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Preface

Logics have, for many years, laid claim to providing a formal basis for the study
and development of applications and systems in artificial intelligence. With the
depth and maturity of formalisms, methodologies and logic-based systems to-
day, this claim is stronger than ever. The European Conference on Logics in
Artificial Intelligence (or Journées Européennes sur la Logique en Intelligence
Artificielle, JELIA) began back in 1988, as a workshop, in response to the need
for a European forum for the discussion of emerging work in this field. Since
then, JELIA has been organized biennially, with English as its official language,
previous meetings taking place in Roscoff, France (1988), Amsterdam, Nether-
lands (1990), Berlin, Germany (1992), York, UK (1994), Évora, Portugal (1996),
Dagstuhl, Germany (1998), Málaga, Spain (2000) and Cosenza, Italy (2002). The
increasing interest in this forum, its international level with growing participation
from researchers outside Europe, and the overall technical quality have turned
JELIA into a major biennial forum for the discussion of logic-based approaches
to artificial intelligence.

The 9th European Conference on Logics in AI, JELIA 2004, took place in
Lisbon, Portugal, between the 27th and the 30th of September 2004, and was
hosted by the Universidade Nova de Lisboa. Its technical program comprised 3
invited talks, by Francesca Rossi, Franz Baader, and Bernhard Nebel, and the
presentation of 52 refereed technical articles selected by the Program Committee
among the 144 that were submitted, a number which in our opinion clearly
indicates that the research area of logics in AI is one with a great and increasing
interest.

It is our stance that the use of logics in AI will be further advanced if imple-
mented logical-based systems receive appropriate exposure, implementation and
testing methodologies are discussed by the community, and the performance and
scope of applicability of these systems are presented and compared. To further
promote this research, the JELIA 2004 technical programme also included a spe-
cial session devoted to presentations and demonstrations of 15 implementations,
selected among 25 submissions, for solving or addressing problems of importance
to areas in the scope of JELIA.

We would like to thanks the authors of all the 169 contributions that were
submitted to JELIA 2004, the members of the Program Committee and the
additional experts who helped on the reviewing process, for contributing and
ensuring the high scientific quality of JELIA 2004.

September 2004 José Júlio Alferes
João Leite
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Ralf Küsters
Renata Vieira
Robert Kowalski
Roman Kontchakov
Roman Schindlauer
Sergei Odintsov
Souhila Kaci
Stefan Woltran

Stephen Read
Tiberiu Stratulat
Tom Kelsey
Tommi Syrjänen
Ulle Endriss
Ullrich Hustadt
Uwe Waldmann
Victor Marek
Vincent Louis
Vincenzo Pallotta
Viviana Patti
Wolfgang Faber
Youssef Chahir
Yves Moinard

Secretariat

Filipa Mira Reis Śılvia Marina Costa

Organizing Committee

António Albuquerque
Duarte Alvim
Eduardo Barros

Jamshid Ashtari
Joana Lopes

Miguel Morais
Sérgio Lopes

Sponsoring Institutions



Table of Contents

Invited Talks

Representing and Reasoning with Preferences . . . . . . . . . . . . . . . . . . . . . . . . . 1
F. Rossi

Engineering of Logics for the Content-Based Representation
of Information . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

F. Baader

Formal Methods in Robotics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
B. Nebel

Multi-agent Systems

Games for Cognitive Agents . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
M. Dastani, L. van der Torre

Knowledge-Theoretic Properties of Strategic Voting . . . . . . . . . . . . . . . . . . . 18
S. Chopra, E. Pacuit, R. Parikh

The CIFF Proof Procedure for Abductive Logic Programming
with Constraints . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

U. Endriss, P. Mancarella, F. Sadri, G. Terreni, F. Toni

Hierarchical Decision Making by Autonomous Agents . . . . . . . . . . . . . . . . . . 44
S. Heymans, D. Van Nieuwenborgh, D. Vermeir

Verifying Communicating Agents by Model Checking
in a Temporal Action Logic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

L. Giordano, A. Martelli, C. Schwind

Qualitative Action Theory
(A Comparison of the Semantics of Alternating-Time Temporal Logic
and the Kutschera-Belnap Approach to Agency) . . . . . . . . . . . . . . . . . . . . . . 70

S. Wölfl

Practical Reasoning for Uncertain Agents . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82
N. de C. Ferreira, M. Fisher, W. van der Hoek

Modelling Communicating Agents in Timed Reasoning Logics . . . . . . . . . . 95
N. Alechina, B. Logan, M. Whitsey



X Table of Contents

Logic Programming and Nonmonotonic Reasoning

On the Relation Between ID-Logic and Answer Set Programming . . . . . . 108
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Representing and Reasoning with Preferences�

Francesca Rossi

University of Padova, Italy
frossi@math.unipd.it

Many problems in AI require us to represent and reason about preferences. You
may, for example, prefer to schedule all your meetings after 10am. Or you may
prefer to buy a faster computer than one with a larger disk.

In this talk, I will describe various formalisms proposed for representing pref-
erences. More precisely, I will talk about soft constraints [1] and CP nets [2],
which are, respectively, quantitative and qualitative formalisms to handle pref-
erences.

I will then discuss how we can reason about preferences, possibly in the
presence of both hard and soft constraints [3]. In this line of work, I will show
how CP nets can be paired to a set of hard or soft statements and how the best
solutions according to given modelling of the preferences can be obtained.

I will also consider preference aggregation in the context of multi agent sys-
tems, I will propose several semantics for preference aggregation based on voting
theory, and I will consider the notion of fairness in this context [4]. Fairness is
a property which is not possible to obtain (due to Arrow’s impossibility theo-
rem) if preferences are described via total orders. In our more general context of
possibly partially ordered preferences, a similar result holds for a class of partial
orders.

References

1. S. Bistarelli, U. Montanari, and F. Rossi. Semiring-based Constraint Solving and
Optimization. Journal of the ACM, 44(2):201–236, March 1997.

2. C. Domshlak and R. Brafman. CP-nets - Reasoning and Consistency Testing. Proc.
KR-02, 2002, pp.121–132.

3. C. Domshlak, F. Rossi, K.B. Venable, and T. Walsh. Reasoning about soft con-
straints and conditional preferences: complexity results and approximation tech-
niques. Proc. IJCAI-03, 2003.

4. F. Rossi, K. B. Venable, T. Walsh. mCP nets: representing and reasoning with
preferences of multiple agents. Proc. AAAI 2004, San Jose, CA, USA, July 2004.

� Joint work with Toby Walsh, Steve Prestwich, and Brent Venable.
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Engineering of Logics for the
Content-Based Representation of Information

Franz Baader

Theoretical Computer Science
TU Dresden

Germany
baader@tcs.inf.tu-dresden.de

Abstract. The content-based representation of information, which tries
to represent the meaning of the information in a machine-understandable
way, requires representation formalisms with a well-defined formal se-
mantics. This semantics can elegantly be provided by the use of a logic-
based formalism. However, in this setting there is a fundamental tradeoff
between the expressivity of the representation formalism and the effi-
ciency of reasoning with this formalism. This motivates the “engineering
of logics”, i.e., the design of logical formalisms that are tailored to specific
representation tasks. The talk will illustrate this approach with the ex-
ample of so-called Description Logics and their application for databases
and as ontology languages for the semantic web.

Storage and transfer of information as well as interfaces for accessing this infor-
mation have undergone a remarkable evolution. Nevertheless, information sys-
tems are still not “intelligent” in the sense that they “understand” the informa-
tion they store, manipulate, and present to their users. A case in point is the
World Wide Web and search engines allowing to access the vast amount of infor-
mation available there. Web-pages are mostly written for human consumption
and the mark-up provides only rendering information for textual and graphical
information. Search engines are usually based on keyword search and often pro-
vide a huge number of answers, many of which are completely irrelevant, whereas
some of the more interesting answers are not found. In contrast, the vision of a
“Semantic Web” [4] aims for machine-understandable web resources, whose con-
tent can then be comprehended and processed both by automated tools, such as
search engines, and by human users.

The content-based representation of information requires representation for-
malisms with a well-defined formal semantics since otherwise there cannot be
a common understanding of the represented information. This semantics can
elegantly be provided by a translation into an appropriate logic or the use of
a logic-based formalism in the first place. This logical approach has the addi-
tional advantage that logical inferences can then be used to reason about the
represented information, thus detecting inconsistencies and computing implicit
information. However, in this setting there is a fundamental tradeoff between the

J.J. Alferes and J. Leite (Eds.): JELIA 2004, LNAI 3229, pp. 2–3, 2004.
c© Springer-Verlag Berlin Heidelberg 2004



Engineering of Logics for the Content-Based Representation of Information 3

expressivity of the representation formalism on the one hand, and the efficiency
of reasoning with this formalism on the other hand [8].

This motivates the “engineering of logics”, i.e., the design of logical for-
malisms that are tailored to specific representation tasks. This also encompasses
the formal investigation of the relevant inference problems, the development of
appropriate inferences procedures, and their implementation, optimization, and
empirical evaluation.

The talk will illustrate this approach with the example of so-called Descrip-
tion Logics [1] and their application for conceptual modeling of databases [6,5]
and as ontology languages for the Semantic Web [2,3,7].
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Formal Methods in Robotics
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AI research in robotics started out with the hypothesis that logical modelling
and reasoning plays a key role. This assumption was seriously questioned by
behaviour-based and “Nouvelle AI” approaches. The credo by this school of
thinking is that explicit modelling of the environment and reasoning about it
is too brittle and computationally too expensive. Instead a purely reactive ap-
proach is favoured.

With the increase of computing power we have seen over the last two decades,
the argument about the computational costs is not really convincing any more.
Furthermore, also the brittleness argument ceases to be convincing, once we
start to incorporate probabilities and utilities. I will argue that it is indeed
feasible to use computation intensive approaches based on explicit models of the
environments to control a robot – and achieve competitive performance.

Most of the time one has to go beyond purely logical approaches, though,
because it is necessary to be better than an opponent. For this reason, decision
theory and game theory become important ingredients. However, purely logical
approaches can have its place if we want to guarantee worst-case properties. I
will demonstrate these claims using examples from our robotic soccer team, our
foosball robot and our simulated rescue agent team.
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Abstract. Strategic games model the interaction among simultaneous decisions
of agents. The starting point of strategic games is a set of players (agents) having
strategies (decisions) and preferences on the game’s outcomes. In this paper we
do not assume the decisions and preferences of agents to be given in advance, but
we derive them from the agents’ mental attitudes. We specify such agents, define
a mapping from their specification to the specification of the strategic game they
play. We discuss a reverse mapping from the specification of strategic games that
agents play to a specification of those agents. This mapping can be used to specify
a group of agents that can play a strategic game, which shows that the notion of
agent system specification is expressive enough to play any kind of game.

1 Introduction

There are several approaches in artificial intelligence, cognitive science, and practical
reasoning (within philosophy) to the decision making of individual agents. Most of these
theories have been developed independently of classical decision theory based on the
expected utility paradigm (usually identified with the work of Neumann and Morgenstern
[11] and Savage [9]) and classical game theory. In these approaches, the decision making
of individual autonomous agents is described in terms of other concepts than maximizing
utility. For example, since the early 40s there is a distinction between classical decision
theory and artificial intelligence based on utility aspiration levels and goal based planning
(as pioneered by Simon [10]). Qualitative decision theories have been developed based
on beliefs (probabilities) and desires (utilities) using formal tools such as modal logic
[1].Also, these beliefs-desires models have been extended with intentions or BDI models
[3,8]. Moreover, in cognitive science and philosophy the decision making of individual
agents is described in terms of concepts from folk psychology like beliefs, desires and
intentions. In these studies, the decision making of individual agents is characterized in
terms of a rational balance between these concepts, and the decision making of a group
of agents is described in terms of concepts generalized from those used for individual
agents, such as joint goals, joint intentions, joint commitments, etc. Moreover, new
concepts are introduced at this social level, such as norms (a central concept in most
social theories). We are interested in the relation betweenAI theories of decision making,
and their classical counterparts.

We introduce a rule based qualitative decision theory for agents with beliefs and
desires. Like classical decision theory but in contrast to several proposals in the BDI
approach [3,8], the theory does not incorporate decision processes, temporal reasoning,
and scheduling. We also ignore probabilistic decisions. In particular, we explain how
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6 M. Dastani and L. van der Torre

decisions and preferences of individual agents can be derived from their beliefs and
desires. We specify groups of agents and discuss the interaction between their decisions
and preferences. The problems we address are: 1) How can we map the specification of
the agent system to the specification of the strategic game that they play? This mapping
considers agent decisions as agent strategies and decision profiles (a decision for each
agent) as the outcomes of the strategic game. 2) How can we map the specification of a
strategic game to the specification of the agent system that plays the game? This mapping
provides the mental attitudes of agents that can play a strategic game. We show that the
mapping which is composed by a mapping from the specification of a strategic games to
the specification of an agent system and back is the identity relation, while the mapping
composed of a mapping from the specification of an agent system to the specification of
a strategic game and back is not necessarily the identity relation.

The layout of this paper is as follows. In section 2 we introduce the rule based
qualitative decision theory. In section 3 we define a mapping from the specification of
the agent system to the specification of the strategic game they play. In section 4, we
discuss the reverse mapping from the specification of a strategic game to the specification
of the agent system that plays the game.

2 Agents, Decisions, and Preferences

The specification of agent systems introduced in this section is developed for agents that
have conditional beliefs and desires. The architecture and the behavior of this type of
agent is studied in [2]. Here, we analyze this type of agent from a decision and game
theoretic point of view by studying possible decisions of individual agents and the in-
teraction between these decisions. We do so by defining an agent system specification
that indicates possible decisions of individual agents and possible decision profiles (i.e.,
multiagent decisions). We show how we can derive agent decision profiles and prefer-
ences from an agent system specification. In this section, we first define the specification
of multiagent systems. Then, we study possible and feasible individual and multiagent
decisions within an agent system specification. Finally, we discuss agents’ preference
ordering defined on the set of individual and multiagent decisions.

2.1 Agent System Specification

The starting point of any theory of decision is a distinction between choices made by the
decision maker and choices imposed on it by its environment. For example, a software
upgrade agent (decision maker) may have the choice to upgrade a computer system at
a particular time of the day. The software company (the environment) may in turn al-
low/disallow such an upgrade at a particular time. Therefore, we assume n disjoint sets
of propositional atoms A = A1 ∪ . . .∪An with typical elements a, b, c, . . . (agents’ de-
cision variables [6] or controllable propositions [1]) and a set of propositional atoms W
with typical elements p, q, r, . . . (the world parameters or uncontrollable propositions)
such that A ∩W = ∅. In the sequel, the propositional languages that are built up from
Ai, A, W, and A∪W atoms are denoted by LAi , LA, LW , and LAW , respectively. Fi-
nally, we use variablesx, y, . . . to stand for any sentences of the languagesLAi

, LA, LW ,
and LAW .
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An agent system specification given in Definition 1 contains a set of agents and
for each agent a description of its decision problem. The agent’s decision problem is
defined in terms of its beliefs and desires, which are formalized as belief and desire
rules, a preference ordering on the powerset of the set of desire rules, a set of facts,
and an initial decision (or prior intentions). An initial decision reflects that the agent
has already made a decision (intention) in an earlier stage. One may argue that it is not
realistic to define the preference ordering on the power set of the set of desire rules
since this implies that for each agent its preference on all combinations of its individual
desires should be specified beforehand. As it is explained elsewhere [4,5], it is possible
to define the preference ordering on the set of desire rules and then lift this ordering to
the powerset of the set of desire rules. We have chosen to define the preference ordering
on the powerset of the set of desire rules to avoid additional complexity which is not
related to the main focus of this paper. The preference ordering is also assumed to be
a preorder (i.e. reflexive, transitive, and complete). Again, although this assumption is
quite strong for realistic applications, we can use it since the main claim of this paper is
not a theory for realistic applications. Finally, we assume that agents are autonomous,
in the sense that there are no priorities between desires of distinct agents.

Definition 1 (Agent system specification). An agent system specification is a tuple
AS = 〈S, F,B,D,≥, λ0〉 that contains a set of agents S = {α1, . . . , αn}, and for
each agent αi a finite set of facts Fi ⊆ LW (F = 〈F1, . . . , Fn〉), a finite set of belief
rules Bi ⊆ LAW × LW (B = 〈B1, . . . , Bn〉), a finite set of desire rules Di ⊆ LAW ×
LAW (D = 〈D1, . . . , Dn〉), a relation ≥i on the powerset of Di, i.e. ≥i ⊆ Pow(Di)×
Pow(Di) (≥= 〈≥1, . . . ,≥n〉) which is reflexive, transitive, and complete, and a finite
initial decision λ0

i ⊆ LAi
(λ0 = 〈λ0

1, . . . , λ
0
n〉).

In general, a belief rule is an ordered pair x ⇒ y with x ∈ LAW and y ∈ LW . This
belief rule should be interpreted as ‘the agent believes y in context x’. A desire rule is an
ordered pair x ⇒ y with x ∈ LAW and y ∈ LAW . This desire rule should be interpreted
as ‘the agent desires y in context x’. It implies that the agent’s beliefs are about the world
(x ⇒ p), and not about the agent’s decisions. These beliefs can be about the effects of
decisions made by the agent (a ⇒ p) as well as beliefs about the effects of parameters
set by the world (p ⇒ q). Moreover, the agent’s desires can be about the world (x ⇒ p,
desire-to-be), but also about the agent’s decisions (x ⇒ a, desire-to-do). These desires
can be triggered by parameters set by the world (p ⇒ y) as well as by decisions made
by the agent (a ⇒ y). Modelling mental attitudes such as beliefs and desires in terms of
rules can be called modelling conditional mental attitudes [2].

2.2 Agent Decisions

In the sequel we consider each agent from an agent system specification as a decision
making agent. A decision λ of the agent αi is any consistent subset of LAi that contains
the initial decision λ0

i .

Definition 2 (Decisions). Let AS = 〈S, F,B,D,≥, λ0〉 be an agent system specifi-
cation, LAi be the propositional language built up from Ai, and |=Ai be satisfiability
in propositional logics LAi

. An AS decision λ is a decision of the agent αi such that
λ0
i ⊆ λ ⊆ LAi

& λ �|=Ai
⊥. The set of possible decisions of agent αi is denoted by Λi.
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The set of possible decisions Λi of an agent αi contains logically equivalent decisions.
Two decisions λ, λ′ ∈ Λi are logically equivalent, denoted as λ ≡ λ′, if and only if for
all models M of LAi

: M |= λ iff M |= λ′, where M |= λ iff ∀x ∈ λ M |= x.

Definition 3 (Non-equivalent Decisions). Let Λi be the set of possible decisions of
agent αi. A set of possible logically non-equivalent decisions of agent αi, denoted as
Λ̃i, is a subset of Λi such that: ∀λ ∈ Λi ∃λ′ ∈ Λ̃i λ ≡ λ′ & ∀λ, λ′ ∈ Λ̃i λ �≡ λ′.

The decisions of an agent depend on the believed consequences of those decisions. The
consequences are generated by applying its belief rules to its input facts together with
those decisions. In our framework the decisions are formalized based on the notion of
extension.

Definition 4 (Belief Extension). Let CnA, CnW and CnAW be the consequence sets
for theories from LA, LW , and LAW , respectively, and |=A, |=W and |=AW be satisfia-
bility, in propositional logics LA, LW , and LAW , respectively. Let Bi be a set of belief
rules of agent αi, λi ∈ Λi be one of its possible decisions, and Fi ⊆ LA be its set of
facts. The belief consequences of Fi ∪ λi of agent αi are: Bi(Fi ∪ λi) = {y | x ⇒ y ∈
Bi, x ∈ Fi ∪ λi} and the belief extension of Fi ∪ λi is the set of the consequents of the
iteratively Bi-applicable rules: EBi

(Fi ∪ λi) =
⋂
Fi∪λi⊆X,Bi(CnAW (X))⊆X X .

We give some properties of the belief extension of facts and possible decisions in Def-
inition 4. First note that EBi

(Fi ∪ λi) is not closed under logical consequence. The
following proposition shows that EBi(Fi∪λi) is the smallest superset of Fi∪λi closed
under the belief rules Bi interpreted as inference rules.

Proposition 1. Let E0
Bi

(Fi ∪ λi) = Fi ∪ λi and EjBi
(Fi ∪ λi) = Ej−1

Bi
(Fi ∪ λi) ∪

Bi(CnAW (Ej−1
Bi

(Fi ∪ λi))) for j > 0. We have EBi
(Fi ∪ λi) = ∪∞j=0E

j
Bi

(Fi ∪ λi).

The following example illustrates that extensions can be inconsistent.

Example 1. Let Bi = {� ⇒ p, a ⇒ ¬p}, Fi = ∅, and λi = {a}, where � stands for
any tautology like p ∨ ¬p. We have EBi

(∅) = {p} and EBi
(Fi ∪ λi) = {a, p,¬p},

which means that the belief extension of Fi ∪ λi is inconsistent.

Although decisions with inconsistent belief consequences are not feasible decisions, we
consider them, besides decisions with consistent consequences, as possible decisions.
Feasible decisions are defined by excluding decisions that have inconsistent belief con-
sequences.

Definition 5 (Feasible Decisions). Let AS = 〈S, F,B,D,≥, λ0〉 be an agent system
specification, Λi and Λ̃i be the set of possible decisions and a set of possible logically
non-equivalent decisions for agent αi ∈ S, respectively. The set of feasible decisions of
agent αi, denoted by Λfi , is the subset of its possible decisions Λi that have consistent
belief consequences, i.e., Λfi = {λi | λi ∈ Λi & EBi(Fi ∪ λi) is consistent }. A set of
logically non-equivalent feasible decisions of agent αi, denoted by Λ̃fi , is the subset of
a set of possible non-equivalent decisions Λ̃i that have consistent belief consequences,
i.e. Λ̃fi = {λi | λi ∈ Λ̃i & EBi

(Fi ∪ λi) is consistent }.

The following example illustrates the decisions of a single agent.
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Example 2. Let A1 = {a, b, c, d}, W = {p, q} and AS = 〈S, F,B,D,≥, λ0〉 with
S = {α1}, F1 = ∅, B1 = {b ⇒ q, c ⇒ p, d ⇒ ¬p}, D1 = {b ⇒ p, d ⇒ ¬q},
≥1 = ∅ < {b ⇒ p} < {d ⇒ ¬q} < {b ⇒ p, d ⇒ ¬q}, and λ0

1 = {a}. Note that
the consequents of all B1 rules are sentences of LW . We have due to the definition of
EB1(F1 ∪ λ1), for example, the following logically non-equivalent decisions.
EB1(F1 ∪ {a}) = {a}, EB1(F1 ∪ {a, b}) = {a, b, q},
EB1(F1 ∪ {a, c}) = {a, c, p}, EB1(F1 ∪ {a, d}) = {a, d,¬p},
EB1(F1 ∪ {a, b, c}) = {a, b, c, p, q}, EB1(F1 ∪ {a, b, d}) = {a, b, d,¬p, q},
EB1(F1 ∪ {a, c, d}) = {a, c, d, p,¬p}, EB1(F1 ∪ {a, b, c, d}) = {a, b, c, d, p,¬p, q}, . . .

Therefore {a, c, d} and {a, b, c, d} are infeasible AS decisions, because their belief
extensions are inconsistent. Continued in Example 4.

2.3 Multiagent Decisions

In the previous subsection, we have defined the set of decisions, sets of logically non-
equivalent decisions, the set of feasible decisions, and sets of logically non-equivalent
feasible decisions for one single agent. In this section, we concentrate on multiagent deci-
sions, which are also called decision profiles, and distinguish various types of multiagent
decisions.

Definition 6. Let AS = 〈S, F,B,D,≥, λ0〉 be an agent system specification where
S = {α1, . . . , αn}. Let also Λi and Λ̃i be the set of possible decisions and a set of
logically non-equivalent decisions for agent αi ∈ S, respectively. The set of possible
decision profiles and a set of logically non-equivalent AS decision profiles are Λ =
Λ1 × . . . × Λn and Λ̃ = Λ̃1 × . . . × Λ̃n, respectively. An AS decision profile (i.e., a
multiagent decision) λ is a tuple 〈λ1, . . . , λn〉, where λi ∈ Λi for 1 ≤ i ≤ n.

According to definition 5, the feasibility of decisions of individual agents is formulated
in terms of the consistency of the extension that is calculated based on the decision and
its own facts and beliefs. In a multiagent setting the feasibility of decisions of a single
agent depends also on the decisions of other agents. For example, if an agent decides to
open a door while another agent decides to close it, then the combined decision can be
considered as infeasible. In order to capture the feasibility of multiagent decisions, we
consider the feasibility of decision profiles which depends on whether agents’ beliefs,
facts, and decisions are private or public.

Definition 7. Let AS = 〈S, F,B,D,≥, λ0〉 where S = {α1, . . . , αn}. A decision pro-
file λ = 〈λ1, . . . , λn〉 is feasible if EB(F ∪ λ) is consistent. Below, eight ways to
calculate EB(F ∪ λ) are distinguished.
1. EB1∪...∪Bn(F1 ∪ λ1 ∪ . . . Fn ∪ λn), i.e., public beliefs, facts, and decisions
2.
⋃
i EB1∪...∪Bn(F1 ∪ . . . Fn ∪ λi), i.e., public beliefs and facts, private decisions

3.
⋃
i EB1∪...∪Bn

(Fi ∪ λ1 ∪ . . . ∪ λn), i.e., public beliefs and decisions, private facts
4.
⋃
i EB1∪...∪Bn

(Fi ∪ λi), i.e., public beliefs, private facts and decisions
5.
⋃
i EBi

(F1 ∪ λ1 ∪ . . . Fn ∪ λn), i.e., public facts and decisions, private beliefs
6.
⋃
i EBi

(Fi ∪ λ1 ∪ . . . ∪ λn), i.e., public decisions, private beliefs and facts
7.
⋃
i EBi(F1 ∪ . . . Fn ∪ λi), i.e., public facts, private beliefs and decisions

8.
⋃
i EBi(Fi ∪ λi), i.e., private beliefs, facts, and decisions
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Given one of these definitions of EB(F ∪ λ), the set of feasible decisions and a set of
logically non-equivalent feasible decisions profiles are denoted by Λf and Λ̃f , respec-
tively.

Another way to explain these definitions of the feasibility of decision profiles is in
terms of communication between agents. The agents communicate their beliefs, facts,
or decisions and through this communication decision profiles become infeasible. The
following example illustrates the feasibility of decision profiles according to the eight
variations.

Example 3. Let A1 = {a}, A2 = {b}, W = {p} and AS = 〈{α1, α2}, F,B,D,≥, λ0〉
with F1 = F2 = ∅, B1 = {b ⇒ p}, B2 = {a ⇒ ¬p}, D1 = D2 = ∅, ≥ is the
universal relation, and λ0

1 = λ0
2 = ∅. Note that the only belief of each agent is about

the consequence of the decisions that can be taken by the other agent. The following
four AS decision profiles are possible; the numbers associated to the following decision
profiles indicate according to which definitions of EB(F ∪ λ) the decision profile λ is
feasible: 〈∅, ∅〉 : 1 . . . 8 〈{a}, ∅〉 : 1 . . . 8 〈∅, {b}〉 : 1 . . . 8 〈{a}, {b}〉 : 7, 8
Since the consequence of decisions that can be taken by each agent is captured by the
belief of the other agent, the decision profile 〈λ1, λ2〉 = 〈{a}, {b}〉 is only feasible when
the two agents do not communicate their beliefs and decisions, i.e.,
7. EB(F ∪ λ) = EB1(F1 ∪ F2 ∪ λ1)

⋃
EB2(F1 ∪ F2 ∪ λ2) = {a}

⋃
{b} = {a, b}.

8. EB(F ∪ λ) = EB1(F1 ∪ λ1)
⋃

EB2(F2 ∪ λ2) = {a}
⋃
{b} = {a, b}.

In all other cases, the decision profile 〈{a}, {b}〉 will be infeasible since EB(F ∪ λ) =
{a, p, b,¬p} is inconsistent.

In general, agents may communicate their beliefs, facts, and decisions only to some, but
not all, agents. The set of agents to which an agent communicates its beliefs, facts, and
decisions depend on the communication network between agents. In order to define the
feasibility of decision profiles in terms of communication, one need to restrict the union
operators in various definition of EB(F ∪λ) to subsets of agents that can communicate
with each other. In this paper, we do not study this further requirement.

Various definitions of EB(F ∪ λ), as proposed in definition 7, are related to each
other with respect to the public-/privateness of beliefs, facts, and decisions.

Definition 8. A definition D of EB(F ∪λ), as given in definition 7, is more public than
another definition D′ of EB(F ∪ λ), written as D′ �p D, if and only if all aspects (i.e.,
beliefs, facts, and decisions) that are public in D′ are also public in D.

The definition results a lattice structure on the eight definitions of EB(F ∪ λ), as illus-
trated in Figure 1. The top of the lattice is the definition of EB(F ∪ λ) according to
which beliefs, facts, and decisions of agents are communicated to each other, and the
bottom of the lattice is the definition of EB(F ∪λ) according to which beliefs, facts, and
decisions of agents are not communicated. This lattice shows that the more-public-than
relation is the same as subset relation on the public aspects.

Proposition 2. Let D and D′ be two definitions of EB(F ∪ λ) such that D′ �p D. The
feasibility of decision profiles persists under the �p relation, i.e., for all decision profiles
λ and λ′ if the decision profile λ is feasible w.r.t. the definition D, then it is also feasible
w.r.t. the definition D′.
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Fig. 1. Different definition for EB(F ∪ λ) and their internal structures.

This proposition states that if a decision is feasible when aspects are public, the decision
remains feasible when public aspects become private. The following proposition states
that communication is relevant for the feasibility of decisions only if the agent system
specification consists of more than one agent.

Proposition 3. Let AS = 〈S, F,B,D,≥, λ0〉 be an agent system specification where
|S| = 1, i.e., there exists only one agent. If a decision λ is feasible according one
definition of EB(F ∪ λ), then it is feasible according to all definitions of EB(F ∪ λ).

In this sequel, we proceed with the definition of EB(F ∪λ) where agents’ facts, beliefs,
and decisions are assumed to be private, i.e., EB(F ∪ λ) =

⋃
i EBi

(Fi ∪ λi).

2.4 Agent Preferences

In this section we introduce a way to compare decisions. Decisions are compared by sets
of desire rules that are not reached by the decisions. A desire x ⇒ y is unreached by a
decision if the expected consequences of the decision imply x but not y1.

Definition 9 (Comparing decision profiles). Let AS = 〈S, F,B,D,≥, λ0〉, λ be a
AS decision profile, and EB(F ∪ λ) =

⋃
i EBi

(Fi ∪ λi). The unreached desires of λ
for agent αi are: Ui(λ) = {x ⇒ y ∈ Di | EB(F ∪ λ) |= x and EB(F ∪ λ) �|= y}.
Decision profile λ is at least as good as decision profile λ′ for agent αi, written as
λ ≥Ui λ′, iff Ui(λ′) ≥i Ui(λ). Decision profile λ is equivalent to decision profile λ′ for
agent αi, written as λ ≈Ui λ′, iff λ ≥Ui λ′ and λ′ ≥Ui λ. Decision profile λ dominates
decision profile λ′ for agent αi, written as λ >Ui λ′, iff λ ≥Ui λ′ and λ′ �≥Ui λ.

Thus, a decision profile λ is preferred by agent αi to decision profile λ′ if the set of
unreached desire rules by λ is less preferred by αi to the set of unreached desire rules
by λ′. Note that the set of unreached desire rules for an infeasible decision is the whole
set of desire rules such that all infeasible decision profiles are equally preferred for each
agent. The following continuation of Example 2 illustrates the comparison of decisions.

1 The comparison can also be based on the set of violated or reached desires. The desire rule is
violated or reached if these consequences imply x ∧ ¬y or x ∧ y, respectively.
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Example 4 (Continued). In example 2, the agent system specification consists of only
one agent such that each decision profile consists only of decisions of one agent. Below
are some decision profiles and their corresponding sets of unreached desire rules:
U1(〈{a}〉) = ∅, U1(〈{a, b}〉) = {b ⇒ p}, U1(〈{a, c}〉) = ∅,
U1(〈{a, d}〉) = {d ⇒ ¬q}, U1(〈{a, b, c}〉) = ∅, U1(〈{a, b, d}〉) = {b ⇒ p , d ⇒ ¬q},
U1(〈{a, c, d}〉) = ∅, U1(〈{a, b, c, d}〉) = ∅, . . .

We thus have for example that the decision profile 〈{a, c}〉 dominates the decision
profile 〈{a, b}〉, 〈{a, b}〉 dominates 〈{a, d}〉, and 〈{a, d}〉 dominates 〈{a, b, d}〉, i.e.,
{a, c} >U1 {a, b} >U1 {a, d} >U1 {a, b, d}. Moreover, 〈{a}〉, 〈{a, c}〉, and 〈{a, b, c}〉
are equivalent, i.e., 〈{a}〉 ≈ 〈{a, c}〉 ≈ 〈{a, b, c}〉.

In Example 2, the decision profiles 〈{a, c, d}〉 and 〈{a, b, c, d}〉 are infeasible and there-
fore have the whole set of desire rules as the set of unreached desire rules. A problem
with defining the unreached based ordering on infeasible decisions is that the unreached
based ordering cannot differentiate between some feasible decisions, e.g., 〈{a, b, c}〉,
and infeasible decisions, e.g., 〈{a, c, d}〉.

The following proposition states that the agent’s ordering on decision profiles based
on unreached desire rules is a preference ordering.

Proposition 4. Let AS = 〈S, F,B,D,≥, λ0〉 be an agent system specification. For
each agent, the ordering on decision profiles based on the set of unreached desire rules
is a preorder.

3 From Agent System Specifications to Game Specifications

In this subsection, we consider interactions between agents based on agent system spec-
ifications, their corresponding agent decisions, and the ordering on the decisions as ex-
plained in previous subsections. Agents select optimal decisions under the assumption
that other agents do likewise. This makes the definition of an optimal decision circular,
and game theory therefore restricts its attention to equilibria. For example, a decision
is a Nash equilibrium if no agent can reach a better (local) decision by changing its
own decision. The most used concepts from game theory are Pareto efficient decisions,
dominant decisions and Nash decisions. We first repeat some standard notations from
game theory [7].

In the sequel, we consider only strategic games, which is described in [7] as follows:
A strategic game is a model of interactive decision making in which each decision maker
chooses his plan of action once and for all, and these choices are made simultaneously.
For strategic games, we use δi to denote a decision (strategy) of agent αi and δ =
〈δ1, . . . , δn〉 to denote a decision (strategy) profile containing one decision (strategy) for
each agent. We use δ−i to denote the decision profile of all agents except the decision of
agent αi, and (δ−i, δ′i) to denote a decision profile which is the same as δ except that the
decision of agent i from δ is replaced with the decision δ′i. Finally, we use Δ to denote
the set of all possible decision profiles for agents α1, . . . , αn and Δi to denote the set
of possible decisions for agent αi.

Definition 10 (Strategic Game Specification [7]). A strategic game specification is a
tuple 〈N,Δ,≥gs〉 where N = {α1, . . . , αn} is a set of agents, Δ ⊆ Δ1 × . . .×Δn for
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Δi is a set of decisions of agent αi, and ≥gs= 〈≥gs1 , . . . ,≥gsn 〉, for ≥gsi is the preference
order of agent αi on Δ. The preference order ≥gsi is reflexive, transitive, and complete.

We now define a mapping AS2AG from the specification of an agent system to the
specification of a strategic game. This mapping is based on the correspondence be-
tween logically non-equivalent feasible decisions from an agent system specification
and agents’ decisions in strategic game specifications, and between agents’ preference
orderings in both specifications. We have chosen to make a correspondence based on
the logically non-equivalent decisions (and not possible decisions) since otherwise the
resulting strategic game specification contain logically equivalent decisions profiles.

Definition 11 (AS2AG). Let S = {α1, . . . , αn}, AS = 〈S, F,B,D,≥, λ0〉, Λ̃f be a
set of AS logically non-equivalent feasible decision profiles according to Definition 7
and for a given definition of EB(F ∪ λ) (i.e.,

⋃
i EBi

(Fi ∪ λi)), and ≥Ui be the AS

preference order of agent αi defined on Λ̃f according to definition 9. The strategic game
specification of AS is GS = 〈N,Δ,≥gs〉 if there exists a bijjective function g from AS

to GS such that g : S → N , g : Λ̃f → Δ, and g :≥U→≥gs.

Example 5. Let α1 and α2 be two agents, F1 = F2 = ∅, and initial decisions λ0
1 =

λ0
2 = ∅. They have the following beliefs en desires: B1 = {a ⇒ p}, D1 = {� ⇒

p,� ⇒ q}, ∅ ≥1 {� ⇒ q} ≥1 {� ⇒ p} ≥1 {� ⇒ p,� ⇒ q}, B2 = {b ⇒ q},
D2 = {q ⇒ ¬p, p ⇒ ¬q}, ∅ ≥2 {q ⇒ ¬p} ≥2 {p ⇒ ¬q} ≥2 {p ⇒ ¬q,⇒ ¬p}. Let
λ be feasible decision profile according to any of the eight formulations of EB(F ∪ λ)
as proposed in definition 7, and Ui(λ) be the set of unreached desires for agent αi and
decision profile λ.
λ EB(F ∪ λ) U1(λ) U2(λ)
〈∅, ∅〉 ∅ {� ⇒ p,� ⇒ q} ∅,
〈∅, {b}〉 {q} {� ⇒ p} {q ⇒ ¬p}
〈{a}, ∅〉 {p} {� ⇒ q} {p ⇒ ¬q}
〈{a}, {b}〉 {p, q} ∅ {p ⇒ ¬q, q ⇒ ¬p}

According to definition 9 the preference ordering over possible decision profiles for agent
α1 is 〈{a}, {b}〉 ≥U1 〈{a}, ∅〉 ≥U1 〈∅, {b}〉 ≥U1 〈∅, ∅〉, and for agent α2 is 〈∅, ∅〉 ≥U2
〈∅, {b}〉 ≥U2 〈{a}, ∅〉 ≥U2 〈{a}, {b}〉. Consider now the following mapping from AS to
GS based on the bijective function g defined as g(αi) = αi ∀αi ∈ S, g(λ) = λ ∀λ ∈
Λ̃f , and g(≥Ui ) =≥Ui for i = 1, 2. The resulting strategic game specification of AS

is GS = 〈N,Δ,≥gs〉, where N = {g(αi) | αi ∈ S}, Δ = {g(λ) | λ ∈ Λ̃f}, and
≥gs= 〈g(≥U1 ), g(≥U2 )〉.

We now use the mapping fromAS toGS and consider different types of decision profiles
which are similar to types of decision (strategy) profiles from game theory.

Definition 12. [7] Let Λ̃f be a set of logically non-equivalent feasible decision profiles
that is derived from theAS specification of an agent system andGS be the strategic game
specification of AS based on the mapping g. A feasible AS decision profile λ ∈ Λ̃f is
Pareto decision if g(λ) = δ is a pareto decision inGS, i.e., if there is no δ′ ∈ Δ for which
δ′i >

gs
i δi for all agents αi ∈ N . A feasible AS is strongly Pareto decision if g(λ) = δ

is a strongly Pareto decision in GS, i.e., if there is no δ′ ∈ Δ for which δ′i ≥
gs
i δi for all
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agents αi and δ′j >
gs
j δj for some agents αj . A feasible AS is weak dominant decision

if g(λ) = δ is a weak dominant decision in GS, i.e., if for all δ′ ∈ Δ and for every agent
αi it holds: (δ′−i, δi) ≥gsi (δ′−i, δ

′
i). A feasible AS is strong dominant decision if for

all δ′ ∈ Δ and for every agent αi it holds: (δ′−i, δi) >gsi (δ′−i, δ
′
i). Finally, a feasible

AS is Nash decision if g(λ) = δ is a Nash decision in GS, i.e., if for all agents αi it
holds: (δ−i, δi) ≥gsi (δ−i, δ′i) for all δ′i ∈ Δi.

It is a well known fact that Pareto decisions exist (for finite games), whereas dominant
decisions do not have to exist. Consider the strategic game specification GS which is
derived from the agent system specification AS in Example 5. None of the decision
profiles in GS are dominant decisions.

Starting from an agent system specification, we can derive the strategic game specifi-
cation and in this game specification we can use standard techniques to for example find
the Pareto decisions. The problem with this approach is that the translation from an agent
system specification to a strategic game specification is computationally expensive. For
example, a compact agent representation with only a few belief and desire rules may
lead to a huge set of decisions if the number of decision variables is high. A challenge of
qualitative game theory is therefore whether we can bypass the translation to strategic
game specification, and define properties directly on the agent system specification. For
example, are there particular properties of agent system specification for which we can
prove that there always exists a dominant decision for its corresponding derived game
specification? An example is the case in which the agents have the same individual agent
specification, because in that case the game reduces to single agent decision making.
In this paper we do not pursue this challenge, but we consider the expressive power of
agent specifications.

4 From Game Specifications to Agent Specifications

In this section the question is raised whether the notion of agent system specification is
expressive enough for strategic game specifications, that is, whether for each possible
strategic game specification there is an agent system specification that can be mapped on
it. We prove this property in the following way. First, we define a mapping from strategic
game specifications to agent system specifications. Second, we show that the composite
mapping from strategic game specifications to agent system specifications and back to
strategic game specifications is the identity relation. The second step shows that if a
strategic game specification GS is mapped in step 1 on agent system specification AS,
then this agent system specification AS can be mapped on GS. Thus, it shows that there
is a mapping from agent system specifications to strategic game specifications for every
strategic game specification GS.

Unlike the second step, the composite mapping from agent system specifications to
strategic game specifications and back to agent system specifications is not the identity
relation. This is a direct consequence of the fact that there are distinct agent system
specifications that are mapped on the same strategic game specification. For example,
agent system specifications in which the variable names are uniformly substituted by new
names. The mapping from strategic game specifications to agent system specifications
consists of the following steps. 1) The set of agents from strategic game specification
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is the set of agents for the agent system specification. 2) For each agent in the agent
system specification a set of decision variables is introduced that will generate the set of
decisions of the agent in the strategic game specification. 3) For each agent in the agent
system specification a set of desire rules and a preference ordering on the powerset of
the set of desire rules are introduced, such that they generate the preference order on
decision profiles for the agent in the strategic game specification.

According to definition 10, the ingredients of the specification of strategic games
are agents identifiers, agents decisions, and the preference ordering of each agent on
decision profiles. For each decision δi ∈ Δi of each agent αi in a strategic game
specification GS we introduce a separate decision variable di for the corresponding
agent αi in the agent system specification AS. The set of introduced decision variables
for agent αi is denoted by Ai. The propositional language LAi

, which is based on Ai,
specifies the set of possible AS decisions for agent αi. However, LAi specifies more AS
decisions than GS decisions since it can combine decision variables with conjunction
and negation. In order to avoid additional decisions for each agent, we design the initial
decisions for each agent such that possible decisions are characterized by one and only
one decision variable. In particular, the initial decision λ0

i of agent αi is specified as
follows: λ0

i = {
∨
k d

k , d → ¬d′ | dk ∈ Ai & d �= d′ & d, d′ ∈ Ai}. Moreover, the set
of decision profiles of strategic game specifications is a subset of all possible decision
profiles, i.e., Δ ⊆ Δ1 × . . . × Δn. This implies that we need to exclude AS decision
profiles that correspond with the excluded decision profiles in GS. For this reason, we
introduce belief rules for relevant agents to make excluded decision profile infeasible in
AS. For example, suppose in a strategic game specification with two agents α1 and α2
the decision profile is excluded, i.e., 〈δ1, δ2〉 �∈ Δ, and that di is the introduced decision
variable for δi for i = {1, 2}. Then, we introduce a new parameter p ∈ W and add
one belief formula for each agent as follows: d1 ⇒ p ∈ B1 & d2 ⇒ ¬p ∈ B2. Note
that in this example the decision profile (d1, d2) in AS is not a feasible decision profile
anymore.

We use the preference ordering ≥gsi of each agent αi, defined on the set of decision
profiles Δ of the strategic game specification, and introduce a set of desire rules Di

together with a preference ordering ≥i on the powerset of Di for agent αi. The set
of desire rules for an agent and its corresponding preference ordering are designed in
such a way that if the set of unreached desire rules for a decision in the agent system
specification are more preferred than the set of unreached desire rules for a second
decision, then the first decision is less preferred than the second one (see definition 9).

Definition 13. Let GS = 〈N,Δ,≥gs〉 be a strategic game specification where N =
{α1, . . . , αn} is the set of agents,Δ ⊆ Δ1×. . .×Δn is the set of decision profiles,≥gs=
〈≥gs1 , . . . ,≥gsn 〉 consists of the preference orderings of agents on Δ, and

∨
¬d−i =

¬d1∨. . .∨¬di−1∨¬di+1 . . .∨¬dn. Then,AS = 〈S, ∅, B,D,≥, λ0〉 is the agent system
specification derived from GS, where B = 〈B1, . . . , Bn〉, D = 〈D1, . . . , Dn〉, λ0 =
〈λ0

1, . . . , λ
0
n〉,≥= 〈≥1, . . . ,≥n〉, S = N , Ai = {d | d is a decision variable for

δ ∈ Δi}, W = {p1, . . . , pn} with parameter for each infeasible decision profile, λ0
i =

{
∨
k d

k, d → ¬d′ | dk ∈ Ai & d �= d′ & d, d′ ∈ Ai}, (di ⇒ p) ∈ Bi&(dj ⇒ ¬p) ∈
Bj ∀〈δ1, . . . , δn〉 �∈ Δ (where di ∈ Ai, dj ∈ Aj , 1 ≤ i �= j ≤ n, p ∈ W , and di, dj
are the decision variables for δi and δi, respectively), and Di = {di ⇒

∨
¬d−i | ∀δ =
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〈δ1, . . . , δn〉 ∈ Δ} (where di, d−i are the decision variables for δi and δ−i, respectively).
The preference relation≥i defined onPow(Di) is characterized as follows: 1) s ≥i ∅ for
all s ∈ Pow(Di), 2) {di ⇒

∨
¬d−i} ≥i {d′i ⇒

∨
¬d′−i} iff δ′ ≥gsi δ (where (d−i, di)

and (d′−i, d
′
i) are the decision profiles for δ and δ′, respectively), and 3) s′ ≥i s for all

s, s′ ∈ Pow(Di) & |s| ≤ 1 & |s′| > 1.

In this definition, the set Di is designed in the context of ordering on decisions based
on unreached desire rules, as it is defined in Definition 9. In particular, for agent αi we
define for each decision variable a desire rule that will be unreached as the only desire rule
by exactly one decision profile. This is the construction of Di in this definition. Then, we
use the reverse of the preference ordering from the strategic game specification, which
was defined on decision profiles, to order the unreached (singletons) sets of desire rules.
Since each decision profile has exactly one unreached desire rule, the preference ordering
≥gsi on decision profiles can be directly used as a preference ordering on unreached sets
of desire rules, which in turn is the reverse of the preference ordering ≥i defined on
the powerset of the set Di of desire rules. This is realized by the last three items of this
definition. The first item indicates that any desire rule is more preferred than no desire
rule ∅. The second item indicates that if a decision profile δ′ is preferred over a decision
profile δ according to the unreached desire rules, then the desire rules that are unreached
by δ are preferred over the desire rules that are unreached by δ′. Finally, the last item
guarantees that the characterized preference ordering ≥i is complete by indicating that
all other sets of of desire rules are preferred over the singletons of desire rules (sets
consisting of only one desire rule) and the empty set of desire rules.

The following proposition shows that the mapping from strategic game specifications
to agent system specifications leads to the desired identity relation for the composite
relation.

Proposition 5. Let GS be a strategic game specification as in Definition 10. Moreover,
let AS be the derived agent system specification as defined in Definition 13. The appli-
cation of the mapping from agent system specification to strategic game specification,
as defined in Definition 11, maps AS to GS.

Proof. Assume any particular GS. Construct the AS as above. Now apply Definition
9. The unreached desires of decision δ for agent αi are Ui(δ) = {x ⇒ y ∈ D |
EB(F ∪ δ) |= x and EB(F ∪ δ) �|= y}. The subset ordering on these sets of unreached
desires reflects exactly the original ordering on decisions.

The following theorem follows directly from the proposition.

Theorem 1. The set of agent system specifications with empty set of facts is expressive
enough for strategic game specifications.

Proof. Follows from construction in Proposition 5.

The above construction raises the question whether other sets of agent system specifi-
cations are complete too, such as for example the set of agent system specifications in
which the set of desires contains only desire-to-be desires. We leave these questions for
further research.
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5 Concluding Remarks

In this paper we introduce agent system specifications based on belief and desire rules,
and we show how various kinds of strategic games can be played (depending on whether
the beliefs, desires and decisions are public or private), and we show how for each
possible strategic game an agent specification can be defined that plays that game. The
agent system specification we propose is relatively simple, but the extension of the
results to more complex agent system specifications seems straightforward. We believe
that such results give new insights in the alternative theories which are now developed
in artificial intelligence, agent theory and cognitive science.

Our work is typical for a line of research knows as qualitative decision theory which
aims at closing the gap between on the one hand classical decision and game theory, and
on the other hand alternative theories developed in artificial intelligence, agent theory
and cognitive science. Our main result is in our opinion not the particular technical
results of this paper, but their illustration how the classical and alternative theories can
use each others’ results. Our motivation comes from the analysis of rule-based agent
architectures, which have recently been introduced.

There are several topics for further research. The most interesting question is whether
belief and desire rules are fundamental, or whether they in turn can be represented by
some other construct. Other topics for further research are the development of an incre-
mental any-time algorithm to find optimal decisions, the development of computationally
attractive fragments of the logic, and heuristics of the optimization problem.
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Abstract. Results in social choice theory such as the Arrow and
Gibbard-Satterthwaite theorems constrain the existence of rational col-
lective decision making procedures in groups of agents. The Gibbard-
Satterthwaite theorem says that no voting procedure is strategy-proof.
That is, there will always be situations in which it is in a voter’s interest
to misrepresent its true preferences i.e., vote strategically. We present
some properties of strategic voting and then examine – via a bimodal
logic utilizing epistemic and strategizing modalities – the knowledge-
theoretic properties of voting situations and note that unless the voter
knows that it should vote strategically, and how, i.e., knows what the
other voters’ preferences are and which alternate preference P ′ it should
use, the voter will not strategize. Our results suggest that opinion polls
in election situations effectively serve as the first n − 1 stages in an n
stage election.

1 Introduction

A comprehensive theory of multi-agent interactions must pay attention to results
in social choice theory such as the Arrow and Gibbard-Satterthwaite theorems [1,
7,17]. These impossibility results constrain the existence of rational collective de-
cision making procedures. Work on formalisms for belief merging already reflects
the attention paid to social choice theory [9,6,12,11,13]. In this study we turn
our attention to another aspect of social aggregation scenarios: the role played
by the states of knowledge of the agents. The study of strategic interactions in
game theory reflects the importance of states of knowledge of the players. In this
paper, we bring these three issues—states of knowledge, strategic interaction and
social aggregation operations—together.
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The Gibbard-Satterthwaite theorem is best explained as follows1. Let S be a
social choice function whose domain is an n-tuple of preferences P1 . . . Pn, where
{1, ..., n} are the voters, M is the set of choices or candidates and each Pi is a
linear order over M . S takes P1 . . . Pn as input and produces some element of M
- the winner. Then the theorem says that there must be situations where it ‘prof-
its’ a voter to vote strategically. Specifically, if P denotes the actual preference
ordering of voter i, Y denotes the profile consisting of the preference orderings
of all the other voters then the theorem says that there must exist P, Y, P ′ such
that S(P ′, Y ) >P S(P, Y ). Here >P indicates: better according to P . Thus in
the situation where the voter’s actual ordering is P and all the orderings of the
other voters (together) are Y then voter i is better off saying its ordering is P ′

rather than what it actually is, namely P . In particular, if the vote consists of
voting for the highest element of the preference ordering, it should vote for the
highest element of P ′ rather than of P .

Of course, the agent might be forced to express a different preference. For
example, if an agent, whose preferences are B > C > A, is only presented C,A
as choices, then the agent will pick C. This ‘vote’ differs from the agent’s true
preference, but should not be understood as ‘strategizing’ in the true sense.

A real-life example of strategizing was noticed in the 2000 US elections when
some supporters of Ralph Nader voted for their second preference, Gore,2 in a
vain attempt to prevent the election of George W. Bush. In that case, Nader
voters decided that (voting for the maximal element of) a Gore-Nader-Bush
expression of their preferences would be closer to their desired ordering of Nader-
Gore-Bush than the Bush-Gore-Nader ordering that would result if they voted
for their actual top choice. Similar examples of strategizing have occurred in
other electoral systems over the years ([4] may be consulted for further details
on the application of game-theoretic concepts to voting scenarios). The Gibbard-
Satterthwaite theorem points out that situations like the one pointed out above
must arise.

What interests us in this paper are the knowledge-theoretic properties of the
situation described above. We note that unless the voter with preference P knows
that it should vote strategically, and how, i.e., knows that the other voters’
preference is Y and that it should vote according to P ′ �= P , the theorem is not
‘effective’. That is, the theorem only applies in those situations where a certain
level of knowledge exists amongst voters. Voters completely or partially ignorant
about other voters’ preferences would have little incentive to change their actual
preference at election time. In the 2000 US elections, many Nader voters changed
their votes because opinion polls had made it clear that Nader stood no chance
of winning, and that Gore would lose as a result of their votes going to Nader.

1 Later we use a different formal framework; we have chosen to use this more trans-
parent formalism during the introduction for ease of exposition.

2 Surveys show that had Nader not run, 46% of those who voted for him would have
voted for Gore, 23% for Bush and 31% would have abstained. Hereafter, when we
refer to Nader voters we shall mean those Nader voters who did or would have voted
for Gore.
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We develop a logic for reasoning about the knowledge that agents have of
their own preferences and other agents’ preferences, in a setting where a social
aggregation function is defined and kept fixed throughout. We attempt to for-
malize the intuition that agents, knowing an aggregation function, and hence
its outputs for input preferences, will strategize if they know a) enough about
other agents’ preferences and b) that the output of the aggregation function of
a changed preference will provide them with a more favorable result, one that is
closer to their true preference. We will augment the standard epistemic modality
with a modality for strategizing. This choice of a bimodal logic brings with it
a greater transparency in understanding the states that a voter will find itself
in when there are two possible variances in an election: the preferences of the
voters and the states of knowledge that describe these changing preferences.

Our results will suggest that election-year opinion polls are a way to effec-
tively turn a one-shot game, i.e., an election, into a many-round game that may
induce agents to strategize. Opinion polls make voters’ preferences public in an
election year and help voters decide on their strategies on the day of the election.
For the rest of the paper, we will refer to opinion polls also as elections.

The outline of the paper is as follows. In Section 2 we define a formal voting
system and prove some preliminary results about strategic voting. In Section 3 we
demonstrate the dependency of strategizing on the voters’ states of knowledge.
In Section 4 we develop a bimodal logic for reasoning about strategizing in voting
scenarios.

2 A Formal Voting Model

There is a wealth of literature on formal voting theory. This section draws upon
discussions in [4,5]. The reader is urged to consult these for further details.

Let O = {o1, . . . , om} be a set of candidates, A = {1, . . . , n} be a set of
agents or voters. We assume that each voter has a preference over the elements
of O, i.e., a reflexive, transitive and connected relation on O. For simplicity
we assume that each voter’s preference is strict. A voter i’s strict preference
relation on O will be denoted by Pi. We represent each Pi by a function Pi : O →
{1, . . . ,m}, where we say that a voter strictly prefers oj to ok iff Pi(oj) > Pi(ok).
We will write Pi = (o1, . . . , on) iff Pi(o1) > Pi(o2) > · · · > Pi(on). Henceforth,
for ease of readability we will use Pref to denote preferences over O. A preference
profile is an element of (Pref)n. Given each agent’s preference an aggregation
function returns the social preference ordering over O.

Definition 1 (Aggregation Function). An aggregation function is a func-
tion from preference profiles to preferences:

Ag : Prefn → Pref

In voting scenarios such as elections, agents are not expected to announce
their actual preference relation, but rather to select a vote that ‘represents’ their
preference. Each voter chooses a vote v, the aggregation function tallies the
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votes of each candidate and selects a winner (or winners if electing more than
one candidate). There are two components to any voting procedure. First, the
type of votes that voters can cast. For example, in plurality voting voters can only
vote for a single candidate so votes v are simply singleton subsets of O, whereas
in approval voting voters select a set of candidates so votes v are any subset of O.
Following [5], given a set of O of candidates, let B(O) be the set of feasible votes,
or ballots. The second component of any voting procedure is the way in which
the votes are tallied to produce a winner (or winners if electing more than one
candidate). We assume that the voting aggregation function will select exactly
one winner, so ties are always broken3. Note that elements of the set B(O)n

represent votes cast by the agents. An element �v ∈ B(O)n is called a vote profile.
A tallying function Agv : B(O)n → O maps vote profiles to candidates.

Given agent i’s preference Pi, let S(v, Pi) mean that the vote v is a sincere
vote corresponding to Pi. For example, in plurality voting, the only sincere vote
is a vote for the maximally ranked candidate under Pi. By contrast, in approval
voting, there could be many sincere votes, i.e., those votes where, if candidate o
is approved, so is any higher ranking o′. Then B(O)i = {v|S(v, Pi)} is the set of
votes which faithfully represent i’s preference. The voter i is said to strategize if
i selects a vote v that is not in the set B(O)i.

In what follows we assume that when an agent votes, the agent is selecting a
preference in the set Pref instead of an element of B(O). A vote is a preference;
a vote profile is a vector of preferences, denoted by �P .4

Assume that the agents’ true preferences are �P ∗ = (P ∗1 , . . . , P
∗
n) and fixed

for the remaining discussion. Given a profile �P of actual votes, we ask whether
agent i will change its vote if given another chance to express its preference. Let
�P−i be the vector of all other agents’ preferences. Then given �P−i and i’s true
preference P ∗i , there will be a (nonempty) set Xi of those preferences that are i’s
best response to �P−i. Suppose that fi(�P−i) selects one such best response from
Xi.5 Then f(�P ) = (f1(�P−1), . . . , fn(�P−n)). We call f a strategizing function. If
�P is a fixed point of f (i.e., f(�P ) = �P ), then �P is a stable outcome. In other
words, such a fixed point �P of f is a Nash equilibrium. We define fn recursively
by f1(�P ) = f(�P ), fn = f(fn−1(�P )), and say that f is stable at level n if
fn(�P )) = fn−1(�P ). It is clear that if f is stable at level n, then f is stable at all
levels m where m ≥ n. Also, if the initial preference of the �P is a fixed point of
f then all levels are stable.

Putting everything together, we can now define a voting model.

Definition 2 (Voting Model). Given a set of agents A, candidates O, a vot-
ing model is a 5-tuple 〈A,O, {P ∗i }i∈A,Ag, f〉,where P ∗i is voter i’s true pref-
3 [2] shows that the Gibbard-Satterthwaite theorem holds when ties are permitted.
4 This does not quite work for approval voting where P does not fully determine the

sincere vote v, but we will ignore this issue here, as it does not apply in the case of
plurality elections, whether of one, or of many ‘winners’.

5 Note that Pi may itself be a member of Xi in which case we shall assume that
f(Pi) = Pi.
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erence; Ag is an aggregation function with domain and range as defined above;
f is a strategizing function.

Note that in our definition above, we use aggregation functions rather than
tallying functions (which pick a winning candidate). This is because we can
view tallying functions as selecting a ‘winner’ from the output of an aggregation
function. So in our model, the result of an election is a ranking of the candidates.
This allows our results to apply not only to conventional plurality voting, but
also to those situations where more than one candidate is to be elected. They
require some modification to apply to approval voting, as the ballot is not then
determined by the preference ordering but also needs a cut-off point between
approved and ‘dis-approved’ candidates.

The following example demonstrates the type of analysis that can be modeled
using a strategizing function.

Example 1. Suppose that there are four candidates O = {o1, o2, o3, o4} and five
groups of voters: A,B,C,D and E. Suppose that the sizes of the groups are
given as follows: |A| = 40, |B| = 30, |C| = 15, |D| = 8 and |E| = 7. We assume
that all the agents in each group have the same true preference and that they
all vote the same way. Suppose that the tallying function is plurality vote. We
give the agents’ true preferences and the summary of the four elections in the
table below. The winner in each round is in boldface.

P ∗A = (o1, o4, o2, o3)
P ∗B = (o2, o1, o3, o4)
P ∗C = (o3, o2, o4, o1)
P ∗D = (o4, o1, o2, o3)
P ∗E = (o3, o1, o2, o4)

Size Group I II III IV
40 A o1 o1 o4 o1

30 B o2 o2 o2 o2

15 C o3 o2 o2 o2

8 D o4 o4 o1 o4

7 E o3 o3 o1 o1

The above table can be justified by assuming that all agents use the following
protocol. If the current winner is o, then agent i will switch its vote to some
candidate o′ provided 1) i prefers o′ to o, and 2) the current total for o′ plus
agent i’s votes for o′ is greater than the current total for o. By this protocol
an agent (thinking only one step ahead) will only switch its vote to a candidate
which is currently not the winner.

In round I, everyone reports their top choice and o1 is the winner. C likes o2
better than o1 and its own total plus B’s votes for o2 exceed the current votes
for o1. Hence by the protocol, C will change its vote to o2. A will not change its
vote in round II since its top choice is the winner. D and E also remain fixed
since they do not have an alternative like o′ required by the protocol. In round
III, group A changes its vote to o4 since it is preferred to the current winner
(o2) and its own votes plus D’s current votes for o4 exceed the current votes
for o2. B and C do not change their votes. For B’s top choice o2 is the current
winner and as for C, they have no o′ better than o2 which satisfies condition 2).
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Ironically, Group D and E change their votes to o1 since it is prefered to the
current winner is o2 and group A is currently voting for o1. Finally, in round IV,
group A notices that E is voting for o1 which A prefers to o4 and so changes its
votes back to o1. The situation stabilizes with o1 which, as it happens, is also
the Condorcet winner.

Much more can be said about the above analysis, but this is a topic for a
different paper. We now point out that for every aggregation function Ag and
any strategizing f , there must be instances in which f never stabilizes:

Theorem 1. For any given tallying function Agv, there exists an initial vector
of preferences such that f never stablizes.

This follows easily from the Gibbard-Satterthwaite theorem. Suppose not, then
we show that there is a strategy-proof tallying function contradicting the
Gibbard-Satterthwaite theorem. Suppose that Agv is an arbitrary tallying func-
tion and �P ∗ the vector of true preferences. Suppose there always is a level k at
which f stabilizes given the agents’ true preferences �P ∗. But then define Ag′ to be
the outcome of applying Agv to fk(�P ∗) where �P ∗ are the agents’ true preferences.
Then given some obvious conditions on the strategizing function f , Ag′ will be
a strategy-proof tallying function contradicting the Gibbard-Satterthwaite the-
orem. Hence there must be situations in which f never stabilizes.

Since our candidate and agent sets are finite, if f does not stabilize then
f cycles. We say that f has a cycle of length n if there are n different votes
�P1, . . . �Pn such that f(�Pi) = �Pi+1 for all 1 ≤ i ≤ n− 1 and f(�Pn) = �P1.

3 Dependency on Knowledge

Suppose that agent i knows the preferences of the other agents, and that no
other agent knows agent i’s preference (and agent i knows this). Then i is in
a very privileged position, where its preferences are completely secret, but it
knows it can strategize using the preferences of the other agents. In this case, i
will always know when to strategize and when the new outcome is ‘better’ than
the current outcome. But if i only knows the preferences of a certain subset B
of the set A of agents, then there still may be a set of possible outcomes that it
could force. Since i only knows the preferences of the agents in the set B, any
strategy P will generate a set of possible outcomes. Suppose that there are two
strategies P and P ′ that agent i is choosing between. Then the agent is choosing
between two different sets of possible outcomes. Some agents may only choose to
strategize if they are guaranteed a better outcome. Other agents may strategize if
there is even a small chance of getting a better outcome and no chance of getting
a worse outcome. We will keep this process of choosing a strategy abstract, and
only assume that every agent will in fact choose one of the strategies available
to it. Let Si be agent i’s strategy choice function, which accepts the votes of a
group of agents and returns a preference P that may result in a better outcome
for agent i given the agents report their current preference. We will assume that
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if B = ∅ then Si picks P ∗i . That is, agents will vote according to their true
preferences unless there is more information.

As voting takes place or polls reveal potential voting patterns, the facts that
each agent knows will change. We assume that certain agents may be in a more
privileged position than other agents. As in [14], define a knowledge graph to
be any graph with A as its set of vertices. If there is an edge from i to j, then
we assume that agent i knows agent j’s current vote, i.e., how agent j voted
in the current election. Let K = (A, EK) be a knowledge graph (EK is the set
of edges of K). We assume that i ∈ A knows the current votes of all agents
accessible from i. Let Bi = {j | there is an edge from i to j in K}. Then Si
will select the strategy that agent i would prefer given how agents in Bi voted
currently.

We clarify the relationship between a knowledge graph and the existence of a
cycle in the knowledge graph K = (A, EK) by the following:

Theorem 2. Fix a voting model 〈A,O, {P ∗i }i∈A,Ag, f〉 and a knowledge graph
K = (A, EK). If K is directed and acyclic then the strategizing function f will
stabilize at level k, where k is the height of the graph K; f can cycle only if the
associated knowledge graph has a cycle.

