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SPHERICAL GEOMETRY.' 

By EDWIN BIDWELL WILSON. 

INTRODUCTION. 

The past century was marked by two distinct yet closely related advances 
in elementary geometry; one concerned with the invention of new geometries, 
the other chiefly devoted to the revision of the foundations on which the older 
Euclidean geometry rests. Early in the century was invented the geometry of 
Lobatchevsky and about the middle of the century, that of Riemann. 2 The pur- 
suit of this work with its extensions by Cayley, Klein, Beltrami, and numerous 
others, leads on the one hand to the relations of metric to projective geometry 
and to their applications to geometry and the theory of functions; on the other, 
to the study of differential forms, the theory of surfaces, and the theory of 
groups. 3 The end of the century saw started, though by no means completed, a 
great movement to investigate the logical foundations of geometry and of math- 

1. These lectures on Spherical Geometry constitute a short extract from the author's course entit- 
led "Elementary Geometry" and offered annually at Yale University to members of the Senior class for 
the purpose of "training students to become effective teachers of Geometry in the secondary schools." 

2. We may here call attention to Manning's Non-Euclidean Geometry published by Ginn & Co. At 
present this seems to be the best book from which the student of meager mathematical developmentmay 
learn the elements of Lobatchevskyan and Riemannian geometry, trigonometry, and analytic geometry. 
There is considerable criticism which might be advanced against the book but it is hoped that the read- 
ers of this series of lectures will be in a position to make their own criticisms. 

3. The bibliography of modern investigations on noneuclidean geometry and allied topics is very 
long. G. B. Halsted has covered the ground up to about 1880 in a collection of references printed in The 
American Journal of Mathematic8, Vol. 1, pp. 261-266, pp. 384-385, and Vol. 2, pp. 65-70. THB AMERICAN 

MATHEMATICAL MoNTHLY has printed papers on noneuclidean geometry, chiefly by Halsted, as follows: 
Vol. .1, p. 70, 112, 149, 188, 222, 259, 301, 345, 378, 421; Vol. 2, p. 10, 42, 67, 70, 108, 137, 144, 181, 214, 256, 809, 
346; Vol. 3, p. 1, 13, 35, 67, 109, 132, 237; Vol. 4, p. 10, 77, 101, 170, 200, 247, 269, 807; Vol. 5, p. 1, 67, 127, 290; 
Vol. 6, p. 59, 166, 219; Vol. 7, p. 123, 154, 247; Vol. 8, p. 31, 84, 161, 216; Vol. 9, p. 153. We may note further 



ematics in general.4 In this the Italians have been preeminent not alone for 
their scientific accuracy but for their pedagogic excellence as well. We may note 
in passing the excellent work entitled Qutestioni Riguardanti la Geometria Elemen- 
tare and published by the collaboration of a dozen writers under the editorial di- 
rection of F. Enriques. 

Important as is the study of noneuclidean geometries and of the logics of 
geometry for all who are interested in mathematics and especially for those who 
plan to teach elementary geometry in the secondary schools, yet the difficulty ex- 
perienced in approaching for the first time either of these subjects as they are 
generally presented is considerable. The difficulty of the Lobatclievskyan geom- 
etry is the infinite number of parallels, that of the Riemannian is the finiteness 
of space and the unilateral nature of the plane by virtue of which it is possible 
to pass from one side of a plane to the other without passing through the plane. 
The discussions into the logics of geometry are often very abstract and seem 
needless. Nothing goes so far toward removing such difficulties as the careful 
working out of some particular example already familiar to the student but now 
presented in a new light and discussed with the intention of preparing the path 
for future less familiar though analogous investigations. Spherical geometry 
furnishes just such an example. 

