon the core flux. Referring to Fig. 289 (a), let i represent, in magni-
tude and phase, the resultant of all the eddy currents in a portion

of the iron core 1 cm. wide and 1 cm. axial length (see Fig. 288).

This resultant is actually the vector resultant of the eddy currents

in the core and could be obtained by constructing a polygon, as in

Fig. 289 (6), if the magnitudes and phases of the individual eddy
currents were known. The closing line of the polygon gives the
resultant eddy current.

It win be observed that the vector diagram of Fig. 289 (a) is similar

to that of a transformer. The similarity is explained by the fact

that the iron core, with its magnetizing winding, does actually

constitute a transformer, the secondary “winding” of which is

permanently short-circuited and exists inside the core itself. This

secondary “winding” is, of course, the eddy current path. in the

core.

The vector i represents the working flux in the core. It is the

flux which the magnetizing current —supposed to be flowing in

a coil of N turns wound on the iron core—^would produce if no eddy
currents were present. The eddy E.M.F.s, represented by the

single vector Ef^, will lag 90® behind ^ as shown. The resultant eddy
current i lags behind this voltage, owing to the inductance of the

eddy current paths, and has, in phase with it, a flux —^produced

by the eddy currents. Thus the resultant flux in the iron is the vector

sum of ^ and and is represented by
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The effect of the eddy currents upon the flux in the iron is, there-

fore, twofold
; they both reduce the working flux—<!>,. being less than

—and also cause the resultant flux to lag behind the magnetizing
current.

The vector E represents the E.M.F. required to overcome the

inductive volt drop in the magnetizing winding—i.e. E is the vector

difference between the E.M.F. applied to this winding and the

voltage drop in the resistance of the winding. On account of the

eddy current the magnetizing winding must carry a current i
'

—

in phase opposition to i—^in addition to the magnetizing current /^.

(The current required to

supply the power lost in

hysteresis in the iron is

omitted in the diagram to

avoid complication.) The
current i' has two compo-
nents, in phase with ^
and i ^ in phase with E. The
former compensates for the

demagnetizing effect of the

eddy Currents, and main-
tains the flux (/> at the same
value as it would have if

therewere no such currents,

while the latter supplies the
power which is lost in eddy current heating of the iron.

If there are n turns per centimetre axial length on the magnetizing
winding, the E.M.F. induced in this winding per centimetre breadth
of the core is

volts (R M.S.)

(a)
Fig, 289

As already seen, the power loss per centimetre axial length and
breadth of the core plate (of thickness t cm.) is

^2f2£ 2^8—~ watts (assuming uniform flux distribution)

Thus, the component of the current in the magnetizing winding
is given by

. 68 X 10^«
_

‘ V27rftnB^ V2x6Snx 10*

10*

or
nsv/B^^
Sn X 10»

amp. (269)



I'be abov>* diecussioji ifc* based upon the following assumptions

—

(a) that uniform flux distnhution exists,

(b) the eddy currents are all in phase,

(c) the thickness of the iron plate is small compared with its

length and breadth.

The fi IX distribution, when such assumptions are not made, will

now be discussed.

Flux Distribution in Thick Iron Plates. Consider 1 cm. axial length

and breadth of an iron plate with an alternating magnetic flux (of

sinusoidal wave-form) running parallel to the axis of the plate.

Let be the maximum value of the flux enclosed per centimetre
breadth within the two imier sides of an elemental path of width
dz, these sides each being parallel to the centre line of the plate

and at distance z from it, as in Fig. 288. Then the total E.M.F.
induced, per centimetre breadth, for the two inner sides is

10 ®
volts

Let maximum value of the flux density—considered

uniform—over the width dx. This is justifiable if dx is very small.

The maximum E.M.F. induced in the two outer sides of the path is

then

The difference between the E.M.F.s induced at distances {x + dx)

and X from the centre of the plate is thus

^{x+4x) max ‘

10*

27—(T.5700
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Now the maximum value of the oddy current at distance x from
the centre of the plate is

The maximum per centimetre axial length of the plate,

due to this eddy current, is

— 1
jQ

• max
4:7T Ea

The maximum value of the flux density,

this M.M.F,, is given by

4t7T E flS t

produced by

^Rx max —
2(j

where fjt is the permeability of the iron.

Since the flux density and eddy E.M.F. arc not in phase with one
another, symbolic notation is necessary for simplification of the

calculation. Thus, denoting the symbolic value by a bar thus,

B, Ey we have

^Rx max ^77 Ex max

dx ~ 10 ‘ 8 * ^

^ dx ^ 108 r^ax

whence by differentiation of and by substitution for

we have ^
d^Rx max __ . SttJRx max ^

dx^ ^ 10*6^

= -i • ^y^Rx max

where v ==

The solution of this diffei^4i44al equation for is

. . (
272

)

M and N are complex •constants which are equal, since B^; max has

the same value, but is opposite in sign on the two sides of the centre

line of the plate and at distances of x from this centre line.

Let -^wasc == l^he flux density at the surface of the plate

( i.e. when ^ = ^

1^
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Then

and

Now,

Bmnx

Hence,

V- 2j = V2 V^j= V2 = V2 ,

r= v/2 (coa^-j sin

D .y^iH) L r V^V^i}
•^x mar r *

B. yd j)

Fr f
' £

^

(273)

From trigonometry,

£ ^ = cos 6 + j sm d

and ~ cos d -j mi 0

Thus, using these expansions,

mga; ^ COS yx - j (
g^’' - sin yx

/ I ^
, ’I y \ ^ 1(g^ +g^ )cos-y~;(g^

J5« -iV am^y

D _ ^nm« [(e^* + e’^0 cos }/ a: - j (e^* - e"’'"') sin y x]
cr. max — , i t s ^ / <

'
‘ A

^ ^
^
j

COS
2 y -j^£^

’ - £ ^
j
sin

^ y

(274)

This gives the law of variation of flux density across the section of

the plate in terms of the flux density at the surface.

Oberbeck and J. J. Thomson first investigated this effect of eddy
currents upon the flux density in plates of various thicknesses. The
curves of Fig. 290 show the order of the variation in maximum flux

density across the section of the plate for plates of three different

thicknesses, the material of the plates being transformer iron of

ordinary grade and the frequency 1(X) cycles per second. The
permeability (assumed constant) is taken as 2,500, and the specific

resistance
jp

ohm per centimetre cube.

It Can be seen firom these curves that, if approximately uniform
flux distribuiaon is to be obtained, the thickness of plate used, at
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100 cycles per second frequency, should be less than J mm. Actually,

plates about 0*35 mm. (*014 in.) are used for this frequency, and for

50 cycles per second, although the variation in flux density is less

than that shown when the frequency is less than 100 cycles per

second.

By the use of thin plates, or laminations, the adjacent sheets

being insulated from one another, the iron is used most economically,

since almost uniform flux density is obtained—which means that

no portion of the iron core is under-worked—and also the eddy

Fig. 290 . Variation in Flux Density in the
Cross-section of a Thick Plate

current loss, which is proportional to the square of the thickness of

the plate, is thereby reduced.

When plates of this thickness are used for work at commercial

frequencies, the assumption that the flux density is uniform through-

out the cross-section is justifiable, and the eddy current loss may be

calculated with reasonable accuracy by the methods previously

given.

For further consideration of the question the reader should refer

to the works quoted in Refs. (1), (2), (5). The first of these works

discusses also (page 367) the eddy current loss in iron sheets when
the magnetization is rotating, as is the case in rotating electrical

machinery.
Eddy Oorrent Losses in Armature Conductors. Fig. 291 shows the

distribution of flux in and around a stator slot on an alternator.

The slot shown contains three conductors, and the flux is shown as

though it consisted of two quite independent components. Actually,

these components combine to form one resultant flux.

Both of these fluxes will induce eddy currents in the conductors
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The flux flowing parallel to the sides of the slot, will be small

unless the teeth on each side of the slot are highly saturated, in

which case the reluctance of the path in the slot becomes comparable
with that of the paths in the teeth. In this case the conductors
should be made narrow in the direction across the slot—perpen-

dicular to the slot sides.

The flux is produced by the current in the conductors in the

slot. Some of the flux surrounding these conductors, and propor-

tional to the current in them at any instant, will be carried in the

iron of the teeth and will pass, also, across

the mouth of the slot and across the iron

under the bottom of the slot. The re-

mainder passes across the slot itself, and
is responsible for the induction of eddy
currents in the conductors.

The eddy currents in the individual

conductors depend, therefore, upon the

position, in the slot, of the conductor
considered, and also upon the ratio of the

width of the conductor to the width of

the slot. The conductor nearest the

mouth of the slot has the greatest eddy-
current loss.

Messi’s. A. B. and M, B. Field (Refs. (9)

and (10) )
have both investigated the

question of eddy-current losses in such

conductors. The former, in his paper
{loc. cit.) gives sets of curves from which
the eddy-current loss in any particular

conductor in a slot may be determined. Each curve in the set refers

to the conductor in some particular position in the slot, one curve

referring to the bottom conductor, one to the bottom but one, and
R

so on. These curves give the ratio for the conductor, corre-
M

spending to various values of ad, where d is the depth of the con-

ductor itself in centimetres, and a is a number which depends upon
the ratio r of the width of the conductor to the width of the slot,

and upon the frequency.

Dr. S. P. Smith (Ref. (12) ) has redrawn these curves so that they

R
give the mean value of the ratio for all the conductors in the

slot, instead of the ratio for each individual conductor. This set of

curves is reproduced, by permission, in Fig. 292.

R^ff is the effective resistance of the conductor as influenced by
eddy currents—^which have the effect of increasing the effective

resistance, since they increase the copper loss. R is the resistance

Fig. 291 . Flux in
AN Armature Slot
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of the conductor with direct current flowing in it (i.e. when there

are no eddy currents). The power loss in the conductor with alter-

nating current of R.M.S. value I flowing in it is thus PR^f/f whereas

the power loss wnth an equal direct current I flowing is PR, the eddy

{By the courtesy of J*rof. S. P. Smith)

Fig. 292

current loss being responsible for the increase of the A.C. power loss

over that with dn^ct current.

The number a is given by

where pt is the permeability of the material of the conductor, S its

specific resistance, and / is the frequency of the current in the

conductors.

Thus, for copper, a = 0*145V^*
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As an example of the use of such curves, suppose we have three

conductors, each 0*6 cm, wide, and 1*26 cm. deep, in a slot of width
0*9 cm., and that the frequency is 50 cycles per second.

Then •556

a = 0- 145^-555 x 50 = -764

Then the ratio ^i.e. the ratio is, from the curves— 1*8.

Thus the mean value of for the three conductors is 1-8 A
where E is the resistance of each conductor. This means

Meta! fopmen
/

Direction of‘

Ddoly Current
in Former.

Coil Winding

Fig. 293. Eddy Cubeibnt Damping in
A Moving-COIL Instrument

that the copper loss with alternating current of 50 cycles per second

is 1*8 times the copper loss with direct current. Hence, the eddy
current loss is 0-8 of the D.C. copper loss.

Eddy Current Damping. Advantage is taken of the fact that eddy
currents are induced in metal parts when they cut through magnetic
lines of force by using these currents as a means ofdamping electrical

indicating instruments. In the induction type instruments, for

alternating current work, the eddy currents induced in a thin metal
disc, together with the magnetic field of an electromagnet, produce
also the operating, or deflecting torque.

The two commonest forms of eddy-current damping device are

a metal former, upon which the working coil of the instrument is

wound, or a thin aluminium disc which is attached to the moving
system and moves in the field of a permanent magnet.
' Eddy Cuebent Damping Torque with a Mbtvl Former. Fig,

29B gives an outline diagram of the working portion of a moving«coil,

permanent^^magnet, instrument whose coil is wound upon a metal
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former. Suppose that the axial length of the former is I cm. and
its breadth 26 cm., and let it rotate in a permanent magnet field

which is radial and of uniform flux density B lines per square

centimetre. If the former moves with angular velocity co radians

per second, its linear velocity is boj cm. per second, and the E.M.F.

induced in each side of it is volts.

induced in the former is
10«

2Blbco
volts

Thus the total E.M.F.

The resistance of the [>ath of the resulting current in the former

IS
id

where t is the thickness and d the width of the section

of the metal of the former, id being thus the cross-sectional area of

the current-path. S is the specific resistance in ohms ])er centimetre

cube of the material of the former.

Then, the eddy current is given by

2Blba)td

10»(46 -f 2l)S

The force on each side in the radial field is F ~ ~
Bid
10

(275)

dynes.

These forces produce a torque which opposes the motion of the

former. This torque is 2bF dyne-cm., or

Damping torque = 2bF

or

2b .

BIJi

10

2b , B .1 / 2BUmid \

iO (l0^6 + 2l)S

)

T* D
4Bm^(otd

,
(276)

The damping constant

^

expressed in dyne-centimetres, per radian

per second is

T^ 2Bm^td
CO

""
10»(26 + l)S

(277)

The damping can obviously be varied by varying the thickness

t of the metal of the former.

Eddy Cubrent Damping Torque with a Metal Disc. Although,
in this case, the exact calculation of the eddy current is a matter of

considerable difficulty, simple methods of calculating the approxi-

mate values of such currents, and of their damping effect, have been
given by Evershed (Ref. (11) ) and by Dry^dale and Jolley (Ref. (7) ).

The method given by the latter is followed below.
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Fig. 294 shows a metal disc of thickness ^cm., which rotates

with angular velocity co radians per second, and cuts through the
magnetic field of a permanent magnet whose poles are NS.
Then, if the flux density under the pole is B lines per square

IBboyT
centimetre, an E.M.P". c = -j-g volts will be induced in the portion

of the disc which is, at any instant, in the inter-polar gap. The
radius r is measured from the centre of the disc to the centre of the

pole face. If we consider only the portion of the disc which is

Fig. 294. EDi»y Cjrrknt Damping with
A Metal Disc

immediately under the pole, the resistance of the eddy current path

is where h is the radial length of the pole (which is the length of
(xr

the portion of the disc in which ,the E.M.F. is induced), and d is

the width of the pole. S is the specific resistance of the material of

the disc in ohms per centimetre cube.

The actual resistance of the total eddy current path depends
upon the radial position of the pole, and is somewhat greater than

Let this resistance he k where ^ is a constant (greater than

unity) for any given radial position of the poles.

The eddy current is thus given by

. _ Blmrdt Bcordt
** ~

10®/fc .b.S ” 10«r7^

and the retarding force by

ET Bi, . b

(278)

10
dynes

The damping torque is thus

.b

.

cor*dt
Tr,~Fr

. S
dyne-cm. (279)
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Substituting ^ for the total flux passing between the poles, we
have, since if>

— Bhd,

T -
® 10»A; .S .A

(280)

where A is the area of the pole face and equals 6rf.

The damping constant, in dyne-cm. per radian per second, is

therefore

K
” 0)

“
10»/fc .S.A

(281)

dyne-cm. per radian per sec.

The damping may be altered by adjustment of the radial position

of the poles, and is zero when the centres of the poles are at the edge
of the disc. Drysdale and Jolley (loc. cit.) give the results of measure-
ments of damping constants for discs of different materials and
thicknesses, and their book should be consulted for further informa-

tion on the subject.
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CHAPTER XV

WAVE-FORMS AND THEIR DETERMINATION

Wave-form. Alternating current calculations generally are carried

out upon the assumption that the wave-form of the voltage supplied

to the circuit is sinusoidal; i.e. the law of variation of the voltage

with time may be written

e —
being the instantaneous value of the voltage at any time t and

^max being its maximum value, o) is, of course, 27t X frequency.

Special precautions must, however, be taken, in constructing the

supply alternator, if the voltage wave-form is to approximate even
i*easonably closely to a purely sinusoidal form.

Consider an alternator with a revolving field and with an armature
—or stator—^the surface of which is smooth instead of containing

slots and teeth, which render its iron surface discontinuous. In

such a machine a* sinusoidal voltage wave-form could be obtained
by shaping the poles so that the length of the air-gap at any point

is prO|X)rtional to where 6 is the angle

—

measured in electrical

degrees—between the point in question and the centre of the pole.

If, however, the stator has open slots, these will affect the flux

distribution from the poles, the air-gap reluctance at any point

being dependent upon the position of the point, at any instant,

relative to the adjacent stator teeth. Thus, the movement of the

poles past the teeth is accompanied by small variations of flux

distribution which are superposed upon the main flux, and these

produce corresponding small E.M.F.s in the conductors, the fre-

quency of which is higher than, and some multiple of, that of the

main E.M.F. These small E.M.F.s produce ‘‘harmonics” in the

E.M.F. wave, and cause it to depart from a purely sinusoidal wave-
form. Again, the magnetizing current of a transformer, the core of

which is worked at a flux ' density sufficiently high to produce
saturation, contains a pronounced “third harmonic.” This means
that it consists of a pure sine wave of current of frequency / (say),

together with another sine wave of frequency 3/. This distortion

of the current wave is a result of hysteresis in the iron core of the

transformer. One example of a distorted wave-form is shown in

Fig. 295.

This wave can be split up into the two pore sine curves shown
dotted.

Thus, Cj + 62 == e

511
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The sine curve whose frequency is the same as the “complex**
wave (i.e. the original wave) is called the “fundamental/* and the

other sine curve is called the “third harmonic,” since its frequency
is three times that of the fundamental.

In the figure, the maximum value of the fundamental is four times

that of the third harmonic. Hence, calling the former the

equation for the complex wave may be written

E
e — sin 27rft + sin dn/t

where/ is the frequency of the fundamental.

Fig. 295 . Wavb-pobm with a Thibd Harmonic

If

we have

277/ = 0)

e — El sin cot + sin 3m/
4

(282)

If the third harmonic had been displaced in phase by 180° relative

to the fundamental, the effect would have been to make the wave-
form peaked instead of flat, as shown by Fig. 296.

The Composition of Complex Wave-fonns. Any single-valued

periodic function (i.e. a fimction which can have only one value for

any given value of the independent variable) can be resolved into a
fmdarnental periodic function and a number of harmonics. This is

known as Fourier’s theorem, and is true no matter how complicated
the complex function may be.

Expressed mathematically, this means that the equation of any
complex wave e may be written

e = jBJo + El sin {wt + <h) + E^ sin (2co/ + ^2)

+ jBg sin (3m/ + <^) + • • • sin (mot + (283)

where Ei, E^^ etc., are the maximum values of the various component
sine waves, and the angles etc., are the phases of these waves
when time is zero.



WAVE-FORMS AND THEIR DETERMINATION 513

0) = 2n X frequency, and therefore the frequencies of the terms
from the second onwards are in the ratio 1 : 2 : 3 : . . . : n.

El sin ((oi + <f>^
represents the fundamental wave, sin {2(01 -f <^2)

the second harmonic, and so on.

is independent of time and represents a constant component
of the complex wave. If the time axis is drawn so that the mean
ordinate of the complex wave is zero, E^ is zero. This is the case in

alternating current and E.M.F. waves.

Fia. 296

The above general expression may be rewritten in another form
if the trigonometrical expansion

sin (A + B) = «in A cos B t
cos A sin B

is applied to it.

Then, omitting the Eq term, as being zero,

e == Ei{sin cot cos <^i + cos (ot sin <^i)

+ jE7a(sm 2(ot cos
<l>2 + cos 2(ot%in

(f}^)

+ E^isin 3(ot cos <^3 + cos Scot sin -f • • •

. . . E„{Bin mot cos
<f)^ + cos mot sin

or, e = Ai sin (ot + A^ sin 2ft>^ + A^ sin 3a)<

+ sin mot

+ Bi cos (ot + cos 2(ot + B^ cos 3cu^

+ . . . cos wt (284)

where the coefficients Ai, A^, ^3, etc., are respectively Ei cos

E2 cos ia» ^3 » B^f B^f are Ei sm E^ sin

sin ^8, respectively.

If the fundamental and all the harmonics start from zero together,
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their phase differences with respect to the complex wave are all

zero and

e = El sin cot sin 2<ot + E^^ sin 3co^ + . . .

+ sin rmt...... (285)

Even Harmonics. Since all the poles forming the field of an alter-

nator are similarly constructed and shaped, it follows that the
half-wave of E.M.F. generated in a conductor during the passage of

(say) a south pole past it, is exactly similar in shape to the half-wave

Fig. 297 . Wavb-fobm Containing a
Second Harmonic

generated during the passage of the preceding north pole. In
general, therefore, it follows that the negative halves of the wave-
form of alternating currents and voltages are identical in shape
with the positive halves.

It will be shown below that the effect of even harmonics in a

complex wave is to malge the shape of the negative half-wave
different from that of the positive half. From the above reasoning,

it is thus obvious that alternating current and voltage wave-forms do
noiy in general, contain even harmonics.

Consider two sine waves, of frequency / and 2/, such as those

shown dotted in Fig. 297. When added together, these give a

complex wave whose law of variation with time is given by

e = El sin 'Zirfi + E^ sin (in/t - ^g)

where Ej and E^ are the amplitudes of the fundamental and second
harmonic respectively. (The time is, in this case, reckoned from the

instant when the fundamental is zero.)

It is seen that the resultant complex wave has a negative half

which is of different shape from the positive hali. A si^ar effect
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is produced whatever the relative phases of the fundamental and
harmonic, and with all even harmonics, whatever their frequency.

Odd harmonics do not produce the effect.

Since there can be no even harmonics present in alternating

current and voltage waves whose two halves are identical in shape,

the equations of such waves may be written in the form

e = E^ sin {cot + (^i) + E^ sin (Scot + ^3) + E^ sin {5cot +
-f . . . sin {ncot + <f>J .... (286)

where n h odd.

Harmonic Analysis. The process of splitting-up a complex wave
into its fundamental and harmonics is called “harmonic analysis.”

The number of terms to be obtained in such an analysis depends
upon the accuracy with which it is desired to express, mathematic-
ally, the complex wave. The ^hird and fifth harmonics are the

most imp>rtant in alternating i urrent and voltage wave-forms, and
the analysis is, therefore, oftcm cairied no further than the third

term of the expression for toe complex wave, although in special

cases it may be necessary to determine the amplitudes of harmonics
up to (say) the seventeenth.

Method 1. This method was given originally by Perry (Ref. (9) ).

It depends upon the following theorems in the integral calculus.

(a) sin Odd

(b)

ic)

(d)

I

I
I

sin^ OdO “

cos^ OdO

7r

sin rnO cos 7i0d0

(«) sin mO sin nOdO

0

0

(!) fcos mO cos nOdO = 0

where m and n are positive integers which are unequal.

Consider a complex wave whose ordinate y varies with the

abscissa 0 according to the law

y = sin 61 + .^3 sin SO + A^ sin 56 + . . .

+ cos 6 + cos 36 + cos 66 -f . . .

The ordinate is given the symbol y in order to make the equation
general in its application to such waves.
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If each side of this equation is multiplied by sin d and integration

of each side is carried out between the limits 0 and tt, we have,

/
7u rn

y sin Qdd = J
. sin^ Odd + J"

A^ sin 6 sin 3dd6

y' Jg sin 0 sin 5dd6 + .+

+r
sin 0 cos Odd + sin 9 cos *SddO

sin 0 cos ^Odd (287)

From the theorems already quoted, all terms on the right-hand

side of the equation, exce])t the (irst, are equal to zero. Therefore,

J y 0 . dO ™
J*

A

I

sin^ 0 . dO 4 ^

Hence, y sin 6 . dO

Now,
1 n .

sin 6 , dO is obviously the mean value of the func-

tion y sin 6 for one half-period of the complex wave, and therefore

the amplitude of the fundamental of the complex wave is given
by twice the mean value of y sin 6 for one half-wave.

In the same way the value of A^, A^, etc., are obtained by multi-

plying each side of the equation of the complex wave by sin 36,

sin 56, and so on, and integrating each side between the limits 0
and TT. To obtain Bi, etc., multiply each side of the equation
by cos 6, cos 36, and so on, and integrate.

The values of the coefficients so determined are

—

= 2 X mean value of y sin 6 for |-period

^3 = 2 „ „ y sin 36 „

.45 = 2 X „ „ y sin 56 „

= 2 X mean value of y cos 6 for | -period

-^3 = 2 X „ „ y cos 36 „

and so on.

If the equation is required in the form

y = Fj sin (6 + h) + (36 + ^3) + . . . F^sin (nB +
the coefficients Fj, F3, etc., and the phase angles ^3. etc., may
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be obtained from the values of the predetermined coefficients

A^y A^y , , . and J?i, JB3, . . . , as follows

—

From equation (284),

== 7j cos <^j

A 2
-= Fa cos <^3

also 7j sin (jy^

7^3 — 73 sin
<l)^

Hence,
l Bi^

~
(7^ cos -f ( sin = Y^^

or,

Similarly,

Also,

so that

Simi.arly,

yi

r-y

y,

A

vjJT'ai 2
3^3

VA^^~1- and so on.

sin

cos ^1
tan

(j^i

™ tan

^3 — tan'^

A
B,

B
<^g = tan"^ ~ and so on.

In this way, the equation may be written in the desired form by
substituting these values of the amplitudes and phase angles in the

equation.

Procedure for the Delermirmtion of the Coefficients by a Summation
Process, From the fact that

= 2 X mean value of y sin 6 for one half period

it is obvious that A^ could be obtained by a graphical method as

follows

—

Take any ordinate y^y corresponding to an angle 0^ and multiply

it by sin O^y setting up an ordinate representing y^ sin 61, at abscissa

Oi. By repeating the process for a large number of values of y, a

new curve y sin 6, plotted against 6, is obtained. The area under
one half-wave of this curve could be measured, to scale, using a
planimeter, and its mean value obtained by dividing this area by the

length of the base tt. By this means A^ could be found. The other

coefficients ^3, ^4^, , . . , and also B^y i?3, . . . ,
could also be found

by similar methods. Such a procedure would, however, be very
laborious and a tabulation method is therefore used, as below, in
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order to simplify it somewhat. In the tabular method the base of

the half-wave is divided into a number of equal parts—the greater

the number of parts the greater the accuracy of the analysis—and
ordinates are set up at the dividing points.

Let the number of these parts be n. Then each part corresponds

77
to an angle of If

, are the ordinates at the dividing
Th — —

~

n n
points, then the corresponding x^rodnots—when ^4^ is being deter-

. J . TT . 277
mined—are y^ sin ygTt ....

n ^ n
^

The mean value of y sin 6 for the half-wave is then obtained by
dividing the sum of these products by the number of parts into

which the base is divided.

The other A coefficients are obtained in a similar way, but the

y ordinates are then multiplied by sin 3(9, sin 56. . . . The B
coefficients are determined in the same way, when the y ordinates

are multiplied by cos 6, cos 36. .. .

The accuracy of the results of such an analysis may be checked
from the facts that

—

(i) The ordinate of the complex wave corresponding to 6 = 0
should equal B^ -i- B^ + . . . .

7T
(ii) The ordinate corresponding to 0 — ~ should equal A^

These relations are obtained as below

—

When 6 = 0

y = sin 0 + .^8 sin 0 + ^ 5 sin 0 + . . .

+ jBj cos 0 ^3 cos 0 + B^ cos 0 f . . .

or y = + ^3 + ^6 + • * •

When e = |
, .77, ,

. 377
,

. . 577
,

y = Sin
^
+ ^3 Sin— 4 sin -y 4- . . .

4- cos ~ 4- i?8 cos— 4” ^6 cos -y + . . .

= ^1-^3 4- . . .

To illustrate the method of tabulation for the determination of

the coefficients, consider, as an example, the complex wave shown
in Fig. 298, the analysis of which is to be carried out for the deter-

mination of harmonics up to, and including, the fifth.

In Table XI, the base of the half-wave is divided into twelve equal

intervals, each of 15®, as shown in column (a). The corresponding

values of y, taken from the curve, are shown in column (5). The
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coefficients A^y and A^ are determined from the mean values of

the products given in columns (d), (/), and (A), and the coefficients

Bg, and from the products given in columns (A), (m), and (p).

As previously explained, checks are applied in order to test the

accuracy of the determination. The curve to be analysed contains,

in this case, only third and fifth harmonics, in addition to the

fundamental. This is shown by the checks, since Aj- Ag + A5 is

equal to the ordinate of the complex wave at 6 = 90°, and B^ + JBg

+ B^ equal to the ordinate at 0° (to within the limits of error

obtainable with a graph of this size).

If other harmonics had been present, A^-Ag + Ag could not
have equalled the ordinate at 90°, nor would Bi -f Eg + Eg have
equalled the ordinate at 0°. These checks give a guide as to whether
further analysis, beyond the fifth harmonic, is necessary, in order

to represent the complex wa>'e mathematically with sufficient

accuracy.

The equation of the complex wave is, therefore, from the results

obtained in the table,

y = 199-4 sin d + 35*8 sin W 4 13-2 sin 66 - 2-92

+ 18*8 cos 36 - 15 cos 56 . . . • (288)

In order to write the expression for y in terms of sine functions

only, the coefficients Yv Y„ and Fg must be determined, and also

the phase angles ^3, and ^5, relative to the phase of the complex
wave.

Then, Fi = 200

y, = + Bi = 40-3

i\ = VaJTb^ = 20

u
Also, = taii'i J ™ - 0° 50'

<f>3
= tan-1^ = 27° 42'

<f>i
^ tan-1 ^ _ 48° 39'

The equation of the complex wave is thus,

2/
= 200 sin (6 - 0° 50') + 40*3 sin (36 + 27° 42')

+ 20 sin (56 - 48° 39') (289)

The three component waves are shown dotted in Fig. 298.

Methoi) 2. Summation Method with Grouped Tet'ks. This method
is similar to the one given above, but the labour involved in the

summation for the determination of the coefficients is reduced by
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ihe grouping of terms. The method is due to S. P. Thompson
(Ref. (10) )

and to Runge (Ref. (11) ).

If the nt\i harmonic is to be determined, the base of the half-wave
is divided into n I equal parts, giving n equidistant ordinates.

These ordinates are treated in supplemental pairs, the ordinate Pi
at 0i being used in conjunction with the ordinate (180 - Oj)

as below

—

First consider the sum of two such ordinates,

yi Vn = sin sin 30^ + A^ sin 56^ + . . .

f Bj cos 6i ^ i^3 cos 301 + B^ cos 50i |
. . .

1 Ai sin (180 “ 0j) f .^3 sin 3(180 - 6j)

1 .4 5 sin 5(180 01) h • •

+ Bi cos (180 ~ 0i) -I /^3 cos 3(180 0^)

+ Rfi cos 5(180 -0i) f . . .

All the terms containing coefficients B disappear, since

cos 01 = - cos (180 - 0i)

cos 301 = - cos 3(180 -0i)

Also, sin 01
~ sin (180 - 0^)

sin 301 = sill 3(180 - 0^)

Hence,

2/i + 2/w
= 2Ai sin 0i + 2A3 sin 30i + 2

A

5 sin 50i
+ (290)

Similarly, if the difference of these ordinates is considered, we have

Vi ^ Vn — 2Ri cos 01 A- 2^3 cos 301 + 2R5 cos 501

+ (291)

Ordinates are thus grouped in’ this way before the multiplication

by the sine functions for the determination of the individual co-

efficients. This obviously saves labour.

Taking as an example the curve (Fig. 298) previously analysed,

the procedure, in an analysis up to the fifth harmonic, is to divide

the base into six equal parts, the five ordinates set up at the dividing

points being measured and arranged in rows as under

—

ySO y«0 1/90

Vibo Vino

Sum • . , Oi ^3
Difference , . dj
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The notation “^30’’ means the ordinate at 0 = 30®.

From the previous method, we have that

^1 = 2 X the mean value of y sin 0 for half period

In this case, therefore,

^ 2 [y^ sin 30® + sin 60® + y^ sin 90® + ,Vi2o
120®

6

+ ^160 sin 150® + 180®]

or, since sin 180® and y-^^^ are both zero

^1 = g [2/30 30® j-
?/eo + ^120 120

®

+ yi8o sin 150®J

= i
[«! sin 30® + Ug sin 60®

-f- «3 sin 90®]
o

since sin 30® = sin 150®

and sin 60® ~ sin 120®

In the same way it can be ^hown that

r= 1 ((Xj - Og) sin 90®
o

and ^5 = ^ (»! sin 30® - ctg ^in 60® + sin 90®)
o

Again,

» _ 2 [^30 cos 30® 4- y^ cos 60® f cos 90® + ^120 cos 120®
if,

^

+ yi60 cos 150® + 2^180 cos 180®]

6

= I
[^30 COS 30° + y^Q cos 60® 4- 2/120 cos 120® + y^^ cos 150®]

since cos 90® and yi8o both zero.

Hence, ~ 5

It can be shown also that

£3 «= i dj cos 180° = ~ ~ d,
t> o

JSg « i (- di cos 30® + dg cos 60®)and
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Proceeding with the analysis we have, therefore

2/30 1^2 t/eo ^ 134 176

2/160
" 133 ^120

~ 18^

Sum — 285 flg = 323 as = 176

Difference Id dg = -55

The values a^, Ug, ag, and dg are then used in the table as shown.
Using the coefficients .43, etc., as obtained in the table, we

have, for the equation of the complex wave,

y = 199-5 sin 6 + 36-3 sin 30 -j- 12-8 sin 50 - 3-68 cos 0

-f 18-33 cos 30 - 14-65 cos 50

From these coefficients

Fi = d- -- 200

^3 - - 40()

I’s = vJTT^s" -

Also,
<f>i

-= tan *^ ^ - 1° 3'

Ai

<f>3 = tan-i ^ = 26° 42'
As

<^S
= tan-

1 X = “
^6

Hence, the equation of the wave, written in sine terms only, becomes

y = 200 sin (0 - U 3') + 40-6 sin (30 + 26*^ 42')

+ 19-5 sin (50 - 48° 45') .... (292)

The checks in this analysis (see Table Xll) show that there are

no other components of the wave beside the fundamental, and 3rd

and 5th harmonics.

It will be noted that the above equation is not quite the same as

that obtained in the previous method of analysis, but the differences

are within the limits of error to be expected when such methods
are applied to a wave of i;he size shown.*
In the above, it has been assumed that the wave-form of a current

or voltage is known and that the wave is to be split up, by mathe-
matical or graphical methods, into its component fundamental
and harmonic waves.

Hannomc Analyser. A complex wave can be split up into its

components by experimental methods, the magnitude of the various

harmonics being measured directly. An electric harmonic analyser

* For graphical methods of analysis and for other methods, including
analyses up to the eleventh or seventeenth harmonic, the reader is referred

to the works quoted in Refs. (2), (3), (5), (6).
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has been described by Cockcroft, Coe, Tyackc, and Miles Walker
(Ref. (12) ). A portable form of this instrument is manufactured
by Messrs. H. Tinsley & Co. and has been described by R. T. Coe
(Ref. 18). The essential features of the analyser are shown in

Fig. 298a in which D is an astatic dynamometer instrument whose
moving coil carries a current proportional to the voltage under test

(i.e. whose wave-form is to be analysed). The fixed coil of this instru-

ment carries a current 7^, called the analysing current^ the frequency

Fig. 298a

of which can be varied so as to be exactly equal to that of the
fundamental or of any harmonic of the wave under test. This fre-

quency variation is carried out by means of a synchronously-driven
contact disc having a series of concentric rings of contacts, one ring

for each harmonic, the number of contacts in the ring being sufl&oient

to give the frequency of the harmonic concerned. This disc is used
in conjunction with a triode valve circuit as shown, the analysing

current in the dynamometer fixed coil being induced through
coupling with the anode circuit. Measurement of all the odd
harmonics up to the thirty-fifth is possible with the normal form
of contact disc.

The action of the instrument depends upon the fact that a steady
deflection of a d3niamometer instrument results only jfirom those
current waves in the fixed and moving coils which are of the same
frequency. Thus, let the current in the moving coil be

i =s /q + /j sin (6 -f- ^i) 4" I2 sin (20 + <j>^) 4- sin (30 4*

4- . . . sin {nO + <^„)

.
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If the analysing current is given by the expression

K == Ia + ^a)

(i.e. the analysing current has the frequency of the harmonic)
then the instantaneous torque

T oc iia

and the mean torque

/„ sin (mO + <l>„)
[Z# + A sin (6 |-

(f>i) +

/j sin (26 -f- <f>^) + . . .J dd

/„ sin (md + sin (md + <f>^) dd

rtK
since all such terms as / /., I

^

sin (m0 + sin (r6 4' are

zero, r being different irom m (nee page 515).

Evaluating the integi*al we have

2'm CC
^“

2
^- 008 - 4>a)

CC COS

or Z) = Jf Z„' Z„' cos

where 2) is the deflection of the djniamometer and is proportional

to T^, and are R.M.S. values of the analysing current and
wth harmonic of the current in the moving coil respectively, and
K is the calibration constant of the dynamometer.
The phase of the analysing current is altered by rotating the

brush arm on the contact disc until
<l>a = when the dynamometer

deflection will be maximum, given by D^f^^ = K la^m •

I^' can thus be obtained from a knowledge of K and I^'- Ia
measured by the thermal type* ammeter A,
The analysing current circuit containing the dynamometer fixed

coil is tuned to the frequency of the harmonic being measured,
chiefly for the purpose of improving the wave-form of the analysijig

current. The impedance in series with the moving coil consists of a

resistance and a condenser, the latter producing magnification of

the harmonics in the current wave in the moving coil (see page 529).

Then, if 12 is the total resistance of the moving coil circuit, L its

inductance, and C the series capacity (all of which, together with ce,

must be known) the mth harmonic of the applied voltage wave is

given by

Vm - + (m(oL -
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The magnitudes of the various harmonics are finally expressed as

percentages of the reading of the voltmeter F, these usually being
sufficiently close to the percentages of the fundamental if the har-

monics are small.

Analysis of a current wave is carried out by connecting the
dynamometer moving coil in parallel with a suitable shunt in the

current circuit.

The accuracy obtained with this instrument, when analysing a
voltage wave of the order of 100 volts is within

cent of the fundamental in the case of the larger harmonics and
within of one per cent of the fundamental for the very small

harmonics.
Another form of harmonic analyser is typified by the Wave

Analyser manufactured by Marconi-Ekco Instruments, Ltd. This

consists of a superheterodyne valve voltmeter with a very sharply
tuned intermediate frequency amplifier. It measui’es directly the

components of complex waves over an amplitude range of 300
microvolts to 300 volts and a frequency range of 20-15,000 cycles per

second

.

The Shape of the Current Wave-form when the E.M.F. Wave-form
contains Harmonics. The shape of the current wave-form when
an E.M.F. whose wave contains harmonics is applied to a circuit

is not, in general, the same as that of the impressed E.M.F. wave,
but depends upon the resistance, inductance, and capacity in the

circuit. The consideration of the question is simplified if the com-
plex E.M.F. wave is thought of as consisting of a fundamental wave
and its harmonic waves, each of which exists separately, and
produces its own component of the current wave.

Different forms of circuits will now be considered.

1. Resistance Only. Suppose an E.M.F. whose equation is

t ~ sin iot + sin 3ft>/ + E^ sin 6a)t + ... is impressed upon
a circuit of resistance R and whose inductance and capacity are

both negligible. Then the equation of the current isEE E
t = sin cot + ~ sin Scot + sin 5(ot . . (293)M Jti li

Thus, the current wave-form is of the same shape as that of the
impressed E.M.F.

2. Inductance Only. Suppose the same E.M.F. is impressed
upon a circuit of inductance L and having negligible resistance and
capacity. The phase of each component of the current will lag 90°

behind the E.M.F. component producing it. Also, the reactance of

the circuit will not be the same to aU the E.M.F. components.
Hence, the components of the current wave are
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»it
=

h.
3a)L

Ia.
5coL

Bin ^6a)t -

and so on.

Thus, the equation of the current wave is

cdL
sin

+ 1a
5coL

sin
I
5(ot

-i)

-
1
)
+ (294)

The wave-shape of tho current is thus different from that of the

E.M.F. due to the facts that, lirs" the amplitudes of the harmonics
in the current wave are not in a constant ratio to the E.M.F. har-

monics to which they are due, but decrease with increasing order

of the harmonic; and second, that the phases of the current har-

monics are different from those of the E.M.F. harmonics.

The general effect is, however, that inductance in a circuit reduces

the amplitudes of the harmonics in the current wave and causes the

latter to approach more nearly to the sinusoidal wave-shape than
the E.M F, wave

2. C/ArACiTY Only. If an E.M.F. wave

e ™ E-^ sin a}t 4- sin Zcct + E^ sin Scot .

is impressed upon a circuit having capacity C and whose resistance

and inductance are both negligible, the current produced is

The reactance of the condenser

The reactance due to the capacity 0 is not the same to all the

components of the E.M.F. wave, since it is given by the expression

1

277 X frequency x C

and the frequency differs for different harmonics. The current is

thus given by

i E.fiiOm\ ^o>t f aE^Vnin ^3o>t \-

5EiO}C sin ^5fo< -f . (296)

each component of the current leading the E.M.F. component to

77
which it is due by the angle



OPl

Fig.

299
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It can be seen that the effect of capacity upon the current wave
is to increase the amplitudes of the harmonics in it, relative to the

fundamental, as compared with the relative amplitudes in the
E.M.F. wave.
Thus, the ratio

Amplitude of 3rd harmonic of E.M.F. wave

Amplitude of the fundamental of E.M.F. wave

whereas, in the current wave.

Amplitude of 3rd harmonic ^ 3E^C _ 3Ej^

Amplitude of the fundamental E^oyC E^

i.e. the 3rd harmonic is magnified three times in the current wave.
Obviously the higher the order of the harmonic the greater the

magnification.

Fig. 299 shows a complex voltage wave whose equation is

e ] 00 sin rjf ~ 10 sin 6(x)t

its fundamental and (ifth harmonic components being sliown,

dotted.

Three (’urrent wave-forms arc also shown. The first, is the

wave-form of the current when the E.M.F. e is impressed upon a
circuit of resistance 5 ohms, the inductance and capacity of the

circuit both being negligible,

KK)
, ,

10 . . ,
i z=z sin cot - -r sm oojt

5 5

or iV = 20 sin cot ~ 2 sin 5(ot

This current is in phase with the E.M.F. 'Jlie second wave-form
is that of the current obtained when the E.M.F. is applied to a

circuit containing inductance only, the reactance, at the frequency
of the fundamental, being 5 ohms.

Then sin Bin

This current lags by behind the E.M.F. wave, and its wave-
rs

form is seen to be much more nearly sinusoidal than that of the

E.M.F.
The third wave-form, is that of the current in a circuit having

capacity only, when the E.M.F. e is impressed upon tne circuit, the

capacity being such that the reactance of the circuit, at the frequency
of the fundamental, is again 5 ohms.
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100 . / . ,

,t\ 10 / . . , ,

7t\

5

20 sin f-

The distortion in the current wave when capacity, only, exists in

the circuit, is very noticeable.

Resonance with Harmonics. If an E.M.F. of complex wave-form
such as

6 — sin (cot -f" <^i) "h ^3 sin (3cot -f" (f>^) -f- • • • • • (296)

is impressed upon a circuit containing resistance E, inductance L
and capacity (7, in series, the equation of the current in the circuit is

E.
i = —-^-:zr:r:r=:r=:7~ siu (cot + “ ^i)

V«“+(

E^ i l3(oL

(*Sa)l -j <;^3
- 03) h

where 63, ,
are the phase angles by which the components

of the current wave lag behind the E.M.F. components which
produce them.

Thus, 1 ^ ^
coL 3coL -

, . o)C
, ^ Scot

tan Ui — ^ ,
tan —

7^

and so on.

When the inductive reactance coZ>, in any circuit, is equal to the

capacity reactance the condition of “resonance” exists, and
E.M.F.

the current in the circuit is then given by ^—r-r . This current
Resistance

may be very large, and as a result, the voltage across either the

inductance or the capacity may become seriously High, although

the voltage across the inductance and capacity toge is zero.

The values of L and <7, in the circuit which is at ^ esent being

considered, may be such that, although coL is not equal to yet
1

ncoL = —77 where n is the order of one of the harmonics con-
TuoC

2
tained in the E.M.F. wave

;
for example, 5o)L might equal

Then the amplitude of the 5th harmonic in the current wave would
E

be and this harmonic would, also, be in phase with the E.M.F.
IC
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harmonic producing it. The result is that the current wave contains
a disproportionately large fifth harmonic and is therefore consider-

ably distorted.

This resonance effect may be used to ascertain whether any
particular harmonic exists in an E.M.F. wave-form or not. A
resistance, variable inductance, and variable capacity, are connected
in series, together with an oscillograph element (for the determination
of the resulting current wave-form) across the source of the E.M.F.
under test. The values of the inductance and capacity are adjusted

so that, at the frequency of the harmonic whose presence is to be
detected, resonance is obtained. An oscillograph record of the

current which then flows is obtained and examined. The presence

of the harmonic which is to be detected will be indicated by a badly-

distorted current wave-form.
Virtual or R.M.S. Value of Complex Waves. The virtual value

of any alternating E M.F. or current is given by

f J i!?3sin(30
[ <A,) -1 • • .)wj

.sm^ {0 -f sin2
(
3^ ^

(298)

1

- 2E^E^ sin (0 + sin (30 f (^3 )

-f- 2E^E^ sin (0 -j- ^1 ) “h 9^6^^Id0

Now the integrals of all such terms as 2E^E^ sin (0 sin

(30 (^3) between the limits tt and 0 are zero. Thus,

E -= J\e^^ siu^ {0 -I- + ZiV (30 H- <!>,)

Now j' sin*-^ (0 \- (^ld0 — ~

.)d0

(299)

or E + E/ -f- E^^ + . . .

(300)

Now, A3, Ag, . . . , are maximum values of the various com-
ponents of the complex wave. All these components are sine waves
of various frequencies, and therefore the virtual values of the

components are, in all cases, given by

Maximum value of the component

V2
18—(T.5700)
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Thus, if El', E^', etc., are the virtual values of the harmonics
composing the complex wave, the virtual value of this wave is

Jg, = V(Ei'f + {E^'f + (E^f + . . . . . (301)

Example. Calculate the virtual, or R.M.S. value, of the current whose
equation is

^ ^ 5Q ^ 20 sin 47 It + 6 sin 786t

V'
feO* + 20* + 6*

^2600 + 400 4- 25
38-2

Power in Circuits in which the E.M.F. and Current Waves are

not Purely Sinusoidal. It hac already been seen that when the

E.M.F. impressed upon a circuit is

e — sin (wt + <^) + sin (3a)t -f ^) + . . .

the most general expression for the current is

i = /j sin {cot 4 <f>i
- ^i) + h + ^3 ~ 0*) + . • •

The instantaneous power w in such a circuit is given by

w = ei ^ EJi sin (cot + sin (cot + ~
^i)

+ i/3/g sin (Sad + ^3) sin (Scot -|-
<f>^

- 63)

+ . . . .

+ ^4/3 sin (cot + <f)j)
sin (Scot + <^3 - 6.^)

+ E^li sin (Scot + <^3) sin (cot + - 0i)

+ (302)

The mean power in the circuit is

W eidcoti
/ eid

1
- / [^Vi “1 ^1 ) I

~ Oj)

Jo

+ ii/g/g sin
(
3(u< 4- ^3) sin

(
3a)< 4“ ^3 ~ ^a)

4-. . . .

4- A\/3 sin (aot 4- (j>^ sin (Sayt + ^3 ~ 63)

4- JSJg/j sin (Scot 4- sin (a>f 4- ~
^i)

4- . . . .] dcot, . . . (303)

The integrals between 0 and tt of aU such terms as sin

(cot 4- <1^1) sin (Scot 4- <^3
~ ^s), where the frequencies of the two sine

waves which are multiplied together are different, are zero.



WAVE^FORMS AND THEIR DETERMINATION 535

Thus,

^ Jo
I

E^f^^\n(lh)t
1 (f>^)

mn {H(A)i [*<^3-^3)

f- . . . . J ckot

^ [i"
^ cos 03 + . . . .

)j

=~
I

cos 0, + AvVa cos 03 I
. . . . )

or If ~ 0i
“1- cos 63 t . (304)

where E^'y E^\ . • . ,
^^irid I^\ • . » ,

the virtual values of

the component harmonics of the voltage and current.

Ill us, the mean power in the circuit is the sum of the mean jiowers

due to the various components of the current and voltage, since

El'll cos 61 is the mean power due to the fundamentals of the two
waves, E^'J^' cos 6^ that due to the 3rd harmonic, and so on.

Power Factor. The power 1actor of a circuit in which the voltage

and cuiTont waves are non-sinusoidal requires special definition.

Consider the usual definition of power factor as the cosine of the

angle vi phase-difference between the voltage and current waves.
If thes^ waves are complex—and possibly differently-shaped—this

angle of phase difference between them is somewhat indefinite.

This difficulty is overcome by defining the power factor of the

circuit as the cosine of the angle of phase-difference between two
“equivalent sine waves” having respectively K.M.8. values equal

to those of the voltage and current in the circuit. Let
(f>^

be the

phase difference between the two equivalent sine waves, then the

power factor is

cos
<f>g

K
El

where W is the mean power in the circuit, and E and / are the

virtual or R.M.S. values of the equivalent sine waves of voltage and
curi’ent. W is the value of the power which would be measured
by a wattmeter connected in the circuit, while E and I are the values

of voltage and current which would be measured by alternating

current instruments, which give the equivalent sine wave values.

Determination of Wave-form. There are two general methods of

determining the wave-form of an alternating voltage or current,

namely, contact or point-by-point methods, and by the use of

oscillographs.

The former methods are only useful when conditions in the circuit

under test are steady, i.e. when each succeeding wave of voltage is

exactly the same, both in amplitude and form, as the preceding

wave. Oscillograph methods are not subject to this limitation, and
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are, therefore, much more generally used than the point-by-point
methods.

Joitbbrt’s Contact Method. Ttis method was used by Joubert
(Ref. (14) )

for the determination of the wave-form of an alternator.

An electrostatic voltmeter, or a valve voltmeter with a reservoir

condenser, is connected, instantaneously, to the terminals of the

alternator or supply circuit, once during every cycle of the voltage

wave, the interval between successive connections being equal to

the pericKlic time of the cycle. This means that the connection of

the instrument to the alternator is made at the same point in the

cycle in each case, and thus the instrument reading will give the
ordinate of the voltage wave at this one point in the cycle. The

Fig. 300. Joubert Contact Method

connection must exist in each cycle only for a time which is a very

small fraction of the periodic time of the cycle.

The contact device is then moved through a known angle, so that

connections to the voltmeter are next made at some other—known
—point in the cycle, and the ordinate at this point is obtained.

Tids process is continued until the wave-form can be traced from
measurements of the ordinates at sufficient points in the cycle.

Fig. 300 shows how these instantaneous contacts are made. D is

a disc of hard insulating material, either mounted on the shaft of

the alternator or synchronously driven. It carries a metal ring near
its centre upon which a brush 6' rests. A light metal rod is also

carried by the disc. It is permanently connected to the ring at the

centre and projects slightly beyond the rim of the disc at (7, rotating

with the disc. Another brush h, placed as shown, makes contact

with the rod at (7, instantaneously, once for every revolution of the
disc. Whilst this contact exists the voltmeter F is connected to the

alternator terminals, and thus gives the voltage at one point in the
cycle depending upon the position of the brush 6. This brush is

carried on a scale graduated in ‘'electrical degrees,’* so that the point

pf the cycle corresponding to any setting can be determined, llius,

if the alternator has six poles, one cycle of E.M.P. is induced in

one-third of a revolution, and thus the brush b must be rotated

through 120 geometrical degrees (corresponding to 360 electrical

degrees) to cover the whole cycle.
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The Joubert contact method has recently been extended to the
separation of harmonics in complex wave-forms and to the deter-

mination of the peak value and wave-form of a high voltage of the
order of 1,000 kv. Descriptions of these applications are given in

the papers mentioned in Refs. (37) and (38).

The Uospitalier Ondograph is an improvement on the above
method. This is a piece of apparatus in which the wave-form of the
E.M.F. is recorded upon a revolving drum which is driven by a
small synchronous motor supplied from the source of E.M.F. under
test. A contact maker is also driven by this motor and, by means of
gearing, arrangements are made for the brushes making the contacts

to be continuously displaced relative to the E.M.F. wave. Thus the

contact-point on this wave is slowly varied, and tbe complete wave
traced on a sheet of paper, carried on the drum, by a pen whose
position, at any point on the c^cle, is dependent upon the E.M.F.
corresponding to that point. A complete description of the ondo-
graph will be found in HospitaJier's original paper (Ref. (15) ).

Oscillographs. Oscillographs are us(^ for the observation and
measurement of transient and other phenomena, as well as for the

determination of alternating current and voltage wave-forms.
There are three types of oscillograph in use

—

() Electromagnetic.

() Electrostatic.

(c) (Jathode-ray.

They all must consist of a moving system, which is caused to

deflect when the current or voltage under test is applied to the

instrument, and an optical system, by means of which the deflections

of the moving system can be recorded on a photographic film.

The deflection of the moving system must, at any instant, be
strictly proportional to the applied voltage or to the current at

that instant. Thus the moving system must possess very little

inertia in order that it may respond instantly to changes of current

or voltage. The natural period of the system must be much smaller

than that of the alternating wave under test, and the damping must
be critical. Eddy current and hysteresis effects in the instrument
should be negligible, and its inductance and capacity must be very
small.

(a) Electromagnetic Oscillograph. Two forms of electromag-

netic oscillograph have been developed—the moving-magnet type,

by Blondel, and the moving-coil type, by DuddeU. The Duddell
instrument has now largely displaced the moving-magnet instrument.
It has the advantages of negligible inductance and freedom from
hysteresis errors. Electromagnetic oscillographs are best suited to

work at low voltages and comparatively low frequencies. They are,

of course, vibration galvanometers having an especially low natural

period of vibration.

DvMeU Oscillograph, The principle of this instrument is
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illustrated by Fig. 301. A single loop of thin phosphor-bronze strip

forms the vibrator, or moving system. This is situated in the field

of a powerful magnet—either a permanent magnet or an electro-

magnet—having specially-shaped pole-pieces to obtain an intense

field between them. If High sensitivity is required an electromagnet

is used, the magnet being worked with a high degree of saturation

in order that small changes in magnetizing current shall have a

negligible effect upon the strength of the magnetic field.

The vibrator loop is formed by passing the phosphor-bronze strip

round a small ivory pulley, to which a spring and tension-adjusting

device are attached. The loop passes over two ivory bridge-pieces

Fig. 301 . Dtodell Osolllogbaph

which confine the vibrating portion of the loop to the section which
is situated in the magnetic field. A small, light mirror is cemented
to the loop midway between the bridge pieces. A piece of soft iron,

cut away to clear the mirror, is usually fitted between the two sides

of the loop, so that each side has its own air gap. The clearances

between the sides of the loop and the pole pieces are very small

—

of the order of 0-01 cm.
If a current of I amperes passes through the loop which is situated

HIl
in a magnetic field of strength //, forces of dynes act on each

side, causing one side to move inwards and the other outwards, thus
causing the loop as a whole to deflect, as shown in Fig. 302. I is the

len^h of loop between the bridge pieces. If the current I is alter-

nating, the loop is caused to vibrate. In this type of oscillograph

the undamped natural period of the loop is about
1

10000
second.

Damping is obtained by ^immersing the moving system in oil, each
side of the loop vibrating in a small oil-filled chamber formed by the

pole-pieces and the central soft iron piece. Wave-forms offreqnenmes
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up to about 300 cycles per second can be faithfully recorded by such

an instrument.

These oscillographs are usually fitted with two vibrators, side by
side, one for the current wave and one for the voltage wave. A fixed

mirror, between them, is used to give a zero line on the film upon

which the wave forms are rccunled. The connections of tlxe vibrators

ainfeig current and voltage wave-forms are shown in Fig. 303.

^ resistances of the loops are usually about 4 or 5 ohms, and
csurrents of 1 milliamp can be detected, the safe working current of

the vibrators being about lOO miliiamps. It is thus necessary to

shunt; the current vibrator and to connect a high resistance in series

with the voltage vibrator, as shown in the figure.

A beam of light cast upon the mirroi of one of these loops will be

Voltage
Vibnalon

Fmea
Mmnon

Load

High
Resistance

Current Vibrator

Regulating
Resistance

Sup^y

Fig. 303. Connections of Dxjddbll Oscillograph

reflected, and the reflected beam will move backwards and forwards

in a horizontal plane (assuming the loops to be in a vertical position).

In recording the wave-shape, the photographic film is passed at

.eoustant speed—the actual speed depending upon the frequency of

the waves being recorded—^in a direction perpendicular to that of

movement of the reflected beam of light, the result of these two
perpendicular motions being the wave-shape required. If time

measurements are to be made upon the “oscillogram’’ so obtained,

a current of known frequency is passed through the other loop,

giving a wave on the osciUogram which can then be used as a time

scale. For example, if a wave of 25 cycFes frequency is recorded

on the film as well as the wave recording the phenomenon under
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investigation, then the length of film occupied by one wave-length

of the 25 cycle wave represents ^ second.

The oscillograph can be calibrated by observing the deflection

produced by a known direct current in the vibrator loop.

If a wave-form is to be observed, but not recorded, the optical

arrangements are as shown in Fig. 304. The reflected beam of light

Fig. 304 . Optical Arrangements for Obsf.rvtng Wave-
FORMS WITH A DuDDELL OSCILLOGRAPH

from the vibrator mirror falls on a plane mirror and is reflected

from thence upon a screen as shown. A cam, driven by a small

chronous motor, which is supplied from the source whose wave-form
is required, is responsible for rocking this miiTor, and so giving a

forward motion of the reflected beam on the screen. This forward
motion is continued for about 1| cycles of the wave, and the plane

mirror is returned, by the cam, to its initial position during the next

half-cycle, during which period the light is cut off by a rotating

shutter attached to the motor shaft. Persistence of vision gives the

effect of a continuously-existing wave (1 J cycles Jong) on the screen.

Theory of ihe Duddell Oscillograph, Since the instrument is, essen-

tially, a moving-coil vibration galvanometer, its equation of motion
is

,

,dd
cB — Oi

as shown when the theory of the vibration galvanometer was dis-

cussed (see page 248).

a is the “constant of inertia,’’ h the “damping constant,” c the
“restoring constant,” and G the “displacement constant.”

In considering the vibration galvanometer the current i

assumed to be purely sinusoidal, its equation being i = co®

In the case of the oscillograph, however, this assumption cannot be
made. The current i must be assumed to contain harmonics and
to be given by the expression

n « a

^ In sin ±<f>n) * * • • (305)

according to Fourier’s Theorem, n is the order of the various
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harmonics and varies from 1 to the order of the highest harmonic
present in the wave.

The general expression for the deflection d was found, when dis-

cussing the theory of the vibration galvanometer, to contain a
transient term, and a term corresponding to a steady vibratory

motion. In the oscillograph the damping is critical (6^ = 4ac) and
the transient term rapidly falls to zero. The expression representing

the motion of the vibrator is

9 =
c + n^ct}^a

£1 X 1 2wct>Vac

sin ± (l>n- . (306)

I follows from the vibration galvanometer theory.

ill the denominator, the higher harmonics

Jtjuk|ibo|K>tM6nate^ small effect upon the deflection, as com-
lil^th the lower harmonics. The harmonics also, in the expres-

Sl'lprtl^he deflection 6, have not the same relative phases as those

j* Cfiiftent wave in the loop, and thus the oscillograph does not
reproduction of the current wave down to the harmonics

f\|f|!J%h order. It can, however, be made to give a reproduction

is sufflciontly accurate for practical purposes.

Obviously, if the damping and inertia are both zero—i.e. if the

constants a and b are both zero—the deflectional equation becomes

c0 = 6r ^ sin {ncot ± . (307)

and the deflection is directly proportional to the current at any
instant. Under these conditions the amplitude of thetf deflection

produced by the wth harmonic is

When inertia and damping are present the amplitude of the deflec-

tiop, produced by the »ith harmonic is

GinM ^ ^ ^
^ ** c +

of the actual amplitude of the deflection produced by
harmonic, to the amplitude produced under ideal conditions,

On'

Gin

c “f n^co^a

OU
1

c + n*co*a
1 +

n^co^a
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Now, from equation (180), page 259, the periodic time of the damped
natural oscillations of the movinj^ s^^stem is that value of t which

Aclc “ 5^
makes ^

. t equal to 27t. Let this value of t be T\ then

T* = If the damping is zero (i.e. 6 = 0) the free period
V4ac - 6^

Tjj of the moving system, is given by

I^t T be the period of the fui^diamentsd of form

is to be determined by the oseflld^aph, th^h

27r
co = 2^/ = f
m ^TT

or ^7' = —
(O

Substituting 7\ and T in the expression for the ratio ^
0 ' 1 1

6 ^ 471^ T 2

1 4_ ^ . tjL
^ I m2 A ^2 1 n‘

' T2 4^2 -
'

Calling this ratio R„, we have

1 T„ I IT

oscillograph has a moving system whose natural period

of 08cillati^5|ft This wave*fonn of a complex waw?, the frequency

of whose fundamental is 60 Cycles to be q«^S»i^,ned. What are
the percentage errors in thS 7th, and Uth
harmonics ? ' \

10000 ^

Then R,

V10000/

r'-oWW;
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0-9070

Thus the percentage errors in reproduction are

—

In the 3rd harmonic
»» 5th

„ 7th

„ 11th

0*02 per cent
0-06
0-12
0-30

Phase of Ho/rmof^ics during Reproduction, It has
been seen (306) ) that a phase displacement ^ occurs, in

tlie expressite of the oscillograpli, in the case of

j, . ,
2no}\^M swr tan ^

^ c- an^o)^

^ for « and |? for

P
- tan-i

Y" y

we have, after simplifying,

^ in the above example, the phase displacement in the repro-

duction of the seventh harmonic, relative to the actual phase of

this harmonic, is

. .1
14

tan'.-j;

tan-i 00699

This angle must toe measured on i^e scale of degrees corresponding

M
hejneiomc. Thus 360° of the fundaments wave

f X S0O degrees of the seventh harmonic.
TATlO Oscillograph. This instrument, due to Ho
(21) ), is really an electrometer of special design. It

low frequency high-voltage work (above 2,000 volts)

p^antages of consuming no energy, and of requiring

bU current.

lent is shown in Fig. 305. There are two plates,

Fx and F^, which are parallel and close together. The E.M.F. whose
Wave-form is to be determined is applied to these plates through
a condenser multiplier as shown. The condensers 0^ and C» are

approximately equal, but is adjustable.
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Between the two platea -Pj, F2, is mounted the vibrator, which
consists of two parallel thin strips of phosphor-bronze, passing over

two bridge pieces as in the Duddell oscillograph. These strips are

joined at their lower ends by a silk thread which passes round a
small ivory pulley to which a spring is attached, so that tension

may be applied to the loop. The upper ends of the strips are fixed.

