










Preface

This book is the result of two decades of research work which started with an
accidental observation. One of my students, Dipl. phys. Volkmar Lenz, no-
ticed that the speckle pattern of laser light scattered by a cuvette containing
diluted milk performed a strange motion every time he came near the cuvette
with his thumb. After thinking about this effect we came to the conclusion
that this motion can only be caused by scattering particles with different
velocities, as in the case of the diffraction pattern of an optical grating: A
linear motion of the grating does not change the pattern whereas a rotation
of the grating does. The observed speckle motion could then be explained
qualitatively as produced by the inhomogeneous velocity of the convection
within the cuvette which was produced by the heat of the thumb.

The theoretical treatment of this effect revealed that the velocity gradient
of the light scattering medium is responsible for the speckle motion. The
idea to use this effect for developing measurement techniques for velocity
gradients arose almost immediately. For that purpose we had to develop
not only experimental set-ups to measure the pattern velocity but also the
theory which describes the connection between this velocity and the velocity
gradient. The result of this work together with the description of a method
developed by another group forms the contents of this book.

I am indebted to the students who worked in my laboratory and developed
the measurement techniques. These were, in temporal order, Dr. Christoph
Keveloh, Dr. Ulrich Schmidt, Dr. Holger Breyer, Dr. Hartmut Kriegs, and
Dipl. phys. Rainer Schulz. They also read the manuscript and made lots of
helpful comments which I gratefully accepted. I gratefully acknowledge the
help of Dr. Matthias Renken in the production of many of the figures in
the first part of the book. I furthermore thank Mr. Barry Rankin and my
daughter Susanne Staude who helped substantially in the translation of the
German manuscript. The final form of the manuscript was carefully read by
Prof. Wilhelm Behrens whom I thank very much.

Finally, I would like to see that this book raises interest in the field of
velocity gradient measurements and causes researchers to apply and develop
measurements methods along the lines described here and to obtain new and
interesting results.

Bremen, August 2001 Wilfried Staude



Symbols

x vector
X̂ tensor
X̂T transpose of a tensor
< x > ensemble average
x time average
x+ dimensionless quantity
∇ nabla operator : ∇ = ( ∂

∂x ,
∂
∂y ,

∂
∂z )

bi image width of lens i
cS normalized correlation function of stochastic process S
dS diameter of scattering area or scattering volume
dC diameter of coherence area
ds diameter of a volume specified by s
e unit-vector
eP unit-vector in the direction in which the pattern

velocity is measured
ei unit-vector in the direction of the illuminating

light wave
eo unit-vector denoting the considered component of

the scattered light wave
f focal length of a lens
f

W
weight function

gi object width of lens i
i imaginary unit

index
j, k, l,m, n indices
nx refractive index of medium x
k wave vector
ki wave vector of illuminating light wave
ko wave vector of a component

of the scattered light wave
q scattering vector
r location vector



XIV Symbols

t time variable
u velocity of the fluid
v velocity of the pattern of the scattered light
w(z), wo radius of a Gaussian beam
u, v, w x-, y-, and z-components of the fluid velocity
x, y, z orthogonal components of the location vector
A area
C

S
correlation function of stochastic process S

D diffusion coefficient
DT thermal diffusion constant
Ê unit matrix
E electric field
G spatial aperture function
I light intensity
K turbulent energy
L distance
N number
Ô orthogonal rotation matrix
Q(I, n) photon count probaility
P 1 probability density of first order
P 2 joint probability density
Pc conditional probability density
R(z) radius of curvature of a light wave
Re Reynolds number
S stochastic process
T time interval
Y expression in the DSS technique
Z expression in the DSS technique
α angle, phase
β angle, phase

parameter describing detector sensitivity
γ

W
wall gradient

δ distance of two detectors
η quantum efficiency
η

S
shear viscosity

ηt turbulent viscosity
λ wavelength
κ wave vector
ν index
νS kinematic viscosity
ν12 ratio of refractive indices of two media
φ angle, phase
ψ angle, phase
σ scattering factor
σ̂ stress tensor



Symbols XV

τ time variable
τc correlation time
τ

S
sample time

τ
D

time interval
ρ location vector
ω frequency
ω vorticity
ωP angular velocity of the scattered light wave
Γ̂ velocity gradient tensor
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1. Introduction

Although velocity gradients play an important role in fluid dynamics, there is
a lack of metrological activities in this field. One reason for this is presumably
that the velocity gradient is a tensor, and therefore one has to determine
generally nine independent components. Especially interesting are gradients
in turbulent flows, where the gradient is heavily fluctuating. For such flows
an average gradient contains very little information and only correlations of
gradient components tell us something really interesting about the flow. The
number of correlations, however, is much larger than the number of different
gradient components.

The main reason for such little activity in this field, however, is that
not very many effects are known, which can be used to measure velocity
gradients. It is possible, of course, to measure the velocity at two adjacent
regions in space and calculate from the two values and the known distance a
velocity gradient component. However, there are no measurement techniques
which allow the measurement at two ‘points’. This limits such a method to
determine gradients only of such structures in a flow that are large compared
to the measurement volumes of the applied method.

Nevertheless, efforts have been undertaken to measure velocity gradients
with a number of different techniques. Most of these will be briefly discussed
in the first chapter of this book after some considerations concerning the
necessity of velocity gradient measurement techniques.

The development of a method to measure all components of the velocity
gradient tensor in a non-invasive way by laser light scattering by Fermigier
(1980) was triggered by a publication of de Gennes in 1977. The basic idea
is to write a refractive index grating in the form of a spatial plane wave into
the fluid by use of an intense pulse laser. Light of a second low intensity laser
will then be diffracted by this grating. If the velocity gradient in the flow
does not vanish, one will generally obtain a rotation of the direction of the
diffracted light. From the measured temporal change of this direction, one
can calculate the size of two different components of the velocity gradient
tensor in the region of the refractive index grating.

Independently of this development, students in the author’s research
group observed the motion of the random pattern of scattered light on a
screen, when a small vessel of water containing light scattering particles was
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2 1. Introduction

illuminated by a laser beam. This pattern motion was present as long as the
convective motion within the vessel persists. The analysis of this observation
showed that rather than the overall velocity of the light scattering particles
a combination of different velocities is responsible for this pattern motion.
This resulted in the idea to develop a method to measure velocity gradients.

On comparing the physical background of the method based on de Gennes’
idea with the one based on the above observation - that is the pattern motion
- it becomes obvious that it is simply the same: De Gennes’ method is based
on the diffraction of laser light at a regular optical inhomogeneity in form of
a spatial grating, the author’s on the scattering at a random optical grating.
The only difference of the two methods is, that for the first one just one
diffracted light wave is produced with a well defined wave vector, whereas
in the second case a random but coherent superposition of such waves is
produced. The temporal change of the direction of these waves, however, is
exactly the same in the two cases.

This agreement on a basic physical level of the two methods is the reason
why both methods are considered in this book, even though the author has
no personal experience of the first one.

For the selection of topics treated in this book the author had to take
into account the fact that the application of any of the presented methods
is of interest mainly to the experimental researcher in the field of fluid dy-
namics. For the successful implementation of an experimental set-up, it is
necessary to have a good understanding of the physical and mathematical
background, because one cannot deem any of them a well established mea-
surement method, which only needs to be applied. So anyone who decides to
build an apparatus on these ideas can only successfully do so if he possesses
a good knowledge of its mathematical and physical basis.

These considerations were the main reason for starting this book with
a chapter presenting the mathematical background necessary for an under-
standing of the physical parts of the book. The selection of topics within
this chapter is based on the author’s experience with students who worked in
his group. The greatest part of this chapter comprises the introduction into
the basic aspects and the mathematical description of stochastic processes.
Relevant terminology for the subject is also introduced here.

A small subchapter is dedicated to the tensor calculus, since a knowledge
of the transformation properties of tensors in rotation is indispensable for
a successful application of any one of the presented measurement methods.
This part, however, assumes a certain familiarity with the concept of tensors,
and does not represent an introduction to tensor calculus. To the reader not
familiar with basic properties of tensors a study of an introductory book on
tensor calculus is recommended.

Chapter 4: ‘Physical Basis - Theoretical Part’ is in a sense the central
part of the book. Here, the physical effect as the basis of the measurement
methods is described in detail, in particular its theoretical aspects.
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In the next chapter the experimental aspects common to all measure-
ment methods are displayed. Because of the rather complicated connection
between a measured velocity component from the pattern of the scattered
light, and the special component of the velocity gradient tensor responsible
for this motion, an example calculation for a definite scattering geometry
has been included. In the final part of this chapter the set-ups for measuring
special components of the velocity gradient tensor as for instance vorticity
components or wall gradients are discussed.

The following four chapters are dedicated to the detailed description of
four measurement methods, which differ in the way the velocity of the moving
pattern of the scattered light is measured. Some use pulsed lasers, and oth-
ers continuous wave lasers. Each chapter starts with a representation of the
theoretical background of the method, where special emphasis is put on its
particular aspects. This part is followed by a discussion of the experimental
set-up and, finally, experimental results are shown.

The last chapter is dedicated to the measurement of temporal correlation
functions on the basis of one of the discussed methods. From the value of
these correlation functions at time zero, the turbulent energy dissipation and
the enstrophy can be calculated. The correlation functions themselves can
yield information on special aspects of the turbulent flow. The last chapter
is an outlook.

The author hopes that this book will make clear which quantities can be
measured by the methods described, and should contain sufficient information
to allow the researcher to build a set-up for the successful measurement of
velocity gradients.



2. A Short Review
of Velocity Gradient Measurement Techniques

2.1 The Importance
of Velocity Gradient Measurement Techniques

The properties of fluid flow are to a large extent determined by the forces
which exert adjacent regions onto each other. The force per area separating
the two neighbouring regions is called stress σ̂. Common to all fluids is an
isotropic stress normal to the considered area, it is known as pressure. In ideal
fluids this pressure is the only force which acts within it. Real flowing fluids
exhibit also stresses within the area which is known as shear stress. In any
fluid one source of this shear stress is the velocity gradient. The most simple
model of a real fluid is the Newtonian fluid where the connection between
velocity gradient and the stress is assumed to be linear. There is a large class
of fluids where this assumption is justified. For those there are two parameters
which establish the connection between velocity gradient and stress. There
are, however, also fluids where the stress depends in a more complex way on
the velocity gradient, especially if the fluid is composed of complex molecules
or of different species of molecules. It may even explicitly depend on time.
This is caused by an increase of the molecular order within the fluid caused
by the velocity gradient, a possible result is for instance visco-elasticity .

Especially for more complex fluids it is important to study the connection
of the velocity gradient and the produced stress. This is one of the tasks of
rheology. It seems obvious that a method to measure velocity gradients will
be very helpful to investigate such connections.

Another area in science where the possibility to measure velocity gradients
will be very helpful is fluid mechanics. This will become obvious if we consider
the theoretical description of fluid flow. The general equation of motion is the
well known Navier-Stokes equation (NSE), which is a differential equation for
the velocity:

ρ

(
∂u

∂t
+ (u ∇)u

)
= −∇p+ F ext + ∇ : σ̂ (2.1)

where the product ∇ : σ̂ is defined by

(∇ : σ̂)j =
∑

i

∂σij

∂xj
(2.2)
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6 2. A Short Review of Velocity Gradient Measurement Techniques

In this equation ρ is the mass density of the fluid, F ext are external or
body forces, for instance gravitational or electric forces, and p is the pressure.

If for a special fluid the connection between stress and velocity gradi-
ent is known the equation of motion can in principle be solved for a given
set of boundary and initial conditions. However, due to the term (u ∇)u,
quadratic in the variable u, solutions for a wide range of boundary conditions
show chaotic behaviour, which is well known as turbulence. In those cases no
analytic solutions can exist, and one has to resort to numerical calculations.
However, solving the equation requires huge calculating power, especially if
the flow evolution should be followed for a strech of time long enough to
calculate statistical properties of the flow.

Since, however, fluid flows play an enormous role in many areas of science
and industry there is a long tradition in fluid mechanics to tackle turbulence
for steady flows in approximate ways which avoid the necessity to solve the
Navier-Stokes equation rigorously.

To show the necessity of measuring velocity gradients let us have a some-
what closer look at some of these models. For that purpose we consider a
simple incompressible Newtonian fluid without external forces. Incompress-
ibility means

∇u =
∑

i

∂ui

∂xi
= 0 (2.3)

and the connection between velocity gradient and stress tensor is

σij = η
S

(
∂ui

∂xj
+
∂uj

∂xi

)
(2.4)

where η
S
is the shear viscosity. We then obtain the following special form of

the NSE, written down for an arbitrary component i

∂ui

∂t
+ uj

∂ui

∂xj
= −1

ρ
· ∂p
∂xi

+ ν
S
∇2ui (2.5)

where we tacitly assumed the summation convention which means that in
any term where an index appears twice this index has to be summed over.
ν

S
is the so called kinematic viscosity, defined by

ν
S
=
η

S

ρ
(2.6)

For a theoretical description of stationary flows usually a decomposition
(Reynolds decomposition ) of the variables v and p is performed in time
averaged and fluctuating parts, respectively:

u = u + ũ (2.7)
p = p+ p̃
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Inserting these quantities in the NSE and averaging leads to

uj
∂ui

∂xj
+
∂

∂xj
uiuj = −1

ρ
· ∂p
∂xi

+ ν
S
∇2ui (2.8)

If this equation is subtracted from equation (2.5) one obtains an equation for
the fluctuating variables:

∂ũi

∂t
+
∂ui

∂xj
ũj +

∂uj

∂xj
ũi +

∂

xj

(
ũiũj − uiuj

)
= −1

ρ

∂p̃

∂xi
+ ν

S
∇2ũi (2.9)

Of course, the time average of any of the terms in this equation is zero.
We have now obtained a system of the two equations (2.8) and (2.9),

but this system is not very helpful since in addition to the two variables u
and ũi the new variable ujul appears, the so called Reynolds stress. A new
equation can be obtained if the last equation is multiplied by ũm and the
time averaging is carried out. But again, new variables appear, for instance
ujulum. So one is always left with more variables than equations. This is
known as the closure problem in the theory of turbulence.

In order to obtain a system of equations which can be solved unambigu-
ously one has to find additional equations in order to ‘close’ the system of
equations. Because the required additional equations cannot be derived from
the basic NSE itself one has to find them in an intuitive way.

One of the most simple approaches is to assume a proportionality between
the Reynolds stress and the mean velocity gradient:

σij = ρviuj = ρηt
∂ui

∂xj
(2.10)

where ηT is a parameter, the so called ‘eddy viscosity’, which has to be
determined empirically.

Another famous approach represents the mixing length model, where the
important parameter is the mixing length lm. This model has proved valuable
especially for jets and shear flows. Here the dependence of ηt on lm and a
typical mean-velocity difference vδ across the layer or the jet according to

ηt = lm · uδ (2.11)

is assumed. The mixing length lm is assumed to scale in the two mentioned
types of flow with the layer thickness or the distance from the wall, respec-
tively.

A closure procedure widely applied to engineering problems is the so-
called K-ε-model, which is based on a connection between the turbulent
energy K and the dissipation rate of the turbulent energy ε:

K = ρuiui (2.12)

ε =
ν

S

2

(
∂ui

∂xj
+
∂uj

∂xi

)2



8 2. A Short Review of Velocity Gradient Measurement Techniques

This connection is expressed by the equation

ηt = ρCT

K2

ε
(2.13)

where C
T
is a constant. In this approach two new equations must be found

for the two new variables K and ε. They have the same structure as the NSE.
Although both equations are coupled they are scalar equations and can be
solved much easier than the NSE’s.

Of course, all these models are based on assumptions the validity of which
has to be checked. They usually work well for special types of flows but more
or less fail for others.

It would therefore be extremely valuable if different terms in the equations
could actually be measured for different flow types. That would not only allow
to test the validity of the basic assumptions but also to open the chance for
the development of improved models.

The fact that most of these terms consist of the variables velocity and
velocity gradient and correlations of them - i.e. average values of products
- underlines the necessity to measure just these quantities. Whereas reliable
and non-invasive techniques to measure velocities are widely used - think of
the famous Laser-Doppler technique (c.f. Sect. 2.3.3)- the methods described
in this book to measure velocity gradients and their correlations by two re-
search groups is in our opinion able to fill this gap.

For the description of turbulent flows a quantity plays an important role
which is directly connected with the velocity gradient: the vorticity ω. It
describes quantitatively the rotational motion, which is characteristic of tur-
bulence. Mathematically the vorticity is the ‘rotation of the velocity’

ω = ∇ × u (2.14)

Apparently, the components of the vorticity are linear combinations of com-
ponents of the velocity gradient. One obtains the vorticity equation by taking
the rotation of each term of equation (2.8). For incompressible fluids one ob-
tains after some mathematical manipulations:

ul
∂ωj

∂xl
= −ũl

∂ω̃j

∂xl
+ ω̃l

∂ũj

∂xl
+ ωl

∂ũj

∂xl
+ ν

S

∂2ωj

∂xl∂xl
(2.15)

The remarkable aspect of this equation is the fact that no pressure term
occurs, since the rotation of the pressure term in the NSE is identically zero.
Each term in this important equation contains a velocity gradient component.
Therefore, for the experimental verification of theoretical models based on
this equation again velocity gradient data are required.

A further important aspect of the phenomenon turbulence is the so called
‘intermittency’. Experimental observations of turbulent flows reveal that on
increasing the velocity of the fluid in any experiment the turbulent be-
haviour starts with stretches of irregular motion interrupted by those of
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rather smooth, laminar motion. With increasing flow velocity the laminar
periods become shorter and larger portions of the fluid are ‘really’ turbulent.
But even at highest velocities there appear regions with regular mainly ro-
tational motion and a certain life-time, which have special shapes and are
called ‘coherent structures’ . This property of turbulent flows cannot be sim-
ply inferred from an inspection of the NSE or the equations derived thereof.
It seems obvious that this intermittency has a strong influence on the prop-
erties of a flow although it is difficult to quantify it both, experimentally and
theoretically. Theoretical investigations show that the intermittency has a
strong influence on the probability distribution of velocity gradient values. It
is therefore not only of interest to measure velocity gradient correlations but
also distribution functions.

An important role in the theory of turbulence play spatio-temporal cor-
relation functions of the velocity, which are better known as two-point corre-
lation functions. Little attention has been paid so far, however, to the study
of respective correlation functions of the velocity gradient. One can easily
imagine that statistical properties of coherent structures will show up in
these functions much more directly.

A special velocity gradient which for the engineer doing applied research
is of high importance is the so called wall gradient γ

W
, the quantity which

describes the increase of the flow velocity normal to and directly at a solid
boundary. This γ

W
is responsible for the friction forces which exert the walls

on the fluid and tend to bring it to rest. Of course, not only the average
value of this quantity is of interest but also the size of its fluctuation. The
measurement of the wall gradient, however, is especially difficult. In most
flow situations one has to measure extremely close to the wall in order to
really obtain this quantity reliably. Furthermore, the measurement technique
used must by any means be a non-invasive one if the flow at the wall should
in no way be disturbed. Here again, the methods described in this book allow
measurements of this quantity.

2.2 The Hot Wire Method

The oldest method to measure the velocity in a fluid with high temporal
and spatial resolution is without any doubt the hot wire technique. Until
these days it plays an important role in experimental fluid mechanics. The
basic physical effect it is based on is the velocity dependent heat transport
away from an electrically heated wire. If the current through the wire is
kept constant the temperature of the wire is a function of the fluid velocity
provided the temperature of the fluid is constant. Usually a tungsten wire
with temperature dependent resistance is used. It is possible to use the wire
as one resistor in a Wheatstone bridge, which allows the measurement of very
small resistance changes. Often, however, an electronic circuit is used which
controls the current through the wire in a way that the resistance of the wire



10 2. A Short Review of Velocity Gradient Measurement Techniques

and with it its temperature is kept constant. The size of the current then is
a measure of the fluid velocity. The length and diameter of the wire can be
made as small as 1 mm and 50µm, respectively. The wire is generally fixed
to the ends of a metal prong. Since the relation between heat transport and
fluid velocity is dependent on many parameters one generally has to gauge
any probe. If the ratio length/diameter is larger about 250 one can neglect the
cooling effect for the velocity component parallel to the wire. Nevertheless,
one simple wire cannot deliver information about the direction of the velocity
within the plane perpendicular to the wire axis. To measure all components
of the flow velocity one therefore needs probes with several wires.

Already half a century ago measurements of velocity gradient components
using probes with several wires were performed. The idea in these experiments
is to use clustered arrangements of wires, where the different clusters are
used to measure velocities at different locations in space. The sensors have
progressively been improved, and up to 9 wires were incorporated. Figure 2.1
shows an arrangement of clusters used by P. Vukoslavčević et al. ([1]). The
wires are inclined to the plane shown, the mid points of the wires lie in the
same plane. With this arrangement velocity differences in that plane can be
calculated from the signals of the individual wires and from these six different
gradient components.

Those velocity gradient components which describe the change of the
velocity in the main flow direction - perpendicular to the plane shown - are
calculated according to the Taylor hypothesis from the temporal change of
the velocity. According to this hypothesis the spatial derivative of the velocity
component ux in the main flow direction x, i.e. dui

dx can be replaced by 1
ux

dui

dt .
Very extensive measurements of gradients were done by Balint et al, [1]

who not only measured all mean velocity gradient components in a turbulent
air channel flow but also variances, correlations, and correlation functions of
these quantities.

The most outstanding advantage of the hot wire method is no doubt
the possibility to measure the temporal development of the velocity with
high resolution and calculate from these data other interesting properties as
for instance correlation functions but also probability distributions and joint
probability distributions of velocities. Of course, with the mentioned sensors
it is also possible to measure analogous quantities of velocity gradients. A
further advantage over optical methods is the fact, that no additional light
scattering particles must be added to the fluid (see below). So especially for
the application to gas flows one directly measures the velocity of the gas and
not that one of the particles within the gas.

There must, however, be envisaged two severe disadvantages of this
method. On the one hand, each probe has to be gauged with a rather exten-
sive procedure in order to get reliable velocity results. As an illustration, the
mentioned work of Balint et al. consists of two parts with almost the same
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Fig. 2.1. Schematic top view of the hot wire probe developed by P. Vukoslavčević
et al.[1].The sensor consists of three arrays of three wires each. The three wires
of each array have one contact in common, the end of the wires lie below the x-y
plane, they form an angle of 45o with that plane. Figure taken from [1]

number of pages. The first part is exclusively devoted to the construction and
especially to the gauging procedure and test measurements.

On the other hand, more severe is the fact that the insertion of the probe
in the flow more or less disturbs it, so that actually velocities of the changed
flow are measured. Generally, the influences are less severe in gas flows than
in liquids, therefore this method is more widely used for the studies in wind
channels. Especially doubtful is the application of this method in flows with-
out a predominant flow direction, i.e. a flow where locally the flow direction
changes considerably. It is obvious that in cases where the prongs point up-
flow the flow pattern is extremely disturbed. A special case of such a situation
is near a stagnation point, where the flow is very sensitive to disturbances.

2.3 Optical Methods

2.3.1 General Considerations

All optical methods are based on the investigation of light scattered off the
flowing fluid. Common to all techniques is the requirement of optical inho-
mogeneities within the fluid. Even pure fluids - liquids as well as gases - have
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a certain light scattering power because of their corpuscular structure. How-
ever, the fraction of light scattered in volumes of a cubic milli-meter, say, is
extremely small so that a measurement method based on the evaluation of
light scattered in small volumes of a pure fluid is not feasible. Therefore, light
scattering particles are added to the flow, which procedure is called seeding.
The requirement that the particles follow the flow with high fidelity is best
fulfilled if the mass densities of the particles and the fluid are identical. Only
for particles large compared to the scale on which the velocity of the flow
changes there will result additional forces which may cause particle paths
different from stream lines. It is obvious from basic mechanics that this slip
between the fluid and the particles increases with increasing acceleration. In
gases the equality of mass densities cannot be achieved. In that case the slip
can only be reduced by using smaller particles.

For measurement techniques which apply no direct imaging of the region
of interest one has to make sure that the scattered light which is to be anal-
ysed originates in a certain small volume around the point of interest, the so
called scattering - or measurement - volume. This volume is determined on
the one hand by the spatial extension of the illuminating light wave and on
the other hand of the light collecting optics on the detection side. In a more
rigorous way one has to speak of a spatial aperture function which gives the
relative amplitude of the light wave at the detector which results from a par-
ticle at a definite location. Nevertheless, for practical purposes the notion of
the scattering volume is widely used and quite helpful. As a rule, the spatial
resolution of such a method is restricted to the size of that volume.

Some methods require spherical seeding particles such that the scattered
light wave is only affected by the position of the particles and not by their
orientation in space.

Generally, velocity information on the scatterer can only be contained in
the temporal change of the scattered light wave. For that reason any method
to measure velocities or quantities derived from it - as velocity gradients -
must analyse the scattered light at least at two instants of time or during a
certain period.

Considering the task of measuring velocity gradients it is obvious that the
light wave scattered by one single spherical particle cannot carry enough in-
formation, namely the velocity difference at different locations in space. This
requires at least two particles which during the measurement process should
lie within a region where the velocity gradient can be assumed constant. We
will henceforth call this volume ‘homogeneity volume’ , because a flow with
constant velocity gradient is called homogeneous. This consideration makes
clear that for practical purposes a minimum concentration of seeding parti-
cles is required such that within the scattering volume - which should not be
larger than the homogeneity volume - at least two particles are present at
almost any time.



2.3 Optical Methods 13

The different optical measurement techniques can be divided into those
which are based on methods analysing light scattered by single particles (e.g.
Laser-Doppler-Anemometry LDA, direct imaging methods) and those which
evaluate light scattered by ensembles of particles (e.g. scattered light corre-
lation techniques).

The methods mentioned first generally have an optimum seeding concen-
tration independent of particle size, although it will depend on the size of the
scattering volume, the maximum velocity, and other parameters. Further-
more, the light scattering power must not be too small in order to analyse
the light scattered by any single particle.

The requirements for the second type of methods are less specific. It is just
required that a minimum amount of light is scattered within the scattering
volume. Consequently, one can use here very small particles provided their
concentration is large enough. These methods are then especially well suited
for investigations of flows where for larger particles the risk of slip cannot be
excluded.

A second way to group the measurement methods is according to whether
they are direct or indirect methods. One would call a method direct if the
measured quantity directly depends on the quantity of interest, i.e. in our case
on the velocity gradient. Indirect methods have to measure several quantities
in order to get the desired result. So for instance most of the optical methods
presented so far to measure velocity gradients are indirect methods: They
are used to measure either the velocity at different regions in space or the
velocity difference. From those data and the distance of the two regions the
gradient can then be calculated. It seems obvious that direct methods have
the advantage that different data with certain errors need not be combined,
which according to the laws of error propagation leads to increased errors in
the final result.

2.3.2 Direct Imaging

With these methods one obtains velocity information from large regions, gen-
erally two-dimensional ones, but also more complex methods have been de-
veloped which allow the holographic recording of the velocity of a three-
dimensional region.

A typical set-up of the widespread light-sheet technique is shown in
Fig. 2.2. By use of cylindrical lenses a light beam is formed with a very high
ratio of height to width, the light scattered by the particles within this sheet
is then recorded. Several techniques are used to obtain velocity information.

The most widely applied technique is to use a double pulse laser, illumi-
nating with it the interesting region in the flow and taking one photograph.
Each particle is then represented on the picture by two spots. From the pic-
ture one can then obtain the direction and absolute value of the velocity in
that direction at many points in the flow. To determine the sign of the veloc-
ity one can for instance move the second image with respect to the first one
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Fig. 2.2. Typical optical set-up for two-dimensional direct imaging. Figure taken
from [2]

by use of a rotating mirror. If the distance of the image spots of any particle
is larger than their distance caused by the flow velocity the determination of
the velocity vector within the plane of the light sheet becomes unambiguous.

With the ever growing increase in the resolving power of electronic cam-
eras photographic recording has to a certain extent been replaced by elec-
tronic recording, which also favours computer based data evaluation. But
photographic recording with its larger resolution is still used, especially with
holographic methods.

The seeding of the flow can be optimized: With a small particle concen-
tration the spatial resolution of the method is low and calculated velocity
gradient values are not reliable. But with concentrations too high the inter-
pretation of the images becomes ambiguous because of the overlap of the
spots of different particles.

A large amount of publications shows that from properly performed ex-
periments velocity maps, and from those vorticity maps can be obtained.
Figure 2.3 shows an example of a measured vorticity map in a turbulent
pipe flow. Average values for stationary flows have been obtained by taking
many recordings (e. g. 60 in [3]). It must be mentioned, however, that from
60 velocity or velocity gradient values no reliable average values in turbulent
flows can be calculated. The mentioned measurements were done on a chan-
nel flow, and in addition to the average over the pictures a spatial averaging
over locations with the same wall distance were carried out.

The direct imaging methods have the big advantage over ‘point’ methods
as LDA that they deliver spatial information on the flow. So they are very
helpful to study for instance the general shapes of flows and shapes of coher-
ent structures. The investigation of the temporal behaviour, however, would
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Fig. 2.3. Map of the instantaneous z-component ω+
z of the vorticity in a turbulent

channel flow. The channel wall is at y+ = 0, the flow direction is along the x-axis.
The index + denotes that the quantities are scaled (c.f. Sect. 5.10). Figure taken
from [3].

require an enormous - mainly computational - effort. Moreover, the time nec-
essary to transfer the information of a high resolution camera to a computer is
still not sufficiently high. Nevertheless, these methods will definitely become
very important in the future.

2.3.3 LDA: Laser Doppler Anemometry

In the last few decades the Laser-Doppler Anemometry has become an ex-
tremely powerful and widely used measurement technique in fluid flow re-
search. It is based on the optical Doppler effect: If a moving light scattering
object is illuminated by a monochromatic light wave, the scattered light suf-
fers a frequency shift (Doppler effect) depending on the scattering geometry
and the size of one velocity component of the object. If the moving object
is illuminated with two coherent light waves traveling in different directions
the scattered wave generally shows a periodic amplitude modulation. The
frequency of this modulation is directly proportional to one component of
the velocity. This effect can be explained in two different ways:

• The two plane light waves interfere in their overlap region and form a si-
nusoidal intensity pattern as shown schematically in Fig. 2.4. A particle
within that region scatters light proportionally to the local intensity from
which immediately follows that a moving particle with a velocity compo-
nent normal to the intensity planes causes a sinusoidally varying scattered
light intensity.
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• For fixed observation direction and particle velocity, the Doppler shift of
the scattered light depends on the direction of the illuminating light wave.
A theoretical treatment shows that the difference of the Doppler shifts of
the two scattered waves is independent of the observation direction. Due to
their interference the detector signal is modulated with that beat frequency.
Figure 2.5 shows an idealized detector signal.

Fig. 2.4. The light intensity in the region of the crossing of two coherent plane
waves. Two scattering volumes are indicated which allow the determination of one
velocity gradient component

The detector signal does not contain information on the sign of the ve-
locity, i.e. two particle moving exactly opposite to each other produce the
same signals. A method often used to obtain the motion direction is to shift
the frequency of one of the illuminating light waves. The intensity pattern in
the overlap region is then traveling in one direction. A particle at rest now
produces a sinusoidal detector signal. The frequency of the signal is raised
or lowered depending on the motion direction. This technique delivers unam-
biguous results if the highest occurring particle velocity is still lower than the
velocity of the moving intensity pattern. Velocity gradients are determined
with LDA in the following way: Two different scattering volumes within the
overlap region are viewed. In a set-up chosen by J.H. Agüi and J. Andreopou-
los [4] the two scattering volumes are chosen as indicated in Fig. 2.4. If two
particles traverse these two volumes at almost the same time one obtains two
velocity values from which a definite component of the velocity gradient can
be calculated.

Unfortunately, different requirements for an ‘ideal’ set-up tend to push
certain parameters in opposite directions: Generally, the distance of the two
scattering volumes should not be larger than the homogeneity volume. In
order to obtain an accurate velocity gradient value one has to know the dis-
tance of the two particles fairly accurately. This requires scattering volumes
small compared to their distance. However, accurate velocity values can only
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Fig. 2.5. The scattered intensity produced by a particle traveling through the
fringe pattern shown in Fig. 2.4

be obtained if a particle within the scattering volume traverses enough in-
terference fringes. That would require a scattering volume rather large. For
the set-up shown in the figure only such particle velocities can be determined
reliably which have much larger components along the the long axis of the
scattering volumes than perpendicular to it. To obtain reliable velocity values
of particles traveling almost parallel to the short axis, i.e. almost parallel to
the intensity planes, would apparently require a much larger extension of the
scattering volumes in that direction than shown in the figure. But then the
distance of two particles in the two scattering volumes could not be deter-
mined reliably. This consideration is especially important if the direction of
the velocity fluctuates appreciably. So the method is likely to work well for
flows with a predominant velocity component in a fixed direction. Since LDA
is basically a ‘one particle measurement scheme’ the seeding of the fluid must
be adjusted carefully to the size of the scattering volume.

2.3.4 Laser Doppler Optical Beat

As mentioned in the last subsection the velocity of particles simply leads
to changes of the frequency of the scattered light waves. If therefore the
light scattered by two particles with different velocities is superimposed an
oscillating intensity results with a beat frequency which varies linearly with
the velocity difference. Asakura [5] was the first who used this phenomenon
to measure velocity gradients of a rotating ground disk. Later Ötügen et. al.
[6] applied this method to measure the velocity gradient within a rotating
fluid, results of their measurements are shown in Fig. 2.6. From a physical
point of view the difference between this method and the one based on LDA
is the following: With LDA values of the velocity at two locations in space
are determined separately and they are combined numerically to get the
desired gradient value. With laser doppler optical beat the scattered light
itself ‘carries out the calculation’ of the velocity difference. The requirements
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for the separation of the two scattering volumes and their size is the same as
with the LDA method.

Fig. 2.6. Measured velocity difference ∆V in a laminar rotational flow, theoretical
and experimental data. ω is the rotation frequency of the circular tube, r1 and r2
denote the distance of the two scattering volumes from the rotation axis. Figure
taken from [6].

2.3.5 The Laser Strophometry

Consider the light wave produced by scattering of a coherent plane wave
within a certain volume. This wave contains all the information on the op-
tical inhomogeneity of this volume down to dimensions of the order of the
wavelength. However, about half of the information is encoded in the phase
of the scattered wave and can only be retrieved by sophisticated methods as
for instance holography. In many cases one resigns oneself to the information
contained in the phase. But there is still liberty to modify the scattered wave
in order to obtain special information on the scatterer. The most common
way is direct imaging which essentially leads to a loss of the information
on the depth within the considered volume. If one, as an alternative, takes
a picture in the focal plane of the imaging system one obtains the Fourier
transform of the scattered wave. It is not surprising that in the amplitude of
this image other information on the scatterer is encoded than in the direct
image. In turns out that for instance a translation of the object in an arbi-
trary direction does not change this image, a rotation or distortion, however,
leads to notable changes.

This consideration elucidates the advantage of the last mentioned type of
optical manipulation of the scattered light wave for velocity gradient mea-
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surements. The velocity of the object is transformed entirely into the phase
of the image wave in the focal plane and is therefore not observed.

Unfortunately, there is further information encoded in the phase which is
desirable for velocity gradient measurement methods. This is not surprising.
The velocity gradient describes rotation and distortion in three dimensions
whereas the image is two-dimensional.

The theoretical treatment, which is explained in this book shows that the
lateral motion of the Fourier image allows to determine two independent com-
ponents of the velocity gradient tensor in one light scattering experiment, i.e.
in an experiment which uses one plane illuminating light wave and analyses
the light scattered into a small spherical angle. The two gradient components
simply determine the lateral shift of the Fourier image.

A discussion of the advantages and disadvantages of measurement meth-
ods based on this effect is postponed to the final chapter of this book. It
should be mentioned here as a final remark that all these methods are direct
ones, i. e. only one quantity has to be measured in order to get one velocity
gradient value.

2.4 Further Special Methods

We will now briefly discuss further methods which have been used to measure
special velocity gradients.

The first one was presented by M.B.Frish and W.W. Webb [7]. and is an
optical method to measure the vorticity. The idea is to use as seeding particles
small bodies with plane reflecting faces. If such particles are illuminated by a
plane light wave the scattered light shows high intensities in directions where
specular reflection at those faces occurs. A vorticity within the flow will rotate
the particles and, consequently, also those specular reflected rays will perform
a rotation. On a screen one will then observe a motion of bright spots. The
authors measured the motion of these reflexes by placing two parallel slits
with a detector behind each of them in the scattered light field. The signals in
the two detection channels are shifted just by the time needed for a reflected
ray to travel from one slit to the other. Figure 2.7 shows vorticity profiles in
a Poiseuille flow measured with this technique,

A special optical method to measure wall gradients has been developed
by A.A. Naqwi and W.C. Reynolds [8]. Their method is similar to LDA but
the interference pattern they use is essentially the one shown in Fig. 2.8
(denoted ‘Fan Fringes’), the pattern being the same in the direction normal
to the drawing plane. Sufficiently close to a wall the flow velocity is parallel
to it and it depends linearly on the distance from the wall. Consequently, the
gradient in that region is constant, it is called wall gradient. It is then obvious
that any particle traveling through that special light field produces scattered
light with an intensity oscillating with the same frequency: The frequency
is proportional to the particle velocity v and inversely proportional to the
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Fig. 2.7. Measured vorticity profiles in Poiseuilles flow. Calculated speeds: (a) 2.9
cm s−1;(b) 4.8 cm s−1; (c) 8.6 cm s−1;(d) 13.0 cm s−1;(e) 10.3 cm s−1 (not fully
developed Poiseuille flow). Figure taken from [7].

spacing Λ of the fringes. If we denote the distance from the wall by δ we
have v ∼ δ and Λ ∼ δ from which immediately follows that ω ∼ v/Λ is
independent of δ.

