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DISCUSSION OF FLUXIONS: FROM BERKELEY TO WOODHOUSE.' 

By FLORIAN CAJORI, Colorado College. 

The first direct statement of Newton's method and notation of fluxions was 
printed in 1693 in Wallis's Algebra. Here and in the Principia of 1687 Newton 
made use of infinitely small quantities, but in his Quadrature of Curves of 1704 he 
declared that "in the method of fluxions there is no necessity of introducing 
figures infinitely small." No other publication of Newton, printed either before 
1704 or after, equalled the Quadrature of Curves in mathematical rigor. Here 
Newton reached his high water mark of rigidity in the exposition of fluxions. 
By a fluxion, Newton always meant a finite velocity. With one exception, all 
British writers on the new calculus before the appearance of Berkeley's Analyst 
in 1734 used the Newtonian notation consisting of dots or "prick'd letters," 
and also Newton's word "fluxion." But strange to say, most of these writers 
did not use Newton's concepts. They applied the term "fluxion" to the 
infinitely small quantities of Leibniz,-thus using a home label on goods of 
foreign manufacture. Of sixteen or more writers in Great Britain during the 
period of 1693-1734, nine or more call a fluxion an infinitely small quantity; 
three writers do not define their terms, while only four follow Newton's exposition 
of 1687 -or 1693, involving fluxions as finite velocities and " moments " as infinitely 
small quantities, or else follow Newton's exposition of 1704, involving fluxions 
as finite velocities and avoiding infinitely small quantities almost entirely. 
The nine or more who used fluxions in the sense of infinitely small quantities 
had no hesitation in dropping quantities from an equation when they were very 
small in comparison with the other quantities. Altogether these writings con- 
tained a medley of philosophical doctrine which presented a great opportunity 

1 A paper read before the Mathematical Association of America at the second annual meeting, 
New York, December 30, 1916. 
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for destructive criticism on the part of such a close reasoner and skilful debater 
as Bishop Berkeley. Before this no mathematical subject, except Zeno's para- 
doxes on motion, had ever offered itself as a topic for picturesque dialectics; 
before Berkeley only once was such expert and splendid dialectical energy brought 
to bear on a fundamental topic in mathematics. 

Berkeley's Analyst marks a turning point in the history of mathematical 
thought in Great Britain. His criticisms were not openly accepted by mathe- 
maticians of his day; nevertheless such effort was put forth to avoid his objec- 
tions that in eight years the logical exposition of fluxions was immensely improved. 

In the library of Trinity College, Cambridge, there is a marble bust of James 
Jurin, a noted physician, at one time a student at Trinity. He undertook a 
defence of Newton and the calculus. Under the pseudonym of " Philalethes 
Cantabrigiensis," Jurin wrote two long replies to Berkeley, full of noisy rhetoric 
and giving little that was truly substantial. Berkeley found a second antagonist 
in John Walton, a professor of mathematics in Dublin, who had a good intuitive 
grasp of fluxions, but lacked deep philosophical insight and showed himself 
inexperienced in the conduct of controversies. Walton wrote two replies to 
Berkeley and an augmentation of his second reply. Altogether this discussion 
involved eight articles, three by Berkeley, two by Jurin and three by Walton. 

Berkeley made some mistakes. One was his failure to see or admit that the 
Newton of 1704 was not the Newton of 1687 or 1693. Berkeley's contention 
that no geometrical quantity can be exhausted bv division is in consonance with 
the claim made by Zeno in his Dichotomy or his Achilles. 

In the Analyst Berkeley does not refer to Zeno, but according to Berkeley's 
argument, Achilles could not catch the tortoise. Nor can the modern reader 
agree with Berkeley in the claim that second or third fluxions are more mysterious 
than the first fiuxion. 