Proof. Since K is a directed acyclic graph, there is at least one agent i such that
Bi = ∅. By assumption such an agent will vote according to P ∗i at every stage.
Let

A0 = {i | i ∈ A and Bi = ∅}
and

Ak = {i | if there is (i, j) ∈ EK,then j ∈ Al for l < k}
Given (by induction on k) that the agents in Ak−1 stabilized by level k − 1, an
agent i ∈ Ak need only wait k− 1 rounds, then choose the strategy according to
Si. ��

The following is an example of a situation in which the associated strategizing
function never stabilizes:

Example 2. Consider three candidates {a, b, c} and 100 agents connected by a
complete knowledge graph. Suppose that 40 agents prefer a > b > c (group I), 30
prefer b > c > a (group II) and 30 prefer c > a > b (group III). If we assume that
the voting rule is simple majority, then after reporting their initial preferences,
candidate a will be the winner with 40 votes. The members of group II dislike a
the most, and will strategize in the next election by reporting c > b > a as their
preference. So, in the second round, c will win. But now, members of group I
will report b > a > c as their preference, in an attempt to draw support away
from their lowest ranked candidate. c will still win the third election, but by
changing their preferences (and making them public) group I sends a signal to
group II that it should report its true preference - this will enable group I to
have its second preferred candidate b come out winner. This cycling will continue
indefinitely; b will win for two rounds, then a for two rounds, then c for two, etc.
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4 An Epistemic Logic for Voting Models

In this section we define an epistemic logic for reasoning about voting models.
In Example 2, it is clear that voters are reasoning about the states of knowledge
of other voters and furthermore, an agent reasons about the change in states
of knowledge of other voters on receipt of information on votes cast by them.
We now sketch the details of a logic KV for reasoning about knowledge and the
change of knowledge in a fixed voting model V.

4.1 The Logic KV - Syntax

In this section we will assume that each vote is an expressed preference, which
may or not be the true preference of an agent. So the expression ‘preference’
without the qualifier ‘true’ will simply mean an agent’s current vote. We assume
that for each preference P there is a symbol P that represents it. There are
then two types of primitive propositions in L(KV). First, there are statements
with the content “agent i’s preference is P”. Let Pi represent such statements.
Secondly, we include statements with the content “P is the current outcome of
the aggregation function”. Let PO represent such statements.

Our language includes the standard boolean connectives, an epistemic modal-
ity Ki indexed by each agent i plus an additional modality �i (similarly indexed).
Formulas in L(KV) take the following syntactic form:

φ := p | ¬φ | φ ∧ ψ | Kiφ | �iφ

where p is a primitive proposition, i ∈ A. We use the standard definitions for
∨,→ and the duals Li,�i. Kiφ is read as “agent i knows φ; �iφ is read as “after
agent i strategizes, φ becomes true”.

4.2 The Logic KV - Semantics

Before specifying a semantics we make some brief remarks on comparing prefer-
ences. Strategizing means reporting a preference different from your true pref-
erence. An agent will strategize if by reporting a preference other than its true
preference, the outcome is ‘closer’ to its true preference than the outcome it
would have obtained had it reported its true preference originally. Given pref-
erences P,Q,R, we use the notation P �R Q to indicate that P is at least as
compatible with R as Q is. Given the above ternary relation, we can be more
precise about when an agent will strategize. Given two preferences P and Q,
we will say that an agent whose true preference is R prefers P to Q if P �R Q
holds. That is, i prefers P to Q if P is at least as ‘close’ to i’s true preference as
Q is.

We assume the following conditions on �. For arbitrary preferences
P,Q,R, S:

1. (Minimality) R �R P
2. (Reflexivity) P �R P
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3. (Transitivity) If P �R Q and Q �R S, then P �R S.
4. (Pareto Invariance) Suppose that R = (o1, . . . , om) and P = (o′1, . . . , o

′
m)

and Q is obtained from P by swapping o′i and o′j for some i �= j. If R(o′i, o
′
j)

and P (o′i, o
′
j), i.e., R agrees with P on o′i, o

′
j and disagrees with Q, then P

must be at least as close to R as Q (P �R Q).

(Minimality) ensures that a true preference is always the most desired outcome.
(Reflexivity) and (Transitivity) carry their usual meanings. As for Pareto invari-
ance, note that swapping o′i, o

′
j may also change other relationships. Our example

below will show that this is not a problem.
The following is an example of an ordering �R satisfying the above condi-

tions. Let R = (o1, . . . , om). For each vector P , suppose that cP (oi) is the count
of oi in vector P , i.e., the numeric position of oi numbering from the right. For
any vector P , let VR(P ) = cR(o1)cP (o1) + · · ·+ cR(om)cP (om). This assigns the
following value to R, VR(R) = m2 + (m− 1)2 + · · ·+ 12. We say that P is closer
to R than Q iff VR(P ) is greater than VR(Q). This creates a strict ordering over
preferences, which can be weakened to a partial order by composing VR with a
weakly increasing function.6

Let V = 〈A,O, {P ∗i }i∈A,Ag, f〉 be a fixed voting model. We define a Kripke
structure for our bi-modal language based on V. States in this structure are
vectors of preferences7 together with the outcome of the aggregation function.
The set of states W is defined as follows:

W = {(�P ,O) | �P ∈ Prefn, Ag(�P ) = O}

Intuitively, given a state (�P ,O), �P represents the preferences that are reported
by the agents and O is the outcome of the aggregation function applied to �P .
So states of the world will be complete descriptions of stages of elections.

Our semantics helps clarify our decision to use two modalities. Let (�P ,O)
be an element of W . To understand the strategizing modality, note that when
an agent strategizes it only changes the ith component of �P , i.e., the accessible
worlds for this modality are those in which the remaining components of �P are
fixed. For the knowledge modality note that all agents know how they voted,
which implies that accessible worlds for this modality are those in which the ith
component of �P remains fixed while others vary.

We now define accessibility relations for each modality. Since the second
component of a state can be calculated using Ag we write �P for (�P ,O). For the
knowledge modality, we assume that the agents know how they voted and so
define for each i ∈ A and preferences �P , �Q:

(�P ,O)Ri( �Q,O′) iff Pi = Qi

The above relation does not take into account the fact that some agents may
be in a more privileged position than other agents, formally represented by the
6 Plurality cannot be produced this way, but other functions satisfying 1–4 can easily

be found that do.
7 Defining Kripke structures over agents’ preferences has been studied by other au-

thors. [18] has a similar semantics in a different context.
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knowledge graph from the previous section. If we have fixed a knowledge graph,
then agent i not only knows how it itself voted, but also the (current) preferences
of each of the agents reachable from it in the knowledge graph. Let K = (A, EK)
be a knowledge graph, and recall that Bi is the set of nodes reachable from i.
Given two vectors of preferences �P and �Q and a group of agents G ⊆ A, we say
PG = QG iff Pi = Qi for each i ∈ G. We can now define an epistemic relation
based on K:

(�P ,O)RKi ( �Q,O′) iff Pi = Qi and PBi
= QBi

Clearly for each agent i and knowledge graph K, RKi is an equivalence rela-
tion; hence each Ki is an S5 modal operator. The exact logic for the strategizing
modalities depends on the properties of the ternary relation �.
For the strategizing modalities, we define a relation Ai ⊆ W × W as follows.
Given preferences �P , �Q:

(�P ,O)Ai( �Q,O′) iff P−i = Q−i and O′ �P∗
i
O

where P−i is all components of �P except for the ith component. So, (�P ,O) and
( �Q,O′) are Ai related iff they have the same jth component for all j �= i and
agent i prefers outcome O′ to outcome O relative to i’s true preference P ∗i .

An election is a sequence of states. We say that an election E =
(s1, s2, . . . , sn) respects the strategizing function f if f(si) = si+1 for i =
1, . . . , n − 1. We assume always that f is such that f(s) = s unless the agent
knows that it can strategize and get a better outcome, and how it should so
strategize. A model for V is a tuple M = 〈W,Ri, Ai, V 〉 where V : W → 2Φ0

(where Φ0 is the set of primitive propositions). We assume that all relations Ri
are based on a given knowledge graph K. Let (�P ,O) ∈ W be any state; we define
truth in a model as follows:

1. (�P ,O) |= p iff p ∈ V (�P ,O) and p ∈ Φ0

2. (�P ,O) |= ¬φ iff (�P ,O) �|= φ

3. (�P ,O) |= φ ∧ ψ iff (�P ,O) |= φ and �P |= ψ

4. (�P ,O) |= Kiφ iff for all (�Q,O′) such that (�P ,O)RKi ( �Q,O′), ( �Q,O′) |= φ

5. (�P ,O) |= �iφ iff there is ( �Q,O′) such that (�P ,O)Ai( �Q,O′) and (�Q,O′) |= φ

Nothing in our definition of a model forces primitive propositions to have their
intended meaning. We therefore make use of the following definition.

Definition 3. A valuation function V is an appropriate valuation for a
model M iff V satisfies the following conditions. Let V = 〈A,O, {P ∗i }i∈A,Ag, f〉
be a voting model and M a model based on V. Let (�P ,O) ∈ W be any state.
Then:

1. For each i ∈ A, Pi ∈ V (�P ,O) iff P represents the preference Pi.
2. For each PO, PO ∈ V (�P ,O) iff P represents O.
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We assume that valuation functions are appropriate for the corresponding model.

The following formula implies strategizing for an individual agent. It says that
agent i knows that the outcome is PO and by reporting a different preference a
preferred outcome can be achieved.

Ki(PO ∧ �i�)

We are now in a position to present our last main result.

Theorem 3. Given a voting system V = 〈A,O, {P ∗i }i∈A,Ag, f〉, a knowledge
graph K and a model M for V, let E be an election that respects the strategizing
function f . If there is a state �P such that El = �P for some l and �P |= ¬Ki(PO∧
�i�) for all i, then �P is a fixed point of f . Equivalently, Given an election E
that respects f and some k such that Ek+1 �= Ek, i.e., Ek is not a fixed point of
f , then ∃i ∈ A such that:

Ek |= Ki(PO ∧ �i�)

That is, if an agent strategizes at some stage in the election then the agent knows
that this strategizing will result in a preferred outcome.

5 Conclusion

We have explored some properties of strategic voting and noted that the
Gibbard-Satterthwaite theorem only applies in those situations where agents can
obtain the appropriate knowledge. Note that our example in the Introduction
showed how strategizing can lead to a rational outcome in elections. In our ex-
ample the Condorcet winner - the winner in pairwise head-to-head contests - was
picked via strategizing. Since our framework makes it possible to view opinion
polls as the n− 1 stages of an n-stage election, it implies that communication of
voters’ preferences and the results of opinion polls can play an important role in
ensuring rational outcomes to elections. A similar line of reasoning in a different
context can be found in [15]. Put another way, while the Gibbard-Satterthwaite
theorem implies that we are stuck with voting mechanisms susceptible to strate-
gizing, our work indicates ways for voters to avoid irrational outcomes using such
mechanisms. Connections such as those explored in this paper are also useful in
deontic contexts [10,16] i.e., an agent can only be obligated to take some action
if the agent is in possession of the requisite knowledge.

For future work, we note that in this study, we left the definition of the
agents’ strategy choice function informal, thus assuming that agents have some
way of deciding which preference to report if given a choice. This can be made
more formal. We could then study the different strategies available to the agents.
For example, some agents may only choose to strategize if they are guaranteed
to get a better outcome, whereas other agents might strategize even if there is
only a small chance of getting a better outcome.



Knowledge-Theoretic Properties of Strategic Voting 29

Another question suggested by this framework is: what are the effects of
different levels of knowledge of the current preferences on individual strategy
choices? Suppose that among agent i and agent j, both i and j’s true preferences
are common knowledge. Now when agent i is trying to decide whether or not to
strategize, i knows that j will be able to simulate i’s reasoning. Thus if i chooses
a strategy based on j’s true preference, i knows that j will choose a strategy
based on i’s choice of strategy, and so i must choose a strategy based on j’s
response to i’s original strategy. We conjecture that if there is only pairwise
common knowledge among the agents of the agents’ true preferences, then the
announcement of the agents’ true preferences is a stable announcement.

On a technical note, the logic of knowledge we developed uses S5 modalities.
We would like to develop a logic that uses KD45 modalities - i.e., a logic of belief.
This is because beliefs raise the interesting issue that a voter - or groups of voters
- can have possibly inconsistent beliefs about other voters’ preferences, while this
variation is not possible in the knowledge case. Another area of exploration will
be connections with other distinct approaches to characterize game theoretic
concepts in modal logic such as [8,3,18]. Lastly, a deeper formal understanding
of the relationship between the knowledge and strategizing modalities introduced
in this paper will become possible after the provision of an appropriate axiom
system for KV. Our work is a first step towards clarifying the knowledge-theoretic
properties of voting, but some insight into the importance of states of knowledge
and the role of opinion polls is already at hand.
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Abstract. We introduce a new proof procedure for abductive logic pro-
gramming and present two soundness results. Our procedure extends that
of Fung and Kowalski by integrating abductive reasoning with constraint
solving and by relaxing the restrictions on allowed inputs for which the
procedure can operate correctly. An implementation of our proof pro-
cedure is available and has been applied successfully in the context of
multiagent systems.

1 Introduction

Abduction has found broad application as a tool for hypothetical reasoning with
incomplete knowledge, which can be handled by labelling some pieces of informa-
tion as abducibles, i.e. as possible hypotheses that can be assumed to hold, pro-
vided that they are consistent with the given knowledge base. Abductive Logic
Programming (ALP) combines abduction with logic programming enriched by
integrity constraints to further restrict the range of possible hypotheses. Im-
portant applications of ALP include planning [10], requirements specification
analysis [8], and agent communication [9]. In recent years, a variety of proof
procedures for ALP have been proposed, including the IFF procedure of Fung
and Kowalski [4]. Here, we extend this procedure in two ways, namely (1) by
integrating abductive reasoning with constraint solving (in the sense of CLP, not
to be confused with integrity constraints), and (2) by relaxing the allowedness
conditions given in [4] to be able to handle a wider class of problems.

Our interest in extending IFF in this manner stems from applications devel-
oped in the SOCS project, which investigates the use of computational logic-
based techniques in the context of multiagent systems for global computing. In
particular, we use ALP extended with constraint solving to give computational
models for an agent’s planning, reactivity and temporal reasoning capabilities [5].
We found that our requirements for these applications go beyond available state-
of-the-art ALP proof procedures. While ACLP [6], for instance, permits the use
of constraint predicates (unlike IFF), its syntax for integrity constraints is too
restrictive to express the planning knowledge bases (using a variant of the abduc-
tive event calculus [10]) used in SOCS. In addition, many procedures put strong,
sometimes unnecessary, restrictions on the use of variables. The procedure pro-
posed in this paper, which we call CIFF, manages to overcome these restrictions
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to a degree that has allowed us to apply it successfully to a wide range of prob-
lems. We have implemented CIFF in Prolog;1 the system forms an integral part
of the PROSOCS platform for programming agents in computational logic [11].

In the next section we are going to set out the ALP framework used in this
paper and discuss the notion of allowedness. Section 3 then specifies the CIFF
proof procedure which we propose as a suitable reasoning engine for this frame-
work. Two soundness results for CIFF are presented in Section 4 and Section 5
concludes. An extended version of this paper that, in particular, contains detailed
proofs of our results is available as a technical report [3].

2 Abductive Logic Programming with Constraints

We use classical first-order logic, enriched with a number of special predicate
symbols with a fixed semantics, namely the equality symbol =, which is used to
represent the unifiability of terms (i.e. as in standard logic programming), and
a number of constraint predicates. We assume the availability of a sound and
complete constraint solver for this constraint language. In principle, the exact
specification of the constraint language is independent from the definition of the
CIFF procedure, because we are going to use the constraint solver as a black
box component.2 However, the constraint language has to include a relation
symbol for equality (we are going to write t1 =c t2) and it must be closed under
complements. In general, the complement of a constraint Con will be denoted as
Con (but we are going to write t1 �=ct2 for the complement of t1 =c t2). The range
of admissible arguments to constraint predicates again depends on the specifics
of the chosen constraint solver. A typical choice for a constraint system would
be an arithmetic constraint solver over integers providing predicates such as ≤
and > and allowing for terms constructed from variables, integers and function
symbols representing operations such as addition and multiplication.

Abductive logic programs. An abductive logic program is a pair 〈Th, IC 〉
consisting of a theory Th and a finite set of integrity constraints IC. We present
theories as sets of so-called iff-definitions:

p(X1, . . . , Xk) ↔ D1 ∨ · · · ∨Dn

The predicate symbol p must not be a special predicate (constraints, =, � and ⊥)
and there can be at most one iff-definition for every predicate symbol. Each of
the disjuncts Di is a conjunction of literals. Negative literals are written as impli-
cations (e.g. q(X,Y ) → ⊥). The variables X1, . . . , Xk are implicitly universally
quantified with the scope being the entire definition. Any other variable is im-
plicitly existentially quantified, with the scope being the disjunct in which it
occurs. A theory may be regarded as the (selective) completion of a normal logic
program (i.e. of a logic program allowing for negative subgoals in a rule) [2]. Any
predicate that is neither defined nor special is called an abducible.
1 The CIFF system is available at http://www.doc.ic.ac.uk/∼ue/ciff/.
2 Our implementation uses the built-in finite domain solver of Sicstus Prolog [1], but

the modularity of the system would also support the integration of a different solver.
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In this paper, the integrity constraints in the set IC (not to be confused
with constraint predicates) are implications of the following form:

L1 ∧ · · · ∧ Lm → A1 ∨ · · · ∨An

Each of the Li must be a literal (with negative literals again being written in
implication form); each of the Ai must be an atom. Any variables are implicitly
universally quantified with the scope being the entire implication.

A query Q is a conjunction of literals. Any variables in Q are implicitly
existentially quantified. They are also called the free variables. In the context of
the CIFF procedure, we are going to refer to a triple 〈Th, IC, Q〉 as an input.

Semantics. A theory provides definitions for certain predicates, while integrity
constraints restrict the range of possible interpretations. A query may be re-
garded as an observation against the background of the world knowledge encoded
in a given abductive logic program. An answer to such a query would then pro-
vide an explanation for this observation: it would specify which instances of the
abducible predicates have to be assumed to hold for the observation to hold
as well. In addition, such an explanation should also validate the integrity con-
straints. This is formalised in the following definition:

Definition 1 (Correct answer). A correct answer to a query Q with respect
to an abductive logic program 〈Th, IC 〉 is a pair 〈Δ,σ〉, where Δ is a finite set
of ground abducible atoms and σ is a substitution for the free variables occurring
in Q, such that Th ∪ Comp(Δ) |= IC ∧Qσ.

Here |= is the usual consequence relation of first-oder logic with the restriction
that constraint predicates have to be interpreted according to the semantics
of the chosen constraint system and equalities evaluate to true whenever their
two arguments are unifiable. Comp(Δ) stands for the completion of the set of
abducibles in Δ, i.e. any ground atom not occurring in Δ is assumed to be false.
If we have Th ∪ IC |= ¬Q (i.e. if Q is false for all instantiations of the free
variables), then we say that there exists no correct answer to the query Q given
the abductive logic program 〈Th, IC 〉.

Example 1. Consider the following abductive logic program:

Th : p(T ) ↔ q(X,T ′) ∧ T ′<T ∧ T<8
q(X,T ) ↔ X= a ∧ s(T )

IC : r(T ) → p(T )

The set of abducible predicates is {r, s}. The query r(6), for instance, should
succeed; a possible correct answer would be the set {r(6), s(5)}, with an empty
substitution. Intuitively, given the query r(6), the integrity constraint in IC
would fire and force the atom p(6) to hold, which in turn requires s(T ′) for some
T ′ < 6 to be true (as can be seen by unfolding first p(6) and then q(X,T ′)). �
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Allowedness. Fung and Kowalski [4] require inputs 〈Th, IC, Q〉 to meet a number
of so-called allowedness conditions to be able to guarantee the correct operation
of their proof procedure. These conditions are designed to avoid constellations
with particular (problematic) patterns of quantification. Unfortunately, it is
difficult to formulate appropriate allowedness conditions that guarantee a cor-
rect execution of the proof procedure without imposing too many unnecessary
restrictions. This is a well-known problem, which is further aggravated for
languages that include constraint predicates. Our proposal is to tackle the issue
of allowedness dynamically, i.e. at runtime, rather than adopting a static and
overly strict set of conditions. In this paper, we are only going to impose the
following minimal allowedness conditions:3

– An integrity constraint A → B is allowed iff every variable in it also occurs
in a positive literal within its antecedent A.

– An iff-definition p(X1, . . . , Xk) ↔ D1 ∨ · · · ∨Dn is allowed iff every variable
other than X1, . . . , Xk occurring in a disjunct Di also occurs inside a positive
literal within the same Di.

The crucial allowedness condition is that for integrity constraints: it ensures that,
also after an application of the negation rewriting rule (which moves negative
literals in the antecedent of an implication to its consequent), every variable
occurring in the consequent of an implication is also present in its antecedent.
The allowedness condition for iff-definitions merely allows us to maintain this
property of implications when the unfolding rule (which, essentially, replaces a
defined predicate with its definition) is applied to atoms in the antecedent of an
implication. We do not need to impose any allowedness conditions on queries.

3 The CIFF Proof Procedure

We are now going to formally introduce the CIFF proof procedure. The input
〈Th, IC, Q〉 to the procedure consists of a theory Th, a set of integrity constraints
IC, and a query Q. There are three possible outputs: (1) the procedure succeeds
and indicates an answer to the query Q; (2) the procedure fails, thereby indi-
cating that there is no answer; and (3) the procedure reports that computing an
answer is not possible, because a critical part of the input is not allowed.

The CIFF procedure manipulates, essentially, a set of formulas that are ei-
ther atoms or implications. The theory Th is kept in the background and is only
used to unfold defined predicates as they are being encountered. In addition to
atoms and implications the aforementioned set of formulas may contain disjunc-
tions of atoms and implications to which the splitting rule may be applied, i.e.
which give rise to different branches in the proof search tree. The sets of formulas
manipulated by the procedure are called nodes. A node is a set (representing a
conjunction)4 of formulas (atoms, implications, or disjunctions thereof) which
3 Note that the CIFF procedure could easily be adapted to work also on inputs not

conforming even to these minimal conditions, but then it would not be possible
anymore to represent quantification implicitly.

4 If a proof rule introduces a conjunction into a node, this conjunction is understood
to be broken up into its subformulas right away.
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are called goals. A proof is initialised with the node containing the integrity con-
straints IC and the literals of the query Q. The proof procedure then repeatedly
manipulates the current node of goals by rewriting goals in the node, adding
new goals to it, or deleting superfluous goals from it. Most of this section is
concerned with specifying these proof rules in detail.

The structure of our proof rules guarantee that the following quantification
invariants hold for every node in a derivation:
– No implication contains a universally quantified variable that is not also

contained in one of the positive literals in its antecedent.
– No atom contains a universally quantified variable.
– No atom inside a disjunction contains a universally quantified variable.

In particular, these invariants subsume the minimal allowedness conditions dis-
cussed in the previous section. The invariants also allow us to keep quantification
implicit throughout a CIFF derivation by determining the quantification status
of any given variable. Most importantly, any variable occurring in either the
original query or an atomic conjunct in a node must be existentially quantified.

Notation. In the sequel, we are frequently going to write �t for a “vector” of
terms such as t1, . . . , tk. For instance, we are going to write p(�t) rather than
p(t1, . . . , tk). To simplify presentation, we assume that there are no two predi-
cates that have the same name but different arities. We are also going to write
�t = �s as a shorthand for t1 = s1 ∧ · · · ∧ tk = sk (with the implicit assump-
tion that the two vectors have the same length), and [ �X/�t] for the substitution
[X1/t1, . . . , Xk/tk]. Note that X and Y always represent variables. Furthermore,
in our presentation of proof rules, we are going to abstract from the order of con-
juncts in the antecedent of an implication: the critical subformula is always rep-
resented as the first conjunct. That is, by using a pattern such as X = t∧A → B
we are referring to any implication with an antecedent that has a conjunct of
the form X = t. A represents the remaining conjunction, which may also be
“empty”, that is, the formula X = t → B is a special case of the general pattern
X = t ∧A → B. In this case, the residue A → B represents the formula B.

Proof rules. For each of the proof rules in our system, we specify the type of
formula(s) which may trigger the rule (“given”), a number of side conditions that
need to be met, and the required action (such as replacing the given formula by
a different one). Executing this action yields one or more successor nodes and
the current node can be discarded. The first rule replaces a defined predicate
occurring as an atom in the node by its defining disjunction:

Unfolding atoms
Given: p(�t)
Cond.: [p( �X)↔ D1 ∨ · · · ∨Dn] ∈ Th
Action: replace by (D1 ∨ · · · ∨Dn)[ �X/�t]

Note that any variables in D1 ∨ · · · ∨Dn other than those in �X are existentially
quantified with respect to the definition, i.e. they must be new to the node and
they will be existentially quantified in the successor node.



36 U. Endriss et al.

Unfolding predicates in the antecedent of an implication yields one new im-
plication for every disjunct in the defining disjunction:

Unfolding within implications
Given: p(�t) ∧A → B

Cond.: [p( �X)↔ D1 ∨ · · · ∨Dn] ∈ Th
Action: replace by D1[ �X/�t] ∧A → B, . . . , Dn[ �X/�t] ∧A → B

Observe that variables in any of the Di that have been existentially quantified in
the definition of p(�t) are going to be universally quantified in the corresponding
new implication (because they appear within the antecedent).

The next rule is the propagation rule, which allows us to resolve an atom in
the antecedent of an implication with a matching atom in the node. Unlike most
rules, this rule does not replace a given formula, but it merely adds a new one.
This is why we require explicitly that propagation cannot be applied again to
the same pair of formulas. Otherwise the procedure would be bound to loop.

Propagation
Given: p(�t) ∧A → B and p(�s)
Cond.: the rule has not yet been applied to this pair of formulas
Action: add �t = �s ∧A → B

The splitting rule gives rise to (not just a single but) a whole set of successor
nodes, one for each of the disjuncts in A1 ∨ · · · ∨An, each of which gives rise to
a different branch in the derivation:

Splitting
Given: A1 ∨ · · · ∨ An

Cond.: none
Action: replace by one of A1, . . . , An

The next rule is a logical simplification that moves negative literals in the an-
tecedent to the consequent of an implication:

Negation rewriting
Given: (A → ⊥) ∧B → C
Cond.: none
Action: replace by B → A ∨ C

There are two further logical simplification rules:

Logical simplification (trivial condition)
Given: � ∧A → B
Cond.: none
Action: replace by A → B

Logical simplification (redundant formulas)
Given: either ⊥ → A or �
Cond.: none
Action: delete formula
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The following factoring rule can be used to separate cases in which particular
abducible atoms unify from those in which they do not:

Factoring
Given: p(�t) and p(�s)
Cond.: p abducible; the rule has not yet been applied to p(�t) and p(�s)
Action: replace by [p(�t) ∧ p(�s) ∧ (�t = �s → ⊥)] ∨ [p(�t) ∧ �t = �s]

The next few rules deal with equalities. The first two of these involve simplifying
equalities according to the following rewrite rules:
(1) Replace f(t1, . . . , tk) = f(s1, . . . , sk) by t1 = s1 ∧ · · · ∧ tk = sk.
(2) Replace f(t1, . . . , tk) = g(s1, . . . , sl) by ⊥ if f and g are distinct or k �= l.
(3) Replace t = t by �.
(4) Replace X = t by ⊥ if t contains X.
(5) Replace t = X by X = t if X is a variable and t is not.
(6) Replace Y = X by X = Y if X is a univ. quant. variable and Y is not.
(7) Replace Y = X by X = Y if X and Y are exist. quant. variables and X

occurs in a constraint predicate, but Y does not.

Rules (1)–(4) essentially implement the term reduction part of the unification
algorithm of Martelli and Montanari [7]. Rules (5)–(7) ensure that completely
rewritten equalities are always presented in a normal form, thereby simplifying
the formulation of our proof rules.

Equality rewriting for atoms
Given: t1 = t2
Cond.: the rule has not yet been applied to this equality
Action: replace by the result of rewriting t1 = t2

Equality rewriting for implications
Given: t1 = t2 ∧A → B
Cond.: the rule has not yet been applied to this equality
Action: replace by C ∧A → B where C is the result of rewriting t1 = t2

The following two substitution rules also handle equalities:

Substitution rule for atoms
Given: X = t
Cond.: X �∈ t; the rule has not yet been applied to this equality
Action: apply substitution [X/t] to entire node except X = t itself

Substitution rule for implications
Given: X = t ∧A → B
Cond.: X univ. quant.; X �∈ t; t contains no univ. quant. variables or X �∈B
Action: replace by (A → B)[X/t]

The purpose of the third side condition (of t not containing any universally
quantified variables or X not occurring within B) is to maintain the quantifi-
cation invariant that any universally quantified variable in the consequent of an
implication is also present in the antecedent of the same implication.

If neither equality rewriting nor a substitution rule are applicable, then an
equality may give rise to a case analysis:
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Case analysis for equalities
Given: X = t ∧A → B (exception: do not apply to X = t → ⊥)
Cond.: X exist. quant.; X �∈ t; t is not a univ. quant. variable
Action: replace by X = t and A → B, or replace by X = t → ⊥

Case analysis should not be applied to formulas of the form X = t → ⊥ (despite
this being an instance of the pattern X = t ∧ A → B), because this would lead
to a loop (with respect to the second successor node). Also note that, if the third
of the above side conditions was not fulfilled and if t was a universally quantified
variable, then equality rewriting could be applied to obtain t = X ∧ A → B, to
which we could then apply the substitution rule for implications.

Observe that the above rule gives rise to two successor nodes (rather than
a disjunction). This is necessary, because the term t may contain variables that
would be quantified differently on the two branches, i.e. a new formula with
a disjunction in the matrix would not (necessarily) be logically equivalent to
the disjunction of the two (quantified) subformulas. In particular, in the first
successor node all variables in t will become existentially quantified. To see this,
consider the example of the implication X = f(Y ) ∧ A → B and assume X
is existentially quantified, while Y is universally quantified. We can distinguish
two cases: (1) either X represents a term whose main functor is f , or (2) this
is not the case. In case (1), there exists a value for Y such that X = f(Y ), and
furthermore A → B must hold. Otherwise, i.e. in case (2), X = f(Y ) will be
false for all values of Y .

Case analysis for constraints
Given: Con ∧A → B
Cond.: Con is a constraint predicate without univ. quant. variables
Action: replace by [Con ∧ (A → B)] ∨ Con

Observe that the conditions on quantification are a little stricter for case analysis
for constraints than they were for case analysis for equalities. Now all variables
involved need to be existentially quantified. This simplifies the presentation of
the rule a little, because no variables change quantification. In particular, we
can replace the implication in question by a disjunction (to which the splitting
rule may be applied in a subsequent step).

While case analysis is used to separate constraints from other predicates, the
next rule provides the actual constraint solving step itself. It may be applied to
any set of constraints in a node, but to guarantee soundness, eventually, it has
to be applied to the set of all constraint atoms.

Constraint solving
Given: constraint predicates Con1, . . . , Conn

Cond.: {Con1, . . . , Conn} is not satisfiable
Action: replace by ⊥

If {Con1, . . . ,Conn} is found to be satisfiable it may also be replaced with
an equivalent but simplified set (in case the constraint solver used offers this
feature). To simplify presentation, we assume that the constraint solver will fail
(rather than come back with an undefined answer) whenever it is presented with
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an ill-defined constraint such as, say, bob ≤ 5 (in the case of an arithmetic solver).
For inputs that are “well-typed”, however, such a situation will never arise.

Our next two rules ensure that (dis)equalities that affect the satisfiability of
the constraints in a node are correctly rewritten using the appropriate constraint
predicates. Here we refer to a variable as a constraint variable (with respect to
a particular node) iff that variable occurs inside a constraint atom in that node.
For the purpose of stating the next two rules in a concise manner, we call a term
c-atomic iff it is either a variable or a ground element of the constraint domain
(e.g. an integer in the case of an arithmetic domain).

Equality-constraint rewriting
Given: X = t
Cond.: X is a constraint variable
Action: replace by X =c t if t is c-atomic; replace by ⊥ otherwise

Disequality-constraint rewriting
Given: X = t → ⊥
Cond.: X is a constraint variable
Action: replace by X �=ct if t is c-atomic; delete formula otherwise

For example, if we are working with an arithmetic constraint domain, then the
formula X = bob → ⊥ would be deleted from the node as it holds vacuously
whenever X also occurs within a constraint predicate.

We call a formula of the form t1 = t2 → ⊥ a disequality provided no uni-
versally quantified variables occur in either t1 or t2. The next rule is used to
identify nodes containing formulas with problematic quantification, which could
cause difficulties in extracting an abductive answer:

Dynamic allowedness rule (DAR)
Given: A → B (exception: do not apply to disequalities)
Cond.: A consists of equalities and constraints alone; no other rule applies
Action: label node as undefined

In view of the second side condition, recall that the only rules applicable to an
implication with only equalities and constraints in the antecedent are the equality
rewriting and substitution rules for implications and the two case analysis rules.

Answer extraction. A node containing ⊥ is called a failure node. If all branches
in a derivation terminate with failure nodes, then the derivation is said to fail
(the intuition being that there exists no answer to the query). A node to which
no more rules can be applied is called a final node. A final node that is not a
failure node and that has not been labelled as undefined is called a success node.

Definition 2 (Extracted answer). An extracted answer for a final success
node N is a triple 〈Δ,Φ, Γ 〉, where Δ is the set of abducible atoms, Φ is the set
of equalities and disequalities, and Γ is the set of constraint atoms in N .

An extracted answer in itself is not yet a correct answer in the sense of Defini-
tion 1, but —as we shall see— it does induce such a correct answer. The basic idea
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is to first define a substitution σ that is consistent with both the (dis)equalities
in Φ and the constraints in Γ , and then to ground the set of abducibles Δ by
applying σ to it. The resulting set of ground abducible atoms together with the
substitution σ then constitutes a correct answer to the query (i.e., an extracted
answer will typically give rise to a whole range of correct answers). To argue
that this is indeed possible, i.e. to show that the described procedure of deriving
answers to a query is a sound operation, will be the subject of the next section.

Example 2. We show the derivation for the query r(6) given the abductive logic
program of Example 1. Recall that CIFF is initiated with the node N0 composed
of the query and the integrity constraints in IC.

N0 : r(6) ∧ [r(T ) → p(T )] [initial node]
N1 : r(6) ∧ [T = 6 → p(T )] ∧ [r(T ) → p(T )] [by propagation]
N2 : r(6) ∧ p(6) ∧ [r(T ) → p(T )] [by substitution]
N3 : r(6) ∧ q(X,T ′) ∧ T ′<6 ∧ 6<8 ∧ [r(T ) → p(T )] [by unfolding]
N4 : r(6) ∧ q(X,T ′) ∧ T ′<6 ∧ [r(T ) → p(T )] [by constraint solving]
N5 : r(6) ∧X= a ∧ s(T ′) ∧ T ′<6 ∧ [r(T ) → p(T )] [by unfolding]

No more rules can be applied to the node N5 and it neither contains ⊥ nor has
it been labelled as undefined. Hence, it is a success node and we get an extracted
answer with Δ = {r(6), s(T ′)}, Φ = {X = a} and Γ = {T ′< 6}, of which the
correct answer given in Example 1 is an instance. �

4 Soundness Results

In this section we are going to present the soundness of the CIFF procedure
with respect to the semantics of a correct answer to a given query. Due to space
restrictions, we have to restrict ourselves to short sketches of the main ideas
involved. Full proofs may be found in [3]. Our results extend those of Fung
and Kowalski for the original IFF procedure in two respects: (1) they apply to
abductive logic programs with constraints, and (2) they do not rely on a static
(and overly strict) definition of allowedness.

For an abductive proof procedure, we can distinguish two types of soundness
results: soundness of success and soundness of failure. The first one establishes
the correctness of derivations that are successful (soundness of success): whenever
the CIFF procedure terminates successfully then the extracted answer (consisting
of a set of abducible atoms, a set of equalities and disequalities, and a set of
constraints) gives rise to a true answer according to the semantics of ALP (i.e.
a ground set of abducible atoms and a substitution). Note that for this result to
apply, it suffices that a single final success node can be derived. This node will
give rise to a correct answer, even if there are other branches in the derivation
that do not terminate or for which the DAR has been triggered. The second
soundness result applies to derivations that fail (soundness of failure): it states
that whenever the CIFF procedure fails then there is indeed no answer according
to the semantics. This result applies only when all branches in a derivation have
failed; if there are branches that do not terminate or for which the DAR has
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been triggered, then we cannot draw any conclusions regarding the existence of
an answer to the query (assuming there are no success nodes).

The proofs of both these results heavily rely on the fact that our proof rules
are equivalence preserving:

Lemma 1 (Equivalence preservation). If N is a node in a derivation with
respect to the theory Th, and N is the disjunction of the immediate successor
nodes of N in that derivation, then Th |= N ↔ N .

Note that the disjunction N will have only a single disjunct whenever the rule
applied to N is neither splitting nor case analysis for equalities. Equivalence
preservation is easily verified for most of our proof rules. Considering that IC∧Q
is the initial node of any derivation, the next lemma then follows by induction
over the number of proof steps leading to a final success node:

Lemma 2 (Final nodes entail initial node). If N is a final success node for
the input 〈Th, IC, Q〉, then Th |= N → (IC ∧Q).

Our third lemma provides the central argument in showing that it is possible to
extract a correct abductive answer from a final success node:

Lemma 3 (Answer extraction). If N is a final success node and Δ is
the set of abducible atoms in N , then there exists a substitution σ such that
Comp(Δσ) |= Nσ.

The first step in proving this lemma is to show that any formulas in N that are
not directly represented in the extracted answer must be implications where the
antecedent includes an abducible atom and no negative literals. We can then
show that implications of this type are logical consequences of Comp(Δσ) by
distinguishing two cases: either propagation has been applied to the implication
in question, or it has not. In the latter case, the claim holds vacuously (because
the antecedent is not true); in the former case we use an inductive argument
over the number of abducible atoms in the antecedent.

The full proof of Lemma 3 makes reference to all proof rules except factoring.
Indeed, factoring is not required to ensure soundness. However, as can easily be
verified, factoring is equivalence preserving in the sense of Lemma 1; that is, our
soundness results apply both to the system with and to the system without the
factoring rule. We are now ready to state these soundness results:

Theorem 1 (Soundness of success). If there exists a successful derivation
for the input 〈Th, IC, Q〉, then there exists a correct answer for that input.

Theorem 2 (Soundness of failure). If there exists a derivation for the input
〈Th, IC, Q〉 that terminates and where all final nodes are failure nodes, then there
exists no correct answer for that input.

Theorem 1 follows from Lemmas 2 and 3, while Theorem 2 can be proved by
induction over the number of proof steps in a derivation, using Lemma 1 in the
induction step. We should stress that these soundness results only apply in cases
where the DAR has not been triggered and the CIFF procedure has terminated
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with a defined outcome, namely either success or failure. Hence, such results are
only interesting if we can give some assurance that the DAR is “appropriate”: In
a similar but ill-defined system where an (inappropriate) allowedness rule would
simply label all nodes as undefined, it would still be possible to prove the same
soundness theorems, but they would obviously be of no practical relevance.

The reason why our rule is indeed appropriate is that extracting an answer
from a node labelled as undefined by the DAR would either require us to extend
the definition of a correct answer to allow for infinite sets of abducible atoms
or at least involve the enumeration of all the solutions to a set of constraints.
We shall demonstrate this by means of two simple examples. First, consider the
following implication:

X = f(Y ) → p(X)

If both X and Y are universally quantified, then this formula will trigger the
DAR. Its meaning is that the predicate p is true whenever its argument is of the
form f(_). Hence, an “answer” induced by a node containing this implication
would have to include the infinite set {p(f(t1)), p(f(t2)), . . .}, where t1, t2, . . .
stand for the terms in the Herbrand universe. This can also be seen by considering
that, if we were to ignore the side conditions on quantification of the substitution
rule for implications, the above implication could be rewritten as p(f(Y )), with
Y still being universally quantified.

For the next example, assume that our constraint language includes the
predicate < with the usual interpretation over integers:

3 < X ∧ X < 100 → p(X)

Again, if the variable X is universally quantified, this formula will trigger the
DAR. While it would be possible to extract a finite answer from a node including
this formula, this would require us to enumerate all solutions to the constraint
3<X ∧X<100; that is, a correct answer would have to include the set of atoms
{p(4), p(5), . . . , p(99)}. In cases where the set of constraints concerned has an
infinite number of solutions, even in theory, it is not possible to extract a correct
answer (as it would be required to be both ground and finite).

5 Conclusion

We have introduced a new proof procedure for ALP that extends the IFF pro-
cedure in a non-trivial way by integrating abductive reasoning with constraint
solving. Our procedure shares the advantages of the IFF procedure [4], but cov-
ers a larger class of inputs: (1) predicates belonging to a suitable constraint
language may be used, and (2) the allowedness conditions have been reduced to
a minimum. Both these extension are important requirements for our applica-
tions of ALP to modelling and implementing autonomous agents [5,11]. In cases
where no answer is possible due to allowedness problems, the CIFF procedure
will report this dynamically. However, if an answer is possible despite such prob-
lems, CIFF will report a defined answer. For instance, one node may give rise
to a positive answer while another has a non-allowed structure, or a derivation
may fail correctly for reasons that are independent of a particular non-allowed
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integrity constraint. For inputs conforming to any appropriate static allowedness
definition, the DAR will never be triggered.

We have proved two soundness results for CIFF: soundness of success and
soundness of failure. Together these two results also capture some aspect of com-
pleteness: For any class of inputs that are known to be allowed (in the sense of
never triggering the DAR) and for which termination can be guaranteed (for in-
stance, by imposing suitable acyclicity conditions [12]) the CIFF procedure will
terminate successfully whenever there exists a correct answer according to the
semantics. We hope to investigate the issues of termination and completeness
further in our future work. Another interesting issue for future work on CIFF
would be to investigate different strategies for proof search and other optimisa-
tion techniques. Such research could then inform an improvement of our current
implementation and help to make it applicable to more complex problems.
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Abstract. Often, decision making involves autonomous agents that are structured
in a complex hierarchy, representing e.g. authority. Typically the agents share
the same body of knowledge, but each may have its own, possibly conflicting,
preferences on the available information.
We model the common knowledge base for such preference agents as a logic
program under the extended answer set semantics, thus allowing for the defeat of
rules to resolve conflicts. An agent can express its preferences on certain aspects
of this information using a partial order relation on either literals or rules. Placing
such agents in a hierarchy according to their position in the decision making
process results in a system where agents cooperate to find solutions that are jointly
preferred.
We show that a hierarchy of agents with either preferences on rules or on literals
can be transformed into an equivalent system with just one type of preferences.
Regarding the expressiveness, the formalism essentially covers the polynomial
hierarchy. E.g. the membership problem for a hierarchy of depth n is ΣP

n+2-
complete. We illustrate an application of the approach by showing how it can
easily express a generalization of weak constraints, i.e. “desirable" constraints
that do not need to be satisfied but where one tries to minimize their violation.

1 Introduction

In answer set programming[16,2] one uses a logic program to modularly describe the
requirements that must be fulfilled by the solutions to a particular problem, i.e. the
answer sets of the program must correspond to the intended solutions of the problem. The
technique has been successfully applied to the area of agents and multi-agent systems[3,
8,26]. While [3] and [8] use the basic answer set semantics to represent the agents domain
knowledge, [26] applies an extension of the semantics incorporating preferences among
choices in a program.

The idea of extending answer set semantics with some kind of preference relation
is not new. We can identify two directions for these preferences relations on programs.
On the one hand, we can equip a logic program with a preference relation on the rules
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[18,17,15,10,7,5,27,1,22], while on the other hand we can consider a preference relation
on the (extended) literals in the program: [21] proposes explicit preferences while [4,6]
encodes dynamic preferences within the program.

The traditional answer set semantics is not universal, i.e. programs may not have any
answer sets at all. This behavior is not always feasible, e.g. a route planner agent may
contain inconsistent information regarding some particular regions in Europe, which
should not stop it from providing travel directions in general. The extended answer set
semantics from [22,23] allows for the defeat of problematic rules. Take, for example,
the program consisting of a ← b, b ← and ¬a ← . Clearly this program has no answer
sets. It has, however, extended answer sets {a, b}, where the rule ¬a ← is defeated by
the applied a ← b, and {¬a, b}, where a ← b is defeated by ¬a ← .

However, not all extended answer sets may be equally preferred by the involved
parties: users traveling in “error free” regions of Europe do not mind faults in answers
concerning the problematic regions, in contrast to users traveling in these latter regions
that want to get a “best” approximation. Therefore, we extend the above semantics by
equipping programs with a preference relation over either the rules or the literals in a
program. Such a preference relation can be used to induce a partial order on the extended
answers, the minimal elements of which will be preferred.

Different agents may exhibit different, possibly contradicting, preferences, that need
to be reconciled into commonly accepted answer sets, while taking into account the
relative authority of each agent.

For example, sending elderly workers on early pension, reducing the wages, or sack-
ing people are some of the measures that an ailing company may consider. On the other
hand, management may be asked to sacrifice expense accounts and/or company cars.
Demanding efforts from the workers without touching the management leads to a bad
image for the company. Negotiations between three parties are planned: shareholders,
management and unions. The measures under consideration, together with the influence
on the company’s image are represented by the extended answer sets

M1 = {bad image, pension} M4 = {¬bad image, expense, sack}
M2 = {bad image,wages} M5 = {¬bad image, car ,wages}
M3 = {¬bad image, expense,wages} .

The union representative, who is not allowed to reduce the options of the man-
agement, has a preference for the pension option over the wages reduction over the
sacking option of people, not taking into account the final image of the company,
i.e. pension < wages < sack < {bad image,¬bad image}. This preference strat-
egy will result in M1 being better than M2, while M3 is preferred upon M4. Fur-
thermore, M5 is incomparable w.r.t. the other options. Thus M1, M3 and M5 are the
choices to be defended by the union representative. Management, on the other hand,
would rather give up its expense account than its car, regardless of company image, i.e.
expense < car < {bad image,¬bad image}, yielding M1, M3 and M4 as negotiable
decisions for the management.

Finally, the shareholders take only into account the decisions that are acceptable to
both the management and the unions, i.e. M1 and M3, on which they apply their own
preference ¬bad image < bad image, i.e. they do not want their company to get a bad
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image. As a result, M3 � M1, yielding that M3 is the preferred way to go to save the
company, taking into account each party’s preferences.

Decision processes like the one above are supported by agent hierarchies, where a
program, representing the shared world of agents, is equipped with a tree of preference
relations on either rules or literals, representing the hierarchy of agents preferences.
Semantically, preferred extended answer sets for such systems will result from first
optimizing w.r.t. the lowest agents in the hierarchy, then grouping the results according
to the hierarchy and let the agents on the next level optimize these results, etc. Thus,
each agent applies its preferences on a selection of the preferred answers of the agents
immediately below it in the hierarchy, where the lowest agents apply their preferences
directly on the extended answer sets of the shared program.

Reconsidering our example results in the system depicted below, i.e. union and
management prefer directly, and independently, among all possible solutions, while the
shareholders only choose among the solutions preferred by both union and management,
obtaining a preferred solution for the complete system.

Such agent hierarchies turn out to be rather expressive. More specifically, we show
that such systems can solve arbitrary complete problems of the polynomial hierarchy.
We also demonstrate how systems with combined preferences, i.e. either on literals or
on rules, can effectively be reduced to systems with only one kind of preference.

Finally, we introduce a generalization of weak constraints[9], which are constraints
that should be satisfied but may be violated if there are no other options, i.e. violations
of weak constraints should be minimized. Weak constraints have useful applications in
areas like planning, abduction and optimizations from graph theory[13,11]. We allow
for a hierarchy of agents having their individual preferences on the weak constraints
they wish to satisfy in favor of others. We show that the original semantics of [9] can be
captured by a single preference agent.

The remainder of the paper is organized as follows. In Section 2, we present the
extended answer set semantics together with the hierarchy of preference agents, enabling
hierarchical decision making. The complexity of the proposed semantics is discussed
in Section 3. Before concluding and giving directions for further research in Section 5,
we present in Section 4 a generalization of weak constraints and show how the original
semantics can be implemented. Due to lack of space, detailed proofs have been omitted.

2 Agent Hierarchies

We give some preliminaries concerning the extended answer set semantics[22]. A literal
is an atom a or a negated atom ¬a. An extended literal is a literal or a literal preceded
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by the negation as failure-symbol not. A program is a countable set of rules of the form
α ← β with α a set of literals, |α| ≤ 1, and β a set of extended literals. If α = ∅, we
call the rule a constraint. The set α is the head of the rule while β is called the body.
We will often denote rules either as a ← β or, in the case of constraints, as ← β.
For a set X of literals, we take ¬X = {¬l | l ∈ X} where ¬¬a is a; X is consistent
if X ∩ ¬X = ∅. The positive part of the body is β+ = {l | l ∈ β, l literal}, the
negative part is β− = {l | not l ∈ β}, e.g. for β = {a, not ¬b, not c}, we have that
β+ = {a} and β− = {¬b, c}. The Herbrand Base BP of a program P is the set of
all atoms that can be formed using the language of P . Let LP be the set of literals and
L∗P the set of extended literals that can be formed with P , i.e. LP = BP ∪ ¬BP and
L∗P = LP ∪ {not l | l ∈ LP }. An interpretation I of P is any consistent subset of
LP . For a literal l, we write I |= l, if l ∈ I , which extends for extended literals not l
to I |= not l if I �|= l. In general, for a set of extended literals X , I |= X if I |= x for
every extended literal x ∈ X . A rule r : a ← β is satisfied w.r.t. I , denoted I |= r, if
I |= a whenever I |= β, i.e. r is applied whenever it is applicable. A constraint ← β
is satisfied w.r.t. I if I �|= β. The set of satisfied rules in P w.r.t. I is the reduct PI . For
a simple program P (i.e. a program without not), an interpretation I is a model of P if
I satisfies every rule in P , i.e. PI = P ; it is an answer set of P if it is a minimal model
of P , i.e. there is no model J of P such that J ⊂ I . For programs P containing not, we
define the GL-reduct w.r.t. an interpretation I as P I , where P I contains α ← β+ for
α ← β in P and β− ∩ I = ∅. I is an answer set of P if I is an answer set of P I . A
rule a ← β is defeated w.r.t. I if there is a competing rule ¬a ← γ that is applied w.r.t.
I , i.e. {¬a} ∪ γ ⊆ I . An extended answer set I of a program P is an answer set of PI
such that all rules in P \PI are defeated.

Example 1. Take a program P expressing an intention to vote for either the Democrats
or the Greens. Voting for the Greens will, however, weaken the Democrats, possibly
resulting in a Republican victory. Furthermore, you have a Republican friend who may
benefit from a Republican victory.

dem vote ← ¬dem vote ←
green vote ← not dem vote rep win ← green vote
fr benefit ← rep win ¬fr benefit ← rep win

This program results in 3 different extended answer sets M1 = {dem vote}, M2 =
{¬dem vote, green vote, rep win, fr benefit}, and M3 = {¬dem vote, green vote ,
rep win, ¬fr benefit}.

As mentioned in the introduction, the background knowledge for agents will be
described by a program P . Agents can express individual preferences either on extended
literals or on rules of P , corresponding to literal and rule agents respectively.

Definition 1. Let P be a program. A rule agent (RA) A for P is a well-founded strict
partial1 order < on rules in P . The order < induces a relation � among interpretations
M and N of P , such that M � N iff ∀r2 ∈ PN \PM · ∃r1 ∈ PM \PN · r1 < r2.

1 A strict partial order on X is an anti-reflexive and transitive relation on X . A strict partial order
on a finite X is well-founded, i.e. every subset of X has a minimal element w.r.t. <.
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A literal agent (LA) forP is a strict well-founded partial order< onL∗P , andM � N
iff ∀n ∈ {l ∈ L∗P | N |= l ∧M �|= l},∃m ∈ {l ∈ L∗P | M |= l ∧N �|= l} ·m < n.

The extended answer sets of an agent for P correspond to the extended answer sets
for P . As usual, we have M � N iff M � N and not N � M . A preferred answer set
M is an extended answer set that is minimal w.r.t. � among the extended answer sets.

Note that a RA < for P corresponds to an ordered logic program (OLP) 〈P,<〉 from
[22].

We refer to the order of an agent A with <A and �A. Intuitively, for rule agents,
an extended answer set M is “better” than N if each rule that is satisfied by N but not
by M is countered by a better rule satisfied by M and not by N . Similarly, for literal
agents we have that M � N if every extended literal that is true in N , but not in M , is
countered by a better one true in M but not in N .

E.g., define a rule agent fr benefit ← rep win < ¬fr benefit ← rep win for
the program P in Example 1, indicating that one rather satisfies the former rule than
the latter. We have, with PM1 = P \{¬dem vote ← }, PM2 = P \{demo vote ←
,¬fr benefit ← rep win} and PM3 = P \{demo vote ← , fr benefit ← rep win},
that M2 � M3, yielding that M1 and M2 are the only preferred answer sets.

A literal agent might insist on voting for the Democrats: demo vote < L∗P \
{demo vote}, making M1 its only preferred answer set.

The cooperation of agents for a program P is established by arranging them in a
tree-structure2, such that decisions are made bottom-up, starting with agents that have
no successors, all the way up in the hierarchy to the root agent, each agent processing
the results of its successor agents. Formally, an agent hierarchy (AH) is a pair 〈P, T 〉
where P is a program and T is a finite and/or-tree of agents A for P .

We will denote the root agent A of the tree T with Aε. The m successors of an agent
Ax are denoted asAx·1, . . . ,Ax·m.An agent without successors is called an independent
agent, other agents are dependent. An agent associated with an and-node (or-node) will
be called an and-agent (or-agent). We define what it means for an extended answer set
to be preferable by a certain agent in the hierarchy.

Definition 2. Let 〈P, T 〉 be an AH. An extended answer set M of P is preferable by an
independent agent A of T if M is a preferred answer set of A for P . An extended answer
set M of P is preferable by a dependent and-agent (or-agent) Ax, with m successors, if

– M is preferable by every (some) Ax·i, 1 ≤ i ≤ m, and
– there is no N , preferable by every (some) Ax·j , 1 ≤ j ≤ m, such that N �Ax

M .

An extended answer set M of P is preferred if it is preferable by Aε.

Rule agents (OLPs) are rather convenient to formulate diagnostic problems[24,25], using
“normal” and “fault” model rules to describe the system under consideration, where
the former are preferred over the latter. Examples of this approach can be found in
[24,25], where it also has been shown that the OLP semantics yields minimal possible
explanations. However, to decide which explanations to check first, an engineer typically

2 For simplicity we restrict ourselves to trees, however, the results remain valid for any well-
founded strict partial order of agents that has a unique maximal agent.
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uses another preference order, preferring e.g. explanations that are cheaper to verify. Such
a situation can be modelled by an agent hierarchy containing an extra agent “above” the
diagnostic RA. More generally, one may imagine situations where multiple engineers
each have their own experience (expressed by preference) and where the head of the
group has to take the final decision on which possible explanations to check first, taking
into account the proposals of her colleagues. Such systems can easily be expressed using
the proposed framework.

Reasoning w.r.t. agent hierarchies, containing both rule and literal agents, can be
reduced to reasoning w.r.t. rule agent hierarchies (RAHs) or literal agent hierarchies
(LAHs), i.e. hierarchies containing only rule or literal agents.

We show the reduction from RAs to LAs and vice versa. For the reduction of RAs for
P to LAs, we introduce for every rule r in P a corresponding atom that is in an answer
set iff r is satisfied. Intuitively, the newly introduced atoms will be ordered according to
the original order on the rules they correspond with.

Theorem 1. Let P be a program and R = {ri ← not b | ri : α ← β ∈ P, b ∈
β+} ∪ {ri ← b | ri : α ← β ∈ P, b ∈ β−} ∪ {ri ← a | ri : a ← β ∈ P} with a
new atom ri for each rule ri in P . M is a preferred answer set of a RA Ar for P iff
M ′ = M ∪ {ri | ri ∈ PM} is a preferred answer set of the LA Al for P ∪ R where
{ri} <Al LP <Al not(LP∪R) with additionally ri <Al rj iff ri <Ar rj .

Moreover, preferred answer sets of a LA for P are in one to one correspondence
with the preferred answer sets of a LA for P ∪ R by simply ignoring the newly added
atoms ri.

Theorem 2. Let P be a program and R as in Theorem 1. M is a preferred answer set
of a LA A for P iff M ′ = M ∪ {ri | ri ∈ PM} is a preferred answer set of the LA
A′ for P ∪R where <A′ is equal to <A with additionally k <A′ L∗P∪R\L∗P for every
extended literal k appearing in <A.

The opposite simulation of a LA by a RA can be done by introducing for each literal l
and its extended version not l rules l ′ ← and ¬l ′ ← and ordering those rules according
to the order on the extended literals.

Theorem 3. Let P be a program and L = {l ′ ← ;¬l ′ ← | l ∈ LP }∪{ ← l ′, not l ; ←
¬l ′, l | l ∈ LP }. M is a preferred answer set of a LA Al for P iff M ′ = M ∪ {(¬)l′ |
l ∈ LP ,M |= (not)l} is a preferred answer set of the RA Ar for P ∪ L with L <Ar P
and additionally (¬)l ′ ← <Ar (¬)k ′ ← iff (not)l <Al (not)k .

Example 2. Take a LAAl for P where P consists of the rules b ← a , a ← , and¬a ← ,
and ¬a <Al {a, b, not ¬a}. This agent has two extended answer sets {¬a} and {a, b},
of which the first one is preferred. The corresponding RA Ar is defined by the following
program3

b ← a a ← ¬a ←
a ′ ← b′ ← (¬a)′ ← (¬b)′ ←

¬a ′ ← ¬b′ ← ¬(¬a)′ ← ¬(¬b)′ ←
← a ′, not a ← b′, not b ← (¬a)′, not ¬a ← (¬b)′, not ¬b
← ¬a ′, a ← ¬b′, b ← ¬(¬a)′,¬a ← ¬(¬b)′,¬b

3 Rules below the line are smaller than the ones above w.r.t. <Ar .
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and (¬a)′ ← <Ar {a ′ ← , b′ ← ,¬(¬a)′ ← }. This RA has the preferred answer set
{¬a, (¬a)′,¬a′,¬b′,¬(¬b)′} = {¬a} ∪ {(¬)l′ | {¬a} |= (not)l}.

Similarly to Theorem 2, we have that RAs for P can be simulated by RAs for P ∪L.

Theorem 4. Let P be a program and L as in Theorem 3. M is a preferred answer set
of a RA A for P iff M ′ = M ∪ {(¬)l′ | l ∈ LP ,M |= (not)l} is a preferred answer set
of a RA A′ for P ∪ L where <A′ is equal to <A with additionally r <A′ L for every r
appearing in <A.

Theorem 1 and 2 allow the simulation of an arbitrary AH by a LAH. This is done by
extending the programP with the set of rulesR as in Theorem 1, and by transforming the
rule agents to literal agents (Theorem 1), while the literal agents are adapted according
to Theorem 2.

Theorem 5. Let 〈P, T 〉 be an AH. M is a preferred answer set of 〈P, T 〉 iff M ′ =
M ∪ {ri | ri ∈ PM} is a preferred answer set of the LAH 〈P ∪R, T ′〉, with T ′ defined
asT but with every rule or literal agent replaced by a literal agent as in Theorems 1 and 2.

Similarly, but now with Theorems 3 and 4, we can reduce arbitrary AHs to RAHs.

Theorem 6. Let 〈P, T 〉 be an AH. M is a preferred answer set of 〈P, T 〉 iff M ′ =
M ∪ {(¬)l′ | l ∈ LP ,M |= (not)l} is a preferred answer set of the RAH 〈P ∪ L, T ′〉,
with T ′ defined as T but with every rule or literal agent replaced by a rule agent as in
Theorems 3 and 4.

3 Complexity

We briefly recall some relevant notions of complexity theory (see e.g. [20,2] for a nice
introduction). The class P (NP ) represents the problems that are deterministically (non-
deterministically) decidable in polynomial time, while coNP contains the problems
whose complement are in NP .

The polynomial hierarchy, denoted PH , is made up of three classes of problems,
i.e. ΔP

k , ΣP
k and ΠP

k , k ≥ 0, which are defined as ΔP
0 = ΣP

0 = ΠP
0 = P , ΔP

k+1 =

PΣ
P
k , ΣP

k+1 = NPΣ
P
k , and ΠP

k+1 = coΣP
k+1. The class PΣ

P
k (NPΣ

P
k ) represents

the problems decidable in deterministic (nondeterministic) polynomial time using an
oracle for problems in ΣP

k , where an oracle is a subroutine capable of solving ΣP
k

problems in unit time. The class PH is defined by PH =
⋃∞
k=0 Σ

P
k . Note that ΣP

k ⊆
ΣP
k ∪ΠP

k ⊆ ΔP
k+1 ⊆ ΣP

k+1. In the following, we will usually omit the P -superscript
to avoid cluttered up lines. A language L is called complete for a complexity class C if
both L is in C and L is hard for C. Showing that L is hard is normally done by reducing
a known complete decision problem to a decision problem in L.

First of all, checking whether an interpretation I is an extended answer set of a
program P is in P , because (a) checking if each rule in P is either satisfied or defeated
w.r.t. I , (b) applying the GL-reduct on PI w.r.t. I , i.e. computing (PI)I , and (c) checking
whether the positive program (PI)I has I as its unique minimal model, can all be done
in polynomial time.
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For an agent A and a program P , checking whether M is not a preferred answer set
is in NP , because one can guess a set N �A M in polynomial time, and subsequently
verify that N is an extended answer set of P , which can also be done in P .

On the other hand, the complexity of checking whether an extended answer set M
is not preferable by a certain agent Ax in a hierarchy 〈P, T 〉 depends on the location of
the agent in the tree T . For an agent Ax in T , we denote with d(Ax) the length of the
longest path from Ax to an independent agent Ax·y , y ∈ N�, i.e. d(Ax) = maxAx·y |y|
over independent agents Ax·y , where |y| is the length of the string y. We define the depth
of T as the longest path from the root, i.e. d(T ) = d(Aε).

Lemma 1. Let 〈P, T 〉 be an AH4, and let M be an extended answer set of P . Checking
whether M is not preferable by Ax is in Σd(Ax)+1.

Proof. The proof is by induction. In the base case, i.e. Ax is an independent agent, we
have that d(Ax) = 0. Checking whether M is not preferable by Ax means checking
whether M is not a preferred answer set of the agent Ax for P , which is in NP = Σ1 =
Σd(Ax)+1.

For the induction step, checking that M is not preferable by a dependent and-agent
(or-agent) Ax with m successors can be done by (a) checking that M is (or is not)
preferable by every (some) Ax·i, 1 ≤ i ≤ m. Since checking whether M is (or is not)
preferable by an Ax·i can be done, by the induction hypothesis, in Σd(Ax·i)+1, we have
that checking whether M is preferable by an Ax·i is also in C ≡ Σmax1≤i≤m d(Ax·i)+1,
and (b) guessing, if M is preferable by every (some) Ax·i, 1 ≤ i ≤ m, an interpretation
N �Ax

M and checking that it is not the case that N is not preferable by every (some)
Ax·i, 1 ≤ i ≤ m, which is again in C due to the induction hypothesis.

As a result, at most 2m calls are made to a C-oracle and at most one guess is made,
yielding that the problem itself is in NPC = Σmax1≤i≤m d(Ax·i)+1+1 = Σd(Ax)+1. ��

Using the above yields the following theorem about the complexity of AHs.

Theorem 7. Let 〈P, T 〉 be an AH and l a literal. Deciding whether there is a preferred
answer set containing l is in Σd(T )+2. Deciding whether every preferred answer set
contains l is in Πd(T )+2.

Proof. The first task can be performed by an NP -algorithm that guesses an interpretation
M � l and checks that it is not the case that M is not preferable up to the root agent Aε.
Due to Lemma 1, the latter is in Σd(Aε)+1 = Σd(T )+1, so the former is in NPΣd(T )+1 =
Σd(T )+2.

By the previous, finding a preferred answer set M not containing l, i.e. l �∈ M , is in
Σd(T )+2. Hence, the complement of the problem is in Πd(T )+2. ��

Consider a LAH 〈P, T 〉 where the tree T is a linear order containing n literal agents
{Aε,A1,A11, . . .A11...1}, i.e. a linear LAH. Deciding whether there is a preferred an-
swer set of a linear LAH, containing a literal, is Σn+1-complete, i.e. Σd(T )+2-complete,
as is shown in [19]. Furthermore, deciding whether every preferred answer set of a lin-
ear LAH contains a literal, is Πd(T )+2-complete [19]. Hardness for AHs follows then
immediately from the hardness of linear LAHs.

4 The depth of the tree is assumed to be bounded by a constant.
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Theorem 8. The problem of deciding, given an AH 〈P, T 〉 and a literal l, whether there
exists a preferred answer set containing l is Σd(T )+2-hard. Deciding whether every
preferred answer set contains l is Πd(T )+2-hard.

Proof. Checking whether there is a preferred answer set containing l for a linear LAH
〈P, T 〉 is Σd(T )+2-complete, and since a linear LAH is a AH, the result follows.

The second problem can be similarly shown to be Πd(T )+2-hard. ��

The following is immediate from Theorem 7 and 8.

Corollary 1. The problem of deciding, given an arbitrary AH 〈P, T 〉 and a literal l,
whether there is a preferred answer set containing l is Σd(T )+2-complete. On the other
hand, deciding whether every preferred answer set contains l is Πd(T )+2-complete.

4 Relationship with Weak Constraints

Weak constraints were introduced in [9] as a relaxation of the concept of a constraint.
Intuitively, a weak constraint is allowed to be violated, but only as a last resort, meaning
that one tries to minimize the number of violated constraints. Additionally, weak con-
straints may be hierarchically layered by means of a totally ordered set of sets of weak
constraints W = {W1,W2, . . . ,Wn}, where it is assumed that Wi < Wi+1, 1 ≤ i < n,
if the weak constraints in Wi are more important than the ones in Wi+1. Intuitively, one
first chooses the answer sets that minimize the number of violated constraints in the
most important W1, and then, among those, one chooses the extended answer sets that
minimize the number of violated constraints in W2, etc.