OsorLLOOBAPH

Damping is obtained by immersing the strips in an oil-bath as in

the Duddell instrument.

The vibrator loop carries a small mirror wi, which is cemented to

both strips, and the plates Fi, JP*, have openings in them through
one of which this mirror may be illuminated and observed.

The strips forming the loop are insulated from one anotkeij: ^

a constant voltage (about 300 volts) is applied to

battery as shown. The mid-point k of the battery is

a point d whose potential is mid-way between the
the two plates F^- Condenser C^ is adjusted to obtain el

^

symmetry between the two strips and the plates.

When the alternating voltage is applied to the condenser cir^4
an alternating electrostatic field will exist between the plates and
the loop will be caused to vibrate. The natural period of the loop

must, of course, be very small in order that it may follow faithfully

the alternations of the applied wave of E.M.F.
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Theory qf Electrostatic Oscillograph. On the assumptions that the

strips are both perfectly symmetrical relative to the plates and that

there are no dielectric losses in the condensers and in the damping
oil, the theory of the instrument can be stated as follows

—

Let e = the potential difference between the plates at any
instant.

,, the potential difference between the two vibrator

strips.

= battery potential difference.

The force acting on the moving element of an electrometer is

given by
jF = jr(2eiC2 + 62^) .... (310)

where = potential difference between the moving element and
one charged plate.

eg =» potential difference between the two fixed plates,

is a constant.

'then, in this case, force upon strip 8^ is

I f ^ 4 KK,,

fa)

Fig. 306 . Circuit for Electrostatic OsoiLLOGEArH

and force upon strip 8^ is

(This can be seen from Fig. 306, in which it is assumed that at

the instant under consideration that the polarities of the E.M.F.s
are as shown. Points d and k are assumed to be at zero potential for

purposes of comparison.)

Thus, the torque deflecting the vibrator loop may be written

where if is a constant, or, since E-^ is also constant, the torque

may be written Ne where N = ME^,
The equation of motion of the vibrator is thus

d^O .dO ^ ^+ =
n » a

6 = 5" sin (na>t iwhere



546 ELECTMWAL MEASUREMENTS

The conditions of damping, natural period of oscillation, and
* moment of inertia of the vibrator, required for faithful reproduction
of the E.M*F. wave, are the same as in the Buddell oscillograph.

The oscillograph can be used to determine the wave-form of a
small current by passing the current through two equal non-inductive

resistances in series. The two outer

terminals of these two resistances are

connected to the two vibrator strips,

and the common terminal of the resist-

ances is connected to the mid-point of

the battery which is connected across

the two plates of the oscillograph.

(c) Cathode Ray Osoi»ocmAte.
Crookes first discovered the fact that,

when two electrodes between vhiph a
high, unidirectional potential diffilf-'

ence exists are situated in a highly

exhausted tube, a stream of electroni

passes from the cathode to the anode.

These streams or rays of electrons were
called “ Cathode Rays.” Braun utilized

this phenomenon for oscillographic pur-

poses in the Braun tube, which was the

first form of cathode ray oscillograph

Since the rays have practically no
inertia and can be deflected by either a

magnetic or electrostatic field in a

direction perpendicular to that of the

motion of the electrons, such oscillo-

graphs are at the same time simple to

use and extremely useful for the obser-

vation of transient or high frequency
phenomena. Their practical limit of

frequency is at least sufficiently high to

include all radio-frequencies.

{Standard Tdephorm CahUs, Ltd ) Messrs. Standard Telephones and
Fia. 307 (A). Cathode Ray Cables, Ltd., have developed a cathode

OsoiixoGBAPH ray oscillograph in which the cathode is

a heated filament. This instrument,

which is now very generally used, has the advantage over the

original Braun tube that a comparatively low Voltage (250 to

400 volts) is required to produce the electron stream.

The construction of this oscillograph is shown in Kgs. 307 (a)

and (b), and the diagram of connections for its use in fig. 308.

The instrument consists of a pear-shaped glass tube the inner

surface of the wide end of which is coated with a mixture of calcium

tungstate and sdnc sSioate so that it forms a fluorescent screen.
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{Standard Ttiephtmes <4? VahUs^ Lid.)

Fig. 307 (B). Cathodb Bay Osoilloobaph



548 ELECTRICAL MEASUREMENTS

The tube is highly exhausted during manufacture, the air being
replaced by a small quantity of argon gas. Inside the tube, at the
narrow end, there is a filament of oxide-coated tungsten, whose ends
are brought out to two terminals in the base. A little higher up
the tube is the anode disc, and in between this and the filament

is a screen, S, The screen protects the filament from bombardment
by a stream of positive particles which travel in the opposite direc -

tion to that of the electron stream. When the anode tube is charged
to a higher potential (300 volts) than the filament-cathode the elec-

tron stream passes through it, being given direction thereby. ']''h(‘

electrons issue from the anode as a fine pencil of rays and next pass

in between two pairs of parallel ‘'deflecting'^ plates and Py
placed in the tube a little beyond the anode. One pair of plates is

placed a little farther up the tube than the other, and the planes

of the two plates forming this pair are perpendicular to those of

the other two plates as shown. Finally, the cathode ray pencil

falls upon the fluorescent screen formed by the broad end of thc^

tube, and produce a luminous spot upon it.

Electric Deflection. If a potential difference between the deflect-

ing plates forming one pair, is created—^the other pair being left

disconnected—^the electron stream is deflected by the electrostatic

field which then exists. If the applied voltage is alternating, the

luminous spot upon the fluorescent screen will move backwards and
forwards, tracing out a line upon the screen. Since the rays have
no inertia their deflection from the zero position is proportional to

the potential difference between the deflecting plates at any instant.

The deflection, in centimetres on the screen, is given by

7 = (312)

where E is the potential gradient between the deflecting plates in

volts per centimetre, V is the potential difference between the

filament cathode and the anode, in volts, L^ is the length of one of

the deflecting plates in the direction of the beam, and L^ is the

distance from the centre of the deflecting plates to the flourescent

screen, both lengths being in centimetres. The deflection is in tlie

same direction as the field.

Since, however, there may be some slight imcertainty with regard

to the dimensions L^ and L^ and the distance between the plates

calibration of the tube by the application of a continuous and known
voltage between the plates is advisable.

Magnetic Deflection. If, instead of using the deflecting plates

two coils are used, placed on the outside of the tube, diametncally

opposite one another^ and at about the same position on the tube

as the deflecting plates, and if a current is passed through them
so as to produce an axial magnetic field, the electron stream will

be deflected by magnetic action. If the current in the coils is

altei^ating, a line wilt be traced out upcm the scieen.
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The expression for the deflection of the electron stream so produced
is

SL, (313)
VV

where Y' is the deflection on the screen in centimetres, H is the

strength of the deflecting magnetic field, S the length of the path
of the electron stream in the field, and V and Lg are as before. The
deflection is in a direction |)erpendicular to that of the field.

{Standard Telepkoms and Cables, Ltd.)

Fig. 308 Diagram of Connections of Cathode
Ray Oscillograph

The manufacturers of the oscillograph give an expression for the

error in deflection AY due to the curvature of the screen. This is

where Y is the deflection on a plane screen, and R is the radius of

curvature of the actual screen.

Time Base. In order to convert the line which is traced out on
the fluorescent screen when an alternating voltage is applied to

one pair of the deflecting plates, into a wave, some other deflecting

force, whose direction is perpendicular to that of the alternating

one, is required, to provide a ‘Hime base.”

If a steady voltage is applied to the two plates which are not
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connected to the alternating supply, the effect will be merely to

displace the line traced out by the spot from its initial position by a

certain definite amount, but if this volttige can be made to increase

in magnitude at a constant rate, the displacement of the spot in

the direction perpendicular to that of the deflection due to the

alternating field, will be at a uniform rate and a wave with a
linear time base will be the result. In this way the wave-form
of the alternating wave plotted with rectangular co-ordinates is

obtained.

The steadily increasing field for this purpose can be obtained by

Fia. 309. CmcmT for Obtaining the
Time Base

spinning a permanent magnet or current-carrying coil at a suitable

rate, near to the base of the tube, or by applying to the two free

deflecting plates a unidirectional voltage supplied through a poten-

tial divider of circular form whose moving contact is rotated at a

uniform rate. These mechanical methods have, however, been
superseded by the methods described below.

A more generally applicable method of producing a linear time
base due to N. V. Kipping, employs a neon lamp with a variable

condenser across it terminals, the full connections being as shown
in Pig. 309.

A neon lamp has the property of “striking^* (i.e. commencing to

pass a current) only when the voltage applied to it reaches a certain

value and of “failing*' (i.e. ceasing to pass a current) at a consider-

ably lower voltage. Thus, referring to the figure, the condenser C
t

builds up to a voltage given by e = i? (1 - e ), where E is the

voltage of the battery supplying the lamp (200 volts) and R is the
resistance in series with the condenser and lamp, before the lamp
strikes. The time tak^n for it to build up to the striking voltage of

the lamp obviously depends upon the value of C (for a given value

of JK). When the lamp strikes the current through R increases, and
tile voltage across the terminals of the lamp Mb below the failji^

value, alter which tiie charging of 0 recommwhes. The neon lamp
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therefore “blinks and a voltage which rises gradually and then falls

rapidly is thus applied to one pair of deflecting plates. This produces

an approximately linear time base, as shown in Fig. 310. The
frequency of the blink can be altered by adjustment of C.

Fig. 310a gives a diagram of connections of a circuit utilizing a

gas-filled triode which is typical of a number of such circuits devised

recently for the production of a linear time base. The time base,

or mmp, circuit itself is enclosed within the frame (shown dotted),

the terminals for connection to the cathode-ray oscillograph being

Tj, To, and T3 .

is a pentode and O a gas-filled triode (the gas may be mercury

H>/ts Appheo!
to Deflecting

Plates

Time

Fig. 310

vapour, neon, etc.). P^ and P^ are potential dividers. R^ (about
50,000 ohms) is a resistance in the grid circuit of the triode and R<^

(about 500 ohms) is a limiting resistance in its anode circuit. R^
(about 2 megohms) and 0^ (about 2 microfarads) are for the purpose
of isolating D.C, potentials so that these do not produce a steady
deflection of the cathode ray.

The action of the circuit is as follows ; When the D.C. supply is

first switched on the condenser (or Cg) acts instantaneously as a
short circuit and the full D.C. voltage is applied to the pentode.

<74 charges (at almost constant current due to the shape of the

anode current/anode volts characteristic of the pentode) and the
voltage across it rises until it is sufficient for the triode 0 to dis-

charge. The voltage required for discharge depends upon the grid

bias of Q and is therefore controlled by the potential divider Pg-

Again, the charging current of depends upon the grid bias of the
pentode and is controlled by potential divider P^. Now the rate of

sweep on the oscillograph obviously depends upon the rate of in-

crease of voltage aeross the time-base pair of plates, i.e. upon the
rate of increase of the voltage across C4 . Let this rate of increase

dp

d /g\ I ^ __±
3i(cJ-G'4dt - Ct
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where Q = quantity of electricity supplied to C^

and i == charging current.

dv
Since i is constant ^ , and therefore the rate of sweep is constant,

giving a linear time base.

The rate of sweep depends upon the setting of 1\, and the ampli-

tude of sweep upon the setting of
The condensers Cg and C^ are usually of the order of 1 microfarad

and 01 microfarad respectively.

An important feature of the circuit is the synchronizing branch
circuit consisting of condenser C^ (about 01 microfarad) and R^
(about 2 megohms). This enables the sweep frequency to be

“locked” to some sub-multiple of the frequency of the voltage

under test by applying to the grid circuit of the triode a small

Fig. 310a

alternating voltage of this frequency. The result is to maintain the

trace of the wave stationary upon the oscillograph screen.

Such a circuit gives almost constant velocity of sweep (i.e. linear

time base) with almost instantaneous return, for frequencies from
(say) 0*5 per second to about 10,000 per second.

Observation and Recording of Wave-forms. In some forms of

cathode-ray oscillograph special provision is made for photographing
the wave-form under observation. In one form a S3mchronou8ly
rotating drum to the surface of which a photographic film was
attached, is used. The light spot can be allowed to traverse the

same path on the film a large number of times, and thus a much
clearer photograph is obtained than when merely one traverse of

the spot is photographed.

In the Standard Telephones instrument described above, thewave-
form can be observed on the fluorescent screen and a record made
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by tracing the wave upon tracing paper placed on the end of the
tube. Periodic and transient phenomena can be observed with
this instrument, provided, in the latter case, that the phenomenon
exists for a period which is long enough to make an impression on
the retina of the observer’s eye.

Photographic records of traces on the screen can be made, with
this instrument, when the two perpendicular deflections of the

electron stream are both periodic functions of time and produce
a stationary pattern. This will be a loop or Lissajous figure when
both deflecting forces are sinusoidal functions of time and a sinu-

soidal wave when a 83aichronized linear time base is used. In such
cases a photograph of the pattern on the screen may be taken with
an ordinary camera, since it exists continuously so that the camera
exposure may be as long as required for a clear photograph.
The tube is a very convenient instrument for the direct observa-

tion of the shape of such curves as the hysteresis loop for specimens
of iron and the volt-ampere characteristics of thermionic valves.

Another application, as was pointed out in Chapter IV, is the

measurement of dielectric power loss, the instrument being, in

effect, a wattmeter when used in this way.
The works mentioned in Refs. (7), (23), (24), (26), give, also, very

full information regarding cathode ray oscillographs of all types.
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CHAPTER XVI

TRANSIENT PHENOMENA

Phenomena which are not sim})le periodic functions of time, and
which usually exist for only a short time, are referred to as “tran-

sients” or “transient phenomena.” We have already had several

examples of such phenomena in previous chapters.

In this chapter, transients produced by the sudden opening or

closing of various circuits, wiU be considered. —

'

InitiRl Conditions whai^ Steady TTmdirgctiPii^r^lta.ge is Im-
pressed upon Circuits. W^en such a voltage is applied to a closed

circuit the current which* will eventvxilly flow in the circuit will, of

course, be given by^:^— At the instant of
•' Resistance of the circuit

switching the voltage on to the circuit, however, the current is

zero. The initial, or transient, conditions with which-^ye^are now
"concerned are those which exist wmieHie cUTfentis changing from
its initial value to its final steady value. These conditions depend
upon the resistance, inductance, and capacity of the circuit under
consideration, and various possible cases will now be discussed.

Resistance Only. If a steady voltage E, from a battery (say), is

applied to a circuit, of resistance By whose inductance and capacity

E
are negligibly small, the current in the circuit rises to the value
instantaneously, without any transient conditions.

^
Resistance and Inductance in Series. Let E be the impressed

steady voltage, and R and L the resistance and inductance of the
circuit, then, when the voltage is switched on to the circuit, we have

E = Ri +
dt

(316)

where i is the instantaneous value of the current in the circuit at

any time t. The voltage-drop in the resistance of the circuit, together

with the back E.M.F, of self-induction, is equal and opposite to the

impressed voltage at all instants.

The instantaneous current i can be obtained as follows

—

or

E-Ri = L
d̂t

di di

Xj Mi

566
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Integrating each side we have

di

Ri

i ^zl
L"" R loge (E-Ri) + A

where ^ is a constant.

Rl ~ logc {E - Ri) - AR

loge {E - Ri) + loge B

where B is another constant such that logg J? ~ ~ AR.
jjt

Hence e B (E - Ri)

B can be found from the conditions at the instant of switching.

Thus, when / = 0, i = 0, so that

z=z B (E) ot B = ^
Substituting this value for B we have

JJL

e‘‘ ^-(E-Ri)

or Ee ^ =E-Ri
JJt

Ri = E(\-e^)

or , = ^) . , . . (siC)K

This means that the current rises according to an exponential

law, the current-time graph being as shown in Fig. 311, curve (1).

The maximum, or final, value is attained when < =oo

.

Then

»-ij (1 c )
Jg

Thus, if a circuit possesses inductance the current only reaches

its steady value—^as given by Ohm^s law—after infinite time,

although it may rise to withm a very small percentage of this value

in quite a short pmod of time.
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Example. Calculate the value of the current after 1 second, when a voltage
of 100 volts is applied to a circuit having a resistance of 20 ohms and an
inductance of 100 millihenries.

20
100 -n-.

20
(1

R JL
In this example, the ratio — is large, and the ratio ^—which is called the

// Jti

“tune-constant” of the circuit— is thus small. The current therefore very

Seconds

Fig. 311. Curves of Rise and Decay or Current in
AN Inductive Circuit

rapidly attains a value which, for all practical purposes, is the same as its

final steady value of 5 amp.
If the resistance hcid b^n 0*2 ohms instead of 20 ohms, the time-constant

would have been 0*5 instead of 0*005, and the current, after 1 second, is given

ss 432*8 amp.

which is appreciably less than its final value of 500 amp.

Obviously, in all such circuits, after a time ^ seconds the current

is given by ^

»=|(l-«-‘) = 0-6322|

Xtaiuant mteci whoa the Im^romoii Vottace is Bstuovsd. If th«

impresaed rt^toge is suddenly removed from ilie idrouit (vitlioat
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opening the circuit) when a current ^ amp. is flowing in it (a con-

siderable time having passed since the instant of switching on) the

current does not disappear instantaneously, just as it did not rise

to its final steady value instantaneously. The energy which was
absorbed by the magnetic field of the inductive part of the circuit

during the initial rise of the current to its maximum value, and
which has been stored in the field while the steady current has been
flowing, is now discharged again, and maintains a current for some
time after the removal of the impressed voltage.

The current variation with time, after removing the voltage, is

obtained as below. The voltage equation of the circuit is now

L^+Ri^O (317 )

dt _ di

Integrating, we have

dt

I
t

where is a constant.

-Rt

= B'Ri

/
di

Ri

R logfi^t-1 A'

where B' is a constant such that log B' = A'R.

If ~ when i = 0,
JtC

fcO == B'E or H £
E

Hence, the law of die-away of the current is

E ~
» = . . (318)

This curve is shown in Fig. 311, curve (2).

Circuit oontaming Besistance, Inductanoe, and CaiMCity. Suppose
a stea4y voltage E is suddenly switched on to a circuit contaimtig

resistance inductance L, and capacity C. The voltage equation

of the circuit when current of instantaneous value i begins to flow

is

Bi + L^ + E . (319)
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The expressionJidt represents the quantity of electricity which

has been given to the condenser during the first t seconds after

fidt

switching on the voltage, t being variable. Hence represents

the voltage across the condenser terminals after t seconds.

Differentiating both sides of the above equation with respect to

t we have

or, rearranging, r ^ ^ i^ ^ dt'^ C
0 (320)

It has been shown already that the solution of an equation of

this form is

i = Ae'^i^ +

where A and B are constants, and and Wg are the roots of the

auxiliary equation Ltn^ + ^
= 0.

- E
Thus,

and

2L

7^2 '

c
2L

The final form of the expression for the current i depends upon
whether the term under the square-root sign is positive, zero, or

negative—i.e. upon whether is greater than, equal to, or less

than There are, therefore, three cases to be considered.
G

Casel. R^>^.
G

In this case, mj and are both real quantities. To find A and
2?, consider the initial conditions of the circuit. Suppose < = 0 When

t = 0 and that the condenser is uncharged (i.e. J'idi ~ 0). 'Tfien,

firom the original voltage equation, when t — 0,

di

'(»
E or

di S
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From the current equation we have

also

0 = Ae^ + Be^

^ A B
A^^-B

^ = Am^e« + TJwjeO = f
(It " Jj

A rrij - A nu — ~
fj

Fig. 312

or

and

Hence

A -

B=^

E
L {m^ - mg)

L {m^ *- mg)

E
(gmif _ gwM) amp.

L (mj - mg)

Substituting for wq and in terms of JR, L, and C, we have

(321)

Co^e 2. = 4L

The most general solution of the equation for the current i is now

i=(A + Bt)e~^* . . . (322)

If, initially, » 0 and
J

idt = 0, whon < = 0, then, when < == 0.

— — —
dt~ L

* Bee Fiaggio Differential Eguatione, p. S2.
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The roots wij and are then imaginary, and can be written

+A
~ hi - jk^

. ./-T .
R

where

Hence, the equation for i is

or i =
Since == cos px + j sin px

and = Go^px - j ^mpx
we can write

% — e~h^[A (cos + j sin k^t) + B (cos - j sin

= £'*1* [M cos ^ sin k^i\

where M ^ A + B and N ^ j {A - B)

= £“^*1^ [P sin {kji + «)]

where P = Vif® + and a = tan"^^

f[^G
. , if
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If t = 0 and J*idt = 0 when ^ == 0

Then ^ ~ when t = 0.
Cut Jb

From the final equation for i, when / = 0, 0 — P sin ^tan"^

M
Therefore, either P == 0 or tan"^ ^ ^ 0.N
^ow P cannot be zero, since this would cause the current to be

Now, when t = 0, by differentiation,

k
dt 2L

Hence, P
2E

V 0 '

Thus, finally,

2E

Vc'
: £ Bin

2L

or »

=

E
s
ti

4
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The general shapes of the current-time graphs for these three

cases are as shown in Figs. 312, 313, and 314. The current, in the

first two cases, is non-oscillatory, and in the third case oscillatory.

In all three cases the final value of the current will, of course, be
zero, since there is a condenser in the circuit and the applied voltage

is unidirectional.

Circmt containing Resistance and Inductance, when the Impressed
Voltage is Alternating. Let R and L be the resistance and induc-

tance of the circuit and let the impressed voltage be given by
e = E^^^ sin mt.

The voltage equation for the circuit is then

e ™ jKi -f- L ^ cot , . . . (328)

Hence,

di Ri

dt T ~ sin cot*

m
^ ^ m

i

I
sin cot + A

i — f£ ^ sin cot£ sin cot A e

The term / e sin lot = £
f'[x“

sin cot -CO cos cot

TO ^

~ sin cot -CO cos cot

* This differential equation is of the form

eooh side with respect
it multip]

to X, wmlen we obtain the equation

where is a constant.
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(R sin (ot - wL cos co<)

L
+ A

I

m
L

Ls

E,

E^

{E sin (ot-wL cos wt) A 8+ orE^

R . . cjL

L

Vr^ + m^IVr^ +
sm <jot -

V'R^ +
coHwt

\ ^ Ae

Jmax sin {(ot • a) + >4£

m
L

(330 )

,

ioL
where a — tan’^ and ^ maximum value of the currentR
under steady conditions and equals r-— .

VR^ + ^27.2

The first term of the above expression for ^ obviously represents

the current whicn flows under steady conditions (i.e. after the

voltage has been switched on for some time). The second term
represents a transient current which disappears comparatively
rapidly, but which exists for a short time after closing the switch.

The value of the constant A depends upon the position on the

voltage wave at which the switch is closed—i.e. upon the value of

e at that instant.

If the switch could be closed when e had the value E^f^x sin a,

then the current at the instant of switching would be given by

i = ^max sin (a - a) + Ac

Rt
' L

But i is zero at the instant of switching, and therefore we have

0 = 0 + Ae^

Hence, A is zero. In this case, therefore, there would be no transient

current, the voltage and current being in their correct (i.e. their

final) relative phases from the instant of switching. In all other

cases, however, the transient term will not be zero.

Thus, suppose that the switch is closed when the voltage is at

some point on its wave corresponding to a time t' seconds after its

zero value. Then, counting time—in the expression for the current
—^from the instant when the voltage is zero, when i = 0, we have,

when t ^ t' (at the instant of closing the switch),

-,5L'

0 = Im^x sin ((ot' - a) + ^

Hence, J. = - sin {mt' - a) . e
^
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The general equation of the current is therefore

* == Imax sin {cat - a) - .e ^ sin {ot' - a)

j(t'-t)

or i = {(ot- a) - lmax£ sin (cof- a) (331)

The general shape of the current-time graph is as shown in Fig.

315, from which it can be seen that the effect of the transient term
is to produce dissymmetry in the first few cycles of the current wave

;

this dissymmetry rapidly dies away so that the wave approaches
very closely to its normal sinusoidal form after a few cycles.

Circuit containing Resistance and Capacity Only. If the same
alternating voltage e — E^f^g. sin cot is impressed upon a circuit

having resistance li and capacity 6', but no inductance, the voltage

equation is

e El sin U)l (332)

By differentiation we have

.
di

(^^max 008 = i? ^ +
i

c

This is an equation of the same form as that obtained when resis-

tance and inductance were contained in the circuit, as in the previous

paragraph.

It can be solved in the same way, giving

_ J-

sin {(ot + a) + ide

or i sin (ot + a) + Ae . (333)

Circuit eoutaining Besistani^, luductaucet und C^o^ty in Soriest

with an Altamaiiiig ImpicMd ?(dtage. If, as before, the impressed

^max

7'*’+ si*
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voltage is given by e = the resistance, inductance,

and capacity of the circuit are K, L, and 0, the voltage equation ie

c = Ri

Differentiating, we have

Nmay «ill
. (334)

The solution of this equation vvill give an expression for i which
is the sum of a particular integral and the eoinploinentjiry function,

the latter being obtained by solving the equation

+ + 5
= o

The solution of this equation has already been shown to be

i ~
where A and B are constants and and mg are the roots of the

equation

-f- Rm -f- ^ = 0 (see page 560)

As regards the particular integral, by analogy with the differential

equation for the motion of the moving system of a vi))ration gal-

vanometer, given on page 255, we have the solution

i = _ . cos {a,t - (i) . . (336)

+ RW

P = tan'^

This may be written as

Em
sin (cot + a)

where tan a i.e. a = 90 -

or, otherwise

sin ((ot - y)
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coL

where y = tan"^ -

coC

R
= - a.

The complete equation for the current i is therefore

i Ae^i^ + +
--V
coCJ

sin {cot - y)

or i == Ae^^i^ 4 4 ^max - y) • • (336)

The last term obviously represents the current in the circuit when
the transient current—represented by the first two terms—^has died

away.

-i?+^
/™ 4Z,

Now, m^= ~
2L

and m.

R^

2L~
C

Case 1. R^ >

so that the final form of the equation for the current depends, as

before, upon whether R^ is greater than, equal to, or less than, —
These three cases will now be considered in turn.

^ *

C*

Both mi and are now real values, and

i = Ae^^ 4- B£^2^ 4- ^max sin (cot - y)

To evaluate the constants A and B, the initial conditions in the cir-

cuit must be known. Suppose that the switch is closed when the
voltage has a value corresponding to time t' seconds on its wave
(i.e. at the closing of the switch e — E^^x sin cot'). Let time be counted
from the instant when the voltage is zero. Then, the current is zero

at the instant of closing the switch, so that i = 0 when t = t\

Suppose that the condenser is discharged when the switch is closed,

so that
J

idt = 0 when t == f.

We then have

i = Ae”^i*' 4“ + I^ax sin {cot' - y) = 0

Integrating the expression for i, we have also
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Substituting for Ae”‘i^’ (from the first of these equations) in the

second equation, we have

(o

From which

B
cos (o}t' -y) + siii {(ot' - y)

(mj - m^)

r”h cos (a)(' - y) + sin {ad' -

y)Jmi -

or J5 = fsin (mV - y \ 0)]

, ^V"
0)^

Wji©r© **“ " '

' /
"

'

V— ftiici 0
M (mj - m^)

tair^—

.

M

Similarly,

A = KJt^max sin

where Kn - 2Kj cos

Case 2. R^ = ^-
R

In this case, mj = and the most general expres-

sion for the transient, when these roots are equal, is

(337)

(338)

(A + Bt)

Thus the equation for i is now

2Z,
i = B (A + Bt) + sin (Mt-y) . . . (339)

If the switch is closed when e = Bmax ®in mV (i.e. t = V when the

switch is closed), and if the condenser is then uncharged, we have
at this instant

azi'

t = i', i = 0, Jidt = 0

0 = e [^ + 7?#'] + sin {cot’ -y) = i

and, by integrating the expression for »,

0 = - 2L.§. t'
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From these two equations A and B may be evaluated as before.

Case 3. if* <

In this case, the roots and are imaginary. If mj = ~ {- jk^

f B
and ~i^2 {

where — and k^ = — ) the

transient terms may be combined to give the expression

r.
L''""V 21“ (see page 256)

where F = VC* + XI*

and C=A+B, D=-j {A- B).

P = tan-»

Hence, the whole expression for the current takes the form

’-(Ml ^ 7 + /,na^ (cot - y)

If, as in the previous cases, the switch is closed when

e ~ sin cot'

then i = 0 when t = t'. If the condenser is uncharged at this

instant, idt = 0 when t ~ t\ we have

sin0 == Fe sin 1’ + PJ
-j- I,„ax aiw («><' - y) = »

Also, by integration, when t = t'

^ C
4X* 4X*

t’ + PJ-

' 008 {wf “ y) = I idi



TRANSIENT PHENOMENA 571

Fiq. 316

0 == - fVl ^ /

J¥~^

V C
~

Substitute for convenience in simplification.

From these two equations for i and J*idt we have

FVW *

sin (V' + ^ ^ cos {mV - y)

Ffi sin (k4* + sin (mV * y)
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By division,

cot

or

sin {k^’ + |8)

sin (k^' + jS) cos (j> + cos (k^' + jff) sin </> __ cot (cot' - y)

sin (k/ + fi)
~ VIc~

cot (cot' - y)

VwCOS
(f} + cot (k^t' + fi) sin

cot (k^' + /S) =--- - cot ^
VLC? sm

(f)

Hence, k^t’ + /9 - cot.TcotM'-y)_cot^l
1 Vw sin ^J

or -cot il-k/
1 Vw sin 4,

Thus, F =
JLf

- e 7^0* sin (cot' - y)

sin (k^' + P)

or p - £ ^max sin - y)
r - -

sin rcot‘^ i ^ - cot <j)Y]

L lVWain<j>

(341)

The final expression for i may be obtained by substituting these

values of F and in the expression

+ ^max sin (cot - y)

The general shape of the current wave, immediately after closing

the switch which applies the voltage to the circuit, is shown in

Fig. 316. As the transient current dies away, the wave approaches
the wave obtained under steady conditions, as shown.
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CHAFPER XVII

MEASUBINO mSTBTTMEirrS

In this, and the succeeding chapters, we shall be concerned with the
principles and construction of the various measuring instruments
which are used for the measurement of current, voltage, power, and
energy. Certain features are common to all such instruments and
these will now be discussed.

Classification In the broadest sense, instruments may be divided

into two classes

—

() Absolute instruments.

() Secondary instruments.

(a) Absolute Instruments give the value of the electrical

quantity to be measured in terms of the constants of the instrument
and of its deflection, no comparison with another instrument being

necessary. For example, the taughtgalvanometer gives the value of

the current to be measured in terras of the tangent of the angle of

deflection produced by the current, and of the radius and number of

turns of the galvanometer, and of the horizontal component of the
earth’s magnetic field. No calibration of the instrument is thus

necessary. Another example of an absolute instrument is the
Rayleigh current balance, which has already been discussed in an
earlier chaptief.

(b) Secondary Instruments are so constructed that the value

of current, voltage, or other quantity to be measured can only be
determined from the deflection of the instrument, provided the

latter has been calibrated by comparison with either an absolute

instrument or one which has already been calibrated. The deflection

obtained is meaningless until such a calibration has been made.
This class of instrument is in most general use, absolute instru-

ments being seldom used except in standards laboratories and
similar institutions, and it is principally, therefore, with secondary
instruments that we shall deal in this and the following chapters.

Effects Utilized in Measuring Instruments. Secondary instruments
may be classified according to the various effects of electric current

or voltage upon which their operation depends. The effects utilized

are

—

() Magnetic effect.

() Heating effect.

(c) Chemical effect.

(d) Electrostatic effect.

(e) Electromagnetic induction effect.

Table XIII shows in what kinds of instruments these various

effects are most generally used in practice.

573
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TABLE XIII

I

Effect Instruments Utilizing the Effect

Magnetic effect

Heating effect .

Chemical effect

Electrostatic effect .

Electromagnetic induction
effect ....

Ammeters, voltmeters, wattmeters, mtegratmg
meters, and most other electrical instruments.

Ammeters and voltmeters.
Integratmg meters (D.C. ampere-hour meters).
Voltmeters (indirectly, ammeters and watt-

meters).
Alternating current ammeters, voltmeters, watt-

meters, and integratmg meters.

Of these effects the first and last have been most commonly used.

The use of the term “integrating meter” in the above table may
perhaps require explanation. An integrating instrument is one
which measures the total ai^uutjaither of quantity of electricity,

qr of electrical energy supplied to a circuit over a period of time.

Its readings give, therefore, either the number of ampere-hours, or

of watt-hours, supplied.

The introduction of the term “integrating meter” leads to another
method of classifying secondary instruments, namely, as either

—

() Indicating.

() Recording.

(c) Integrating.

Ammeters, voltmeters, and wattmeters, belong to the first of

these three classes. As stated above, ampere-hour and watt-hour
meters belong to the third class. Recording instruments give a
continuous record of the variations of some electrical quantity, such

as current or power, by means of a path traced out by a pen
(attached to the moving system of the instrument) on a sheet of

paper carried by a revolving drum.
Indicatiiig Instruments. In most indicating instruments it is

essential that three distinct forces shall act upon their moving
system in order that they shall indicate satisfactorily. These forces

are

—

(i) A deflecting force.

(ii) A controlling force.

(iii) A damping force.

Thus, the deflecting, or operating, force causes the moving system
of the instrument to move from its “zero” position (i.e. its position

when the circuit in which it is connected, is disconnected from the
supply). The magnitude of this movement would be somewhat
indefinite (in most cases) unless some controlling force existed which

limit&f the movement and ensures that the magnitude of the deflection

Is alv^ys the same for a given value of the quantity to be measui^.
A ^^damping” force is also necessary hi order to bring the moving
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system to rest in its deflected position quickly. Without such
damping, owing to the inertia of the moving parts, the pointer of

the instrtiment would oscillate about its final deflected position for

some time before coming to rest, and this would cause waste of time
in taking readings, as well as ])reventing any but very slow varia-

tions of the quantity to be measured, from being observed.
Curves showing the effect of damping upon the variation of

position, with time, of the moving system of an instrument, are
given in Fig, 317. Oscillation about the final position is shown in the
under-damped curve. If the instrument is over-damped, the moving
system rises slowly from zero to its final deflection. When the

Fig. 317 . Damping Cttbvbs

instrument rises quickly to its deflected position without oscillation

the damping is said to be “critical,’' and the instrument “dead-
beat." In practice it is found that the best results are obtained
when the damping is slightly less than the critical value.

The damping force must only operate while the moving system of

the instrument is actually moving. The final deflection of the

instrument must not be affected by the damping.
The deflection of the moving system of an indicating instrument

will rise from zero to such a value that the controlling torque at

this deflected position is equal (and opposite) to the deflecting torque.

The deflecting torque produced by any given value of the quantity

to be measured is constant and thus the controlling torque must
increase in magnitude with the deflection until it balances the

constant deflecting torque.

The operating or deflecting torque is produced by utilizing one or

other of the effects already mentioned. The actual method of

production of this torque depends upon the type of instrument and
will be discussed later.

The controlling torque in indicating instruments is almost always

obtained either by a spring or by gravity.

Srxtma Ooktrol, A hair-spring—usually of phosphor-bronze

—

attached to the moving system, is most commonly used in indicating
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instruments for control purposes, the arrangement being as shown
in Fig. 318a—^in which B is the control spring, F the moving iron,

and D a damping vane—and in Fig. 318b.

To give a controlling torque which is directly proportional to the

Fig. 318a. Moving System op a SpRiNG-rJONTROLLED
Instrument

{Nalder Bros, and Th&mpaan)

Fig. 318b

angle of deflection of the moving system the number of turns on the

spring should be fairly large, so that the deformation per unit length

is small. The stress in the spring must be limited to such a value

that there is no permanent set.

Suppose that a spiral spring is made up of a total length of L in. of strip

whose cross-section is rectanj^ar, the radial thickness being i and the depm
both in inches. let E be Young's Modulus (in pounds per square inch) lor

the material ol the spring. Then, if 6 radians be the deflection of the moving
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system to which one end of the spring is attached, the law connecting the
controlling torque with 6 is

(3^2 )

Thus, controlling torque oc 6

OC instrument deflection

Another formula which is of use in connection with the design of springs is

rp) ~ ^ • • • • (342a)

where ia the maximum stress in the spring.

In order to avoid overstressing the spring, the ratio — should be about 2,000
if the material is phosphor-bronze. ^

Instead of a spiral spring, one in the form of a long helix is some-
times used. In some instruments the control is exerted by a sus-

pension consisting of a single strip of phosphor-bronze.

^Pointer

Balance
Weight

~ Control
Weight

Fig. 319 . Gravity Control

The requirements of materials used for springs are: they shall

be noil-magnetic ; not subject to appreciable fatigue
;
and, in cases

where the spring is to be used as a lead to the moving system (as

it often is), it is also necessary that its resistance shall be low and
that its temperature coefficient shall be small.

Silicon bronze, hard-rolled silver or copper, platinum silver,

platinum iridium, and German silver have all been used, in addition

to phosphor-bronze, as spring materials, but, either on account of

fatigue, or of high temperature coefficient, they are ail inferior to the

latter.

Fatigue in springs, the presence of which may l>e detected by the

fact that the moving system does not return to zero after deflection,

but remains slightly deflected, may be avoided to a great extent by
proper anneali^ and ageing during manufacture.
1^0 springs, coiled in opposite directions, are sometimes fitted so

that the effect of variations of temperature upon the length of the

spring may not produce an erroneous deflection. When the instru-

ment deflects, one spring is extended while the other is compressed.
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Gravity Control. In gravity-controlled instruments, a small

weight is attached to the moving system in such a way that it

produces a restoring, or controlling, torque when the system is

deflected. This is illustrated in Fig. 319. As can be seen from the

triangle of forces given in the right-hand diagram, the controlling

torque, when the deflection is 6 is Wl sin d where W is the control

weight and / its distance from the axis of rotation of the moving
system. The controlling torque is, therefore, proportional only to

the sine of the angle of deflection, instead of, as with spring control,

being directly proportional to the angle of deflection. The control-

ling torque can be varied quite simply by adjustment of the position

of the control weight upon the arm which carries it. Gravity-

controlled instruments must obviously be used in a vertical position

in order that the control may operate. They must also be level, or

fcheir zero position will be affected. For these reasons, control by
gravity is not so well suited to indicating instruments generally,

and particularly to portable instruments, as the spring control.

Comparison of Spring and Gravity Control. Ab against the

disadvantages mentioned above, gravity control has the advantages,

when compared with spring control, of cheapness, and of independ-

ence upon temperature, and freedom from deterioration with time.

Consider an instrument in which the deflecting torque Tp is

directly proportional to the current (say) to be measured.

Thus, if I is the current

T^^kl (343)

If the instrument is spring-controlled, the controlling torque being

Tq, then when the deflection is 6,

T^^kfi (344)

Also Tq = Tj,

or kfi = kl

9 = £./ . . . . (346)

Thus the deflection is proportional to the current throughout the

scale.

If the instrument is gravity-controlled,

To = sin 9 . . ^ . (346)

and Tq = Tj^ ^ kl

kg sin d ^ hi

. (347)
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For example, if the maximum deflection, produced by a current

is 90°, then when the current is the deflection if the instru-

ment is spring controlled, is 46". ^

If gravity control is used, we have

or

/. when

sin 90°

k

-
1

or

* max

2
B ~ sin ’

. . sin'^ .
0*5

^ mat

0 =-= ao°

Thus, a gravity-controlled instrument would have a scale which
was ‘‘cramped ’’ at its lower end, instead of being uniformly divided,

if the deflecting torque is directly proportional to the quantity to

be measured. In practice, however, gravity control would not usually

be used in such an instrument.

Balancing of Moving Parts. In order that the deflection of a

spring-controlled instrument shall be independent of its position,

and also that the wear on the bearings shall be uniform, it is essential

that the centre of gravity of the moving system shall lie on the

axis of rotation. This condition is attained by the use of balance

weights carried on fairly short arms attached to the moving system.

In the gravity-controlled system shown in Fig. 319, both the

“control” weight and the “balance” weight take a part in balancing

the weight of the pointer and the rest of the moving system.

In determining suitable weights and distances from the axis of

rotation for control and balancing purposes, attention must be paid

to their effects upon the weight and inertia of the moving system.

If large weights at short radii are used, the weight of the moving
system is made large, whereas small weights at a large radii add
considerably to the inertia of the system and necessitate a large

damping torque. A compromise is usually effected.

Torque ani> Weight Ratio. In order to reduce the load on the

bearings and to reduce the friction torque, which is proportional to

the pressure on the bearing surface, the weight of the moving parts

should be made as small as possible.

Expressing the deflecting torque in terms of the force which,

acting at a radius of 1 cm., would produce full-scale deflection, the

ratio of this torque to the weight of the moving system should be,

if possible, not less than 0*1.
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Damping. There are three systems of damping in general use.

These are as follows

—

{a) Air friction damping.
(b) Fluid friction damping.
(c) Eddy current damping.
The system used varies with the type of instrument. Eddy

current damping is perhaps the most efficient form, and i.s used in

cases where the introduction of a permanent magnet- -necessary

for the induction of the eddy currents—will not produce errors due
to distortion of an existing magnetic field which is being used for

operating purposes. It is a very convenient form of damping when
either a permanent magnet or some metal part, such as a disc,

already forms part of the operating system of the instrument. For
these reasons this form of damping is used in hot-wire,’’ moving-
coil, and inducticm instruments.

The disadvantages of fluid friction damping are that it can only

be used in instruments which are used in a vertical position and also

that, owing to “creeping” of the oil used for the purpose, it is

difficult to keep the instrument clean. An advantage of this method
is, however, that the damping oil can be used for insulation purposes,

as well as for damping, in some forms of instrument in which the

whole moving system is immersed in the oil. When the system is

so immersed the up-thrust of the oil on the system reduces the load

on the bearings or suspension.

Air Friction Damping. Two methods of damping by air friction

are illustrated in Fig. 320a. In one case a light aluminium piston is

attached to the moving system and moves in an air chamber closed

at one end, as shown. The cross-section of this chamber may be
either circular or rectangular. The clearance between the pii^ton

and the sides of the chamber should be small (a few thousandths of

an inch) and uniform. If the piston is moving rapidly into the

chamber the air in the closed space is compressed and the pressure

opposes the motion of the piston (and therefore of tjie whole moving
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system). If the piston is moving out of the chamber, rapidly, the

pressure in the closed space falls, and the pressure on the open side

of the piston is greater than that on the opposite side. Motion is

thus again opposed. With this damping system care must be taken
to ensure that the arm carrying the piston is not bent or the piston

will touch the sides of the chamber during its movement. The solid

friction which thus occurs may result in a serious error in the deflec-

tion When once bent, it is often difficult to straighten the piston

arm so that it does not touch the sides of the chamber at any point

during the deflection. The second method shown utilizes two vanes,

{Weston Electrical Instrument (Ut )

Fig 320b, Am Dampeb

mounted on the spindle of the moving system These vanes are

of thin aluminium sheet and move in a closed, vector-shaped box,

as shown Fig. 320b shows the construction of an air-damping

arrangement of the second form as used in a Weston instrument.

Of these two methods, the former is the more efficient.

Fluid Friction Damping. In this method of damping, no very

careful fitting, as in the previous method, is necessary. A light

vane, attached to the spindle of the moving systetn, dips into a pot

of damping oil and should be completely submerged by the oil.

Fig. 321 illustrates the method.

The frictional drag on the disc in the first system is always in

the direction opposing motion, and increases with the spe^ of

rotation of the ^so. There is no friction force when the disc is

stationary. The suspending stem of the disc should be cylindrical

and of small diameter where it penetrates the oil surface, so that
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surface tension effects may he negligible. Tn the second system
(Fig. 321(6)), increased damping (as compared with the previous

system) is obtained by the use of vanes, in vertical j)lanes, carried

on a spindle and immersed in oil, as shown.
The principle re(|uirementa of oil for dan)ping purposes are that

it shall not cvafK>rate quickly, shall not have any corrosive action

upon metals, and that its viscosity shall not change appreciably
with temperature. It should also be a good insulator.

Eddy Current Damping. When a sheet of conducting material

moves in a magnetic field so as to cut through lines of force, eddy
currents are set up in it and a force exists between these currents

and the magnetic field, which is always in the direction opposing
the motion. This force is proportional to the magnitude of the

current, and to the strength of field. The former is proportional to

Fig. 321 . Fluid Friction Damping

the velocity of movement of the conductor, and thus, if the magnetic

field is constant, the damping force is proportional to the velocity

of the moving system and is zero when there is no movement of the

system. The theory is discussed in Chapter XIV.
Fig. 322 shows two methods of applying this method of damping.

In diagram (a) a thin disc of conducting, but non-magnetic material

—usually copper or aluminium—^is mounted on the spindle which
carries the pointer of the instrument. When the spindle rotates,

the edge of the disc cuts through the lines of force in the gap of a

permanent magnet, and eddy currents, with consequent damping,
are produced. An arrangement similar to this is often used in hot-

wire instruments.

Pig. 322 (6) shows the essential parts of a permanent-magnet,
moving-coil, instrument. The coil is wound on a light metal former

in which eddy currents are induced when the coil moves in the per-

manent-magnet jfield. The directions of the eddy currents, and of the

damping forces produced as a result of them, are shown in the figure.

CoNSTBtronoNAL Details of Indicatino Instbttments, (i)

Methods of Supporting Moving Systems. The two commonest
metbodis of supporting the moving system of an instrument are~

(a) By pivoting. (6) By thread suspensi0m
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When the system is pivoted, the ends of the spindle are conical,

and should be of hardened steel. These ends fit into conical holes
in jewels, which form the bearings, on the fixed part of the instru-

ment. Sapphire is most commoidy used for the jewels.

To reduce friction at the pivots the contact area should be small,

but the pressure per unit area must be carefully considered, since, if

the pivots are sharply pointed, this may exceed the crushing
strength of the material of the pivot. Although the weight of the
moving system may be only a few grams, if the area of the point of

Pointer)
^

Spiadie

jlVHI
Damping/ E
Disc Damping^

Magnet

, ^ _ ^Damping Fof>ce
Edd^ EMEandA.

Current sXv /^\0^ Iddy EM.F and

, ^ ^ ^ .Meta! Former
Coil /

Winding

Damping Forc^

(b)

Fig. 322 . Eddy Current Damping

the pivot is very small, the pressure per square inch may be many
tons.

The friction torque at a conical pivot is given by

r, ^ J Wf^d (348)

where T^ = friction torque in gram-centimetres

W = load on the pivot in grams

d = diameter of pivot (in centimetres) at the bearing tip

fji = the coefficient of friction between the pivot and the

jewel

If Fq is the maximum allowable crushing stream for the material

of the pivot, in grams per square centimetre,

4W
nd^

. (349 )

In mounting the moving part, a small amount of play should be

allowed so that the pivots are not forced hard on to the jewels.

I^read suspension is advantageous when the opm»ting forces
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are small compared with the weight of the moving part, since

bearing friction is avoided. Such suspensions are, however, delicate,

and protection from vibration and shock is necessary. Phosphor-
bronze strip is most commonly used for these suspensions.

(ii) Permanent Magnets. In most cases when permanent magnets
are used in instruments it is essential that their strength shaU not
vary with time.

Such magnets are usually of very hard steel, containing a small

percentage of tungsten or of cobalt and chromium together. The
coercive force of cobalt-chromium steel is very high, and thus
magnets made of this steel are not subject to self-demagnetization
to the same extent as tungsten-steel magnets.
During manufacture, permanent magnets are artificially aged by

being placed in a weak alternating magnetic field or by heating.

This r^uces their strength somewhat, but ensures permanence of

the magnetism remaining.

(iii) Pointers and Scales. The shape and size of pointer used

depends upon the type of instrument. In all cases, however, the

weight and inertia of the pointer must be reduced as far as possible,

both to reduce the load on the bearings of the moving system and
to avoid the high degree of damping which would be necessary if

the moving system had considerable inertia.

For the sake of lightness, aluminium strip or tube is used for the

pointer, a truss construction being used in some cases for rigidity.

In some instruments where precision in reading, at close range, is

aimed at, a strip of mirror is fitted on the plate which bears the scale.

The end of the pointer is flattened so that, when viewed from above,

it appears as a narrow strip or edge. The eye of the observer must
be moved until the end of the pointer and its image in the mirror

are coincident, before a reading is taken. This avoids error due to

parallax.

The moving system of most indicating instruments rotates

through an angle of about 90° (for full-scale deflection), although

some makers have designed instruments having angles of deflection

of 120° or even greater. The length of scale in many instruments is

about 6 in. Thus, for an accuracy, in the reading, of (say) J per

cent, it is necessary to observe the position of the pointer to within
•03 in. at full-scale deflection and to within smaller fractions of an
inch when the deflection is less than the full-scale value. Hence
the necessity for a clearly-marked and carefully divided scale and
for a sharply-pointed pointer. In the case of good-class instruments

the card upon which the scale is to be marked is blank when first

fitted. The main divisions of the scale are then marked in by
comparison of the instrument with a sub-standard one, after which
the scale is completed by means of some dividing instrument. Stiff

card, mounted on a metal sheet, is generally used for tibe scale.

(iv) Cases* These may be of harf wood or brass, but are most
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often of cast iron or pressed steel. The steel cover is an advantage
for magnetic screening in the case of instruments which are affected
by external magnetic fields. The base which carries the operating
portion of the instrument is, also, often of steel for the same reason.
The cover should be fitted so as to exclude dust and moisture from
the instrument. When steel covers are used, the moving system of

the instrument should be mounted in a position as far away from the
case as possible, in order to avoid errors due to hx steresis and eddy
current effects in the case. «

Recording Instruments. Instead of

indicating, by means of a politer and
scale, the instantaneous value of some
electrical quantity such as voltage or

power, these instruments give a con-

tinuous record of the variations of such

a quantity over a period of time.

A light arm, which carries a small

pen, is attached to the moving system
in place of a pointer. The pen rests

lightly on a chart which is moved, at a

slow and uniform speed, in a direction

perpendicular to that of the deflection

of the pen. This chart is unwound from
a drum on to another similar drum by
clockwork. The path traced out by the

inked pen gives a continuous record of

the variations of deflection of the (EUiott Bros,, im,)

instrument. Fig. 323a

Owing to the friction of the pen on
the chart and to the necessarfiy greater weight of the moving

system, the design of an indicating instrument must be somewhat
modified if it is to be used for recording purposes.

In order that friction shall not introduce serious errors, the

operating torque must be increased in proportion to the increased

Action torque. The controlling torque must, therefore, also be

increased, and increased damping is necessary on account of the

greater inertia of the moving system. It may be necessary also to in-

crease the size of the bearings on account of the greater load on them.

The construction of a recording instrument is illustrated by

the simplified diagram in Fig. 323a. The line diagram in Mg. 323b

shows the construction of a relay-operated rccordmg instrument by

Messrs. Everett-Edgeumbe. The tongue Jf is moved byany variation
in the quantity to be measured. This closes the circuit of one of

the electro-magnets E^t causing the shaft N to deflect. The
friction wheel C engages with one of the discs Di, D2 »

causes

the worm F to rotate. This moves both the toothed quadrant 0 and

the pen L.



{Ever«t;t-Edgmm^ <k Ca., IM.)

Fio, 323b. Recording Insthttmenub

either the total quantity of electricity, in ampere-hours, or the total

amount of energy, in kilowatt-hours, supplied to a circuit in a given

time. They give no direct indication as to the rate at which the
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energy is being supplied. Their registrations are independent of
the rate at which a given quantity of energy is supplied, provided
that the current flowing is sufficient to cause the instrument to

operate.

Ampere-hour meters are used on direct-current circuits where the
supply voltage is constant. The number of watt-hours supphed to

such a circuit is obtained by multiplying the measured number of

ampere-hours by the supply voltage. The registering dials (or

scales) are usually marked in kilowatt-hours, which means that the

instrument only gives correct readings when connected in a circuit

whose voltage is that for which the instrument was calibrated.

Obviously, when such instruments are used, the constancy of the

voltage is depended upon. This is justifiable in most cases, since,

by law, the voltage in public

supply sjT^stems must be main-
tained within 4 per cent of the

nominal value.

These meters have the advan-
tage of simplicity, cheapness,

and of low power consumption.
Watt-hour meters measure

the watt-hours supplied to a

circuit, directly, the operating

torque being due, in part, to

a current proportional to the

supply voltage.

With the exception of those

of the electrolytic type—in

which the quantity of electric-

ity supplied is indicated by the

level of liquid in a graduated tube—integrating meters register by
means of a train of gear wheels and dials similar to that shown in

Fig. 324.

Meters of the “motor"' type are most generally used, and in these

instruments the train of wheels is driven from the spindle of the

rotating system of the instrument. This spindle has a worm cut

on it, and this engages with a pinion and thus drives the wheel-train.

The spindles of the wheels in the train carry hands which move over

the dials (five or six in number) which register units, tens, hundreds,

and so on.

The essential parts of such meters are

—

(u) An operating system which produces a torque proportional to

the current or power, and causes the rotating system to rotate.

(6) A braking device—usually a permanent magnet—which pro-

duces a braking torque proj)ortional to the speed of rotation, and
thus causes the rotating S3rstem to run at a steady si>eed such that

the braking torque is equal to the operating torque.

(Fmanti)

Fia. 324. Metek Registering
Mechanism
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(c) A device for registering the number of revolutions of the

rotating system, this usually taking the form of a train of wheels

operating the hands of dials.
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CHAPTER XVIII

AMMETERS AND VOLTMETERS

Ammeters and voltmeters are classed together because there is no
essential difference in principle between them. Except in the case

of electrostatic instruments, a voltmeter carries a current which is

proportional to the voltage to be measured, and this current produces
the operating torque. In an ammeter the operating torque is pro-

duced by the current to be measured, or by a definite fraction of it.

Thus, the only real difference between the two instruments is in

the magnitude of the current producing the operating torque.

An ammeter is usually of low resistance, so that its connection in

series with the circuit in which the current is to be measured does
not appreciably alter this current. A voltmeter, on the other hand,
is connected across the voltage to be measured, and must therefore

have a high resistance so that the current taken by it may be small.

A low range ammeter—i.e. one which gives full scale deflection for

a very small current—may thus be used as a voltmeter if a high

resistance is connected in series with it. The current which flows

through it when it, together with its series resistance, is connected
across the voltage to be measured, must be within its range when
used as an ammeter.

Example. A milUammeter, whose resistance is 5 ohms, gives full-scale

deflection for a current of 15 milliamp. Calculate the resistance which must
be connected in series with it in order that it may be used as a voltmeter for
voltages up to 100 vojts.

Let R be the required series resistance. The current flowing through the
instrument when 100 volts are applied to the instrument and resistance in

series, must be *015 amp.

or

100

-f- 5
= -015

jB -h 5 ==
100

•016
6666 ohms

/. R ^ 6661 ohms

Power Loss. If is the resistance of an ammeter in which a
current I flows, the power loss in the instrument is

PR. watts
s

Again, if is the resistance of a voltmeter to which a voltage E
E^

is applied, the power loss in the instrument is — or I^R^ where
IS the voltmeter current.

Obviously, in order that the power loss in the instruments shall

be small, must be small and E^ large.

589
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Operation o! Ammeters and Voltmeters on Altemating<-ctirrent

Circuits. If an ammeter or voltmeter whose operating torque is pro-

portional to the current passing through it, is used on an alternating

current circuit, the torque >t»ttng on the moving system is alter-

nating This means that the moving system tends to oscillat-e

about its zero j)osition If the current through it alternates rapidly,

the moving system of the instrument cannot, in general, follow these

alternations, and no deflection will be observed.

It is thus essential that the torque, in an instrument to be used
on an alternating current circuit, shall be proportional to the square

of the current passing through the instrument The deflection will

then be proportional to the mean value of the square qJ the cwrent
(assuming that spring control is used), and the instrument can thus

be used for the measurement of virtual or RMS. values of current

and voltage.

Types of Instruments. The following types of ammeters and
voltmeters are in common use

—

{a) Moving iron.

^ Moving coil

—

(i) permanent magnet form,

(ii) dynamometer form.

(c) Hot wire.

(d) Electrostatic (voltmeters only

(e) Induction.
j

Of these the permanent magnet, moving-coil type can be used
for direct-current measursmifii&^only, and the mduCTfcion'^ypFlof

alternating cuffent“1ineasurements bnly. The other types can be
used on either direct or alternating current.

The moving-iron and moving-coil types both depend, for their

action, upon the magnetic effect of current. The former is the most
generally used form of indicating instrument, as well as the cheapest.

It can be used for either direct- or alternating-current measurements
and, if properly designed, is quite an accurate instrument. The
moving-coil permanent-magnet instrument is the most accurate

type for direct-current measurements, and instruments of this type
are frequently constructed to have sub-standard accuracy.

Hot-wire instruments have the advantage that their calibration

is the same for both D.C. and A.C. They are particularly suited to

alternating-current measurements, since their deflection depends
directly upon the heating effect of the alternating^current, i.a. upon
the virtual or R.M.S. value of the current. Thefr readings are thus

independent of the frequency or wave-form of current, and of

any stray magnetic fields which may exist iiHfteir vicinity.

As voltmetm, electrostatic instruments have the advantage that

their power consumption is exceedingly small. They can be made
to oover a large range of voltage, and oan be eonsl^ucted to Imve
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sub-standard accuracy. Their main disadvantage is that the elec-

trostatic principle is only directly applicable to voltage measure-
ments.
The induction principle is more generally used for watt-hour

meters than for ammeters, and voltmeters, owing to the compara-
tively high cost, and inaccuracy, of induction instruments of the latter

types.

Errors in Ammeters and Voltmeters. There are certain errors which occur
in most t3^es of instruments, while otlier errors occur only in those of a
particular type. These latter errors will he dealt with later, together with the
instruments in which they occur.

Of the errors common to most typos of instrument, friction and temperature
errors are perhaps the most important. Friction errors occur only in those
instruments which have 'a ing system. To reduce the effect of friction

torque, and consequently tjie error produced by it, the weight of the moving
system must be made as small as possible compared with the operating forces,

i.e. the ratio of torque to weight must be large (about for full deflection).

A vertical spindle is generally to be preferred to a horizontal one from the
point of view of a small friction torque.
The most serious error produced by the heat generated in the instrument,

or by changes in room temperature, is that due to a change in the resistance
of the working coil. Such a change of resistance is of little importance in

ammeters, but in voltmetere, in winch the working current should be directly

proportional to the applied voltage, it is essential that the resistance of the
instrument shall remain as nearly consts^nt as possible.

Thus, the power loss in the instrument should be small, and resistance coils

which are likely to produce appreciable heating should be moimted, if possible,

in such a position that they are well ventilated.
To eliminate temperature errors, the work^g coil is wound with copper wire

and is of comparatively low resistance. A high ‘‘swamping” resistance, of

material whose temperature coefficient is smalh is connected in series with the
coil, so that, although the resistance of the cqil may change considerably,
the change in total resistance is small.

Other errors resulting from heating may be caused by expansion of the
control spring, or of other parts of the instrument^ although such errors are
usually small. Lack of balance in the moving system and changes in the
strength of permanent magnets (if nsed) are other possible sources of error

which are common to several types of instrument. \

Pennissible Errors in Voltmeters, '^he British Standards
Institution (Specification No. 89 (1929)) have graded ammeters and volt-

meters on the basis of their limits of error. These grade\^ are

—

Sub-standard. First Grade. Second Grade. \
The permissible errors for these three grades are stated follows*—

Sub-STANDARD.
/

TABLE XIV

Instrument

Limits of Ikror over the Effective llange expressed as a
Percentage of tlie Maximum ^ Scale Value

Permanent-magnet
Moving Coil TjTiie .

Dynamometer
Type Other Types

Single-range voltmeter (self-

contained, or witli external
resistanee) [

0*3

(for a rated voltage
,

of over 75)

0-6

(for a rated voltage
of over 76)

Ammeter, single-range, self-

ootMned 0’5 0*5 0«6
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First and Second Grade.
TABLE XV

Instrument

Limit of Error

From the Maximum of the
Effective llangc to Half
the Maximum Scale Value
(as a percentage of the

indication)

From Half the Maximum
Scale Value to the Lower
Limit of the Effective
Eange (as a percentage of

the maximum value)

Ist Grade 2nd Grade Ist Grade 2nd Grade

Voltmeter, single-range, self-con-
tained, or with external resistance 10 2-0 05

j

10

Voltmeter, multi-range, self-con-
tained or with external resistance,
permanent-magnet moving coil

type 1-2 2-4 06 1*2

Do. do. of other types , 1-5

Provided thi

not less tv
to lowest I

30
it the rated vo
lan 100 volts a

range not more

0-76
Itage of the lo

ind the ratio o
> than 5 to 1.

1'6

west range is

>f the highest

Ammeter, single-range permanent-
mamiet, moving coil type, for use
with shunt ....

)

2-0 0*5 10

Dynamometer ammeter, self-con-
tained for A.C. 5 or 10 amp.

