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V. GENERALIZATIONS AND REFINEMENTS EFFECTED DURING THE NINETEENTH 
CENTURY. 

Continued from page 182. 

UNIFORMIZATION. 

Without the use of the logarithmic function, the interpretation of the power 
z = w becomes complicated even in the simple case when z is negative and y 
is real. For integral values of y, w then becomes alternately + and -; while for 
rational values m/n, w frequently becomes imaginary, and the pairs of values 
(z, w), all taken together, yield no continuous curve. At this stage the logarithmic 
function is introduced to great advantage through the relation zmIn = em/n log z. 
Here the n-valued expression zmIn becomes a one-valued function of log z. We 
say that zy = w has been untiformized. That is w, which in the case when y= m/n 
is an n-valued function of z, becomes a one-valued function of log z. The function 
log z is a uniformizing function. As we look back, we see that the first traces of 
uniformization occurred in the eighteenth century, but not until recently has the 
process been formally introduced into analysis as a consciou's method.1 When 
in zy = w, y is a real and irrational constant, or when y is a complex constant 
and z is a complex variable, then w is an infinitely many-valued function of z. 
In these cases the uniformization w = zy = ey log Z is still more marked, since 
w descends from an infinitely many-valued function of z to a one-valued function 
of log z. 

PRINCIPAL VALUES OF POWERS AND LOGARITHMS. PROPOSED NOTATIONS. 

Few researches on our topic carried on during the nineteenth century are of 
greater importance than those introducing the idea of principal values and sug- 

I See F. Klein, Elementarmath. v. hoheren Standpunkte aus, T. I, Leipzig, 1908, pp. 296, 352. 
Consult also E. T. Whittaker, Modern Analysis, Cambridge, 1902, p. 338. 
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206 HISTORY OF LOGARITHMS 

gesting suitable notations. A leader in this movement was the great French 
mathematician, Augustin-Louis Cauchy. 

In the Cours d'analyse,1 Cauchy introduced notations designed to facilitate 
operations with general powers, roots, and logarithms. To designate any (i. e., 
all) of the values, he used ((a + 0 a - 1))1/n, n being an integer. Taking m 
and n to be positive integers, relatively prime, and using trigonometry, he finds 
the values of ((1 ))n, ((-= 1))mln, ((1 ))-)mIn, as well as the different powers of 
a +? / i-I. He suggests the use of double parentheses for inverse trigono- 
metric functions as well, thus, arc sin ((a)). For the principal values he uses 
the ordinary symbols (=- a)m'I, arc sin (a). By L((x)) he expresses any (i. e., 
all) of the logarithms of the real or complex number x, to the base A. When 
the base is e, he writes l((x)); 1(2) signifying the real, natural logaritihm of the 
number. Thus he writes, when a is real and negative, l((a)) = l(- a)+ l((- 1)) 
=1(-a) i (2k?+I)w-1, k=O, i1, = 1 . If a?+f Ip(cos a 

+ aI-1 sin 0), then Cauchv2 writes l((a + i 5- 1)) = l(p) + 0 -1 + 1((1)), 
0 receiving some one value consistent with the given values of its sine and cosine. 
On the other hand, l(a? + 1" a-I) = l(p) + 0 J - 1, where 0 is some one of 
the infinite number of arcs. He finds that L(x) + L(y) + ... = L(xy ...) 
holds only when the real part of each complex number x, y, * is positive, that 
the formula L(x') = ,uL(x) holds only when a in x = a? +1 is positive, 
and , X arc tan a/3 lies between - 7r/2 and r/2, , being real. This notation is 
explained also in the beginning of Cauchy's Exercices de mathematiques, Paris, 
1826. Later Cauchy found that his definition for l(x) was unsatisfactory from 
the standpoint of the continuity of the function l(x). Hence in 1846 he sug- 
gested the following modification of the definition:' l(x) = l(p) + 0 - 1, 
where 0 is permitted to vary between - w and + x, - w itself being excluded, 
but + wr included. In the same way (x)m or xm was defined as pmem0 le-l with the 
same restrictions on 0. Similar recommendations were made at about the same 
time by E. G. Bj6rling in Sweden.4 

Other authors chose different restrictions for the argument 0. Thus John 
Warren in 1829 adopted the convention 0 < 0 < 2wT.5 

