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It is proposed to send out the notice early in December with the names of all 
signers received up to that time. The meeting will be called at Columbus, 
Ohio, in connection with the holiday convocation of the American Association 
for the Advancement of Science. The name of the new society, its precise 
character and policy, its relation to the AMERICAN MATHEMATICAL MONTHLY, 
etc., will be questions for full discussion and determination at the organization 
meeting. 

It should be clearly understood that this whole movement is a matter of 
public concern, and is in no sense a private undertaking; nor is it an effort on 
the part of those interested in the MONTHLY to rescue it from impending bank- 
ruptcy. The MONTHLY is in sound financial condition and is seeking no rescue 
measures. Its friends and supporters are interested in this new movement for 
the same reasons which actuate the rest of the signers to the call for the organiza- 
tion meeting; namely, a sincere desire to promote the course of mathematics in 
this country in all its many and varied aspects, and especially in that field that, 
has been so greatly neglected,-the field of collegiate mathematics. 

HISTORY OF ZENO'S ARGUMENTS ON MOTION: 

PHASES IN THE DEVELOPMENT OF THE THEORY OF LIMITS. 

By FLORIAN CAJORI, Colorado College. 

IX. 

E. POST-CANTORIAN DISSENSIONS. 

Very frank and brilliant in its mode of exposition but perhaps lacking the 
originality and depth of the writings of Dedekind and Georg Cantor is the Allge- 
meine Functionentheorie of Paul du Bois-Reymond, Tiibingen, 1882. This book, 
which is contemporaneous with Cantor's creation, discusses the philosophy and 
theory of the fundamental concepts of quantity, limit, argument, function. He 
declares that the difficulties surrounding the idea of a limit are not mathematical 
in character but have their roots in the "simplest parts of our thinking, our con- 
ceptions or images" (Vorstellungen). He says that there are two conceptions, 
those of the idealist and those of the empiricist, "which have equal right to count 
as fundamental views of rigorous science,"1 for neither yields contradictory 
results, at least in pure mathematics. The author presents both sides "with 
equal rigor," and does not award victory to either. The idealist defends the 
existence not only of what can be imagined, but also of things unimaginable;2 
he assumes a transcendental attitude. Accordingly he assumes the termination 
of series, such as those given by endless decimal fractions, which are really "given" 

1 Paul du Bois-Reymond, Die Allg. Functionentheorie, Tiibingen, 1882, p. 2. 
2 P. du Bois-Reymond, op. cit., pp. 110, 111. 
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only to a certain term; he recognizes the limit of these decimals. The empiricist 
says on the other hand, "everything that is scientifically established springs from 
sense-perception; whatever is unimaginable must be rejected; we must proceed 
from images to images (von Vorstellungen zu Vorstellungen) ; he denies the 
existence of a limit of an endless decimal fraction and is satisfied to take into 
account the members of the decimal as far as you may wish. A continuum 
such as that of G. Cantor and Dedekind does not exist, because it cannot be 
imagined. Take the endless decimal O.a1a2a3* *. 

"In a drawing . . . imagine the ends of the distances O.aoi, O.a0Xla2, * marked off from the 
zero point and designated by fine, short lines drawn across the line segment. These cross lines 
become more and more dense, and they must sometime stop, because the means of drawing fail 
us and, at any rate, one cannot draw an unlimited number of marks. There follows now after 
a short interval following the mark 0.ala2 * - -a,, which we shall call the fog-interval, a fine mark, 
somewhat longer than the previous ones, which represents the limit. In the fog-interval before 
the limit all sorts of philosophic apparitions play their pranks. Here play the celebrated 
sophisms; it is this that the idealist resolves into the quantitates infinitesimas. The empiricist's 
drawing looks a little different. The marks are continued, even if the means of drawing do not 
permit the marks to remain distinct. Then the marks run into each other, to show that their 
width is greater than the distance of O.ala2 * * a, from the limit. The drawing of further marks 
is stopped when a further advance of the marks can no longer be recognized and new marks would 
be drawn through the same place. That is then the limit."2 

The process of a variable continually approaching but never reaching its limit 
is characterized by du Bois-Reymond as follows:3 

"Between the conception of the idealist, who lets dx be infinitely small and connects it 
with the idea of something at rest, unchanging, and my conception which assumes dx finite and 
sufficiently small but likewise at rest, there slips in a third conception (mentioned page 83, 84) 
in which, as is commonly expressed, dx is a quantity in the act of disappearing (quantit6 evanouis- 
sante), hence a quantity which is continually varying toward zero. The idea of a quantity in 
continual flux is repugnant to me. It goes against my grain to have symbols in my formulas for 
quantities which set themselves in motion as soon as I look at the formulas, and hasten toward 
zero, which, however, they are permitted to reach only at the end of the computation. As long 
as the book is closed, there reigns profound silence. No sooner do I open it than there begins 
that race toward zero of all quantities affected by a d." 