An appendix to the specification gives the accuracies of which the various
types of ammeters and voltmeters are generally capable. These are sum-
marised in the following table.
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TABLE XVI

593

Type of
Imtrument

Pattern

Accuracy of
which the

Instrument is

Capable

Ammeter Eanges
for which this
Accuracy may
be Expected

Voltmeter Eanges
for which this
Accuracy may
be Expected

Permanent- mag-
net moving coil

(D.C. only)

Laboratory Sub-standard TJp to 600 amp. Up to 760 volts

Combined am-
meter and volt-
meter testing set

Sub-standard or
Isi Grade

Switchboard let Grade

Moving Iron ]^al)oratory Sub-standard (an
A.O. at marked
frequency)

1 to 10 amp. Above 100 volts

Testing sets ist Grade

Switchboard Ist Grade (on
A.C. at marked
frequency)
2nd Grade (on
D.C.)

Dynamometer Laboratory and
1

testing sets
Sub-standard (on
D.C. and on
A.C. at marked
frequency)

1st Grade

1 to 10 amp.

10 to 100 amp.

Above 76 volts

10 to 76 volts

Switchboard 1st Grade (on
D.C. and on
A.C. at marked
frequency)
2nd Grade

1 to 10 amp.

Above 10 amp.

Above 75 volts

10 to 76 volts

Hot wire 2nd Grade (on
D.C. and on
A.C. at normal
frequency)

Electrostatic
(voltmeters)

let Grade (on
D.C. and on
A.C. at ordinary
frequency)
2nd Grade (on
A.C.)

no to 2,000volt8.
(when moving
system suspen-
ded by thread)
2000 to 20.000
volts

Induction
(A.G, only)

2nd Grade (at
marked fre-
quency and tem-
perature)

'T-

Moving Iron Instruments. There are two general types of suoh

instruments* namely* the attraction type and the reptdsion type.

In all moving-iron instruments the current to be measured (or a

current proportional to the voltage to be measured) is passed through
a coil of wire, the number of turns on which depends upon the

current passing through it. A certain number of ampere-turns is

required for the operation of the instrument, and this number can
be made up by having a few turns and a large current, or vice

In the attraction form of instrument, a small piece of iron is drawn
into the core of the coil when the current flows. In the repulsion

form there are two rods, or pieces, of iron inside the coil—one fixed
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and one movable. These are similarly magnetized, when the current
flows through the coil, and repulsion of the moving iron from the
fixed one ensues. The force of repulsion is obviously roughly pro*

Fia. 326. Repulsion Type op Movii^o-ieon Insteument

portional to the square of the current in the coil, since each iron is

magnetized thereby.

Whatever the direction of the current in the coil of the instrument,
the mametization of the moving iron is always such that attraction
takes ^ace in the attraction form and repulsion in the repulsion
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form. They are thus ‘‘unpolarized’’ instruments (i.e. instruments
which are independent of the direction in which current passes

through them).

The construction of a moving iron instrument of the attraction

type is illustrated in Fig. 325, and of the repulsion type in Fig. 326.

In the instruments shown, gravity control is

used. In the past, this method of control was
very generally used for moving-iron instru-

ments, but recently spring control has been
used by many makers. The method of dampings
moving-iron instruments is by air friction, two
different forms of damping chambers being

shown in the figures.

In the attraction type of instrument the

moving iron is ^centricallv pivoted, and
consists of several tEin discs of soft iron? This iron tends to move,
when the current flows, from the weaker magnetic field outside the

(WwUm EUctrical Imtrument Co,)

328a. Moving

-

moN Instrument

coil into the stronger field inside it. The shape of the disc is such

that a suitably divided scale is obtained.

In the repulsion type, the shapes of the irons vary in different

ndakes of instrument. Sometimes they are rods, and sometimes the
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fixed iron consists of a tongue-shaped piece of sheet iton bent into

a cylindrical form, the moving iron consisting of another piece of

sheet iron, bent and mounted so as to move parallel to the fixed

iron and towards its narrower end. Such an arrangement is shown**

in Fig. 327. It is found that these shapes of the irons give a more
uniform scale than is obtained with plain rods. Figs. 328 and 329

show the construction of moving-iron instruments by different

makers.
Theory of Attraction Type Moving Iron Instruments.

Referring to Fig. 330, suppose the axis of the soft iron disc, when in

the zero position, makes an angle
<f)
with the direction perpendicular

to the field of the coil of

the instrument, as shown.
Let 6 be its deflection (into

the core of the coil) when
a current / flows in the

coil and produces a field

strength this field being

assumed uniform and in a

direction parallel to the

axis of the coil. The mag-
netization of the disc in

this position is propor-

tional to the component
of H in the direction of its

axis, i.e. to H cos J90~
(0 + (f))l

or to H sin (6

the coil is thus proportional
to sin (6 + (f))

If constant permeability of the iron of the disc

is assumed, this force F is proportional to P sin (0 + <f>)
for all

values of I (and of 0). If this force acts at a distance I from the
pivot, the deflecting torque is obviously given by

Tjy = FI oos {6 + <f>)
. . . . (360)

Thus Tj, oc sin (0 + cf)) cos (0 + ^)

oc P sin 2(0 + <l>)

since I will be constant.

This may be written

Tp = sin 2(0 + (^) .... (351)

where k is constant.

If the instrument is spring controlled, the controlling torque Tp
is proportional to 0, and we may write

T^ = i'0

being a constant. A steady deflection is obtained when

To =

{Cromvion Parkinson)

Fig. 328b. Moving-iron Instrument

+ (/>). The force pulling the disc into
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or when k'Q = hP sin 2(6 +

^ -
y k sm 2(6 + <p)

where K is another constant.

If gravity control is used

T^ = sin 6

Thus, for a steady deflection 6,

k'' sin 0 “ kP sin 2(6 -\ (jy)

j / sin 0” ' ‘ >JsrwTj)

sin 2(6 + <l>)

. (:m)

Fig. 330

The greatest range is obtained when the initial angle 0 is zero.

The deflecting torque per unit of current is obviously maximum
when sin 2(6 + ^) l, i.e. when 6 + ^ = 45°. The deflecting
torque is zero when (6 + <^) is 90°.

Theory of Repulsion Type Moving-iron Instruments. Let
the two irons—fixed and moving—of a repulsion instrument be
straight round rods of equal length and diameter, and assume that
the distance between is at all times small compared with their
lengths. Suppose that the pole strengths of these rods, when the
current in the coil is 7, and the corresponding field strength inside
the coil H, are and respectively. Referring to Fig. 331, I is

the length and D the distance apart of these magnets, the angle of
deflection being 6, Let the initial angular displacement of the rods
be
Then, if i is great compared with i>, the forces of attraction

between either of the pairs of diagonally opposite poles can be
neglected in comparison with the forces of repulsion between the
adjacent poles.
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The total force of repulsion between the rods is thus

Now D = 2R , sin

where R is the distance of the rods from the axis of rotation of the

moving one. The deflecting torque is, therefore, given by

-
. R cos

0 + (f>

. sin, 0:1 ^
. R . cos

d + cf.

:os

mimo cos
6 + <l>

Since both and mg are proportional to the current /,

/2c!0S^-+-‘^

“^“TTT+Tsm^

iTP cos
0 +

where X is a constant.

If gravity control is used, the controlling torque is proportional

to sin 6 or Tfj ~ ^ sin 6 where A; is a constant. If spring control is

used, Tq = Ic'd where k' is another constant.

Therefore, if 0 is the steady deflection for a current /, we have,

for the gravity controlled instrument.

KP cos
0d-

2_

2

h sin 6

K' sin

where K' is another constant.

sin ^
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For the spring-controlled instrument,

KP cos—

^

sm
2

T rr// . 6
(f>

/ 0
r /-if sm -

2
- /

V "
2

The initial angular displacement is of the order of 20®.

Relationship between Torque and Inductance. If the attraction type of
moving iron instrument is considered, it can easily be seen that, since the

/I

m m

^ (e)
Fig. 331

inductance of the coil of the instrument is proportional to the "flux linking

with it, per ampere flowing in it, this inductance will change as the position

of the moving iron changes. There is t^us a relationship between torque and
induetance.

Suppose the moving iron to be a rectangular plate of thickness breadth h,

and length d, as shown in Fig. 332. Suppose also that the flux passes through
the iron in straight lines (i.e. that the shape of the field of the coil is not
altered by the presence of the iron) and that the permeability of the iron is

constant.

Then, for any deflection (0 -f from the vertical position, we have for the

length of magnetic path in the iron rg--;—r: as can be seen by considering
cos (v "T" t )

the elemental strip shaded in the figure. The cross-sectional area of iron,

presented to the flux when the iron is in this position, is dt cos (d 4* ^). Hence,

6

Idle reluctance of the path in the iron is ^ where u is the per-

nrnhmty, dt^09{e^4)fi ^ ^
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The iron and air paths o£ the flux are in parallel and thus the total reluctance
of the path of the flux is given by

1

1

Ma dM cos* {6 4- tl>)

where is the reluctajice of the air path. The total “permeance”

is therefore

o n cos* {6 , ry tP = 4 where P^ is the permeance of

the air path and is constant.

The total flux threading the coil, for a current I is given by

4cTV

where N — No. of turns on the coil.

0 Reluctance^
*

Fig. 332

7’he inductance L ot the coil is given by L = where L is in henries

and I is amperes. Then, ^

47r.NiP,N 47rN*
^ ~ 10* / "

10*

or L ~ A [P^ 4- a cos* ifi 4* <^)]

where A and a are constants. This may be written

or L ^ A^P^ + ^ + ^cob 2(0 + ^)j
. . . (368)

Now, the deflecting torque Tj, is given by

Tjj ~ A;/* sin 2(0 4-

Differentiating L with respect to (B 4- 0) we have

where A' is constant and equals - Aa*
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Substituting for sin 2(0 + ^) in the equation for we have

T
» A'' d(e + 4,)

“ =

where Q = ~

.

Othefwise, the energy in the magnetic held of a coil of inductance

L when a current 1 flows in the coil is If the moving iron

rotates through a very small angle d{d -+
<i>)^

thus changing the

inductance of the coil by an amount dL^ the change in the energy

of the magnetic field is \dL . P. Also, if is the deflecting torque,

the work done during the movement of the iron is . d(d +
Hence Tp . d(Q + <i>)

= \dL . P

or . . . ,360)

If I and L are in electromagnetic C.G.8. units, Tp is in dyne-
centimetres. Thus, when these units are employed, O, in the above
expression for Tp, is equal to

Expressing in gramme-centimetres. I in amperes, and L in

henries, we have

T =
® 2 X 981

= 5100 P

X il X 10»^ 100
^

• d(B + <i>)

dL
d{d + (f))

X Errors in Moving Iron Instruments. The causes of errors in tliese instru-

ments may be divided into those which occur with either direct or alternating
current and those which occur only with alternating current.

(o) With Both D.O. and A.C. (i) Hysteresis Error. This is a serious source
of error in moving iron instruments. Owing to hysteresis in the iron of the
operating system the readings are higher when descending values of current
or voltage are measured than when ascending values are observed.
The error is reduced by making the iron parts short so that they demag-

netize themselves or by choosing such (low) values of flux density in the iron

that the hysteresis effect in the iron is small. A low flux density is, however,
detrimental when the instrument is used with alternating current owing to
the flattening of the B-H curve at the bottom end. A compromise is usually
made.
Another effect of hysteresis is to cause an error due to the change in the

position of the poles in the moving iron as its position changes. This “posi-
tion** error is usually small.

(ii) Stray Magnetic Fields. Errors due to this cause may be serious, if not
guarded against, owing to the weakness of the operating magnetic fleld.

The error produced depends upon the direction of the stray field relative to
that of the field of the instrument.

Such errors are minimized by magnetic screening of the working part of

the instrument by an iron case or a thin iron shield.
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(6) With A.O. Only, (i) Freqtbtncy Errors, Changes of frequency may
produce errors due to changes of reactance of the working coil and also to
changes of the magnitude of eddy currents set up in metal parts of the instru-
ment near to the working portion. The magnitudes of these eddy currents
and, consequently, their effect upon the magnetic field of the instrument,
vary with frequen(;y.

The change of inij)edance of the coil of tlie instniinent, of rosistanc/O It

(together with its series resistance r), due to cdiange of frequency, is only of
importance in the case of voltmeters. If L is the inductance of this coil

circuit, the current for an applied voltage E will be given by

E
/ = - where o) ~ 2 tc X frequency.

V(R + ry +
Thus, if the frequency changes, the current for a given applied voltage

changes, and hence an error in deflection is produced. In order that the error
shall be small, L must be made small compared with R-\- r.

The time-constant for such voltmeters is usually of the order of *0005.

There are several methods of compensating for frequency error, one of which
consists in connecting a condenser in parallel with r. It can be shown that the
impedance of the whole circuit (including the working coil) is independent

of frequency if C = where C is the capacity of the condenser.

Total impedance of the instrument circuit when r is shunted by a condenser

r ^ ^ .
r jcoCr^

C is i? 4- jojL 4 = i? 4 j(oL 4
1 4 jo)Cr ' "

1 4 1 4
For independence of frequency this should equal B ^ r and, equating real

and iri},aginary terms, we have the conditions
‘

51 ? /
,

^ f r . ^ L
V' vJ 1 4

and C7 = -s

The first condition is only fidfilled if (oHJ^r^ is small compared with unity.
Although the a^bove theory has long been generally accepted, it has been

pointed out that while the circuit is thus made independent
of frequency the resistance of the voltmeter is reduced from B r to

r
B 4 j" ”^ 2(^2y2

(o^G^r^ is not usually sufficiently small for this

reduction to be negligible.

Both graphical and calculation methods of obtaining the correct value of
C to avoid this are given in the article.

TABLE XVII

Quantity Voltmeters
1

Ammeters

Weight of moving system 1 4 grm. 3 grm.
Torque at full deflection 0-2 grm. -cm. 0*2 grm.-cm.
Torque ,

.

....
Weight ;

'06 •067

Resistance..... \i 20 ohms per volt

< of range
•01 ohm

Inductance..... 1 henry —
Watts lost..... 8 4

Coil surface per watt . 16 sq. cm.
Ampere-turns at full deflection 300 300

See The Wireless Engineer^ October, 1940, p. 429.
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Design Data fob Moving Iron Instruments. Table XVII,
which is compiled from data given by various writers on measuring
instruments and from figures supplied by instrument manufacturers,

gives average values of the various quantities involved in the design

olpmoving iron instruments.*

'moving Coil Instruments. There are two types of moving coil

instruments, namely, the permanent-magnet type, which can only

be used for direct current measurements, and the dynamometer
type, which can be used on either direct or alternating current

cirpttits.

'(I) Permanent-magnet Type. The principle of this type of

instrument is the same as that of the moving coil, or D’Arsonval

Fig. 333. Action of Pebmanknt-maonet Moving-coil
Instbument

galvanometer. A light rectangular coil is pivoted so that its sides

lie in the two air gaps between the two poles of a permanent magnet
and a soft-iron cylinder. When current passes through the coil a

deflecting torque is produced owing to the reaction between the

permanent-magnet field and the magnetic field of the coil. This is

illustrated in Fig. 333. The air gap between the magnet poles and
iron core is small (about *05 in.), and the flux density is uniform and
is in a radial direction. If a current / flows in the moving coil in

the direction shown, forces F, Fy will act on the two sides of the coil

which are in the field. The torque causing the coil to rotate is thus

2jPr, where r is the mean distance of the wires forming the sides of

the coil, from the axis of rotation.

If there are N turns on the coil and the field strength in the air

gap is H C.G.S. units, the force F, in dynes, for a given current 1

^mperes) in the coil, is given by

NHIl
10

dynes

A very full table of data for moving iron instruments is given in Messrs.

Drysdale and Jolley’s Electrical Measuring InHncmentSy VoL X. p. 274.
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or V ^ -Qg
j

- grammes weight

where I is the active length in centimetres of the sides of the coil in

the air gap.

Since H is uniform, the deflecting torque is constant for all

positions of the moving coil, provided its sides are within the pole

arcs of the magnet.

(Ferranti)

Fig. 334a. Permanent-magnet Moving-coil Instrument

The full expression for the torque in gramme-centimetres is

NHIl
T = 2f X

10 X 981
(361)

NI
X 2rl X H Ampere-turns on coil

10 X 981 10 X 981

X Area of coil X H

Constmctional Details, Moving coil instruments are spring-oon^

trolled. Two phosphor-bronze hair springs are used, Abese also

serving as leads to the moving coil. The arrangement is shown in

Fig. 334a, in which the method of adjusting the tension on the



606 ELECTRICAL MEASUREMENTS

springe can be clearly seen. Fig. 334b shows the construction of a
moving-coil instrument by another maker. A bracket of non-
magnetic material carries the iron cylinder which fits inside the

coil. Since the deflecting torque is directly proportional to the
current and the controlling torque of the springs is proportional to

the deflection 6, we have

T^acl
and To oc 6

But ^ T,

when the moving system is at rest in its deflected position,

6 ocl

{Nalder Bros and Thompson)

Fig. 334b. Parts of Moving-coil Instrument

Thus the scale is uniformly divided Damping is by eddy currents

induced in the aluminium former upon which the moving coil is

wound.
Types of Permanent-magnet Moving-coil Instruments. The form

of instrument already described is perhaps the commonest. Its

development for commercial use has been largely the work of Dr.

Weston.
The other types are the same in principle, but different in the

form of the magnet and in the relative positions of the magnet and
moving system. Fig. 335 shows the arrangement of the Record
“Cirscale^’ instrument. One pole of the permanent magnet lies

inside the two parallel halves of the other pole. The coil, which is

mounted to one side of the spindle, fits round the inner pole as shown,
its two horizontal sides lying in the two inter-polar gaps. A very

long scale is obtained with this type of instnament, the total deflec-

tion obtainable being about 300^. Fig. 336a shows the working
system of an actual instrument of this' type.
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In the “Unipivot” instrument manufactured by the Cambridge
Scientific Instrument Co., Ltd., the moving coil is circular instep
of rectangular, and is carried by one pivot in the top of the iron core,

which is spherical. The construction is shown in Fig. 336b. The

Fig. 335 Details of Record “Cirsoale” Instrument

instrument is highly accurate, the fiiction torque being reduced by
the elimination of one pivot It is frequently used for current

measurements when the current is small, but is not very robust,

and needs rather careful handling The current is led into the moving

(Umird Electrical Co,, Ltd,)

Fig. 336a. Record “Cirscale” Instrument

coil by the single control spring anls^ passes out by a ligament at

the bottom of the coil. Such instruiijLents must, of coursb, be used

only in a horizontal position. \

Extension of Range of Moving Coil f^strument. Owing to the low
current-carrying capacity of the movinj^ coil, these instruments are

very largely used in conjunction with Shunts—^when used as am-
meters—and with a high series resistance when used as voltmeters.

The extension of range of instrument will be discussed more
fully in the next chapter. Ammeter shunts are simply low resistances

which are connected in parallel with the ii^trument so that only a

small fraction of the current to be measuredyctually passes through
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the latter. The shunt itself is usually of manganin strip or tube,

and haa, therefore, a very small temperature coefficient. The

{Cambridge Instrument Co.)

Fig. ,3.36b. Unipivot Moving -coil Tnstrumknt

instrument must also have a small temperature coefficient if the

Instrument current
. , , ^ ^

ratio—TrT-n r— is to remain constant.
Total current

B.S.I. Spec. 89 (1929) specifies a voltage drop, across the shunt
and instrument in parallel, of 0*075 volt. An operating current of

0*016 amp. (15 miUiamp.) has been largely adopted in these instru-

ments. Thus, the total resistance of the instrument (including the
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leads which connect it to the potential terminals of the shunt) must
be 5 ohms. Of this, only about 1 ohm should be in the coil and
copper leads, the remaining 4 ohms being in the form of a ‘‘swamp-
ing’’ resistance of manganin. The advantage of this arrangement
is shown in the following example.

Example. A moving coil instrument whose resistance is 5 ohms and whose
working current (for full-scale deflection) is -015 amp. is to be used, with a
m€uiganin shunt, to measure up to 100 amp. Calculate the error caused by a
10° C. rise in temperature

—

' (a) when the whole of the 5 ohms is in the copper of the instrument coil

and leads,

(b) when a 4 ohm manganin swamping resistance is used with a coil and
leads of 1 ohm resistance.

Instrument current = *015 amp.

Shunt current = 99-985 amp.'

Volt drop across the shunt = *075 volt

Shunt resistance
•075

99-985
•00075

Take the temperature coefficient of copper as -0040 ohms/ohm/° C., end of

manganin *00015 ohms/ohm/° C.

Then shimt resistance at 10° C. rise in

temperature = -00076 (1 -f 10 x -00016)

= -000761 ^

In case (o), instrument resistance after
10° C. rise in temperature = 5 (1 10 X *004)

== 5-2

Then, instrument current corresponding -000751
to 100 amp. in the main circmt ~ 5.2007M

^

— 0-01444 amp.

Instrument reading — 96-3 amp.

/, Percentage error due to temperature
rise — 3-7 per cent

In case (6), after 10° C. rise in tempera-
ture, resistance of instrument circuit = 1(1 -f 10 X -004)

-f 4(1 + 10 X -00016)

== 5-046

/. Instrument current corresponding _ -000751

to 100 amp. - 5.046761
^

= 001488

/. Instrument reading = 99-2 amp.

Percentage error due to temperature
rise =0-8 per cent

Thus, the eflect of using the manganin swamping resistance is to reduce the
percentage error for 10° C. rise in temperature from 3-7 per cent to 0*8 per
cent.

Fig. 337 shows the connections of a moving coil instrument

when used, (a) as an ammeter for large currents, (6) as a voltmeter.
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If the voltage drop across the shunt is *075 volt and the working

current of the instrument *016 amp. the total power loss is -075/

when used as an ammeter [1 being the current to be measured), and
*015 F when used as a voltmeter, V being the voltage to be measured.

In general, the power loss in permanent-magnet moving coil in-

struments is lower than that in other types of instruments.
^ Testing Sets. Owing to their adaptability to extension of range

by shunts and multipliers, two permanent-magnet moving coil

instruments are frequently mounted in a single case which also

encloses the necessary shunts and series resistances to cover a wide
range of both current and voltage. Two dial switches are usually

fitted to enable the ranges of the two instruments to be changed
conveniently, as required. The whole constitutes a “test-set,” and
is a very useful piece of apparatus for resistance and other measure-
ments in which a very high degree of accuracy is not required. Two
examples of these test-sets are shown in Fig. 338.

Principal Advanta>ges of Permanent-magnet Movi'ng-coil Instru-

ments. These are

—

(a) Low power consumption.

(c) Uniformity of the scale and the possibility of a very long

scale.

[d) The possibility of a single instrument being used, with shunt

and resistances, to cover a large range of both current and voltage.

(c) Freedom from hysteresis errors and, very largely, from errors

due to stray magnetic fields.

{/) Perfect damping, simply afforded by eddy currents induced

in the metal former of the moving coil.
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Errors. Friction and heating errors are, of course, present as

in other types of instrument. The weakening of the permanent

(EUiottBros., Ltd.)

{Ferranti)

Fig. 338 . Test-sets

magnet with the passage of time may introduce a considerable error

unless the magnet is carefully aged during manufacture. Thermo-
electric E.M.F.s may introduce errors when these instruments are
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used shunted, for current measurements, but with a well-designed

shunt such error should be small.

Design Data. The following table gives approximate values of

various quantities in connection with the design of permanent-
magnet moving coil instruments.

TABLE XVIII

Quantity Voltmeters

1

1

^ Ammeters

Weight of moving system 3-5 grm. 3-5 grm.
Torque at ful deflection 0*5 grin. -cm. 0*5 grm. -cm.
Torque ^

.

ratio ....
Weight

;^th ifth

Resistance of coil and springs 50 ohms 1 ohm
Flux density in gap 1,200 Imes-sq. cm. 1,200 lines-sq. cm.
Number of turns on coil 50 20
Ampere-turns at full deflection 1 1

(2) Dynamometer Type Moving-coil Instruments. In dyna-
mometer instruments the permanent magnet is replaced by either

one or two fixed coils which carry the current to be measured (or

a current proportional to the voltage to be measured), and which
are connected either in series or in parallel with the moving coil.

The coils are usually air-cored, the use of iron being usually avoided
in such instruments owing to its introduction of hysteresis, eddy
current, and other errors when the instrument is used for A.C.

measurements. The general arrangement is shown in Fig. 339, in

which the connections of a dynamometer ammeter (6) and of a
dynamometer voltmeter (c) are also shown.
The torque of the instrument is dependent upon the strengths

of the magnetic fields of both fixed and moving coils—i.e. in an
ammeter the torque is roughly proportional to the current squared,

and in a voltmeter to the voltage squared. Dynamometer instru-

ments can thus be used on alternating current circuits, for which
a square law is essential.

Two hair-springs are used for the control and as leads to the

moving coil. Damping is often by air piston or enclosed vane,

although in some cases eddy current damping, by an aluminium
disc rotating in a permanent-magnet field, is used. In ammeters of

this type the current which can be measured without the use of

a shunt, is small owing to the difficulty of leading-in the heavy
currents to the moving system, and also on account of the heaVy
moving coil which would be necessitated if this were to have a high

current-carrying capacity. Thus the moving coil is usually con-

nected, in saies with its swamping resistance across a shunt together

with the fixed coils, as shown in Fig. 339b. By this means the time
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constants of the two parallel branches can be more easily made
equal—^an essential requirement if the division of current between
the two paths is to be independent of frequency when the instru-

ment is used for alternating current measurements.

Disadvantages tor Direct Current Use. Although useful for precise measure-
ments on alternating current circuits, these instruments compare unfavourably
with the permanent-magnet type owing to the following disadvantages

—

(1)

The magnetic field strength obtainable is small, owing to the absence
of iron. This means that a comparatively large number of ampere-turns must
be used on the moving coil in order to obtain the necessary deflecting torque.

A heavy moving system and high power loss are the results. The

Shunt F/xect Coils

-y-rAW—qjuoir—

—

!!

Siivamping Moym^
Resistance Coil

(b)

^Ftxeol Coils

Moving Coii

-Ht^h Mon Induchye
Resistance

fr)

Fig. 339. Dynamometer Movino-goil Instrument

ratio is small, and hence friction errors tend to be serious as well as those due
to internal heating.

(2) Owing to the deflecting torque varying with current according to an
approximate square law, the scale is not uniform.

(3) Such instruments are more expensive than the types of ammeters and
voltmeters already described

For these reasons, dynamometer ammeters and voltmeters are

not in common use, especially on direct current circuits. The most
important application of the dynamometer principle is the dynamo-
meter wattmeter.

For full descriptions of the various types of dynamometer instru-

ments and for the theory of the instruments, the reader is referred

to the works mentioned in Refs. (1) and (2).

Hot*-wire Instruments. In these instruments the current to be

measured, or a definite fraction of it, is passed through a fine wire,

which expands due to the heating effect of the currents. If the

resistance and coefficient of expansion of the wire are constant, the

heating and expansion are both directly proportional to the square

of the current. If the expansion is large enough, it can be to
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produce deflections of a pointer which are also proportional to the

square of the current.

Since such instruments have a square law, they can be used for

alternating-current as well as for direct-current measurements.
Moreover, since the deflections depend upon the heating effect of

the alternating current, hot-wire instruments measure the R.M.S.
values of the current, regardless of wave-form or frequency;
this is their greatest advantage. The calibration is the same for

alternating-current measurements as for direct-current measure-
ments. Another advantage is that they are not affected by stray

magnetic fields, since no magnetic effects are employed to produce
their operation.

Magnification of the Expansion. In commercial instruments,

the hot wire is too short for the expansion to be used directly for

the production of a deflection. A magnifying device is used, the

theory of which is given below.

Referring to Fig. 340 (a), let ABhe the hot wire, of length L, and let its ex-
pansion after reaching a steady temperature (when the heat produced by the
current per second equals the heat radiated in the same time) be dL. Then,
if tension is applied at the centre of the wire, the sag S is given by

or -=^7

2LdL -}- (dL)^

4

. (362f

if (dL)^ is neglected as being small compared with LdL.
Since dL is proportional to the square of the current, the sag is thus pro-

portional to the current, and the magmfi<*ation of the expansion dL is

In Fig. 340 (6) further magnification is obtained by utilizing the sag of the
downward wire. Let the length of this wire be Lj, and let it be pulled at its

centre so as to take up the slack produced by the sag S of the hot wire. Let
the “sag” in the downward wire be Then we have

or. neglecting compared with L^S,

Sin..

or X X Vourraiit
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The above theory assumes that there is no sag in either of the

wires before current flows. As they are under tension from a spring,

this is not so in practice, nor are the attachments to them exactly

at their centres. The theory suffices* however, to show how the

L

^2

(a.)

(b)

Flo. .340. Sac. MAGMiaoATioN in 1Iot*\viriij Instkumi!.nt

magniHcation is produced. The actual scale closely approaches to

the square law scale, and is cramped at the bottom end.

Construction of Hot-wire Instruments (Double-sag Type).

The construction of the commonest form of double-sag hot-wire

Fic^. 341a. CoNSTRUc’TiON or Hot-wire Instrument

instrument is illustrated by Fig. 341a. The hot wire is of platinum-
iridium, so that it may withstand high temperatures without
deterioration due to oxidation. The diameter of this wire is of the
order of 01 mm. Attached to it is a phosphor-bronze wire If, and
attached to this wire again is a fine silk thread T, which passes round
a small pulley P (to which it is clamped) before being fastened to a

spring which keeps the whole system taut. A light pointer and thin

aluminium disc D are carried by the spindle upon which the puUey
is mounted. The edge of the disc is situated in the air-gap

permanent magnet, and provides damping. This damping is neces*

sary, not so much to prevent oscillation when the instrument
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deflects originally (since the movement is somewhat sluggish), but
to damp out rapid movements due to vibration or to sudden changes
in the current, which would place excessive stresses upon the hot
wire.

When the hot wire expands, the slack in it, and in the wire W, is

taken up by the spring, and the thread T causes the pulley to rotate

and the pointer to deflect. The base of the instrument must be
made up of materials which give a coefticient of expansion equal to

that of the hot wire, so that changes in temperature external to the

instrument shall not affect the deflections. Even when these co-

efficients of expansion are equal there is, however, a tendency for

an error to be caused by the fact that the wire, being of small mass,

Fig. 341b. Arrangement of Hot-wire Instrument fob
6 AMP. Range

changes in temperature quickly, while the temperature of the base

takes some time to change.

The hot wire is made as thin as possible, so that it may attain a

steady temperature, when current flows through it quickly. It

must at the same time have sufficient mechanical strength to with-

stand the stresses placed upon it by the tension of the spring and

system.

Range. Instruments of this type are very limited as regards

current-carrying capacity, owing to the fineness of the wire. They
can be used as ammeters for current of the order of 1 amp, in the

above form without a shunt. For currents up to about 5 amp.

without a shunt, the device shown in Fig. 341b is used. This divides

the hot wire electrically into four parallel paths, so that the current

in any part of it is only one-quarter of the total instrument current.

Above 6 amp. the instrument must be shunted for use as an ammeter.

When used as a voltmeter, a high non-inductive resistance is

connected in series with the hot wire.

Foweb Consumption. The power consumption in hot-wire

instruments is high, The voltage drop across ammeters of this type

is about 0*6 volt at full deflection, and the current in the wire for

full deflection in the cose of voltmeters is usually about 0*26 amp.
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Thus the power consumption depends directly on the range of the

instrument. In the case of voltmeters, the wire cannot be reduced

in diameter indefinitely on account of the mechanical strength

required to withstand the stresses imposed upon it. A comparatively

high voltmeter curren t must therefore be taken in order to heat the

wire sufficiently to give the desired deflection.

^ Disadvantages. Most of these have already been mentioned.

Summarizing, they are

—

() Sluggishness owing to the time taken for the wire to heat up.

() A cramped scale.

(c) Errors due to differences of temperature of the working wire

and the base of the instrument, which cause shifting of the zero of

{Weston Electrical Instrument Co.)

Fig. 342a. Heating Ei^ement for Thermo-Ammeter (Elevation)

the instrument. Such temperature variations and stretching of the

wires require frequent zero adjustment.

(d) Inability to withstand overloads. The hot wire is so fine that

it quickly fuses if the current exceeds the working value by any

appreciable amount. Fuses do not give adequate protection, since

the wire may melt before the fuse.

(e) Fragility.

{/) High power consumption.

Fig. 342 shows the construction of the heating element of the

Weston Thermo Ammeter for a range of 50 amp. Between the

terminals BB' a platinum alloy resistor strip S is ha^ soldered. The

hot junction of a thermo couple is hard soldered, or welded, to the

centre of this strip. The cold ends of this thermo couple are soldered

to the centre points of two copper compensating strips 4 and 5,

which are in thermal contact with the terminals BB% but are in-

sulated from them by thin mica strips. The compensating strips are

proportioned so that they are thermally equivalent to the strip S.

The thermo couple has a very small heat capacity, so that the
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response to variations of current in S may be rapid. A surrounding

case 17 shields the heater from external air currents.

This case, together with the compensating strips, ensures that the

indications of the instrument are independent of external tempera-
ture variations and of air currents. 10 and 11 are the thermo-couple
terminals to which the indicating instrument used in conjunction

with the heating element is connected.

The full-load volt drop across the heating element is only about
150 millivolts, and the safe overload capacity is about 50 per cent.

The instrument is free from zero shift and is especially useful for

the measurement of very high-frequency currents and for currents

whose wave-form is very far from sinusoidal.

Electrostatic Instruments, Such instruments are essentially volt-

meters, and although they may be applied to the measurement of

current and power, such applications are by their use for the

measurement of the voltage-drop across a known impedance.

Their advantages are that they give equally correct measurements
on A.C. and D.C. circuits, and that since no iron is present in their

working system, they are free from all errors in connection with

magnetic fields in iron, such as those due to hysteresis and eddy
currents. Wave-form, and frequency variations, also, are unim-

portant, and the power loss in such instruments is also extremely

small.

They have the disadvantages, however, that the operating forces

are very^small, especially for low voltages (of the order of several
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hundred volts), their most useful range being from about 500 volts
upwards to several hundred kilovolts.

Types. There are two general types of electrostatic voltmeters,
namely

—

(a) The quadrant type.
(h) The attracted disc typ^.
Instruments of the former type arc used for voltages up to 10

or 20 kilovolts, while the attracted disc type is general for voltages

Quadrants

i/oHa^e to be
measured

Fig. 343 . Quadrant Euectromuteb

above this. Since these voltmeters are really modifications of Lord
Kelvin’s quadrant and attracted disc electrometers, the theory of

these electrometers will now be discussed, the same theory holding
for the voltmeters under consideration

Quadrant Electrometer. The principle of this instrument is illus-

trated by the line diagrams in Fig. 343. There aye four fixed metal
double quadrants arranged so as to form a shallow circular box with
short air gaps between the quadrants. Inside this (incompletely
closed) box a thin metal “needle” is suspended by means of a

thread of phosphor-bronze or silvered quartz. The needle is of a
double-sector shape, and is suspended so as to be equidistant from
the quadrant plates, which are above and below it. A plan view is

shown in diagram (a) of Fig. 343. In diagrams (6) and (c), two
methods of connection to the quadrants and needle are shown. In
diagram (6) a high-tension battery is used to charge the needle to a
potential considerably above that of the quadrants to which the
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negative of the voltage to be measured is connected. When so

connected, the electrometer is said to be used ‘"heterostatically.”

When the needle is connected directly to one pair of quadrants, as

in diagram (c), the electrometer is used ‘‘idiostatically.”

The idiostatic connection is generally used in commercial instru-

ments. With the polarities shown in diagram (6), end A of the needle
is repelled by the fixed quadrant adjacent to it, while end B is at-

tracted by its adjacent fixed quadrant, so that rotation of the needle
is produced. In diagram (c), end B of the needle is repelled, and end
A attracted, by the fixed quadrants near them.
The torque producing rotation will be shown (below) to be pro-

portional to the square of the voltage to be measured in the case of

the idiostatic connection. Hence, the instrument can be used to

measure alternating voltages.

Actually, of course, the forces of attraction and repulsion are not

purely rotational, but have components in the direction perpen-

dicular to the needle—one upwards and one downwards at each
end of the needle—but these components neutralize one another,

leaving only the rotational components.

Theory. In considering the theory of the instrument it is simpler to consider

one-half of the needle only, with the two (double) quadrants adjacent to it.

Suppose the connection to be heterostatic.

Then, referring to Fig. 344a, in which the half of the needle is taken simply
as a sector of a circle whose radius is r, we have an arrangement which is

essentially two condensers side by side. Each of these condensers is composed
of portions of the upper and lower plates of one of the double quadrants,
and a portion (both sides) of the needle- When the needle rotates, the capa-
cities of these condensers will change, one becoming less and the other greater.

Thus, in Fig. 344a, suppose the needle rotates in a clockwise direction, then the
capacity of the right-hand condenser will increase and that of the left-heuid

one will decrease.

h&t the potential of the needle be V, that of quadrant P being Fj and of
quadrant Q Vi where F > Fg > Fj.

Suppose the capacities of the right- and left-hand condensers, when the
needle has rotated through an angle $ from its zero position, to be Ci and Og
respectively.

llien, energy stored in right-hand condenser (F - Fj)*

«

Energy stored in left-hand condenser » JC (F ~ F*)*
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Thus, total energy stored in any position B = ^ ~ T^i)* -f ~ V^)*]

== W
Let the torque, when the needle is in this position, be Tq. Then, considering

an infinitesimal advance dB of the needle the work done on the moving system
= Tq . dB. Decrease in stored energy ^ dW. But these two quantities must
be equal. Therefore

Tg.dB = dW
dW

d

(V- V^)^dC^ {V-V^)^ dC^

2 dBdB
(364)

Now, if d is the distance of the needle from either of the plates (upper or
lower) of the quadrants, and if 2a is the angle of the needle sector, then, since

the plates are m air,

and

47rd

2[irHa-&)]

47rd 47rd
(0 - 6 )

^ 2 4:nd 2

or Ts = ~{V,-V,)\2V-{V,+ V,)] (365)

This expression for the torque is positive only when 2 F > Fj+
and its magnitude, for given v.alues of Fj and V2, obviously depends
upon the value of F.

In the idiostatic connection the needle and quadrant Q are con-

nected together, so that F = Fj and the expression for the torque

then becomes
r2

Srrd

r2

Bird
X V* (366)

where v is the potential difference to be measured, and equals Fj

.

The torque is negative in this case, which means that the needle

will rotate in an anti-clockwise direction as shown previously.

Considering now four quadrants and a needle of double-sector

shape, the torque is given by

Te = And
(367)

being double the above value. The torque is in dyne-centimetres if
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the potentials are expressed in electrostatic C.G.S. units, r and d
being in centimetres. Converting to gramme-centimetres and volts,

we have

rn X

where E is in volts (1 electrostatic C.G.S. unit == 300 volts). Fig.

344b shows the eonstruetion of a quadrant electrometer of the

(W. G. Pye db Co.)

Fig. 344b. Dolezai.bk Elkctrometeb

Dolezalek pattern manufactured by W. G. Pye & Co. In the figure

the fixed quadrants are shown opened out to disclose the needle.

Attracted Disc Electrometer. It was shown in Chapter I that if

two parallel conducting plates are at a distance d apart and are

charged so that a difference of potential V exists between them,
then the force of attraction between them is given by

_ AKF^
Stt

where P is the force in dynes, A is the area of the plates in square
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centimetres, K the dielectric constant of the medium, and F the
field intensity (considered uniform) between them.

V
d

AKV^

Now F

P =
877^2

Hence the potential difference between the plates is

V

or, if the plates are in air,

VAK E.S.C.G.8. units

Hence,

or

V = K S.C.G.S. units

V = 300^^-

•A

volts

1504d, ' volts

(368)

(369)

This attraction between parallel plates is used as a measure of

potential difference in the attracted-disc electrometer.

Kelvin Absolute Electrometer. This was one of the earliest instru-

ments employing the attracted disc principle. The essential parts

of the instrument are shown in Fig. 345.

The moving disc is carried by a spring, and is thus suspended
from a micrometer head so that it is above the centre of a fixed

disc. Surrounding the moving disc is a guard ring separated from
the disc by a short air gap. The purpose of this guard ring is to

render the field between the moving and fixed discs uniform by
transforming the non-uniform fringing field from the edge of the

moving disc to its own outer edge. It is electrically connected to

the moving disc. The effective area of the moving disc is its actual

area plus half the area of the air gap.

A fine cross-hair is carried by the moving disc, so that, by means
of a sighting device consisting of lenses and two finely pointed rods,

the zero setting of the disc may be accurately determined.

In use, the potential difference to be measured is applied between
the two discs. The moving one is attracted downwards and is

brought back to its zero position by turning the micrometer head,

the movement required to return the disc to zero being observed.

The spring and micrometer head are calibrated by first short-

circuiting the instrument, then setting the moving disc to its zero

position, and adding known weights to the disc. The movements of

the micrometer required to bring the disc back to zero are observed



624 ELECTRICAL MEASUREMENTS

for different weights, a calibration being thus obtained. Thus,
actually, the attractive force produced by a certain potential

difference between the discs is measured by the instrument, and
the potential difference itself is then determined in terms of the
dimensions of the instrument and of this measured force.

The disadvantage of the electrometer, when used as above, is

that when the potential difference to be measured is only a few
hundred volts, the two discs must be very near together for any
appreciable attractive force to be obtained. In such cases the

measurement of their distance apart is difficult to carry out accu-

rately
;

to overcome this difficulty. Lord Kelvin used an auxiliary

high potential in conjunction with the instrument, the heterostatic

connection, previously mentioned, being employed.
In secondary instruments of the attracted-disc pattern, the guard

ring is omitted and the voltage corresponding to a given deflection

Cross
Hair

GuandJ^^
RmA

Mfcpometen
Head)

T

Coach Spring

n 0 n

JjL ^ Line ofSight

'MayingDisc

. L -y ri •_
Fixed Disc

Fig. 346. Kelvin Absolute Elbctrombteb

is obtained by calibration instead of by calculation from the dimen-
sions of the instrument.

Commercial Forms of Electrostatic Voltmeters. Fig. 346 shows,

diagrammatically, the construction of the Kelvin Multicellular

Voltmeter. This instrument is essentially a quadrant electrometer

with a large number of needles, and of fixed quadrants, instead of

the single needle and four fixed quadrants. It is suitable for a
voltage range of about 100 to 1000 volts, although instruments of

this type having as low a range as 40 volts have been constructed.'

The large number of quadrantal cells are necessary in order to

obtain a sufficiently high working force with such low voltages.

By suspending the moving system, bearing friction is avoided.

The coach-spring is fitted as a protection against fracture of the
suspension due to vibration. A clamp is fitted to be used when
transporting the instrument. The torsion head, which can be moved
very slowly by a worm-wheel attachment, is for zero adjustment.
The pointer and scale are of the “edgewise’’ pattern, and damping
is by a vane dipping into an oil-dashpot.

There are several other features which have been omitted from
the diagram for the sake of clearness. The suspended system has a
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safety collar just above the pointer to prevent such movements of
the system as would cause the moving needles to touch the fixed

Fig. 346 Kelvin Multicellular Voltmeter

quadrants and produce a short-circuit Two vertical guard plates

of tin-foil are fitted inside the case of the instrument These plates

are electrically connected to the moving
system and to the case, which is metal

Kelvin Electrostatic Voltmeter for Volt-

ages up to 10,000 volts. A simple form of

voltmeter, which has the same principle

as the one described above, but which has

only one moving needle and is suitable

for a voltage range of about 1,000 to

10,000 volts, is shown in Fig. 347.

The needle is of thin aluminium sheet,

and is carried on a spindle which is sup-

ported by knife edges. This needle is

connected to onq^ terminal of the instru-

ment, and is mounted in the space between
two parallel, fixed, vanes, which are con-

nect^ to the other terminal of the

instrument. It carries a pointer as shown
and is gravity-controlled. Mechanical
damping, by a wire passing through the case of the instrument,

is employed. The controlling torque may be increased by adding

Fig. 347. Parts of
Electrostatic Voltmeter
(From ** Theory and Practice of
Altermtxng CurrerUs" Dover*)
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small weights to the bottom of the needle. This, of course, increases

the range of the instrument.

The instrument case has a glass front to which a strip of tin-foil

is pasted, in order to lead away to earth any electrostatic charges

which may accumulate on the glass, and so affect the reading of the

instrument.

Other Forms. Fig. 348 shows the moving system of an Everett-

Edgcurabe single-vane voltmeter, three such movements being used
in one (‘ase as a three-phase “leakage indicator” for 2,000 volts.

A leakage indicator is for the purpose of detecting a ground fault

on a system. In th(^ three-phase indicator one terminal of each

A nXEO VANES B SUPPORTING iNSULAiTOB

V, MOVING VANC 0 SPlNDUt

(Everett Edgcumbe dk Co.^ Ltd.)

Fig. 348 . Moving System of Single-vane Voltmeter

movement is connected to earth and the remaining three terminals

are connected to the three insulated lines of the system under
observation. A difference between the readings of the three instru-

ments contained in the indicator shows that a fault exists on one or

more of the lines. The advantage of electrostatic instruments for

this purpose is that they themselves do not take any appreciable

current, and therefore do not constitute a “leak” when installed.

The instrument shown consists of two fixed curved vanes about
1 in. wide and mounted parallel to one another about | in. apart.

A pivoted vane is pulled inside them when the potential difference

is applied. The pivots are attached to the spindle at right angles to

its axis, and rest in polished steel cups. Gravity control is employed.
Voltmeters for Extra-high Tension. Voltmeters for the measure-

ment of voltages in excess of about 10,000 volts are almost always
of the attract^ disc type. Several forms of such instruments have
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al|*eady been described in Chapter XI. The Abraham voltmeter,

which is manufactured by Messrs. Everett-Edgcumbe & Co., for volt-

ages up to 500,000 volts, is perhaps the most generally used form.

Induction Instruments. These instruments can only be used on
alternating currents circuits. Their chief advantage is that a full-

scale deflection of some 300° can be obtained, giving a long and open
scale. The effect of stray magnetic fields upon their readings is

small and the damping is good.

They have, however, several serious disadvantages which, for

most purposes, outweigh their advantages. The large deflection

means a greatly increased stress in the control spring, since this

stress is proportional to the deflection. A serious error may be

introduced by a variation of the suppy frequency, unless a com
pensating device is employed. Temperature variations also, may
produce considerable errors unless, again, compensation is employed.
Other drawbacks are the fairly high power consumption and high

cost of such instruments.

Principle. All induction instruments depend, for their action,

upon the torque produced by the reaction between a flux, whose
magnitude depends upon the value of current or voltage to be
measured, and eddy currents which are induced in a metal disc, or

drum, by another flux, whose value again is dependent upon the

current or voltage to be measured. Since the magnitude of the eddy
current is proj)ortional to that of the flux inducing it, the torque
at any instant is proportional to the square of the current or voltage

to be measured, and the mean torque is proportional to the mean-
square value of this current or voltage.

Consider a flux cj> = <l>max ® producing a torque, by the force

which it exerts upon an eddy current lagging in phase by an angle a
behind this flux, i.e. whose law of variation is i ~ I sin (6 - a).

Then, since the instantaneous torque is proportional to the

product of the instantaneous current and instantaneous flux, we
have

Instantaneous torque oc (f>i

The mean tor(|ue 7^^ is tlierefore pn)j)ortional to — /

^Jo

or 7'„ ^max I,uax WH 0 sia (0 - a) dO

ipmax ^max

sin 0 sin (0 - a) dO

rcos a - cos (20 - a)“

^max ^max
[cos a - COS (20 ~ a)] dQ

Knax ^max {
02 COS a

sin (20 - a)l^

2 I
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cc cos a)

Thus cx: <f>I a (370)

where rj) and / are virtual values of flux and cuiicjit.

Hence, in all induction instruments, some means must be provided

for producing an eddy current which is either appreciably less than,

or appreciably greater than, 90° out of phase with the flux with

which it reacts, since, if a is 90°, cos a—and hence Th

—

is zero, the

torque being small, also, if a is not far from 90°.

There are two general methods of fulfilling this condition. One

Laminated
\Ma^net System

Laminated
Iron Cone

Aluminium
Drum

Hon-Inductive
Resistance

Fig. 349 . Ferraris Type Induction Instrument

method is by splitting the winding of the electromagnet in which
the flux exists into two portions, one of which is highly inductive

and the other non-inductive. The other method is by splitting the

phase of the working flux by a copper band placed round a portion

of the poles of the electromagnet. This leads us to the two general

types of induction instruments, which are

—

() The Ferraris type.

() The ‘‘shaded-pole” type.

(a) Febearis Type. This instrument operates on the same prin-

ciple as the induction motor, A rotating field is produced by two
pairs of coils wound upon a laminated magnet system, as shown in

Fig. 349. These pairs of coils are both suppUed from the same source,

but a phase displacement of approximately 90° is produced in the

currents flowing in them by connecting an inductance in series with
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one pair and a high resistance in series with the other pair. This

rotating field induces currents in an aluminium drum, and causes

this drum to follow its rotation. If the drum were free to rotate,

it would do so at a speed slightly less than that of the rotating field,

and in the same direction as the latter. If a control spring prevents

such continuous rotation the drum will rotate only through some
angle less than 360®—i.e. until the operating torque is balanced by
the controlling torque of the spring.

The drum and moving system are carried by a spindle whose ends

fit in jewelled cups or bearings. Inside the drum is a cylindrical

laminated-iron core, to strengthen the magnetic field cutting the

drum. The spindle also carries an aluminium damping disc, the

edge of which moves in the air gaps of two permanent magnets.

Theory. The theory of the instrument can be most easily worked out by
considering the torque produced by the reactions between the two fluxes and
the two eddy currents produced by them.

Saturation of the iron in the instrument, and iron losses, will be neglected so

that the fluxes may be assumed to be in phase with, and proportional to, the
currents producing them.

Referring to the vector diagram of Fig. 350, the vectors and Jj> represent
the currents in the non-inductive and inductive windings of the instrument
lespectively, and the vectors ^ and

<t>j^
the fluxes produced by, and in phase

with them. Let the phase angle between these currents (emd fluxes) be p.
This angle is large, but cannot be quite 90° owing to the inductance of the
so-called “non-inductive” winding and to the resistance of the inductive
winding, and ej,—lagging 90° in phase behind ^ and <j>j^ respectively

—

are the E.M.F.s induced in the rotor drum, and % and ix. the eddy currents
set up by them. These currents lag behind the E.M.F.s by a small angle a
owing to the inductance of the eddy current paths.
As regards the torque of the instrument, it can be seen from Fig. 351 that

there will be two components in opposite directions, one proportional to
the direction of rotation of the rotating field, and one proportional

to in the opposite direction. In this figure both of the fluxes ^ and
are assumed to be decreasing, so that, from Lenz’s Law, the currents and
induced by them are in such directions that they tend to maintain the flux
(as shown). The directions of the forces acting on the drum are obtained from
the Iieft-hand Buie.
The resultant torque is thus the difference between that due to ^i;,% an<l

that due to ^gif Thus, if is, and are virtual values, the mean torque

ar—(T.5700)
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8 given by

Tjj = cos (90 -I- a ~ ~ cos (90 -f « -f /^)] • *

where k w a constant.

(90 -h a fi) 18 the phase angle between and

and (90 + a + /?) „ » » »»

Then, Tjig ^ k{- cos [90 - (a- ^)] + 4>Rh^ [90 - (a + f^)]}

= k[<l>^i^ 6in (a 4- /5) - 4>lH sm (a - ^)]

Now, Cft OC/ . and e^ ccj . <t>j, where / is the frequency.

Also, if. = ^ and = ~ where z is the iinpetlancc of the eddy-ffurrent

paths in the drum.

Fig. 36 J. Jllitstkating tue Action oj the Ferraris Induction
Instrument

Hence, [sin {a ji)~ sin (a ~ p)]

where A;' is another constant.

Thus, cos a . sin /<

or Tji —
^

cos a . sin f}

Again, if and are directly proportional to the current and (as

they are here assumed to be),

KT J f
== COS a . sin (372)

or, since both and Ij^ are proportional to the current / to be

measured (in the case of an ammeter) or to the voltage to be meas-
ured (in the case of a voltmeter), we have

K'PfT^^±^.cosa,Bm^ . . . (
373 )
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Since / is a root-mean-square value, the torque is proportional to
the mean-square value of the current to be measured.

It can be seen from the above that the torque is directly propor-
tional to the sine of the angle between the two currents and
hence the necessity for making this angle large.

Compensation for Frequency and Temperature Errors. Since the torque i»

directly proportional to the frequency and also since s, cos a, and
dependent upon the frequency, it is necessary to consider compensation if

serious errors, due to variation of frequency, are to be avoided. Some com-
pensation can be provided by shmiting the ammeter—in which instrument
such errors are usually larger than in voltmeters—by a non-inductive shunt.

If, then, the frequency increases, the increase in torque which would, as seen

from the above expression, take place, is to some extent prevented by the fact

that the impedance of the instrument windings increases and hence a greater

Damping
Magnet,

Copper 'Shading '

Bands
Exciting
Cod

Laminated
Efectro-Pfagnet

Fio. .352 . Illustrating the Principle of the Shaded-pole Type
OF Induction Instrument

proportion of the total current is taken by the non-inductive shunt, whose
impedance remains constant for all frequencies.

In the case of a voltmeter the impedance of the inductive winding of the
instrument increases with increasing frequency, and hence this winding takes
a smaller current, which tends to compensate for the increase in torque due
to the frequency increase.

Variations of temperature may produce serious errors, since the resistances
of the eddy current paths in the rotor are dependent upon temperature.
Compensation is obtained by shunting the instrument (in the case of an
ammeter) with a shunt of material having a higher temperature coefficient

than that of aluminium—of which the rotor is made. This shunt may be the
same one as is used for frequency compensation. If, then, the temperature
increases, the proportion of the total current which passes through the instru-

ment is increased, and this compensates for the loss of torque due to the
reduction of the eddy currents owing to the increased resistance of their path.

In voltmeters a combination of shunt and swamping resistance in series

with the instrument is often used.

The frequency errors in induction instruments of all types €u:e so serious,

and are so difficult to compensate satisfactorily, that such instruments are
most often used for switchboard purposes when frequency changes are small.

Shaded-pole Type. Fig. 352 illustrates the principle of the
shaded-pole type of induction instrument. A thin aluminium disc

is mounted on a spindle which is supported by jewelled bearings.

Tbe spindle carries a pointer and a control spring is attached to it.
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The edge of the disc moves in the air gap of a laminated electro-

magnet which is energized either by the current to be measured or

by a current proportional to the voltage to be measured. A damping
magnet is placed at the opposite side of the disc from the electro-

magnet, so that the disc serves for damping as well as for operating

purposes. The poles of the electromagnet are split into two halves,

with a thin copper band roimd one-half of each pole (on the same
side), as shown. These two bands have currents induced in them by
the alternating flux of the electromagnet, and the magnetic fields

set up by these induced currents cause the flux, in the portions of

the iron surrounded by the bands, to lag in phase by some 40 to 60
degrees behind the flux in the unshaded portions of the poles.

This phase displacement is necessary for the production of torque,

the shading bands serving the same purpose as the interposition of

resistance and inductance between the windings and the terminals
in the Ferraris type of instrument.

The disc, instead of being circular, is sometimes made cam-shaped
m order to improve the scale of the instrument. The scale is

normally cramped at the lower end, since, as will be shown, the
deflecting torque Tjj is proportional to the square of the current or

voltage to be measured, and spring control is used. Then

Tj, oc/2

= hP
Controlling torque T^ oc d where 0 is the deflection

= ¥6
k and h* being constant.

For steady deflection T^ = Tp
or k\e = kP

Theory. Fig. 353a gives a vector diagram showing the relative phases of the
fluxes, and the induced currents in the disc. The current induced in the shad-
ing band produces a number of ''back** ampere-tums, and causes the flux

4^ in the shaded portion of the pole to lag in phase behind the flux ii^ the
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unshadM portion. The resultant dux in the main portion of the iron, in
the vector sum of and as shown.
These two fluxes induce voltages and in the disc, each of which is 90®

in phase behind the flux inducing it. ^ddy currents and ig flow in the disc

as a result of these E.M.F.s, each current lagging by a small angle a behind
its voltage owing to the inductance of the path in the disc.

From Fig. 353b, which illustrates the operation of the instrument, it can be
seen that the deflecting torque has two components, one due to reacting
with and one due to with ig. These torques are in opposite directions,
so that the resultant torque is the difference between these two component
torques.

If ^5, ig and are virtual values, the mean torque T, deflecting the disc,

is given by

T^k {<l>gi^ cos [90 - - a)] - ijg cos [90 + (i? + a)]} . . (374)

Fig. 363b. Illustrating the Action or the Shaded -pole Type
or Induction Instrument

where A; is a constant,

90 - - a) is the phase angle between and

90 -f *4" o) j» » » »» ** '^9

T — k[<l>ai^^ sin (/5 - a) + <I>J 9 sin {p -f a)]

Now, e« OC (ffsf and OC where / is the frequency.

Thus, if 2 is the impedance of the eddy-current paths,

ig QC and OC

T = (sin (/3 - a) + sin + a)’,
z

where k' is another constant.

Expanding and simplifying, we have

T = — cos aain P . . . . . . . (376)

Now p is the phase angle between the two fluxes and </>$• Since the to^ue
is proportional to sin p this angle should be made as large as possible, in order

to make the torque large.

Assuming
(f>g

and
<l>^

to he each directly proportional to the

current I in the magnetizing coil, the torque is

Pf
r OC— cos a sin d . . (376 )
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For any given frequency,

T ocP
Variation of frequency affects the torque for a given current

directly, since the expression for T contains / The values of sin ^
and of cos a and z also vary with frequency, so that compensation is

necessary, as in the Ferraris instrument, if the supply frequency is

likely to be variable. Compensation is applied both for frequency

and temperature variations by shunting and by the use of non-

inductive series resistance as described in dealing with the Ferraris

instrument.

MoullMs Thermionic Voltmeter, E. B. Moullin (Ref. (10), (11)

Fig. 354 . Moullin TiiFitMiONic Voltmeter

(12)) has designed a thermionic voltmeter which is very useful for the

measurement of low alternating voltages The connections of the

instrument, which is manufactured by the Cambridge Instrument
Co., are shown in Fig. 354. It consists of a three-electrode valve

used in conjunction with a unipivot galvanometer, the latter being

operated by the rectified anode current obtained when the voltage

to be measured is applied to the grid of the valve as shown. To
allow for varying filament battery voltages it is necessary, before

using the instrument, to adjust the pointer to zero on the scale by
variation of the rheostat

The instrument absorbs negligible power from the circuit under
test, and has no frequency error. The error due to varying wave-
form is small and the accuracy of the instrument is usually to within

2 per cent.

Moullin’s papers on the voltmeter should be consulted for

descriptions of the various forms used. Methods of utilizing gas-

filled triodes, or Thyratrons, for the measurement of peak voltages

are described in Refs. 14 and 16.

Beetifier Instruments. During recent years copper-oxide rectifiers

have been used fairly extensively in conjunction with moving-coil

instruments for the ineaeurement of small alternating currents and
voltages. They are particularly suited to measur^^nto on oom«
municarion oirouits and for light-ourrent work when the voltage
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is low and the resistance high. It is essential in such cases that the
current taken by voltmeters should not exceed (say) 1 mA at full

scale and rectifier voltmeters are available having resistances of

1,000 or 2,000 ohms per volt.

These instruments consist of a permanent-magnet moving-coil

instrument together with a full-wave copper-oxide rectifier incor-

porated within the case of the instrument. The connections are as
shown in Fig. 354a. During both half-cycles of the A.C. wave
current flows in the moving-coil instrument M in the direction

shown, so that its deflection is proportional to the mean value of
the current flowing through it.

On tfie aHfliimptinn f.hp r»nrr^nt. is sinnaoidal the Scale of the
instrument must be marked in terms of Ml times the current

actually measured, to give values. It is clear at the outset

that these instruments must be subject to considerable wave-form
errors. A number of current wave-forms having the same mean
value lav (say), may have R.M.S. values which vary considerably,

but in all cases the rectifier instrument will indicate the same R.M.S.
value, namely, 1 11 Igy.

The copper-oxide rectifiers used in such instruments are of three

types, 1 mA, 5 mA, and 10 mA. As regards their characteristics it

is important to realize that their resistance, even to current in the

‘"forward” direction, is not constant, but depends upon the value

of the current passing. The resistance in the “reverse” direction

varies between 20,000 ohms and 80,000 ohms for a 10-mA rectifier,

and between 0-3 and 0-6 megohm for a 1-mA unit. These figures

are given by Dr. E, Hughes in a valuable paper on the subject of

these rectifiers (Ref. 16). The resistance in the “forward” direction

is somewhat difficult to define, but in the case of a 10-mA rectifier

this is of the order of 100 ohms when the rectified current is 6 mA,
and between 300 and 600 ohms when the rectified current is 1 mA.
The “reverse” current is thus negligible compared with the “for-

ward” currerit. Dr. Hughes found that the resistance varied
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approximately as (current)-®'® over a wide range, so that when a
sinusoidal voltage v = sin 0 is applied to a rectifier having a

resistance R in series with it, the alternating current flowing is given

by
F^ sin 0

* ==
iJ + /K - 0-*

where A; is a constant. Alternatively, the D.C. voltage v across the

rectifier for a direct current i through it is given approximately by
the equation

V = c b i

where c and 6 are constants. On this basis the alternating current

through the rectifier may be expressed as

F^ sin 0 ~ c

R + b

The effect of the non-linear volt-amperes characteristic of the

rectifier is to distort the wave-form of the alternating current

flowing through it. Thus, if a sinusoidal voltage is applied the

current flowing will be “peaked,” its form-factor being greater

than 1-11.* This means that the actual R.M.S. value of the current

flowing will be greater than that indicated by the rectifier instru-

ment, i.e. the instrument reads low. The effect of series resistance

is to “swamp” the variable resistance of the rectifier itself, so that

the greater the series resistance the less the error in reading on this

account. When an alternating voltage is applied to a rectifier in-

strument having a large series resistance the reading of the instru-

ment will thus be almost exactly proportional to the mean value

of the voltage applied. As already pointed out, if the voltage wave-
form is not sinusoidal an error is necessarily introduced. To correct

for such non-sinusoidal wave-form, assuming that the instrument
reads the true mean value of the wave, the instrument indication

must be multiplied by Kf/hll where Kf is the form-factor of the

voltage wave-form. Dr. Hughes states that rectifier instruments
actually read the R.M.S. value within 10 per cent for any shape of

wave “except for a certain range and phase of the third harmonic.”
The relationship between the apphed voltage F and the rectified

current I may be expressed in the form

I — KV^ where is a constant.