In 1847 A. Cayley6 modified somewhat Cauchy's early definition of principal 
values. He assumes them to be (x + iy)m = pmeimo when x is positive, and 
(x + iy)m = pmeim(O:7r) when x is negative; 0 lying between + r/2 and - r/2, 
and the + or - being taken for ? r according as y is + or -. For logarithms, 
Cayley gives as principal values, log (x + iy) = log p + iO when x is positive, 
and log (x + iy) = log p + i(0 =- r) when x is negative. He states that these 
principal values satisfy the equations (x + iy)m(x' + iy')m = [(x+iy)(x+?iy1)]m 

'A. Cauchy, Cours d'analyse, Paris, 1821, Chap. VII, ? I. 
2 Cauchy, op. cit., Chap. IX. 
3Journal de math6matiques pur. et appl., T. 1846, p. 326. 
4Grunert's Archiv, Vol. 21, 1853, p. 2. 
5Warren, Phil. Trans., London, 1829, Vol. 119, p. 339. 
5 A. Cayley, Coll. Math. Papers, Vol. I, Cambridge, 1889, p. 309. 
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and log (x + iy) + log (x' + iy') = log [(x + iy)(x' + iy')1. In a second paper1 
of the year 1856 he states that this last equation is not always satisfied and he 
investigates the cases of failure. In 1869 was published an article by Cayley, 
On Logarithms of Imaginary Quantities,2 in which he treats of the principal or 
"'selected" values, adopting - r and + -r as the angular limits. 

The German term for principal value is Hauptwert, a term used by Karl 
Weierstrass in his lectures on Abelian transcendents delivered about 1875 in 
Berlin. Cauchy had taken, as the principal value of a + bi, the value whose 
second co6rdinate has the same sign as the second coordinate b, in a + bi. 
Weierstrass modified this definition, so that the principal value of la + bi 
is the "positive "3 value of the square root, provided that a + bi is itself "posi- 
tive." Weierstrass calls a + bi " positive," when a is positive or, if a = 0, 
when b is positive. If a + bi is negative, then the principal value of its square 
root shall be i 3 - a - bi, where 1 - a - bi is " positive." 

The terminology and notation of powers, roots, and logarithms received 
further attention from Cauchy in 1846.4 When the variables in a function are 
extended from real to imaginary values, the notation and the formulas used foru 
real variables cannot be conserved, unless one adopts new conventions to fix 
the meaning of the notation for imaginaries. Since a number has an infinity of 
logarithms, one cannot represent them all by one and the same notation without 
introducing confusion into the calculus. He lets lx stand for that natural log- 
arithm of x in which the coefficient of < -1 lies between + -r and - r, the 
lower limit being excluded. Using Lx for the logarithm in any system, he has 
Lx = Lelx, xa = ealx, = - eylx. With the above restriction these functions are 
in general continuous functions of x for real and complex values of the variables. 
These values Cauchy called the logarithme principale, puissance principale, 
he used similarly the term racine principale. Part of this terminology was first 
suggested by E. G. Bjorling. 

The notation ((1))x was used in 1845 by T. Wittstein of Hanover in a proof 
that every equation has a root.5 It was used in 1856 by the Swiss, H. Kinkelin6 
and is used by 0. Stolz and J. A. Gmeiner in their well-known work, Theoretische 
Arithmetik.7 

As a counterpart to Cauchy's notation for the general power, G. Peano has 
introduced the notation /'*a to designate all the values that the mth root of a 
may take.8 

Cauchy discusses the limit toward which (1 + z/m)m converges, for ilncreasing 
positive integral values of the variable m, when z may be a complex number.9 

'Cayley, Coll. Math. Papers, Vol. III, p. 209. 
2 Op. cit., Vol. VI, p. 14. 
3 K. Weierstrass, Math. Werke, Vol. IV, Berlin, 1902, pp. 348-350. 
4Comptes Rendus, T. XXIII, p. 271; also Exercices d'Analyse et d. Phys. Math., IV, 1847, 

p. 253; (Euvres, 1. S., T. X, p. 75. 
6 Grunert's Archiv, Vol. 6, 1845, p. 230. 
6 Same journal, Vol. 27, 1856, pp. 304-315. 
7Theor. Arith., 2 Abth., Leipzig, 1902, p. 373. 
8 Formulaire de mathematiques publie par la " Rivista di matematica," T. I, Turin, 1895, p. 19. 
9 Cauchy, Exercices d'analyse et de phys. math., T. IV, Paris, 1847, pp. 232-246. 