Feelings of this sort have doubtless come to many mathematicians of the older 
school. This perpetual approach witholit ever reaching the goal is wearisome. 
Why not divorce the variable and its limit from the limitations of time? Or if, 
as in mechanical problems, the idea of time seems difficult to eliminate, hasten 
the successive steps of approach to the limit, the times for these steps diminishing 
at a sufficiently rapid rate, so that the time elements form together a converging 
series. Thereby the limit is reached in a finite time. The "Achilles" is a 
concrete illustration of such approach and reach of the limit. 

Eight years after the issue of du Bois-Reymond's book there appeared a 
posthumous monograph prepared by a privat-docent in philosophy at the 
University of Strassburg, Dr. Benno Kerry. It is a philosophic study of the 
theory of limits.4 Familiar with the book of du Bois-Reymond, as well as with 

1 P. du Bois-Reymond, op. cit., p. 149. 
2 P. du Bois-Reymond, op. cit., pp. 122, 123. 
3 P. du Bois-Reymond, op. cit., pp. 140, 141. 
4 Dr. Benno Kerry, System einer Theorie der Grenzbegriffe. Ein Beitrag zur Erkenntniss- 

theorie. Herausgegeben v. Gustav Kohn, Leipzig u. Wien, 1890. 
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the work of Dedekind and G. Cantor, Kerry produced a very illuminating publica- 
tion. Neither Kerry nor du Bois-Reymond discuss Zeno directly. 

In 1885 a discussion of Zeno's arguments against motion was opened up in 
France, which lasted over a decade and in which a large number of writers 
participated. At no other decade and in no other country was the discussion of 
the topic so persistent and general. Never before have philosophical writers 
based their solutions of Zeno's puzzles so persistently upon the postulate of the 
discontinuity of time and space. Among the participants in the discussion were 
the mathematicians Paul Tannery, G. Milhaud, G. Frontera, G. Mouret, and 
L. Couturat, but the leading part was taken by the French philosophers Ch. 
Renouvier, F. Evellin, G. Noel, V. Brochard, and G. Lechalas. 

In 1885 the noted historian of mathematics, Paul Tannerv, published an 
article, Le concept scientifique du continu. Zenon d'Elge et Georg Cantor,' which 
we noted at the beginning of this history as advancing a brilliant and novel 
explanation of the purpose of Zeno's arguments. It concluded with an account 
of Cantor's continuum. This article was supported by a paper from the pen of 
Gaston Samuel Milhaud, who was successively professor of mathematics in the 
lycees at Nizza, Havre, Lille and Montpellier and who has been, since 1895, 
professor of philosophy at the University of Montpellier. Otherwise Tannery's 
article received little attention. The discussions carried on during the decade 
do not center in Cantor's continuum. Cantor's ideas were then very recent and 
not yet fully elaborated. Milhaud's article above referred to bore the title, 
Le concept du nombre chez les Pythagoriciens et les Eleates. Before this Milhaud 
had written a philosophical dialogue on La notion de limite en mathe'matiques,2 
which avowedly aimed to throw light on the "Achilles." A a;nd B discuss the 
subject. A declares that the mind cannot encompass at once an unlimited series 
of elements; B declares that this negative quality of our mind has nothing to do 
with the existence or non-existence of an attainable limit. Whether the limit 
is actually reached or not is of no interest to the mathematician and is foreign 
to mathematics. Though a clever dialogue, it was criticized by Ernest Jean 
Georges Mouret, ingenieur-en-chef de ponts et chaussees, for dodging the real 
issue in the "Achilles" and failure to remove the underlying difficulties.3 

Victor Brochard wrote on Zeno in 1885, in a memoir to l'Academie des Sciences 
morales et politiques and again in 1893, in a paper entitled, Les pretendus sophis- 
mes de Zenon d'Elee.4 He is mainly concerned with the question of Zeno's 
purpose and favors traditional views rather than the views of Tannery and 
Milhaud. In the earlier publication Brochard expressed the belief that Zeno 
meant actually to deny all motion. In the later article he prefers to speak of 
Zeno's arguments rather than Zeno's sophisms. 

1 Revue philosophique de la France et de l'etranger. Dixieme ann6e, XX, 1885, Paris, pp. 385- 
410. Excepting the part on G. Cantor, this article is reproduced almost verbatim in P. Tannery's 
Pour 1'histoire de la science hellene, Paris, 1887, Chapt. X, pp. 247-261. 

