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III. REMARKS BY THE EDITOR. 
Mr. Ballantine's result, dealing not with the given equation but with the similar one in 

which both limits of integration are allowed to vary, is of considerable interest, as it not only 
shows that the hypothesis of continuity alone suffices to restrict solutions to cubic polynomials, 
but also effects the proof in a very simple and elementary way. It will be remembered that in 
virtue of the previous remarks of Professor Bennett and the editor [1920, 462], a similar result 
is not obtainable for the equation as stated in the question, even with the hypothesis of a con- 
tinuous first derivative, and that it remains undecided what number of derivatives between one 
and six will suffice. 

Mr. Weisner, seeking solutions other than cubic polynomials, is led to a result practically 
equivalent to that stated by the editor [1920, 463]. This result was passing through the press 
at the time of receipt of Mr. Weisner's manuscript. It may be observed that the editor's state- 
ment shows that in Mr. Weisner's notation, when n > 3, rn is necessarily of the form 2 + /i, 
where ,3 is a solution of a certain transcendental equation. 

DISCUSSIONS. 
The two discussions in this number deal with questions of analytic geomet y. 

Professor Borger shows how curves may frequently be plotted advantageously 
by geometric construction of the points rather than by computation. He illus- 
trates the method by a number of examples, both in rectan-gular and in polar 
coordinates, and also in parametric form. It is fairly clear that this method 
may at times be more useful and at other times much less useful than the usual 
plan. Surely the student should begin learning as early as possible that the mere 
laborious plotting of points, either arithmetically or geometrically, is generally 
to be used only as an incidental aid in determining the form of the curve, the 
important information being obtained from a functional study of the equation, 
first by the machinery of algebra, later also by that of the calculus. 

Pro&essor Bradshaw gives an interesting exposition of the inaccuracv of the 
figures usually given in the text-books on solid analytic geometry. The reader 
who has never before given attention to this matter, will searcelv credit, until 
after direct exam.nation, the uniformity of this error in our usual texts. 

I. ON SOME GEOMETRIC METHODS FOR CURVE TRACING.1 

By R. L. BORGER, Ohio University. 

In beginning courses in analytic geometry, curve tracing is confined almost 
exclusively to the process of making a table and plotting the points of the curve 
from the computed coordinates. This destroys in a great measure the geometric 
aspect of the problem, and at the same time develops in the student a quality of 
dependence upon the table even in cases where a geometric treatment would be 
simpler. For many curves in polar form, plotting from a table becomes exces- 
sively onerous. If the radius vector is a trigonometric function of the vectorial 
angle, the interposition of two tables becomes necessary. The student finds too 
that he has no means of detecting the character of a curve as he has in rectangular 
coordinates. Such simple curves as 

1 Read before the Mathematical Association of America, Ohio Section, Columbus, April 2, 
1920. 
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p = a-sec 0, p = 2a*cos 0, p = a sec2, 

do not reveal themselves to him unless perhaps he transforms their equations to 
the rectangular form, and, in this degree, he regards the polar treatment as 
inconvenient if not redundant. There are some cases in which this defect may 
be remedied by a geometric process. It is the purpose of this paper to show that 
if p = P(f1,f2,f3,f4,f5,f6)) P(f),fi being any one of the six trigonometric 
functions, and P(f) any polynomial in these functions, then a geometric repre- 
sentation of p may be effected for any 0. 

By means of the Peano construction for curves in rectangular coordinates, 
and by means of well-known artifices most of the curves ordinarily occurring 
may be plotted without tlle use of a table. If the rectangular equation is of the 
form f(x, y) = 0, a parametric representation enables us to employ the method 
indicated above for polar coordinates. This unifies the treatment in the various 
representations of a curve and also gives the student greater power in the study 
of curve tracing. The paper contains: 
1. Some methods for the study of curves in polar coordinates, and their appli- 

cation to curves in parameter form. 
2. The Peano construction. 
3. The construction of some curves. 

To exhibit a construction of p = P(f), P being a polynomial in the six tri- 
gonometric functions, we show a construction for p = a.fp(6), n being a positive 
integer and fi any one of the trigonometric functions. 

1. The product p = a sinn 0 (n being any integer). 
Let OX be the initial line, OA = a a perpendicular to it, and OP a ray such 

that the angle XOP = 0. Draw AP1 I OP, PlP2 I OA, P2P3 I OP, P3P4 
1 OA, and so on. Then 

OP, = a-sin 0, OP2 = a sin2 0, 
and in general 

OPn = a sinn 0. 

