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THE SUBTRACTION GROUPS. 

By G. A. MILLER. 

In the preceding volume of this journal* we considered the groups of the 
figures which are studied in elementary geometry and found that all the groups 
of the plane figures are of the dihedral rotation type and that every dihedral ro- 
tation gr oup, with the exception of the one of order 4, is the group of mtiovements 
of some regular polygon. In the present article we shall prove that these same 
groups are the groups of subtraction when the remainders are taken with respect 
to a modulus. 

Although we shall deal with analytic concepts yet it seems best to make 
extensive use of geometric considerations. Let x,, x2 , xl denote any set of 
real integers and suppose that they are represented in the usual manner by 
points on a line. The numbers nz-x,, n-x,., n-xl (where n is any real 
nuinber) correspond to the points obtained by reflecting the points corresponding 
to x1, x2, ...., xx on the point midway between 0 and n. Since reflection is an 
operation of period two subtraction from a single number is an operation 
of period two. 

Instead of considering the remainders obtained by subtracting different 
numbers from the same number it seems desirable to consider the remainders 
when a given number is subtracted from a set of different numbers; e. -g. the 
numbers x, -n, x> -n, ......... , xl-n. These I distinct operations of period two 
are in general, not commutative; for if we first subtract n from x1 and then the 
resulting number fromn x2 vwe obtain n + x2 -x1, while n x-2 is obtained when 

*Vol 10, 1908, p. 215. 
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the order of these operations is reversed. Similarly,, it may be observed geomet- 
rically that reflection with respect to distinct points is non-commutative. The 
main object of this paper is the study of the group generated by these I non-com- 
mutative operations. For simplicity, it will first be assumed that 1=72. 

Let st represent the reflection corresponding to xl -n while s2 represents 
that corresponding to x2-n. The two reflections s1s: are equal to the transla- 
tion n+x2-x1. This translation has a finite period with respect to any finite 
integer (m) as modulus. This period is clearly m/d, where d is the highest com- 
mon factor of x. -x1 and m. Since any two operators of period two generate 
the dihedral rotation group whose order is twice the order of the product of 
these operators, * it follows that s, and s, generate the dihedral rotation grolup 
of order 2m/d. 

To illustrate we may let sl, s8 represent respectively the taking of the 
complement and the supplement of an angle. In this case m=--360' and d=90?. 
Hence s8, s2 generate the dihedral rotation group of order 8, or the group of 
movements of the square. The eight operations of this group consist of the four 
rotations through 00, 900, 1800, and 2700, respectively, and the four- reflections on 
the lines x 0, x-y=O, yw-O, x+y0O, respectively.t It may be observed that 
the group is independent of the values of n. When n is a multiple of 450 the 
eight operations of the group give rise to only four distinct angles; viz. those 
which correspond to the four rotations. 

These special values of n present a very instructive example in the appli- 
cation of gronp theory. Although an angle assumes all its possible values under 
the subgroup of rotations, yet each reflection transforms the totality of 
the angles in a different manner from these rotations and hence the group does 
not reduce for these special values of i. It should also be observed that the sub- 
group which leaves an angle invariant when n has one of these special values is 
not generally invariant. 

It will soon be prQved that there are 2m/d special values of it for which 
the subtraction group transforms n into less than 2m/d distinct values. Each of 
these special values is transformed into m/d distinct values. HEIence the 2m/d 
special values may always be divided into two distinct sets such that each nium- 
ber of a set is transformed into every other number of the set by means of the 
cyclic subgroup of order m,/d. The truth of these statements results readily 
from the following considerations. The two reflections s, s2 are equivalent to a 
translation through the distance x2 _x1 independently of the value of n. Hence 
the group which includes si, s2 must always transform n into at least m/d dis- 
tinct values. This is accomplished by the cyclic suibgroup of order m/d. If the 
entire group transforms n into any other value it must transform it into 2m/d 
distinct values. From this it follows that the necessary and sufficient condition 
that there are only m/d distinct values of n under this group is that a reflection 
transforms n into the same value as a translation (or rotation), or that 

*Bulletin of the American Mathematical Society, Vol. 7, 1901, p. 424. 
tDavis, Nebraska University Studies, Vol. 4, 1904, p. 231. 
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x,-n_n+k(x2-x,) mod m. 

Hence n = $t+ k- mod m/2. 2 2 

That is, n has 2m/d distinct values. These may always be represented as the 
vertices of a regular polygon of 2m/d sides, as will appear more clearly from 
what follows. 