Fig. 2.8. Left: Flow velocity, interference pattern with measuring (scattering) vol-
ume, and slit dimensions. Right: Measured distribution of wall gradient. Figure
taken from [8].

The required intensity pattern can only approximately be obtained. The
authors achieved that in the following way: Two cylindrical light waves are
produced by illuminating two parallel narrow slits (width ≈ 1µm, 10 µm
apart, see Fig. 2.8) with coherent light in the plane of the flow boundary.
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The resulting interference pattern is hyperbolic, but at a distance larger than
about 50 µm from the wall it has to a good approximation the desired shape.

One further method should be mentioned which is, however, only appli-
cable to laminar flows with known flow geometry. It is based on the fact that
the correlation function of the light scattered in a fluid drops off much faster
and also has another time dependence if within the fluid a velocity gradient
exists. This method was presented by Fuller et al. [9].



3. Mathematical Background

3.1 Stochastic Quantities

A theoretical treatment of the methods considered in this book reveals that
random fluctuating quantities play a major role in each of them. On the
lowest level, the microscopic one, we have the diffusion of the molecules of
the fluid. Even in a laminar flow these elementary particles of the fluid do not
move along the stream lines which only characterize the averaged velocity of
these particles. Consequently, these streamlines only describe the macroscopic
velocity field.

Three of the four measurement methods presented here require the addi-
tion of light scattering particles to the fluid. These particles are very much
bigger than the fluid molecules, and the ‘randomness’ of their motion, which is
known as Brownian motion, is less pronounced than the one of the molecules.
That means they follow the stream lines much better than the molecules,
provided their mass density is more or less the same as that of the fluid.
Nevertheless, the stochastic behaviour of the particles has to be taken into
account if one wants to describe satisfactorily the properties of the scattered
light. Since all methods are based on the interference of the light scattered
off these particles, it is obvious that a deviation of their path from a stream
line in the order of a wavelength (≈ 0,5 µm), can lead to drastic changes of
the scattered light wave.

A further source of random behaviour in connection with these methods
results from the random position of light scattering particles within the fluid,
that is the volume from which the scattered light results. This randomness
leads to a spatial random pattern on a screen, on which this pattern can
be viewed. Furthermore, the random flux of particles into and out of the
scattering volume leads to a random temporal change of the pattern of the
scattered light.

The above mentioned sources of randomness represent obstacles with re-
gard to the aim of the measurement methods, i.e. they render the measure-
ment of the quantity of interest more difficult. A major aspect of the methods
considered here is the aim to measure this quantity reliably in as short a time
period as possible.

One source of randomness, however, is central to the application of these
methods and represents therefore in no way a disturbance. This is the random

Wilfried Staude: LNP m69, pp. 23–48, 2001.
c© Springer-Verlag Berlin Heidelberg 2001



24 3. Mathematical Background

fluctuation of the velocity field in case of a turbulent flow. In this case one
wants to know as much as possible about the stochastic properties of this
velocity field.

A further source of randomness, which we have to consider here and which
stems from quite a different origin, results from the light detection process.
For some of the methods, the intensity of the scattered light is measured by
counting photons. These particles represent the smallest amounts (quanta)
of energy which can by detected by a light measuring process. In cases of
very big light intensities one can disregard the quantum nature of light: The
number of detected photons is so large that the detection system does not
discriminate between one detected photon more or less. The methods de-
scribed in Chaps. 7, 9 and 10, however, are based on the measurement of the
light energy in very small time intervals, in which the number of detected
photons is very small (experiments were done with average photon numbers
down to about 5). In this case, one has to take into account that the light
detection process itself is a random process. That means that even in the
case where an extremely constant light wave of a stabilized laser hits the
detector, one observes an entirely random series of output pulses. For known
light intensity and detector efficiency one can only state the average number
of detected photons in a given time interval. The noise of the detector signal
produced by this effect is known as shot noise.

All mentioned randomly fluctuating quantities - particle positions, inten-
sity of the scattered light, velocity field in turbulent flow, photon numbers
- represent stochastic processes, i.e. they are time dependent quantities, but
their temporal evolution is not given in a deterministic way. Some of them are
furthermore space dependent - the intensity field of the scattered light and
the velocity field - and this dependence in these two cases are also stochastic.

3.2 Average Values

If stochastic quantities are measured using a single measurement process,
which delivers a definite value, it is apparently of little particular use, espe-
cially if this quantity shows a large amount of fluctuation. To obtain more in-
formation on such a quantity requires repetitive measurements. With a series
of the obtained measurement values one can then calculate different quanti-
ties. One is often interested in the mean value of the measured quantity, but
also in the variance or so called higher moments. All these quantities have in
common that they are average values, or, expressed more exactly, they are
estimations of average values. Exact average values can only be obtained for
an infinite series of measurement values. There exist different methods to ob-
tain average values, which are also of different relevance for experimentalists
and theoreticians.

The most important ways to obtain average values shall now be made
clear for the case of particles in a fluid, which is contained in a vessel. One
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question of interest in connection with the methods described here is the
following: How far will a particle within the fluid move in a certain time τ? If
we denote the location of the particle at time t by r(t) then we can express
this question in the mathematical form: How large is the size of the vector
r(t+ τ)−r(t) ? A way to avoid the square root expression in calculating the
size of a vector is to look at the so called mean square displacement of the
particle:

S2(t; τ) = |r(t) − r(t+ τ)|2 (3.1)

It should be kept in mind that in this context the symbol r(t) denotes the
position of the particle at a fixed time t. It is therefore advisable not to
connect with the symbol r(t) the meaning: ‘position of the particle as a
function of time’ but rather ‘Position of the particle at a fixed time t’. With
that meaning the t in r(t) is to be understood as an index.

The other stochastic quantity, which is of major interest for our consid-
erations, is the intensity of the scattered light. We will describe it as a two
dimensional pattern I(r, t) on an observation screen. In this chapter we con-
sider the simple average value of I(r, t), whereas in later chapters, expressions
which contain two or three intensity values at different times and locations
will play an important role.

We will now look for an answer to the question: How can the average
values of the mentioned quantities be calculated? There exist different possi-
bilities.

Temporal Average. Let us consider first the above mentioned intensity
pattern of the scattered light. In order to obtain the mean intensity at a
particular point on the screen, the temporal evolution I(t) of the intensity at
this point is measured for a sufficiently long period T , starting at an arbitrary
time to. Then, the following expression is calculated:

I
T
=

1
T

to+T∫
to

I(t)dt (3.2)

This integral represents the so called temporal average. It is the average,
which in most cases is formed when averages are determined experimentally.

Normally, the value of this integral will become essentially independent
of T with increasing T . For that reason, one will generally leave off the upper
index T at the quantity I

T
. One then uses the symbol I for a time average,

even though in a rigorous sense this average has only a definite value in
the limit T → ∞. We will here assume the more experimentally motivated
point of view and leave off the upper index, although on many occasions the
experimentally determined ‘average value’ is by no means a fixed quantity,
but also a stochastic one. It does, however, fluctuate much less than the basic
quantity.
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However, the value of the integral in equation (3.2) can depend on the
starting time to, e.g. in the case of a changing laser power, or if the light scat-
tering particles in the liquid slowly precipitate to the bottom, thus reducing
the intensity of the scattered light. Where the integral is independent of the
starting time to, one calls the stochastic process I(r, t) ‘stationary’. (A more
rigorous definition of the term ‘stationarity’ is given in Sect. 3.3.4.

We will now consider only stationary processes or, more accurately ex-
pressed, such processes which we assume to be stationary.

Let us consider, as a second example, the determination of the mean
square displacement. For that purpose, one could follow the path r(t) of a
single particle for a long time. The time averaged square displacement is then
given by

S2(to; τ)
T
=

1
T

·
to+T∫
to

|r(t) − r(t+ τ)|2dt (3.3)

=
1
T

·
to+T∫
to

S2(t; τ)dt

In this example, one again has to choose the averaging time T long enough,
so that the value of the integral is to a good approximation independent of
T . As in the first example the index T on the left hand side is then left off.

If the density of the particle is close to that of the liquid or if it is small
enough it will not sink to the bottom and one has a stationary process. The
integral is then not dependent on the time one starts the experiment.

In almost all physical experiments, one will generally not measure the
required quantity as a continuous function of time but rather as a discrete
series of values, Si, where i is the index of the value measured at time ti.
If the time interval between two measurements is constant and if it is suffi-
ciently small compared to the time scale on which the quantity S varies, one
essentially can replace the time integration by a sum in the following way:

1
T

to+T∫
to

S(t)dt =⇒ 1
N

N∑
i=1

Si (3.4)

We have assumed here that the first measurement was performed at time to
and the last one at time to + T .

Ensemble Average. The temporal averaging scheme is the usual way an
experimentalist obtains mean values. For a theoretician, however, this av-
eraging scheme is hardly one he can actually apply. The reason for that is
fairly obvious: If he were to calculate a temporal average, he would need to
calculate the temporal evolution of the respective quantity. Hence, for the
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case of Brownian motion of a particle in the fluid, he would need to calcu-
late the motion of all particles within that fluid, because the motion of all
these particles are coupled. With about 1023 in a cubic centimetre this is an
entirely impossible task.

In the last century, the American physicist Gibbs had the idea to proceed
as follows: One could consider an ‘ensemble’ of ‘macroscopically identical’ sys-
tems. ‘Macroscopically identical’ means that all macroscopic variables, such
as composition, mass, pressure, temperature and dimensions of the vessels,
are identical. If some of these quantities are dependent on time or space vari-
ables, they should be so in all of the systems. Let us now assume that for
each system, i, a researcher measures the quantity S2

i (t; τ) of a particle. With
the set of these values one can calculate the following average value

〈
S2(t; τ)

〉
=

1
N

N∑
i=1

S2
i (t; τ), (3.5)

which is called the ensemble average.
It is by no means immediately obvious that this ensemble average is, for

stationary processes, identical to the time average. The time average is a
value obtained from measurements of one particle, whereas for the ensemble
average we use values measured on different particles in different systems.
The assumption that these averages are equal was extremely fruitful in the
development of statistical mechanics, that is in the theory of systems with an
extremely large number of particles. If the two averages are actually equal one
calls the respective stochastic process ‘ergodic’. It is, in general, not possible
to prove the ergodicity for a real physical process. So there exists no real
proof that for a Brownian particle the two averages are identical. However,
one usually assumes ergodicity if there is no hint of ‘non-ergodic’ behaviour.

The mean intensity can also be formed by an ensemble averaging proce-
dure. For that purpose one imagines a large number N of macroscopically
identical light scattering set-ups. Again, one assumes that at a particular in-
stant the researchers in each of these experiments measure the light intensity
at a certain point on the observation screen. From these N measured values
one can then calculate the ensemble average of the light intensity:

〈I(r, t)〉 = 1
N

N∑
i=1

Ii(r, t) (3.6)

It is again assumed that this value is the same as the one obtained through
‘temporal averaging’.

The enormous advantage of ensemble averages is the fact that these can
be calculated theoretically if some plausible assumptions are made concerning
certain properties of the considered system. The way in which ensemble aver-
age values are calculated will be considered more closely in the next chapter.
Before we familiarize ourselves with that procedure, we will look at another
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procedure to calculate average values, which, however, can only be used in
cases of spatially dependent stochastic processes.

Spatial Average. Spatially dependent stochastic processes can be averaged
over certain regions in space. (Spatial in this context denotes dependence on
a space variable; it does not mean three dimensional. So, for instance, is the
light intensity on a screen a spatial stochastic process even though it is a
two dimensional one). It is possible to calculate the average intensity on the
screen by a spatial integration in the following way:

I(r, t)
A
=

1
A

·
∫
A

I(r, t)dA, (3.7)

Here dA denotes the elements of the area A and r the vectors in the plane
of the screen.

If the integration area is chosen considerably smaller than the screen area
one can investigate whether the average value according to equation (3.7) is
dependent on the region where the integration on the screen is located. If
the average value turns out to be independent of the choice of this area, the
intensity is called a homogeneous stochastic process.

The homogeneity of the light intensity pattern can, in the considered case,
also be investigated by temporal averaging, provided this stochastic process
is stationary. Then one can measure temporal averages at different locations
and check whether these averages are equal or not.

Homogeneity of a stochastic process is the spatial analogy to the temporal
property of stationarity. If furthermore a stochastic process is independent of
direction it is called isotropic. .

Spatial stochastic processes are usually not homogeneous in a very rigor-
ous sense. Any average values depend, even if only slightly, on the location
where the averaging is performed. It is therefore advisable to check whether
the homogeneity is sufficient when spatial averaging is performed.

3.3 Probabilities

3.3.1 The Probability Density

The expression (3.5) for ensemble averages can be reformulated to obtain an
expression, which is much more suited for theoretical treatments. We will
perform that reformulation using the example of the intensity measurement.
For that purpose we divide the range of possible values for I, i.e. (0 ≤ I ≤ ∞),
into intervals dIν . Then any measured value Ii of the intensity belongs to a
definite interval [Iν , Iν + dIν ], where Iν ≤ Ii < Iν + dIν . Now let us assume
that all values of a measurement set are distributed into these intervals, such
that in the ν-th interval are N(Iν) values. For the following considerations it
is helpful to introduce the quantity
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n(Iν) =
N(Iν)
dIν

, (3.8)

which describes the fraction of values falling into the ν-th interval.
The average value (3.6) can now be written approximately as

〈I〉 ≈ 1
N

∑
ν

Iν · n(Iν)dIν , (3.9)

The sum is now extended over all intervals instead of all measured values.
Since every measured value belongs to exactly one interval in the sum, all
values appear exactly once. The only difference between the two formulae
(3.6) and (3.9) is due to the fact, that in the second case the sum does not
contain the actually measured values but the representatives of the respective
intervals. This error can be made smaller if the width of the intervals is
reduced.

This reformulation leads to a change in the interpretation of the two
formulae: In (3.9) the quantity Iν represents no longer a measured value,
but it is determined by the lower limit of the respective interval. Thus, its
value can be chosen to be the same in completely different experiments. The
information on the measured values is now contained in the quantity n(Iν),
which tells us how many values have a certain size.

It is now possible to slightly rewrite the last formula in order to replace
the summation by an integration: The summation over the intervals dIν can
be expressed in the following way:

〈I〉 ≈ 1
N

∑
dI

I · n(I)dI. (3.10)

One can now define the so called probability density P :

P 1(I) =
n(I)
N

(3.11)

The superscript 1 denotes the dependence of this probability on one stochas-
tic variable only. The transition to infinitesimal interval size dI then finally
yields:

〈I〉 =
∞∫
0

P 1(I) · I · dI (3.12)

The reader should not consider the reasoning just exposed as a derivation.
The intention was rather to give an intuitive understanding of the notion
probability density.

Since, in the case considered here, the intensity on the screen is a func-
tion of time and space, the probability density will also be a function of these
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variables. The last equation can then be written in the form

〈I(r, t)〉 =
∞∫
0

P 1(I; r, t) · I · dI (3.13)

The function P 1(I; r, t) is a ‘true’ function of the independent variable I;
there is no way to see whether any stochastic property is connected to this
function. It is only the interpretation of the function P 1(I; r, t) as a probabil-
ity density, which states that this function describes properties of a stochastic
variable. To express this fact, the variable I is called a stochastic variable.
That this function depends on one stochastic variable only is denoted by the
superscript 1. The fact that in our case the stochastic quantity represents a
time and space dependent process is expressed by the dependence of P 1 on r
and t. Note that in this description the variable I is no longer itself a function
of r and t. These variables, on which this function is dependent, are called
parameters. The ‘true’ stochastic variables will usually be separated from the
parameters by a semicolon, a notation that was also used in equation (3.13).
P 1 is subject to the following important normalization condition

∞∫
0

P 1(I; r, t)dI = 1, (3.14)

which expresses the fact that it is absolutely certain - i.e. the probability is
1 - that any measured value falls into the interval [0,∞].

The function P 1 is no probability, even though it is often called one. In
our case this can be seen from the fact that it has the dimension intensity−1.
Only the expression P 1(I; r, t)dI is a probability, namely the probability for
an arbitrarily measured value to lie within the interval [I, I + dI]. Then the
probability that a measured value is exactly equal to a value determined prior
to the measurement is zero, because in that case dI = 0. (This does not mean
that this is impossible, it just means that it happens ‘almost never’).

If it is not the average I itself that is of interest but that of some function
of I, f(I), one has

〈f(I(r, t))〉 =
∫ ∞

0
P 1(I; r, t) · f(I) · dI (3.15)

The dependence of this average on r and t is noted on the left hand side in
the usual way. So the left hand side is a true function of r and t; there is no
randomness combined with it.

3.3.2 Joint Probabilities

With the concept of the probability density function, it is now possible to
tackle even more complicated problems like, for example, the calculation of
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the average value of the product I(r2, t1)·I(r2, t2). For this calculation, a more
complex probability density function is needed, which gives the probability
that at time t1 and location r1, the light intensity is δI1, and at time t2
and location r2 it is δI2. The phrase ‘the light intensity is δI1’ means that
the light intensity lies in the interval [I1, I1 + dI1]. The desired probability
density is a function of two random variables I1 and I2, and it also depends
parametrically on the two pairs of space and time variables r1, t1 and r2, t2:

P 2(I1, I2; r1, r2, t1, t2)dI1dI2.

A probability density, which depends on two (or three ..) random variables,
is called a joint probability density of second (third ...) order. In this book,
the order of the probability density is always indicated by a superscript, as
just shown for the probability density of second order.

If a probability density of second order is integrated over one of the ran-
dom variables one obtains the probability density function of first order:

P 1(I1; r1, t1) =

∞∫
0

P 2(I1, I2; r1, r2, t1, t2)dI2 (3.16)

The function on the left hand side is just the ordinary probability density of
equation (3.11), only with other symbols for the variables.

It is worthwhile noting that the integration on the right hand side of
the last equation automatically removes the dependence on the parameters
r2 and t2 from the remaining function. In the same way as we integrated
the second order probability density over I2 we could have carried out the
integration over I1. The results would be exactly the same apart from the
symbols of the variables.

A particularly simple form of joint probability densities occurs if some
of the random variables are mutually independent. Variables are said to be
independent, if the probability for one variable to assume a certain value
within an arbitrarily chosen interval is independent of the value of the other
variable. That means that the joint probability density of second order de-
composes into a product of two probabilities of first order, if the two variables
are independent. We will write that property down explicitly for the case of
two intensities on a screen:

P 2(I1, I2; r1, r2, t1, t2) = P 1(I1; r1, t1) · P 1(I2; r2, t2). (3.17)

As will be seen in Sect. 4.6, this equation is true when the two locations r1
and r2 are sufficiently far apart.

For higher order probabilities and groups of independent variables, the
decomposition of the probability density into products is analogous.

3.3.3 Conditional Probabilities

It is often helpful to use still another type of probability functions, the so
called conditional probabilities. They answer the following question: What is
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the probability for one random variable to assume a certain value provided
- or: under the condition - that the value of the second variable has some
definite value. In case of the light intensity, one could be interested in the
intensity I at location r and time t only for those situations in which, at a
fixed time t1 and fixed location r1, the exact intensity I1 occurs. The usually
adopted notation for this probability is

Pc(I; r, t|I1; r1, t1)dI

Although the variable I1 is in this case not a random variable in the strict
sense, it is separated from the parameters by a semicolon.

Conditional probabilities can easily be expressed by simple expressions
using ‘normal’ joint probabilities. So we have for instance

P 2(I1, I2; r1, r2, t1, t2)dI1dI2 = P 1(I1; r1, t1)dI1 · (3.18)
Pc(I2; r2, t2|I1; r1, t1)dI2

The right hand side is the probability, that the intensity at r1 and t1 is
found in the interval [I1, I1 + dI1], multiplied by the probability, that the
intensity at r2 and t2 lies in the interval [I2, I2 + dI2], provided the intensity
has the value I1 at r1 at time t1. This, however, is exactly the meaning of
the joint probability on the left hand side, it is simply expressed a bit more
complicated.

Interchanging the variables and parameters on the right hand side leads
to an equally valid relation:

P 2(I1, I2; r1, r2, t1, t2)dI1dI2 = P 1(I2; r2, t2)dI2 · (3.19)
Pc(I1; r1, t1|I2; r2, t2)dI1

3.3.4 Some Properties of Probability Densities

Transformation of Variables. It is sometimes a considerable advantage to
introduce a new stochastic variable, which is connected to the old one by some
transformation. The procedure to obtain the probability densities for the new
variable is very much the same as that adopted for the transformations of
variables in the calculation of integrals. If P 1(I) is the probability density
of the stochastic variable I, and if the new variable S is connected to I by
S = S(I), one has

∫ b

a

P 1(I)dI =

I(b)∫
I(a)

P 1(I(S)) · dI(S)
dS

· dS, (3.20)

where we have assumed that the transformation can be inverted: I = I(S).
Then the function P 1(I(S)) · dI(S)

dS is the probability density of the new vari-
able S. Any parameters, on which P 1(I) might also be dependent, are not
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influenced by this transformation. As an example, let us consider the proba-
bility density of the form

P 1(I) =
√
π

α
e−α(I−Io)2 . (3.21)

If, for some reason, one prefers to consider the stochastic variable S = (I −
Io)2, the inverse transformation gives

I(S) =
√
S + Io, (3.22)

and the derivative
dI

dS
=

1
2
√
S + Io

gives the new probability density

P 1(S) =
1
2

√
π

α

1√
S
e−αS (3.23)

Stationarity and Homogeneity. Probability densities for stationary and/-
or homogeneous processes have special properties, which in many cases sim-
plify the calculation of average values considerably. We argued in Sect. 3.3.1
that probability densities can be looked at as ensemble averages. A more rig-
orous definition of the term stationarity as the one given above (see discussion
preceding (3.3)) is that average values must not depend on the - arbitrarily -
chosen zero of the time scale. This means that an arbitrary amount τ can be
added to all times t1, t2, ..tn, on which an average depends, without altering
the value of the average. I.e. for a joint probability density of the second order
we have

P 2(I1, I2; r1, r2, t1, t2) = P 2(I1, I2; r1, r2, t1 + τ, t2 + τ)

Choosing τ = −t2 yields

P 2(I1, I2; r1, r2, t1, t2) = P 2(I1, I2; r1, r2, t1 − t2, 0)
If the considered process is also homogeneous, one has the analogue prop-

erty with respect to the space variable r:

P 2(I1, I2; r1, r2; t1, t2) = P 2(I1, I2; r1 − r2, 0, t1 − t2, 0).
Usually the zeros are skipped and one writes P 2(I1, I2; r, t), where now the
variables r and t are understood as space and time differences, respectively.

From the above, we can immediately conclude that the probability density
of first order is entirely independent of space and time variables.

If, furthermore, the considered process is isotropic, the considered proba-
bility density is only dependent on the absolute value of r:

P 2(I1, I2; |r1 − r2|, t1 − t2)
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3.3.5 Particles in a Vessel

At the end of this chapter we will consider once again the motion of particles
suspended in a fluid. Let us denote the probability to find a definite particle at
time t in a volume dV at r by P 1(r, t)dV . Due to the fact that a particle can
only be at one particular location in space, the variable r can be considered
as the stochastic variable as well as a parameter. Therefore, it can assume all
possible values, which denote locations within the considered vessel, and at
the same time the normalization condition applies:∫

V

P 1(r; t)dV = 1, (3.24)

since the probability to find the particle somewhere in the vessel is 1.
Again, one can define joint and conditional probabilities. Thus, for the

probability to find a definite particle at time t1 at location r1 in the volume
dV1, and at time t2 in the volume dV2 at r2, one has the joint probability

P 2(r1, r2; t1, t2)dV1dV2

Homogeneity means in this case that this probability is subject to the
following relation:

P 2(r1, r2; t1, t2)dV1dV2 = P 2(r1 − r2, 0; t1, t2)dV1dV2 (3.25)

Furthermore, if the process is stationary, one has

P 2(r1, r2; t1, t2)dV1dV2 = P 2(r1 − r2,0; t1 − t2, 0)dV1dV2 (3.26)

This notation indicates that the homogeneity refers to the stochastic variable
itself, which is in contrast to the examples discussed above. It is now possible
to express for this case the joint probability by use of equation (3.18) in the
following way by the conditional probability:

P 2(r1, r2; t1, t2)dV1dV2

= P 1(0, 0) · Pc(r1 − r2, t1 − t2|0, 0)dV1dV2

=
1
V
Pc(r1 − r2, t1 − t2|0, 0)dV12 (3.27)

where we have used that P 1(0, 0) = 1/V , and dV12 is the volume element of
the variable r1 − r2.

In light scattering experiments, very many more or less identical parti-
cles are usually present in the considered fluid. For the definition of the joint
probability it is therefore generally not useful to ask for the same particle in
a certain region at a later time, but whether there is any particle at all. The
probability function defined in this way is therefore the sum of the proba-
bility, that a definite particle moves from one location to another, and the
probability, that the two particles are different ones. If the average distance of
the particles is large compared to their diameter, it is a good approximation
to consider the second contribution to the probability to be a constant.
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3.4 Correlation Functions

As we noted in Sect. 3.2, it is in many cases possible to make statements
about stochastic processes on the basis of plausibility considerations. Whether
these statements are actually true, can usually not be proven within the
framework of the theory. It is therefore necessary to compare theoretical and
experimental results.

The most desirable quantities to measure were the probability densities.
This, however, is a very hard task. Even for a simple time dependent stochas-
tic process, the most simple probability density, which tells something about
temporal behaviour, is the joint probability of second order. This is already
a function of three variables: the two stochastic variables and time.

There is a much simpler function which contains information on the tem-
poral behaviour but depends only on time: The correlation function. Let us
consider as an example the stationary stochastic process S(t). Then

CS(τ) = 〈S(t)S(t+ τ)〉 (3.28)

is called the correlation function of the quantity S. The more precise name
is auto-correlation function, since the two factors on the right hand side
represent the same stochastic process. If the two factors represent different
processes one calls this function a cross-correlation function. A theoretical
calculation of the correlation function requires the knowledge of the joint
probability density of second order:

CS(τ) =
∫ ∫

P 2(S, S′; τ)SS′dSdS′. (3.29)

For non-stationary processes the correlation function evidently depends on
two times and not just on the time difference.

Correlation functions have the big advantages that

• they can easily be calculated or modeled theoretically
• they can, in most cases, be measured without too much difficulty
• they are the most simple average values that say something about the time
behaviour of a stochastic process.

But the correlation function also has a disadvantage: There is no direct in-
tuitive way to interpret it. For that reason it usually takes some time to get
familiar with correlation functions in order to extract the information they
carry. We will therefore discuss a few properties which are common to all
correlation functions.

All auto-correlation functions have an absolute maximum at the origin,
i.e. when the value of the variables, on which the function depends, is zero.
In case of a simple time dependent auto-correlation function one therefore
has:

CS(0) ≥ CS(τ) (3.30)
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for arbitrary τ . This can be proven in the following way: From the obviously
true relation

(S(0) − S(τ))2 ≥ 0 (3.31)

follows immediately 〈
(S(0) − S(τ))2

〉
≥ 0 (3.32)

Decomposition of the square yields

〈S(0) · S(0)〉 − 2 〈S(0) · S(τ)〉 + 〈S(τ) · S(τ)〉 ≥ 0. (3.33)

We used here a property of the formation of an average: Summation - and
also integration and differentiation - and formation of the average can be
performed in an arbitrary order. The average of a sum is therefore identical
to the sum of the corresponding averages.

Since the considered process is stationary the first term of the right hand
side equals the last one. By use of equation (3.28), we then obtain

2CS(0) − 2CS(τ) ≥ 0 (3.34)

or
CS(0) ≥ CS(τ) (3.35)

A second property we are going to consider is the behaviour of the cor-
relation function in the limit τ → ∞. Generally, the statistical fluctuations
of a quantity S at two times will become more and more independent the
larger the time interval between the times is. If that were not the case, one
would not speak of random fluctuations. That means that for large enough
τ , which we will denote by T , we can approximate the correlation function
in the following way:

CS(T ) = 〈S(t) · S(t+ T )〉 ≈ 〈S(t)〉 · 〈S(t+ T )〉 = 〈S(0)〉2 . (3.36)

This property can be expressed exactly as follows:

lim
τ→∞CS(τ) = CS(∞) = 〈S(0)〉2 . (3.37)

Thus we can see that the correlation function drops from its largest value
at τ = 0 to the smaller value for τ = ∞. The time scale of the fluctuations
of the stochastic process affects the way in which the function decreases.

The variance ∆(S) of the quantity S, which is defined by the two values
CS(∞) and CS(0), can easily be expressed by

∆(S(t)) =
〈
(S(t) − 〈S(t)〉)2〉 = 〈S2(t)

〉− 〈S(t)〉2 . (3.38)

This can be shown by using equation (3.37) and writing〈
S2(t)

〉− 〈S(t)〉2 = 〈S(t)·S(t)〉 − 〈S(0)〉2 = CS(0) − CS(∞) (3.39)
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An intuitive access to the meaning of the correlation function is facilitated
if the stochastic variable

s(t) = S(t) − 〈S(t)〉 (3.40)

is considered, which describes the deviations of the stochastic variable from
its average value. One immediately realizes the following connection of the
two correlation functions Cs(τ) and CS(τ):

Cs(τ) = CS(τ) − 〈S(0)〉2 . (3.41)

Together with equation (3.37) we then obtain

Cs(∞) = 0. (3.42)

Figure 3.1 represents an example of the formation of the correlation func-
tion, which is designed to get an intuitive understanding of the meaning of
the correlation function. A stochastic artificial signal was generated with a
computer. It is shown in part a) of the figure. The abscissa represents time
in arbitrary units. The solid graphs in parts b) through d) are identical to
this signal. In addition to this, time shifted signals are also shown as dotted
graphs. The shift time τ is given in the respective part of the figure. The
lower graphs represent the products s(t)s(t + τ). The time average of these
products are the values of the correlation function for the respective τ . Apart
from a constant factor, this time average is just the integral over the product
function, which is nothing else than the area under the graph. It is seen in
this figure that this area is biggest for τ = 0 and decreases with increasing τ .

Part e) of the figure represents the correlation function calculated from
the shown signal. The integration was carried out over a time interval, which
was one hundred times longer than that shown in this figure. Note that the
scale of the abscissa in part e) is increased by a factor of 10 with respect to
the other parts. Furthermore, the quantity in this part is not the time itself
but the time difference.

It has to be mentioned, that the correlation function need not be a func-
tion that decreases monotonously to its value CS(∞). The correlation func-
tion shown in part e) of the Fig. 3.1, for instance, has negative values in the
time interval [τ1 ≈ 40, τ2 ≈ 70]. Even though these negative values are very
small in this case, it is a real effect due to the construction of this artificial
stochastic process. The interpretation of this property is the following: If, at
any time t, the value of the stochastic variable is larger (smaller) than the av-
erage value, then there is a large probability that in the interval [t+τ1, t+τ2],
the value of this variable is smaller (larger) than the average. The ‘depres-
sions’ in the correlation function therefore express ‘anti-correlations’. There
are also correlation functions with several maxima and minima. The abso-
lute value of these extrema can, however, never be larger than the maximum
CS(0). The interpretation of these extrema is analogous to the above.
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Fig. 3.1. For an intuitive approach to the meaning of the correlation function.
Explanation in the text
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A very rough characterization of a correlation function and thus of the
underlying stochastic process can be made with the ‘correlation time’ τc. It is
a parameter, which roughly denotes how fast the correlation function drops
to its value CS(∞). The meaning of this parameter is especially clear in cases
where the correlation function is an exponential or a Gaussian function (two
relatively common cases). One then has

CS(τ) = exp
(

−|τ |
τc

)(〈
S(0)2

〉− CS(∞)
)
+ CS(∞) (3.43)

and

CS(τ) = exp
(

−τ
2

τ2
c

)(〈
S(0)2

〉− CS(∞)
)
+ CS(∞), (3.44)

respectively.
It is obvious, that the characterization of the correlation function with

just one parameter is generally not sufficient in cases, where the correlation
function has a more complex time dependence, for instance if there are ‘de-
pressions’. Nevertheless, the parameter ‘correlation time’ is widely used.

The correlation time τc can be interpreted as a measure of the ‘memory’
of the stochastic process. It specifies the time after which the process does
no longer ‘know’ its former behaviour (or, putting it a bit more exactly, after
which it does only know very little of its former behaviour).

A function that is directly connected to the correlation function, but which
can be interpreted in an easier way, is the structure function KS(τ):

KS(τ) =
〈
(S(t+ τ) − S(t))2〉 (3.45)

=
〈
S(t+ τ)2

〉
+
〈
S(t)2

〉− 2 〈(S(t+ τ)S(t)〉
= 2
〈
S(0)2

〉− 2CS(τ) = 2CS(0) − 2CS(τ)

The first line of this equation shows that the structure function is just the
square deviation of the stochastic variable at two different times. It has ob-
viously the properties KS(0) = 0 and KS(∞) = 2(CS(0) − CS(∞)).

What we said about the temporal behaviour of a time dependent process
is mutatis mutandis true for a space dependent process. For instance, for such
processes it is possible to define correlation lengths on the basis of the spatial
correlation function. For processes which depend on one, two, or three spatial
co-ordinates, one then has correlation lengths, areas, or volumes.

For space and time dependent processes, which are stationary and homo-
geneous, the correlation function depends on time and space differences:

CS(ρ, τ) = 〈S(r + ρ, t+ τ)S(r, t)〉 (3.46)

The maximum property (c.f. equation 3.30) for such correlation functions
is then simply:

CS(0, 0) ≥ CS(ρ, τ) (3.47)
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3.5 The Velocity of Space
and Time Dependent Stochastic Processes

It is generally possible to define the velocity of a space and time dependent
stochastic process. We will consider here only a special type of process where
the notion of the velocity of a stochastic process can be perceived very simply.
Let us consider a process, which depends on r and t in the following way:

S(r, t) = S(r − vt) (3.48)

In the case that

• S(r − vt) ≥ 0 and
• r is a vector in a plane,

the velocity of this process can be visualized by imagining S(r, t) to be the
intensity of a light pattern on a screen. A process with the property (3.48)
represents evidently a stochastic moving light pattern on the screen with the
velocity v.

Generally, the pattern can also change in a random way with time while it
is moving. In that case, it is not possible to decompose the temporal change
of the pattern at any location on the screen into a moving and a randomly
changing contribution. For a temporal change at just one location can only
be an increase or decrease of the intensity, and this can result from both
mentioned types of pattern change. We will not investigate the general ques-
tion under which conditions a velocity can be attributed to a pattern. We will
only consider a type of stochastic pattern which obviously has such a velocity.
This type is characterized by the following property: All joint probabilities
depend only on the parameters ri, ti through ξi = ri − vti and |ti|.

As was shown above, the form of the variable ξi = ri − vti expresses
the motion of the pattern with a velocity v, whereas the dependence on |ti|
describes a stochastic temporal change of the pattern. If one moved with the
same velocity as the pattern one would only observe this temporal change
caused by the dependence on |ti|, which, in laser light scattering, is called
the ‘boiling’ of the pattern.

We will now consider which average value - or average values - can be
used to express the velocity of the pattern. Since velocity is a spatio-temporal
phenomenon, it seems plausible that the most simple average value, which
tells something about the velocity, is the spatio-temporal correlation function
defined in equation (3.46). For the pattern considered here, we can write

C(ρ, τ) = 〈(S(r + ρ, t+ τ)S(r, t)〉 (3.49)

=
∫
S · S′P 2(S, S′;ρ − vτ, |τ |)dSdS′.

The second line of this equation shows, that the correlation function de-
pends on the two variables ρ − vτ and |τ | in the same way as the joint prob-
ability. For simplicity reasons we therefore write this correlation function in
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the form C(ρ − vτ, |τ |). C has, as every correlation function, an absolute
maximum at (ρ = 0, τ = 0). We now assume that the correlation function is
differentiable everywhere. This means that it depends on |τ | via |τ |2 = τ2.
We can now expand the correlation function in a Taylor series around the
origin. Due to the maximum at that point, all first derivatives must disappear
and we have

C(ρ − vτ, |τ |) = C(0, 0) + 1
2
Cxx(0, 0)(ρx − vxτ)2 + (3.50)

1
2
Cyy(0, 0)(ρy − vyτ)2 +

+Cxy(0, 0)(ρx − vxτ)(ρy − vyτ) + 1
2
C̈(0, 0)τ2 +

+residue

= C(0, 0) +
1
2
C̈(0, 0)τ2 +

1
2
ξÂξ + residue

In this equation we used the relations

ξ = ρ − vτ (3.51)

and

Â =
(
Cxx(0, 0) Cxy(0, 0)
Cyx(0, 0) Cyy(0, 0)

)
. (3.52)

residue denotes all terms with higher derivatives.
The indices of C denote the derivatives with respect to the denoted spatial

variable. So Cxx(0, 0) is the second derivative of C with respect to x at the
location (ρ, τ) = (0, 0).