Formally, a weak logic program (WLP) is a pair 〈P,W 〉 where P is a program,
and W is a totally ordered set of sets of weak constraints, specified syntactically as
constraints ← β.

Definition 3. Let 〈P,W = {W1, . . . ,Wn}〉 be a WLP. An extended answer set M of P
is preferable up toW1 if no extended answer setN ofP exists such that |V N

W1
| < |V M

W1
|,

where V X
Wi

are the weak constraints in Wi that are violated by an interpretation X . An
extended answer set M of P is preferable up to Wi, 1 < i ≤ n, if

– M is preferable up to Wi−1, and
– there is no N , preferable up to Wi−1, such that |V N

Wi
| < |V M

Wi
|.

An extended answer set M of P is preferred if it is preferable up to Wn.

In [9] a Datalognot-program LP is used5 disallowing empty heads and classical
negation, but allowing for a set of strong constraints S. Clearly, this is subsumed by
Definition 3, by taking P = LP ∪S, and noting that the extended answer set semantics
reduces to the answer set semantics, due to the absence of classical negation. Although
the preferred models are defined in [9] by means of an object function that has to be
minimized, they are equivalent[12] to the ones resulting from Definition 3.

5 The general mechanism is introduced with Datalog∨,not-programs, which allow for disjunction
in the head.
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The semantics of weak constraints, with preferability up to certain levels, appears
very similar to our preferability notion in an agent hierarchy. However, due to the use
of cardinality, deciding whether a literal l is contained in some preferred answer set of
a WLP is ΔP

2 -complete. As ΔP
2 ⊆ ΣP

2 , agent hierarchies of depth 0 suffice to capture
WLPs. More specifically, we show that a single agent can solve the problem.

Example 3. Take the weak logic program 〈P, {W1,W2}〉, with the programP consisting
of rules a ← , ¬a ← , b ← , and ¬b ← , and W1 = { ← a}, W2 = { ← ¬a, ←
¬b}. We have 4 extended answer sets M1 = {a, b}, M2 = {a,¬b}, M3 = {¬a, b},
and M4 = {¬a,¬b} of which M3 and M4 are preferable up to W1, and only M3 is
preferable up to W2. Indeed |V M1

W1
| = |V M2

W1
| = 1, |V M3

W1
| = |V M4

W1
| = 0, |V M1

W2
| = 0,

|V M2
W2

| = |V M3
W2

| = 1, and |V M4
W2

| = 2. We define the set WC as the rules c1
1 ← a ,

c2
1 ← ¬a , and c2

2 ← ¬b, identifying the weak constraints and the level on which they
appear, and rules counting the number of violated constraints in a Wi, for 0 ≤ l ≤ k,

co(1 , 0 ,wi) ← not ci
1 co(2 , l ,w2 ) ← co(1 , l ,w2 ), not c2

2
co(1 , 1 ,wi) ← ci

1 co(2 , l + 1 ,w2 ) ← co(1 , l ,w2 ), c2
2

Intuitively, the third argument in a co/3 literal identifies the particular Wi we are looking
at, the first argument shows the number of constraints in Wi that have already been con-
sidered, and the second argument effectively counts the number of violated constraints
in Wi. Further, WC also contains the rules defining the number of violated constraints
in each set of weak constraints, i ∈ {0, 1}, j ∈ {0, 1, 2}: co(i ,w1 ) ← co(1 , i ,w1 ) and
co(j ,w2 ) ← co(2 , j ,w2 ).

The order < on literals is defined as follows co(0 ,w1 ) < co(1 ,w1 ) < co(0 ,w2 )
< co(1 ,w2 ) < co(2 ,w2 ) < R, with R the extended literals L∗P∪WC without the co/2
atoms. Intuitively, the w1 constraints are more important than the w2 constraints, and
hence appear below them, and, among each wi, one rather has a low count than a high
count, since this implies less violated constraints. One can check that the preferred
answer set of the literal agent A =< for P ∪ WC is M ′

3 = M3 ∪ {c21, co(1, 0, w1),
co(1, 1, w2), co(2, 1, w2), co(0, w1), co(1, w2)}.

Formally, we have the following result, where the weak constraints in a Wj are assumed
to be numbered and explicitly tagged with a superscript identifying Wj , i.e. Wj = { ←
βj
1 , . . . , ← βj

n}.

Theorem 9. Let 〈P,W = {W1, . . . ,Wn}〉 be a weak logic program. M is a preferred
answer set of 〈P,W 〉 iff, for all 1 ≤ j ≤ n,

M ′ = M ∪{cji | M |= βji } ∪{co(1, α, wj) | cj1 �∈ M ′ ⇒ α = 0, cj1 ∈ M ′ ⇒ α = 1}
∪{co(k + 1, α, wj) | co(k, l, wj) ∈ M ′, 0 ≤ l ≤ k < |Wj |∧

[cjk+1 �∈ M ′ ⇒ α = l, cjk+1 ∈ M ′ ⇒ α = l + 1]}
∪{co(m,wj) | co(|Wj |,m,wj) ∈ M ′}

is a preferred answer set of the literal agentA forP∪WC where WC , for all 1 ≤ j ≤ n,
consists of the rules cj

i ← βj
i , co(1 , 0 ,wj ) ← not cj

1 , co(1 , 1 ,wj ) ← cj
1 and

co(k + 1 , l ,wj ) ← co(k , l ,wj ), not cj
k+1 with 0 ≤ l ≤ k < |Wj |

co(k + 1 , l + 1 ,wj ) ← co(k , l ,wj ), c
j
k+1
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together with the rules co(m,wj ) ← co(|Wj |,m,wj ), 0 ≤ m ≤ |Wj |, and the order
<A defined as co(0 ,w1 ) <A co(1 ,w1 ) <A . . . <A co(|W1 |,w1 ) <A . . . <A
co(0 ,wn) <A co(1 ,wn) <A . . . <A co(|Wn |,wn).

A more general approach, in the spirit of rule and literal agents, is to allow agents
to prefer the satisfaction of certain weak constraints over the satisfaction of other ones.
A weak logic program then becomes a pair 〈P,W 〉, where P is a program and W is a
set of constraints. A weak agent for 〈P,W 〉 corresponds to a well-founded strict partial
order on W , which induces an order � among interpretations M and N of P such that,
M � N iff ∀w2 ∈ WN \WM · ∃w1 ∈ WM \WN · w1 < w2, where WX are the weak
constraints in W that are satisfied by X , mirroring Definition 1 for rule agents (note
that the latter are different from weak agents since RAs require the satisfaction of all
constraints in all extended answer sets).

The extended answer sets of P are, by definition, the extended answer sets of a weak
agent A for 〈P,W 〉, and preferred answer sets are defined as the minimal extended
answers sets w.r.t. �. Note that a preferred answer set M of a weak agent A for 〈P,W 〉
has a minimal set of violated constraints, i.e. there is no extended answer set N of A
such that W \WN ⊂ W \WM .

For a program P , define the extended program E(P ) as P with the rules a ← β
replaced by a ← β, not ¬a . From Theorem 4 in [22] we have that the extended answer
sets of P are exactly the answer sets of E(P ). We can then rewrite a weak agent as a
rule agent by introducing for each weak constraint w : ← β rules w ← β and ¬w ← β
such that w is in an answer set if the constraint is violated.

Theorem 10. Let Aw be a weak agent for a WLP 〈P,W 〉. M is a preferred answer set
of Aw for 〈P,W 〉 iff M ′ = M ∪{w | w ∈ W,M �|= w} is a preferred answer set of the
RAAr forE(P )∪WC with WC = {w ← β;¬w ← β; ← β, not w | w : ← β ∈ W}
and ¬w1 ← β1 <Ar ¬w2 ← β2 iff w1 <Aw w2.

Moreover, weak agents are as expressive as rule agents.

Theorem 11. Let P be a program and Ar a RA for P . M is a preferred answer set of
Ar for P iff M is a preferred answer set of the weak agent Aw for the WLP 〈P,W 〉,
with W = { ← β, not α | α ← β ∈ P} and ← β1 , not α1 <Aw ← β2 , not α2 iff
α1 ← β1 <Ar α2 ← β2 .

Weak agents, placed in a hierarchy, then allow for an intuitive decision making process
based on satisfaction and violation of weak constraints. The complexity of weak agent
hierarchies can easily be deduced from the reductions from and to rule agent hierarchies,
with Theorem 10 and 11 and their extensions for hierarchies.

Theorem 12. The problem of deciding, given a weak agent hierarchy 〈〈P,W 〉, T 〉 and
a literal l, whether there is a preferred answer set containing l is Σd(T )+2-complete.
On the other hand, deciding whether every preferred answer set contains l is Πd(T )+2-
complete.

5 Conclusions and Directions for Further Research

In this paper, we introduced a system suitable to model hierarchical decision making.
We equip agents with a preference relation on the available knowledge and allow them to
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cooperate with each other in a hierarchical fashion. Preferred solutions of these systems
naturally correspond to preferred decisions regarding the problem.

Initially, we defined two types of preference agents: rule agents express a preference
over rules, while literal agents use a preference over extended literals they rather prefer
upon others in a solution. We showed that mixed AHs, containing both types of agents,
can be reduced to hierarchies consisting only of rule or literal agents. It turns out that
these AHs cover the polynomial hierarchy.

Finally, we showed that layered weak constraints can be easily simulated by a single
agent. Furthermore, we generalized the concept of layered weak constraints to weak
agent hierarchies, which are equivalent to rule agent hierarchies.

Future work comprises a dedicated implementation of the approach, using existing
answer set solvers. E.g., we could generate an extended answer set which is then im-
proved recursively by a set of augmented programs, corresponding to the agents in the
hierarchy, generating strictly better solutions. A fixpoint of this procedure then corre-
sponds to a preferred answer set of the system.
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Abstract. In this paper we address the problem of specifying and veri-
fying systems of communicating agents in a Dynamic Linear Time Tem-
poral Logic (DLTL). This logic provides a simple formalization of the
communicative actions in terms of their effects and preconditions. Fur-
thermore it allows to specify interaction protocols by means of temporal
constraints representing permissions and commitments. Agent programs,
when known, can be formulated in DLTL as complex actions (regular
programs). The paper addresses several kinds of verification problems
including the problem of compliance of agents to the protocol, and de-
scribes how they can be solved by model checking in DLTL using au-
tomata.

1 Introduction

The specification and the verification of the behavior of interacting agents is one
of the central issues in the area of multi-agent systems. In this paper we address
the problem of specifying and verifying systems of communicating agents in a
Dynamic Linear Time Temporal Logic (DLTL).

The extensive use of temporal logics in the specification and verification of
distributed systems has led to the development of many techniques and tools
for automating the verification task. Recently, temporal logics have gained at-
tention in the area of reasoning about actions and planning [2,10,12,17,5], and
they have also been used in the specification and in the verification of systems
of communicating agents. In particular, in [21] agents are written in MABLE,
an imperative programming language, and the formal claims about the system
are expressed using a quantified linear time temporal BDI logic and can be au-
tomatically verified by making use of the SPIN model checker. Guerin in [13]
defines an agent communication framework which gives agent communication a
grounded declarative semantics. In such a framework, temporal logic is used for
formalizing temporal properties of the system.

In this paper we present a theory for reasoning about communicative actions
in a multiagent system which is based on the Dynamic Linear Time Temporal
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Logic (DLTL) [15], which extends LTL by strengthening the until operator by
indexing it with the regular programs of dynamic logic. As a difference with
[21] we adopt a social approach to agent communication [1,7,19,13], in which
communicative actions affect the “social state” of the system, rather than the
internal (mental) states of the agents. The social state records social facts, like
the permissions and the commitments of the agents. The dynamics of the system
emerges from the interactions of the agents, which must respect these permissions
and commitments (if they are compliant with the protocol). The social approach
allows a high level specification of the protocol, and does not require the rigid
specification of the allowed action sequences. It is well suited for dealing with
“open” multiagent systems, where the history of communications is observable,
but the internal states of the single agents may not be observable.

Our proposal relies on the theory for reasoning about action developed in
[10] which is based on DLTL and which allows reasoning with incomplete initial
states and dealing with postdiction, ramifications as well as with nondetermin-
istic actions. It allows a simple formalization of the communicative actions in
terms of their effects and preconditions as well as the specification of an inter-
action protocol to constrain the behaviors of autonomous agents.

In [11] we have presented a proposal for reasoning about communicating
agents in the Product Version of DLTL, which allows to describe the behavior
of a network of sequential agents which coordinate their activities by performing
common actions together. Here we focus on the non-product version of DLTL,
which appears to be a simpler choice and also a more reasonable choice when a
social approach is adopted. In fact, the Product Version of DLTL does not allow
to describe global properties of a system of agents, as it keeps the local states of
the agents separate. Instead, the ”social state” of the system is inherently global
and shared by all of the agents. Moreover, we will see that the verification tasks
described in [11] can be conveniently represented in DLTL without requiring the
product version. The verification of the compliance of an agent to the protocol,
the verification of protocol properties, the verification that an agent is (is not)
respecting its social facts (commitments and permissions) at runtime are all
examples of tasks which can be formalized either as validity or as satisfiability
problems in DLTL. Such verification tasks can be automated by making use
of Büchi automata. In particular, we make use of the tableau-based algorithm
presented in [9] for constructing a Büchi automaton from a DLTL formula. The
construction of the automata can be done on-the-fly, while checking for the
emptiness of the language accepted by the automaton. As for LTL, the number
of states of the automata is, in the worst case, exponential in the size of the
input formula.

2 Dynamic Linear Time Temporal Logic

In this section we shortly define the syntax and semantics of DLTL as introduced
in [15]. In such a linear time temporal logic the next state modality is indexed
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by actions. Moreover, (and this is the extension to LTL) the until operator is
indexed by programs in Propositional Dynamic Logic (PDL).

Let Σ be a finite non-empty alphabet. The members of Σ are actions. Let
Σ∗ and Σω be the set of finite and infinite words on Σ, where ω = {0, 1, 2, . . .}.
Let Σ∞ =Σ∗∪Σω. We denote by σ, σ′ the words over Σω and by τ, τ ′ the words
over Σ∗. Moreover, we denote by ≤ the usual prefix ordering over Σ∗ and, for
u ∈ Σ∞, we denote by prf(u) the set of finite prefixes of u.

We define the set of programs (regular expressions) Prg(Σ) generated by Σ
as follows:

Prg(Σ) ::= a | π1 + π2 | π1;π2 | π∗

where a ∈ Σ and π1, π2, π range over Prg(Σ). A set of finite words is associated
with each program by the mapping [[]] : Prg(Σ) → 2Σ

∗
, which is defined as

follows:

– [[a]] = {a};
– [[π1 + π2]] = [[π1]] ∪ [[π2]];
– [[π1;π2]] = {τ1τ2 | τ1 ∈ [[π1]] and τ2 ∈ [[π2]]};
– [[π∗]] =

⋃
[[πi]], where

• [[π0]] = {ε}
• [[πi+1]] = {τ1τ2 | τ1 ∈ [[π]] and τ2 ∈ [[πi]]}, for every i ∈ ω.

Let P = {p1, p2, . . .} be a countable set of atomic propositions. The set of
formulas of DLTL(Σ) is defined as follows:

DLTL(Σ) ::= p | ¬α | α ∨ β | αUπβ

where p ∈ P and α, β range over DLTL(Σ).
A model of DLTL(Σ) is a pair M = (σ, V ) where σ ∈ Σω and V : prf(σ) →

2P is a valuation function. Given a model M = (σ, V ), a finite word τ ∈ prf(σ)
and a formula α, the satisfiability of a formula α at τ in M , written M, τ |= α,
is defined as follows:

– M, τ |= p iff p ∈ V (τ);
– M, τ |= ¬α iff M, τ �|= α;
– M, τ |= α ∨ β iff M, τ |= α or M, τ |= β;
– M, τ |= αUπβ iff there exists τ ′ ∈ [[π]] such that ττ ′ ∈ prf(σ) and M, ττ ′ |=

β. Moreover, for every τ ′′ such that ε ≤ τ ′′ < τ ′1, M, ττ ′′ |= α.

A formula α is satisfiable iff there is a model M = (σ, V ) and a finite word
τ ∈ prf(σ) such that M, τ |= α.

The formula αUπβ is true at τ if “α until β” is true on a finite stretch of
behavior which is in the linear time behavior of the program π.

The derived modalities 〈π〉 and [π] can be defined as follows: 〈π〉α ≡ �Uπα
and [π]α ≡ ¬〈π〉¬α.
1 We define τ ≤ τ ′ iff ∃τ ′′ such that ττ ′′ = τ ′. Moreover, τ < τ ′ iff τ ≤ τ ′ and τ �= τ ′.
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Furthermore, if we let Σ = {a1, . . . , an}, the U , O (next), � and � operators
of LTL can be defined as follows: Oα ≡

∨
a∈Σ〈a〉α, αUβ ≡ αUΣ∗

β, �α ≡ �Uα,
�α ≡ ¬�¬α, where, in UΣ∗

, Σ is taken to be a shorthand for the program
a1 + . . . + an. Hence both LTL(Σ) and PDL are fragments of DLTL(Σ). As
shown in [15], DLTL(Σ) is strictly more expressive than LTL(Σ). In fact, DLTL
has the full expressive power of the monadic second order theory of ω-sequences.

3 Action Theories

In this section we recall the action theory developed in [10] that we use for
specifying the interaction between communicating agents.

Let P be a set of atomic propositions, the fluent names. A fluent literal l is
a fluent name f or its negation ¬f . Given a fluent literal l, such that l = f or
l = ¬f , we define |l| = f . We will denote by Lit the set of all fluent literals.

A domain description D is defined as a tuple (Π, C), where Π is a set of
action laws and causal laws, and C is a set of constraints.

Action laws in Π have the form: �(α → [a]β), with a ∈ Σ and α, β arbitrary
formulas, meaning that executing action a in a state where precondition α holds
causes the effect β to hold.

Causal laws in Π have the form: �((α∧©β) → ©γ), meaning that if α holds
in a state and β holds in the next state, then γ also holds in the next state. Such
laws are intended to expresses “causal” dependencies among fluents.

Constraints in C are arbitrary temporal formulas of DLTL. In particular, the
set of constraints C contains all the temporal formulas which might be needed
to constrain the behaviour of a protocol, including the value of fluents in the
initial state. The set of constraints C also includes the precondition laws.

Precondition laws have the form: �(α → [a]⊥), meaning that the execution
of an action a is not possible if α holds (i.e. there is no resulting state following
the execution of a if α holds). Observe that, when there is no precondition law
for an action, the action is executable in all states.

Action laws and causal laws describe the changes to the state. All other
fluents which are not changed by the actions are assumed to persist unaltered
to the next state. To cope with the frame problem, the laws in Π, describing
the (immediate and ramification) effects of actions, have to be distinguished
from the constraints in C and given a special treatment. In [10], to deal with
the frame problem, a completion construction is defined which, given a domain
description, introduces frame axioms for all the frame fluents in the style of the
successor state axioms introduced by Reiter [18] in the context of the situation
calculus. The completion construction is applied only to the action laws and
causal laws in Π and not to the constraints. In the following we call Comp(Π)
the completion of a set of laws Π and we refer to [10] for the details on the
completion construction.

Test actions allow the choice among different behaviours to be controlled.
As DLTL does not include test actions, we introduce them in the language as
atomic actions in the same way as done in [10]. More precisely, we introduce
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an atomic action φ? for each proposition φ we want to test. The test action φ?
is executable in any state in which φ holds and it has no effect on the state.
Therefore, we introduce the following laws which rule the modality [φ?]:

�(¬φ → [φ?]⊥)
�(〈φ?〉� → (L ↔ [φ?]L)), for all fluent literals L.

The first law is a precondition law, saying that action φ? is only executable in
a state in which φ holds. The second law describes the effects of the action on
the state: the execution of the action φ? leaves the state unchanged. We assume
that, for all test actions occurring in a domain description, the corresponding
action laws are implicitly added.

As a difference from [10], in this paper we will use, besides boolean fluents,
functional fluents, i.e. fluents which take a value in a (finite) set. We use the
notation f = V to say that fluent f has value V . It is clear however, that func-
tional fluents can be easily represented by making use of multiple (and mutually
exclusive) boolean fluents.

4 Contract Net Protocol

In the social approach [7,13,19,22] an interaction protocol is specified by describ-
ing the effects of communicative actions on the social state, and by specifying
the permissions and the commitments that arise as a result of the current con-
versation state. In our action theory the effects of communicative actions will
be modelled by action laws. Permissions, which determine when an action can
be taken by each agent, can be modelled by precondition laws. Commitment
policies, which rule the dynamic of commitments, can be described by causal
laws which establish the causal dependencies among fluents. The specification
of a protocol can be further constrained through the addition of suitable tempo-
ral formulas, and also the agents’ programs can be modelled, by making use of
complex actions (regular programs).

As a running example we will use the Contract Net protocol [6].

Example 1. The Contract Net protocol begins with an agent (the manager)
broadcasting a task announcement (call for proposals) to other agents viewed as
potential contractors (the participants). Each participant can reply by sending
either a proposal or a refusal. The manager must send an accept or reject mes-
sage to all those who sent a proposal. When a contractor receives an acceptance
it is committed to perform the task. For lack of space we will leave out the final
step of the protocol.

Let us consider first the simplest case where we have only two agents: the
manager (M) and the participant (P). The two agents share all the communica-
tive actions, which are: cfp(T) (the manager issues a call for proposals for task
T), accept and reject whose sender is the manager, and refuse and propose whose
sender is the participant.
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The social state will contain the following domain specific fluents: task (a
functional fluent whose value is the task which has been announced, or nil if
the task has not yet been announced), replied (the participant has replied),
proposal (the participant has sent a proposal) and acc rej (the manager has sent
an accept or reject message). Such fluents describe observable facts concerning
the execution of the protocol.

We also introduce special fluents to represent base-level commitments of the
form C(i, j, α), meaning that agent i is committed to agent j to bring about
α, where α is an arbitrary formula, or they can be conditional commitments of
the form CC(i, j, β, α) (agent i is committed to agent j to bring about α, if
the condition β is brought about)2. For modelling the Contract Net example we
introduce the following commitments

C(P,M, replied) and C(M,P, acc rej)

and conditional commitments

CC(P,M, task �= nil, replied) and CC(M,P, proposal, acc rej).

Some reasoning rules have to be defined for cancelling commitments when
they have been fulfilled and for dealing with conditional commitments. We in-
troduce the following causal laws:

�(©α → ©¬C(i, j, α))
�(©α → ©¬CC(i, j, β, α))
�((CC(i, j, β, α) ∧©β) → ©(C(i, j, α) ∧ ¬CC(i, j, β, α)))

A commitment (or a conditional commitment) to bring about α is cancelled
when α holds, and a conditional commitment CC(i, j, β, α) becomes a base-level
commitment C(i, j, α) when β has been brought about.

Let us now describe the effects of communicative actions by the following
action laws:

�[cfp(T )]task = T
�[cfp(T )]CC(M,P, proposal, acc rej)
�[accept]acc rej
�[reject]acc rej
�[refuse]replied
�[propose](replied ∧ proposal)

The laws for action cfp(T ) add to the social state the information that a call
for proposal has been done for the task T , and that, if the manager receives a
proposal, it is committed to accept or reject it.

The permissions to execute communicative actions in each state are deter-
mined by social facts. We represent them by precondition laws. Preconditions
on the execution of action accept can be expressed as:
2 The two kinds of base-level and conditional commitments we allow are essentially

those introduced in [22]. Such choice is different from the one in [13] and in [11],
where agents are committed to execute an action rather than to achieve a condition.
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�(¬proposal ∨ acc rej → [accept]⊥)

meaning that action accept cannot be executed only if a proposal has not been
done, or if the manager has already replied. Similarly we can give the precondition
laws for the other actions:

�(¬proposal ∨ acc rej → [reject]⊥)
�(task = nil ∨ replied → [refuse]⊥)
�(task = nil ∨ replied → [propose]⊥)
�(task �= nil → [cfp(T )]⊥).

The precondition law for action propose (refuse) says that a proposal can only
be done if task �= nil, that is, if a task has already been announced and the
participant has not already replied. The last law says that the manager cannot
issue a new call for proposal if task �= nil, that is, if a task has already been
announced.

In the following we will denote Permi (permissions of agent i) the set of all
the precondition laws of the protocol pertaining to the actions of which agent i
is the sender.

Assume now that we want the participant to be committed to reply to the
task announcement. We can express it by adding the following conditional com-
mitment to the initial state of the protocol: CC(P,M, task �= nil, replied). Fur-
thermore the manager is committed initially to issue a call for proposal for a
task. We can define the initial state Init of the protocol as follows:

{task = nil,¬replied,¬proposal, CC(P,M, task �= nil, replied),
C(M,P, task �= nil)}

In the following we will be interested in those execution of the protocol in
which all commitments have been fulfilled. We can express the condition that
the commitment C(i, j, α) will be fulfilled by the following constraint:

�(C(i, j, α) → �α)

We will call Comi the set of constraints of this kind for all commitments of agent
i. Comi states that agent i will fulfill all the commitments of which he is the
debtor.

Given the above rules, the domain description D = (Π, C) of a protocol is
defined as follows: Π is the set of the action and causal laws given above, and
C = Init∧

∧
i(Permi ∧Comi) is the set containing the constraints on the initial

state, the permissions Permi and the commitments Comi of all the agents (the
agents P and M, in this example).

Given a domain description D, let the completed domain description
Comp(D) be the set of formulas (Comp(Π) ∧ Init ∧

∧
i(Permi ∧ Comi)). The

runs of the system according the protocol are the linear models of Comp(D).
Observe that in these protocol runs all permissions and commitments have been
fulfilled. However, if Comj is not included for some agent j, the runs may contain
commitments which have not been fulfilled by j.
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5 Verification

Given the DLTL specification of a protocol by a domain description, we describe
the different kinds of verification problems which can be addressed.

First, given an execution history describing the interactions of the agents, we
want to verify the compliance of that execution to the protocol. This verification
is carried out at runtime. We are given a history τ = a1, . . . , an of the commu-
nicative actions executed by the agents, and we want to verify that the history
τ is the prefix of a run of the protocol, that is, it respects the permissions and
commitments of the protocol. This problem can be formalized by requiring that
the formula

(Comp(Π) ∧ Init ∧
∧
i

(Permi ∧ Comi))∧ < a1; a2; . . . ; an > �

(where i ranges on all the agents involved in the protocol) is satisfiable. In fact,
the above formula is satisfiable if it is possible to find a run of the protocol
starting with the action sequence a1, . . . , an.

A second problem is that of proving a property ϕ of a protocol. This can be
formulated as the validity of the formula

(Comp(Π) ∧ Init ∧
∧
i

(Permi ∧ Comi)) → ϕ. (1)

Observe that, to prove the property ϕ, all the agents are assumed to be compliant
with the protocol.

A further problem is to verify that an agent is compliant with the protocol,
given the program executed by the agent itself. In our formalism we can specify
the behavior of an agent by making use of complex actions (regular programs).
Consider for instance the following program πP for the participant:

[¬done?; ((cfp(T ); eval task; (¬ok?; refuse; exit + ok?; propose)) +
(reject; exit) + (accept; do task; exit))]∗; done?

The participant cycles and reacts to the messages received by the manager:
for instance, if the manager has issued a call for proposal, the participant can
either refuse or make a proposal according to his evaluation of the task; if the
manager has accepted the proposal, the participant performs the task; and so
on.

The state of the agent is obtained by adding to the fluents of the protocol the
following local fluents: done, which is initially false and is made true by action
exit, and ok which says if the agent must make a bid or not. The local actions
are eval task, which evaluates the task and sets the fluent ok to true or false,
do task and exit. Furthermore, done? and ok? are test actions.

The program of the contractor can be specified by a domain description
ProgP = (ΠP , CP ), where ΠP is a set of action laws describing the effects of the
private actions of the contractor, for instance:
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�[exit]done
�(task = t1 → [eval task]ok)
�(task = t2 → [eval task]¬ok)

and, CP = {〈πP 〉�,¬done,¬ok} contains the constraints on the initial values of
fluents (¬done,¬ok) as well as the formula 〈πP 〉� stating that the program of
the participant is executable in the initial state.

We want now to prove that the participant is compliant with the protocol,
i.e. that all executions of program πP satisfy the specification of the protocol.
This property cannot be proved by considering only the program πP . In fact,
it is easy to see that the correctness of the property depends on the behavior
of the manager. For instance, if the manager begins with an accept action, the
participant will execute the sequence of actions accept; do task; exit and stop,
which is not a correct execution of the protocol. Thus we have to take into
account also the behavior of the manager. Since we don’t know its internal
behavior, we will assume that the manager respects its public behavior, i.e. that
it respects its permissions and commitments in the protocol specification.

The verification that the participant is compliant with the protocol can be
formalized as a validity check. Let D = (Π, C) be the domain description de-
scribing the protocol, as defined above. The formula

(Comp(Π) ∧ Init ∧ PermM ∧ ComM ∧ Comp(ΠP ) ∧ CP ) → (PermP ∧ ComP )

is valid if in all the behaviors of the system, in which the participant executes
its program πP and the manager (whose internal program is unknown) respects
the protocol specification (in particular, its permissions and commitments), the
permissions and commitment of the participant are also satisfied.

6 Contract Net with N Participants

Let us assume now that we have N potential contractors. The above formulation
of the protocol can be extended by introducing a fluent replied(i), proposal(i)
and acc rej(i) for each participant i, and similarly for the commitments. Fur-
thermore we introduce the communicative actions refuse(i), and propose(i),
which are sent from participant i to the manager, and reject(i) and accept(i),
which are sent from the manager to participant i. We assume action cfp(T ) to
be shared by all agents (broadcast by the manager).

The theory describing the new version of the protocol can be easily obtained
from the one given above. For instance the precondition laws for accept(i) and
reject(i) must be modified so that these actions will be executed only after all
participants have replied to the manager, i.e.:

�((¬proposal(i) ∨ acc rej(i) ∨
∨
j=1,N ¬replied(j)) → [accept(i)]⊥)

and the same for reject(i).
The verification problems mentioned before can be formulated using the same

approach. For instance, the verification that the protocol satisfies a given prop-
erty ϕ can be expressed as the validity of the formula (1) above, where i ranges
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over the N participants and the manager. To prove compliance of a participant
with the protocol, we need to restrict the protocol to the actions and the fluents
shared between the manager and this participant (i.e. we need to take the pro-
jection of the protocol on agent i and the agents with whom i interacts). Then
the problem can be formulated as in the case of a single participant.

We have not considered here the formulation of the problem in which pro-
posals must be submitted within a given deadline. This would require adding to
the system a further agent clock.

7 Model Checking

The above verification and satisfiability problems can be solved by extending the
standard approach for verification and model-checking of Linear Time Temporal
Logic, based on the use of Büchi automata. As described in [15], the satisfiability
problem for DLTL can be solved in deterministic exponential time, as for LTL,
by constructing for each formula α ∈ DLTL(Σ) a Büchi automaton Bα such
that the language of ω-words accepted by Bα is non-empty if and only if α
is satisfiable. Actually a stronger property holds, since there is a one to one
correspondence between models of the formula and infinite words accepted by
Bα. The size of the automaton can be exponential in the size of α, while emptiness
can be detected in a time linear in the size of the automaton.

The validity of a formula α can be verified by constructing the Büchi au-
tomaton B¬α for ¬α: if the language accepted by B¬α is empty, then α is valid,
whereas any infinite word accepted by B¬α provides a counterexample to the
validity of α.

For instance, let CN be the completed domain description of the Contract
Net protocol, that is CN = (Comp(Π) ∧ Init ∧

∧
i(Permi ∧ Comi)). Then

every infinite word accepted by BCN corresponds to a possible execution of the
protocol. To prove a property ϕ of the protocol, we can build the automaton
B¬ϕ and check that the language accepted by the product of BCN and B¬ϕ is
empty.

The construction given in [15] is highly inefficient since it requires to build
an automaton with an exponential number of states, most of which will not be
reachable from the initial state. A more efficient approach for constructing a
Büchi automaton from a DLTL formula makes use of a tableau-based algorithm
[9]. The construction of the states of the automaton is similar to the standard
construction for LTL [8], but the possibility of indexing until formulas with
regular programs puts stronger constraints on the fulfillment of until formulas
than in LTL, requiring more complex acceptance conditions. The construction
of the automaton can be done on-the-fly, while checking for the emptiness of the
language accepted by the automaton. Given a formula ϕ, the algorithm builds a
graph G(ϕ) whose nodes are labelled by sets of formulas. States and transitions
of the Büchi automaton correspond to nodes and arcs of the graph. The algo-
rithm makes use of an auxiliary tableau-based function which expands the set
of formulas at each node. As for LTL, the number of states of the automaton is,
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in the worst case, exponential in the size if the input formula, but in practice it
is much smaller. For instance, the automaton obtained from the Contract Net
protocol has about 20 states.

LTL is widely used to prove properties of (possibly concurrent) programs
by means of model checking techniques. The property is represented as an LTL
formula ϕ, whereas the program generates a Kripke structure (the model), which
directly corresponds to a Büchi automaton where all the states are accepting,
and which describes all possible computations of the program. The property can
be proved as before by taking the product of the model and of the automaton
derived from ¬ϕ, and by checking for emptiness of the accepted language.

In principle, with DLTL we do not need to use model checking, because pro-
grams and domain descriptions can be represented in the logic itself, as we have
shown in the previous section. However representing everything as a logical for-
mula can be rather inefficient from a computational point of view. In particular
all formulas of the domain description are universally quantified, and this means
that our algorithm will have to propagate them from each state to the next one,
and to expand them with the tableau procedure at each step.

Therefore we have adapted model checking to the proof of the formulas given
in the previous section, as follows. Let us assume that the negation of a formula
to be proved can be represented as F ∧ ϕ, where F = Comp(Π)∧ Init contains
the completion of the action and causal laws in the domain description and the
initial state, and ϕ the rest of the formula. For instance, in the verification of
the compliance of the participant, the negation of the formula to be proved is
(Comp(Π) ∧ Init ∧ PermM ∧ ComM ∧ Comp(ΠP ) ∧ ¬(PermP ∧ ComP )) and
thus ϕ = (PermM ∧ComM ∧Comp(ΠP )∧¬(PermP ∧ComP )). We can derive
from F an automaton describing all possible computations, whose states are sets
of fluents, which we consider as the model. In particular, we can obtain from
the domain description a function transa(S), for each action a, for transforming
a state in the next one, and then build this automaton by repeatedly applying
these functions starting from the initial state. We can then proceed by taking
the product of the model and of the automaton derived from ϕ, and by checking
for emptiness of the accepted language.

Note that, although this automaton has an exponential number of states, we
can build it step by step by following the construction of the algorithm on-the-
fly. The state of the product automaton will consist of two parts < S1, S2 >,
where S1 is a set of fluents representing a state of the model, and S2 is a set of
formulas. The initial state will be < I, ϕ >, where I is the initial set of fluents.
A successor state through a transition a will be obtained as < transa(S1), S′2 >
where S′2 is derived from S2 by the on-the-fly algorithm. If the two parts of a
state are inconsistent, the state is discarded.

8 Conclusions

We have shown that DLTL is a suitable formalism for specifying and verifying a
system of communicating agents. Our approach provides a unified framework for
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describing different aspects of multi-agent systems. Programs are expressed as
regular expressions, (communicative) actions can be specified by means of action
and precondition laws, properties of social facts can be specified by means of
causal laws and constraints, and temporal properties can be expressed by means
of the until operator. We have addressed several kinds of verification problems,
including the problem of compliance of agents to the protocol, and described how
they can be solved by developing automata-based model checking techniques for
DLTL. A preliminary implementation of a model checker based on the algorithm
in [9] is being tested in the verification of the properties of various protocols.

The issue of developing semantics for agent communication languages has
been examined in [20], by considering in particular the problem of giving a veri-
fiable semantics, i.e. a semantics grounded on the computational models. Guerin
and Pitt [13,14] define an agent communication framework which gives agent
communication a grounded declarative semantics. The framework introduces dif-
ferent languages: a language for agent programming, a language for specifying
agent communication and social facts, and a language for expressing temporal
properties. Our approach instead provides a unified framework for describing
multiagent systems using DLTL.

While in this paper we follow a social approach to the specification and verifi-
cation of systems of communicating agents, [4,3,16,21] have adopted a mentalistic
approach. The goal of [3] is to extend model checking to make it applicable to
multi-agent systems, where agents have BDI attitudes. This is achieved by using
a new logic which is the composition of two logics, one formalizing temporal
evolution and the other formalizing BDI attitudes. In [16,21] agents are writ-
ten in MABLE, an imperative programming language, and have a mental state.
MABLE systems may be augmented by the addition of formal claims about the
system, expressed using a quantified, linear time temporal BDI logic. Instead
[4] deals with programs written in AgentSpeak(F), a variation of the BDI logic
programming language AgentSpeak(L). Properties of MABLE or AgentSpeak
programs can be verified by means of the SPIN model checker. These papers do
not deal with the problem of proving properties of protocols.

Yolum and Singh [22] developed a social approach to protocol specification
and execution. In this approach, commitments are formalized in a variant of
event calculus. By using an event calculus planner it is possible to determine
execution paths that respect the protocol specification. Alberti et al. address
a similar problem, by expressing protocols in a logic-based formalism based on
Social Integrity Constraints. In [1] they present a system that, during the evo-
lution of a society of agents, verifies the compliance of the agents’ behavior to
the protocol.
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Abstract. Qualitative action theory deals with purely qualitative de-
scriptions and formal representations of agency, i.e., agents and their pos-
sibilities for intervening in the causal flow of events. This means that,
contrary to game theory, qualitative action theory abstains from any
metric evaluation of the outcomes of actions.
In this paper we present and compare two qualitative approaches to ac-
tion theory that have been discussed in the literature. The first one com-
ing from philosophical action theory is the Kutschera-Belnap approach,
which is the semantic basis of so-called Stit-logics. The second approach
is the semantics of Alur, Henzinger, and Kupferman’s Alternating-time
Temporal Logic (ATL). In computer science, ATL has been introduced
as an extension of Computational Tree Logic (CTL) to allow for model-
ing systems that interact with their environment. Surprisingly, although
both approaches are very close in spirit, a systematic analysis of the
mutual dependencies between these approaches does not exist.
The paper aims at bringing together these two research streams, which
seem to have been developed independently in philosophy and computer
science. In particular, we will investigate the assumptions with which
both approaches may be considered equivalent. Finally, further research
on this topic promises interesting results that translate between the ap-
proaches presented here.

1 Introduction

Qualitative action theory deals with purely qualitative descriptions and formal
representations of agency, i.e., agents and their possibilities for intervening in the
causal flow of events. Qualitative theories of agency are typically situated in a
setting that is well-known in game-theory: there are agents (or players) and each
agent has choices concerning how to act (possible moves in the play), where the
set of choices an agent has may depend on the current state. Contrary to game
theory, however, qualitative action theory abstains from any metric evaluation
of the outcomes of the actions. This means, in particular, that qualitative action
theory does not aim at a theory of how to act rationally in a specific situation,

J.J. Alferes and J. Leite (Eds.): JELIA 2004, LNAI 3229, pp. 70–81, 2004.
c© Springer-Verlag Berlin Heidelberg 2004



Qualitative Action Theory 71

but rather restricts consideration to purely descriptive questions such as: what
possibilities does an agent have, and how could the world look like, when all the
agents behave in a certain manner.

Qualitative action theory (in the narrow sense) restricts consideration to con-
cepts that are definable by causal notions and by terms describing the possible
choices of agents. Examples of such core concepts include the concept of action,
the concept of bringing-it-about-that, and the concept of strategy. In the wider
sense qualitative action theory also takes into account concepts referring to dox-
astic and/or voluntative aspects of agency, such as beliefs, intentions, reasons,
goals, and aims.

In this paper we focus on two qualitative (core) approaches to action theory
discussed in the literature. The first one, coming from philosophical action the-
ory, is the Kutschera-Belnap approach to agency. Historically, the first approach
using game-theoretical notions for analyses in philosophical action theory was
presented by Lennart Åqvist [3]. Based on Åqvist’s and Georg H. von Wright’s
work on agency and Roman Ingarden’s work on causality, Franz von Kutschera
developed in the 1980s an approach to agency that took the idea seriously that
agency is only explainable in the context of an indeterministic theory (cf. [14]).
Kutschera presented formal models for representing agency, and he also devel-
oped a semantics for action logics. Further developments were contributed by,
among others, Nuel D. Belnap, Brian F. Chellas, John F. Horty, and Michael
Perloff. In particular, Belnap contributed many philosophical investigations re-
garding an indeterminist view of agency. He developed a formal semantics that
allows for modeling assertions (as speech acts), promisings, and moral obliga-
tions.1 Based on Kutschera and Belnap’s semantics, Ming Xu discussed axiom-
atizations of action-theoretical concepts. In the literature these logical systems
are usually referred to as stit-logics.2

The second approach discussed in this paper is the semantics of Alur, Hen-
zinger, and Kupferman’s Alternating-time Temporal Logic (ATL) [1]. In com-
puter science ATL has been introduced as an extension of Computational Tree
Logics (CTL) to allow for modeling systems that interact with their environ-
ment. In this context it is worth mentioning that there is a close connection
between ATL and M. Pauly’s Coalition Game Logic (CGL) [15,16], as has been
pointed out by Valentin Goranko [11]. In particular, ATL, CGL, and game the-
ory share the assumption of a discrete flow of time, while the Kutschera-Belnap
approach (in the sequel abbreviated by KB-approach) also allows for dense or
continuous flows.

Surprisingly, although the Kutschera-Belnap approach and the ATL ap-
proach are very close in spirit, a systematic analysis of the mutual dependencies
between these approaches does not exist. This paper aims at bringing together
these two research streams, which seem to have developed independently in phi-

1 For discussions of the Kutschera-Belnap approach and for explications of action-
theoretical notions in this approach see [4,5], [10], [6,7,8], [12], and [13,14]. A com-
prising presentation of the current state of discussion may be found in [9].

2 Cf. [19,20,21,22,23,24] as well as [17].
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losophy and computer science. In particular, we will investigate the assumptions
with which both approaches may be considered equivalent theories. Finally, fur-
ther research on this topic promises interesting results that translate between
the semantic approaches presented here and the logics defined in terms of these
semantics respectively.

2 The Kutschera-Belnap Approach

The basic idea of the Kutschera-Belnap approach can be briefly sketched in the
slogan: ‘No agency without real choices’. This means that in order to ascribe
agency to agents, we must ascribe to them genuine choices for how to act, i. e.,
choices by which agents can influence the causal flow of events. These choices
are genuine in that each agent must be able to refrain from what s/he is actually
doing. In particular, each agent can realize one of her/his choices independently
of what the other agents do at the same moment. Thus, the Kutschera-Belnap
approach implicitly assumes that the causal flow of events is not causally deter-
mined: If any event were causally determined (by previous events and/or previous
circumstances), we would never be able to ascribe genuine choices to agents.

This indeterministic point of view, then, is modeled by tree-like formal
structures, i. e., by structures consisting of a set of nodes (called moments)
and a binary relation defined on this set, which represents the relation of
being-causally-earlier-than. This relation allows for branching with respect to
the future, but not with respect to the past. A (full) branch of such a ‘tree’
is called possible history and represents one of the many possible courses the
world might take. The idea is that the future is causally open (in the sense
that it is not causally determined by the present and the past), while the past
is causally closed (events that occurred in the past are settled, they cannot
be made undone). By acting, persons can influence the future, but not the
present or the past. But whether an agent can do something or not depends on
current circumstances, and these are subject to changes in time. Thus, it may
occur that an agent can do something now, but that s/he can not at some later
moment. To represent these intuitions within the basic tree-like models, one
assigns to each agent at each moment a set of (possible) choices such that each
choice is consistent with the choices of all the other agents.

These ideas are captured by the following formal definitions.

Definition 2.1 (Tree). A tree is an ordered pair B = 〈Mom,≺〉 consisting
of a non-void set Mom (the set of moments) and an irreflexive, transitive, and
linear-to-the-left relation ≺ on Mom (the relation of earlier-than). A maximal
≺-chain is said to be a history in B, and the set of all histories of B is denoted
by His. For each moment m ∈ Mom, let

His 〈m〉 :=
{
h ∈ His : m ∈ h

}
denote the set of histories that pass through moment m. Histories h and h′ are
said to be undivided at moment m, h⊥m h′, if there exists a moment m′ ∈ h∩h′
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with m ≺ m′. If h and h′ pass through m and if there does not exist any
m′ ∈ h ∩ h′ with m ≺ m′, then h and h′ are said to split at m.

Definition 2.2 (Agent Tree). An agent tree is a triple C = 〈B,Ag,Ch〉, where
B is a tree, Ag is a non-void set of agents, and Ch is a map that assigns to each
agent α ∈ Ag and each moment m of B a partition Chα〈m〉 of His 〈m〉 such that
the following conditions are satisfied:

(a) If h ∈ X ∈ Chα〈m〉 and if h and h′ are undivided at m, then h′ too is in X.
(b) Let m be a moment of B and suppose that χ is a map that assigns to each

agent α an element χ(α) ∈ Chα〈m〉. Then there exists a history h that is
contained in each χ(α), i. e., ⋂

α∈Ag

χ(α) �= ∅.

The elements of Chα〈m〉 are said to be the (momentary) choices of agent α
at moment m, and Chα〈m〉 is said to be the choice set of α at m. An agent α
has non-vacuous choice at moment m if Chα〈m〉 �= {His 〈m〉}, i. e., if α has at
least two choices at m.

By saying that each agent’s choice set forms a partition, we postulate that
at each moment each agent chooses exactly one of her/his alternatives. Con-
dition (a) of definition 2.2 means that an agent cannot separate histories that
are undivided. Finally, by condition (b), each agent can choose an alternative in
her/his choice set independently of the alternatives chosen by all the other agents
(at the same moment). In particular, at a given moment m, no agent can prevent
another agent from choosing any of her/his alternatives (at that moment).

Given a moment m and a history h ∈ His 〈m〉, let chα(m,h) denote the unique
element of Chα〈m〉 that contains h. This means that chα(m,h) is the choice agent
α takes in history h at moment m. An agent tree is said to be agent-complete
if, for all moments m ∈ Mom and each pair of histories h, h′ ∈ His 〈m〉, it holds:

h′ ∈
⋂
α∈Ag

chα(m,h) =⇒ h⊥m h′.

The condition of agent completeness was first discussed by Franz von
Kutschera [14]. It may be read as: ‘No splitting of the tree without the in-
volvement of at least one of the agents.’

3 Alternating-Time Temporal Logic

Alternating-time temporal logic has been introduced to enrich the expressive
power of computation tree logics (CTL) for model checking purposes. While
CTL is considered a suitable representation for closed reactive systems, that is,
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systems that are completely determined by their current state, ATL aims at open
systems, that is, systems that allow for interaction with their environment.

Thereto, Alur, Henzinger, and Kupferman [1] introduce the concept of al-
ternating transition system, which extends the concept of transition system as
discussed in CTL. The difference between CTL transition systems and alternat-
ing transition systems is characterized as follows: ‘While in ordinary transitions
systems, each transition corresponds to a possible step of the system, in alter-
nating transition systems, each transition corresponds to a possible move in the
game between the system and the environment’ [2].

Definition 3.1 (Alternating Transition Frame). An alternating transition
frame (abbr. by ATF ) is a triple F = 〈Σ,Q, δ〉, where

(a) Σ is a (non-void) set of agents,
(b) Q is a (non-void) set of states, and

(c) δ : Q × Σ −→ 22Q

is a map that assigns to each state q and each agent α
a non-void set of choices, δ(q, α), i. e., each choice is a set of possible next
states,

such that for each state q and for each family (Qα)α∈Σ of choices at q, i. e.,
Qα ∈ δ(q, α), there exists exactly one state q∗ with

q∗ ∈
⋂
α∈Σ

Qα.

In the sequel, the function δ will be referred to as the transition function.

Some notations: Let q and q′ be states of an ATF F and let α be an agent.
State q′ is said to be an α-successor of q if there exists a Q′ ∈ δ(q, α) with q′ ∈ Q′.
The set of all α-successors is denoted by Succ(q, α). State q′ is a successor of q
if, in state q, each agent α has a choice Qα containing q′. The heuristics of this
definition is that q′ is a successor of q if and only if, in state q, all the agents of
F can cooperate in such a way that q′ becomes the next state.

A (full) computation of F is an infinite sequence of states, λ = (qi)i∈N, where
each qi+1 is a successor of qi. A finite computation (of length n) is an initial
segment γ = (q1, . . . , qn) of a full computation. For a finite computation γ let
nγ be the length of γ. A q-computation is a computation starting in state q. In
the sequel, λ[i] will denote the i-th state of λ. The set of all (full) computations
of F will be denoted by ΛF and the set of all finite computations by ΓF .

The following example (cf. [1]) may help to illustrate the notions just intro-
duced.

Example 3.2. Consider a system S with two processes α and β. In each state
of the system, process α determines the truth value of proposition x and likewise
process β that of y. We will assume that the system is completely described by
propositions x and y, i. e., Q = {q, qx, qy, qxy}, where qx denotes the state in
which x is true in the system, but y is not, etc. The transition function of the
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system is defined as follows: If S is in a state, in which x is false, α is free to leave
the truth value of x unchanged or to change it to true. Otherwise, α leaves x
unchanged. Similarly, if y is false, β can leave the value of y unchanged or make
it true, and if y is true, β leaves the truth value of y unchanged. This transition
function can be defined formally by:

δ(q, α) = {{q, qy}, {qx, qxy}} δ(q, β) = {{q, qx}, {qy, qxy}}
δ(qx, α) = {{qx, qxy}} δ(qx, β) = {{q, qx}, {qy, qxy}}
δ(qy, α) = {{q, qy}, {qx, qxy}} δ(qy, β) = {{qy, qxy}}
δ(qxy, α) = {{qx, qxy}} δ(qxy, β) = {{qy, qxy}}

4 From Alternating Transition Frames to Agent Trees

In what follows we now investigate the conditions with which the semantics of
ATL can be embedded into the Kutschera-Belnap approach. To start with, let
F = 〈Σ,Q, δ〉 be an ATF that satisfies the following two conditions:

(d) For each agent α and each state q, δ(q, α) is a partition of Succ(q, α).

(e) For each agent α and each state q, if q′ is an α-successor of q, then q′ is a
β-successor of q for each agent β.

What is the meaning of these conditions? First, condition (d) seems quite
plausible when looking at concrete examples of alternating transition frames.
For condition (e), let us assume that q′ is an α-successor of q, but that there is
an agent β such that q′ is not a β-successor of q. From this it follows that there
does not exist any computation λ with λ[i] = q and λ[i+ 1] = q′ for some i ∈ N.
But this means that we can withdraw q′ from every Q ∈ δ(q, α) without loosing
any information about the possible runs of the system. If we do that for every
agent at the same time, we obtain an ATF that satisfies condition (e).

For example, we could redefine the transition function of example 3.2 as
follows:

δ(q, α) = {{q, qy}, {qx, qxy}} δ(q, β) = {{q, qx}, {qy, qxy}}
δ(qx, α) = {{qx, qxy}} δ(qx, β) = {{qx}, {qxy}}
δ(qy, α) = {{qy}, {qxy}} δ(qy, β) = {{qy, qxy}}
δ(qxy, α) = {{qxy}} δ(qxy, β) = {{qxy}}

This new transition function does not loose any information carried by the old
one, but it does satisfy conditions (d) and (e).

Finally, from conditions (d) and (e) it follows that for each agent α and each
state q, the choice set δ(q, α) is a partition of the set of q-successors. In what
follows an ATF satisfying these two conditions will be referred to as a restricted
ATF.
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Let now F = 〈Σ,Q, δ〉 be an arbitrary ATF. We define a tree BF by ‘un-
winding’ F as follows:

MomF := ΓF

γ ≺F γ′ :⇐⇒ γ[i] = γ′[i], for each i = 1, . . . , nγ ,
and nγ < nγ′ .

Lemma 4.1. The ordered pair BF =
〈
MomF ,≺F

〉
is a tree, which has the fol-

lowing properties:
(a) There exists a bijective map between the set of computations of F , ΛF , and

the set of histories of BF .
(b) For each finite computation γ ∈ Γ , there exists a bijective map between the

set of computations with initial segment γ and the set of histories of BF that
pass through ‘moment’ γ.

Proof. First, it is quite obvious that ≺F is an irreflexive, transitive, and linear-
to-the-left relation. Second, if λ is a (full) computation of F , then obviously

hλ := { (λ[1], . . . , λ[n]) : n ∈ N }

is a maximal ≺F -chain of BF . Vice versa, let now h be a history of BF . Then
h is a maximal ≺F -chain, i. e., a maximal subset of ΛF that is linearly ordered
by ≺F . Let γ = (q1, . . . , qn) ∈ h be chosen arbitrarily. Then define λh[1] :=
q1, . . . , λh[n] := qn. Since qn has at least one successor, (q1, . . . , qn) cannot be
the maximal element of h. Hence there exists a γ′ = (q′1, . . . , q

′
m) ∈ h with

γ ≺F γ′. Extend λh by setting λh[n + 1] := q′n+1, . . . , λh[m] := q′m. By this
step-wise construction, one finally obtains a full computation λh.
It can readily be checked that the assignment h  → λh is the inverse of the
mapping λ  → hλ. From this both claims (a) and (b) follow immediately. ��

Let now F = 〈Σ,Q, δ〉 be a restricted ATF. For a finite computation γ, let
Λ(γ) be the set of all full computations λ that have γ as initial segment. Define

AgF := Σ

X ∈ ChFα 〈γ〉 :⇐⇒ there exists a Q ∈ δ(γ[nγ ], α) such that
X = {hλ : λ ∈ Λ(γ) and λ[nγ + 1] ∈ Q}.

Theorem 4.2. For each restricted ATF F = 〈Σ,Q, δ〉, the triple

CF =
〈
BF ,AgF ,ChF

〉
is an agent-complete agent tree.

Proof. From conditions (d) and (e) it follows that each δ(q, α) is a partition of
the set of successors of q. Let γ be a finite computation of F . Then, by applying
lemma 4.1(b), we immediately verify that each ChFα 〈γ〉 is a partition of the set
of histories of BF that pass through γ. Conditions (a) and (b) of definition 2.2
are easy to check. Finally, CF is agent-complete, since for each family (Qα)α∈Σ
with Qα ∈ δ(q, α), there exists at most one state q∗ ∈

⋂
α∈Σ Qα. ��
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5 From Agent Trees to Alternating Transition Frames

Following we will establish an embedding of the semantics of ATL into the
KB-approach to agency. The first step in the definition of this embedding is
to represent the ATL concept of state in the framework of the KB-approach.
However, there does not exist any straight-forward way of defining the notion of
state in terms of moments.

To see this, let us assume that we aim at describing a system S with a
state set Q. Each q ∈ Q, then, corresponds to a complete description of the
system at some time-point. However, when we look at the tree whose branches
are the possible computations of the system (as we did in the previous section)
the information about possible states of the system has disappeared. Clearly,
at each moment (in the sense defined above), the system is in a certain (total)
state, but we are not able to identify moments that are in the same state.3

Definition 5.1 (State Tree). A state tree is an ordered triple B =
〈Mom,≺,Tot〉 consisting of a non-void set of moments, Mom, an irreflexive,
transitive, and linear-to-the left relation on Mom, ≺, and a partition Tot of
Mom.

The elements of Tot are referred to as total states. We say that moments m
and m′ are in the same (total) state if there exists a t ∈ Tot such that m and
m′ are contained in t. For each moment m, let tm denote the unique total state
that contains m.4 It is worth noting that a total state may have different pasts,
while a moment can only have exactly one past.

In what is to follow, we will restrict consideration on discrete trees, more
precisely, on trees where each history is order-isomorphic to the set of natural
numbers. Such trees will be referred to as trees over N. In a tree over N each
moment m has an immediate successor in each history h passing through moment
m, which will be denoted by m∗h.

Let B be a state tree, and let m be a moment of B. We define

Tot∗ 〈m〉 := { tm∗
h

: h ∈ His 〈m〉},

the set of possible next total states at moment m.
3 Here and in what is to follow we adopt the following terminology: States correspond

to (maybe incomplete) momentary descriptions of a system, while total states cor-
respond to complete momentary descriptions. Thus, states in the sense of the ATL
semantics are total states in the sense of the terminology used here.

4 The concept of state may be introduced in terms of total states as follows: A state
is a subset of Mom that can be written as a union of total states, i. e.,

s ∈ Stat ⇐⇒ there is a τ ⊆ Tot with s =
⋃

τ .

Note that this enables us to speak about the inconsistent state, which is distinct
from each total state. Furthermore, Tot and Stat are subsets of 2Mom, and each total
state is a state.
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Definition 5.2. A state tree is said to be uniform if for each t ∈ Tot and all
m,m′ ∈ t,

Tot∗ 〈m〉 = Tot∗ 〈m′〉 .

The underlying idea of uniformity is that the partitioning of moments into
total states is respected by the successor relation, i. e., that if m and m′ are in
the same total state, then m and m′ have the same possible next total states.
From the point of view of the Kutschera-Belnap approach, uniformity seems a
very restrictive condition.

If F is an ATF, then we can use the defintions of section 4 to define a state
tree BF =

〈
MomF ,≺F ,TotF

〉
by

γ ! γ′ :⇐⇒ γ[nγ ] = γ′[nγ′ ]

TotF := ΓF/!.

Note that there exists a bijective map between the state set of F , Q, and the
set TotF .

Lemma 5.3. Let F be an ATF. Then the tree BF is uniform. ��

Definition 5.4 (Agent state tree). An agent state tree is a triple C =
〈B,Ag,Ch〉, where B is a state tree, Ag is a set of agents, and Ch is a choice
map as specified in definition 2.2.

Obviously, Chα〈m〉 induces a partition of the set of successor moments of
m, {m∗h : m ∈ h}. But, as can be seen from simple examples, Chα〈m〉 does
not induce a partition of Tot∗ 〈m〉. Therefore, we need to extend the uniformity
condition of the previous paragraph. Define

Tot∗α 〈m,X〉 := { tm∗
h

: m ∈ h ∈ X} = { tm∗
h

: h ∈ His 〈m〉 ∩X}

where X ∈ Chα〈m〉, i. e., Tot∗α 〈m,X〉 is the set of possible next total states in
case that α chooses X at moment m.

Definition 5.5. An agent state tree over N is said to be uniform if the choice
map Ch respects uniformity, i. e., if for each agent α, each total state t, and each
pair of moments m,m′ ∈ t,

{ Tot∗α 〈m,X〉 : X ∈ Chα〈m〉 } = { Tot∗α 〈m′, X ′〉 : X ′ ∈ Chα〈m′〉 } .

Note that if an agent state tree is uniform, its underlying state tree is so,
too. This follows from the fact that Tot∗ 〈m〉 =

⋃
X∈Chα〈m〉 Tot∗α 〈m,X〉.

Lemma 5.6. Let F be a restricted ATF. Then the agent state tree CF (as de-
fined in this and the previous section) is uniform. ��
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Let now C be a uniform agent state tree over N. We set

ΣC := Ag

QC := Tot

δC(t, α) := { Tot∗α 〈m,X〉 : X ∈ Chα〈m〉 }

where m is an arbitrarily fixed element of t. This definition is well defined since
the tree C is uniform. Note that Tot∗α 〈m,X〉 is a set of total states. Hence
Tot∗α 〈m,X〉 ∈ 2Tot, and thus δC(t, α) ∈ 22Tot

.
We are now ready to state our second theorem:

Theorem 5.7. Let C be an agent-complete and uniform agent state tree over
N. Then

FC =
〈
ΣC , QC , δC

〉
is a restricted alternating transition frame.

Proof. There is almost nothing left to be proven. Let t ∈ QC be a (total) state,
and let (Qα)α∈ΣC be a family with Qα ∈ δC(t, α). Choose an arbitrary m ∈ t.
Then, for each Qα, there exists a χ(α) ∈ Chα〈m〉 with Qα = Tot∗α 〈m,χ(α)〉.
By applying condition 2.2, there exists a history h that is contained in each
χ(α). Since the tree is agent-complete, h is uniquely determined up to undivided
histories. This means that m∗h′ = m∗h, for each history h′ ∈

⋂
α χ(α). Since the

δC(t, α) do not depend on the particular choice of m in t, there exists exactly
one total state that is contained in each Qα, namely tm∗

h
. That the frame FC

is restricted follows from the fact that each Chα〈m〉 is a partition of the set of
histories that pass through moment m. ��

Finally, if an agent state tree C, as specified in the theorem, is a ‘forest’ such
that each total state is realized in exactly one of its root moments, then there
exists a bijection between the set of histories of C and the set of computations
of FC .

6 Summary and Outlook

In this paper we focused on two approaches to qualitative action theory, the
Kutschera-Belnap approach and the semantics of alternating-time temporal
logic. Though at first glance both approaches are very close in spirit, they could
not be found to be equivalent without modifying the basic semantics respec-
tively. If reasonable conditions on alternating transition frames are enforced,
these frames can be shown to induce agent trees. Vice versa, agent trees do in-
duce alternating transition frames if they are enriched with the notion of state
and if some uniformity conditions are assumed. However, from the point of view
of the Kutschera-Belnap approach, these uniformity constraints seem very spe-
cial. The best interpretation of them is to read ATL choices (i. e., the elements of
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the agent-dependent transition function) as action types in the following sense:
Each agent has a repertoire of ‘procedures’ that can be performed when the
system is in a particular state. Whether this procedure can be performed de-
pends on the current state only and not on one of the many possible pasts the
system might have passed through to reach this state. Contrary to this, choices
in the Kutschera-Belnap approach are assigned with respect to moments, i. e.,
with respect to the current state and one particular past of that state.

It is also worthwhile to note that in ATL the notion of strategy is defined in a
more KB-like manner, i. e., strategies are not defined with respect to single states
only, but are defined with respect to finite computations. More precisely, in the
KB-approach a (strict) strategy of an agent α is a partial function σ that has as
its domain a non-void convex subset of Mom, dom (σ), and that assigns to each
m ∈ dom (σ), a choice σ(m) ∈ Chα〈m〉. In the ATL-approach a strategy of α is
a map that assigns to each finite computation γ a choice Q ∈ δ(γ[nγ ], α). The
close relationship between these two notions of strategy should now be obvious.

The results presented in this paper provide the start point of an interesting
research topic: What are the connections between the logics that are defined
with respect to the semantic concepts presented here? But an answer to this
question would go far beyond the scope of this paper.
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Abstract. Logical formalisation of agent behaviour is desirable, not
only in order to provide a clear semantics of agent-based systems, but
also to provide the foundation for sophisticated reasoning techniques to
be used on, and by, the agents themselves. The possible worlds semantics
offered by modal logic has proved to be a successful framework in which
to model mental attitudes of agents such as beliefs, desires and inten-
tions. The most popular choices for modeling the informational attitudes
involves annotating the agent with an S5 -like logic for knowledge, or a
KD45 -like logic for belief. However, using these logics in their standard
form, an agent cannot distinguish situations in which the evidence for
a certain fact is ‘equally distributed’ over its alternatives, from situa-
tions in which there is only one, almost negligible, counterexample to
the ‘fact’. Probabilistic modal logics are a way to address this, but they
easily end up being both computationally and conceptually complex, for
example often lacking the property of compactness. In this paper, we
propose a probabilistic modal logic PF KD45 , in which the probabilities
of the possible worlds range over a finite domain of values, while still al-
lowing the agent to reason about infinitely many options. In this way, the
logic remains compact, implying that the agent still has to consider only
finitely many possibilities for probability distributions during a reason-
ing task. We demonstrate a sound, compact and complete axiomatisation
for PF KD45 and show that it has several appealing features. Then, we
discuss an implemented decision procedure for the logic, and provide a
small example. Finally we show that, rather than specifying them be-
forehand, the finite set of possible probabilities can be obtained directly
from the problem specification.

1 Introduction

In both reasoning about agents and in reasoning within agents, it is vital to
choose tools that allow the representation of information at an appropriate level
of abstraction, yet being simple enough to be mechanised. Logical formalisa-
tions of such informational aspects have been particularly successful, often using
modal logics such as S5 for knowledge, or KD45 for belief. However, it is clear
that, in realistic scenarios, such descriptions need to incorporate uncertainty.
Without such descriptive flexibility, logical approaches cannot effectively repre-
sent real-world concerns and so cannot be used as the basis for practical reasoning
in agents acting with uncertain information. While there have been some steps
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in developing logics of uncertainty or logics of probability (see Section 6) many
of these (for example, probabilistic modal logics) are both computationally and
conceptually complex. In particular, a significant drawback is that many such
approaches lack the property of compactness1.

In this paper we present a new probabilistic modal logic (called PFKD45 )
that builds upon the natural framework of Kripke models (the basis of modal
logics), while allowing reasoning about uncertainty. Importantly, in this logic,
the probabilities of the possible worlds range over a finite domain of values,
while still allowing the agent to reason about infinitely many options. In this
way, the logic remains compact, ensuring that the agent only has to consider
finitely many possibilities for probability distributions during a reasoning task.