Berkeley experienced difficulty in conceiving fluxions as being proportional to 
the nascent increments or to the evanescent increments. Newton, himself, in 
his Principia, gave expression to the philosophical weakness of this explanation, 
for, strictly speaking, there is no first or prime ratio, nor is there a last or ultimate 
ratio. In his second reply to Berkeley Jurin defines a "nascent increment" in 
the Newtonian fashion as "less than any finite magnitude," also as "an increment 
just beginning to exist from nothing . . . but not yet arrived at any assignable 
magnitude how small so ever." Lagrange in a letter to Euler of November 24, 
1759, said that he experienced trouble with Newton's exposition, since it con- 
sidered the ratio of two quantities at the moment when they ceased to be quan- 
tities. Lagrange seems to have been convinced, says Jourdain, that the6 use of 
infinitesimals was rigorous and used both the infinitesimal method and the 
method of derived functions side by side, during his whole life. The question 
arises did Berkeley believe that the calculus of fluxions was capable of rational 
exposition or not? Two noted mathematicians have vouchsafed opposite opinions 
on this point. Sir William Rowan Hamilton of quaternion fame says: "On the 
whole, I think that Berkeley persuaded himself that he was in earnest against 
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fluxions, especially of orders higher than the first, as well as against matter." 
To this De Morgan replied: "I have no doubt Berkeley knew that fluxions were 
sound enough." Berkeley himself said: "I have no controversy about your 
conclusions, but only about your logic and method." In view of the further 
fact that Berkeley in the Analyst advanced the theory of "Compensation of 
Errors " we incline to the opinion of De Morgan. The theory of " Compensation 
of Errors," we may add, was advanced independently by Lagrange and L. N. M. 
Carnot. According to Philip E. B. Jourdain this theory is found also in Mac- 
laurin's Fluxions. 

There are four other points in Berkeley's Analyst to which we desire to 
direct attention. First his protestation against dropping quantities because 
they are comparatively very small. Jurin in his first reply argues in favor of 
the rejection of infinitesimals. In his second reply, after having received a 
castigation from Berkeley, Jurin says that this part of his argument was intended 
for popular consumption, for men such as one meets in London, who, when told 
that if Sir Isaac Newton were to measure the height of St. Paul's Church by 
fluxions he would be out not more than one tenth of a hair's breatdh, and when 
further told that two books had been written in this controversy, would fly into 
a passion, would make reflections about "somebody's being overpaid," and would 
use expletives not fit for print. 

Secondly, Berkeley's denial of the existence of infinitely small quantities is 
in conformity with the tenets of the recent school of Weierstrass and Georg 
Cantor. 

Interesting is Berkeley's attack upon Newton's derivation of the moment or 
increment of a rectangle AB, as it is given in the Principia. Newton derives 
this moment by the difference (A + 'a) (B + 'b) - (A -a) (B - lb) = Ab 
+ Ba, where a and b are assumed to be the increments of the sides. Berkeley 
argues with conviction that the increment of the rectangle AB is bA + aB + ab. 
Jurin takes the arithmetical mean of the increment bA + aB + ab of the rectangle 
AB and of the decrement bA + aB -ab of AB and obtains the desired true 
increment or "moment " as aB + bA. Sir William Rowan Hamilton sided with 
Berkeley against Newton on this point but no eighteenth century mathematician 
in England admitted the validity of Berkeley's criticism. 

Lastly we come to the most fundamental of Berkeley's criticisms of Newton 
which centers upon what is called Berkeley's lemma: If in a demonstration an 
assumption is made, by virtue of which certain conclusions follow, and if after- 
ward that assumption is destroyed or rejected, then all the conclusions that had 
been reached by the first assumption must also be destroyed or rejected. 
Berkeley applied this lemma to Newton's mode of deriving the fluxion of xn 

as given in the Quadrature of Curtes of 1704. Newton gives x a finite increment 
o, expands (x + o)n by the binomial formula, subtracts Xn and divides the 
remainder by o. He then lets o be zero and obtains the fluxion nx n-. Berkeley 
says that this reasoning is not fair or conclusive. "For when it is said, let the 
increment be nothing, the former supposition that the increment be something is 
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destroyed and yet the expression got by that former supposition is retained. 
By Berkeley's lemma, this is a false way of reasoning, "(such as would not be 
allowed of in Divinity." 

