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By LOUIS C. KARPINSKI, University of Michigan. 

INTRODUCTION. 

The purpose of this discussion of algebraical developments among the Egyp- 
tians and Babylonians is to show that much of the material of our elementary 
algebra was long ago anticipated, to some extent, in the Orient. Similar 
anticipations of algebraical reasoning are indicated in the material, such as we 
have, which shows the progress of mathematics in ancient India and China and 
Greece. 

In Egypt and India and probably in Babylon, too, the numerical phases of 
mathematical problems received the greater attention; in Greece the geometrical 
phases were primarily studied. However, by these diverse routes many of the 
same problems were studied. The first degree equation in one unknown quantity 
appeared in analytical garb in Egypt, but the same problem is solved geometrically 
in Greece; simultaneous quadratics (leading to pure quadratics) appear in old 
Egyptian papyri, solved numerically, while similar problems are given geometrical 
solution by the ancient Greeks. Numerical application of the Pythagorean 
proposition appears before the time of Pythagoras in Egypt and probably in 
India, while the triumph of a logical, geometrical proof is reserved for the Hellenic 
people as a part of their most noteworthy contribution to the development of 
human intelligence. The study of arithmetical and geometrical progressions 
took a somewhat analogous course, appearing on the Ganges, on the Nile, on the 
Tigris and Euphrates, and, in most complete development, by the Aegean Sea. 
The conclusion which is suggested by the concordant development of mathematics 
in ancient times among diverse civilizations, as well as by the dominant position 
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of the subject in ancient systems of education, is that the human mind has an 
intrinsic interest in the subject, not conditioned by time or place, but dependent 
simply upon the development of the reasoning faculty. 

Our brief survey will seek to reveal, as far as possible, the fact that this 
development of algebraical reasoning is a vital and integral part of the history 
of civilization; the mathematics can not be entirely dissociated from the other 
sciences that were studied by these ancient peoples, and the references which 
are made to other scientific achievements are for the purpose of justifying a 
liberal view in our deductions concerning mathematical attainments from the 
evidence which is presented. In interpreting historical evidence one is con- 
stantly in danger of reading modern ideas into the text; on the other hand some 
writers in discussing Egyptian mathematics have been at great pains to discount 
the material which we have. No one can deny that without the Ahmes papyrus, 
whose preservation must be regarded as a most happy accident, the Egyptians 
would be credited with insignificant attainments along mathematical lines. 
Until further mathematical documents of Egypt and Babylon are available 
our knowledge of the mathematical attainments in these lands will remain 
incomplete, but, in consequence of recent discoveries confirming ancient classical 
traditions concerning oriental science, the tendency of historians is to regard 
more seriously the allusions that ancient Greek and Roman writers made to 
Egypt and Babylon. 

ALGEBRAICAL IDEAS IN EGYPT. 

The Egyptians, even as early as 2000 B. C., attained a relatively high develop- 
ment in mathematics along analytical lines. This advance was made by the 
Egyptian priests who enjoyed that adequate leisure which is a primary essential 
for scientific advance. The assumption has frequently been made that the 
mathematics of the Egyptians was the product of their practical needs, this 
view being the result of a too serious regard for the statement of Herodotus that 
the Egyptians developed geometry in order to redistribute the lands after the 
periodic overflow of the Nile. The assumption is absolutely refuted by a study 
of their mathematical achievements. Here we have the first appearance of 
linear equations in one unknown quantity, a type of simultaneous quadratics, 
arithmetical and geometrical series discussed in problems involving the insertion 
of means as well as summation, and formulas for areas and volumes; taken as 
a whole the treatment displays an appreciation of mathematical conceptions and 
reasoning which has not received due recognition. Certainly the Egyptians 
did have the faculty of applying mathematics to practical purposes, witnessed 
by the construction of pyramids and obelisks; in their arithmetic problems of a 
vital kind, relating to the feeding of geese, the composition of bread, and other 
phases of domestic economy are common. However, a just view of the mathe- 
matics involved must regard these points as applications and not at all as sources 
of the Egyptian mathematics. Fundamentally and universally mathematics 
is the achievement of thinking beings, occasioned by the mind and not by the 
body. 
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The oldest mathematical textbook in existence is the Ahmes magual, an 
Egyptian papyrus composed in the reign of the Hiksos Kings (XVIII Dynastie; 
C. 1700 B. C., which is some 3,600 years old; the work is preserved now in 
the British museum. A German translation of the work by A. Eisenlohr appeared 
in 1877; there is some ground for the hope that an English translation taking 
advantage of the more complete present knowledge of the Egyptian language 
may soon appear. The manual includes a number of problems in linear equations. 
The solution while essentially by the method of "false position" is a definite 
and scientific procedure, leading to the correct value of the root of the equation. 

