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the solutions 

x = 4p4-,o4, y = 4p3o, z = 2po3, t=4p4 + ,o4 
x = p4 -', y = p3o- z = po3 t = p4 + ,'4 
x = 2p3o, y = 2po3, z = p4 -&', t = p4 + ?o4 
x = 8p3o, y = 4po3, z = 4p4- n4, t = 4p4 + ?&4 

respectively. 
7. Let us consider next the equation 

(I 1) x4 + y4 + z4 = 2t4. 
We shall seek solutions of this equation in which x, y, z, t are polynomials in an 
integral parameter k, the degree being not greater than 2. It is easy to see that 
the coefficients of k2 in these polynomials must satisfy equation (11). The corre- 
sponding statement is true also of the independent terms. Now (11) has the 
obvious solutions obtained by putting one of the variables in the first member 
equal to zero and giving to the other variables in any way the values + 1 or - 1. 
This gives us a certain number of cases to examine in order to see whether the 
coefficients of powers of k in the several polynomials can be so determined that 
(11) becomes an identity on substituting for the variables the polynomials in k. 

Thus, as one case, we have to examine whether the ambiguous signs can be 
suitably chosen and the coefficients a, b, c, d so determined that 

(k2 + ak)4 + (bkc=- 1)4 + (k2 + ck= 1)4= 2(k2 + dk 1)4 

is an algebraic identity in k. Carrying out the necessary reckoning in each of the 
possible cases which may arise we have the following solution of (11): 

(12) x = k2 - 2k, y = 2k-1, z = k2- 1 , t = k' - k + 1. 

The reckoning is facilitated by observing that when k is replaced by k + 1 the 
resulting independent terms must still form a solution of (11). 

THE CUBE ROOT OF A BINOMIAL SURD. 

By ARTHUR C. JOHNSON, Hopedale, Mass. 

In Wells's Text Book in Algebra, page 548, the equation x3 + x - 2 = 0 
leads by Cardan's method to the solution 1( 27 + 621 + $27 -6 21), 
and the author implies that this cannot be simplified, for he says "there is no 
method in algebra for finding the cube root of a binomial surd." 

The challenge suggested by this problem led to the following discussion, which, 
so far as the writer can learn, has not been published heretofore. Namely, to 
determine whether a quadratic binomial surd has a cube root which can be 
obtained by algebraic methods; and, when possible, to obtain this root. 

Given the quadratic binomial surd a + b aIc in which a, b and c are positive 
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and rational, and 'Jc is a positive quadratic surd. We assume that the cube root 
of this expression, if obtainable, is a binomial of which one term x is positive and 
rational; the other term y is a positive quadratic surd. Thus 

x+ y + bc(1) 
Then 

X-y = Va-b c, (2) 

by the method shown in Section 269 of Wells's text. Hence 

x2- y2 = /a2 _b2c. (3) 

Now since X2 - y2 is rational, the expression I a2 - b2c must also be rational. 
Consequently when the expression a2 - b2c is a perfect cube, it will be possible to 
use this method. 

Cubing (1), 
x3 + 3X2y+ 3Xy2 + y3=a+ b Wc. (4) 

Now the second and fourth terms of (4), in which odd powers of y occur, must 
be irrational, and the first and third terms must be rational. 

Hence 
32y+ y3= b< (5) 

and 
x3+ 3Xy2= a. (6) 

Combining (3) and (6), we have 

4X3- 3x a2_ b2c-a = 0. (7) 
When ; a2-b2c is rational, (7) can be solved by the ordinary methods for 
cubic equations and the corresponding, value of y can be found. 

Whenever (7) has a commensurable root it is therefore possible to find the 
cube root of the given binomial surd by algebraic methods in the form of a quad- 
ratic binomial surd. 

In the example quoted above we have to find the cube root of 27 + 6 '421. 
In this case, a = 27, b = 6, c = 21. 

a2 -b2c = 1729 -756 = -27 =-3. 

Substituting this value in (7), the equation becomes 

4X3 + 9x - 27 = 0, 
and 

3 221 
root of276 s-2 

Hence the cube root of 27 + 6 ~2? is 3 + 2'1 and in like manner the cube 

root of 27 - 6 ~21 is - _ __ 

2 2 
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Consequently 
/27 + 6421 + "27-6421 

3 =, 

the result expected from the equation x3 + x - 2 = 0. 
The method may be extended, and holds when a, b and c are negative as well 

as positive. Likewise the proof holds when the required root can be found in 
the form a -b + c id. 

The latter expression gives rise to the cubic equation 

4bx3-3x a a2b -C2d-a = O. (8) 

Example 1. To find the cube root of 2,261 2 - 1,845 7/3. Here a = 2,261, 
b = 2 =- 1,845, d = 3. 

Va2b -c2d = V10,224,242 - 10,212,075 = ;12,167 = 23. 
Substituting this value in (8), the equation becomes 

8X3- 69x - 2,261 = 0, 
and 

x = 7, y= 5. 

Therefore the cube root of 2,261 4-2 - 1,845 '/3 is 7 4-2 - 5 '/3. 
Example 2. To find the cube root of 276 'J3 - 70 . Here a= 276, 

b = 3, c =-70, d =-2. 

la2b -c2d = ;,228,528 + 9,800 = ;238,328 = 62. 

Substituting this value in (8), the equation becomes 

12X3 - 186x - 276 = 0, 

whence x- 2, and y = 5. Consequently the cube root of 276 ~i3 - 70 l-2 
is -2" 3+ 5 -2._ 

BOOK REVIEWS. 

W. H. BUSSEY, CHAIRMAN OF THE COMIMITTEE. 

Trigonometry for Schools and Colleges. By FREDERICK ANDEREGG and EDWARD 
DRAKE ROE. Revised edition bv FREDERICK ANDEREGG. Ginn and Com- 
pany, Boston, 1913. ix + 108 pages. 75 cents. 
The characteristics which insured for this little book a favorable reception 

in its first edition, namely clearness and conciseness, have been retained in this 
new edition. 

The striking alterations effected in the revision of the plane trigonometry 
touch the solution of triangles. The right triangle is solved in the third chapter 
instead of in the sixth and model solutions of both right and oblique triangles 
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