Using equation (3.50), the following second derivatives can be calculated:

∂2C(0, 0)
∂ρx∂τ

=
∂

∂τ

(
1
2
Cxx(0, 0) · 2 · (ρx − vxτ) + Cxy(0, 0) · (ρy − vyτ)

)
= −Cxx(0, 0)vx − Cxy(0, 0)vy (3.53)

and
∂2C(0, 0)

∂ρ2
x

= Cxx(0, 0). (3.54)

Clearly the term −Cxy(0, 0)vy impedes the derivation of the simple rela-
tion

∂2C(0, 0)
∂ρx∂τ

∂2C(0, 0)
∂ρ2

x

= −vx (3.55)

and analogously



42 3. Mathematical Background

∂2C(0, 0)
∂ρy∂τ

∂2C(0, 0)
∂ρ2

y

= −vy (3.56)

But one can always eliminate this term just by choosing a co-ordinate system
x′, y′, which is rotated with respect to the original co-ordinate system. It is
determined by the property

Cx′y′(0, 0) = 0. (3.57)

Such a co-ordinate system can always be found. That is especially easy
to see if the correlation function has a mirror symmetry about an axis, which
we will call y′-axis. In that case, we obviously have Cx′(x′ = 0, y′) = 0 for
all y′, from which follows immediately equation (3.57). From here on, we will
always consider the correlation function in such a co-ordinate system. For
isotropic patterns the condition (3.57) is fulfilled in any co-ordinate system.

Differentiation of equation (3.49) with respect to ρx yields

Cx(ρ, τ) = 〈(Sx(r + ρ, t+ τ)S(r, t)〉 . (3.58)

Due to the assumed homogeneity, equation (3.49) can also be written as:

C(ρ, τ) = 〈(S(r, t+ τ)S(r − ρ, t)〉 (3.59)

We then obtain for the derivative of the correlation function

Cx(ρ, τ) = − 〈(S(r, t+ τ)Sx(r − ρ, t)〉 (3.60)
= − 〈(S(r + ρ, t+ τ)Sx(r, t)〉

Thus, the derivative of a correlation function can be expressed as a correlation
function of differentiated quantities. For homogeneous processes one obtains
the special relation

〈(Sx(r + ρ, t+ τ)S(r, t)〉 = − 〈(S(r + ρ, t+ τ)Sx(r, t)〉 . (3.61)

An analogous relation is clearly true for temporal derivatives of the correla-
tion function of stationary processes.

With the derived properties one can rewrite equations ( 3.55) and (3.56)
in the following form: 〈

Ṡ(0, 0) · Sx(0, 0)
〉

〈Sx(0.0) · Sx(0.0)〉 = − 〈vx〉 . (3.62)

It is possible to prove that this last relationship is a special case of the more
general property〈

Ṡ(0, 0) · f(Sx(0, 0))
〉
= − 〈vx〉 · 〈Sx(0.0) · f(Sx(0.0))〉 (3.63)
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[10]. There is no limitation to the choice of the function f, although this
equation can obviously only be resolved with respect to pattern velocity if
the right hand side of the equation is not equal to zero. Equation (3.63) is
valid under the same conditions as equation (3.55).

We will finally point to the fact that the second factor on the right hand
side of the last equation does not depend on the pattern velocity, because it
depends on the pattern intensity at one time only.

3.6 Some Properties of Tensors

3.6.1 Transformation Properties of Tensors

We assume that the reader is familiar with the definition and the basic prop-
erties of matrices, as for instance, the rules of multiplication. We will treat
only those properties that are essential for the understanding of the follow-
ing chapters. The matrices of main importance in this book are those of the
dimension 3×3:

D̂ =

D11 D12 D13
D21 D22 D23
D31 D32 D33

. (3.64)

The indices 1,2,3 denote in the following way the co-ordinate axes x,y,z:

1 ↔ x, 2 ↔ y, 3 ↔ z (3.65)

We will adopt both notations in parallel.
Tensors are mathematical objects with particular transformation proper-

ties. Furthermore, tensors which are used in this book are so called second
rank tensors and can be written in form of the matrix given in equation
(3.64). Before we are going to consider how tensors behave if the co-ordinate
system is changed we will look at the behaviour of vectors in such a situation.

Consider a vector a determined by the components (a1, a2, a3) in a par-
ticular co-ordinate system S. In a system S′, which is rotated with respect
to S by an arbitrary angle around some axis, this vector has the components
a′
1, a

′
2, a

′
3, which are generally obtained by the multiplication of a with an

orthogonal matrix Ô:
a′ = Ô · a. (3.66)

Written down explicitly one hasa′
1
a′
2
a′
3

 =

O11 O12 O13
O21 O22 O23
O31 O32 O33

 ·
a1a2
a3

 (3.67)

=

O11a1 +O12a2 +O13a3
O21a1 +O22a2 +O23a3
O31a1 +O32a2 +O33a3
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A common way to write the last equation is

a′
i =
∑

j

Oijaj (3.68)

where the summation index - as in all equations henceforth - extends from
1 to 3. An illustration of this property of vectors is shown in Fig. 3.2 a). It
is obvious that the two symbols a and a′ denote the same vector. But its
representation is different because of the fact that this vector is expressed in
two different co-ordinate systems, which leads to different components in the
two co-ordinate systems.

Fig. 3.2. The transformation of vectors by rotations. Explanation in the text.

Another situation is given if the co-ordinate system is kept fixed but the
vector itself is rotated. This is shown in Fig. 3.2 b). The components of the
rotated vector can again be obtained from the original one by multiplication
with an orthogonal matrix in a way analogous to equation (3.66). We first note
that the components of a vector of a given length only depend on the angles
between the vector and the co-ordinate axes. Therefore, the components will
be the same whether one rotates the co-ordinate system in one way or the
vector in the opposite way. One can then conclude for the case shown in part
b) of Fig. 3.2 that the following relation holds:

a′′ = Ô−1 · a. (3.69)

where Ô−1 is the matrix which describes the inverse rotation. A rotation of
a vector back and forth apparently amounts to leaving the vector the same
as before. That means that the multiplication of a vector with the matrix Ô
and then with the matrix Ô−1 leaves the vector unchanged. So we have:

Ô−1 · Ô = Ô · Ô−1 = Ê. (3.70)
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where Ê is the unit matrix

Ê =

1 0 0
0 1 0
0 0 1

. (3.71)

The inverse of an orthogonal matrix is identical to its transpose:

Ô−1 = ÔT . (3.72)

This transpose ÔT of a matrix Ô is obtained by just interchanging columns
and rows of it:

OT
ij = Oji. (3.73)

Using this property equation (3.69) can be solved with respect to a′′ by
multiplying it on both sides with ÔT :

ÔT · Ô · a′′ = a′′ = ÔT · a (3.74)

The comparison of the equations (3.69) and (3.74) shows that any equation
of this type can be interpreted either as a rotation of a vector or as a rotation
of the co-ordinate system.

As an example, we will now write down explicitly the rotation matrices
for the cases shown in Figs. 3.2 a) and 3.2b), respectively. The general form
of a matrix for a rotation of the co-ordinate system around the z-axis about
an angle φ (this corresponds to the case shown in part a) of the figure) is:

Ôc
z(φ) =

 cos(φ) sin(φ) 0
−sin(φ) cos(φ) 0

0 0 1

 (3.75)

The superscript c denotes matrices which describe the transformation of the
components of a vector if the co-ordinate system is rotated, whereas the su-
perscript v refers to matrices which describe the transformation of the com-
ponents of a vector if this vector is rotated in a fixed co-ordinate system. The
components of the rotation matrix corresponding to part b) of the figure are
obtained from this one by just replacing φ by −φ. This amounts to reversing
the sign of the two off-diagonal elements of the matrix. The resulting matrix
is, furthermore, just the transposed of the one shown in equation (3.75):

Ôv
z (φ) = Ô

c
z(−φ) =

 cos(φ) −sin(φ) 0
sin(φ) cos(φ) 0

0 0 1

 (3.76)

Matrices for rotations around the x-axis are obtained from the one given
in equation (3.75) by ‘cyclic permutation’ of the elements. That means the
element Oij is moved to the location i + 1, j + 1. If an index assumes the
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value 4 it must then be replaced by 1. This procedure leads to the following
matrix for rotations around the x-axis:

Ôc
x(φ) =

1 0 0
0 cos(φ) sin(φ)
0 −sin(φ) cos(φ)

 (3.77)

It is then easy to obtain the matrix for rotations around the y-axis:

Ôc
y(φ) =

 cos(φ) 0 −sin(φ)
0 1 0

sin(φ) 0 cos(φ)

 (3.78)

The matrices Ôv
x(φ) and Ôv

y(φ) can again be obtained by just transposing
those of the last two equations.

The exact meaning of the phrase ‘rotation by a certain angle around an
axis’ is the following: If one looks opposite to the direction of the rotation
axis, i.e. towards the origin of the co-ordinate system, then the rotation about
the given angle is in the mathematical positive sense, i.e. counter-clockwise.
Consequently, the rotations in Fig. 3.2 are around the z-axis by a positive
angle φ.

If one has successive rotations around arbitrary axes the matrix for this
composed rotation is obtained by a multiplication of the corresponding rota-
tion matrices. Let us consider as an example the case of first rotating a vector
in a fixed co-ordinate system around the x-axis about an angle φ and then
around the y-axis about an angle ψ. The components of the rotated vector
are then given by

a′′ = Ôv
y(ψ) · Ôv

x(φ) · a. (3.79)

Multiplication of the two matrices yields the rotation matrix of the combined
rotation:

a′′ =

 cos(ψ) sin(ψ)sin(φ) sin(ψ)cos(φ)
0 cos(φ) −sin(φ)

− sin(ψ) cos(ψ)sin(φ) cos(ψ) cos(φ)

 · a. (3.80)

It is not difficult to convince oneself that the result of successive rotations
depends on the order in which these rotations are performed. Consequently,
the same is then true for the corresponding matrices. This means that for
two arbitrary matrices Â and B̂ one generally has

Â · B̂ �= B̂ · Â. (3.81)

Again, equation (3.79) can be interpreted as a combined rotation of a co-
ordinate system. To avoid inconsistencies, let us, for an exact interpretation,
rewrite this in the following form:

a′ = Ôc
y(ψ) · Ôc

x(φ) · a. (3.82)
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Now, the matrix describing the rotation around the y-axis acts on the vector
Ôc

x(φ) · a which is already in a rotated co-ordinate system. Therefore, the
matrix Ôc

y(ψ) induces a rotation around the new y-axis. It is essential that
this property of combined rotations of the co-ordinate system is kept in mind.

Having recalled these transformation properties of vectors we will now
look at the behaviour of tensors if rotations are carried out, i.e. how the
components of a tensor are altered if one considers the tensor in a rotated
co-ordinate system. For that purpose we consider the scalar product of two
arbitrary vectors a and b:

a · b =
∑

i

ai · bi (3.83)

Obviously, this quantity cannot be dependent on the choice of the co-
ordinate system, in which the vectors are expressed. This implies that the
scalar product must be independent of rotations of the co-ordinate system:

a · b = a′ · b′ (3.84)

A tensor D̂ is defined by the fact that the expression a · (D̂ · b), (which
is usually written just as a · D̂ · b), is independent of the co-ordinate system,
and is, therefore, also a scalar. This condition is sufficient to calculate the
desired transformation property of D̂ in a unique way.

Before we are able to do that we have to mention the following relation,
which is valid for an arbitrary matrix D̂ and arbitrary vectors:(

D̂ · a
)

· b = a · D̂T · b, (3.85)

This can easily be shown:(
D̂ · a

)
· b =

∑
i,j

Dijajbi =
∑
i,j

ajD
T
jibi = a · (D̂T · b) = a · D̂T · b. (3.86)

We can now say:
a′ · D̂′ · b′ = a · D̂ · b, (3.87)

where D̂′ denotes the tensor in the rotated co-ordinate system. Replacing the
primed vectors in this equation with the help of equation (3.66) yields

a′ ·
(
D̂′ · b′

)
=
(
Ôc · a

)
·
(
D̂′ ·

(
Ôc · b

))
(3.88)

= a ·
((
Ôc
)T

· D̂′ · Ôc · b

)
= a · D̂ · b

= a ·
(
D̂ · b

)
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Since this equation must be true for arbitrary vectors a and b the matrices
on the right hand side in the second and the last line must be the same and
we have (

Ôc
)T

· D̂′ · Ôc = D̂ (3.89)

or
D̂′ = Ôc · D̂ ·

(
Ôc
)T

. (3.90)

If a tensor is rotated in a fixed co-ordinate system instead of rotating the
co-ordinate system we obtain

D̂′′ =
(
Ôc
)T

· D̂ · Ôc = Ôv · D̂ ·
(
Ôv
)T

. (3.91)

3.6.2 Functions of Tensors

We used in this chapter the property of the product of two tensors to be
again a tensor. It is therefore possible to build functions of tensors, if these
functions can be represented by power series. For that reason, the exponential
of a tensor can easily be written down:

exp
(
D̂
)
= eD̂ = Ê + D̂ +

1
2!
D̂2 +

1
3!
D̂3 + ... (3.92)

A special property of the exponential of a tensor refers to traceless tensors.
The trace of a tensor D̂ is the sum of the diagonal elements:

Trace
(
D̂
)
=

3∑
i=1

Dii (3.93)

For a traceless tensor Ŝ we then have

Trace
(
Ŝ
)
= Sxx + Syy + Szz = 0. (3.94)

Such a traceless tensor has the following property:
The tensor exp(−Ŝ) is the inverse of the tensor exp(Ŝ), i.e.

exp(Ŝ) · exp(−Ŝ) = exp(−Ŝ) · exp(Ŝ) = Ê (3.95)
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4.1 Introduction

A theoretical description of the phenomena which are the basis of the mea-
surement techniques we describe here must deal with two different areas of
physics. Firstly, the motion of Brownian particles in a fluid flow must be de-
scribed. Secondly, we have to deal with stochastic light fields, which contain
the desired information on the flow. In this chapter we are therefore going to
consider the basis of these two areas in so far as they are necessary in order
to understand the different measurement methods.

4.2 The Velocity Gradient

The velocity in a flowing fluid is a function of space and time: u = u(r, t).
The nine quantities

∂ui

∂xj
= Γij (i, j = 1, 2, 3) (4.1)

form the so called velocity gradient tensor, which is generally also a function
of space and time. (For the notation of the components see equation (3.65)).
In a real flow it is always possible to consider a small volume around a point
of interest r, in which this tensor can be viewed as practically independent
of space. Within such a volume, which we will call volume of homogene-
ity, the velocity gradient is only dependent on time. Within the volume of
homogeneity the velocity field of the fluid is given by:

u(r, t) = uo(t) + Γ̂ (t) · r (4.2)

In this notation the size of uo depends on the choice of the origin of the
co-ordinate system, which will preferably be somewhere within this volume.
The velocity gradient Γ̂ is entirely independent of this choice. To begin with,
the time dependence of the two quantities uo and Γ̂ will be neglected, i.e. we
will first consider stationary laminar flows.

In many cases a fluid can be regarded as incompressible. Then we have

div(u) = ∂ux

∂x
+ ∂uy

∂y
+ ∂uz

∂z
= Γ11 + Γ22 + Γ33 = 0 (4.3)
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or
Trace(Γ̂ ) = 0. (4.4)

Thus, for incompressible fluids, which are of interest in this book, only 8 of
the 9 components of the velocity gradient tensor Γ̂ are linearly independent.

Every tensor can be separated into a symmetric and an antisymmetric
part:

Γ̂ = Γ̂ s + Γ̂ a (4.5)

where
Γ s

ij = Γ s
ji and Γ

a
ij = −Γ a

ji (4.6)

By use of the transpose of the tensor one can simply express these two parts:

Γ̂ s =
1
2

(
Γ̂ + Γ̂T

)
(4.7)

Γ̂ a =
1
2

(
Γ̂ − Γ̂T

)
The symmetric part of the velocity gradient tensor with its five components
(six for compressible fluids) describes shear, whereas the three components
of the antisymmetric part describe a rotation. The components of this latter
part are simply connected with the rotation rot(u) of the fluid velocity:

rot(u) = 2(−Γ a
23, Γ

a
13,−Γ a

12) (4.8)

or, more general

rot(u) = (Γ32 − Γ23, Γ13 − Γ31, Γ21 − Γ12) (4.9)

In fluid dynamics the quantity rot(u) is called vorticity.

4.3 Motion of Particles in a Homogeneous Velocity Field

As discussed in Sect. 2.3.1 optical measurement methods generally need light
scattering particles immersed in the fluid under investigation. It is obvious
that the calculation of the temporal and spatial behaviour of the scattered
light requires the knowledge of the paths of the light scattering particles. Due
to their stochastic motion one can at best have probabilities, as for instance
the conditional probability to find a particle at time t within the infinitesimal
volume element dV , provided it was at the location ro at time to. Clearly this
probability will not allow for the calculation of all properties of the scattered
light field that can be looked at, but we will see that it is sufficient to calculate
what is of interest here.

It is obvious that this conditional probability only depends on the time
difference t− to, i.e. the considered process is stationary. We now perform the
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replacement t−to → t. Therefore, the time variable t denotes in the following
a time difference rather than an absolute time.

The conditional probability needed was denoted in Sect. 3.3 by the symbol
Pc(r, t|ro, 0)dV . The vector r is here the stochastic variable. For general
velocity fields this probability can at best be calculated numerically. But for
Brownian particles in a homogeneous velocity field independent of time it
can be calculated. According to [11], the analytical form of the probability
density is

Pc(r, t|ro, 0) =
1

(4πD)3/2
√

|Â(t)|
· (4.10)

exp
(

− 1
4D

(r − R̂(t)ro − Ŝ(t)uo) · Â−1(t)(r − R̂(t)ro − Ŝ(t)uo)
)
.

Here we used the following symbols:

R̂(t) = exp(Γ̂ t)

Ŝ(t) =

t∫
0

exp(Γt′)dt′

Â(t) =

t∫
0

exp(Γt′)exp(ΓT t′)dt′.

D is the diffusion constant of the particles and |Â(t)| is the determinant of
the matrix Â(t).

Although this probability looks rather difficult, its basic structure is fairly
simple. The matrices ˆA(t), ˆR(t), and ˆS(t) are 3×3 tensors with time depen-
dent components. The quantities R̂(t)ro and Ŝ(t)uo are therefore simply time
dependent vectors.

As to its spatial dependence, the function in equation (4.10) is a three-
dimensional Gaussian which, at time t, is centered around the location

r(t) = R̂(t) · ro + Ŝ(t) · uo. (4.11)

The extension of this Gaussian in space is determined by the tensor
A−1(t). Areas of constant values are concentric ellipsoids, centred around
the above location. Shape and location of these ellipsoids change in time so
that the spatial extension of the function increases, and they move along with
roughly the average velocity.

If Brownian motion is disregarded the particle motion becomes entirely
deterministic. The trajectory of a particle, which was at time 0 at ro, is then
given by the last equation.

This result can be obtained by letting D → 0 in equation (4.10). This
equation shows that for small D the value of the exponential is negligibly
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small unless the numerator in the exponential is close to zero. This is obvi-
ously the case if the vector r in equation (4.10) is replaced by the right hand
side of equation (4.11).

4.4 The Quantitative Description of Light

Light is an electromagnetic wave which, in the framework of Maxwell’s theory,
is fully described by the space and time dependent fields

• E(r, t) : electric field
• H(r, t) : magnetic field

Both fields cannot be arbitrary but must be solutions of Maxwell’s differential
equations.

The interaction of visible light with matter (for instance with the retina
of the human eye or a light detector) is, - apart from very few exceptions -,
caused by the electric field only. For that reason we restrict our description
of light to the electric field.

The most simple and at the same time most regular light wave is the so
called plane wave. The spatial and temporal behaviour of the electric field of
such a wave is given by

E(r, t) = eEocos(kr − ωt− φ0) (4.12)

Here e is the so called polarization vector of the wave. It is dimensionless
and has the length 1. It denotes the direction in which the electric field
oscillates. Eo is the maximum amplitude of the wave, whereas Eocos(kr −
ωt − φ0) denotes the amplitude of the wave at time t and location r. The
wave vector k of light waves in isotropic media (which exhibit no dependence
of optical properties on the direction in space) is always orthogonal to the
polarization vector e. On one hand, it denotes the direction in which the
wave propagates. Everywhere on an arbitrary plane perpendicular to k, the
amplitude of the wave is the same for a given time. That is the reason why
these waves are called plane waves. On the other hand, the length |k| of this
vector is connected to the wavelength λ of the wave by the relation

|k| = 2π
λ

(4.13)

ω is the circular frequency of the wave, it is larger than the frequency ν
of the wave by the of factor 2π:

ω = 2πν (4.14)

φo is the initial phase of the wave. It depends on the choice of the origin
of the co-ordinate system and also on the origin of the time axis. By a special
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choice of one of these quantities one can always make that phase disappear.
The argument of the cosine function in equation (4.12) is also called phase
of the wave. Unfortunately, the two notions ‘phase’ and ‘initial phase’ are
usually not clearly discriminated, the same is true for the notions ‘amplitude’
and ‘maximum amplitude’.

Wavelength and frequency of a wave are connected with the so called
phase velocity vφ of the wave

λν =
ω

|k| = vφ =
c

nM
. (4.15)

c is the famous vacuum velocity of light and n
M

the refractive index of the
medium in which the wave travels. Note that a wave passing from one medium
to another keeps its frequency unchanged, so generally its wavelength as well
as its wave vector change on this transition.

The mathematical description of light is extremely simplified if the electric
field is written in complex form according to

Ec(r, t) = eEoei(kr−ωt−φo) (4.16)

The physical electric field is simply the real part of Ec. The product of
the two factors Eo and e−iφo can be considered as the complex amplitude Ec

0
of the wave:

Ec(r, t) = eEc
oe

i(kr−ωt) (4.17)

A light wave described by the equations (4.12), (4.16), or (4.17) is obvi-
ously a rather theoretical abstraction of any real light wave: The equations
describe electric fields that are present everywhere in space and oscillate for
an infinite time with the same frequency.

A real wave that comes closest to the above model is the wave of a focused
laser beam in a finite region around the focus. In that region, the areas of
constant phase are plane but the amplitude of the electric field decreases
with increasing distance from the axis of the beam. For the description of
our experiments, the assumption of the ideal time dependence of the above
equations is admissible. It was shown in [12] that the electric field of this
portion of the light wave can be represented with sufficient accuracy in the
following way:

Ec(r, t) = e(r)Eo(r)ei(kr−ωt−φ(r)−ψ(t)). (4.18)

The amplitude (meaning ‘maximum amplitude’ from now on unless oth-
erwise stated) of this wave is independent of time, but varies in space. For
laser beams moderately focused the spatial variation of the amplitude is not
very pronounced on the scale of the wavelength. However, the factor eikr

varies rapidly on such a scale: If r is increased (or decreased) by an amount
of half a wavelength in the direction of k, eikr changes sign.
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The quantity φ(r) also varies rather slowly with r. Only in the case of a
very strongly focused laser beam, the change of φ(r) becomes noticeable in
the region of the geometrical focus.
ψ(t) is the randomly varying phase of the laser light. This quantity is

responsible for the finite correlation time τL of laser light. Due to the wave
velocity c/nM of the light, the coherence length ρL is connected with this
coherence time according to ρL = c/(nMτL).

This finite coherence length describes quantitatively the fact that light
from different locations along the beam direction does not interfere if the
distance of these locations is larger than ρL. The experimental methods de-
scribed in this book only require coherence lengths of the order of the di-
ameter of the scattering volume, which is always smaller than a millimetre.
Ordinary lasers meet this condition in any case.

In regions where the wave is essentially plane, the two quantities φ(r) and
e(r) can be considered constant and one can write the electric field of the
wave approximately as

Ec(r, t) = eEc
o(r)e

ikr−iωt+ψ(t) (4.19)

Thus, the region around the focus of a focused laser beam represents to a
good approximation a plane wave with a spatially dependent amplitude. A
closer look at properties of a laser beam will be given in Sect. 5.1.

A second type of light waves, which play an important role in the quan-
titative description of light scattering phenomena, are spherical waves. The
phase of such a wave is given by |k||r−ro|−ωt, where ro is a constant vector
denoting the centre of the spherical wave. Obviously, the phase only depends
on the distance of the point r from the centre ro. If the maximum amplitude
Ec

o(r) does only depend on |r|, i.e. if it is independent of the direction, one
has an ideal spherical wave with the same amplitudes everywhere on spheres
around the wave centre. Light waves, however, can only be spherical some
distance away from the wave centre. Furthermore, the amplitude generally
depends on the direction and the polarization vector of such an approximately
spherical wave cannot be constant, but must always be perpendicular to the
line connecting the wave centre and the point considered. Spherical waves
in that sense are produced, for instance, by light scattering of laser light at
spherical particles.

Complicated light waves, as they are for instance produced by the scat-
tering of laser light at an ensemble of particles randomly distributed in space,
can always be viewed as a superposition of plane waves or spherical waves.
Superposition means that the electric fields of the composite wave is the sum
of the electric fields of the component waves. It is then possible to speak either
of a ‘complicated wave’ or a ‘complicated superposition’ of simple waves.

Any light detection process is based on the absorption of light and the
transformation of light energy to some other energy form, which is then usu-
ally used to produce an electric signal. There is no way to measure the elec-
tric field of a light wave directly. In the experiments we are going to describe
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here, one is interested in the temporal behaviour of the scattered light, which
means that one would like to measure the energy per time interval that hits
the detector. The quantity, which is usually used to contain this information,
is the light intensity, which represents the energy of a light wave per area
and time. This quantity is connected with the electric field of the wave by
the simple relation:

I(r, t) =
εoc

2
E(r, t) · E∗(r, t). (4.20)

In this equation εo is the electric field constant. The asterisk denotes the
complex conjugate of the respective quantity. We will henceforth call the
quantity 2

εocI(r, t) light intensity. Even though this is not strictly correct,
this notion is widely used since it renders formulae a bit more simple.

A further simplification is to dispense with the superscript c of the symbol
for the electric field, as we did already in the last equation. From now on we
will always understand the electric field of a light wave as a complex quantity
without explicitly denoting it by this superscript.

It is worth while stressing that for the electric field of light waves the
superposition principle is valid, whereas for the intensities it is not. If, for
instance, a screen is illuminated by two or more light waves the intensity at
a certain point is not the sum of the intensities which produce the different
waves at that point. Rather, the electric fields of the light waves at that
point sum up to the resulting electric field, and the intensity is then just the
absolute square of this resulting field according to equation (4.20). So it may
well happen that two light waves produce at some point zero intensity, while
the intensities of both composing light waves are not equal zero. This effect
is known as interference and the methods we are going to describe are based
on this phenomenon.

4.5 Light Scattering by Particles

We are now going to consider the properties of light scattered by an ensemble
of small particles in a flow. The flow should be illuminated by a plane wave,
and the particles are assumed to be spherical, and have the same size and
optical properties.

Let us first consider the wave originating from scattering of a linearly po-
larized light wave at an isolated particle. As we mention above (c.f. Sect. 4.4)
the scattered wave can, far away from the particle, be considered as a spherical
wave. Since the amplitude of the scattered wave depends on the observation
direction with respect to the polarization direction, one usually considers two
main scattering geometries. They are defined by the polarization vector of
the illuminating light wave and the scattering plane. This is the plane formed
by the direction of the illuminating light wave and the observation direction.
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The two mentioned scattering geometries are:

• σ-scattering. The polarization vector is perpendicular to the scattering
plane.

• π-scattering. The polarization vector lies in the scattering plane.

In light scattering experiments, the scattered light is usually observed in
a particular direction as a function of time. For a theoretical description it
is then useful to view the scattered wave as composition of different plane
waves. Clearly, only one of these plane wave components travels in the re-
quired direction, all other components are entirely irrelevant. The important
component is marked by the direction of its wave vector, which must be paral-
lel to the observation direction. The situation for the two discussed scattering
geometries is depicted in Fig. 4.1.

Fig. 4.1. The two main scattering geometries. ki is the wave vector of the illumi-
nating light wave, ko is that of the observed light component. The symbols attached
to these vectors denote the respective polarizations of the scattered waves. Θ is the
scattering angle

The amplitude of the scattered light is given by a quantity that depends
on the ratio of the refractive indices nF (refractive index of the fluid) to nP

(refractive index of the particle), the ratio of particle diameter d to wavelength
of the light λ, and the distance L of the observation point from the particle.
The situation is particularly simple for particles that are small compared to
the wavelength. In case of σ-scattering, the scattered light amplitude is then
independent of the scattering angle, however, for π-scattering a significant
dependence does exist:

π-scattering: ES = EoQ

(
d
λ

)2((nP

nF

)2
− 1
)

L
· cos(θ) (4.21)

σ-scattering: ES = EoQ

(
d
λ

)2((nP

nF

)2
− 1
)

L
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Here Eo represents the amplitude of the illuminating light wave at the parti-
cle. The constant Q depends in a complex way on properties of the particle,
it can be calculated numerically (see e.g.[13]). This factor is not important
for our considerations.

The factor of the quantity Eo in equation (4.21) will be called the scat-
tering factor of the particle, σ, and we then obtain the simple equation:

ES = σEo (4.22)

This equation is also valid for particles not small compared to the wave-
length, even though the scattering factor in that case becomes a complicated
function of the scattering angle and the two ratios defined above (see discus-
sion prior to equation (4.21).

For non-spherical particles one has also a dependence of the scattering
factor on the orientation of the particle with respect to the scattering plane
and polarization vector. Furthermore, such particles will generally produce
elliptically polarized light. Particles of this type should therefore not be used
for the measurement techniques described here.

The more general case of scattering at many particles does now present
no conceptual difficulty: The total light wave scattered by the ensemble of
particles is just the sum of the light waves scattered by single particles. How-
ever, this can be only approximately true, because the light wave scattered
at one particle will be scattered again by other particles and so on, giving
rise to the so called multiple scattering. Furthermore, the primary light wave
becomes attenuated on its way through the scattering medium by the scatter-
ing processes themselves. The simple picture can therefore only be adopted
if the scattering efficiency of one particle is very small and there are not too
many particles within the scattering volume, so that the attenuation of the
illuminating light beam in the scattering volume is negligible. In this chap-
ter, we will exclusively deal with single scattering, multiple scattering will be
discussed later on (Sect. 5.3).

Having made these considerations, we are now able to treat quantitatively
the basic light scattering experiment shown in Fig. 4.2.

A plane light wave travels through a fluid containing light scattering par-
ticles. A fraction of the scattered light falls onto the lens L. In the focal plane
of this lens an observation screen is placed. This set-up achieves that the light
component which travels in a definite direction hits the screen at exactly one
point. In other words: The light intensity at a particular point on the screen
is determined by exactly one plane wave component of the scattered light
field. We will denote the wave vector of the component responsible for the
intensity at the point P by ko. This component of the scattered wave can
itself be considered as the sum of the corresponding plane wave components
of the scattered waves of every single particle. This is indicated in the figure
by the dashed ‘light rays’ originating at the scattering particles and ending
up at the point P. ‘Rays’ in other directions will be focused to other points
on that screen.
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The auxiliary plane E is constructed perpendicular to the optical axis
of the focusing lens. With an ideal lens all optical light paths for arbitrary
parallel rays beginning at the plane E and ending up at their common focus
point on the observation plane have the same length. This means that phase
differences on the plane E and at point P are identical. It is therefore possible
to obtain the intensity at a point on the observation screen by calculating
the intensity of the corresponding plane wave components on the plane E.

We are now going to calculate the electric field of the scattered light wave
at an arbitrary point on the observation screen with the approximations just
discussed. Let us write the electric field of the illuminating plane light wave
in the plane A (which is constructed to be a plane of constant phase) in the
form

EA(t) = eeEoexp (−i(ωt+ φo)) (4.23)

where φo is the phase at time zero. It is not difficult to calculate the phase
of this wave at an arbitrary particle which is located at the point r. Clearly,
the light has to travel a distance L1, which is simply the projection of the
vector r in the direction of the illuminating beam. Since the direction of this
beam is given by ki we immediately obtain:

L1 = r · ki

|ki| (4.24)

The phase difference of the illuminating light beam between the plane A
and the location r is then obtained by dividing the path length by λ and
multiplying it by 2π:

∆1φ = r · ki

|ki|
2π
λ

= r · ki (4.25)

The illuminating light wave at the particle has therefore the form

E(r, t) = eeEoexp (−i(ωt+ φo + r · ki)) (4.26)

The particle hit by the illuminating wave produces a spherical wave. We
are interested in that component of this wave which travels in direction ko. It
has an amplitude proportional to the scattering factor σ and to the electric
field of the illuminating wave at its location. We will now calculate the phase
of this component in the plane E. The path the light has to travel from its
origin to E will be denoted by L2. An analogous calculation, as done above,
gives the phase difference of this wave between r and the plane E:

∆2φ = −r · ko

|ko|
2π
λ

= −r · ko (4.27)

(The minus sign results from the fact that the light path is the projection of
r in the direction −ko!).
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Fig. 4.2. Scheme of a light scattering experiment. The illuminating light wave is a
plane wave characterized by the wave vector ki. All plane wave components of the
scattered light with the wave vector ko are focused by the lens L onto one point P
on the observation screen, because the screen plane coincides with the focal plane
of the lens. For further explanations see text.

The overall phase difference is therefore

∆φ = ∆1φ+∆2φ = r · (ki − ko) (4.28)

As we already noted, all these waves get the same phase differences φD on
their way from the plane E to the point P.

The amplitude of the scattered wave at point P for many particles is then
finally given by

EP (t) = σ
N∑

j=1

Eoexp (−i (ωt+ rj(t) · (ki − ko))) . (4.29)
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rj(t) indicates the location of the j-th particle, which is generally time depen-
dent. The phase factor exp(iφo + iφD) was omitted in this equation because
it is of no physical relevance.

To end up with equation (4.29) we have tacitly assumed that the ampli-
tudes of the spherical waves of all particles are identical. This, however, is not
true for two reasons. Firstly, the illuminating light beam usually has a lateral
intensity profile, which means that particles near the axis of the beam ‘see’
the most intense light field, whereas particles farther away from this axis are
illuminated less. Secondly, a greater proportion of the scattered light wave of
particles near the optical axis of the lens L is transmitted to the screen than
is the case for particles farther away from this axis. It is possible to describe
this fact quantitatively by a so called spatial aperture function G(r). It is a
measure of the relative amplitude of the scattered light wave on the screen, if
only one scattering particle is present at location r. We will normalize G(r)
in such a way that its maximum value is 1.

In many qualitative considerations it is useful to introduce the notion of
the scattering volume. This is that region in space where this function is
larger than a certain fraction of its maximum value, for instance e−1.

In this more refined model we obtain for the amplitude of the scattered
light wave at the point P on the screen:

EP (t) = E(q, t) = σ
N∑

j=1

EoG(rj(t))exp(−iωt+ irj(t) · q). (4.30)

In the experiment shown schematically in Fig. 4.2, the location of a point
P in the screen plane is determined by the wave vector ko. In quantitative
descriptions of scattering experiments, this vector occurs always in the form
of the difference of the two important wave vectors ki − ko. For that reason
this difference is called the scattering vector q:

q = ki − ko (4.31)

For a fixed ki, i.e. a fixed, plane illuminating light wave, it is therefore always
possible to indicate a point P by the corresponding scattering vector q. This
is the reason why we introduced the notation E(q, t) in equation (4.30) for
the field amplitude at the point P.

It is useful for the ease of following discussions to draw the vectors q,
ki, and ko in the way as it is shown in Fig. 4.3. In addition to the three
vectors, the figure also shows the screen and that point on the screen which
corresponds to ko.

Due to equation (4.13), the length of the wave vectors is constant, it
is only determined by the wavelength of the laser light. The change of the
wavelength caused by a motion of the scattering particle is negligibly small.
However, the length of the scattering vector changes drastically with the
scattering angle. It is obvious from Fig. 4.3 that by varying the scattering
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Fig. 4.3. Schematic representation of the most important elements for a theo-
retical description of the scattering experiment shown in Fig. 4.2. The geometrical
connections are shown between the wave vectors and the scattering vector on one
hand, and the wave vector ko and the corresponding point on the observation screen
on the other hand.

angle starting and end points of all possible scattering vectors lie on a sphere,
called after a German physicist Ewald sphere.

In this book we always consider only small fractions of the Ewald sphere
which can then be approximated by a plane. Within these limits, the obser-
vation screen directly corresponds to a small part of the Ewald sphere.

The considerations of the light scattering by a ensemble of particles led us
to a sum over the particles (equation (4.30)). It is worthwhile reformulating
this result to obtain a relation which can be applied much easier to general
light scattering fluids. To do so, we introduce a function K(r, t)dV describing
which fraction of the illuminating light is scattered at time t in a small
volume dV around the location r. This function may be called the optical
inhomogeneity function. In the case of the light scattering particles considered
so far, this function K(r, t) is equal to zero everywhere except at the location
of the particles.
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The adoption of this function bears the big advantage that by introducing
it in equation (4.30) the summation of the particles can be replaced by a
spatial integration:

E(q, t) = σc

∫
V

EoG(r)K (r, t) exp(−iωt+ ir · q)dV. (4.32)

Finally, let us consider the ideal case where the scattering volume is in-
finitely large and the spatial aperture function is constant. We then have:

E(q, t) = σc · L·Eo · exp(−iωt)
∫
V

K (r, t) exp(ir · q)dV. (4.33)

The integral is clearly just the Fourier transform K̃(q, t) of the optical inho-
mogeneity:

K̃(q, t) =
∫
K(r, t)eiqrdV. (4.34)

This result can now be expressed in the following way: The amplitude of
light scattered in the direction ko is only determined by the Fourier compo-
nent of the optical inhomogeneity belonging to the vector ki − ko = q. For
scattering volumes with a finite size this result is, of course, only approxi-
mately true, but this approximation is usually sufficient in cases where the
extensions of the scattering volume are large compared with the wavelength.