One of these first-degree equations is the following: "Ahau (heap, mass, 
unknown) and its seventh, it makes 19." An arbitrary value, 7, is assumed as 
the root and the sum is found to be 8, instead of 19 as required; to obtain 19 
from 8 the latter is doubled and multiplied by 4 and 8; the trial root 7 is also 
multiplied by 21 8, giving 161 8 as the value of the unknown; substitution 
of this value in the original equation follows, as a check, in accordance with the 
common procedure in Egyptian mathematics. 

The multiplication of 8 to produce 19 reads, 

8 1 
16 2' 
4 1 
2 4 
1 1' 

meaning that 8 has been doubled and multiplied by - (2 of 2) and 1 to give partial 
summands of 19; the multiplication of 7 by 21 8 is also effected in the Egyptian 
manner of multiplication, by repeated doubling, reading thus: 

21 1 1' 2- 8 1 

411 2' 
92 4' 
161 1. 62 8 

This method of obtaining the product corresponds to the fact that any number 
can be written in the binary system; 7 is 111, meaning 1 X 22 + 1 X 2 + 1, 
while 21 8 is 10.011. 

There are several of these equations of the first degree appearing in the 
Ahmes manual. A symbol for the unknown quantity, ahau, is found while 
there are also symbols for addition, a pair of legs walking in the direction of the 
writing, and subtraction, legs reversed, as well as an approach to an equality sign. 

Other ancient Egyptian papyri contain simultaneous equations in two un- 
knowns, leading to pure quadratics involving the Pythagorean triad 32 + 42 = 52. 
One of the problems concerns the division of an area of 100 square ells into two 
squares whose sides have to each other the ratio of 3 to 4; in Euclid's Data 
entirely similar problems are discussed from the geometrical standpoint. 
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The incomplete state of our knowledge of Egyptian mathematics is indicated 
by the fact that a statement on ancient authority concerning the names given 
to the higher powers up to the ninth power does not correspond to any Egyptian 
material as yet available; an interesting probability is the suggestion that this 
statement, made by Michael Psellus of the eleventh century, is to be traced to 
Hypatia of Alexandria in her lost commentary on the arithmetic of Diophantos. 

Parenthetically let us note that the Egyptian system of unit fractions, which 
persisted in Europe three thousand years after the time of the Ahmes manual, 
frequentlv gives a convenient method for actual computation; thus 3 of any 
number is more easily obtained as 2 + I of the number than as 4 direct. 
The Egyptian method of multiplication by repeated doubling and the method 
of division by multiplication of the divisor to obtain the dividend are not actually 
as awkward as at first sight appears to be the case, particularly if the form of the 
numerals is taken into consideration. A consideration of these ancient methods 
will frequently suggest, even with our numerals, short cuts in computation 
processes. I mention these points to reemphasize the fact that it is essential 
in a serious attempt to evaluate the contributions to science of ancient peoples 
to guard against attributing to the ancient precursors of modern scientists a 
lack of real intellectual ability. 

The discussion in the Egyptian manual of arithmetical and geometrical 
progressions reveals an unexpected familiarity with rules which we now express 
by algebraical formulas, a familiarity which has not received adequate apprecia- 
tion. The essential points of the two formulas which we have for the nth term 
and the sum of the arithmetical series, a, a + d, a + 2d, a + 3d, * -, appear 
from the problems to have been familiar to the Egyptians. Comparatively 
intricate problems are handled with the ease and intimacy born of long acquain- 
tance. 

The problem numbered 40 by Eisenlohr reads: "To distribute 100 loaves of 
bread among 5 people so that } of the (total of the) first three equals that of 
the last two. What is the difference?" The solution shows that it is under- 
stood that the loaves are to be distributed in arithmetical progression. 

"Following instructions, the difference 52," is the next somewhat cryptical 
suggestion of the manual; I hold that this reference implies definite rules of 
procedure in such problems, leading to the difference 52, if unity be taken as 
the first term, under the conditions proposed. Our common procedure, in 
analytical solution of this problem, leads to the result, d = 5a or d = 51 if 
a is 1. Even if the method of arriving at this value for d be that of "false posi- 
tion" the procedure which, being adaptable to similar problems, arrives definitely 
and surely at the complete solution of the proposed problem must be regarded 
as scientific. 