The PFKD45 logic extends, in some aspects, the system PFD previously
introduced in [9], which in turn was inspired by the system from [3]. The basic
modal operator P> allows us to write formulas such as P>0.5ϕ, meaning that
the “agent believes ϕ with probability strictly greater than 0.5”. The operators
(which have self-explanatory meaning) P≥, P<, P≤ and P= can then be defined
in terms of the above basis. Since probabilities range from 0 to 1, P≥1 corresponds
to the modal operator � or B. An important property of the logic is that it only
allows probability measures (for each world) that are within a finite base set F .
Although this semantically restricts probability assignments to a finite range, it
is still possible to express and reason about arbitrary probabilities, since there is
no restriction in the language that mirrors this semantic restriction. But again,
in the logic, a particular axiom (Axiom A7; see later) ensures that arbitrary
values collapse to values in the set F . The main motivation for using F is the
restoration of compactness for the logic.

Logics that allow us to express that Prob(ϕ) ∼ x are, in general, not compact.
Witness the set of premises Γ

{Prob(q) > α | α ∈ Q ∩ [0, 1)} (1)

Here, we have Γ |= Prob(q) = 1, and yet there is no finite subset of Γ that
proves this conclusion. This has a computational counterpart: a mechanical de-
vice verifying whether a set of premises {Prob(ϕ) ∼ x} is satisfiable in Q∩ [0, 1]
in principle has to check an infinite number of assignments of probabilities to
formulas ϕ. The advantage of the PFKD45 logic is that the range of allowed
probabilities is within a finite base set F ⊆ [0, 1].

Although the use of the base set F causes a logical restriction, it is possible
to highlight some interesting aspects (cf.[9]). For instance, it we take F = {0, 1},
we have classical modal logic. Alternatively, Driankov’s linguistic estimates (as
in [2]) impossible, extremely unlikely, very low chance, small chance, it may,
meaningful chance, most likely, extremely likely, certain would be modelled by a
9-element F . In other words, the granularity of F can be chosen according to the
intended application of the agent. However, since one of our main interests is to
use the PFKD45 logic for describing and implementing uncertain agents, then
1 Compactness in the sense that inference in terms of infinite sets coincides with

inference over finite sets.
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having a mechanism for directly calculating the set F is very desirable. For this
purpose, the basic idea is to have F determined by a set of arbitrary probability
values which are directly extracted from the original agent specification. (Further
discussion concerning this aspect will be provided in Section 6.)

In summary, contrary to many other logical approaches to probabilistic rea-
soning, our logic is both compact and conceptually simple. Thus, it represents a
strong candidate for representing and reasoning about uncertainty within com-
putational agents.

The paper is organised as follows. In Section 2 we present a description of the
language and, in Section 3, we provide its semantics and establish its properties.
Since the focus of PFD was not on a doxastic interpretation of modalities, we
also include two additional properties in the PFKD45 Logic (axioms A8 and
A9; see later), in order to represent KD45 -like belief. For instance, this allows
us to have a probability distribution independent of worlds, and thus ensure that
nested belief formulas are equivalent to formulas without nesting. Such issues
are considered in more detail in Section 3. A decision procedure for the logic
has been developed and implemented, and this is presented in Section 4. Due
to space restrictions, only a small motivating example showing the versatility of
the approach is provided in Section 5. Finally, related work and final remarks
are presented in Section 6.

2 Language Description

The language L of PFKD45 consists of a countable set of propositional symbols,
the logical connectives ¬ and ∨ (with standard definitions for ⊥,�,∧,→,↔),
and parentheses. We also define a modal operator P>x , where x is a real number
within the interval [0, 1].

Definition 1. A set F is a base for a logic PFKD45 if it satisfies:

1. F is finite;
2. {0, 1} ⊆ F ⊆ [0, 1];
3. x, y ∈ F and (x + y ≤ 1) ⇒ (x + y) ∈ F ;
4. x ∈ F ⇒ (1 − x) ∈ F .

The logic is defined relative to a fixed base set F = {x0, x1, ..., xn} ⊆ [0, 1]. It
is assumed that xi < xi+1, if i < n (implying 0 = x0 and xn = 1). The basic
operator is P>x , with intended meaning of P>x ϕ being: “ϕ is believed to have a
probability strictly greater than x”.

The following abbreviations are used (from now on, x and y represent arbitrary
values over [0, 1],and xi, xi+1 are elements of the base set F .):

D1. P≥x ϕ ≡ ¬P>1−x¬ϕ
D2. P<x ϕ ≡ P>1−x¬ϕ
D3. P≤x ϕ ≡ ¬P<1−x¬ϕ
D4. P=

x ϕ ≡ ¬P>x ϕ ∧ ¬P<x ϕ
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The inference rules (R1 and R2) and axioms (A1–A9) of PFKD45 are:

R1 From ϕ and ϕ ⇒ ψ infer ψ (modus ponens)
R2 From ϕ infer P≥1 ϕ (necessitation rule)

A1 All propositional tautologies
A2 P≥1 (ϕ → ψ) → [(P>x ϕ → P>x ψ) ∧ (P>x ϕ → P≥x ψ) ∧ (P≥x ϕ → P≥x ψ)]
A3 P≥1 (ϕ → ψ) → (P≥x ϕ → P>y ψ) (where y < x)
A4 P≥0 ϕ
A5 P>x+y(ϕ ∨ ψ) → (P>x ϕ ∨ P>y ψ) (where x + y ∈ [0, 1])
A6 P≥1 ¬(ϕ ∧ ψ) → ((P>x ϕ ∧ P≥y ψ) → P>x+y(ϕ ∨ ψ)) (where x + y ∈ [0, 1])
A7 P>xi

ϕ → P≥xi+1
ϕ

A8 (P>0 P≥x ϕ → P≥x ϕ) ∧ (P>0 P≤x ϕ → P≤x ϕ)
A9 (P≥x ϕ → P≥1 P≥x ϕ) ∧ (P≤x ϕ → P≥1 P≤x ϕ)

The axioms A1–A6 all reflect basic properties of probabilities. Axiom A7 reflects
the peculiarity of having a base set F : it says that, if a probability is bigger than
a certain value in F , it must be at least the next value. Axioms A8 and A9
are included to emphasize the relationship with the modal logic KD45 and they
make our agents doxastically introspective. The intuition behind these additional
axioms is as follows. Axiom A8 denotes that, if the agent assigns a positive
probability to some probabilistic judgement, then it incorporates this judgement.
Axiom A9 states that the agent is absolutely sure about its own probabilistic
beliefs (the focus of [9] was not on a doxastic interpretation of the modalities,
and these introspective properties were not included).

Lemma 1. The following theorems are derivable in PFKD45 :
# P≤1 ϕ and # P≥1 ϕ ≡ P=

1 ϕ

Remark 1. We can define a belief operator, ‘B’, using Bϕ = P≥1 ϕ, and can then
infer the following.

a) 1. # ϕ ⇒# Bϕ
2. # B(ϕ → ψ) → (Bϕ → Bψ)
3. # ¬B⊥
4. Bϕ → BBϕ
5. ¬Bϕ → B¬Bϕ

b) We say that a formula in L is modal if it is built from atomic propositions,
using only the logical connectives and the modal operator B. We claim that
for all modal formulas, ϕ, PFKD45 # ϕ iff KD45 # ϕ.

Proof. The ⇐ part follows from a above; the ⇒ part will be obvious from
the semantics for PFKD45 given later2.

2 Due to space limitations, full proofs are generally omitted, but can found in the
associated technical report [1].
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Below we present some further theorems of PFKD45 , though only give one
example proof. We also utilise some additional notation:

– (ϕ$ ψ) means ((ϕ ∨ ψ) ∧ ¬(ϕ ∧ ψ)), i.e. exclusive OR;
– x↑= min{y ∈ F | y > x} and x↓= max{y ∈ F | y < x}.

Now, for all ϕ,ψ in the language and all x ∈ [0, 1]:

T1. (P≥x ϕ ↔ (P>x ϕ ∨ P=
x ϕ)) ∧ (P≤x ϕ(P<x ϕ ∨ P=

x ϕ))
T2. P>x ϕ$ P=

x ϕ$ P<x ϕ
T3. ¬(P=

x ϕ ∧ P=
y ϕ) (y �= x)

T4. (¬P<x ϕ ↔ P≥x ϕ) ∧ (¬P>x ϕ ↔ P≤x ϕ)
T5. P=

x ϕ ↔ (P≥x ϕ ∧ P≤x ϕ)
T6. P>x ϕ → P>y ϕ y ≤ x
T7. P=

x ϕ ↔ P=
1−x¬ϕ

The following lemma shows the benefit of having a finite base F : it guarantees
that we can express in the language that every formula has a probability.

Lemma 2. For all ϕ ∈ L, the following is a PFKD45-theorem:
P=
x0
ϕ$ P=

x1
ϕ$ ...$ P=

xn
ϕ (recall: F = {0 = x0, x1, ..., xn = 1})

T8. P>x ϕ → P=
xi
ϕ$ P=

xi+1
ϕ$ ...$ P=

xn
ϕ, with xi = x↑ ;

T9. P<x ϕ → P=
x0
ϕ$ P=

x1
ϕ$ ...$ P=

xi
ϕ, with xi = x ↓;

T10. (P>x ϕ ↔ P≥x↑ϕ) ∧ (P<y ϕ ↔ P≤y↓ϕ) x ∈ [0, 1), y ∈ (0, 1]

T11. [P≥1 ¬(ϕ ∧ ψ) ∧ P=
x ϕ] → [P=

y ψ ↔ P=
x+y(ϕ ∨ ψ)] x, y, x + y ∈ [0, 1]

T12 P>0 P∼x ϕ → P∼x ϕ, ∼ is one of {<,≤,=, >≥}
T13 P∼x ϕ → P≥1 P∼x ϕ, ∼ is one of {<,≤,=, >≥}

3 Semantics and Properties

Formulas ϕ ∈ L are interpreted on Probabilistic Kripke Models over F .

Definition 2. For each base set, F, PFKD45 is the class of all models M =
〈W,PF , π〉 for which:

– W is a non-empty set (of worlds);
– PF is a function PF : W → F , satisfying

∑
w∈W PF (w) = 1

– π is a valuation: W × L → {true, false}
– The truth definition for formulas is defined in a standard way, the modal

clause reading:

(M,w) |= P≥x (ϕ) iff
∑
w′ s.t. (M,w′)|=ϕ PF (w′) ≥ x
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Note that the probability distribution is independent of the world. Let us call
such a structure PFKD45.

One can relate this semantics to a more standard Kripke semantics as follows.
Given M = 〈W,PF , π〉, first choose an arbitrary world w in the model M . Then,
let W ′ be {w} ∪ {w′ | PF (w′) > 0}. Finally, define R′(x, y) iff PF (y) > 0, i.e.,
a world is accessible (from any world) if, and only if, its probability is positive.
Let M ′

w = 〈W ′, R′, π′〉 be the model thus obtained, with π′ being the restriction
of π to W . The following gives a semantic motivation for coining our system
PFKD45 :

Proposition 1. Given a PFKD45 model M = 〈W,PF , π〉 and a world w, let
M ′
w = 〈W ′, R′, π′〉 be obtained as described above. Moreover, let a purely modal

formula from PFKD45 be a formula in which all modal operators are P≥1 , or,
equivalently, B. Then:

1. for every purely modal formula ϕ, we have M,w |= ϕ iff M ′
w |= ϕ;

2. the accessibility relation R′ is serial, transitive and Euclidean.

Lemma 3. PFKD45 is sound with respect to PFKD45, i. e., PFKD45 # ϕ ⇒
PFKD45 |= ϕ.

3.1 Completeness

Let ϕ be a consistent formula of PFKD45 . We will show how to construct a
model that satisfies ϕ. Let Ψ be the set of sub-formulas of ϕ closed under a
single negation and satisfying, for any ∼ within {<,>,≤,≥,=}, (P∼x ∈ Ψ ⇒
{P=

xi
|xi ∈ F} ⊆ Ψ). With Ψ being finite, say |Ψ | = k, we can define the Ψ -

maximal consistent sets as Γ1, Γ2, ..., Γn, n ≤ 2k. Let γi be the conjunction of
formulas in Γi, i ≤ n. Then, we have:

i. # ¬(γi ∧ γj), where i �= j;
ii. # (γ1 ∨ ... ∨ γn)
iii. # ψ ↔ γψ1∨ ...∨γψx, where γψ1∨ ...∨γψx are exactly those γ’s which contain

ψ as a conjunct, for each ψ ∈ Ψ .

Since ϕ is consistent and, by construction of the Γ ’s, there is at least one Γϕ
such that ϕ ∈ Γϕ. Given this Γϕ, we construct a set Φ ⊇ Γϕ as follows. From
Theorem T8, we know that for every consistent set Γ and formula ψ, at least
one set of the sequence

Γ ∪ {P=
0 ψ}, Γ ∪ {P=

x1
ψ}, . . . , Γ ∪ {P=

xn−1
ψ}, Γ ∪ {P=

1 ψ} (2)

is also consistent. Now, we obtain Φ from Γϕ as follows:

1. let Φ0 = Γϕ (this set is consistent);
2. for i = 1 to n, we know that there is some x ∈ F such that Φi−1 ∪ {P=

x γi}
will be consistent, and we make the corresponding choice for Φi.
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We let Φ be Φn; this is a consistent extension of Γϕ, which contains a probability
in F for every ‘world’ Γi (i ≤ n). We are now ready to define our canonical model
M c = 〈W c, P cF , π

c〉 as follows:

1. W c = {Γϕ} ∪ {Γi | ∃x > 0P=
x γi ∈ Φ}.

2. P cF (Γi) = x ⇔ P=
x γi ∈ Φ

3. π(Γi)(p) = true iff p ∈ Γi

Lemma 4 (Coincidence Lemma). For all ψ ∈ Ψ and Γ ∈ W c

M c, Γ |= ψ iff ψ ∈ Γ

Theorem 1 (Soundness and Completeness, Finite Models). For any for-
mula ϕ, we have PFKD45 |= ϕ iff PFKD45 # ϕ. Moreover, every consistent
formula has a finite model.

3.2 Nested Beliefs

Considering PFKD45 as a language for representing properties within individual
agents, we next show that nested belief formulas can be removed, i. e,. any nested
belief formula is equivalent to some formula given without nesting.

Lemma 5 (Independence of Probability Distribution). Let M =
〈W,PF , π〉 be a PFKD45 model. Then:

∃w ∈ W (M,w) |= P≥γ β ⇔ ∀u ∈ W, (M,u) |= P≥γ β .

We now demonstrate that nested beliefs are superfluous, in PFKD45 . This result
is a generalisation of [10, Theorem 1.7.6.4], where it is proved for S5 , which means
that their result still goes through when weakening the logic to KD45 , and even
when having probabilistic operators.

Definition 3. We say that a formula ψ is in normal form if it is a disjunction
of conjunctions of the form δ = ω∧P≥γ1β1∧P≥γ2β2∧ ...∧P≥γn

βn∧P>κ1
α1∧P>κ2

α2∧
. . .∧P>κk

αk, where ω, βi, αj , (i ≤ n, j ≤ k) are all purely propositional formulas.
The formula δ is called the canonical conjunction and the sub-formulas P≥γi

βi
and P>κj

αj are called prenex formulas.

Lemma 6. If ψ is in normal form and contains a prenex formula σ, then ψ
may be supposed to have the form π ∨ (λ ∧ σ) where π, λ and σ are in normal
form.

Proof. ψ is in normal form, so ψ = δ1 ∨ δ2 ∨ ... ∨ δm, where δi′s are canonical
conjunctions. Suppose σ occurs in δm. Then σ must be some conjunct P≥γ , so
that δm can be written as (λ∧ σ). Taking π to be (δ1 ∨ δ2 ∨ ...∨ δm−1) gives the
desired result ψ = π ∨ (λ ∧ σ).



Practical Reasoning for Uncertain Agents 89

This lemma guarantees that prenex formulas can always be moved to the out-
ermost level.

Lemma 7 (Removal of Nested Beliefs). We have, in PFKD45:

P≥α (π ∨ (λ ∧ P≥γ β)) ↔ (P≥α (π ∨ λ) ∧ P≥γ β) ∨ (P≥α π ∧ ¬P≥γ β) (3)

P≥α (π ∨ (λ ∧ P>γ β)) ↔ (P≥α (π ∨ λ) ∧ P>γ β) ∨ (P≥α π ∧ ¬P>γ β) (4)

Proof. We sketch the proof of (3). As (M, s) |= P≥γ β ∨ P≥γ β, there are two
possible cases to consider.
First Case. Assuming (M, s) |= P≥γ β we aim to show that

P≥α (π ∨ (λ ∧ P≥γ β)) ↔ (P≥α (π ∨ λ) ∧ P≥γ β) (5)

For →, note that (π∨(λ∧P≥γ β)) → (π∨λ) is a tautology. Hence, the truth of
P≥α (π∨ (λ∧P≥γ β)) in s implies that of P≥α (π∨λ) in s (using A2). This, together
with (M, s) |= P≥γ β leads to

(M, s) |= P≥α (π ∨ (λ ∧ P≥γ β)) → (P≥α (π ∨ λ) ∧ P≥γ β) (6)

and this is valid for any state since (M, s) |= P≥γ β ⇐⇒ ∀u ∈ S, (M,u) |= P≥γ β.
Concerning the converse, from P≥α (π∨λ)∧P≥γ β we have that both P≥α (π∨λ)

and P≥γ β are true in all u ∈ S. λ is true. (∀u) (M,u) |= λ ⇐⇒ λ∧ P≥γ β is also
true. So,

(M, s) |= (P≥α (π ∨ λ) ∧ P≥γ β) → P≥α (π ∨ (λ ∧ P≥γ β)) (7)

Then, at this point we have:

(M, s) |= P≥γ β → (P≥α (π ∨ (λ ∧ P≥γ β)) ↔ (P≥α (π ∨ λ) ∧ P≥γ β)) (8)

The second case is analogous, giving

(M, s) |= ¬P≥γ β → (P≥α (π ∨ (λ ∧ P≥γ β)) ↔ (P≥α π ∧ ¬P≥γ β)) (9)

After considering the two cases we can, finally, use the propositional tautology
[(p → (q ↔ (p ∧ r))) ∧ (¬p → (q ↔ (¬p ∧ s)))] → [(q ↔ ((r ∧ p) ∨ (s ∧ ¬p)))],
together with (8) and (9) to conclude (3).

We can this way bring all the probabilistic operators to the outermost level:3

Theorem 2. Every formula ϕ is equivalent to a formula ψ in normal form,
i. e., a formula without nesting of probabilistic operators.

3 This result seems parallel to a result [7, Theorem 3.1.30] about a language with
quantifiers, which proof is given with induction on ϕ.
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4 Decision Procedure

As previously explained, the semantic definition for PFKD45 -formulas is based
on Probabilistic Kripke Models. For each world w there is a set of worlds that
w considers possible and each one of these possible worlds is specified according
to the formulas it satisfies. For instance, if in the actual world w P≥1 p holds,
the probability values assigned to the possible worlds where p is true sum up
to 1 (which, in this case, guarantees that all the worlds where p is false have
probability zero).
In other words, by definition, the probability of a formula is given by the sum
of the probability values assigned to the worlds that satisfy this formula, and
satisfiability of a propositional formula is given by the assignment of truth-values
to its symbols. So, by evaluating formulas, we identify the worlds where those
formulas are satisfied. As a result, we can obtain the values that, once assigned
to the set of possible worlds, can satisfy the modal formula present in the agent’s
specification.

The idea is to convert the set of formulas into constraint (in)equations.
The inequation components represent all the possible truth valuations for the
propositional symbols. A finite set of formulas is given, and a finite set of con-
straint (in)equations will be generated; each formula is converted into a set of
(in)equational statements.

For instance, consider that the agent specification is expressed by the set of
formulas: {P≥0.8p, P

≥
0.7q} and F = {0, 0.1, 0.2, ..., 0.9, 1}. The four possible sets of

worlds (characterised by the truth-assignments) are: p1q1 (where both p and q
hold), p1q0 (in which p holds and the negation of q holds), p0q1 (in which the q
and negation of p hold) and p0q0 (where both negations hold).

In the given example, the set of constraints generated is:

p0q0 + p0q1 + p1q0 + p1q1 = 1
p1q0 + p1q1 ≥ 0.8
p0q1 + p1q1 ≥ 0.7

The first equation expresses the fact that probability values have to sum up to
1. The two inequations represent constraints on the worlds in which p holds and
worlds in which q holds, respectively.

Solving the constraint (in)equations determines which are the values in set
F that obey the constraints imposed by the formulas and can be, consequently,
applied to the set of worlds. Therefore, the decision procedure turns out to be
a mechanism for finding all the possible probability assignments for the set of
possible worlds that would satisfy the specified formulas, as long as this set of
formulas is consistent. Otherwise, no possible assignment exists.

As mentioned above the decision procedure converts the set of formulas into
a set of constraint (in)equations. Identifying the propositional symbols is essen-
tial for determining the inequation components, and the number of components
grows exponentially in the number of propositional symbols. Each formula de-
termines which components constitute each inequation. Finally, the inequations
are produced and solved.
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Theorem 3 (Decision Procedure). A formula ϕ in PFKD45 is satisfiable
if, and only if, there is a solution for the set of (in)equations generated from ϕ
within the domain F .

5 Example

We present a simple example to show what an agent specification might look like
in the PFKD45 language. This is a variety of the the common “travel agent”
scenario whereby once the travel agent believes you might be interested in a
holiday, (s)he sends you information. The basic formulas are given as follows (the
finiteness of the domain ensures that this example can indeed be represented in
a propositional language).

A. ask(you, x) → P≥0.8 go(you, x), i. e., “if you ask for information about the
destination x, then I believe that you wish to go to x with probability greater
than, or equal to, 0.8”

B. P=
1 [go(you, x) → buy(you, holiday, x)], i. e., “I believe that, if you wish to

go to x, then you will buy a holiday in x”
C. P>0.5buy(you, holiday, x) → sendinfo(you, x ), i. e., “if I believe that you will

buy a holiday for x with probability greater than 0.5, I send information
about holidays at x”

D. ask(you, x), i. e., “you ask for information on destination x”

From D and A and R1 we have: P≥[0.8] go(you, x) (Res1).
From Res1, A3 and item B: P>[0.7]buy(you, holiday, x) (Res2).
From Res2 and T6: P>[0.5]buy(you, holiday, x) (Res3).
From Res3 and item C: sendinfo(you, x )

Referring to the decision procedure execution, there are three formulas to be
evaluated (the ones that express degrees of beliefs):

1. P≥0.8 go(you, x) (from A)
2. P=

1 [go(you, x) → buy(you, holiday, x)] (from B)
3. P>0.5buy(you, holiday, x) (from C)

We obtain 6 solutions when solving the first two rules. From this set, all solutions
satisfy the antecedent of the third rule (as would be expected by the formal
proof given above). Which means that, whatever solution is chosen as a possible
value assignment, the antecedent of rule C is true. Or, independently of the
assignment, sendinfo(you, x ) is a logical consequence of the knowledge theory,
and six assignments can be considered as options when building a model for the
agent specification.

In this case, the six assignments for [B0G0, B0G1, B1G0, B1G1] are:
[0, 0, 0, 1], [0, 0, .1, .9], [0, 0, .2, .8], [.1, 0, 0, .9], [.1, 0, .1, .8] and [.2, 0, 0, .8]

(where ”B” represents buy(...) and ”G” go(...)).
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5.1 Limiting F

In this section, we elaborate on ways to automatically generate an appropriate
base set for a formula. In particular, we will look at sets F that are generated
by some number 1

d . For such an F , we will write F = 1
d . In general we have

that satisfiability is preserved when considering bigger sets F : if F ⊆ F ′, then
PFKD45- satisfiability implies PF ′KD45- satisfiability. As a consequence, we
have that a formula ϕ is PFKD45-satisfiable for some F if, and only if, it is
PF ′KD45-satisfiable for some generated F ′. So, given a formula ϕ, can we gen-
erate a F which is sufficient for satisfiability of ϕ? If we succeed in this, the user
of the specification language PFKD45 need not bother about a specific F , but
instead can leave the system to generate it.

To get a feeling for how sensitive the matter of satisfiability is against the
choice of F , suppose we have three atoms p, q and r, and let L(p, q, r) be the
set of conjunctions of literals over them: L = {(¬)p ∧ (¬)q ∧ (¬)r} and let our
constraint ϕ be: ∧

ψ∈L(p,q,r)

(P>0 ψ ∧ P<0.5ψ) (10)

If F = 1
4 , there is no model for (10), since every combination of atoms ψ would

have a probability of 1
4 , giving the disjunction

∨
ψ ∈ L(p, q, r)ψ a ‘probability’

of 2, which is, of course, not possible. One easily verifies that (10) is satisfiable
for a set F generated by 1

d iff d ≥ 8, giving enough ‘space’ for each of the ψ’s.
A range F with few elements easily gives rise to unsatisfiability. Axiom A7

forces one to make ‘big jumps’ between constraints: if we have P>ri
ϕ for a certain

ri ∈ F , we are forced to assign ϕ at least the next probability in F , viz., ri+1.

We now sketch a way to construct an F from the formula ϕ in a most cautious
way. Consider the formula ϕ. Rewrite all the occurrences of P∼x ψ in ϕ in such a
way, that they all have a common denominator d: every P∼x ψ gets rewritten as a
P>m

d
ψ. Let x1, . . . xm be all the boolean combinations of atoms from ϕ (m = 2k).

The formula ϕ gives rise to a number of v inequalities I:

I(d) =

⎧⎨⎩
κ11x1 + κ12x2 + . . . + κ1m ∼1

n1
d

. . . ∼ . . .

κv1x1 + κv2x2 + . . . + κvm
∼k k1

d

Since solutions of I(d) are obtained by taking linear combinations of the inequal-
ities: it is clear that they are (as linear combinations of the right hand sides) of
the form n

d , for some n. Now, take the first xi that is not yet determined, say
the tightest constraint on xi says that is is between ni

d and ni+t
d for certain n

and t. Then we can safely add the constraint xi = ni+t
2d to I(d) and obtain a set

of inequalities I(2d). Doing this iteratively gives us the following:

Conjecture 1. Let ϕ be a formula in our language, with denominator d. Then, ϕ
is satisfiable for some F iff ϕ if satisfiable for Fϕ = 1

2·d·2k , where k is the number
of atoms occurring in ϕ.
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6 Related Work and Conclusion

Several methods have been developed to deal with uncertain information, often
being split between numerical (or quantitative) or symbolic (or qualitative) ones
[12]. PFKD45 is a system that combines logic and probability. In this sense, it
is related to other work that showed how this combination would be possible
in different ways [6]. One of those possible approaches is the interpretation of
the modal belief operator according to the concept of ‘likelihood’ (as in [8]).
In this logic, instead of using numbers to express uncertainty one would have
expressions like “p is likely to be a consistent hypothesis” (as a state is taken as
a set of hypotheses “true for now”). That is, a qualitative notion of likelihood
rather than explicit probabilities.

PFKD45 was designed for reasoning with (exact) probabilities. Its Proba-
bilistic Kripke Model semantics is similar to the one presented in [5,4]. In their
formalism, a formula is typically a boolean combination of expressions of the
form a1w(ϕ1) + ... + akw(ϕk) ≥ c, where a1, ..., ak, c are integers, and each ϕi
is propositional. The restriction of having ϕ’s as purely propositional does not
apply to PFKD45 . Besides, the system in [5,4] includes, as axioms, all the for-
mulas of linear inequalities; consequently, their proofs of completeness rely on
results in the area of linear programming. Our logic is conceptually simpler. Fi-
nally, PFKD45 differs mainly from other systems for representing beliefs and
probability by allowing only a finite range of probability values, an assumption
that at the same time imposes restrictions about the values that can be assigned
to the possible worlds and permits the restoration of compactness for the logic.

Maybe the work closest to ours is that of [11]. It considers languages for first
order probabilities, and the compactness of PFKD45 easily follows from [11,
Theorem 11]. They also consider the case in which all the worlds are assigned
the same probability function, but for a language that forbids iteration.

In this paper, we presented PFKD45 , a simple and compact logic combining
modal logic with probability. Despite the inclusion of new axioms and slight
changes in the semantics, it was shown how the logic preserves important results
about soundness, completeness, finite model and decidability of the previous sys-
tem PFD [9]. In addition, new results about nested beliefs have been presented,
a decision procedure for the logic has been developed, and brief examples were
given showing how the language can serve as an appropriate basis concerning
the informational attitudes of an agent specification language. In summary, we
proposed not only a complete axiomatization for the logic, but also a decision
procedure that permits us to verify satisfiability of PFKD45 -formulas.

The use of a finite range F of probability values is a peculiar, and important,
property of our logic. Although the use of a base F causes a logical restriction, it
seems possible to chose its granularity according to the intended agent’s applica-
tion. Besides, as discussed earlier in Section 1, the compactness that it brings has
significant benefits. Furthermore, a finite range of probability values reduces the
computational effort required when building a model for the agent description.
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Finally, this work on PFKD45 represents one step towards our main goal: an
agent programming language capable of specifying and implementing agents that
deal with uncertain information, together with new mechanisms for handling
such uncertainty in executable specifications. Future work will concentrate on
developing an executable framework combining the probabilistic approach of
PFKD45 with the dynamic approach of and Temporal Logics. This will allow
us to capture, in our simple an compact approach, the key aspects of uncertain
agents working in an uncertain world.
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Abstract. Practical reasoners are resource-bounded—in particular they require
time to derive consequences of their knowledge. Building on the Timed Reasoning
Logics (TRL) framework introduced in [1], we show how to represent the time
required by an agent to reach a given conclusion. TRL allows us to model the kinds
of rule application and conflict resolution strategies commonly found in rule-based
agents, and we show how the choice of strategy can influence the information an
agent can take into account when making decisions at a particular point in time.
We prove general completeness and decidability results for TRL, and analyse the
impact of communication in an example system consisting of two agents which
use different conflict resolution strategies.

1 Introduction

Most research in logics for belief, knowledge and action (see, for example, [12,6,10,
11,16,17,5,13,20,18]) makes the strong assumption that whatever reasoning abilities an
agent may have, the results of applying those abilities to a given problem are available
immediately. For example, if an agent is capable of reasoning from its observations
and some restricted set of logical rules, it derives all the consequences of its rules
instantaneously.

While this is a reasonable assumption in some situations, there are many cases
where the time taken to do deliberation is of critical importance. Practical agents take
time to derive the consequences of their beliefs, and, in a dynamic environment, the
time required by an agent to derive the consequences of its observations will determine
whether such derivations can play an effective role in action selection. Another example
involves more standard analytical reasoning and a classical domain for the application
of epistemic logics: verifying cryptographic protocols. An agent intercepting a coded
message usually has all the necessary “inference rules” to break the code. The only
problem is that if the encoding is decent, it would take the intercepting agent millennia
to actually derive the answer. On the other hand, if the encryption scheme is badly
designed or the key length is short, the answer can be derived in an undesirably short
period of time. The kind of logical results we want to be able to prove are therefore of
the form agent i is capable of reaching conclusion φ within time bound t.

In this paper we show how to model the execution of communicating rule-based
agents using Timed Reasoning Logics (TRL). TRL is a context-logic style formalism
for describing rule-based resource bounded reasoners who take time to derive the conse-
quences of their knowledge. This paper builds on the work in [1], where we introduced
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TRL. In that paper, we described how our logic can model different rule application
and conflict resolution strategies, and proved soundness and completeness of the logic
TRL(STEP) which captures the all rules at each cycle rule application strategy used by
step logic [3] (for another example of a TRL(STEP) logic, see [21]). We also showed
how to model a single rule at each cycle strategy similar to that employed by the CLIPS
[19] rule-based system architecture, and sketched a logic TRL(CLIPS). In this paper, we
prove a general soundness and completeness result for TRL, from which soundness and
completeness of TRL(CLIPS) follows. We study TRL(CLIPS) in more detail and give
a detailed example involving two communicating agents using different CLIPS conflict
resolution strategies.

2 Model of an Agent

In this section we outline a simple model of the kind of rule-based agent whose execution
cycle we wish to formalise.

A rule-based agent consists of a working memory and one or more sets of condition-
action rules. The working memory constitutes the agent’s state, and the rules form the
agent’s program. We assume that agents repeatedly execute a fixed sense-think-act cycle.
At each tick of the clock, an agent senses its environment and information obtained by
sensing is added to the previously derived facts and any a priori knowledge in the
agent’s working memory. The agent then evaluates the condition-action rules forming
its program. The conditions of each rule are matched against the contents of the agent’s
working memory and a subset of the rules are fired. This typically adds or deletes
one or more facts from working memory and/or results in some external actions being
performed in the agent’s environment. For the purposes of this paper the only external
action we assume is a ‘communication’action which allows agents to communicate facts
currently held in working memory to other agents.

Our interest here is with the rule application and conflict resolution strategy adopted
by the agent. In general, the conditions of a rule can be consistently matched against
the items in working memory in more than one way, giving rise to a number of distinct
rule instances. Following standard rule-based system terminology we call the set of rule
instances the conflict set and the process of deciding which subset of rule instances are
to be fired at any given cycle conflict resolution. Agents can adopt a wide range of rule
application and conflict resolution strategies. For example, they can order the conflict
set and fire only the first rule instance in the ordering at each cycle, or they can fire all
rule instances in the conflict set on each cycle once, or they can repeatedly compute the
conflict set and fire all the rule instances it contains set until no new facts can be derived
at the current cycle. We call these three strategies single rule at each cycle, all rules at
each cycle, and all rules to quiesence respectively.

3 Timed Reasoning Logics (TRL)

The literature contains many attempts at providing a logic of limited or restricted rea-
soning. However most of these do not explicitly take account of time. For example,
Levesque’s [12] logic of implicit and explicit belief restricts an agent’s explicit beliefs
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(the classical possible worlds notion) by allowing non-classical (either incomplete or
impossible) worlds to enter an agent’s epistemic accessibility relation. Although agents
need not then believe all classical tautologies, they remain perfect reasoners in relevance
logic. In [7] Fagin & Halpern propose an alternative approach to restricting possible
worlds semantics which involves a syntactic awareness filter, such that an agent only
believes a formula if it (or its subterms) are in his awareness set. Agents are modelled as
perfect reasoners whose beliefs are restricted to some syntactic class compatible with the
awareness filter. Konolige [10] represents beliefs as sentences belonging to an agent’s
belief set, which is closed under the agent’s deduction rules. A deduction model assigns
a set of rules to each agent, allowing representation of agents with differing reasoning
capacities within a single system. However the deduction model tells us what a set of
agents will believe after an indefinitely long period of deliberation.

The only logical research we are aware of which represents reasoning as a process
that explicitly requires time is step logic [2,4,3]. However, until recently, step logic
lacked adequate semantics. In [15] Nirkhe, Kraus & Perlis propose a possible-worlds
type semantics for step logic. However this re-introduces logical omniscience: once an
agent learns that φ, it simultaneously knows all logically equivalent statements. In more
recent work [9], Grant, Kraus & Perlis propose a semantics for step logic which does not
result in logical omniscience, and prove soundness and completeness results for families
of theories describing timed reasoning. However, their logic for reasoning about time-
limited reasoners is first-order and hence undecidable (even if the agents described are
very simple).

The approach we describe in this paper, Timed Reasoning Logics (TRL), avoids the
problem of logical omniscience and is at the same time decidable. TRL is a context-
logic style formalism for describing rule-based resource bounded reasoners who take
time to derive the consequences of their knowledge. Not surprisingly, in order to avoid
logical omniscience, a logic for reasoning about beliefs has to introduce syntactic objects
representing formulas in its semantics. In [9], domains of models of the meta-logic for
reasoning about agents contain objects corresponding to formulas of the agent’s logic.
We have chosen a different approach, where models correspond to sets of agent’s states
together with a transition relation (similar to [5]). States are identified with finite sets of
formulas and the transition relation is computed using the agent rules.

This paper builds on the work in [1], where we introduced TRL. In this section, we
give a slightly more general formulation of TRL than that given in [1], and prove its
soundness and completeness.

3.1 TRL Syntax

Our choice of syntax is influenced both by step logics and context logics and by Gabbay’s
Labelled Deductive Systems [8]. To be able to reason about steps in deliberation and
the time deliberation takes, we need a set of steps, or logical time points, which we will
assume to be the set of natural numbers. To be able to reason about several agents, we
also have a non-empty set of agents or reasoners A = {a, b, c, i, j, i1, . . . , in . . .}.

Different agents may use different languages. To be able to model changes in the
agent’s language, such as acquiring new names for things etc., we also index the language
by time points: at time t, agent i speaks the language Lit.
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Well formed formulas in the agent’s languages Lit are defined in the usual way. For
example, if La0 (the agent a’s language at time 0) is a simple propositional logic with
propositional variables p0, p1, . . . , pn, then a well formed formula φ of La0 is defined as

φ = pi|¬φ|φ → φ|φ ∧ φ|φ ∨ φ

As in context logic, we use labelled formulas to distinguish between beliefs of differ-
ent agents at different times. If i is an agent, t is a moment of time, and φ a well-formed
formula of the language Lti, then (i, t) : φ is a well-formed labelled formula of TRL.

The general form of an inference rule in TRL is:

(i1, t) : φ1, . . . , (in, t) : φn
(i, t + 1) : φ

with a possible side condition of the form: provided that (i1, t) : φ1, . . . , (in, t) : φn and
the set Δt of all formulas derived at the previous stage in the derivation (see Definition 1
below) satisfy some property. For example, a side condition for a defeasible rule may
be that some formula is not in Δt.

A significant restriction on the format of possible TRL rules is that only finitely many
formulas labelled t should be derivable starting with a finite set of labelled formulas Γ ,
for any t. For example, supposing we had an operator Ba for “agent a believes that”,
then the following negative introspection rule:

(a, t + 1) : ¬Baφ given that (a, t) : φ �∈ Δt

cannot be introduced in unrestricted form since it would generate infinitely many for-
mulas at step t + 1.

A simple example of a TRL rule is an inference rule corresponding to a rule in the
agent’s program. If agent a’s program contains the rule

A(x), B(x) → C(x)

then the corresponding inference rule in TRL would be

(a, t) : A(x), (a, t) : B(x)
(a, t + 1) : C(x)

Depending on the agent’s rule application strategy, the TRL inference rule may have
a side condition stating, for example, that it may only be applied if no other rule is
applicable.

Another kind of rule which we will see later is used to model communication between
agents. For example,

(a, t) : φ
(b, t + 1) : Baφ

expresses the fact that wheneverabelievesφ, at the next step bbelievesBaφ. In this paper,
we do not explicitly model message passing. Instead we assume that whenever an agent
derives a fact of a certain form it communicates this fact to other agents. The message
arrives at the next tick of the clock, and is ‘observed’ immediately. In the example above,
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whenever a derives φ, it sends a message containing φ to b, which arrives at t + 1. This
model corresponds to perfect broadcast communication with a fixed one tick delay.

The derivability relation in a TRL logic may be non-monotonic due to the agent’s
rule application strategy (e.g. only one of the rules is applied at each cycle) or to the
presence of defeasible rules. Before we give a formal definition of derivability, we need
a couple of auxiliary definitions. Let R be a set of TRL rules and Δ a finite set of labelled
formulas. Then by R(Δ) we denote the set of all labelled formulas derivable from Δ
by one application of a rule in R. Formally, R(Δ) is the set of all labelled formulas
(i, t + 1) : φ such that there is a rule in R of the form

(i1, t) : φ1, . . . , (in, t) : φn
(i, t + 1) : φ

and (i1, t) : φ1, . . . , (in, t) : φn ∈ Δ and any side condition of the rule, holds for
(i1, t) : φ1, . . . , (in, t) : φn and Δ. Finally, given a set of labelled formulas Γ , we write
Γk for the subset of Γ labelled by time point k (formulas in Γ of the form (j, k) : ψ for
any agent j).

Definition 1. Given a set of TRL rules R, a labelled formula (i, t) : φ is derivable using
R from a set of labelled formulas Γ :

Γ #R (i, t) : φ

if there exists a sequence of finite sets of labelled formulas

Δ0, Δ1, . . . , Δt,

such that (i, t) : φ ∈ Δt and

1. Δ0 is the union of Γ0 and all axioms in R labelled by time 0 (i.e., (j, 0) for some
agent j).

2. Δk is the union of Γk and R(Δk−1).

3.2 TRL Semantics

We identify the local state of agent i at time t, mi
t, with a finite set {φ1, . . . , φn} of

formulas of the agent’s language at time t, i.e.Lit.At this point, we don’t require anything
else in addition to finiteness. In particular, this set may be empty or inconsistent.

A TRL model is a set of local TRL states. Each local state in a TRL model is indexed
by an element of the index set I = A × N, which is the set of pairs (i, t), where i is
an agent and t is the step number. In addition, a TRL model should satisfy constraints
which make it a valid representation of a run of a multi-agent system. To formulate
those constraints, we need the additional notions of observation and inference, which
constrain how the next state of an agent will look.

Each agent has a program—a set of rules which it uses to derive its next state given
its current state and any new beliefs it obtains by observing the world. We therefore equip
each model with an obs function and a set of inf i functions (one for each agent i). Intu-
itively, obs models observations, which we take to include inter-agent communication,
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and takes a step t and an agent i as arguments and returns a finite set of formulas in the
agent’s language at that step. This set is added to the agent’s state at the same step (we
thus model observations as being believed instantaneously). Each inf i models agent i’s
computation of a new state by mapping a finite set of formulas in the language Lit to
another finite set of formulas in the language Lit+1. Intuitively, inf i takes the tokens in
agent i’s state at time t, applies the rules in i’s program to them to obtain a new set of
tokens, which, together with i’s observations at time t + 1, constitute its state at time
t + 1.

Definition 2 (TRL Model). Let A be a set of agents and {Lit : i ∈ A, t ∈ N} a set of
agent languages. A TRL model M is a tuple 〈obs, inf i, {mi

t : i ∈ A, t ∈ N}〉 where obs
is a function which maps a pair (i, t) to a finite set of formulas in Lit, inf i is a function
from finite sets of formulas in Lit to finite sets of formulas in Lit+1, and each mi

t is a
finite set of formulas in Lit such that mi

t+1 = inf i(mi
t) ∪ obs(i, t + 1).

Definition 3 (Satisfaction and Logical Entailment). A labelled formula (i, t) : φ is
true in a model, written M |= (i, t) : φ, iff φ ∈ mi

t (the state indexed by (i, t) in M
contains φ). A labelled formula (i, t) : φ is valid, |= (i, t) : φ, iff for all models M ,
M |= (i, t) : φ. Let Γ be a set of labelled formulas. Γ logically entails (i, t) : φ,
Γ |= (i, t) : φ, if in all models where Γ is true, (i, t) : φ is true.

3.3 Soundness and Completeness of TRL

In this section we prove a general soundness and completeness result for TRL systems.
We are going to show that given a set of TRL rules R (the only condition on R is that
starting from a finite set of premises, it only produces a finite set of consequences labelled
t, for any t) and a set of TRL models S, describing possible runs of a multi-agent system,
R is sound and complete with respect to S if, and only if, S is the set of models which
conform to R in the sense defined below.

Definition 4. A TRL model M conforms to a set of TRL rules R if for every rule in R
of the form

(i1, t) : φ1, . . . , (in, t) : φn
(i, t + 1) : ψ

possibly with some side condition on Δt, M satisfies the property that if for all premises
of the rule, φk ∈ mk

t , and the side condition of the rule holds for
⋃
j∈Amj

t substituted
for Δt, then ψ ∈ mi

t+1.

Before proving the main theorem, we need one more notion, similar to the notion of
a knowledge-supported model in [9]:

Definition 5. [Minimal Model] A TRL model M conforming to a set of TRL rules R is
a minimal model for a set of labelled formulas Γ if for every i, t and φ, φ ∈ mi

t iff one
of the following holds:
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1. there is a rule in R of the form

(i1, t) : φ1, . . . , (in, t) : φn
(i, t + 1) : φ

for all premises of the rule, φk ∈ mk
t−1 and the side condition of the rule holds for⋃

j∈Amj
t−1 (in other words, φ is in mi

t because the model conforms to R)
2. or (i, t) : φ ∈ Γ in which case φ ∈ obs(mi

t).

A minimal model for Γ only satisfies the formulas in Γ and their logical conse-
quences.

Lemma 1. Let M be a minimal model for Γ conforming to R. Then for every formula
φ, φ ∈ mi

t iff Γ #R (i, t) : φ.

Proof. The proof goes by induction on t. If t = 0, then the only way φ ∈ mi
0 is because

φ ∈ obs(i, 0) hence (i, 0) : φ ∈ Γ so Γ #R (i, 0) : φ. Inductive hypothesis: suppose
that for all agents j and all s ≤ t, φ ∈ mj

s iff Γ #R (j, s) : φ. Let φ ∈ mi
t+1. Then

either (i, t + 1) : φ ∈ Γ hence Γ #R (i, t + 1) : φ, or there is a rule in R of the form

(i1, t) : φ1, . . . , (in, t) : φn
(i, t + 1) : ψ

such that ψ = φ and φ1, . . . , φn ∈ mi
t (and the side condition of the rule holds for

the set of formulas in the union of all states at time t). By the inductive hypothesis,
Γ #R (ik, t) : φk. Hence by this same rule, Γ #R (i, t + 1) : φ.

Theorem 1. Given a set of TRL rules R, for any finite set of labelled formulas Γ and a
labelled formula φ, Γ #R φ iff Γ |=R φ where R is the set of all models conforming to
R.

Proof. Soundness (Γ |=R φ ⇒ Γ #R φ) is standard: clearly, in a model conforming
to R the rules in R preserve validity.

Completeness: supposeΓ |=R φ. Consider a minimal model forΓ ,MΓ , conforming
to R. Since Γ |=R φ and our particular model MΓ conforms to R and satisfies Γ ,
MΓ |= φ. From Lemma 1, Γ #R φ.

Theorem 2. Given a set of TRL rules R, for any finite set of labelled formulas Γ and a
labelled formula φ, it is decidable whether Γ #R φ or Γ |=R φ where R is the set of
all models conforming to R.

Proof. From Theorem 1 above, the questions whether Γ #R (i, t) : φ and whether
Γ |=R (i, t) : φ, where R is the set of models conforming to R, are equivalent. Consider
a minimal model MΓ for Γ . If Γ |=R (i, t) : φ, then φ ∈ mi

t in MΓ . On the other hand,
from Lemma 1, if φ ∈ mi

t then Γ #R (i, t) : φ. Hence φ ∈ mi
t iff Γ #R (i, t) : φ iff

Γ |=R (i, t) : φ.
It is easy to see that given that Γ is finite and rules in R only produce a finite number

of new formulas at each step, the initial segment of M (up to step t) can be constructed
in time bounded by a tower of exponentials in |Γ | of height t (but nevertheless bounded).
Then we can inspect mi

t to see if φ is there.
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4 TRL(CLIPS)

As an example of a logical model of an agent based on TRL, we show how to model
a simple system consisting of two communicating agents. The agents use a CLIPS-
style [19] single rule at each cycle rule application strategy. However each agent uses
a different CLIPS conflict resolution strategy. We show that the adoption of different
conflict resolution strategies by each agent can result in a reduction in the time required
to derive information for action selection.

CLIPS has been used to build a number of agent-based systems (see, e.g., [14]).
In CLIPS each rule has a salience reflecting its importance in problem solving. At
each cycle, all rules are matched against the facts in working memory and any new
rule instances are added to the conflict set. Rule matching is refractory, i.e., rules don’t
match against the same set of premises more than once. New rule instances are placed
above all rule instances of lower salience and below all rules of higher salience. If rule
instances have equal salience, ties are broken by the conflict resolution strategy. CLIPS
supports a variety of conflict resolution strategies including depth, breadth, simplicity,
complexity, lex, mea, and random. The default strategy, called depth, gives preference
to new rule instances; breadth places older rule instances higher. Once the conflict set
has been computed, CLIPS fires the highest ranking rule instance in the conflict set at
each cycle.

Consider an agent with the following set of rules using the depth conflict resolution
strategy:

R1: tiger(x) -> large-carnivore(x)
R2: large-carnivore(x) -> dangerous(x)

R1 has greater salience than R2. If the agent’s working memory contains the following
fact:

0:tiger(c)

then at the next cycle the agent would derive

1:large-carnivore(c)

Assume that at this cycle the agent observes a second tiger, and a corresponding fact is
asserted into working memory:

1:tiger(d)

Instances of R1 have greater salience than instances of R2, so on the following cycle the
agent will derive

2:large-carnivore(d)

Both “large-carnivore(c)” and “large-carnivore(d)” match R2, but
“large-carnivore(d)” will be preferred since it it is a more recent instance of
R2 than “large-carnivore(c)”. On the following cycle the agent will derive

3:dangerous(d)
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Finally the agent derives:

4:dangerous(c)

This is trivial example. However, in general, the time at which a fact is derived can be
significant. For example, in developing an agent we may wish to ensure that it responds
to dangers as soon as they are perceived rather than after classifying objects in the
environment. In our short example, the delay in identifying danger is just one step, but it
is easy to modify the example to make the delay arbitrarily long (by introducing n new
tigers instead of one at cycle 1).

It is easy to see that the TRL logic corresponding to the single rule at each cy-
cle strategy is non-monotonic. For instance, in the example above, {0:tiger(c)} #
2:dangerous(c), but {0:tiger(c), 1:tiger(d)} �# 2:dangerous(c).

To reflect salience of rules, we assume that there is a partial order ≤j,r on the set of
rules Rj = {R1, . . . , Rn} which correspond to the rules of agent j’s program. Note that
the logic will contain more rules describing agent j in addition to Rj ; e.g. rules which
model observation, or the fact that formulas persist in the state. To determine which rule
instance will be fired at a given step in a TRL(CLIPS) derivation, we need to compute a
‘conflict set’ of sets of premises matching rules in Rj , order it by a total order, and fire
the rule with the premises which come top in that order. The total order on the conflict
set is determined by the agent’s conflict resolution strategy.

To be more formal, let Δt be the set of all formulas derived at step t. Let Cj,t be the
the conflict set for j at t, namely Cj,t = {〈(j, t) : φ1, . . . , (j, t) : φn, Ri〉 :
(j, t) : φ1...n ∈ Δt, Ri ∈ Rj , and (j, t) : φ1, . . . , (j, t) : φn match Ri}.

Define the order <depth (depth order on Cj,t, to be read as ‘lower in the depth order’)
as follows:

〈(j, t) : φ1, . . . , (j, t) : φn, Ri〉 <depth 〈(j, t) : ψ1, . . . , (j, t) : ψn, Rm〉

iff

1. Ri ≤r,j Rm (Ri has lower salience); or
2. Ri =r,j Rm, but 〈(j, t) : φ1, . . . , (j, t) : φn, Ri〉 is an earlier rule instance, that

is, for some Δs with s < t, 〈(j, s) : φ1, . . . , (j, s) : φn, Ri〉 ∈ Cj,s and 〈(j, s) :
ψ1, . . . , (j, s) : ψn, Rm〉 �∈ Cj,s; or

3. (j, t) : φ1, . . . , (j, t) : φn and (j, t) : ψ1, . . . , (j, t) : ψn match rules of the same
salience and were added to the conflict set at the same time, but
(j, t) : φ1, . . . , (j, t) : φn is lower in some arbitrary, e.g., lexicographic, order.

For the breadth order <breadth, we reverse the second clause of the definition; now
the premises which belong to a conflict set Cj,s for the earliest time s are higher in the
order.

We introduce meta-logical abbreviation topj,depth(φ1, . . . , φm, Δt) and
topj,breadth(φ1, . . . , φm, Δt) to indicate that the set of premises φ1, . . . , φm is
the highest in the <depth (<breadth) order among the conflict set Cj,t of formulas from
Δt.

Finally, we need to account for the refractoriness of the CLIPS rule application
strategy: any rule instance is only used once in the TRL(CLIPS) derivation. To be precise,
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for any rule Rj and a set of premises (i, t) : φ1, . . . , (i, t) : φn matching this rule, if at
some step s < t the rule Rj was fired with a set of premises which were the same but for
step label (e.g. (i, s) : φ1, . . . , (i, s) : φn), then (i, t) : φ1, . . . , (i, t) : φn are excluded
from the conflict set Ci,t.

The rules of a single rule at each cycle agent i using the depth strategy then become
(for φ1, . . . , φn → ψ):

(i, t) : φ1, . . . , (i, t) : φn, Δt

(i, t + 1) : ψ

provided topi,depth((i, t) : φ1, . . . , (i, t) : φn, Δt), namely the premises of the rule are
maximal in the <depth order in the conflict set for i at t. In what follows, we refer to
such a proviso as ‘standard proviso for depth order’. For example, the agent a from the
example above has a rule:

(a, t) : Tiger(x), Δt

(a, t + 1) : Large-Carnivore(x)

provided topa,depth((a, t) : Tiger(x), Δt)
For monotonic agents (who keep all the facts they derived earlier) we have an addi-

tional monotonicity rule which does not have a side condition, is always applicable, and
is excluded from the ordering of the internal agent rules proper:

(i, t) : φ
(i, t + 1) : φ

To give an example of an observation rule, suppose that the agent a gets some of its
information about the world from agent b. In particular, if b decides that something is
nearby, then at the next step a also decides that it is nearby:

(b, t) : Near(x)
(a, t + 1) : Near(x)

This rule also does not have any side conditions.
The notion of derivation in TRL(CLIPS) is a special case of TRL derivation as given

in Definition 1.

4.1 Example

In this section we give a worked example of a derivation in TRL(CLIPS). Our example
involves two agents, a and b. They have the same set of rules with the same salience
order and start with the same set of observations, but a uses the depth strategy, while b
uses the breadth conflict resolution strategy. We show that they both can reach the same
conclusion, (classify a tiger as a dangerous object), however if they communicate, they
can reach this conclusion faster.

The rules corresponding to the program rules of agent a are (with the standard proviso
for depth order):

(a, t) : Large(x), (a, t) : Carnivore(x), (a, t) : Near(x), (a, t) : Free(x), Δt

(a, t + 1) : Dangerous(x)
R1
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(a, t) : Bengal-Tiger(x), Δt

(a, t + 1) : Tiger(x)
R2

(a, t) : Tiger(x), Δt

(a, t + 1) : Large(x)
R3

(a, t) : Tiger(x), Δt

(a, t + 1) : Carnivore(x)
R4

(a, t) : Distance < 5m(x), Δt

(a, t + 1) : Near(x)
R5

(a, t) : ¬Caged(x), Δt

(a, t + 1) : Free(x)
R6

The rules for agent b are the same, with topa,depth replaced with topb,breadth. The
salience order on rules is R1 ≥r R2 ≥r {R3, R4, R5, R6}.

In addition, both agents have the monotonicity rule and the following communication
rules:

(a, t) : Large(x)
(b, t + 1) : Large(x)

(a, t) : Carnivore(x)
(b, t + 1) : Carnivore(x)

(b, t) : Near(x)
(a, t + 1) : Near(x)

(b, t) : Free(x)
(a, t + 1) : Free(x)

Suppose both agents start with the same set of observations, corresponding to a
sighting of a Bengal tiger at a distance less than 5 meters, and apparently uncaged:
(a, 0) : Bengal-Tiger(c), (a, 0) : Distance < 5m(c), (a, 0) : ¬Caged(c), (b, 0) :
Bengal-Tiger(c), (b, 0) : Distance < 5m(c), (b, 0) : ¬Caged(c). At this step, both
agent’s conflict sets are the same: all formulas match one of the rules, but the highest
salience rule is R2, in the case of a matched by (a, 0) : Bengal-Tiger(c). The other
two rule instances in Ca,0 are (a, 0) : Distance < 5m(c) matching R5 and (a, 0) :
¬Caged(c) matching R6 (similarly for Cb,0). So at the next step, Δ1 contains (a, 1) :
Bengal-Tiger(c), (a, 1) : Distance < 5m(c), (a, 1) : ¬Caged(c), by the monotonicity
rule, and (a, 1) : Tiger(c) by R2, and corresponding formulas for b. From step 1, the
conflict sets of the two agents diverge: agent a places a new rules instance, (a, 1) :
Tiger(c) which matches R3, at the top of the conflict set, while agent b favours one of
the old rule instances, let’s say R5. The new formulas in Δ2 are (a, 2) : Large(c), and
(b, 2) : Near(c).

At this stage, the top rule instance for a is (a, 2) : Tiger(c) matching R4, while the
top rule instance for b is (b, 2) : ¬Caged(c) matching R6. In addition, both agents have
now derived formulas of the kind they communicate to each other; so at the next step, a
will discover that c is nearby and b will discover that c is large. The new formulas in Δ3
are (a, 3) : Carnivore(c), (a, 3) : Near(c), (b, 3) : Free(c), (b, 3) : Large(c).
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At the next step, both agents will acquire the facts (a, 4) : Large(c), (a, 4) :
Carnivore(c), (a, 3) : Near(c), (a, 4) : Free(c), and will match the rule with the
top salience, R1, to derive (a, 5) : Dangerous(c) (similarly for b). The reader will eas-
ily verify that it would have taken the agents longer to derive Dangerous(c) without
communication.

5 Conclusion

In this paper we showed how to model the execution of communicating rule-based agents
using Timed Reasoning Logics (TRL). Our framework allow us to model agents at a
fine-grained level, so that we can prove, for example, that the agent will use so many
computation cycles to arrive at a given conclusion.

In previous work [1], we showed how to model a single rule at each cycle strategy
similar to that employed by the CLIPS [19] rule-based system architecture, and sketched
a logic TRL(CLIPS). In this paper, we prove a general soundness and completeness re-
sult for TRL, from which soundness and completeness of TRL(CLIPS) follows. We
study TRL(CLIPS) in more detail and give a detailed example involving two commu-
nicating agents using CLIPS rule application strategy. The example is quite simple, but
it demonstrates that we can compare different agent designs and prove properties of
various conflict resolution strategies in the presence of communication between agents.

In the future, we plan to add a more fine-grained analysis of action and communica-
tion to the TRL framework. It would also be interesting to investigate more systematically
the impact of communication on the time required by agents to reach a given conclusion.
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Abstract. This paper is an analysis of two knowledge representation
extensions of logic programming, namely Answer Set Programming and
ID-Logic. Our aim is to compare both logics on the level of declarative
reading, practical methodology and formal semantics. At the level of
methodology, we put forward the thesis that in many (but not all) exist-
ing applications of ASP, an ASP program is used to encode definitions
and assertions, similar as in ID-Logic. We illustrate this thesis with an
example and present a formal result that supports it, namely an equiva-
lence preserving translation from a class of ID-Logic theories into ASP.
This translation can be exploited also to use the current efficient ASP
solvers to reason on ID-Logic theories and it has been used to implement
a model generator for ID-Logic.

1 Introduction

This paper is a comparison of Answer Set Programming [9,12], more precisely,
of General Logic Programming [8] or Stable Logic Programming [11], and ID-
Logic [2,6]. Both logics can be considered as extensions of logic programming for
knowledge representation. The basic formal result of this paper is an equivalence
preserving translation from an important class of ID-Logic theories to ASP. This
result leads to improved understanding of these logics in different ways. Not only
does it give insight in the formal relationships between the logics, but it also
leads to improved understanding of the methodology of ID-Logic and ASP and
allows to compare them. Moreover, this result can be exploited to use the current
generation of efficient ASP solvers to reason on or perform problem solving using
ID-Logic theories. In fact, we discuss an existing model generator for ID-Logic
which we built using this translation and the Smodels system.

ID-Logic is an extension of classical first order logic that allows for a uniform
representation of various forms of definitions, including non-inductive definitions,
monotone inductive definitions (e.g. the transitive closure of a graph) and non-
monotone forms of inductive definitions such as iterated induction and induction
over well-founded posets (e.g. the standard definition of truth of a formula in a
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structure). An ID-Logic theory consists of a set of FOL sentences, called asser-
tions, and definitions. A definition is represented as a set of definitional rules of
the form ∀x̄(A ← α) where A is an atom, ← the so-called definitional implication
(to be distinguished from material implication, ⊂) and α a FOL formula (thus
negation in ID-Logic is classical negation). A definition defines a set of defined
predicates, namely those occurring in the head of rules, in terms of other open
predicates, which appear only in the body of rules. Note that an ID-Logic theory
never contains a definitional rule; it only may contain sets of such rules. The for-
mal semantics is an integration of classical logic semantics and the well-founded
semantics for definitions. Formally, Abductive Logic Programming under well-
founded semantics can be seen as the subformalism of ID-Logic consisting of
theories with only one definition and imposing the Domain Closure Axiom and
the Unique Name Axioms. In [4], a extension called NMID-logic was proposed
allowing for arbitrary boolean combinations of definitions and FOL formulas.
The same paper explores the use of this logic for knowledge representation in
the context of situation calculus.

The second formalism that we consider here is General Logic Programming
[8] or Stable Logic Programming as it was called in [11,12]. A program in this
formalism consists of general program rules of the form A ← Body where A is
an atom and Body is a conjunction of literals B or not B where B is an atom.
The semantics is the stable model semantics. The formalism is a subformalism
of Answer Set Programming (ASP), without the strong negation and the dis-
junction in the head. Despite these limitations, most applications of ASP can be
represented in it or in its extension with weight constraints [12]. The formalism
is generally seen as a sublogic of default logic and negation as failure as a default
negation operator “it is possible to assume that A is false”.

Both logics show considerable differences on the conceptual, syntactical and
semantical level. Yet, if we compare examples and methodologies, striking sim-
ilarities show up. To illustrate this, we take a representation of the wellknown
notion of hamiltonian cycles of a graph. (See Figure 1, where we implicitly as-
sume that the unique names axioms and the domain closure axioms hold.)

There is an apparent similarity on the level of clauses and structure of the
theory. In both theories, four different parts can be distinguished:

– data, representing the graph by a set of atomic clauses in ASP or by two
definitions of V ertex/1 and Edge/2 in ID-Logic.

– ASP rules to open up predicates, here only the predicate in/2. In ASP, this
can be done also using a disjunction (as in dlv) or using a weight constraint
(as in Smodels). Often, such rules specify also a domain for the opened
predicate. The domain of in/2 is the predicate edge/2 which means that
in/2 is a subset of edge/1. As ID-Logic is an extension of classical logic,
predicates are open per default; the domain declaration is formalised by an
implication.

– definitions, here only of the concept of reachable vertices (through hamilto-
nian edges).
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ID-Logic ASP (taken from [11])⎧⎨⎩V ertex(U)←

...

⎫⎬⎭⎧⎨⎩Edge(U, V )←

...

⎫⎬⎭{
InitialV tx(U)←

}

vertex(u)←

...

edge(u, v)←

...

initialvtx(u)←

in(V 1, V 2)←

edge(V 1, V 2), not out(V 1, V 2)

out(V 1, V 2)←

edge(V 1, V 2), not in(V 1, V 2)⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
∀x, y(Reached(x)←

In(y, x) ∧ InitialV tx(y))

∀x, y(Reached(x)←

In(y, x) ∧Reached(y))

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
reached(V 2)←

in(V 1, V 2), reached(V 1)

reached(V 2)←

in(V 1, V 2), initialvtx(V 1)

∀x, y(In(x, y) ⊃ Edge(x, y))

∀x, y, z((In(x, y) ∧ In(x, z)) ⊃ (y = z))

∀x, y, z((In(y, x) ∧ In(z, x)) ⊃ (y = z))

∀x(V ertex(x) ⊃ Reached(x))

f ← in(V 2, V 1), in(V 3, V 1),

not V 2 = V 3, not f

f ← in(V 1, V 2), in(V 1, V 3),

not V 2 = V 3, not f

f ← not reached(X), not f

Fig. 1. Hamiltonian circuit

– assertions, (called constraints in ASP) representing the basic properties of
hamiltonian cycles.

Note that negation as failure in the ASP program corresponds to classical nega-
tion in the ID-Logic theory. This shows that in this type of ASP programs,
negation as failure is to be interpreted as classical negation.

The role of definitional and assertional knowledge for knowledge representa-
tion has long been recognised in AI [18,1] and was the motivation for Descrip-
tion logics. The distinction between both sorts of knowledge is a fundamental
one which sheds light on certain aspects of ASP methodology that are otherwise
hard to explain. For example, we need to express that in a hamiltonian cycle,
all vertices are reachable. In ID-Logic this property is expressed by the FOL
axiom ∀x(V ertex(x) ⊃ Reached(x)). In the ASP program, this is expressed by
the constraint f ← not reached(X), not f . Consider an alternative represen-
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tation by the rule reached(X) ← vertex(X). If we use this representation, we
actually get models in which no edge belongs to the hamiltonian cycle. How can
we explain this? The reason is that ASP interprets reached(X) ← vertex(X) as
an additional definitional rule, while in fact, it represents assertional knowledge.
The only correct way to represent such knowledge in ASP, is by constraints such
as f ← not reached(X), not f .

In our experience, the pattern of four parts consisting of data, declarations
of open predicates, definitions and assertions, can be found in most applications
of Stable Logic Programming. Other examples can be found in [13,14], in which
different LP-approaches to KR are compared. The thesis that we want to launch
in this paper, is that SLP can be interpreted as a language for representing
definitions and assertions and moreover that this explains most applications and
the methodology that is commonly used in ASP.

Of course, this thesis cannot be formalised or formally proven. However,
the rest of this paper is concerned with a formal translation from ID-Logic with
Unique Names Axioms and the Domain Closure Axiom to general logic programs
which provides strong support for the thesis. The translation sheds light on how
assertions and definitions are implicitly encoded in ASP. The main problem for
proving the correctness of this translation is the use of well-founded semantics
in ID-Logic versus stable semantics in ASP: basically we will show that the non-
determinism of multiple stable models of many ASP programs derives from the
combination of open predicates with deterministic definitions on top of them.

As a final remark, we do not claim that all ASP programs can be understood
as encodings of ID-Logic theories. Certain ASP programs should be understood
as autoepistemic theories or default theories, and not as ID-Logic theories. An
example taken from [7] is the following rule:

check status(X) ← person(X), not orphan(X), not ¬orphan(X)

The intended declarative reading of this rule is that the status of a person should
be checked if it is unknown whether it is an orphan or not. In this rule, the
negation as failure has indeed a non-objective modality; such a modality is not
available in ID-Logic. What this also shows is that in different applications and
subsets of ASP, negation as failure and the rule operator have different meanings.
This ambiguity is investigated in [4].