The mathematical form of an optical inhomogeneity with a specific q-
vector is given by the expression K(r, t) = Kq(t)exp(iq ·r). A physical inho-
mogeneity K(r, t), however, can never be of this type because it must always
be real and can never be described by a complex quantity. A physically pos-
sible form can be the following:

K(r, t) = Ko(t) (exp(iq · r) + exp(−iq · r)) = 2Ko(t)cos(q · r) (4.35)

where Ko(t) is assumed to be real.
If equation (4.35) describes the spatial variation of the refractive index,

the optical inhomogeneity can be called a ‘frozen’ refractive index wave. The
loci with maximal refractive index are planes perpendicular to q, the wave
vector of this wave. The distance of neighbouring planes is 2π/|q|, according
to equation (4.13).

If a medium was illuminated by that type of refractive index wave, it
would only be possible to observe scattered waves in two directions. For an
illuminating light wave with wave vector ki, these two directions are ki + q
and ki − q. However, scattering in one of these directions only occurs if one
of the two vectors

ki = ki ± q (4.36)

can actually be the wave vector of a scattered wave. This is only then the
case when ki has the same length as ki:
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|ki| = |ki| = 2π
λ
. (4.37)

One can easily see that for a finite q this last condition can only be fulfilled
for one sign in equation (4.36). For an arbitrary orientation of the illuminat-
ing light beam with respect to the refractive index wave, one will therefore
observe no scattered light whatsoever, which seems rather strange, because
there is an optical inhomogeneity in the medium. One can argue that in this
general case the spherical waves originating everywhere within the medium
interfere destructively in any direction, except in the forward direction.

Adopting the general optical terminology, the above would not be called
light scattering, but diffraction of light by a spatial grating.

4.6 The q-Volume of Coherence

Let us consider the scattered light which is obtained if an irregular light
scattering object, as for instance white paper, is illuminated by a laser beam.
The scattered light is observed on a screen which is far away - about a meter
- from the bright laser spot on the object; the size of this illuminated spot
should be roughly a millimetre. One will then observe the so called speckle
pattern on the screen, a random pattern which is caused by interference.
Examples of such speckle patterns are shown in Fig. 4.4.

The patterns shown there are synthetic patterns. They were produced on
the basis of equation (4.30). The locations of 90 particles were obtained by
a random number generator, where a three dimensional Gaussian function
served as aperture function G(r). The Gaussian for the picture on the left
hand side was spherically symmetric, for the other picture we chose a hori-
zontal extension of the Gaussian that was half that of the vertical extension.

Although the pattern varies in an erratic way on the screen, one will notice
that the bright spots can be characterized by their size. This can easily be
demonstrated if the size of the illuminating laser spot is varied: By focusing
it down, one observes a marked increase in the size of the speckles, whereas
an increase of the spot shrinks the speckle size.

This type of pattern of course also arises if a fluid containing light scat-
tering particles is illuminated by a laser beam. But the particles will undergo
Brownian motion and therefore the pattern will change in time. If this tem-
poral change is fast, the human eye will not be able to resolve the time
dependence and one will observe only an average intensity. In the forward
direction, however, the pattern motion will be slow enough, and the time
dependent speckle pattern can be observed well.

The simplest way to quantify the size of the speckles is based on the
spatial correlation function of the speckle pattern. One can either consider
the amplitude correlation function

CE(r1, r2, 0) = 〈E(r1, t) · E∗(r2, t)〉 (4.38)
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Fig. 4.4. Examples of speckle patterns . The arrows indicate the diameters of the
coherence areas in the corresponding directions.

or the intensity correlation function

CI(r1, r2, 0) = 〈I(r1, t) · I(r2, t)〉 . (4.39)

(The vectors r1 and r2 are here two-dimensional vectors on the observation
screen.) The notation indicates that we do not require homogeneity of the
pattern, but stationarity is necessary.

There is a simple relation between these two correlation function for the
big class of Gaussian light fields, i.e. those where the probability density P (E)
for the amplitude of the light field is a Gaussian. In that case one has:

CI(r1, r2, τ) = CE(r1, r1, 0)·CE(r2, r2, τ) + |CE(r1, r2, τ)|2 (4.40)
= 〈I(r1, t)〉 〈I(r2, t+ τ)〉 + |CE(r1, r2, τ)|2

This relationship is known as ‘Siegert relation’. It is, for instance, always
true, if the scattered light results from scattering by a body with a random
optical inhomogeneity, either on the surface or within it. The exact calculation
of one of the two correlation functions for randomly distributed scatters, is
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unfortunately so sophisticated that we will not show it here. Instead, we will
show for a special case how the general behaviour of the speckle size depends
on certain parameters of the scattering experiment.

Let us then consider the following case: The point-like scattering particles
shall be distributed in an entirely random way, i.e. the probability to find the
n-th particle somewhere shall be independent of where the other particles
are (since particles with small distances always have some interaction, this
assumption will only be justified if the particle concentration is sufficiently
low). We furthermore assume a Gaussian shape for the spatial aperture func-
tion G(r). This choice is motivated by the fact that in this case the necessary
integration can be carried out analytically. However, a more general treat-
ment shows that the correlation function does not depend sensitively on the
exact form of the aperture function. That feature of the aperture function,
that in the most marked manner determines the correlation function, is the
extension of it in the different directions in space.

We will now give a rough derivation of the amplitude correlation func-
tion. Let us recall that we may denote a particular point on the observation
screen by the vector q. The spatial amplitude correlation function can then
be written as:

CE(q1, q2, 0) = 〈E(q1, t) · E∗(q2, t)〉 (4.41)

Introduction of the electric fields from equation (4.32) yields

CE(q1, q2, 0) =

〈
AEo exp(−iωt)

∫
V

G(r1)K (r1, t) exp(ir1 · q1)dV1·(4.42)

A∗Eoexp(iωt)
∫
V

G(r2)K (r2, t) exp(−ir2 · q2)dV2

〉
.

The function K (r1, t) is evidently proportional to the particle density
ρ(r1, t), so we may write

K (r1, t) = Koρ (r1, t) (4.43)

The only stochastic quantity, which appears in equation 4.42 and which must
be averaged, is the product K (r1, t) · K (r2, t). By using equation 4.43 we
can then write

CE(q1, q2, 0) = |A|2|Eo|2K2
o

∫
V

∫
V

G(r1)G(r2) 〈ρ (r1, t) ρ (r2, t)〉 (4.44)

exp(ir1 · q1 − ir2 · q2)dV1 · dV2.

In analogy to equation (3.29), one can express the ensemble average in
this equation by an integration. However, we are not going to write down
the exact form of the joint probability function and then actually calculate
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the integral, since this procedure would be beyond the scope of this book.
Let us instead make plausibility assumptions on the important properties of
the probability P 2(ρ, ρ′; r1, r2, t, t)dV 11dV2 for the case of interest here. (See
also the derivation of equation 4.32). At first we express the joint probability
function with the help of a conditional probability:

P 2(ρ, ρ′; r1, r2, t, t)dV1dV2 = Pc(ρ; r1, t|ρ′; r2, t)dV1 · P 1(ρ′; r2, t)dV2 (4.45)

The second factor on the right hand side is a constant, since the probability
to find a particle somewhere is independent of space and time. For the other
factor, two contributions can be discriminated: The first one arises if we put
r1 = r2. In that case Pc · dV1 gives the probability to find a particle in
the volume dV1 around the location r1, provided it is located at r1. This
probability is 1.

If r1 �= r2 there is, of course, a certain probability to find another particle
in the volume dV1 at r1 which is different from that at r2. This probability
shall be, however, independent of r1, as we stated above. This probability is
therefore independent of r1, which means it is constant.

The average 〈ρ (r1, t) ρ (r2, t)〉 is then composed of two contributions. The
first one is different from zero only for r1 = r2, and the second one is constant.
Thus, the correlation function can be written as the sum of two parts, which
we will call CE1 and CE2.
CE1 is obtained if we put r1 = r2 on the right hand side of equation

(4.44) and integrate over dV1:

CE1(q1, q2, 0) = K2
oA

2
∫
V

E2
oG

2(r1)exp(ir1 · (q1 − q2))dV1. (4.46)

One observes that this part of the correlation function only depends on the
difference q2 − q1 = κ of the two q-vectors. For this reason we write this
correlation function simply in the form CE1(κ, 0). The calculation of the
integral in equation (4.46) requires the specification of the spatial aperture
function. As already stated, we assume a spatial Gaussian which we write in
the form

G(r) = exp
(

− x2

2d2x
− y2

2d2y
− z2

2d2z

)
. (4.47)

The extensions in the three directions of an orthogonal co-ordinate system
are given by the three di. The integration can now be carried out and yields

CE1(κ, 0) = C̃exp
(

−1
4
(
κ2

xd
2
x + κ2

yd
2
y + κ2

zd
2
z

))
. (4.48)

The factor C̃ contains all those constants and parameters which are not
of interest for the following. We then have the result that the amplitude
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correlation function is a Gaussian in the variable κ, which is a measure of
the distance of two points in the observation plane.

We are not going to calculate the second part CE2 of the correlation
function in the same way as we did the first part. The integral in equation
(4.44) can be written as a product of two integrals, one over dV1 and the
other over dV2. The integrations yield

CE2(κ, 0)

= C̃exp
(

−1
2
(
q21xd

2
x + q21yd

2
y + q21zd

2
z

))
exp
(

−1
2
(
q22xd

2
x + q22yd

2
y + q22zd

2
z

))
.

(4.49)

This part of the correlation function is essentially only different from zero for
very small q1 and q2. Physically, this means that it gives a contribution to
the correlation function only for forward scattering, and this contribution is
of no interest for our purposes.

The correlation function CE1 now gives us the extent to which the scat-
tered light at two different locations on the screen is correlated. In the case
of light, the correlation function is directly connected with the notion of co-
herence. Coherence is quantified by the requirement that its maximum value
is 1, and that this maximum always occurs if the two points under consider-
ation are chosen to be the same. The correlation function we just calculated
takes on its maximum value for κ = 0, which means the two points on the
screen are identical. Then the normalized correlation function is given by:

cE(κ, 0) = exp
(

−1
4
(
κ2

xd
2
x + κ2

yd
2
y + κ2

zd
2
z

))
. (4.50)

By use of equation (4.40) we can obtain the intensity correlation function,
which we will also give in its normalized version:

cI(κ, 0) = 1 + exp
(

−1
2
(
κ2

xd
2
x + κ2

yd
2
y + κ2

zd
2
z

))
. (4.51)

It is generally useful to consider the normalized correlation function of
the intensity fluctuations, which is obtained from the intensity correlation
function by subtracting the constant background (which is the value of the
correlation function for large distances):

c̃I(κ, 0) = exp
(

−1
2
(
κ2

xd
2
x + κ2

yd
2
y + κ2

zd
2
z

))
. (4.52)

Light on the screen at two locations q1 and q2 is now called (partially)
coherent, if the normalized amplitude, i.e. the electric field correlation func-
tion for κ = q1 − q2 = −ko1 + ko2, is larger than 1/e. Otherwise light is
called incoherent.
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Let us now take an arbitrary point q1 on the observation screen and mark
all points q2 that have the property cE(q1−q) = 1/e. Obviously, these points
form a closed curve which defines the so called coherence area.

These relationships are shown schematically in Fig. 4.5. The light at the
two locations P1 and P2 is said to be coherent if the correlation function
cE(κ) is bigger than 1/e. One can furthermore deduce from this drawing
that with a fixed ko1 the starting and end points of all κ must lie on the
Ewald sphere. Vectors κ, which do not fulfill this condition, do not describe
scattered light, but are entirely fictitious.

Fig. 4.5. The correlation of the scattered light at two locations on the observation
screen. Further explanations in the text.

If one expresses the just mentioned relationships via the intensity corre-
lation function c̃I , one has to take into account that the intensity depends
quadratically on the electric field; therefore, the value of the function c̃I is
1/e2 at the margin of the coherence area.

The relation between the diameters of the scattering volume and the
coherence area is depicted in Fig. 4.6. A light scattering surface is illuminated
by an elliptic laser beam. The screen is then illuminated by the scattered
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Fig. 4.6. The relation between the extensions of the scattering volume and the
coherence area. One has dC ∼ d−1

S .

light. On the screen, a speckle pattern is observed with a coherence area
of the indicated form. Of course, the coherence area cannot be observed
directly, it can only be obtained by a spatial averaging process. However,
visual inspection of the speckle pattern clearly shows a stretched form of the
speckles. This is shown in Fig. 4.4 on the right hand side.

We are now going to calculate the connection between the diameter of
the coherence area, dC , and the diameter of the scattering area, dS . For that
purpose, let us consider the Fig. 4.5. Let us assume that for a fixed vector q1,
the vector q2 is chosen in such a way that the normalized correlation function
cE(κS = q1 − q2) assumes just the value e−1, which defines the vector κS .
We then obtain, for reasonable scattering volumes, i.e. dS > 100 · λ, values
of the angle θ which are much smaller than that shown in the figure. That
means that the vector κS is, to a good approximation, parallel to the line
P1P2. The direction of this line will be chosen to coincide with the x-axis of a
co-ordinate system. Using equation (4.52), we then obtain with κy = κz = 0

κS =
√
2
dx
. (4.53)

By inspection of Fig. 4.5 we furthermore deduce

κS

|k| =
P1P2

L
=
dC

2L
, (4.54)

where L is the distance of the screen to the scattering volume, and dC/2 is by
definition half the diameter of the coherence area and at the same time the
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distance of those two points on the screen, which are indicated by the two
scattering vectors q1 and q2. Inserting equation (4.54) into equation (4.53)
gives

dC = L·λ·
√
2

πdx
. (4.55)

If the diameter dS of the scattering volume is defined by the distance of the
two points, where the aperture function dropped to the e−1-th part of its
value in the centre, one gets with the help of equation (4.47)

dx =
dS

2
√
2

(4.56)

Inserting this equation into equation (4.55) leads, together with equation
(4.47), to the final result:

dC =
4
π

L·λ
dS
. (4.57)

In Fig. 4.4, the diameters dC are indicated by arrows.
By using two illuminating light waves and observing the scattered light,

which originates in the volume that is illuminated by both rays, it is possible
to vary the vector κ not only on a surface, but three dimensionally. This
is illustrated in Fig. 4.7. The wave vectors of the two illuminating rays are
ki1 (ray 1) and ki2 (ray 2). The experiment should now provide for the
possibility that only two components of the scattered light are observed:
That of the illuminating ray 1 with the wave vector ko1, and the other of ray
2 with the wave vector ko2. There are several possibilities to achieve that.
If one uses two detectors to measure the intensities at points P1 and P2,
respectively, one could turn off the two illuminating light beams alternatively
and to gate the detector signals with the same frequency, such that only the
detector 1 is active when light ray 1 illuminates the sample, and vice versa.
An other one would be to use lasers with different wavelengths and place
optical filters in front of the detectors so that only the desired scattered light
reaches the corresponding detector. If the q-vectors of these two scattering
experiments are equal, then the two observed intensities are equal as well,
since the property of the scattered light only depends on the scattering vector
q = ki − ko. Controlled variation of the directions of the illuminating light
beams and of the observation directions allows for a continuous change of the
vector κ in a certain volume in k-space.

By this method it is possible to measure the spatial correlation function.
The set of all vectors κ with the property c̃I(κ) = 1/e2 now forms a closed
surface, which is the surface of a volume which we call q-volume of coherence.
It is worth noting that the usual definition of the term coherence volume refers
to a property of a light field, whereas the q-volume of coherence introduced
here is rather a property of the light scattering object. Nevertheless, the
notion coherence area which we introduced above, refers to the same property
as the usual definition. It is simply given by the area which this surface of
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Fig. 4.7. The definition of the q-volume of coherence and its experimental meaning.
Further explanation see text.

the q-volume of coherence cuts off the Ewald sphere. This has an important
consequence: Even if the wave vector q of a refractive index wave does not
end up exactly on the Ewald sphere, one will observe scattered light if at
least the q-volume of coherence cuts the Ewald sphere.

4.7 The Temporal Change of the Speckle Pattern

4.7.1 The Motion of the Pattern

We discussed in Sect. 4.5 that a plane refractive index wave can give rise to
a scattered light wave in a particular direction, provided the wave vector of
this wave and the k-vector of the illuminating light beam obey the condition
(4.37). In that case, one would observe a bright spot on the observation screen
in Fig. 4.2. If now the amplitude Ko(t) (c.f. equation (4.35)) changed in time,
the amplitude of the scattered light would change in the same manner. A
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change in the phase φ of the refractive index wave, which corresponds to
a spatial shift of this wave, would not produce any change in the observed
intensity of the scattered light.

Let us now assume that for some reason the q-vector of this refractive
index wave changes. A simple rotation of the vessel containing the medium
leads to such a change, provided the rotation is not about an axis parallel
to q. If this change is such that the condition (4.37) remains fulfilled, which
means that the vector q stays on the Ewald sphere, one would continue
to observe the spot of scattered light, but its location on the screen would
likewise change. The spot would disappear, however, in case the condition
(4.37) does not remain valid.

We will point to the fact, that the spot of scattered light in the above
experiment will only move or disappear, if the refractive index wave remains
a plane wave, regardless of whether its amplitude Ko, phase φ or wave vector
q change in time. If, however, the wave becomes distorted so that it is no
longer a plane wave, but the surfaces of constant phase - the so called phase
surfaces - become curved, then the spot of scattered light will generally extend
and assume an irregular shape. This can be explained in the following way:
A distorted wave can be considered as a superposition of many plane waves
with different wave vectors, amplitudes and phases. A certain fraction - those
for which (4.37) is fulfilled - of these plane waves will have wave vectors which
give rise to scattered light.

We are now going to show that a plane refractive index wave, which is
materially fixed to a flowing fluid, always remains a plane wave when the
velocity field of the flow has the form (4.2).

In order to calculate the temporal change of the refractive index wave in
such a flowing medium, let us first look at this wave at a fixed time to:

K(r, to) = Kocos(qo · r + φo). (4.58)

In order to know what the wave looks like at a later time, we have to
calculate at what location r(t) an ‘atom’ of the fluid is found at a later time
t, if it was at the arbitrary location ro = r(to) at time to. This was already
calculated in Sect. 4.3:

r(t) = R̂(t− to) · ro + Ŝ(t− to) · vo. (4.59)

By multiplying this equation from the left hand side with the inverse of the
tensor R̂(t − to) (c.f. equation 3.95): the resulting equation can be resolved
with respect to ro and yields

ro = R̂−1(t− to) · r(t) − R̂−1(t− to) · Ŝ(t− to) · vo. (4.60)

Since the optical inhomogeneity is assumed to be materially fixed to the fluid,
we can conclude that the inhomogeneity, which was at time to at the location
ro, is at time t at the location r(t). This can be expressed by the following
equation:
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K (r(t), t) = K (ro, to) . (4.61)

We are now going to replace ro by r(t) by use of equation (4.60) and obtain:

K(r(t), t) = Kocos(qo · ro + φo) (4.62)

= Kocos(qo · R̂−1(t− to) · r(t) −
qo · R̂−1(t− to)Ŝ(t− to) · vo + φo).

The last equation does no longer depend on ro and is valid for all r(t).
Therefore, we replace r(t) by r and finally obtain

K(r, t) = Kocos(qo · R̂−1(t− to) · r − (4.63)

qo · R̂−1(t− to)Ŝ(t− to) · vo + φo).

This equation can be written in a much simpler form. For that purpose we
rewrite the first term of the argument of the cosine on the right hand side
with the help of equation (3.85):

qo · R̂−1(t− to) · r = (R̂−T (t− to) · qo) · r. (4.64)

In this equation we used the relation
(
R̂−1

)T

= R̂−T . Now we introduce the
following quantities:

q(t) = R̂−T (t− to) · q(to) (4.65)
ψ(t) = q(to) · R̂−1(t− to)Ŝ(t− to) · vo + φo.

Here qo was replaced by q(to), since qo was defined as the wave vector of the
refractive index wave at time to. Equation (4.63) can now be written as

K(r, t) = Kocos(q(t)r + ψ(t) + φo). (4.66)

So we see that the plane refractive index wave remains a plane wave, but
with changed wave vector and also changed phase. The second equation of
(4.65) shows that the phase is dependent on both, the velocity vo and Γ̂ , the
new wave vector only depends on Γ̂ .

We will summarize those results, which are important for us:

• A spatially constant velocity of the scattering medium leads to a time
dependent phase shift of the refractive index wave. As a consequence, the
light intensity of the scattered light is not affected, only its phase.

• A velocity gradient alters a plane refractive index wave in such a way,
that only its wave vector changes in time. In general, this causes a spatial
change of the scattered light intensity. In addition, the phase is usually also
affected by a velocity gradient.
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A beautiful demonstration of the preservation of a plane wave, but with
altered wave vector, within a homogeneous flow is given in [14].

Equation (4.65) can now be used to describe quantitatively the ‘motion’
of the scattered light. If, for instance, q(to) denotes a bright spot on the ob-
servation screen, then the vector q(t) from equation (4.65) gives the location
of this spot at the later time t. This spot can only be observed, however,
if q(t) remains on the Ewald sphere. The situation is analogous to the one
depicted in Fig. 4.5 if q(to) is identified with q1 and q(t) with q2. If, on the
other hand, the wave vector of the refractive index wave changes so that it
does not remain on the Ewald sphere, then the bright spot will disappear.
Of course, this disappearing is not abrupt. As we discussed at the end of the
last section the finite size of the scattering volume leads to a finite size of the
q-volume of coherence. A motion of the q-volume of coherence away from the
Ewald sphere leaves the intensity on this sphere correlated with the initial
intensity, as long as the motion is less than about half the diameter of this
volume. So one will observe a gradual change of the considered bright spot.
Generally, it changes shape and intensity.

The motion of the intensity pattern on a screen resulting from scattering
of a random distribution of particles within a flow obeys the same laws as
those just derived. The only difference is that there will be many scattering
specks on the screen instead of just one. The random optical inhomogeneity
can always be considered as a superposition of plane refractive index waves
with randomly distributed amplitudes, wave vectors, and phases. All those
waves with wave vectors on the Ewald sphere contribute to the scattered
light. If, due to a velocity gradient within the fluid, the temporal change
of the q- vectors in a particular region leads away from the Ewald sphere,
the corresponding specks disappear. But, of course, the screen does not get
dark because the q-vectors of other refractive index waves move towards the
Ewald sphere and new specks on the screen appear. One therefore observes
a temporal change of the speckle pattern, which is known as ‘boiling’ (see
Sect. 3.5).

Let us now calculate the velocity of the speckle pattern :

q̇(t) =
d

dt
R̂−1(t− to) · q(to) (4.67)

=
d

dt
exp
(
−Γ̂T (t− to)

)
· q(to)

= −Γ̂T · exp
(
−Γ̂T (t− to)

)
· q(to)

Setting to = t in this equation leads to

q̇ = −Γ̂T · q. (4.68)

In this last equation we did no longer write the time dependence of q explic-
itly.
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The meaning of the vector ko is more intuitively obvious than that of the
vector q. We observe that the vector ki is constant. That means

q̇ =
dq

dt
=
d(ki − ko)

dt
= −dko

dt
= −k̇o (4.69)

and we can therefore write

k̇o = Γ̂T · (ki − ko) . (4.70)

In this equation, only the component of k̇o that is perpendicular to ko de-
scribes a motion of the speckle pattern. We will denote this component by
the subscript ⊥:

k̇o⊥ =
[
Γ̂T · (ki − ko)

]
⊥
. (4.71)

The other component, which is parallel to ko, produces boiling of the pattern.
The general case, where k̇o is not purely perpendicular to ko, will be called
by us ‘oblique’ speckle motion.

It is advantageous for the practical application of the last relationship,
which represents the basis of all measurement methods described in this book,
to divide the entire equation by |k|

k̇o⊥
|ko| =

[
Γ̂T · (ei − eo)

]
⊥
. (4.72)

ei and eo are unit-vectors, which simply indicate the directions of the illumi-
nating laser beam and the direction in which the scattered light is observed.
Obviously, the right hand side of this equation no longer depends on the
wavelength of the light, and consequently the same must be true for the left
hand side.

Due to the property of k̇o⊥ to be perpendicular to ko, we conclude that
the vector

ωp =
k̇o⊥
|ko| (4.73)

just represents the angular velocity ω
P

of the scattered light intensity field
around a point within the scattering volume.

The significance of equation (4.71) for the determination of components
of the velocity gradient tensor Γ̂ will now be explained. Let us denote the
direction of the scattering vector ki − ko as direction l. The velocity of the
pattern shall be measured in direction j (for the notation see equation (3.65)).

We then have
k̇oj = ΓT

jl · (kil − kol) (4.74)

or

ΓT
jl = Γlj = ∂ul

∂xj
=

k̇oj

(kil − kol)
. (4.75)
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That means:

• The scattering vector q = ki−ko denotes the velocity component, of which
the derivative is measured

• The direction in which the pattern velocity is measured is the same as the
differentiation direction of the flow velocity, which determines the velocity
gradient component responsible for the pattern motion in that direction.

It is not difficult to calculate for any scattering geometry and a specified
co-ordinate system the linear combination of velocity gradient components
which is measured. Let us for that purpose introduce the unit-vector e

P
,

which denotes the direction in which the motion of the pattern is measured.
(n.b. that e

P
is perpendicular to ko !). Let us furthermore denote the unit-

vector parallel to q by eq. The Cartesian components of these two unit-vectors
are called direction cosines and we write:

eq =

αq

βq

γq

 (4.76)

e
P
=

αP

β
P

γ
P

.
The size of the component of k̇o⊥ which is responsible for the pattern motion
in direction e

P
is then simply given by the scalar product of these two vectors.

I.e. by multiplication of equation (4.72) with e
P
we obtain the desired linear

combination:
k̇o · e

P

|ko| = e
P

· Γ̂T eq = e
P i
∂uj

∂xi
eqj (4.77)

where we used the summation convention. If we now introduce the quantitiy

uq = u · eq = αqux + βquy + γquz (4.78)

we can rewrite the last equation in the form

k̇o · e
P

|ko| = α
P

duq

dx
+ β

P

duq

dy
+ γ

P

duq

dz
, (4.79)

the right hand side of this equation is just the desired linear combination of
velocity gradient components.

So far we neglected the Brownian motion of the scattering particles, which
changes the particle paths in the flowing fluid to random paths. Fortunately,
it is not difficult to calculate the average paths in the fluid:

〈r(t)〉 =
∫
Pc(r; t|ro; to)rdV (4.80)
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Insertion of
∫
Pc(r; t|ro; to) from equation (4.10) yields

〈r(t)〉 = (4πD)−
3
2

[
det(Â)

]− 1
2 · (4.81)∫

exp
(

1
4D

(r − R̂ · ro − Ŝ · vo) · Â−1 · (r − R̂ · ro − Ŝ · vo)
)

· rdV.

The integration can be carried out analytically and we obtain:

〈r(t)〉 = R̂(t− to) · ro + Ŝ(t− to) · vo. (4.82)

So we end up with the result that the average particle path in a homoge-
neous flow is not altered by diffusion. This obviously means that the average
motion of the speckle pattern is not altered by diffusion either.

4.7.2 The ‘Boiling’ of the Speckle Pattern

As we showed in the last section, the Brownian motion does not lead to an
alteration in the speckle motion, but it causes a random temporal change
of the pattern, which is superimposed on the motion and renders the mea-
surement of speckle motion quite difficult. Among the several mechanisms,
which lead to speckle boiling, the Brownian motion is usually the one of least
significance. Since the Brownian motion is always present in experiments of
the type we are going to consider, and since it leads to a peculiar property
of the temporal correlation function of the scattered light, we are going to
calculate this correlation function.

We will do that for the special case of a fluid at rest, i.e. one with Γ̂ = 0
and vo = 0. Let us then write down the correlation function of the electric
field for this case:

〈E(q, to)E∗(q + κ, to + t)〉 = E2
o

∫ ∫
G(r)G(r′)P 2(r, r′; t, to)(4.83)

exp(iq · r′)exp(i(q + κ) · r)exp (−iω(t− to)) dV dV ′.

The joint probability density can according to equation (3.27) be expressed
by the conditional probability density (4.10):

Pc(r, ro; t, 0) =
1

(4πD)3/2 · exp
(

− (r − ro)2

4D|t|
)

1
V
. (4.84)

Here V is the size of the considered volume and we put to = 0. With the
approximation G(r) = const = 1 we then obtain

〈E(q, to)E∗(q + κ, to + t)〉 = (4.85)

E2
oexp

(
−D

4
· (2q + κ)2 · |t|

)
.
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(It should be noted that the first integration extends over a finite volume of
size V, the second one must be done over an infinite volume). As can be seen,
in this case the time dependence of the correlation function is exclusively
determined by the diffusion constant. This is not surprising, because without
diffusion the particles would not move at all and the scattered light would
behave likewise. In the more general case of Γ̂ �= 0 and vo �= 0 the exponential
factor, which is determined by the diffusion, depends also on Γ̂ . This leads
to a faster decrease of the correlation function compared to a fluid at rest.

It seems strange now that the correlation function has - as a function of
t - a cusp at t = 0, i.e. it is not differentiable there. This must be taken into
account for measurement schemes which are based on temporal derivatives
of the scattered light intensity (see Chap. 9).

A further mechanism that leads to speckle boiling - generally much faster
than the diffusion - is the random flux of particles into and out of the scatter-
ing volume. Obviously, scattered light cannot stay correlated for longer than
the longest period an arbitrary particle stays within the scattering volume.
After that period, all particles within this volume are replaced by other ones,
the locations of which are completely independent of those the other particles
had before.

In general, the in-/outflux of particles is determined predominantly by
the velocity uo. According to what we just said, the correlation time caused
by this effect is the time the particles need to travel through the scattering
volume, and this time is given by the diameter dS of this volume in direction
of uo and the absolute value of uo:

τV =
dS

|uo| . (4.86)

It is therefore possible to reduce this contribution to the speckle boiling by
choosing a scattering volume with a greater diameter in the direction of uo.
The influx and outflux of particles is also caused by the velocity gradient
itself. However, the contribution of it to speckle boiling is usually very small.
Only if the average velocity is very small and the gradient large, which usually
occurs near walls, one might observe a considerable contribution due to the
gradient.

But the velocity gradient is the main source of boiling for an other reason:
In all those cases where, due to the velocity gradient, the temporal derivative
k̇o is not perpendicular to ko, a boiling pattern is produced. In turbulent
flows with randomly changing velocity gradients that will always be the case,
but even in laminar flows it will only in rare occasions be possible to choose
the scattering geometry so that the two vectors k̇o and ko are always per-
pendicular to each other.

A possibility to quantify this boiling produced by oblique speckle motion
exists only if both, the direction of k̇o and the spatial aperture function (see
discussion following equation 4.29), are known.
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4.7.3 ‘Delusive’ Speckle Motion

At the end of this chapter we have to discuss an effect which can influence
both, speckle motion direction and velocity, in such a way that equations
(4.70) and (4.71) are no longer valid.

This effect will not be treated quantitatively here since it is advisable
to prevent its occurrence by a properly devised experimental set-up. Fig-
ure refB9 a) shows schematically the set-up of a scattering experiment which
is more elaborate than the one shown in Fig. 4.2. However, this set-up allows
for rather accurate control of the size and shape of the scattering volume.
This will be shown in Sect. 5.2 by means of the similar set-up depicted in
Fig. 5.3. Two aspects are important here: Firstly, light exclusively from the
region denoted ‘scattering volume’ reaches the observation screen. The other
aspect has already been discussed in connection with Fig. 4.2. Nevertheless,
we will state it once more because of its significance: The intensity at a point
on the screen is determined exclusively by one component of the scattered
light with a definite wave vector. The cigar shaped scattering volume is pro-
duced in the set-up by the thin laser beam and the large diaphragm B. In
part b) of this figure, the resulting q-volume of coherence is indicated, which
also looks cigar shaped; spatially it has the form of a disk.

Let us assume that at time t = 0 a refractive index wave with the wave
vector qo exists in the scattering volume. Then one observes on the observa-
tion screen just one bright line - perpendicular to the plane of the drawing -
at a location denoted by Po. We will now assume that the velocity field of the
flow is such that the wave vector of the refractive index wave moves in the
direction parallel to ko. Then this wave vector has at time t = t1 the value
q1. According to what we said above, no pattern motion whatsoever should
occur in this situation, because the vector ko changes its length only and its
temporal derivative is therefore parallel to ko. This should result simply in a
boiling of the pattern.

As a matter of fact, one observes the bright line although with lower
intensity also at the later time t = t1 at the location P1 on the observation
screen. The reason for that is that the q-volume of coherence cuts the Ewald
sphere at the corresponding location.

It is thus obvious that in this case the pattern of the scattered light
performs a motion that should not be present, if the theory outlined above
were sufficient to describe pattern motion.

However, it is possible to get rid of this ‘delusive’ speckle motion with the
choice of a scattering volume which has rotational symmetry about an axis
parallel to ko. It is not difficult to make that clear with the help of Fig. 4.8.
If in part b) of this figure the q-volume of coherence were disc shaped, but
with the short axis in the direction of ko, no motion of the bright spot could
be observed for the indicated change of the refractive index wave. The only
temporal change of the pattern would be a disappearing of the bright line.
It is also obvious that for this q-volume of coherence, the motion of the
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Fig. 4.8. The origin of delusive speckle motion. Part a) The choice of a large
diaphragm B leads to a cigar shaped scattering volume. The resulting q-volume of
coherence is shown in part b). Part b) shows the mechanism leading to delusive
speckle motion: If a refractive index wave changes in a way that its wave vector
develops from the value qo to q1, one observes a motion of the bright spot on the
screen from point P0 to P1, although the q-volume of coherence travels perpendic-
ular to the Ewald sphere, (in the depicted case towards its centre).
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coherence area on the Ewald sphere is just the projection of the motion of the
vector k̇o onto the Ewald sphere, which is k̇o⊥ of equation (4.72). Obviously,
required rotational symmetry can be achieved especially easily for right angle
scattering, i.e. when the vectors ko and ki are perpendicular to each other.

In cases where only one particular component of the pattern velocity is
measured, the requirement concerning the symmetry of the scattering vol-
ume in order to prevent delusive pattern motion may be less strict. If, for
instance, in the experiment shown in Fig. 4.8 one is interested in the pattern
velocity component perpendicular to the plane of the drawing only, no delu-
sive pattern motion occurs and, therefore, there is no need for right angle
scattering.
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5.1 The Illuminating Laser Beam

A laser beam can be characterized by a number of parameters, which are of
different interest for the measurement techniques we are going to consider
here. Besides the wavelength, it is especially the parameters describing the
profile of the beam, which are of utmost importance. Most lasers nowadays
produce beams in the so called TEMoo-mode. Such beams are rotationally
symmetric, or may also have an elliptic profile, and the intensity across the
beam can be described by a two-dimensional Gaussian function.

Laser beams always diverge when they leave the laser resonator. This
means that they do not fulfil the necessary requirement for the measure-
ment techniques described here, which is to represent a plane light wave (see
Sect. 4.5). It is possible to achieve a close approximation of a plane light
wave within a limited region of space by focusing the beam. Waves of the
type shown in Fig. 5.1 are produced by such focusing using a convex lens.
The phase surface at the location where the wave has its smallest lateral
extension - the so called beam waist - is exactly plane, whilst the curvature
of the phase surfaces increases with the distance from that beam waist. It
should be stressed that the location of the beam waist and that of the focus
according to ray optics do not generally coincide. This is especially marked if
the divergence of the beam is fairly small. Consequently, as far as our mea-
surement technique is concerned one will always choose a scattering volume
with the beam waist at its centre.

Apart from semiconductor lasers, the beam profile of lasers is rotationally
symmetric. The difference in the two extreme beam diameters for those ellip-
tic profile lasers is usually fairly large. In some cases it may be of advantage
to use this beam profile, but often one will prefer a circular beam. By use
of cylindrical lenses it is possible to form circular beams from elliptic beams,
indeed some semiconductor lasers have the optics for such beams already
integrated.

The measurement techniques discussed in this text have no specific re-
quirements with regards to the coherence length. Generally, this does not
need to exceed significantly the diameter of the scattering volume in direc-
tion of the beam axis.

Wilfried Staude: LNP m69, pp. 83–111, 2001.
c© Springer-Verlag Berlin Heidelberg 2001
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If the laser beam is not of the TEMoo-type, one can get rid of the dis-
turbing beam components by filtering the beam with a mode filter. However,
this procedure normally results in a significant reduction of the beam power.

TEMoo-beams are usually described sufficiently accurate by the model
of ‘Gaussian beam’ [12]. Let us consider a rotationally symmetric TEMoo

beam which travels in the z-direction. Such a beam can be described in an
optically homogeneous medium (a medium with a constant refractive index)
by the following parameters:

• λ: the wavelength
• zo: the location of the smallest radius of the beam, the so called beam waist
• wo: the size of the beam radius at the beam waist.