208 HISTORY OF LOGARITHMS 

This limiting value, which is shown to exist, lends itself to the definition of the 
exponential function ez. It follows that el ez'= el+"Z. Cauchy proceeds to 
the generalized power, in which both base and exponent are complex, or quantites 
geometriques as Cauchy calls them here.1 If z and u are both complex, then zu 
needs definition; he does it by the equation zu = eul(z). This definition includes, 
as special cases, the less general developments previously discussed by Cauchy. 
He states that E. G. Bjorling has given the same definition of zu and has intro- 
duced the term puissance principale. This term Cauchy adopts, only he at- 
tributes to the argument p in zU = rneupi values - r <p < w, while Bjorling 
set the limits (r/2) +-1r > p > (wx/2) -7r. By Cauchy's scheme, two conjugate 
complex numbers raised to powers indicated by conjugate numbers, respectively, 
yield for principal values, complex quantities which are themselves conjugate. 

While the descartian exponential notation is excellent in all ordinary writing 
and printing, it is unsatisfactory for complicated exponents. Changes in no- 
tation have been proposed by De Morgan at the end of his Calculus of Functions, 
in the Encyclopwedia Metropolitana (1843), and also in an article in the Cambridge 
Phitlosophical Transactions,2 and later by J. W. L. Glaisher.3 De Morgan would 
print " a raised to the power (a + bx)/(c + dx) " thus, a A { (a + bx)/(c + dx) }I. 
Glaisher likewise suggests the use of arrows which he prefers to a third notation 
that had occurred to him, namely, the printing of au as a Exp. u. This last 
notation is the one used by A. Cayley in his article " Function " in the Ency- 
clopwdia Britannica, 9th edition, 1879. He writes eu as exp. u. This notation 
has found wide acceptance in works on the theory of functions. 

Certain novelties in logarithmic notation were suggested in Germany, but 
failed of adoption. As early as 1786 Abel Biirja4 indicated the logarithmic 

8 
inverse of 23= 8 by the notation 2= 3. In 1811 Rothe5 used the symbols 

2 
8?2, which were adopted in 1823 by Martin Ohm. In 1860 Kopp advocated 
a third notation which cannot be represented with ordinary type. His suggestion 
was opposed by F. A. Stadnicka of Prag. The need of a new notation for loga- 
rithmation is not evident; the usual " log2 8 " seems to satisfy ordinary needs. 

CLASSIFICATION OF LOGARITHMIC SYSTEMS. 

A curious classification of logarithmic systems of real positive numbers was 
based by Hessel, of the University of Marburg, upon the theorem that, if 
a > Q'e, where e = 2.718 * and We = 1.4445 *, then ax > x for all (real) 
values of x. In his first group of logarithmic systems each number is greater 
than its (tabular) logarithm, as must be true when the base a > Ale. In his 
second system the base a- = e; here there is one number, namely e, which is 

I Op. cit., p. 255. 
2 Cambr. Phil. Trans., Vol. XI, Pt. III, p. 450. 
3 Messenger of Mathematics, Vol. II, 1873, pp. 107-111. 
4 A. Buirja, Algebrist, Berlin und Libau, 1. Theil, p. 153. 
6 Draenert in Hoffmann's Zeitschr. f. Math. u. Phys., Vol. 8, Leipzig, 1877, p. 265. 
6 Grunert's Archiv, Vol. 14, 1850, p. 97. 
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equal to its own logarithm, but all other numbers are smaller than their respective 
logarithms. In his third group of systems, in which each base a < f<e, some of 
the numbers are larger, others are smaller than their respective logarithms, 
while for one number there is an equality between the two. 

A general and more fundamental classification was given in 1892 by Irving 
Stringham1 of the University of California. It was modified somewhat by M.W. 
Haskell and Stringham,2 and formulated by Stringham in his Uniplanar Algebra, 
San Francisco, 1893. In the Wessel-Argand diagram, complex numbers are 
represented by vectors drawn from the origin to points on some logarithmic spiral; 
the logarithms of these numbers are represented by vectors from the origin to 
points on a straight line. The base is the particular vector drawn to the spiral 
which corresponds to the vector 1 drawn to the line; the modulus is, in general, 
a complex number. Logarithmic systems are classified as gonic and agonic 
systems, according as the modulus is a complex number or a real number. 