2 Preliminaries

2.1 Logic Programs

We first introduce some terminology and basic concepts. A vocabulary τ is a set
of constant, function, predicate and variable symbols. The Herbrand universe
of τ , consisting of all terms of τ is denoted HU(τ). A Herbrand interpretation
of τ is a set of ground atoms of τ , containing all atoms that are true. A 3-
valued Herbrand interpretation will be defined here as a pair (I, J) of Herbrand
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interpretations such that I ⊆ J . Intuitively, an atom A is true in (I, J) if it is true
in I, it is false in (I, J) if it is false in J and otherwise, it is undefined in (I, J).
A pair (I, J) is viewed here as a tuple of underestimate I and overestimate J .

A general logic program (in τ) is a set of clauses of the form A ← A1∧. . .∧Ai∧
not Ai+1 ∧ . . .∧not An, with A, Ai all atoms (in τ). We allow infinite programs
and infinitary rules (i.e. i and n can be infinite). A definite logic program P is a
general logic program without negative literals. A definite logic program has a
least Herbrand model denoted LHM(P ).

The grounding of a general logic program P is defined as usual, as the set of
all rules that can be obtained by instantiating variables in rules of P by ground
terms. Also usual, the grounding is seen as a propositional logic program.

We recall the stable semantics [8] and well-founded semantics [17] of general
logic programs. As usual, we define these semantics for propositional programs
only. Semantics of predicate programs are defined through their grounding.

Given a general logic program P in τ and a Herbrand interpretation I. The
reduct PI is the program obtained from P by deleting

– each rule that has a negative literal not qi, qi ∈ I in the body
– all negative literals in the body of the remaining rules.

Since PI is a definite logic program, LHM(PI) exists.
We define the Gelfond-Lifschitz operator GLP associated to program P as

the operator of Herbrand interpretations which maps an interpretation I to
LHM(PI).

A stable model of P is defined as a fixpoint of GLP , i.e. as a Herbrand
interpretation I such that I = LHM(PI).

To define the notion of well-founded model of P , we follow the approach of
[3]. The operator GLP is antimonotone, i.e. if I ⊆ J then GLP (I) ⊇ GLP (J).
As a consequence, GL2

P is a monotone lattice operator and has a least fixpoint
lfp(GL2

P ) and a largest fixpoint gfp(GL2
P ). The pair (lfp(GL2

P ), gfp(GL2
P )) is

the well-founded model of P . It holds that for each stable model I, lfp(GL2
P ) ⊆

I ⊆ gfp(GL2
P ).

2.2 ID-Logic

As mentioned in the introduction, an ID-Logic theory T in τ is a set of FOL
sentences and definitions. Each definition D is a set of rules of the form ∀x̄(A ←
α) where A is an atom and α a FOL formula. Each definition D has a set
Def(D) of defined predicates, i.e., those appearing in the head of a rule. (The
defined predicates may explicitly be mentioned in front of the rule set, as in
P/n,Q/m ::= {. . .}, which simultaneously defines the predicate P with arity n,
and the predicate Q with arity m. The empty definition of a predicate P/n can
be represented by P/n ::= {}.) The set τ \ Def(D) is called the set of open
symbols of D and is denoted Open(D).

The semantics of ID-Logic is based on an extension of the well-founded se-
mantics to arbitrary (non-Herbrand) interpretations. This extension associates
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with each definition D and an arbitrary interpretation Io of Open(D) a unique
(possibly 3-valued) well-founded model IDo , called the well-founded model of
D extending Io. A τ -interpretation I is a model of D if I is two-valued and
I = (I|Open(D))D. Here, I|Open(D) denotes the restriction of I to the open sym-
bols of D. Formally, an interpretation I is a model of an ID-Logic theory iff it
is a model of each of its FOL sentences and a model of each of its definitions D.
For details we refer to [2,6].

Example 1. Consider the ID-Logic definition {P ← Q}. There are two interpre-
tations of the open predicate Q of this definition: one where Q = t, one where
Q = f . The corresponding well-founded models of the definition are resp. {P,Q}
and ∅. By a symmetric argument, these interpretations are also the two models
of the definition {Q ← P}. Consequently, the theory T1 =

[
{P ← Q}, {Q ← P}

]
has models {P,Q} and ∅.

On the other hand, the theory T2 =
[
{P ← Q, Q ← P}

]
has only one model:

∅. The definition has no open predicates and its well-founded model is ∅.
From a knowledge representation perspective, the use of Herbrand interpre-

tations boils down to the use of the Domain Closure Axiom and the Unique
Name Axioms. Those are not imposed by FOL nor by ID-Logic but they can be
expressed in ID-Logic [6]. However, in the context of this paper we will only con-
sider ID-Logic theories which (implicitly) contain these axioms. So, all models
are Herbrand models (modulo isomorphism).

A crucial notion is that of totality: a definition D is total in an interpretation
Io of Open(D) iff the well-founded model IDo of D extending Io is 2-valued. A
definition D is total in a theory To in Open(D) if D is total in each model of To.
A definition D is total if it is total in the empty theory, that is if D is total in
each interpretation Io of Open(D). Intuitively, a definition D is total in Io if the
definition allows to determine the truth values of all the defined atoms in the
context of Io.

3 The Transformation

We first present a formal transformation for a restricted subclass of ID-Logic
theories which comprises the example of Section 1. In the next subsection, we
extend the transformation to more general cases.

We will use the following notion of equivalence. Let τ1, τ2 be vocabularies
extending τ , and T1 and T2 theories in respectively τ1, τ2; then T1 and T2 are
equivalent in τ (denoted T1 ≡τ T2) if for each τ1-model M1 of T1, there exists a
τ2-model M2 of T2 such that M1|τ = M2|τ and vice versa. The theories T1 and
T2 do not necessarily belong to the same logic, e.g., T1 might be an ID-Logic
theory and T2 a stable logic program.

3.1 A First Transformation

The class of ID-Logic theories T considered here in this section have a similar
structure as the example of Section 1. They consist of the following components:
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– definitions DP/m to represent data, defining certain predicates by exhaustive
enumeration. Such definitions consist of ground atomic rules;

– one domain declaration ∀x̄(P (x̄) ⊃ CP (x̄)) for each predicate P/n, open in
all definitions of T ; CP is a conjunction of literals and will be called the
domain of P/n. An example is the FOL axiom ∀x, y(In(x, y) ⊃ Edge(x, y));

– a set of definitions D1, . . . , Dn defining other concepts; the bodies of all rules
are conjunctions of literals;

– a set of FOL formulas in the clausal form ∀(A1 ∧ . . . An ⊃ B1 ∨ . . . ∨ Bm),
where Ai, Bj are atoms.

In addition, the definitions of T should satisfy some other conditions. To express
these conditions, we need the following concept. The dependency relation P/n ≤
Q/m of T is the least transitive relation between predicate symbols containing
all pairs (P/n,Q/m) such that Q/m appears in the head and P/n in the body
of some rule of some definition D ∈ T . We call an ID-Logic theory T stratified
if each predicate is defined in at most one definition of T and any two predicates
P/n and Q/m are defined in the same definition of T whenever P/n ≤ Q/m and
Q/m ≤ P/n. Given this concept, T should also satisfy the following conditions:

– T is a stratified ID-Logic theory;
– each definition D ∈ T is total.

A theory T satisfying the above conditions can be easily transformed into a
stable logic program PT . We describe this transformation in two steps:

– The first step transforms the ID-Logic theory T in an ID-Logic theory T ′ =
Ta ∪ {DT }, where Ta consists of all FOL axioms of T and DT =

⋃
D∈T D,

with Def(DT ) =
⋃
D∈T Def(D). So, all definitions are merged. Notice that

this theory is formally an abductive logic program under the well-founded
semantics (where the abducible predicates correspond to Open(DT )).

– In the second step we replace ¬ by not, and ∧ by “,” in the definition DT .
Also, we switch case of constant, functor and variable symbols. Using the
method of Satoh and Iwayama [15] to transform an abductive logic program
into a stable logic program, we then interpret DT as a set of ASP rules, and
add to this set the rules

P (X̄) ← CP (X̄), not P ∗(X̄)

P ∗(X̄) ← CP (X̄), not P (X̄)

,

for each predicate P/n ∈ Open(DT ). Finally, for each clause ∀(A1∧ . . . An ⊃
B1 ∨ . . . ∨Bm) ∈ Ta, we add one rule to the set:

f ← A, . . . , An, not B1, . . . , not Bm, not f.

Theorem 1. An Herbrand interpretation M is a model of T if and only if there
is a stable model M ′ of PT such that M = M ′|τ .
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Proof. (sketch) The theory T satisfies the conditions of the modularity theorem
of [5]. As a consequence, the ID-Logic theories T an T ′ are equivalent and the
definition DT is total. The ID-Logic theory T ′ is formally an abductive logic
program under the well-founded semantics. Moreover, because of the totality of
DT , all well-founded models are 2-valued, and hence the well-founded and stable
semantics coincide. The correctness of the last step of the transformation (i.e.
from an abductive logic program under the stable semantics to a stable logic
program) was proven in [15].

Example 2. The ID-Logic theory of section 1 satisfies the conditions speci-
fied in this section. The only non-trivial condition is the totality of the def-
inition of Reached. This definition is a monotone definition (no negative lit-
erals with defined predicates in the body of rules) and such definitions are
total [5]. The only difference between the translation of this theory and the
ASP theory from Fig. 1, is that our translation uses the constraint “f ←
V ertex(x), not Reached(x), not f”, while the original ASP theory uses “f ←
not reached(X), not f” instead.

3.2 Extending the Transformation

This section presents an extension of the transformation to a broader class of
ID-Logic theories, by providing three separately applicable transformations to
theories from the class considered in Section 3.1:

– a transformation from non-stratifiable to stratifiable ID-Logic theories;
– a transformation from arbitrary FOL axioms to clausal axioms;
– a transformation from rules with FOL formulas in the body to conjunctive

rules.

Non-stratifiable theories. The previous section imposed that no predicate
should be defined in more than one definition, and if predicates P/n and Q/m
depend on each other, then they are defined in the same definition. If these
conditions are not satisfied, then merging together all definitions into one is not
equivalence preserving. Example 1 already illustrated this for a non-stratified
theory (the theories [{P ← Q}, {Q ← P}] and [{P ← Q,Q ← P}] are not equiv-
alent); the next example shows the problem with multiple definitions for the same
concept.

Example 3. Consider the ID-Logic theory

T =

⎡⎣{∀x(Person(x) ← Man(x) ∨Woman(x))} ,
{∀x(Person(x) ← Child(x) ∨Adult(x))}

⎤⎦
This theory contains two definitions for the predicate Person. These definitions
constrain each other; for example, T logically entails the formula ∀x(Man(x) ∨
Woman(x) ≡ Child(x) ∨ Adult(x)). If the definitions are merged, this formula
is not longer entailed.



116 M. Mariën, D. Gilis, and M. Denecker

The problems shown are easy to avoid by renaming the defined predicates
before merging. We create a new ID-Logic theory T (1) consisting of the following
parts:

– for each definition D ∈ T , a definition D′ obtained from D by replacing any
occurrence of P ∈ Def(D) by PD, where PD is a new predicate;

– all assertions of T ;
– formulas ∀x̄(P (x̄) ≡ PD(x̄)) for each definition D and predicate P defined

in D.

Theorem 2. The theory T (1) is a stratified theory. It holds that T ≡τ T (1)

(where τ is T ’s vocabulary). Moreover if each definition of T is total, then each
definition of T (1) is total.

Example 4. The theory T1 from example 1 is transformed by this first step into

T
(1)
1 =

⎡⎣{PD1 ← Q
}

PD1 ≡ P{
QD2 ← P

}
QD2 ≡ Q

⎤⎦
Transforming FOL formulas in clausal form. The standard transformation
of FOL formulas into clausal form cannot be used in this context. The reason
is that we assume the Unique Names Axioms while the transformation to CNF
introduces skolem function symbols to which the Unique Names Axioms do not
apply. Instead, the following variant transformation can be used. Each FOL
formula can be brought in the form:

∀(F1 ∨ . . . ∨ Fn ∨G1 ∨ . . . ∨Gm)

where each Fi is a literal and each Gi is an existentially quantified formula ∃xHi.
Let x̄i be all free variables of Gi. We introduce for each Gj , 1 ≤ j ≤ m a

new predicate Pi/ni where ni is the number of variables in x̄i, and translate the
above FOL formula in:

∀(F1 ∨ . . . ∨ Fn ∨ P1(x̄1) ∨ . . . ∨ Pm(x̄n))

combined with definitions

{∀x̄i(Pi(x̄i) ← Gi)}

Let T be an abritrary ID-Logic theory, and T (2) be the ID-Logic theory
obtained by applying the above transformation.

Theorem 3. It holds that T ≡τ T (2) where τ is the vocabulary of T (without
the new symbols Pi/ni).



On the Relation Between ID-Logic and Answer Set Programming 117

Creating conjunctive bodies. We now discuss how to transform definitional
rules with FOL bodies to rules with conjunctions of literals in the body. The
transformation is basically the one proposed by Lloyd and Topor [10], with the
exception of the rule for removing universal quantifiers in bodies. Rules of the
form

∀(H ← F ∧ (∀xV (x)) ∧ G)

are transformed by Lloyd and Topor into a pair of rules

∀(H ← F ∧ ¬P ′(y1, . . . , ym) ∧ G)

∀(P ′(y1, . . . , ym) ← ¬V (x))

where y1, . . . , ym are the free variables of ∀xV (x) and P ′ is a new predicate.
However, if a predicate depending on H occurs in V (x), this transformation is
not equivalence preserving in general. Instead, we replace this rule with

∀ (H ← F ∧ V (C1) ∧ V (C2) ∧ . . . ∧ G) .

where C1, C2, . . . are all terms in the Herbrand universe. Of course, this trans-
formation rule may produce infinitary rules in case the Herbrand Universe is
infinite.

The set of all rewrite rules are presented in Figure 2, where F and G denote
arbitrary FOL formulae.

By applying the above rewrite rules on an arbitrary ID-Logic-definition D
until none is applicable anymore, we obtain a definition D′ such that all bodies
are conjunctions of literals. The following theorem holds.

Theorem 4. The definitions D and D′ are logically equivalent. Moreover, if D
is total then so is D′.

At this point, we can transform any ID-Logic-theory T into an equivalent ID-
Logic-theory T (3) which is stratified and such that all bodies of definitional rules
are conjunctions of literals. More precisely, it holds that T ≡τ T (3). Moreover, if
all definitions of T are total, then all definitions of T (3) are total. Consequently,
the conditions of theorem 1 hold and T (3) can be transformed into an equivalent
stable logic program PT (3) . We find that T ≡τ PT (3) .

4 A Model Generator for ID-Logic

The above transformation, apart from showing the commonalities between
methodology of ASP and of ID-Logic, also provides us with an effective means to
compute models for a subclass of ID-Logic theories with total definitions: we first
translate them, and then apply a stable model generator, such as lparse/Smodels,
to the translation.

Since the general tranformation may produce infinitary rules, and/or rules
which have to be grounded w.r.t. HU(τ), we further restrict the class of ID-Logic
theories.
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replace by

∀x̄ (H ← F ∧ (∃y1 . . . ymV ) ∧G) ∀x̄, y1, . . . ym : (H ← F ∧ V ∧G)

∀x̄ (H ← F ∧ ¬(∃y1 . . . ymV ) ∧G) ∀x̄ (H ← F ∧ ∀y1 . . . ym¬V ∧G)

∀x̄ (H ← F ∧ ¬(∀y1 . . . ymV ) ∧G) ∀x̄, y1, . . . ym (H ← F ∧ ¬V ∧G)

∀x̄(H ← F ∧ (V ≡ W ) ∧G) ∀x̄(H ← F ∧ ((V ∧W ) ∨ (¬V ∧ ¬W )) ∧G)

∀x̄(H ← F ∧ (V ⊂ W ) ∧G)
∀x̄(H ← F ∧ V ∧G)

∀x̄(H ← F ∧ ¬W ∧G)

∀x̄(H ← F ∧ ¬(V ⊂ W ) ∧G) ∀x̄(H ← F ∧ ¬V ∧W ∧G)

∀x̄(H ← F ∧ (V ∨W ) ∧G)
∀x̄(H ← F ∧ V ∧G)

∀x̄(H ← F ∧W ∧G)

∀x̄(H ← F ∧ ¬(V ∨W ) ∧G) ∀x̄(H ← F ∧ ¬V ∧ ¬W ∧G)

∀x̄(H ← F ∧ ¬(V ∧W ) ∧G)
∀x̄(H ← F ∧ ¬V ∧G)

∀x̄(H ← F ∧ ¬W ∧G)

∀x̄(H ← F ∧ ¬¬V ∧G) ∀x̄(H ← F ∧ V ∧G)

Fig. 2. Lloyd-Topor transformations for obtaining conjunctive bodies

Definition 1 (Restricted definitions). We define that a definition D is re-
stricted in an ID-Logic theory T , by the following inductive rules:

– D is a definition by exhaustive enumeration (of ground facts), or
– D satisfies the following conditions:

• all bodies are conjunctions of literals, and each predicate of the body is
defined in a restricted definition in T ,

• each variable occuring in the head of a rule also occurs in a positive
literal of the body of this rule, and

• there is no other definition in T defining predicates defined in D

We denote the predicates of an ID-Logic theory T defined in a restricted
definition with Restricted(T ). If the definitions of restricted predicates are finite,
the extension of each restricted predicate is finite and can be computed easily.
Consequently, each conjunction R of atoms from Restricted(T ) has a finite and
computable extension.

To avoid the infinitary rules which are produced in the presence of recursion
over ∀, we restrict the use of ∀ to formulas of the form “∀x̄(R(x̄) ⊃ F (x̄))”,
where R is a conjunction of restricted atoms, and all free variables of F (x̄) occur
in R(x̄). A rule “∀ȳ(H ← F ∧ ∀x̄(R(x̄) ⊃ F (x̄)) ∧ G)” can be transformed into
“∀ȳ(H ← F ∧F (C̄1)∧ . . .∧F (C̄n)∧G), where C1, . . . , Cn are all elements of the
extension of R. (Of course, we only do so if F contains a predicate depending
on H, otherwise we can just use Lloyd-Topor’s transformation.)
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Definition 2 (Strongly range-restricted ID-Logic theory). An ID-Logic
theory T is strongly range-restricted if the following conditions hold (below, R(x̄)
denotes a conjunction of restricted atoms):

– any definition in it is total;
– all quantifiers in assertions and bodies of rules are restricted to formulas of

the form ∀x̄(R(x̄) ⊃ F (x̄)) and ∃x̄(R(x̄) ∧ F (x̄));
– for each open predicate P there is one domain declaration ∀x̄(P (x̄) ⊃ R(x̄));
– each definitional rule is of the form ∀x̄(P (x̄) ← R(x̄) ∧ F );

Theorem 5. A strongly range-restricted ID-Logic theory is transformed by our
transformation to a strongly range-restricted [16] general logic program.

Note that lparse/Smodels requires strongly range-restricted programs. There-
fore, by requiring strongly range-restrictedness of our ID-Logic theories, we can
calculate ID-Logic models using lparse/Smodels.

We have devised an implementation of our transformation, which, when ap-
plied on theories from this class, and combined with lparse/Smodels, computes
ID-Logic models.

5 Conclusions

We presented a general tranformation from ID-Logic theories to stable logic
programs. This transformation illustrates the fundamental distinction between
definitional and assertional knowledge and shows how these can be encoded
in Stable Logic Programming. We believe our transformation truthfully corre-
sponds to the way many ASP programs in many applications are developed.
This way, the transformation sheds light on the methodologies of ID-Logic and
ASP.

Also, the transformation has enabled us to create an ID-Logic model genera-
tor, by applying our transformation on an ID-Logic theory, and using an existing
ASP model generator to find the models of the resulting program.
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Abstract. Statistical Default Logic (SDL) is an expansion of classical
(i.e., Reiter) default logic that allows us to model common inference
patterns found in standard inferential statistics, e.g., hypothesis testing
and the estimation of a population‘s mean, variance and proportions.
This paper presents an embedding of an important subset of SDL theo-
ries, called literal statistical default theories, into stable model semantics.
The embedding is designed to compute the signature set of literals that
uniquely distinguishes each extension on a statistical default theory at a
pre-assigned error-bound probability.

1 Introduction

Standard statistical inference is non-monotonic. Parameters of a target popula-
tion may be estimated by measures taken on a sample that, after testing for bias,
serve as a defeasible estimate of the population’s corresponding parameters. For
example, we may estimate the age of a population by identifying the mean age
of a representative sample drawn from the population. However, classifying a
sample as representative is not straightforward since knowing that a sample is
representative is to be in the position of not needing to use inferential statistics.

The fit between a statistic and a target parameter is defeasible because a
sample, however carefully selected, may fail to be representative of the target
population. Consider the estimation of a population’s mean age. Textbooks ad-
vise that drawing a sample at random is a good procedure for selecting repre-
sentative samples [2],[12],[8]. But of course drawing a sample at random does
not guarantee that it is representative. Suppose a random sample selects only
subscribers to Rolling Stone, a magazine covering popular culture catering to
young adults. Suppose also that the population whose age we are interested in
estimating is of a particular medium-sized city. Our background knowledge con-
cerning the constitution of cities would make us suspect that the sample we’ve
drawn does not give us a close estimate of the city’s mean age even though the
sample was drawn at random.

In [7] it was shown that key assumptions employed in standard inferential
statistical practice, such as the random sampling assumption, actually function
like default justifications. In [16] an expanded default logic, called statistical de-
fault logic, was introduced to capture the defeasible structure of basic statistical
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inference. The resulting logic provides a knowledge representation framework
for representing standard statistical argument forms and sequences composed of
statistical and deductive inference steps.1

In this paper we present an embedding of an important fragment of statistical
logic into answer-set programming. The structure of the paper is as follows. First
we will present a brief motivation for statistical default logic from a knowledge
representation point of view, highlighting the structural similarity between a
standard statistical inference and statistical default inference forms. Next we will
present an example of a statistical default extension. (Refer to [16] for details.)
We then present an embedding of a fragment of statistical default logic into
answer-set programming. This embedding faithfully captures the central and
new notion in statistical default logic, namely that of terminating admissible
inference sequences at a specified threshold level. Finally, we highlight the novelty
of these results by comparing them to existing probabilistic logic programming
frameworks.

2 Representing Statistical Inference Within Statistical
Default Logic

We assume here familiarity with classical default logic [15]. Statistical default
logic [16] extends classical default logic by associating with each element in a
default theory, both formulae from a propositional language and defaults, a real
number 0 ≤ ε ≤ 1 called an error-bound parameter.

A statistical default is an inference form that explicitly acknowledges the
upper limit of the probability of applying that default rule and accepting a false
statement.2

Definition 1. A statistical default is an ordered pair consisting of a classical
propositional default in the first coordinate an error bound parameter ε in the
second coordinate, displayed as

α : β1, ..., βn
γ

ε. (1)

Expression (1) is called an ε-bounded statistical default (s-default, for short),
where ε expresses the upper limit on the probability of applying (1) and accepting
that γ is true when γ is false. We say that the error-parameter ε is an ε-bound
for the s-default displayed in expression (1).

The logic also replaces sentences in the propositional language with sentence-
ε pairs, called bounded sentences.
1 Representing statistical argument forms by defaults is distinct from [1], which studied

the representation of statistical statements rather than statistical inference.
2 A trivial corollary of the probability of error α̂ for a statistical inference is the upper

limit of the probability of error, denoted by ε. So, if α̂ = 0.03 is understood to mean
that the probability of committing a Type I error is 0.03, then ε = 0.03 is understood
to mean that the probability of committing a Type I error is no more than 0.03.
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Definition 2. Bounded sentence: A sentence φ bounded by ε is an ordered pair
〈φ, ε〉, written (φ)ε for short, where φ is a sentence in the propositional language
L and ε ∈ [0, 1]. (φ)ε ≡ φ, if ε = 0.

Whereas a classical default theory Δ = 〈F,D〉 consists of a set F of first-
order formulae and a countable set D of defaults, a statistical default theory
Δs = 〈W,S〉 is defined as a pair consisting of a set W of bounded sentences and
a set S of statistical defaults.

Note that a Reiter default is a special case of an s-default, namely when
ε = 0 and classical default logic is a special case of statistical default logic,
namely when the ε-bound of every bounded sentence and every s-default is zero.
We refer readers to [16] for the main results of statistical default logic.

Following [7], we demonstrate how to use an s-default to represent the key
structural features of an inference of the mean age of a population, X. This
problem is an instance of an inference of the mean of a normal distribution
when the standard deviation is known. Suppose we draw a sample s on X and
calculate the mean age of s, s = 24 years. It is reasonable for us to infer that
the mean age of X is in the interval 288 months (24 years) ±1.96σ, where σ is
the standard deviation of age in months derived from the cardinality of s. Given
the s-default rule schemata (α : β1, ..., βn/[ε]γ), we may suppose that

α : The calculated mean age of s is 288 months ∧ Measurement errors
are distributed normally with mean zero and variance σ2.

γ : The age of X is within two standard deviations of 288 months.
β1 : This is the only statistic we have for X.
β2 : There is no prior statistical knowledge of the distribution of age

in the class that s belongs to that would lead to a conflicting inference.
β3 : There is no information concerning the condition of the sample

that preëmpts the information provided by the calculation of s.
ε = 0.05.

Notice that we could collect additional statistics of the age of X and undermine
the conclusion drawn from this rule. Surely if we have two statistics, we should
use a distribution for the average of the two values (in most cases) and that uses
a smaller variance.

Whether this, or one of the other justifications β1, ..., β3 is triggered does not
undermine the prerequisite. It remains the case that the calculated mean age
of s is 288 months and that the distribution of errors is normal, with a mean
of zero and its characteristic variance. It is the consequent, the conclusion that
claims that the mean age of the population X is 288 months ±2σ months, that
is blocked. Notice that it is blocked when we have additional not necessarily
non-contrary information.

Justification β2 says that if there is prior statistical information regarding the
mean age of X, then that information should take precedence over any conclusion
drawn from the measurement report. For instance, if we are dealing with a popu-
lation with known descriptive statistics (e.g., given by a census), this knowledge
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should be taken account of: we typically would not infer that the estimate based
upon s supersedes the census description of X, for suitably small populations
not affected by data recording errors. If we already have knowledge of the age
of X this knowledge should block the application of this particular default rule.

The last default, β3, concerns general conditions that should be in place to get
a good estimation of the population’s mean age. For instance, if the sampling
procedure is carried out from a direct-mail advertiser’s database, we should
ensure that the database is not biased with respect to age. We don’t accept this
as an explicit assumption, since s belongs to infinite reference classes. Rather, if
we know that s is a member of a biased class with respect to age—such as readers
of Rolling Stone—we have grounds to block the application of the default. The
point isn’t that knowing all members of s are Rolling Stone readers entails that
s fails to be representative, but that knowing that s is drawn exclusively from
the class of Rolling Stone readers is sufficient to doubt that the statistical model
fits—that is, there is reason to doubt that s is an estimate of X within two
standard deviations of the true mean age of the population.

3 Statistical Default Extensions

Extensions for statistical default logic are constructed in the usual way, except
that the operator ‘terminates’ when inference reaches a specified threshold and
a function Crop() is called on the resulting set of bounded sentences, returning
the set of wffs without their corresponding ε-bound. For details the reader is
referred to [16].

Consider the following two examples.

Example 1. Let Δ1
s = 〈W,S1〉 be a statistical default theory, where W = ∅ and

S1 contains four s-defaults:

S1 =
{

:A
A 0.01, :B

B 0.01,A:B,C
C 0.01,A∧B:¬C

¬C 0.01
}

For an error-bound parameter ε1 = 0.02, there is one statistical default ex-
tension Π1 where Crop(Π1) contains

A,B,A ∧B,C.

The bounded sentence A at εA is included in extension Π1 by applying the
default :A

A and bounded sentence B at εB is included by applying the default
:B
B , where each inference has an error bound of 0.01, so (A)0.01 and (B)0.01.
(A ∧ B)εA∧B

is included in the extension, since the sum of the error bounds of
conjoining A and B is 0.02, that is (A ∧B)0.02. The bounded sentence C at εC
is included by using A, whose error bound is 0.01, to apply the default A:B,C

C ,
whose error bound is also 0.01. Hence (C)0.02. The default A∧B:¬C

¬C cannot be
applied because the resulting conclusion ¬C would have an error bound of 0.03,
(¬C)0.03 which is above the designated threshold ε1 = 0.02.

For a threshold parameter ε2 = 0.03, there are two statistical default ex-
tensions: Π1, which is the same as described above, and Π2, where Crop(Π2)
contains
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A,B,A ∧B,¬C.

The default rule that could not be applied before is now applicable with respect
to ε2, giving rise to the second extension Π2.3

Example 2. Now let Δ2
s = 〈W,S2〉 be a statistical default theory, where W = ∅

and S2 contains six s-defaults:

S2 =
{

:¬B,C
C 0.00, :C

C 0.02, C:B
B 0.01, :¬B

¬B 0.03, :¬B,A
A 0.01, :¬A

¬A 0.01
}

For an error-bound parameter ε1 = 0.02, there is no statistical default extension,
since while both :¬B,C

C 0.00, :C
C 0.02 yield C only the bounded sentence 〈C, 0.00〉

from :¬B,C
C 0.00 may be substituted for the antecedent of C:B

B 0.01 which in turn
is applicable in extensions consistent with B. But :¬B,C

C 0.00 is applicable only
in extensions consistent with ¬B.

For an error-bound parameter ε2 = 0.03, there are three extensions. We will
continue the convention of example 1 of distinguishing them by focusing on the
literals of each extension; this will also serve our purposes in the remainder of
the paper. However, because this example highlights the role that error-bounds
play in constructing extensions we will display the extensions first in uncropped
form, then in cropped form.

Π1 ⊇ {〈C, 0.00〉, 〈C, 0.02〉, 〈¬B, 0.03〉, 〈A, 0.01〉}
Π2 ⊇ {〈C, 0.00〉, 〈C, 0.02〉, 〈¬B, 0.03〉, 〈¬A, 0.01〉}
Π3 ⊇ {〈C, 0.02〉, 〈B, 0.01〉, 〈¬A, 0.01〉}

And the three corresponding cropped extensions are:

Crop(Π1) ⊇ {C,B,A}
Crop(Π2) ⊇ {C,¬B,¬A}
Crop(Π3) ⊇ {C,B,¬A}

We may think of each of these sets of literals as signatures of their corresponding
statistical default extensions. In what remains we propose an implementation
of statistical default logic that computes the signatures of each extension of a
statistical default theory.

4 Computing Statistical Default Extensions

In this section we describe an embedding of an important subset of statistical
default theories into stable model semantics [6]. This embedding is designed to
compute the signatures of each statistical default extension. Resorting to the
available engines for computing Stable Model and Answer Set engines [14],[4]
3 The complete cropped extensions Π1, when ε = 0.02, Π1 and Π2, when ε = 0.03,

are as follows: Π1
ε=0.02 = {A, B, A∧B, C}; Π1

ε=0.03 = {A, B, A∧B, C, A∧C, B∧C};
Π2

ε=0.03 = {A, B, A ∧B,¬C}.
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we indirectly provide an efficient implementation of statistical default logic. We
start by recalling the Stable Model semantics of Gelfond and Lifschitz [5].

A (normal) logic program is a set of rules4 of the form:

h : − a1, . . . , am, not am+1, . . . , not an

where h, and ai(0 ≤ i ≤ n) are atoms of a given first-order language. Atom h
is the head of the rule, whilst a1, . . . , am, not am+1, . . . , not an is the body. We
say that not aj is a default negated atom. A fact is a rule with an empty body
and is succinctly represented by h. A rule with free variables stands for all its
ground instances.

Definition 3. Let P be a (ground) normal logic program and M a set of ground
atoms in the language of P (i.e. a subset of the Herbrand base of P ). The reduct
PM is the default negation free program obtained from P by:

1. Removing all rules of P having a default negated atom not a in the body such
that a ∈ M .

2. Removing all occurrences of default negated atoms in the bodies of the re-
maining rules.

The set M is a stable model of P iff M is the least Herbrand model of PM .

The Answer Set Semantics [6] generalizes the Stable Model Semantics for the
so called extended logic programs. Extended logic programs consist of rules:

l : − l1, . . . , lm, not lm+1, . . . , not ln

where l and lis are literals, i.e. atoms (say, a) or the explicit negation of atoms
(say, ¬a). The semantics is given now by special sets of ground literals, the
answer sets, extending Definition 3. The reduct operation for extended logic
programs is defined similarly, but the fixpoint equation must be changed to take
into account that the reduct program is no longer a Horn program. Essentially,
it interprets a explicit negated literal ¬a as a new atom, unrelated to a, and the
least model is computed as before. A special condition is then added to treat
the case of the set of all literals. The reader is referred to [6], [11] for details.

The relationships of stable model and answer set semantics with default logic
are very well understood. See for instance [11] for a full account. In the rest of
this section we extend the existing results to statistical default logic in order to
compute statistical default extensions via stable model logic programming en-
gines. A first difficulty lies in the impossibility of representation of real numbers.
Furthermore, the existing implementations have support only for arithmetic over
the natural/integer numbers. The following condition allows the translation of
the arithmetic operations over real numbers into corresponding operations over
natural numbers:
4 We use : − instead of ← in order to respect the syntax used in the existing imple-

mentations.
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Definition 4. Let p be a non-zero natural number. A statistical default theory
Δs = 〈W,S〉 is precision limited by p, if every error bound ε in W and S is a
rational number ε = e

p , for some natural number e such that 0 ≤ e ≤ p.

We cannot translate arbitrary statistical default theories, due to the difficul-
ties of handling statistical inferences with disjunctive formulae with the proposed
embedding. Thus, we restrict ourselves to the following types of theories:

Definition 5. A literal statistical default theory is a statistical default theory
Δs = 〈W,S〉 such that:

1. Every bounded sentence in W is of the form 〈l, ε〉, where l is a literal.
2. Every statistical default in S is of the form

l1 ∧ . . . ∧ lm : j1, ..., jn
c

ε

where l1, . . . , lm, j1, . . . , jn and c are all literals.

Before we proceed, we require the following auxiliary notation. Given a lit-
eral l = a(t1, . . . , tm) or l = ¬a(t1, . . . , tm), by l[e] it is meant, respectively, the
new atom a(t1, . . . , tm, e) or neg a(t1, . . . , tm, e). This function adds a new argu-
ment for propagation of error-bounds, and introduces a new predicate name for
negated atoms. Similarly, by crop(l) we mean the new atom crop a(t1, . . . , tm)
or crop neg a(t1, . . . , tm).

Definition 6. Consider the literal statistical default theory Δs = 〈W,S〉 pre-
cision limited by p. Construct the logic program PΔs (error, p) as follows, where
error ≤ p is a natural number such that:

1. A bounded sentence 〈l, ε〉 in W is translated into the fact:

l[0].

2. For every literal l in the language add the rule

crop(l) : − l[E].

3. Every statistical default in S of the form

: j1, ..., jn
c

ε

is translated into the rule, where eps = ε× p:

c[eps] : − eps <= error, not crop(¬j1), . . . , not crop(¬jn).

4. Every statistical default in S of the form

l1 ∧ . . . ∧ lm : j1, ..., jn
c

ε
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is translated into the rule:

c[Am] : − l1[E1], . . . , lm[Em],
A1 = eps + E1, . . . , Am = Am−1 + Em, Am <= error,
not crop(¬j1), . . . , not crop(¬jn).

where eps = ε× p, and E1, . . . , Em and A1, . . . , Am are new free variables.

Complete the program PΔs with the following closure rules, for every combination
of atoms a and b in the language:

a[E] : − b[E1],¬b[E2], E = E1 + E2, E <= error.
¬a[E] : − b[E1],¬b[E2], E = E1 + E2, E <= error.

For simplicity, we assume that the sum operation, as well as the equality and
arithmetic comparison predicates are built-in. Theoretically, this can be captured
by an infinite set of ground facts of the form X = Y +Z , such that variables are
substituted by natural numbers x, y, z obeying the equation; the same applies
to facts of the form X <= Y , where X and Y are instantiated with two natural
numbers x ≤ y.

The translation is self-explanatory. The first case takes care of the theory
W ; by design of statistical default logic, it is assumed that the knowledge W
is considered to be error free. The rules introduced in the 2nd step implement
the crop operation. The translation of statistical defaults is now immediate,
where error-bounds are propagated from the bodies to the head of rules, taking
into account the global threshold error and the error-bound of the default. The
justifications are translated into default negations of the complements, as usual in
the relationships of default logic with answer set semantics. The last sets of rules
encode the explosive behavior of statistical default logic in face of contradiction,
which differs from the one of Answer Set Semantics. The major result is the
following:

Theorem 1. Consider a literal statistical default theory Δs = 〈W,S〉 with error-
bound parameter ε, and precision limited by p, and let error = ε×p be a natural
number. Then, a set of ground literals {l1, . . . , li, . . .} is contained in Crop(Π),
where Π is a statistical default extension Π of Δs, iff there is a stable model of
program PΔs (error, p) containing {crop(l1), . . . , crop(li), . . .}.

By resorting to the known translation of extended logic programming under
the answer set semantics into default logic [11] and the relationship of statistical
default logic with Reiter’s default logic we obtain the following corollary:

Corollary 1. Let P be a extended logic program and construct the statistical
default theory ΔP = 〈∅, S〉 by including in S a default

l1 ∧ . . . ∧ lm : ¬lm+1, ...,¬ln
l

0.0

for each rule
l : − l1, . . . , lm, not lm+1, . . . , not ln
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in the extended logic program. Then, M is an answer set of P iff Π is a statistical
default extension of ΔP such that Cn(M) = Crop(Π), where Cn is the first-
order consequences operator.

We conclude by illustrating the embedding:

Example 3. Consider the theory of Example 1 with error-bound threshold of
0.03, and precision limited by 100. The translated normal logic program is:

crop a :- a( ).
crop b :- b( ).
crop c :- c( ).
crop neg a :- neg a( ).
crop neg b :- neg b( ).
crop neg c :- neg c( ).

a(1) :- 1 <= 3, not crop neg a.
b(1) :- 1 <= 3, not crop neg b.

c(A1) :- a(E1), A1 = 1 + E1, A1 <= 3,
not crop neg b, not crop neg c.

neg c(A2) :- a(E1), b(E2),
A1 = 1 + E1, A2 = A1 + E2, A2 <= 3, not crop c.

a(E) :- a(E1), neg a(E2), E = E1 + E2, E <= 3.
neg a(E) :- a(E1), neg a(E2), E = E1 + E2, E <= 3.
a(E) :- b(E1), neg b(E2), E = E1 + E2, E <= 3.
neg a(E) :- b(E1), neg b(E2), E = E1 + E2, E <= 3.
a(E) :- c(E1), neg c(E2), E = E1 + E2, E <= 3.
neg a(E) :- c(E1), neg c(E2), E = E1 + E2, E <= 3.

b(E) :- a(E1), neg a(E2), E = E1 + E2, E <= 3.
neg b(E) :- a(E1), neg a(E2), E = E1 + E2, E <= 3.
b(E) :- b(E1), neg b(E2), E = E1 + E2, E <= 3.
neg b(E) :- b(E1), neg b(E2), E = E1 + E2, E <= 3.
b(E) :- c(E1), neg c(E2), E = E1 + E2, E <= 3.
neg b(E) :- c(E1), neg c(E2), E = E1 + E2, E <= 3.

c(E) :- a(E1), neg a(E2), E = E1 + E2, E <= 3.
neg c(E) :- a(E1), neg a(E2), E = E1 + E2, E <= 3.
c(E) :- b(E1), neg b(E2), E = E1 + E2, E <= 3.
neg c(E) :- b(E1), neg b(E2), E = E1 + E2, E <= 3.
c(E) :- c(E1), neg c(E2), E = E1 + E2, E <= 3.
neg c(E) :- c(E1), neg c(E2), E = E1 + E2, E <= 3.
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The stable models of the above program are:

{a(1), b(1), neg_c(3), crop_a, crop_b, crop_neg_c}

{a(1), b(1), c(2), crop_a, crop_b, crop_c}

which correspond exactly to the signature statistical default extensions of Ex-
ample 1.

Example 4. Consider the theory of Example 2 with error-bound threshold of
0.03, and precision limited by 100. The translated logic program is:

crop a :- a( ).
crop b :- b( ).
crop c :- c( ).
crop neg a :- neg a( ).
crop neg b :- neg b( ).
crop neg c :- neg c( ).

a(1) :- 1 <= 3, not crop b, not crop neg a.
neg a(1) :- 1 <= 3, not crop a.

b(A1) :- c(E1), A1 = 1 + E1, A1 <= 3, not crop neg b.
neg b(3) :- 3 <= 3, not crop b.

c(0) :- 0 <= 3, not crop b, not crop neg c.
c(2) :- 2 <= 3, not crop neg c.

a(E) :- a(E1), neg a(E2), E = E1 + E2, E <= 3.
neg a(E) :- a(E1), neg a(E2), E = E1 + E2, E <= 3.
a(E) :- b(E1), neg b(E2), E = E1 + E2, E <= 3.
neg a(E) :- b(E1), neg b(E2), E = E1 + E2, E <= 3.
a(E) :- c(E1), neg c(E2), E = E1 + E2, E <= 3.
neg a(E) :- c(E1), neg c(E2), E = E1 + E2, E <= 3.

b(E) :- a(E1), neg a(E2), E = E1 + E2, E <= 3.
neg b(E) :- a(E1), neg a(E2), E = E1 + E2, E <= 3.
b(E) :- b(E1), neg b(E2), E = E1 + E2, E <= 3.
neg b(E) :- b(E1), neg b(E2), E = E1 + E2, E <= 3.
b(E) :- c(E1), neg c(E2), E = E1 + E2, E <= 3.
neg b(E) :- c(E1), neg c(E2), E = E1 + E2, E <= 3.

c(E) :- a(E1), neg a(E2), E = E1 + E2, E <= 3.
neg c(E) :- a(E1), neg a(E2), E = E1 + E2, E <= 3.
c(E) :- b(E1), neg b(E2), E = E1 + E2, E <= 3.
neg c(E) :- b(E1), neg b(E2), E = E1 + E2, E <= 3.
c(E) :- c(E1), neg c(E2), E = E1 + E2, E <= 3.
neg c(E) :- c(E1), neg c(E2), E = E1 + E2, E <= 3.
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The stable models of the above program are:

{neg_a(1), neg_b(3), c(0), c(2), crop_neg_a, crop_neg_b, crop_c}

{neg_a(1), b(3), c(2), crop_neg_a, crop_b, crop_c}

{a(1), neg_b(3), c(0), c(2), crop_a, crop_neg_b, crop_c}

which correspond exactly to the signature statistical default extensions of Ex-
ample 2.

5 Comparisons

Literal statistical default theories have interesting connections to existing prob-
abilistic logic programming frameworks, namely the Stable Semantics for Prob-
abilistic Deductive Databases [13]. A default l1∧...lm:j1,...,jn

c ε, with ε < 1 in a
literal statistical default theory can be translated into a general probabilistic
logic program of Ng and Subrahmanian [13] of the form5:

eps: [1 − ε, 1] ←
prereq: [V, 1] ← (eps ∧ l1 ∧ . . . ∧ lm): [V, 1]
c: [V, 1] ← prereq: [1 − error, 1]

∧
prereq: [V, 1]

∧
not ¬j1 : [1 − error, 1]

∧
. . .
∧

not ¬jn : [1 − error, 1]

Note that V is an annotation variable, and error is the fixed error-bound thresh-
old parameter. The translation of the closure rules is immediate and there is no
need to introduce crop sentences, since this is already accommodated in the tests
not ¬ji : [1 − error, 1] and prereq: [1 − error, 1].

The translation is justified by the observation that a literal l with error-bound
ε is equivalent to saying that the probability of l is in the interval [1− ε, 1]. Now,
if the error-bound of a literal l1 (resp. l2) is ε1 (resp. ε2) this means that the
probability of l1 is between [1 − ε1, 1] (resp. l2 between [1 − ε2], 1]). Thus the
probability of l1∧l2 is between [1−(ε1+ε2), 1], if ε1+ε2 ≤ 1. Now, the conjunction
symbol in (eps ∧ l1 ∧ . . . ∧ lm): [V, 1]) corresponds to the conjunctive ignorance
probabilistic strategy of Hybrid Probabilistic Logic Programs [3], which combines
the probability intervals [a1, b1] and [a2, b2] according to:

[a1, b1] ∧ [a2, b2] = [max(0, a1 + a2 − 1),min(b1, b2)]

By applying the ignorance strategy to the previous intervals for l1 and l2 we
obtain the expected result:

[1 − ε1, 1] ∧ [1 − ε2, 1] = [max(0, (1 − ε1) + (1 − ε2) − 1),min(1, 1)]
= [max(0, 1 − ε1 − ε2), 1] = [max(0, 1 − (ε1 + ε2), 1]

5 The authors use ¬ instead of not to represent default negation. We use here not in
order to avoid confusion with the previous translations.



132 G.R. Wheeler and C. Damásio

It is now obvious that the framework of [13] is expressive enough to capture lit-
eral statistical default theories. However, the authors do not present in [13] any
translation into stable model semantics, which we have provided here. Further-
more, the more recent Hybrid Probabilistic Logic Programming framework [3]
does not provide a default negation construction and thus cannot embed literal
statistical default theories.

A translation of disjunctive logic programs with probabilistic semantics into
stable models is presented in [9], but assumes positively correlated interpreta-
tions, i.e. the probability of A∧B is given by the minimum of the probability of A
and the probability of B. Since SDL is intended to be quite general and therefore
adopts an ignorance strategy for combination, this framework does not appear
to be able to capture statistical default theories. Lukasiewicz also proposed an
approach for reasoning from statistical and subjective knowledge, based on the
combination of probabilistic conditional constraints with default reasoning [10],
but the relationships to our work remain to be studied.

6 Conclusions

In this paper we have presented an embedding of Literal Statistical Default
theories into stable model semantics. The embedding is designed to compute the
signature set of literals that uniquely distinguishes each extension on a statistical
default theory. We also offered a comparison of this work to existing probabilistic
logic programming frameworks, highlighting the new contribution of our results.6
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Abstract. The stable model semantics of disjunctive logic programs is based on
classical models which are minimal with respect to subset inclusion. As a conse-
quence, every atom appearing in a disjunctive program is false by default. This
is sometimes undesirable from the knowledge representation point of view and
a more refined control of minimization is called for. Such features are already
present in Lifschitz’s parallel circumscription where certain atoms are allowed to
vary or to have fixed values while all other atoms are minimized. In this paper,
it is formally shown that the expressive power of minimal models is properly in-
creased in the presence of varying atoms. In spite of this, we show how parallel
circumscription can be embedded into disjunctive logic programming in a rela-
tively systematic fashion using a linear and faithful, but non-modular translation.
This enables the conscious use of varying atoms in disjunctive logic programs —
leading to more elegant and concise problem representations in various domains.

1 Introduction

In disjunctive logic programming, a rule-based language which allows disjunctions in the
heads of rules is used for knowledge representation. Along the development of efficient
implementations such as dlv [15] and GnT [13], various problems have been formalized
as disjunctive logic programs. The semantics of disjunctive logic programs is determined
by stable models [8,20] which are minimal with respect to subset inclusion. This makes
every atom appearing in a disjunctive logic program false by default. In many cases, this
is highly desirable, but certain problems become awkward to formalize if all atoms are
blindly subject to minimization. This suggests a revision of the stable model semantics
in order to incorporate atoms that are not false by default.

The need of atoms, which are not subject to minimization, has already been realized
in conjunction with normal logic programs which form a special case of disjunctive
logic programs. Simons [23] introduces choice rules which allow the definition of atoms
not being false by default. The same effect can be obtained by allowing negation as
failure in the heads of disjunctive rules [9]: a rule of the form a ∨ ∼a represents the
fact that a can be true or false. As shown by the first author [11], negation as failure
can be removed from the heads of disjunctive rules using a linear transformation. This
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#53695) and the European Commission (contract IST-FET-2001-37004).

J.J. Alferes and J. Leite (Eds.): JELIA 2004, LNAI 3229, pp. 134–146, 2004.
c© Springer-Verlag Berlin Heidelberg 2004



Capturing Parallel Circumscription with Disjunctive Logic Programs 135

implies that choice rules can be effectively expressed using disjunctive rules. However,
it is important to realize that atoms definable in this way are essentially fixed atoms in the
sense of parallel circumscription [16] which is based on a refined notion of minimality.

In addition to fixed atoms and those subject to minimization, parallel circumscription
incorporates yet another category of atoms, namely atoms that are allowed to vary. As
demonstrated by Lifschitz’s ostrich example [16], varying atoms tend to increase the
knowledge representation capabilities of ordinary circumscription [18] where all atoms
are subject to minimization. Unfortunately, varying atoms are not yet well-supported
in disjunctive logic programming, although serious attempts to embed parallel circum-
scription into disjunctive logic programming have already been made. The approach by
Gelfond and Lifschitz [7] is restricted to the stratifiable case and the one by Sakama
and Inoue [22] involves characteristic clauses which imply an exponential time/space
complexity in the worst case. Quite recently, Lee and Lin [14] characterize parallel
circumscription in terms of loop formulas and then embed parallel circumscription in
disjunctive logic programming using them. However, the number of loops can be ex-
ponential in the worst case. Thus it remains open whether an efficient translation from
parallel circumscription into disjunctive logic programs is feasible in the general case.

The goal of this paper is to develop such a translation — enabling the conscious use
of varying atoms in disjunctive logic programs. We proceed as follows. In Section 2, we
review the syntax and semantics of disjunctive logic programs and present the notion
of visible equivalence to enable natural comparisons of programs. Then the effects of
varying and fixed atoms on the expressiveness of positive disjunctive programs are
studied in Section 3. The key result is that varying atoms lead to a proper increase
in expressive power which we believe to explain the above mentioned difficulties in
translating parallel circumscription. A linear but non-modular translation for removing
varying atoms is presented in Section 4. This paper is concluded by Section 5 where we
also sketch potential applications of varying atoms in disjunctive logic programming.

2 Disjunctive Logic Programs Revisited

In this section, we review the basic concepts of disjunctive logic programming in the
propositional case. A disjunctive logic program (DLP) Π is a set of rules of the form

a1 ∨ · · · ∨ an ← b1, . . . , bm,∼c1, . . . ,∼ck, (1)

where n,m, k ≥ 0 and a1, . . . , an, b1, . . . , bm, and c1, . . . , ck are propositional atoms.
The head of the rule a1 ∨ · · · ∨ an is interpreted disjunctively while the rest forming
the body of the rule is interpreted conjunctively. The symbol “∼” denotes negation as
failure to prove; or default negation for short. Intuitively, a rule of the form (1) acts as an
inference rule: any of the head atoms a1, . . . , an can be inferred given that the positive
body atoms b1, . . . , bm can be inferred and the negative body atoms c1, . . . , ck cannot.

We define literals in the standard way using ∼ as the connective for negation. For
any set of atoms A, we define a set of negative literals ∼A = {∼a | a ∈ A}. Since the
order of atoms is insignificant in a rule (1), we use a shorthand A ← B,∼C where A,
B and C are the sets of atoms involved in (1). If necessary, we separate rules with full
stops and we drop the symbol “←” in case of an empty body. An empty head (n = 0) is



136 T. Janhunen and E. Oikarinen

denoted by “⊥” and a rule with an empty head is called an integrity constraint. A DLP
Π is positive if and only if k = 0 holds for every rule (1) of Π . We remind the reader that
positive DLPs (PDLPs) can be viewed as propositional theories in conjunctive normal
form (CNF) which can be obtained in linear time using new atoms.

2.1 Semantics: Minimal and Stable Models

We define the Herbrand base Hb(Π) of a DLP Π as a set of atoms which contains
all atoms appearing in Π . Due to flexibility of this definition, we view Hb(Π) as the
symbol table of Π so that it contributes to the length of Π in symbols, denoted by ‖Π‖.
Following the ideas from [12], we partition Hb(Π) into two parts Hbv(Π) and Hbh(Π)
which determine the visible and the hidden parts of Hb(Π), respectively. The visibility
of atoms becomes important in Section 2.2 where the equivalence of DLPs is of interest,
but for now we concentrate on defining the semantics of propositional DLPs.

An interpretation I ⊆ Hb(Π) of Π determines which atoms a ∈ Hb(Π) are true
(a ∈ I) and which are false (a �∈ I). An interpretation I is a (classical) model of Π ,
denoted by I |= Π , if and only if for every rule A ← B,∼C of Π , B ⊆ I and C∩I = ∅
imply A∩ I �= ∅, i.e. the satisfaction of the rule body implies that one of the head atoms
must also be true. It is customary to distinguish minimal models of a DLP Π , i.e. models
M |= Π for which there are no other models N |= Π such that N ⊂ M . The set
of minimal models of Π is denoted by MM(Π). If Π is a positive DLP, then MM(Π)
determines the standard minimal model semantics of Π . Unfortunately, minimal models
do not properly capture intuitions behind DLPs involving default negation, but stable
models [8,20] provide a reasonable semantics for such programs.

Definition 1. Given a DLPΠ and an interpretationM ⊆ Hb(Π), the Gelfond-Lifschitz
reduct of Π is a positive DLP

ΠM = {A ← B | A ← B,∼C ∈ Π and M ∩ C = ∅}. (2)

An interpretation M ⊆ Hb(Π) is a stable model of Π if and only if M ∈ MM(ΠM ).

Given a DLP Π , we let SM(Π) denote the set of stable models of Π . Any two DLPs
Π and Π ′ are considered to be equivalent under the stable model semantics, denoted
by Π ≡ Π ′, if and only if SM(Π) = SM(Π ′). For instance, we have Π ≡ Π ′ for
Π = {a ∨ b. } and Π ′ = {a ← ∼b. b ← ∼a. }, as SM(Π) = {{a}, {b}} = SM(Π ′).
The preceding definition of ≡ is justifiable from the viewpoint of formalizing a problem
at hand as a DLP Π: the stable models of the program Π are often supposed to be in a
one-to-one correspondence with the solutions of the problem. If Π ≡ Π ′ holds for two
programs Π �= Π ′ formalizing the same problem, then the same solutions are obtained.

2.2 Visible Equivalence

A drawback of the relation ≡ is that it does not take the visibility of atoms into account.
It is typical that a DLP Π contains atoms formalizing certain auxiliary concepts local to
Π . Such atoms carry little relevance for other programs. This is why we adopt a slightly



Capturing Parallel Circumscription with Disjunctive Logic Programs 137

more general notion of equivalence [12] which treats the visible part Hbv(Π) of the
Herbrand base Hb(Π) as the program interface of Π . The key idea is that the hidden
atoms in Hbh(Π) = Hb(Π) \ Hbv(Π) can be viewed local to Π and hence negligible
as far as the equivalence of Π with other programs is concerned. The definition below
is given relative to the sets of interpretations SEM(Π) and SEM(Π ′) which determine
the semantics of Π and Π ′, respectively. We need this kind of flexibility in Section 3
when we compare PDLPs which are (possibly) based on different semantics than the
stable semantics. The reader may assume SEM(Π) = SM(Π) unless otherwise stated.

Definition 2. Two DLPs Π and Π ′ are visibly equivalent, denoted by Π ≡v Π ′, if and
only if Hbv(Π) = Hbv(Π ′) and there is a bijection f : SEM(Π) → SEM(Π ′) such
that for all interpretations M ∈ SEM(Π), M ∩ Hbv(Π) = f(M) ∩ Hbv(Π ′).

It is easy to verify that ≡v is an equivalence relation. To compare ≡v with ≡,
we note that these two relations coincide given that Hbh(Π) = Hbh(Π ′) = ∅ and
Hb(Π) = Hb(Π ′). The latter condition is actually of little account, as it can be readily
satisfied e.g. by extending Herbrand bases with “useless” rules of the form a ← a.

Example 1. Consider logic programs Π = {a ← b. a ← c. b ← ∼c. c ← ∼b. } and
Π ′ = {a ← d,∼e. a ← e,∼d. d ∨ e. } with Hbv(Π) = Hbv(Π ′) = {a}. The stable
models ofΠ areM1 = {a, b} andM2 = {a, c}whereas forΠ ′ they areN1 = {a, d} and
N2 = {a, e}. Thus Π �≡ Π ′ is clearly the case, but we have a bijection f : SM(Π) →
SM(Π ′) which maps Mi to Ni for i ∈ {1, 2}. Hence Π ≡v Π ′. �

3 Parallel Circumscription and Its Expressive Power

In this section, we analyze the expressive power of Lifschitz’s parallel circumscrip-
tion [16] by studying the effects of denying varying atoms and/or fixed atoms on the
expressiveness of minimal models. In analogy to Section 2, we formulate parallel circum-
scription in the propositional case. Rather than using arbitrary propositional sentences
to formulate propositional theories, we assume that the syntax of PDLPs is used. As
discussed already in the introduction, parallel circumscription is based on a notion of
minimality which partitions atoms in three disjoint categories.

Definition 3. Let Π be a PDLP and let V ⊆ Hb(Π) and F ⊆ Hb(Π) be two sets of
atoms satisfying V ∩F = ∅. A model M |= Π is 〈V, F 〉-minimal ⇐⇒ �∃N |= Π such
that (i) N \ (V ∪ F ) ⊂ M \ (V ∪ F ) and (ii) N ∩ F = M ∩ F .

The idea is that the atoms in Hb(Π)\(V ∪F ) are subject to minimization in analogy
to Section 2.1. However, while such a minimization takes place, the truth values of the
atoms in V may vary freely and the truth values of the atoms in F are kept fixed. The
set of all 〈V, F 〉-minimal models of Π is denoted by MMV,F (Π). It is customary in
disjunctive logic programming that all atoms are subject to minimization, i.e. 〈∅, ∅〉-
minimal models of a positive DLP Π are of interest. Under this restriction, the first
condition of Definition 3 is equivalent to N ⊂ M while the second condition becomes
void. Thus MM(Π) = MM∅,∅(Π). In the sequel, we are interested in the problem of
determining 〈V, F 〉-minimal models for a given positive DLP Π . Note that V ⊆ Hb(Π)
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and F ⊆ Hb(Π) are separately specified for each program Π and are thus viewed as
parts of the respective programs. For now, we concentrate on answering the following
question: is it possible to remove fixed and varying atoms by translating a PDLP involving
such atoms into another PDLP not containing such atoms?

3.1 PFM Translation Functions

To answer the preceding question, we apply an analysis method [11,12] which is based on
the existence of polynomial, faithful and modular translation functions between classes
of logic programs. These properties are formalized in Definition 5 below, but first we
state conditions on which two DLPs Π and Π ′ are viewed as separate program modules
that can be combined together to form a larger program Π �Π ′.1

Definition 4. Two PDLPsΠ andΠ ′ satisfy module conditions if and only ifΠ∩Π ′ = ∅,
Hbv(Π) = Hbv(Π ′), Hbh(Π) ∩ Hb(Π ′) = ∅, Hb(Π) ∩ Hbh(Π ′) = ∅.

The intuition behind the conditions listed in Definition 4 is that the program modules
Π and Π ′ possess identical program interfaces for mutual interaction and they do not
share rules nor hidden atoms. If Π and Π ′ share rules, then Π \Π ′, Π ′ \Π , and Π ∩Π ′

might be identified as disjoint program modules, if admitted by the other conditions.

Definition 5. Let C and C′ be two classes of logic programs. A translation function
Tr : C → C′ is defined to be

1. polynomial, iff for all programsΠ ∈ C, the translationTr(Π) ∈ C′ can be computed
in time (and hence also space) polynomial to ‖Π‖;

2. faithful, iff for all programs Π ∈ C, Π ≡v Tr(Π);
3. modular, iff for all programs Π ∈ C and Π ′ ∈ C satisfying module conditions,

the translation Tr(Π �Π ′) = Tr(Π)�Tr(Π ′) where the translations Tr(Π) and
Tr(Π ′) satisfy module conditions.

It can be shown that these three properties are preserved under compositions [12]. In
particular, the modularity condition differs from the one used in [11]. This is to support
translation functions between classes of logic programs (or like) that do not share syntax.
Moreover, the module conditions in Definition 4 are more liberal than those used by Eiter
et al. [6] which enables richer interaction between program modules.

In the sequel, we use the existence of a polynomial, faithful and modular (PFM)
translation function as a criterion when comparing classes of logic programs by expres-
sive power. A class of logic programs C is at least as expressive as another class C′ iff
there is a PFM translation function Tr : C′ → C. We write C′ ≤PFM C to denote such
a relationship. If both C ≤PFM C′ and C′ ≤PFM C hold, then C and C′ are regarded
as equally expressive classes, denoted by C =PFM C′. In certain cases, we succeed to
find a counter-example to establish a negative relationship C �≤PFM C′.2 If, in addition,
C′ ≤PFM C holds, then C is strictly more expressive than C′, denoted by C′ <PFM C.
Finally, two classes may also turn out to be incomparable in terms of PFM translation
functions, denoted by C �=PFM C′, if and only if both C′ �≤PFM C and C �≤PFM C′ hold.

1 The symbol � denotes disjoint union.
2 Sometimes we do not need all the three properties to form a counter-example and we may drop

the respective letters from the notation. E.g. C �≤FM C′ implies C �≤PFM C′ in general.



Capturing Parallel Circumscription with Disjunctive Logic Programs 139

3.2 Expressiveness Analysis

In this section, we apply the classification method presented in Section 3.1 to analyze
D+

mvf which is defined as the class of PDLPs involving atoms being minimized (m),
varying atoms (v), and fixed atoms (f). The semantics of a PDLP Π from this class
is determined by MMV,F (Π) rather than SM(Π) = MM(Π); recall that Π has the
sets V ⊆ Hb(Π) and F ⊆ Hb(Π) associated with it. We obtain six subclasses of
D+

mvf by insisting that one or two of the sets Hb(Π) \ (V ∪ F ), V , and F are empty
for PDLPs included in the subclass. Such a restriction corresponds to denying mini-
mized/varying/fixed atoms and we drop the corresponding letter(s) from the notation
when referring to the respective subclass of D+

mvf . For instance, D+
m denotes the class

of PDLPs under the standard semantics according to which all atoms are subject to
minimization, i.e. the sets V and F are both empty for all PDLPs Π within this class.

We begin the analysis with fixed atoms. It is a well-known fact that they can be
eliminated in general [3], but our interest in this respect is to check that the elimination
can be accomplished using a PFM translation function.

Theorem 1. D+
mfv ≤PFM D+

mv and D+
mf ≤PFM D+

m.

Proof. (sketch) Let Π be a PDLP, and V and F the sets of varying and fixed atoms,
respectively. The class D+

mf can be covered by further assuming V = ∅. De Kleer and
Konolige [3] propose the following technique to remove F . A new atom f ′ �∈ Hb(Π)
is introduced for each f ∈ F . The translation TrKK(Π) = Π ∪ {f ∨ f ′. ⊥ ← f, f ′. |
f ∈ F} with the set of atoms (Hb(Π) \ V ) ∪ {f ′ | f ∈ F} subject to minimization.
The visible Herbrand base Hbv(TrKK(Π)) can be defined as Hbv(Π).

It is easy to see that TrKK is linear. For the faithfulness of TrKK, we note that 〈V, F 〉-
minimal models M of Π are in a bijective relationship with the 〈V, ∅〉-minimal models
M ′ = M ∪ {f ′ | f ∈ F and f �∈ M} of TrKK(Π). For the modularity of TrKK, we
suppose that two PDLPs Π and Π ′ with the sets of varying atoms V and V ′ and the
sets of fixed atoms F and F ′, respectively, satisfy the module conditions. It is clear that
TrKK(Π) and TrKK(Π ′) are disjoint and TrKK(Π �Π ′) = TrKK(Π)�TrKK(Π ′), as
Π and Π ′ as well as F and F ′ are disjoint by the module conditions. Moreover, we have
Hbv(TrKK(Π)) = Hbv(TrKK(Π ′)) by definition, because Hbv(Π) = Hbv(Π ′) by
the module conditions. Finally, the translations TrKK(Π) and TrKK(Π ′) do not share
hidden atoms as the modules Π and Π ′ do not. �

Thus D+
mv ⊆ D+

mfv and D+
m ⊆ D+

mf imply D+
mv =PFM D+

mfv and D+
m =PFM D+

mf .

Theorem 2. D+
mv �≤FM D+

m

Proof. Let us assume that there is a polynomial and faithful translation function Tr :
D+

mv → D+
m that effectively removes varying atoms. Then consider two disjoint logic

programs Π1 = {a ∨ b. } and Π2 = {⊥ ← b, a. } based on Hb(Π1) = Hb(Π2) =
{a, b}with all atoms visible, i.e. Hbh(Π1) = Hbh(Π2) = ∅. Then let us defineV1 = {a}
and V2 = {b} as the sets of varying atoms associated with Π1 and Π2, respectively. As
regards Π1 and Π2, it is straightforward to verify that

1. the only 〈V1, ∅〉-minimal model of Π1 is M1 = {a};
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2. the program Π2 has two 〈V2, ∅〉-minimal models M2 = {b} and M3 = ∅; and
3. the program Π1 �Π2 has two 〈V1 � V2, ∅〉-minimal models M1 and M2.

On the other hand, the translations Tr(Π1, V1), Tr(Π2, V2), and Tr(Π1 �Π2, V1 � V2)
are PDLPs whose all atoms are subject to minimization. Since Tr is faithful, we know
that Tr(Π1, V1) has a 〈∅, ∅〉-minimal model N such that N ∩ Hb(Π1) = M1, and
Tr(Π1 � Π2, V1 � V2) has two 〈∅, ∅〉-minimal models N1 and N2 such that N1 ∩
Hb(Π1 �Π2) = M1 = {a} and N2 ∩ Hb(Π1 �Π2) = M2 = {b}.