As generally presented spherical geometry is developed by means of the- 
orems concerning polyhedral angles and is dependent at least for its start on the 
Euclidean geometry in space. It is, however, possible to proceed differently, to 
regard the spherical surface as the fundamental entity, to lay down the funda- 
mental laws or axioms which govern the relations between geometric figures up- 
on the surface, and to develop therefrom the logically consistent system of the- 
orems that constitute the body of spherical geometry.5 For this purpose we may 
imagine ourselves, as some have done,8 to be beings endowed with two dimen- 
sional perceptions and constrained to live and move upon the surface of the 
sphere, or we may simply will ourselves to take cognizance of naught save that 
which immediately concerns the spherical surface although we keep our pereep- 

the paper by F. S. Woods on "Lobatchevsky's Geometry" in the Bulletin of the American Mathematical 
Mathematical Society for May and July, 1900; also a memoir by the same author on "Space of Constant 
Curvature" in The Annals of Mathematics, Ser. II, Vol. 3, pp. 71-112. This latter is an elementary and 
lucid exposition of Riemann's method of treating noneuclidean geometry. Strictly speaking Riemann's 
work applies not merely to what we have called Riemannian geometry In the text but to the Euclidean 
and Lobatchevskyan geometries as well. We have ventured to employ the term Riemannian instead of 
elllptic geometry (as we employ the term Lobatchevskyan instead of hyperbolic) because of its general 
usage In this restricted sense by others and further because Riemann added this new geometry to those 
already known. 

4. The chief originator and investigator of the logical foundations of mathematical science is the 
Italian mathematician Peano whose work appears for the most part in his Formulaire de Mathematiques 
and in the Revue de Mathematiques. For the English reading public the recent elaborate treatise by Ber- 
trand Russell furnishes an account of this work and includes many valuable additions due to the author 
himself. 

5. This has indeed been done, years since, by G. B. Halsted in his Elements of Geometry (5th edi- 
tion, Wiley & Sons, pp. 257-287). The method we follow here is from a far more modern point of view 
and has an aim distinctly broader and higher. This may serve as an excuse for whatever repetition we 
may make of that which has been done before. 

6. Speculations of this sort may be found in "Flatland" which was published anonymously at Bos- 
ton in 1885 and has since gone through several editions. 
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tions as they are. In either case the concept of straight line is no longer of use. 
That which takes its place is the concept of great circle. This is the straightest 
line, the line which turns neither to right nor to left, as far as motion on the sur- 
face of the sphere is concerned. The idea of similar figures has also to be aban- 
doned. These and other differences between plane and spherical geometry will 
naturally be expressed by laying down a system of axioms different from those 
employed heretofore. This idea, that it is the axioms which in reality makes geom- 
etry what it is, lies at the root of the modern point of view. 

We shall, then, assume a set of axioms which seem natural without at first 
seriously attempting to busy ourselves with the question of their completeness or 
independence, and upon them as a foundation we shall build up our system of 
spherical geometry. Later we shall examine more carefully the content of these 
axioms in order to put ourselves in touch with the modern treatment of the foun- 
dations of mathematics and of geometry in particular. Finally we shall touch 
upon the Lobatchevskyaff and especially the Riemannian geometry. Incidental- 
ly there will appear novelties in arrangement of theorems, novelties in methods 
of proof and in method of thought. These have sprung up recently but have al- 
ready taken a firm hold in science and it is to be hoped that they will find their 
way to some extent into the more elementary grades of instruction: for without 
being essentially harder they are more precise and more direct.' 

LECTURE I. THE AxiOMS. 

For the sake of brevity we shall call great circles lines. This will be of 
convenienee because in many respects they resemble the straight lines in plane 
geometry, particularly in the Riemannian geometry. No confusion can arise, 
for the reason that the ordinary straight lines of plane geometry cannot exist on 
the spherical surface. 

Axiom I. Two points determine a line-except that to every point of the sur- 
face there corresponds one other point which taken with it will not uniquely determine a 
line. 