With comparatively low values of series resistance the exponent
X is approximately 2, so that low range voltmeters will have prac-

tically a square-law scale, and will read roughly the R.M.S. value

of the voltage whatever the wave-form.
Compensation for temperature errors in rectifier voltmeters

See the author’s contribution to the discussion of Dr. Hughes’s paper,
Journal Vol. 76, p. 477*
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may be carried out by using a combination of copper and Eureka
for the series resistance as shown in Fig. 354b. The copper resistance

is of such a value that the total volt drop across the rectifier and
copper together is between 1-5 and 2-5 volts, the remaining series

(Eureka) resistance being made up to the total value required,

depending upon the applied voltage. The rectifier has a negative

temperature coefficient and this is counterbalanced by the positive

coefficient of the copper. The lowest voltage range for complete
compensation is obviously of the order of 2 volts.

These instruments are subject, also, to frequency errors, the

accuracy obtainable being some 2 per cent at full scale for fre-

quencies between 20 and 4,000 cycles per second with ordinary
wave forms. The instrument indications decrease by about 0*5 per
cent for every 1,000 cycles up to 35,000 cycles and, applying the

necessary correction for this, the accuracy may be within 5 per

cent when the wave-form approximates closely to a sine wave.
By very careful construction to reduce the self-capacity of the

instrument it has been found possible to obtain an accuracy of

within 1 per cent over a frequency range of 50 to 10,000 cycles per

second and of 5 to 8 per cent between 50 and 100,000 cycles. While
these errors may appear large it must be appreciated that the suit-

ability of rectifier instruments for the measurement of small alter-

nating currents having bad wave-forms, such as are met with in

telephonic work, lies in their much greater sensitivity as compared
with any other type of instrument available for the purpose.

As commonly manufactured the ranges covered by these instru-

ments are

—

Milliammeters 0-0*5 mA to 0-10 mA

;

Voltmeters 0-1*0 to 0-300 volts.

The instrument scale is practically linear in the case of the higher

voltmeter ranges, but is practically a square-law scale in the lower

range instruments.

The use of rectifier instruments in conjunction with current

transformers is also dealt with in the paper by Dr. E. Hughes
already mentioned.

Mr. R. S. J. Spilsbury has described a direct-reading fOfm-factor
meter, devised by him (Ref. 17) which utilizes a rectifier instrument.

The essential features of the device are shown in Fig. 354c. D is

a low-range dynamometer voltmeter which is placed in parallel

with the rectifier unit, M being, of course, a permanent magnet
moving-coil voltmeter. C7 is a condenser which is connected across

a portion of the series resistance of D to reduce the frequency error

due to the inductance of the dynamometer instrument. Rg is the

series resistance of the rectifier (about 40,000 ohms) and r is a

variable resistance for the purpose of adjusting the voltage across

the combination of D and M to the same value whatever the

voltage applied.
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The dynamometer indicatee the R.M.S. value of the voltage and

the rectifier instrument its mean value. The resistance r is adjusted

until D reads a standard value (actually 20 volts) so thatM indicates

the mean value of the standard voltage and its scale can thus be

marked in terms of form-factor.

The range of form-factor measurable is from 1*0 to 1*32 and the

indications are independent of wave-form, temperature and fre-

quency (between 25 and 800 cycles per second) to an accuracy of

0-2 per cent. An important application of such an instrument is the

measurement of form-factor in the magnetic testing of sheet steel

with alternating currents (see page 379).
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CHAPTER XIX

EXTENSION OF INSTRUMENT RANGE

Ammeter Shunts. The use of low resistance “shunts’* to be placed
in parallel with an ammeter in order to measure a greater current

than that which the instrument itself can carry, has been mentioned
in dealing with moving coil instruments, with which type of am-
meter such shunts are most commonly used.

Let the ammeter resistance be R, and its current for maximum
deflection be i. Suppose that R^ is the resistance of the shunt,

which must be placed in parallel with the instrument in order to

enable a maximum current of [ to be measured, and let Ig be the

current through the shunt during the measurement (see Fig. 355).

Then i = I - I,

Also, Volt-drop across shunt = Volt-drop across instrument

Hence, IgRg = iR

The resistance of shunt required is thus given by

E^^±.R =~X R^
Ig I -i

. R (377)

The ratio of the total current to the instrument current (-0
is called the “multiplying power” of the shunt. Expressing this

ratio as V, we have

R, = . R
JV-1

or y == 1 + £
R.

(378)

639
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^ Examjlle* Calculate the resistance of shunt required to make a milli-

ammeter, which gives maximum deflection for a current of 16 milliamp.,

and which has a resistance of 6 ohms, read up to 10 amp.

Multiplying power ^ — 666*7 = N

^
666-7 - 1

^ ®

= 611:7 =
or, otherwise,

Volt-drop across instrument for maximum deflection

= 5 X *016 = *076 volt

= Volt-drop across shunt

*= (10 -*016)1?,

= 9*9861?,

•075

Alternating Current Operation.' If a shunt is to be used with
an ammeter for alternating current work, the inductances of both
the instrument and the shunt must be considered as well as their

resistances.

In order that the division of current between the two parallel

branches—instrument and shunt—shall remain the same for all

frequencies, the ratio of the impedances of the two branches must
remain constant.

Thus, let L be the inductance of the instrument and L, that of

^ L^
the shunt, then, the ratio must be independent

Vr} +
of frequency. To fulfil this condition, the time-constants of the

shunt and instrument must be the same, i.e. ^ must equal
U, M

Then, let h-kR.~ B
= k.

, i VB,^ +We have now, •=- = —
I, VR^ -f 0)*iy*

Vi?,* -f

VR» + (o^k^R’^

amoe

and

L = kR

L, — kB,

± _ i?,Vl +
jJvTT^ ^ (379)

The general expression for the multiplying power N, on alternating

current circuits, is most easily obtained by the employment of the

sjnnbolic notation, owing to the phase difference between i and J,

when the time-constants of the two branch circuits are not equal.
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Then, if v is the volt-drop across the instrument and shunt (in

parallel),

* = R -t- jwL == R.+jwL.
The total current I in the main circuit is thus given symbolically

by
+B Rg ~{-jo)Lg

and the multiplying power -r by
i

N :

'(
1

R + joiL R^ + jcoL,

^R +jwLj
Expressing this in real values, we have

V(R + R,)^ + ft)2(L +

E -f- -R, -j- j{o(L -f- L,)

R, + j(oL,

N

Now, if

+ (o^L,^

R~R~

(380)

AT = + R.r + (o^kHR + R,)^ _ R + R, ^
VR,^ -f

General Requirements of Ammeter Shunts. It is essential,

whether on A.C. or D.C., that the temperature coefficients of the

shunt and instrument shall be low, and as nearly as possible the

same, in order that the multiplying power shall be independent of

temperature. This question has already been discussed in the

previous chapter.

Another requirement is that such shunts shall not vary in resis-

tance with time, and this is ensured by careful annealing during

manufacture. Again, the thermo-electric effect in the sliunt must
be small, and it must be able to carry the necessary current without

appreciable heating.

These shunts are usually composed of one or more thin strips of

manganin sheet, the ends of which are soldered to two heavy copper

blocks which carry two terminals each—one current terminal and
one potential terminal—the two current terminals being outermost.

When such shunts are used with ammeters, the resistance of the

copper leads from the potential terminals of the shunt to the

ammeter terminals, forms part of the resistance of the ammeter
circuit and must therefore be taken into account in calculating the

required shunt-resistance. A special pair of leads is usually supplied

with ammeters intended to be used shunted, and these leads should

always be used for the purpose.
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* Voltmeter Multipliers. In order to increase the range of a volt-

meter, a non-inductive resistance is connected in series with the

instrument. Thus, if the voltmeter gives full-scale deflection when
a current i passes through it, and if its resistance is r, V being the

voltage to be measured, and R the resistance connected in series

with the voltmeter, we have

V
R'+r~"

or ie = Lzi! = ^ _ r .... (381)
% I

The principal requirement of such multiplying resistances, or

“multipliers,** when used on D.C. circuits, is that their resistance

shall be constant. Thus they must have a very small temperature
coeffioient, and, on account of the appreciable amount of power
absorbed by them, ample provision for cooling must be made.
Operation on A.C, Circtjits. When used with alternating

currents, the total impedance of the voltmeter and its series resis-

tance must remain as nearly constant as possible for different

frequencies. The series resistance should, therefore, have as small

an inductance as possible, in order to keep the total inductance of

the circuit small. For this reason, the resistance coils are often

wound upon flat mica strips to reduce the area enclosed by the
turns of wire, and hence to reduce the enclosed flux for a given cur-

rent. Sometimes non-inductively woven gauze resistances are used.

If r is the voltmeter resistance, I its inductance, and i the current

for full-scale deflection, then the volt-drop across the instrument,
for full deflection, is

V = iVr^ + mW
where co = 277 X frequency

Let F be the voltage to be measured and R the resistance of the

non-inductive series resistance.

Then, total resistance of the circuit ~ r + R
Total inductance of the circuit = I

Total impedance of the circuit = V(r + RY -f-

and the voltmeter current is given by
- F ^ .

V(r + RY +
^

y
Hence, v = V

V{r + RY +
and the multipl3ring ratio

Z = F ^ V jr + RY + coH^

^ Vr2 + fti¥

V{r + RY + c^

• (382)
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An appreciable error may thus be introduced by neglecting the

inductance of the instrument.

(ionnections of Shunts and Multipliers in Multi-range Test Sets.

Such test sets usually contain two instruments
;
one instrument is

used as an ammeter in conjunction with a number of shunts, and
the other is used as a voltmeter with several multiplying resistances.

For convenience, two selector switches are usually fitted and the

internal connections of the set are such that the range of either

instrument can be varied without breaking the connections to the

external circuit. The internal connections of such a test-set are

shown in Fig. 356.

It can be seen that, in varying the range of the ammeter, the

movement of the selector switch inserts resistance in the instrument
circuit as the shunting is varied. The resistance thus inserted is

small, however, and can be compensated for by suitably adjusting

the shunt resistances during manufacture.
The ranges obtainable in the case of the test set shown are as

follows

—

Volts Amperes

0-0-1 0- 10

1

0-0-01 0- 1

0-0-5 0- 50 0-005 0- 5
0-1 0-100 0-0-1 0-10
0-6 0-250 0-0-5 0-26

Multipliers for Electrostatic Voltmeters. Such multipliers are

either in the form of a resistance potential-divider or a condenser-

multiplier.

Resistance potential-dividers are used for voltages of a few
thousand volts only. For higher

voltages they become expensive
to manufacture, and are wasteful

of power. Condenser multipliers

are, therefore, used for the higher

voltages.

Resistance Dividers for such
pu^oses are high non-inductive
resistances (often oil-immersed),

across a comparatively small

portion of which the electrostatic

voltmeter is connected. The vol-

tage to be measured is, of course,

connected across the two outer terminals of the resistance* (see

Fig. 367).

Fig. 357. Resistance Potbntiai,
Divider
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If the capacity of the voltmeter is neglected, the multiplying
power is

V_R
V r

where V is the voltage to be measured and v the voltage at the
voltmeter terminals. R and r are the total resistance (connected
across F) and the resistance across which the voltmeter is con-
nected, respectively.

Taking the capacity of the voltmeter into account, let this be C,

and suppose the voltmeter to be used with alternating current of

ordinary commercial frequency. Then,

f
Impedance of voltmeter and r in parallel = ^ = z

using the symbolic method. ^
‘

jcoCr

The total impedance connected across the voltage V is thus

R~r
I

.

1 jcoCr

Simplifying the expression we have, for the total impedance,

^ R jcoCr (R - r)

1 + jcoCr

The multiplying power is thus,

R -f jcoCr(R - r)

^ 1 -I jcoCr

z
~ r

R ja)Cr(R ~ r)

I f- jcoCr

R
=- - +jl(oG{li- r)\

Numerically,

Zfj,

z

or,

^V(
Zrj; B

j
z

~~
r \

+ (R - ry^

(jo^Ch^ (R - rf

This will have the value

1 +
R

R^

if (oCr is small*

(383)

Condenser Multipliers. When used with a condenser multi-

plier, the voltmeter may be simply connected in series with a suit-

able condenser (as in Fig. 358 (a) ), and the voltage to be measured
applied across the whole circuit. Again, a number of condensers

may be connected, in series, across the voltage to be measured, and
the voltmeter connected across one of them (as in Fig. 368 (t) ).

Referring to the first method of use, let be the capacity of the

voltmeter and C the capacity of the condenser in series with it.
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The total capacity of the circuit is
C^C

A.C. is
c + c.

(oC^C
The multiplying ratio is

C C,^

The impedance of the voltmeter itself is

and its impedance on
1

coC:

C + C,

F_ coC^C

V
~~

1

<7 + (7^ _
I

G " ^ 6^
• . (

384
)

The capacity G^ varies with the deflection (i.e. the position of the

moving vane) of the voltmeter. Thus the voltmeter must be cali-

brated together with the series condenser. It should be noted that,

Cy
Electrostatic
Voltmeter

l-T^ Electrostatic
IM 11 Hjm I

.Voltmeter M
I Im 111 I

(a)
I (}))

Fig. 358 . Condenser Multipliers

in order that the multiplying ratio shall be large, the capacity of

the series condenser must be small compared with that of the

voltmeter.

Referring to the second method of connection, let C^ be the

capacity of the condenser across which the voltmeter—of capacity

C^—^is connected, and let be the capacity in series with Cj and
C^ in parallel. Then, total impedance of the circuit connected across

the voltage F
Cg-j- Cl-\- C^

COGg(Cl + C^)

Again, the impedance of C^ and Cj in parallel is "

Thus the multiplying ratio

Og'^ Ci + C^

V coCg(Cj + C,) __Cg+C, + C,

V 1 Cg

co(Ci 4” U^)

=:l + 9l+^, . . (386)

In this case, again, C^ is variable, so that the voltmeter should

be oalibi'ated together with its multiplier, although if the capacity
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Cl is large compared with that of the voltmeter, the multiplying

ratio may be approximately constant.

Instmment Tnmsformm. A very general method of increasing

the range hf A.C. instruments is to use instrument transformers in

conjunction with ammeters, voltmeters, wattmeters, etc. Such
transformers are either (a) current (or series) transformers, or (b)

potential transformers. The former are used for increasing the

current range of instruments and the latter for increasing the

voltage range.

Advantages of Instrument Transformers as Compared with
SriuNTS AND Multipliers. The most important of these advantages
are—

;

(i) Single-range instruments can be used to cover a large current,

or voltage, range, when used with a suitable multi-range current

or potential transformer, or with several single-range transformers.

The usual ranges of ammeters and voltmeters for use with such

transformers are 6 amp. and 110 volts.

(ii) The indicating instruments can be located at some distance

from the circuit, the current or voltage of which is to be measured.
This is a great advantage, especially when the circuit under test is

a high-voltage one, as far greater safety can be obtained for the

observer than when the instruments are connected directly to the

high-voltage circuit. Also, the instruments need not be insulated

for high voltages.

(iii) By the use of a current transformer with a suitably split

and hinged core, upon which the secondary winding is wound, it

is possible to measure the current in a heavy-current busbar without
breaking the current circuit. The split core of the transformer is

simply fitted round the busbar, which acts as the primary winding
of the transformer.

Fig. 369 shows a current transformer of this type, while Fig. 360
shows a combined ammeter and current transformer which can be
used in the same way. In this case the ammeter is, of course, cali-

brated together with the transformer. Another interestmg type of

split-core durrent transformer is made by Price and Belsham, Ltd.

This is designed to be fixed round a fuse when no other part of the

Qirouit is available.

Current Transformers. The primary winding of a current trans-

fonnOT is connected in series with the load circuit, the current in

which is to be measured. There is no appreciable voltage between
tiie two terminals of this winding, and also—and this is very im-

portant—^the primary current is obviously not determined by the

secondary load on the transformer. The ammeter, or wattmeter
eurrent-ooil (in the case of power measurements) is connected
dircbtly across* the seconda^ winding of the current transformer,

as lEdiown diagrammatioally in Fig. 361.

TmedBir oar Cui^nt Tbansformibbs. Fig, 362 represents the
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general vector diagram for a current transformer. The magnitudes
of the magnetizing component and the iron-loss component of

the exciting current /<,, are exaggerated for convenience in drawing.

^ number of secondary turns
Then n ~ turns ratio = r :

number of primary turns

r* = resistance of the secondary winding

ajf = reactance of the secondary winding

— induced secondary voltage 4

Tj, — number of primary turns

Tg --== number of secondary turns

Eg voltage at secondary tenninals

/^ = secondary current

/jp = primajry current

6 = the “phase angle” of the transformer

^ =: working flux of the transformer

6 = angle between secondary current and secondary induced volts

“ phase angle of the total burden (including impedance of the
secondary winding)

A — phase angle of secondary load circuit

a = angle betw^bn Iq and the working flux

Current Transformation Ratio. From the vector diagram,

= (i, + nig cos d)* + -h nig sin 6)^

~ (1q sin a + nig cos + (/o cos a -f nig sin (5)*

Ijp = [(/q sin a 4- nig cos dY + (^o cos a + n/gSin 5)*]^

Transformation ratio

_ Ip sin a + nig cos d)* -f (-^o cos a + nig sin
H — j j ^

sin* a -h 2nlg cos d . /© sin a 4* n^l cos* d + /(,* cos* a
__ _

2nlg sin 6 . /q cos a -f- n*Jf,* sin* d]^

Neglecting terms containing ig*, this becomes

[n*ig*(cos* d -f sin* d) 4- 2nJ^o(co3 d sin a 4- sin d cos a)]^

In

[n*J,* + 2ni/o sin (a 4- d)]
""

In

which, to a very close approximation,

nig + /p sin (a 4- <5)

since I^ is small compared with nig,

/. i2 == w + ^ sin (a + 3) (very nearly) . • (386)

Although only approximate, this expression is sufficiently accurate

for almost all purposes* The above theory refers, of course, to the
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case when the power factor of the secondary load (or

lagging. This is the most usual condition in practice.

The expression can be expanded still further, as

E ~ n •\-Y (sill « cos d + cos a sin 6)

or 7? = n + . .

I.
since sin a =

and cos a = ^

burden) is

. (387)

Phase Angle. It can be seen from the vector diagram that the
secondary current of a current transformer is displaced in phase by
almost 180*^ from the primary current. If this angle were exactly
180°, no phase error would be introduced when a current transformer
is used with a wattmeter for power measurements. The existence

of the magnetizing and iron-loss components of the primary current

causes the angle to be (usually) less than 180°, so that the transformer
usually does, in practice, introduce a phase error.

The angle by which the secondary current vector, when reversed,

differs in phase from the primary current, is the phase angle of the
transformer; this angle is reckoned as positive if the reversed
secondary current leads the primary current. On very low power
factors the phase angle may be negative.

From the vector diagram (Fig. 362)-

tan 6

from which 0 =

Iq sin [90 - (g -f ^)]

n/« + Iq cos [90 - (a 4 (5)]

Iq cos (g + <$)

nis Iq siu (a 4* d)

Io008(a4-^)
,(approx.) (388)

nis + Iq i

since d is a small angle.
The error in the phase angle made by using this approximation is less than
per cent up to 3° phase angle, and less than 1 per cent up to 9® phase angle.
Converting this expression to a more convenient form, we have

^ loiooa a cos <5 - sin a sin d)
(/ — ——=r—;—= ; ; ,

rauians
nig 4- Iq (u 4- o)

. Ifn COS <5 /a sin d_ __

since sin (a + d) is small compared with nl,.

e 180^7, ,

008 <5 - /a sin d)>
degrees (389)
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Errors Introduced by Current Transformers. When used
for current measurement only, the only essential requirement of a
current transformer, in order that it shall not introduce an error

into the measurement, is that the secondary current shall be a definite

and known fraction of the primary current. It can be seen from
the above theory that the current ratio of the transformer

Primary current
i.e. the ratio?

t)->‘
differsfrom the mere “turns ratio’

-by an amount which depends upon the

Secondary current
j

No. of secondary turns)

^ No. of primary turns
j

magnitude of the exciting current of the transformer, and upon
the current, and power factor, of the secondary circuit. The current

ratio is, therefore, not constant under all conditions of load and of

frequency, and the error so introduced may be of considerable

importance.
Again, in power measurements, it is necessary that the phase of

the secondary current shall be displaced by exactly 180® from that
of the primary current. It can be seen that, in general, this condition

is not fulfilled, but that the transformer has a “phase angle” error

0, which is the angle by which the reversed secondary current leads

the primary current. This phase displacement may introduce an
appreciable error in power measurements.
In general, it may be said that the ratio error—expressed by

Nominal ratio - Actual ratio . , , , i ^ ^
18 largely dependent upon the value

of the iron loss component I^ of the exciting current and phase angle

error upon the value of the magnetizing component 7^.

This can be seen from the following considerations. The angle 6

is usually fairly small. If, for the sake of argument, d is assumed
zero, then, the ratio

R (390)

and the phase angle
nig

(391)

The ratio error is considered to be positive when the actual ratio

of the transformer is less than the nominal ratio—i.e. when the

secondary current, for a given primary current, is high.

Design Considerations, {a) Number of Primary Ampere4um$-
In order that the number of exciting ampere-turns I^T^ shall be a
small proportion of the total primary ampere-turns (this being

necessary to keep the ratio and phase-angle errors small), the number
of primary ampere-turns should be of the order of 5()0-l,000. In
the case of current transformers having a single bar as their prima^
winding, the number of primary ampere-turns is, of course, limited

by the primary current. When “Stalloy” is us^ as the material
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for the transformer core, satisfactory performance for measurement
purposes cannot be expected with this type of transformer when
the primary current is less than several hundred amperes, depending

upon the magnitude of the burden. (See B.S.I. Spec. 81, 1936, p. 30),

although if a high-permeability, low-loss alloy, such as ‘‘Mumetal,”

is used for the core, the primary current of a bar-primary transformer

may be as low as 100 amp. and still give a reasonably good
performance.

(6) Core, In order to minimize the exciting ampere-turns re-

quired, the core must have a low reluctance and small iron loss.

The flux density used in the core should also be small (not greater

O 0 04 o-oa 0'I2 0<(fi 0 20

AMPERE TURNS PER CM LENGTH
{Everett-Edgcumbe tk Co.. TAd.)

Fic3. 362a. Curves of Magnetizing Ampere-turns
FOR Various Flux Densities in the Case of

Three Different Materials

than 1,000 lines per square centimetre). As stated above, “Stalloy
”

(a special alloy silicon sheet steel) is used for the core in most cases,

although “Mumetal” cores are now becoming fairly common when
it is essential that the transformer errors shall be very small. Mu-
metal, a nickel-iron alloy containing copper, has the properties of
very high permeability, low loss, and small retentivity—^all of which
are advantageous for current transformer work—but has the disad-

vantage that its maximum permeability (about 80,000) occurs with
a flux density of only about 3,500 lines per square centimetre, as

compared with a maximum permeability of about 4,500 in the case
of silicon steel, occurring with a flux density of about 5,000 lines

per square centimetre.f Nickel-iron alloys are, at present, expensive,
and there is doubt as to the stability of their characteristics under
general service conditions (Refs. (7) and (8) ). Fig. 362a’*' gives

curves of magnetizing ampere-turns per centimetre, at different

* See K. Edgcumbe and F. E. Ookenden, I.EM. Journal, Vol. LXV p. S53.

t Fop a full account of the properties of Mumetal and other nickel-iron
alloys, see Kef. (40).
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flux densities, for silicon sheet steel of ordinary grade (Curve I)

;

for special silicon steel (Curve II); and for a nickel-iron alloy

(Curve III).

When Stalloy punchings are used, their width is usually about
1 in. to 1 J in., and their individual thickness -014 in. The punchings
are often annealed, to remove “punching strains.” The total width
of the punching being small, the strained area may be an appreciable

part of the total cross-section (Ref. (10)).

The length of magnetic path in the core should be as small as is

consistent with good mechanical construction and with insulation

requirements, in order to reduce the core reluctance. For the same

(b)

(c)
Fig. 363. Forms op Cores

rea;Son, joints in the core should be avoided as far as possible, and
such joints as do exist should be rendered as efficient as possible by
careful assembly.

Fig. 363 shows the three forms of core most commonly used,

(a) is the rectangular form, built up of L-shaped punchings. This

form is quite commonly used. The windings are placed on one of

the shorter limbs, with the primary usually wound over the secon-

dary, an advantage being that there is ample space for insulation,

so that this form is suitable for high-voltage work.
The “shell” form in Fig. 363 (6) gives considerable protection to

the windings, but is more difficult to build up than the other forms.

The windings are placed on the central limb.

The ring form (c) is very commonly used when the primary current

is large. The secondary winding is uniformly distributed round the

ring, and the primary winding is a single bar. This is a very robust

construction, and has the further advantages of a jointless core

(giving low reluctance) and of very small leakage reactance.

(c) Windings, The windings should be close together in order
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to reduce the secondary leakage reactance, as this increases the ratio

error. No. 14 S.W.G. copper wire is frequently used for the secon-

dary winding, copper strip being used for the primary winding, the

dimensions of which depend, of course, upon the primary current.

The windings must be designed with a view to their withstanding,

without damage, the very large forces which are brought into play

when a short-circuit takes place on the system in which the trans-

former is connected. The bar-primary, ring-core construction is

generally recognized as the most satisfactory from this point of view.

{d) Insulation, The windings are separately wound, and are

insulated by tape and varnish for the lower line voltages. For
voltages of 7,000 volts and upwards, the transformers are oil-

immersed or compound-filled. In the former case the windings are

wound over one another on cylinders of bakelite or similar material,

and the transformer is mounted in a sheet steel tank filled with
transformer oil. In the latter case the transformer is enclosed in a

tank which is filled up solid with an insulating compound. The
compound introduces a difficulty in that the cooling is poor. Some
high-voltage transformers have porcelain tubes as the insulation

for their primary winding and are not oil-immersed. Such a trans-

former is shown in Fig. 364, in which the main dimensions for

different voltages and currents are given. Several other types of

current transformers are shown in Fig. 365.

Design Data. The following figures in connection with the design

of current transformers do not refer to any particular type, but are

intended to give a general idea of the usual magnitudes of the

quantities involved.

Total primary ampere-tums . . . 1,000
Exciting ampere-tums .... Not more than 1 per cent of the

total primary ampere-tums at

full rated current
Full rated secondary current . . .5 amp.
Core flux density..... Not more than 1,000 lines/sq. cm.
Length of mean magnetic path in the core About 40 cm. (less than this if the

line voltage is low)
Cmrent density in primary winding . 1 to 2 amp. per sq. mm.
Secondary winding .... 14 S.W.G. (d.c.c.) copper wire
Resistance of secondary winding . . About 0*5 ohm
Inductance of secondary winding . . Varies according to type from a

negligible quantity (in bar-
primary, ring-core type) to

about 16 millihenries

(Note that the resistance and inductance of the primary winding are not
considered, since they do not affect the performance of the transformer.)

Turns Compensation is used in most current transformers in order

to obtain a transformation ratio more nearly equal to the nominal
one than would be the case if the “turns ratio”

No. of secondary turns

No of primary turns
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vfevQ made equal to the nominal ratio of the tuansformer. It has

been shown that if the phase angle of the secondary circuit is zero,

the actual ratio of transformation is given by

^ s

where n is the “turns ratio.’* The effect of reducing the number of

secondary turns by (say) 1 per cent, will obviously be to reduce the

transformation ratio by an approximately equal percentage. By
this means, partial compensation for the effect of 7^, in increasing

the ratio, can be obtained. Usually, the best number of secondary
turns is one or two less than that number which would make n
equal to the nominal ratio of the transformer. For example, in a

1000/6 current transformer of the bar-primary type the number of

secondary turns would be either 199 or 198 instead of 200.

The phase angle error is very little affected by a change of one
or two in the number of secondary turns.

Standard Ratios, Rating and Permissible Errors. British Standards
Institution, Specification No. 81 (1936) for “Instrument Transformers,”
gives a list of twenty-five rated primary currents, ranging from 6 to 6,000
amps., the rated secondary current normally being 6 amps., although it may
be 1 amp. or even 0*6 amp. under oertam conditions.

The burden of the current transformer is expressed as the output in volt-

amperes at the rated secondary current. Thus, for a burden of 15 VA, the
rated secondary current being 6 amps., the secondary terminal voltage will

be 3 volts and the impedance of the connected load 0*6 ohm. Bated burdens
for various classes of current transformer are 1^, 2J, 5, 7i, 15, and 30 VA.
The standard frequency is 50 cycles per second. There are nine classes of

current transformer mentioned in the specification : Classes A, B, C, euid D
for use with substandard and commercial instruments of varioiis greuies;

classes AL and BL for precision testing and laboratory work
;
and classes AM,

BM, and CM for industrial metering.
Various standard rated burdens and permissible errors are stated for these

classes, the latter varying from 0*15 per cent ratio error and 3 min. phase
angle (in the AL class) down to 1 per cent and 120 min. (in class C). No
phase-angle error is specified in class D, for which the permissible ratio error

is 5 per cent. It should be pointed out that the rating of these transformers
is upon an accuracy basis, and is not a thermal rating.

Characteristics op Citrrent Transformers. Fig. 366 shows
the ratio-error and phase-angle characteristics of a 1000/6 bar-

primary ring-core type of current transformer, with a burden of

16 VA, unity power factor, 60 cycles frequency. These errors are

plotted against various values of secondary current. Two curves

of ratio error and of phase angle are shown, one pair relating to

199 secondary turns and the other to 198 turns. The errors were
calculated for a transformer designed to comply with the B.S.l.

specification for a class B transformer. Obviously the 199 turn
secondary winding gives the better performance.
The shapes of the error curves are characteristic of all current

transformers. The “droop*' of the ratio error curve and rise of tiiO

phase angle curve for low values of secondary current ate due to
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the fact that, when this current is reduced—with consequent pro-

portional reduction of the flux density in the core—the iron-loss

and magnetizing ampere-turns are not reduced proportionately, and
so form a greater proportion of the total primary ampere-turns than
they do for higher values of (and of /,,, since the reduction of the

secondary current is produced by a reduction of the primary
current I^).

The small effect of the alteration of the number of secondary turns

upon the phase angle error can be seen from these curves. The order

of magnitude of the ‘droop’" of the ratio error curve depends upon

the value of y compared with the value of the turns ratio n and the

Fig. 366. Katio Ebror and Phase Angle Curves fob 1000/6
Bar Primary Ring Core Current Transformer

rise of the phase angle curve upon the value of compared with

Effect of Variation of Power Factor of the Secondary Burden upm
the Performance.

Referring to Fig. 362, reduction of the power factor of the load

circuit increases the angle A—^and hence d—and thus brings the

vectors nig and 1^ more nearly into phase with one another. This
increases the value of for any given value of /, and thus the trans-

formation ratio Y increased. The ratio error is made less positive

as the power factor is reduced, up to the point when Ig is in phase

with lo reversed, when the ratio y ^ maximum and the ratio

error least positive (or most negative).

The phase angle error is obviously reduced with reduction of

power factor, since nig moves more into phase with (Fig* 362) as

d is increased. This r^uces the phase angle fl, which becomes zero

when d 90 - a, nig and then being in phase. Fig. 367 shows the

ratio and phase angle curves for the 1000/5 transformer, to which
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the curves of Fig. 366 refer, when the secondary load power factor

is 0*S lagging, the burden being 15 VA and the frequency 50
Fig. 368 shows the effect of variation of secondary load power

% Ft!I Rated

mi

ISV.A 50K; 0*6RF. 99 Turn

Fig. 367

mmsm
* Fig. 368. Effect of variation of the Secondary Load

Power Factor

factor upon the ratio error and phase angle of the same transformer

for 10 per cent and 100 per cent full rated secondary current, the

burden being 15 VA and frequency 50 .

The ranges of values (between 10 per cent and 100 per cent fiill
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rated current) covered by the ratio error and phase angles curve for

any given power factor can be obtained by taking the intercepts

between the two ratio error or phase angle curves at the given

power factor. For example, at 0-6 power factor the ratio error curve
has a range of from - 0*15 per cent at 100 per cent full rated current

to ~ 1'20 per cent at 10 per cent full current (from intercept CD,
Fig. 368). The phase angle ranges from 0*27° (at 100 per cent full

rated current) to 0*85° (at 10 per cent full current) as obtained from
intercept AB,

Effect of Variation of the Secondary Burden upon the Performance

of a Current Transformer. Increase of the secondary burden (in

Fia. 369. Ratio Error and Phase Angle Curves at Different
Burdens

volt-amperes) obviously necessitates an increase of secondary ter-

minal voltage for a given value of secondary current. This again

means an increase in the induced secondary voltage and conse-

quently in the core flux and flux density. The exciting current

(Fig. 362) is thus increased, and this increases the ratio of the

transformer, causing the ratio error to become less positive for any
given values of power factor and frequency. The phase angle, also,

is considerably increased by increase of burden.

The ratio error and phase angle curves for the 1000/6 current

transformer already mentioned, with burdens of 5, 15, and 40 VA,
are shown together in Fig. 369 for comparison. Fig. 370 shows the

general effect of variation of secondary burden upon the ratio and
phase angle errors, the curves referring to the same transformer*

Effect of Frequemy upon Performance. A current transformer is

seldom called upon to operate at a frequency very different from
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that for which it was designed (usually 50 ^), so that the considera-
tion of the effect of frequency variation is less important than that
of variation of load and power factor. The variation of the magnet-
izing and iron-loss ampere-turns per centimetre, with variation of

frequency, is comparatively small if the frequency variation does
not exceed 10 or 20 cycles per second, so that, as an approximation,
they may be considered independent of frequency.
For a given volt-amperes load and power factor, the secondary

induced voltage is constant. Since this is proportional to the
product of frequency and flux density, it follows that an increase of

frequency will result in a proportionate decrease in flux density.

Thus, in general, the effect of increase of frequency is similar to that
produced by a decrease in the impedance of the secondary burden.

Fig. 370 . Effect of Variation of Secondary Burden

It is roughly true that doubling the frequency has the same effect

upon the performance of the transformer as halving the secondary
burden for a fixed frequency.

In addition to the use of a low-loss, high-permeability, nickel-iron

core for the reduction of current transformer errors, several special

devices have been suggested by various investigators. Brooks and
Holtz (Ref. (11)), Price and Kent-Duff (Ref. (12)), and Wellings and
Mayo (Ref. (13)) have all described methods of minimizing these

errors.

Use of Current Transformers. It can be seen from the pre-

ceding paragraphs that the errors introduced by a current trans-

former vary with the magnitude and power factor of the secondary
burden and with the frequency. It cannot, therefore, be assumed
that the errors so introduced are constant, when the transformer is

used with ammeters, wattmeters, etc,, whose impedances and power
factors differ from the impedance and power factor of the load with

aa—(T.5700)
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which the transformer was calibrated. This must be taken into

consideration when selecting instruments for use with the trans-

former. If, however, the transformer and instrument with which it

is to be used are calibrated together, these variations in the character-

istics of the former are unimportant. Otherwise, if r is the ratio

error—expressed as a percentage—the actual ratio of the transformer

R is given by

R = — .... (392 )

loo”^
^

where N == nominal ratio,

If 7, is the measured value of the secondary current, the current

in the circuits to be measured (i.e. the primary current) is

Correction for the phase angle error is unnecessary when current

only is to be measured.
OPEN-CIROtriTING OF THE SECONDARY ClRClTIT OF A CURRENT

Transformer. In a current transformer the number of primary
ampere-turns is a fixed quantity (assuming a constant primary
current) and is thus not reducedy when the secondary circuit is opened^

as it is in the case of a power transformer. If, therefore, a current

transformer has its secondary circuit opened when current is flowing

in its primary circuit, a very high flux density is produced in the

core owing to the absence of “back” ampere-turns due to current

in the secondary winding. This high flux density results in a very

high induced voltage in the secondary winding, with consequent
severe strain on the insulation and danger to the operator (see

Ref. (8)).

Moreover, the high magnetizing forces acting upon the core may,
if suddenly remov^, leave behind considerable residual magnetism
in the core, so that the ratio and phaae aaagle errors, obtained after

such an open circuit, may differ appreciably from those before it

occurred. For these reasons, care must be taken to ensure that,

even when not in use for measuring purposes, the secondary circuit

is closed if the primary current is flowing. The secondary winding
may, of course, be short-circuited quite safely, since when used for

measurement it is practically short-circuited, the impedance of the

burden being merely that of the ammeter or wattmeter current coil

used.

It should be noted also that a direct current passed through either

of the current transformer windings will produce magnetization of

the core which may alter the trai^ormer errors. This is especially

the case when a direct current is passed through the secondary
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winding—as in the measurement of its resistance, for example

—

since the secondary usually has many more turns than the primary
winding. An appreciable number of magnetizing ampere-tums may
thus result from the passage of even a small current through the
secondary winding.

Demagnetization apteb an Open Circuit. If the secondaiy'
circuit of a current transformer is accidentally opened while the
primary current is flowing, the transformer should be demagnetized

before being used again. There are several simple ways of carrying

out such demagnetization. The following two methods appear to be

equally satisfactory in reducing the transformer to fts original state

of magnetization.

The first method is to pass through the primary winding a current

at least equal to that which was passing through it when the open
circuit took place, the secondary circuit being left open, (This

primary current should be supplied from a motor-alternator set

which can be shut down as required.) The motor driving the supply

alternator is then shut down with the alternator field still on. As
the set slows down, the alternator voltage falls gradually to zero»

and the iron of the transformer core is passed through a large number
of cycles of magnetization, of gradually decreasing* amplitude,

finishing at zero magnetization.
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Another method is to connect, across the secondary winding of

the current transformer, a resistance which is sufficiently high to

amount almost to an open circuit as regards the secondary “back
ampere-turns” obtained. The full current is passed through the
primary winding and the secondary resistance (several hundred
ohms) is then gradually reduced to zero as uniformly as possible.

By this means the magnetization of the transformer core is reduced
from a very high value to its normal value very gradually.

Upon testing a current transformer, after demagnetization, by
either of these methods, the author has found that the alterations

of ratio error and phase angle, due to an open circuit, have been
entirely eliminated.

Potential, or Voltage, Transformers. The errors introduced by
the use of potential transformers are, in general, less serious than
those introduced by current transformers, and the theory of such
transformers is essentially the same as that of the ordinary power
transformer.

The main difference between the potential transformer and the

power transformer is that, in the former, the secondary current

is of the same order as that of the magnetizing current of the
transformer.

Theory. Fig. 371 shows the vector diagram of a potential trans-

former.

^ =3r working flux in the transformer core

= magnetizing component of the no-load current

= iron-loss component of the no-load current

Jq = no-load current

= V^oltage induced in the secondary winding

F, = secondary terminal voltage

Ig = secondary current

Igfg = voltage drop in secondary winding resistance (in phase with /,)

voltage drop in secondary winding reactance Xg (90® in advance of
Ig in pha«e)

Ijt ~ primary current

vector sum of /q and Ig reversed

= that portion of the primary applied voltage which is available for

transformation

=5 primary terminal (or applied) voltage F^, less the voltage drop in

impedance of the primary winding

/j,r^ = voltage drop in the resistance of the primary winding

— voltage drop in the reactance of the primary winding

A =3 the phase angle of the secondary load circuit (usually a voltmeter)

Since the resistance of most voltmeters is very much higher than
their reactance, A will usually be small.

In the vector diagram the magnitudes of the voltage-drop vectors

I^^y and Ijpo^ have been exaggerated for clearness in

the drawing.
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The secondary terminal voltage F, is obtained by subtracting

(vectorially) the voltage drops in the secondary winding from the

voltage jB, induced in the secondary. Again, the voltage available

for transformation in the primary—^i.e. the component of the

primary applied voltage which is in phase opposition to E^—is

obtained by subtracting (vectoriaUy) the voltage drops in the

primary winding from the applied primary voltage F^.

The rest of the diagram is self-explanatory.

Ratio Expression. The expression for the voltage ratio of the trans-

former is best derived by considering the diagram shown in Fig. 372, in which
all the vectors concerned are referred to the primary tide. Secondary voltages.

when referred to the primary side, become n times their actual (secondary
side) value, n beii^the “turns ratio” of the transformer.

^ Number of primary turns __
Ep

^

Number of secondary turns Eg

When ''secondary cajprents are referred to the primary side their actual
value must be divided by n.

Referring to Fig. 372, 6 is the phase angle of the transformer— i.e. the phase
angle between and Vg reversed. A is the phase angle of the secondary
load circuit and p the phase angle between Vg reversed and Ip,

Then, projecting Vp on to F, (reversed) produced, we have

Vp cos B =: Vgfl + IgTgfl 008 A “h I^gU BUI -f Ip^

p

COS ^ + I p SlTl p
" VgU -i- nlgifg cos A 4* sin zl) -f- lp{rp cos p Xp Bin p)

Since 6 is usually very small, both Vg (reversed) and Vp may be considered
as at right angles to so that

IpCoap ^ Ig + -JcosJ

and /p sin -f ^

cos 0 a= 1 (very nearly) since B is very small (less than 1*)
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yp = V,n + n7,(r, cos J (^I, + ^cohA'^

+ *j. (’m +

yp = ny, + /.cos d ^nr, + sin J (^nx, +
4“ 771^33

yp = nV, 4- :^(08^(n»rj + r^)+ (n'a:, + x,,)

The voltage ratio

V ^ ^ + ^p »«' + Ijp + ^m^p

i%'"+ r:

"i”

. (393)

where = equivalent resistance of the transformer referred to the primary
and Xjj = equivalent reactance of the transformer referred to the primary

Otherwise,

Vp = nV^ + nl, cosJ (r, + + nJ, sinj (x^ +
-̂f

or = n + ?^a[^6Cos A + X.sin A] + ^
^

where and X, are the equivalent resistance and reactance of the
transformer referred to the secondary.
The difference between the actual voltage ratio and the turns ratio

~ [ij?„ cos A + X^ sin A] f- /,r^ +

nl, [E, cos A + X, sin A] + /,r^ +
p- ? LJ>

. . (395)

Phase Angle. From Fig. 372,

sin 6 ” P

P

+ t:oB A - /,r,n sin A
V̂g

^ =0 (radians) (very nearly, smce B is small)

Otherwise,

tan B ^ ^ P + -^^5” QQS ^ - Igr^n sin A
F,n -f nl,r^ cos A + I^,n sin A + /^r,, cos ^ sin

__ / cos ^ j)rjp sin ^ -f cos A ~ / sin d

n IS thus

or
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since the terms in the denominator involving 7. and are small compared
with V,n.

^ ^ *
1
!” ®°® ^ ^

or tan 6 == — —. =

Tliufl

tan 6 ™

Ig cos A

Ig cos A
n

_ __ ^ . __

(r„ + »-,n*) +___ (396)

Thus, since tan = 6 (radians) very nearly, since 6 is small.

0
,

JjOO^ _ /,8in A r>
, j ^ _j ^

(radians)
'

^(radii(radians)

VgU

nl, cos A X, - 7il, sin A E, + Z.*® - InTt

,

V,n

= ^ (X, cos A- i?. sin A) + (397)

where and X,, are the equivalent resistance and reactance
referred to the primary, and Rg and X, the same referred to the
secondary.

Errors Introduced by Potential Transformers. It can be
seen from the above that, like current transformers, potential trans-

formers introduce an error, both of magnitude and of phase, in the
measured value of the voltage. The “ratio’’ error only is important
when measurements of voltage are to be made, the “phase angle”
error being of importance only when power is being measured.

Obviously, the voltage applied to the primary circuit of the trans-

former cannot be obtained correctly simply by multiplying the

voltage measured by the voltmeter in the secondary circuit by the
“turns ratio” n of the transformer.

y
The divergence of the actual ratio from n depends upon the

reactance and resistance of the transformer windings as well as

upon the value of the exciting current of the transformer.

The phase angle error depends largely upon the same factors.

Design Considerations® In order to reduce the errors introduced
by these transformers, the reluctance of the transformer core should

be as small as possible, and the flux density in the coie should be
fairly low (under 10,000). The exciting current can then be made
small.

Since the reactance of the transformer windings depends upon
the magnitudes of the primary and secondary leakage magnetic
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fluxes, these should be kept small by placing the two windings as

close together as is consistent with insulation requirements. The
resistance of the windings should also be as small as possible:

Turns compensation can be applied in the potential transformer
even more successfully than in the current transformer owing to

the large number of primary turns, the difference in ratio caused by
the addition or removal of one primary turn being thus compara-

Y
tively small. Since the actual ratio of the transformer is greater

^ s

than the turns ratio n, this actual ratio can be made more nearly

equal to the nominal ratio by adjusting the numbers of primary and
secondary turns so that n is less than the nominal ratio.

As regards insulation, potential transformers for voltages of

7,000 volts and over are oil-immersed. Adequate insulation must
be provided, in the form of porcelain or other bushings, for the

primary terminals, since, unlike the case of the current transformer,

the full line voltage is applied to the primary winding.
The load on such transformers is usually very small, consisting

as it does merely of a voltmeter and/or the pressure coil of a watt-
meter, so that there is little heat produced in the transformer.

Fig. 373 shows the construction of some types of potential trans-

formers.

Standard Batio and Permissible Errors. B.S.I. Specification No. 81 (1936),
already referred to, specifies a secondary voltage of 110 volts when the rated
primary voltage is applied to the transformer.
The standard ratios of transformation are as follows

—

TABLE XIX

Primary
Volts

Secondary
Volts

Primary
Volts

Secondary
Volts

110 110 33,000 110
440 »» 44,000
650 55,000
660

2,200 1

66,000
88.000

3,300 »» 110,000
5,600 132.000
6,600

11,000
22,000

165.000
220.000

\

»»

These voltages apply when the transformer is connected between lines.
If connected between line and neutral, the voltages should be divided by \/3*

Six Claeses of potential or voltage transformers are mentioned in the
specification: A, B, C, D, and AL and BL. The rated burdens range from
15 to 200 VA for classes A, B, and C (no standard burden for class D) ; while
for classes AL and BL 10 VA burden is specified. Limits of error range from
0*5 per cent ratio error and 20 min. phase angle to 2 per cent (6 per cent,
class D), and 30 min. for classes A, B, and 0. For class AL, 0*26 per cent
ratio error and 10 min. phase angle; and for class BL, 0*5 per cent and
20 min. are permissible.
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Characteristics of Potential Transformers. Fig. 374 shows
t3rpical ratio and phase angle curves for a potential transformer,

the errors being plotted against values of secondary voltage. It

can be seen that there is comparatively little change in these errors

with change of voltage. The secondary terminal voltage on no load

will, of course, be the same as the secondary induced voltage. As
the applied primary voltage is reduced, the flux density in the core

will be correspondingly reduced, involving a reduction (although

not quite proportional) in (see Fig, 371). This, again, means a

reduction in the voltage drops in the primary winding. If the two
components, and 7^, of were reduced in exact proportion as

(f)
and E^ are reduced, the effect would be merely that of reducing

Fig. 374 Potential Transfobmeb Ratio and Phase Angle
Curves

the whole of the primary voltage triangle to scale and the ratio would
remain constant. Actually, owing to the disproportionaUty of 7^
and 7g, the ratio changes very slightly as the voltage is reduced.

The same considerations apply when the transformer is on load,

except that some modification is necessary on account of the exis-

tence of the secondary current vector

The reason for the phase angle being small under no-load condi-

tions is that the vector representing the primary reactance

volt-drop—^which vector is chiefly responsible for the phase dis-

placement—is then perpendicular to the direction of 7^, and is thus

more nearly in phase with Ej, than when a secondary current exists

(see Fig. 371).

Effect of Variation of Secondary Burden, Considering the case of

full-rated voltage applied to the primary winding, then the secondary

voltage will be approximately the same for all values of secondary

volt-amperes burden. Increase of this burden will thus mean a

proportional increase in the secondary current. Thus, if the burden

is 15 VA, with full-rated voltage applied to the transformer, the

secondary current will be = 0136 amp. (assuming that the

rated secondary voltage is 110 volts). If the burden is increased to

60 VA with the same applied voltage, the secondary current wiU be
^ 0*46 amp.
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Thus, with increased burden 1^ is increased, and hence the primary
current 1^, is increased. I^ is reduced slightly, but its variation is

unimportant. Both the primary and secondary voltage-drops are

increased, and thus, for a given value of Vj, (Fig. 371), E^^ and
F, are reduced by increase of burden. The effect is therefore to

V
increase the actual ratio of the transformer as the burden
increases.

With regard to the phase angle, the voltage is advanced in

phase relative to the flux ^ (or, more strictly, ^ is retarded in phase

relative to Fp) as the secondary burden increases, owing to the

increased voltage-drops and to the phase advance of /p as /, in-

creases. Again, V

g

is retarded in phase, relative to on account of

Fig. 375 . Mutual Inductance Method of Current
Transformer Testing

the increased secondary voltage drops. Hence, the phase angle is

increased (lagging) as the burden increases.

Effect of Power Factor of Secondary Burden. As the power factor

of the secondary burden is reduced—i.e. angle A (Fig. 371) is in-

creased

—

Ij, becomes more nearly in phase with The voltages

Fp and F, move more nearly into phase with Ej, and Eg respectively,

and since the voltage drops in the windings, for a given volt-amperes
load, is very little influenced by the power factor of the load, the
result is an increase in Fp relative to E^ (or, strictly, a reduction
of Ep relative to Fp), and a reduction of F, relative to Eg. Hence,
the ratio of the transformer increases as the power factor of the

burden decreases.

Since Vg is advanced in phase and Fp retarded in phase, thereby
the phase angle of the transformer is reduced (lagging) or increased

(leading).

Effect of Frequency. For a given applied voltage, reduction of

frequency results in an increase in the core flux, with a corresponding
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increase in the exciting current /^. Since the exciting current does

not influence the transformer errors very seriously, the effects of

variation of frequency are not so great as in the case of current

transformers. The reactance volt-drops in the windings are also

proportional to frequency.

Thus, the results of a reduction of frequency is, in the case of

ratio error, dependent upon the relative values of /<, and the react-

ances of the windings, since increase in tends to increase the ratio,

whilst the reduction of the reactance volt-drops tends to reduce it.

As regards phase angle error, both effects retard F, in phase
relative to

<f>,
and the reduction of secondary reactance advances

Vg in phase. Thus the phase angle is reduced (lagging) as the

frequency is reduced.

Testing of Instrument Transformers, (
a) Cubebnt Transformer

Testing. Since it is often necessary, in the precision testing of

current transformers, to determine the ratio to within of 1 per
cent and the phase angle to within of 1 degree, special apparatus
is necessary for such purposes.

These testing methods may be divided into two classes; (a)

absolute methods, and (6) secondary, or comparison, methods. In
the absolute methods the transformer errors are determined in

terms of the constants—^resistance, inductance, and capacity—of

the testing circuits
;
whereas, in the secondary methods, the errors

of the transformer under test are compared with those of a standard
current transformer. Two absolute methods, and one secondary

method are given below.

References to other methods are given at the end of the chapter.

Mutual Inductance Method. This method has been used, with
modifications, by Sharp and Crawford, Agnew and Silsbee, and
others. It has been developed largely by the American Bureau of

Standards. The essential connections are given in Fig. 376.

and J?2 low-resistance, non-inductive shunts, the latter

having a slide wire in series with it for fine adjustment. R^ is of

fixed value. Neglecting, for the moment, the question of phase, the

vibration galvanometer will indicate zero deflection when the

voltage-drop I^R^ is equal (and opposite) to the voltage-drop

Ro
Thus, Ri and R^ must be chosen so that is approximately equal

to the nominal ratio of the current transformer. Actually, as stated

above, Ri is suitably chosen to carry the full primary current, and
jRg is adjusted as required to render the two voltage-drops equal.

In addiiion, it is necessary, in order to obtain zero galvanometer
deflection, to adjust the mutual inductance M, on account of the

phase displacement between the currents and
Theory, Referring to the vector diagram of Fig. 376, 1^ and

are vectors representing the primary and secondary curreiits of the

transformer respectively, and IJR^ are the voltage-drops
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across and R.^, and are in phase with these currents. The resultant
voltage € (vector sum of IpRi and IgR^) would exist in the galvano-
meter circuit if the value of the mutual inductance M were zero.

The vector I^M represents the voltage induced in the secondary of

M (which is air-cored) by the current I^. Obviously this vector lags

in phase 90° behind When M and R^ are such that the vectors

Fig. 376

e and I/nM are equal, and opposite in phase, no current flows

through the galvanometer.
Then, from the vector diagram, the phase angle d of the trans-

former is given by

tan 0 =r.
IjdM

I sN'z ^8^2

coM
(398)

Also. 774=*^®"®

I R R
or Transformer Ratio =j^== «— ^ ~ (very nearly) . (399)

jL g ®08 (/ “^1

since d is usually very small.

Obviously a measurement of the supply frequency is needed for

the determination of the phase angle. It should be noted, also,

that the impedance of the secondary load circuit includes the resis-

tance and the impedance of the primary of Jf, as well as the

impedance marked ‘doad.’* This must be taken into account in stating

the burden to which the transformer errors measured apply. R^
and R^ are assumed, in the above theory, to be entirely non-inductive.

The Leeds & Northrup Co. manufacture a set of apparatus for
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this method of testing. The mutual inductance is of the Brooks
and Weaver type, and a range of low-resistance, non-inductive
shunts is supplied for use, as required, in the primary circuit. The
current-range covered is from 30 to 1,000 amp.
The makers claim for this apparatus that it will give ratio values

which are accurate to within yV of 1 per cent, and phase angle values
to within 5 min.

Biffi Method, Thismethod, described initially by E.Bifh {Ref.(22)),

is a very convenient one, since the apparatus required is of a simple
character. W. I. Place (Ref. (23)) has investigated the method, and

Fia. 377. Biffi Method of Testing Current Transformers

has given a full account of its operation and of the requirements of
the apparatus for general current-transformer testing.

Pig. 377 shows the connections of the apparatus for this method.
and fg are non-inductive resistances, both being of the order of

100 to 400 ohms, and the latter being variable. C is a variable
condenser of about 1 microfarad, shunting r^. and Rz are non-
inductive shunts, in the primary and secondary circuits of the
current transformer respectively, of such magnitudesthat the voltage-
drops across them are approximately equal and are about 0*5 or
0*76 volt. V.G. is a vibration galvanometer. The arrangement
forms what is essentially a bridge network.
The method of procedure in testing a current transformer, after

having tuned the vibration galvanometer, is to adjust rg and C until
no deflection of the galvanometer is observed. The values of the
transformer ratio and phase angle, under the conditions of load
and frequency existing during the test, are found by substituting, in
the expressions given below, the values of and C for balance. The
supply frequency also should be measured for use in the expression
for phase angle.

Ratio Expression,

Iv ^i)

R^(R^ + r,) +
cu = 277 X frequency.

. (400)
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Phase Angle.

tan 6 = oiCfi

= d radians (very nearly)

where 6 is the phase angle of the transformer.

(401)

Theory. Let x and x be the two mesli currents in the two circuits of the
network under balanced conditions (galvanometer current then equals x - x
= 0).

Then, in rnesn T,

= 0 .... (402)

where .4 ~ 1 -f-

[Note. For and C in parallel we have,

total admittance of parallel circuit

^£7
wC

1

-f j(oC

OT, total impedance
1

jmC
1 + jicoGVi

(403)

Rationalizing, we have,

impedance = J
In mesh II,

- /j) + aTjs = 0

Jj, and Ig are the primary and secondary currents of the transformer under
test.

From the above equations we have

jcoCrj
*

A
Tp ;coGV-l

+ 2
~
~A~

i?l - "H ^2 ^

or, converting to scalar quantities from the symbolic, we have

_ RJiRiHl + co*CV,»)* + 2i{,/'i(l + to‘aV) + o>*C*r,* + r*]

R,(R, + r,) (1 + cn«OV,»)

Je,[(l + a)»OV,>)W(l + + 2R^r, +^}]*

or L
I.

+ r,) (1 + co'CV)

~t~ *'l)

+ r,) Vl + «»*C*r,*

since co^G\^ is very small compared with unity.

(very nearly) (404)

The phase angle expression is most easily derived from the vector diagram
of Fig. 378, which refers to balance conditions. In this dia^am, the magni^
tud^s of X and of the phase angle 6 of the transformer have been exaggerated
for clearness. Since, for balance (/, - x)R^ must be equal, both in magnitude
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and phase, to it follows that the current x in mesh II is in phase with
At balance also we have that — (/^ - the subtraction of x from
being now vectorial, since /j, and x are not quit© in phase (actually they are

displaced from one another in phase by
the phase angle 0). is the component
of the current x which passes through
the resistance being the component
of X passing through the condenser C.
Since x is usually quite negligible com-
pared with /«, its vectorial subtraction
from has been omitted in *the vector
diagram, the value 1^^ being used instead
of the vector difference - x).

We have, then,

tan 0 ~

Now,

and
1

'

wC

I^H,a)G

tan 0 = (oCr^ . (406)

Example. In order to obtain an idea of the quantities involved,

suppose a current transformer whose nominal ratio is 300/5 is under
test, with a supply frequency of 50 cycles per second. Let fg be
400 ohms, and R^ be 015 ohm.

Then, at full rated current, from equation (403),

015(a: - 5) + 400a; = 0

or X — *002 amp.

Obviously this is quite negligible compared with 300 amp. (= /p),

so that no appreciable error is introduced by taking the current'

through Ri as equal to / 3,
as above. The value of R^ to give a voltage

drop equal to that across R^ (namely, 0*75 volts) at full rated current

would be 0-0025 ohm.
Again, assuming a phase angle of 1° in the current transformer,

and supposing the’ value of C for balance to be exactly J microfarad,

we have

tan 1® = 277 X 50 X ^ X rj
lO*

*

from which rj = 111 ohms

Silsbee Method, Unlike the two methods described above, this is

a secondary, or comparison, method. The ratio error and phase
angle of a current transformer under test are obtained by com-
parison with the constants of a standard transformer of the same
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nominal ratio as the one to be tested. Such comparisons may be
carried out very accurately, and without a large amount of expensive
and complicated apparatus. The method is exceedingly useful,

especially for such purposes as workshop testing of the constants
of current transformers during manufacture.

Fig. 379 gives a diagram of connections as given originally hy
F. B. Silsbee (Ref. (24)).

The transformer under test, and a standard transformer of the

same nominal ratio, are connected as shown, with their primary
windings in series and their secondaries also in series. The polarities

of the secondary windings should be such that the ammeter A
(10 amp.) indicates only a very small current when,the full primary
current is supplied to the two transformers. An impedance marked
‘*Load’’ is inserted to make up the impedance of the secondary

circuit of the test transformer up to the burden with which the

performance of the transformer is required. An ammeter, the

primary winding of the mutual inductance M, and a slide-wire

resistance, are connected in the secondary circuit of the standard

transformer. A dynamometer wattmeter is used as the detector,

its pressi^ coil being supplied from one or other of two A.C. sup-

plies—^wiich are in quadrature—through the double-throw switch
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S. The current coil of the wattmeter is connected in parallel witji

a variable non-inductive resistance the secondary winding of the
mutual inductance M, and a portion of the slide-wire resistance

In carrying out a test rj, and M are adjusted until the watt-
meter gives no deflection for either of the two positions of the
switch 8.

Then, when the sliding contact C is to the right of By

R.
1 +

^4) (406)

where

Also,

where

R^ ~ ratio of the transformer under test

= ratio of the standard transformer

a> = 27t X frequency

M = the setting of the mutual inductance for zero watt-
meter deflection

rj = total resistance C to Hy through M
fg = resistance of slide-wire B to C
L] -= inductance of the secondary coil of M

coM
tan (Oa, - as) I

ft>V2
r ' r 2

” (407)

ax = phase angle of transformer under test

ag,= phase angle of standard transformer

If the setting of C for zero wattmeter deflection is to the left of

By then

^2
I

^2
^ co^M^ co^MLj1--"

coM (oLyT^

2rj^

(oMr^

(408)

(409)

R,^
Rs

and tan {ax - as) =
rj Ji' /I

Silsbee gives the resistance as about 30 ohms, the total slide-

wire resistance about 0*2 ohm, and the mutual inductance M about
600 microhenries. These need only be calibrated with the accuracy
to which it is required to measure the difference between Rx and Rg
(about 1 per cent).

Theory. Let the vector difference between the secondary current of

the transformer imder test aifd the secondary current of the standard be
AI, This current flows through the branch containing and M when aero
wattmeter deflection is obtained.



EXTENSION OF INSTRUMENT RANGE 679

Substituting for AI^ we have,

‘^
8(^1 + joil'i 4" joiM) ~ 4- j^^i)

If and are the phase angles of the two transformers,

‘s

and 4- ; sin a^)

where is the common primary current

Qa; 4- i sin 0^)
iJ,

- /*(cos a, + j sin a,)

jr ij = ga(coB g, + j ain a,)

Ix ^.(oos“« +is‘nai)
Multiplying numerator and denominator of the right-hand side by (cos

“ j sin a^) we have,

h ~ ^8 4- j sin g^) (cos g^,. -j sin 0^.)

^x~^ i2g(co82 4- sina 0^.)

Rx /
....

s= ~ (cos Og cos -f sm sm + $ sin cos Oj. -3 cos a, sin a*

Then -

R
[cos (a, - Oj.) + j sin (a, - a*)]

But h ==
>*1 4- ^2 + jo^^i

4- 4- jo)M

1 +?4- ja>Li

1 4. 4

1 4 o 4 7c ,
r, , co-M , (oL.