LOGARITHMS AS DIRECT FUNCTIONS. 

That it is possible to approach logarithms, not from the viewpoint of inverse 
functions, but from the standpoint of direct functions, was recognized early in 
the eighteenth century. John Bernoulli I, in his correspondence with Leibniz, 
started from the differential equation dx/x = - dxl- x and thence deduced 
log x = log (- x). This operation presented the logarithmic function as an 
integral, but labored under the defect of not making the integral definite. Clear 
ideas on this subject were entertained by Gauss who in a letter of Dec. 18, 1811, 

x 

addressed to Bessel,3 set forth the significance of dx/x in the Wessel-Argand 

plane as an infinitely many-valued function of a complex variable. This view 
has been presented in works on the theory of functions.4 

In 1869 an article was published by Cayley, On logarithms of imaginary 
quantities5 in which the logarithm is defined as a definite integral and the general 
power ab is defined as the inverse of the logarithmic function. Much the same 
course was pursued in 1902 by J. W. Bradshaw.6 A radical change is advocated 
by Felix Klein. After discussing the difficulties encountered in defining a loga- 
rithm by the equation ab = c, he goes so far as to recommend that, for purposes of 
school room instruction, the logarithm be defined as an integral and be connected 
with the asymptotic areas of the equilateral hyperbola.7 He declares that the 
proper source for the introduction of new functions is the quadrature of familiar 
curves. This program is elaborated more fully in an article by C. Frenzel.8 

1 American Jour. of Math., Vol. XIV, 1892, pp. 187-194. 
2 Bulletin of the N. Y. Math. Society, Vol. II, 1893, pp. 164-170. 
3 Gauss, Werke, Bd. VIII, p. 90. 
4H. Durege, Theorie der Funktionen einer compl. verdnd. Grosse, Leipzig, 3. Aufl., 1882, Absch. 

V. 
5 Cayley, Coll. Math. Papers, Vol. VI, p. 14. 
6Annals of Math., 2d S., Vol. 4, 1902-3; pp. 51-62. See also W. F. Osgood, Funktionen- 

theorie, Leipzig u. Berlin, 1907, pp. 487-498. 
7F. Klein, Elementarmathematik vom hoheren Standpunkte aus., I, Leipzig, 1908, p. 332. 
8 Zeitschrift f. math. u. naturwiss. Unterricht, 44. Jahrg., 1913, pp. 1-13. 
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A purely analytical theory of the logarithmic function, divorced from geo- 
metry, was developed in 1891 by Ch. Meray of Dijon.1 He considered the loga- 
rithmic function as the result of integration and arrived at the exponential function 
by solving for u the equation log u = x. 
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ADDITIONS AND CORRECTIONS. 

Page 9, line 23; G. Enestrom points out that Halley's definition was given earlier by N. Mercator 
in his Logarithmo-Technia, 1768, thus: Est enim logarithmus nihil aliud, quam numerus 
ratiuncularum contentarum in ratione, quam absolutus quisque ad unitatem obtinet See also our 
footnote (2), page 9. 

Page 13, line 2 up; for 1644 read 1649. 
Page 44, equation (1) should read ifo = log (i sin so + cos so). Likewise, each V/ on this page 

should be replaced by so. Line 16 up, for e rV- and er8- read e+?vV and e-vV-l. 
Page 45, line 1; for 1902 read 1903. Footnote (1), for 1902 read 1903. 
Page 83, line 8 up; G. Enestrom has pointed out that Euler gave a value of it as early as 1746, in 
a letter to Goldbach. The letter is found in P. HI. Fuss, Correspondance mathematique et physique 
de quelques celebres geome?tres du XVIIImle siecle, tome I, 1843, p. 383. The passage is as follows: 
Letztens habe gefunden, dass diese expressio (1 -1) i-i einem valorem realem habe, welcher in frac- 
tionibus decimalibus = 0,2078795763, welches mir merkwuirdig zu seyn scheinet. Euler makes no 
reference here to the infinitely many values of it. 
Page 149, line 3 up; for w plane read z plane. Line 2 up; for values of w read values of z. 
Page 150, line 6; for conection read connection. Line 15; for z-plane read w-plane, for w-surface 

read z-surface. 
Page 179, lines 15-19 were intended as part of footnote (2). 

I Theorie analyt. de log. neperien et de la fonct. exponent., par M. Ch. Meray, Paris, 1891. 
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