These parameters determine the other interesting quantities of the beam as:

• w(z): the radius of the beam at an arbitrary location z on the beam axis
• φo: the angle of divergence
• R(z): the radius of curvature of the phase surfaces.

The nature of the quantities described may be easily understood by examining
Fig. 5.1.

The connections between these quantities are listed below:

tan(φo) =
λ

πwo
(5.1)

w(z) = wo

√
1 +

λ2(z − zo)2
π2w4

o

R(z) = (z − zo) ·
(
1 +

π2w4
o

λ2(z − zo)2
)
.

The beam radius w at the location z on the beam axis is defined such that
the intensity at a distance w away from the beam axis is smaller by a factor
of 1/e2 than on the axis.

It can be seen from the last equation that, at the beam waist, the radius of
curvature of the phase surface is infinite, i.e. that the phase surface is plane.
The radius of curvature then decreases with the distance from the location
of the beam waist and reaches a minimum value at z = zo ± πw2

o/λ. For
increasing distances, the radius of curvature again increases, i.e. the phase
surfaces tend to become plane again. In Fig. 5.1 the loci of strongest curvature
are marked by dots. Of all properties of Gaussian beams, this one is the
most important for the measurement techniques described here, because they
require a plane wave as the illuminating light wave.

After a transition of a Gaussian beam from one medium with refractive
index n1 to another one with a different refractive index n2 �= n1, the beam
parameters are changed. Generally, a Gaussian beam stays Gaussian only if
its angle of divergence is small and the beam axis is perpendicular to the
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plane separating the two media. If we denote the location where this plane
cuts the beam axis by zg, and provide all parameters with an index denoting
the medium it refers to, we get the following relations:

(φ)2 =
n1

n2
· (φ)1 (5.2)

(wo)1 = (wo)2

(zo)2 =
n2

n1
· ((zo)1 − zg) + zg.

Fig. 5.1. Two Gaussian beams near the beam waist. a) wo = 5λ, b) wo = 2λ.
Neighbouring phase surfaces are one wavelength apart from each other. The dots
mark the locations of the phase surfaces with largest curvature. On the right hand
side of the beam waists, lines are drawn which represent the limiting beams in the
corresponding picture of geometric optics

It is worthwhile noting that the location zo of a beam waist is often
‘virtual’, i.e. the beam does not actually reach this point. Therefore, the
parameter zo must be looked upon as a quantity describing beam properties
within an optically homogeneous region, (i.e. one with constant refractive
index), rather than an actual location.

If a Gaussian beam passes a plane parallel plate at right angles only the
value of zo is changed by

∆zo = d ·
(
1 − n1

n2

)
. (5.3)

n2 is the refractive index of the plate, n1 is that of the surrounding medium.
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If a beam does not cross a separation plane of two media at right angles,
i.e. not at normal incidence, an awkward degradation of the beam results; the
so called astigmatic distortion. The refraction at the separation plane leads to
different divergence angles in two orthogonal planes, one of which is formed
by the beam direction and the normal of the separation plane, and the other
one by the plane which is perpendicular to it and also contains the beam axis.
The result of these different divergence angles are different locations of the
beam waists in these two planes; therefore, no location exists where the phase
surfaces are plane. The astigmatic distortion increases with increasing angle
of incidence, (i.e. increasing deviation from normal incidence), divergence
angle and difference of the refractive indices. By the passage through a plane
parallel plate, the astigmatism will furthermore increase with thickness of the
plate. A theoretical analysis of the influence of this type of beam distortion
on the pattern motion has not yet been performed.

By the application of lenses it is possible to shift the location of the beam
waist, alter divergence angle and diameter of the beam, and to produce several
beam waists if convex lenses are used.

Simple lenses always produce beams with spherical aberration (see Fig. 5.2),
which, in spite of their rotational symmetry, have no plane phase surfaces in
the region of the beam waist. One can circumvent this difficulty by use of
achromatic lenses. They usually consist of two cemented lenses and are de-
signed in a way that not only the wavelength dependence of the focal length is
corrected - from where their name results - but also the spherical aberration.
However, both aberrations are corrected to a certain degree only.

Fig. 5.2. Spherical aberration caused by a convex lens. FN and FF denote the
position of the foci for rays near the optical axis and far away from it, respectively.

We will now give some quantitative relationships describing the changes in
beam parameters caused by lenses, as an understanding of these relationships
will be very helpful for the construction of an experimental set-up. Suppose
one had a ray with a beam waist at zo with radius wo. If a lens with focal
length f is placed in that beam at z

L
, the beam waist will be shifted to z1

with the modified radius w1. With the abbreviation

d = z
L

− zo, (5.4)
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one obtains the following equations for the calculation of the modified beam
parameters:

z1 = z
L
+ f

π2w4
o

λ2f2 − d
f

(
1 − d

f

)
(
1 − d

f

)2
+ π2w4

o

λ2f2

(5.5)

and

w1 =

√√√√ w2
o(

1 − d
f

)2
+ π2w4

o

λ2f2

. (5.6)

These equations were calculated within the framework of matrix optics out-
lined by Kogelnik and Li [12]. It should be noted that they are approxi-
mations, which give in most cases sufficiently accurate results, provided the
angle of divergence of the beam is small. It is furthermore worth noting
that these equations were derived for thin lenses. If thick lenses or systems
of lenses (e.g. photographic lenses) are used the relationships become more
complicated, since the influence of further parameters describing lens prop-
erties must be taken into account, e.g. the position of principal planes. For
an estimate of beam parameters in an optical set-up the given equations will
usually give sufficiently accurate results.

One must keep in mind that the locations of the beam waists, which one
obtains by application of equation (5.5), do not coincide with the location
of the focus one obtains in the framework of geometrical optics (see equa-
tion (5.23)). Let us for instance assume that there is an object at zo (the
notation refers to that introduced above). This object is to be imaged with
a lens of focal length f . Then the picture of this object is not found at z1.
This discrepancy is due to the fact that the theory just mentioned comprises
both refraction and diffraction, while in geometrical optics only refraction is
considered.

5.2 The Scattering Volume

We introduced in Sect. 4.5 the spatial aperture function G(r), which, roughly
speaking, denotes the spatial region from which scattered light reaches the
observation screen. In a set-up corresponding to Fig. 4.2, the scattering vol-
ume has the form of a long cylinder; its length is determined by the diameter
of the lens and the cross-sectional area by the illuminating laser beam. Since
the phase surfaces of the laser beam are only plane near the beam waist, one
can conclude that this optical set-up is not suitable for our purpose.

It therefore makes sense to choose an optical set-up as the one shown
schematically in Fig. 5.3. Here the lens L1 images the laser beam onto the
plane of the diaphragm B. The diameter of the scattering volume in direction
of the laser beam can be controlled by the diameter of this diaphragm. If this
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Fig. 5.3. Schematic of a scattering experiment which allows for control of the
scattering volume. Its extension in direction of the laser beam is determined by the
magnification caused by lens L1 and the diameter of diaphragm B. Lens L2 images
the focal plane E of lens L1 on the observation screen.

diameter is smaller than the image of the laser beam, then even the extension
of the scattering volume in this direction is determined by this diaphragm.

The second lens L2 is placed in such a way that it images the focal plane
E of lens L1 onto the screen S - through the opening of the diaphragm. The
benefits of such an arrangement of optical elements are as follows: A plane
wave component, which passes through the lens L1, will be focused onto a
point in the plane E. Each point of this plane is then imaged by the lens L2
onto a point of the screen S. This set-up therefore allows for control of the
scattering volume, and it focuses any plane wave component of the scattered
light field to a particular point on the observation screen in the same way as
the set-up shown in Fig. 4.2. For that reason, the relationships describes in
Sect. 4.5 are also valid for this new set-up.
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The best way to visualize the spatial aperture function G(r) is to think of
a particle that can be moved in a controlled way within the scattering volume.
The relative value of the aperture function is then given by the square root
of the intensity of the scattered light integrated over the observation screen.
The measurement techniques we are going to consider will not depend on
the exact knowledge of this function. Therefore, we are not going to actually
calculate it. Mainly, it is the extensions in three orthogonal directions and
certain symmetry properties that are of importance. For instance, the laser
beam can be distorted into an elliptical shape by introducing a cylindrical
lens. The resulting disk shaped scattering volume is necessary for one of the
measurement techniques described in Chap. 8.

5.3 The Light Scattering Particles

Apart from the method explained in Chap. 6, the forced Rayleigh scattering,
the measurement methods described here require the seeding of the fluid
under investigation with light scattering particles. The optical inhomogeneity
caused by density fluctuations of pure fluids is usually so small that the
intensity of the scattered light is insufficient for our purposes.

It is very important that the added particles be spherical, otherwise the
intensity of the scattered light would not only depend on the position of the
particles - as is needed for the application of our theory - but also on their
orientation in space. Unfortunately, this orientation depends on the local
velocity gradient, which generally causes a rotation of the particles. Therefore,
this property does not only contribute to the boiling of the speckle pattern,
but also to its motion. This was demonstrated experimentally by Frish and
Webb [7].

For our investigation of water flows we used, with good success, small
latex particles of ≈ 200 nm diameter. Adding a small amount of detergent
(Extran) to the water delays the agglomeration of the particles for up to a
few weeks. Particle agglomerates are no longer spherical and must therefore
be removed. The optimal particle concentration depends on their scattering
power and the length of the light path within the fluid. We are now going to
calculate it assuming that the particles scatter the light but do not absorb
it. Any possible absorption is assumed to be caused by the fluid, which will
be included in the calculations.

Along a small path dl within the fluid, the fraction dl/Λs is scattered
by the particles and the fraction dl/Λa is absorbed by the fluid. The two
processes are quantified by the two constants Λs and Λa, the so called scat-
tering length and absorption length, respectively. If the light intensity at the
beginning of a small path ds is I, it will have reduced by

dI = −I dl
Λs

− I dl
Λa

(5.7)
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at the end of this path. This equation can easily be integrated and one obtains:

I(l) = Ioexp
(

− l

Λs
− l

Λa

)
. (5.8)

Io is in this equation the light intensity at an arbitrary location and I(l)
the one a distance l away in the direction of the traveling light. From this
equation, the physical meaning of the two parameters becomes obvious: They
denote the path length which is necessary for the light intensity to be reduced
to 1/e by the corresponding mechanism (scattering or absorption). Large
values of these parameters therefore denote small scattering or absorption
power.

Let us denote the path of the light from the point where it enters the scat-
tering fluid to the scattering volume by ls. The amount of light scattered in
the scattering volume is, according to equation (5.7), proportional to ds/Λs,
where ds is the extension of the scattering volume in the direction of the
illuminating light beam. However, this is only a sufficient approximation if
the diameter of the scattering volume is small compared to Λs, which will
usually be the case. If the path of the light from the scattering volume up to
the location where it leaves the fluid is denoted by la, one gets the following
expression for the scattered light intensity.

Is = Ioexp
(

− ls
Λs

− ls
Λa

)
· ds

Λs
·exp

(
− la
Λs

− ls
Λa

)
(5.9)

= Ioexp
(

− L
Λs

− L

Λa

)
· ds

Λs
,

In the last equation L denotes the entire light path ls + la. Differentiating
this equation with respect to Λs yields

∂Is
∂Λs

= Ioexp
(

− L
Λs

− L

Λa

)
·
[
L

Λ3
s

− 1
Λ2

s

]
· ds. (5.10)

The maximum of I − s occurs if this equation is zero which will happen for
Λs = L. This means that in case that no light absorption in the fluid occurs
the concentration of the scattering particles should be such that the light on
its entire path through the scattering fluid is reduced to one e-th.

Measurement errors will be introduced in almost all light scattering ex-
periments by multiple scattering. Some of the methods described below react
very sensitively to the occurrence of multiply scattered light, which also con-
tributes to the coherent false light (see Sect. 5.5). If there is an appreciable
amount of multiply scattered light, a halo around the illuminating laser beam
can be observed. As quantitative treatments of the influence of multiply scat-
tered light on the obtained results have not yet been performed, it is advisable
to rule out its influence experimentally. This is facilitated by the strong de-
pendence on the particle concentration: Scattering of n-th order varies with
the n-th power of the concentration. One can therefore reduce the disturbing
scattered light drastically by reducing the particle concentration.
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5.4 The Path of the Scattered Light

The function of the optical elements in the path of the scattered light is to
deliver an undistorted picture of the scattered light field on the observation
screen, as was discussed in connection with Fig. 5.3 in Sect. 5.2. There are
three aspects which are of special importance:

• The lens L2 (see Fig. 5.3) must image the focal plane of lens L1 exactly on
the plane of the observation screen (see Sect. 5.2). The distance between
the scattering volume and lens L1 is not of importance. It simply limits
the spherical angle within which scattered light is accepted. The larger the
distance the smaller the area on the observation screen where scattered
light can be observed. This means that only the distances between lens L1
and lens L2, and Lens L2 and the observation screen, must be carefully
controlled.

• The laser beam must be imaged exactly on the plane of the diaphragm.
Otherwise the region from which scattered light reaches the screen is not
well defined and we observed that the speckle motion velocity is decreased.

• If there is a solid surface, (e.g. glass plate or lens), close to the scattering
volume, (a few centimetres or less), which the scattered light must pass
through, then even small particles on that surface or scratches can lead to
severe disturbances of the pattern motion on the screen. This is due to the
fact that the coherence area is very small near the scattering volume. It is
therefore important to keep such surfaces absolutely clean.

It is generally preferable to have few solid surfaces, which also means optical
elements, in the path of the scattered light, since all those surfaces reflect a
certain amount of light because of the discontinuity of the refractive index.
The reflected light is generally a source of stray light (see next chapter). If
mirrors are used one should always prefer surface coated ones.

5.5 Stray Light

We speak of stray light if light, other than the one intended, reaches the
detector. In our case two types of stray light may be discriminated: Coherent
and incoherent. Incoherent stray light does not interfere with the ‘ordinary’
scattered light and leads only to a background signal. Since all light detectors
deliver a signal even in absolute darkness, the so called ‘dark current’ , one
may consider the action of the incoherent stray light as an increase of the
dark current. This, however, is only true if the temporal fluctuation of the
stray light can be neglected as compared to that of the ordinary scattered
light.

Coherent stray light actually spoils the speckle pattern in the detector
plane, and its influence on the measured speckle motion velocity can be enor-
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mous, even at fairly low intensities. It is therefore recommended to eliminate
this part of the stray light almost entirely.

There are essentially two sources of incoherent stray light. Firstly, the
light in the laboratory, which does not originate from the illuminating laser.
Secondly, that light from the laser which has a path length to the detector
that is shorter or longer than that of the ordinary scattered light by more
than the coherence length of the laser light. (The coherence length of light of
a Helium-Neon laser is, for instance, usually 30 cm.)

Sources of coherent stray light could be:

• Successive reflections at optical surfaces, as for instance at lenses and glass
plates

• Diffraction and scattering at small inhomogeneities in the beam paths, as
for instance at scratches and dust

• Light scattering at particles which are adsorbed at the wall of the flow
vessel

• Forward scattering and reflections in the flow vessel.

The last item should be considered more closely: If the diameter of the parti-
cles is very small compared to the wavelength of the laser light, the scattered
light field is rather isotropic. With increasing diameter, the forward scatter-
ing becomes more and more prominent. This may cause difficulties especially
for measurements near the wall of the flow vessel and for set-ups where light
with small scattering angles should be analysed. It is therefore advisable to
choose a scattering geometry where the light scattered in forward direction
is not, by reflections at the wall, directed towards the detector.

The last but one item also leads to difficulties for measurements near the
walls of the flow vessel, because scattering particles adsorbed at the wall can
then contribute to the measured scattered light. The influence of this effect
can best be assessed if one successively moves the scattering volume towards
the wall. Generally, the wall gradient increases by approaching the wall until
it becomes constant very close to the wall itself (c.f. Chap. 5.9.2). The wall
gradient is the derivative of the velocity component parallel to the mean flow
direction in the direction perpendicular to the wall. If the just mentioned
effect is significant, one will notice an increase of the wall gradient followed
by a decrease, as soon as the adsorbed particles enter the scattering volume.
One can avoid this effect by repeatedly cleaning absorbed particles off the
wall. A decrease in the scattering volume size is generally helpful to avoid
troubles for measurements near the wall.

5.6 Test of the Set-Up

The optical set-up of any of the measurement methods described below re-
quires a very careful alignment. Otherwise systematic errors in the measured
gradients can easily arise, which usually lead to values that are too small. It
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is therefore advisable to use a light scattering object with a definite velocity
gradient in order to test the set-up. Well suited are light scattering plates
which rotate with a constant velocity. Then the velocity gradient is exactly
known. It is important that the inhomogeneities of this plate are small com-
pared to the diameter of the scattering volume, which is really a scattering
area in this case. Otherwise the speckle pattern does not result from many
independent scattering particles and one can observe regular patterns, which
also may lead to errors in the determined gradient values.

Due to the almost perfect two-dimensionality of the scattering object,
the q-volume of coherence is pencil-like. After what we explained above, it is
then necessary to have the long axis of this volume parallel to ko, i.e. to the
direction of the observed light.

A check of the quality of the set-up consists in measuring the gradient for
different locations of the illuminating light beam with respect to the rotation
axis. The set-up is only perfect if the determined values do not depend on
that position. If, for instance, the illuminating light wave is not a plane wave
at the scattering plate, the velocity of the speckle pattern will change with
position. This will also happen if the speckle pattern is not observed exactly
in the far field.

A disadvantage of this method is the fact that the speckle pattern will be
periodic in time. For a method, which is based on temporal averaging, the
effective period of this averaging is the time the plate needs for one revolution.
Therefore, only a certain amount of different speckles travel past a point in
the observation plane, and that might be insufficient for a reliable temporal
average.

Preferable to a scattering plate is therefore a rotating cylindrical cuvette
which contains a fluid with light scattering particles. If the rotation velocity
is constant for some time, the inner fluid will of course rotate with the same
velocity. The diffusing particles within the cuvette will prevent the speckle
pattern from being periodic in time. A further advantage of this device is
that the scattering volume will be the same as in the actual experiment.

5.7 Measurement of Quantities Varying Randomly
in Time and Space

We assume that all stochastic quantities, which we deal with in this book,
are ergodic. For that reason we do not distinguish between different types
of averaging and denote an average value of a quantity A by 〈A〉, even if a
temporal average is meant.

Time dependent quantities will usually not be measured in a continuous
way, but rather as a series of data. Hence, one determines a series of values
which represent temporal averages over a time interval short compared to the
time scale on which the quantity varies. Usually, these short time intervals are
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chosen in such a way that they have a fixed length - the so called sample time
- and a fixed distance between them - the so called dead time. If possible,
the dead time can be negligibly short. With the resulting series of values,
all interesting quantities can be calculated. Integrals, for instance, will then
automatically be represented by sums, which is advantageous for calculations
done by computers. Similarly, space dependent quantities (usually one or two
dimensional) are represented by series of values. The areas over which these
values are integrated are usually called pixels. Again, provision must be made
so that size and distance of adjacent pixels is much smaller than the respective
coherence length.

It can be stated without exaggeration that any quantity measured in an
actual experiment suffers from noise. That means that successive measure-
ments of the same quantity will generally lead to a set of different values. (If
the measured quantity is a discrete one, as for instance the number of some
objects, there are, of course, also exact measurement values possible) It is
usual practice to mentally split a measured value S into a ‘true’ value St and
a part Ss, which represents the stochastic behaviour. Therefore, the latter is
assumed to be different for any single measurement, whereas the former is
just a constant. Furthermore, the average of Ss is assumed to be zero:

〈Ss〉 = 0. (5.11)

Thus, we have for an arbitrary measured value

S = St + Ss (5.12)

and on averaging we get
〈S〉 = St (5.13)

If one has a large number of measured values, one evidently has

〈S〉N ≈ 1
N

N∑
i=1

(Ssi + St) ≈ 0 +
1
N
St ·N (5.14)

which means
〈S〉N ≈ St (5.15)

The approximation used to describe the connection of the two quantities
of the last equation can be quantified by use of a function H(N,∆) as follows:

If one calculates the estimated mean value 〈S〉N from a set of N measured
values and specifies an interval size ∆, then H(N,∆) denotes the probability
that the true value St is within the interval [〈S〉N −∆, 〈S〉N +∆].
H(N,∆) depends on the probability distribution of the fluctuating part

Ss of the quantity under consideration. A general property of it is that it
approaches the value 1 with increasing N and/or ∆, which is not difficult to
understand. H(N,∆) is known for the case of Gaussian distributions of Ss,
for other distribution functions it can usually be calculated only numerically.
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To have a certain confidence in an experimentally determined mean value
〈S〉N , one usually specifies a value of H(N,∆), for instance 0.68. That means
one wants a probability of 0.68 that the true mean value lies in the interval
[〈S〉N −∆, 〈S〉N +∆]. If then, for example, the number N of measured values
is fixed, it is possible by knowledge of the function H(N,∆) to calculate the
corresponding ∆, and the result is given in the form 〈S〉N ±∆. Sometimes it
may also be preferable to first choose ∆ and use it to determine the number
of measurement values required.

The procedure just sketched is based on the assumption that the mea-
sured values are independent. This, however, is often not the case. If, for
instance, the mean intensity of the scattered light should be measured with
the procedure described in Sect. 3.2, one obtains a series of values for short
time intervals. That means that successive values are very much correlated
if the time interval between them is shorter than the correlation time of the
light intensity. This correlation can be viewed as an effective reduction of the
number of measured values.

From the experimental point of view, the best procedure to cope with
these problems is to install a real-time measurement method. It is then
possible to observe the temporal evolution of the mean value and decide
by inspection whether the remaining fluctuations are small enough and the
measurement may be stopped. Obviously, this is not really satisfying from
a scientific point of view, but most practical cases require such a procedure.
The determination of H(N,∆) generally requires a much larger effort than
the measurement itself, and therefore does not seem feasible.

Temporal correlation functions from time series can be calculated in an
especially easy way if one has an equidistant series. The auto-correlation
function of a quantity S is usually written as

CS(j) = 〈S(i) · S(i+ j)〉 . (5.16)

If the temporal interval of two successively measured values is denoted by τ ,
then S(i) is the mean value of S(t) averaged over the interval [iτ, (i + 1)τ ]
(neglecting the dead time). Provided τ is small compared to the correlation
time of the quantity S(t), one then obtains instead of the ‘exact’ correla-
tion function CS(t), the time averaged correlation function CS(j) with the
averaging interval τ . Written down explicitly, equation (5.16) reads

〈S(i) · S(i+ j)〉 = 1
N

N∑
i=1

S(i) · S(i+ j). (5.17)

Since, by assumption, we are always dealing with stationary processes, we
can also write

〈S(i) · S(i+ j)〉 = 〈S(0) · S(j)〉 . (5.18)
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5.8 From the Pattern Velocity to the Velocity Gradient

The calculation of the components of the velocity gradient tensor from a set
of measured pattern velocities is, in practice, a bit more complicated than
one might infer from what was discussed so far. To begin with, we consider
the case of one scattering geometry only, which allows the determination of
two perpendicular pattern velocity components in the plane of the observation
screen. We split this problem into two separated ones, which will be discussed
in detail within this section: First, we are going to explain how the quantity
k̇o⊥ can be determined from the measured pattern velocity, and secondly, we
explain how two particular linear combinations of the velocity gradient tensor
are calculated from k̇o⊥. The necessary calculations require a good command
of matrix calculus, even for the fairly simple examples we are going to show
explicitly.

5.8.1 The Connection Between Pattern Velocity and k̇o

In Chap. 4.7.1 we discussed how the velocity of the pattern motion is directly
connected to the vector k̇o. We are now going to calculate this connection
quantitatively. For a given value of k̇o this velocity is apparently dependent
on the position of the observation screen and the positions and focal lengths
of the lenses in the path of the scattered light. In addition, it is also affected
by other optical elements as for instance glass plates. The influence of such
elements on the pattern velocity will now be considered.

The Simple Optical Set-Up of Fig. 4.2. It is not difficult with the help of
Fig. 4.2 and pure geometrical considerations to derive the connection between
the pattern velocity vS and k̇o:

k̇o⊥
|ko| =

vS

f
. (5.19)

The symbol k̇o⊥ in this equation denotes the component of the vector k̇o in
the direction perpendicular to ko, f denotes the focal length of the lens L.
We discussed already in the paragraphs following equation (4.71) that only
this part of k̇ is responsible for pattern motion.

The Optical Set-Up of Fig. 5.3. The set-ups shown schematically in the
Figs. 4.2 and 5.3 differ in the final section of the scattered light path, which
in the set-up of Fig. 5.3 is enhanced by a diaphragm and a further lens. For
the pattern velocity vE in the plane E we obtain from the last equation the
relationship

k̇o⊥
|ko| =

vE

f1
. (5.20)

The lens L2 images the plane E on the observation screen S. This causes a
difference of the pattern sizes in the two planes. If the distance between the
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Fig. 5.4. The two special cases of light refraction at a plane boundary, which in
a simple way influence the motion of the speckle pattern. Explanation in the text.

plane E and the lens L2 is denoted by the symbol g2 and the one from this
lens to the observation plane S by b2 the magnification factor is b2/g2. Due
to this magnification we obtain the following pattern velocity in the plane S:

vS = vE · b2
g2
, (5.21)

from which immediately follows

k̇o⊥
|ko| =

vS

f1
· g2
b2
. (5.22)

For the sake of completeness we will quote the famous lens formula , which,
with the quantities just introduced, reads

1
b2

+
1
g2

=
1
f2
. (5.23)

Refraction at Planes. In general, the scattering volume will be situated in
a medium with a refractive index different from that one at the observation
screen. The refraction which takes place at the boundary between these two
media usually causes a change in the direction of the scattered light. In most
cases this boundary lies between the scattering volume and the first lens. It
is then not important where exactly this plane lies; only its exact orienta-
tion with respect to the optical axis influences the behaviour of the pattern
motion. We will now only consider this situation.

Even in the above mentioned cases, the problem to be solved is not simple,
since the speckle motion depends on the angle between the direction of the
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scattered light and the boundary plane, and also on the motion direction of
the scattered light. Again, we will only consider two special cases, which are
represented schematically in Fig. 5.4. (In this figure the index o has been
omitted.) These two cases are defined by the directions of the components
of the vector k̇o⊥, which are measured. In the first case that component is
measured, which describes a motion in the plane defined by the direction of
ko and the normal eB of the refracting plane. In the other case, it is just the
component perpendicular to that one. (In the figure, the refracting plane is
perpendicular to the plane of the picture). We denote the angle between the
two vectors by θ, and the wave vector ko in the medium i by ki. For the first
case, (part a), of Fig. 5.4 we have

(k̇o⊥)2 = (k̇o⊥)1 (5.24)

and for the second case, (part b), of Fig. 5.4):

(k̇o⊥)2 = (k̇o⊥)1 · n12 · cos(θ)√
n2

12 − sin2(θ)
. (5.25)

In the last equation we used the notation

n12 =
n1

n2
. (5.26)

One should be aware of the fact that the first equation does not mean
that the pattern velocity remains unaffected by the refraction. In this case, it
is important that the length of the wave vector in the two media is different,
which follows from equations (4.13) and (4.15). One generally has

λ1

λ2
=
n2

n1
=

1
n12

(5.27)

from which follows |k1|
|k2| =

n1

n2
= n12. (5.28)

The connection of the angular velocities in the two media (see equation 4.73)
can then be worked out for the first case to be

(k̇o⊥)2
|k2| = n12 · (k̇o⊥)1

|k1| (5.29)

and for the second:

(k̇o⊥)2
|k2| =

(k̇o⊥)1
|k1| · n2

12 ·cos(θ)√
n2

12 − sin2(θ)
. (5.30)

The general connection between (k̇o⊥)1 and (k̇o⊥)2 is rather complicated,
especially with respect to the directions. One should therefore restrict the
measurements to the components just considered.
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It is possible to avoid the necessity to discriminate between these two
cases if one takes care of the following items:

• The direction of a light wave which passes through a medium with parallel
boundary surfaces, (parallel plate), is not altered. Only a shift of the wave
occurs, parallel to the direction of the boundary plane, if the wave does
not impinge on the surface at right angles. This means, for instance, that
for the transition ‘water - glass plate - air’ only the transition ‘water - air’
must be considered.

• If scattered light within a water vessel is to be measured, which passes
through the bordering transparent wall not at right angles one can cir-
cumvent the complications just discussed. Attach a water filled cuvette, of
such a shape that the light leaves the cuvette at right angles, to the outside
of the wall. In that case one has θ = 0 and the two equations (5.24) and
(5.25) give the same result. Also, the two equations (5.24) and (5.29) are
then identical, which is true for arbitrary speckle motion directions.

Reflection at a Mirror. In cases where the scattered light in an oblique
direction has to be analysed it may be advantageous to guide it by means of
one or more mirrors in a more suitable direction. So one will usually prefer
the detection channel - i.e. that part of an experimental set-up where the
scattered light is analysed - with its lenses, pinholes, and detectors to be
mounted on an optical bench placed on a table. This requires that the light
to be analysed is reflected in a horizontal direction. It must then be taken
into account that the direction of the pattern motion is influenced by the
reflection as well, and it is not easy to obtain the altered pattern motion
direction.

Mathematically, the action of a mirror on the direction of a light wave can
be described by a certain class of orthogonal matrices with a determinant -1.
So for instance a mirror with a plane parallel to the x-y-plane is described
by the following matrix

Ôm =

1 0 0
0 1 0
0 0 −1

 (5.31)

One easily convinces oneself that a vector pointing in the z-direction changes
sign if multiplied by this matrix, whereas vectors in the x-y-plane, i.e. those
with a vanishing z-component, remain unaltered.

A mirror oriented in an arbitrary direction can always be obtained from
one with special orientation by rotating it properly. Consequently, the matrix
describing such a rotated mirror is obtained from the matrix corresponding
to the special mirror by properly rotating it according to equation (3.91) in
Chap. 3.6. For that purpose, the necessary rotation must be known, i. e. its
rotation axis and rotation angle.

In practice, however, one usually adjusts a mirror experimentally in such
a way that a certain light wave travels - after reflection - in the desired
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direction. For the construction of the corresponding reflection matrix one
has to know the directions of the light wave prior and after the reflection.
Let us denote these directions by the corresponding unit-vectors: eo denotes
the direction of the light wave impinging on the mirror and er gives the wave
direction after reflection. The mirror is uniquely determined by the vector
em normal to the reflection plane. The basic property of mirrors is that the
angles formed of the mentioned two waves form like angles with that normal
of the mirror plane. From that property immediately follows

em =
er − eo

|er − eo| (5.32)

It is not very difficult to work out the matrix Ôr which has the desired
property to transform a vector parallel to em into its negative but leaving vec-
tors perpendicular to em unchanged. If one writes em = (a, b, c) one obtains
the following form of the desired mirror matrix:

Ôm =

1 − 2a2 −2ab −2ac
−2ab 1 − 2b2 −2bc
−2ac −2bc 1 − 2c2

 (5.33)

With this reflection matrix one can now calculate in what way the pattern
motion direction is changed after the scattered light wave has passed the
corresponding mirror. It is worth noting that any reflection matrix has the
following properties:

• its trace is 1
• it is symmetric
• its determinant is -1

Especially the first two properties can be used as a first check of a calculated
reflection matrix.

Examples of the application of these considerations are given in Chap. 5.9.

5.8.2 The Connection Between Γ̂ and k̇o – an Example

In this chapter we are going to demonstrate, by means of an example, the
procedure to obtain the quantity Γ̂ from equation (4.72). The example refers
to the set-up shown in Fig. 8.2. This figure shows a set-up where the light
scattering takes place in a flow channel, the illuminating laser beam is drawn
as a thick line in direction x′. The light scattered in direction y′ is measured.
Consequently, the directions of the two wave vectors ki and ko are known.
The wavelength of the light source is assumed to be known as well, although
it is only a dummy variable. It will not enter the final result. In the mentioned
figure, two co-ordinate systems are drawn, called S and S′. The system S′ is
most suitable for the description of the considered light waves (‘the system of
the light’), whereas the system S is best adapted to the flow (‘the system of
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the flow’). The two systems are rotated with respect to each other by an angle
of 45 degrees about their common z-axis. To begin with, we will perform the
necessary calculations in the system S′.

Calculation in the System of the Light. The unit-vectors, which denote
the directions of the illuminating and the detected light, are given by

ei
′ = (1, 0, 0) (5.34)

eo
′ = (0, 1, 0),

respectively. The primed quantities in this section always indicate that they
are expressed in reference to the co-ordinate system S′. We will assume that
the two orthogonal velocity components of the stray light pattern, which are
to be measured, are the ones in x′- and in z′-direction, respectively. Then we
immediately have the two vectors

k̇
′
1 = (k̇ox′ , 0, 0) (5.35)

k̇
′
2 = (0, 0, k̇oz′).

Without question, these two velocity components can be measured, because
they are orthogonal to k′

o. According to equation (4.72) we then get

k̇
′
o

|ko| = Γ
′T · (ei

′ − eo
′) (5.36)

k̇
′
o

|ko| =
Γx′x′ Γy′x′ Γz′x′

Γx′y′ Γy′y′ Γz′y′

Γx′z′ Γy′z′ Γz′z′

 ·
 1

−1
0

 (5.37)

=

Γx′x′ − Γy′x′

Γx′y′ − Γy′y′

Γx′z′ − Γy′z′

.
By inspection of this equation the two desired components can now be ob-
tained:

k̇ox′

|ko| = (Γx′x′ − Γy′x′) (5.38)

k̇oz′

|ko| = (Γx′z′ − Γy′z′) .

In this equation, the components of the velocity gradient tensor are expressed
in a rather unsuitable manner. It would be much more convenient to have
them expressed in the system S. Since the system S′ can be transformed to
the system S by a rotation around the z-axis about 45o, we have to build
the rotation matrix for this transformation (Note that z- and z′-axes are
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identical). According to equation (3.75) we then obtain

Ô =

 cos(45o) sin(45o) 0
−sin(45o) cos(45o) 0

0 0 1

 =
1√
2

 1 1 0
−1 1 0
0 0

√
2

. (5.39)

The transformed gradient tensor can now be calculated according to equation
(3.90):

Γ̂ ′ = Ô · Γ̂ · ÔT . (5.40)

Performing the multiplications on the right hand side of this equation yieldsΓx′x′ Γy′x′ Γz′x′

Γx′y′ Γy′y′ Γz′y′

Γx′z′ Γy′z′ Γz′z′

 = (5.41)

1
2

 Γxx + Γxy + Γyx + Γyy −Γxx − Γxy + Γyx + Γyy

√
2(Γzx + Γzy)

−Γxx + Γxy − Γyx + Γyy Γxx − Γxy − Γyx + Γyy

√
2(−Γzx + Γzy)√

2(Γxz + Γyz)
√
2(−Γxz + Γyz) 2Γzz

.
It is now fairly easy to express the right hand sides of equation (5.38) by the
components of Γ̂ in the system S:

(Γx′x′ − Γy′x′) =
1
2
(Γxx + Γxy + Γyx + Γyy) − 1

2
(−Γxx − Γxy + Γyx + Γyy)

= (Γxx + Γxy) (5.42)

(Γx′z′ − Γy′z′) =
1
2
(Γxz + Γyz) − 1

2
(−Γxz + Γyz)

= Γxz.

We finally see that a set-up with a scattering geometry shown in Fig. 8.2
allows for the measurement of the component Γxz and of the linear combi-
nation Γxx + Γxy. If other components of the pattern velocity are measured
one obtains linear combinations of these two components.

Calculation in the System of the Flow. The unit-vectors introduced in
the last section (see equation (5.34) have in the system S the components

ei =
1√
2
(1, 1, 0) (5.43)

eo =
1√
2
(−1, 1, 0).

Consequently, we get
ei − eo = (

√
2, 0, 0). (5.44)

The two orthogonal components of the pattern velocity considered in the last
section correspond to the directions of the following unit-vectors:
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eP1 =
1√
2
(1, 1, 0) (5.45)

eP2 = (0, 0, 1).

The connection between the pattern velocity and the corresponding gradient
component can now be obtained if one of the general equations (4.72) or
(5.36) is multiplied with the respective unit-vector. This will now be done for
the component 1:

k̇o · eP1

|ko| =
(
Γ̂T ·(ei − eo)·

)
eP1 (5.46)

=
(
Γ̂T · (

√
2, 0, 0)

)
· eP1.

From this equation follows

k̇o1

|ko| =
√
2

Γxx

Γxy

Γxz

 · 1√
2
(1, 1, 0) (5.47)

= Γxx + Γxy.

For the second component, the multiplication with eP2 is especially simple
and we obtain, as before:

k̇o2

|ko| = Γxz. (5.48)

Which of the two ways described here one prefers is, in the end, a matter
of taste. Generally, one wants to have the gradient components in the system
determined by the flow, and for that reason the calculation performed in
the second section seems to be more suitable. It has the advantage that no
transformation of the gradient tensor has to be performed. One has to know,
however, the unit-vectors in the directions of the illuminating light beam, the
detected wave component, and the considered pattern velocity components,
expressed in the system of the flow. This is, for arbitrary directions of these
vectors, no simple task, but cannot be circumvented.