It is interesting to observe that no British mathematician of the eighteenth 
century acknowledged the soundness of Berkeley's lemma and its application. 

Jurin, in his second reply to Berkeley, argues against the lemma thus: "You 
say that if one supposition be made, and be afterwards destroyed by a contrary 
supposition, then everything that followed from the first supposition is destroyed 
with it." Not so, when the supposition and its contradiction are made at 
different times. "Let us imagine yourself and me to be debating this matter 
in an open field, . . . a sudden violent rain falls . . . we are all wet to the 
skin . . . it clears up . . . you endeavor to persuade me I am not wet. The 
shower, you sav, is vanished and gone and consequently your wetness must 
have vanished with it." The first recognition in England of the soundness of 
Berkeley's lemma came in 1803 from Robert Woodhouse, who, in his Principles 
of Analytical Calculation, says that the methods of treating the calculus "all are 
equally liable to the objection of Berkeley, concerning the fallacia suppositionis, 
or the shifting of the hypothesis." In finding the fluxion of Xn, the binomial 
expansion is effected "on the express supposition, that o is some quantity, if 
you take o equal to zero, the hypothesis is, as Berkeley says, shifted and there 
is a manifest sophism in the process." 

After Berkeley terminated his debate with the mathematicians, two mathe- 
maticians started a quarrel among themselves. Thus arose the second contro- 
versy on fluxions, which is comparatively little known. 

Benjamin Robins, a self-educated mathematician, felt that Jurin had not 
entered a satisfactory defence of Newton, so Robins himself in 1735, published a 
tract entitled A Discourse Concerning the Nature and Certainty of Sir Isaac 
Newton's Method of Fluxions and of Prime and Ultimate Ratios. Robins makes no 
reference to Berkeley or Jurin, or to their controversy. He lays the foundation 
of the calculus upon the concept of a limit. He speaks of a limit as a magnitude 
"to which a varying magnitude can approach within any degree of nearness what- 
ever, though it can never be made absolutely equal to it." Here for the first 
time is the stand taken openly, clearly, explicitly, that a variable can never reach 
its limit. From the standpoint of debating, this stand is a decided gain, but it 
is a gain made at the expense of generality. He descends to a very special type 
of variation which is not the variation encountered in ordinary mechanics; it is 
an artificial variation which does not permit Achilles to catch the tortoise. But 
this narrow concept of a limit nevertheless answers very well the needs of ordinary 
geometry. Robins's tract is remarkable for clearness and soundness of exposition; 
it is a marked advance in that respect. The use of infinitely small quantities 
is rigidly excluded. The objections raised by Berkeley against Fluxions did not 
apply to Robins's exposition. A long account of Robins's Discourse, prepared by 
Robins himself, was published in a London monthly called The Present State of 
the Republick of Letters. In the next number of this monthly appeared an article 
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by Jurin, under the pseudonym "Philalethes Cantabrigiensis," in which he says 
that in his debate with Berkeley he adhered strictly to Newton's language, but 
that some other defenders of Newton (meaning Robins) were guilty of departing 
from it. Jurin argues that the words fiunt ultimo wvquales used by Newton in 
Lemma I of Book I in the Principia, mean that the quantities (the inscribed and 
circumscribed polygons) "do at last become actually, perfectly, and absolutely 
equal"; in modern phraseology, the limit is reached. Several passages in the 
writings of Newton are examined and many illustrations are given. Robins 
prepared a reply to Jurin, and thus a controversy had gotten under way which 
threatened at one time to become endless. For two years there was a steady 
stream of articles in the Republick of Letters and its successor The Works of the 
Learned. Pemberton enitered the controversy during the second year on the 
side of Robins, but contributed nothing of value. About twenty articles were 
written, one of which filled one hundred and thirty-six pages. All articles taken 
together covered over seven hundred printed pages. They were attempts to 
ascertain what Newton's ideas of fluxions and moments 'were, and whether, 
Newton meant that a variable can reach its limit or cannot. And a good part 
of this material has escaped the attention of mathematical historians until now. 
The first few articles displayed care and ability, the later articles suffered in 
scientific value from the excessive heat of controversy. Jurin's articles against 
Robins are superior to his articles against Berkeley. The debate is the most 
thorough discussion of the theory of limits carried on in England during the 
eighteenth century. It constitutes a refinement of previous conceptions. In 
my judgment Jurin's interpretation of Newton was more nearly correct than 
that of Robins. The two disputants examined and reexamined every passage 
of Newton's printed papers bearing on fluxions. Robins saw in Newton's 
condensed writings only variables which do not reach their limits; Jurin insisted 
that Newton permitted variables to reach their limits. Jurin admitted the 
calculus could be consistently founded upon Robins's idea of a limit, but he also 
insisted that Robins misrepresented Newton. Jurin's conceptions were quite 
broad for his time. He said: "Now whether a quantity or a ratio shall arrive 
at its limit or shall not arrive at it, depends entirely upon the supposition we 
make of the time during which the quantity or ratio is conceived constantly to 
tend or approach towards its limit." In other words, whether a variable reaches 
its limit or not is a matter of choice. We may impose conditions, so that the 
variable reaches its limit, or conditions under which it does not reach its limit. 
Thus Jurin was perhaps the first consciously to modify and generalize the limit 
concept. Modifications and generalizations of this have been going on ever since 
and are still in progress. A serious difficulty in permitting variables of the kind 
ordinarily arising in geometry to reach their limits lay in the fact that the imagina- 
tion is not able to follow the variable through an infinity of steps that lead into 
the limit. The imagination exhausts itself in the effort. It is right here that 
Robins's variables which do not reach their limits had a great advantage. Jurin 
took great pains to devise illustrations of limit-reaching variables, intended to 
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aid the imagination, though, as he admits, incapable of exhibiting the process 
"all the way." In one place Jurin says: "Since Mr. Robins is pleased to talk 
so much about straining our imagination, . . . let us see if we cannot find some 
plain and easy way of representing to the imagination that actual equality, at 
which the inscribed and circumscribed figures will arrive with each other, and 
with the curvilineal figure, at the expiration of the finite time." His procedure 
amounts to expressing the inscribed and circumscribed polygons as functions of the 
time, such that the limit is reached in a finite time. 