Axiom II. Two lines invariably intersect in two points. 
In these axioms the laws of combination of the elements, lines and points, 

are stated. For this reason axioms I and II are called axioms of combination. It 

1. In Europe mathematicians of note have in recent years occupied themselves with questions con- 
cerning the improvement of the presentation of Elementary Geometry. These improvements are along 
the following directions: The attainment of greater rigor in the treatment of problems involving limits; 
distinguishing more carefully what is defined, what is assumed, and what is proved; selecting modern 
instead of ancient methods in demonstration and especially obtaining the advantages which are to be had 
from introducing the important ideas of transformations, vectors, and so forth; ridding elementary work 
of a large number of theorems which may more properly be proved later or which are of the nature of 
curiosities, being of no use either practically or theoretically. See Geometrie Plane (1898) and Geometrie 
dans l'Espace (1899) by Niewenglowski and Gerard; also Geometrie Elementaire, Vol. 1 (i898) and Vol. 2 
(1901) by Hadamard; Elementi di Geometria (1903) by F. Enriques. These authors write for those who 
are studying geometry for the first time and consequently do not go so far into the modern standpoint as 
we do in these lectures. How much of that here given might be introduced Into elementary instruction 
without surfeiting it with difflculties is a question which the future must decide. Certainly however, a 
more thoughtful and less formal treatment of geometry with some discussion of such terms as " continu- 
ous" and "motion" is possible and extremely desirable. In many cases the introduction of alittlemore 
thinking and the exclusion of some useless feats of memory makes a subject easier rather than harder. 



4 

is to be noted that we have not tried to formulate any definition for "line" or for 
"point." They are accepted as intuitive elements and defined only so far as 
their properties which are stated in these and the following axioms define them. 

Axiom III. A point does not divide a line into two segments but makes of it a 
single piece in which the points are arranged in a natural order; that is, the words 
"follow," "precede," "lie between" are applicable. 

Axiom IV. The arrangement of the points in a line is continuous. 
As these axioms tell how the points of a line are arranged relatively to one 

another, they are called the axioms of arrangement. To the first we may remark 
that unless some point has been chosen for a beginning and ending point, no 
definite arrangement of two points on a circle or any other closed curve is possi- 
ble. For we may commence at any point and keep right on around the curve 
until we arrive at any desired point. The axiom on continuity also needs comment. 

The idea of continuity is simple enough-is is merely the absence of gaps. 
Bv a gap in a line is generally meant that a sizable portion or segment of the line 
is missing. For the purposes of geometry, however, gaps which have no size, 
which consist in the absence of a single point, must be ruled out. To drop a per- 
penidicular from a point to a line would be impossible if the one point where the 
foot of the perpendicular ought to fall were missing, and this even if every other 
point of the line were present. In like manner to find the middle point of a line 
is out of the question if the middle point is not there to find. For example, to 
find the middle one of a series of four marbles is a problem without solution. It 
is therefore necessary to formulate some definition of continuity which shall el- 
iminate the possibility of gaps of even one single point. This may be done very 
simply by making use of the idea of order as stated in the third axiom. 

Suppose the continuous segment AB is divided by the point 0 into two 
segments AG and GB. G is the last point of the first segment and the first point 
of the second. Evidently therefore, G is a point such that every point which 
precedes 0 lies in the first segment AC, and every point which follows G lies in 
the second segment CB. This statement is not true of any other point of the 
segment AB: for if X be a point of the segment AG all points between X and G 
follow X but do not lie in the segment CB, and similarly if X were a point of CB 
there would be points preceding X which however would not lie in the segment 
AC. Moreover if the point G were missing so as to leave a gap of a single point 
there would be no point of the segment AB which would agree with the state- 
ments made above concerning G. By making use of this evident property of a 
continuous segment a definite and scientific statement of the idea of continuity 
may be formulated. 

Definition of continuity as understood in the above statement of axiom 
IV: If the points of a segment AB are separated into two classes such that each and 
every point of the first class precedes each and every point of the second class, then there 
must exist a point G such that every point which precedes G is in the first class and ev- 
ery point which follows G is in the second. This statement demands the existence 
of the point G and thus forestalls the possibility of a gap due to its absence. The 
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idea of defining the concept of continuity by this its most obvious property is due 
to Dedekind. We should add one thing more which is always understood when 
applying the definition of continuity, namely: between any two given points of a 
segment there is a third point. In other words it is impossible to take two points 
so close together that there shall be none between them-two "consecutive" 
points are, strictly speaking, impossible.* 

Axiom V. Geometrical figures may be moved freely about upon the surface of 
the sphere without suffering change in size or in shape. 