5.9 Measurement of Special Components
of the Velocity Gradient Tensor

5.9.1 Measurement of Definite Cartesian Components

With the techniques described here there is a significant difference between
the measurement of on-diagonal or off-diagonal elements of the velocity gradi-
ent tensor, independent of the chosen co-ordinate system. There always exists
a scattering geometry to measure exactly one definite off-diagonal element
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∂vi

∂xj
, just choose the scattering plane parallel to the direction i and align ki

and ko within that plane such that the resulting q points in the direction i.
Then measure the velocity of the pattern in direction j.

For the measurement of on-diagonal elements the vectors q and ko must
be orthogonal. It is easy to convince oneself that this is not possible. So it
turns out that on-diagonal elements can only be measured as linear combi-
nations containing at least one off-diagonal element. Consequently, at least
two scattering set-ups are required to measure one on-diagonal element.

Fig. 5.5. Scattering geometries for measurements of 1): the on-diagonal element
∂vx
∂x

and 2) the vorticity component ∂vx
∂y

− ∂vy

∂x
. Part 1): All vectors are in the x-y

plane. Part 2) The vectors ki and ko form angles of 45o with the x-y plane in such
a way that the vectors q1 and q2 lie in the x-y plane. The vectors ePi point in the
direction in which the pattern velocity has to be measured. Further explanation in
the text.

Figure 5.5 part 1) shows schematically the scattering geometry for an op-
tical set-up which allows such a measurement. There is one illuminating light
wave with wave vector ki and two components of the scattered light with
the wave vectors ko1 and ko2 are analysed. The components of the pattern
velocities are those parallel to the vectors eP1 and eP2, respectively. Accord-
ing to equation (5.46) with the scattering channel 1 the linear combination
∂vx

∂x − ∂vy

∂x is measured, with the channel 2 it is ∂vx

∂x + ∂vy

∂x .
The determination of a vorticity component requires the measurement

of two components of the velocity gradient tensor. Figure 5.5 part 2) shows
schematically how the geometry of a possible set-up could look like. Actually
two scattering experiments are performed, with the one denoted by the su-
perscript 1 the component ∂vx

∂y and with the other one ∂vy

∂x is measured. Of

course, with these two components also the shear component ∂vx

∂y + ∂vy

∂x can
be determined. A complication in this set-up is that light from the laser beam
1 reaches the detectors of the set-up 2 and vice versa. That can be prevented
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by switching the two illuminating laser beams and gating the signals of the
detectors respectively.

It will not always be possible to build the necessary optical set-up for a
special gradient component due to restrictions caused by the flow geometry
(see for instance next subsection). In such cases a solution to this problem
might be the following one: Instead of using one illuminating light wave one
uses two and also two detectors. It is explained and demonstrated in Chap. 10
how it is possible to measure with this technique a single off-diagonal element
of Γ̂ with a scattering geometry which in the simple version - one illuminating
light beam - would deliver a linear combination with an on-diagonal element.

5.9.2 Measurements of Wall Gradients

Next to a solid boundary the fluid velocity can have two non-vanishing or-
thogonal components only, since the component normal to the wall must
vanish. Furthermore, these components can only change in the direction nor-
mal to the wall. So we are left with just two independent components of the
average velocity gradient at the wall. If one chooses a co-ordinate system with
one axis in the direction of the average flow and the other normal to the wall
face, then there will be only one average gradient component, which is called
the wall gradient. There is always a certain layer of the fluid near the wall
where the velocity gradient can be viewed as constant, the so-called viscous
sublayer. The thickness of this layer depends on properties of the flow and
the fluid. If one wants to measure the wall gradient one must therefore use a
scattering volume not larger than the width of this layer.

Because of mentioned restriction at the wall there is a great liberty as far
as the scattering geometry is concerned. Two scattering geometries will now
be discussed in detail, which are depicted schematically in Fig. 5.6.

Fig. 5.6. Scattering geometries to measure wall gradients. The illuminating light
beam within the fluid is represented by a dotted line. Explanation in the text.
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Geometry 1 is convenient for flows where the main velocity is in the
horizontal plane. The wall gradient is then the change of the velocity also
in a horizontal direction and consequently all light paths can stay in the
horizontal. This makes the control and determination of the necessary angles
fairly simple. Unfortunately, the illuminating light must traverse the flow,
which generally reduces the intensity of the scattered light and furthermore,
two optical windows are required at opposite sides of the flow tube. In the
second geometry, the light paths are very short, but they are more difficult
to control, and the optical set-up will be a lot more complicated.

Let us now derive the connections between Γ̂ and k̇o⊥ for these two
scattering geometries. In both cases the velocity gradient tensor in the viscous
sublayer and for the given co-ordinate system has the following form:

Γ =

0 Γxy 0
0 0 0
0 Γzy 0

. (5.49)

Scattering geometry 1. The important k-vectors can easily be obtained by
inspection of part 1 of Fig. 5.6:

ki = k

 cos(α)
− sin(α)

0

 = k · ei (5.50)

ko = k

− sin(α)
− cos(α)

0

 = k · eo

q = k

 cos(α) + sin(α)
cos(α) − sin(α)

0

 = k · (ei − eo).

Inserting these vectors in equation 4.70 yields

k̇o =

 0 0 0
Γxy 0 Γzy

0 0 0

 · k
 cos(α) + sin(α)

cos(α) − sin(α)
0

 = kΓxy ·
 0

cos(α) + sin(α)
0

.
(5.51)

The observed speckle motion is given by the projection of this vector onto
the observation plane, i.e. on the plane to which the vector ko is normal.
This projection can be performed by subtracting from k̇o that part which is
parallel to ko:

k̇o⊥ = k̇o −
(
k̇o · eo

)
eo. (5.52)

The simple calculation yields

k̇o⊥ = −k · Γxy

(
sin2(α) + cos(α) sin(α)

) ·
 cos(α)

− sin(α)
0

 (5.53)
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The pattern moves in the x-y-plane, exactly opposite to the direction of
the illuminating light beam. The rate of change of the respective component
of the k-vector is:

k̇o⊥ = k · Γxy · (sin2(α) + cos(α) sin(α)) (5.54)

Let us now assume that a mirror is placed in the path of the scattered
light in such a way that a wave with wave vector ko is transformed to a wave
with wave vector k(0,−1, 0). From these two vectors the normal of the mirror
plane can be obtained according to equation (5.32):

em =
1√

sin2(α) + (cos(α) − 1)2

 sin(α)
cos(α) − 1

0


=

1√
2(1 − cos(α))

 sin(α)
cos(α) − 1

0

 (5.55)

The matrix describing the mirror action can now be calculated on the basis
of equation (5.33):

Ôm =

 1 − 2 sin2(α)
2(1−cos(α)) − 2(sin2(α)−sin(α) cos(α)

2(1−cos(α)) 0

− 2(sin2(α)−sin(α) cos(α)
2(1−cos(α)) 1 − 2(cos(α)−1)2

2(1−cos(α)) 0
0 0 1

 (5.56)

With the help of relations between the trigonometric functions this matrix
can be simplified with the result

Ôm =

− cos(α) sin(α) 0
sin(α) cos(α) 0

0 0 1

 (5.57)

It is not difficult to verify the relation

Ôm · ko = k

 0
−1
0

 = kom (5.58)

where we defined the vector kom. The pattern motion is now given by

Ôm · k̇o = kΓxy

 cos(α) sin(α) + sin2(α)
cos2(α) + cos(α) sin(α)

0

 = k̇om (5.59)
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The component of k̇om perpendicular to the direction of kom is apparently
the vector

k̇om⊥ = kΓxy

 cos(α) sin(α) + sin2(α)
0
0

 (5.60)

which has of course the same absolute value as the vector k̇o⊥ in equation
(5.54).
Scattering geometry 2. The situation here is a bit more difficult. We start
with an intermediate scattering geometry where the vectors ki and ko lie
in the x-z-plane. The final geometry is then obtained by this one through a
rotation by the angle α around the z-axis. As we will see it is not obvious in
this case in which direction the speckles move. The vectors in the intermediate
geometry are:

kI
i = k

 cos(β)
0

− sin(β)

 (5.61)

kI
o = k

− cos(β)
0

− sin(β)

.
These vectors must now be rotated around the positive z-axis, the corre-
sponding rotation matrix is given by equation (3.76):

Ôv
z (α) =

 cos(α) − sin(α) 0
sin(α) cos(α) 0

0 0 1

. (5.62)

The multiplication of this matrix with the vectors in equation (5.61) gives

ki = k

 cos(α) · cos(β)
sin(α) · cos(β)

− sin(β)

 = kei (5.63)

ko = k

− cos(α) · cos(β)
− sin(α) · cos(β)

− sin(β)

 = keo

q = k

2 cos(α) · cos(β)
2 sin(α) · cos(β)

0

 = k(ei − eo).

The speckle velocity is now given by

k̇o = k
(
ΓT · (ei − eo)

)
(5.64)

= k

 0 0 0
Γxy 0 Γzy

0 0 0

2 cos(α) cos(β)
2 sin(α) cos(β)

0


= 2kΓxy · cos(α) cos(β). (5.65)
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Analogous to the procedure outlined in the preceding paragraph, we could
again calculate the projection of this vector onto the observation plane ac-
cording to equation (5.52). However, it turns out that the pattern motion in
this case is not in the x-y-plane. The result one obtains is a rather complicated
expression of trigonometric functions of α and β. We therefore preferred to
calculate the projection of the pattern velocity within the observation plane
onto the y-axis. For that purpose we construct a unit-vector which lies in the
x-y-plane and which is perpendicular to ko. It is not difficult to verify that
the vector eP = (− sin(α), cos(α), 0) has just this property. So we calculate
the component of k̇o in the direction of eP :

k̇P = k̇o · eP = 2kΓxy cos2(α) cos2(β). (5.66)

It is obvious from an experimental point of view that a measurement
of the pattern velocity can much easier be performed if the scattered light
travels in the x-y-plane. Let us therefore calculate the pattern velocity after
the reflection of the scattered light at a mirror which directs it in the negative
y-direction.

The mirror vector em is determined by eo and the vector (0,−1, 0) (see
preceding paragraph):

em =
1√

2(1 − sin(α) · cos(β))

 cos(α) · cos(β)
sin(α) · cos(β) − 1

sin(β)

. (5.67)

Unfortunately, the reflection matrix in this case contains rather complicated
expressions:

Ôm =

1 − 2N−1 cos2(α) cos2(β) cos(α) cos(β) N−1 cos(α) sin(2β)
cos(α) cos(β) cos(α) sin(β) sin(β)

N−1 cos(α) sin(2β) sin(β) 1 − 2N−1 sin2(β)


(5.68)

where the factor N is given by

N = 2 · (1 − sin(α) cos(β)). (5.69)

In spite of that rather complex matrix the multiplication of it with the
vector k̇o yields a rather simple result:

Ôm · k̇o = k̇om = kΓxy

2 cos2(α) cos2(β)
cos2(β) sin(2α)
cos(α) sin(2β)

. (5.70)

The projection of this vector on the observation plane, i.e. on the plane
perpendicular to kom is

k̇om⊥ = kΓxy

2 cos2(α) cos2(β)
0

cos(α) sin(2β)

. (5.71)
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One notes that the pattern doesn’t move in the horizontal plane. It is of
course possible to determine the direction of the speckle motion. For that
purpose we write

k̇om⊥ = C ·
 cos(φ)

0
sin(φ)

 =

A0
B

 (5.72)

where φ is the unknown angle which the pattern motion direction forms with
the x-axis. It is clear from this equation that

tan(φ) =
B

A
=

sin(2β)
2 cos(α) cos2(β)

. (5.73)

The pattern velocity in that direction is given by the absolute value of the
vector k̇om⊥ which is

|k̇om⊥| = kΓxy

√
4 cos4(α) cos4(β) + cos2(α) sin2(2β). (5.74)

5.10 General Notes to Channel Flows

In the following chapters of this book we will show experimental results of
measurement methods that are based on the theory outlined in the preceding
chapters. Because all of the measurements performed so far were done on
channel flows, or flows in rectangular flow tubes, we summarize here the
common notations for these types of flows. The Cartesian co-ordinate system
is chosen such that its x-axis points in the direction of the flow, the y-axis
is normal to the side wall and points from the wall into the flow. The z-axis
is chosen as to obtain a right handed co-ordinate system (see also Fig. 8.2).
For the components of the velocity in this co-ordinate system the following
notation is in use:

u = (ux, uy, uz) = (u, v, w). (5.75)

The Reynolds number Re of a channel flow is expressed by the velocity us

in the middle of the tube or channel, the kinematic viscosity ν
S
(see equation

(2.6)) and the width b of the channel or tube:

Re =
b · us

ν
S

. (5.76)

For a comparison of flows with different Reynolds numbers, one usually
scales the variables using characteristic quantities of the flow in order to
obtain dimensionless variables. For wall bounded flows, as the ones considered
here, the most characteristic quantity is the wall gradient γ

W
(s.f. Sect. 5.9.2).

With this quantity one defines the so called dimensionless wall distance y+

as
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y+ = y ·
√
γ

W

ν
S

. (5.77)

It is also common to introduce the so called wall shear velocity uo via the
relationship

uo =
√
ν

S
γ

W
. (5.78)

Using this quantity leads to the following expression for the dimensionless
wall distance:

y+ =
y ·uo

ν
S

. (5.79)

Velocities are made dimensionless by just dividing them by the wall shear
velocity:

u+ =
u

uo
. (5.80)

Times can also be scaled with the help of the wall gradient. So the di-
mensionless time, which can be used as the variable in the representation of
temporal correlation functions is given by:

τ+ = τ ·γ
W
. (5.81)

It can be shown, [15], that for well developed turbulent channel flows an
analytic expression for the average velocity profile across the channel can be
derived. This so called logarithmic wall law has the general form:

u+(y+) =
1
κ
ln(y+) + C (5.82)

where the constants have to be determined by comparison with experimental
data. It turns out that κ = 0, 4 and C = 5. For very small y+, i.e. in the so
called laminar wall layer very close to the wall, this law is not valid but one
has instead

u+(y+) = y+. (5.83)

In these equations we used the notation of Sect. 2.1 for the average and
fluctuating part of the velocity.

There are two scalar quantities, which can be formed from products of
velocity gradient components. One is the turbulent energy dissipation

ε+ =
3∑

i,j=1

(
du+

i

dx+
j

+
du+

j

dx+
i

)2

(5.84)

and the other the enstrophy

ω+ =
1
2

3∑
i,j=1

(
du+

i

dx+
j

− du
+
j

dx+
i

)2

. (5.85)



6. FRS: Forced Rayleigh Scattering

6.1 Basic Considerations

6.1.1 Introduction

Following a suggestion by de Gennes published in 1978 [16] Cloitre and Guyon
[17] first measured velocity gradient values in a turbulent tube flow on the
basis of the theory outlined here. The principle of their technique, which
became known as ‘forced Rayleigh scattering’, will now be explained with
the help of Fig. 6.1.

The beam of a pulse laser is split into two coherent beams, PL, of roughly
the same intensity. These two beams are characterized by the wave vectors
k1 and k2. They cross each other in the scattering volume V. This is the
typical configuration of a laser doppler velocimetry set-up (c.f. Sect. 2.3.3).
In the scattering volume, where the two illuminating light beams cross, one
obtains an electric field by superposition during the time the pulse lasts. It
is approximately given by

E(r, t) = Eo ·e−iωt ·(eik1·r + eik2·r) (6.1)

The intensity in that region is then

I(r, t) = E(r, t)·E∗(r, t) (6.2)
= |Eo|2 ·(eik1·r + eik2·r) (e−ik1·r + e−ik2·r)
= |Eo|2 ·(2 + eiq·r + e−iq·r)
= 2·|Eo|2 ·(1 + cos(q ·r))

where we introduced the difference vector

q = k1 − k2. (6.3)

It can be seen in the last part of the equation (6.2), that the intensity has
the form of a plane time independent ‘intensity wave’. Because it is a real
wave, it is composed of two waves with wave vectors q and −q, which only
differ in the sign. In the figure, only one of these wave vectors is shown.

Wilfried Staude: LNP m69, pp. 113–118, 2001.
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Fig. 6.1. Schematic of the experimental set-up described in [17] in the vicinity of
the scattering volume. Two beams of a pulse laser, PL, and the beam of the probe
laser, RL, cross each other in the scattering volume, SV, within the flow tube, FC.
The diffracted light of the probe laser is focused by the lens L, onto the linear array
detector, LAD.

If a certain amount of the light energy is absorbed within the fluid it will
be transformed to heat, and therefore a stationary ‘temperature wave’ is pro-
duced within the fluid. Generally, fluids expand on raising the temperature.
Consequently, the temperature wave will entail a density wave. The time nec-
essary to produce this density wave is extremely short: it is roughly equal to
the wavelength of this wave divided by the velocity of sound. The refractive
index is dependent upon the density of the medium, and we finally end up
with a refractive index wave within the fluid, which can also be considered as
an optical three dimensional grating. The light beam of a probe laser of low
intensity can be diffracted by this grating. One of the diffracted light waves
with the wave vector ka = ke − q will then be detected by the linear array
detector LAD. Due to the high thermal conductivity of the fluid, the grating
will not last very long and, thus, the diffracted light wave of the probe laser
will disappear quickly.

In the case of a non-vanishing velocity gradient within the region where
the mentioned grating is produced the diffracted light wave will generally
change in time. This change is dependent on the change of the wave vector
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q which is described by equation (4.65). It is obvious that the two wave
vectors q and −q stay always antiparallel. Consequently, as long as the optical
grating exists it will remain a pure sinusoidal grating, with only its orientation
in space and its wavelength subject to changes. Thus, the direction of the
diffracted light will change, which can be measured by use of the linear array
detector. It is then possible to calculate one particular component of the
velocity gradient tensor from the measured velocity of the observed diffraction
spot.

6.1.2 The Lifetime of the Grating

An experimental technique based on the principle described in the last section
hinges on a sufficiently long life time of the refractive index grating. It must
be long enough so that the change in the direction of the diffracted wave can
easily be measured. This is especially a problem with small gradients.

The life time of the grating, when no velocity gradient is present, is given
by

τG =
DT

q2 , (6.4)

where DT is the thermal diffusion coefficient.
The velocity within the scattering volume influences the accuracy of the

method because it lessens the life time of the grating within the spatially
fixed scattering volume.

The life time of the grating can be increased considerably by dissolving a
bleachable dye within the fluid. The dye molecules are excited by the light of
the pulse laser to a metastable electronic state. Molecules in that state can no
longer absorb light of the probe laser. One then has an absorption grating,
which not only has a much longer life, but which also has a much higher
diffraction efficiency. The longer lifetime furthermore allows a reduction in the
lattice constant of the diffraction grating by increasing the angle of the two
coherent light waves of the pulse laser. This entails a larger diffraction angle
of the probe laser light and with it a higher accuracy. Gradient measurements
using a bleachable dye are described in detail in [18].

The lattice constants of the optical gratings which were used for gradient
measurements were in the range of 10 -70µm. The angle of the two light
waves of the pulse laser is then in the range of a few degrees. The time period
which is used to follow the motion of the diffracted probe laser light was in
the range of ≈100µs to a few milliseconds.

6.1.3 Scattering Geometry and Scattering Volume

The scattering volume, by this measurement technique, is determined by
the crossing of three light beams: The two pulsed beams in laser-doppler
geometry and the probe beam. The two pulsed beams determine the vector
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q on the right hand side of equation (6.2). Consequently they determine that
the derivatives of the component in direction of q of the flow velocity can
be measured. Because of the rather large lattice constant of the diffraction
grating the probe laser beam must be almost perpendicular to the vectors
±q. One then has two main directions for the probe beam:

• probe beam perpendicular to the plane defined by the two pulsed beams
• probe beam in the plane of the two pulsed beams

The first scattering geometry has the advantage that the scattering vol-
ume can be made fairly small. Shaping of the laser beams to form elliptical
cross sections leads to the required scattering volumes demanded by the flow.
Cloitre and Guyon [17] have thus formed an oblate scattering volume which
has its short axis in the direction of the probe laser beam. The resulting
prolate q-volume of coherence then suppresses delusive speckle motion. (For
a detailed explanation see Sect. 4.7.3).

The possibilities of shaping the scattering volume are restricted for the
second scattering geometry. Due to what was said above, the angle between
the probe beam and the two pulsed beams must be very small. This leads
to a rather extended scattering volume in the direction of the probe beam,
which cannot be reduced significantly.

It is possible to measure all three spatial derivatives of a certain veloc-
ity component if two probe beams in different directions are used and the
motions of the respective diffracted light beams are measured. All gradi-
ent components require measurements with three different directions of the
pulsed beams.

Due to the rather large lattice constant of the optical lattice the angle
of diffraction of the probe beam is fairly small, which of course restricts the
sensitivity of the technique.

6.2 Experiments and Results

So far two publications have appeared which show results of measurements of
gradients in fluid flows obtained with the technique described in this chapter:
[17], [18]. We will discuss here the work by Cloitre and Guyon [17] which
contains many more experimental results than the other publication.

6.2.1 Experimental Set-Up

The principal part of the experimental set-up is shown schematically in
Fig. 6.1. The two pulsed laser beams are produced by a Nd:YAG-laser with
a pulse power of 10 mJ and pulse duration of 10 ns. Both beams are given
an elliptical profile by use of cylindrical lenses so that the long axis of the
beam profiles lie in the plane defined by the two beams. The probe beam
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supplied by a HeNe-laser crosses the two other laser beams in their overlap
region normal to the just mentioned plane. The lattice constant of the optical
lattice can be varied by changing the angle between the two pulsed beams.
The linear CCD-array is placed in the focal plane of the lens L. The size of
the scattering volume is 300×300 ×50µm3. The flow tube has a rectangular
cross section of the size 5mm×40mm, the scattering volume was placed 700
mm away from the inlet.

The motion of the diffracted light beam in this scattering geometry is
determined by the two gradient components Γxx and Γxy. The first compo-
nent determines the motion in the x-direction, the second one that in the
y-direction. Assuming that the first component is small compared to the sec-
ond - which is obviously the case near the wall - the main motion of the
diffracted light beam is in the y-direction. For this reason the authors have
oriented the linear array detector parallel to the y-axis. If the light intensity
is measured with the detector at a definite time after the light pulse of the
Nd:YAG-laser, one obtains a series of intensity data with a clearly marked
maximum. From its position, the time lag, the focal length of the lens L, and
the distance of the pixels one can easily calculate the rate of change of the
diffracted light, i.e. the y-component of k̇o.

6.2.2 Experimental Results

For well developed turbulence the gradient profile of Fig. 6.2 is obtained.

Fig. 6.2. Profile of the gradient component Γxy. The dimensionless wall distance
y+ is calculated according to equation (5.79).

Figure 6.3 shows the average gradient for three different Reynolds num-
bers below and above the critical Reynolds number.

Since this technique yields instantaneous gradient values, one can measure
gradient distributions by repeated measurements. Figure 6.4 shows results of
measured gradient distributions for different wall distances.
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Fig. 6.3. Dependence of the average gradient Γxy on the wall distance. The mea-
surements give a critical Reynolds number of ≈ 1050.

Fig. 6.4. Gradient distributions obtained on the basis of 300 single measurements
for three different wall distances: a: y+ = 80, b: y+ = 120 (centre of flow tube),
and c: y+ = 160.



7. LICC:
Light Intensity Cross-Correlation

7.1 Basic Considerations

7.1.1 Introduction

This measurement method, as well as the others described in the following
sections, demand a seeding of the flow under investigation (c.f. Chap. 2.3.1).
The result is a stochastic pattern of the scattered light (see Sect. 5.3). The
basic idea of the method described in this chapter can be understood very
easily if a special case is considered: let us assume that the pattern of the
scattered light moves rigidly and the motion direction is known. Under these
condition the pattern velocity can be measured in the following way: Two
light detectors are placed in the plane of observation, such that they lie on
a line parallel to the pattern motion direction. One then forms the temporal
correlation function of the detector signals. If the distance of the two detectors
is called d and the velocity of the pattern v

P
, then the light intensity at the

first detector at a certain time t is evidently the same as that at the second
detector at time t + d/v

P
. This gives the following relationship between the

intensities at the two detectors:

I2(t+ d/vP
) = I1(t). (7.1)

From this equation follows immediately

I2(t) = I1(t− d/vP
). (7.2)

It is then possible to express the cross-correlation function

C12(d, τ) = 〈I1(0)I2(τ)〉 (7.3)

by the auto-correlation function. For that purpose we replace I2(τ) in equa-
tion (7.3) with the help of equation (7.2) and obtain

C12(d, τ) = 〈I1(0)I1(τ − d/v)〉 = C11(0, τ − d/v
P
). (7.4)

The auto-correlation function on the right hand side has an absolute max-
imum if all its arguments are zero (see equation 3.47), i.e. for τ − v

P
/d = 0
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which amounts to τ = d/v
P
. Consequently, the cross-correlation function

also has an absolute maximum for this value of τ . If, therefore, the temporal
position of the maximum of the correlation function, τmax, is determined,
it can be used, together with the distance of the detectors, d, to calculate
the velocity of the pattern. However, this only leads to a correct result if
the pattern moves rigidly, i.e. it exhibits no boiling. Obviously, this method
may also yield acceptable results, if there is a slow boiling of the pattern,
and if the motion direction of the pattern is not exactly parallel to the line
connecting the detectors, but it may be hard to prove the reliability of the
obtained data.

7.1.2 The Demands on the Experimental Set-Up

As became clear from the discussion of the last section, one has to ensure that
the most important requirements for a successful application of this method
are met:

• both detectors must lie on a speckle path
• the pattern must have a life time which exceeds the time necessary for it
to travel the distance between the two detectors.

These requirements seem to restrict a possible application of the method
to laminar flows. However, we are going to show that this method can be
applied to a turbulent channel flow. Let us consider a laminar flow where the
average value of one off-diagonal element of Γ̂ only is not equal to zero. This
is for instance the case in the horizontal mid-plane in a rectangular flow tube
(as shown in Fig. 7.1) or in an open rectangular channel far away from the
bottom. In the co-ordinate system shown in the figure this component is ∂vx

∂y .
Immediately at the wall this gradient - the wall gradient - has its maximum
value, and it drops down to zero on going to the middle of the flow.

If the flow becomes turbulent on increasing the flow velocity the other
components of the gradient tensor will no longer be zero. They will, however,
have an average value of zero. So let us assume that up to a certain distance
from the wall the speckle motion is mainly determined by the velocity gra-
dient ∂vx

∂y . The situation is therefore almost the same as the one discussed
in Sect. 5.9.2. The scattering geometry which is suited best for the measure-
ment of Γxy �= 0 is shown in part a) of figure 7.1: The scattering vector q
points in the direction of the average flow velocity and the speckle motion
caused by this gradient to the y-axis. Due to the fact that the direction of
the speckle motion is perpendicular to the scattering vector ko, no oblique
speckle motion occurs.

If now the other velocity gradient components are not zero, but small,
boiling and oblique speckle motion will occur, but their influence will be
small.

Unfortunately, the measurements we performed were done with an open
water channel where the above scattering geometry is not possible. We are
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Fig. 7.1. a): The optimum scattering geometry for the measurement of Γxy, b):
The scattering geometry to measure Γxx − Γxy.

therefore going to consider a scattering geometry which can be used in this
case. This is shown in part b) of the figure. Here too, the scattering vector
is along the x-direction. However, the vector ko is not perpendicular to the
y-direction, which means that the speckle motion in the y-direction cannot be
measured directly. Consequently, we have to deal with oblique speckle motion
in this case (see Sect. 4.7.1). With an angle of 45o between the vectors ko and
k̇o, the boiling of the pattern will be fairly strong. One way to considerably
reduce the boiling and obtain nevertheless rather long speckle paths, is to
shape an oblate scattering volume as described in Sect. 8.2. The resulting
prolate q-volume of coherence causes the desired effects.

Using the scattering geometry shown in Fig. 7.1 b), one does not measure
the component Γxy, but the linear combination Γxx −Γxy. This follows from
a direct comparison with the situation discussed in Sect. 5.8.2. In case of the
channel flow, however, one has 〈

du

dx

〉
= 0 (7.5)

and therefore 〈
du

dx
− du
dy

〉
= −

〈
du

dy

〉
. (7.6)

It is thus possible to measure the mean wall gradient directly with this set-up,
i.e. the quantity

〈
du
dy

〉
.

Section 7.2.1 describes another way to apply this method in the case of
oblique speckle motion. One can generally state that this method can be
used to measure average gradients whenever two conditions are - at least
approximately - fulfilled:
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• One gradient component is much bigger than all others. Then the vector
k̇o, which governs the speckle motion, has a rather well defined direction.

• It is possible, by choice of the scattering geometry, to shape the scattering
volume, or by some other means, to sufficiently reduce the speckle boiling.

7.1.3 Evaluation Using Fit Procedures

For increasing distances of the detectors, i.e. for larger d, or for speckle mo-
tions which do not exactly coincide with the line connecting the two detec-
tors, one will observe that the maximum of C12(d, τ) will become smaller
and smaller in comparison to the maximum of C11(0, 0). In the first case, the
pattern boils away on its path from the first to the second detector, in the
second case, any speckle which hits the first detector, partly misses the sec-
ond. Both effects cause the position of the maximum of the cross-correlation
function to move to a smaller τ . This means that the pattern velocity will be
overestimated if the position of the maximum is used for the calculation of
the pattern velocity. If the direction of the pattern velocity is not very well
known, the movement of the maximum of the cross-correlation function will
generally influence the measured data and, therefore, this simple type of data
evaluation cannot be recommended.

As the results shown below indicate, one can successfully fit the measured
correlation function to a rather general function with free parameters. The
form of this function will be based on a theoretical modeling of the light
scattering theory, as well as on general assumptions on the distribution of
the velocity gradient within the flow. The advantage of being free of a model
in the evaluation of the data is of course sacrificed, which definitely limits
the applications of this method.

The above procedure was used by the author ([19]) whose experiments
we are now going to consider. We will not present here the rather tedious
calculation of the correlation function, which can be found in [11]. The chief
assumptions for this calculation are the following:

• The light intensity distribution within the scattering volume is Gaussian.
• The diaphragms in front of the detectors are circular.
• The distribution function of the component of the velocity gradient in the
turbulent flow under consideration is also a Gaussian.

With these assumptions and a few approximations one can derive the general
form of the correlation function:

C12(τ) = A1 +A2exp(A3τ
2)exp(A4τ)exp(A5|τ |)exp(A6τ

3)exp(A7τ
4). (7.7)

The important parameter for the determination of the velocity gradient is A4.
The two parameters A6 and A7 result from the fluctuating gradients in the
turbulent flow, both are zero for laminar flows. A5 depends on the diffusion
of the light scattering particles, and A3 is determined by the particle velocity
and those gradient components, which cause boiling of the pattern.
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7.2 Experiments and Results

The method described here was developed by two students working on their
thesis, [20] and [19]. We will discuss here the experimental set-up developed
by the second author and show some of his results.

7.2.1 Experimental Set-Up

The intention of the author was to measure the time behaviour of the gradient
component Γxy in a flow channel near the wall, i.e. he had to measure the
speckle motion temporally resolved. He had to take into account that the
two gradient components Γxx and Γxz also determine the speckle motion;
they only have a vanishing temporal average value. For that reason he has
modified the set-up shown schematically in Fig. 7.1 b) as follows:

Instead of an illuminating light beam with a fixed direction, he used a
beam that could be switched between two different directions. If these di-
rections are chosen properly one can measure directly the desired gradient
component Γxy. This should be explained with the help of Fig. 4.7:

Two light beams with wave vectors ki1 and ki2, illuminate alternatively
the scattering volume. The directions of these vectors, as well as the vectors
ko1 and ko2, are chosen in such a way, that ki1 points in the x-direction and
κ in the y-direction. The angle between the two illuminating light beams
is heavily exaggerated in the figure, it should be only a few degrees. If one
aligns the optical elements carefully, the spatial aperture functions can be
assumed to be identical. Now the detectors are gated in such a way that the
electronics receive signals of detector 1 (the one in direction of ko1) only if
the illuminating laser light shines in direction 1 (characterized by the wave
vector ki1), and vice versa. The cross-correlation function of the signals of the
two detectors is then - apart from a constant factor - equal to CI(q1, q2, τ)
in the notation of Sect. 4.6. The measured component of the speckle velocity
is in the direction of κ = q1 − q2, which is identical to the y-direction.
Consequently, the velocity gradient component that is measured is exactly
the required Γxy. The switching between the two directions of the illuminating
laser beam must of course be fast enough. Only if the speckle velocity can be
considered constant during the time period needed to switch the beam back
and forth, can the obtained speckle velocity be considered reliable.

The experiments were performed with a 25 mW HeNe-laser as the light
source and an open water channel with dimensions 500cm×18cm×3cm. Pho-
tomultipliers served as detectors, and the correlation functions were calcu-
lated by a 4-bit digital correlator. The electronics of the correlator were
slightly modified to allow the above mentioned gating of the detector sig-
nals. The switching of the laser beam directions was achieved by use of a
Pockels cell, and the digital correlator and Pockels cell were synchronized
so that exactly one Pockels cell cycle ended during one sample time of the
correlator.



124 7. LICC: Light Intensity Cross-Correlation

The parameters of the function given in equation (7.7) were determined
by least mean square fits to the measured correlation functions. The set-up
shown in Fig. 7.1 b) gives 〈

du

dy

〉
= − A4

Φ11 ·Q ·∆q (7.8)

where

Q =
1
2
|q1 + q2| (7.9)

∆q = |q1 − q2|.
(7.10)

The 3×3 tensor Φ̂ is a function of the size of the scattering volume and the
diameter of the circular detector diaphragms. It is given explicitly in [11].

For the small detector diaphragms (diameter smaller than 0.3 times the
diameters of the coherence area) used here, and with the assumption of a
spatial aperture function of the form

L(r) = A · exp(−x2Σx − y2Σy − z2Σz), (7.11)

one obtains for the desired component of Φ̂

Φ11 =
1
2
(Σx +Σy) . (7.12)

7.2.2 Experimental Results

Figure 7.2 shows a measured correlation function together with the deter-
mined fit function of the type (7.7).

Figure 7.3 shows two examples of measured gradient profiles. Deviations
from the expected behaviour near the wall, where the gradient is supposed
to be constant, can clearly be seen. This behaviour of the experimentally de-
termined values is due to the fact that at small wall distances the scattering
volume is cut by the glass wall of the flow channel. Scattering particles, which
are adsorbed at the wall, provide a constant background of coherent stray
light (see Sect. 5.5), which reduces the value of the determined pattern ve-
locity. Furthermore, the scattering volume will no longer be Gaussian, which
renders the evaluation procedure dubious.

The explanation just given is proven by measurements with altered pa-
rameters in the optical set-up. Figure 7.4 shows results of measurements with
different diameters of the scattering volume. It is obvious that the data ob-
tained with the smaller scattering volume is reliable to much smaller wall
distances than that with the larger scattering volume. Further experimental
results obtained with this method are shown in the figure 9.6.
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Fig. 7.2. Measured cross-correlation function at a Reynolds number of 3000. • :
measured data, + : fitted data according to (7.9).

Fig. 7.3. Measured gradient profiles of Γxy(y). + : Re = 7400; • : Re = 10000.
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Fig. 7.4. Dependence of the experimentally determined velocity gradient in the
near wall region on the diameter of the scattering volume at Re = 10000. Diameter
of the scattering volume : + : 75µm, • : 150 µm.



8. DPSS:
Double Pulse Speckle Strophometry

8.1 Basic Considerations

8.1.1 Introduction

This measurement technique applies spatial averaging for the determination
of the pattern velocity. For that purpose, the flow is illuminated by two
successive laser pulses of short duration, with a short temporal distance
∆tc. Both resulting speckle patterns are recorded electronically. Provided
the speckle boiling is not too pronounced during the time ∆tc, the two pic-
tures can be used to determine the motion of the pattern. One method to
obtain the shift ∆ρc of the pattern during the time ∆tc is to calculate the
spatial cross-correlation function of the two images and determine the posi-
tion of its maximum. The time ∆t must of course be chosen so short that
the maximum in the cross-correlation function is well developed and can be
discriminated against the random maxima occurring above the background,
which are caused by the finite area of the images. The pattern velocity is
given by the two quantities just introduced via

vP =
∆ρc

∆tc
. (8.1)

The implementation of this technique requires the consideration of a num-
ber of different aspects which will now be discussed in detail. As far as the
detector is concerned we will restrict our consideration to a linear array de-
tector. A detector of that type was used for our experiments.

8.1.2 The Admissible Size of the Recorded Speckle Pattern

According to equation (4.71), the velocity of the speckle pattern varies with
the direction of the scattered light, i.e. with ko. This means that the speckle
velocity is not constant over the area of the images discussed in the last
section. For that reason, one can only speak in an approximate sense of
the pattern velocity over an area on the observation screen. How good this
approximation is, or how big the area is over which the velocity is fairly
constant, cannot be decided generally because it depends on the spatial form
of the velocity gradient tensor.
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It is possible to estimate the influence of this effect on the obtained re-
sults under some simplifying assumptions. Let us assume that all elements of
the gradient tensor are of the same order of magnitude. Let us furthermore
restrict our consideration to one dimension only. If the detector has an exten-
sion so that it covers an angle of 0.1 rad of the scattered radiation, then the
variation in pattern velocity along this direction is about 3%. However, this
does not entail an error of the same order of magnitude, because the pattern
motion is calculated from the intensity values across the whole image area.
So the effect on the cross-correlation function will generally be a broadening
of the maximum so that the shift of the maximum will be very much smaller
than the 3%. Therefore, an error caused by this effect can be ignored under
these circumstances. The measurements shown in this chapter are made with
a detector of the spatial extension just considered.