From this point the solution follows the lines of previous problems. With 1 
as the first term and 51 as the difference the terms are 1, 62, 12, 17', and 23, 
having 60 as sum. To complete this to the required 100 loaves there must be 
added 40, or 2 of 60. After noting that this is the case there is added to each 
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of the numbers in the series found 2 of itself, giving 12, 102 6, 20, 294, and 384 
as the series fulfilling the required conditions. 

A second problem involving an arithmetical series is entitled: "Instructions 
for the difference in distribution." The solution opens with the phrase, "If 
you are told," that was later adopted by Arabic mathematicians, and that is 
not uncommon even to-day. "If you are told, 10 measures of grain to 10 people 
so that the difference of each person as compared with the next one is 8 of a 
measure of grain. I take the mean, one measure. I subtract 1 from 10, leaving 
9. I take 2 of the difference, _J_ , and take it nine times. This gives 1 6 
which I add to the mean. From this take away 1 measure for each person in 
order to arrive at the goal. Following instructions: 1 2 -L, 1 4 X 1 1 I 4 - 1J_-1 

216' 49 6' 4 16' 516' 
111 1 116 1 1 1 1 1 8 together 10." The solution of this 

problem as given by the Egyptian manual should be compared step by step 
with the solution by the ordinary procedure with the formulas of our elemen- 
tary algebra; the close correspondence is too striking to be regarded as wholly 
accidental. 

No one could ask, or even suspect, that the ancient Egyptians should have 
modern formulas with a literal symbolism, for this advance is not made in 
Europe until the end of the sixteenth century of the Christian Era. However 
the similarity in method is highly significant, revealing a development in analytical 
thinking that is not equaled for many centuries. In effect we have in these 
problems the first term of an arithmetical series regarded as a function of the 
common difference, under given conditions, and the last term as a function of 
the mean and the difference. This is real functional thinking whose like is 
hardly met again until Archimedes. 

The single illustration of a geometrical series confirms the implications of 
the solutions found in the problems involving arithmetical series. The text is 
extremely concise, and possibly mutilated: 

"A ladder 
1 2801 Scribe 7 
2 5602 Cat 49 
4 11204 Mouse 343 

Together 19607 Sheaf 2401 
Grain 16807 

together 19607." 

At the right we have the summation of the series 7, 49, 343, 2401, and 16807 by 
actual addition; at the left we have the summation of the same series as 7(2801), 
the multiplication being effected in the usual manner. Now our formula for 

the summation of this series gives 7 * 7 1 or 7 times 2801. 

Some three thousand years after Ahmes an Italian mathematician of promi- 
nence, Leonard of Pisa, includes in his arithmetic the same series with one further 
term. He effects the solution in precisely the two ways selected by his Egyptian 
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predecessor. In India, too, powers of seven received special attention. The 
words, or illustrations, which accompany the numbers suggest the nursery 
rhyme concerning the old woman going to St. Ives. 

While the many other problems of the Ahmes papyrus do not bear as directly 
upon elementary algebra as the ones which have engaged our attention, yet 
they do present mathematical treatment of varied phases of human activity. 
Rules are given for obtaining areas and volumes, including the volume of a 
hemisphere. Thus the area of a circle is obtained by taking from the diameter 
W of itself and squaring the result, an early method of squaring the circle. 
The formula, 

A = ( d _d 
2 

A= 9 

gives the area as 0.790d2, instead of 0.785d2; the error is about f60 of one per 
cent. We have no reason to assume that the Egyptians did not recognize this 
as an approximation. Application is made of the rule in computing the cubical 
contents of cylindrical granaries. 

The weakest point mathematically in the Ahmes manual is the discussion 
of the areas of triangles and trapezoids as the leg of the figure appears to be used 
where the altitude is required. If these rules were found only in this place we 
would be justified, in view of the Egyptian renown in surveying, in assuming 
this error to be due to the writer of this school-book. However similar errors 
are reported in the discussion of areas in an inscription of about 237 B. C. on 
the temple walls at Edfu. It is difficult to reconcile these crude approximations 
with the precision of measurements found in the construction of the pyramids 
and with the use of a method for drawing similar figures corresponding to the 
use of cross-section paper. The authorities are not in full agreement concerning 
the interpretation of the texts in question. 