This is the so-called axiom of free mobility or superposition. In reality it 
contains a considerable number of different statements: for when analyzed, the 
words "size," "shape," and "moved" are no more simple than the "continuous" 
used in the preceding axiom. Let us therefore seek to state more precisely the 
ideas involved in this axiom. 

Motion without change in size or shape is generally known as rigid mo- 
tion. What, then, are the properties of rigid motion? In the first place the in- 
itial and final positions of a figure are all that need concern us. The intermed- 
iate positions through which it passes have no influence upon the final position. 
In other words if a figure be moved once from one position to another and then 
again moved so that it takes up a third position it might as well have been 
moved directly from the first into the third position. Any two successive 
motions are equivalent to a third motion. This is known as the group 
property. 

Definition of a group: When a set of transformations or changes of position 
is of such a kind that two successive changes of that kind result in a total change of the 
same kind, the set of transformations is said to form a group of transformation. 

Evidently rigid motions form just such a set, and part of Axiom V may 
be stated by saying- 

Axiom V1. The set of all possible rigid motions forms a group. 
Secondly it is an obvious property of our conception of rigid motion, that 
Axiom V2. In any motionpoints are carried overintopoints, and lines into lines. 
In the third place any point A of the spherical surface may be carried by 

a rigid motion into any desired point A' of the surface. Furthermore any "di- 
rection" or half-line issuing from A may be moved into any desired "direction" 
or half-line issuing from A'. The correspondence of the points A and A' and of 
the directions a and a' issuing respectively from them completely determines the 
motion. All other points are carried along in a perfectly definite manner when 
A and a go over into A' and a' respectively. The simplest motion is that in 

which no change of position takes place. This is called the identical transfor- 
mation: for each point takes a position identical with its former position. We 
are now able to state the rest of that which is contained in Axiom V. 

* It may be here noted that a segment AB has a deflnite last point B: but no definite next-to-the-last 

point. This fact which is of course unfamiliar in dealing with flnite sets of quantities is of frequent oc- 

currence in inflnite sets. For instance zero may be the last number possible, but there is no next-to-the- 

last number. We can come as near to zero as we please but we can not get next to it for the reason that 
between any two given numbers there is a third number. 
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Axiom V3. Any point and direction issuing from it may be moved into any 
desired point and any desired direction issuing from that point-and the correspon- 
dence of these elements completely and uniquely determines the rigid motion.* 

Definition. Geometrical figures which may be carried over into one another 
by rigid motions are said to be congruent. The sign for congruence consists of three 
horizontal parallel strokes, as-. 

A and a A' and a'. 

POLAR COORDINATE PROOFS OF TRIGONOMETRIC 
FORMULAS. 

By OSWALD VEBLEN, The University of Chicago. 

1. Graphical, that is to say analytic geometrical methods, seem at present 
to be on the gain in the 
teaching of Trigonometry. 
Particularly true is this in 
courses conducted by the 
"LaboratoryMethod." This 
fall, I have obtained rather 

es pleasing results by adopt- 
\ /0 /_ .......ing a suggestion of Profes- 

sor Moore to use polar co6r- 
dinates. The geometric 

___________ ..simplicity of these graphs, 
the sine and cosine being 
represented by circles and 
the secant and cosecant by 
straight lines (see Fig. 1), 
not only makes them at- 
tractive to the student but, 
unlike theCartesian graphs, 
makes them useful in prov- 
ing theorems. 

The proofst given 
below, it is hoped, will de- 

Fig'. 1. monstrate this latter point. 

* The reader should convince himself that in case change of size or shape is allowed the correspon- 
dence of A and a to A' and a' will not be sufficient completely to determine the motion. The amount of 
distortion must also be somehow specified. 

t While these proofs are probably to be found somewhere In the literature, I have not been able to 
flnd them. 
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