2 Revue philosophique [Th. Ribot], Vol. 32, Paris, 1891, p. 1. 
3 "Le probl6me d'Achille" by George Mouret, in Revue philosophique, Vol. 33, Paris, 1892, 

p. 67. 
4 Revue de metaphysique et de morale, I, 1893, Paris, pp. 209-215. 
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A pamphlet, entitled, Etude sur les arguments de Zenon d'Elee contre le mouve- 
ment, Paris, 1891, was published by G. Frontera, in the preface of which he 
states that he was induced to prepare this study by the fact that some young 
students of philosophy informed him that in certain lectures on philosophy which 
they had attended it was seriously taught that the "Achilles" could not be ex- 
plained and that motion was an illusion of the senses. Frontera holds the views 
of a mathematician untouched by the ideas of G. Cantor. He speaks in the 
"Dichotomy" of an infinite series of parts, instead of an infinite number of parts; 
"parce que l'idee de nombre exclut l'idee de l'infini." He says that Zeno con- 
sidered only space, while the subject calls for the consideration of three things, 
space, time, velocity. The sum of 2, 4, ', etc., of a distance cannot be infinite 
as Zeno claimed, but must be finite. In dealing with series, Frontera reveals 
no knowledge of St. Vincent and other writers on the "Achilles," except the con- 
temporary French writers, V. Brochard, F. Evellin. He speaks in high terms 
of Evellin's work, Infini et quantitM. He writes down the convergent series for 
the time required to overtake the tortoise. He rightly insists that the velocities 
of Achilles and the tortoise must be maintained to the end, that Zeno does not 
do this and arrives at an absurd conclusion by the tacit assumption of chimerical 
conditions. The "Stade" he considers simply a question of relative motion. 
G. Mouret1 criticizes Frontera for passing from the series to its limit without 
perceiving that it is precisely at this point where the difficulty lies. Mouret 
declares that the "Achilles" constitutes really a criticism of the foundations 
of convergent series and of the infinitesimal calculus. Frontera made reply,2 
emphasizing his former contention that the difficulty with the "Achilles" has 
been the chimerical hypothesis introduced by Zeno.and his followers for now 
nearly 2,500 years. 

Exception to Mouret's remark that Zeno's arguments were a criticism of the 
fundamental principles of the calculus and of series was taken by Louis Couturat.3 
Mouret's claim that Zeno arbitrarily excludes the point of meeting in the "Achil- 
les" is historically not a correct interpretation; Zeno claimed that, to arrive at a 
point of meeting, Achilles had to run through an infinity of spaces, which Zeno 
thought impossible. The nerve of Zeno's argument consists, according to 
Couturat, in the axiom which even to-day is accepted as evident by many good 
heads: "The actual infinite cannot be realized"; any movement must contain an 
actual infinity of parts, which Zeno declared to be impossible. Zeno's sophism, 
if it exists, is more subtle and more profound than Mouret realizes; it is not a 
gross paralogism the falsity of which at once leaps into view. 

In the year 1893 the discussion continued unabated. Georges Noel contrib- 
uted an article, Le mouvement et les arguments de Ze'non d'Elee,4 which in many 
respects is an able discussion, but the author unfortunately does not always 

' Revue philosophique,Vol. 33, 1892, p. 67. 
1 Revue philosophique, Vol. 33, 1892, p. 311. 
2 Revue philosophique, Vol. 33, 1892, p. 314. 
4 Revue de metaphysique et de morale, I, 1893, pp. 107-125. 
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distinguish between what is assumed and what is the result of clear logic, with 
that sharpness that is necessary to clear up such a difficult subject as motion; 
the article is marred by hidden assumptions. Noel claims that as soon as one 
grasps the true nature of movement, the refutation of Zeno is easy. Zeno 
divided the displacement into an infinitely increasing number of smaller dis- 
placements, standing out as distinct events which must concur in producing 
the final event. These smaller displacements, infinite in number, are not all 
given; hence Zeno concludes that the final event cannot take place. But, says 
Noel, the smaller displacements are not at all veritable conditions for the occur- 
rence of the final event. They are coordinate events, but not subordinate. 
The final event derives its raison d'etre direct from the state of the motion and 
its velocity. Thereby all positions taken by the moving point are given and all 
are on an equal footing. Their order of succession in time is in no way an order 
of logical dependence. Logically they are all given with the motion. Little 
does it matter if they are infinite in number. Neither the moving body, nor the 
mind contemplating it is really bound to number them. They do not introduce 
any real divisions in the motion. It is one motion, and its continuity excludes 
all actual division. The particular motions do not exist, except from an arbitrary 
subjective view point. Thus the " Dichotomy " and " Achilles " are real sophisms,. 
but of such a nature that the human mind is almost inevitably carried away by 
them, as long as it neglects to subject the fundamental principles to a critical 
analysis. Motion is not a succession of positions, it is a "becoming." 