== —L- where a == -, 6 — , and c = —

-

1 4 ^(6 4 c) ri rj r,

or = 1 -f a - 6c - 6* . . . -f y (~ 6 - ac - 06 .

•*
fiC

the succeeding terms are negligibly small.

•

«.
== 1 -|-a-6c-6*4- y(~ 6 - ac - a6)

Equating real and imaginary quantities, we have,

R.

5? [cos (Qj - a*) + y sin (a, - Oj,)]

- cos (Og - Qg.) = 1 -f a - 6c - 6®

.)

and
R

sin (Og - Ug.) = ~ 6 - ac - 06

From which we have

R
^ 4- a - 6c - 6^)2 4- (- 6 ~ ac - ah)^

Kg

1 A= 14' a-'^-oc

By division, also,

tan (a, - a*
- b-ac-ab

1 4- a - 6c - 6*
=5= 6 4~ ac
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Since the second-order terms are usually small, it is sufficiently

accurate for most testing purposes (to per cent) to write

and

•= 1 ® —

(oM

. (410)

. (411)

Arnold Method. The Silsbee method is not sufficiently sensitive

for tests upon the more aecura^ modern current transformers such

as those of the AL type. A. H, M. Arnold has described (Ref. (38) )

an appropriate method for this purpose, developed and used at the

National Physical Laboratory, which is essentially a modification

of the Silsbee method. The circuit is shown in 379a, which
also gives the vector diagram for the network under balance con-

ditions. Details of the circuit are as follows

—

S and X are the standard and test transformers respectively, these

being of the same nominal ratio. In the N.P.L. apparatus, three

standard transformers are available, these covering the range of

ratios from 5/5 to 12,000/5. Pull details of the construction and
calibration of the standard transformers are given in Arnold’s paper.

T’ is a 5/5 current transformer having negligibly small ratio and
phase-angle errors, and is for the purpose of insulating the measuring
circuit from the main secondary circuit.

if is a variable astatic mutual inductance with a range of ± 2*4

microhenries.

R consists of three resistances, of 0-01, 0-10, an 1 ohm respect-

ively, connected in series and being fitted with short-circuiting

plugs so that any two may be short-circuited, depending upon the

sensitivity and range desired.

r is a variable resistance of ± 500 microhms. This consists of a

constantan tube having a return conductor passing dowm the centre

of the tube. One potential connection is made at the centre of the

tube and the other is a sliding contact.

An impedance giving a range of burdens for the test transformer

and an ammeter, having a mu-metal movement enabling the

secondary current to be set to 0*1 per cent of full-scale value, are

included.

Testing Procedure. Inductive interference in the measuring cir-

cuit is first eliminated by disconnecting the potential leads from R
and joining them together. Then, with r and M set at zero, and
full primary current flowing, the apparatus and leads in the meas-
uring circuit are arranged so that no deflection (indicating no
inductive interference) is obtained on the vibration galvanometer.
A check upon the polarities is then made, replacing R tempo-

rarily by a resistance of 0*0004 ohm, to which the potential leads

are connected as in Pig. 379a.
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Balance is finally obtained, using R as shown, by adjustment of

M and r.

At balance,

K^~ Kg ^ r/R

and oyMjR

and are the ratios for the test and standard
nominal ratio

transformers respectively, and 6^ and 6, are their phase angles.

Fio. 379a
Theoey

r, == /.(cos 0, f i sin 0.) == - i (cos 0. -f j sin 0.) . /„

•--^[1 +A1I,

where R, ^ the actniil ratio of the standard.
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The approximation is justifiable, since is very small.

Similarly, [1 4- jO^]Ip
tig

where = actual ratio of test transformer.

Thus, /. = ^[1 +y(e,-e.)]/.

Now, at balance,

Ii{I, - /*) - ri, -f jcoMIf = 0 (since 1\ — ~ i,)

Substituting for 7^: terms of 7, gives the equation

«[ 1 - 1 + i(e. - e.)}
]
- r+ .wM = 0

Equating real and imaginary terms

7?[l~iJ./i2J = r

or 1 - RJRg — rjR

Hence 1 - = r/JB

where N ~ the nominal ratio.

Thus, to a close approximation, since and are nearly unity,

K^-K.^rlR
Again, ^ (fi* - fi.) = coMIR

R»
or 0* -* 6, = wMjR

Messrs. H. Tinsley & Co. manufacture a precision current trans-

former testing equipment based on the above principled. This

equipment is designed for a range of ratios of 5/6 to 10,000/6, the

accuracy obtainable being 2 in 100,000 in ratio measurements and
0*06 min. phase angle. In routine tests the accuracies are 1 in

20,000 and 0*2 min. respectively.

Petch’Elliott Testing Set. Messrs. EUiott Bros, have recently

introduced the Petch-EUiott current transformer testing set for

the testing of precision current transformers at a given frequency.

As in the Arnold method, the transformer under test is compared
with a standard transformer of the same nominal ratio.

The “difference’’ or “spill” current (called ~ Ig, in the descrip-

tion of the Arnold method above) is passed through a separate

winding on a toroidal transformer which carries three other wind-
ings. One of these supplies the vibration galvanometer, and the

other two are supplied, through slide-wire potential dividers, from
the standard transformer, through an auto-transformer.

This set has the advantages that it is capable of testing trans-

formers designed for either 6 amp., 1 amp., or 0‘6amp. secondary
currents. It is unaffected by stray magnetic fields, is portable, and
has a range of + 0*5 per cent to* - 0*6 per cent ratio and + 20 min*
to - 20 min. phase angle on its normal range.

(6) Potential Tbansformee Testing. Tests for the determina-
tion of the ratio and phase angle errors of potential transformers

may be divided into two classes, just as current transformer tests

were divided ; namely, absolute tests; and compkrison tests.
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Absolute Methods. In these methods, the voltage of the trans-

former secondary winding is compared with a suitable fraction of

the voltage applied to the primary winding, this fraction being

obtained by the use of a non-inductive and non-capacitative resis-

tance potential divider with a variable tapping. The magnitude
and phase of the difference between these two voltages are measured
and the transformer errors are obtained therefrom. If the primary
voltage of the transformer under test is very high it is very difficult

to eliminate the effect of distributed capacity in the potential

divider. A complicated system of screening becomes necessary, and
the divider is hkely to be a very expensive item in the testing

Fig 380 Absolute Method of Testing Potential Tbansformehs

apparatus. Mr. B. G. Churcher has described a condenser potential

divider for voltages up to 132 kV (Ref. (25)), and his original paper
should be referred to for the description of an absolute method
of potential transformer testing, using such a divider. The question

of distributed capacity in resistance potential dividers for such tests

is discussed in a paper by Mr. C. Dannatt (Ref. (26)), which also gives

details of a testing apparatus designed for routine tests upon
potential transformers.

There are several absolute methods of testing in which the trans-

former errors are determined in terms of the impedances of the

various parts of the testing circuit. These methods are all essentially

the same in principle, the transformer secondary voltage being, in

all such methods, balanced by a fraction of the primary applied

voltage, a vibration galvanometer being used as a detector to indi-

cate exact balance, and various adjustable impedances being used

to vary the magnitude and phase *of the fraction of the primary
voltage until such a balance is obtained.

One such method is described below, references to similar methods
being given in Refs. (3), (25), (26), at the end of the chapter.

Fig, 380 gives the connections of this method of testing. The
burden with which the transformer is to be tested is connected
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across the secondary winding, and the normal primary voltage, at

normal frequency, is applied to the primary winding. On© end of

the secondary is connected to one end of the primary winding.

A non-inductive and non-capacitative potential divider is connected

across the primary winding in series with an inductance L, A con-

denser C shunts a small part r of the resistance of the potential

divider, which has two adjustable contacts b and c as shown. V.G.

is a vibration galvanometer.
In carrying out the test the positions of these contacts b and c

are adjusted until the vibration galvanometer gives no deflection.

Then the transformer ratio is given by

^ ^ (approximately) . . . (412)
^8 -^2

where Fp = primary terminal voltage

Vs = secondary terminal voltage

and Ri and are the resistances shown in Fig. 380.

The phase angle 0 of the transformer is given by

o, . ,4,3)

r being the resistance a to b, as shown.

Theory. Ratio. Let I — current passing from the supply through the
potential divider as shown.
When the vibration galvanometer indicates zero deflection, the current

through the section co is the same as that through section dc. Then the
secondary terminal voltage

V, = volt drop CO ~
where is the impedance of the section co.

Again, the primary terminal voltage

^
where Z^^ is the impedance of the section d to o.

Using the symbolic notation, we have

^co ~ (^2 - + jojL +
where Zi,^ is the impedance of r and C in parallel.

In evaluating Zj^^ we have

^6a r

coC

r(l -jwCr)

1 cy*(7*f*1 4- jcoCr

^eo ~ + joih 4- j
jcoCr*

- 4* cw*C*r* I 4
r . f Cr* 1

1 4.o,.o*r* a,tov»J
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Now, -f Z^^ « Z^^ -f iJj

= i?i 4* J'^2 - ^ +
1 + ot)^C»r*

+ j(oi(o [^ -
1 juJcm]

yp_ _

i?i 4“ i?2 - r -j-

“ V,

4- ca*C*r*

I + to»C«r» + I a)«CV»

Or*

]

J?2 - r +
1 + co>C*r»

Sinre is small compared with^mity,

i
' +

~
^ iiCV*

"" ^ (aF’prox.)

4- JM

[

Gr^ n .L -
I -[- ftj

'

g(7V2 J
compared with 7?i and 1?,.

Thus,
i?.

(very nearly)

Phase Angle. The vector diagram corresponding to balanced

conditions is shown in Fig. 381, in which and are the two
components of I flowing through the condenser C and resistance

r respectively. Q is the phase angle of the transformer. The vectors

representing the voltage drops across the parts of the circuit oa,

aby cby and ^ are marked thus— addition to their markings
in terms of current and impedance.

Now, in the triangle whose sides are F^, and

^cd ^
sin $ sin a

IRi ^ Vs

sin d sin a

Hence, ^ IEl sin a
,e = —y—

The angle a is the phase angle of the whole circuit d to o; i.e. the angle
between F and I.

{i-r
Cr* 1

4- (o^G^r^j

Zdo

sin 6 —
IE,

or, substituting for /, we have
^do

Bin 9 =^ .

"(Jo

V

Vp jB, ’“\.^~1+ to«CV«]

, i{, r r • Or* 1
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Now, ^ =• and, taking i?, + iJ, = since the other terms
Vg Jl2

involved in are small compared with iJj + R,, we have

. „ it, + iJ, it, r r Or* 1
g,„0 = l+«,*0*r*J

it.

if,)"'^'^ l+<o‘0*r»]it.(7t, +

p 11
—

;
-—?—“ may be written - -- — and also may be neglected
+ ii 2 ) ^^2 ‘^1 r ^2

in comparison with unity.

Thus. sin e = «,[i- Or*]

Transformer

Ftg. 382. Comparison Method or Testing Potential
Transformer

Comparison Methods. The connections for one such method are’

given in Fig. 382 (Ref. (4)). Two wattmeters Wi and PFg ^
conjunction with a phase-shifting transformer. The current coils

of the wattmeter are connected in series and are supplied with a

current whose phase is variable from the rotor winding of the phase-

shifting transformer. The pressure coil of wattmeter Wi is supplied

from the secondary windings of the two potential transformers

—

one transformer being under test and the other a standard trans-

former of the same nominal ratio. The secondary windings are

connected in opposition so that the voltage applied to the pressure

coil of Wi is the vector difference of the secondary voltages of the

two transformers. The burden with which the test transformer is

to be tested is connected across its secondary winding. The primary

windings of the transformers are cdnnected in parallel, and hence
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have the same primary voltage F,,. Wattmeter is for the puxpose
of checking the phase of the current /, in the current coils of the
wattmeters, relative to the secondary voltage V

^

of the standard
transformer. The pressure coil of this wattmeter is, for this reason,

connected across the secondary winding of this transformer.

As used in this test, wattmeter is essentially a voltmeter, and
its deflection, per volt applied to the pressure coil, corresponding

to some given current in the current coil, must be known. Let K
be the volts per division for a current I in the current coil; this

current being in phase with the applied voltage.

The operation of the method of testing consists in observing the

reading Z)i of wattmeter Wi when the current I in the current coil

Fig. 383

is in phase with the secondary voltage of the standard transformer.

The phase of this current is altered, by adjusting the phase-shifting

transformer, until wattmeter gives a maximum reading, when
the current / in its current coU is in phase with the voltage F,
applied to its pressure coil.

The phase-shifter is then adjusted until wattmeter gives

zero reading, when the current / must be 90° out of phase with

the voltage F,. The reading Dq of wattmeter PFj is then again

observed.

Then if R^ and are the ratios of the standard and test trans-

formers respectively,

R. . y.
* “ F. - KD^ (414)

KD„
y. •

and . (416)
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where 6, and B, are the phase angles of the test and standard

transformer respectively.

Theory. Referring to the vector diagram of Fig. 383 (a), vectors OFp, OF,,
and OFjp represent the common primary voltage of the two transformers and
their secondary voltages respectively, while anglews 0, and are their phase
angles. Ov is the vector difference of F, and F^., and is the phase angle
between v and F,.

Then, when the current / is in phase with F,, we have, by projecting F,
on to Fj,, as in Fig. 383 (6),

Vs cos V^-hv cos [fi -f (0^ - Os)]

p
Now, the ratio of the standard transformer is given by while the

F ^ •

ratio of the transformer under test is
* Vx

Thus, ^ 008 (6^ - 0j) = .^ + t, COB [p + (6^
- 0,)]

Again, when I is in phase with F,, wattmeter reads and the power
in this wattmeter is then vl cos p.

vl cos p = AjDj

where ib is a constant.

Or V cos ^ = KDi

where K is the constant of the wattmeter in volts per division corresponding
to a current i.

Substituting for v in the previous equation, we have

^
Now, Og^~ 6g is a very small angle, and its cosine may be taken as unity.

Hence,

^ ^ + KDi (very nearly)

KDi

1

R. F« R.

Substituting i?,F, for Fj,, we have,

1 _ 1 KD^
__ V, - KDj

Thus,

a.

B.V.
V.-KD^

Again, from Fig. 383 (b), if 0, - 0, is neglected in comparison with

V Bin B , - ,= ——r (very nearly)

Now, when the current I is in quadrature with F, (cws represented by vector
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or), the power measured by wattmeter is vl cos (90 - p). If the deflection
is now Dq, then

KDq ~ V cos (90 - p)

~ V sin p

^ 8

i.e. 6* - 6, = tan.-*
^ $

or 0* = e, + tan-*
^ 8

Other oomparison methoda are described in the works mentioned
in Refs. (2), (3), (27).
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CHAPTER XX
THE MEASUREMENT OF POWER

Jn direct-current circuits power may be measured either by a watt-

meter or by an ammeter and voltmeter, the product of whose
readings gives the power in the circuit. In alternating current

circuits the power at any instant is given by

w == ei . . . . . . . (416)

where = instantaneous power

e = instantaneous voltage

i = instantaneous current

Thus, if both the current and voltage waves are sinusiodal, the

current lagging in phase by an angle
<f),

then

« = ^max sin (Ot

and i == I slii (cot - </))

The instantaneous power w is therefore given by

w ~ ei

= E,naxhiax sin 0)1 sill {(Ot -
(f))

or, writing 6 for cot^

w = sin 0 sin (6 ~ (l>)

The mean power W

maximax sin d sin {Q --
<f>)

dO . (417)

^'wax^max COS
<f>
- COS (29 - <^)

Sir X ^

sin {26 - ^)T’"

2 J•Jo

W = El cos ^ . * , . . . (418)

where E and / are virtual values of voltage and current.

The fact that the power factor (cos
<f>)

is involved in the expression

for the power means that a wattmeter must be used instead of merely
an ammeter and voltmeter, since the latter method takes no account
of power factor.

691
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Wattmeter Measurements in Single-phase A.C. Circuits, Fig. 384

shows a wattmeter connected in such a circuit. The “current coil’*

of the instrument carries the load current, while the “pressure coil”

carries a current proportional to, and in phase with, the voltage.

The deflection of the wattmeter depends upon the currents in these

two coils and upon the power factor. Inductance in the pressure coil

circuit should be avoided as far as possible, since it causes the pres-

sure-coil current to lag behind the applied voltage. A high non-

inductive resistance is connected in series with the pressure coil in

order that the reactance of the coil itself shall be small in comparison

with the resistance of the whole pressure coil circuit and also, of

course, to ensure that the current taken by the pressure coil shall

b^ small.

Wattmeter Errors, (a) Pressure Coil Inductance.

[f fp = resistance of pressure coil

/p = inductance of pressure coil

R = resistance in series with pressure coil

V = voltage applied to the pressure coil circuit

then, the current through the pressure coil

F .

V(r, + Rf +
~

The phase of this current relative to the voltage is lagging by a
small angle /S such that

tan jS =
r9 + R

By increasing the non-inductive resistance R, this angle is reduced,
although the current ip is reduced by such increase. The effect of

variation of frequency is to increase ^ (since it increases cc), and to
reduce the current ip, slightly, by its effect in increasing the im-
pedance of the pressure coil circuit.
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Thus, if a is the phase angle (lagging) of the load circuit, the

wattmeter deflection is proportional to

lij, cos (a - /?)

V
i.e. proportional to I cos (a-

where -Zp is the impedance of the pressure coil circuit.

Now, Ztf=r cos p

Phase An$le (<x,) of" Load Circuit.

Fio, 386. Wattmeter Correction Factors

Thus the deflection is proportional to

If the inductance of the pressure coil circuit were zero, the
/F

deflection would be proportional to -
- ^

cos a, and the watt*

meter would read correctly at all frequencies and power factors.

The ratio of the true reading of the instrument to the actual reading

is, therefore,

IV
(fp + R) COS g

IV o t ^
~ COS cos (a - j8)^-^co8^oos(a-^)

83—(T.5700)
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/, True reading = s X Actual reading (419)^ cos cos (a - /8)
® '

Correction Factor. The “correction factor” by which the actual

reading must be multiplied, in order to obtain the true reading, is

> ^ The wattmeter will read high on lagging power
cos p cos (a ~ /8)

®

factors of the load, since the effect of the inductance of the pressure

coil circuit is to bring the current in it more nearly into phase with
the load current than would be the case if this inductance were zero.

If the power factor of the load is very low, a serious error may be
introduced by pressure-coil inductance unless special precautions

are taken to reduce its effect.

Fig. 385 gives curves showing the variation in the value of the

correction factor as the power factor of the load varies, the phase
angle ^ of the pressure-coil circuit being 1° in one case and 0® 10'

in the other.

The error, in terms of the actual instrument deflection, is

Actual reading ~ True reading

cos a

cos cos (a ~ ]
X Actual reading

cos a 1

cos (a ~ P)j
X Actual reading

if cos /3 is assumed equal to unity

Error = I 1 ,— I x Actual reading

L CO® a + sin a sin pJ

t

sin a sin d 1 * ^ i t
;— X Actual reading

cos a + sin a sm pJ

or Error = sin

cot a + sin /S
X Actual reading (420)

(6) Pbbssttre Coiii Capacity. The pressure coil circuit may have
capacity as well as inductance, this being largely due to inter-turn

capacity in the high series resistance. The effect produced is similar

to that of inductance in this circuit, except that the pressure-coil

current tends to lead the applied voltage instead of to lag behind it.

This causes the wattmeter to read low, on lagging power factors of

the load, by increasing the angle between the load and pressure coil

currents.

The effect of frequency will be, of course, to vary the phase angle

between V and ip, the angle increasing with increase of frequency.

If the capacity reactance of the pressure coil circuit is equal to

its inductive reactance, there will be no error due to these effects

since the two individual errors will neutralize one another.
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(c) Eddy Currents. Eddy currents induced in the solid metal
parts of the instrument, by the alternating magnetic field of the
current coil, alter the magnitude and phase of this field, and so

produce an error. The phase of the induced eddy E.M.F.s will be
90® behind the inducing flux—^i.e. rather more than 90® behind the
main current in the current coil. The eddy current is practically

in phase with its E.M.F., and this current sets up a magnetic field

which, combined with that of the current coil, produces a resultant

magnetic field which is less than that of the current coil alone and
which also lags behind the current coil field by a small angle.

This eddy current error is not easily calculable, and may be
serious if care is not taken to ensure that any solid metal parts
(which should be avoided as far as possible) are well removed from
the current coil. If the wattmeter current coil is designed for heavy

Fio. 386. Alternative Wattmeter Connections

currents, it should consist of stranded conductors in order to mini-

mize the eddy currents flowing in the conductors of the current coil

itself.

Methods of Connection in the Circuit, There are two obvious
methods of connecting a wattmeter in circuit, as shown in Fig, 386,
in which C.C. and P.C. indicate current coil and pressure coil

respectively. Neither measures the power in the load directly,

without correction, even neglecting the errors discussed above.

In the method of diagram (a), in which the pressure coil is con-

nected on the “supply’’ side of the current coil, the voltage applied

to the pressure coil is higher than that of the load on account of the

voltage drop in the current coil. In diagram (6) the current coil

carries the small current taken by the pressure coil, in addition to

the load current.

In the first case, the instrument measures the watts, PR^, lost in

the current coil, and in the second case the watts lost in the pressure

coil, as well as the power in the load.

If the load current is small, the volt drop in the current coil is

small, so that the first method of connection introduces a very
small error. On tiie other hand, if the load current is large, the watts
lost in the pressure coil will be small compared with the watts in

the l6ad, and the second method of connection is better.
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Compensation for Power lioss in Pressure Coil. In some watt-
meters a compensating coil is used to eliminate error due to the
current coil carrying the pressure coil current in addition to the
load current, when the connections are as in Fig. 3866. This com-
pensating coil is as nearly as possible identical and coincident with
the current coil, so that if it were connected in series with the latter,

Fig 387 . Conitbctions op Compknsatino Coil

and a current passed through the two coils—connected so that their

magnetic effects are in opposition—the resultant magnetic field

would be zero. Actually the compensating coil is connected in

series with the pressure coil, but in such a way that its magnetic

effect opposes that of the current coil and neutralizes the pressure-

coil component of the current in the current coil. Thus, if no-load

Pnimany'

Supplyy
Potential

Transformer

—

KSh
Wattmeter

\^Pre$sure CoU
^Series Resistance

Load

Fio. 388 . XTsb of Instbument Tbansformebs with a
Wattmeter

current flows in the instrument, the deflection should be zero, since

the resultant current-coil field should be zero. The connections of this

method of compensation are shown in Pig. 387.

Tto Use of Transfcmnom with Wattmeters. Current

and potential transformers may be used with wattmeters just as

they are used with ammeters and iroltmeters. By using a number of
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current transformers, of different ratios, for the supply of the watt-
meter current-coil, and a number of potential transformers for its

pressure coil, the same wattmeter may be used to cover a very large

range of power measurements. The connections of a wattmeter
when so used are shown in Fig. 388, in which an ammeter and a
voltmeter are connected in circuit, supplied from the same trans-

formers as the wattmeter.
When such transformers are used corrections must be applied

to allow for their ratio and phase angle errors. Fig, 389 gives the
vector diagrams for the currents and voltages of the load, and in

the wattmeter coils. Diagram (a) refers to a load with a lagging

power factor, and diagram (6) to a load with a leading power factor.

It is assumed that both current and potential transformers are used.

In the diagrams

—

E = voltage of the load

/ = load current

a = phase angle between load current and voltage

y = phase angle between the currents in the current and pressure

coils of the wattmeter

/, = current in wattmeter current coil

secondary current of current transformer
==: voltage applied to wattmeter pressure coil

t- = current in wattmeter pressure coil

p = angle by which lags Eg on account of inductance of

pressure coil

d = phase angle of potential transformer

6 = phase angle of current transformer



ELECTBICAL MEASUREMENTS

Tbe vectors shown dotted are E and I reversed.

Obviously, when the load has a lagging phase angle a, we have

a = y + 6 + d + P
or, more strictly,

since the phase angle of the potential transformer may be either

lagging or leading.

In the case of a leading power factor of the load

a==y±^d-6’-fi

Correction Factor. The correction factors—neglecting, for the

present, the ratios of the transformers—become

cos a

cos cos (a - 0 T <5 - jS)

in the case of lagging power factor of the load, and

cos a

cos P cos (a 6 + 6 + ^)

in the case of leading power factor of the load.

Writing K for the correction factor, we have for the general

expression for the power to be measured,

Power = Z X Wattmeter x Actual ratio X Actual ratio • (421)

reading of current of potential

transformer transformer

The transformer ratios to be used in the expression are the

‘‘actual’’ ratios as distinct from the nominal ratios. As was seen

in the foregoing chapter, these ratios are not constant, but depend
upon the load conditions, so that calibration curves of the trans-

formers are necessary if accurate power measurements are to be
made. It should be noted, also, that in the above the power losses

in the mstruments are not considered.

Measurement of Power without using a Wattmeter. It is possible

to measure the power in a circuit without a wattmeter by using

either three ammeters or three voltmeters, in conjunction with

non-inductive resistances. These methods are mot, however, of

much practical importance.
Three-voltmeter Method. The connections are as shown in

Fig. 390, in which Fj, F2, and Fg are the three voltmeters and R a
non-inductive resistance which is connected in series with the load.

From the vector diagram of Fig. 390 (6) we have

Fi2= F2^+ Fg^ + 2F2F8C08^

Neglecting the currents taken by voltmeters Fg and Fg, the

current in is the same as the load current /. Thus, Fg IR^

Substituting, Fj* == F*® + Fg* -f 2/JBF| 00s ^
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Now, IV

^

cos
(f)

is the power in the load, so that

^ F 2_ F 2

Power in load ^ I cos ^ ^ 1 , . (422)
2R

The power factor also is given by
F2__F2_f*J

cos
(l>
= .... (423)

The assumptions are made that the current in the resistance R
is the same as the load current, and that this resistance is entirely

non-inductive.

Fiq. 390 . Three-VOLTMETER Method or Mpasurtng Sinolb phase
I'OWER

Power

Thrbe-ammetbb Method. This method is somewhat similar to

the above. The 'necessary connections are shown in Pig. 391,

The current measured by ammeter is the vector sum of the load

current and that taken by the non-inductive resistance R (this

latter being in phase with the voltage E)» Prom the vector diagram,

7^2 = 2Vs ^

V = V + V + 2 |./,C08 ^

But
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Hence, the power EI^ cos ^ is given by

cos (p = . (
424)

/f2_r2_r2\
Also, cos 4, = LZ .... (426)

Measurement of Three-phase Power. Thbee-wattmeter Method .

The connections for this method are shown in Fig. 392, in which the

load is star-connected. TFj, and TTg are the three wattmeters,

connected as shown. The arrows denote the directions of current

Fig. 392 . Three-wattmeter Method or Measuring Three-phase
Power

and voltage which are conventionally considered positive. If tlie

letters representing currents and voltages denote instantaneous

values, then
Instantaneous power in the load

~ ^ih “t"

Let V be the potential diflFerence between the star point of the

load and the star point 0 of the wattmeter pressure coils. Then we
have

e/ + t? = ei ,

eg' + t; = 62

eg' + V = 63

/, total instantaneous power, by substitution, is

(ej' + v) i^ + (Cz' + v) 12 + (eg' + v)

== ej'^i + Cg'tg 4” ^ (h + ^2 +
= Sj'ij 4*

since ij + ^ + ^ = 0in any three-phase system, whether glanced
or not.

Now, + Cg'ig + eg'% is the total instantaneous pow^r measured
by the three wattmeters, and thus the sum of the readings of the

wattmeters will give the mean value of the total poweyi
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Two-WATTMETER METHOD. This is the commonest method of

measuring three-phase power. It is particularly useful when the
load is unbalanced. The connections for the measurement of power
in the case of a star-connected three-phase load are shown in Fig.

393. The current coils of the wattmeters are connected in lines (1)

Fio. 593. Two-wattmeter Method of Measuring Three-phase
Power

and (3), and their two pressure coils between lines (1) and (2) and

(3) and (2) respectively.

Fig. 394 gives the vector diagram for the load circuit, assuming a

balanced load—i e. the load currents and power factors are the same

Fig 394. Vector Diagram, Two-wattmeter Method

for all three phases. E^q^ E^, and Ey^ are the vectors representing
the phase voltages, and are supposed to be equal, while /j, I*. and
/g are vectors representing the line currents. The voltages applied
to the pressure coil circuits of the wattmeters are which
are the vector sums of the phase voltages as shown.
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Then, total instantaneous power in the load

” + €>2^2 4"

where Cg, eg are the instantaneous phase voltages and tj, ig, and tg

are the instantaneous line currents.

Since + ig + ^3 = ^

ig = — — 1*8

/. Total instantaneous power

= + 62(“ h - h) + Vs
*= h{^\ “ ^) + ^3(^8 - h)

Now, ii(ei - eg) is the instantaneous power deflecting wattmeter

Wi, and 1
*

3(63 - eg) is that deflecting wattmeter W^. These wattmeters
measure /j^ig cos a and cos p respectively, where a and P are

the phase angles between and Ej^ between /g and E^. The
sum of the wattmeter readings thus gives the mean value of the

total power in the load.

Now a = 30 + ^
and ^ = 30 - ^

Also, E22 = E^ = V^E
where E is the phase voltage

/. Sum ot wattmeter readings,

W = VSIE cos (30 + <^) + VSIE cos (30 - <ji)

If = /g = /g = /

W = Vs IE [cos (30 + (/>) + cos (30 - ^)]

= Vs IE [cos 30 cos
(f)
- sin 30 sin -j- cos 30 cos (ft

+ sin 30 sin <^]

Vs IE [2 cos 30 cos <jt]

= SIE cos (ft

which is, of course, the total power in the load.

It should be noted that if one of the voltages (such as E12) is more
than 90® out of phase with the current associated with this voltage

in the wattmeter, the pressure coil connections must be reversed in

order that the instrument may give a forward reading. Under these

circumstances the wattmeter reading must be reckoned as negative,

and the algebraic sum of the readings of the two instruments gives

the mean value of the total power.
*

Another important point is that, if the power factor of the load
is 0-5—so that lags 60® behind E^ (cos 60® being 0 -6)7-then the
phase angle between E^ and is 9Q® and wattmeter TFj should read
^ro.
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Power Factor. If and are the two wattmeter readings

Wi + W^ gives the total power (as seen above).

^ Va IE Lcos (30 -f <l>)
- cos (30 - <^)1

— Vs IE [- 2 sin 30 sin
(fy]

= - Vs IE sin
<f)

- W2 __ - Vs IE sin
<l>

tan
(f>

)“ ^2 S IE cos <j)

~

or tan (jy (426)
V3{W^- W,)

Wj + W^

From which (jy and the power factor cos </y of the load may be
found.

One-WATTMETER METHOD. TMs method can be used only when
the load is balanced. The connections for a star-connected system

Wattmeter

Fia. 395 . Onis-wattmktbr Method fob a
Balanced Three-phase Load

Fig. 396 . Vector
Diagram, Onb-watt-

METBB Method

are shown in Fig. 395. The current coil of the wattmeter is con-

nected in one of the lines, and one end of the pressure coil is con-

nected to the same line, the other end being connected alternately

to first one and then the other of the remaining two lines by means of

the switch S.

The vector diagram for the method of measurement is given in

Fig. 396, in which E^^, E^, and E^^ represent the three-phase voltages,

and Jj, and I^ the three-line currents. In a balanced system these

three voltages are each equal to E^ and the three currents are each

equal to /. The phase angles are also all equal to
(f>.

The vector

Ei2 is the vector difference between E^i and E^^, and is the voltage

applied to the pressure coil when the svdtch 8 is on contact “a/’

Similarly, Ei^ is the vector difference of Eq^^^ and E^, and is applieji

to the wattmeter pressure coil when switch 8 is on contact “6.'*

Then F« = Si,= V3F
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Wattmeter reading when switch is on contact

= VsE . I cos (30 + (f>)

(30 + <f})
being the phase angle between E^^ and /i- When S is on

contact “6’' the wattmeter reading is

Vs El cos (30 “

Thus, the sum of these readings is SEI cos as shown in the

analysis of the two wattmeter method, and this is the total power
in the circuit.

Load
(Balanced)

Load
(Balanced)

Fia. 397. Barlow Method of Measuring Three-phase Power

In the same way the angle ^ is given by

tan
<l>
= Vs(w^-Wi)

w^+w.

and the power factor is cos
<f)

or cos
w, + w, )

Method for a Balanced Three-phase Circuit using Transformers

mth One Wattmeter. Barlow (Ref. (11)) has described a method of

measuring the power in a balanced three-phase circuit, with the

load delta-connected, wbi<3h does not involve the provision of an

artificial neutral point and in which the wattmeter gives the total

power directly without any multiplying factor.

There are two alternative methods of connection, one using a

potential transformer of 1 : 1 ratio, and the other using two current
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transformers each of ratio 1 : 1 . These connections are shown in

Fig. 397, [a) and {b).

The vector diagram of Fig. 398 refers to the connections (a).

^io> ^30 phase voltages of the supply, and Zj, Z^,

and Z3 the line currents. The three voltages and three currents are
equal in a balanced system, as are also the three phase angles
The current coil of the wattmeter carries the current Zg, while the
voltage applied to the pressure coil

is the vector difEerence of line vol-

tages Z'21 and E^ (reversed). These
two voltages are equal, and the

phase angle between either of them
and their vector difference E' is

30®, and is therefore in phase with

E^. The phase angle between E'

and Zg is thus
The wattmeter measures E'l^

cos <^. Now, if ~ E^ E^ ~ E
then E^x = E^ = V3 E, and thus

E' =V3E^=3E.
The power measured by the

wattmeter is ^EI cos </ (since Z^

^ I2 ^ 1^ = I), which is the mean
value of the total power in the

balanced circuit. The ratio error and phase angle of the potential

transformer are, of course, neglected in the above reasoning.

Fig. 399 gives the vector diagram for the connections of Fig.

397 (
6). Since the load is balanced,

= 4 = 73 = /
and E^q — E2Q = E^ = E
and the phase angles ^ are all equal.

£'
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The vector E\ which is the vector difference of the voltages

iSjo is voltage applied to the pressure coil and equals

Vs E. The currents in the secondary circuits of current transformers

1 and 2 are reversed and reversed. The connections to the

current coil of the wattmeter are such that the current in it is the

vector sum of and reversed, and is represented by the vector

r. The value of this current is VS I, and the phase angle between
r and E' is <^. Then,

Power measured by wattmeter = E'F cos ^

— VSEVSI cob
(f)

== 3EI cos
(f)

— total power in load

Again, the current transformer ratio and phase angle errors are

neglected.

Wattmeters. Three typejs of wattmeter will be considered

—

() Dynamometer.
() Induction.

(c) Electrostatic.

Of these, the first two are most commonly used.

(a) Dynamombtee Type. These instruments are similar in design

and principle to the dynamometer ammeter already described

(Chapter XVIII), The fixed coils carry the current in the circuit

while the moving coil acts as the wattmeter pressure coil and carries

a current proportional to the voltage of the circuit across which
it is connected. A high non-inductive resistance is connected in

series with the pressure coil.

Dynamometer wattmeters may be divided into two classes

—

() Suspended coil, torsion instruments.

() Pivoted coil, direct indicating instruments.

(a) Torsion Wattmeters. These instruments are used largely as

stan^rd wattmeters.

The moving, or pressure coil is suspended from a torsion head by
a metallic suspension which serves as a lead to the coil. This coil

ia situated entirely inside the current, or fixed cods, and the winding
is such that the system is astatic. Errors due to external magnetic

fields are thus avoided. The torsion head carries a scale and, when
in use, the moving coil is brought back to the zero position by turning

this head, the number of divisions turned through, when multiplied

by a constant for the instrument, giving the power.
Eddy current errors are eliminated as far as possible by winding

the current coils of stranded wire and by using no metal parts within

the region of the magnetic field of the instrument.

Fig. 400 shows the construction of the Drysdale single-phase

astatic wattmeter, as manufactured by Messrs. H. Tinsley, The
moving coil, which is carried by a fiat strip of mica, to which it is
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stitched, is divided into two equal portions wound so that the current
(proportional to the applied voltage) circulates in a clockwise
(firection in one-half and in an anti-clockwise direction in the other.
This coil is suspended by a silk fibre together with a spiral spring
which gives the required torsion.

The fixed coil also is in two halves, which are wound so as to have
opposite directions of current circulation in them. The cable used
for the fixed coil consists of ten strands, insulated from one another.
Thus, in effect there are ten current coils which run together and
are thus as nearly as possible coincident in space. These ten coils,

or cores, are brought out to a commutator so that a number of

current ranges of the instrument may be obtained by grouping them
all in parallel, all in series, or in a series-parallel combination.
The current is led into the moving coil by two fine phosphor-

bronze ligaments, the spring, which is of German silver wire and is

annealed, merely serving as a torsion control. The spring has a
number of turns, and by carefully adjusting its length the constant

of the instrument can be made an exact figure. The moving system
carries a knife-edge pointer moving over a short scale at the front

of the instrument, so that the zero position of the moving coil can
be easily determined.
Damping is provided by the mica vane which carries the pressure

coil. Drysdale states that, in order to reduce error due to the

pressure coil inductance to a negligible amount, the resistance of

the pressure coil circuit should be at least 3,000 ohms per millihenry

ofjoiductanoe.

Heavy-current Standard Wattmeters, The Drysdale wattmeter
described above can be constructed to cover a current range up to

500 amp. Above this value of current, difficulties are encountered

owing to the eddy currents in the heavy-section conductors required,

and to non-uniform distribution of current over the cross-sections

of these conductors.

Both A. E. Moore (Ref. (12)) and P. G. Agnew (Ref. (13)) have
developed heavy-current standard wattmeters of the dynamometer
type which are capable of dealing with currents up to about 5,000

amp.
The Agnew instrument has a double concentric tube as the cur-

rent coil,” the tubes being joined at one end. The moving system

consists of two astatic coils suspended, within the outer cylindrical

tube, one above and one below the inner tube.

In the Moore instrument there is a tubular central conductor

which can be water-cooled. This is surrounded by a cylindx^||||^

tube, or box, in two halves, bolted together (see Fig. 401), the

tubes being connected together at one end. The moving
which is suspended within the outer tube as in the Agnew instr®!

ment, consists of two D-shaped coils with their straight sides

horizontal, one above and one below the central tube.
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In both instruments the magnetic field of the primary, or “cur-
rent,” conductor—^in which field the moving system is situated

—

is independent of the distribution of current over the cross-sections

of the tubular conductors.

(b) Direct-indicating Dynamometer Wattmeters. Like the standard,
or torsion, wattmeters above described, these instruments have a
moving pressure coil which is almost entirely embraced by the fixed

current coils. The moving coil is carried on a pivoted spindle and

'/////(////

Suspension

MinrOP

Inner Tubular
Copper Conductor ^

Mok'/nA
System

Cooling

Outer Copper I
Conductor

Centra!
Conductor

Fig. 401. A. E. Moore’s Heavy-current Standard Wattmeter

the movement is spring-controlled. The moving system carries a
pointer and a damping vane, the latter moving in a sector-shaped

box. The current coils are usually stranded or laminated, especially

when heavy currents are to be carried. Currents up to about
200 amp. can be dealt with in direct-indicating wattmeters of suit-

able design. For currents above this, a low range wattmeter is

usually employed, in conjunction with current transformers. Simi-

larly, voltages up to about 600 volts are applied to the wattmeter
pressure cod directly, but for higher voltages the pressure coil circuit

is designed for 110 volts, and a potential transformer used to step

down the voltage. Metal parts should be removed from the magnetic
field of the instrument as far as possible, although care must be
taken to ensure that this elimination of metal does not result in



710 ELJEOTRIOAL MEASUREMENTS

any relative movement of the working coils due to warping of the

materials substituted for the metal.

Pig. 402 shows the construction of some typical dynamometer
ty^ indicating wattmeters.

in the defleotional type of instrument the relative positions of

current and pressure coils change with the deflection, whereas in

the torsion type the relative positions are the same for all loads,

since the moving coil is returned to the zero position in all oases.

Relation between the Torque and Mutual Inductance between Fixed and
Moving Coils. Let the current in the current coil he given by

K - I.
j
sm (cot -

(f))

and let the voltage applied to the pressure coil be given by

Suppose that the resistance of the pressure coil circuit is R and its inductance
negligible. Assume that there is no iron in the working magnetic circuit, and
that eddy current effects in metal parts are absent.

Let = Number of turns on pressure coil

~ „ „ current coil

Then pressure-coil current is

. .

t r= sill (Ot

and is in phase with the applied voltage.

Then, referring to Fig. 403, which represents the wattmeter diagrammatic

-

aUy, the flux threading the pressure coil when placed with its plane parallel

to those of the current coils is

Kax =
where A is the cross-sectional area of the pressure coil in the direction per-

pendicular to the magnetic axis of the current coils, uniform flux density
being assumed.
The maximum value of the mutual inductance between current and pressure

coils is given by

Now the potential of a coil carrying a current and of turns, when the
flux threading it is ^ is

^p^

p

• ^
If the pressure coil is turned through an angle 6 from that shown in the

figure, the flux threading it will be ^ potential will thus be

y = ij^pKax “08 e

= ij, . Sj, . cos d

= (*27)

If the torque is T when the pressure coil is in this position, the work done
when the coil moves through a small angle d6 is TdB. If the corresponding
change in potential is dV, we have

TdB

T

T

dV

dO

or . («»)
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The torque will be in dyne -centimetres if ij,, and are in E.M.C.G.S

units.

Substituting for and we have for the instantaneous torque,

T — sin cot

.

sin {cot - <!>) . sin B

and for the mean torque,

I’m =4 r sin cot sin {cot - ^)(U
*

I R
v^o

where t' is the periodic time of the alternating currents.

Fro. 403, CoNNEOTioNS OF Dynamometer Wattmeter

max le max ^max ^
“ Rt'

r •

- I
smco^ si

0

’sin {cut ~
<f>)

dt

VmaoIcmax^max^^O P COB cj, - COB {2cot - ij,)

Rt' / 2

V max max ^max ^
-cos

<l>

or

2R

. cos
<f> (429 )

where Ep and are virtual values.

If the current taken by the pressure coil is negligibly small,

the load current

sin r

/. = / =

M
cjc ^ -‘“ mo®

or '^n —

B
Mntx sin 6

'R

E„I cos ^

. Tf

where W == the power in the circuit.

. (430 )
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Since the mutual inductance between the current and pressure
coils for any angular deflection 6 from the parallel position is given by

ilf = M^^ cos Q

the mean torque may be written

w m
R • dd

or, more generally,

T^^K. W dM
R'W.

where ^ is a constant depending upon the units employed.

Fia. 404. StJMPNBB Iron-oobbd Wattmbjtbr

(431)

In the case of the torsion type of wattmeter, 0 = 90® when the

moving coil has been brought back to its zero position. The restoring

torque also is proportional to the angle of twist of the torsion head.

If a represents this angle of twist, we have, since the restoring

torque must be equal to the deflecting torque,

sin 90®

R W a

W^^k'a (432)

The errors due to inductance in the pressure coil circuit and to

other causes have already been consider^ in the previous pages.

Cambridge Reflecting Wattmeter, A laboratory-type dynamometer
wattmeter suitable for the calibration of substandard instruments

is made by the Cambridge Instrument Co. It has a high electro-

magnetic efficiency and is unaffected by stray magnetic mlds. The
nominal range of 500 watts is extended by the us© of a range box
giving four current ranges of 0-5, 1, 2*6, and 6 amp. and seven

voltage ranges between W and 500 volts.

The scale is 2*5 metres long and consists of three parallel scales
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which are brought into use in turn by the use of three separate

lamps and optical systems. The makers state the accuracy of

calibration as 0*05 per cent over the upper three-fourths of the scale.

Sumpner Iron-cored Wattmeter. An iron-cored dynamometer in-

strument was introduced by Dr. W. E. Sumpner in 1905.

The principle may be applied to ammeters, voltmeters, or watt-

meters, but only the last application will be considered here. In this

form of instrument the working forces are increased by the addition

of a laminated iron core to increase the working flux and, in spite

of the high inductance of the pressure coil in such an instrument,

its readings are independent of frequency and of wave forms.

The construction and connections are illustrated by Fig, 404. A
laminated magnet, with a comparatively large air gap, is magnetized

by two “pressure” coils connected directly across the supply. The
inductance of these coils is very high compared with their resistance,

so that E'—the self-induced E.M.F. in them—(see Fig. 405) may be

considered as equal to the applied vol-

tage E. The current through these coils

is small, and its value need not be con-

sidered. The simplified vector diagram

of Fig. 405 shows the relative phases of

the various quantities involved. <!> is the

working flux in the magnet and lags 90°

in phase behind the applied voltage.

^ The moving, or current coil, of the

.instrument, is carried by a pivoted

spindle, and is mounted over one limb
of the magnet, so that one side of it is in

the air gap and hence comes under the

influence of the working flux. This coil

is supplied from a “quadrature’^ trans-

former which is really an iron-cored
Fig. 405 . Vector Dia- mutual inductance having a large air

lRON-rX!D‘'wrCT- magnetic circuit, so that its

meter reluctance may be considered practically

constant for all values of the current.

Assuming the flux produced in the core of this quadrature trans-

former to be in phase with the load current I which flows through
its primary winding, then the voltage e' induced in its secondary
winding will lag in phase behind I by 90°. This is shown in the

vector diagram. The current i' in the secondary circuit of the
quadrature transformer—and hence in the wattmeter moving coil

—will be in phase with c' owing to the connection of a non-inductive
resistance R in the circuit.

The phase difference between the working flux and the current i'

in the moving coil, with which this flux reacts, is a, which is the phase
angle of the load circuit—^i.e. the phase difference between M and
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Theory. Assuming purely sinusoidal current and voltage in the load circuit,

let e = Bin cot

and
^

i = J^^^sin(wi-a)

Now the voltage e' induced in the secondary of the mutual inductance, or
quadrature transformer, is given by

di
e' = - Jlf -n where M is the mutual inductcmoe.

at

a . V Mdi
So that %' — “ -5 *3^R dt

where R is the total resistance of the secondary circuit, including the moving
coil of the wattmeter. The inductance of this circuit is neglected.

•
» ^ 00s (a)« - a)

Also, e = - <S—
dt

where S is tlie number of turns on the pressure coil and -- the rate of change
of flux in the magnet.

Hence, - ^ . dt
o

or cos cot

J O 0(0

Now the instantaneous torque is proportional to the product of the instan-

taneous values of and i\

T oc OC - ~ . CO . I^ax M - a) •

OC Imax^max - a) COS cot . . . . ( 433)

The mean torque

1 ft'

pj ^max ^max (cot - a) cos cot dt

where t' is the periodic time.

2’, OC i r {^os {2wt - a)
\

cos a} dt
t v/„ 2

OC COS a

or Tj^ OC IE cos a

where I and E are the virtual values of current and voltage.

Hence, the mean torque is proportional to the power in the

circuit, and is independent of frequency. It can be shown, by
assuming complex instead of purely sinusoidal "waves for | and E,

that the mean torque is independent of wave-form, and gives the

true value of the power in the circuit. The current range of Sumpner
wattmeters can be varied by the use of different quadrature trans-

formers, giving different values of M,
In the above theory, the working flux ^ is assumed to be exactly

90® in phase behind the circuit voltage. Actually this angle is

somewhat less than 90® owing to the resistance of the pressure coil

circuit. The current i' in the moving coil will also be rather more
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than 90® in phase behind the line current /. If the load power factor

is low, the errors due to these causes may be appreciable.

(6) iNDiroTiONr Wattmeters. Induction wattmeters, the prin-

ciple of which is the same as that of induction ammeters and volt-

meters, can only be used on alternating current circuits. Dynamo-
meter wattmeters can be used on either A.C. or D.C. circuits,

,
although a wattmeter is not a necessity in direct current circuits,

since the power is always given by the product of ammeter and
voltmeter readings, no question of phase difference arising.

Induction instruments are, however, only useful when the fre-

quency and supply voltage are approximately constant.

Construction. These instruments have two laminated electro-

magnets
;
one is excited by the load current (or a definite fraction

Pressure

of it), and the other by a current proportional to the voltage of the
Circuit in which the power is to be measured. A thin aluminium
disc is mounted so that it is cut by the flux from both of these
magnets, and the deflecting torque is produced by the interactions

between these fluxes and the eddy currents which they induce in

the disc. One or more copper rings are fitted on one limb of the
‘"shunt” magnet—^i.e. the magnet excited by the pressure coil and
its current—^in order to cause the resultant flux in the magnet to

lag in phase by exactly 90® behind the applied voltage.

Fig. 4(J6 shows two common forms of magnets with their windings,
the magnets being placed, in each case, one above and one below
the moving disc of the instrument. The positions and shapes of

the magnets are, in each case, such that the flux from both “shunt”
and “series” magnets cuts the moving disc.

In the form of instrument shown in Fig. 406 (a), the two pressure
coils, connected in series, are wound so that they both send flux

through the centre limb* The series magnet in the instrument
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carries two small current coils in series, these being wound so that
they both magnetize the core, upon wMch they are wound, in the

same direction. The positions of the copper shading bands are

adjustable in order that the correct phase displacement between the
shunt and series magnet fluxes may be obtained.

In the instrument shown in Fig. 406 (6) there is only one pressure

coil and one current coil. A copper shading band, whose position

is adjustable, surrounds the two projecting pole pieces of the shunt
magnet for the purpose of correcting the

phase of the flux of this magnet.
Both t3rpes are spring-controlled and

have the advantage of a long and uniform
scale (up to 300°).

Currents up to about 100 amp. can be
dealt with directly in such instruments.

For currents above this current trans-

formers are used in conjunction with the

wattmeter. Unlike the dynamometer
wattmeter, the pressure coil circuit of

the induction instrument is made as in-

ductive as possible, in order that the flux

of the shunt magnet may lag by nearly
90° behind the applied voltage.

Theory, Fig. 407 gives a simplified

vector diagram for the wattmeter. The
flux of the shunt magnet is assumed to
lag by exactly 90° behind the applied voltage. As previously stated,

this is actually brought about by adjustment of the shading bands,

since the angle of lag would be somewhat less than 90° unless such

bands were used. The theory of the action of these shading bands
in altering the phase of the resultant flux has already been dealt with
in considering induction ammeters. It is assumed also that the flux

<f>f^
of the series magnet is proportional to and in phase with the

line current, and that hysteresis and saturation effects in the iron

are negligible. Owing to the large air gap in the core these assump-
tions are justifiable.

Let vector E represent the applied voltage, and vector /, lagging ^ behind
El the load current. is in phase with I,

^sh ~ ®ddy E.M.F. induced in the disc by

igh a= eddy current due to and in phase with (the inductance of the

eddy current path in the disc being neglected)

=5s E.M.F, induced by the flux

=« eddy current due to and in phase with

The instemtaneous torque acting upon the disc is, from the theory of the
induction ammeter (see page 629), proportional to {4$k'^8e “ where these
values of current and flux are instantaneous.

Psh

Fig. 407. Vector Dia-
gram FOR Induction

Wattmeter



718 ELECTRICAL MEASUREMENTS
Let applied voltage be

« « sin (f>t,

then the current is

^ = ^max M~9>)
The flux sin (o)/ - (p)

and = -k' fedt = k'

.

cos co

/ • 1 ^

\ k' dt J
ivhere Ic and k' are constants.
The eddy E M.F. induced by the flux is

«« = - fc"
‘'J;'

= hna. «> M -

and M -
<A)

Also, e 1 = -K' = K” ^“2?
, to sm tot

*'*
(ft (O

and sm (o<

k*\ k"\ K, K\ K'\ and K'" being constants.

The mean torque upon the disc

2’HOC4>.»./„eo8^-(I>„i,»co8(180-^) . . (434)

where and are virtual values and
<f>
and (180 - the phase

angles between the interacting currents and fluxes

By substitution we have

k^ F
oc — . Kl(x> cos 6 4* kIK'"E cos 6

in
CD

where I and E are virtual values of current and voltage.

OC El oos ^ [k'K + kK'^'] . . . (435)

oc El cos
(f)

cc the power in the circuit.

Comparison vnth Dynamometer WaMmeters, It appears from the

above that the torque is independent of frequency. Actually, how-
ever, the torque is not quite independent of frequency, the above
theory being simplified by assumptions, regarding the inductances

of the various parts of the instruments, which are not justifiable

under all conditions. It will, however, be sufficient to indicate the
working principles of the instrument.

Since the deflecting torque is directly proportional to the power
in the circuit, and the instrument is spring-controlled, the scale is

uniform.

Compared with dynamometer wattmeters, these instruments have
the advantages of a greater working torque and length of scale;

but they suffer from the disadvantages of less accuracy, greater

weight of moving ^stem, greater power consumption, and also that

they can only be applied to power measurements on A*C8 circuits.
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Induction wattmeters are capable of first-grade accuracy only at
a stated frequency and temperature. The requirements of watt-
meters of the various grades of accuracy and the permissible limits

of error are stated in B.S.I. Standard Specification No. 89 (1929).

(c) Elbotbostatio Wattmbtee. This form of wattmeter cannot
be regarded as a commercial instrument like the dynamometer and
induction forms already discussed. It is, however, a very useful

instrument for the measurement of small amounts of power,
especially when the voltage is high and the power factor low. The
use of this instrument for the measurement of dielectric power loss

was considered in Chapter IV. It is also useful for the calibration,

Hon-lnducttye
Resistance

Fig. 408 . Connections of EiiEOtkostatio Wattmeteb

in the laboratory, of commercial forms of wattmeter and watt-hour
meter.

The electrostatic wattmeter consists of a quadrant electrometer

used in conjunction with a non-inductive resistance, the essential

connections to the load circuit being as shown in Fig. 408.

Let the load current be i (instantaneously), and let v, and V2
be the instantaneous potentials of the needle and of the two pairs

of quadrants, as shown in the figure.

It was shown when dealing with the theory of the quadrant
electrometer (page 621) that the instantaneous torque

2^ oc (v- Vi)2-

Now {v - Vj) is the instantaneous value e of the supply voltage.

Also V - Vg = (v ~ i;i) “ (^2 = iR, since the potential difference

Vj = iB.

Hence the instantaneous torque

T oce2~(e-^E)2

oc + 2eiB - i^B^

oc 2eiB - i^B^

r

i^Bei~or . (436)
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i.e. T oc the instantaneous power supplied minus half

the watts lost in the non-inductive resis-

tance R

I

Load

Fia. 409. Altbjbnativb Connections of Elbotiiostatic
Wattmeter

If e = instantaneous value of the voltage on the load side of the

instniment,

r oc2i?|^et .... (437)

OC the instantaneous power in the load plus half

the watts lost in the non-inductive resis*

tance
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Other Methods of Use, The simple connections given in Fig. 408
have, as seen above, the disadvantage that the power measured will

be different from the true power by an amount equal to half the loss

in the resistance R,
Fig. 409 gives three methods of use whereby this disadvantage

may be overcome.
Method 1. Diagram (a) shows connections which are essentially

the same as those in Fig. 408, except that a two-way switch 8 is

used so that the needle of the electrometer may be connected either

to one side of the load or the other, as required.

Now, in the method discussed in the previous paragraph, the

instantaneous torque

T oc 2eiR f i^R^

if e is the instantaneous value of the voltage applied to the load.

If the controlling torque of the instrument is proportional to the

deflection 0, we have for the steady deflection of the instrument

Kdr.

Jq

{2eiR -f i^R^) dt (438)

where the expression on the right-hand side is that for the mean
value of the torque and iT is a constant, f is the periodic time of

the voltage and current waves.

^0

K i^R^dt

where W is the mean power in the load. Thus, when the switch 8
2R 1

is on contact a, the deflection will be 0j,
= -^ IF + j

i^R^dt

Now, if the switch is thrown on to contact 6, v = an(f we have,

for the instantaneous torque,

T oc (v - t^i)^

oc (V2 -

oc i^R^

Thus, if 0j)' is the deflection under these conditions,

'o

2B
or

. (439)
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So that the true power in the load can be obtained from the two
readings corresponding to the two positions of switch 8, This

method was introduced by Potier.

Method 2. In the second method, a potential divider, consisting

of a high non-inductive resistance, is used, and the electrometer

needle is connected to its middle point.

The instantaneous voltage across the potential divider is

6 + (^2 “ ^
i )

and therefore that across half of it is

c + (Vg ~ v^)

2

Thus the instantaneous torque

T cc (v- - (v -

oc i [{« + (^2 + e- (Vjj - Vj)}

{e -h {v^-VT^)-e +
[2(v,-^v,)]

oc e{v^ - Vj)

oc eiR

oc ei

Thus with these connections the instrument measures the true

power in the load.

If the use of the middle point of the potential divider as the point

of connection of the needle is not feasible (possibly owing to the high
voltage which would thereby be applied to the instrument), the

method of connection shown in diagram (c) and suggested by Prof.

Miles Walker, may be used.

Method 3. In this method a non-inductive resistance r is connected
in series with the load, and the needle of the electrometer is con-

nected to a suitable point on the potential divider.

j
Voltage A to C ^
Voltage BtoC~^

Then, instantaneous torque

T cc (v- Vi)^ - (v -

XT / \ 6 + if -f* iRNow (v^vA — ^

^ n
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T oc
4~ tr + iR ^

728

(440)

oc 2iR

or
„ 2iRe

,

2ihR
,
2i>‘R^-nim^T oc h—n n n

(441)

R
Now, if the value of r is made equal to — {n - 2), we have, by

substitution,

Taz^ +n 2n n

2iRe

(442)

n

oc te

oc true power in the load

It should be noted that in the above discussions the current taken
by the electrometer (as a condenser) is neglected. The potential

divider also, although spoken of as a non-inductive resistance, may
be the high voltage winding of the supply transformer from which
tappings are brought out.

Use for Calibration of Commercial Wattmeters or Watt-hour Meters,

Fig. 410 shows the connections for the calibration of a commercial
instrument by means of the electrostatic wattmeter. The load is,

in this case, fictitious. The voltage for the pressure coil of the

wattmeter under test is supplied from one alternator (^2)—possibly

through a step-up transformer (not shown in the figure)—^while the

current coil of the instrument is supplied from another alternator

(^1). If the required current is large, a step-down transformer may
be used. The two alternators, which are cMven by a motor M, are

mechanically coupled, and arrangements are made for rotating the

stator of one of them so that any required phase displacement

between current and voltage may be obtained. In this way the

power factor of the load is ^tered. ^

The needle of the electrostatic instrument is supplied from a
tapping point on a potential divider across which the voltage from
alternator A2 is connected. The two pairs of quadrants are con-

nected to the two ends of a non-inductive resistance B, through
which the load current flows. The mid-point of this resistance is

connected to one end of the potential divider, as shown.

^ Voltage A to C _
Voltage 5 to C

“ ”
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If 0J, is the steady deflection of the electrostatic instrument,

which is spring-controlled, we have that

~ T^ where A; is a constant

ittlc

or mean power ==

where k' is the constant of the electrostatic instrument, and must
be determined experimentally by the use of standard resistances

and an electrostatic voltmeter.

Polyphase Wattmeters. In order that the power in a polyphase

circuit may be measured without the use of more than one watt-

meter, polyphase wattmeters have been developed. These consist

of two separate wattmeter movements mounted together in one

case with the two moving coils (assuming the instrument to be of

the dynamometer type) mounted on the same spindle, so that the

total deflecting torque acting on the moving system shall be the

sum of the torques produced by the two component wattmeter

working systems. The readings of the instrument thus give the

total power in the circuit directly, the addition being carried out

by the instrument itself.

Thus, for example, in measuring three-phase power, the connec-

tions to the polyphase wattmeter are the same as those for the

measurement of power by the two-wattmeter method, using two
single-phase instruments. The only difference is that the two single-

phase instruments are combined in the pol3q)hase wattmeter and
operate a single moving system whose deflection gives the total

power directly.

An important point in connection with such double element

wattmeters is that there shall be no mutual interference between the

two elements. Thus, the fixed coils of one of the elements must not

produce a torque by interacting with the field of the moving coil

a4-‘(T.57oo)
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of the other element. In order to eliminate any such action and
ensure that the total torque shall be merely the sum of the torques

produced within the two component elements themselves, a lamin-

ated iron shield is placed between the two elements to provide

magnetic screening.

Compensation for mutual interference can be made by a method
due to Weston, the connections for which are shown in Fig, 411.

Instead of connecting the two pressure coils—each of resistance R
(including their series resistances)—directly to the line which does

not contain a current coil, they are each connected to one end of a
resistance R whose other end is connected to the line, as shown.
By suitably adjusting R' the currents in the pressure coil circuits

can be altered to compensate for any mutual interference between
the wattmeter elements (Ref. (2)).

Fig. 412 shows the construction of the Drysdale standard poly-

phase wattmeter, manufactured by Messrs. H. Tinsley & Co.

Summation Methods. It is often necessary to measure the total

power in a number of separate circuits, and it is convenient to have
this total indicated upon a single instrument. This is a simple

matter if the circuits are interconnected so that one portion of the

system carries the whole load. If, however, there is no part of the

systemcarrying the aggregate load, rather more complicated methods
of measurement must be employed.

A four-element wattmeter, which consists essentially of two
polyphase wattmeters like those described in the preceding para-

graph with all four moving systems (two in each polyphase watt-

meter) mounted on a common spindle, can be used for the measure-
ment of the total power in two three-phase systems, but for more
than two systems current transformers are used in conjunction with
a double-element “summation” wattmeter.

The principle of such summation measurements is illustrated in

Fig. 413, in which the total power supplied to three circuits A, B,
and C is measured by a two-element summation wattmeter, in

conjunction with six current transformers, all of whose ratios are

the same. Actually potential transformers may also be necessary
if the line voltage is too great to be applied directly to the pressure

coils of the wattmeter, but these have been omitted for simplioity.