Other mathematical papyri, not as complete and detailed as the manual, 
confirm the methods of computation as given in this text. Certain papyri from 
Kahun, now in London and Berlin, are of great significance since they present 
a type of simultaneous quadratic equations. The solution involves the number 
relation, 32 + 42 = 52, a relation which appears to have been used by Egyptian 
surveyors, technically termed " rope-stretchers," in the laying out of right angles. 
This application of analysis to mensuration is as unexpected as it is suggestive; 
it is worthy of imitation to-day. 

The following is a typical one of these problems: 
"Another example of the distribution of a given area into squares. If you 

are told to distribute 100 square ells (units of area) over two squares so that the 
side of one shall be ; of the other," the relative sides are sought. One side is 
assumed to be unity and the other 3 of unity. With this assumption the two 
areas total 2- instead of the required 100. The square root of 21 is 4; the 
square root of 100 is 10, and 10 is to the required side as 5 is to 1. Consequently 
the one side sought is 8, and the other side 6. The algebraical equivalent of 



ALGEBRAICAL D)EVELOPMENTS AMONG EGYPTIANS AND BABYLONIANS. 263 

these equations is, ev'idently: 
x2 + y2 = 100, 

4 y = X. 

The six problems in Euclid's Data which also lead to similar simultaneous quad- 
ratics should be compared with this problem. 

Egypt is, we may say, the birthplace of algebraical reasoning. Here we find 
first degree equations, simultaneous quadratics of a simple type, as well as some 
development in the formation of algebraical symbolism. In the computation 
of areas and volumes rules appear which are anticipations of modern formulas; 
in the discussion of arithmetical and geometrical series a high order of mathe- 
matical reasoning, considering the time of the work, is attained. Significant, too, 
is the fact that the Egyptians made the mathematics serve the life of the com- 
munity, the home, the farm, the shop, and also the state in many great engineer- 
ing enterprises. 

ALGEBRAICAL IDEAS IN BABYLON. 

Babylon in classical times was widely celebrated as the mother of astronomy 
and astrology, and the most recent researches confirm the ancient tradition. 
Aristotle suggested to some of his pupils that they should seek in Babylon ancient 
records of the movements of the stars. Pliny in his Natural History makes 
reference to a Chaldean authority in a discussion concerning a shadow being 
cast by Venus. Ptolemy, the geographer and astronomer, whose textbook on 
astronomy continued in active use for 1,500 years, quotes Babylonian records 
and mentions by name two Babylonian astronomers. The methods, the instru- 
ments, the terminology, and the observations of the Babylonians were all of 
direct service to the early astronomers of Greece, including the great Hysparchus. 

Astral-mythology and astral-religion, the cult and worship of the stars, 
doubtless had their origin in Babylon; astrological tablets appear in the third 
millenium B. C., scientific observations are recorded in the second millenium, 
but the highest development was probably not attained until about 700 B. C. 
As the shepherds of Babylon watched their flocks by night, in the land where the 
stars are so wonderful in their beauty, the majestic march of the stars spoke 
plainly of an ordered universe. Hence it is natural that we can trace to Babylon 
the sun-dial, the signs of the zodiac, the astrolabe, the names of the planets, the 
division of the circle into degrees, minutes, and seconds, the day of twelve hours 
and the week of seven days, for all of these things connect naturally with the 
study of the stars. As the Greeks came into contact with Babylonian civiliza- 
tion, certainly as early as 600 B. C., astrological and astronomical ideas acquired 
a new meaning and received new emphasis, leading to a more intense interest 
in these subjects. Doubtless, too, the mysticism of numbers was suggested to 
Greece by the Orient. Through Greece then these ideas were transmitted to 
later peoples but the Oriental origin can not be denied. When we tell the time 
of day, and when we read an angle in degrees and minutes and seconds, we pay 
an unconscious tribute to the ancient Babylonians. 
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Concerning the number symbols and systems employed by the Babylonians 
we have relatively complete information. Two distinct systems, decimal and 
sexagesimal, seem to have flourished side by side, and three different schemes of 
representation, more or less closely connected, are found. The earliest system 
with ordinary cuneiform characters was apparently the decimal system as sym- 
bols for one and ten are fundamental in the three types of numerals. According 
to a principle which is almost universal the higher symbols precede the lower in 
the sense of the direction of the writing. In this decimal system there are sym- 
bols for 100 and 1,000 and 10,000, the latter two as 10, and ten times ten, respec- 
tively, times 100. 