It is interesting that, toward the end of his long debate with Robins, Jurin 
begins to disavow infinitely small quantities. He brings out the difference 
between infinitesimals as variables, and infinitesimals as constants. He rejects 
all quantity "fixed, determinate, invariable, indivisible, less than any finite 
quantity whatsoever," but he usually admits somewhat hazily a quantity 
"variable, divisible, that, by a constant diminution, is conceived to become less 
than any finite quantity whatever, and at last to vanish into nothing." 

Soon after the Berkeley onslaught, there appeared nine British texts on 
fluxions, only one of which was of decidedly inferior type. None of these texts 
refer to the Jurin-Robins dispute. The latter was not widely noticed. The two 
thought-compelling publications that were widely read were Newton's Quadrature 
of Curves of 1704, and Berkeley's Analyst. The latter tract was always criticized 
by the mathematicians, yet always held in awe. These two tracts, together with 
Robins's Discourse, and Maclaurin's celebrated work on Fluxions, which appeared 
in 1742, mark the highest point of logical precision reached in England during the 
eighteenth century. All three of the great sections of the British Isles had 
contributed to this end: England through Newton and Robins, Ireland through 
Berkeley, and Scotland through Maclaurin. Maclaurin was familiar with the 
writings of the other three. He took the Greek demonstrative rigor as a model. 
In a biography of Maclaurin it is stated that several years before the publication 
of his fluxions, his demonstrations had been communicated to Berkeley and 
"Mr. Maclaurin had treated him with the greatest personal respect and civility; 
notwithstanding which, in his pamphlet on tar-water, he (Berkeley) renews the 
charge, as if nothing had been done " to remove the logical difficulties. Mac- 
laurin avoided the use of infinitely small quantities, " an infinitely little magnitude 
being," as he expressed himself, "too bold a postulatum for such a science asr 
geometry." He laid less stress upon the concept of a limit than did Robins and 
Jurin, and followed more closely the kinematical concepts of Newton. The term 
velocity had been the subject of dispute between Berkeley and Walton. Mac- 
laurin perceived the difficulty of arguing that variable velocity is a physical fact. 
He defined the velocity of a variable motion as the space that would be described 
if the motion had continued uniform. He also quotes Barrow: Velocity is the 
"power by which a certain space may be described in a certain time" and then 
explains "power " by the consideration of "causes' and "effects' in a way that 
sounds odd in a work on fluxions. However, when we think of the Thomson- 
Dirichlet Principle we must acknowledge that the eighteenth century was not 
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the only time when physical concepts were brought to the aid of mathematical 
theory. Apparently following Robins, Maclaurin's explanations imply that he 
does not encourage variables actually to reach their limits. Maclaurin secured 
his rigor of demonstration at a tremendous sacrifice. His work on Fluxions 
consists of seven hundred sixty-three pages; the first five hundred ninety pages 
do not contain the notation of fluxions at all; the mode of exposition is 
rhetorical. This part deals with the derivation of the fluxions of different 
geometric figures, of logarithms, of trigonometric functions, also with the dis- 
cussion of maxima and minima, asymptotes, curvature and mechanics, in a 
manner that the ancients might have adopted and with a verbosity of which 
the ancients are guilty. The consequence was that the work was not attractive 
reading. It was much praised and much neglected. Fifty-nine years elapsed 