Noel attacks the advocates of discontinuity, such as Evellin, who postulate the 
existence of a minimum distance and minimum time. Noel argues that such 
minimum existence is disproved by the "Arrow" and the "Stade." 

Many years before this, Ch. Renouvierl and F. Evellin2 argued against the 
actual infinite and in favor of the discontinuity of space and time; the number of 
parts in which the path AB can be divided is either finite or infinite, but the 
number cannot be infinite without the inexhaustible being found exhausted, 
hence the number is finite. Besides his book on Infini et quantit e, Evellin pub- 
lished articles in 18933 and 18944 in which he elaborates his ideas with reference 
to our topic. Noel's explanation of the nature of motion does not appeal to 
him; Noel's hypothesis of motion as a "becoming" affords only a moment's illu- 
sion of having escaped the difficulties set by the dialectician of Elea. Evellin 
declares that Zeno's four arguments present two branches of a dilemma. The 
"Dichotomy" and "Achilles" are aimed at the mathematicians with their 
infinity, the "Arrow" and "Stade" are aimed at the partisans of limited divi- 
sion. Making negation of the infinite, he explains Zeno by assuming the dis- 
continuity of time and space and the existence of indivisible parts of space and 

1 Esquisse d'une classification systematique des doctrines philosophiques, T. I, Paris, 1885. 
Renouvier's proof of the non-existence of the actual infinite, as well as other proofs of this are 
critically examined by Georg Cantor in his article, " Mitteilungen zur Lehre vom Transfiniten" in 
Zeitschr. f. Philosophie und philosophische Kritik, Bd. 91. Separatabdruck, Halle, p. 22. 

2Frangois Evellin, Infini et quantitg, 1880. 
3 "Encore a propos de Zenon d'El6e," Revue de m6taphysique et de morale, I, p. 382. 
4 "La divisibilit6 dans la grandeur," Revue de m6taphysique et de morale, II, pp. 129-152. 
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time. On the hypothesis of unlimited divisibility he claims that Zeno success- 
fully disproved motion. The concept of a line, says Evellin, must be such as to 
explain motion. The line must have parts; motion exhausts the line and tbere- 
fore also its parts; hence, those parts have a number, but this number escapes 
us. Each moment of motion must mark an advance, but there is no advance 
except in the exhaustible and the finite. The " Dichotomy" and " Achilles " make 
this very plain. Evellin denies that the "Stade" disproves the possibility of 
indivisibles. 

a b c a b c 

a b c1 a, bcl 

a2 b2 c2 a2 b2 c2 

If in an indivisible moment the indivisible lines represented by a, b, c, a,, etc., 
shift, so that a2 comes to cl, the question arises, how can a2 and bi have found 
time to meet each other? They must indeed pass each other, if the discontinuity 
of space is assumed, but they need not meet at all in case of discontinuity. 

Another champion of discontinuity is Georges Lechalas. In 1895 he brought 
out a book, an Etude sur l'espace et le temps, Paris, of which an enlarged edition 
appeared in 1910. In 1893 he contributed a journal article on Zeno.1 He pro- 
ceeds on the maxim that, so far as the realized number of things in the actual 
world is concerned, number always means finite number. He distinguishes 
abstract from realized number. He made a study of G. Cantor and offers no 
objection to actual infinity, provided this concept is confined to abstract number. 
He claims contradiction in its realization. All realized aggregates, he says, can 
be counted by the ordinary process. He denies the possibility of a real continuum 
and hence concludes that both space and time are discontinuous. While agreeing 
with Evellin on matters of discontinuity, Lechalas disagrees with him on the 
existence of a minimum distance and a minimum time. Evellin's mode of escape 
from the clutches of the " Stade " does not satisfy him. If the atom is indivisible, 
says Lechalas, this is not a minimum of extension; extension is not a property 
of atoms, but a relation between them. A point in moving from one position to 
another occupies only a finite number of intermediate positions; hence, in the 
"Stade," a2 and bi may not be in the same vertical line at any time. Using 
discontinuity as a magic wand, he gets a2 to cl without meeting bi. 

[To be concluded in the November issue.] 

1 "Note sur les arguments de Zenon d'El6e" in Revue de metaphysique et de morale, I, 1893, 
p. 396. 
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