It will be observed that the principle of measurement is essentially

that of the two wattmeter method of measurement of three-phase

power.
Current transformers a, 6, and c, together supply current coil

while transformers a', b\ and c' supply current coil jPj. Neglecting
the small phase angles of the current transformers, the currents in

their secondary circuits are each 180° out of phase with their

primary currents, and hence the vector sum of the former will be
equal to the vector sum of the primary currents divided by the
ratio of the transformer (the same in all oases), the ratio errors of
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the transformers also being neglected. It can be seen, therefore,

that the current supplied to current coil is proportional to the

vector sum of the currents supplied to the three circuits A^ -B, and
G by line (3), and the current supplied to current coil is propor-

tional to the vector sum of the currents supplied by line (1),

The pressure coils and Pg are connected between lines (3) and

(2) and between (1) and (2) respectively.

The reading of the summation wattmeter is thus equal to the total

power supplied to the three circuits Ay By and Gy divided by the

Fig. 413 . Connections for Summation Method of Power
Measurement

ratio of the current transformers, the current transformer errors

being neglected.

The subject of summation measurements is too large to be dis-

cussed fully here, and the reader is referred to the publications
mentioned in Refs, (1), (9), (10).

Heasuiement of B^ctive Power. If E and / are the virtual values
of the voltage and current in a single-phase circuit and

(f>
is the phase

angle between them, then the actual power in the circuit is, of course,
El Cos

(f>.

The power is equal to the voltage multiplied by the component
of the current which is in phase with it (i.e. I cos </»). The component
of the current, which is 90° out of phase with the voltage, is I sin

and the product EImi<f> is called the “wattless” or “reactive”
power. Strictly, of course, this expression does not represent power
at all. The measurement of this reactive power is, however, useful,

since the phase angle
<f>

of the circuit can be obtained from the ratio
Reactive power , . , , El mith—

, which equals^ 5-, or tan
True power ^ EIcQ^<f> ^
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As regards the method of measurement of the reactive power, it

should first be observed that sin ^ = cos (90 - and therefore a

wattmeter may be used for the measurement if the current coil

carries the load current / and the voltage applied to the pressure

coil is such that its phase displacement from the actual voltage of

the circuit is 90°. Under these circumstances the wattmeter will

read IE cos (90 - or IE sin
(f>.

It may be more convenient in single-phase measurements to

compensate the wattmeter so that the field of its pressure coil lags

Fig. 414 . Measurement of Reactive Power

90° in phase behind the phase of this field when the wattmeter is to

be used for power measurement.
In the case of a balanced three-phase load, when the power is

being measured by one wattmeter, it is a simple matter to use this

w^attmeter for the measurement of reactive power by connecting
its current and pressure coils, as shown in Fig. 414. The current

coil is connected in one line and the pressure coil is connected across

the other two lines.

Referring to the vector diagram of Fig. 414 (6), the vector O/j
represents the current through the wattmeter current coil. The
voltage applied to the pressure coil is the vector difference of OEi
and OE^i i.e. the vector OE. Now the angle between OE2 and OE^
reversed is 60°, and since the three-phase voltages E^, E^, and E^
are equal, the angle between OE^ reversed and vector OE is 30°.

Hence, the angle between OE2 and OE is 90°, and between OI2 and
OE the angle is (90 + This means that the wattmeter reads

OE X OI2 X cos (90

= y/SEI cos (90 “}*

= - V3EI sin
<f>

where E is the phase voltage and I the line current of the system.
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The total reaQtive power of the circuit is

^EI sin ^ - V3 Wr
and hence, if W is the measured value of the total real power, the

phase angle
<f>

of the load is
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Cl^PTER XXI

THE MEASUREMENT OF ENERGY
It may be stated generally that the measurement of energy is

essentially the same process as the measurement of power ; except
that the instrument used must not merely indicate the power, or
rate of supply of energy, but must take into account also the length
of time for which this rate of supply is continued. Actually, energy,
or “supply” meters do not indicate power directly. For a given
amount of energy supplied to a circuit, their registrations should
always be the same, no matter what the instantaneous values of
the power during the time in which the energy is supplied.

Types of Energy, or Supply, Meters. There are three general

types of energy, or supply, meters

—

() Electrolytic meters.

() Motor meters. (c) Clock meters.

The first type can be used on D.C. circuits only* ;
the other two

types may be used on either D.C. or A.C., according to their con-

struction. The induction form of motor meter can, of course, only
be used on A.C. circuits, since its principle is the same as that of

the induction wattmeter. As already mentioned in Chapter XVII,
supply meters used on D.C. circuits may be either ampere-hour, or

watt-hour, meters. In the former case, the registrations of the

meter are converted to watt-hours by multiplying by the voltage

(assumed constant) of the circuit in which it is used. Usually such
meters are calibrated to read direct in kilowatt-hours at the declared

voltage, thus rendering the readings incorrect when used on any
other voltage.

The question of power factor obviously prevents the use of such
ampere-hour meters in the same way on A.C.

The advantages of simplicity and cheapness in the case of ampere-
hour meters is largely discounted by the fact that variations of

circuit voltage are not taken into account by them. For example,
suppose that the voltage of a supply, whose nominal voltage is 220,

has an average value of only 215 volts for a period of 1 hour, during
which a current of 100 amp, is being taken by a consumer. Then,
if an ampere-hour meter, calibrated for 220 volts, is used to measure
the energy supplied to the consumer, the measured quantity of

energy be 220 X 100 watt-hours, or 22 kilowatts ; and it is for

this amount that the consumer will be charged.

* Wjrfght electrolytic meters are now available for the measurement of

kilovolt-ampere hours on A.C., using a small rectifier unit, the construction and
connections of which are shown in Fig. 416a. It contains a current trans-
former and full wave copper oxide rectifier.

731



(Reason Manufacturino Co.)

Fia. 415a. Reason Rectifier Unit fob Use with EiiEOTROiiYTjc
Meters
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Actually, however, the energy supplied is only 215 X 100 watt-

hours or 21|^ kilowatt-hours, so that the consumer loses the cost of

J kWh. in one hour under these conditions.

A watt-hour meter would have taken into account the fall in the

supply voltage and would therefore have meant a saving in cost to

the consumer. The converse of the above occurs, of course, if the

supply voltage is higher than the nominal when the supply company
loses by the use of an ampere-hour meter.

Electrolytic Meters. These are essentially ampere-hour meters,

since their readings are proportional to the weight of metal deposited,

or of gas liberated

,

from an electrolytic

solution. This means
that the readings are

merely proportional to

the number of cou-

lombs, or of ampere- /?5

hours, passed through Fig. 415b
the meter.

In addition to cheapness and simplicity, already mentioned, these

meters have the advantages that they are accurate even at very
small loads

;
they are unaffected by stray magnetic fields, since they

do not depend in any way upon the magnetic effect of the current

;

and, since there are no moving parts, friction errors are absent.

Their general disadvantages are that the potential drop across their

terminals is from 1 to 2 volts; the considerable amount of glass

used in their construction renders them somewhat fragile; the

necessity for frequent inspection to ensure that they do not stand
in need of refilling or resetting

; and the destruction of the old record

of energy supplied when the meter is reset.

For an electrolytic meter to be shunted successfully, the back
E.M.F. of polarization must be small.

This can be seen from the following

—

Let the back E.M.F. of the meter = e, and let’ the resistance of the meter
circuit = r. Resistance of the shunt = R^. Then, referring to Fig. 415b,

I = the load current

= the meter current

I
^
— the current through the shunt

ifi, = ?«.»• + «

But I = !, + !„

= InSr + •«») + e

I
”* (r + R,) (r + R,)

^ *

I r + fl, /(r + R,) (444)

Thus it can be seen that, if e is constant, the meter current is not a con-

stant proportion of the load current, but is reduced as I is reduced.
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The Wright, or Reason, Meter. The construction of this

meter is shown in Fig. 416a. It has been very generally used on D.C.
supply systems, and
has been perhaps
the most successful

of all electrolytic

meters.

The anode A con-

sists of an annular
ring of mercury,
contained in a shal-

low trough at the

top of the tube. The
loss of mercury by
the anode, owing to

its transference to

the cathode during
the electrolytic
action, is compen-
sated for by a reser-

voir of mercury F
projecting from the

side of the part of

the tube at which
the anode ring is

situated. This reser-

voir maintains the

level of the mercury
in the anode con-

stant. The cathode
C consists of a ring

of sand-blasted
iridium, and the

electrolyte, which
fills the whole of the

tube of the meter
with the exception

of the space occu-

pied by mercury, is

(Reason Manufacturing Co.) Saturated SolutioU

Fig. 416a. Reason EiiECTROLYno Metes of mercury and
potassium iodides.

The tube is hermetically sealed and external conditions have there^

for© no effect upon the action of the meter. Standing up from
the inner circumference of the annular anode trough is a grid

or fence of glass rods to prevent mercury from the anode spiUing

over into the measuring tube T, owing to mechanical vibration*
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This fence does not, however, interfere with the full circulation of

the electrolyte. The measuring tube has a funnel-shaped mouth,
and is situated immediately below the cathode ring in order to
catch the drops of mercury
which fall from the latter after

being deposited from the elec-

trolyte by the electrolytic action

of the current. Alongside this

measuring tube is a scale cali-

brated in kW-hours, and corre-

sponding, of course, to the volt-

age of the circuit in which the

meter is to be used. The
measuring tube is bent back on
itself twice, so that, upon the

mercury in it reaching a certain

level, it' siphons over into a
larger measuring tube below.

This siphoning occurs after the

passage of 100 units through
the meter, and the lower (and

larger) measuring tube is thus
gr^uated in hundreds of units.

The electrolytic action is as

follows: The current is led

into and out of the meter by
platinum wire leads, one dip-

ping into the mercury anode
and the other being welded
to the iridium cathode. The
passage of the current results

in a chemical action which
removes mercury from the

anode and deposits an equal

quantity of mercury upon the

cathode, the electrolyte itself

being left unchanged. The
weight of mercury so deposited

is obviously directly propor-

tional to the quantity of elec-

tricity passed through the

meter; and this results in a

strictly uniform scale (assuming uniformity of the sectional area

of the measuring tube). The meter is reset by inverting it and
allowing the mercury to run back into the upper receptacle.

This t3rpe of meter is almost always shunt^ in order to increase

its capacity. Its polarization back E.M.F. is only about 0*0001 volt,

Fig. 416b. Ebbotrioai. Oonnbotiojts
OF Rbason Electrolytic Meter
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and thus does not introduce any appreciable error at low loads due

to departure from the correct division of current between meter

and shunt. Since the meter has a negative temperature coefficient,

a resistance, H, having a fairly large positive temperature coefficient

is connected in series with the meter before the connections are made
to the shunt (see Fig. 416b), which is usually of manganin and has

therefore a very small temperature coefficient. The series resistance

takes the form of a coil of wire, part of which is tinned iron and the

remainder constantan, and its resistance is adjusted so as to maintain

the total resistance of itself and the meter together, as nearly con-

stant as possible under all temperature conditions.

Motor Meters. These meters may be for use on direct current or

alternating current circuits
;
and in the former case they may be

either ampere-hour or watt-hour meters. In this class of meter
the moving system is allowed to revolve continuously instead of

being allowed merely to rotate through a fraction of one revolution

as in an indicating instrument. The speed of revolution is propor-

tional to the current in the circuit in the case of an ampere-hour
meter; and to the power in the circuit in the case of a watt-hour
meter. It follows, therefore, that the number of revolutions made
by the revolving portion in any given time is proportional, in the

ampere-hour meter, to the quantity of electricity supplied in that

time ; and in the case of the watt-hour meter to the energy supplied.

The number of revolutions made by the meter is recorded by a

counting mechanism consisting of a train of wheels, to which the
spindle of the rotating system is geared.

The control of speed is brought about by a permanent magnet
(brake magnet), so placed that it induces currents in some part of

the rotating system; these currents producing a retarding torque
proportional to their magnitude, which latter is proportional to

the speed of the rotating system. This system attains a steady
speed when the retarding torque exactly balances the driving torque
produced by the current or power in the circuit.

Erbors in Motor Meters. The two principal errors common or
all motor meters are friction errors and braking errors. The friction

error is considerably more important than the corresponding errot

in most indicating instruments, since it is continuously operative and
affects the speed of the rotor for any given value of current or power.
The braking action in these meters corresponds to the damping in

an indicating instrument. The braking torque in an integrating

meter directly affects the speed, for a given driving torque, and
hence affects the number of revolutions made in a given time.

Friction forces which exist when the rotor is just starting to

revolve (static friction) may prevent it from starting at all if the
load is small, and wUl cause its registration to be low at small loads.

This part of the friction torque may be assumed to remain constant
when the moving part of the meter is rotating, and may be
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compensated for by arranging for a small constant driving torque to

be applied to the moving system independent of the load. When
the meter is running normally, a friction torque is exerted which
is proportional to the speed, but this is not of great importance,
since it merely adds to the braking action.

In some meters, however, such as those of the mercury motor
t5rpe, a friction torque proportional to the square of the speed
exists, and has to be compensated for. Since the friction torque is

proportional to the load on the bearings the weight of the rotating

system should be as small as possible.

As regards errors due to variation in the braking action, it can
be seen that the steady speed of the meter is such that the

braking torque—^proportional to the speed—is equal to the driving

torque. The braking torque is also proportional to the strength of

the brake magnet. Employing symbols, we have,

Tb oc

where T^ = braking torque

^ = flux of brake magnet
i = current induced by the rotation of the moving system

in the field of the brake magnet

Now »=-
r

where e = induced voltage

r = resistance of the path of the current i in the rotating

disc

The induced voltage e cc (ftn

where n is the speed of the revolving part of the meter.

oc X ^
or . (446)

This braking torque equals the constant driving torque Tp when
a steady speed of revolution is attained. Thus, if is the steady

speed of the meter.

and TJ = T.
where TJ is the braking torque at speed N,

or Nac^.T,, ... . (446)

Hence the steady speed attained by the meter for a constant

driving torque Tp is directly proportional to the resistance of the



738 ELEGTBWAL MEASUREMENTS

path of the induced (or eddy) current, and inversely proportional

to the square of the flux of the brake magnets.

It will be realized from this how very important it is that the

strength of the brake magnet shall remain constant throughout the

time that the meter is in service. Careful design and treatment

during manufacture are necessary to ensure this constancy. In

general, the braking torque will be reduced by increase of tempera-

ture, since this will increase the resistance r. It is somewhat difficult

{F&rranii)

Fig. 417a. Ferkanti D.C. Ampere-hour Meter

to completely compensate for this reduction, but in some meters the
driving torque is also reduced by increase of temperature, and this

brings about automatic partial compensation.
In an ampere-hour meter recently placed on the market, two

very small, circular, cobalt-steel magnets are used, mounted in

opposite polarity. A magnetic shunt is provided, the permeability
of which varies with temperature so that an increase of speed of the
meter-disc of only 1 per cent is caused by a change of temperature
of 30° F.

Motob Meters for D.C. Circuits. There are two classes of such
meters

—

(a) Mercury motor meters.

(h) Commutator motor meters,

,
See Ref. (23).
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Tlie most important diflEerence between the two types is in the

method of leading current into the armature, or rotating part of

the meter. In type (a), the armature usually consists of a thin

metal disc rotating in a bath of mercury, this mercury being used
to lead the current into and out of the disc instead of the com-
mutator as used in type (6).

(a) Mercury Motor Meters, (i) Ampere-hour Type. One of the

commonest forms of mercury ampere-hour meter used in this country

Brake

^

Magnet

Spindle Dri^ring

/Magnet
Connection
through

Direction of
Induced
Current

Direction of
Braking Action

(h)

Direction of
Rotation Disc

Fig. 41 7n. Illustbatino the Pbinciple op the Ferranti
D.C. Ampere-hour Meter

for D.C. circuits is the Ferranti meter shown in Fig. 417a, the prin-

ciple of operation being illustrated by the simplified diagram 417b.

In this meter there are two link-shaped permanent magnets

—

one for driving purposes and the other for braking. These magnets
have mild steel pole-pieces fitting into circular brass plates between
which is a fibre ring of the same external diameter as the plates,

which are faced with presspahn on their inner sides. The plates and
fibre ring together form a shallow circular box, or chamber, which
contains a thin amalgamated copper disc, the latter being the

armature of the meter. The remainder of the space inside this

chamber is filled with mercury, which exerts a considerable upthrust
on the disc and reduces the pressure on the bearings. The disc is

mounted at the base of a spindle, pivoted and worWng in jewelled

cup bearings
;
the upper part of the spindle has a worm cut on it

to engage in the gear wheels of the recording train.

The current is led into the disc, through the mercury, at its

circumference on the right-hand side, and flows radially to the centre

where it passes out through the spindle via the mercury to the jewel

bearing, to which external contact is made.
A torque is produced owing to the presence of this current in the

field of the right-hand magnet, and the disc rotates as shown in

Fig. 417b. In its rotation the disc cuts through the field of the

left-hand magnet and an eddy current is indnoed in it which results
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in a braking torque as shown, this torque controlling the speed of

rotation of the disc.

As previously shown, the speed

N oo ~ TiV oc ^ D

where T^ is the driving torque.

Now, obviously,

oc I
Hence, if r and ^ are constant,

N ocl

Tjy OC the current

i.e, the speed of the disc is proportional to the current. Thus, the

number of revolutions in a given time will be proportional to the

quantity of electricity passed in that time
;

i.e. proportional to

In order to compensate for the mercury friction when the disc

is rotating, two iron bars are placed across the two permanent
magnets, one above and one below the mercury chamber. The lower

bar carries a small compensating coil of a few turns through which
the load current passes. This coil sets up a local magnetic field,

which strengthens the right-hand (or driving) magnet field and
weakens the left-hand magnet field. Fluid friction is thereby com-
pensated for.

No compensation is necessary for bearing friction, since, owing
to the upthrust of the mercury on the disc, the bearing pressure is

very small.

Kg. 418a shows the construction of the Chamberlain and Hook-
ham ampere-hour mercury meter, and shows also a typical load

characteristic for such a meter. The principle is the same as that

of the Ferranti meter, except that only one permanent magnet is

used ; this producing both the driving and braking torque.

Compensation for fluid friction is provided by an iron bar, wound
with a coil in series with the load, the bar being in parallel with the

air gap of the permanent magnet. The effect is to reduce the flux

of the latter on heavy loads and, since the braking torque is pro-

portional to the square of the flux, while the driving torque is directly

proportional to the flux, the result is an increase in the driving torque
relative to the braking torque.

(ii) WaU-hour Mercury Meters. The construction of the Chamber-
lain and Hookham type of mercury watt-hour meter is shown in

Pigs. 418b and 418o. In this meter there is an electromagnet K
which carries two magnetizing coils connected—^in series with a
resistance—^across the supply mains, so that the current through
them is proportional to the voltage. This magnet is situated under
the mercury chamber containing the aluminium disc-armature A,
Above this disc is an iron ring Q which completes the magnetic
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circuit of the electromagnet and causes its magnetic field to be
perpendicular to the disc. This disc has radial slots cut in it in

order to ensure radial flow of the current in it, this current being

led into and out of the disc through mercury contacts at diametric-

ally opposite points. These slots prevent the same disc being used

Fig. 418b. Chamberlain and Hookham Mercury
Watt-hour Meter

for braking purposes, so that another aluminium disc 0 is used

—

mounted on the same spindle—in conjunction with a permanent

magnet for this purpose.

Within the small limits of variation of voltage to be expected on

an ordinary supply system, the flux of the electromagnet may be

assumed to be strictly proportional to the current through the

magnetizing coils, i.e. to the voltage. Hence, since the torque driving

the armature is proportional to the product of the current throu^
it and the flux of the electromagnet, this torque is directly prop^-
tional to the watts in the circuit. The braking torque is obviously
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proportional merely to the speed of the armature, and so the steady
speed of rotation is proportional to the watts, and the number of

revolutions to the watt-hours supplied—i.e. to j*Eldt.

CJompensation for fluid friction at high speeds of revolution is

provided by taking one or two turns of the current lead round the

{Chamberlain and Uookham)

Fio. 418c. Mercttky Watt-hour Meter

poles of the electromagnet, so that its field is strengthened thereby
when the load is heavy.

Other types of mercury watt-hour meters differ little from this

type in construction.

It should be stated here that the mercury type of meter is much
more common than the commutator type for use as watt-hour meters.

In calibrating meters of the above type, there are several adjust-

ments which can be made. Adjustable magnetic shunts are often
fitted in the case of ampere-hour meters, so that the field strengths

of the permanent magnets may be varied. The calibration of watt-
hour meters may be varied by adjustment of the position of the
brake magnet to give a greater or less braking torque and also by
vaHation of the position of the electromagnet.

Lai^e alterations of the calibration can be made by var3nng the
gear ratios in the recording train, a large number of spare gear
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wheels being usually stocked in meter-testing laboratories for this

purpose. ^

(6) Commutator Meters. Fig. 419 illustrates the principle of a
common type of commutator watt-hour meter, namely, the Elihu-

Thomson meter.

These are two fixed current coils, each consisting of a few turns of

Commutator

Compensating
Cot!

Supply

'YCunnent CoH
Pressure^
CoU I Load

Fia. 419. Elihu-Thomson Commutator
Watt-hour Meter

heavy copper strip. These produce a magnetic field whose strength

is proportional to the load current
;

in this field rotates the arma-
ture, which carries a number of coils connected to the segments of

a small commutator. The armature coils are wound upon a non-
magnetic former, and are connected, through brushes pressing on
the commutator, and in series with a suitable resistance, across the
supply. The commutator is of silver and the brushes are silver-

tipped, the object being to reduce friction.

A compensating coil is also connected in series with the armature,
and is so placed that it strengthens the magnetic field of the current

coils when the pressure-coil, or armature, current flows through it.

The object of this coil is to compensate for friction, and its position

is adjusted so that the armature just fails to revolve when no load

current is flowing, the shunt coils being energized.

The armature carries a current proportional to the voltage of the

circuit, and the torque, which is proportional to the product of this

current and the flux produced by the current coils, is thus propor-

tional to the watts in the load.

The braking torque is provided by mounting an aluminium disc

on the spindle, so that it runs in the air gaps of two permanent
magnets, as shown. As in the mercury meters, the brak^ torque,

due to the eddy currents induced in this disc, is proportional to the
speed of the disc. Hence, the steady speed attained by the revolving

system of the meter is proportional to the watts in the load.

Commutator^meters are far less commonly used as house service

meters than the mercury type. The advantages of the latter are
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greater simplicity in construction
; smaller voltage drop across the

meter; the capacity for carrying a considerably greater current
without shunting; and also small starting friction, owing to the
very small pressure on the bearings as a result of the upthrust of
the mercury on the rotating system.
The Grassot Fluxmeter as a Quantity Meter. The author has

described (Ref. 25) the use ofthe Grassot Fluxmeter for the measure-
ment of a small fraction of an ampere-hour passing through a circuit

in (say) a few seconds. In such a case neither an ampere-hour meter
nor a Ballistic Galvanometer can be used
successfully. The fluxmeter is used in

conjunction with a suitable shunt in the

current circuit as shown in Fig. 419a.
When the key is closed on contact h the
fluxmeter is short-circuited and the move-
ment is brought quickly to rest owing to

the electromagnetic damping action.

At the beginning of the time interval T
during which the quantity of electricity to

be measured is passed through i?,, the
key K is moved from 6 to a and is

returned to 6 at the end of the interval. The quantity of electricity
is determined by multiplying the fluxmeter deflection which ensues
between the two movements of the key K by a constant whose
value depends upon that of and upon the constants of the
fluxmeter itself.

Theory. Let I = current in the main circuit ; i = current in the flux-
meter circuit at any time during the measuring period; Lg = inductance of
the shunt Rg ; R and L ~ resistance and inductance of the fluxmeter circuit.
eg and Cf are as defined on page 348.

d{I ~ i)

dt

where K is the fluxmeter constant and — the angular

Then, c, = (/ - i) L.

Now, e-

velocity of its coil.

Since i is very small Ri is negligible and I -i 1 (very nearly)

•••

Integrating with respect to t we have

4- Z,
"

^’dty
- ~ Jo -dt

s.JJ'm + l.fj-il . + Ljy
K^.dt + JJl dt

/g and I

I

are final and initial values of the- current in the nuRin circuit, and
(both zero) are corresponding values for the fluxmeter circuit, while fl, and
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$1 axe the final and initial values of the fluxmeter deflection. If L, is small we
may write

n, Hldt = - e,)
^0

or,

* rT
•, / Idt, which is the quantity to be measured, is given by
Jo

R.

It can be shown (Ref. 25) that K where h is the number of

flux linkages per unit deflection of the fluxmeter.

Motor Meters for A.C. Circuits. For A.C. circuits the com-
mutator type of meter could be used, but not the mercury type.

The errors to which the commutator meter would be subject, if so

used, would be the same as those of tlie dynatnometer wattmeter,
since their principles of operation are essentially the same.

Induction type meters are, however, almost universally used for

A.C. energy measurements, since they possess the definite advan-

tages, as compared with the commutator type, of a higher

ratio, and the absence of a commutator with its accompanying
friction. The induction

type is therefore more
accurate than the com-
mutator type on light

loads. The principle of

these meters is almost

exactly the same as that

of the induction watt-

meter. The construction

also is very similar, except

that the spring control

and pointer of the watt-

meter are replaced, in the

energy meter, by a brake

magnet which induces

eddy currents in the disc

(which now revolves, in-

stead of rotating through

only a fraction of a re-

volution as in the wattmeter), and by a recording train of wheels

driven by a worm on the spindle of the meter.

Singh-phaae Indiiction Type WatUhour Meter. The construction

of a typical meter of this type is shown in Fig. 420a, the brake-magnet
and recording wheel-train being omitted for clearness. It can be

seen that there is little difference in construction between this

(Metropolitan- Vickers Elec. Co., Ltd.)

Fig, 420a. Metropolitan-Vickers Type
NA Single-phase Watt-hotjr Meter
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instrument and the induotion wattmeter illustrated in Mg. 406
(previous chapter). The chief alterations are the provision of only

one pressure coil, upon the centre limb of the “shunt” magnet,

and only one copper shading band upon this limb. In addition,

there are two copper bands placed obliquely on fche other two limbs

of this magnet, their purpose being to compensate for friction in the

meter.

Fig. 420b shows the con-

struction of the moving element
of a single-phase watt-hour
meter manufactured by Aron
Electricity Meter, Ltd.

In considering the theory of

the meter, it should be observed
that, since the disc is revolving

continuously when on load,

E.M.F.s will be induced in it

dynamically, as it cuts through
the flux of the two electro-

magnets, in addition to the

statically induced E.M.F.s due
to the alternating flux in these

magnets . The full-load speed of

rotation in most meters is, how-
ever, only about 40 r.p.m., and
as this is small compared with
the speed of alternation of the
static flux (corresponding—say
-to a frequency of 50 cycles

per second), the torque corre-

sponding to the eddy currents

dynamically induced in the
disc will be very small com-
pared with the operating torque
corresponding to the statically

{Ar<m Electricity Meter, Ltd ) induced eddy Currents.

Fig. 420b. Moving Element op Neglecting, for the present,
Aron Single-phase Meter friction in the meter, and

assuming that the flux of

the “shunt” magnet lags by exactly 90^* in phase behind the applied
voltage, we have, following the theory of the induotion wattmeter,

Operating (or driving) torque cc El cos <j)

where E and I are the virtual values of voltage and current in the
circuit respectively, and ^ is the phase angle between them. This
torque is thus proportional to the power in the circuit.

Now, the retarding torque of the eddy-ouwent brake has been
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Tg, we have

or

shown to be proportional to the speed of revolution of the disc, i.e-

T^ocN
where N = speed of revolution.

Hence, since for a steady speed the driving torque Tj^ is equal to

N cc El cos <j>

Power oc speed of revolution

Thus the total number of revolutions, which equals j*Ndty is

proportional to / El cos
(f)

.dty i.e. proportional to ‘ the energy
supplied. J
The voltage and frequency of the supply circuits upon which these

meters are principally used are sufficiently constant for errors due
to variations of these quantities to be negligible.

Meteb Phase Error. As pointed out when considering the

induction wattmeter, the object of the copper shading band on the
shunt magnet is to produce a phase displacement of exactly 90""

(assuming the flux of the series magnet to be in phase with the load

current) between the flux of this magnet and the applied voltage.

An error due to incorrect adjustment of the position of this

shading band (resulting in an incorrect phase displacement between
the voltage and shunt magnet flux) will be evident when the meter
is tested ion a load whose power factor is less than unity. An error

on the “fast’’ side under these conditions can be eliminated by
bringing the shading band farther down the limb of the shunt magnet
(i.e. nearer to the disc).

An error in the speed of the meter when tested on non-inductive

load may be eliminated by adjustment of the position of the brake

magnet, a movement of the poles of this magnet towards the centre

of the disc reducing the braking torque, and vice versa.

The full load current, the supply voltage, and correct number of

revolutions of the disc per kilowatt-hour, are marked on the name-
plate of the meter.

Example. For a 20 amp. 230 volt meter, the number of revolutions per
kWh. is 480. If, upon test at the full load (4,600 watts), the disc makes 40
revolutions in 66 sec., calculate the error.

In 1 hr. at full load, the meter should make 4-6 x 480 revolutions.

This correisponds to a speed of ^ ~ — 36*8 r.p.m.

40

36-8

60

Thus the correct time for 40 revolutions ^ X 60 — 65-2 sec.

0*8
Tinae taken is 0*8 sec. too long, and the meter is X 100 = 1-2 per

cent slow.

Friction Compensation. The two shading bands embrace the

flux contained in the two outer limbs of the shunt magnet, and thus

eddy currents are induced in them which cause a phase displacement

between the enclosed flux and the main gap-flux. As a result, a
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small driving torque is exerted on the disc, this torque being ad-

justed, by variation of the positions of these bands, to compensate
for friction torque in the instrument.

To check the correctness of this friction compensation, the meter
is tested on a light load, under which conditions it should run at the

correct speed if the compensation is correct. Care must be taken to

ensure that the compensating torque is not so great as to cause the

meter to run when no load current is flowing
;

i.e. when only the

shunt magnet flux exists.

Creep. In some meters a slow, but continuous, rotation is ob-

tained when*the potential coils are excited but with no-load current

flowing. This may be due to incorrect friction compensation, to

vibration, to stray magnetic fields, or to the fact that the voltage

of the supply circuit is in excess of the normal.
To prevent such “creeping,” two holes, or slots, are cut in the

disc on opposite sides of the spindle. The disc tends to remain
stationary when one of the holes comes under one of the poles of

the shunt magnet.
In some cases, a small piece of iron wire is attached to the edge

of the disc. The force of attraction of the brake magnet upon this

iron wire is sufficient to prevent continuous rotation of the disc

under no-load conditions.

Effect of Temperature Variation. The errors introduced by varia-

tions of temperature of an induction meter are usually small, since

the various effects produced tend to neutralize one another.

Thus, increase of temperature increases the resistance of the

eddy-current paths in the disc, and this reduces both the driving

and braking torques. Again, the resistance of the pressure coil is

increased with increase of temperature, so that it takes less current,

resulting in a reduced flux in the shunt magnet. This reduces the
driving torque, but the flux from the brake magnet is also reduced
by increase of temperature, and so these effects tend to neutralize

one another.

On non-inductive loads the temperature error is certainly neg-

ligible
; on inductive loads, however, especially in the case of large

whole-current meters, the error may be of considerable importance.
Polyphase Watt-hour Meters of the Induction Type. As in the case

of power measurement with a two-element wattmeter, the energy
supplied to a three-phase circuit may be measured by a double-

element meter of the induction type, each element being similar in

construction to the single-phase meter.

There are two discs mounted on the same spindle, and two separate

brake magnets; the spindle drivps a single counting train. In
addition to the phase adjustment and friction compensating device

in each element, one of the elements has an adjustable magnetic
shunt across its shunt magnet, in order that the driving torque for

the same watts may be made the same in the two instruments. In
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carrying out this adjustment, the two current coils of the meter are

connected in series, and the two pressure coils in parallel, the polari-

ties being such that the two driving torques are in opposition.

Adjustment of the magnetic shunt is continued until the metey
ceases to rotate with full-rated watts supplied to both elements.

The adjustments for phase displacement, friction compensation,

(EdUon-Swan)

Fig, 421a. The Construction of a “Sangamo'* Type H.E.
Polyphase Meter

and for the correct position of the brake magnets are made upon
the two elements separately, a single-phase circuit being used.

The adjustment of the brake magnet positions must be carried out

on the two elements alternately, since both magnets are operative

in producing the braking torque. Both shunt elements should be

energized meanwhile, to allow for interaction.

If the phase compensation is not carried out exactly in each

element it may happen that, taken together, the two errors neutralize

one another when the load is balanced, giving a net error of zero.

Since^ however, this condition does not hold for all loads, whether
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balanced or not, it is essential to observe certain conventional rules

with regard to the connections of the meter so that it m&y, when
in service, be connected in the same way as when under test.

In the B.S.I. Standard Specification (No. 37 (1929) )
for elec-

tricity meters a standard system of marking the terminals is laid

down, in order that the correct connections may be made. The
three lines of the three-phase system are designated the “white,’

“blue,” and “red” lines respectively, the white phase leading the

blue by 120°, and the blue leading the red by the same angle. The
specification states that in the upper element the current coil shall

be connected in the blue phase and the current coil of the lower

(dement in the red phase. The current in the upper current coil

therefore leads that

{Edison-Swan)

Fio. 421b. Connections op a, Two-phase
Fotm-wiRB Meter

in the current coil

of the lower ele-

ment by 120°.

The connections

to these polyphase
meters are the same
as those employed
in the two-watt-
meter method of

measuring three-

phase power. Fig.

421a shows the

construction of a
polyphase meter,

while Fig. 421b
gives the connec-

tionsof a two-phase
/ four-wire meter.

A Clock Meters. The most important meter of this type is the Aron
clock meter. It has the advantages of being unaffected by ex-,

temal magnetic fields and of being comparatively free from frequency
and wave-form errors, especially if its pressure coil circuit is made
as far as possible non-inductive. It is especially useful when the
power factor of the circuit in which the energy is to be measured is

high. The meter will register accurately on very low loads, but its cost
and somewhat complicated construction have prevented its use as a
house service meter. It can be used on either A.C. or D.C. circuits.

Princiblb of Operation. The connection diagram of Fig. 422
illustrates the principle of the meter. There are two similar flat

circular coils Pj and P2 carried at the bottom ends of two pendulums
which ajre continuously driven by clockwork, the latter being wound
electrically. These coils are connected in series with one another,
and with a high resistance, having a very small temperature co-
efficient across the line. They thus carry a current proportional to
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the line voltage. Obviously this circuit must be non-inductive, and
must not vary in resistance appreciably with varying temperature,
if this proportionality is to remain constant under all conditions of

frequency and temperature.
Beneath each of these pendulum coils is a fixed current coil

(Oi and C2), these being connected in series with the line and being
wound so that their magnetic fields are in opposite directions—^i.e.

one upwards and one downwards.
When no line current is flowing, the two pendulums, which are

of exactly the same length, swing at the same rate
;
but if a current

flows through Ci and Gq one of these coils exerts a force upon its

adjacent pendulum which reduces the speed of the latter and the

Fig. 422 . Connections of Aron Clock Type Meter

other coil causes the speed of its adjacent pendulum to increase.

This can be seen from the following

—

The time of swing of a pendulum, whether simple or compound,
may be written

where A; is a constant depending upon the dimensions of the pendu-
lum and gr is the acceleration due to gravity.

Thus, the number of swings per second, N, for each of the pen-

dulums when swinging freely is given by

N = jrVg where ^ |
The effects of the magnetic fields of coils and C2 are to produce

forces + F and - F acting, one up and one down, upon the pendu-
lums adjacent to the coils Let + a and - a be the correspond-

ing accelerations. Then the rates of swing of the two pendxilums

will be

N, = xvf+^ = 1 +

^

Ng = Ky/g-a — KVgJl -

^

and
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Thus, iVi - = KV^ 1 + ey
_
^

1 _
J

. . . (447)

_( a iA/ay n
^-g 2 l[g) 3 2. l[g)

’
’

jj

Neglecting all terms of this senes except the first, since - is a
small quantity, we have ^

N,-N,^KV~g.^=^ (448)
9 Vg

Now the acceleration is dependent upon the ampere-turns on
the coils Pj Pg and Gj and Cg, and upon the dimensions and relative

positions of the coils, so that we may write

a = k' . Aj, . Ac

where k* is a constant and Aj, and Ac are the ampere-turns on the

pressure coils and upon the current coils respectively.

Thus, N,-N,^^A^Ac=^K'A^Ac
Vg

= K'\ic .... (449)

where K' and K" are constants, the latter including the product of

the number of turns on a pressure coil and of a current coil, ij, and
ic are the currents in the pressure and current coils respectively.

The product is proportional to the instantaneous power in the

circuit, if these currents are instantaneous, the assumption being
made that tp is directly proportional to the voltage of the circuit.

The difference between the rates of swing of the two pendulums is

therefore proportional to the power in the circuit. By means of a

differential gear this difference in rate is integrated so that the energy
supplied to the circuit is recorded by a train of wheels and dials in

the usual way. It should be noted that in the above discussion the

natural periods of swing of the two pendulums are assumed to be
exactly equal. Actually such exact equality is difficult to obtain,

and arrangements are made to eliminate error due to lack of such
equality, as described later.

Constructional Details. The two pendulums drive two trains

of wheels each ending in a bevel wheel. These two bevel wheels run
loose on a spindle and their bevelled sides face one another. Be-
tween, and engaging with these two wheels, is a small planet wheel
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which is carried on an axle rigidly attached to and perpendicular to,

the spindle upon which the bevel wheels are loosely mounted (see
Fig. 423b). This spindle drives the recording train of wheels, so

Fig. 423a. Abon Clock Meteb Clock Meter

that if the axle bearing the planet wheel is caused to rotate the

spindle rotates and the recording train is driven.

If the two pendulums swing at the same speed, the two bevel

wheels rotate in opposite directions at the same speed
;

the planet
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wheel rotates on its axle, but the axle itself remains stationary.

If, however, the pendulums swing at different rates, the bevel

wheels rotate at different rates and the axle of the planet wheel is

driven round, producing a rotation of the spindle and a movement
of the recording train of wheels. The speed of rotation of this

spindle—and hence the speed of the recording wheels—^is propor-

tional to the difference in speed of the bevel wheels, i.e. to the differ-

ence in the rates of swing of the pendulums, and therefore, to the

power in the circuit.

Because of the difficulty of obtaining exactly equal natural periods

of swing of the two pendulums the direction of current in the

Winding
G^an

Fig. 424 . Diaobam of Connbotions of a Two-wire Aron
Clock Meter

pendulum coils is automatically reversed every 10 min., there being

two alternative trains of driving wheels so that the drive from the

differential gear can be thrown over at the same time (otherwise

the meter would read backwards when the current direction was
reversed).

By this means error due to inequalities in the two natural periods

is avoided.

The mainspring which drives the pendulums is wound electrically

twice a minute by an automatic arrangement (see Fig. 423o). This

is accomplished by an electromagnet which attracts a small armature
attached to the end of the spring. This electromagnet only comes
into operation, for an instant, when the spring is run down, when a
contact is made which energizes the magnet. The use of such an
arrangement avoids a continuous waste of power.

Fig. 424 gives the complete diagram of oonneotions for an Aron
meter when used on a two-wire circuit, while Fig. 425 gives the
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connections when the meter is used, (a) on a three-phase three-wire
circuit, and (6) on a three-phase four-wire circuit- In the latter case
there are three fixed current cods, the pendulum coils being sus-

pended midway between the two adjacent current coils and being
affected by both of the latter.

(b)

Fig. 426 . Connections of Abon Clock Metbb
(a) Threo-wire circuit. (6) Four-wire circuit.

Summation Metering, In the case of bulk supplies, where several

separate feeders distribute the total power from a generating station,

summation methods are employed for the measurement of the total

energy supplied, as discussed in the previous chapter in connection

with the measurement of power under similar circumstances. When
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the total energy is to be measured, the wattmeters used in the

summation methods of measuring power are replaced by watt-hour

meters, the connections to the various supply circuits being similar

in the two cases. The whole question of the arrangements for

summation metering is, however, far too large to be discussed more
fully here, and the reader is referred to the publications mentioned
in Refs. (4), (8), (10), (11), (20), for fuller information on the subject.

Meter Testing. The testing of meters for commercial work has

been standardized by the provisions of the Electricity Supply
(Meters) Act, 1936. The Electricity Commissioners have issued a

series of papers* which contain details of the methods of testing

which should be employed and the approved apparatus which
should be installed in meter-testing stations for the purpose of

carrying out such tests. These papers should be studied by the

reader who is interested in the subject of meter testing. Only a few
of the more important provisions can be given here.

Dealing with the approved apparatus first, this is listed as

follows

—

Standard Apparatus.

D.C. potentiometer.

Substandard Apparatus.

() Indicating wattmeter.

() Rotating meter.

(c) Ammeter.
{d) Voltmeter.

(e) Electrolytic amt)ere-hour meter.

Time Standard.

Ship’s chronometer or pendulum-type clock.

Time Substandard.

Stop-watch or other suitable timing device.

It is laid down that the potentiometer shall be tested at intervals

at the National Physical Laboratory, and that the other apparatus
shall be tested against a standard D.C. potentiometer or against

substandard indicating instruments at stated intervals.

Specifications are given for the approved apparatus, and these

include constructional requirements and allowable accuracy limits.

E.g. Electricity Supply (Meters) Act, 1936: Approved Apparatus for

Testing Stations, etc.; Explanatory Memorandum concerning the Testmg
of Electricity Meters; the Apparatus Approved for Use in Meter-testing
Stations, etc.; Further Explanatory Notes concerning the Testing ana
Certification of Electricity Meters, etc. ; Supplementary Notes in Amplifica-
tion of the Explanatory Memorandum, etc. (Fublished by H.M. Stationery

‘ Office.)
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Methods of Test, For motor meters, three methods of test are

given

—

Method A
Long-period dial tests, using substandard rotating meters.

Method B
() Tests (other than long-period dial tests) using substandard

rotating meters.

() One long-period dial test.

Method C
(a) Tests by substandard indicating instruments and stop-

watch.

(d) One long-period dial test.

It is laid down that “Method C alone is to be used for testing

direct-current motor meters.”
All meters are to be tested (a) at the lowest percentage of their

marked current specified in the limits of error for meters of their

class under the Electricity (Supply) Acts
;

(b) at one intermediate
load

;
and (c) at the highest percentage of marked current specified

in the limits of error.

In the case of A.C. meters, they are also to be tested at marked
current and marked voltage at 0*5 power factor lagging.

Watt-hour meters must also be tested for “ creep by applying

10 per cent overvoltage to the pressure coil, the main circuit (cur-

rent-coil circuit) being open. The meter must not run under these

conditions.

It will be observed that the testing engineer has the fiberty of

choice between the above three methods of test (in A.C. meters),

but all three methods involve at least one dial test.

D.C. Meters. All supply meters of the motor type have a meter-
constant marked on them. This constant is expressed in ampere-
seconds per revolution or in revolutions per kilowatt-hour. The
full load current and line voltage for which the meter is intended
are also stated. From these data the number of revolutions per

minute which the meter should make when tested with a certain

fraction of its full load can be calculated. The number of revolu-

tions per minute which it actually does make when tested at this

load is then observed and the error (if any) deduced therefrom.
Thus, if Z is the constant of the meter, the number of revolutions

per minute which it should make when tested at some fraction “a*’

of its full load is given by
K,aW

60

where W is its full load in kilowatts.

An example illustrating such a test is given on page 747.

As an alternative to the above method of testing, a standard

35~<r-57O0)



(6)

(MdiaoHf>^Swan)

Fio. 426. “Sanoamo” Rotating Stanbabd Tmt Mbtibb
<«) External view. (4) btenai Ttow.
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watt-hour meter is soiUetimes used instead of timing a definite

number of revolutions of the meter under test with a stop watch.
In such cases the current coil of the standard instrument is con-

nected in series with that of the meter under test, and their pressure
coils are connected in parallel. This ensures that the power operating
the two meters is exactly the same. The standard meter records
single revolutions and is readable to a small fraction of a revolution.

An arrangement is also fitted so that the register of the standard
can be instantaneously started and stopped.
A rotating standard manufactured by the Sangamo Co. (Edison-

Swan) is illustrated in Fig. 426. Specifications for such rotating

standards are given in the Electricity Commission’s paper on
“Approved Apparatus.”
The procedure, after adjusting the load to the required value, is

to allow the meter under test to make a certain number of revolu-

tions, and to observe the number of revolutions made by the
standard in the same time.

If the constants of both meters are the same, the error in the
meter under test can then be obtained directly.

If the constants are unequal,

Let Kx = No. of revolutions per Idlowatt-hour for the meter
under test (nominal value)

Ks = No. of revolutions per kilowatt-hour for the standard

Nx — No. of revolutions made in a certain time during the

test by the meter under test

Nx “ No. of revolutions made by the standard in the same
time

Then, the energy indicated by the test meter in the time of the
test

=^ (kWh.)

and that indicated by the standard

= |-» (kWh.)

These should obviously be equal if the meter under test is correct.

If not, the error is given by

Nx N
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In order to ensure that the meters have attained a steady tem-

perature by the time the test is made, it is necessary that they shall

be connected in circuit, with the load on, for some 15 to 30 min.

before making the test.

The advantages of this method of test, as compared with

the method using a stop-watch, are that errors introduced by
the latter are avoided and also that variations in the load dur-

ing the time of test affect both meters equally and are therefore

unimportant.
Dial Tests. In addition to the short-time tests described above, it

is usual (and is required by the Electricity Commissioners in com-
mercial testing) to carry out a ‘‘dial” test extending over an hour or

more with the load maintained constant at its full value, in order to

check the gearing and ensure that the readings given by the recording

train are correct.

This test gives an opportunity of discovering errors due to self-

heating, and it is usual, at the end of such a test, to repeat the short

time test at full load to investigate the effect of this heating upon
the rate of revolution of the disc.

Other Tests. The B.S.I. Standard Specification states that a
meter should start at one-hundredth full load and also that it should
not run when a pressure of 10 per cent over the normal is applied,

the load current being zero. Tests must be made, extending for at

least ten minutes, to ensure that a meter complies with these require-

ments in addition to those regarding errors for which the foregoing

tests are carried out.

or Fictitious Loads. When the capacity of a meter
under test is high, a test with the ordinary loading arrangements
would involve a considerable waste of power. To avoid this “phan-
tom,” or “fictitious,” loading arrangements are employed. These
consist in supplying the pressure circuit from a circuit of the required

(normal) voltage, and the current circuit from a separate low-voltage

supply. This means that the total power supplied for the test is

that due to the small pressure-coil current at normal voltage, plus

that due to the load current at a low voltage
;
and the total power

supplied is therefore only a comparatively small amount.
If a high-capacity meter is to be tested whilst in service, the

pressure coil is supplied from the line in the normal way, but the

current-coil is removed from the consumer's load circuit and re-

placed by a short-circuiting connection. The current-coil is then
supplied from a battery or low voltage source for purposes of

testing.

A.C. Metbe Tests. In testing A.C. meters, it is not only necessary

1>o vary the voltage and load current, but, in addition, the relative

phases of the two quantities must be altered
;

in other words the

power factor of the load must be variable also. Variation of power
factor may be brought about by making up the load circuit with
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variable resistances, inductances, and capacities, and adjusting
these as required. This method is, however, inconvenient in most
cases, since it involves the waste of the power in the load and
necessitates several fairly expensive pieces of apparatus, these
objections being particularly apparent if the capacity of the meters
is high.

For this reason the load employed for testing purposes is usually
a fictitious one, as in the case of D.C. meter testing. Provision must,
of course, be made for varying the phase of the current in the
current circuit relative to that of the voltage circuit in addition to
the variation of the magnitude of the current.

This phase of the current is usually altered in one of two ways:
either by using, as supplies, two similar alternators coupled together,

and driven by a motor, with the stator of one of them capable of

rotation through any desired angle relative to the position of the
stator of the other, or by using a phase-shifting transformer. In the
former case one alternator supplies the pressure coil circuits of the
meters under test, and the other supplies the current-coil circuits,

a step-down transformer being used to obtain the (possibly) heavy
currents required for the current coils. By moving round the stator

of the alternator supplying the current, using a worm-wheel and a
graduated circular scale, the phase can be altered relative to that

of the voltage. The angle through which the alternator stator is

moved gives a measure of the phase angle between current and
voltage. The frequency of both current and voltage is, of course,

identical, since the two alternators are direct coupled.

When a phase-shifting transformer is used, instead of a motor-
alternator set, the stator must be supplied with two- or three-phase

current in order to produce a rotating field, or, if the supply is

single-phase, a phase-splitting device must be used. The phase of

the current induced in the rotor of the phase-shifter can then be
altered as required by rotating the latter through the appropriate

angle.

The magnitude and power-factor of the load having been adjusted

according to the requirements of the test, the errors of the meters

under test can be obtained either by timing a certain number of

revolutions—the load being measured by an indicating wattmeter

—

or by comparing their rates of revolution with that of a standard

watt-hour meter connected so as to measure the same load.

If the power-factor adjustment of a meter has been made, at

some high value of the power factor, so that the error of the meter
is zero, no error, due to power-factor variation, will be observed at

the lower power factor. If, however, the adjustment has been made
so that the error is (say) 0*5 per cent at 0*8 power factor, it will be

found that the error due to this cause at 0*1 power factor is more
than 6 per cent. This will be explained by a reference to the cor-

rection curves given in Fig. 386 in the preceding chapter.
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Single-phase Meters. Fig. 427 shows the connections for the

testing of a single-phase meter X, using two coupled alternators

Ai and A^ for the supply to the pressure and current-coil circuits

respectively. The stator of A^ is capable of rotation for phase

variation. A^, is connected first of all to a step-down transformer

T whose secondary then supplies the current coils of the two meters

X and S\ the latter being either a sub-standard indicating watt-

meter, or a standard watt-hour meter, according to the method of

test employed. The variable resistance R is for adjustment of the

current in the current-coil circuit. V and A are a voltmeter and
ammeter for the measurement of the load voltage and current. A

phase-shifting transformer may, of course, be used instead of the

two alternators. The “equalizing lead’’ shown is necessary when a

fictitious load is used, in order to ensure that the potential ^fference
between the current and pressure coils of the meters is zero, as it is

when they are in service.

When several single-phase meters are being tested as above, it

is necessary, first, to disconnect the links connecting one end of

their current coil to one end of the shunt coil.

Polyphase Meters. Pig. 428 gives a diagram of connections for

testing three-phase three-wire meters. In this case there is a three-

phase supply. This is used for two purposes: (a) to supply the

stator of a phase-shifting transformer, (6) to supply three step-down
transform^s, two of whose secondaries supply the current coils of

the meter. A regulating choke coil is connected in the primary
circuits of these three transformers. The rotor of the phase-shifting
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transformer supplies two auto-transformers having variable secon-
dary tappings. These supply the pressure-coils of the meters, the
latter consisting of a double standard wattmeter and one or more
meters to be tested. These are connected as shown, A^y and
^3 axe ammeters and Fj and F2 voltmeters, for adjustment of the
load.

Meters used for Special Purposes. In addition to the forms of
supply meters described above, there are several special forms of
meter, the use of which has been mjuie necessary by the various

Transfonmens

Fig. 428 . Connections eor the Testing oe Thbeb-phase,
Three

-

wiKE, Meters

existing methods of charging for electrical energy. Thus, there are

‘‘prepa3ment’’ meters, which are fitted with a coin box and a

prepayment mechanism, and are arranged so that only a limited

amount of energy can be obtained after the insertion of a coin.

Such meters are used for the metering of supplies to premises of

which the tenants change frequently—when the settlement of

accounts may become a matter of some difficulty—or when a con-

sumer prefers this method of payment to the more usual quarterly

account system.

The adoption, by supply companies, of tariffs which penalize a
consumer who makes periodic heavy demands of power on the

system, or whose load has a low power factor, has led to the use
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of “maximum demand indicators,’’ and of meters for the measure-

ment of kilovolt amperes. A supply company is bound to install, in

its power station, plant of a considerably greater capacity than that

required for the supply of the normal load on the station, on account

of the sudden heavy demands which may be made by some consumers
at certain periods. This means that there are considerable interest

charges on the capital invested in such “reserve” plant, and it is

only just that consumers, whose heavy demands of power have to

be met by it, should be charged an extra amount in addition to

the charge made on a lower rate of so much per unit, the latter

being equivalent to the generation cost, plus a small profit. Maxi-
mum demand indicators are for the purpose of assessing this extra

charge.

Again, consumers whose load has a low power factor require a

much larger current, for a given amount of real power required,

than would be necessary if their power factor were high. These
increased current requirements necessitate the use, in the power
station, of generators of a correspondingly high current-capacity,

and also cause the copper losses in machines and distribution lines

to be high. Thus, low power factor results in increased running
costs to the supply aifthority, and again, it is reasonable that a
consumer should be charged extra to compensate for the increase

in costs for which his low power factor is responsible.

Wattless-power meters and kilovolt ampere meters are both used
in connection with tariffs which take the consumer’s power factor

into account. In the first case a measure of the consumer’s departure
from unity power-factor is obtained directly. In the case of kilovolt

ampere meters, a record is obtained of the product of volts and
amperes in the circuit and the charge, in the maximum-demand
system of charging, is often based upon this product rather than
upon the actual maximum power demand. In such cases a con-

sumer’s bill is increased if his power factor is low, since the volt-

amperes taken by his load will be higher for a given amount of

power than if his power factor had been high.

Prepayment Meters. Essentially, these are not a special type
of meter from the point of view of principle of operation, but consist

of meters of one of the types described above, in which is incor-

porated a device which causes the load and meter circuit to remain
open until a coin is inserted in the mechanism, thus closing a switch

in the meter, which automatically opens the circuit again after a
certain definite amount of energy has been supplied subsequent to

this insertion.

Many different types of mechanism are employed by the various

manufacturers in order to produce the operation required. These
do not, however, merit individual description here. The principal

requirements of such meters are—
(a) The switch regulating the opening and closing of the supply
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circuit must make good contact and must operate correctly after
an amount of energy corresponding to that prepaid for has been
supplied.

(6) The meter must be proof against interference by any but
authorized persons.

(c) The coins inserted must not jam.
(d) The meter must be capable of easy adjustment in the case of

alteration of the price per unit.

(e) The manipulation by the consumer must be of a simple
nature.

(/) Allowance must be made in the operating mechanism for the
fact that all the coins inserted will not be of the same weight and
thickness.

(0 The number of coins which have been inserted should be
indicated.

Figs. 429a and 429b show the construction of several types of

prepayment meters.

Maximum-demand Indicators. The chief requirement of these

indicators is that they shall record the maximum power, or rate of

using energy, taken by a consumer during any particular quarter

;

the charge for the quarter being then based upon this maximum
demand, as well as upon the total number of units consumed. In
order that momentary heavy demands shall not be taken into

account, and the consumer penalized, it is also necessary that the

indicator shall only record the average power over successive pre-

determined periods, such as half-hours. Such indicators may either

take the form of a separate instrument, or may be in the form of an
attachment to a motor- or clock-type meter of the ordinary kind.

Wright Maximum-demand Indicator, This was one of the earliest

demand indicators to be introduced. It indicates the maximum
current taken by a consumer, the voltage (and power factor, if used
on A.C.) being neglected. The principle of this instrument is illus-

trated by the line drawing of Fig. 430a, and the actual construction

by Fig. 430b.

The indicator is essentially a differential air thermometer. It

consists of a glass U-tube whose upper ends are closed by two bulbs

of similar capacity, as shown. One of these bulbs is surrounded by
a metal heater strip through which the current in the supply circuit

flows, heating the air inside this bulb as it does so. Near the upper

end of the other limb of the tube, and just below the bulb closing it,

is a side tube leading to a narrow bore index tube alongside which is

a scale. The U-tube contains sulphuric acid—chosen because of its

small coefficient of expansion and other suitable physical properties

—which acts as an indicator. When the indicator is set, initially,

the right-hand imb of the tube (Fig. 430a) is filled with sulphuric

acid up to the level of the branch tube. Acid is then added until its

level in the index tube is at the zero mark on the scale.
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Now, when current flows through the heater, the air in the bulb
which the heater surrounds expands and causes the sulphuric acid

in the right-hand limb of the U-tube to overflow into the index tube.

The greater the current, the greater the expansion of the liquid, and,

therefore, the greater the overflow to the index tube. After the
heater has cooled, the current in it must subsequently reach a
higher value than any previous one if any further overflow into the
index tube is to be obtained. The level of the liquid in this index
tube gives, therefore, a true record of the maximum current which
has passed through the instrument during any given period. The
constrictions and traps in the limbs of the tube are for the purpose



(Price and Bdtham)

Fio. 430. Price and Belsham Maximum-demand Indicator

owing to the length of time taken for the temperature of the heater

to rise and also on account of the low thermal conductivity of the

tube which it surrounds.

Fig. 430 shows the construction of the Price and Belsham Maxi-
mum-demand Indicator. The instrument is thermally operated,

its movement consisting of two matched, flat coils of bi-metal strip

—the actuating coil and compensating coil—the former being

surrounded by a heater element carrying the load current (or a
definite fraction of it, obtained by the use of a shunt or current

transformer). The two coils are coupled together at their outer

ends, the inner end of the actuating coil being fixed and the inner

end of the compensating coil carrying the needle. The movement
of the needle depends upon the heat produced in the heater, and
hence upon the load current, and the needle carries forward with

it a maximum demand pointer which remains fixed, by a special

Action arrangement, at the maximum reading.

Through the use of the two matched coils the readings are un-

affected by changes of ambient temperature*
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In a recent paper G. W, Stubbings (Ref. 27) has discussed the

theory of this type of Maximum-Demand Indicator.

Merz-Price Demand Indicator. This indicator is not in the form
of a separate instrument, but is a fitting which can be used with any
tTOe of motor or clock meter to indi-

cate the maximum consumption
during a half-hour or other period

throughout a quarter (or other

period between consecutive reset-

tings of the instrument). Unlike

the two preceding instruments, this

indicator can be used to record

either maximum amperes or maxi-
mum watts.

The principle of operation is as

follows: A separate dial is fitted,

inside the instruments the pointer

of which is driven by the spindle

of the moving system of the meter
in the ordinary way After this

Leads

Fig. 430a. Pbinoiplr op
Weight Maximum-demand

Indicatok

{Rmson Manufacturing Co )

Fig. 430b. Wright
Maximum-demand Indicator

dial has been in gear for a certain period—^usually half an hour—

a

device comes into operation which brings the mechanism of the disc

back to the zero position. The pointer, however, does not return to

zero but is %htly held by a special friction device and continues to
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indicate the number of units consumed in the previous half-hour

period, The position of this pointer will not be moved forward unless

the number of units consumed in some subsequent period exceeds

the number recorded by the pointer. In this way the maximum

{Landis d; Gyr)

Fig. 431a. Mkrz Maximum-i>kmand Indicator

demand, in units j3er half-hour, for any given period of time, is

obtained.

The device for returning the driving mechanism of the demand dial

to zero at the end of each half-hour period is operated by clockwork
inside the meter or by a separate “time switch external to the meter.

These “time switches’" consist of a clock, either electrically or hand
wound, which make and break certain contacts, at predetermined
intervals of time. These intervals depend upon the setting of the

switch, which can be altered as required.

An advantage of this demand indicator is that a heavy demand
must be existent for an appreciable time for it seriously to influence

the number of units consumed in so long a period as half an hour,

and, at the same time, short-period heavy demands are not neglected

by the device.

The construction of a Merz pattern maximum-demand indicator,

as manufactured by Messrs. Landis & Gyr, is shown in Fig. 431a.

Normally, the pin (7) drives forward the pointer (8) for (say) a
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half-hour period, and the energy consumed during this time is

indicated on the dial. At the end of the period the cam (14) momen-
tarily disengages the pinion (12) by means of the bell crank (13).

This allows the pin (7), with its driving

mechanism, to return to its zero position

under the action of the spring (5).

The pointer is, however, left stationary

and continues to record the energy
consumed during the previous half-hour

period.

During the next half-hour period the

pin (7) is again driven forward, but
the pointer is only moved forward if the

energy consumed in a subsequent period

exceeds that consumed in all preceding
periods.

Another instrument which is now
quite commonly used in connection
with power factor tariffs is the Hill-

Shotter maximum-demand kVA indi-

cator, which is manufactured by
Messrs. Aron Electricity Meter, Ltd.
One type of this instrument is really an
A.C, ampere-hour meter, and is of the
induction type, having a shaded pole

and a continuously driven disc. A per-

manent magnet is used for braking. It

is used with a timing device of the Merz pattern, and records the
maximum ampere-hours consumed during successive time intervals

of 16 min. The dial is marked in kVA corresponding to the voltage

of the circuit on which the indicator is to be used. The instrument
reading is independent of power factor, and of frequency, within

such variations of the latter as might be expected in the normal
supply system.
The theory of this indicator is fully discussed by G. W. Stubbings

(Ref. (4)).

Mgs. 431b and 431c show a Metropolitan-Vickers polyphase
meter with maximum-demand indicator, and the diagram of con-

nections of such a meter, respectively.

Two-rate Meters. These meters are required in connection with
a two-rate or double tariff method of charging, which differs from
the maximum-demand system in that two different rates of charge
per unit are made, according to the time of the day at which the

energy is consumed. By charging at a lower rate for energy con-

sume during periods of light load on the generating station, the
supply company endeavours to distribute the demand more uni-

formly over the day and so improve its “load factor ; this being

i^Metropolitan-Vickerfi Elec, Co.,, Ltd).

Fig. 431b. M.V. Polyphase
Mbteb with Maximum-
demand Indicator
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the ratio of , Assuming the average load to remain
Maximum load ®

constant, the load factor is obviously increased by reducing the

Fig 431c. Connections of M.V. Polyphase Meter with
Maximum-demand Indicator

maximum load
;
and this can be achieved by causing some of the

load to be taken at times of light load rather than when the load on
the station is heavy.