With OX, OA, OP as before, draw AP1 I OA, PlP2 I OP, P2P3 I OA, and 
so on. Then 

OP1 = a csc 0, OP2 = a *csc2 0, and OPn = a cscn 6. 

Combining these results we have 

OPn = a sinn 0 (n being any integer). 

The construction of the produci p = a cosn 0 is immediate. We measure OA = a 
on the x-axis and project alternately on OP and OA; while for p = a secn 0 we 
erect perpendiculars alternately to OA and OP. 

To construct p = a tann 0, lay off OA = a on OX. Draw AQ I OA cutting 
OP in Q and QP1 I OY cutting OY in P1; draw P1P2 I OP cutting OX in P2. 
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Repeating this set of operations, we have OP,n = a tann 0; a slight change shows 
that we may obtain a cotn 0 also. Thus the equation p = a tann 0, may be 
constructed when n is any integer. The construction of any cross product is 
obvious, and it follows that if p = P(f) is a polynomial in the six trigonometric 
functions p may be constructed geometrically. 

2. We turn now to the consideration of rectangular coordinates and the 
Peano1 construction. 

(a) To coilstruct the product y = F1(x) . F2(x), Fl(x), F2(x) being represented 
for any value of x by the points F1, F2, select the x-unit OU, and the y-unit OV, 
and draw the diagonal y = x. Let M be the foot of the ordinate through F1. 
Translate either point (say F1) parallel to the x-axis to the unit line in F1'; and 
the other (F2) to the diagonal in F2'. Draw through F2' a perpendicular to the 
x-axis cutting it in M' and cutting OF1' in Q. Draw QP I F1M cutting it in P. 
From the similar triapgles OM'Q and OUF1' it may be seen that M'Q = MP 
is the product F1F2. Changing the order of translation a check on the product 
may be found. 

(b) To construct the reciprocal y = 1/F2. 
As before, let M be the foot of the ordinate through F2, and let U, V be unit 

points on the axes. Translate F2 parallel to the x-axis to the diagonal line at F2', 
draw the ordinate through F2', meeting the horizontal unit-line at S and the 
x-axis at M', and draW OS meeting the vertical unit-line at P'; translate P' 
horizontally to P on F2M. 

From the similar triangles 0 UP' and OM'S 

UP'/OU = M'S/OM' or y = 1/F2 = MP. 

By means of (a) and (b) the quotient y = F1/F2 may be at once found. 
3. The Construction of Curves. (a) The class y = a* .n Multiplication of 

the abscissa of each point on y = x by x, by means of (a) above, gives the curve 
y = x2; and the higher powers may be found by a repetition of the process. 
By (b) we construct the reciprocal of x, and the curve y = 1 /x = x-1. From 
this we get the nth power, and thus the curve y = x8, n being any integer. A 
mere change in the y-scale is sufficient to give the curves y = a Xn, desired. 

(b) The curves y = a x2 + b . x + c. The method in (a) enables us to get 
the curve y = a -x and a shift of the x-axis in a direction indicated by the sign 
of b, gives the graph of y = a x + b. Multiplying this by x and repeating the 
shift gives y = a * x2 + b * x + c. These may be condensed into a single step. 

The construction of y = P(x), and of y = P1(x) /P2(X) may now be effected.2 
(c) For the curve y = ax, we may construct a scale for all integral values of x 

and plot such points. 
(d) The inverse functions may be graphically obtained by revolving the graph 

of the given function about the line y = x. By this means then we secure the 

I Cf. Lunn, "Outline of a coherent course in college algebra," AMERICAN MATHEMATICAL 
MONTHLY, 1905, 123-129. 

2 Cf. Runge, Graphical Methods, pp. 6-7. 
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graphs of the inverse trigonometric functions; from (c) the logarithmic curve, 
and from (a) the curves y = X/ and further y = Xmln. 

By a transformation to polar coordinates, or by a parameter representation 
*for curves of the form F(x, y) = 0, we may frequently find a convenient con- 
struction. We shall now consider some such cases. 

1. p a sec 0, p = a sec (6 - a). Any point P on the locus 11 is located 
by erecting a perpendicular to the initial line at A. Its intersection with the 
radius vector corresponding to the vectorial angle 0 gives a point on the locus. 
Since these perpendiculars all coincide the points for all O's must be on the straight 
line AP. In 12 the initial line makes an angle a with OA, and we have the general 
equation of the straight line. 