Using the modularity of Tr, we obtain Tr(Π1 � Π2, V1 � V2) = Tr(Π1, V1) �
Tr(Π2, V2). Since N2 |= Tr(Π1�Π2, V1�V2), we obtain N2 |= Tr(Π1, V1). It follows
that N ′ |= Tr(Π1, V1) holds for the restricted model N ′ = N2 ∩ Hb(Tr(Π1, V1))
from which the local atoms of Tr(Π2, V2) have been removed. Recall that Hb(Π1) ⊆
Hb(Tr(Π1, V1)) by the faithfulness of Tr. Because N ′ |= Tr(Π1, V1) and N is the
unique 〈∅, ∅〉-minimal model of Tr(Π1, V1), we obtain N ⊆ N ′. A contradiction, since
a ∈ N but a �∈ N ′. To conclude, such a translation function Tr does not exist. �

It follows that D+
m <PFM D+

mv, since D+
m is a subclass of D+

mv. The first condition of
Definition 3 implies that the classes D+

v , D+
f , and D+

vf collapse to classical logic, i.e. the
semantics assigned to a PDLP Π is CM(Π) = {M ⊆ Hb(Π) | M |= Π}. Moreover,
PFM translation functions are easily obtained for each pair of classes. E.g., a translation
function from D+

v to D+
f simply exchanges the roles of varying and fixed atoms. This

is semantically irrelevant, as no atoms are subject to minimization. Such a translation
function is trivially PFM. Hence, we have D+

v =PFM D+
f =PFM D+

vf and there is only
one relationship to be further explored.

Theorem 3. D+
m �≤FM D+

v

Proof. Consider Π1 = {a ← a} and Π2 = {a} which have unique 〈∅, ∅〉-minimal
models M1 = ∅ and M2 = {a}, respectively. Assuming the existence of a faithful
and modular translation function Tr, we obtain that Tr(Π1) and Tr(Π2) have unique
classical models N1 and N2, respectively, such that Ni ∩Hb(Πi) = Mi for i ∈ {1, 2}.
Thus Tr(Π1�Π2) = Tr(Π1)�Tr(Π2) is necessarily inconsistent — contradicting the
faithfulness of Tr, as M2 is the unique 〈∅, ∅〉-minimal model of Π1 �Π2. �

Fig. 1. Hierarchy Implied by the
Expressiveness Analysis

The resulting expressive power hierarchy is summa-
rized in Figure 1. There are three equivalence classes un-
der PFM The most expressive class corresponds to Lif-
schitz’s parallel circumscription [16] while the class in
the middle captures ordinary circumscription proposed
by McCarthy [18]. The class at the bottom corresponds
to classical logic. translation functions. In spite of cer-
tain differences, these results can be understood as a
refinement to an analogous hierarchy derived for non-
monotonic logics [10] where the lower end of the hier-
archy consists of parallel circumscription and classical
logic; the former ranked strictly more expressive than
the latter. Let us also note that current disjunctive solvers
[15,13] cover the hierarchy up to the class in the middle.
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4 Eliminating Varying Atoms

In this section, we present a non-modular translation function TrBLIND which enables us
to remove varying atoms from a PDLP Π in a faithful way, i.e. 〈V, F 〉-minimal models
M of Π and the stable models N of its translation are in a bijective relationship such
that M = N ∩ Hb(Π) holds for each pair of models. For the sake of simplicity, we
assume that fixed atoms have already been removed (recall TrKK from Theorem 1).

The translation function TrBLIND introduces new atoms, which do not appear in
Hb(Π), as follows. For each a ∈ Hb(Π), the complement a of a expresses the falsity of
a. Moreover, a renamed copy a∗ of each a ∈ Hb(Π) is needed when formulating a test
for 〈V, ∅〉-minimality. Likewise, a vector of new atoms d1, . . . , dn is introduced for the
set of atoms P = Hb(Π)\V = {a1, . . . , an} subject to minimization.Yet another new
atom, namely u, will be used in the translation. Given a set of atoms A ⊆ Hb(Π), we
introduce shorthands A and A∗ for the sets {a | a ∈ A} and {a∗ | a ∈ A}, respectively.

Definition 6. Let Π be a PDLP and V ⊆ Hb(Π) a set of varying atoms. Let us define
P = Hb(Π) \ V = {a1, . . . , an} and a translation TrBLIND(Π) containing

1. rules a ← ∼a and a ← ∼a for each a ∈ Hb(Π);
2. a rule ⊥ ← ∼A,∼B for each rule A ← B in Π;
3. a rule A∗ ∪ {u} ← B∗ for each rule A ← B in Π;
4. a rule d1 ∨ · · · ∨ dn ∨ u;
5. rules u ← di,∼ai and u ← a∗i ,∼ai for each 1 ≤ i ≤ n;
6. rules u ← di, a

∗
i ,∼ai and u ∨ di ∨ a∗i ← ∼ai for each 1 ≤ i ≤ n;

7. a rule a∗ ← u for each a ∈ Hb(Π);
8. a rule di ← u for each 1 ≤ i ≤ n; and
9. a rule ⊥ ← ∼u.

The rules included in TrBLIND(Π) serve the following purposes. (1.) An arbitrary
interpretation M ⊆ Hb(Π) is chosen for the PDLP Π . (2.) It is ensured that M |= Π
holds in the classical sense. (3.) A renamed copy of Π is created to check the 〈V, ∅〉-
minimality of M . In analogy to [13], this can be achieved by checking whether

TrUNSAT(Π,P,M) = Π ∪ {⊥ ← P ∩M} ∪ {⊥ ← a | a ∈ P \M} (3)

is unsatisfiable for M and the set of atoms P = {a1, . . . , an} subject to minimization.
This is why the intuitive reading of u is unsatisfiable which captures the desired state of
affairs, implying the 〈V, ∅〉-minimality of M . (4.) The disjunction d1∨· · ·∨dn captures
the rule ⊥ ← P ∩M from (3). This rule depends dynamically on M and it effectively
states the falsity of at least one atom ai that is both subject to minimization (ai ∈ P ) and
true in M (ai ∈ M ). (5.) The rules cover the case that ai is false in M , i.e. ai ∈ P \M .
Conforming to (3), both di and a∗i are implicitly assigned to false, as they imply u.
Otherwise, ai is true in M which activates the rules in (6.) enforcing di equivalent to
the negation of a∗i . The net effect of the rules included in (4.) – (6.) is that any potential
counter-model N |= Π for the 〈V, ∅〉-minimality of M , expressed in Hb(Π)∗ rather
than Hb(Π), must satisfy N ∩ P ⊂ M ∩ P ( ⇐⇒ N \ V ⊂ M \ V ).

The rules given in items (7.) – (9.) are directly related to the unsatisfiability check
which effectively proves that counter-models like N above do not exist. To implement
the test for unsatisfiability, we adopt the technique used earlier by Eiter and Gottlob [5].
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Example 2. Consider a program Π = {f ∨ ab. } which is a simplified version of
Lifschitz’s ostrich example [16]. This program has a unique 〈{f}, ∅〉-minimal model
M = {f}. The translation TrBLIND(Π) includes the following rules: (1.) f ← ∼f.
f ← ∼f. ab ← ∼ab. ab ← ∼ab. (2.) ⊥ ← ∼f,∼ab. (3.) f∗ ∨ ab∗ ∨ u. (4.) d ∨ u.
(5.) u ← d,∼ab. u ← ab∗,∼ab. (6.) u ← d, ab∗,∼ab. u ∨ d ∨ ab∗ ← ∼ab. (7.)
ab∗ ← u. f∗ ← u. (8.) d ← u. (9.) ⊥ ← ∼u. There is only one stable model for
TrBLIND(Π), i.e. N = {f, ab, f∗, ab∗, d, u} for which M = N ∩ {f, ab} holds. �

Our next objective is to establish that the translation function TrBLIND given in
Definition 6 is faithful, i.e. the 〈V, ∅〉-minimal models of a PDLP Π are in a bijective
relationship with the stable models of TrBLIND(Π). In analogy to [19], we implement
the test for 〈V, ∅〉-minimality through propositional unsatisfiability.

Lemma 1. Given a PDLP Π and V ⊆ Hb(Π), a model M ⊆ Hb(Π) of Π is 〈V, ∅〉-
minimal if and only if TrUNSAT(Π,Hb(Π) \ V,M), as defined in (3), is unsatisfiable.

We split the translation TrBLIND(Π) in two parts using the Splitting Set Theorem [17]
which we formulate for stable models rather than answer sets used in [17]. A splitting
set for a DLP Π is any set U ⊆ Hb(Π) such that for every rule A ← B,∼C ∈ Π ,
if A ∩ U �= ∅ then A ∪ B ∪ C ⊆ U . The set of rules A ← B,∼C ∈ Π such
that A ∪ B ∪ C ⊆ U is the bottom of Π relative to U , denoted by bU (Π). The set
tU (Π) = Π \ bU (Π) is the top of Π relative to U which can be partially evaluated
with respect to an interpretation X ⊆ U . The result is a DLP eU (tU (Π), X) defined as
{A ← (B\U),∼(C\U) | A ← B,∼C ∈ tU (Π), B∩U ⊆ X and (C∩U)∩X = ∅}.
Given a splitting setU for a programΠ , a solution toΠ with respect toU is a pair 〈X,Y 〉
such that (i) X ⊆ U is a stable model of bU (Π) and (ii) Y ⊆ Hb(Π) \ U is a stable
model of eU (tU (Π), X). Solutions and stable models relate as follows.

Theorem 4 (Splitting Set Theorem [17]). Let U be a splitting set for a DLP Π and
M ⊆ Hb(Π) an interpretation. Then M ∈ SM(Π) if and only if the pair 〈X,Y 〉 with
X = M ∩ U and Y = M \ U is a solution to Π with respect to U .

We use the set of atoms U = Hb(Π) ∪ {a | a ∈ Hb(Π)} to split TrBLIND(Π): the
bottom bU (TrBLIND(Π)) consists of items 1 and 2 in Definition 6, whereas the partially
evaluated top eU (tU (TrBLIND(Π)), X) consists of items 3, 4 and 7–9 in Definition 6
as such and the following rules corresponding to rules in items 5 and 6:

5.’ u ← di and u ← a∗i where 1 ≤ i ≤ n and ai ∈ P \X; and
6.’ u ← di, a

∗
i and u ∨ di ∨ a∗i where 1 ≤ i ≤ n and ai ∈ P ∩X .

Thus Hb(eU (tU (TrBLIND(Π)), X)) = {a∗ | a ∈ Hb(Π)} ∪ {di | 1 ≤ i ≤ n} ∪ {u}.
We use the notation EU (Π,X) = eU (tU (TrBLIND(Π)), X) for the sake of brevity.

It is shown next that there is one-to-one correspondence between the models in
SM(bU (TrBLIND(Π))) and CM(Π).As a consequence, the stable models of the bottom
bU (TrBLIND(Π)) are classical models of Π extended to Hb(bU (TrBLIND(Π))).

Proposition 1. Let Π be a PDLP.
The function ExtB : CM(Π) → 2Hb(bU (TrBLIND(Π))) defined by ExtB(M) =

M ∪ {a | a ∈ Hb(Π) \M} is a bijection from CM(Π) to SM(bU (TrBLIND(Π))).
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Proof. It is shown below that (i) the image of CM(Π) under ExtB is a subset of
SM(bU (TrBLIND(Π))), (ii) ExtB is an injection, and (iii) ExtB is a surjection.

(i) Assume that M ∈ CM(Π), i.e. M |= Π . It is clear that X |= bU (TrBLIND(Π))
holds for X = ExtB(M) and it suffices to prove X ∈ MM(bU (TrBLIND(Π))X).
Since M |= Π , the reduct bU (TrBLIND(Π))X contains only the rules a ← for
a �∈ X and a ← for a �∈ X . Thus X ∈ MM(bU (TrBLIND(Π))X).

(ii) If M1 �= M2, then ExtB(M1) �= ExtB(M2) follows by the definition of ExtB.
(iii) Consider any X ∈ SM(bU (TrBLIND(Π))). We need to show that there is M ∈

CM(Π) such that ExtB(M) = X . Let us establish first that M |= Π holds for
M = X ∩ Hb(Π). Since X ∈ SM(bU (TrBLIND(Π))) and bU (TrBLIND(Π))
contains the rules a ← ∼a and a ← ∼a for each a ∈ Hb(Π), it holds for every
a ∈ Hb(Π) that a �∈ X ⇐⇒ a ∈ X . Moreover, since X |= bU (TrBLIND(Π)),
we obtain X �|= ∼A ∪ ∼B for all rules A ← B ∈ Π . Thus for each rule A ← B
in Π , there is a ∈ A such that a ∈ X , or b ∈ B such that b ∈ X ( ⇐⇒ b �∈ X).
In either case, M |= A ← B and therefore M |= Π , i.e. M ∈ CM(Π). It
remains to establish that ExtB(M) = X . Since M = X ∩ Hb(Π), we have
ExtB(M) = ExtB(X ∩ Hb(Π)) = (X ∩ Hb(Π)) ∪ {a | a ∈ Hb(Π) \ X}.
Then ExtB(M) = X follows by the fact that a �∈ X ⇐⇒ a ∈ X holds for any
a ∈ Hb(Π). �

Finally, we show the connection between SM(EU (Π,ExtB(M))) �= ∅ and the
unsatisfiability of TrUNSAT(Π,P,M). A similar unsatisfiability check is used in [5].

Proposition 2. Let Π , V , and P = {a1, . . . , an} be defined as in Definition 6 and
ExtB as in Proposition 1. Moreover, let M ⊆ Hb(Π) be a classical model of Π .
Then (i) if N ∈ SM(EU (Π,ExtB(M))), then N = Hb(EU (Π,ExtB(M))), and (ii)
TrUNSAT(Π,P,M) is unsatisfiable if and only if EU (Π,ExtB(M)) has a stable model.

Proof. (i) Assume that N ∈ SM(EU (Π,ExtB(M))). Since N |= EU (Π,ExtB(M))
and the rule⊥ ← ∼u belongs to EU (Π,ExtB(M)), we must have u ∈ N . Furthermore,
since the rules a∗ ← u (for all a ∈ Hb(Π)) and di ← u (for all 1 ≤ i ≤ n) belong to
EU (Π,ExtB(M)), it follows that N = Hb(EU (Π,ExtB(M))).

(ii) “⇒” Assume that TrUNSAT(Π,P,M) is unsatisfiable. It is easy to see that
N |= EU (Π,ExtB(M)) holds for N = Hb(EU (Π,ExtB(M))). Let us then show that
N ∈ MM(EU (Π,ExtB(M))N ) by assuming the opposite, i.e. there is N ′ ⊂ N such
that N ′ |= EU (Π,ExtB(M))N . Let us then assume u �∈ N ′ and define an interpretation
M ′ = {a ∈ Hb(Π) | a∗ ∈ N ′}. The following observations can be made.

– We have N ′ |= A∗ ← B∗ for each rule A ← B ∈ Π . Thus M ′ |= Π .
– Since N ′ |= u ← di, a

∗
i and N ′ |= u∨di∨a∗i for all ai ∈ P ∩ExtB(M) = P ∩M ,

it holds di ∈ N ′ ⇐⇒ a∗i �∈ N ′ for all ai ∈ P ∩M . Also N ′ |= d1 ∨ · · · ∨ dn and
N ′ |= u ← di for all ai ∈ P \ExtB(M) = P \M . Thus there is ai ∈ P ∩M such
that di ∈ N ′ and a∗i �∈ N ′, too. This implies ai �∈ M ′ and M ′ |= ⊥ ← P ∩M .

– Since N ′ |= u ← a∗i for all ai ∈ P \M , we have a∗i �∈ N ′ for all ai ∈ P \M . This
implies M ′ |= {⊥ ← a | a ∈ P \M}.
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Thus M ′ |= TrUNSAT(Π,P,M) which is a contradiction so that u ∈ N ′ must be
the case. Since u ∈ N ′ and the rules a∗ ← u (for all a ∈ Hb(Π)) and di ← u (for
all 1 ≤ i ≤ n) belong to EU (Π,ExtB(M))N , we must have that a∗ ∈ N ′ for all
a ∈ Hb(Π) and di ∈ N ′ for 1 ≤ i ≤ n. Thus N ′ = N contradicting our previous
assumption. Therefore N ∈ SM(EU (Π,ExtB(M))) is necessarily the case.

(ii) “⇐” Consider any N ∈ SM(EU (Π,ExtB(M))). It follows by (i) that N =
Hb(EU (Π,ExtB(M))). Let us then assume that TrUNSAT(Π,P,M) is satisfiable, i.e.
there is M ′ ⊆ Hb(Π) such that M ′ |= Π , M ′ �|= P ∩M and a �∈ M ′ for all a ∈ P \M .
It is established in the sequel that N ′ |= EU (Π,ExtB(M))N holds for the interpretation
N ′ defined as (M ′)∗ ∪ {di | ai ∈ M ∩ P and ai �∈ M ′}.

– Since M ′ |= Π , we have N ′ |= A∗ ∪ {u} ← B∗ for each rule A ← B ∈ Π .
– Since M ′ �|= P ∩M , there is di ∈ N ′ and thus N ′ |= d1 ∨ · · · ∨ dn ∨ u.
– The definition of N ′ implies a∗i �∈ N ′ and di �∈ N ′ for all ai ∈ P \M , as ai �∈ M ′

for all ai ∈ P \M . Thus N ′ |= u ← di and N ′ |= u ← a∗i when ai ∈ P \M .
– Given ai ∈ P ∩M , we have di ∈ N ′ ⇐⇒ ai �∈ M ′, i.e. a∗i �∈ N ′ by the definition

of N ′. Thus N ′ |= u ← di, a
∗
i and N ′ |= u ∨ di ∨ a∗i hold whenever ai ∈ P ∩M .

– Since u �∈ N ′, we have N ′ |= a∗ ← u for each a ∈ Hb(Π).
– Since u �∈ N ′, it follows that N ′ |= di ← u for each 1 ≤ i ≤ n.

Now N ′ ⊂ N and N ′ |= EU (Π,ExtB(M))N , contradicting the assumption N ∈
SM(EU (Π,ExtB(M))). Thus TrUNSAT(Π,P,M) must be unsatisfiable. �

We let D denote the class of DLPs under the stable model semantics [8,20]. The
translation function TrBLIND : D+

mv → D is clearly linear. Assuming that the visible
Herbrand base Hbv(TrBLIND(Π)) = Hbv(Π) by definition, the faithfulness of trans-
lation TrBLIND(Π) follows by Theorem 4 from Lemma 1, and Propositions 1 and 2.

Theorem 5. D+
mv ≤PF D.

5 Discussion

The main result of this paper is a linear translation from parallel circumscription into
disjunctive logic programs such that a bijective correspondence between the 〈V, F 〉-
minimal models of a PDLP Π and the stable models of the respective translation
TrBLIND(TrKK(Π)) is obtained. As suggested by the analysis performed in Section
3, the translation function TrBLIND is non-modular — reflecting the global nature of
varying atoms. In contrast to earlier attempts [7,22,14], our translation does not depend
on syntactic restrictions and it has a linear time/space complexity. Cadoli et al. [2] achieve
the same complexity, but their transformation has ordinary circumscription as the target
formalism, and hence a bijective relationship of models cannot be obtained. However,
the translation function TrBLIND presented in this paper exploits default negation in
order to establish faithfulness in the strict sense implied by Definitions 5 and 2.

Our results enable the systematic use of varying atoms in order to develop more com-
pact formulations of problems as disjunctive logic programs. A good example in this
respect is the consistency-based diagnosis of digital circuits [21]. Reiter-style minimal
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diagnoses are hard to formalize when all atoms are subject to minimization. Following
the ideas from [1], a digital circuit can be modeled as follows. For instance, an inverter
I is described by a propositional theory (oI ↔ ¬iI) ∨ abI , where the atoms iI and
oI model the input and the output of I , respectively, and abI expresses the fact that
I is operating against its specification. This theory can be equivalently formulated as
a PDLP ΠI = {abI ← iI , oI . iI ∨ oI ∨ abI . } and minimal diagnoses correspond to
〈{iI , oI}, ∅〉-minimal models of ΠI augmented by observations. This line of thinking
carries over to larger circuits which have also other gates than inverters as their compo-
nents. Assuming the availability of varying atoms, the description of the circuit can be
formed in a very modular fashion, component-by-component. Then the description can
be translated into a valid input for disjunctive solvers like dlv [15] and GnT [13] using
the translation function TrBLIND. On the other hand, we run into severe problems if all
atoms are set subject to minimization. For example, the program ΠI which models an
inverter I has three 〈∅, ∅〉-minimal models M1 = {iI}, M2 = {oI}, and M3 = {abI}.
The first two minimal models capture natural explanations given no observations on I ,
but the third minimal model does not correspond to a Reiter-style minimal diagnosis, as
I is faulty according to it. Similar spurious minimal models are also obtained for more
complex circuits encoded in this way if all atoms are subject to minimization.

Our first experiments with large combinational circuits showed that our approach is
not yet competitive with a special purpose engine [1] which exploits 1-fault assumption.
The diagnosis front-end of the dlv system also covers Reiter-style minimal diagnoses [4],
but models like the one described above are ruled out by syntactic restrictions. Moreover,
contrary to TrBLIND, the translation used in the front-end yields only a many-to-one
correspondence between stable models and diagnoses.

As a further application of varying atoms, a specific reduction from quantified
Boolean formulas (QBFs) to DLPs [13] can be improved to produce all satisfying assign-
ments for a 2,∃-QBF ∃X∀Y φ given as input. Due to blind minimization, the current
reduction does not yield a one-to-one correspondence between the satisfying assign-
ments of ∃X∀Y φ and the stable models of the resulting DLP. However, the validity of
∃X∀Y φ is properly captured by the reduction.

To conclude, it might be a good idea to implement varying atoms directly in disjunc-
tive solvers. This is a challenge, as existing algorithms [13,15] rely much on the fact that
all atoms are subject to minimization. A further question is how varying and fixed atoms
should be incorporated into stable models. Is it enough to consider 〈V, F 〉-minimal mod-
els of the Gelfond-Lifschitz reduct [8] or should V and F be dynamically determined?
Finally, we remind the reader about a reduction from prioritized circumscription to par-
allel circumscription [16] which implies that even prioritized circumscription can be
captured with disjunctive programs using the technique from Section 4.
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Abstract. Equilibrium logic, introduced in [20], is a conservative ex-
tension of answer set semantics for logic programs to the full language
of propositional logic. In this paper we initiate the study of first-order
variants of equilibrium logic. In particular, we focus on a quantified ver-
sion QN5 of the propositional many-valued logic N5 of here-and-there
with strong negation, and define the condition of equilibrium via a mini-
mal model construction. We verify Skolem forms and Herbrand theorems
for QN5 and show that, like its propositional counterpart, the quanti-
fied version of equilibrium logic also conservatively extends answer set
semantics.

1 Introduction

Equilibrium logic, introduced in [20], is a general purpose propositional formal-
ism for nonmonotonic reasoning with two kinds of negation: strong negation, rep-
resenting explicit falsity, and weak or intuitionistic negation which allows for the
expression of default relationships. One of the main features of equilibrium logic
is that, under all the usual classes of logic programs, it is equivalent to reasoning
under answer set semantics and therefore amounts to a conservative extension
of answer set inference to the full propositional language. With the emergence
of answer set solvers such as dlv [15], GnT [13], and smodels [29], answer set pro-
gramming (ASP) now provides a practical and viable environment for knowledge
representation and declarative problem solving. AI applications include planning
and diagnosis [2], the management of heterogenous data in information systems,1

the representation of ontologies in the semantic web [4], as well as compact and
fully declarative representations of hard combinatorial problems.2.

Compared to ASP systems, equilibrium logic is much less well-developed as
a practical knowledge representation tool. Nevertheless it can be implemented
� Partially supported by CICyT project TIC-2003-9001-C02, URJC project PPR-
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1 see the INFOMIX project http://sv.mat.unical.it/infomix/
2 For examples and a thorough introduction to ASP, see [3]
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in different ways. For example a reduction to quantified boolean formulas has
been presented, allowing for an implementation in QBF-based systems such
as QUIP, [26] . In [23,24] proof systems for equilibrium logic are given which
form the basis for a prototype implementation currently being developed at
the University of Málaga. The paper [25] presents a polynomial translation of
a restricted class of theories in equilibrium logic, called nested programs, into
disjunctive logic programs and describes an implementation extending dlv: here
equilibrium logic is equivalent to the answer set semantics for nested programs
described in [17] (though it predates the latter). Aside from its potential as
a knowledge representation formalism, equilibrium logic has already proved
useful in the study of the logical and mathematical foundations of ASP. For
example, it provided the basis for characterising the strong equivalence of logic
programs in [16] and the uniform equivalence of programs in [27]. Recently
it has been used to characterise synonymous theories [28] and to develop and
study transformations that preserve the strong equivalence of logic programs
and allow for program simplification in the setting of ASP [22].

Our aim this paper is to initiate the study of first-order versions of equi-
librium logic. It is far from obvious that there should be a unique, natural,
quantified version of equilibrium logic. In searching for suitable candidates we
shall be guided by two main methodological considerations. The first is coher-
ence with respect to the logical features present in the propositional case. That
is, bearing in mind the underlying monotonic base logic and the minimal model
construction that defines equilibrium, we shall be looking for suitable first-order
extensions of the base logic and ways to preserve the central idea behind the
construction of intended models. The second consideration concerns answer set
programming. Currently, answer set solvers implement a grounding procedure
to eliminate free variables prior to model generation and testing. In the propo-
sitional case, therefore, equilibrium logic agrees with or ‘captures’ answer set
semantics for ground programs. In the first-order case, we would like to main-
tain this relation for logic programs and ultimately obtain logical methods for
analysing and simplifying programs prior to grounding.

In the propositional case equilibrium logic is based on the nonclassical logic
N5 of here-and-there with strong negation. To our knowledge, first-order ver-
sions of N5, or even of the logic of here-and-there, have not previously been
studied in the literature. Thus, a good deal of our work in this paper is devoted
to considering different first-order versions of N5 and selecting a candidate to
form the basis for first-order equilibrium logic. We present this logic in §2 and
call it QN5. It can be equivalently represented as a 5-valued logic or as the logic
of rooted linear Kripke frames with two elements (‘here’ and ‘there’) having con-
stant domains. It permits a straightforward definition of the equilibrium model
construction and appears to be adequate as a tool for applications in ASP. Since
QN5 is something of an unknown on the logical landscape, we devote space in
§3 to examining some of its basic properties. We look at prenex normal forms,
Skolem forms and establish Herbrand theorems in various guises. The remainder
of the paper is then organised as follows. In §4 we turn to the proof theory of
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QN5, sketching a sound and complete tableaux calculus. In §5 we provide the
minimal model construction that defines equilibrium logic in the first-order case.
Then we show that it satisfies the main criteria of adequacy that we mentioned
informally above. More precisely: (i) on universal theories the selected models co-
incide with the propositional equilibrium models of the theories’ ground versions;
(ii) for logic programs the Herbrand equilibrium models coincide with answer
sets. Some consequences of this are briefly discussed and in §6 we conclude by
considering related work and some of the main issues to be tackled in the future.

2 First-Order N5 Logics

For the propositional version of equilibrium logic the reader is referred to [20,
21,24,16]. It is based on the the propositional logic N5 of here-and-there with
strong negation that contains the logical constants: ∧, ∨, →, ¬,∼, standing
respectively for conjunction, disjunction, implication, weak (or intuitionistic)
negation and strong negation. Presented as a Hilbert-style axiomatic system,
the axioms and rules of inference for N5 are those of intuitionistic logic (see eg
[31]) together with:

1. the axiom schema of �Lukasiewicz [18]

(¬α → β) → (((β → α) → β) → β) (1)

which characterises the 3-valued here-and-there logic of Heyting [12] and
Gödel [8] (hence it is sometimes known as Gödel’s 3-valued logic).

2. the following axiom schemata involving strong negation taken from the cal-
culus of Vorob’ev [32,33] (where ‘α ↔ β’ abbreviates (α → β) ∧ (β → α)):

N1. ∼ (α → β) ↔ α ∧ ∼β N2. ∼(α ∧ β) ↔ ∼α∨ ∼ β
N3. ∼(α ∨ β) ↔ ∼α ∧ ∼β N4. ∼ ∼α ↔ α
N5. ∼¬α ↔ α N6. (for atomic α) ∼α → ¬α

As one can see, there are three basic components to this picture: intuitionistic
logic, the �Lukasiewicz axiom (1) and the Vorob’ev axioms for strong negation.
The last of these components can be regarded as essentially a defining charac-
teristic of strong negation and should be preserved in any quantified version.

One, straightforward way to obtain quantified N5 is therefore to take Nel-
son’s constructive predicate logic with strong negation [19,9] and simply add
the �Lukasiewicz axiom. This would amount to the following system: (i) axioms
and rules of first-order intuitionistic logic; (ii) the axiom schema (1); (iii) the
Vorob’ev axioms augmented with the following two schemata:

∼∃xα ↔ ∀x∼α ∼∀xα ↔ ∃x∼α (2)

A second approach to obtaining a quantified version of N5 may be called the
semantical approach. Nelson’s constructive logic has a natural and appealing
characterisation in terms of Kripke models. This is the one that gives rise to the
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term here-and-there. The idea is to take the usual Kripke model semantics for
intuitionistic logic but to allow for sentences to be not only constructively ver-
ified at possible worlds or stages of the model, but also constructively falsified
(equivalently their strong negations are verified), see [9]; in addition one re-
stricts attention to 2-element, here-and-there frames. This leads to the following
semantics that we denote by FOHT.3

We consider a first order language built over a set of constants, C, a set of
functions, F , and a set of predicates, P. We denote by Term(C,F) the set of
ground terms defined from C and F ; we denote by Atom(C,F ,P) the set of
ground atomic formulas defined from C, F and P in the usual way; we denote
by Lit(C,F ,P) the set of ground literals, that is, either ground atomic formulas
or the strong negation of ground atomic formulas. If L is an atom, we say that
∼L is the contrary of L and vice versa. We will use the usual notions of free and
bound variable, but we essentially only work with closed formulas or sentences.

An FOHT-model is a quadruple M = 〈Dh, H,Dt, T 〉 such that: Dh and Dt

are non-empty sets such that C ⊆ Dh ⊆ Dt; H and T are sets of literals in
Lit(Dt,F ,P) such that H ⊆ T , T does not contain contrary literals and H does
not contain constants from Dt � Dh. We shall define the satisfaction relation
|= for “worlds” ω ∈ {h, t} where h ≤ h, t ≤ t and h ≤ t (we use the following
notation: Th = Term(Dh,F) and Tt = Term(Dt,F)):

– For every literal L: M, h |= L iff L ∈ H and M, t |= L iff L ∈ T .
– M, ω |= ϕ ∧ ψ iff M, ω |= ϕ and M, ω |= ψ.
– M, ω |= ϕ ∨ ψ iff M, ω |= ϕ or M, ω |= ψ.
– M, ω |= ϕ → ψ iff for every ω′ ≥ ω, if M, ω′ |= ϕ then M, ω′ |= ψ.
– M, ω |= ¬ϕ iff for no ω′ ≥ ω, M, ω′ |= ϕ.
– M, ω |= ∀xA(x) iff for every ω′ ≥ ω and every d ∈ Tω′ , M, ω′ |= A(d).
– M, ω |= ∃xA(x) iff M, ω |= A(d) for some d ∈ Tω.
– M, ω |= ∼(ϕ ∧ ψ) iff M, ω |= ∼ϕ or M, ω |= ∼ψ.
– M, ω |= ∼(ϕ ∨ ψ) iff M, ω |= ∼ϕ and M, ω |= ∼ψ.
– M, ω |= ∼(ϕ → ψ) iff M, ω |= ϕ and M, ω |= ∼ψ.
– M, ω |= ∼¬ψ iff M, ω |= ϕ.
– M, ω |= ∼∼ψ iff M, ω |= ϕ.
– M, ω |= ∼∀xA(x) iff M, ω |= ∼A(d) for some d ∈ Tω.
– M, ω |= ∼∃xA(x) iff for every ω′ ≥ ω and every d ∈ Tω′ , M, ω′ |= ∼A(d).

Truth of a formula in a model is defined as follows: for every formula A,
M |= A iff M, h |= A and M, t |= A. A formula is valid in FOHT if it is true
in all models.

If we add the assumption of constant domains, namely that in each model
Dh = Dt, a stronger version of FOHT is obtained; for example, in the general
case the formula ∀x(A(x)∨B) → (∀xA(x)∨B) (B is closed) is not valid, as the
following counter-model shows: 〈{a}, {P (a)}, {a, b}, {P (a), B}〉. However in all
models such that Dh = Dt the formula ∀x(A(x)∨B) → (∀xA(x)∨B) holds. We
3 It is still an open question whether this second approach is equivalent to the first.

We hope to clarify the matter in a future study.
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denote by FOHTc the logic determined by constant domain models of the form
〈D,H,D, T 〉; we denote them simply by 〈D,H, T 〉 and D is called the domain
of the model.

2.1 Five-Valued Semantics

A third approach to obtaining a first-order version of N5 is also semantical.
In the propositional case the Kripke semantics is easily characterised using a
five-valued matrix: the set of truth values is 5 = {−2,−1, 0, 1, 2} and 2 is the
designated value; the connectives are interpreted as follows: ∧ is the minimum
function, ∨ is the maximum function, ∼x = −x,

x → y =

{
2 if either x ≤ 0 or x ≤ y

y otherwise
and ¬x =

{
2 if x ≤ 0
−x otherwise

If we add quantifiers using the standard approach for many-valued logics, we ob-
tain a semantics which we can denote by QN5 as follows: a model is a pair 〈D,σ〉
where D ⊇ C is non-empty and called the domain and σ : Atom(D,F ,P) → 5 is
the assignment. If T = Term(D,F) the model is extended to closed quantified
formulas in the following way:

σ(∀xA(x)) = min{σ(A(t)); t ∈ T } σ(∃xA(x)) = max{σ(A(t)); t ∈ T }

In the propositional case an N5-model σ as a truth-value assignment can trivially
be converted into a Kripke model 〈H,T 〉, and vice versa with the conversion rules
shown in the following table:

Table 1.⎧⎨⎩
σ(p) = 2 iff p ∈ H σ(p) = −1 iff ∼p ∈ T,∼p �∈ H
σ(p) = 1 iff p ∈ T, p �∈ H σ(p) = −2 iff ∼p ∈ H
σ(p) = 0 iff p �∈ T,∼p �∈ T

In the first-order case, however, the Kripke and the many-valued semantics are
not equivalent. Since in any many-valued logic the quantifiers are interpreted as
supremum and infimum, it follows that the formulas ∀x(A(x)∨B) and ∀xA(x)∨B
are equivalent, which we have seen is not the case for the Kripke semantics.
However, there is full equivalence with respect to the logic of constant domains.

Theorem 1. There is a bijection f between FOHTc-models and QN5-models
such that for any formula A and FOHTc-model M, M |= A iff f(M)(A) = 2.
Thus in particular a formula A is valid in FOHTc if and only if is valid in
QN5.

Proof. The bijection is established by the conversion rules in table 1 applied to
ground atoms; by induction is easy to prove that these rules are also valid for
any ground formula and that allows us to conclude the result.�



152 D. Pearce and A. Valverde

In other words we can equivalently work with Kripke models having constant
domains or with the five-valued semantics. In what follows we alternate freely
between these two representations, depending on which version is simpler or
more intuitive for the task at hand.

3 Some Metatheory for QN5

For the remainder of this paper we are going to explore QN5 or the equivalent
constant domain logic as our basis for defining a quantified version of equilib-
rium logic. There are several reasons for this choice. First, as we shall see, it is
easy to check that QN5 possesses several properties that are desirable from the
perspective of automated deduction. Indeed, as it is obtained from the many-
valued propositional logic by standard means, we can in some cases make use of
well-known techniques and methods from many-valued logic to prove properties
of QN5 and to describe a complete proof-theory. Secondly, as we shall show in
Theorem 8, the many-valued approach is adequate as a first step towards an
extension of answer set semantics, and any other generalisations should agree
with it. Further extensions should analyse the intended meaning of quantifiers
in general first order logic programs, a topic we postpone for future work.

3.1 Prenex and Skolem Forms

Theorem 2. In QN5 the following equivalences hold for any closed formula C:

∀xA(x) ∧ C ≡ ∀x(A(x) ∧ C) ∃xA(x) ∧ C ≡ ∃x(A(x) ∧ C)
∀xA(x) ∨ C ≡ ∀x(A(x) ∨ C) ∃xA(x) ∨ C ≡ ∃x(A(x) ∨ C)
∃xA(x) → C ≡ ∀x(A(x) → C) ∀xA(x) → C ≡ ∃x(A(x) → C)
C → ∀xA(x) ≡ ∀x(C → A(x)) C → ∃xA(x) ≡ ∃x(C → A(x))
¬∃xA(x) ≡ ∀x¬A(x) ¬∀xA(x) ≡ ∃x¬A(x)

Proof. The properties of conjunction and disjunction are a consequence of the
associative and distributive properties of the operators max and min over finite
sets. Additionally, implication is decreasing in the first argument and increasing
in the second one and weak negation is decreasing; thus, the monotony of max
and min allows us to conclude the last equivalences.�

As a consequence we have:

Corollary 1. In QN5 every formula is equivalent to a formula in prenex nor-
mal form, ie of the form Q1x1 . . . QnxnA(x1, . . . , xn), where Qi ∈ {∀,∃} and
A(x1, . . . , xn) is a quantifier-free formula.

Next we turn to satisfiability preserving Skolemization and the associated Her-
brand theorem. These results proceed by adding new constants and functions
to the language, and for this reason we specify the signature of the logic:
QN5(C,F ,P) denotes the logic over the language with signature (C,F ,P).

Lemma 1. 1. ∃yA(y) is satisfiable in QN5(C,F ,P) if and only if A(a) is sat-
isfiable in QN5(C ∪ {a},F ,P), where a �∈ C.
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2. ∀x1 . . .∀xn∃yA(y, x1, . . . , xn) is satisfiable in QN5(C,F ,P) if and only if the
formula ∀x1 . . .∀xnA(f(x1, . . . , xn), x1, . . . , xn) is satisfiable in QN5(C,F ∪
{f},P), where f �∈ F

Proof. We demonstrate only item 2, the other one is similar. Let 〈D,σ〉 be a
model of ∀x1 . . .∀xn∃yA(y, x1, . . . , xn) in QN5(C,F ,P) and T = Term(D,F);
then

2 = σ(∀x1 . . .∀xn∃yA(y, x1, . . . , xn)) = min
t1,...,tn∈T

(max
t∈T

σ(A(t, t1, . . . , tn))

and thus maxt∈T σ(A(t, t1, . . . , tn)) = 2 for all t1, . . . , tn ∈ T ; so we can define the
operator Φ : Atom(D,F∪{f},P) → Atom(D,F ,P) (and this can be extended to
general formulas) that works by replacing recursively every term f(t1, . . . , tn) by
a term t such that σ(A(t, t1, . . . , tn)) = 2. Let σ be an assignment in QN5(C,F∪
{f},P) defined by σ(L) = σ(Φf (L)); it is easy to prove by induction that σ(B) =
σ(Φf (B)) for every closed formula B and so, if T ′ = Term(D,F ∪ {f}):

σ(∀x1 . . .∀xnA(f(x1, . . . , xn), x1, . . . , xn))
= min
t1,...,tn∈T ′

σ(Φ(A(f(t1, . . . , tn), t1, . . . , tn)))

≥ min
t1,...,tn∈T

σ(A(Φ(f(t1, . . . , tn)), t1, . . . , tn)) = 2

Conversely, let 〈D,σ〉 be a model of ∀x1 . . .∀xnA(f(x1, . . . , xn), x1, . . . , xn):

min
t1,...,tn∈T ′

σ(A(f(t1, . . . , tn), t1, . . . , tn)) = 2

and let Φ : D′ → T n be a bijection, where D′ ∩D = ∅, and its extension to the
set of atoms, Φ : Atom(D ∪ D′,F ,P) → Atom(D,F ∪ {f},P) replacing every
c ∈ D′ by f(Φ(c)). Then the model 〈D ∪D′, τ〉 is defined by τ(L) = σ(Φ(L)).�

Definition 1. Let A be a formula, CA the set of constants in A and FA the set
of functions in A. The Herbrand models of A are the models in QN5(CA,FA,P)
with domain CA. HA = Term(CA,FA) is called the Herbrand universe of A.

Lemma 2. If A(x1, . . . , xn) is quantifier-free, then B =
∀x1 . . .∀xnA(x1, . . . , xn) is satisfiable iff it has a Herbrand model.

Proof. If 〈D,σ〉 is a model of B then HB = Term(CB ,FB) ⊆ Term(D,F) = T .
Then the restriction τ of σ to HB is a model of B:

τ(B) = min
t1,...,tn∈HB

τ(A(t1, . . . , tn)) ≥ min
t1,...,tn∈T

σ(A(t1, . . . , tn)) = 2 �

Theorem 3 (Herbrand’s theorem for satisfiability). Let A be a formula
in QN5, then there is an algorithm for converting A into a prenex formula A∗,
with only universal quantifiers, such that A is satisfiable iff and only if A∗ is
satisfiable by an Herbrand model (of A∗).



154 D. Pearce and A. Valverde

Proof. First, the equivalences of Theorem 2 are applied to obtain a prenex for-
mula, A′, equivalent with A; then the transformations in Lemma 3 are applied
to eliminate every existential quantifier in the prefix of A′ (from left to right)
introducing fresh constants and functions. The resulting formula is the formula
A∗ that we are looking for. Applying Lemma 2 concludes the proof.�

Next we turn to validity-preserving Skolemization and its associated Her-
brand theorem. We omit the details of the proofs because they are similar to the
previous results.

Lemma 3. 1. ∀yA(y) is valid in QN5(C,F ,P) if and only if for some a �∈ C,
A(a) is valid in QN5(C ∪ {a},F ,P).

2. ∃x1 . . .∃xn∀yA(y, x1, . . . , xn) is valid in QN5(C,F ,P) if and only if the for-
mula ∃x1 . . .∃xnA(f(x1, . . . , xn), x1, . . . , xn) is valid in QN5(C,F ∪{f},P),
where f �∈ F

Lemma 4. If A(x1, . . . , xn) is quantifier free, then Φ=∃x1 . . .∃xnA(x1, . . . , xn)
is valid iff it is true in every Herbrand model.

Theorem 4 (Herbrand’s theorem for validity). Let A be a formula in
QN5; then there is an algorithm to convert A into a prenex formula A∗, with
only existential quantifiers, such that A is valid if and only if A∗ is true in every
Herbrand model (of A∗).

4 Tableaux System for QN5

The many-valued semantics allows us to describe a tableaux system for QN5
based on signed formulas; in [24] a propositional tableaux calculus was intro-
duced and will be extended here to the quantified version. The nodes in the
tableaux are closed formulas labelled with a set of truth values, S:ϕ (this con-
struction is called a signed formula). In fact, we only need the following signs:

Table 2. Tableaux expansion rules in N5 for →, ∀ and ∃. For ∧, ∨, ∼ and ¬, the
standard expansion rules for regular connectives are applied.

{2}:ϕ → ψ
{≤0}:ϕ {2}:ψ {≤1}:ϕ

{≥1}:ψ

{≤,1}:ϕ → ψ
{≥1}:ϕ {2}:ϕ
{≤0}:ψ {≤1}:ψ

{≥1}:ϕ → ψ
{≤0}:ϕ {≥1}:ψ

{≤0}:ϕ → ψ
{≥1}:ϕ
{≤0}:ψ

{≥0}:ϕ → ψ
{≤0}:ϕ {≥0}:ψ

{≤−1}:ϕ → ψ
{≥1}:ϕ

{≤−1}:ψ

{≥−1}:ϕ → ψ
{≤0}:ϕ {≥−1}:ψ

{−2}:ϕ → ψ
{≥1}:ϕ
{−2}:ψ

{≤i}:∃xφ(x)
{≤i}:φ(t)

{≥i}:∃xφ(x)
{≥i}:φ(d)

{≥i}:∀xφ(x)
{≥i}:φ(t)

{≤i}:∀xφ(x)
{≤i}:ϕ(d)

where d is fresh parameter and t is any term.
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{≤ i} = {j ∈ 5 | j ≤ i}, {≥ i} = {j ∈ 5 | j ≥ i} (we abbreviate {−2} = {≤ −2}
and {2} = {≥ 2}).

As usual, we define recursively the concept of tableau: an initial tableau
is defined and then expansion rules are provided to generate further tableaux.
More details on tableaux systems for many-valued logics and a general method
for proving their soundness and completeness can be found in [10].

Definition 2. Let Π = {ϕ1, . . . , ϕn} be a set of formulas and ψ a formula.

1. The tree

⎧⎪⎪⎨⎪⎪⎩
{2}:ϕ1
. . .

{2}:ϕn
{≤1}:ψ

is called the initial tableau for (Π,ψ).

2. If T is a tableau for (Π,ψ) and T′ is the tree obtained from T applying one
of the expansion rules in Table 2, then T′ is a tableau for (Π,ψ).

3. A branch B in a tableau T is called closed if it contains a variable p with
two signs, S:p, S′:p, such that S ∩ S′ = ∅.

4. A tableau T is called closed if every branch is closed.

Theorem 5 (Soundness and completeness of the tableaux system).
The inference ϕ1, . . . , ϕn |= ψ is valid if and only if there exists a closed tableau
for ({ϕ1, . . . , ϕn}, ψ).

5 Equilibrium in Quantified N5

In the propositional case equilibrium logic is most easily characterised by a simple
minimal model condition on N5 Kripke models. If we mirror this condition in the
quantified case, we are led to consider a partial ordering � on FOHTc models.

Definition 3. Given any two FOHTc models M = 〈D,H, T 〉 and M′ =
〈D′, H ′, T ′〉, we set M � M if D = D′, T = T ′ and H ⊆ H ′.

Definition 4. Let Π be a set of first-order N5 formulas and 〈D,H, T 〉 a model
of Π.

1. 〈D,H, T 〉 is said to be total if H = T .
2. 〈D,H, T 〉 is said to be an equilibrium model of Π if it is minimal under �

among models of Π, and it is total.

In other words a model 〈D,H, T 〉 of Π is in equilibrium if it is total and there
is no model 〈D,H ′, T 〉 of Π with H ′ ⊂ H.

The same property can be equivalently expressed using the many-valued
semantics. Let Π be a set of formulas in (C,F ,P). In QN5, the model σ of Π
is total if σ(L) ∈ {−2, 0, 2} for all ground literal L; and the ordering σ1 � σ2
among models σ1 and σ2 of Π holds iff for every literal L in Lit(C,F ,P) the
following properties hold:
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1. σ1(L) = 0 if and only if σ2(L) = 0.
2. If σ1(L) ≥ 1, then σ1(L) ≤ σ2(L)
3. If σ1(L) ≤ −1, then σ1(L) ≥ σ2(L)

This yields characterisations of total model and equilibrium model, clearly
equivalent to the earlier one.

5.1 Equilibrium Logic and Answer Set Semantics

We assume that the reader is familiar with answer set semantics for logic pro-
grams as described in [7,17]. In the propositional case equilibrium logic gener-
alises answer set semantics in the following sense. For all the usual classes of
logic programs, including normal, disjunctive and nested programs, equilibrium
models correspond to answer sets. The ‘translation’ from the syntax of programs
to N5 propositional formulas is the trivial one, eg. a ground rule of a disjunctive
program of the form

K1 ∨ . . . ∨Kk ← L1, . . . , Lm, notLm+1, . . . , notLn

where the Li and Kj are literals corresponds to the N5 sentence

L1 ∧ . . . ∧ Lm ∧ ¬Lm+1 ∧ . . . ∧ ¬Ln → K1 ∨ . . . ∨Kk

Theorem 6 ([20,16]). For any ground logic program Π, an N5 model 〈T, T 〉
is an equilibrium model of Π if and only if T is an answer set of Π.

Two propositional theories Π and Π ′ are said to be logically equivalent, in sym-
bols Π ≡ Π ′, if they have the same N5 models, and simply equivalent if they
have the same equilibrium models. They are said to be strongly equivalent, in
symbols Π ≡s Π ′, if, for any Σ, Π ∪ Σ is equivalent to Π ′ ∪ Σ. An important
property is the following.

Theorem 7 ([16]). Any two theories Π and Π ′ are strongly equivalent iff they
are logically equivalent, ie. Π ≡s Π ′ iff Π ≡ Π ′.

Let us now turn to the situation in the first-order case. We are going to
consider universal theories. A first-order N5 theory Π in some signature (C,F ,P)
is said to be universal if Π is QN5 equivalent to a set of sentences in prenex
form all of whose quantifiers are universal. Let Π be a universal theory (assumed
to be presented in prenex form) in a signature (C,F ,P). Let D ⊇ C.

We define the grounding of Π with respect to D as g(Π,D) =
⋃
B∈Π

g(B,D)

where

g(∀x1 . . .∀xnA(x1, . . . , xn), D) = {A(t1, . . . , tn); t1, . . . , tn ∈ Term(D,F)}

Clearly, any grounding of a first-order theory Π can be represented as a (possibly
infinite) theory in propositional N5 logic and so we can now relate the quantified
version of equilibrium logic for universal theories to the propositional equilibrium
logic of their ground versions.
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Lemma 5. Let Π be a universal theory in (C,F ,P). Then 〈D,H, T 〉 |= Π iff
〈H,T 〉 is a propositional N5-model of g(Π,D).

Proof. Assume that the sentences of Π are presented in prenex form with uni-
versal quantifiers. By the semantics for QN5 we have that

2 = σ(∀x1 . . .∀xnA(x1, . . . , xn)) = min{σ(A(t1, . . . , tn)) | t1, . . . , tn ∈ T }
⇔ σ(A(t1, . . . , tn)) = 2 for all t1, . . . , tn ∈ T n

⇔ σ |= g(∀x1 . . .∀xnA(x1, . . . , xn), D) �

From this and the definition of equilibrium model we obtain immediately:

Theorem 8. Let Π be a universal theory in (C,F ,P) and let 〈D,T, T 〉 be a
total model of Π. Then 〈D,T, T 〉 is an equilibrium model of Π iff 〈T, T 〉 is a
propositional equilibrium model of g(Π,D).

Combining this property with that of Theorem 6 we can relate quantified equi-
librium logic to the answer set semantics of logic programs. The rules of any
logic program are interpreted as holding for all values of the free variables in
the Herbrand universe. Hence any program (disjunctive, nested, etc) for which
answer set semantics is defined can be regarded as the universal closure of the
translation of the program rules into first-order N5. Therefore we can identify
the equilibrium models of a logic program with the equilibrium models of the
universal closure of Π, which is clearly a universal theory. If we make the stan-
dard domain closure assumption, then it is natural to restrict attention to the
Herbrand models of a program Π. Recall that by Lemma 2 every consistent
universal theory has an Herbrand model. We obtain:

Corollary 2. Let Π be a logic program in the signature (C,F ,P). A total Her-
brand model 〈C, T, T 〉 of the universal closure of Π is an equilibrium model of Π
iff T is an answer set of Π.

Proof. Immediate from Theorem 8 together with the fact that the answer sets of
a program Π with variables are identified with the answer sets of the grounding
of Π with respect to the Herbrand universe of Π. The latter coincides with
g(Π, C) defined above. Applying Theorem 6 completes the argument. �

Let Π1 and Π2 be QN5 equivalent theories in (C,F ,P). Then clearly the
ground versions of Π1 and Π2 are equivalent in propositional N5, for any ground-
ings. This leads to the following observation which follows from Lemma 5 and
Theorem 7.

Corollary 3. Let Π1, Π2 be logic programs (with variables) in the signature
(C,F ,P). Π1 and Π2 are QN5 equivalent iff for any D ⊇ C, g(Π1, D) ≡s
g(Π2, D).

The latter condition amounts to a kind of strong equivalence for open programs,
for which logical equivalence in QN5 provides a necessary and sufficient condi-
tion. Corollaries 2 and 3 also suggest that, as hoped, the logic QN5 may play a
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role not only in extending ASP but also in its implementation. In particular, any
transformation of a program with variables that leads to an QN5-equivalent pro-
gram preserves answer sets in a strong sense. This suggests that logical inference
in QN5 may be used as a tool for program transformation and simplification
prior to grounding.

6 Related Work and Concluding Remarks

Unlike in the propositional case ([14]), the study of intermediate predicate logics
with strong negation is largely uncharted territory. A recent exception is the
work of [11] who investigate the constant domain Kripke semantics for certain
special cases, including general linear frames, but not specifically treating the
two-element frames of the here-and-there logic. The authors are interested in
an extension of the strong negation axioms and this may be one reason why
they are led to develop a quite complex and non-standard proof theory. In the
literature on many-valued logics, it seems that the Gödel predicate logics have
mainly been studied in the infinite-valued or fuzzy case, see eg. [1], rather than
in the three-valued case, even without the addition of strong negation. To our
knowledge in none of these areas have nonmonotonic logics been previously built
on the underlying nonclassical base logic.

Our work in this paper is a natural development out of our previous work
on propositional equilibrium logic. By choosing as a first step the many-valued
semantics, we were able to extend both the model theory and the tableaux-based
proof theory for propositional N5 in a natural manner. We showed that the re-
sulting first-order logic, QN5, enjoys several properties, including Skolem forms
and Herbrand theorems, that are important in automated reasoning. Moreover
in this logic equilibrium models admit a very simple characterisation. As we
saw, they bear a natural relation to the old equilibrium semantics in the propo-
sitional case, when ground versions of universal theories are considered. In the
same manner the new logic extends answer set semantics for all the usual kinds
of logic programs.

In this paper we have not attempted to provide algorithms for computing
equilibrium models, and this remains a major challenge for the future. Among
previous work we know of on first-order representations of stable models, the
most important appears to be that of Eiter, Lu and Subrahmanian [5]. That
work does provide some algorithms for computing first-order stable models and
some discussion of implementation methodology. These are issues that we hope
to address in the future. However, even at this early stage, there is an important
difference in our approach compared to that of [5]: ours is anchored in a logical
approach to stable reasoning rather than a purely operational one. Consequently,
even if many details of the underlying logic remain open for further study, we
can already be fairly confident that proof methods and techniques of automated
deduction in nonclassical logics will be useful for computing and for understand-
ing the first-order nonmonotonic systems we are interested in. Even now we have
seen how inference in QN5 might be applied for program simplification.
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Aside from work on proof theory and algorithms, we expect future research
to tackle a range of other issues including the metatheory of QN5, alternative
definitions of equilibrium, other characterisations and properties of the equilib-
rium logic and examples of how it might be applied beyond the sphere of logic
programs.
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Abstract. Recent research in nonmonotonic logic programming focuses on al-
ternative notions of equivalence. In particular, strong and uniform equivalence
are both proposed as useful tools to optimize (parts of) a logic program. More
specifically, given a set P of program rules and a possible optimization Q, strong
(resp. uniform) equivalence requires that adding any set S of rules (resp. facts) to
P and Q simultaneously results in equivalent programs, i.e., P ∪ S and Q ∪ S
possess the same stable models. However, in practice it is often necessary to re-
lax this condition in such a way, that dedicated internal atoms in P or Q are no
longer allowed to occur in the possible extensions S. In this paper, we consider
these relativized notions of both uniform and strong equivalence and provide se-
mantical characterizations by generalizing the notions of UE- and SE-modelhood.
These new characterizations capture all notions of equivalence including ordinary
equivalence in a uniform way. Finally, we analyze the complexity of the intro-
duced equivalence tests for the important classes of normal and disjunctive logic
programs. As a by-product, we reduce the tests for relativized equivalences to or-
dinary equivalence between two programs. These reductions may serve as a basis
for implementation.

1 Introduction

Recent research in nonmonotonic logic programming focuses on different notions of
equivalence between two logic programs. Besides the traditional notion of (ordinary)
equivalence, i.e., checking whether two programs P and Q possess the same stable mod-
els, the more restrictive notions of strong [15,29,23,17,4,3] and uniform equivalence [6,
24,7,8] have been investigated. Formally, two programs P and Q are strongly equivalent
(resp. uniformly equivalent), if, for any set S of rules (resp. atoms), the programs P ∪S
and Q ∪ S are equivalent in the ordinary sense. These notions have been proposed as
a useful tool to change or optimize parts of logic programs avoiding an analysis of the
whole program [29,22,7]. Indeed, if a program P contains a subprogram Q which is
strongly equivalent to a program Q′, then one may replace Q in P by Q′, in particular if
the resulting program is simpler to evaluate than the original one. Semantical characteri-
zations as strong-equivalence models (SE-models [29]) or uniform-equivalence models
(UE-models [6]) provide valuable tools for these purposes.
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However, in practice it is often convenient to relax the condition that arbitrary rules
or facts are considered to be assigned to S. In particular, one wants to exclude dedicated
atoms from the possible extension S. Such atoms may play the role of internal atoms in
the compared program modules Q and Q′, and are not considered to appear anywhere
else in the complete program P .

Formally, we define strong (resp. uniform) equivalence relative to a given set of
atoms A between two programs P and Q as the test whether, for all sets of rules S over
A (resp. facts S ⊆ A), P ∪ S and Q ∪ S have the same stable models.1

Relativizing uniform equivalence has already been considered in the context of DAT-
ALOG, where the notions of uniform equivalence and (DATALOG)-equivalence are as
follows: Two DATALOG programs P and Q are uniformly equivalent [18,26] iff, for
any set A of atoms, P ∪A and Q∪A have the same output; P and Q are (DATALOG)-
equivalent iff, for any set S of external atoms (an atom is external if it does not occur in
any rule head),P ∪S andQ∪S have the same output. Interestingly, uniform equivalence
between DATALOG (Horn) programs is decidable [26], while DATALOG-equivalence
is known to be undecidable [27] for this class of programs. Indeed, the latter notion can
be seen as a special case of relativized uniform equivalence. This observation motivates
to analyze the computational complexity of relativized notions of equivalence also in
the propositional case, which we are interested in here.

Our main results can be summarized as follows:

1. For both strong and uniform relativized equivalence we provide suitable semanti-
cal characterizations by generalizing SE-models as well as UE-models. Our new
characterizations of relativized SE- and UE-models allow to capture all considered
notions of equivalence (including ordinary equivalence) in a uniform way.

2. We show that relativized strong equivalence shares an important property with gen-
eral strong equivalence, viz. that constraining the rules in the possible extensions to
a very simple syntactical form does not lead to a different concept.

3. We provide a reduction of the tests for relativized equivalences to ordinary equiva-
lence between two programs. This may serve as a basis for implementation.

4. Concerning complexity, we show that relativized uniform equivalence has the same
worst-case complexity as general uniform equivalence, for both normal (coNP-
completeness) and disjunctive logic programs (ΠP

2 -completeness); and that rela-
tivized strong equivalence has the same worst-case complexity as general strong
equivalence in the case of normal logic programs, namely coNP-completeness.

5. Between disjunctive logic programs P and Q, the complexity of strong equivalence
relative to a set of atoms A is shown to remain in coNP, whenever the number of
atoms in P and Q not contained in A is bounded by a constant; in general, the task
is ΠP

2 -complete.

A general notion of equivalence has also been introduced by Inoue and Sakama [12]. In
their framework, called update equivalence, one can exactly specify a set of arbitrary
rules which may be added to the programs under consideration and, furthermore, a set of
rules which may be deleted. However, for this explicit enumeration of rules it seems more

1 The notion of strong equivalence relative to a given set of atoms was suggested by Lin in [17]
but not further investigated.
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complicate to suitably extend the important characterizations of (generalized variants
of) SE-models and UE-models in a reasonable way to that approach.

2 Preliminaries

We deal with propositional disjunctive logic programs, containing rules r (over a set of
atoms At) of the form

a1 ∨ · · · ∨ al ← b1, . . . , bm,not bm+1, . . . ,not bn, (1)

(l ≥ 0, n ≥ m ≥ 0), where all ai, bj are from At , and not denotes default negation.
A rule r is normal, if l ≤ 1; unary if l = 1 and m = n ≤ 1; a fact, if l = 1 and
m = n = 0. For facts, we sometimes write a instead of a ←. The head of r is the set
H(r) = {a1, . . . , al}; the body of r is B(r) = {b1, . . . , bm,not bm+1, . . . , not bn}. We
also define B+(r) = {b1, . . . , bm} and B−(r) = {bm+1, . . . , bn}.

A disjunctive logic program (DLP) over At , or simply a program, is a finite set of
rules over At . A DLP P is called a normal logic program (NLP) (resp. unary program)
if every rule in P is normal (resp. unary). The set of all atoms occurring in a program P
is denoted by atm(P ).

We recall the stable-model semantics for DLPs [11,25]. Let I be an interpretation,
i.e., a set of atoms. An atom a is true under I iff a ∈ I , and false under I otherwise.
I satisfies a rule r, denoted I |= r, iff I ∩ H(r) �= ∅, whenever B+(r) ⊆ I and
I ∩B−(r) = ∅ jointly hold. Furthermore, I is a model of a program P , denoted I |= P ,
iff I |= r, for all r ∈ P . Note that the empty program has any interpretation as its model.
The Gelfond-Lifschitz reduct of a program P relative to a set of atoms I is the program
P I = {H(r) ← B+(r) | r ∈ P, B−(r)∩ I = ∅}. An interpretation I is a stable model
of a program P iff I is a minimal model (under set inclusion) of P I . An equivalent
characterization of stable models is as follows: I is a stable model of a program P , iff
I |= P and for each J ⊂ I , J �|= P I . The set of all stable models of P is denoted by
SM(P ).

Under stable semantics, two DLPs P and Q are regarded as equivalent, denoted
P ≡ Q, iff SM(P ) = SM(Q). The more restrictive forms of strong equivalence and
uniform equivalence are as follows:

Definition 1. Let P and Q be two DLPs. Then,

(i) P and Q are strongly equivalent, denoted P ≡s Q, iff, for any set R of rules,
P ∪R ≡ Q ∪R;

(ii) P and Q are uniformly equivalent, denoted P ≡u Q, iff, for any set F of facts,
P ∪ F ≡ Q ∪ F .

As an example, consider the two programs

P = {a ∨ b ←; a ← b; b ← a; ← not c}; and

P ′ = {a ← not b; b ← not a; a ← b; b ← a; ← not c}.

The only difference between P and P ′ is that a ∨ b ← is replaced by the two rules
a ← not b; b ← not a. Although, P and P ′ are equivalent (both have no stable model,
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since c cannot be derived), it can be checked that P �≡u P ′ holds. Thus, P �≡s P ′ holds,
as well. In particular, it suffices to add a fact c; then, P ∪ {c} has {a, b, c} as a stable
model, while P ′ ∪ {c} has no stable model.

Both uniform and strong equivalence enjoy interesting semantical characteriza-
tions [15,28,29,6].

Definition 2. A pair (X,Y ) of interpretations such that X ⊆ Y is called an SE-
interpretation. An SE-interpretation (X,Y ) is an SE-model of a program P , if Y |= P
and X |= PY .

Proposition 1 ([28,29]). Two programs P and Q are strongly equivalent iff they possess
the same set of SE-models.

Recently, the following pendant to SE-models, characterizing uniform equivalence
for (finite) logic programs, has been defined [6].

Definition 3. Let P be a program and (X,Y ) an SE-model of P . Then, (X,Y ) is an
UE-model of P iff, for every SE-model (X ′, Y ) of P , it holds that X ⊂ X ′ implies
X ′ = Y .

Proposition 2 ([6]). Two programs P and Q are uniformly equivalent iff they possess
the same set of UE-models.

To check strong or uniform equivalence between two programs P and Q, it is ob-
viously sufficient to consider SE-interpretations (X,Y ) over atm(P ∪Q), i.e., with
X ⊆ Y ⊆ atm(P ∪Q). We implicitly make use of this simplification when conve-
nient.

Recall our example programs P and P ′. The SE-models (over {a, b, c}) of the pro-
gram P are given by2 (abc, abc), (ab, abc); whilst the program P ′ has two additional
SE-models (c, abc), (∅, abc). Hence, P and P ′ are not strongly equivalent. Concerning
uniform equivalence, note that the pair (∅, abc) is not an UE-model of P ′, since (ab, abc)
(or (c, abc), alternatively) is an SE-model of P ′ preventing (∅, abc) to be a UE-model
of P ′ by definition. Still, P and P ′ have different UE-models, i.e., (abc, abc), (ab, abc)
for P and additionally (c, abc) for P ′. By Proposition 2, this yields P �≡u P ′ as claimed
above.

Finally, we review the complexity results for equivalence testing in logic program-
ming for the propositional case.

Proposition 3. For normal logic programs, the problems of ordinary, strong, or uniform
equivalence are complete for the class coNP. In the case of disjunctive logic programs,
the complexity remains coNP-complete for strong equivalence, while deciding uniform
or ordinary equivalence is ΠP

2 -complete for DLPs.

The results for ordinary equivalence can be obtained from results by Marek and
Truszczyński [19] for normal logic programs (cf. also [1]) and by Eiter and Gottlob for
disjunctive logic programs [9] (for an explicit proof we refer to [21]). Complexity of
uniform equivalence has been analyzed by Eiter and Fink [6] and the results concerning
strong equivalence have been shown by several authors [23,29,17].

2 We write abc instead of {a, b, c}, a instead of {a}, etc.
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3 Relativizing Strong and Uniform Equivalence

In what follows, we formally introduce the notions of relativized strong equivalence
(RSE) and relativized uniform equivalence (RUE).