A two-rate meter is of the ordinary type, but has two registering

trains of wheels and dials, both of which are operated—but not at

the same time—by the moving system of the meter. These registers

are put into gear with the driving spindle alternately and are used

at such times, and for such periods, as are desired by the supply

company for the purpose of the double tariff method of charging.

The times of operation of the high-rate and low-rate trains are

usually governed by a time switch such as was mentioned in connec-

tion with the maximum demand system.

The time switches are set so that, in general, the high-rate register

is in operation during the evening, when the load is heavy; the

low-rate register operating during the remaining portion of the

24 hours when the load is Ughter.
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Measurement of Kilovolt Amperes. As has been mentioned
previously, the systems of charging for energy which penalize low-

power factor require the use of another meter in addition to that

measuring the total real energy supplied (i.e. a watt-hour meter).

Dorey (Ref. (19)) illustrates the two alternative methods of metering
for such purposes by vector diagrams as in Fig. 432a. In these

diagrams 01 represents the real power, while OV represents the

kVA. In diagram (a), meter A is a watt-hour or “cosine” meter,

Fig. 432a, Metering Methods (Diagrammatic)

and measures the real energy supplied, while meter B records the

kilovolt ampere-hours. In other words, A records / kVA cos

p Jo
while B records / kVA dt. In diagram (6), meter A records the true

energy as before, and meter C records the wattless energy or

kVA sin (f)dt. The angle ^ is the phase angle of the circuit./
Obviously,

(kVA sin <j>f + (kVA cos <^)2 = (kVA)^

n the first diagram, meter B may be fitted with a maximum
land indicator which gives the kVA demand.
'he average power factor of the load or average “energy factor”

Y be obtained in case {a) by the ratio
Reading of meter A

, theReading of meter i?’

ling being for corresponding periods of time. In case (6) the

rage energy factor is given approximately by

cos ^ =
Reading of meter A

V(Reading of meter ^)2 + (Reading of meter 0)*

This expression is not, however, exact if the power factor is

subject to considerable variations during the period of time to

which the readings refer (see Mr. IB. W. Hill's remarks in the dis-

cussion to the paper mentioned in Ref. (16) ).



THE MEASUREMENT OF ENERGY 773

In one method of charging the total charge is made up of two
parts

;
one at so much per unit of energy, and the other based on

,, Kilowatt hours X P , , .

the quantity
coeT^
— where cos 0 is the average energy

factor and P is the ‘‘lowest permissible power factor,’* and is laid

down by the supply company.
Obviously, if cos

(f>
is less than P, the consumer is charged, in the

second part of the tariff, for a greater number of units than those

KVAh calculated from KWh and KVAh sin (p meters
KVAh obtained from the KVAh meter

{TMndis & Oyr)

Fig. 432b

actually consumed, whereas if his power factor is higher than P, the

charge is for less units than the number actually consumed.

An induction watt-hour meter can be compensated to read kVA-
hours within a limit of 2 or 3 per cent by adjusting the flux of the

pressure circuit, so that it lags by 90 + behind the applied

voltage, instead of by merely 90°
;

being the average phase angle

of the load circuit. Thus, if the phase angle of the load circuit is, at

any time, exactly
<f>a,

the meter behaves as though the total applied

voltage were exactly in phase with the current; i.e. it indicates

volt-ampere-hours. For other power factors, the speed of the meter
will not be exactly proportional to the volt-amperes, but to volt-

amperes X cos
(<f)

- ^a) where is the actual phase angle.

The power in an A.C. circuit—volts X amperes x cos
<f
)—^is very

nearly the same as the volt-amperes, if the angle
<f>

is small, when
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cos (j) is nearly unity. As an example, if
<f>

is 20°, cos ^ is 0-9397

;

the power measured, in this case, is thus less—by 6-03 per cent

—

than the volt-amperes in the circuit. This will apply whether the

power factor is lagging or leading. If, then, the meter is adjusted
so that it runs 3 per cent fast at unity power factor, it will measure

(iawcfu <Ss Qyr)

Fig. 432o

the volt-amperes in the circuit correct to within ± 3 per cent,

prpvided the phase angle of the load circuit does not exceed 20°

(lagging or leading).

The required compensation of a watt-hour meter in order to cause
it to indicate as above may be obtained by using quadrature loops

of abnormal thickness on the shunt magnet,
Landis and Gyr Trivector Meter. This meter measures kVAh

and also kVA of maximum demand.
Referring to Fig. 432b, it can be seen that if the power factor

of the circuit changes during a period of time from cos to cos

cos
<f)'\

etc., the true total of kVAh is given by the sum of Ad,
dd\ d'd", etc. If an attempt is made to measure this total simply
by means of a kWh meter together with a reactive kVAh meter, the

value obtained will be VAB^ + BD^ = AD, This value is obviously,

in general, less than the true value.

The triveotor meter registers the true value of kVAh correct

to within ± 1 cent. The meter consists of a kWh meter
mounted together with a reactive kVAh meter in one case with
a special summator mounted between them. Both meters drive the
summator through a somewhat complicated system of gearing which
arranges for the summator to register kVAh correctly at all power
factors.
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The general principle on which this gearing is arranged can be

understood from Fig. 432o. As pointed out above, for phase angles

of the system between and 10®, a kWh meter will register kVAh
correctly within narrow limits, just as a reactive kVAh meter will

register total kVAh very closely for phase angles of 80® to 90®.
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The gearing arranges, therefore, that the summator shall be driven

principally by the kWh meter when the phase angle is small (curve

5, Fig. 432o), and principally by the reactive kVAh meter when the

phase angle is nearly 90° (curve 9, Fig. 432c). At intermediate

phase angles, both meters are responsible for the drive of the

summator through different combinations of gears. The result is

that the kVAh, measured at various power factors, is almost con-

stant, as shown by the full line curve at the top of the graph.

For the fuller discussion of the question of kVA measurement,
the reader is referred to Refs. (4), (7), (8), (11), (19), (24).

Metropolitan-Vickers Type N Four-element Watt-hour Meter.

Fig 433 shows the arrangement of a meter of this type fitted with
a maximum demand indicator. The meter integrates the total

energy, and also indicates simultaneously the combined maximum
demand, in two independent circuits. The diagram of connections

shown in the figure is that for a three-phase three-wire system,

together with a three-phase four-wire system.
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CHAPTER XXII

MEASUREMENT OF FREQUENCY AND PHASE
DIFFERENCE

FreQuency Measurements. Such measurements will be dealt with

under three heads

—

() Frequency bridge methods.

() Stroboscopic methods.
(c) Frequency meters.

Of these, the first class of measurements is essentially for labora-

tory use, and includes a number of accurate methods of measuring
frequencies of the order of a few cycles per second, up to several

thousand cycles per second.

f Stroboscopic measurements are applicable when an accurate

method of measuring the speed of a machine is required. Such
methods can be used whether the machine is an electrical one or

not. Obviously, if the machine in question is an alternator, the

frequency of the supply can be determined, with the same accuracy

as that with which the speed is measured, by merely multiplying

the latter by the number of pole-pairs.

Frequency meters are used for the measurement of frequency in

practice, when the supply alternator is not necessarily available,

and when less accurate methods than the foregoing ones will suffice.

In addition to these three classes of measurements, a small

generator and a voltmeter may be used for the measurement of the

speed of a machine. The generator has a permanent-magnet field,

so that its voltage is directly proportional to the speed at which it

is driven. If the generator is direct-coupled to the machine whose
speed is to be measured, the voltmeter readings wiU, therefore, be

proportional to the speed to be measured, the latter being obtained

from the calibration of the small generator and of the voltmeter.

Fig. 434a shows the construction of a small generator for this

purpose, manufactured by the Record Electrical Co., Ltd., and used

with Record “Cirscale’' Voltmeters. The latter may be graduated

directly in revolutions per minute. This generator has cobalt steel

magnets
;
the armature runs on ball bearings and is wound to give

100 volts at 2,000 r.p.m. A magnetic shunt is fitted for caliteation

purposes. The armature and field magnets are enclosed within a

cast-iron body which both provides screening from external magnetic

fields, and also protects the generator from dust and moisture—

an important point if the device is to be capable of being used

universally for speed measurements.

The armature resistance of the generator is low in order that the

voltage drop shall be small, even when the generator is used to

779
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supply several indicators in parallel. A resistance is provided for

the purpose of limiting the current from the generator in the event
of a short circuit on the wiring to the indicators.

The combined accuracy of the generator and indicator at the

calibrated temperature is given by the makers as

—

From full scale to middle point, 1 per cent of the indication.

From middle point to the lower limit of the scale, a possible fixed

error not exceeding 1 per cent of the middle point reading.

Temperature errors are negligible over a wide range.

Fig. 434b shows two different methods of mounting the generator.

Messrs. Everett Edgcumbe manufacture a portable tachometer of

similar type which can be used for the measurement of both rotary

and linear speeds.

Before discussing the principles of these methods of measurement
more fully, it should be pointed out that several of them depend, in

one way or another, upon the phenomenon of resonance. In some
cases, electrical resonance is involved, and in others mechanical
resonance.

FreQuency Bridges. These are bridge networks similar to those

discussed in Chapter VI; indeed, in some cases they are exactly

the same networks. The same combination of impedances and other

apparatus constituting the network, can be used for more than one
purpose; e.g. the same bridge can be used for the measurement
of inductance in terms of impedances and the frequency or,

alternatively, it can be used to measure the frequency in terms of

impedances.
The primary requirement of such bridge networks is that the

balancing of the network shall be dependent upon the supply
frequency, which, when the bridge is so used, is the frequency to be
measured.
The choice of a frequency bridge is inflluenced by the magnitude

of the frequency to be measured; upon the apparatus available;

and upon the ease with which a complete balance can be obtained.

Campbell’s Feequency Bridge. This bridge, which is commonly
used, has the advantages of simplicity and of a fairly large range of

frequency, provided the condenser employed is loss-free, and the

mutual inductance is free from impurity.

The connections are as shown in Fig. 435, in which the alternator

whose frequency is to be measured is connected to the primary of

a mutual inductance M, in series with a loss-free condenser C. A
detector D, which may be either telephones or a vibration galvano-

meter, according to the frequency under test, is connected in series

with the secondary of M, as shown.
Then, neglecting impurities in both M and (7 , we can say that,

when a current i flows in the primary of M, and when M has been

Hague (Ref. (6)) gives a very useful comparison of the various possible

bridges from these points of view.
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adjusted so that no current flows through the detector, the voltage
induced in the secondary of the mutual inductance is both equal to,
and in phase with, the voltage drop across C. This is shown in the
simple vector diagram Fig. 435 (6). Thus, the induced voltage in the
secondary of M lags 90° behind the primary current i, and is equal
to where o) ~ 27t x frequency.

Fig. 4.35. Campbet.l Fjieqtje^tcy Btiiuge

If M and C are not free from impurity, the impurities must either

be known and taken into account, or modifications to the simple

circuit shown in the figure must be made, in order to render their

effect small (see Refs. (5) and (7)). It is also necessary, if a perfect

balance is to be obtained, that the frequency shall be constant and
that the wave-form shall be free from harmonics.

Stroboscopic Methods. A stroboscopic device consists essentially

of a disc carrying a geometrical pattern, the disc being illuminated

by a series of rapidly-recurring flashes, each of which is of very
short duration compared with the time interval between successive

flashes.

Fig. 436 shows a disc on which the pattern is a twelve-point star.

If this disc is rigidly attached to the shaft of a rotating machine, of

which the speed is such that each point of the star moves forward
a distance of one point-pitch p during the time interval between
successive illuminating flashes, the pattern will appear to be
stationary. This effect is caused by the fact that the point adjacent

to that viewed in the preceding fl^h, or glimpse, has now taken up
the exact position of the latter, and, since all the points are identicid,
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the eye cannot distinguish between them. Thus the impression is

formed that no movement has taken place in the interval between

the two illuminating flashes. The same effect is obtained if the

speed of rotation is exactly twice, three times, or any other multiple

of this speed—which is called the “primary ” speed. If, for example,

the speed of the rotating machine is twice the primary speed, the

pattern will actually move forward through a distance equal to

twice a point-pitch—i.e. 2p—and the impression that it is stationary

will be formed by an observer.

The series of flashes may be obtained by placing a disc, driven at

a steady speed, between a source of illumination and the strobo-

scopic disc, the former disc containing

a slit so that the latter is illuminated

once for every revolution of the

former. Another method of using the

device is to employ an electrically-

driven tuning fork, the prongs of

which carry thin aluminium shutters,

each with a sht in it. These shutters

overlap, and give two “glimpses” of

the stroboscopic disc, for every com-
plete vibration of the tuning fork, if

the observer's eye is placed behind
them. Alternatively, the stroboscopic

disc may be illuminated through the

slits, when a series of flashes will produce the same effect as that

obtained with glimpses.

The advantage of such a tuning-fork is its remarkably constant
frequency of vibration.

Theory of the Method. When the pattern of the disc appears to be
stationary, the speed of the rotating machine is given by

FN — — rev. per min. . , . (^^1)

where F = No. of flashes, or glimpses, per minute

and n ~ No. of points on the pattern

In this case, N is the “primary” speed. The fact that the pattern
will be stationary for speeds which are whole multiples of N will,

in practice, cause no confusion, since the speed can easily be measured
by a simple, and less accurate, method, with sufficient accuracy to
distinguish between N and its multiples.

If the machine rotates at a speed slightly in excess of the “pri-
mary” speed, the pattern will appear to rotate slowly forwards; if

the speed is slightly less than the primary speed, the apparent
rotation of the pattern is backwards. The number of apparent
revolutions per minute of the pattern gives the difference—above
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or below—between the actual speed of the machine and the primary
speed.

Again, if the speed of the machine is exactly half the primary
speed, the pattern will still appear stationary ; but the number of

points will appear to be twice the actual number of points ; if the
peed is one-third the primary, the apparent number of points is

three times the actual number, and so on.

Let N = the primary speed in revolutions per minute
n = No. of points on the pattern

F = No. of flashes, or glimpses, per minute

p == the pitch of the points in inches ^

d = diameter of circular pattern in inches

Then, n = Trd

~P

Distance moved forward by the pattern, when the speed is N,
during the interval between glimpses

TTd.N

F inches

But this is equal to the pitch p^

p =
ndN
F

Also
Trd

F~ or AN n
as stated above.

Example. If the speed of a machine is about 500 r.p.m., and its variation

from this speed is to be measured by stroboscopic means, the number of

points on the pattern should be twelve (as in Fig. 436) if the tuning fork

vibrates at 60 cycles per second—giving 6,000 glimpses per minute.
This number is obtained from

6000
n =

500
12

Again, if instead of being exactly 600 r.p.m., the speed of the machine is

510 r.p.m., the pattern actually moves forward a distance hi.,
pOOU

between successive glimpses, and thus the apparent movement forward in the
interval between glimpses is

nd X 610 Tid X 600 x 10 .

“ 6000 - 6000 “ 6000

Now, this interval between glimpses is min., so that in one minute
oUUU

the apparent movement forward is lOjid in., which corresponds to a rotation

of *the pattern of 10 r.p.m., thus giving the excess of the actual speed of the
machine over the primary speed (600 r.p.m. in the case considered). If the
apparent motion of the pattern had been backwards, the actual speed of the
mMhine would have be«m 40d r.p«m«
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The general expression for the apparent speed of rotation of the

pattern is

jR == ± (a - 1) rev. per min. , . (452)

the positive sign applying when the apparent motion is forwards

and the negative when backwards a represents the ratio

Actual speed of machine
Primary speed

It ife obvious from the above that the speed of any machine can

be obtained by such means in terms of its difference from some fixed

{B Tinsley Co )

Fio. 437. CoNE-iiot.i.Bu Stroboscope

speed, the actual standard used being the vibrating tuning fork,

whose frequency is known and is constant Since the fixing of the
stroboscopic disc to the shaft of the machine produces no appreciable
increase in the load, the speed is not affected by the device used for

its measurement, and in this fact lies one of the principal advantages
of stroboscopic methods.
The disc used, instead of bearing only one pattern, as in Fig. 436,

usually has several patterns with different numbers of points, the
patterns being drawn concentrically. Several primary speeds can
then be dealt with by using the different patterns.

Stroboscope. For the measurement of speeds
which lie between the primary speeds for the various patterns on
the disc, a ‘^cone-roller stroboscope” can be employed in conjunction
with a standard tuning fprk. In this instrument there is a gunmetal
cone iidiich is driven by a small synchronous motors the frequency
of the supply to the latter being regxdated by a contact op the
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vibrating tuning fork. In contact with the surface of the cone is a
small pivoted &sc, having six slots cut in it. This disc is driven
from the cone through a* rubbing contact, and its speed of rotation
can be adjusted by moving its position along the axis of the cone.
If the stroboscopic disc on the machine shaft is illuminated through
the six slits of the small disc so driven, the number of illuminating
flashes per minute can be adjusted by moving the latter along the
axis of the cone.

A scale, parallel to the axis of the cone, gives the speed correspond-
ing to any axial position of the small disc. An instrument of this

type, manufactured by Messrs. H. Tinsley & Co., is shown in Fig.

437 *

Frequency Meters. Such meters indicate the supply frequency of
a circuit directly, and are thus more convenient for most practical

purposes than the two foregoing, more accurate, methods.
Three main classes of frequency meters are of importance

—

() Instruments depending for their operation upon the pheno-
menon of mechanical resonance.

() Instruments employing electrical resonance.

(c) Instruments whose action depends upon the variation of

impedance of an inductive circuit* with frequency.

One example of each of these types will be described.

Vibrating Reed Frequency ]v£eter. This instrument is of the
first type, and consists of a number of thin steel strips, or “reeds,”

arranged alongside, and close to, an electromagnet, as shown in

the sketch of Fig. 438. The electromagnet is laminated and its

winding is connected, in series with a resistance, across the supply
whose frequency is to be measured, the external connection being

thus the same as those of a voltmeter.

The reeds, which are about 4 mm. wide and J mm. thick, are not
exactly similar to each other, but are either of slightly different

lengths and breadths, or carry slightly different loads or flags at

their upper ends. These differences cause the natural frequencies

of vibration of the reeds to differ, and they are arranged in asoendii^

order of natural frequency. Thus, the natural frequency of the first

may be 47 cycles per second; of the one next to it 47J cycles; of

the next 48 cycles, and so on.

The natural frequency of a reed can be determined from the

formula

/ J_f /
27rr*Y Ak{1 + 4-1A-)

(see Ref. (1)) . (463)

where I is the length of the reed and x its breadth, both in centi-

metres. is the modulus of elasticity of the material of the reed

in dynes per square centimetre, is the density of the matmal

* ^or further information regarding stroboscopic methode, the reader is

relmed to the works mentioned in Em. (1) and (S).
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in grammes per cubic centimetre K is the ratio of the mass of

load or flag at the end of the reed to the mass of the reed itself.

=~ 1*93 X 10^2 dynes per sq. cm.

Ajt “ 7*8 grm. per c c.

When the frequency meter is in use, the magnetism of the electro-

magnet alternates, with the frequency of the supply, and exerts

r Scale Plate

Fio. 438. Vibrating Rsed Frequency Meter

an attracting force upon the reeds once every half-cycle. All the
reeds thus tend to vibrate, but only the one whose natural frequency
is the same as that of the supply will vibrate appreciably, mechanical
resonance being obtained in the case of this re^.
The flags at the top of the reeds are painted white, and the

frequency is read directly from the instrument by observing the
scale mark opposite to the reed which is vibrating most. Usually
the vibration of the other reeds is so slight as to be unobservable.
If, however, the supply frequency lies haSf-way between the natural
fr^uencies of two adjacent reeds, both of these will vibrate equally,

but the amplitude of the vibration will be less than when the supply
fiequency exactly coincides with that of one of tiie reeds.
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Range, The usual range of frequency in a frequency meter of

this t5rpe is about six cycles—say 47 cycles to 63 cycles—although
it may be either greater or less than this range.

The range of an instrument of this type may be doubled by
polarizing the reeds; i.e. by magnetizing them with D.C., so that
a unidirectional magnetization is superimposed upon the alternating

magnetization due to the current whose frequency is to be measured
The reeds are then attracted to the core only once per cycle instead

of twice, so that, for example, the 50 cycle reed now has 50 attracting

impulses per second when the supply frequency is lOQ cycles per
second, and it therefore vibrates.

A great advantage of this type of frequency meter is that its

indications are independent of the applied voltage and wave-form,
provided the voltage is not so low that the amplitude of the vibra-

tions—^which depends upon the applied voltage—is too small to

give reliable readings.

Electrical Resonance Frequency Meter. A very simple
form of indicating frequency meter, whose action is dependent upon
electrical resonance, is manufactured by the British Thomson-
Houston Co.

The construction of the instrument is illustrated by Fig. 439a.

A magnetizing coil, which is comiected across the supply circuit,

and therefore carries a current of the frequency to be measured, is

wound on one end of a laminated iron core. Over this core is a
moving coil, pivoted as shown, and having a pointer attached to it.

The terminals of this coil are connected to a suitable condenser C,

The principle of operation can be understood from the three vector

diagrams, Fig. 439, (6), (c), (d), in which I is the current in the

magnetizing coil and
<f}

the flux in the iron core, this being assumed
to be in phase with I. The voltage induced in the pivoted coil will

lag 90° in phase behind in all cases, i is the current in the pivoted

coil.

Now, in diagram (6), the circuit of the pivoted coil is assumed to

be largely inductive : the current in it thus lags behind the induced
voltage e, and the torque acting upon the coil is proportional to

li cos (90 + a). In diagram (c), the circuit is supposed to be largely

capacitative, so that the current i leads e in phase. The torque is

now proportional to li cos (90 - /3), and is obviously in the opposite

direction to what it was in the case represented by diagram (6).

In diagram (d), the inductive reactance is equal to the capacity

reactance, so that i is in phase with e, and the torque upon the

pivoted coil is proportional to li cos 90, which is zero.

Operation, Referring now to the actual operation of the instru-

meiit» the capacity reactance ^
given frequency. The inductive reactance coL depends upon the

277/0)
is constant for any
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position of the pivoted coil on the core. The nearer this coil ap

proaches the magnetizing coil the greater its inductance. Th
pivoted coil is pulled towards the magnetizing coil therefore unti

wL = when, as already seen, the torque is zero. Obviously th
WtV

circuit of the moving coil is in resonance when the torque is zero.

Norma! Frequency

Fig. 439. B.T.-H. Resonance Fbequbncy Mbteb

The value of the condenser C is so chosen that the pivoted coil

takes up a convenient mean position when the frequency is at its

normal value. If the frequency increases, the capacity reactance

decreases, and the coil moves off the core, so that its inductance

is reduced to the point when coL again equals i. The coil moves
farther on to the core if the frequency falls.

An advantage of this type of instrument is that, if the inductance
of the moving coil changes slowly with variation of its position on
the core, great sensitivity can be obtained.
Wbston FBBatrsKCY Mbtbr. This is a moving-iron instrument

whose action depends on the variation in current distributioB
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between two parallel circuits—one inductive and the other non-
inductive—when the frequency changes.
The construction and internal connections are shown in Fig. 440.

There are two fixed coils, A and J?, each in two equal parts. These
coils are fixed, so that their magnetic axes are perpendicular and
at their centre is a pivoted soft iron needle which is long and thin.

The spindle bearing the needle also carries a pointer and damping
vanes, but there is no controlling device.

Coil A is connected, in series with an inductance across a
non-inductive resistance R^, and coil B is connected, in series with

Lower
Frequency

Soft Iron
Needle

o—— ^vwvvv*“
Terminal L Ra Terminal

Fig. 440 . Weston Frequency Meter

a resistance R^, across an inductance as shown. The inductance
L is for the purpose of damping out harmonics in the wave-form of

the current through the instrument, and so eliminating errors due
to such harmonics.

The soft-iron needle takes up a definite position which is depen-
dent upon the currents through the coils A and B. If the frequency
is increased, the current through coil A is reduced, since the reactance

of increases while the voltage drop across R^ remains the same.
On the other hand, the current in coil B increases. The total effect

is, therefore, that of turning the pivoted needle so that it lies more
nearly parallel to the axis of coil B.

Decrease of frequency has obviously the opposite effect, and these

variations of frequency are followed by the pointer, as shown.
Phase* or Power Factor* Meters. These instruments indicate the

power-factor of a circuit directly, as distinct from instruments from
whose readings the power factor may be obtained by dividing the

watts supplied, by the volt-amperes in the circuit.

Power-factor meters—^like wattmeters—have a current circuit,

and a pressure circuit. The former carries the current in the circuit

whose power-factor is to be^measured, or a definite fraction of thk
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current. The pressure circuit is usually split into two parallel paths—one inductive and one non-inductive—and the deflection of the
instrument depends upon the phase differences between the main
current and the currents in the two branches of the pressure circuit

;

i.e. upon the power factor of the circuit.

Dynamometer Type Single-phase Power-factor Meter.
The principle of this instrument is illustrated in Fig. 441. The two
fixed coils, FFy carry the current in the circuit under test, and the
magnetic field of these coils is thus proportional to the main current.
Pivoted within this field, between the fixed coils, are two coils A

Fig. 441. Single-phase Poweb-factor Meter,
Dynamometer Type

and B, rigidly fixed at an angle of 90° apart. These coils move
together and carry a pointer which indicates the power factor of the

circuit directly, on the scale above. The numbers of turns on these

two coils, as well as their dimensions, are the same, so that they
produce equally strong magnetic fields (90° displaced in space and
also in time phase) when equal currents, having a time phase differ-

ence of 90°, are passed through them. The values of the resistance

R and inductance L, in series with coils A and B respectively, are

adjusted so that these* currents are equal when the frequency is at

its normal value. At other values of frequency the two currents will

be different, since that in coil B is dependent upon frequency

—

owing to the reactance of L being so dependent—while the current

in A is practically independent of frequency.

In discussing the action of the instrument it will be assumed that

the time-phase difference between the two currents in A and B is

exactly 90°. Actually, this is nojb quit© correct, and the angle

between the two coils is mad© rather less than 90°—^i.e* equal to

the actual time-phase displacement between the currents.
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A condenesr may be used instead of the inductance L, when a
phase displacement more nearly *90° may be obtained.
There is no controlling torque acting upon the moving system,

the currents being led into the coils by fine ligaments which exert
110 control.

Action, Suppose that the current of the circuit is in phase with
the voltage (i.e. that the power-factor is unity). Then, the current
in coil A will be in phase with that in coils FF, since it is in phase
with the voltage. At the same time, the current in coil B—which
is displaced in phase by 90° behind the volts—will lag 90° in phase
behind the current in FF, There will thus be a torque acting on
coil A which will turn it into a position perpendicular to the axis

of the coils FF, while the torque upon coil B will be zero. The
moving system, therefore, sets as shown in the figure, and the
pointer indicates unity power factor.

If the power factor of the circuit is zero, the current in coil B is

in phase with the main current in coils FF, while that in coil A is

90° out of phase with the latter. The moving system then turns so

that coil B is perpendicular to the axis of FF, For intermediate
power factors the moving system takes up intermediate positions,

the angle which the pointer makes with the axis of the fixed coils

being (90 -
(f))

where
<f)

is the phase angle of the circuit and cos ^
the power factor.

The full theory of the instrument is given by Dover (Ref. (3)) and
by Laws (Ref. (2)). It has the advantage of being unaffected by the

values of current and voltage upless these are very small, but its

readings are affected by frequency and wave-form.
Fig. 442 shows the construction of an instrument of this type

manufactured by the Weston Electrical Instrument Co.

Dynamometer Power-factor Meter for Balanced Three-
phase Load. Fig. 443 shows the connections of a three-phase

power-factor meter, the readings of which are only correct when the

load is balanced.

In this instrument the two moving coils are fixed with their planes

120° apart, and are connected across two different phases of the

supply circuit, the fixed coils being connected in the third phase
and carrying the current in the line. There is now no necessity for

phase-splitting by artificial means, since the required phase displace-

ment between the currents in the two moving coils can be obtained

from the supply itself, as shown.

Provided the two moving coils are 120° apart, the angle through

which the pointer is deflected from the unity power factor position

is equal to the phase-angle of the circuit*

The three-phase instrument gives indications which are inde-

pendent of frequency and wave-form, since the currents in the two
moving coils are both affected in the same way by any change of

frequency.
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Moving Iron Power-factor Meters. Instruments of the
moving iron type have certain advantages over power-factor meters
of the dynamometer type which have caused them to become more
generally used than those of the latter type. These advantages are

—

(a) Larger working forces—^these forces being rather small in the
dynamometer type.

(b) The absence of ligaments to lead-in current to moving coils,

all the coils in the moving iron types being fixed.

(c) A scale which extends over 360®.

Errors are, however, introduced owing to losses in the iron parts

Loaof

(a)
Fig. 443. Dynamometer Poweb-factob Meteb fob a Balanced

Three-phase Load

of the instrument, these losses being dependent upon the load and
frequency.

In general, moving iron power-factor meters are less accurate

than those of the dynamometer type.

Rotating Field Type fob Balanced Three-phase Loads.
Fig. 444 illustrates the principle of the Westinghouse instrument of

this type. A rotating field is set up by the three coils Aj, Ag, and
Ag, which are supplied from the three-phase mains through current

transformers. The coil B is placed at the centre of this system of

coils, and is connected in series with a resistance, across two lines

of the supply. Inside coil JB is a short pivoted iron rod, with sector-

shaped iron pieces and /g, at its ends. Damping vanes and a

pointer are also carried on the same spindle. The moving system

is drawn separately in Fig. 444 (6). There are no controlling forces*

The moving iron system carries an alternating flux. It does not

tend to rotate continuously, but sets in a definite position, which

depends upon the relative phases of the current in coil S—which is
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practically in phase with the voltage—and of the currents in (joil

A . The deflection of the moving system is approximately equal to

the angle of phase displacement between cuiTent and voltage in

the three-phase circuit.

The presence of iron in the instrument and the dependence of the

reactance of coil B upon frequency, render calibration of the instru-

ment at the normal frequency necessary.

NALDER-Lipman Power-factor Meter. This instrument, due
to Lipman and manufactured by Messrs. Nalder Bros. & Thompson,
has, in the case of the three-phase instrument, three moving irons

(cl)

Fio. 444. Westinghouse Power-factor Meter for a Balanced
Three-phase Load

like that used in the instrument described above. These are all

mounted on a single spindle, one above the other, as shown in Fig.

445. They are separated from one another by non-magnetic distance
pieces, and the three pairs of sectors are displaced in space by 120“
relative to one another. Each iron is magnetized by a pressure coil,

these coils being connected across the three phases of the supply.
There is one current coil, divided into two equal parts, parallel to
one another, one on each side of the moving system, this coil being
connected in one line of the supply. The spindle of the moving
system also carries damping vanes and a pointer, but there is no
controlling torque.

As arranged in the figure, the instrument is for use on a balanced
three-phase load, but it can also be modified for use on an unbalanced
three-phase circuit and for two-phase and single-phase circuits.

When in action, the moving system of the instrument turns into
such a position that the mean torque upon one of the iron piec^es is

neutrafeed by th^ other two torques, so that the resultant torque
is zero. In this steady position, the deflection of that iron piece

which is magnetized by the same phase as the current coil, is

equal to the phase angle between the currents and voltages of the
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three-phase circuit, provided that the effects of iron losses and of

the inductance of the pressure coils are negligible.

As the three pressure coils are at different levels, no resultant
rotating magnetic field is produced by them, so that any tendency
for the moving system to

rotate continuously, following

the “drag” of such a field, is

eliminated.

This type of meter is not
appreciably affected by such
variations of frequency, vol-

tage, and wave-form, as might
be expected in the ordinary
supply system.

S3nichroscopes. When two
alternators are to be operated
in parallel it is necessary,

before closing the ])aralleling

switch, to ensure that the vol-

tages of the two machines are

both equal in magnitude and
exactly opposite in phase^ the

continuous fulfilment dt the

latter condition implying also

that the two machines are of

exactly the same frequency.

Synchroscopes are used to

indicate when these conditions

have been fulfilled. These in-

struments may be either of the

dynamometer or moving iron

type, the latter being the

commoner, owing to its 360"^

scale. Both types are really

special forms of phase, or

power-factor meters.

Weston Synchroscope.
This is an instrument of the

dynamometer type, and is

spring-controlled. It is of

similar construction to a single-

phase wattmeter of the dynamometer type, except that the

fixed coil, as weU as the moving coil, is designed for small cur-

rents, and is connected, in series with a resistance, across the

terminals of the incoming alternator. The movij^ coil is connected^

in series with a condenser, across the supply Avith which the alter-

nator is to be paralleled. It may be necessary also, to include a

Fig. 445 . Moving Iron Powkb^
FACTOR Meter

(From Theory atid Practice of Altermting
CurrentSf Dover)
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small inductance in the fixed coil circuit, so that exact quadrature

between the currents in the two coils may be obtained when the

two supplies to be paralleled are in exact synchronism.

{Weston Electrical Instrument Co.)

Fig. 446 . Weston Synohboscope

Wnen these two currents are in quadrature, there is no deflecting

torque acting on the moving system, and the instrument indicates

that synchronism has been attained. Since the currents in the two
coils^ also be in quadrature—giving zero torque—when the two
suppUes are 180° out of synchronism, a synchronking lamp is also

included in the instrument, and this lamp is at its maximum bright-

ness when synchronism has been obtained. If the supplies are 180®
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out of syuchronism the lamp does not glow at all. This lamp is

fed from the secondary winding of a special transformer, which has
two primary windings—one supplied from the incoming alternator
and the other from the supply with which the machine is to run in

parallel. The connections of both the lamp and the coils of the
instrument are shown in Fig. 446.

The scale of the instrument is of opal glass, and is marked “Slow”
and “Fast” either side of the centre position. The lamp is placed
behind the pointer and scale, so

that there can be no confusion
regarding the correct instant for

synchronizing, this instant being
when the pointer is steady at the
centre zero position on the scale

and the lamp is at full brightness.

If the frequencies of two supplies

are not the same, the pointer will

oscillate about the centre position.

Moving Iron Type. A common
form of moving iron synchroscope
is the Lipman instrument, which is

of similar construction to the single-

phase Lipman power factor meter.
It has two iron pieces mounted

one above the other on a common
spindle, as shown in Fig. 447. The
coil which, in the power factor

instrument, was the current coil,

and was divided into two equal

parts on opposite sides of the
spindle, is now connected, in series

with a non-inductive resistance,

across the existing supply. The two
pressure coils are coimected across

the terminals of the incoming
alternator, one of the cods having a non-inductive resistance in series

with it, while the other is connected in series with an inductive coil.

If the frequency of the alternating field of the moving irons—^that

is, of the incoming alternator—is not exactly the same as that of the

existing supply, the spindle rotates continuously at a speed which,

in revolutions per second, is equal to the difference between the two
frequencies. The direction of the rotation depends upon whether
the incoming alternator is running too fast or too slow.

Tto instrument has a 360° scale, and the displacement from the

zero position gives the difference in phase between liie two E.M.F.s.

The instant for synchronizing is when the pointer of the instrument
is stationary at the central, or zero, position.

«7*HT.3yoo)

Fig. 447 . Principle of Moving
Iron Alternating-field

Synchroscope
(From Theory and Practice of A Itemating

CurrenU^ Dover.)
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EXAMINATION QUESTIONS
( 1 ) Show that the energy stored in a condenser is given by the expression

An air condenser of capacitance 0*005 microfarad is connected to a direct
voltage of 600 volts, disconnected, and then immersed in oil with a dielectric

constant of 2*6. Find the energy stored in the condenser before and after
immersion, and account for the difference. {Lond, Univ., 1930, Elec» Tech,)
Ana, Before immersion 626 X 10*® Joules; after immersion 250 X 10*®

Joules.

(2) Show that near a charged body in air or vacuum the field strength is

4710, a being the surface density of the charge.

In a parallel plate condenser with solid dielectric the plates are a tenth of a
millimetre apart, and when charged the surfarce density is 6 x 10'^® coulombs
per square centimetre. What is the electric flux density? If the specific

inductive capacity is 2*2, what is the voltage between the plates? [1 coulomb
«x 3 x 10® electrostatic imits.] (Land. Univ., 1926, Elec. Tech,)

Ana. 671: lines per sq. cm. ;
25*7 volts.

(3) Calculate the strength of the magnetic field at the centre of a single>tum
square coil of 1 ft. side when carrying a current of 20 amp. Prove the formula
employed. {Lond. Univ,, 1926, Elec, Tech,)

Ana, 0*741 d3mes.

(4) Establish a formula for the energy stored per cubic centimetre in a
magnetic field of given strength and deduce therefrom a formula for the lifting

force of an electromagnet.
A ring of 1 in. diameter round iron has a mean diameter of 1 ft. ; it is woimd

with 1,000 turns of wire ceirrying a current of 3 amp. ; it is split across a
diameter and an air gap of 0*01 in. is formed on each side. Calculate the
approximate pull required to separate the two parts. The iron may be*a.ssumed

to have a permeability of 600. {Lond, Univ., 1926, Elec, Tech.)

Ana, 2201b. wt.

(6) A solenoid is 2 ft. long and 1 in. diameter, and is uniformly wound with
600 turns of insulated wire. Calculate the strength of the magnetic field at

the centre when the current is 2 amp. If a secondary coil of 60 turns is wound
round the central part of the solenoid and is connected to a ballistic galvano-

meter through a resistance which makes the total resistance of the circuit

10,000 ohms, calculate the quantity of electricity discharged through the
galvanometer on reversing the current of 2 amp. in the primary winding.

Estimate the error due to assuming the solenoid mfinitely long.
{Lond, Univ., 1927, Elec, Meaa,)

Ana. 24*7 C.G.S. units.

1*26 X 10"* coulombs. Error 9 parts in 10,000.

(6) Draw diagrams showing the magnetic field around two parallel straight

conductors carrying current (o) in the same direction, and (6) in opposite

directions. If two conductors 3 in. apart each carry 1,000 amp, in the same
direction, find the direction and magnitude per inch rim of the force on each
conductor. * {Lond, Univ,, 1927, Elec, Tech.)

Ana, 6*76 grm. wt. attraction.

(7) A single circular turn of insulated wire, 30 cm. mean diameter, rests

on a similar turn, the distance between the centres ol the wires being 6 mm.
799
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A current of 30 amp. flows through one and a current in the opposite direction

of 50 amp. flows in the other. Find the direction and magnitude of the resul-

tant force. (Lond. Univ., 1924, EUc, Tech,)
Ane, 5,650 dynes.

(8) Two coils each of 20 cm. diameter and 100 closely wound turns of flne

wire are moimted coaxially 10 cm. apart. A current of 1 amp. is passed
through the coils in series, the connections being such that the fields are
additive. Plot a curve showing the field strength along the axis of the coils.

Prove any formula used. {Lond. C7mv., 1930, Elec. Meas.)

(9) Prove that in a specimen of iron the hysteresis loss in ergs per cubic
centimetre per cycle is given by the area of the hysteresis loop divided by a
constant.
The hysteresis loop for a specimen weighing 12 kg. is equivalent to 3,000 ergs

per c.o. Find the loss of energy per hour at 50 cycles per sec. Density of

iron, 7*6. (C. and O. Final I, 1930.)
Ana. 24 watt-hours.

(10)

Define the unit charge of electricity in the electromagnetic and in the
electrostatic systems.

Describe a direct method of measuring the ratio of the two charges.
{Lond. Univ.f 1929, Elec. Meaa.)

(11)

What is meant by the dimensions of a quantity? Derive the dimen-
sions of potential difference in the electrostatic system in terms of Mass,
Length, and Time.

In the course of a calculation an expression of the following form was
arrived at

—

I ^ E -L -i.

^2

Show that there must have been an algebraical error, and point out the term
or terms which require correction, {Lond. Univ., 1926, Elec. Meaa.)

Q
Ana, The term — should be multiplied by some quantity having the dimen-

L
sions of resistemee (or impedance).

(12)

The voltcLge V across the coils of a telephone receiver when a current I
is flowing through them may be written

z^r

B as the resistemce, L ^ the inductance, and
N as the number of turns of the receiver coils

as the flux density in thp air gap

^ aa the reluctance of the magnetic circuit

and f, m, and a are the equivalent mechanical resistance, mass, and stiffness

of the receiver diaphragm.
Suggest a suitable unit for each of the quantities involved.

Find the dimensions of each quantity, and so make a dimensional check of
the equation, {Lmd, Univ., 1930, Etec, Meaa.)

V =

where Z — B JcoL ; A =



EXAMINATION QUESTIONS 801

Ans, Dimensions

—

7—
Z~~[LT-^pt]

z—[MT-^]
r—[MT-i]
m—[ilf]

(13) (i) The expression for the mean torque T of an electro-dynamic watt-
meter may be written,

T oz M^E^Z*
where M = the mutual inductance between fixed and moving coils

E = applied voltage
Z = impedance of the load circuit

From the dimensions of quantities involved determine p, q, and t,

(ii) In the same way, determine a, 6, c, and g in the following expression for

the eddy current loss TF per centimetre length of round wire

—

where / = frequency

^max ~ maximum flux density
d = diameter of the wire

p ^ the specific resistance of the material
Ans. (i) p == 1, g = 2, < = - 2; (ii) o = 2, 6 = 2, c = 4, g « - 1.

(14) If the practical units of voltage and current were each made 100 times
as large as they are at present, what would be the consequent alteration in

the size of the units of resistance, capacity and inductance ?

{Lend. Univ.f 1922, Elec. Tech.)

Ans. No alteration.

(15) Describe a method of determining the ohm absolutely and discuss the
means taken to minimize the most probable causes of error.

{Lond. Univ,, 1926, Elec. Meets.)

(16) Give an account of the principles and construction of the current
balance as used at the National Physical Laboratory for the absolute deter-

mination of the ampere.
What factors limit the accuracy and what is the accuracy actually realized 1

{Lend. Univ.f 1925, EUc. Meets.)

(17) Three non-inductive resistances of 1,000 ohms are star-oonneoted to
a three-phase supply with 200 volts between lines. What will be the reckding

on a voltmeter connected between one of the lines and the star point thus
formed, if the voltmeter also has a non-inductive resistance of 1,000 ohms!

(Bond. Univ., 1926, El^. Meets.)

Ans. 86*6 volts.

L~[Lp]

(18)

An alternating current circuit contains a coil of inductance near
this, but not connected to it, is a coil of inductance B^, across which is con- **

neoted a resistance B. If the mutual inductcuice between the two coils is Af,

calculate the effective inductance and resistance of the first circuit.

{Lond. Univ., 1927, Elec. Meas.)

Ans, Bos,
co»Af*B

B* -f co*B,»' B* -h o»B,*/
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(19) An alternating current passes through a non-inductive resistance R
and an inductance L in series. Find the value of the non-inductive resistance

which can be shunted across the inductance without altering the value of the
main current. {L<md» Unvv.t 192^7, Elec. Meae.)

Aru,.

(20) The impedances of the three phases of a star-connected load (no neutral
wire) are 6 + ^20, 12 -f jO, and 1 - /lO in order. The line voltage is 400 volts.

Find the line currents. {Lend. Univ., 1931, Elec. Meas.)
Ans. 0*5 - 29-65;, 16-24 - 11*5;, - 16-74 -f 41-16;.

*(21) Explain the method of representing a vector quantity by the
notation, and show how the method may be used in A.C. calculations. Two
circuits whose impedances are given by 8 - 7; and 5 -f 6; are connected in

parallel across a 100 volt A.C. supply. Calculate the current passing through
each circuit and the total current flowing to both of them. Find also the angle
of phase difference between these currents and the applied P.D.

{Lend. Univ., 1923, Elec. Tech.)^

Ans. 9*4 amp. 41® 11' leading,
12-8 amp. 60® 12' lagging, 16-7 amp. 13® 25' lagging.

(22) Three branch circuits consisting respectively of (i) 6 ohms resistance

and -025 henry inductance, (ii) 4 ohms resistance and a condenser of capacity
300 microfarads, (iii) an inductance of *01 henry and a condenser of 500 micro-
farads capacity, are connected in parallel. A resistance of 3 ohms is then
connected in series with the combination. Using the symbolic notation,

calculate the currents in the main circuit, and in the three branches, when
an alternating voltage v = 100 sin 314Hs applied to the whole circuit.

Ans. i ^ 20-2 sin (314« + 37® 65'),

= 6-9 sin (314f-93® 20'),

ta = 6-64 sin (314f -f 33® 36'),

=== 19-9 sin iSUt + 64® 10').

(23) Calculate the capacity of a spherical condenser if the diameter of the
inner sphere is 20 cm., and that of the outer sphere is 30 cm., the space between
them being filled with a liquid with a specific inductive capacity of 2. Express
your answer in microfarads. (Land. Univ., 1926, Elec. Tech.)

Ans. f X 10"* microfarads.

(24) A condenser is made up of two parallel metal discs separated by three,

layers of dielectric of equal thickness but having dielectric constants of 2, 3,

and 4 respectively. If the metal discs are 6 in. diameter and the distance
between them 0-3 in., calculate the potential gradient in each dielectric and
the total energy stored in each when a potential difference of 1,000 volts is

applied between the discs, {Land. Univ.t 1927, Elec. Tech.)

Ans. 1,816, 1,210, 907-5 volts per cm.; 13-61 X 10-«, 8-98 X lO'*,

6-765 X 10“® Joules.

(26) Explain the following terms as applied to dielectrics subjected to
alternating electric fields: Permittivity (K), loss angle (d), volume resistivity,

surface resistivity, dielectric hysteresis.

Prove that the power loss per cubic centimetre can be expressed by the
formula

56-6ir . tan d ./ .g*

.

10"* watts

where / is the frequency and g the potential gradient* In what units is g
expressed in this formula. {Lend. Vnw., 1926, EUc. Tech.)

Ans. Kilovolts per millimetre.

(26) Calculate the capacity of the following system

—

Two conduotoni | in. diameter, and 400 yd. long, lying parallel to each other
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and to an earthed plane, their height above the plane being 3 ft. The oonduo-
tors are 3 ft. apart.

Ans, 1,980 micro-microfarads.

(27) Capacity measurements on a three-phase cable were made as follows—
Capacity per mile between the sheath and one conductor connected together

and the other two conductors connected together — 0*45 microfarad.
Capacity per mile between the three conductors connected together and the

sheath = 0-50 microfarad.
The potential between the conductors is 3,300 volts and the frequency is

60 cycles per second.
Find the charging current flowing to each conductor in a 20-mile length of

the cable. {Lond. Univ.f 1931, Elec. Meaa.)
Ana. 4*1 amp.

(28) Describe the use of the Sobering bridge for the measurement of the
dielectric loss in a length of high-voltage cable.

State all the precautions necessary for both accuracy and safety. •

{Land. Univ., 1931, Elec. Meaa.)

(29) Explain how the electrostatic wattmeter or quadrant electrometer may
be used for the measurement of the power lost in dielectrics at high voltages.
Prove the formula, giving the power in terms of the deflection.

{Lond. Univ.^ 1925, Elec. Meaa.)

(30) Defihe electric field strength and state the practical units in which
it is measmed.
A concentric cable has a conductor diameter of 1 cm., and an insulation

thickness of 1*5 cm. Find the maximum field strength when the cable is

subjected to a test pressure of 33 kV. {Lond. Univ., 1931, Elec. Tech.)
Ana. 47*6 kV per cm.

(31) Annular shaped iron stampings are built up to form a ring 8 in. inside

diameter and 10 in. outside diameter and 1 in. thick. The squeu^ cross-section

is wound with 1,000 turns to form a toroidal coil. If the resistance of the wire
is 200 ohms, and the permeability of the iron is 800, what current will flow
under an impressed alternating voltage of 100 volts, 60 cycles?

What would be the effect of replacing the stampings by a solid iron core ?

{Lond. Univ., 1929, Elec. Tech.)

Ana. 0-288 amp.

(32) A ring 1 ft. mean diameter is made of round iron 1 in. diameter, and
is uniformly woxmd with 600 turns of copper wire 0-05 in. diameter. A second
winding of 1,000 turns of wire 0*025 in. diameter is uniformly wound over the
first. Assuming the iron to have a permeability of 800, calculate the self-

inductance of each winding and the mutual inductance between them ; express

your answers in practical units. {Lond. Univ., 1927, Elec. Tech.)

Ana. 0 133, 0*532, 0*266 henries.

(33) Calculate the resistance and inductance of a single layer cylindrioal

coil consisting of 1,000 turns of copper wire 0*5 mm. diameter, wound unifonqly
on a cardboard tube 2 in. diameter and 30 in. long, the turns being spaced
so that the coil occupies the whole length of the tube.

{Lond. Univ., 1926, EUc. Tech.)

Ana. 13*8 ohms, 3*42 millihenries.

(34) A toroidal coil is uniformly wound with 260 turns. The core is of

marble with a rectangular cross-section 2^ in. deep and 2 in. wide ; the outer
diameter of the toroid is 6 in., and the inner diameter is 2 in.

Find the induct*«ice of the toroid, proving any formula used.
{Lond. Univ., 1931, Eko. Meaa.)

#Ana. 0*873 millihenries.
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Estimate the mutual inductance between two parallel and coaxial
circles of 40 cm. tmd 6 cm. diameter respectively, and 20 cm. apart, making
the assumption that a current in the larger circle produces a uniform field
through the smaller.
How does the true mutual inductance differ from the value estimated in

this manner, and how would it be calculated ?

Ana» 0*00218 microhenries.
{Lond. Univ„ 1931, Elec. Meas.)

(36) Explain why conductors have a higher resistance to alternating than
to direct currents. Do the same causes affect the inductance of the conductor

;

if so, in what way ? How can one construct conductors to minimize the varia-
tion of resistance with freq^uency? {Lond. Univ.f 1926, Elec. Tech.)

(37) Define the practical unit of mutual inductance.
Two coils with terminals T^T^ and respectively are placed side by side.

Measured separately, the inductance of the first coil is 1,200 microhenries,
and that of the second coil is 800 microhenries.
With Tg joined to the inductance between 1\ and is 2,500 microhenries.

What is the mutual inductance between the two coils, and what would be the
inductance between and with joined to ?

Prove any formula used. {Lond. Univ., 1930, Elec. Tech.)
Ana. M = 260 microhenries, L ~ 1,500 microhenries.

'(38) An alternating current bridge is arranged as follows: The arms AB
and BC consist of non-inductive resistances of 100 ohms, the arms BE andCD oi non-inductive variable resistances, the arm EC of a condenser of
1 microfarad capacity, the arm DA of an inductive resistance. The alternating
current source is connected to A and C7, and the telephone receiver to E and D.
A balance is obtained when the resistances of the arms CD and BE are 60
and 2,600 ohms respectively.

Calculate the resistance and inductance of the arm DA

.

What would be the effect of harmonics in the wave-form of the alternating
cuiwnt source? {Lond. Univ., 1925, Elec. Meaa.)
Ana. 50 ohms, 0*255 henry.

(39) The diagram gives the connection of Anderson’s bridge for measuring
the inductance L and resistance Ji of an unknown impedance between the
points A and B. Find B and L if balance is obtaineil when O = ^ 1,000
ohms, F — 500 ohms, r ^ 200 ohms, and C = 2/iF.

B

Draw « vector diagram showing the voltage and current at every point of
““d the fi^iWcy is
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(40)

One of the branches of a Wheatstone bridge consists of a variable
inductcmce coil with a variable resistance, in series with a condenser shunted
by a resistance. The other branches consist of non-inductive resistances.
The bridge is supplied with alternating currents of known frequency. Calcu-
late the relations which must hold between the inductance and capacity, and
between the various resistances in order to obtain balance.

{Land. Univ., 1922, Elec^ Meas,)

Ans. JRyR^ = -
sistance shunting O.

R^r

1 + ft)*C7V2
and L = Cr^

1 -f a)2(7V*
where r is the re-

(41)

When a current of 0*0001 amp. is passed through a certain ballistic

galvanometer it gives a steady deflection of 50 scale divisions. A condenser
is charged at a pressure of 100 volts, and discharged through the galvanometer,
and gives a throw of 220 scale divisions. The complete period of swing is

4 seconds. Find the capacity of the condenser.
((7. and O, Final, 1918, Elect, Eng,, /.)

Ane. 2*8 microfarewis.

(42) Explain how an inductance may be measured by comparison with a
standard condenser in an alternating-current bridge.
The four arms of a Wheatstone bridge arrangement are as follows : AB is

an inductive resistance 2>i, BC is a non-inductive resistance rj, CD is a con-
denser of capacitance G shimted by a resistance DA is a non-inductive
resistance An altemating-ciurent supply is connected between the points
A and C and a telephone receiver across the points B and D. Work out the
conditions for balance and show that the result is independent of the frequency
of the supply. {€. and O, Final, 1930, Elect, Eng,, II,)

Ans.

(43) The four arms of a Wheatstone bridge have the following resistances;

AB 100, BO 10, CD 4, DA 60 ohms.
A galvanometer of 20 ohms resistance is connected across BD, Calculate

the current through the galvanometer when a potential difference of 10 volts

is maintained across AG. {Lond. Univ., 1926, Elec. Tech.)

Ans. 0*00513 amp.

(44) Explain carefully how the conductor resistance and insulation resistance

of a mile of an electric light cable would be determined experimentally by
measurements on a 100-yd. sample. {Land. Univ., 1929, Elec. Meas.)

(46) The conductor of a single-core cable has a diameter of 0*26 in., and
the diameter over the insulation is 1 in. If the insulation resistance of the
cable is 10,000 ohms per mile, calculate the specific resistance of the dielectric.

{Lond. Univ., 1926, Elec. Tech.)

Ans. 2,870 megohms per inch cube.

(46) Two mains are working at a P.D. of 220 volts. A voltmeter of 4,600
ohms resistance when connected between the positive main and earth reads
148 volts, but when connected between the negative main and earth the
reading is only 42 volts. Calculate the insulation resistance to earth of each
main. (Lon. Univ., 1926, EUc. Tech.)

Ans, Positive to earth 3,220 ohms, negative to earth 910 ohms.

(47) Describe with a diagram of connections the loss of charge method of

determining the insulation resistance of a length of cable. Prove the formula
used for thia determination, and calculate the insulation resistance of a short

length of oablh in which the voltage falls from 100 to 80 in 20 sec., the capacity

bmg 0*0003 microfarads. {Lond. Univ., 1026, Elec* Tech.)

Ans, 203,000 megi^ms.
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(48) Describe the Kelvin double bridge for the comparison of small resis-

tances.

Give the theory of the bridge, and detail the arrangements necessary in

order that the greatest precision possible may be obtained.
{Lond, Univ.r 1931, Elec. Meae.)

(49) Determine the currents to the nearest milliampere'in each of the five

sections of the following network, when one volt is applied between the points

a and d; ab 2 ohms, hd 8 ohms, dc 6 ohms, ca 4 ohms, and c6 10 ohms,
{Lond. Univ., 1923, Elec. Tech.)

Ana. ah.,., lllmilliamps
bd 97
dc. . ,

.

- lOo „
ca. ... - 91 „
cb - 14

(60) Describe in detail how a sub-standard direct current voltmeter of

range from 0-250 volts, would be calibrated by the potentiometer method.
{Lond. Univ.f 1929, Elec. Meaa.)

(61) Describe some form of accuiate direct reading potentiometer. Indicate

how the instrument is standardized and point out any special features in its

construction. Explain carefully how to connect up and use a potentiometer
to carry out the following tests

:
(i) the calibration of a moving-coil voltmeter

reading up to 160 volts, (ii) the measurement of the resistance of a 0*01 ohm
shunt. In each case state what auxiliary apparatus is required.

{Lond. Univ.f 1923, Elec. Meaa.)

(62) Describe the principle, construction, and operation of an alternating

current potentiometer. {Lond. Univ., 1927, Elec. Meaa.)

(63) In the measurement of a low resistance by means of a potentiometer
the following readings were obtained

—

Volt drop across low resistance under test . . . 0*83942 volt

Volt drop across a 0* 1 ohm standard resistance connected
in series with the “unknown” .... 1*01576 volt

The resistance of the standard at the temperature of the test is 0*10014 ohm.
Upon setting the potentiometer dials to zero and breaking the current passing
through the “imknown” resistance, the thermal E.M.F. of the latter produced
a galvanometer deflection equivalent to 23 microvolts, the direction of the
deflection being the same as that produced by etn increase of the potentio-
meter reading during the volt drop mectsurements.

Calculate the resistance of the “unknown.”
Ana. 0*08276o ohm.

(64) State the theory underlying the action of the Chattock magnetic
potentiometer. Desczibe the instrument, and show how it can be calibrated
and used in conjunction with a ballistic galvanometer for the measurement
of difference of magnetic potential. The constant of a given potentiometer
was obtained by aid of a coil of 300 turns in which a current of 0*6 amp. was
reversed. The resulting throw of the galvanometer was 167 scale divisions.

It was then used to measure the magnetic potential difference between two
points and the throw was 304 scale divisions. Find the magnetic potential
difference, and state the units in which it is measured.

{Lond. XJnw., 1925, EUe* Meaa.)
Ana. 876 C.0.S. units of magnetic potential.
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(55) The demagnetization curve for a sample of permanent magnet steel
after hardening and ageing is as follows

—

Permanent flux density
in lines per sq. cm. . 6,500 5,900 5,200 4,300 3,100 1,400

Demagnetizing ampere
turns per centimetre .4 12 20 28 36 44

The air gap flux density in a moving coil instrument where this steel is

used is to be 900 lines per sq. cm., the length of the single gap is to be 0*12 cm.,
and the area of the gap 10 sq. cm. To ensure the necessary permanence, the
ratio of the area of the gap divided by its length to the area of cross-section
of the magnet divided by its length is to be 300. Assuming the leakage flux
to be equal to the useful flux, and regarding all the leakage as being concen-
trated at the pole shoes, calculate the necessary length and cross-sectional
area of the magnet.
To what extent is the above-mentioned ratio apphcable to all permanent

magnet steels? {Land. Univ., 1925, Elec, Meets.)

Ans. 11*5 cm., 3*2 sq. cm.

(66) Describe a method for finding the B-H curve of bar specimens.
An iron ring of 3‘6 sq. cm. cross-sectional area with a mean length of 100 cm.

is wound with a magnetizing winding of 100 turns. A secondary coil with
200 turns of wire is connected to a ballistic galvanometer having a constant
of 1 microcoulomb per scale division, the total resistance of the secondary
circuit being 2,000 ohms. On reversing a current of 10 amp. in the magnetizing
coil, the galvanometer gave a throw of 100 scale divisions. Calculate the flux

density in the specimen and the value of the permeability at this flux density.

{O. and O. Final, 1927.)
Ans, B ==» 14,280,

fj.
1,136.

(57) Describe a standard form of apparatus for measuring the iron losses

in steel sheets at specified values of flux density and frequency by means of

a wattmeter.
The following test results were obtained on a sample of steel stampings at

60 frequency

—

Volts Amperes Watts

4*9 0*20 9*5

69*3 0*30 16*8

91*8 0*46 27*6

100*5 0*62 32*5

110*6 0*64 39*0

118*0 0*77 44*8

Mean width of the plates, 3 cm. ; mean thickness, 0*0489 cm. ; number of

plates, 51 ; total weight, 24*2 lb. ; number of magnetizing turns in coil, 600.

Allowing 2 watts copper loss in the magnetizing winding, calculate the iron

loss in watts per pound at a flux density of 10,000 lines per sq. cm., and
60 frequency. {C, and d. Final, 1927.)

Ans. M8.

(58) In a test with a traction permeameter, the force required to separate

the two U-shaped portions of ir^ forming the magnetic cirouit is 15 lb. The
oross^sectional area of the iron is 2 sq. cm., and the length of magnetic path
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46 cm. The magnetizing coil has 260 turns and the current in the coil is

0*79 amp.
Calculate the permeability of the iron at the flux density used in the test.

Ana, 1172

(69) Describe the wattmeter method of determining the iron losses in a
sample of transformer stampings. Show how the copper loss in the magnetizing
winding may be excluded from the wattmeter reading. Explain how the
hysteresis and eddy current losses may be separately determined from the
test results. {Lond, Univ., 1926, Elec, Meaa,)

(60) The reluctance of a magnetic circuit excited by 8,000 ampere-turns is

•0016. A fluxmeter is used to measure the flux produced. If the fluxmeter
scale has 120 divisions, and the line-turns required for a deflection of 1 division

is 16,000, calculate the resistance of shimt required for use with the search
coil

;
given

—

Number of turns on search coil = 1

Resistance of search coil = *025 ohm

The measurement is made by switching off the excitation. It may be
assumed that the resistances of the search coil and shimt are small compared
with the resistance of the fluxmeter coil.

Ana, *00916 ohm.

(61) An open space is illuminated by four lamps each giving 300 candle-
power in every direction below the horizontal. They are suspended 23 ft.

above the ground at the comers of a rectangle 20 ft. by 16 ft. Calculate the
illumination in foot-candles of a horizontal surface 3 ft. above the ground
(a) at the middle of the shorter side, and (6) at the mid-point of the rectangle.

Describe briefly a portable photometer suitable for testing the accuracy of

your calculations. {Lond. Univ., 1926, Elec, Tech,)

Ana, 1*72 ft.-candles; 1*83 ft. -candles.

(62) Deflne the following terms
:
(a) mean spherical candle power

; (6) lumen

;

(c) illumination; {d) brightness. I^at is the illumination at the edge of a
circular table 6 ft. in diameter lit by one 100 c.p. lamp 4 ft. above the centre ?

{A,M,I,E.E„ Oct,, 1923.)
Ana, 3*2 foot-candles.

(63) Describe a good type of portable illumination photometer suitable for
outdoor use ; explain how it can be calibrated and discuss the various sources
of error in its use.

If two lamps giving 600 candle-power in every direction are suspended
30 ft. high and 100 ft. apart, compare the illumination of the horizontal
road surface under one lamp with that midway between them.

(Lond, Vniv,, 1926, Eleo, Meaa,)
Ana, 3*76:1

(64) How would you determine the constants a and ^ in the expression

Candle-power = aF^ for a glow lamp where F is the lamp voltage T

Taking the value p = 4*5 for a timgsten filament vacuum lamp, detemfine
the percentage variation of candle-power due to a voltage variation of dr 4 per
cent from the normal value. (C, and O, Fined, 1927.)