The preceding results may readily be extended so as to apply to the case 
when I has any arbitrary value. If d represents the highest common factor of m 
and all the differences of the form xa - x, the subtraction group generated by 
the reflections corresponding to the operations x, -n, X2 - "I'll',-n. .,x1-n is again 
the dihedral rotation group of order 2nt/d. This results almost directly from 
the preceding considerations and the following elementary facts: (1) Any finite 
number of rational translations taken with respect to a rational modulus gener- 
ate a cyclic group whose order is the quotient obtained by dividing the rational 
modulus by the largest number which is contained an integral number of times 
in all the translations and the modulus. This cyclic group may be generated by 
translations (or rotations*) which are equal to this largest divisor leading to in- 
tegral quotients. (2) Any reflection followed by a translation is a reflection on 
the point obtained by translating the original point of reflection through half 
the original translation. That is, a translation followed by a reflection, or vice 
versa, is an operation of period two, or any translation whatever is transformed 
into its inverse by any reflection. 

From these general considerations it follows that the subtraction group 
for an arbitrary value of I is just as elementary as when 1=2, and that the num- 
ber of special values of i is still equal to the order of the corresponding group 
and consist of two sets such that all the numbers of a set are obtained from any 
nunmber of the set by the operations of the group. It is also clear that x,, x2, 

., xl, m could be any rational numbers instead of being integral buit this is 
only an apparent generalization and hence nothing would have been gained by 
the assumption. 

When x,, x2 ., xl, m represent complex integers while n is any ordin- 
ary complex number the preceding considerations remain practically unchanged. 
For the sake of simplicity we shall again consider the case when 1=2 by itself. 
Letxl-a,1 +b-bi, x2 =a2 +b,i, m=-m1 +m2i, n-xO +yOi. The real parts of x-n, 
x2-n are obtained by reflecting the real part of n on the lines x-al/2, z=a2/2, 
respectively, while the coefficients of i in these remainders are obtained by re- 
fleeting yo on the lines y=bl/2, y-=b2/2, respectively. The order of the trans- 
lation generated by the two reflections xi -n, x2-n is the least common multiple 
of n I/d , m2/d , where d1 is the highest comnmon factor of a2 -a, and m1 while 
d2 has the same meaning with respect to b, - b1 and m2. If m' represents these 

*When the group is represeated on a circle, the translations are replaced by rotations. . This Is 

sometime? most convenient. 
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least common mnultiples the group generated by the two reflections xl-n, x2 -i 
is the dihedral rotation group of order 2m'. 

The generalization of the case when I is arbitrary is so similar to the case 
considered above that it seems unnecessary to give details. The only important 
difference consists of the fact that m' represents the least common multiple of 
of ml/d,, m22/d2, where di and d2 are the highest common factors, respectively, 
of all such difference as a,, - ap and b -b . The numbers of the special values 
of i is again equal to the order of the corresponding group. It is clear that 
every dihedral group (including the four group) may be represented in an infin- 
ite number of ways as a subtraction group. The stress should, however, not be 
laid upon the fact that subtraction furnishes such interesting illustrations of this 
important system of groups, but rather upon the fact that these groups give a 
deeper and far reaching meaning to the fundamental operation of subtraction. 

STANFORD UNIVERSITY, September, 1904. 

THE SINKING-FUND OF THE UNITED STATES. 

By G. B. M. ZERR. 

The public debt of the United States is being paid by the sinking-fund in 
the following manner. During each fiscal year a surn is paid equial to one per 
cent. of the principal of the current debt, pluis a sum equal to the interest on the 
part of the debt already paid at the rate of interest the debt bears. If such a 
sinking-fund had been operated under the same law from the beginning, how 
long would it require to pay the public debt, if the rate of interest the debt draws 
is four per cent. per annum? 

A very excellent solution of the above problem is given in the Mathemnati- 
cal Magazine for September, 1904, by Theodoire L. DeLand, who employs the 
Calculus of Finite Differences. 

As the great debt of the United States will fall due in a few years, and, as 
its payment, then, will have to be met by a long-time loan at a different rate, 
which will clhange the present sinking-fund, we believe that a simple algebraic 
solution of this national problem will be interesting to the readers of the 
MONTHLY. 

Let p principal of the public debt at the beginning; r-.01, the rate per 
annum on the current principal; RB-.04, the rate of interest the debt draws per 
annum; n number of years required to pay the debt. 

Then rp =first payment; 

p(l -r) --unpaid part of debt after first payment; 

rp( 1- r) + Rrp=pr( I - r +R) -- second payment; 
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