8.1.3 The Necessary Speckle Number
in the Recorded Speckle Pattern

It is obvious that for the calculation of a reliable cross-correlation function,
the averaging must be made over a sufficient number of coherence areas, or,
in other words, the number of speckles within in the recorded image must be
large enough. Only if this is the case can one discriminate the ‘true’ maximum
in the correlation function against ‘random’ ones.

In the experiments described below, which were performed with a linear
array detector, an averaging over about 50 diameters of the coherence area
turned out to give satisfactory results. If the speckle number should turn out
to be too small one can increase it by a number of means. The scattering
volume may be increased by use of a lens of smaller focal length in the
illuminating light path, which reduces the size of the coherence area. It is
also possible to reduce the size of the speckles on the detector by altering the
optics on the detection side.

8.1.4 Oblique Speckle Motion
and the Shape of the Scattering Volume

For an accurate determination of the position of the maximum in the corre-
lation function, which is required to obtain reliable gradient values, one has
to make sure the path the pattern traveled in the observation plane is large
enough compared with the diameter of the coherence area. If, however, the
speckle path ∆ρc is considerably larger than the speckle size one will have
difficulties because of oblique speckle motion: In that case the patterns of the
two images will show no correlation whatsoever because the pattern recorded
first will move out of the Ewald sphere.

A possibility to deal with this difficulty is to use an optical set-up which
causes a prolate q-volume of coherence where the large axis is parallel to the
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vector ko. Then one will always observe the pattern velocity components,
which are perpendicular to ko, regardless of the speckle motion being oblique
or not. This can easily be seen with the help of Fig. 8.1 (see also Fig. 4.8).

Ewald sphere

scattering volume

q-volume of coherence
Vc(0)

q(t)

q(0)

ki

q-volume of coherence
Vc(t)

ko

Fig. 8.1. Speckle motion in k-space and resulting motion of scattered light pattern
with elliptical scattering volume

With the resulting prolate q-volume of coherence, the pattern stays co-
herent fairly long, even with oblique motion. The necessary oblate scattering
volume can be shaped by use of cylindrical lenses (see Sect. 8.2.1 and figure
8.2).

8.1.5 Special Demands on the Optical Set-Up

This technique requires laser pulses which are considerably shorter than the
time span between the two pulses in order to obtain images which are not
degraded. It is therefore advisable to use a double pulse laser. The required
light energy of a pulse is of the order of 10 mJ. The pulse duration is usually
on the order of 10 ns, which is smaller than actually required. Due to the
high energy density, which results from these parameters, problems may arise
especially in those regions where the diameter of the laser beam is very small.
That happens at the pin hole of a spatial filter and near the scattering volume.
Measurements near the wall of a flow vessel can be critical since small particles
adhering to the wall may absorb a fraction of the light large enough to lead
to damages of the wall.

The light sensitive areas of a linear array detector - the so called pixels -
are very small (see the following section). We used a detector with a pixel size
of 13x13 µm. This requires a very reliable adjustment to focus the speckle
pattern, which is made quasi one-dimensional on the linear array detector by
use of a cylindrical lens. High precision mechanical elements are required for
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this, so that linear adjustments can be made reproducibly to within a few
microns, and optical elements can be rotated to a comparable accuracy.

8.1.6 The Electronic Recording of the Speckle Pattern

At the time when the experiments cited here were performed, no elec-
tronic devices were yet available which allowed for the recording of two two-
dimensional images to within a few microseconds. We therefore decided to
‘compress’ the speckle pattern in one direction with a cylindrical lens to ob-
tain a quasi one-dimensional pattern. Linear array detectors, which meet the
just mentioned demands, are available. They furthermore reduce consider-
ably the effort to calculate the pattern velocity, although they yield only one
velocity component of the pattern.

A single diode usually has a quadratic cross section; it delivers an electric
charge proportional to the light energy absorbed by it. The charges built up
in the single diodes are then successively shifted with external clock pulses
and amplified by external electronics. One finally has a digitized image of
the light intensity. Obviously, a reliable image of the intensity pattern can
only be obtained if the pixel size is small compared to the diameter of the
coherence area in the direction of the array detector. Our measurements show
that the number of pixels within a coherence length should not be smaller
than 4, otherwise, not only the accuracy decreases, but there will also occur
systematic deviations in the determined pattern velocities.

Two properties of real CCD-array detectors may influence the obtained
results and will therefore be discussed. Firstly, the sensitivities of the single
diodes are not exactly equal, and sometimes one observes also a fairly smooth
variation of the intensity along the detector. Usually, the differences between
neighbouring diodes are small and need not be considered. A variation across
the detector may occur for a variety of reasons. It is possible that the angle,
which the illuminating light forms with single diode planes, varies because of
an irregular plastic cover of the array detector. Scratches, dust or fingerprints
can also lead to different diode signals.

Secondly, the array detector used had the special property that, after the
first illumination, the charges of the single diodes could be - triggered by
an external pulse - transformed to storage capacitors. This transfer of the
charges is not perfect, i.e. a small amount of charge is left. That means that
after the second illumination the charge of a diode is not independent of
the intensity of the first illumination. Therefore the second image contains
a certain fraction of the first image. We found that when this fraction was
smaller than 5% one can neglect this effect.
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8.1.7 The Determination of the Maximum
of the Cross-Correlation Function

In this technique spatial averaging over a fairly small fraction of the pattern
is performed. Consequently, it is far from ideal. For this reason, one observes
in any calculated cross-correlation function of two images a number of max-
ima and minima of different height. One cannot simply state that the largest
maximum is caused by the shift of the pattern, whereas the other ones are
random. It is therefore necessary to find a criterion which discriminates be-
tween the ‘true’ and the ‘random’ maxima. For that purpose we introduced
the following normalization of the cross-correlation function:

C(j, τ) =
1

N−j

∑N−j
i=1 S1(i+ j, 0)S2(i, τ)√
〈S2

1(j)〉 〈S2
2(j)〉

(8.2)

where 〈
S2

1(j)
〉
=

1
N − j

N∑
i=j+1

S2
1(i, 0) (8.3)

and 〈
S2

2(j)
〉
=

1
N − j

N−j∑
i=1

S2
2(i, τ). (8.4)

Here S1(i, 0) and S2(i, τ) denote the signals of the i-th pixel at time 0 and
τ , respectively. We call the maximum of this normalized correlation function
‘correlation coefficient’. A systematic investigation showed that this coeffi-
cient should be larger than 0.5 to be sure that the corresponding maximum
is the one caused by pattern motion. While the measurements are performed,
one has to make sure that only on rare occasions the correlation coefficient
drops below the critical value 0.5. Otherwise there is a risk that especially
large gradient values are suppressed and quantities calculated from the mea-
sured gradients will be biased.

If the ‘true’ maximum has been found by this method one has to determine
its position. This can be done with much higher precision than might be
suspected on the basis of the pixel distance. We fitted to the upper part
of the maximum a parabola and determined the maximum position of this
parabola. By this method we could determine the position of the maximum
to an accuracy of about 1/7 of a pixel distance.

8.2 Experiments and Results

The method described was developed during the work required for a thesis
[21]. All results shown here are taken from this thesis.
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Fig. 8.2. Optical set-up of the double pulse method. Explanation in the text.

8.2.1 Experimental Set-Up

The optical set-up is shown schematically in Fig. 8.2. The cylindrical lenses
1, 2, and 3 serve to produce an elliptical cross section of the illuminating
laser beam. The vertical diameter of the beam in the scattering volume was
1mm and its horizontal diameter 35µm. The function of the cuvettes attached
to the outside of the flow tube is explained in Sect. 5.8.1. The guidance of
the scattered light differs form that shown in Fig. 5.3 by a number of added
components. The additional cylindrical lens serves to focus the scattered
light in the horizontal direction onto the CCD-array. The light is not affected
in the vertical direction. The image of a cylindrical lens is of rather poor
quality for rays, which form larger angles with the optical axis in the plane
where the curvature of the lens is maximal. We therefore restricted the light
reaching this lens by a rectangular diaphragm, which in the figure is called
‘slit’. The imaging of the bright laser beam within the flow by lens 1 onto the
plane of the diaphragm 3, restricts the scattering volume laterally to 400µm.
The resulting effective scattering volume had the following dimensions with
respect to the axes x’,y’, and z’ of 400µm, 35µm and 400µm, respectively.

The rectangular flow tube has a cross section of 10.2mm×80mm and a
length of 150cm. The location of the scattering volume was 120 cm down-
stream from the inlet. Further information is found in [22].

8.2.2 Experimental Results

Figure 8.3 shows examples of two one-dimensional intensity images as were
recorded with the linear CCD-array detector. The temporal distance of the
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Fig. 8.3. Two intensity series obtained with a linear CCD-array detector. Time lag
between the images 50µs. The lower part shows the calculated correlation function
with a changed time scale.

two pictures was 50µs. In the lower part of the figure, the central section of
the cross-correlation function of the two upper images is shown as calculated
according to equation (8.2). The well developed maximum is clearly seen,
which indicates a pattern motion of more than 0.2mm. Measured wall gra-
dients in the flow tube as a function of the Reynolds number are shown in
Fig. 8.4. Note the large gradients that can be measured with this technique.
However, the largest values are obviously not reliable. This is mainly due to
two reasons:

• The very large gradients up to 2500 s−1 require smaller temporal distances
between the pulses than the minimal 2µs, which could be achieved with
the above laser system.

• At high Reynolds numbers the scattering volume is larger than the laminar
wall layer.

In Fig. 8.5 measured gradient profiles are shown. The values measured for
the smallest Reynolds number of 2250 notably deviate from the other ones.
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according to logarithmic wall law

according to parabola profile of velocity

Reynolds number

Fig. 8.4. Measured wall gradient as a function of the Reynolds number

Fig. 8.5. Gradient normalized with the wall gradient as a function of the dimen-
sionless wall distance.

This indicates that in this case the flow turbulence is not yet well developed.
Distributions of gradients are shown in Fig. 8.6. In the centre of the flow
tube, the distribution turns out to be rather symmetrical, which one would
also expect. Near the wall, the distribution becomes definitely asymmetric.
We finally show variances of gradients in Fig. 8.7. Here, the transition from
laminar to turbulent flow can clearly be seen. Intermittent turbulence already
occurs at Reynolds numbers of 1500 - 1600, which is probably caused by
pressure fluctuations in the flow system.
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Fig. 8.7. Variations of the gradient component Γxy + Γxx in the near wall re-
gion. The open symbols show estimates of the errors produced by the measurement
system.
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9.1 Basic Considerations

9.1.1 Introduction

This measurement technique is based on the property of the intensity of the
scattered light expressed by equation (3.62). We will rewrite this equation in
the following form:

− 〈vPx〉 =
〈
İ(0, 0) · f(Ix(0, 0))

〉
〈Ix(0, 0) · f(Ix(0, 0))〉 ≡ 〈Z〉

〈Y 〉 . (9.1)

This defines the quantities Z and Y , which will henceforth be referred to as
numerator and denominator, respectively. We are going to call the interesting
component of the pattern velocity the ‘x-component’. The required averages
on the right hand side of this equation will be calculated from the time series
of the intensities measured with two detectors. This means that a temporal
averaging is performed.

An inherent problem in the technique based on equation (9.1) is the mea-
surement of the derivatives Ix and İ. It is not possible to measure these
quantities directly, therefore, one has to resort to a method which allows an
approximate experimental determination according to

İ ≈ 1
τS

(
I
(
0,
τS
2

)
− I
(
0,−τS

2

))
(9.2)

Ix ≈ 1
δD

(
I

(
δD
2

ex, 0
)

− I
(

−δD
2

ex, 0
))
.

The technique described here turns out to be rather complex, which is due
to the very large fluctuations of the quantities appearing in this equation. It
was therefore necessary to find algorithms which are based on quantities that
appreciably reduce the necessary averaging time.

The following subsection will deal with the particulars of this technique,
especially with regard to the mentioned problem.
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9.1.2 Sample Time and Separation of the Detectors

If the equation (9.2) shall represent a trustworthy approximation to the rela-
tion (9.1), one has to keep the quantities δD - the separation of the detectors
- and τS - the sample time - below certain limits. At first sight it seems to
be preferable to choose these quantities very small. However, this entails an
important disadvantage: The differences of the intensity values occurring in
equation (9.2) will then also become very small. Due to the inevitable shot
noise in measured intensity values (cf. last paragraph of Sect. 3.1), one then
obtains very heavily fluctuating values for these differences. It turns out that
these fluctuations are a limiting factor of the technique so it is rather advis-
able to choose the parameters δD and τS as big as possible in order to avoid
measurement times of many hours. The parameters have to remain small
enough, of course, to obtain reliable values for the pattern velocity.

A general relationship between the parameters δD and τS , and the result-
ing errors in the determined pattern velocities by use of a definite evaluation
algorithm, can only be calculated if the statistical properties of the pattern
are known. These are given by the properties of the flow and are therefore
not known prior to the measurement.

It is easy to ensure that the approximations expressed by the equations
(9.2) are sufficiently accurate if

• |δD − vPxτS | is small compared to the diameter dx of the coherence area
and

• τS is small compared to the coherence time τC of the pattern.

The quantity dx - the diameter of the coherence area in the direction in which
the pattern motion is measured - can be determined fairly easily, because it
follows directly from the dimensions of the q-volume of coherence. The coher-
ence time of the pattern, however, can only be obtained from the temporal
auto-correlation function CI(τ) of the light intensity, which for that purpose
has to be measured. It should be mentioned that the correlation time τC of
the pattern usually depends very strongly on the scattering geometry. Even if
the position of the scattering volume is chosen at a fixed position somewhere
in the flow, the correlation times for different scattering geometries may be
completely different. This means that it is usually preferable to redetermine
the correlation time of the pattern if any quantity describing the scattering
geometry is altered.

The inequalities mentioned above are of course only a rough hint as to the
choice of the parameters δD and τS . It is in any case preferable to determine
them experimentally. This means that a series of measurements with varying
values of δD and τS has to be performed. Our experiences show that for

|δD − vxτS | ≈ 0.1dx (9.3)
|τS | ≈ 0.1τC

the obtained pattern velocities are reliable.
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9.1.3 The Spatial Integration of the Light Intensity

Any light detector integrates the light intensity over the so called detector
area. The single point type measurement as supposed by equation (9.2) is
principally not possible. Generally, the influence of the detector area on the
connection between detector signal and light intensity will be negligible if
the detector area is small compared to the coherence area, but in this case
the light intensity which hits the detector will be small too. This leads to
an increase of the relative signal fluctuations because the influence of the
detector noise becomes more important (see also Sect. 9.1.9).

Let us consider the intensity integrated over the detector area

Ī(r, t) =
∫
A

I(ρ, t)O(r − ρ)dA (9.4)

as a new stochastic process. In this relation ρ is the variable location vector
in the plane A - the detector area - and O(r) the sensitivity function of the
detector which quantitatively describes the fact that the sensitivity of the
detector depends on where the light hits it.

It is now possible to prove that the velocity of the new pattern Ī, as well
as the co-ordinate system defined by equation (3.57), remain unaltered if the
following condition is met: The function O(r) must have mirror symmetry
with respect to a reflection at an axis parallel to the direction of differentia-
tion.

The integrated pattern has changed statistical properties as, for instance,
an increased coherence area and a larger coherence time. Up to now, only
measurements with circular detector areas were performed and we will restrict
the following discussions to these. In the experimental set-up the detector
areas will be defined by diaphragms in front of the actual detectors, and the
combination of detector diaphragm together with the actual detector will in
the following be referred to as the detector.

There are three special advantages of circular detector areas:

• Identical diaphragms for two detectors can easily be produced
• Circular diaphragms can easily be adjusted. There are only two parameters
which define their respective position: their distance and orientation with
respect to each other.

• The co-ordinate system defined by the condition (3.57) is always the same
for I(r, t) and for Ī(r, t).

9.1.4 The Measurement of the Spatial Derivative
of the Speckle Pattern

The measurement of the spatial derivative according to equation (9.2) ev-
idently requires two detectors with a respective distance δD, which has to
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Fig. 9.1. Schematic representation of the optics used for the measurement of the
spatial derivative of the speckle pattern. The lens denoted by L2 corresponds to
the one with the same notation in Fig. 5.3. The scattered light passes the beam
splitter S and then meets the two detectors D1 and D2. The diaphragm B1 which
determines the detector area is slightly displaced perpendicular to the optical axis
by an amount δD.

be small compared to the diameter dx of the coherence area. If the detector
areas of a size in the order of the coherence area are chosen, an overlap of
the two detector areas results. For an experimental realization it is then nec-
essary to use a beam splitter, which produces two identical patterns on two
spatially separated observation planes. The two detectors can then be placed
in these two planes and be translated independently of each other. This is
shown schematically in Fig. 9.1. Even though the intensity of the light is
divided by two for each of the detectors, a net gain can be achieved because
of the possibility to choose large detector areas.

As to the diameter of the detector area, no quantitative investigations to
optimize this parameter have been performed so far.

An important prerequisite for a reliable measurement of the spatial deriva-
tive of the integrated pattern is a constant relationship between the two de-
tector sensitivities. This means that the variation of the detector sensitivities
across the detectors must be the same:

O1(r)
O2(r)

= const. (9.5)

Otherwise one would obtain two different signals by the procedure, (according
to the right hand side of equation (9.4)), which could no longer serve for a
determination of the pattern velocity. No difficulty would of course arise
for detectors which have a constant sensitivity across their sensitive area.
However, almost all detectors show this variation. Clearly, if the spread in
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sensitivity is only small or, more generally, the sensitivity variations of the
two detectors are fairly equal, one will have no problems. Otherwise, one
could resort to the following remedy: The light wave passing through the
detector diaphragm has only a very small angle of divergence; it is therefore
easy to focus it on a very small spot. If photomultipliers are used, as in our
case, the variation of the sensitivity will be rather smooth and change only
on a large scale compared to the diameter of the focused light wave. However,
if for instance avalanche diodes are used with very small active areas, a very
accurate adjustment is required. It is also possible to ‘randomize’ the light
wave with a ground glass or some other means just behind the detector
diaphragm. Unfortunately, one will then have a certain amount of loss of the
light intensity which is actually seen by the detectors.

If optical elements are positioned somewhere behind the beam splitter
one has to make sure that the two light paths remain identical. Lenses with
very short focal lengths may especially pose problems; since they have a
very large curvature, the amount of reflected light drastically increases with
distance from the optical axis. Thus, if two identical lenses are not placed at
the same respective positions, the two patterns will not remain identical. It
is therefore advisable to use lenses with anti-reflection coating.

The experimental results shown below were obtained with side window
photomultipliers and detector diaphragms of < 7 mm diameter. The type
of photomultiplier used has some thin wires in front of the photo cathode
which leads to the formation of shadows on the cathode. The result can be
viewed as a strong variation of the sensitivity of the detector, and the con-
dition (9.5) is not met. Satisfactory measurements were not possible unless
an opalescent glass plate and a convex lens were placed between detector
diaphragm and photomultiplier. Unfortunately, this reduced the light inten-
sity considerably and increased the signal fluctuations and consequently, the
measurement times.

The signal differences of the two detectors are usually not zero even if the
light intensities are definitely the same, due to different overall sensitivities.
Therefore, one cannot simply interpret the signal differences as proportional
to the intensity differences. A fairly easy means to adjust the signals is to
reduce the light intensity in the light path of the more sensitive detector. We
did that by use of a lambda half plate, which was placed somewhere in the
light path in front of the beam splitter. Since the intensity ratio of the two
emerging light waves depends, to a certain extent, on their polarization, one
can change the intensity ratio by a rotation of this plate.

It is also possible to account for the different average signal of the detectors
by special evaluation algorithms. We will discuss this possibility Sect. 9.2.

9.1.5 The Temporal Integration of the Speckle Pattern

The impossibility to measure light intensities at a definite point in space
is reflected in the time domain: No detector can measure the intensity at
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a definite moment in time. In order to obtain high signals with relatively
little noise, it is recommended to choose the integration time - usually called
sample time - as long as possible. Contrary to the case of spatial integration,
where overlapping areas turn out to have advantages, no such advantage can
be observed in the time domain. We therefore chose the sample time length
so that successive sampling intervals are separated by a short dead time only.
This dead time turns out to be necessary because of a peculiarity of any
time resolving measurement system: The existence of a correlation time of
the system, τDet. In other words, the response of a detector at a definite
time t0 depends on its history during the time interval [to − τDet, to]. If, for
instance, the system has detected a photon during this time interval, then
the probability to detect another one at the time t is different from that if
no such detection occurred.

It is therefore of utmost importance to separate two adjacent sample times
by a dead time of the duration τT > τDet. This means that the detectors are
‘switched off’ during this time; electric signals delivered by the detectors
during that time must not reach the evaluating electronics. This is usually
achieved with so called gate electronics. Without this procedure, correlations
of the signals of adjacent sample times will arise, that are not based on
intensity correlations. The result will be erroneous values for the measured
temporal derivatives of the light intensities. In our system the dead time was
1µs.

The above results in a maximum integration time τI , which is simply
given by

τI = τS − τT . (9.6)

To obtain small sample times, it is therefore not only important to look for
very fast detection systems, but one also has to make sure that these systems
have very short correlation times.

The temporal integration can lead to an altered value of the evaluated
pattern velocity, different from the case of spatial integration over the de-
tector area. This happens if the speckle boiling is appreciable during one
integration time τI . So far, neither experimental nor theoretical studies have
been performed to asses this effect.

9.1.6 The Size of the Scattering Volume
and the Light Power Per Coherence Area

An important quantity for an experimental set-up is the intensity of the
light, which hits the detectors. For a comparison of different experimental
situations we chose a normalization with the size of the coherence area. For
a given power of the illuminating laser, the light intensity integrated over a
coherence area is dependent on the size of the scattering volume.

As noted in Sect. 2.3.1 the scattering volume must be smaller than the
homogeneity volume, i.e. the volume where equation (4.1) is a valid repre-
sentation of the velocity field of the fluid.
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Lower limits to the size of the scattering volume are determined by the
flow velocity: Due to the flow velocity the light scattering particles remain
within the scattering volume for a certain time, from which a certain boiling
of the pattern results. Clearly, smaller scattering volumes will increase the
boiling.

We will now derive an approximation for the light power per coherence
area. For that purpose we assume an ellipsoidal q-volume of coherence and
consider right angle scattering. The three orthogonal diameters are

• in the direction of the laser beam dl,
• in the direction of the investigated scattered light ds,
• perpendicular to the scattering plane dp.

The optimum concentration of particles according to Sect. 5.3 will be as-
sumed. One then has the result that the fraction (1 − exp(−dl/L)) of the
illuminating laser beam is scattered within the scattering volume.

This is such a concentration that the illuminating laser beam is reduced
by one e-th on its entire way of length L through the fluid. The scattering
volume will generally be much smaller than the entire light path, which allows
us to express the power of the light scattered within the scattering volume
by

IS = Io · dl

L·e , (9.7)

where Io is the power of the illuminating laser.
The two diameters of the coherence area are determined according to

equation (4.57) by the diameters dl and dp of the scattering volume. If the
dimensions of the scattering volume are large compared to the wavelength
of the laser light, one can express the solid angle ∆Ω, which describes the
coherence area as seen from the scattering volume, in the following way

∆Ω =
3
4π
αl ·αp. (9.8)

The two angles αi are those that cover the two diameters of the coherence
area as seen from the scattering volume. If these angles are small one can
apply the approximation of equation (4.57)

αi ≈ tan(αi) =
4
π

· λ
di
. (9.9)

Let us now assume that the light is scattered isotropically, that means that
its intensity is independent of the direction. We then deduce with the help
of the last three equations that the whole power of the scattered light I∆Ω

into one coherence area is

I∆Ω = Io · 12
π3 ·e · λ

2

L·dp
. (9.10)
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This important result shows that the light power scattered into one coherence
area does only depend on the ‘height’ of the illuminating laser beam, i.e. on
the extension of the scattering volume perpendicular to the scattering plane.

9.1.7 The Shape of the Scattering Volume

We mentioned in the first section of this chapter that the most favourable
shape of the scattering volume is a sphere. This shape can be achieved only
for right-angle scattering. For this case, the illuminating laser must have a
circular cross section. This fixes one diameter of the scattering volume, its
depth. The other two diameters have to be shaped by proper use and adjust-
ment of a lens and a circular diaphragm (see Fig. 5.3). It is obvious that the
resulting spatial aperture function (see Sect. 4.5) has no spherical symmetry,
because the laser beam profile is Gaussian, whereas the diaphragm must be
described by a step-like function. It is therefore advisable to choose the di-
rection for the spatial differentiation, i.e. the direction of the displacement
of the two detectors with respect to each other, within the scattering plane
or perpendicular to it. With this choice the aperture function, and thus the
coherence area, have the required symmetry (see Sect. 4.7.3).

If only the off-diagonal components of the velocity gradient tensor Γ̂ are to
be measured, which is for instance the case for vorticity measurements, right
angle scattering is not necessary, but the scattering angle can be arbitrary.
This is discussed in detail in Sect. 4.7.3.

9.1.8 Detectors and Signal Handling

The light detector with the least noise production is the photomultiplier
working in the photon count mode. In this mode the detector delivers a short
electric pulse for each detected photon, which is the smallest amount of light
energy detectable in a light field. The pulse length is usually on the order
of 10 ns. The wavelength dependence of the sensitivity of photomultipliers
is usually characterized by a range, where it is more or less constant. It
decreases sharply for higher and lower wavelengths. The quantum efficiency
η is that fraction of photons hitting the sensitive area of the detector that
produce an output pulse. From the definition, η is restricted to values given
by 0 ≤ η ≤ 1. The values for commercial photomultipliers are usually in the
range of 0.05 to 0.2.

Commercially available systems for photon counting using photomultipli-
ers comprise electronics that amplify the pulses delivered from the photo-
multiplier, and then pass the signal to a discriminator, which suppresses all
pulses below a certain height. By this means one can, to some extent, elimi-
nate the noise produced within the photomultiplier tube and in the electronics
up to the discriminator. The level of this discriminator can usually be ad-
justed to an optimum for any given photomultiplier. After the discriminator,
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the pulses are usually transformed to normalized TTL-pulses (Transistor-
Transistor-Logic).

For the technique described here, the pulses delivered by the electronics
must then be counted during one sample time, which gives a measure of
the light power falling onto the detector during that time. At the end of
the sample time the number of pulses must be transferred to the evaluation
electronics. During the dead time the counter must be cleared to be ready
for the next sample time. As already stated in Sect. 9.1.5, it is important
that during the dead time the light detection process is switched off. The
easiest way to achieve this is to suppress the transfer of pulses somewhere
along the electronic chain during that time. As evaluation electronics we used
a standard PC.

9.1.9 Detector Noise

A light detection system, which works in the photon count mode, always
produces a certain amount of noise. Even if a light wave of constant intensity
is falling onto the detector, one will observe a fluctuating number of pulses.
This behaviour is due to the quantum mechanical nature of the light detection
process. It is only the probability to observe n photons within a certain time
interval ∆tc for a given light intensity which is determined. This probability
is

Q(Ī , n) = exp(−βĪ)
(
βĪ
)2
n!

(9.11)

where Ī is the light intensity averaged over the considered time interval ∆tc.
The quantity β depends on the quantum efficiency of the detector and its
area A, and furthermore on the time interval ∆tc and the energy eω of a
single photon:

β =
η ·A ·∆tc
eω

(9.12)

Equation (9.11) is valid for ideal detectors, which means that the probability
for a photon to be detected at a certain moment is only dependent on the
light intensity at that moment, but does not depend on what happened prior
to that time.

The function Q(Ī , n) represents a so called Poisson distribution. It is
used for the calculation of the average of quantities depending on the light
intensity. Consider an arbitrary function f(Ī) of the light intensity of which
the average is to be calculated. Instead of working with a function of the
light intensity, it is preferable to express the light intensity by the number of
photons. So we put f(Ī) = f(m · eω) and write the last function simply as
f(m). For a constant light intensity we then have

〈f(n)〉 =
∑
m

f(m)Q(Ī ,m). (9.13)
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If the light intensity is not constant, but fluctuates randomly one has to
calculate

〈f(n)〉 =
∞∫

−∞

∑
m

f(m)Q(Ī ,m)P 1(Ī)dĪ. (9.14)

By use of this equation, the following relations can be calculated:

〈n〉 = β 〈Ī〉 ∝ 〈Ī〉 , (9.15)

and 〈
n2〉 = β2 〈Ī2〉+ β 〈Ī〉 �∝ 〈Ī2〉 . (9.16)

It is worth noting here that one generally has〈
nj
〉 �∝ 〈(Ī)j〉 for j �= 1. (9.17)

We will finally consider the calculation of the average of a quantity de-
pending on the measured photon numbers in two different sample times. We
consider an arbitrary function f(n(i), n(i+j)) of the two measurements. The
average value is then given by

〈f(n(i), n(i+ j))〉 =
∞∫

−∞

∞∫
−∞

∑
n,m

Q(Ī(i), n)Q(Ī(i+ j),m)f(n,m) ·(9.18)

P 2(Ī , j; J̄)dĪdJ̄

where Ī(i) and Ī(i + j) are the light powers within the respective sample
times, and P 2(Ī , j; J̄) is the corresponding joint probability density. If the
sum over n and m can be performed analytically one obtains, by use of the
notation ∑

n,m

Q(Ī(i), n)Q(Ī(i+ j),m)f(n,m) = F (Ī(i), Ī(j)),

the result

〈f(n(i), n(i+ j))〉 =
∞∫

−∞

∞∫
−∞

F (Ī , J̄)P 2(Ī , j; J̄)dIdJ. (9.19)

Generally, the functions F and f are different. Only if f depends linearly on
Ī and J̄ , are the two functions identical - up to a constant factor.

9.2 Two Evaluation Algorithms

9.2.1 General Requirements for the Evaluation Algorithm

Because of the relationships discussed in Sect. 9.1.9, the construction of an
evaluation algorithm has to take into account the power of the count numbers
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which occur in it. If the count numbers occur in the first power only, no
bias problems produced by shot noise arise. This means shot noise has no
influence on the average values, although increasing shot noise reduces the
reliability of experimentally determined average values. If higher powers of
count numbers occur in the algorithm, bias effects do arise, i.e. the average
values are influenced by the shot noise.

Even with this restriction, the relationships of equation (9.2) allow for
a large number of expressions, which can be used to determine the pattern
velocity. So it is possible to approximate the temporal and spatial intensity
differences occurring in the numerator of equation (9.1) in different ways
from count numbers measured at different times: One could calculate the
temporal difference with count numbers which were measured prior to those
used to calculate the spatial difference or vice versa. Furthermore, the signal
is supposed to be stationary, therefore, in any expression only time differences
are of importance; different terms in a sum may be shifted arbitrarily on the
time scale as long as time differences in a term remain unchanged.

This freedom allows us to formulate some meaningful requirements for an
evaluation algorithm.

• The average values of numerator and denominator in equation (9.1) should
be formed in such a manner that sample time and detector distance can
by chosen as large as possible without the occurrence of systematic errors.

• An expression for the calculation of numerator and denominator should be
composed of as little count numbers as possible, and should furthermore
have a simple form. This enables fast calculation with a computer. The
aim is to do the calculations in real time, so that data acquisition and
evaluation can be done synchronously.

• Signal noise, which is always present, must not corrupt the validity of
the applied algorithm. This requirement is met if in all expressions the
count numbers occur in the first power. If that is not the case one has to
investigate whether the average value is actually influenced by noise.

• The so called dark current, i.e. pulses of the detector in absence of light,
should not lead to a bias in the evaluated values.

• Different detector sensitivities should have no influence on the evaluated
pattern velocity, even if it is fairly easy to adjust the average detector
signals on the optical side of the set-up.

It is rather difficult if not altogether impossible to meet all of these five
requirements, but it is important not to leave them out of sight when thinking
of new algorithms.

In the following parts we denote the count numbers of the two detectors
by n1(i) and n2(i), where i denotes the i-th sample time.
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9.2.2 The Weight Function fW (I)

Although count numbers are measured in this method, it is advisable to first
choose a function f

W
(I) and then use the function f

W
(n) for the evaluation

algorithm, because it is generally much easier to quantify the distribution of
the measured data without considering shot noise. In contrast, the theoretical
treatment including the shot noise usually requires simulations with a PC,
which can be very time consuming.

Up to now measurements with two different weight functions f
W
(I) have

been performed:

1. The C-method using f
W
(I ′) = I ′

and
2. the S-method using f

W
(I ′) = sign(I ′).

Here, sign (x) is the so called signum function. It is defined by the following
properties:

sign(x) =


1 for x > 0
0 for x = 0
−1 for x < 0

(9.20)

The different effects of this function on the fluctuations of numerator and
denominator in equation (9.1) are demonstrated in Fig. 9.2, which shows the
time series of intensity values generated by a computer.

It can clearly be seen that for the C-method the average values depend
on a few, but very large, intensity values. During many time intervals the
values are practically zero and therefore contribute very little to the average.
The maximum values in the S-method are noticeably smaller; thus almost all
parts contribute to the average. From that it is not difficult to deduce that the
fluctuations caused by the algorithm are much smaller in the S-method than
in the C-method. It turns out that this is especially true for the respective
denominators.

The difference between the two methods will be even more pronounced
if gradient correlations are to be measured (see Chap. 10). In that case the
numerator of the evaluation algorithm is the product of the two numerators
İ1fW

(I ′
1) and İ2fW

(I ′
2). The intensities I1 and I2 in these two expressions are

entirely uncorrelated. If now these two numerators are calculated according
to the C-method, one will obtain almost always a very small value. Only
in rare occasions two maxima will occur at the same time, which results in
a huge contribution to the average value of the combined numerator, which
means that this value is almost exclusively determined by these rare events. It
is obvious that this mechanism entails enormous fluctuations. The tendency
of this effect is also present in the S-method, but much less pronounced.

We will mention here our experience with the application of the two meth-
ods. The difference of the two methods for the measurement of average values
of the velocity gradient turned out to be not significant. However, velocity
gradient correlations could be measured with the C-method in very special
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Fig. 9.2. Simulated time series of the intensity I and calculated series of numerator
and denominator (c.f. equation (9.1) according to the two methods. The index c
denotes the C-method, the index s the S-method. The respective average values are
indicated by the dashed lines.

cases only, in particular when the speckle boiling is small. In other cases
the average values fluctuate strongly, even after measurement times of a few
hours.

The question if there are other functions f
W
(I), which are more suitable

than the one used in the S-method, has not yet been investigated.

9.2.3 C-Method Algorithm

Numerator and denominator of the equation (9.1) are approximated in this
method according to [23, 24] by the following expressions

ZC = ṅ · n′ ≈ 1
2τS ·δD

{n1(i)n2(i+ 1) − n1(i+ 1)n2(i)}. (9.21)

and

YC = n′ · n′ ≈ − 1
δ2

D

{n1(i+ 1)n1(i) + n2(i+ 1)n2(i) − n1(i+ 1)n2(i)

−n1(i)n2(i+ 1)}. (9.22)

The first three requirements (see Sect. 9.2.1) are met by these expressions,
the other two are not. One can derive, however, an alternative expression for
the denominator:
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ỸC = n′ · n′ ≈ − 1
δ2

D

{√〈n1(i+ 1)n1(i)〉〈n2(i+ 1)n2(i)〉 (9.23)

−〈n1(i+ 1)n2(i)〉 − 〈n2(i+ 1)n1(i)〉}.
If this expression is introduced in equation (9.1), instead of (9.22), one has an
expression where the average does not depend on differences in the detector
efficiency. The forth requirement, however, is not fulfilled, i.e. the dark current
must be sufficiently small.

9.2.4 S-Method Algorithm

The S-method was presented in [26]. For the S-method the following expres-
sions have been applied:

ZS = ṅ · sign(n′) ≈ 1
4τS

{n1(i+ 1) − n1(i− 1) + n2(i+ 1) − n2(i− 1)} ·
sign (n1(i) − n2(i)) . (9.24)

and

YS = n′ · sign(n′) ≈ 1
2δD

(n1(i+ 1) − n2(i+ 1) + n1(i− 1) − n2(i− 1)) ·
sign (n1(i) − n2(i)) (9.25)

There are six different count numbers which have to be combined. Fortu-
nately, the calculation of the signum function is a very simple operation, so
the calculation of these expressions by a PC is not very time consuming.

The signum function is not linear in its argument, which causes a strong
dependence on signal noise. This, however, happens for numerator and de-
nominator in exactly the same way. Consequently, the expression (9.1) is
completely independent of signal noise.