before a second edition appeared. As we shall see, the book did not stop disputes 
on fluxions. 

The middle and latter part of the eighteenth century were periods of medioc- 
rity. There appeared a dozen books on fluxions, of which those of Wllliam 
Emerson and Thomas Simpson were the most noted. Both Emerson and 
Simpson were self-educated mathematicians, possessing the strength and the 
weakness usual with such preparation. Emerson returned to the use of infinitely 
small quantities, but a fluxion was defined as a velocity. This return to the use 
of infinitely small quantities is noticeable in several English texts of the second 
half of the century. An old lady once defended Calvinism by saying that if you 
took away her total depravity you took away her religion. There were mathe- 
maticians who believed that if you took away inlfinitely small quantities you 
took away all their mathematics. Simpson, in his text of 1750, which is a 
thorough revision of his text of 1737, avoids the use of infinitely small quantities. 
His definition of fluxion is as follows: "The magnitude by which any flowing 
quantity would be uniformly increased in a given time, with the generating 
celerity at any proposed position, or instant (was it from thence to continue 
invariable), is the fluxion of the said quantity at that position or instant." Sub- 
stantially this definition of a fluxion was adopted later by Charles Hutton. 
Simpson dodges the word velocity, and remarks: "If motion in (or at) a point 
be so difficult to conceive that some have gone even so far as to dispute the very 
existence of motion, how much more perplexing must it be to form a conception, 
not only of the velocity of a motion, but also infinite changes and affections of it, 
in one and the same point, where all the orders of fluxions have to be considered." 
Simpson's definition and treatment of fluxions avoided the fictitious infinitesimals, 
as well as the perplexing term "velocity." Nevertheless, it did not enjoy 
security against attack, but was fiercely criticized in the London Monthly Review. 
The critic claimed that it is objectionable to define fluxion as the "magnitude by 
which any flowing quantity would be uniformly increased," for it was argued, 
that "in quantities uniformly generated, the fluxion must be the fluent itself, or 
else a part of it." It was claimed that Simpson's endeavor to exclude velocity 
"cannot be made intelligible without introducing velocity into it." "Again he 
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mistakes the effect for the cause; for the thing generated must owe its existence 
to something, and this can only be the velocity of its motion, but it can never be 
the cause itself, as his definition would erroneously suggest." This obscure 
criticism of obscure points in Simpson's exposition initiated a third debate on 
fluxions which was carried on in the Ladies Diary and in ephemeral journals 
called the Palladium, the Lady's Philosopher, the Mathematical Exercises (edited 
by John Turner). The debate was carried on between friends of Emerson on 
one side and friends of Simpson on the other. Emerson and Simpson do not 
themselves appear in the controversy. The friends of Emerson published in 
1752 in London an anonymous pamphlet, entitled Truth Triumphant or Fluxions 
for the Ladies, Showing the Cause to be Before the Effect, etc., which was criticized 
by the friends of Simpson as a "scurrilous pamphlet." It contains much that is 
foolish, a few passages eulogizing the works of Emerson, but also critical con- 
siderations which are of some interest and disclose the need of a more satisfactory 
arithmetical continuum. All in all this debate was carried on upon a much lower 
scientific plane than the former debates. The debaters represented the rank 
and file of mathematicians. 