The sexagesimal place system of recording numbers appears as early as 3000 
B. C., being found on tablets belonging to the period of the city kings. Up to 
60 the symbols are the same as in the decimal plan but 60 is represented by pre- 
cisely the same symbol as the unit; a second form of sexagesimal numerals (c. 
3200 B. C.) uses a half-circle D for a unit, and a circle for ten, a unit to the left 
of a circle represents 60, e. g., DOODD = 82. The place system was first found 
by Hineks, an Irish astronomer, on a tablet which gives the total portion of the 
moon's surface which is illumined on each succeeding day from new moon to 
full moon. The moon's surface is conceived as constituted of 240 equal parts; 
the series of numbers (in cuneiform characters) are as follows: 

5 10 20 40 1 : 20 
1:36 1:52 2:8 2:24 2:40 
2:56 3:12 3:28 3:44 4 

Interpreted this is that on the first five nights the portion illuminated increases 
in geometrical ratio from 5 parts to 80 parts, written in sexagesimal notation as 
1: 20; during the following ten nights the portion illumined increases in arith- 
metical progression with a common difference of 16 parts out of 240. Convincing 
as this series of numbers with its interpretation is, definite acceptance of the 
remarkable discovery of Hincks was not accorded until other documents con- 
firmed his ingenious solution. Such confirmation was soon brought by two tablets 
found in 1854 at Senkereh on the Euphrates by the English geologist W. K. 
Loftus. These tablets give in the same system of notation the squares of all 
integers from 1 to 59 and the cubes as far as 32, a portion being missing. 

Later researches, notably those conducted under the leadership of Professor 
H. K. Hilprecht, formerly of the University of Pennsylvania, have brought to 
light Babylonian multiplication tables and tables of measures. The astronomical 
researches of Strassmaier, Epping, and Kugler have revealed the extension of 
the system in the fourth or fifth century B. C. to include a zero symbol, some- 
what similar in use to the use of the letter o by Ptolemy to indicate a vacant 
place when writing series of sexagesimal fractions. 

Originally the moon tablet of Hincks and the tablets of Senkereh were of 
prime importance as establishing definitely the use of the sexagesimal system of 
recording numbers. With this system established by hundreds of other tablets 
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these early documents retain their importance as establishing a definite interest 
on the part of the Babylonians in arithmetical and geometrical series as early as 
700 B. C. and in square and cubic numbers. It is related by Iamblichus and 
Porphyry that Pythagoras took the harmonical progression from the Baby- 
lonians, but these tablets are the only evidence we have of Babylonian interest 
in series. Proclus, whose historical accuracy is usually not disputed, mentions 
that the Babylonians were the first to note that six equilateral triangles com- 
pletely fill the space about a point, but again Babylonian documents to confirm 
the point are not available. 

The contemplation of arithmetical and geometrical series is the most natural 
and inevitable development of the exercise of the reasoning faculty. Considera- 
tion of the number sequence 1, 2, 3, 4, 5, 6, . .. naturally leads to the sequence 
1, 3, 5, 7, 9, * * * and such sequences with a known common difference lead more 
or less naturally, among rational beings, to series in which a common difference 
is not known but which can be determined by some other condition which is 
imposed. Among the Greeks and Babylonians the arithmetical series led to 
the discussion of square and cubic numbers, and to the general subject of number 
theory, while with the Egyptians the fruit of this contemplation was problems 
and developments of the kind which we have set forth. 

This brief survey of algebraical developments among the Egyptians and 
Babylonians shows that much of the material which was developed and extended 
by Greek mathematicians originated, both in methods and in substance, with the 
scientists of the Orient. The writers of Greece did not hesitate to acknowledge 
the indebtedness of Greek mathematics to the mathematics of Egypt and 
Babylon, but nevertheless in recent years real scientific achievements have been 
denied as emanating from these civilizations. To measure the magnitude of the 
indebtedness is beyond our power, but to recognize the debt of modern mathe- 
matical science to the scientists of Egypt and Babylon is only to render that 
which is due. 

SOME CALCULUS SUGGESTIONS BY A STUDENT.' 

By BENJAMIN GRAHAM, New York City. 

Instructors in the calculus are apt to find their own thorough knowledge of 
their subject somewhat of an obstacle to the complete understanding of their 
pupils' difficulties. Where long experience has made everything equally clear, 
it is not easy to feel subjectively the varying degrees of obscurity that enshroud 
the course as it appears to the eyes of the beginner. Some interest may attach 
therefore to the following account by a student of his introduction to the calculus, 

I This paper was prepared several months ago and submitted to the MONTHLY by the author 
without the knowledge of his instructor. The editors were at once interested and would have 
been glad to present the paper to the readers of the MONTHLY exactly as it came to them, but, 
owing to the inexperience of the author in writing for publication, it was found necessary to 
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