As to the last two requirements of Sect. 9.2.1, it is not difficult to show
that both are fulfilled. The first factor of the expression for the denomina-
tor, however, clearly depends on differences in the detector efficiencies. It is
possible to correct for this in the following way:

The sums of the following expressions are done separately:

ZS1 =
1

4τS
{n1(i+ 1) − n1(i− 1)}sign(n1(i) − n2(i)) (9.26)

ZS2 =
1

4τS
{n2(i+ 1) − n2(i− 1)}sign(n1(i) − n2(i))

YS1 =
1

2δD
{n1(i+ 1) + n1(i− 1)}sign(n1(i) − n2(i))

YS2 =
1

2δD
{−n2(i+ 1) − n2(i− 1)}sign(n1(i) − n2(i))

(9.27)
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and in addition

MS1 = n1(i) (9.28)
MS2 = n2(i)

(9.29)

is calculated. From the last two equations the ratio of detector sensitivities
can be obtained:

m12 = 〈MS1〉
〈MS2〉 . (9.30)

The expression
〈ZS1〉 + m2

12 〈ZS2〉
〈YS1〉 + m2

12 〈YS2〉 = 〈v〉 (9.31)

yields the pattern velocity and does not depend on differences of the detector
sensitivities. The dark signals only have an influence on the value of the
calculated pattern velocity if they are different for the two detectors, because
in that case different additional terms appear in numerator and denominator
on the right hand side of equation (9.26). However, it is also possible to
correct for that effect. One just has to measure the dark signals with the
illuminating laser switched off.

9.2.5 Limits of the Method

With the set-up we used in our experiments the maximum velocity gradient
which can reliably be measured is about 100 s−1, which is not very large. The
size of this value can be estimated in the following way: The experiments show
that during the sample time τS the pattern should not move a distance larger
than about one tenth of the diameter dC of the coherence area. This diameter
at the distance L from the scattering volume - we consider a set-up with no
optical elements in the detection channel - is given by equation (4.57). With
a velocity gradient element γ within the scattering volume which causes pure
speckle motion, the velocity vP of the pattern in the distance L is obtained
with the help of equations (4.72) and (4.73):

vP = L · |ω| = L ·
[
Γ̂T · (ei − eo)

]
⊥

≈ Lγ. (9.32)

Now the time ∆t which the pattern needs to travel one tenth of the speckle
size is given by:

∆t =
0.1dC

vP
≈ 4Lλ

10πdS

1
Lγ

≈ λ

10dSγ
. (9.33)

With a diameter of the scattering volume of 100 µm and a wavelength of the
laser light of ≈ 0.5µm we get

∆t ≈ 5 · 10−4

γ
. (9.34)
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The sample time should not be larger than this value ∆t. With photomul-
tipliers the minumum sample time is in the order of a few micro seconds,
otherwise the number of detected photons in one sample time is too low.
With τS = 5 µs one then obtains for the maximum velocity gradient a value
of about 100 s−1.

There is a possibility to appreciably increase this value by increasing the
effective size of the coherence area. We already mentioned in Sect. 9.1.3 that
spatial integration of the pattern caused by a detector diaphragm leads to a
larger effective coherence area. However, using a diaphragm with sharp edges
does not decrease the slope of the effective pattern below a certain value
determined by the speckle size. As a consequence, for the measurement of the
spatial and temporal derivatives of the pattern, one can not simply increase
the distance of the diaphragms or increase the sample time. A smooth pattern
with a size of the coherence area much larger than the speckle size can be
obtained with diaphragms in front of the detectors with sufficiently smoothly
varying transmission. It is then possible, for a given pattern velocity, to place
the detectors further apart and choose longer sample times. Consequently, it
is then possible to measure larger velocity gradients. A further advantage of
using large diaphragms of this type results from the increased light intensity
on the detectors: The influence of the shot noise will be reduced.

9.3 Experiments and Results

In this chapter we present results obtained with the C-method only, since
those obtained with the S-method are not different from them. The S-method
was developed to measure gradient correlations, and the results obtained with
this method will be given in the next chapter.

9.3.1 Test of the Set-Up

The fairly high demands for the proper optical alignment with this method
render test measurements almost inevitable. Not only measurements on a
‘test flow’ as described in Sect. 5.6 are advisable, but also tests of numerator
and denominator, as given in equations (9.21) and (9.22), as a function of
the detector distance are recommended. For small detector distances δD the
numerator must depend linearly on δD and it must have the value zero at
δD = 0. The denominator must show a pure square dependence and must
also have the value zero at δD = 0.

The form of the denominator must be independent of the size of the
pattern velocity, because it depends only on the spatial form of the pattern.
However, speckle boiling does effect the size of it. The slope of the numerator
must turn out to be proportional to the velocity gradient, it depends in the
same way as the denominator on the speckle boiling.
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The first reliable results with the technique described in this chapter were
obtained by use of the C-method. Water within a rotating cuvette mounted
on a commercial turntable served as the flow. By this means a constant
known velocity gradient was guaranteed, and three different gradients could
be chosen. It is also possible to change the pattern boiling by varying the
position of the scattering volume within the cuvette: At the rotation axis,
there is no boiling caused by the overall velocity, and that type of boiling
increases linearly with the distance from the axis.

Fig. 9.3. Measured values of the numerator (equation (9.21)) and the denominator
(equation (9.22)) as functions of the detector distance. The smooth curves show the
linear and quadratic behaviour of numerator and denominator, respectively.

These quantities were measured with an experimental set-up which is
essentially the same as the one shown in Fig. 5.3. The optical set-up led to
a diameter of the coherence area at the detectors of ≈ 20mm. Figure 9.3
shows the measured numerator and denominator as functions of the detector
distance. Beginning at a distance of about 1.5 mm, deviations from the linear
and quadratic behaviour can be observed. Nevertheless, the ratio of the two
quantities remains constant even for larger detector distances. An estimation
on the basis of equation (9.2) requires the knowledge of the sample time,
which for these measurements was 128 µs. We then have v · τS ≈ 0.5mm.

In Fig. 9.4 the dependence of the determined pattern velocity as a function
of the horizontal detector distance is plotted.

The raw data, which were obtained by simply dividing numerator by
denominator, show a strong deviation for small detector distances. This is
presumably caused by a slight misalignment of the detectors: If there is a
small vertical shift of one detector with respect to the other, this leads to
a rotation of the effective direction of the line combining the two detectors.
This means that for small distances the effective direction, in which the spa-
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Fig. 9.4. The dependence of the determined pattern velocity on the distance δD

of the two detectors. The squares show the measured values, the circles are values
obtained from these after a correction (for particulars see text).

tial derivative of the pattern is determined, is also rotated. If the data are
corrected with the assumption of a vertical distance of 0.2 mm, one obtains
the data denoted in the figure by circles.

Fig. 9.5. The dependence of the measured pattern velocity on the sample time τS

(average values and standard deviations determined from ten single measurements).

The influence of the sample time on the determined pattern velocity is
shown in Fig. 9.5. A clearly noticeable deviation from the nominal pattern
velocity occurs for sample times longer than 1 ms. In this case we have v ·τS =
2 mm. The detector distance was 1.5 mm.
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9.3.2 Results of Flow Measurements

Figure 9.6 shows measured wall gradients in the flow channel described in
Sect. 7.2.1. The distance of the scattering volume from the wall was 0.3 mm.

Fig. 9.6. Mean gradient du/dy in the distance y = 0.3 mm from the channel wall

The corrections for the laminar flow (Reynolds numbers smaller than about
2000) were derived from measurements of the velocity profile of the channel.
These showed that the flow was not symmetric with respect to the channel
centre. Furthermore, the figure incorporates values obtained with the cross
correlation method. In the laminar regime there is a linear relation between
velocity gradient and Reynolds number, while in the turbulent regime the
gradient depends on a higher power of the Reynolds number. The dashed
curve represents a fit of the logarithmic law of the wall (see for instance [27])
to the data in the turbulent regime, which should be valid almost up to the
middle of the channel.

Normalized gradient profiles as measured with the method described in
this chapter are shown in Fig. 9.7. Unfortunately, values for Reynolds num-
bers higher than >4300 could not be measured, since the shortest sample
time, which could be chosen, was 5 µs with the used electronics. The dashed
curve for normalized wall distances larger than 5 was again calculated ac-
cording to the logarithmic law of the wall.
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Fig. 9.7. Mean normalized gradient du+/dy+ (empty symbols) and du+/dz+ (full
symbols) as a function of the normalized wall distance y+



10. Measurement
of Velocity Gradient Correlations

10.1 Basic Considerations

10.1.1 Introduction

On the basis of the method described in the last chapter, it is possible to
measure velocity gradient correlations. Let us first treat the theoretical basis
for the extension of the method outlined in the last chapter. It seems obvious
to check whether the following straightforward generalization of equation
(9.1) is valid:

〈Z1 · Z2〉
〈Y1 · Y2〉 = 〈v1 · v2〉 , (10.1)

The two indices refer to two scattering experiments which are performed at
the same time in the flow. In this chapter we will consider the case where
the scattering volumes are identical, i.e. correlations of the same or different
velocity gradients at the same location will be considered. An analysis reveals
that this equation is indeed true provided that the light intensities measured
in experiment 1 are entirely independent of those measured in experiment
2. This may also be expressed in the following way: A correlation between
Z1 and Z2 must exclusively be caused by the velocity of the two patterns of
scattered light. If this condition is fulfilled then the denominators Y1 and Y2
are uncorrelated, since they do not depend on the speckle velocity.

There are two different effects that can cause the intensities of the scat-
tered light to be correlated: Firstly, the number of scattering particles within
the scattering volume determines the intensity of the scattered light. Since
the two scattering experiments are done with the same scattering volume,
the fluctuations of the number of scattering particles within it is the same
for both experiments, and therefore a certain correlation of the two light
intensities is obvious. Fortunately, denominator and numerator in the equa-
tion (10.1) fluctuate in the same way. Therefore, no net effect due to these
fluctuations occurs as far as the velocity gradient correlations are concerned.

Secondly, the scattered light originating in the same scattering volume is
correlated whenever the scattering vectors lie in the same q-volume of coher-
ence. In this case, however, the fluctuations in numerator and denominator
on the right hand side of equation (10.1) do not cancel. For this reason,
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measurements with the same scattering volume are only possible if the two
q-vectors are sufficiently different, so that the two q-volumes of coherence are
so far apart that no correlations will result. This is the case if their distance
is at least five diameters of the q-volumes of coherence.

Measurements on the basis of the relation (10.1) showed that the fluctua-
tions of the products Z1 ·Z2 and Y1 ·Y2 are so big that no reliable correlation
values could be obtained. It is only with some modifications of this equation,
that the intended measurements can be performed.

We mentioned at the end of Sect. 3.5 that the denominators are not depen-
dent on the pattern velocity. It is therefore possible to change the averaging
procedure given in the denominator of equation (10.1) to separate averaging,
i.e. replace this denominator by 〈Y1〉 〈Y2〉. The result is a much faster process
of convergence of the combined denominator than that of equation (10.1).

A very helpful alteration of the numerator is based on the fact that the
gradient at a location in the flow remains constant for relatively long times
compared to the correlation time of the light intensity in the observation
plane. In our case, (see below), the correlation times τΓ of the velocity gra-
dients were in most cases longer than 10 ms, whereas the sample times were
usually shorter than 20 µs. It is therefore admissible to perform the averag-
ing procedure for the numerator in two steps: A first averaging is performed
with the two factors of the numerator separately over a so called intermedi-
ate averaging time TZ , which is subject to the condition TZ << τΓ . Since
the pattern velocities can be considered constant during that time, and these
two factors can only be correlated through correlations of the correspond-
ing pattern velocities, the product of these two intermediate averaged factors
can be considered as ‘instantaneous’ values as far as the pattern velocity is
concerned. The final long time averaging of this product therefore leads to
the same result as a straightforward averaging of the numerator in equation
(10.1). We can thus write:

〈Z1 · Z2〉 =
〈
ZT

1 · ZT
2

〉
, (10.2)

where the overline denotes the intermediate averaging. The big advantage of
the intermediate averaging is that the resulting factors have a much smaller
variance, therefore the convergence of the right hand is much faster than that
of the left hand side, which saves an enormous amount of measurement time.

If we combine these two results we finally have〈
ZT

1 · ZT
2

〉
〈Y1〉 · 〈Y2〉 = 〈v1 · v2〉 , (10.3)

Measurements showed that acceptable measurement times (on the order
of 30 min) could only be achieved with this variant of the S-method. Mea-
surements with the C-method showed even after a few hours no sufficiently
stable result.
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With this method, the temporal correlation function can also be mea-
sured. We are going to write down in its digital form:

C12(i) =
1
N

∑
j

〈
ZT

1,j · ZT
2,j+i

〉
1
N

∑
j

〈
Y T

1,j

〉
· 1

N

∑
j

〈
Y T

2,j

〉 . (10.4)

The indices i and j in this equation refer to the intermediate averaging time
T . Consequently, the argument i appearing in C12(i) denotes the time i·T .

This longer time scale T is much better suited for the representation of
the correlation function than the sample time, since the velocity gradient is
essentially constant over very many sample times.

10.1.2 Symmetry Considerations

The number of independent correlations between the components of the ve-
locity gradient tensor can reduce considerably if the flow under consideration
has certain symmetries. Of course, in a turbulent flow the notion of symme-
try refers to properties of average values. In an arbitrary flow, the velocity
gradient tensor has 9 independent components, from which follows a num-
ber of 81 correlations. However, products which differ only in the succession
of the factors in the cross-correlation terms are identical. Therefore, from
the 72 cross-correlations only 36 remain, and altogether we are left with 45
correlations.

Incompressibility. In incompressible fluids the trace of the velocity gradi-
ent tensor is zero (see equation 4.4), which reduces the number of independent
components of the velocity gradient tensor to 8. One then has 8 independent
auto-correlations and 28 cross-correlations.

Mirror Symmetry. The flows investigated with the technique described
here are a channel and a tube flow, which both have a large height-to-width
ratio, so it is a good approximation to consider them as systems with the
x-y-plane as a mirror plane. In the open channel flow this plane coincides
with the surface of the fluid, in the rectangular tube with the plane in the
middle of the tube. Consequently, all average values must be invariant under
the transformation z → −z. With this transformation, also the z-component
of the velocity is reversed according to uz → −uz, and again, all average
values must remain the same under this transformation.

Let us now calculate how this symmetry property changes the number
of independent velocity gradient components. To this end, we first consider
the behaviour of the gradient components. A general element of the gradient
tensor can be written in the form Γij , where i and i are elements of the set
{x, y, z}. We then have

Γij =
dui

dxj
. (10.5)
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The mentioned transformation does only change the sign of an element of
Γij , which has exactly one of its two indices equal to z. It is obvious, that
for instance Γxy is not affected, but Γzz also remains unaltered because the
transformation causes a double reversion of the sign. Thus, if 〈Γij ·Γlm〉 con-
tains the index z an odd number of times, it changes sign under the mentioned
transformation, otherwise no change occurs. Due to the symmetry of the flow,
we now know that all gradient correlations which change sign must vanish,
therefore 16 cross correlations are identical to zero, and only 8 auto- and 16
cross-correlations remain.

For a rotationally symmetric flow as, for instance, a circular jet, one ob-
tains an analogous result. The co-ordinates suited to the description of this
flow are the so called cylindrical co-ordinates r, z and φ, where the z-axis
points along the centre of the flow, r denotes the distance of a point from
this axis and φ denotes the polar angle in the plane perpendicular to the
z-axis. In this case the flow has the symmetry property that it is invariant
under the transformation φ→ −φ. This symmetry leads to the same number
of independent correlations as for the case discussed first.

Translational Symmetry. A further possible symmetry in flows is a trans-
lational symmetry, which means that the properties of the flow remain un-
changed if one moves to another location in one or more directions. Let us
consider the flows mentioned above with a translational symmetry in the
x-direction. It is then obvious that all average quantities must be indepen-
dent of x, which implies that the derivative of these quantities with respect
to x disappears. This property, together with the mirror symmetry consid-
ered in the last subsection, lets us derive two relationships between gradient
components as follows:

According to the translational symmetry we have:

d

dx

〈
du

dz
·w
〉

=
〈
d2u

dxdz
·w
〉
+
〈
du

dz
· dw
dx

〉
= 0. (10.6)

(Note that sequence of the operations ‘averaging’ and ‘differentiation’ is en-
tirely arbitrary.) From the mirror symmetry we deduce〈

du

dx
·w
〉

= 0 (10.7)

because w reverses sign by a reflection at the x-y-plane. Differentiating the
last equation with respect to z yields〈

d2u

dxdz
·w
〉
+
〈
du

dx
· dw
dz

〉
= 0. (10.8)

Combining equations (10.6) and (10.8) leads to〈
du

dx
· dw
dz

〉
=
〈
du

dz
· dw
dx

〉
. (10.9)
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In a completely analogous way the following equation is obtained:〈
dv

dx
· dw
dz

〉
=
〈
dv

dz
· dw
dx

〉
. (10.10)

Form the above equations we finally conclude that for a channel flow with
the considered symmetries only 8 auto- and 10 cross-correlations need to be
measured. Of course, these are special correlations of definite components of
the velocity gradient or linear combinations of them. If one is going to measure
all non-vanishing correlations with a certain experimental set-up, one has to
ensure that really all of the 18 correlations can be calculated from those
measured. Generally, it is advisable to measure more than 18 correlations, so
that one has the possibility to check the consistency of the measured values.
It is also possible to test to what extent the assumed symmetry properties
hold.

10.1.3 Experimental Considerations

The complexity of the experimental set-up depends a good deal on the
amount and the type of information to be obtained. With the most sim-
ple set-up, as depicted in Fig. 5.3, and the technique presented in Sect. 10.1
not only gradients, but also auto-correlation functions can be obtained. How-
ever, care must be taken with the zeroth channel of this correlation function:
The two intermediate averaged factors are identical, and they are therefore
correlated through their common fluctuations resulting from shot noise and
the varying intensity. To a lesser extent this unwanted correlation is still
present in the first channel of the correlation function, caused by an intensity
correlation in the sample times around the limits of the intermediate averag-
ing periods. If, however, the intermediate averaging is performed over a large
number of sample times this correlation is negligibly small.

For the measurement of cross-correlations a set-up with at least two mea-
surement channels must be used. Generally, the optimum sample times and
intermediate averaging times for the two channels are different. So it is im-
portant that these times can be chosen separately in the electronics of the
two channels. Obviously, the longer intermediate averaging time must be a
multiple of the smaller one.

To measure more gradient correlations simultaneously, not only the num-
ber of measurement channels can be increased, but it is also possible to use
two illuminating light beams. With two illuminating light beams and at least
two measurement channels, the restriction to right angle scattering can be
maintained only if the two illuminating light beams have exactly opposite
directions.

The two light beams must, of course, not illuminate the scattering volume
at the same time, since then two patterns with two different velocities would
exist in the detection plane. So rather switching the illuminating light beam
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between two directions is required instead of using two light beams. If this
switching is done twice in an intermediate averaging time - preferably exactly
in the middle and at the end - one is able to measure two gradient components
with one measurement channel at the same time, and even the correlation
between the two components. Of course, the detector signals for the two beam
directions must be well discriminated against each other by synchronizing the
switching device - usually a Pockels cell - with the electronic signal switch.

Let us consider more closely the set-up with two opposite illumination
directions and two measurement channels. With each of the two measurement
channels, four gradient components can be measured, because there are two
illumination directions and two orthogonal directions for the measurement
of the pattern velocity. So altogether eight linear combinations of gradient
components can be obtained. A closer inspection reveals, however, that only
seven of them are linearly independent. If the two measurement channels
analyse light scattered in exactly opposite directions then there are actually
only four independent linear combinations, these are the same ones obtained
with only one measurement channel. It is worth noting that in the special case
of right angles between the two measurement channels, one obtains all non-
diagonal elements of the gradient tensor, i.e. all components of the vorticity.

We are now going to consider the gradient correlations. For the set-up
just specified, all possibilities will be given explicitly. The following nota-
tion will be used: The illumination direction is denoted by the first index
i = 1, 2. The second index j specifies the measurement channel. With two
measurement channels we have j = 1, 2. A further index k indicates which
of the two orthogonal pattern velocity components in a channel is measured.
A particular gradient component - more precisely: the linear combination of
gradient components - which is measured in one channel is then completely
determined by three indices and we call it Γ̃ijk. Γ̃ijk can be expressed by the
gradient components Γmn of the flow if according to Sect. 5.8.1 the following
quantities are known:

• the wave vector of the illuminating light beam (index i)
• the wave vector of the measured light component (index j)
• the direction in which the pattern velocity is measured (index k)
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It is then possible to measure the following 28 gradient correlations:

Auto correlations cross-correlations cross-correlations cross-correltions
different channels different channels same channel
same illumination different illumination different illumination〈

Γ̃111 · Γ̃111

〉 〈
Γ̃111 · Γ̃121

〉 〈
Γ̃111 · Γ̃221

〉 〈
Γ̃111 · Γ̃211

〉〈
Γ̃112 · Γ̃112

〉 〈
Γ̃111 · Γ̃122

〉 〈
Γ̃111 · Γ̃222

〉 〈
Γ̃112 · Γ̃212

〉〈
Γ̃121 · Γ̃121

〉 〈
Γ̃112 · Γ̃121

〉 〈
Γ̃112 · Γ̃221

〉 〈
Γ̃121 · Γ̃221

〉〈
Γ̃122 · Γ̃122

〉 〈
Γ̃112 · Γ̃122

〉 〈
Γ̃112 · Γ̃222

〉 〈
Γ̃122 · Γ̃222

〉〈
Γ̃211 · Γ̃211

〉 〈
Γ̃211 · Γ̃221

〉 〈
Γ̃211 · Γ̃121

〉〈
Γ̃212 · Γ̃212

〉 〈
Γ̃211 · Γ̃222

〉 〈
Γ̃211 · Γ̃122

〉〈
Γ̃221 · Γ̃221

〉 〈
Γ̃212 · Γ̃221

〉 〈
Γ̃212 · Γ̃121

〉〈
Γ̃222 · Γ̃222

〉 〈
Γ̃212 · Γ̃222

〉 〈
Γ̃212 · Γ̃122

〉

For a flow without any symmetries in the sense considered above, these
28 correlations would be entirely independent. Since a channel flow has sym-
metries, dependencies do exist between these correlations.

A general flow without any symmetry needs two opposite illumination di-
rections and three measurement channels for the determination of all gradient
correlations. The measurement channels must be adjustable as mentioned be-
fore. This set-up allows the measurement of 12 different auto-correlations and
54 cross-correlation functions. Obviously, these correlation functions cannot
be independent, so it is not necessary to measure all of them.

10.1.4 Data Evaluation

If the measured gradient correlations are expressed in the co-ordinate system
of the flow, one generally has linear combinations of many terms. For scatter-
ing geometries with scattering vectors ki − ko in an arbitrary direction, and
also arbitrary measured pattern velocity components, these linear combina-
tions will contain almost all gradient correlation functions, which amount to
45. The coefficients are uniquely determined by the scattering geometry in a
way analogous to that described in Sect. 5.8.2. We are now going to describe
how, from the measured correlation functions and under consideration of the
symmetry relations, the Cartesian correlation functions can be obtained.

The number of equations, which follow from the symmetry of the flow,
are denoted by NS , the number of measured correlations NM . The number
of all the gradient correlations is NA = 45. The unknown correlations, which
are to be calculated from those measured, are written in form of the vector x
with NA components. Each component of the vector x is then a definite cor-
relation in a proper co-ordinate system, preferably the Cartesian co-ordinate
system of the flow. For circular symmetric flows, however, one can also choose
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a cylindrical co-ordinate system. The set of measured gradient correlations
should also be arranged in form of a vector y with NM components.

The NS symmetry equations

S11 ·x1 + S12 ·x2 + S13 ·x3 + . . . + S1NA
·xNA

S21 ·x1 + S22 ·x2 + S23 ·x3 + . . . + S2Na
·xNA

S31 ·x1 + S32 ·x2 + S33 ·x3 + . . . + S3NA
·xNA

. . . . .

. . . . .

. . . . .
SNS1 ·x1 + SNS2 ·x2 + SNS3 ·x3 + . . . + SNSNA

·xNA

= 0
= 0
= 0
.
.
.

= 0

(10.11)

will now be written in form of a matrix:

Ŝ ·x = 0, (10.12)

where 0 is a NS-dimensional zero vector and Ŝ a rectangular matrix with NS

rows and NA columns.
The problem is now to determine the unknown correlations x so that the

measured correlations y follow from them.
For that purpose, let us assume that the required correlations were known.

In that case one could calculate what the ‘ideal’ measured values, denoted
by yI , would be. And these values would be given by a linear combination of
the form

M11 ·x1 + M12 ·x2 + M13 ·x3 + . . . + M1NA
·xNA

M21 ·x1 + M22 ·x2 + M23 ·x3 + . . . + M2NA
·xNA

M31 ·x1 + M32 ·x2 + M33 ·x3 + . . . + M3NA
·xNA

. . . . .

. . . . .

. . . . .
MNM1 ·x1 + MNM2 ·x2 + MNM3 ·x3 + . . . + MNM NA

·xNA

= yI
1

= yI
2

= yI
3
.
.
.

= yI
NM

.

(10.13)
The Mij are given by the angles of the different scattering geometries which
were used for the measurements. Let us recall what the meaning of the in-
dices i and j in the last equation is: i denotes the number of the gradient
component. In the example discussed in the last subsection it varies from 1
to 28. The second index j denotes all the different gradient correlations and,
therefore, varies from 1 to 45.

The last equation can also be written in a compact form as

M̂ ·x = yI (10.14)

It is obviously next to impossible to obtain the yI
i in an actual measure-

ment. But one can hope that the measured values yi do not differ too much
from the ideal ones. A measure of the difference of the two sets of data is
apparently the quantity
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Q =
(
yI − y

)2
=
∑

i

(
yI

i − yi
)2

(10.15)

which for a good measurement should be very small. This idea is used to
determine the unknown xi from the measured yi: Consider the quantity Q
as a function of the xi via the yI

i (see equation (10.13)). Then search the set
of unknown xi which makes Q a minimum. This set is then ‘most likely’ the
set of the true correlations. (The method described is a ‘maximum likelihood
method’.)

Let us write down explicitly the quantity Q as a function of the measured
correlations yi and the unknown xi:

Q(x) =
∑

i

∑
j

Mijxi − yj
2

(10.16)

=
(
M̂ ·x − y

)2
. (10.17)

How the minimum of Q(x) under consideration of the symmetry relations
10.11 can be determined depends on how reliable the validity of these relations
is considered. If they are considered absolutely valid it is advisable to use them
for the reduction of the number of the variables xi in equation (10.13). This
is especially easy in the co-ordinate system adapted to the flow. In the case
of a channel flow, for instance, many of the xi are simply zero. This means
that in the system of equations (10.13), the corresponding columns of the
matrix M̂ , as well as the corresponding elements in the vector x, can just be
dropped.

We will write the reduced set of equations in the form

ˆ̃M ·x̃ = yI (10.18)

The vector x̃ has less elements than x, let us call this number NR. The
number of equations, however, is the same as that of the original set (10.11),
namely NM .

In case that only some of the symmetry relations are considered absolutely
valid only these relations can be used to reduce the number of unknown cor-
relations. The remaining relations can just be added to the system (10.13). Of
course, for these equations the respective yi are zero. For simplicity, equation
(10.13) will be considered to comprise this case.

The most general way to calculate the minimum of Q(x̃) under consid-
eration of the symmetry relations (10.11) is to introduce particular weight
factors, which take care of the fact, that the measured quantities yi have dif-
ferent reliabilities. The theory requires that these factors are the reciprocal
of the variance of the yi. The size of the weight factors for those symmetry
relations which are considered not strictly valid cannot be derived from the-
oretical considerations but must rather be sought in a trial and error manner.



166 10. Measurement of Velocity Gradient Correlations

The resulting form of the function Q(x̃) will then be

Q(x̃) =
∑

i

w2
i

∑
j

Mij x̃i − yj
2

. (10.19)

With the introduction of the diagonal weight matrix Ŵ :

Wij = w2
i · δij with δij =

{
1 for i = j
0 for i �= j (10.20)

we can write
Q(x̃) = (M̃ · x̃ − y)T · Ŵ · (M̃ · x − y). (10.21)

For the case where no weight factors are included the matrix Ŵ is just a unit
matrix.

At the minimum of this expression, all derivatives with respect to the
components of x̃ vanish. Consequently, it is required that

dQ(x̃)
dx̃i

= 0 for i = 1...NR. (10.22)

It is not difficult to calculate the derivatives which lead to the following set
of equations:

ˆ̃MT · W̃· ˆ̃M ·x̃ = ˆ̃MT · W̃· y (10.23)

This is a set of inhomogeneous equations with NR unknown x̃i and the same
number of equations. This follows from the fact that the matrix ˆ̃MT · W̃· ˆ̃M is
a square matrix, which can easily be proved: Let us write

Â = ˆ̃MT · W̃· ˆ̃M (10.24)

An arbitrary element Aij of Â is

Aij =
∑
k,l

M̃T
ik ·Wkl · M̃lj =

∑
k

M̃T
ik ·Wkk · M̃kj (10.25)

since Ŵ is a diagonal matrix. We now write down in an analogous way the
general element of the transposed matrix ÂT :

AT
ij = Aji =

∑
k

M̃T
jk ·Wkk · M̃ki (10.26)

=
∑

k

M̃kj ·Wkk · M̃T
ik

=
∑

k

M̃T
ik ·Wkk · M̃kj

= Aij (10.27)
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This proves that the matrix Â is symmetric and, therefore, the system (10.23)
of linear equations consists of the same number of equations as there are
unknowns.

The equation (10.23) has a unique solution if the determinant of Â does
not vanish. In that case all correlations x̃i can be calculated. If the determi-
nant of the matrix M̂ vanishes, one cannot determine all correlations sepa-
rately, and one or more linear combinations remain, which cannot be resolved.

10.2 Experiments and Results

The experimental set-up, which enabled the measurement of the data pre-
sented below, is shown schematically in Fig. 10.1.

λλ /2 - plate

beam splitter

polarisation beam splitter

λ /2 - plate

diaphragm

photomultiplier

high voltage

flow channel

bellows

bellows

beam splitter

beam splitteramplifiers

beam splitter

P C

Pockels cell

measurement channel 1

L1 B L2

measurement channel 2

laser

y

x

Fig. 10.1. Schematic representation of the experimental set-up to measure corre-
lations of velocity gradients. Explanation in the text.

Light of a 1-W argon laser first passes through a Pockels cell which is
controlled by the PC. Depending on the voltage applied to the Pockels cell,
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the light leaves the cell in either of two orthogonal linear polarization states.
A polarizing beam splitter causes two different light paths for the two po-
larizations, leading to the opposite beam directions in the scattering volume.
In each of the light paths a lambda half plate is used to rotate the plane
of polarization, such that the light scattered into the measurement channels
causes equal intensity in both channels. Of the measurement channels only
the optic axes are drawn; the measurement channels are identical to the one
shown in figure 5.3. The flow channel is described in Chap. 7.

To facilitate measurements of the y-dependence of gradient correlations,
the whole optical set-up, apart from the illuminating laser, was built on
a movable plate which could be traversed in the y-direction by use of high
precision screws. Two water filled cuvettes with rubber bellows were attached
to the side walls of the flow channel with the glass windows fixed to the

Fig. 10.2. Example of a measured auto correlation function of the pattern velocity.
Note the different time scales!

movable plate. By this means a shift of the movable plate in the y-direction
only changes the optical light path with respect to the flow channel, i.e. the
location of the scattering volume within the flow changes, but no parameters
describing the light path in the system of the moving plate will change.
Therefore, no further adjustment is required if the position of the scattering
volume is changed by shifting the movable plate.
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Fig. 10.3. Example of a measured cross-correlation function of different velocities
of the pattern of the scattered light. Note the different time scales!

The pulses of the photomultiplier are transformed to normalized pulses af-
ter they passed through amplifiers and discriminators. They are then counted
by self-built electronics. The count numbers are transferred to the PC after
the end of each sample time. The PC calculates the pattern velocities and
from them the gradient components and their correlation functions on the
basis of equation (10.4).

Examples of gradient correlations, as calculated directly from the count
rates fed to the PC, are shown in Figs. 10.2 and 10.3.

The proper correlation functions, i.e. those of components in the system
of the flow, were calculated from 24 measured correlation functions. The
relationships from Sect. 10.1.2 were used for the necessary transformations.
Examples of the obtained correlation functions are shown in the Figs. 10.4
and 10.5.

For some quantities of interest in fluid dynamics only correlations of gra-
dient values are of interest, rather than the actual temporal correlation func-
tions. These correlations are simply the values in the zeroth channel of the
corresponding correlation function, i.e. Cij(0). In Figs. 10.6 and 10.7, exam-
ples of variances of gradient correlations are shown. Although such quantities
must always be positive by definition, negative values can be seen especially
for small wall distances. This behaviour is caused by the fact that these values
are calculated from measured data with a certain amount of error.
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Fig. 10.4. Auto-correlation functions of the z-component of rot(u), (denoted by
ωz), for different wall distances.

Fig. 10.5. The cross-correlation functions of the x- and y-components of rot(u)
(denoted by ωx and ωy, respectively) for different wall distances.

In Fig. 10.7, errors of very different magnitudes for the different variances
can be observed. This is a result of the very different coefficients which appear
in the expressions that connect the measured correlations with the ‘proper’
correlations. Therefore, proper correlations, which appear in none of the re-
lations with a large coefficient, cannot be calculated with good precision.
If, therefore, particular gradient correlations are to be measured one has to
choose scattering geometries where the corresponding coefficients are large,
i.e. close to 1.
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Fig. 10.6. Variances of the gradient component du/dxj as a function of the wall
distance.

Fig. 10.7. Variances of the gradient component dv/dxj as a function of the wall
distance.

Finally, Figs. 10.8 and 10.9 show the enstrophy and the turbulent energy
dissipation as functions of the wall distance.
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Fig. 10.8. The enstrophy and the components of vorticity as a function of the wall
distance.

Fig. 10.9. The turbulent energy dissipation as a function of the wall distance.
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For a general assessment of the methods described in this book let us first
consider whether the basic physical effect is suited to serve as a foundation of
reliable and versatile methods to measure velocity gradients. It is not difficult
to list the advantages: Measurement schemes based on it are:

• non-invasive
• gauge-free
• direct.

A further advantage over other optical methods concerns the necessary optical
inhomogeneities: FRS needs no seeding with scattering particles at all, and
no slip between inhomogeneity and fluid can occur. The other methods can
use sufficiently small particles to render slip negligible.

If the shortcomings are to be discussed one has first to consider that the
methods described are special applications of the basic effect. Of course, any
of the mentioned methods has its shortcomings, but that are to a great deal
different ones with the different methods. For instance, DSS is sensitive to
stray light whereas DPSS and FRS are not, FRS requires a special tuning of
the laser power to the absorption constant of the fluid, in DPSS the scattering
volume cannot be made as small as in DSS and CCS. So, depending on the
experimental demands one is not forced to accept certain disadvantages of one
particular method. Furthermore, it is worth while stressing that so far only
very few research groups were engaged in the development and application
of the mentioned effect. Consequently, there was not very much activity so
far to develop alternative methods to the ones described here or to introduce
major improvements.

But even with the methods described here and their shortcomings in-
teresting quantities can be measured. Especially for measurements of wall
gradients the experimental requirements are comparatively little as shown in
chapter 5.9.2. So this type of application seems most likely to be of interest
for the applied fluid flow researcher and also in rheology.

The measurement of a shear or a vorticity component requires two optical
set-ups - two illuminating laser beams and two detection channels - and a
device to switch the two beams on and off for the two velocity gradient
components which they are composed of (c.f. chapter 5.9.1). The demands
on the whole set-up are therefore a lot higher and at least with the methods
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described presumably only scientists doing basic research will consider an
implementation.

As discussed in this chapter, direct measurements of on-diagonal elements
of the velocity gradient tensor are not possible, only linear combinations of
on- and off-diagonal elements can be measured with one set-up. To measure
all components is of course really quite complex, but nevertheless, it was
shown that the difficulties can be surmounted.

So far these methods have only been applied to fluids. But one should
not deduce from this fact that they cannot be successfully applied to gas
flows, too, with the exception of FRS. Of course, there must be enough parti-
cles in the chosen scattering volume. So far optical measurements in gases as
LDA or imaging methods (see chapter 2, section 2.3) were performed which
must take care to have a particle density which is not too high. But for the
methods described here there is rather the problem of the particle concen-
tration to be too low. Of course, pattern motion occurs even if there are
only two particles in the scattering volume. So very likely DPSS works also
with gaseous flows. The situation might be somewhat different with DSS:
It is not obvious whether large fluctuations in the particle number has no
influence on the data. Computer simulations by the author suggest that the
DSS-method should give reliable results independent of the average particle
number as far as average velocity gradient values are concerned, but this
must be checked experimentally. The measurement of velocity gradient cor-
relations poses a problem as discussed in the paragraph following equation
10.1: The fluctuation of the light intensity will be large if the average number
of particles within the scattering volume is small, and therefore correlations
between the intensities of light scattered in different directions occurs which
are not caused by the velocity gradient. To obtain a sufficiently high intensity
of the scattered light is also not simple with gases and high laser power might
lead to accelerations of the particles. As a result, for successful applications of
the method to gas flows there are still a number of questions to be answered.

Last but not least it should be mentioned that the methods to measure
pattern velocities can also be used to measure flow velocities. Only the imag-
ing in the detection channel has to be changed: Instead of placing the detector
in the focal plane of the optical system one has to image the particles in the
scattering volume onto the detector. This method has already successfully
been applied to measure the velocity of a fluid in a rotating cuvette [24].
The same optical set-up was used for measuring both, velocity and velocity
gradient. The ‘switching’ between the two modes was simply done by shifting
one lens.

The possibility to measure velocity gradients and velocities with essen-
tially the same set-up allows to determine experimentally velocity-velocity
gradient correlations, which appear in many equations in fluid dynamics (see
for instance equation (2.15)).
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