In the second half of the century several abortive attempts at arithmetization 
of the calculus were made. The most worthy of these attempts is due to John 
Landen, but his analysis is so complicated as to be prohibitive. Towards the 
latter part of the eighteenth century the efforts at rigorous exposition, which 
were so conspicuous in the years 1735-1742, slackened more and more. Colin 
Maclaurin was seldom read and John Robins was altogether forgotten. William 
Hales's discovery of Robins's Discourse in 1804 astonished him as would the 
discovery of a new work of Archimedes. The first edition of the Encyclopedia 
Britannica, 1771, permitted a "fluxion" to degenerate into an "increment" 
acquired in "less than any assigned time." The same article on fluxions appeared 
in the second edition (1779) and in the third edition (1797). In 1801 there was 
published in London Agnesi's Analytical Institution, which many years earlier 
had been translated by John Colson from the Italian into English. How Colson's 
conscience must have troubled him, when a fluxion stood out in his translation 
as something "infinitely small," may be judged by the consideration that in 1736 
he brought out an English translation of Newton's Method of Fluxions. With 
Newton a fluxion always meant a finite velocity. We wonder what Robins 
and Maclaurin would have thought had they been alive in 1897 and 1901 and 
read these definitions. What horrible visions would these ghosts of departed 
quantities have brought to Bishop Berkeley had he been alivel 

As we look back over the century we see that the eight years immediately 
following Berkeley's Analyst were eight great years, during which Jurin, and 
especially Robins and Maclaurin made wonderful strides in the banishment of 
infinitely small quantities and the development of the concept of a limit. Both 
before and after that period of eight years, there existed in most writings of the 
eighteenth century in Great Britain, a mixture of Continental and British con- 
ceptions of the new calculus, a superposition of British symbols and phraseology 
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upon the older Continental concepts. The result was a., system, destitute of 
scientific interest. Newton's notation was poor and Leibniz's philosophy of the 
calculus was poor. That result represents the temporary survival of the least 
fit of both systems. The more recent international course of events has been in a 
diametrically opposite direction, namely, not to superpose Newtonian symbols 
and phraseology upon Leibnizian concepts, but, on the contrary, to superpose 
the Leibnizian notation and phraseology upon the limit-concept, as developed 
by Newton, Jurin, Robins, Maclaurin, D'Alembert and later writers. 

About the opening of the nineteenth century more recent continental authors 
began to attract the attention of the English. Extensive accounts appeared 
in the London Monthly Review of Lagrange's Theory of Functions, Lacroix's 
Differential Calculus, Carnot's Reflexions on the Metaphysics of the Infinitesimal 
Calculus. These texts were compared with English publications in a way not 
altogether favoring the English. Finally in 1805 Robert Woodhouse of Caius 
College, Cambridge, brought out his Principles of Analytical Calculation which 
contained many keen criticisms of both Continental and British mathematicians. 
Woodhouse is the first English mathematician who had a good word for Berkeley. 
He said: "I cannot quit this part of my subject without commenting on the 
Analyst and the subsequent pieces, as forming the most satisfactory controversial 
discussion in pure science that ever yet appeared: into what perfection. of per- 
spicuity and logical precision the doctrine of fluxions may be advanced, is no 
subject of consideration; but view the doctrine as Berkeley found it, and its 
defects in metaphysics and logic are clearly made out. If for the purpose of 
habituating the mind to just reasoning . . I were to recommend a book, it 
would be the Analyst." 