2. p = 2a cos 0. Take OA = 2a; the projection of OA upon the various 
radii vectors makes it evident that the curve is a circle of diameter 2a. 

3. p = a sec2 0/2. Take OA = a on the initial line; let AOP = 0, AOQ = 'O. 
Draw AQ I OA, meeting OQ in Q, and QP I OQ, meeting OP in P. Then the 
point P is a point of the locus, which may be seen, as follows, to be a parabola.' 

At D on OA, making OA = AD, erect the perpendicular DR. Prolong OQ 
to meet DR in R. The triangle OPQ = RPQ, PR is perpendicular to DR, and 
OP = PR. Since P is any point of the locus it is a parabola. The line QP may 
be shown to be a tangent line, and the construction of a tangent to the curve is 
obvious; while the following theorems may be readily proved. 

(a) The angle between two tangents is half the angle between the focal radii 
drawn to the point of contact. 

(b) The perpendicular upon a tangent from the focus meets the tangent at 
the point of intersection of the tangent at the vertex. 

(c) Tangents at the extremities of a 
focal chord meet at right angles. 

(d) Tangents to a parabola from a 
point on the directrix are perpendicular. 

(e) Two perpendicular tangents 
meet on the directrix. 

4. p = 2a cos 20 * sec 0. Let OA = 
R --_ l 2a, the angle AOP = 0, AOR = 20. 

The perpendicular AR upon OR 
meets the terminal line of 0 in P a 
point of the curve. If we increase 0 

P / p \ \ by i-/2, OR remains invariant and the 
prolongation of AP intersects the ter- 

o Af P, A minal line of the new 0, 0 + (ir/2), in 
FIG. 1. another point P' of the curve. A is 

easily seen to be a point of the locus. 
Denoting by Q the intersection of PP' and 0 Y, the angle at P' is seen to be equal 
to the angle QOP', and since POP' is a right angle Q is equidistant from P and 
P'. Thus the curve is the strophoid. 

1 Cf. Smith and Gale, New Analytic Geometry, p. 123. 
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Curves such as those given by the equations below are readily plotted by this 
method. 

(a) p = a -sinn 0. 
(b) p = a-sinnO. 
(c) p = a-tann 0, etc. 
The method of geometric multiplication employed in the case of polar coordi- 

nates frequently becomes serviceable for curves in implicit form given in rec- 
tangular coordinates after representing the curve in parameter form. 

x2/3 + y2/13 = a2/3; x = a cos3 0, y = a sin3 0. Corresponding to the param- 
eter 0, the projection of OR (Fig. 1) upon OX gives OP1 = a* cos 0, OP2 = a * cos2 0 
and OM = a cos3 0. Thus x = OM; and similarly for y = MP. The equations 
show that at the same time points may be located in all four quadrants. 

The curves x2y = 4a2(2a -- y) with the parameter form 

x = 2a*tan 0, 

y = 2a * cos2 0, 

and y2 = x3/(2a - x) with the parameter form 

x = 2a cos2 0, 

y = 2a cos2 0*cot 0, 
furnish good examples. 

As a final illustration we consider the curve given in parameter form:' 

x = 2r cos 0 + rcos 20-r, YY 
y = 2r *sin 0 -r *sin 20. 

These equations may be written in 
the form: PI>__ 

x = 4r cos 0 cos2 0/2 - 2r, 

y = 4r*sin 0*sin2 0/2. 

Then the following construction may 
be effected (Fig. 2): 

Projecting OP, upon the x-axis, 
OP2= 4r * cos 0 (OA = 4r), OP3= 4r cos /p 
0 * cos 0/2 and OM4= 4r * cos 0* cos2 0/2. 
The projection upon the y-axis gives FIG. 2. 
the ordinate of the point, which is rep- 
resented at P. A shift of the y-axis 2r units to the right (r > 0) completes the 
location of the curve. 

This is a brief sketch of an effort to make the problem of curve tracing more a 
geometric than an arithmetic one. An acquaintance with the plans here indi- 
cated leads to a great variety of applications that serve to interest the student. 

1 Cf. Smith and Gale, Nlew Analytic Geometry, p. 206, where this curve is drawn from table. 
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