Definition 4. Let P and Q be programs and let A be a set of atoms. Then,

(i) P andQ are strongly equivalent relative toA, denotedP ≡As Q, iffP ∪R ≡ Q∪R,
for all programs R over A;

(ii) P and Q are uniformly equivalent relative to A, denoted P ≡Au Q, iff P ∪ F ≡
Q ∪ F , for all facts F ⊆ A.

Observe that the range of applicability of these notions covers ordinary equivalence
(by setting A = ∅) between two programs P , Q, and general strong (resp. uniform)
equivalence (whenever atm(P ∪Q) ⊆ A). Also the following relation holds: For any
set A of atoms, let A′ = A ∩ atm(P ∪Q). Then, P ≡Ae Q holds, iff P ≡A′

e Q holds,
for e ∈ {s, u}.

Recall our example programs P and P ′. In the previous section, we have seen that
these programs are neither uniformly equivalent nor strongly equivalent to each other.
With the concepts of RSE and RUE at hand, we are able to draw a more fine-grained
picture. In particular, we can choose any A with c /∈ A, and get P ≡As P ′ and P ≡Au P ′.
In the next section, we will present a model-theoretic characterization to verify this
claim.

For technical reasons, we also introduce the following concepts:

Definition 5. Let P and Q be programs, and let A be a set of atoms. Then,

(i) P |=As Q, iff SM(P ∪R) ⊆ SM(Q ∪R), for all programs R over A;
(ii) P |=Au Q, iff SM(P ∪ F ) ⊆ SM(Q ∪ F ), for all F ⊆ A.

Hence, P ≡Ae Q holds, iff P |=Ae Q and Q |=Ae P jointly hold, for e ∈ {s, u}.
Our first main result lists some properties for relativized strong equivalence. Among

them, we show that RSE shares an important property with general strong equivalence: In
particular, from the proofs of the results in [15,29], it appears that for strong equivalence,
only the addition of unary rules is crucial. That is, by constraining the rules in the set R
in Definition 1 to unary ones does not lead to a different concept.

Lemma 1. For programs P , Q, and a set of atoms A, the following propositions are
equivalent:

(1) P �|=As Q;
(2) there exists a unary program U over A, such that SM(P ∪ U) �⊆ SM(Q ∪ U);
(3) there exists an interpretation Y , such that (a) Y |= P ; (b) for each Y ′ ⊂ Y with

(Y ′ ∩ A) = (Y ∩ A), Y ′ �|= PY holds; and (c) Y |= Q implies existence of an
X ⊂ Y , such that X |= QY and, for each X ′ ⊂ Y with (X ′ ∩ A) = (X ∩ A),
X ′ �|= PY holds.

Proof. (1) implies (3): Suppose an interpretation Y and a set R of rules over A, such that
Y ∈ SM(P ∪R) and Y /∈ SM(Q∪R). From Y ∈ SM(P ∪R), we get Y |= P ∪R
and, for each Z ⊂ Y , Z �|= PY ∪ RY . Thus (a) holds, and since Y ′ |= RY holds, for
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each Y ′ with (Y ′∩A) = (Y ∩A), (b) holds as well. From Y /∈ SM(Q∪R), we get that
either Y �|= Q ∪ R or there exists an interpretation X ⊂ Y , such that X |= QY ∪ RY .
Note that Y �|= Q∪R implies Y �|= Q, since from above, we have Y |= R. Thus, in the
case of Y �|= Q ∪ R, (c) holds; otherwise we get that X |= QY . Now since X |= RY ,
we know that, for each X ′ ⊂ Y with (X ′ ∩ A) = (X ∩ A), X ′ �|= PY has to hold,
otherwise Y /∈ SM(P ∪R). Hence, (c) is satisfied.

(3) implies (2): Suppose an interpretationY , such that Conditions (a–c) hold.We have
two cases: First, if Y �|= Q, consider the unary program U = (Y ∩ A). By Conditions
(a) and (b), it is easily seen that Y ∈ SM(P ∪U), and from Y �|= Q, Y /∈ SM(Q∪U)
follows. So suppose, Y |= Q. By (c), there exists an X ⊂ Y , such that X |= QY .
Consider the program U = (X ∩ A) ∪ {p ← q | p, q ∈ (Y \ X) ∩ A}. Again, U is
unary over A. Clearly, Y |= Q ∪ U and X |= QY ∪ U . Thus Y /∈ SM(Q ∪ U). It
remains to show that Y ∈ SM(P ∪U). We have Y |= P ∪U . Towards a contradiction,
suppose a Z ⊂ Y , such that Z |= PY ∪ U . By definition of U , Z ⊇ (X ∩ A). If
(Z ∩A) = (X ∩A), Condition (c) is violated; if (Z ∩A) = (Y ∩A), Condition (b) is
violated. Thus, (X ∩A) ⊂ (Z ∩A) ⊂ (Y ∩A). But then, Z �|= U , since there exists at
least one rule p ← q in U , such that q ∈ Z and p /∈ Z. Contradiction.

(2) implies (1) holds by definition. ��

Corollary 1. For programs P , Q, and a set of atoms A, P ≡As Q holds iff, for each
unary program U over A, P ∪ U ≡ Q ∪ U holds.

4 A Characterization for Relativized Strong Equivalence

In this section, we provide a semantical characterization of RSE by generalizing the
notion of SE-models. Hence, our aim is to capture the problem P ≡As Q in pure model-
theoretic terms. Moreover, having found a suitable notion of relativized SE-models, we
expect that a corresponding pendant for RUE can be derived in the same manner as
general UE-models are defined over general SE-models.

We introduce the following notion.

Definition 6. Let A be a set of atoms. A pair of interpretations (X,Y ) is a (relativized)
A-SE-interpretation iff either X = Y or X ⊂ (Y ∩ A). Moreover, (X,Y ) is a (rela-
tivized) A-SE-model of a program P iff

(i) Y |= P ;
(ii) for all Y ′ ⊂ Y with (Y ′ ∩A) = (Y ∩A), Y ′ �|= PY ; and
(iii) X ⊂ Y implies existence of a X ′ ⊆ Y with (X ′ ∩ A) = X , such that X ′ |= PY

holds.

Compared to SE-models, this definition is more involved. This is due to the fact,
that we have to take care of two different effects when relativizing strong equivalence.
The first one is as follows: Suppose a program P has among its SE-models the pairs
(Y, Y ) and (Y ′, Y ) with (Y ′ ∩ A) = (Y ∩ A) and Y ′ ⊂ Y . Regardless of the rules
R over A we add to P , Y ′ �|= (P ∪ R)Y always implies Y �|= P ∪ R. In other words,
Y is not a stable model of P ∪ R, for any R over A. Hence, in this situation, we do
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not pay attention to any original SE-model from P of the form (Z, Y ). This motivates
Condition (ii). Condition (iii) deals with a different effect: Suppose P has SE-models
(X,Y ) and (X ′, Y ), with (X ∩A) = (X ′ ∩A) ⊂ (Y ∩A). Again, it is not possible to
eliminate just one of these two SE-models by adding rules overA. Such SE-models which
do not differ with respect to A, are collected into a single A-SE-model ((X ∩A), Y ).

The different role of these two independent conditions becomes even more apparent
in the following cases. On the one hand, setting A = ∅, the A-SE-models of a program
P collapse with the stable models of P . More precisely, all such ∅-SE-models have to
be of the form (Y, Y ), and it holds that (Y, Y ) is an ∅-SE-model of a DLP P iff Y is a
stable model of P . This is easily seen by the fact that under A = ∅, Conditions (i) and (ii)
in Definition 6 exactly coincide with the characterization of stable models. Therefore,
A-SE-model-checking for DLPs is not possible in polynomial time in the general case;
otherwise we get that checking whether a DLP has some stable model is NP-complete;
which is in contradiction to known results [9], provided the polynomial hierarchy does
not collapse. On the other hand, if each atom from P is contained in A, then the A-SE-
models of P coincide with the SE-models (over A) of P . The conditions in Definition 6
are hereby instantiated as follows: A pair (X,Y ) is an A-SE-interpretation iff X ⊆ Y ,
and by (i) we get Y |= P , (ii) is trivially satisfied, and (iii) states X |= PY .

Next, we list some immediate observations.

Lemma 2. Let P be a program and A be a set of atoms. We have the following relations
between A-SE-models and SE-models.

– If (Y, Y ) is an A-SE-model of P , then (Y, Y ) is an SE-model of P .
– If (X,Y ) is an A-SE-model of P , then (X ′, Y ) is an SE-model of P , for some X ′

with X ′ = (X ∩A).

Let us compute the relativized SE-models of our example programsP andP ′ already
used in previous sections. Indeed, we expect that P ≡As P ′ holds exactly if the A-SE-
models of P and P ′ coincide. By above lemma, it suffices to consider the SE-models of
a program and check whether they result in corresponding A-SE-models. P has got two
SE-models, (abc, abc) and (ab, abc). Hence, Condition (ii) in Definition 6 is satisfied,
only if c ∈ A. In this case, P possesses two A-SE-models (abc, abc) and (X, abc) where
X = A ∩ {a, b}. In each other case P ′ has no A-SE-model, since there is a Y ′ ⊂ Y
with (Y ′ ∩A) = (Y ∩A), such that Y ′ |= PY , for Y = {a, b, c}. This is similar for P ′.
In particular, P ′ has SE-models (abc, abc), (ab, abc), (c, abc), (∅, abc). Thus, whenever
c ∈ A, (c, abc) remains to be an A-SE-model of P ′, yielding different A-SE-models for
P and P ′. Otherwise, i.e., c /∈ A, P ′ has no A-SE-models. Therefore, the A-SE-models
of P and P ′ coincide, whenever c /∈ A.

For a further example, consider the programs

Q = {a ∨ b ←; a ← c; b ← c; ← not c; c ← a, b};
Q′ = {a ← not b; b ← not a; a ← c; b ← c; ← not c; c ← a, b}.

Thus, Q′ results from Q by replacing the disjunctive rule a ∨ b ← by the two rules
a ← not b; b ← not a.
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Table 1. Comparing the A-SE-models for example programs Q and Q′.

A A-SE-models of Q A-SE-models of Q′

{a, b, c} (abc, abc), (a, abc), (b, abc) (abc, abc), (a, abc), (b, abc), (∅, abc)
{a, b} (abc, abc), (a, abc), (b, abc) (abc, abc), (a, abc), (b, abc), (∅, abc)
{a, c} (abc, abc), (a, abc), (∅, abc) (abc, abc), (a, abc), (∅, abc)
{b, c} (abc, abc), (∅, abc), (b, abc) (abc, abc), (b, abc), (∅, abc)
{a} - -
{b} - -
{c} (abc, abc), (∅, abc) (abc, abc), (∅, abc)
∅ - -

Table 1 lists, for each A ⊆ {a, b, c}, the A-SE-models of Q and Q′, respectively.
The first row of the table gives the SE-models (over {a, b, c}) for Q and Q′. Observe
that we have Q �≡s Q′. The second row shows that, for A = {a, b}, Q �≡As Q′, as well.
Indeed, adding R = {a ← b; b ← a} yields {a, b, c} as stable model of Q∪R, whereas
Q′ ∪R has no stable model. For all other A ⊂ {a, b, c}, the A-SE-models of Q and Q′

coincide. Basically, there are two different reasons. First, for A = {a, c}, A = {b, c},
or A = {c}, Condition (iii) from Definition 6 comes into play. In those cases, at least
one of the SE-interpretations (a, abc) or (b, abc) is “switched” to (∅, abc), and thus the
original difference between the SE-models disappears when considering A-SE-models.
In the remaining cases, i.e., A ⊂ {a, b}, Condition (ii) prevents any (X, abc) to be an
A-SE-model. Then, neither Q nor Q′ possesses any A-SE-model.

The general result is as follows. In particular, we show that A-SE-models capture
the notion of ≡As in the same manner as SE-models capture ≡s.

Theorem 1. For programs P , Q, and a set of atoms A, P ≡As Q holds iff P and Q
possess the same A-SE-models.

Proof. First suppose P �≡As Q and wlog consider P �|=As Q. By Lemma 1, there exists
an interpretation Y , such that (a) Y |= P ; (b) for each Y ′ ⊂ Y with (Y ′∩A) = (Y ∩A),
Y ′ �|= PY ; and (c) Y �|= Q or there exists an interpretation X ⊂ Y , such that X |= QY

and, for each X ′ ⊂ Y with (X ′ ∩ A) = (X ∩ A), X ′ �|= PY . First suppose Y �|= Q,
or Y |= Q and (X ∩A) = (Y ∩A). Then (Y, Y ) is an A-SE-model of P but not of Q.
Otherwise, i.e., Y |= Q and (X ∩ A) ⊂ (Y ∩ A), ((X ∩ A), Y ) is an A-SE-model of
Q. But, by Condition (c), ((X ∩A), Y ) is not an A-SE-model of P .

For the converse direction of the theorem, suppose a pair (Z, Y ), such that wlog
(Z, Y ) is an A-SE-model of P but not of Q. First, let Z = Y . We show P �|=As Q.
Since (Y, Y ) is an A-SE-model of P , we get from Definition 6, that Y |= P and, for
each Y ′ ⊂ Y with (Y ∩ A) = (Y ′ ∩ A), Y ′ �|= PY . Thus, Conditions (a) and (b)
in Part (3) of Lemma 1 are satisfied for P by Y . On the other hand, (Y, Y ) is not an
A-SE-model of Q. By Definition 6, either Y �|= Q, or there exists a Y ′ ⊂ Y , with
(Y ′ ∩ A) = (Y ∩ A), such that Y ′ |= QY . Therefore, Condition (c) from Lemma 1 is
satisfied by either Y �|= Q or, if Y |= Q, by setting X = Y ′. We apply Lemma 1 and get
P �|=As Q. Consequently, P �≡As Q. So suppose, Z �= Y . We show that then Q �|=As P
holds. First, observe that whenever (Z, Y ) is an A-SE-model of P , then also (Y, Y )
is an A-SE-model of P . Hence, the case where (Y, Y ) is not an A-SE-model of Q is
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already shown. So, suppose (Y, Y ) is an A-SE-model of Q. We have Y |= Q and, for
each Y ′ ⊂ Y with (Y ′∩A) = (Y ∩A), Y ′ �|= QY . This satisfies Conditions (a) and (b)
in Lemma 1 for Q. However, since (Z, Y ) is not an A-SE-model of Q, for each X ′ ⊂ Y
with (X ′∩A) = Z, X ′ �|= QY holds. Since (Z, Y ) in turn is an A-SE-model of P , there
exists an X ′′ ⊂ Y with (X ′′ ∩A) = Z, such that X ′′ |= PY . These observations imply
that (c) holds in Lemma 1. We apply the lemma and get Q �|=As P . Hence, P �≡As Q. ��

5 Characterizing Relativized Uniform Equivalence

In this section, we present a characterization for deciding ≡Au , i.e., uniform equivalence
relative to a set of atoms A. As mentioned before, we aim at defining relativized A-UE-
models over A-SE-models in the same manner as general UE-models are defined over
general SE-models, following Definition 3. We thus define the following concept.

Definition 7. LetA be a set of atoms andP be a program. A pair (X,Y ) is a (relativized)
A-UE-model of P iff it is an A-SE-model of P and, for every A-SE-model (X ′, Y ) of
P , X ⊂ X ′ implies X ′ = Y .

We suitably adapt parts of Lemma 1.

Lemma 3. For programs P and Q, and a set of atoms A, P �|=Au Q holds iff there exists
an interpretationY , such that (a)Y |= P ; (b) for eachY ′ ⊂ Y with (Y ′∩A) = (Y ∩A),
Y ′ �|= PY holds; and (c) Y |= Q implies existence of an X ⊂ Y , such that X |= QY

and, for each X ′ with (X ∩A) ⊆ X ′ ⊂ Y , X ′ �|= PY holds.

Proof. For the only-if direction, suppose sets of atoms Y and F ⊆ A, such that Y ∈
SM(P ∪ F ) and Y /∈ SM(Q ∪ F ). We get Y |= P ∪ F and, for each Z ⊂ Y ,
Z �|= PY ∪ F . Conditions (a) and (b) thus hold. Since Y /∈ SM(Q ∪ F ), either
Y �|= Q ∪ F or there exists an interpretation F ⊆ X ⊂ Y , such that X |= QY .
Y �|= Q ∪ F implies Y �|= Q, since Y |= P ∪ F ; otherwise, i.e., X |= QY , we know
from Z �|= PY ∪ F that, for each X ′ with (X ∩A) ⊆ X ′ ⊂ Y , X ′ �|= PY has to hold;
otherwise Y /∈ SM(P ∪ F ). Hence, (c) is satisfied.

For the if-direction, suppose a set Y , such that Conditions (a–c) hold. We have two
cases: First, if Y �|= Q, we set F = (Y ∩A). By (a) and (b), we derive Y ∈ SM(P ∪F ).
Since Y �|= Q, Y /∈ SM(Q ∪ F ) follows, and we are done. So suppose Y |= Q and
existence of an X ⊂ Y , such that X |= QY . We set F = (X ∩A). Clearly, Y |= Q∪F
andX |= QY ∪F . ThusY /∈ SM(Q∪F ). It remains to show thatY ∈ SM(P∪F ). We
haveY |= P∪F . By Condition (c), eachX ′with (X∩A) ⊆ X ′ ⊂ Y satisfiesX ′ �|= PY .
For each other X ′ ⊂ Y , we have X ′ ⊂ (X ∩A), and thus X ′ �|= F by definition of F .
Hence, X ′ �|= PY ∪R holds for each X ′ ⊂ Y , yielding Y ∈ SM(P ∪ F ). ��

Next, we can derive the desired characterization for relativized uniform equivalence.

Theorem 2. For programs P , Q, and a set of atoms A, P ≡Au Q holds iff P and Q
possess the same A-UE-models.
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Proof. First suppose P �≡Au Q and wlog consider P �|=Au Q. By Lemma 3, there exists
an interpretation Y , such that (a) Y |= P ; (b) for each Y ′ ⊂ Y with (Y ′∩A) = (Y ∩A),
Y ′ �|= PY ; and (c) Y �|= Q or there exists an interpretation X ⊂ Y , such that X |= QY

and, for each X ′ with (X ∩ A) ⊆ X ′ ⊂ Y , X ′ �|= PY . If Y �|= Q or Y |= Q and
(X ∩ A) = (Y ∩ A), then (Y, Y ) is an A-SE-model of P but not of Q. Consequently,
also theA-UE-models ofP andQ differ. Otherwise, i.e.,Y |= Q and (X∩A) ⊂ (Y ∩A),
((X ∩ A), Y ) is an A-SE-model of Q. But Condition (c) guarantees, that any A-SE-
model (X ′, Y ) of P with (X∩A) ⊆ X ′ satisfies X ′ = Y . Thus, we get an A-UE-model
(X ′, Y ) of Q with (X ∩A) ⊆ X ′ ⊂ Y , which cannot be an A-UE-model of P .

For the converse direction, suppose wlog a pair (Z, Y ) is an A-UE-model of P but
not of Q. The case of Z = Y proceeds similar as in the proof of Theorem 1, since
(Y, Y ) is an A-UE-model of a program iff (Y, Y ) is an A-SE-model of it. So suppose,
Z �= Y . Since (Z, Y ) is an A-UE-model of P , (Y, Y ) is an A-UE-models of P , as well.
We further assume that (Y, Y ) is an A-UE-model of Q; the other case is already shown.
We thus have Y |= P ∪Q and, for each Y ′ ⊂ Y with (Y ′ ∩A) = (Y ∩A), Y ′ �|= PY

and Y ′ �|= QY ; i.e., Conditions (a) and (b) from Lemma 3 hold in both cases P �|=Au Q
and Q �|=Au P . There are two possible reasons for (Z, Y ) not being an A-UE-model of
Q: (Z, Y ) is an A-SE-model of Q, but there exists a Z ′ with Z ⊂ Z ′ ⊂ Y , such that
(Z ′, Y ) is an A-SE-model of Q, as well; or the A-SE-interpretation (Z, Y ) is not an
A-SE-model of Q. First, suppose there exists a Z ′ with Z ⊂ Z ′ ⊂ Y , such that (Z ′, Y )
is an A-SE-model of Q. Then, (c) holds since there exists an X with (X∩A) = Z ′, such
that X |= QY , and, for each X ′ with Z ′ ⊆ X ′ ⊂ Y , X ′ �|= PY holds by assumption
that (Z, Y ) is an A-UE-model of P . By Lemma 3, we get P �|=Au Q. Second, suppose
no Z ′ with Z ⊂ Z ′ ⊂ Y yields an A-SE-model (Z ′, Y ) of Q and (Z, Y ) is not an
A-SE-model of Q. Then, (c) holds for Q since there exists an X with (X ∩ A) = Z,
such that X |= PY , and no X ′ with Z ⊆ X ′ ⊂ Y satisfies X ′ |= QY . By Lemma 3, we
get Q �|=Au P . We thus have either P �|=Au Q or Q �|=Au P . Both cases imply P �≡Au Q. ��

Recall our example programs Q and Q′ from above. Via the first row in the table (i.e.,
for A = {a, b, c}, yielding the respective SE-models), it easily checked by Proposition 2
that Q and Q′ are uniformly equivalent. In fact, the SE-model (∅, abc) of Q′ is not a
UE-model of Q′, due to the presence of the SE-model (a, abc), or alternatively because
of (b, abc). Note that Q ≡u Q′ implies Q ≡Au Q′ for any A. Inspecting the remaining
lines in the table, it can be checked that, for any A, the sets of A-UE-models of Q and
Q′ are equal, as expected.

As a final remark, we mention that A-UE-models enjoy the same property as A-SE-
models for characterizing stable models. In particular, we have a one-to-one correspon-
dence between the ∅-UE-models of a program P and the stable models of P .

6 Complexity and Implementation Issues

In this section, we first present a method to decide RSE and RUE via reductions to
ordinary equivalence tests.Afterwards we utilize these reductions in order to examine the
computational complexity of RSE and RUE. We remark that the forthcoming reductions
also hold for the general forms of uniform and strong equivalence. These reductions have
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so far not been presented in the literature we are aware of.3 We note that the presented
method is relevant in practice by composing our reductions with implementations to
check equivalence between programs [14,21].

Theorem 3. Let P1 and P2 be programs and A be a set of atoms. Moreover, let pa and
p̄a be new atoms for each a ∈ A, and define

P ′i = {pa ← not p̄a; p̄a ← not pa | a ∈ A} ∪
{a ← pa | a ∈ A} ∪
Pi;

for i = 1, 2. Then, P1 ≡Au P2 iff P ′1 ≡ P ′2.

Intuitively, the first two rules guess any truth assignment to the atoms pa. Then,
whenever pa is contained in the guess, a is derived. Hence, the added rules “simulate”
each possible extension of facts to the Pi’s simultaneously. A formal proof is easily
obtained by using the well-known splitting-theorem [10,16]. A similar procedure can be
given for RSE making use of the restriction to unary rules, following Corollary 1.

Theorem 4. Let P1 and P2 be programs and A be a set of atoms. Moreover, let pa,b and
p̄a,b be new atoms for any a, b ∈ A, and define

P ′i = {pa,b ← not p̄a,b; p̄a,b ← not pa,b | a, b ∈ A} ∪
{a ← pa,a | a ∈ A} ∪ {a ← b, pa,b | a, b ∈ A, a �= b} ∪
Pi;

for i = 1, 2. Then, P1 ≡As P2 iff P ′1 ≡ P ′2.

Here, we guess any set of unary rules over A via truth assignments to atoms pa,b.
Note that pa,a refers to the fact a ← rather than to the (tautological) rule a ← a.

The program P ′ as defined in Theorem 3 is clearly constructible in polynomial time
from P . Moreover, P ′ is normal whenever P is normal. This observation gives the re-
spective membership results for RUE in the forthcoming theorem. Hardness follows, for
instance, from the complexity results for ordinary equivalence, following Proposition 3.
Similarly, this argumentation holds for relativized strong equivalence.

Theorem 5. Given two programs P and Q, a set of atoms A, and e ∈ {s, u}, deciding
whether P ≡Ae Q is ΠP

2 -complete. If P and Q are normal, then P ≡Ae Q is coNP-
complete.

However, it is worthful to pay additional attention to the case of strong equivalence
relative to A between DLPs. Compared to the other cases, the complexity between the
two ends of the range for A differs. As mentioned earlier, for A = ∅, we have P ≡As Q
iff P ≡ Q. The latter test is ΠP

2 -complete, hence ΠP
2 -completeness for P ≡As Q is

derived. On the other end, for A = atm(P ∪Q), we have P ≡As Q iff P ≡s Q. The
latter test is coNP-complete, and thus is less involving. We identify the following frontier
between coNP- and ΠP

2 -hardness for RSE.
3 Alternative methods—which reduce the general variants of uniform and strong equivalence to

the consistency problem of stable logic programming—can be found, e.g., in [8].
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Theorem 6. For DLPs P and Q, and a set of atoms A, the test for P ≡As Q is coNP-
complete, whenever the cardinality of the set atm(P ∪Q)\A is bounded by a constant.

Proof. The proof is shown via the complementary problem, which is in NP. It suffices
to show that the test for P �|=As Q is in NP. We guess an interpretation Y and check
Conditions (a–c) from Lemma 1. Suppose the cardinality of the set (atm(P ∪Q)) \A
is bounded by a constant k. Then, we need in the worst case one additional guess for
X and 2k+1 + 3 entailment tests to check the conditions, by unfolding the universal
quantifications in Conditions (b) and (c). Entailment tests can be done in polynomial
time. This shows membership in coNP for bounded k. Hardness follows from the coNP-
completeness of strong equivalence. ��

7 Conclusion

In this paper, we introduced relativized variants of strong and uniform equivalence
between logic programs. Moreover, we suitably adapted the important notions of SE-
models and UE-models in order to provide a uniform semantical characterization.

We showed that for normal logic programs, relativizing equivalence does not increase
the computational complexity compared to the original notions of strong (resp. uniform)
equivalence. This holds in the case of RUE between disjunctive logic programs, as well.
In the case of P ≡As Q between DLPs, however, we witnessed an increase of the com-
putational complexity, whenever the number of atoms atm(P ∪Q) \ A is unbounded;
otherwise, P ≡As Q is coNP-complete. Note that this result is acceptable in a practical
setting, since it is often sufficient to exclude from A only a small number of (internal)
atoms occurring in the considered programs in order to check P ≡As Q.

Our ongoing and future work concerns the application of these newly introduced
relativized SE- and UE-models for program transformation rules as presented in [2],
complementing recent research within this area [8,22]. Moreover, we investigate whether
criteria for disjunction elimination [7] can be suitably generalized to relativized SE-
models. Finally, we plan to extend our results to further classes of logic programs,
viz. extended logic programs containing strong negation, nested logic programs, and
to the function-free first-order (DATALOG) case. Moreover, we consider to explore
how our results can be applied for optimizations of algorithms used in disjunctive logic
programming engines such as DLV [5] and smodels+GnT [13].

Acknowledgments. The author would like to thank Chiaki Sakama, Thomas Eiter, and
Hans Tompits, as well as the anonymous referees for their valuable comments which
helped improving the paper.
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Abstract. This paper defines a general framework for testing equiva-
lence of logic programs with respect to two parameters. Given two sets of
rules Q and R, two logic programs P1 and P2 are said to be update equiv-
alent with respect to (Q,R) if (P1 \Q)∪R and (P2 \Q)∪R have the same
answer sets for any two logic programs Q ⊆ Q and R ⊆ R. The notion
of update equivalence is suitable to take program updates into account
when two logic programs are compared. That is, the notion of relativity
stipulates the languages of updates, and two parameters Q and R cor-
respond to the languages for deletion and addition, respectively. Clearly,
the notion of strong equivalence is a special case of update equivalence
where Q is empty and R is the set of all rules in the language. In fact,
the notion of update equivalence is strong enough to capture many other
notions such as weak equivalence, update equivalence on common rules,
and uniform equivalence. We also discuss computation and complexity
of update equivalence.

1 Introduction

The notion of equivalence in logic programming has recently become important.
Because a logic program is used to represent knowledge of a problem domain, we
often have to consider whether two logic programs P1 and P2 represent the same
knowledge. For example, one logic program P1 may be viewed as a specification
of knowledge in some domain, and another representation P2 may be expected
to be a compact form of P1 which can easily be computed.

Strong equivalence [11] is one of the most widely recognized criteria for equiv-
alence of logic programs. Two logic programs P1 and P2 are said to be strongly
equivalent if for any logic program R, P1 ∪ R and P2 ∪ R have the same an-
swer sets. On the other hand, two programs are weakly equivalent if they agree
with their answer sets. The notion of strong equivalence was introduced earlier
by Maher [15] for definite programs under the name of equivalence as program
segments. Recently, strong equivalence has been studied both logically and com-
putationally for answer set programming [11,18,17,14,21,2,4].

In [11], it is argued that strong equivalence can be used to simplify a part
of a logic program without looking at the other part. For example, { p ← p }

J.J. Alferes and J. Leite (Eds.): JELIA 2004, LNAI 3229, pp. 174–186, 2004.
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and ∅ are strongly equivalent, so that the rule in the former set can always be
eliminated from any program. On the other hand, the two weakly equivalent
programs { p ← not q } and { p ← } are not strongly equivalent, so the rule in
the former cannot be replaced by the rule in the latter. Hence, strong equivalence
takes the influence of addition of a rule set to each program into account.

However, strong equivalence cannot capture the negative influence, i.e., dele-
tion of a rule set from each program. For example, P1 = { p ← , q ← not p }
and P2 = { p ← } are strongly equivalent. According to the above discussion,
the two rules in P1 can be replaced by the rule of P2, which implies that the
rule q ← not p can be eliminated from P1. However, the process of program
development is not always monotonic. We often revise and update our previous
rules and delete some part of a program in exchange for additional new rules.
In such a case, eliminating a rule like q ← not p is harmful, and it should be
kept for later uses because q should be derived whenever p is removed. Strong
equivalence does not take such a possibility of removal into account.

In this paper, we consider a much stronger notion of equivalence which is
tolerant of both addition and removal. Given two sets of rules Q and R, two
logic programs P1 and P2 are said to be update equivalent with respect to (Q,R)
if (P1 \ Q) ∪ R and (P2 \ Q) ∪ R have the same answer sets for any two logic
programs Q ⊆ Q and R ⊆ R. Clearly, the notion of strong equivalence is a
special case of update equivalence where Q is empty and R is the set of all rules
in the language. In the above example, P1 and P2 are not update equivalent with
respect to (P,P) where P is the set of all rules in the language of P1 and P2.
This is because the removal of p ← from both programs involves derivation of
q in P1. For another example, P3 = { p ← , q ← p } and P4 = { p ← , q ← }
are strongly equivalent, but are not update equivalent with respect to (P,P)
because the removal of p ← differentiates their answer sets. Non-equivalence
of P3 and P4 is explained as follows. While the reason why q is true in P3 is
justified by the rule q ← p and the truth of p, both p and q hold as facts in
P4. So q depends on p in P3, and the loss of p affects the loss of q, but no
such dependency exists in P4. This contrasts well with the case that the weakly
equivalent programs { p ← not q } and { p ← } are not strongly equivalent,
where the truth of p is factual in the latter but it is justified by the default
rule in the former. In other words, strong equivalence distinguishes derivation of
literals through negation as failure from derivation without involving negation
as failure. This asymmetric property of strong equivalence is not always natural
from the viewpoint of nonmonotonic reasoning.

Without any restriction on Q and R, two logic programs are called strongly
update equivalent if they are update equivalent with respect to (P,P). Surpris-
ingly, only a small class of strongly equivalent logic programs becomes strongly
update equivalent. In fact, we prove that two logic programs are strongly update
equivalent only if they only differ in additional valid (or tautological) rules. How-
ever, a slightly modified definition assures that most modular transformations
of rules proposed in the literature preserve update equivalence on common rules.
As a related work, Eiter et al. [3] discuss another generalization of strong equiv-
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alence in the context of updating logic programs. However, the effect of removal
in equivalence of logic programs has never been analyzed so far. Leite [10] intro-
duces another update equivalence in the context of dynamic logic programming,
but it is not a generalization of strong equivalence.

For update equivalence, often we can restrict the languages of changing parts
(Q,R) to some subsets of the whole language of programs. Such restriction
is practicably interesting because logic programs and deductive databases are
usually divided into invariable and variable parts such that only variable parts
are changed in updates [19]. This notion of equivalence is partially considered in
[14] as relative equivalence and in [2] as uniform equivalence.

The rest of this paper is organized as follows. Section 2 reviews the answer
set semantics and previous definitions of equivalence. Section 3 defines rela-
tive update equivalence. Section 4 shows the necessary and sufficient condition
of strong update equivalence, and also considers update equivalence on com-
mon rules. Section 5 discusses the application of relative update equivalence
to database updates. Section 6 shows a translation from relative update equiv-
alence into relative strong equivalence, and considers the time complexity of
update equivalence. Section 7 concludes the paper.

2 Background

A (logic) program is represented in a general extended disjunctive program
(GEDP) [13,7], which consists of a finite number of rules of the form:

L1; · · · ;Lk;notLk+1; · · · ;notLl ← Ll+1, . . . , Lm, not Lm+1, . . . , not Ln (1)

where each Li is a literal (n ≥ m ≥ l ≥ k ≥ 0), and not is negation as failure
(NAF). The symbol ; represents a disjunction. For any literal L, the literal
complimentary to L is written as L, that is, when A is an atom, A = ¬A and
¬A = A. A rule with variables stands for the set of its ground instances. The left-
hand side of the rule is the head , and the right-hand side is the body. For each rule
r of the form (1), head+(r), head−(r), body+(r) and body−(r) denote the sets
of literals {L1, . . . , Lk}, {Lk+1, . . . , Ll}, {Ll+1, . . . , Lm}, and {Lm+1, . . . , Ln},
respectively. A rule r is an integrity constraint if head+(r) = ∅. Any rule with
the empty body H ← is called a fact and is also written as H without the
symbol ← as long as no confusion arises. A GEDP is an extended disjunctive
program (EDP) [5] if it contains no NAF in the head of any rule (i.e., k = l).

The semantics of a program is given by its answer sets. First, let P be a
GEDP without NAF (i.e., k = l and m = n) and S ⊆ Lit, where Lit is the set
of all ground literals in the language of P . Then, S is an answer set of P if S is
a minimal set satisfying the conditions:

1. For each ground rule r of the form L1; · · · ;Ll ← Ll+1, . . . , Lm from P ,
body+(r) ⊆ S implies head+(r) ∩ S �= ∅;

2. If S contains a pair of complementary literals L and L, then S = Lit.
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Second, given any GEDP P (with NAF) and S ⊆ Lit, consider the GEDP
(without NAF) PS obtained as follows: a rule L1; · · · ;Lk ← Ll+1, . . . , Lm is in
PS if there is a ground rule r of the form (1) from P such that head−(r) ⊆ S
and body−(r)∩S = ∅. Then, S is an answer set of P if S is an answer set of PS .

An answer set is consistent if it is not Lit. A program is consistent if it has
a consistent answer set. An answer set S of P is minimal if there is no other
answer set S′ of P such that S′ ⊂ S. Every answer set of any EDP is minimal
[5], but the minimality of answer sets no longer holds for GEDPs [13]. The set
of all answer sets of P is written as AS(P ).

The notions of weak and strong equivalence are defined as follows.

Definition 2.1. Let P1, P2, and R be programs.

(1) P1 and P2 are (weakly) equivalent if AS(P1) = AS(P2).
(2) P1 and P2 are equivalent relative to R [8] if AS(P1 ∪R) = AS(P2 ∪R).
(3) P1 and P2 are strongly equivalent [11] if P1 and P2 are equivalent relative to

any program.

Obviously, two strongly equivalent programs are weakly equivalent, and in
fact they are equivalent relative to ∅.

3 Relative Update Equivalence

Relative update equivalence of logic programs is an elaboration of strong equiv-
alence of logic programs under the two additional concepts: (a) deletion of rules
as well as addition, and (b) the restriction of languages for deletion and addition.

Definition 3.1. Suppose that P1, P2, Q, and R are sets of rules with a common
underlying language. P1 and P2 are update equivalent with respect to (Q,R) if
AS((P1 \Q) ∪R) = AS((P2 \Q) ∪R)1 for any programs Q ⊆ Q and R ⊆ R.

Each rule in Q is called a removable rule, while each rule in R is called an
insertable rule. A removable or insertable rule is called an updatable rule.

When two programs are update equivalent with respect to some pair (Q,R),
they are called relatively update equivalent, or update equivalent for short. As it
is seen by its name, (relative) update equivalence enables us to give the seman-
tics for equivalence of logic programs with respect to updates. That is, P1 and
P2 are regarded as equivalent programs in the sense that they are equivalent
after any program Q ⊆ Q is deleted and then any program R ⊆ R is inserted.
Consideration of such update equivalence is meaningful and important because
1 For removing rules containing variables from a program, the set difference operation

is semantically defined on ground programs as P \Q = ground(P )\ground(Q), where
ground(P ) is the ground instances of elements from P . For example, when x is a
variable and a is a constant, {p(a)}\{p(x)} = ∅, and {p(x)}\{p(a)} = {p(y) | y �= a}.
Similarly, the union P ∪ Q and the intersection P ∩ Q are respectively defined as
ground(P )∪ground(Q) and ground(P )∩ground(Q), e.g., {p(a)}∪{p(x)} = {p(x)}.
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it guarantees equivalence of two different programs dynamically in the face of
any common change of these programs.2

In the special case, both Q and R are given as the set of all rules in the
language of programs, that is, any rule can be either deleted or added in updates.
This case is further investigated in Section 4. Often, however, we want to consider
update equivalence with respect to (Q,R) in which Q and R are given as some
distinguished sets of updatable rules. Such restriction to updates is practicably
interesting because logic programs and deductive databases are usually divided
into invariable and variable parts such that only variable parts are updatable
[19]. Abductive logic programming [9,6] is another example where Q and R are
defined as distinguished sets of abducibles. Such applications of relative update
equivalence are investigated in Section 5.

A similar notion using some distinguished set of insertable rules can also be
defined for strong equivalence.3

Definition 3.2. Suppose that P1 and P2 are programs, and that R is a set of
insertable rules. P1 and P2 are strongly equivalent with respect to R if AS(P1 ∪
R) = AS(P2 ∪R) holds for any program R ⊆ R.

4 Strong Update Equivalence

In the general notion of relative update equivalence, we can restrict updatable
rules to some distinguished rules in the language. In this section, we consider
the special case of update equivalence where such restriction is not specified.

Definition 4.1. Two programs P1 and P2 are strongly update equivalent (S-
update equivalent, for short) if AS((P1 \Q) ∪ R) = AS((P2 \Q) ∪ R) holds for
any programs Q and R.

For example, two programs { p ← p } and ∅ are S-update equivalent. Obvi-
ously, two S-update equivalent programs are strongly equivalent, and in fact they
are equivalent for Q = ∅ and for any program R. By definition, two S-update
equivalent programs are update equivalent with respect to any pair (Q,R) of
updatable rules.

4.1 Characterization of S-Update Equivalence

One important problem is how two strongly update equivalent programs are
different from each other. With regard to this problem, we can show that two
S-update equivalent programs are almost identical; the difference between the
2 Eiter et al. [3] have also discussed a notion of update equivalence. The focuses in

[3] are different from ours in that the semantics of updates are captured by Kripke
structures and that finitary characterization of updates are described.

3 For strong equivalence, Lin [14] has also mentioned the idea of relative equivalence
by defining equivalence between two logic programs with respect to a set of atoms.
Our definition is more general than Lin’s as a set of rules is taken into account.
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two always consists of valid rules. Here, a valid rule is a rule that never changes
the answer sets of any program if the rule is added to the program.

Definition 4.2. A rule r is valid if {r} is strongly equivalent to ∅.

Lemma 4.1. Let U be a program. If U and ∅ are strongly equivalent, then U is
a set of valid rules.

Lemma 4.2. Let P be a program, and V a set of valid rules. Then, P and P ∪V
are S-update equivalent.

The symmetric difference P1ΔP2 of two programs P1 and P2 is defined as
P1ΔP2 = (P1 \P2)∪ (P2 \P1). The next theorem shows that update equivalence
of P1 and P2 is determined by the validity of P1ΔP2.

Theorem 4.3. Two programs P1 and P2 are S-update equivalent if and only if
P1ΔP2 is a set of valid rules.

Proof. Suppose that P1 and P2 are S-update equivalent. Then, for any program
R, AS((P1 \P2)∪R) = AS((P2 \P2)∪R), that is, AS((P1 \P2)∪R) = AS(R).
Hence, P1 \P2 is strongly equivalent to ∅. By Lemma 4.1, P1 \P2 is a set of valid
rules. The same argument can be applied to P2 \ P1.

Conversely, suppose that P1 \ P2 and P2 \ P1 are sets of valid rules. By
Lemma 4.2, P2 and P2 ∪ (P1 \ P2) are S-update equivalent, that is, P2 and
P2∪P1 are S-update equivalent. Similarly, P1 and P1∪P2 are S-update equivalent.
Therefore, P2 and P1 are S-update equivalent. ��

The next theorem completely characterizes valid rules by their syntax.

Theorem 4.4. A rule r of the form (1) is valid if and only if it satisfies one of
the following:

(i) head+(r) ∩ body+(r) �= ∅.
(ii) head−(r) ∩ body−(r) �= ∅.
(iii) body+(r) ∩ body−(r) �= ∅.
(iv) head+(r)∪body−(r) �= ∅ and there are two literals L1 and L2 in head−(r)∪

body+(r) such that L1 = L2.

Proof. Let R be any program, and S any answer set of R. If a rule r satisfies one
of (i), (ii), and (iii), then it is easy to show that AS(RS) = AS((R∪ {r})S). By
S ∈ AS(RS), S is also an answer set of R ∪ {r}. Next, suppose that r satisfies
(iv). Let L1 and L2 be a complementary pair of literals in the condition (iv).

(I) Firstly consider the case that S is consistent. (I-a) If L1, L2 ∈ body+(r),
then body+(r) �⊆ S because S is consistent. So no literal is derived through
the rule in {r}S . (I-b) If L1, L2 ∈ head−(r), then head−(r) �⊆ S because S is
consistent. Then {r}S = ∅. (I-c) If L1 ∈ body+(r) and L2 ∈ head−(r), then
either (c-1) L1 �∈ S and L2 �∈ S, or (c-2) L1 ∈ S and L2 �∈ S, or (c-3) L1 �∈
S and L2 ∈ S. If (c-1) or (c-2), head−(r) �⊆ S and thus {r}S = ∅. If (c-3),
body+(r) �⊆ S and hence no literal is derived through the rule in {r}S . In either
case, AS(RS) = AS((R ∪ {r})S) holds.
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(II) Secondly suppose that S = Lit. In this case, head−(r) ∪ body+(r) ⊆
S, that is, head−(r) ⊆ S and body+(r) ⊆ S. On the other hand, head+(r) ∪
body−(r) �= ∅ implies that either (II-a) head+(r) �= ∅ or (II-b) body−(r) �= ∅
holds. If (II-a), r is satisfied by S, that is, body+(r) ⊆ S implies head+(r)∩S �= ∅.
If (II-b), {r}S = ∅ holds. In either case, AS(RS) = AS((R∪{r})S) holds. Thus,
S = Lit is also an answer set of R ∪ {r}. Hence, r is valid.

Conversely, suppose that r satisfies none of (i), (ii), (iii), and (iv). Then,

head+(r) ∩ body+(r) = ∅, (2)
head−(r) ∩ body−(r) = ∅, (3)
body+(r) ∩ body−(r) = ∅, (4)

and either
head+(r) ∪ body−(r) = ∅ (5)

or there is no complementary pair of literals L1 and L2 in head−(r)∪ body+(r).
Let S = head−(r) ∪ body+(r).

(I) Suppose that S is consistent. In this case, there is no complementary
literals L1 and L2 in S = head−(r) ∪ body+(r). Then, body−(r) ∩ S = ∅ by (3)
and (4). Also by head−(r) ⊆ S, {r}S �= ∅ holds. By body+(r) ⊆ S, there is
a literal L ∈ head+(r) such that L �∈ S by (2). Now, let R be the program
exactly consisting of the facts of S, i.e., R = S. Obviously, RS = S. Then,
L ∈ S′ for some answer set S′ ∈ AS({r}S ∪ R), while L �∈ S for the answer set
S ∈ AS(∅ ∪R). Hence, {r} and ∅ are not strongly equivalent.

(II) Suppose that S is inconsistent. In this case, there is a pair of complemen-
tary literals L1 and L2 in head−(r) ∪ body+(r). Then, head+(r) ∪ body−(r) = ∅
holds by (5), that is, head+(r) = body−(r) = ∅. Thus the rule r is an integrity
constraint with no NAF in the body. Again, let R = S. Then, the unique answer
set of R is Lit. However, Lit is not an answer set of R ∪ {r}Lit because Lit
cannot satisfy the rule of {r}Lit so that there is no answer set of R∪{r}. Hence,
{r} and ∅ are not strongly equivalent. By (I) and (II), r is not valid. ��

The conditions (i) and (iii) in Theorem 4.4 are considered in the context of
EDPs without classical negation in [1], in which rules satisfying (i) and (iii) are
called tautologies and contradictions, respectively. The condition (ii) is similar
to (i) and is meaningful only for the class of GEDPs with NAF in heads. The
condition (iv) is necessary for extended programs with classical negation. In
other words, (i), (ii) or (iii) is the necessary and sufficient condition for a rule
in a program without classical negation to be valid. According to Theorem 4.4,
the following rules are all valid:

p ← p, q, q ← p, not p, q; not p ← ¬p, ← p, ¬p, not q.

However, the following conditions are excluded from the definition of valid rules.

(v) head+(r) ∩ head−(r) �= ∅.
(vi) there are two literals L1 and L2 in head+(r) such that L1 = L2.
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(vii) head+(r) = body−(r) = ∅ and there are two literals L1 and L2 in
head−(r) ∪ body+(r) such that L1 = L2.

An example for the case (v) is p;not p ← , which has two answer sets ∅ and {p}.
Similarly, for the case (vi), p;¬p ← has two answer sets {p} and {¬p}. For the
case (vii), the integrity constraint ← p,¬p eliminates the answer set Lit if it is
added to { p ← ,¬p ← } as in the proof of Theorem 4.4.

4.2 Update Equivalence on Common Rules

Theorem 4.3 implies that only valid rules can be safely eliminated from a program
under the situation that any update can occur. This is a rather unexpected result.
In fact, we cannot even show S-update equivalence of { p; p ← q } and { p ← q },
although the latter rule is just a merged form of the former. The main reason
why such two programs P1 and P2 are not S-update equivalent is that, when a
rule r1 in P1 \ P2 is removed, r1 is syntactically different from the semantically
equivalent rule r2 in P2 \ P1. Thus, removing Q = {r1} from P1 and P2 results
in elimination of r1 from P1 while r2 remains in P2.

A rational solution is to exclude removal of rules from P1ΔP2 in testing
update equivalence. In other words, a removal-addition pair (Q,R) is considered
for any program R and any set Q of rules from P1 ∩ P2.

Definition 4.3. Two programs P1 and P2 are update equivalent on common
rules (C-update equivalent, for short) if AS((P1 \ Q) ∪ R) = AS((P2 \ Q) ∪ R)
holds for any pair (Q,R) of programs such that Q consists of rules from P1 ∩P2
and R is any set of rules.

Update equivalence on common rules is a restricted version of S-update equiv-
alence, and hence update equivalence implies C-update equivalence. Many im-
portant program transformations proposed in the literature preserve C-update
equivalence. For example, the previous program { p; p ← q } is C-update equiv-
alent to its merged form { p ← q }. In [7], it is shown that any rule of the form
notL1; · · · ;notLl ← Ll+1, . . . , Lm, not Lm+1, . . . , not Ln
can be transformed to an integrity constraint of the form
← L1, . . . , Ll, Ll+1, . . . , Lm, not Lm+1, . . . , not Ln
without changing the answer sets. Such a modular transformation preserves C-
update equivalence as well as strong equivalence [11]. In fact, whenever P1∩P2 is
empty, P1 and P2 are C-update equivalent if and only if P1 and P2 are strongly
equivalent. The next theorem generalizes this fact.

Theorem 4.5. Two programs P1 and P2 are C-update equivalent if and only if
P1 \ P2 and P2 \ P1 are strongly equivalent.

Proof. Let P = P1 ∩ P2. If P1 and P2 are C-update equivalent, then AS((P1 \
P )∪R) = AS((P2 \ P )∪R) holds for any program R. Then, P1 \ P and P2 \ P
are strongly equivalent. That is, P1 \ P2 and P2 \ P1 are strongly equivalent.

Conversely, suppose that P1\P2 and P2\P1 are strongly equivalent. Then, P1\
P and P2\P are strongly equivalent. That is, AS((P1\P )∪R) = AS((P2\P )∪R)
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holds for any program R. Here, R = (R∩P )∪(R\P ). Let Q be the program such
that R∩P = P \Q, and R′ be the program R\P . Then, (Pi\P )∪R = (Pi\Q)∪R′
holds for i = 1, 2. Hence, AS((P1 \ Q) ∪ R′) = AS((P2 \ Q) ∪ R′) holds. Since
R is any program, Q can be any subset of P and R′ can also be any program.
This implies that P1 and P2 are C-update equivalent. ��

On the other hand, an unfold/fold transformation [20] does not preserve C-
update equivalence. For example, { p ← q, q ← r } and { p ← r, q ← r }
are weakly equivalent, but are not even strongly equivalent because the addition
of q causes the truth of p in the former only. In Section 1, we have seen that
{ p ← , q ← not p } is strongly equivalent to { p ← }. However, these two
programs are not C-update equivalent because removing the common p ←
derives q in the former. Although it is claimed that strong equivalence allows us
to replace the former rules with the latter, we regard that such a transformation
is not tolerant of program updates.4 Hence, C-update equivalence gives us a
better criterion of program transformation than strong equivalence under the
situation that updates may occur.

The relationship between several notions of equivalence in logic programs can
be summarized in the form of relative update equivalence as follows.

Proposition 4.6. Let P1 and P2 be programs such that P1 ⊂ P and P2 ⊂ P
where P is the set of all rules in the language of P1 and P2.

(1) P1 and P2 are S-update equivalent iff they are update equivalent wrt (P,P).
iff they are update equivalent wrt (P1 ∪ P2,P).

(2) P1 and P2 are C-update equivalent iff they are update equivalent wrt (P1 ∩
P2,P).

(3) P1 and P2 are strongly equivalent iff they are update equivalent wrt (∅,P).
(4) P1 and P2 are weakly equivalent iff they are update equivalent wrt (∅, ∅).

Note in Proposition 4.6 (1) that the removal rules in S-update equivalence
can be set to the union of two given programs, P1 ∪P2, rather than the set of all
rules P in the language. This is because any rule in P \ (P1 ∪ P2) has no effect
if it is removed from either P1 or P2, that is, both P1 and P2 are unchanged by
such a removal.

5 Uniform Equivalence

In database updates, updates are permitted only on variable data. Representing a
database as a logic program P , P is usually divided into two parts: P = Int(P )∪
Ext(P ), where Int(P ) ∩ Ext(P ) = ∅. Here, Ext(P ) denotes the set of facts in
P called an extensional database, and the set of non-facts Int(P ) = P \Ext(P )
is called an intensional database. In databases, Ext(P ) can be considered as
variable data while Int(P ) is regarded as invariable knowledge. Similarly, the
4 Unlike strong equivalence, RED−, NONMIN, WGPPE and S-IMP in [4] fail to pre-

serve C-update equivalence (thereby, S-update equivalence).
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set of all literals in the language is divided into the extensional literals E and
the intensional literals I as: Lit = I ∪ E , where I ∩ E = ∅. Here, I is the set of
all literals with the predicates appearing in heads of Int(P ), and E is the set of
all other literals. Then, two databases P1 and P2 are equivalent in the sense of
Sagiv [19] if P1 and P2 are strongly equivalent with respect to E .

Sagiv [19] also considers uniform equivalence of two Datalog programs which
can be defined as follows. Two programs P1 and P2 are uniformly equivalent if
the output of P1 agrees with that of P2 for any input from Lit = I ∪ E , where
the output of P is defined as {S ∩ I | S ∈ AS(P ∪R), R ⊆ Lit }.

Uniform equivalence implies Sagiv’s equivalence. In fact, uniform equivalence
takes an input literal set R not only from the extensional part E but also from the
intensional one I. Since it is obvious that the extensional part in each answer
set S, i.e., E ∩ S, is always the same between the two, it turns out that two
programs are uniformly equivalent if and only if they are strongly equivalent
with respect to Lit. Sagiv uses the notion of uniform equivalence for minimizing
Datalog programs. Eiter and Fink [2] consider uniform equivalence for normal
and extended disjunctive programs. The notion of (uniform) equivalence can also
be generalized to update equivalence as follows.

Definition 5.1. Let P1 and P2 be programs. Suppose that I and E are the sets
of intentional and extensional literals, respectively, which are common to both P1
and P2. Then, P1 and P2 are extensionally update equivalent if they are update
equivalent with respect to (E , E). On the other hand, P1 and P2 are uniformly
update equivalent if they are update equivalent with respect to (Lit, Lit).

Example 5.1. Suppose that two databases P1 and P2 are given as

P1 = { p ← a, q, q ← not b, b ← },
P2 = { p ← a, not b, q ← not b, b ← },

where E = {a, b} and I = {p, q}. Then, P1 and P2 are extensionally update
equivalent, but are not uniformly update equivalent. In fact, P1 and P2 are
update equivalent with respect to (E , E), but are not with respect to (Lit, Lit)
because AS(P1 ∪ {a, q}) = {{a, b, p, q}} while AS(P2 ∪ {a, q}) = {{a, b, q}}.

A database P is disjunctive if disjunctions appear in P . Usually, Ext(P )
also contains disjunctive facts in disjunctive databases. Let D(E) be the set of
all disjunctions of literals from E . Then, disjunctively update equivalence of two
databases is defined as update equivalence with respect to (D(E),D(E)). This
can also be represented by the notion of disjunctive explanations in [8].

Often, updates on the invariable part are translated into updates on the
variable part in databases. This type of updates is called view updates. The view
update problem in databases is concerned with the problem of translating an
update request on intentional literals in I into updates on extensional literals
E . This problem can be characterized by extended abduction [6], and we will
consider equivalence with respect to abductive updates in another paper.
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6 Computation and Complexity

This section considers the computational aspects of update equivalence.
We first show a translation of relative update equivalence into relative strong

equivalence, which is similar to the transformation proposed in [6,8].
Given two tested programs P1 and P2 and the updatable rules Q and R,

we convert the update equivalence problem (P1, P2,Q,R) into the strong equiv-
alence problem (K1,K2,K) = (ν(P1), ν(P2), μ(Q) ∪ R), where K1 and K2 are
programs and K is a set of insertable rules. To this end, any removable rule r
in Q is associated with a unique literal δr (the name of r) through negation as
failure as not δr. In this way, the deletion of r is realized by the addition of δr
to the program. Then, the translations ν and μ are defined as:

ν(Pi) = (Pi \ Q) ∪ { (H ← B, not δr) | r = (H ← B) ∈ Pi ∩Q }, (i = 1, 2)
μ(Q) = { δr | r ∈ Q}.

Theorem 6.1. Suppose that (P1, P2,Q,R) is converted to (K1,K2,K) as above.
P1 and P2 are update equivalent with respect to (Q,R) if and only if K1 and K2
are strongly equivalent with respect to K.

Notice that the translation ν is modular. Without loss of generality, we can
assume that the removable rules Q are finite and are included in P1 ∪ P2; if
Q �⊆ P1∪P2, we can substitute Q with Q∩(P1∪P2) without changing the result
of equivalence testing. See also Proposition 4.6 (1). Then, the translations ν and
μ can always be computed in linear time.

Example 6.1. Two programs { p ← not q, ← q } and { p ← , ← q } are
strongly equivalent. However, they are neither S-update equivalent nor C-update
equivalent. In fact, removing the common constraint ← q and adding q ← cause
the deletion of p in the former only. Let us verify this fact. The constraint ← q
is converted to ← q, not δ←q, so the addition of { δ←q, q } to both converted
programs causes the same effect. On the other hand, if the constraint ← q
as well as other rules are not removable, no rule is converted, and hence they
become update equivalent with respect to (∅,R) for any R, that is, they are
(relatively) strongly equivalent.

Theorem 6.1 reduces testing relative update equivalence to testing rela-
tive strong equivalence. At the moment, however, no sophisticated procedure
is known for testing relative strong equivalence,5 although some useful methods
exist for testing non-relative strong equivalence [18,14,21]. In fact, we can show
that update equivalence in general is harder than strong equivalence as follows.

To establish the computational complexity of relative update equivalence of
propositional programs, we can use Proposition 4.6 (4) and the result by Turner
[21] that deciding weak equivalence of two GEDPs is ΠP

2 -hard.
5 Woltran [22] recently showed that strong/uniform equivalence wrt all rules over

some alphabet can be reduced to weak equivalence. We can also show that strong
equivalence wrt a finite set of rules can be reduced to weak equivalence.
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Theorem 6.2. The problem of checking relative update equivalence of two
propositional programs is ΠP

2 -hard in general.

By contrast, checking S-update equivalence of two programs P1 and P2 can
be done in polynomial time by Theorems 4.3 and 4.4. That is, we check whether
each rule in P1ΔP2 is valid or not. If every rule in P1ΔP2 is valid, P1 and P2
are S-update equivalent; otherwise, they are not S-update equivalent.

Theorem 6.3. S-update equivalence of two propositional programs can be de-
cided in polynomial time.

Now, we compare the notions of weak, strong, and update equivalence in
the non-relative versions from the complexity viewpoint. In [21], it is shown
that deciding strong equivalence of two GEDPs is in coNP and that deciding
weak equivalence of two GEDPs is ΠP

2 -hard. Hence, the strength of S-update
equivalence is reflected in the time complexity of the respective decision prob-
lems: unless the polynomial hierarchy collapses, deciding S-update equivalence
is easier than deciding strong equivalence, which in turn is easier than weak
equivalence.

Although the notion of S-update equivalence seems too strong to be practical,
C-update equivalence is more attractive. In fact, Theorem 4.5 indicates that C-
update equivalence is much closer to strong equivalence.

Theorem 6.4. The problem of checking C-update equivalence of two proposi-
tional programs is coNP-complete.

7 Conclusion

We have proposed update equivalence in logic programming, investigated its
properties, considered several variants, and presented their applications. We have
completely characterized each case of update equivalence. Although the condi-
tion for S-update equivalence is very strong, one for C-update equivalence is
rather practical. We have also shown that most previously proposed notions of
equivalence in logic programming and deductive databases can be characterized
by relative update equivalence. The notion of update equivalence can thus be
used to guarantee the correctness of a program transformation in a dynamic
setting, and is helpful to optimize logic programs for various applications.

We can consider more general form of programs allowing nested expressions
[12]. There are some formalizations of strong equivalence of two nested logic
programs in non-standard logics [18,17,21]. While we have shown that relative
update equivalence can be converted to relative strong equivalence, more direct
connections between these logics and update equivalence are also worth investi-
gating. Another future work is to characterize many transformation techniques
in logic programming in terms of subclasses of relative update equivalence. New
transformations preserving relative update equivalence should also be developed.
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Abstract. We define the class of cardinality constraint logic programs
and provide a formal stable model semantics for them. The class extends
normal logic programs by allowing the use of cardinality constraints and
conditional literals. We identify a decidable subset, omega-restricted pro-
grams, of the class. We show how the formal semantics can be extended
to allow the use of evaluated function symbols, such as arithmetic built-
in operators. The omega-restricted cardinality constraint programs have
been implemented in the Smodels system.

1 Introduction

When we use Answer Set Programming (ASP) to solve a problem, we encode it
using some logical framework so that the solutions correspond with the models
of the system, and then use a solver of the chosen formalism to find them.
What differentiates ASP from the traditional logic programming is that an ASP
solution is a set of literals instead of a proof tree of Prolog and its derivatives.

Most ASP systems use the stable model semantics [6] of logic programs as
their underlying semantics ([12,4,1]) but systems based on propositional logic
([5]) also exist. Most logic program -based systems have some extensions to the
basic inference rules. For example, dlv [4] allows disjunctive rules and Smod-
els [12] has cardinality and weight constraint literals.

The usual way to define a semantics for ASP is to start with variable-free
(ground) programs and then say that the variables are just short-hand constructs
for denoting sets of rules. This approach has the advantage that you do not have
to alter the basic semantics to use variables and in most cases it is easy to see
what set of ground rules correspond to a rule with variables. However, the things
get more complex when we allow the use of function symbols, especially when
some of function symbols are built-ins that should be evaluated (like +, −) and
some are uninterpreted Herbrand terms.

In this work we examine in detail how formal stable model semantics can be
defined for non-ground logic programs with cardinality constraints and condi-
tional literals, and explain the motivation why the definitions are done the way
they are. We do it in four steps: 1) we define the semantics for ground programs;
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2) add variables to them; 3) define some syntactic sugar to make the language
easier to use; and 4) identify a decidable subset that corresponds to the language
used in the Smodels system.1 Finally, we show how interpreted built-in func-
tions fit into the formal semantics. This work is based on [11] and extends [10].
Non-ground cardinality and weight constraints have been examined also earlier
([9,8]). This work has two major differences from the precious work: (1) we allow
the default negation of cardinality constraint literals; and (2) the treatment of
conditional literals is now more precise.

In the language definition we identify basic primitives and the more complex
constructs are then translated into programs that use only those primitives. The
main criteria that we use in selecting the primitives are:

1. A program with variables can always be replaced by a ground program that
has the same set stable models;

2. When an extended program is translated into basic primitives no new atoms
should be generated;

3. It should be possible to translate a complex program with variables without
having to instantiate the program first; and

4. All translations should be linear in size.

The first criterion means that we keep the standard interpretation of vari-
ables as short-hand notation for sets of ground rules as this makes defining the
semantics more convenient. If function symbols are used, then the correspond-
ing ground program is infinite. The second criterion is included since we want
to keep a very close link between the original extended program and the trans-
lated simple one. It also allows us to manipulate the programs by combining or
splitting them without having to worry about possible clashes introduced by the
new atoms. The third criterion is connected to the first one with the idea being
that we can always see the intended meaning of the program without having to
create the potentially infinite instantiation. A translation is linear if the number
of new literals and rules is some constant times the size of the original construct.

2 Language

A term is either a variable or a function term f(t1, . . . , tk) where f is a k-ary
function symbol and t1, . . . , tk are terms. A 0-ary function symbol is a constant.
A term is ground if it does not contain any variables.

An atom is of the form p(t1, . . . , tk) where p is a k-ary predicate symbol and
t1, . . . , tk are terms. An atom is ground iff all terms in it are ground. In the
following we use A to denote an atom if we are not interested in its arguments,
and pred(A) to denote its predicate symbol. The symbol � denotes a special atom
that is always true. A basic literal is either an atom A (positive) or its negation
not A (negative). We use L to denote a basic literal and L its complement when
their arguments are not relevant. A conditional literal Lc is of the form:

X.L : A (1)
1 However, the current version of Smodels recognizes a slightly simpler language.
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where the main literal L is a basic literal, the condition A is an atom, and X
is a set of local variables. If X = ∅, we denote (1) simply as L : A, and if X is
a singleton set we write it without braces. All variables that occur in Lc that
are not local are global. Intuitively L : A can be seen as a conjunction that is
evaluated in two phases: first A is checked, and if it is true, then the truth value
of L determines the truth value of the whole construct. A conditional literal is
positive if L is, and it is negative otherwise. A literal is either a basic literal or
a conditional literal. We use the notation L to denote literals.

A cardinality constraint C is of the form:

C = Card(b, S) (2)

where b is an integral bound and S is a set of literals. The basic intuition is that C
is true if the number of true literals L ∈ S is greater than or equal to b.2 The
set of positive literals in S is denoted by pos(C) and the set of negative literals
by neg(C). A cardinality constraint literal C is either a cardinality constraint C
or its negation not C.

A basic rule is of the form:

A ← C1, . . . , Cn (3)

where the head A is an atom, and Ci in its body are cardinality constraint literals.
The rule (3) encodes the fact that if all literals in the body are true, then the
head must also be true. If the body is empty (n = 0), then we call a basic rule
a fact. As above, pos(R) and neg(R) denote the sets of positive and negative
cardinality constraint literals in the rule body.

We immediately define a two shorthand notations that are used in our exam-
ples: 1) a basic literal L in a rule body denotes the constraint literal Card(1, {L});
and 2) an empty head is replaced by a new atom f that does not occur anywhere
in the program and a rule f ′ ← f,not f ′ that causes a contradiction if f is true
to the program. Thus, such a rule acts as a constraint on the models and a model
candidate that makes its body true is rejected.

A choice rule has the form:

{A} ← C1, . . . , Cn (4)

where A and Ci are defined as above. The intuition is that if the rule body is
true, then A may be true but it does not have to be true. A cardinality constraint
program is a set of rules.

For each formula (term, literal, cardinality constraint, or rule) F , Var(F )
denotes the set of variables that occur in it.

These definitions conclude our basic language. In Section 4 we define several
extended language constructs that are then translated to the basic language.

2 In Smodels syntax this written as b S
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3 Stable Model Semantics

3.1 Ground Programs

In this section we define the stable model semantics for the basic cardinality con-
straint programs. We do the definition in stages, starting from the simplest pos-
sible programs and then extend the definitions to cover the full basic language.
In the definition we will be using the notation M |= F to denote that a set of
ground atoms M satisfies the formula F . In particular, for an atom A, M |= A iff
A ∈ M and M |= not A iff A /∈ M . In case of a cardinality constraint Card(b, S)
where S contains only basic literals, M |= Card(b, S) iff b ≤ |{L ∈ S | M |= L}|,
and M |= not Card(b, S) iff M �|= Card(b, S).