Woodhouse is the forerunner in Cambridge of Babbage, Peacock, and the 
younger Herschel, in the promotion of the principles of pure D-ism in opposition 
to the dot-age of the university. 

As usually happens in reformations so here there was discarded and lost not 
only what was antiquated, but also what was meritorious. Robins's Discourse 
of 1735, with its full and complete disavowal of infinitesimals and clear-cut, 
though narrow, conception of a limit was quite forgotten and D'Alembert's 
definition was recommended and widely used in England. Now Robins and 
D'Alembert had the same conception of a limit. Both held the view that 
variables cannot reach their limits. However, there was one difference; Robins 
embodied this restriction in his definition of a limit; D'Alembert omitted it 
from his definition, but referred to it in his explanatory remarks. 

Some of the eighteenth century British conceptions possessed great merit. 
Perhaps no intuitional conceptions available in the study of the calculus are clearer 
and sharper than motion and velocity. These ideas offer even now great help in 
approaching the first study of the calculus. A second point of merit lay in the 
abandonment of the use of infinitely small quantities. Not all English authors 
of the eighteenth century broke away from infinitesimals, but those who did 
were among the leaders: Robins, Maclaurin, Simpson, Vince, and a few others. 
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From the standpoint of rigor, the treatment of the calculus by these men was 
far in advance of the Continental. In Great Britain there was achieved in the 
eighteenth century in the geometrical treatment of fluxions that which was not 
achieved in the algebraical treatment until the nineteenth century. It was not 
until after the time of Weierstrass that infinitesimals were cast aside by mathe- 
matical writers on the Continent. 

Judged by modern standards all eighteenth century expositions of the calculus, 
even the best British expositions, are defective. As pointed out by Landen and 
Woodhouse, there was an unnaturalness in founding the calculus upon motion 
and velocity. These notions apply in a real way only to dynamics. Moreover, 
not all continuous curves can be conceived as traceable by the motion of a point. 
The notion of variable velocity is encumbered with difficulties. Then again, 
in all discussion ofL limits during the eighteenth century, the question of the 
existence of a limit of a given sequence was never raised. The word "quantity " 
was not defined; quantities were added, subtracted, multiplied and divided. 
Were these quantities numbers, or were they considered without reference to 
number? Both methods are possible. Which did British authors follow? No 
explicit answer to this was given. Our understanding of authors like Maclaurin, 
Rowe and others, is that in initial discussions such phrases as "fluxion of a 
curvilinear figure" are used in a non-arithmetical sense; the idea is purely 
geometrical. When later the finding of the fluxions of terms in the equations 
of curves is taken up, the arithmetical or algebraical conception is predominant. 
Rarely does a writer speak of the difference between the two. Perhaps 

"His notions fitted things so well 
That which was which he could not tell." 

The theory of irrational number caused no great anxiety to eighteenth century 
workers. Operations applicable to rational numbers were extended without 
scruple to a domain of numbers which embraced both rational and irrational. 
There was no careful exposition of the number system used. The modern theories 
of irrational number have brought about the last stages of what is called the 
arithmetization of mathematics. As now developed in books which aim at rigor 
the notion of a limit makes no reference to quantity and is a purely ordinal notion. 
Of this mode of treatment the eighteenth century had never dreamed. 

NOTE ON SOME APPLICATIONS OF A GEOMETRICAL TRANS- 
FORMATION TO CERTAIN SYSTEMS OF SPHERES.' 

BY DR. HENRY W. STAGER, Fresno, California. 

In a paper in Volume VI of the Proceedings of the Edinburgh Mathematical 
Society, Professor Allardice considers the transformation in plano: 

1 Presented to the San Francisco Section of the American Mathematical Society, April 
12, 1913. 
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