Ana, 19*2 per cent above normal, 16*76 below normal.

(66) A road is to be illuminated by means of lamps supported at a height of
20 ft., and arranged 100 ft. apart. Determine the necessary distribution of
candle-power in a vertical plane in order that the lamps may produce a
uniform horizontal illumination on the ground along a line vertical^ beneai^
a pair of lamps. The illumination due to a lamp at a greater distance ^lan
60 It. may be neglected. {Lond* Unvv., 1922, Mee*
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/0 p \

An». (C.P.)^ =. ^2. where 0 is the angle between the line vertically

down through the lamp and the line joining the lamp to any point on the
road between the lamps.

(C.P.)o = C.P, vertically under a lamp.

(66) Define luminous flux, luminous intensity, and illumination, and state
and define the units in which they are measured.

Describe the construction and use of the Lummer-Brodhun photometer.
{Lond, Univ.t 1929, Elec. Meaa.)

(67) Describe an apparatus by means of which the mean spherical candle-
power of a 1,000 watt gas-filled lamp can be determined by a single reading.
Explain the principle involved and discuss the precautions which must be
taken to ensure accuracy. {Lend. Univ., 1926, Elec. Tech.)

(68) Describe two methods of meastiring peak voltages by means of two-
electrode thermionic valves, one employing an electrostatic and the other a
moving-coil instrument.

Explain the action in each case, and discuss the errors that may arise.

{Lond. Univ., 1930, EUc. Meaa.)

(69) Explain the various methods that are used for the measurement of
very high voltage. {Lond. Univ., 1929, Elec. Meaa.)

(70) Describe the arrangements that you would adopt to determine (a)

the root-mean-square value, (6) the average value per half-cycle, and (c) the
peak value of an alternating voltage of about 50,000 volts.

{Lond. Univ., 1926, Elec. Meaa.)

(71) Describe two methods of measuring the peak value of an alternating
voltage of about 16,000 volts, giving a full explanation of the principles

involved in each and enumerating the precautions necessary in order to obtain
accurate results. State the probable accuracy obtainable in each case.

{Lond. Univ., 1926, Elec. Meaa.)

{72) Describe with connection diagram how the peak value of a high volta^
may be measured by means of a neon tube. Explain how the method is

applied to the calibration of an extra high-voltage voltmeter. How would
you arrange to detect with certainty the striking of the neon tube ?

{C. and Q. Final, 1930.)

(73) What methods may be used in testing cables for dielectric stren^h
at very high voltages? Explain the difficulties that occur when tests with
alternating current voltages are made on long lengths of cable, and state what
difference there is (if any) in the dielectric strength of (a) paper (6) air, when
tested respectively with alternating and direct voltages.

(74) Describe the Murray loop method of localizing an earth fault on a
length of cable.

In a test for a fault to earth on a 620 yd. length of cable having a resistance

of 1*10 ohm per 1,000 yd., the faulty cable is looped with a sound cable of the
same length but having a resistance per 1,000 yd. of 2*29 ohm. The resistances

of the other two arms of the testing network, at balance, are in the ratio

2*7 : 1. Calculate the distance of the fault from the testing end of the cablo.

Ana. 432 yd.

(76) Describe a method by which the position of a fault to earth on a long

fe^er may be found approximately by a “loop” test.

What methods may be used for finding the position of the fault when a
break in the conductor occurs without afiecting the insulation resistance very
seriously? {Land* Univ., 1923, Elec. Tech*)
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(76) Show that; if Qj be the resistance-temperatixre coefficient of a conductor
at tx C. expressed as a fraction, the coefficient at C. is given by

1=

A specimen of copper wire has a specific resistance of 1*6 X 10“* ohm per

degree Centigrade at 0® C., and a temperature coefficient of 2^5
Find the temperature coefficient and the specific resistance at 60° C.

((7. and O. Final, 1930.)

Ans. 2*009 X 10“* ohms per cm. cube;^ 294*5

(77) What methods may be used for measuring the temperature rise in the
field-magnet windings of a direct-current generator? Explain briefly how
the final temperature rise of a machine may be estimated from the curve of

temperature rise at the begitming of the heat run.

{Lond. Untv., 1923, Elec. Tech.)

(78) Describe suitable methods for the measurement of the temperature
of the following

—

() The centre portion of the whiding of a field coil on an electrical machine.

( ) A small quantity of molten metal.
(c) The interior of a furnace.
State why each method described is the most suitable for its purpose.

(79) A disc of copper 2 in. in diameter and 0*005 in. thick is placed inside a
solenoid having a winding of 20 turns per inch length. Assuming that the
flux is normal to the surface of the disc and is not appreciably disturbed by
the eddy currents in the disc, calculate the loss of power in the disc when the
coil carries an alternating current of 10 amp. at a frequency of 60. What is

the phase of the current in the disc ? Point out some method of estimating
whether the assumption is justifiable. Is it justifiable in this particular case ?

{Lond. Univ., 1926, Elec. Meas.)
Ans. 0*012 watts.

(80) Under what conditions may a conducting ring be repelled from the
pole of an alternating current magnet, and upon what factors does the repulsive
force depend ? Show how the force will vary during one cycle of the alternating
flux.

If the metal in the ring were to be made up into a multiple turn coil of
sensibly the same dimensions as the original ring and the ends joined together,
how would the repulsive force compare with that in the case of the solid ring ?

How would the repulsive force be affected by connecting a condenser of
widely variable capacity across the terminals of the coil, instead of joining
them together ?

{Lond. Univ., 1926, Elec. Meas.)

(81) Calculate the eddy current loss per cubic centimetre in a transformer
core made up of stampings of given thickness and specific resistance when
carrying a sinusoidal flux of given maximum density at a given frequency.

{Lond. Univ., 1926, EUc. Meas.)

(82) Describe a modem form of Duddell oscillograph. Show that in a
critically damped oscillograph the ratio of the amplitude of tho deflection
due to a given harmonic to the value it would have if' the instrument were
without inertia and without damping is given by
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where Tq Is the free period of the vibrating system, T the period of the current

under investigation, and n the order of the harmonic.
{Lond, Univ,, 1929, Klee. Meas.)

(83) A potential difference represented by the formula

t> s=s V2 . 100 . sin 2jr . 60 . f + V2 . 20 . sin 2ix . 150 . t

is applied to the terminals of a circuit made up of a resistance of 6 ^hms, an
inductance of 0*0318 henry, and a capacity of 12*5 microfarads all m series.

Calculate the effective current and the power supplied to the circuit,

{Lond. XJniv., 1026, Elec. Tech.)

Ans. 0*547 amp.
;

1*61 watts.

(84) Explain why alternating voltage and current wave-forms usually

contain no even harmonics. In what practical instances may even harmonics

occur ?

A rectifier gives a current wave which has a sinusoidal form but with the

negative half-wave completely suppressed. The maximum height of the

wave is 100 amp. Determine (i) the steady component and (ii) the fundamental

of the wave. [Lond. Univ.y 1927, Elec. Meas.)

Ana. 31*8 amp. ; 50 sin 6.

(86)

A critically-damped Duddell oscillograph is required to reproduce the

13th harmonic of a 60 cycle wave with relative amplitude correct to within

2 per cent.

What should be the natural frequency of the movement ?

What will the relative phase angle departure of the 1 3th harmonic be ?

{Lond. Univ., 1931, Elec. Meaa.)

Ana. 4,590 cycles per sec .

;

16® 7'.

(86) An electromotive force, e == 2000 sin cot -f- 400 sin 3a>^ -f 100 sin 6a>

is connected to a circuit consisting of a resistance of 10 ohms, a variable

inductance, and a capacity of 30 microfarads arranged in series with a hot.

wire ammeter. Find the value of the inductance which will give reson^oe

with the triple frequency component of the pressure and estimate the readings

on the ammeter and on a hot-wire voltmeter connected across the supply

when resonant conditions exist, (co — 300.)
' {Lond. Univ.f 1922, Elec. Tech*)

Ana. *0411 henry; 31*7 amp, ; 1,442 volts.

(87) Describe the cathode ray oscillograph and explain the recent improve-

ments made in its construction and operation. Give a diagram of connections

showing its application to some definite measm-ement, and indicate the nature

of the curve obtained. {Lond. Univ., 1926, Else. Meaa.)

(88) Derive an expression for the current in a circuit containing resistance

and inductance, due to an alternating voltage connected to the circuit at time

^ 0 . . .

If the resistance is 10*0 ohms, the inductance 2*5 henries, and the circuit

is connected to a 200 volt, 60 cycle supply at the instant when the voltage

is zero, draw the first four cycles of the current wave.
{Land, Univ., 1929, EUc. Meaa.)

(89) A steady P.D. of 200 volts is suddenly applied to a coil of 2 ohms
resistance and 6 henries inductance; calculate the time required for the

current to reach 90 per cent of its final value, and prove the formula ermiloyed.

{Lond. Univ., 1927, Else, Tech.)

Ana, 6*76 seconds.

(90) A choking coil of relatively low resistance is suddenly switched on

across the alternating current mains of given voltage and frequency. Wo^
out an expression for the current taken by the coil during the transient period,
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aHuming (i) that the switch is closed when the voltage is zero, and (ii) that

tho switch is closed when the voltage is a maximum.
Draw diagrams illustrating the two cases.

{Lond, Univ., 1926, Elec. Meaa.)

(91) Derive an expression from which the instantaneous current flowing in

a circuit of inductance L and resistance R may be calculated at any time t

after applying a voltage V cos {cot -{- ^).

From the expression And the ratio of the maximum value to which the

current rises to the steady-state maximum value, when the voltage is applied

at the instant when it is zero, taking R = 20 ohms, L = 01 henry, and
o) =5 IOOOti. {Lond. Univ.t 1931, Elec. Meaa.)

V R
Ana. i «= sin {cDt 6 a) + Ae f', where a « tan"^—

Vr^ + co^L^
.

and -4 is a constant depending on the initial conditions; 1*8 (approx.).

(92) A condenser is charged through a large non-inductive resistance by
connecting it to a battery of constant E.M.F. Obtain an expression by which
the rate at which the condenser receives its charge may be calculated. A
condenser of 3 mfd. capacity is connected through a resistance of 1 megohm
to a constant E.M.F. Find how long it will take before the condenser receives

99 per cent of its final charge. {Lond. Univ., 1923, Elec. Tech.)

-_L
Ana. q « EC

{ \ - e 13-8 seconds.

(93) One coil of an armature winding having a circuit resistance when
running, including brush contacts, of 0*01 ohm, and an inductance of 10'^

henry, is suddenly placed in a steady reversing field when carrying a current
of 18 amp. Find the value of the field to make the current reach 20 amp. in

the opposite direction in 0*001 sec. {Lond. Univ., 1924, Elec. Tech.)

Ana. 42,100 lines.

(94) In a certain recording instrument, the electromagnetic torque corre-

sponding to the full-scale deflection of 60°, is 10 grm.-cm. The control is

exerted through two phosphor-bronze spiral springs. Allowing a maximum
stress in the phosphor-bronze of 660 kg. per sq. cm., and taking the modulus
of elasticity as 1*15 x 10® kg. per sq. cm., calculate suitable dimensions for

the control springs. {Lond. Univ., 1924, EUc. Meaa.)
Ana. Thickness, 0*021 cm. Length, 19*4 cm. (Assuming width of strip*

used == 0*1 cm.)

(96) An instrument spring, constructed of phosphor-bronze strip, has the
following dimensions ; Length of strip, 370 mm. ; thickness of strip, 0*073 mm.

;

breadth of strip, 0*61 mm.
If E (Yoimg’s modulus for phosphor-bronze) be taken as 1*16 x 10® kg.

per cm.*, estimate the approximate torque exeited by the spring ‘^en it is

turned through an angle of 90°.

{A.M.I.E.E., Nov., 1930, Meters and Meaa. ln$ta.)
Ana. 0*0806 grm.-cm.

^ (96) How are the temperature errors of a switchboard type D.C. ammeter
oompensi9*ted for? In a particular case the P.D. between the potential ter*

minals of the shimt of a 1,000 amp. instrument is 0*03 volt. The connecting
leads to the instrument are of copper and have a resistance of 0*12 ohm, the
moving coil has a resistance of 1*20 ohm and requires a current of 16 milliamp.
to deflect it to the 1,000 amp. point on the scale. The temperature coefficient

of the aUoy used for the shunt is 0*00001, and that of copper 0*004 per degree
Centigrade in terms of the resistance at 16° C. To what extent could this
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instrument be compensated, and if it is accurately adjusted at 16° C., what
error would be expected when all parts are at 36° C.

!

Ana. 4°99 per cent.
(Lond. XJniv,, 1926, EUc* Mma,)

(97) A moving-coil ammeter, a hot-wire ammeter, and a resistance o!
100 ohms are connected in series with a rectifying device across a sinusoidal
alternating supply at 200 volts. If the device has a resistance of 100 ohms to
current in one direction, and of 600 ohms to current in the opposite direction,
calculate the readings on the two ammeters, the power taken from the mains,
and that dissipated in the rectifying device.

{Lond. Univ., 1926, Elec. Tech.)
Ana. 0*3 amp. ; 0*74 amp. ; 133*3 watts; 77*8 watts.

(98) The relationship between the inductance of a 2 amp. moving iron
ammeter, the current, and the position of the movement, is as follows

—

Ammeter reading in amperes 0*8

Deflection of the pointer in

degrees ... 16
Inductance in millihenries . 673*2

1*0 1*2 1*4 1*6 1*8 2*0

26 36*5 49*5 61*5 74*5 86*5
574*2 576*2 676*6 577*8 678*8 579*6

Deduce an expression for the deflecting torque in terms of the rate of change
of the inductance with position of the movement, and calculate the deflecting
torque at 1 amp. and at 2 amp, (Lend. Univ., 1926, Elec. Meaa.)
Ana. At 1 amp., 29*1 grm.-cm. At 2 amp., 67*5 grm.-cm.

(99) Give a sketch showing the construction of a moving coil voltmeter.
If the moving coil consists of 100 turns wound on a square former which

has a length of 3 cm. and the flux density, in the air gap, is 600 lines per
sq. cm., calculate the turning moment acting on the coil when ft is carrying a
current of 12 milliamp. (Lond. Univ., 1926, Elec. Tech.)

Ana. 0*66 grm.-cm.

(100) Find the expression for the deflection of a quadrant electrometer in

terms of the potentials of the two pairs of quadrants and the needle.

Hence explain the use of the instrument as (i) a voltmeter, and (ii) a watt*
meter.

Describe a gravity controlled modification suitable for measuring voltages
up to 10,000. {Lond. Univ., 1931, Elec. Meaa.)

(101) An alternating current voltmeter with a maximum scale reading of
60 volts has a resistance of 600 ohms, and an inductance of 0°09 hemy. The
magnetizing coil is wound with 50 ohms of copper wire, and the remainder of

the circuit is a non-inductive resistance in series with it. What additional

apparatus is needed to make this instrument read correctly both on direct

current and alternating current circuits of 50 frequency? .

{Lond. Univ., 1924, Elec. Tech.)

Ana. 0'444 microfarad in parallel with the series resistance.

(102) The moving coil of a permanent-magnet ammeter is wound with
10 turns of copper wire, and has a resistance of 0*1 ohm. The total torque
exerted by the control springs is 0*02 grm.-cm. per degree. When the ter-

minals are connected to a Grassot flux meter, and a scale angle of 90° is

traversed by the ammeter pointer, a linkage of 3 X 10^ line-turns is indicated.

Estimate the temperature coefficient of the ammeter when operating off

a shunt having a drop of 0*076 volt at full load.

{A.M.I.E.E., Hay, 1931, Meteraand Meaa. Inata.)

. Ana. *00062 ohms/ohm/° C,

(103) A D.C. relay of the permanent magnet, moving-coil pattern, is fltted

with a coil of the following dimensions; Length of coil, 4om. ; breadth of

coil, 3 cm. The coil is wound with 100 turns of insulated copper wire. The
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field strength produced by the magnet is 1,000 lines per cm.* If the total

r^istanoe of the relay is 2,000 ohms, estimate the pressiire exerted on a pair

of contacts placed at a distance of 0*5 cm. from the axis of the coil, when a

voltage of 100 volts is applied to the relay.

Nov., 1930, Meters and Meas, Insta,)

Ana. 12*22 grm. wt.

(104) The coil of a 150 volt moving-iron voltmeter has a resistance of

400 ohms and an inductance of 0-75 henry. The current consumed by the

instrument when placed on a 150 volt D.C. supply is 0*05 amp. Estimate

—

(o) The temj>erature coefficient of the instrument per degree Centigrade.

(6) The alteration of the reading between direct current and alternating

current at 100 cycles.

(c) The capacitance of the condenser necessary to eliminate this frequency
error. Show method of connecting condenser.

(A.M.I.E.E.t Nov., 1930, Meters and Meas. Insta.)

Ana. 0*00066 ohms/ohm/°C.
1*17 per cent low at 100 cycles.

0*111 microfarad in parallel with the series resistance.

% (106) A dynamometer ammeter is fitted with two field coils having a total

resistance of 3*0 ohms and a total inductance of 0*12 henry, and a moving
coil of resistance 30 ohms and inductance 0*003 henry. Calculate the tem-
perature coefficient for changes of external temperature, and the error in

reading when the instrument is calibrated with direct current and used on
alternating current, 60 cycles for each of the following arrangements

—

() When the moving coil is shunted direct across the field coils.

() When the moving coil is shunted across a non-inductive resistance

placed in series with the field eoils.

(c) When connected as in (6), the non-inductive resistance having a value
of 10 ohms, a suitable swamp resistance being placed in series with the moving
coil. {A.M.l.E.E.f May, 1930, Meters and Meaa. Inata.)

Ana. *004, 41*1 per cent low
;
*0024, *04 per cent low ;

*0006, *003 per cent low.

^(106) A soft iron voltmeter for a maximum reading of 120 volts has an
inductance of 0*6 henry and a total resistance of 2,400 ohms. It is calibrated
to read correctly on a 60-cycle circuit. What series resistance would be neces-
sary to increase its range to 600 volts ? Draw up suitable workshop instruc-
tions for making up the resistance. . {Land. Univ.f 1927, Elec. Meaa.)

Ana. 9,660 ohms.

(107) The capacity of an electrostatic voltmeter reading from 0 to 2,000
volts increases uniformly from 45 to 65 micro-microfarads as the pointer
moves from zero to full-scale deflection. It is required to increase the range
of the instrument to 20,000 volts by means of an external air condenser.

Calculate the area of a pair of condenser plates suitable for the purpose.
If the condenser is adjusted to make the full-scale reading correct, what will

be the error per cent at half-scale reading ?

{A.M.I.E.E., May, 1930, Meters and Meaa. Inata.)

Ana. 176 sq. cm.,* 8*9 per cent high.

(108) Explain briefly the factors which must be taken into account in the
design of a current transformer in order that the ratio and phase-angle errors
may be as small as possible. A current transformer has a single-tum primary
and a 200 turn secondary winding. The secondary supplies a current of
5 amp* to a non-inductive burden of 1 ohm resistance ; the r^uisite flux is

set up in the core by 80 ampere-tums in the primary winding. The frequency
is 60 cycles per second, and the net cross-section of the core is 10 sq. cm.
(i) Draw a diagram showing the currents, flux, and voltages to scale, (ii)

* Assuming the distance between the plates to be 2*5 cm.
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Calculate the ratio and phase angle of the transformer, (iii) Determine the
uux density m the core. Neglect the effects of magnetic leakage and the iron
and copper losses. {Lond. Univ., 1927, Elec. Meaa.)

Ana. 200-64, 4® 36', = 796.
(109)

The magnetizing current of a ring-core current transformer, ratio
1,000/6, when operating at full primary current and with a secondary burden
consisting of a non-inductive resistance of 1 ohm, is 1 amp. at a power factor
of 0*4. Calculate

—

(o) The phase displacement between the primary and secondary current.

(6) The ratio error at full load, assuming that there has been no turn
correction.

(c) The ratio error at one-tenth load, assuming the Steinmetz index to be
1 * 6 .

{A.M.I.E.E.f May, 1931, Meters and Meas. Insts.)

Ana. 0® 3', - 0-04 per cent, - 0-10 per cent.

(110)

A potential transformer, ratio 1,000/100 volts, has the following
constants

—

Primary resistance

Secondary resistance
Primary reactance .

Equivalent reactance
Magnetizing current

94-6 ohms
0-86 ohm
66-2 ohms
66-2 ohms
0 02 arnp. at 0-4 power factor

Calculate

—

(i) The phase angle at no load between primary and secondary voltages,
(ii) The load in volt-amperes at unity power factor at which the phaae

angle will be zero. *

{A.M.I.E.E.f May, 1931, Meters and Meas. Insts.)

Ana, 4', 18*1 volt-amperes.

(Ill) The primary magnetizing current of a nickel-iron cored current
transformer with bar primary, nominal ratio 100/1, operating on an externnf
burden of 1-6 ohms non-inductive, the secondary winding resistance being
0-2 ohms, is 1-9 amp,, lagging 40-6° to the secondary volts reversed, there
being 100 secondary turns. With 1-0 amp. flowing in the secondary calculate

—

() The actual ratio of primary to secondary current.

() The phase angle between them, in minutes.
{A.M.I.E.E.y Nov., 1931, Meters and Meaa. Insts.)

Ana. 101-45, 42 min.

(112) What conditions must be fulfilled by a current transformer suitabl®

for use with a precision wattmeter, and how do these conditions affect th®
design and construction of the transformer?
A 600/6, 60-frequency cxurent transformer has a secondary burden which

has a resistance of 0-6 ohm considered to be non-inductive. The primary
winding consists of 1 turn, and 100 ampere-tums are required to produce the
flux on rated full load. Calculate the flux in the core and the current-ratio

at full load. {G. and O. EinaU 1930.)

Ans. 7,950 (R.M.S.), 101-98.

(113) Describe a method of determining €iccurately the ratio and phase
error of a pressure transformer intended for use with a wattmeter on a 6,600

volt circuit. {Lond, Univ., 1927, Elec. Meaa.)

(114)

Show that in a dynamometer wattmeter of the usual type the error

due to the unavoidable inductance of the moving coil is to a high degree of

accuracy proportional to this inductance. What use is made of this fact to

enable conections to be made in wattmeters designed for accurate work at

low power factors? {Lond. Unw., 1926 Elec. Meaa.)
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(116) In a test by the three-voltmeter method, the following readings were
obtained: Across the mains, 80 volts; across the non-inductive resistance

of 6 ohms, 88 volts ; across the load, volts. Calculate the self-inductance

and effective resistance of the load and the power supplied to it.

(Lond. Univ.f 1927, Elec. Meaa.)
Ane. Eff. Res. = -4*86 ohms; Reactance — 6*34 ohms;

Power == - 1,048 watts.

(116) Describe the two wattmeter method of measuring power in a three-

phase circuit. If the readings of the wattmeter are 3 kW and 1 kW respec-

tively, the latter reading being obt€uned after reversing the connections to

the current coil of the wattmeter, calculate the power and the power factor.

Prove the formulae employed. {Land. Univ.t 1926, Elec, Tech.)

Ana. 2 kW, 0*277.

,(117) A dynamometer wattmeter has a shunt coil with a resistance of

760 ohms and a series resistance of 2,260 ohms. A condenser of 1 microfarad
capacity is arranged so that it can be shunted across the series resistance.

If two readings of the wattmeter are taken, Wi without the condenser shunts
and with the condenser shunt connected, determine a formula by which
the power factor of the circuit in which the power is being measured can be
found in terms of these readings. Frequency 60 cycles.

{Lond. Univ.f 1922, Elec. Meaa.)

Ana. Power factor = cos j^tan'^^4*8

-

5*68^
J.

(118) A dynamometer pattern wattmeter has a field system which may be
considered as long compared with the diameter of the moving coil. The flux

density B in the field coils is 100 lines per cm.* The mean diameter of the
moving coil is 3 cm., and it is wound with 600 turns of copper wire.

If the current through the moving coil is 0*06 amp. and the wattmeter is

measuring the power flowing in a circuit having a power factor of 0*7, estimate
the torque, if the axes of the field and moving coils are at (a) 46®, and (6) 90®.

{A.M.I.E.E.f May, 1931, Metera and Meaa, Inata.)

Ana. 0*89 grm.-cm. ; 1*26 grm.-cm.

(119) A small single-phase transformer is connected across a single-phase
supply in series with a low-resistance ammeter Aj. In parallel with the trans-
former and across the same terminals is connected a resistance of 100 ohms in

series with another ammeter A 2 , A third ammeter, Aj, is placed directly in
series with the supply mains. If the readings on the thrro ammeters are:
Ay, 10*0 amp. ; Aj, 1*0 amp.

;
A3, 10*5 amp., find (o) the watts input into the

transformer; (6) the power factor of the load due to the transformer.
{A.M.I.E.E., Nov., 1930, Metera cmd Meaa. Inata.)

Ana. 462*6; 0*462.

(120) The power flowing in a three-phase, three-wire, balanced-load system
is measured by the two-wattmeter method.
The reading on wattmeter “A” is 6,000 watts, and on wattmeter “B” is

- 1,000 watts.
(a) What is the power factor of the system ?

(0 If the voltage of the circuit is 440, what is the value of capacitance
which must be introduced into each phase to cause the whole of the power
measured to appear on wattmeter **A**9

(A.M.I.E.E., May, 1931, Met^a and Mem. Inata.)

Ana. 0*369; 5*43 ohm^.

(121) Describe briefly one type of merdury motor amperediour meter, and
explain how the meter is compensated for the efi^ts of nuid friction et high
loads.

In a test run of 30 min. duration with a constant currcmt of 5 amp* suoh a
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meter was found to register 0‘61 kWh. If the meter is to be used in a 200 volt
circuit, find its error, and state if it is running fast or slow. How can the
instrument be adjusted to read correctly ?

{Lond. Univ., 1926, Elec. Meat.)
Ans. 2 per cent fas

.

(122) Describe the principle and action of a shaded-pole motor. Explain
how the torque is produced, show clearly in which direction it acts, and in
what way it depend on the frequency.
How is the shaded-pole device applied in A.C. ammeters ?

(Lond. Univ.t 1927, Elec. Meat.)

(123) Describe, with sketches, the construction of a modem type of alter-

nating-current energy meter. Give the theory of the action of the instrument,
and show how compensation is effected for temperature, friction, and power
factor. Describe how such an instrument is calibrated.

(Lond. Univ., 1929, Elec. Meat.)

(124) In a simple bipolar form of A.C. energy meter, the distance between
the pole centres is 1*6 cm. and the effective radius of action is 2*6 cm. The
fiuxes produced by the series and shunt magnets are 350 and 275 lines jB.M.S.)
respectively, their phase displacement being 82°. The aluminium'^ driving
disc is 0*06 cm. thick and its specific resistance may be taken as 3 microhms
per cm. cube.

Neglecting the edge effect of the disc, calculate its speed if the brake magnet
exerts a braking torque of 7*5 dyne-cm. when the speed is 1 revolution per
minute. Frequency == 50 cycles per second.

Ant. 40*4 r.p.m.

(125) A large consumer has a kVA demand and a kVAh tariff, measured
(by mutual agreement) by “sine” and “cosine” watt-hour type meters, each
equipped with a Merz demand-indicator. The tariff is lOs. per month per
kVA 4- fd. per kVAh. Render the consumer his bill for one month of 30 days,
based on the following readings: “Sine” meter advance 90,000 reactive-

kVAh, demand indicator 160 reactive-kVA. “Cosine” meter advance 120,000
kWh, demand indicator 200 kW.
Wbat are his average monthly power factor and load factor, and his total

cost per unit? (A.M.I.E.E., Nov., 1931, Meters and Meat. Intis.)

Ana. 0*719d. per unit. Average load factor = Average power factor = 0*8.

(126) Describe the routine tests you would apply to single-phase watt-hour
meters ? How would you compare the merits of two such meters ?

How are the transformers for such instruments calibrated T
p

(127) Describe any method of measuring precisely a frequency of the order
of 500 cycles per second. (Lond. Univ., 1931]^ Elec. Meat.)

(128) Describe with a dimensioned sketch one form of frequency meter
suitable for power station use. Explain how the range of this instrument
could be extended. (C. and O. Final, 1927.)

(129) Describe the principle and construction of a single-phase synchro-
scope. (Lond. Univ., 1930, Elec. Meat.)

(130) A coil of 200 turns, wound on a rectangular former 10 cm. long and
8 cm. wide, is placed with its longer side parallel with and 5 cm. distant from
a current-carrying conductor, the plane of the coil being arranged so that it

contains the conductor.
Calculate the E.H.F. induced in the coil by a current

% =» 10 sin 314 . f + 5 sin 942 . t

flowing in the conductor. What is the mutual inductance between the coil imd
the conductor f

Ant. e A [0*012 cos ZIU + 0*018 cos 942t] M = 3*82 mioroh^arias.
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(181) Give a concise account of the M.K.S. (Giorgi) system of units, and
compare the advantages and disadvantages of this system with those of the

0<G.S. electromagnetic system. {Lond. Univ.^ 1939, Elec. Meas.)

(132) Explain the essential principle of the method of symmetrical com-
ponents as applied to the solution of asymmetrical polyphase A.C. network
problems.
Show how a direct measurement of the positive and negative sequence

components of an unbalanced three-phase current system can be made.
Give a diagram of connections and indicate clearly what the observations

signify with regard to the actual currents in the three lines.

(Lond. XJniv.j 1934, Elec. Meas.)

(133) Two coils, of self-inductance 0*01 henry and 10 henries, and resistance

0*3 ohm and 300 ohms respectively, have a coefficient of coupling of 0*9.

Calculate the change in effective resistance of the first coil when a resist-

ance of 100 ohms is connected to the terminals of the second, the frequency
being 50 c.p.s. (Lond. TJniv.^ 1936, Elec. Meas.)
Ans. 0*318 ohm.

(134) It is required to measure the inductance and resistance of an iron-

cored choke of about 1 henry at frequencies varying from 50 to 3,000 c.p.s.

and with D.C. current flowing through it. An oscillator, standard condensers,

and non-inductive resistance boxes are available.

Describe a suitable A.C. bridge and detector, mentioning any precautions
necessary to ensure accuracy in the result. Derive the equation of balance
of the bridge used. (Lond. Univ., 1935, Elec. Meas.)

(135) Discuss the difficulties of constructmg a standard condenser for use in

the high-voltage arm of a Sobering bridge working on voltages above 100 kV.
A condenser bushing forms arm AB of a Schering bridge, and a standard

condenser of 500 capacitance and negligible loss forms arm AD. Arm
BO consists of a non-inductive resistance of 300 ohms. When the bridge is

balanced, the resistance and condenser in parallel in the remaining arm CD
have values of 72*6 ohms and 0*148 /iF. respectively. The frequency is 50
c.p.s. Calculate from first principles the capacitance and the dielectric loss

angle of the bushing, (Lond. Univ., 1939, Elec. Meas.)
Ana. 121 ^/iF.; 0° 11*6'.

(136) In a balanced bridge network, AB is a resistance of 500 ohms in

series with an inductance of 0*18 henry, BC and DA are non-inductive resist-

ances of 1,000 ohms, and CD consists of a resistance B in series with a capac-
itance O. A potential difference of 5 volts at a frequency of 6,000/27r is

established between the points A and C.
Draw to scale a vector diagram showing the currents and potential differ-

ences in the bridge, and from it determine the values of R and C.
Check the result algebraically. (Lond. Univ., 1938, Elec. Meas.)
Ans. 472 ohms; 0*235 jaF.

(137) A moving-coil galvanometer has a sensitivity of 4 cm. per micro-
ampere, with a scale 1 metre dwtant, and the time of free oscillation is 2*8 sec.

If the galvanome^r is dead lieat when the total circuit resistance (coil and
external circuit) is 2,500 ohms, find the moment of inertia of the moving
system.

Prove any formula used. (Lond. XJniv., 1934, Elec. Meas.)
Ans. 2*7 gm.-cm.®.

(138) Describe a method of using an A.C. potentiometer for measuring
the loss in an iron ring made up of thin stampings. Explain how the loss

may be calculated in terms of the maximum density, and state any assump-
tions made* (Lond, Univ.t 1939, Ehe. Meas.)

(139) Describe fully how a co-ordinate type of A.C. potentiometer can be
us^ to determine the ratio and phase angle of a current transformer. Draw
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a diagram of the connections, and explain the methods of deducing the value*
of the reqmred quantities from the observations. What are the most impor-
tatit precautions necessary to prevent errors ?

^
(Lond, Univ.f 1935, Elec. Meas.)

(140) What are tlie conditions to be fulfilled by a ballistic galvanometer!
Describe the construction of such an instrument, and explain how to deter-
mine the constant and the logarithmic decrement.
The periodic time of an undamped reflecting ballistic galvanometer is

10 sec., and a current of 0*1 inA. gives a steady deflection of 200 scale divi-
sions. Find the quantity of electricity which produces a swing of 100 divi-
sions. Wliat is the quantity of electricity corresponding to this swing if the
instrument has a decrement of 1-03? {C. and O. Finals 1938.)
Ana. 0-0000795 coulombs; 0*000121 coulombs.

(141 )
Describe and explain a method by which the hysteresis loop for a given

sample of iron may be delineated. Show how to calculate from the hysteresis
loop the energy loss due to this phenomenon at a given frequency, and state

how the accuracy of the calculation is likely to be affected by the frequency
considered, assuming the maximum magnetizing force to remain unchanged.

Calculate the hysteresis loss per hour in a sample of iron weighing 10 lb.

for which the hysteresis loop has an area equivalent to 1,200 ergs per cm.*,
when subjected to alternating magnetization of 50 frequency. Take the
density of the iron as 7*5. {Lond. Univ.y 1934, Elec. Meas.)

Ans. 0*288 watt-hour.

(142) What are the criteria of the most suitable characteristics of a per-

manent magnet for use in a measuring instrument such as a moving-coil
ammeter? Deduce the magnetic condition in which the permanent magnet
should be operated in order that its volume may be a minimum, assuming
given gap dimensions and flux density in the gap.

{Lond. Univ.y 1939, Elec. Meas.)

(^143) Explain carefully how the construction of a fluxmeter differs from
that of a moving-coil ammeter or voltmeter.

A certain fluxmeter has the following constants

—

Air-gap flux density, 60 lines per cm.*
Turns on moving coil, 40.

Area of moving coil, 7*5 cm.*

If a 10-turn search coil of 2 cm.* area, which is connected to the fluxmeter,

is reversed in a uniform field of flux density 500 lines per cm.*, calculate the

deflection of the meter.
Why is it necessary to keep the resistance of the moving coil, and of the

search coil and leads, low ? How may a correction for an unavoidably high

resistance in the search coil be made? {Lond. Univ.f 1936, Elec. Meas.)

Ans. 76i°.

(144) Describe an equipment for the production of high voltages for surge

or impulse tests. Explain the action of the circuit described, and show pre-

cisely how the shape of the impulse wave can be controlled.

(0. and O. Final

f

1939.)

(146) Show that the eddy-current torque on a metallic disc rotating

between the poles of a permanent magnet is directly proportional to the

angular velocity of the disc. How would the torque be expected to vary

with the position of the magnet poles relative to the axis of the disc ? What
use is made of this device in the construction of energy meters, and what
part does it play in the operating mechanism ?

{Lond. Unw.f 1934, Elec. Meas.)

(146) Describe and give the theory imderlying the operation of some form
of electric harmonic analyser. A certain periodic wave that repeats itself

every half-cycle is found to have ordinates y corresponding to angles B degrees

as follows

—
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e 0 16 30 45 60 75 90 106 120 136 160 166 180

y 1*4 3*9 5*2 5*5 6*3 5*0 6*2 6*7 6*4 6-3 4*9 2*0 ~2*7

Determine the amplitude and phase of the third harmonic present in the
wave. {Land. Univ.j 1934, Elec, Meas.)

Ana. 1*83, leading 22 relative to the fundamental.

(147) A voltage, represented by 300 since^ volts, is applied to a circuit

consisting of a non-inductive resistance of 20 ohms in series with a luminous
discharge lamp and produces a current represented by

(5 sin (Dt-

2

sin 3 cut) amp.

Calculate the power absorbed by the resistance and by the lamp ; also the
power factor of the lamp and of the complete circuit.

{Land, Univ,, 1939, Elec. Meas.)
Ans. 290 watts; 460 watts; 0*838; 0*93.

(148) Describe, with a sketch, one form of modern precision moving-iron
ammeter for A.C. circuits. Prove that no frequency error is introduced when
using a shunt having the same time-constant as the instrument.

(O. and O. Final, 1939.)

(149) Explain the action of a shaded-pole ammeter, showing by means of

a sketch the direction of movement of the disc relative to the magnet poles.

How IS adequate damping secured, and how is the spread of the scale con-
trolled? What are the advantages of this type of instrument for switch-
board use, and to what errors is it subject ?

(Lend. Univ., 1936, Elec. Meas.)

(160) What is meant by critical damping, and to what extent should this con-
dition be approached in the case of an ordinary moving-coil type of instrument ?

The coil of a moving-coil galvanometer has 300 turns and is suspended in
a uniform magnetic field of 1,000 lines per cm.* by a phosphor-bronze strip,

of which the torsion constant is 2 dyne-cm. per radian. The coil is 2 cm.
wide and 2i cm. high, with a moment of inertia of 1*5 grm,-cm.*.

If the galvanometer resistance is 200 ohms, calculate the value of the resist-

ance which, when connected across the galvanometei- terminals, will give
critical damping. Assume the damping to be entirely electromagnetic.

(Lond, Univ., 1936, Elec. Meas.)
,

* Am. 460 ohms.

(161) An 8/1 current transformer has an accurate current ratio when the
secondary is short-circuited. The inductance of the secondary is 60 milli-

henries and its resistance is 0*5 ohm, and the frequency is 60 c.p.s. Estimate
the current ratio and phase-angle error when the instrument load heus a
resistance of 0*4 ohm and an inductance of 0*7 millihenry. State the assump-
tions made. {Lond. Univ., 1934, Elec. Meas.)

Ans. 8*001
;
0°2' assuming no iron loss, constant permeability, and magnet-

izing current = 1 per cent of primary current.

(162) Give an account of the precautions to be observed in the design and con-
struction of precision current transformers for use with a standard wattpieter.
D^uce ^ expression for the correction factor of a wattmeter which has a

negiligible inherent error, when used with a current transformer having a
ratio error of p per cent and a phase-angle error of q deg., and a potential
transformer which has a ratio error of x per cent and a jmaee-angle error of

y deg. {C. and 0. Final, 1938.)

. 100 100 ^ 008 6
, , . , *

’
,

p + Io6 ^ i + 'ioo j-y
’"**®'* *

“

the load.
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Abraham-ViLLABD H.V. voltmeter,
432

Absolute instruments, 673
meeisurements of international

units, 62
units, 46

Absorption in dielectrics, 148, 289
A.C. bridge methods, 193

, errors in, 222
magnetic testing, 377
potentiometers, 191, 321

, applications of, 328
, method of iron-loss test-

ing, 387
Acetylene sub-standard, 399
Air density factor, 42,5

friction damping, 680
Alternators, high frequency, 225
Ammeter, calibration of, by A.C.

potentiometer, 331
, errors in, 591
shunts, 639

, typ^s of, 590
Ampere, international, the, 61

, legal, the, 62
, the, 51

Ampere-hour meters, 739
Ampere’s theorem, 25
Anderson bridge, 195, 218
Arc standards, 397
Arnold method of current trans-

former testing, 680
Aron clock meter, 750
Attracted disc electrometer, 622
Attraction between charged parallel

surfaces, 13

magnetized surfaces, 23
type M.I. instruments, 596

Ayrton-Perry inductometer, 234
Ayrton universal shimt, 297

Balancing in instruments, 579^
Ballistic galvanometer, 337

, calibration of, 342
method of capacity meas-

urement, 213
, method of mutual induc-

tance measurement, 206
standard solenoid, 176

Bar and yoke methods, 361
Barlow method of measuring three-

phase power, 705
Betieridge apparatus for magnet

testing, 376

B-H curve, determination of, 354
Bifli method of current transformer

testing. 674
Bifilar winding, 70
Biot-Savart Law, 27
Bismuth spiral, 353
Black body standard, 397
Blavier teat, 463
Board of Trade ohm, 70
Braun tube, 546
Brightness, 393
Brooks and Weaver inductometer,

235
Brooks deflectional potentiometer,

312
B.T.H. frequency meter, 787
Bunsen pliotometer head, 401
Burrows double bar and yoke
permeameter, 368

Butterworth bridge, 199
Tinsley mutual inductometer,

237

Cable, graded, 143
, multicore, capacity of, 135
tests with high voltage D.C.,

436, 442, 457
Campbell bridge for iron-loss meas-

urements, 386
constant inductance rheostat,

233
frequency bridge, 779
Larsen potentiometer, 330
method of mutual inductance

measurement, 208
of self-inductance meas-

urement, 219
microphone hummer, 226
mutual mductoraeter, 237
standards of mutual inductance,

82, 86
vibration galvanometer, 261

Candle-foot, 393
hour, 392
power, 392

, mean hemi-spherical, 39 2
, horizontal, 392, 40 5
, spherical, 892, 405
, measurement of, 399
, standards of, 393

Capacity, 10
, absorptive, 148
, distributed, 138
, earth, 118
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Capacity, electrostatic C.O.S. unit
of, 11

, geometric, 148
, laboratory standards of, 93
, measurement of, 211
measurement of three-core

cable, 136
, practical unit of, 51
, standards of, 87

Carcel lamp, 396
Carey Foster bridge, 210, 218

slide wire bridge, 284
Cascade connection of transformers,

418
Cathode ray oscillograph, 158, 546
C.G.S. units, 46
Chaperon non-inductive winding, 228
Chattock magnetic potentiometer, 351
Churcher and Daimatt condenser, 89
Circular coil, magnetic field of, 30

, self-inductance of, 178
Circular turn, inductance of, 171
Clark standard cell, 78, 79
Clock meters, 750
Coaxial circles, forces between, 32

coils, mutual inductance be-
tween, 174

cylinders, capacity between, 130
Coercive force, 38
Commutator meters, 743
Compensation for pressure coil power

loss, 697
Complex quantities, 97

wave-forms, 512
, virtual value of, 533
, power with, 534

Concentric circles, mutual inductance
between, 171

coils, mutual inductance be-
tween, 175

Condenser bushing, 145
multipliers, 645

Condensers in series and parallel, 134
, compressed gas, 90
, square law, 241
, standard, 87
, variable, 239

Cone-roller stroboscope, 784
Constant inductance rheostat, 233

of inertia of vibration galva-
nometer, 254

Control constant of vibration galva-
nometer, 255

gear for H.V. testing, 422
of instruments, gravity, 678

-—
, spring, 675

Corona effect, 423
Correction factor of wattmeter, 695,

699

Coulomb, the, 51

Coulomb’s Law, 1,14
theorem, 9

Coupling, coefficient of, 166

Coursey factor, 178

Creep of meters, 748

Crest factor, 426
Crompton potentiometer, 308
Curie balance, 375
Current, absolute measurement of,

65
balance, Kelvin, 75

__—
, Rayleigh, 67

, E.M.C.G.S. unit of, 25, 50
, measurement of by potentio-

meter, 318
transformers, 648

^ characteristics of, 657
, demagnetization of, 663
, design of, 651
, errors introduced by, 651
, testing of, 672
^ use of, 661

wave-forms, 528
Cylinders, capacity between, 125

, electrostatic field between, 127
Cylindrical conductors, eddy currents
m, 495

Damped oscillations, 446
Damping constant of vibration gal-

vanometer, 264
in D’Arsonval galvanometer,

304
m instruments, 580

D’Arsonval galvanometer, 299
Deflecting coil method, 363
Delon mechanical rectifier, 436
Demagnetization curve, 44

of current transformers, 663
of magnetic specimens, 356

Demagnetizing factors, 360
De Sauty bridge, 214
Dessauer method of transformer con-

nection, 418
Detectors for A.C. bridges, 244

, tuned, 226, 244
Dial tests of meters, 760
Dielectric absorption, 148

breakdown, nature of, 465
constant, 1, 147
hysteresis, 149
loss and power factor, 148

, measurement
of, 161

strength, 142
Dielectrics, 141—— in series, 146
Diesselhorst potentiometer* 314
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Differential galvanometer, 276

Dimensional equations, 67

Dimensions, 46
Displacement constant of vibration

galvanometer, 254
Drysdale phase shifter, 323

plug permeameter, 371

standard wattmeter, 707

-Tinsley A.C. potentiometer,

323
inductance and capacity

bridge, 243
vibration galvanometer, 248

Du Bois magnetic balance, 367
Duddell alternator, 226
—— oscillograph, 538

square law condenser, 241
vibration galvanometer, 250

Dye’s modification of Heaviside-
Campbell bridge, 206

Dynamometer M.C. instruments, 612
power factor meter, 790
wattmeter, 707, 718

Earth overlap test, 463
Ebonite, testing of, 457
Eddy current damping, 507, 582

errors in A.C, bridges, 224
loss, 377

currents, effect of, 494
in an iron core, 499
in armature conductors,

604
in cylindrical conductors,

495
in iron plates, 188
in thin sheets, 497

, nature of, 494
Electric intensity, lines of, 2

Electricity Supply (Meters) Act, 1936,

310, 320, 756, 777
Electro dynamometers, 65

Electrolytes, resistance of, 295
Electrolytic meters, 733
Electromagnetic oscillograph, 537
Electromagnetism, 26
Electrometer, attracted disc, 622

, Kelvin absolute, 623

, Lindemann, 464
, quadrant, 619

Electrostatic instruments, 618—- oscillograph, 643
, voltmeters, commercial forms

of, 624
for E.H.T., 626

wattmeter, 162, 719
E,M.E., electromagnetic C.G,S. unit

of, 35—, induction of, 36

Energy in an electric circuit, 37
in electric field, 11, 12
meters, 731

, practical unit of, 51
stored in magnetic field, 43

Epstein apparatus, 379
Equipotential surfaces, 10
Equivalent sine wave, 535
Ewing double-bar method, 363

-Isthmus method, 372
permeability bridge, 364

Eahy Simplex permeameter, 371
Farad, the, 51
Faraday’s Law, 35
Fault localizing bridge, 470
Faults in high voltage cables, 442
Feebly magnetic materials, testing

of, 374
Felici method of mutual inductance
measurement, 206

Ferraris induction instrument, 628
Ferric induction, 19, 336
Fery variable-focus pyrometer, 489
Fisher loop test, 469
Fixed-focus radiation pyrometer, 488
Flat coils, self-inductance of, 181
Fleming and Clinton commutator
method, 212

Flicker photometers, 404
Fluid friction damping, 581
Flux, electric, 3

,
, tubes of, 3

density, magnetic, 15

distribution in thick iron plates,

601
, magnetic, 15

Fluxmeter,^ 347
Force between parallel conductors, 29
Form-factor meter, 637
Fourier theorem, 612
Frequency, bridges, 779

errors, compensation for, 631
in A.C. bridges, 226
in M.I. instruments, 591

meters, 785
natural, of vibration galvano-

meter, 266
Friction errors in instruments, 691
Frohlich-Kennelly equation, 21

Gall-Tinsley A.C. potentiometer,
325, 387

Galvanometer, ballistic, 337
, D’Arsonval, 299
, tangent, 66
, Helmholtz, 67
, vibration, 264

Gas thermometers, 476
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0«bvuss, the, 52
Gauss’s theorem, 8

Geometric capacity, 148
mean distance, 172

Glebe air condenser, 92
Gilbert, the, 52
Giorgi (M.K.S.) system, 52
Glazebrook and Muirhead standard

air condenser, 92
Grassot fluxmeter, 347

, as a quantity meter, 744
Gravity control of instruments, 578
Ground faults in cables, 463
Grover series-mductance capacity

bridge, 216
Guard rings, 140
Gumlich’s method of magnetic test

mg, 373

Harcourt pentane lamp, 395
Harmonic analyser, 524

analysis, 615
Harmonics, even, 514

in A C wave forms, 511
Hartshorn method of self inductance
measurement, 220

Hay’s bridge, 200
Heaviside bridge, 107

-Campbell bridge, 201
Heavy-current standard wattmeter,

708
Hefner standard lamp, 393
Helmholtz tangent galvanometer, 67
Henry, the, 55
Heterostatic connection, 620
Heydweiller modification of Carey

Foster bndge, 210
Hibbert magnetic standard, 342
High frequency tests at high voltage,

444
resistance, measurement of, 285
voltage control gear, 422

D.C. tests, 416, 436
high frequency tests, 415

— low frequency tests, 414
surge tests, 416

--— transformers, 417
voltmeters, 431

Ho and Koto oscillograph, 543
Hospitaher Ondograph, 537
Hot-wire instruments, 613—- , power oonsumptionin, 616

, range of, 616
Hysteresis coefficient, 42
*

, dielectno, 149—
- ^or in MJ. mstruments, 602
loop, determination of, 357—- loss, 40, 877, 389
magnetic, 37

Idiostatio connection, 620
Ilhovici permeameter, 365
Illumination, 393

, laws of, 393
photometers, 409

Images, method of, 130, 170
Impulse ratio, 451

tests, 416, 448
Incremental permeability, 39
Inductance, mutual, 165

, mutual, standards of, 80
,

, unit of, 165
, practical unit of, 5

, self, 164
,

, in senes, 166
,

, measurement of, 191
,

, standards of, 80, 84, 87
^ ^ with superposed DC and

AC, 201
Inductances, iron cored, 184——, variable, 234
Induction, ferric, 19

instruments, 627
method of cable testing, 473
of E M F , 35
regulator voltage control, 42
watt-hour meters, 746
wattmeter, 716

Instruments, classification of, 573
, indicating, 574
, integrating, 686
, recordmg, 686
, rectifier, 634

Instrument transformers, 648
, testmg of, 672 [697
use of, with wattmeters,

Insulatmg oils, testing of, 467
Insulation, resistance, 285

, measurement of, with
power on, 294

testmg sets, 291
Insulators, testing of, 451
Integrating instruments, 586

sphere, 408
Intense magnetic field, testing with,

371
Internal flux in a conductor, 169
International conference on elect

tnoal units, 61
units, absolute measurement

of, 62 i

, definitions of. 61
Ionic wmd voltmeter, 483
lomzation potentiometer, 321
Iron loss, measurement of, 377, 387

Joubert contact m6i|bod, 536
Joule, the, 61
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Kelvin absolute electrometer, 623— current balance, 75—- double bridge, 221, 269
electrostatic voltmeter, 625
-Varley slide, 299

Kenotron, 429
Kilovolt amperes, measurement of,

772
Kipping time base, 660
Koepsel perrneameter, 366
Kohlrausch method of using differen-

tial galvanometer, 277
of measuring resistance of

electrolytes, 295

Laboratoky standards of capacity,
93

of low resistance, 71, 267
Lambert cosine law, 393
Laplace equation, 27
Leakage errors in A.C. bridges, 224

factor, measurement of, 350
indicators, 626
in potentiometers, 309

Leeds and ‘Northrup vibration gal-

vanometer, 251
Left-hand rule, 28
Legal standards, 62
Lenz's law, 36
Light, 391
Lindemann electrometer, 464
Lloyd-Fisher magnetic square, 379
Logarithmic decrement, 341
Loop tests, 466
Lorenz method of resistance measure-

ment, 63
Loss angle of condenser, 160

of charge method of resistemce
measurement, 287

Low resistance, measurement of,

264
standards, measurement

of inductance of, 219
umen-hour, 392
umen, the, 392

Luminoiis flux, 391
intensity, 392

Lummer-Brodhim photometer head,
402

Macbeth illuminometer, 411
Magnetic balance, 363

flux, measurement of, 346
hardness coefficient, 21
hysteresis^ 37
intensity due to current in a

conductor, 28
lines of, 15

moment, 16

Magnetic, potentiometer, 361
shells, 24
susceptibility, 20
testing of rods, 369

Magnetization curve, 20, 38
, determination of, 364

, cycle of, 38
, intensity of, 16

Magnetizing force, 20
Magnetometers, 334
Magnets, permanent, 584
Mangamn, 74
Marx circuit, 448
Maximum-demand indicators, 766
Maxwell, the, 52
Maxwell bridge for determination of

“v,” 59
for iron-loss measure-

ments, 384
inductance bridge, 106
method for mutual inductance
measurement, 207

self-inductance bridge, 194
Maxwell’s dimensions for self-induc-

tance standard, 86
Measuring instruments, effects uti-

lized in, 673
Medium resistance, measurement of,

276
Megger, 292
Mercury motor meters, 739

thermometers, 476
Merz-Price demand indicator, 768
Meter testing, 767
Meters for special purposes, 763
Method of reversals, 364, 357
Mica condensers, 93
Microphone hummers, 226
Minton method of measuring dielec-

tric loss, 169
Moore heavy current wattmeter, 708
Motor meters, 736

errors in, 737
Moullin thermionic voltmeter, 634
Moving-coil instruments, 603

, errors in, 611
, extension of range of, 608
, types of, 606
vibration galvanometer,

249
-iron instruments, 598

, design data for» 603
errors in, 602

power-factor moter, 798
—— synchroscope, 797

-magnet vibration galvano-
meter, 246

Multi-core cable, capacity of, 185
Multipliers, voltmeter, 642« 644
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Mumetal, 651
Murray loop test, 466
Mutual inductance, measurement of,

205
network containing, 107
standards of, 80

Nagaoka factor, 178
Nalder-Lipman power factor meter,

794
Natural frequency of vibration galva-

nometer, 256
Neon lamp, 560
Nickel iron alloys, 652
Non-inductive windings, 232

Oebstbd, the, 52
Ohm, international, 61

, legal, 62
, the, 51
, the Board of Trade, 70
-meter, 291

Oil, testing of, 458
One wattmeter method, 704
Open circuit faults in cables, 472
Optical pyrometers, 490
Oscillation method of magnet test-

ing, 336
Oscillators, 227
Oscillographs, 537
Osmosis electric, 440

Paraffined paper condensers, 93
Parallel cylinders, capacity between,

126

^ inductance between, 166
plates, electrostatic field be-

tween, 7

Peak voltage, measurement of, 428
Permanent magnet M.C. instruments,

604
magnets, 684

, design of, 44
, testing of, 376

Permeability, magnetic, 14,^39

, of space, 63
Petch-Elliott current transformer

testing set, 682
Phantom loads, 760
Phase angle, condenser, 160

of current transformer,
660

error in induction instruments,

747
shifter, 323

Photo-electric cell, 412
Photometer bench, 400

heads, 400
Pivots, Motion at, 683
Plate condenser, capacity of, 122

Platinum, resistance variation of, 476
temperature, 477

Pointers, instrument, 584
Pole strength, 15

, unit magnetic, 15
Polygonal coils, self-inductance of,

182
Polyphase circuits, symbolic treat-

ment of, 108
meters, testing of, 762
watt-hour meters, 748
wattmeters, 726

Porcelain insulators, testing of, 452
Potential at a point, 10

, C.G.S. unit of, 9
connections, 264
distribution along suspension

insulator string, 453
dividers for H.T. circuits, 426
due to current in a closed cir-

cuit, 26
, electric, 9
energy of a current and mag-

netic flux, 27
gradient, 143

, magnetic, 22
transformers, 666

, testing of, 682
Potentiometer A.C„ 191

method of lowTesistance meas-
urement, 267

, principle of, 306
Power factor meters, 789

loss in instruments, 689
measurement without a watt-

meter, 699
, practical unit of, 61

Practical units, 50
Prepayment meters, 764
Pressure coil capacity, 696
Price’s guard wire method, 286
Pyrometers, 476

Quadrant electrometer, 619
Quadrature device, Gall, 326
Quantity of electricity, C.G.S. unit

of, 1

, measurement of, 337
, practical unit of, 61

Radiant efficiency, 391
Radiation pyrometers, 487

, Stefan-Boltzmann, law of, 488
Raphael bridge, 470
Rationalization, 66
Rayleigh and Niven’s formula for

self-induotance, 171
current balance, 67
formula for mutual inductance,

176
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Reactive power, measurement of, 728

Reason electrolytic meter, 734

Record oirscale instruments, 607

generator for speed measure-

ment, 798
Recording instruments, 585

* Rectifier instruments, 634
Rectifier, mechanical, 436

, valve, 438
R^uction factor, 393
Relative air density, 425
Reluctivity, 21

Kemanence, 38
Repulsion type M.I. instruments, 598
Residual errors in A.C. bridges, 224

magnetism, 38
Resistance, absolute measurement of,

62
, boxes, 229
, E.M.C.G.S. unit of, 50
, high frequency, 186

^ low, standards of, 7

1

materials, 73
, measurement of by potentio-

meter, 317
metrohm, 293

, potential dividers, 644
Resistances, standard, 69

, variable, 229
Resistivity of electrolytes, 295

, surface, 289
, volume, 289

Resonance curves of vibration galva-
nometer, 252, 261

frequency meter, 787
with harmonics, 531

Richter apparatus, 383
Ring specimens, magnetic testing of,

354
Rousseau construction, 406
Ryall crest voltmeter, 430

Sag magnification in hot-wire in-

struments, 614
Saturation coefficient, 21

Schering bridge, 154
and Schmidt vibration galva-

nometer, 248
Screening electrostatic, 140, 223

magnetic, 222
Secondary instruments, 573
Self^demagnetization, 359
Sensitivity in A.C. bridges, 244

in Kelvin double bridge, 274
in Wheatstone bridge, 283

f maximum in Butterworth
bridge, 199

of vibration galvanometer^ 262
Separation of iron losses, 377 •

Shaded-pole induction instruments,
631

Shunts for ammeters, 639
Siemens and Halske H.T. voltmeter,

432
Silsbee method of current trans-

former testing, 676
Simmance-Abady flicker photometer,

404
Single-phase meters, 745

testing of, 762
Skin effect, 185

in coils, 188
in iron plates, 188

Skin effect, reduction of, 187
Solenoid, capacity of, 138

, magnetic field of, 33
Specific inductive capacity^ 147

Sphere gap, 424
Spherical conductor, capacity of, 120
Spielrein formula for self-inductance,

181
Spring control of instruments, 575
Stalloy, 662
Standard cells, 78

resistances, 69
search coil, 352
solenoid, 343

Standards, legal, 62
Standardization of potentiometer,

308
Stefan-Boltzmann law, 488
Steinmetz hysteresis law, 42
Step-by-step method of magnetic

testing, 356
Straight conductor, electrostatic field

near, 4
conductors, capacity between,

132
, capacity to earth of, 130
, inductance of, 170

Stray field errors in A.C. bridges, 222
magnetic field error in M.I.

instruments, 602
Stroboscopic methods, 781
Sub-siandard lamps, 398
SulUvan-Griffiths precision variable

condenser, 241
self-inductance standard, 87

Summation metering, 755
methods, 726

Sumpner iron-cored wattmeter, 714
Supply meters, 731
Supports in indicating instruments,

682
Surface leakage, 286

resistivity, 289
Surge test, 416, 448
Swamping resistance, 691
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Symbolic notation, 96
Symmetncal components. 111
Synchroscopes, 795

Tangent galvanometer, 65
Tapped transformer voltage control,

422
Telephones in A C bridges, 244
Temperature effect on insulation, 298

errors, 631
indicators and recorders, 479,

486
Tesla coil, 445
Testing sets, 610, 644
Thermionic voltmeter, 634
Thermo ammeter, 617
Thermo-electric E M F , 270, 318, 482

in potentiometers, 309
pyrometers, 480
jimction, 428, 483

Thermokraftfrei potentiometer 314
Thermometers, 475
Three ammeter method, 193 700

-phase power meeisurement, 701
-voltmeter method, 192, 699

Threshold voltage, 433
Time base for cathode ray oscillo

graph, 549
constant, 183
of electrification, effect of, 289
switches, 769

Tinsley Vernier potentiometer, 311
Toroidal coils, self inductance of, 1 82
Torque and inductance in M I in

struments, 600
and mutual inductance in dyna
mometer wattmeter, 711

-weight ratio ofmstruraents, 579
Torsion wattmeters, 707
Traction permeameters, 367
Transformers, mstrument, 648

, potential, 664
Transient phenomena with A C

,
664

with D C , 556
Trivector meter, 774
Trotter illumination photometer, 409
Tn!ped detectors, 225, 244
W/C^-rate meters, 770
Tiifo-wattmeter method, 702

Ux^BBtOHT sphere, 408
tJndamped oscillations, 444
Umpivot instruments, 607
Hiiik 0.G.8 , 46—^fetwnational, 61

, M.K.S*, 52
piractical* 60

Universal shimt, 297

“e,** determination of, 58
Valve rectifier, 438
Variable condenser, 239

inductances, 234
Vanable resistances, 229
Varley loop test, 468
Vibrating reed frequency meter, 78
Vibration galvanometer, 165, 264

*

Vioile incandescent standard, 396
Virtual value of complex waves, 63^
Volt box, 319
Volt, international, 61, 69

, legal, 62
Voltage drop tests on cables, 465

regulation, 419
standardizer, 320

Voltmeter, calibration of, 328
, errors in, 691
multipliers, 642, 644

Volume resistivity, 289

Wagner earth device, 155, 223
Watt, 51

, international, 61

hour mercury meters, 740
Wattmeter, 707

, calibration by electrostai

wattmeter, 723
connections, 696
correction factor, 095
electrostatic, 152
errors, 692
measurements m S P circuJ*^

692
method of iron loss measui

ment, 379
, polyphase 725
, reflecting, 713
testmg by A C potontiomet^ir

331
Wave filter, 224

form, 611

, current, 628
^ determination of, 535
errors m A.C bridges,

Weston frequency meter, 788—— standard cell, 78
synchroscope, 796
thermo-ammeter, 617

Wheatstone bndge, 278, 284

Wien bndge, 106, 217
Wind, electric, 488
Wnght electrolytic xxleter, 734

maxnmim demand mdioa
766