In the simplest case the rules have only basic literals and positive cardinality
constraint literals in their bodies. We call these simple rules. They are essentially
equivalent to the extended programs presented in [8].
Definition 1. Let C = Card(b, S) be a ground cardinality constraint and M be
a set of ground atoms. Then, the reduct CM is the cardinality constraint:

CM = Card(b′,pos(C)) (5)

where b′ = b−|{L ∈ neg(C) | M |= L}|. The reduct RM of a ground simple basic
rule R = A ← C1, . . . , Cn is the singleton set of rules:

RM = {A ← CM1 , . . . , CMn } (6)

and the reduct of a ground simple choice rule R = {A} ← C1, . . . , Cn is the set
of rules:

RM =

{
{A ← CM1 , . . . , CMn }, if A ∈ M

∅, otherwise .
(7)

A reduct of a set P of ground simple rules is the set:

PM =
⋃
R∈P

RM . (8)

Example 1. Consider the rule R = {a} ← Card(2, {b, not c}) and let M = {a}.
Then, RM = {a ← Card(1, {b})}.

Note that all rules that belong to a reduct of a program P are basic rules and
all basic literals that occur in them are positive. Such rules are monotonous [8]
so the reduct PM has a unique least model that we denote with MM(PM ). The
least model is the least fixpoint of the operator TP where TP (S) = {A | A ←
CM1 , . . . , CMn ∈ PM and S |= CM1 , . . . , CMn } [8]. If this least model happens to
coincide with M , then M is a stable model of P .

Definition 2. Let P be a ground simple cardinality constraint program. A set
of ground atoms M is a stable model of P if and only if:

MM(PM ) = M . (9)



Cardinality Constraint Programs 191

Next, we extend the semantics by allowing ground conditional literals as well as
negative cardinality constraints. We add an extra step, expansion, that is done
before reduction and at this point all conditional literals L : A are either replaced
by L if A is true or removed altogether if A is false.

Definition 3. Let M be a ground set of atoms. Then, the expansion of a ground
basic literal L with respect to M is E(L,M) = {L}, and the expansion of a ground
conditional literal Lc = L : A is

E(Lc,M) =

{
{L}, A ∈ M

∅, otherwise .
(10)

The expansion of a ground cardinality constraint Card(b, S) with respect to M
is the cardinality constraint:

Card(b,
⋃
L∈S

E(L,M)) . (11)

Example 2. Let C = Card(1, {a : �,not b, c : d, e : f}) and M = {d}. Then,
E(C,M) = Card(1, {a,not b, c}).

We obtain the reduct of a ground rule by first expanding all constraint literals
in its body, and then removing the negative constraints from its body in a way
that is analogous to the original Gelfond-Lifschitz -reduction [6].

Definition 4. Let R = A ← C1, . . . , Cn, not C ′1, . . . ,not C ′m be a basic car-
dinality constraint rule and M a set of ground atoms. Then, the reduct RM

is:

RM =

⎧⎪⎨⎪⎩
{A ← E(C1,M)M , . . . ,E(Cn,M)M}, M |= E(C ′1,M)M , . . . ,

E(C ′m,M)M

∅, otherwise .

(12)

Let R = {A} ← C1, . . . , Cn, not C ′1, . . . ,not C ′m be a choice rule. Then,

RM =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
{A ← E(C1,M)M , . . . ,E(Cn,M)M}, M |= E(C ′1,M)M , . . . ,

E(C ′m,M)M

and A ∈ M

∅, otherwise .

(13)

As was the case with the simple programs, M is a stable model of P if and only
if P = MM(PM ).

Example 3. Let P be the program:

{a} ← not Card(1, {b : a})
{b} ← Card(1, {not a})

Now P has three stable models: M1 = ∅, M2 = {a}, and M3 = {b}. In the
case of M2, the reduct PM = {a ←} since M2 |= not Card(1, {b : a})M =
not Card(1, {b}).
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3.2 Programs with Variables

A rule with variables denotes the set of ground rules that can be obtained by
replacing each variable by terms of the Herbrand universe of the program. As
there are two types of variables, local and global, the instantiation is defined in
two parts. First, the local variables in conditional literals are replaced by their
instantiations, and then the same is done for the global variables.

The Herbrand universe HU(P ) of a cardinality constraint program P is the
set of all ground terms that can be constructed using the function terms that
occur in P .

Definition 5. A substitution is a function σV,U : V → U that maps a set of
variables V to an universe U . The set of all substitutions from V to U is denoted
by Sub(V,U).

A substitution applied to a variable v is the term:

vσV,U =

{
σV,U (v), v ∈ V

v, otherwise,
(14)

and a substitution applied to a function term t = f(t1, . . . , tn) is the term
tσ = f(t1σ, . . . , tnσ). For atoms and literals the substitution is applied similarly
to the case of function terms, that is, their arguments are substituted.

Definition 6. Let P be a program and Lc = X.L : A be a conditional literal
that occurs in it. Then, the local instantiation I(Lc, P ) of Lc is the set:

I(Lc, P ) = {Lσ : Aσ | σ ∈ Sub(X,HU(P ))} . (15)

The local instantiation of a basic literal L is the set I(L,P ) = {L}, and the
local instantiation of a cardinality constraint C = Card(b, S) is the constraint
I(C,P ) = Card(b,

⋃
L∈P I(L, P )).

Definition 7. The instantiation of a rule R = A ← C1, . . . , Cn is the set of
rules:

HI(R,P ) = {Aσ ← I(C1, P )σ, . . . , I(Cn, P )σ | σ ∈ Sub(Var(P ),HU(P ))}
(16)

The Herbrand instantiation of a program P is the set of rules:

HI(P ) =
⋃
R∈P

HI(R,P ) . (17)

Example 4. Consider the following encoding H of the Hamilton cycle problem:

{hc(X,Y )} ← arc(X,Y )
← Card(2, {Y.hc(X,Y ) : arc(X,Y )}), vtx(X)

r(Y ) ← Card(1, {start(X), r(X)}), hc(X,Y ), arc(X,Y )
← vtx(X),not r(X).
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Fig. 1. Sample graph for the Hamilton cycle problem

The first rule asserts that each arc of the graph may belong in the Hamiltonian
cycle, and the second one ensures that at most one arc may leave from any vertex
of the graph. The third rule computes the the set of visited vertices starting from
an initial vertex, and the last rule ensures that all vertices belong to the cycle.

Next we add to the program the datacorresponding to the graph that is
presented in Figure 1. Then, the local instantiations of the constraint literal in
the second rule is: {hc(X, a) : arc(X, a), hc(X, b) : arc(X, b), hc(X, b) : arc(X, b)},
so the instantiation of the rule is:

← Card(2, {hc(a, a) : arc(a, a), hc(a, b) : arc(a, b), hc(a, c) : arc(a, c)}), vtx(a)
← Card(2, {hc(b, a) : arc(b, a), hc(b, b) : arc(b, b), hc(b, c) : arc(b, c)}), vtx(b)
← Card(2, {hc(c, a) : arc(c, a), hc(c, b) : arc(c, b), hc(c, c) : arc(c, c)}), vtx(c) .

4 The Extended Language

In this section we define several additional syntactic constructs for cardinality
constraint programs. They are seen as notational shortcuts for larger basic lan-
guage constructs. We have found that these extensions are useful in practice for
modeling several different problem domains.

Upper Bounds for Constraints. We allow a cardinality constraint to have
also an upper bound u. The intuition is that a constraint Cu = Card(b, u, S)
is true iff the number of satisfied literals in it is between the bounds, inclusive.
We can express Cu in basic syntax by replacing it with two constraint literals:
Card(b, S) and not Card(u + 1, S). The intuition is that Cu is true if the lower
bound is met but it is not the case that the number of satisfied literals is strictly
greater than the upper bound.

Conditional Literals in Rule Bodies. We need a more complex translation
if we want to use a conditional literal X.L : A. An intuitive semantics for such
literal is universal quantification; the non-ground conditional literal should be
true if Lσ is true when Aσ is. Thus, we replace it by a negative constraint literal:

not Card(1, {L : A}) . (18)

This construct is analogous to the classical equality of ∀x.p(x) and ¬∃x¬p(x).
However, in Section 5 we see that it differs from the classical case in one impor-
tant sense.
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Positive Cardinality Constraint Literals in Rule Heads. Thus far we
have had only atoms in rule heads. However, many problems have natural rep-
resentations where there are cardinality constraints in the heads so we want
to allow them with the restriction that all literals that occur in the head are
positive. A rule:

Card(b, u, {X1.A1 : D1, . . . , Xn.An : Dn}) ← body (19)

is translated into n + 2 rules:

{A′i} ← D′i, body
← not Card(b, {X1.A1 : D1, . . . , Xn.An : Dn}), body
← Card(u + 1, {X1.A1 : D1, . . . , Xn.An : Dn}), body

(20)

where A′i and D′i are obtained by renaming all local variables that occur in them.
The first rule allows us to include any atom Ai in the model when the body is
true while the next two rules ensure that the number of such atoms is between
the bounds. In the first rule we effectively change local variables into global ones
but this does not cause any problems since they stay local variables in the other
two rules. If there is no upper bound, then the third rule is not necessary. Note
also that if b = 0, then the second rule is trivially satisfied, so we obtain in that
case behavior that is identical with choice rules.

Example 5. The rule Card(1, 2, {X.a(X) : b(X)}) ← c(X) is translated to

{a(Y )} ← b(Y ), c(X)
← not Card(1, {X.a(X) : b(X)}), c(X)
← Card(3, {X.a(X) : b(X)}), c(X) .

5 Discussion on the Basic and Extended Languages

In this section we examine the motivations for the definitions in the previous
two sections. The very first question is: why cardinality literals and no literals
for other aggregate types? The immediate reason is that they form a simple and
well-understood base so the semantics stays relatively clear and intuitive. This
simple case can then be extended to more complex aggregates when necessary.

Another, not as obvious reason is that cardinality constraints can be used
everywhere where a basic literal can occur in normal programs, including in rule
heads in the case of the full language. This means that we can use the full power
of non-monotonic reasoning with them. A common approach for defining the
stable model semantics for aggregates is to use them like negative literals in the
reduct: if an aggregate is satisfied by the model candidate, it is removed, but if
it is unsatisfied, the whole rule is discarded [7]. However, this makes it possible
for an aggregate to justify itself in the model even when all basic literals in it
are positive and ground. For example, if this approach is taken in the program:

a ← Card(1, {a}) ,
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then M = {a} is a valid stable model as M |= Card(1, {a}) even though the
only justification for a is a itself.

Note that our semantics allows a circular justification in case where an atom
depends on itself via double negation, as in

a ← not Card(1, {not a}) .

This example shows that Card(1, {a}) and not Card(1, {not a}) are not equiva-
lent even though they are indistinguishable in the classical sense. This situation
is analogous to the normal programs where a ← a and a ← not noa;noa ← not a
have different stable models.

Positive cycles are also the reason why the basic language does not have
conditional literals in rule heads. Consider the hypothetical rule R = {a : a} ←
that encodes the silly condition that a may be true if a is true. Now, if we
expanded the condition before taking the reduct, then {a} would be a model
of R even though the only justification for a is that a is true.

The combination of local variables and conditional literals is interesting in
the sense that you can use them to implement existential quantification in
rule bodies. In effect, a cardinality constraint Card(1, {X.a(X) : b(X)}) en-
codes an existential quantification ∃x.(a(x) ∧ b(x)). A straightforward way to
encode such a quantification using only normal programs, would need a new
atom to do it. Similarly, we get an universal quantification ∀x.(b(x) → a(x))
using not Card(1, {X.not a(X) : b(X)}). Encoding the universal quantification
without conditional literals is tricky as you have to separate the cases where
b(X) is never true, so the implication is trivially true, from the cases where b(X)
is sometimes true.

6 Omega-Restricted Programs

If a logic program has function symbols in it, then its Herbrand instantiation is
infinite and deciding whether it has a stable model or not becomes undecidable
even when only Horn rules are used [3]. Also, even if the instantiation is finite,
it may be exponential in size so constructing it may be intractable. Fortunately,
in most cases most of the rules of the instantiation have trivially unsatisfiable
bodies so we may leave them out without affecting the set of stable models.

Next we identify a decidable subset of cardinality constraint programs,
namely ω-restricted programs [10]. The basic idea is to enforce syntactic re-
strictions on the programs so that it can be guaranteed that their all stable
models are finite. The predicate symbols of a program are arranged into a strat-
ification where more complex predicates are defined in terms of simpler ones.
The stratification extends the usual definition of stratification [2] by adding a
new level, the ω-stratum, to contain the unstratifiable part of the program.

A constraint literal is simple if it is of the form Card(1, {A : �}). Intuitively,
a rule is ω-restricted if each variable that occurs in it occurs also in some positive
simple constraint literal whose main predicate is on a strictly lower stratum than
the head of the rule. This condition ensures that stable models stay finite.
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Fig. 2. The Dependency graph of the Hamilton cycle program

6.1 Dependency Graphs

We start by defining a few helper notations. The set bbody+(R) contains all
positive basic literals and main literals of positive conditional literals that occur
within positive cardinality constraint literals of the body of R. Thus,

bbody+(R) =
⋃

C∈pos(R)

{L | L ∈ pos(C) or X.L : A ∈ pos(C)} ,

while bbody−(R) contains all other basic and main literals. Finally, simple(R)
denotes the set of simple constraint literals in the body of R.

Definition 8. A dependency graph of a program P is a triple DP =
〈V,E+, E−〉 where V is the set of predicate symbols occurring in P , and
E+, E− ⊆ V × V are the sets of positive and negative dependency edges, where
〈p, q〉 ∈ E+ iff there exists a rule R ∈ P where p occurs in the head and q occurs
in bbody+(R), and 〈p, q〉 ∈ E− if at least one of the following conditions hold:

1. p occurs in a head of a rule R ∈ P and q ∈ bbody−(R);
2. there is a conditional literal in P where p occurs as the main literal and q

as the condition; or
3. p = q and p occurs in the head of a choice rule.

A dependency path of a program P is a sequence 〈p1, . . . , pn〉 of predicate sym-
bols such that 〈pi, pi+1〉 ∈ E+ ∪ E− for all 1 ≤ i < n. A path is negative if for
some i, 〈pi, pi+1〉 ∈ E−.

Intuitively, a predicate p depends on q if we cannot know the value of p
without knowing the value of q. The definition of E+ is straightforward, but the
one for E− is more involved. The first case of its definition correspond directly
with the E+ case. The second one is used to ensure that each time when we
instantiate a conditional literal X.L : A, we already know the extension of A
so we can leave out those instances of L that have unsatisfied conditions. The
last case is an artificial definition that prevents us from mistakingly concluding
that p has a fixed extension if one of its rules is a choice rule.

Example 6. The dependency graph of the Hamilton cycle program is shown in
Figure 2. The solid lines are positive arcs and the dashed lines are negative.
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Definition 9. A predicate p depends on a predicate q (denoted q ≺ p) in a
program P iff there exists a dependency path 〈p, . . . , q〉 in DP . The dependence
is negative (denoted q ≺− p) iff there exists a negative dependency path 〈p, . . . , q〉
in DP .

Next, we define the ω-stratification. A predicate has to be on at least as high
stratum as the predicates that it depends on positively, and it has to be on a
higher stratum if the dependency is negative unless both predicates are on the
ω-stratum.

Definition 10. An ω-stratificationof a program P is a function S : P(P ) →
N ∪ {ω} such that:

1. ∀p, q ∈ P(P ): if q ≺ p, then S(p) ≥ S(q);
2. ∀p, q,∈ P(p): if q ≺− p, then S(p) > S(q) or S(p) = S(q) = ω.

An ω-stratification is strict iff:

1. if q ≺ p, p �≺ q and S(p) < ω, then S(p) > S(q); and
2. if S(p) = ω, then there exists q ∈ P(P ) such that S(q) = ω and q ≺− p.

In [11] it is proved that every cardinality constraint program has a strict strati-
fication and that all strict stratifications of a program are essentially equivalent.

Example 7. The Hamilton cycle program has the following strict ω-stratification:
S(vtx) = S(arc) = S(start) = 0, S(r) = S(hc) = ω.

Definition 11. The ω-valuation Ω of a rule R under an ω-stratification S is
Ω(R,S) = S(pred(head(R))) and the valuation of a global variable V in a rule R
is:

Ω(V,R,S) = min({S(pred(A)) | A : � ∈ simple(R)} ∪ {ω}) (21)

Definition 12. A conditional literal X.L : A is ω-restricted under a stratifi-
cation S iff S(L) > S(A) and X ⊆ Var(A). A rule R is ω-restricted if all
conditional literals in it are ω-restricted, and for all V ∈ Var(R), Ω(V,R,S) <
Ω(R,S). A program P is ω-restricted if there exists a strict ω-stratification S
such that all rules in P are ω-restricted under S.

Example 8. The rule {hc(X,Y )} ← arc(X,Y ) is ω-restricted under the stratifi-
cation defined in Example 7 since Ω(R,S) = ω > Ω(X,R,S) = Ω(Y,R,S) = 0.

Example 9. The rule a(f(X)) ← a(X) is not ω-restricted since for each stratifi-
cation S, Ω(R,S) = Ω(X,R,S).

If a predicate belongs to a finite stratum in one strict stratification, then it does
so in all such stratifications [11]. We call those predicates domain predicates.
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Theorem 1. The existence of a stable model of a finite ω-restricted cardinality
constraint program is decidable.

Proof. (Sketch, details are shown in [11]) We can construct a strict ω-stratifica-
tion of a program P by finding the strongly connected components of its depen-
dency graph [11]. After that, we can show by induction that at each stratum
starting from the first one the stable model induced by the rules on that stratum
is finite. At the first stratum all rules are ground so the models are trivially fi-
nite. In the following strata each variable that occurs in a rule occurs in a simple
literal that belongs to an earlier stratum so each rule has only a finite number
of instances with satisfiable bodies. As the dependency graph contains a finite
number of nodes, the number of different non-empty strata is also finite.

7 Adding Interpreted Function Symbols

A practical ASP system has to have direct support for interpreted function
symbols such as arithmetical operators. Otherwise, encoding problems involving
arithmetics becomes cumbersome very quickly. In this work we take the approach
that we add an interpretation function I that canonizes Herbrand terms. For
example, with arithmetic addition we want to have I(+(5, 2)) = 7 where +(5, 2)
is a Herbrand term formed from function symbols +, 5, and 2.

Definition 13. Let P be a cardinality constraint program. Then, an evaluator
is a function I : HU(P ) → HU(P ).

We also use I(F ) to denote the formula that is obtained from F by evaluating all
terms in it. For example, I(a(t1, . . . , tn)) = a(I(t1), . . . , I(tn)). Next, we alter
the definition of the instantiation of a rule so that all terms in it get evaluated.

Definition 14. The instantiation of a rule R = A ← C1, . . . , Cn is the set of
rules:

HI(R,P ) = {I(Aσ) ← I(I(C1, P )σ), . . . , I(I(Cn, P )σ) |
σ ∈ Sub(Var(P ),HU(P ))}

(22)

In practice we can often save computational effort by evaluating a function
as soon as we know its arguments.

We do not impose any requirements to the evaluation function E in this work.
The most practical way to construct it is to have the logic programming tool to
provide a number of built-in functions that implement the common arithmetic
operations, and then suppose that any other function symbol has the Herbrand
interpretation E(x) = x for all x ∈ HU. In the case that the user tries to use the
built-ins in an undefined way, such as writing the term 2 + f(a), we have three
possible ways to handle it: 1) we may revert back to the Herbrand interpretation;
2) add an explicit error term e and return that as an answer; or 3) add some
high-level type checking into the tool and reject the whole program as erroneous
whenever undefined operations occur.
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8 Conclusions

We defined the class of cardinality constraint programs that allows the use of
cardinality constraint and conditional literals. The language is a superset of nor-
mal logic programs. These constructs make it possible to express universal and
existential quantifications in rule bodies. We also identified a decidable subset
of it, ω-restricted programs, and showed how to formalize built-in functions.

A direct line of further research is to identify other types of aggregate literals
that behave in a similar way to cardinality constraints, that is, aggregates that
can be used as first-class literals in rules.
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Abstract. The addition of aggregates has been one of the most relevant enhance-
ments to the language of answer set programming (ASP). They strengthen the
modeling power of ASP, in terms of concise problem representations. While many
important problems can be encoded using nonrecursive aggregates, some relevant
examples lend themselves for the use of recursive aggregates. Previous semantic
definitions typically agree in the nonrecursive case, but the picture is less clear
for recursion. Some proposals explicitly avoid recursive aggregates, most others
differ, and many of them do not satisfy desirable criteria, such as minimality or
coincidence with answer sets in the aggregate-free case.
In this paper we define a semantics for disjunctive programs with arbitrary ag-
gregates (including monotone, antimonotone, and nonmonotone aggregates). This
semantics is a fully declarative, genuine generalization of the answer set semantics
for disjunctive logic programming (DLP). It is defined by a natural variant of the
Gelfond-Lifschitz transformation, and treats aggregate and non-aggregate literals
in a uniform way. We prove that our semantics guarantees the minimality (and
therefore the incomparability) of answer sets, and demonstrate that it coincides
with the standard answer set semantics on aggregate-free programs. Finally we
analyze the computational complexity of this language, paying particular attention
to the impact of syntactical restrictions on programs.

1 Introduction

Aggregates significantly enhance the language of answer set programming (ASP), allow-
ing for natural and concise modeling of many problems. Nonrecursive (also called strat-
ified) aggregates have clear semantics and capture a large class of meaningful problem
specifications. However, there are relevant problems for which recursive (unstratified)
aggregate formulations are natural; the Company Control problem, illustrated next, is a
typical example, cf. [1,2,3,4].

Example 1. We are given a set of facts for predicate company(X), denoting the com-
panies involved, and a set of facts for predicate ownsStk(C1, C2, P erc), denoting the
percentage of shares of company C2, which is owned by company C1. Then, company
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C1 controls company C2 if the sum of the shares of C2 owned either directly by C1 or
by companies, which are controlled by C1, is more than 50%. This problem has been
encoded as the following program Pctrl by many authors in the literature [1,2,3,4].1

controlsStk(C1, C1, C2, P ):−ownsStk(C1, C2, P ).
controlsStk(C1, C2, C3, P ):−company(C1), controls(C1, C2), ownsStk(C2, C3, P ).
controls(C1, C3):−company(C1), company(C3),

#sum{P, C2 : controlsStk(C1, C2, C3, P )} > 50.

Intuitively, controlsStk(C1, C2, C3, P ) denotes that company C1 controls P% of C3
shares “through” company C2 (as C1 controls C2, and C2 owns P% of C3 shares).
Predicate controls(C1, C2) encodes that company C1 controls company C2. For two
companies, say, c1 and c3, controls(c1, c3) is derived if the sum of the elements in the
multiset {P | ∃C2 : controlsStk(c1, C2, c3, P )} is greater than 50. Note that in the
DLV syntax this multiset is expressed by {P,C2 : controlsStk(c1, C2, c3, P )} where
the variable C2 avoids that duplicate occurrences of P are eliminated.

The encoding of Company Control contains a recursive aggregate (since predicate
controlsStk in the aggregate depends on the head predicate controls). Unfortunately,
however, recursive aggregates are not easy to handle, and their semantics is not always
straightforward.

Example 2. Consider the following two programs:

P1 : {p(a):−#count{X : p(X)} > 0.} P2 : {p(a):−#count{X : p(X)} < 1.}

In both cases p(a) is the only atom for p which might be true, so, intuitively, one
may expect that #count{X : p(X)} > 0 is true iff p(a) is true; while #count{X :
p(X)} < 1 should be true iff p(a) is false. Thus, the above programs should, respectively,
behave like the following standard programs:

P ′
1 : {p(a):−p(a).} P ′

2 : {p(a):−not p(a).}

This is not always the case in the literature, and there is a debate on the best semantics
for recursive aggregates.

There have been several attempts for defining a suitable semantics for aggregates [2,6,
7,4,8]. However, while previous semantic definitions typically agree in the nonrecursive
case, the picture is not so clear for recursion. Some proposals explicitly avoid recursive
aggregates, most others differ, and many of them do not satisfy desirable criteria, such
as minimality2. Relevant progress towards a suitable semantics for recursive aggregates
has been recently made in [4,8], where the authors provide a semantics which guaran-
tees minimality and extends standard answer sets. However, both definitions are given
operationally and do not cover all language fragments. The first proposal disregards
disjunctive programs, while the latter covers only monotone aggregates.

1 Throughout this paper, we adopt the concrete syntax of the DLV language [5] to express
aggregates in the examples.

2 The subset-minimality of answer sets, which holds in the aggregate-free case and for the main
nonmonotonic logics [9], also guarantees that answer sets are incomparable, and allows to
define the transitive closure – which becomes impossible if minimality is lost [4].
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In this paper, we make a step forward and provide a fully declarative semantics which
works also for disjunctive programs and arbitrary aggregates. The main contributions of
the paper are the following:

– We provide a definition of the answer sets semantics for disjunctive programs with
arbitrary aggregates (including monotone aggregates, antimonotone aggregates, and
aggregates which are neither monotone nor antimonotone). This semantics is fully
declarative and is given in the standard way for answer sets, by a generalization of
the well-known Gelfond-Lifschitz transformation.

– We study the properties of the proposed semantics, and show the following results:
• Our answer sets are subset-minimal models, and therefore they are incomparable

to each other, which is generally seen as an important property of nonmonotonic
semantics [10,4].

• For aggregate-free programs, our semantics coincides with the standard answer
set semantics.

• From a semantic viewpoint, monotone aggregate literals correspond to positive
standard literals, while antimonotone aggregates correspond to negative stan-
dard literals. We provide a rewriting from standard logic programs with negation
to positive programs with antimonotone aggregate atoms.

– We carry out an in-depth analysis of the computational complexity of disjunctive
programs with aggregates and fragments thereof. As long as the values of aggregates
are computable in polynomial time, their addition does not increase the complex-
ity of the full DLP language. However, the complexity of some fragments of DLP
is affected by aggregates. Interestingly, monotone aggregates never alter the com-
plexity, while antimonotone aggregates cause a complexity gap in many cases (see
Section 4); arbitrary aggregates behave precisely like antimonotone aggregates from
the complexity viewpoint in the studied cases.

2 The DLPA Language

In this section, we provide a formal definition of the syntax and semantics of the DLPA

language – an extension of Disjunctive Logic Programming (DLP) by set-oriented func-
tions (also called aggregate functions).We assume that the reader is familiar with standard
DLP; we refer to atoms, literals, rules, and programs of DLP, as standard atoms, standard
literals, standard rules, and standard programs, respectively. For further background,
see [11,12].

2.1 Syntax

Set Terms. A (DLPA) set term is either a symbolic set or a ground set. A symbolic set
is a pair {Vars :Conj}, where Vars is a list of variables and Conj is a conjunction of
standard literals.3 A ground set is a set of pairs of the form 〈t :Conj 〉, where t is a list
of constants and Conj is a ground (variable free) conjunction of standard literals.

3 Intuitively, a symbolic set {X :a(X, Y ), not p(Y )} stands for the set of X-values making
a(X, Y ), not p(Y ) true, i.e., {X |∃Y s.t . a(X, Y ), not p(Y ) is true}.
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Aggregate Functions. An aggregate function is of the form f(S), where S is a set
term, and f is an aggregate function symbol. Intuitively, an aggregate function can be
thought of as a (possibly partial) function mapping multisets4 of constants to a constant.

Example 3. The aggregate functions currently supported by the DLV system are: #min
(minimal term, undefined for empty set), #max (maximal term, undefined for empty
set), #count (number of terms), #sum (sum of non-negative integers), and #times
(product of positive integers).

Aggregate Literals. An aggregate atom is f(S) ≺ T , where f(S) is an aggregate
function, ≺∈ {=, <, ≤, >,≥} is a predefined comparison operator, and T is a term
(variable or constant) referred to as guard.

Example 4. The following aggregate atoms in DLV notation, where the latter contains
a ground set and could be a ground instance of the former:

#max{Z : r(Z), not a(Z, V )} > Y
#max{〈2 : r(2), not a(2, x)〉, 〈2 : r(2), not a(2, y)〉} > 1

An atom is either a standard (DLP) atom or an aggregate atom. A literal L is an atom A
or an atom A preceded by the default negation symbol not; if A is an aggregate atom,
L is an aggregate literal.

DLPA Programs. A (DLPA) rule r is a construct

a1 ∨ · · · ∨ an :− b1, · · · , bk, not bk+1, · · · , not bm.

where a1, · · · , an are standard atoms, b1, · · · , bm are atoms, and n ≥ 0, m ≥ k ≥ 0,
n + m > 0. The disjunction a1 ∨ · · · ∨ an is referred to as the head of r, while the
conjunction b1, ..., bk, not bk+1, ..., not bm is the body of r. A (DLPA) program is a
set of DLPA rules.

Syntactic Properties. A global variable of a rule r is a variable appearing in a standard
atom of r; all other variables are local variables.

Safety. A rule r is safe if the following conditions hold: (i) each global variable of
r appears in a positive standard literal in the body of r; (ii) each local variable of r
appearing in a symbolic set {Vars : Conj} appears in a positive literal in Conj ; (iii)
each guard of an aggregate atom of r is a constant or a global variable. A program P is
safe if all r ∈ P are safe. In the following we assume that DLPA programs are safe.

Example 5. Consider the following rules with DLV aggregates:

p(X):−q(X, Y, V ), #max{Z : r(Z), not a(Z, V )} > Y.
p(X):−q(X, Y, V ), #sum{Z : not a(Z, S)} > Y.
p(X):−q(X, Y, V ), #min{Z : r(Z), not a(Z, V )} > T.

The first rule is safe, while the second is not, since both local variables Z and S violate
condition (ii). The third rule is not safe either, since the guard T violates condition (iii).

4 Note that aggregate functions are evaluated on the valuation of a (ground) set w.r.t. an interpre-
tation, which is a multiset, cf. Section 2.2.
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Stratification. A DLPA program P is aggregate-stratified if there exists a function
|| ||, called level mapping, from the set of (standard) predicates of P to ordinals, such
that for each pair a and b of standard predicates, occurring in the head and body of a rule
r ∈ P , respectively: (i) if b appears in an aggregate atom, then ||b|| < ||a||, and (ii) if b
occurs in a standard atom, then ||b|| ≤ ||a||.

Example 6. Consider the program consisting of a set of facts for predicates a and b, plus
the following two rules:

q(X):−p(X), #count{Y : a(Y, X), b(X)} ≤ 2. p(X):−q(X), b(X).

The program is aggregate-stratified, as the level mapping ||a|| = ||b|| = 1, ||p|| =
||q|| = 2 satisfies the required conditions. If we add the rule b(X):−p(X), then no such
level-mapping exists and the program becomes aggregate-unstratified.

Intuitively, aggregate-stratification forbids recursion through aggregates. While the
semantics of aggregate-stratified programs is more or less agreed upon, different and
disagreeing semantics for aggregate-unstratified programs have been defined in the past,
cf. [4]. In the following we shall provide a novel characterization which directly extends
well-known formulations of semantics for aggregate-free programs.

2.2 Semantics

Universe and Base. Given a DLPA program P , let UP denote the set of constants
appearing in P , and BP the set of standard atoms constructible from the (standard)
predicates ofP with constants in UP . Given a set X , let 2X denote the set of all multisets
over elements from X . Without loss of generality, we assume that aggregate functions
map to I (the set of integers).

Example 7. Let us now describe the domains of the aggregate functions in DLV (where
N and N+ denote the set of non-negative integers and positive integers, respectively):

#count is defined over 2UP, #sum over 2N
, #times over 2N

+

,5 #min and #max are
defined over 2N− {∅}.

Instantiation. A substitution is a mapping from a set of variables to UP . A substi-
tution from the set of global variables of a rule r (to UP ) is a global substitution for
r; a substitution from the set of local variables of a symbolic set S (to UP ) is a local
substitution for S. Given a symbolic set without global variables S = {Vars : Conj},
the instantiation of S is the following ground set of pairs inst(S):
{〈γ(Vars) : γ(Conj )〉 | γ is a local substitution for S}.6

A ground instance of a rule r is obtained in two steps: (1) a global substitution σ for r
is first applied over r; (2) every symbolic set S in σ(r) is replaced by its instantiation
inst(S). The instantiation Ground(P) of a programP is the set of all possible instances
of the rules of P .

5 #sum and #times applied over an empty set return 0 and 1, respectively.
6 Given a substitution σ and a DLPA object Obj (rule, set, etc.), we denote by σ(Obj) the object

obtained by replacing each variable X in Obj by σ(X).
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Example 8. Consider the following program P1:

q(1) ∨ p(2, 2). q(2) ∨ p(2, 1). t(X):−q(X), #sum{Y : p(X, Y )} > 1.

The instantiation Ground(P1) is the following:

q(1) ∨ p(2, 2). t(1):−q(1), #sum{〈1 : p(1, 1)〉, 〈2 : p(1, 2)〉} > 1.
q(2) ∨ p(2, 1). t(2):−q(2), #sum{〈1 : p(2, 1)〉, 〈2 : p(2, 2)〉} > 1.

Interpretation. An interpretation for a DLPA program P is a set of standard ground
atoms I ⊆ BP . The truth valuation I(A), where A is a standard ground literal or a
standard ground conjunction, is defined in the usual way. An interpretation also pro-
vides a meaning to (ground) sets, aggregate functions and aggregate literals, namely a
multiset, a value, and a truth value, respectively. Let f(S) be a an aggregate function.
The valuation I(S) of S w.r.t. I is the multiset of the first constant of the elements
in S whose conjunction is true w.r.t. I . More precisely, let I(S) denote the multiset
[t1 | 〈t1, ..., tn :Conj 〉∈S∧Conj is true w.r.t. I ] The valuation I(f(S)) of an aggregate
function f(S) w.r.t. I is the result of the application of f on I(S). If the multiset I(S)
is not in the domain of f , I(f(S)) = ⊥ (where ⊥ is a fixed symbol not occurring in P).

An instantiated aggregate atom A = f(S) ≺ k is true w.r.t. I if: (i) I(f(S)) �= ⊥,
and, (ii) I(f(S)) ≺ k holds; otherwise, A is false. An instantiated aggregate literal
not A = not f(S) ≺ k is true w.r.t. I if (i) I(f(S)) �= ⊥, and, (ii) I(f(S)) ≺ k does
not hold; otherwise, A is false. A rule r is satisfied w.r.t. I if some head atom is true w.r.t.
I whenever all body literals are true w.r.t. I .

Example 9. Consider the atom A = #sum{〈1 : p(2, 1)〉, 〈2 : p(2, 2)〉} > 1 from Ex-
ample 8. Let S be the ground set in A. For the interpretation I = {q(2), p(2, 2), t(2)},
I(S) = [2], the application of #sum over [2] yields 2, and A is therefore true w.r.t. I ,
since 2 > 1. I is a model of the program of Example 8.

Definition 1. A ground literal � is monotone, if for all interpretations I, J , such that
I ⊆ J , � is true w.r.t. I implies that � is true w.r.t. J . A ground literal � is antimonotone,
if for all interpretations I, J , such that I ⊆ J , � is true w.r.t. J implies that � is true w.r.t.
I . A ground literal � is nonmonotone, if it is neither monotone nor antimonotone.

Note that positive standard literals are monotone, whereas negative standard literals
are antimonotone. Aggregate literals may be monotone, antimonotone or nonmonotone,
regardless whether they are positive or negative.

Example 10. All ground instances of the following aggregate literals are monotone

#count{Z : r(Z)} > 1 not #count{Z : r(Z)} < 1

while the following are antimonotone:

#count{Z : r(Z)} < 1 not #count{Z : r(Z)} > 1

Nonmonotone literals include the sum over (possibly negative) integers and the average.
Also, most monotone or antimonotone functions combined with the equality operator
yield nonmonotone literals.
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2.3 Answer Sets

We will next define the notion of answer sets for DLPA programs. While usually this is
done by first defining the notion of answer sets for positive programs (coinciding with
the minimal model semantics) and then for negative programs by a stability condition
on a reduct, once aggregates have to be considered, the notions of positive and negative
literals are in general not clear. If only monotone and antimonotone aggregate atoms
were considered, one could simply treat monotone literals like positive literals and an-
timonotone literals like negative ones, and follow the standard approach, as hinted at
in [4]. Since we also consider nonmonotone aggregates, such a categorization is not
feasible, and we rely on a definition which always employs a stability condition on a
reduct.

The subsequent definitions are directly based on models: An interpretation M is a
model of a DLPA program P if all r ∈ Ground(P) are satisfied w.r.t. M . An interpre-
tation M is a subset-minimal model of P if no I ⊂ M is a model of Ground(P).

Next we provide the transformation by which the reduct of a ground program w.r.t.
an interpretation is formed. Note that this definition is a generalization of the Gelfond-
Lifschitz transformation for DLP programs (see Theorem 3).

Definition 2. Given a ground DLPA program P and an interpretation I , let PI denote
the transformed program obtained from P by deleting rules in which a body literal is
false w.r.t. I .

Example 11. Consider Example 2: Ground(P1) = {p(a):−#count{〈a : p(a)〉} >
0.} and Ground(P2) = {p(a):−#count{〈a : p(a)〉} < 1.}, and interpretation
I1 = {p(a)}, I2 = ∅. Then, Ground(P1)I1 = Ground(P1), Ground(P1)I2 = ∅,
and Ground(P2)I1 = ∅, Ground(P2)I2 = Ground(P2) hold.

We are now ready to formulate the stability criterion for answer sets.

Definition 3 (Answer Sets for DLPA Programs). Given a DLPA program P , an
interpretation A of Ground(P) is an answer set if it is a subset-minimal model of
Ground(P)A.

Note that any answer set A of P is also a model of P because Ground(P)A ⊆
Ground(P), and rules in Ground(P) −Ground(P)A are satisfied w.r.t. A.

Example 12. For the programs of Example 2, I2 of Example 11 is the only answer
set of P1 (because I1 is not a minimal model of Ground(P1)I1), while P2 admits no
answer set (I1 is not a minimal model of Ground(P2)I1 , and I2 is not a model of
Ground(P2) = Ground(P2)I2 .
For Example 1 and the following input facts

company(a). company(b). company(c).
ownsStk(a, b, 40). ownsStk(c, b, 20). ownsStk(a, c, 40). ownsStk(b, c, 20).

only the set A = {controlsStk(a, a, b, 40), controlsStk(a, a, c, 40), controlsStk(b, b, c, 20),
controlsStk(c, c, b, 20)} (omitting facts) is an answer set, which means that no com-
pany controls another company. Note that A1 = A ∪ {controls(a, b), controls(a, c),
controlsStk(a, b, c, 20), controlsStk(a, c, b, 20)} is not an answer set, which is reasonable,
since there is no basis for the truth of literals in A1 −A.
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This definition is a generalization and simplification of the definitions given in [13,
10]. In particular, different to [10], we define answer sets directly on top of the notion
of models of DLPA programs, rather than transforming them to a positive program.

3 Semantic Properties

A generally desirable and important property of nonmonotonic semantics is minimality
[10,4], in particular a semantics should refine the notion of minimal models. We now
show that our semantics has this property.

Theorem 1. Answer Sets of a DLPA program P are subset-minimal models of P .

Proof. Our proof is by contradiction: Assume that I1 is a model of P , I2 is an answer
set of P and that I1 ⊂ I2.7 Since I2 is an answer set of P , it is a subset-minimal
model of Ground(P)I2 by Definition 3. Therefore, I1 is not a model of Ground(P)I2
(otherwise, I2 would not be a subset-minimal model of Ground(P)I2). Thus, some
rule r ∈ Ground(P)I2 is not satisfied w.r.t. I1. Since Ground(P)I2 ⊆ Ground(P),
r is also in Ground(P) and therefore I1 cannot be a model of P , contradicting the
assumption.

Corollary 1. Answer sets of a DLPA program P are incomparable (w.r.t. set inclusion)
among each other.

Theorem 1 can be refined for DLPA programs containing only monotone literals.

Theorem 2. The answer sets of a DLPA program P , where P contains only monotone
literals, are precisely the minimal models of P .

Proof. LetP be a DLPA program containing only monotone literals, and I be a minimal
model of P . Clearly, I is also a model of PI . We again proceed by contradiction and
show that no J ⊂ I is a model of PI : Assume that such a model J of P exists and
satisfies all rules in Ground(P)I . All rules in Ground(P)−Ground(P)I are satisfied
by I because their body is false w.r.t. I . But since P contains only monotone literals,
each false literal in I is also false in J ⊂ I , and hence J also satisfies all rules in
Ground(P) − Ground(P)I and would therefore be a model of P , contradicting the
assumption that I is a minimal model. Together with Theorem 1, the result follows.

Clearly, a very desirable feature of a semantics for an extended language is that
it properly extends agreed-upon semantics of the base language, so that the semantics
are equal on the base language. Therefore we next show that for DLP programs, our
semantics coincides with the standard answer set semantics. Note that not all semantics
which have been proposed for programs with aggregates meet this requirement, cf. [4].

Theorem 3. Given a DLP program P , an interpretation I is an answer set of P accord-
ing to Definition 3 iff it is an answer set of P according to the standard definition via
the classic Gelfond-Lifschitz transformation [11].

7 Throughout the paper, ⊂ denotes strict set inclusion.
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Proof. (⇒): Assume that I is an answer set w.r.t. Definition 3, i.e. I is a minimal model
of Ground(P)I . Let us denote the standard Gelfond-Lifschitz transformed program by
GL(Ground(P), I). For each r ∈ Ground(P)I some r′ ∈ GL(Ground(P), I) ex-
ists, which is obtained from r by removing all negative literals. Since r ∈ Ground(P)I ,
all negative literals of r are true in I , and also in all J ⊆ I . For rules of which an
r′′ ∈ GL(Ground(P), I) exists but no corresponding rule in Ground(P)I , some pos-
itive body literal of r′′ is false w.r.t. I (hence r′′ is not included in Ground(P)I ), and
also false w.r.t. all J ⊆ I . Therefore (i) I is a model of GL(Ground(P), I) and (ii) no
J ⊂ I is a model of GL(Ground(P), I), as it would also be a model of Ground(P)I

and I thus would not be a minimal model of Ground(P)I . Hence I is a minimal model
of GL(Ground(P), I) whenever it is a minimal model of Ground(P)I .
(⇐): Now assume that I is a standard answer set of P , that is, I is a minimal model
of GL(Ground(P), I). By similar reasoning as in (⇒) a rule r ∈ GL(Ground(P), I)
with true body w.r.t. I has a corresponding rule r′ ∈ Ground(P)I which contains the
negative body of the original rule ro ∈ Ground(P), which is true w.r.t. all J ⊆ I . Any
rule r′′ ∈ GL(Ground(P), I) with false body w.r.t. I is not contained in Ground(P)I ,
but it is satisfied in each J ⊆ I . Therefore (i) I is a model of Ground(P)I and
(ii) no J ⊂ I is a model of Ground(P)I (otherwise J would also be a model of
GL(Ground(P), I)). As a consequence, I is a minimal model of Ground(P)I when-
ever it is a minimal model of GL(Ground(P), I).

4 Computational Complexity

4.1 Complexity Framework

We analyze the complexity of DLPA on Cautious Reasoning, a main reasoning task
in nonmonotonic formalisms, amounting to the following decisional problem: Given a
DLPA program P and a standard ground atom A, is A true in all answer sets of P?

We consider propositional (i.e., variable-free) DLPA programs, and polynomial-time
computable aggregate functions (note that all sample aggregate functions appearing in
this paper fall into this class).

4.2 Overview of Complexity Results

Table 1 summarizes the complexity results derived in the next sections. The rows spec-
ify the allowance of negation (not); the columns specify the allowance of aggregates,
namely: Ms = stratified monotone aggregates, M = full (possibly recursive) monotone
aggregates, As = stratified antimonotone aggregates, A = full antimonotone aggregates,
Ns = stratified nonmonotone aggregates, and N = full nonmonotone aggregates.

The good news is that the addition of aggregates does not increase the complexity
of disjunctive logic programming. Cautious reasoning on the full DLPA language, in-
cluding all considered types of aggregates (monotone, antimonotone, and nonmonotone)
even unstratified, remains ΠP

2 -complete, as for standard DLP.
The most “benign” aggregates, from the complexity viewpoint, are the monotone

ones, whose addition does never cause any complexity increase, even for negation-free
programs, and even for unstratified monotone aggregates.
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Table 1. The Complexity of Cautious Reasoning on Disjunctive Programs with Aggregates

∅ {Ms} {M} {As} {Ns} {Ms, As, Ns} {A} {N} {M, A, N}

negation-free co-NP co-NP co-NP ΠP
2 ΠP

2 ΠP
2 ΠP

2 ΠP
2 ΠP

2

with negation ΠP
2 ΠP

2 ΠP
2 ΠP

2 ΠP
2 ΠP

2 ΠP
2 ΠP

2 ΠP
2

On negation-free programs, the addition of either antimonotone or nonmonotone
aggregates increases the complexity, jumping from co-NP to ΠP

2 . In all other cases, the
complexity remains the same as for standard programs.

4.3 Proofs of Hardness Results

An important observation is that negation can be rewritten to an antimonotone aggregate.
It is therefore possible to turn aggregate-free programs with negation into corresponding
positive programs with aggregates.

Definition 4. Given an (aggregate-free) DLP program P , let Γ (P) be the DLPA pro-
gram, which is obtained by replacing each negative literal not a in P by #count{〈ε :
a〉} < 1, where ε is an arbitrary constant.

Theorem 4. Each aggregate-free DLP programP can be transformed into an equivalent
positive DLPA program Γ (P) with aggregate literals (all of which are antimonotone).
If P is stratified w.r.t. negation, then Γ (P) is aggregate-stratified (i.e., all aggregates in
Γ (P) are nonrecursive).

Proof. Note that for any interpretation I , not a is true w.r.t. I iff #count{〈ε : a〉} < 1
is true w.r.t. I , and that #count{〈ε : a〉} < 1 is an antimonotone aggregate literal. By
virtue of Theorem 3, our answer sets semantics (as in Definition 3) is equivalent to the
standard answer set semantics. Thus, since the valuation of literals is equal in P and
Γ (P), both programs have the same answer sets.

Since aggregates take the place of negative literals, if the latter are nonrecursive in
P (i.e., P is stratified w.r.t. negation), the former are nonrecursive as well (i.e., Γ (P) is
aggregate-stratified).

Theorem 5. Let P be a DLP program. Then (i) Γ (P) has the same size (i.e., number
of rules and literals) as P , and (ii) Γ (P) is LOGSPACE computable from P .

Proof. The Γ (P) transformation replaces each negative literal by an aggregate atom;
and it does not add any further literal to the program. Therefore it does not increase
the program size. It is easy to see that Γ (P) can be computed by a LOGSPACE Turing
Machine. Indeed, Γ (P) can be generated by dealing with one rule ofP at a time, without
storing any intermediate data apart from a fixed number of indices.

Finally, we state the relation between antimonotone and nonmonotone literals.

Theorem 6. Each DLPA program, whose aggregates are all antimonotone, can be
transformed into an equivalent program, whose aggregates are all nonmonotone.
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Proof. W.l.o.g. we will consider a ground program P . We transform each antimonotone
aggregate literal l containing the aggregate atom f(S) ≺ k to l′ containing f l(S′) ≺ k.
We introduce three fresh constants τ , ε, and ν and a new predicate symbol Π . Let f l

be undefined for the multisets [τ ] and [τ, ε, ν] and return a value making l true for [τ, ε]
(such a value does always exist); otherwise f l is equal to f . Furthermore, S′ is obtained
by adding 〈τ : Π(τ)〉, 〈ε : Π(ε)〉, and 〈ν : Π(ν)〉 to the ground set S. The transformed
program P ′ contains only nonmonotone aggregates and is equivalent to P .

Theorem 7. Each field of Table 1 states the proper hardness of the corresponding frag-
ment of DLPA.

Proof. The hardness results for all fields in the second row of Table 1 stem from the
ΠP

2 -hardness of disjunctive programs with negation [14].8 The same result, together
with Theorems 4 and 5, entails ΠP

2 -hardness of all the DLPA fragments admitting
antimonotone aggregates. ΠP

2 -hardness of all the DLPA fragments with nonmonotone
aggregates then follows from Theorem 6. Finally, the results in the first three entries in
the first row stem from the co-NP-hardness of positive disjunctive programs [14].

4.4 Proofs of Membership Results

In the membership proofs, we will implicitly use the following lemma:

Lemma 1. Given an interpretation I for a DLPA program P , the truth valuation of an
aggregate atom L is computable in polynomial time.

Proof. LetL = f(T ) ≺ k. To determine the truth valuation ofL, we have to: (i) compute
the valuation I(T ) of the ground set T w.r.t. I , (ii) apply the aggregate function f on
I(T ), and (iii) compare the result of f(I(T )) with k w.r.t. ≺.

Computing the valuation of a ground set T only requires scanning each element
〈t1, ..., tn : Conj 〉 of T , adding t1 to the result multiset if Conj is true w.r.t. I . This
is evidently polynomial, as is the application of the aggregate function on I(T ) in our
framework (see Section 4.1). The comparison with k, finally, is straightforward.

Lemma 2. Let P be a negation-free DLPA program, whose aggregates are all mono-
tone. A standard ground atom A is not a cautious consequence of P , if and only if there
exists a model M of P which does not contain A.9

Proof. Observe first that, sinceP does not contain negation and only monotone aggregate
literals, each literal appearing in P is monotone.

(⇐): The existence of a model M of P not containing A, implies the existence of
a minimal model M ′ of P (with M ′ ⊆ M ) not containing A. By virtue of Theorem 2,
M ′ is an answer set of P . Therefore, A is not a cautious consequence of P .

(⇒): SinceA is not a cautious consequence ofP , by definition of cautious reasoning,
there exists an answer set M of P which does not contain A. By definition of answer
sets, M is also a model of P , as remarked after Definition 3.

8 Recall that even for stratified negation cautious reasoning on disjunctive programs is ΠP
2 -hard.

9 Note that M can be any model, possibly non-minimal, of P .
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Theorem 8. Cautious reasoning over negation-free disjunctive programs, whose ag-
gregates are all monotone, is in co-NP.

Proof. By Lemma 2 we can check whether a ground atom A is not a cautious conse-
quence of a program P as follows: (i) Guess an interpretation M of P , (ii) check that
M is a model and a /∈ M . The check is clearly polynomial-time computable, and the
problem is therefore in co-NP.

Lemma 3. Checking whether an interpretation M is an answer set of an arbitrary
DLPA program P is in co-NP.

Proof. To prove that M is not an answer set of P , we guess an interpretation M ′ of P ,
and check that (at least) one of the following conditions hold: (i) M ′ is a model of PM ,
and M ′ ⊂ M , or (ii) M is not a model of PM . The checking of both conditions above
is clearly in polynomial time, and the problem is therefore in co-NP.

Theorem 9. Cautious reasoning over arbitrary DLPA programs is in ΠP
2 .

Proof. We verify that a ground atomA is not a cautious consequence of a DLPA program
P as follows: Guess an interpretation M ⊆ BP and check that (1) M is an answer set
for P , and (2) A is not true w.r.t. M . Task (2) is clearly polynomial, while (1) is in co-NP
by virtue of Lemma 3. The problem therefore lies in ΠP

2 .

5 Related Work and Conclusions

There have been considerable efforts to define semantics for logic programs with recur-
sive aggregates, but most works do not consider disjunctive programs or do not cover
all kinds of aggregates. In [4] a partial stable semantics for non-disjunctive programs
with aggregates has been defined, for which the “standard” total stable semantics is a
special case, while in [8] a stable semantics for disjunctive programs with has been
given; but only monotone aggregates are considered. These semantics guarantee the
same benign properties as ours, namely minimality and coincidence with answer sets in
the aggregate-free case. On the respective language fragment, [4] intuitively coincides
with our semantics (but a formal demonstration is still to be done). For [8] there is a
slight difference when an aggregate function in a negative literal is undefined. E.g., the
program {cheap :− not #max{X : salary(X)} > 1000} without facts for salary would
yield the answer set {cheap} w.r.t. [8], while our semantics admits only ∅.

A thorough discussion of pros and cons for the various approaches for recursive
aggregates has been given in [4,15], so we will only briefly compare our approach with
previous ones on typical examples.

The approaches of [2,6,7] basically all admit non-minimal answer sets. In particu-
lar, program P1 of Example 2 would have ∅ and {p(a)} as answer sets. As shown in
Example 12 (also by Theorem 1), the semantics proposed in this paper only admits ∅.

The approach of [13] is defined on non-disjunctive programs with particular kinds
of aggregates (called cardinality and weight constraints), which basically correspond to
programs with count and sum functions. As shown in [4], the program {a:−#sum{〈1 :
not a〉} ≤ 0.} admits two stable models, ∅ and {a}, according to [13], whereas our
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semantics only allows for ∅ as an answer set. An extension to this approach has been
presented in [10], which allows for arbitrary aggregates in non-disjunctive programs.

Finally, the work in [16] deals with the more abstract concept of generalized quan-
tifiers, and the semantics therein shares several properties with ours.

Concluding, we proposed a declarative semantics for disjunctive programs with
arbitrary aggregates. We demonstrated that our semantics is endowed with desirable
properties. Importantly, we proved that aggregate literals do not increase the computa-
tional complexity of disjunctive programs in our approach. Future work concerns the
design of efficient algorithms for the implementation of our proposal in the DLV system.
Upon completion of this paper, we have learned that yet another semantics has been in-
dependently proposed in [15]; studying the relationship to it is also a subject for future
work.

We would like to thank the anonymous reviewers for their useful comments.
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Abstract. In this paper we define a logic to reason about coherent
conditional probability, in the sense of de Finetti. Under this view,
a conditional probability μ(· | ·) is a primitive notion that applies over
conditional events of the form “ϕ given ψ”, where ψ is not the impos-
sible event. Our approach exploits an idea already used by Hájek and
colleagues to define a logic for (unconditional) probability in the frame
of fuzzy logics. Namely, in our logic for each pair of classical proposi-
tions ϕ and ψ, we take the probability of the conditional event “ϕ given
ψ”, ϕ|ψ for short, as the truth-value of the (fuzzy) modal proposition
P (ϕ | ψ), read as “ϕ|ψ is probable”. Based on this idea we define a fuzzy
modal logic FCP(�LΠ), built up over the many-valued logic �LΠ 1

2 (a logic
which combines the well-known Lukasiewicz and Product fuzzy logics),
which is shown to be complete with respect to the class of probabilistic
Kripke structures induced by coherent conditional probabilities. Finally,
we show that checking coherence of a probability assessment to an arbi-
trary family of conditional events is tantamount to checking consistency
of a suitable defined theory over the logic FCP(�LΠ).

1 Introduction: Conditional Probability and Fuzzy Logic

Reasoning under uncertainty is a key issue in many areas of Artificial Intel-
ligence. From a logical point of view, uncertainty basically concerns formulas
that can be either true or false, but their truth-value is unknown due to incom-
pleteness of the available information. Among the different models uncertainty,
probability theory is no doubt the most relevant. One may find in the literature
a number of logics to reason about probability, some of them rather early. We
may cite [1,6,7,9,10,14,16,18,19,20,21,22,23,24] as some of the most relevant ref-
erences. Besides, it is worth mentioning the recent book [15] by Halpern, where
a deep investigation of uncertainty (not only probability) representations and
uncertainty logics is presented.

J.J. Alferes and J. Leite (Eds.): JELIA 2004, LNAI 3229, pp. 213–225, 2004.
c© Springer-Verlag Berlin Heidelberg 2004
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Nearly almost all the probability logics in the above references are based on
classical two-valued logic (except for [10]). In this paper we develop a proposi-
tional fuzzy logic of (conditional) probability for which completeness results are
provided. In [13] a new approach, further elaborated in [12] and in [11], was pro-
posed to axiomatize logics of uncertainty in the framework of fuzzy logic. The
basic idea consists in considering, for each classical (two-valued) proposition ϕ, a
(fuzzy) modal proposition Pϕ which reads “ϕ is probable” and taking as truth-
degree of Pϕ the probability of ϕ. Then one can define theories about the Pϕ’s
over a particular fuzzy logic including, as axioms, formulas corresponding to
the basic postulates of probability theory. The advantage of such an approach
is that algebraic operations needed to compute with probabilities (or with any
other uncertainty model) are embedded in the connectives of the many-valued
logical framework, resulting in clear and elegant formalizations.

In reasoning with probability, a crucial issue concerns the notion of condi-
tional probability. Traditionally, given a probability measure μ on an algebra of
possible worlds W , if the agent observes that the actual world is in A ⊆ W ,
then the updated probability measure μ(· | A), called conditional probability, is
defined as μ(B | A) = μ(B ∩A)/μ(A), provided that μ(A) > 0. If μ(A) = 0 the
conditional probability remains then undefined. This yields both philosophical
and logical problems.

For instance, in [11] statements about conditional probability are handled by
introducing formulas P (ϕ | ψ) standing for Pψ →Π P (ϕ ∧ ψ). Such a definition
exploits the properties of Product logic implication →Π , whose truth function
behaves like a truncated division:

e(Φ →Π Ψ) =
{

1, if e(Φ) ≤ e(Ψ)
e(Ψ)/e(Φ), otherwise.

With such a logical modelling, whenever the probability of the conditioning
event χ is 0, P (ϕ | χ) takes as truth-value 1. Therefore, this yields problems
when dealing with zero probabilities.

To overcome such difficulties, an alternative approach (that goes back to the
30’s with de Finetti, and later to the 60’s with Rényi and Popper among oth-
ers) proposes to consider conditional probability and conditional events as basic
notions, not derived from the notion of unconditional probability. Coletti and
Scozzafava’s book [4] includes a rich elaboration of different issues of reasoning
with coherent conditional probability, i.e. the conditional probability in the sense
of de Finetti. We take from there the following definition (cf. [4]).

Definition 1. Let G be a Boolean algebra and let B ⊆ G be closed with respect
to finite unions (additive set). Let B0 = B \ {∅}. A conditional probability on
the set G×B0 of conditional events, denoted as E|H, is a function μ : G×B0 →
[0, 1] satisfying the following axioms:

(i) μ(H | H) = 1, for all H ∈ B0

(ii) μ(· | H) is a (finitely additive) probability on G for any given H ∈ B0

(iii) μ(E∩A | H) = μ(E | H)·μ(A | E∩H), for all A ∈ G and E,H,E∩H ∈ B0.
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In this paper we follow the above fuzzy logic approach to define a logic to
reason about conditional probability in the sense of Definition 1 1. Thus, over
the fuzzy logic LΠ 1

2 we directly introduce a modal operator P as primitive, and
apply it to conditional events of the form ϕ|χ. Unconditional probability, then,
arises as non-primitive whenever the conditioning event is a (classical) tautology.
The obvious reading of a statement like P (ϕ | χ) is “the conditional event “ϕ
given χ” is probable”. Similarly to the case mentioned above, the truth-value
of P (ϕ | χ) will be given by a conditional probability μ(ϕ | χ). It is worth
mentioning a very related approach by Flaminio and Montagna [8] which deals
with conditional probability in the frame of the fuzzy logic LΠ 1

2 , but differs
from ours in that they use non-standard probabilities.

The paper is structured as follows. After this introduction, in Section 2 we
overview the basic facts about the fuzzy logic LΠ 1

2 . In Section 3 we define our
conditional probability logic FCP(LΠ) as a modal fuzzy logic over LΠ 1

2 and
prove soundness and completeness results with respect to the intended prob-
abilistic semantics. Then, in Section 4 we show how the problem of coherent
conditional probability assessments can be cast as a problem of determining the
logical consistency of a given theory in our logic. We end with some conclusions.

2 Logical Background: The LΠ 1
2 Logic

The language of the LΠ logic is built in the usual way from a countable set of
propositional variables, three binary connectives →L (�Lukasiewicz implication),
+ (Product conjunction) and →Π (Product implication), and the truth constant
0̄. A truth-evaluation is a mapping e that assigns to every propositional variable
a real number from the unit interval [0, 1] and extends to all formulas as follows:

e(0̄) = 0,
e(ϕ →L ψ) = min(1 − e(ϕ) + e(ψ), 1),
e(ϕ+ ψ) = e(ϕ) · e(ψ),

e(ϕ →Π ψ) =
{

1, if e(ϕ) ≤ e(ψ)
e(ψ)/e(ϕ), otherwise .

The truth constant 1 is defined as ϕ →L ϕ. In this way we have e(1) = 1 for any
truth-evaluation e. Moreover, many other connectives can be defined from those
introduced above:

¬Lϕ is ϕ →L 0̄, ¬Πϕ is ϕ →Π 0̄,
ϕ ∧ ψ is ϕ&(ϕ →L ψ), ϕ ∨ ψ is ¬L(¬Lϕ ∧ ¬Lψ),
ϕ⊕ ψ is ¬Lϕ →L ψ, ϕ&ψ is ¬L(¬Lϕ⊕ ¬Lψ),
ϕ- ψ is ϕ&¬Lψ, ϕ ≡ ψ is (ϕ →L ψ)&(ψ →L ϕ),

Δϕ is ¬Π¬Lϕ, ∇ϕ is ¬Π¬Πϕ,
1 Notice that somewhat similar definitions of conditional probability can be found in

the literature. For instance, in [15] B0 is further required to be closed under supersets
and G×B0 is called a Popper algebra. See also [4] for a discussion concerning weaker
notions of conditional probability and their unpleasant consequences.
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with the following interpretations:

e(¬Lϕ) = 1 − e(ϕ), e(¬Πϕ) =
{

1, if e(ϕ) = 0
0, otherwise ,

e(ϕ ∧ ψ) = min(e(ϕ), e(ψ)), e(ϕ ∨ ψ) = max(e(ϕ), e(ψ)),
e(ϕ⊕ ψ) = min(1, e(ϕ) + e(ψ)), e(ϕ&ψ) = max(0, e(ϕ) + e(ψ) − 1),
e(ϕ- ψ) = max(0, e(ϕ) − e(ψ)), e(ϕ ≡ ψ) = 1 − |e(ϕ) − e(ψ)|,

e(Δϕ) =
{

1, if e(ϕ) = 1
0, otherwise , e(∇ϕ) =

{
1, if e(ϕ) > 0
0, otherwise .

The logic LΠ is defined Hilbert-style as the logical system whose axioms and
rules are the following2:

(i) Axioms of �Lukasiewicz Logic:
(�L1) ϕ →L (ψ →L ϕ)
(�L2) (ϕ →L ψ) →L ((ψ →L χ) →L (ϕ →L χ))
(�L3) (¬Lϕ →L ¬Lψ) →L (ψ →L ϕ)
(�L4) ((ϕ →L ψ) →L ψ) →L ((ψ →L ϕ) →L ϕ)

(ii) Axioms of Product Logic3:
(A1) (ϕ →Π ψ) →Π ((ψ →Π χ) →Π (ϕ →Π χ))
(A2) (ϕ+ ψ) →Π ϕ
(A3) (ϕ+ ψ) →Π (ψ + ϕ)
(A4) (ϕ+ (ϕ →Π ψ) →Π (ψ + (ψ →Π ϕ))
(A5a) (ϕ →Π (ψ →Π χ)) →Π ((ϕ+ ψ) →Π χ)
(A5b) ((ϕ+ ψ) →Π χ) →Π (ϕ →Π (ψ →Π χ))
(A6) ((ϕ →Π ψ) →Π χ) →Π (((ψ →Π ϕ) →Π χ) →Π χ)
(Π1) ¬Π¬Πχ →Π (((ϕ+ χ) →Π (ψ + χ)) →Π (ϕ →Π ψ))
(Π2) ϕ ∧ ¬Πϕ →Π 0̄

(iii) The following additional axioms relating �Lukasiewicz and Product logic
connectives:
(¬) ¬Πϕ →L ¬Lϕ
(Δ) Δ(ϕ →L ψ) ≡ Δ(ϕ →Π ψ)
(LΠ) ϕ+ (ψ - χ) ≡ (ϕ+ ψ) - (ϕ+ χ)

(iv) Deduction rules of LΠ are modus ponens for →L (modus ponens for →Π

is derivable), and necessitation for Δ: from ϕ derive Δϕ.

The logic LΠ 1
2 is the logic obtained from LΠ by expanding the language

with a propositional variable 1
2 and adding the axiom:

(LΠ 1
2 ) 1

2 ≡ ¬L 1
2

Obviously, a truth-evaluation e for LΠ is easily extended to an evaluation for
LΠ 1

2 by further requiring e( 1
2 ) = 1

2 .
2 This definition, proposed in [3], is actually a simplified version of the original defi-

nition of LΠ given in [5].
3 Actually Product logic axioms also include axiom A7 [0̄ →Π ϕ] which is redundant

in LΠ.



A Logic for Reasoning About Coherent Conditional Probability 217

From the above axiom systems, the notion of proof from a theory (a set of
formulas) in both logics, denoted #LΠ and #LΠ1/2 respectively, is defined as
usual. Strong completeness of both logics for finite theories with respect to the
given semantics has been proved in [5]. In what follows we will restrict ourselves
to the logic LΠ 1

2 .

Theorem 1. For any finite set of formulas T and any formula ϕ of LΠ 1
2 , we

have T #LΠ1/2 ϕ iff e(ϕ) = 1 for any truth-evaluation e which is a model4 of T .

As it is also shown in [5], for each rational r ∈ [0, 1] a formula r is definable
in LΠ 1

2 from the truth constant 1
2 and the connectives, so that e(r) = r for

each evaluation e. Therefore, in the language of LΠ 1
2 we have a truth constant

for each rational in [0, 1], and due to completeness of LΠ 1
2 , the following

book-keeping axioms for rational truth constants are provable:

(RLΠ1) ¬Lr ≡ 1 − r

(RLΠ2) r →L s ≡ min(1, 1 − r + s)
(RLΠ3) r + s ≡ r · s
(RLΠ4) r →Π s ≡ r ⇒P s

where r ⇒P s = 1 if r ≤ s, r ⇒P s = s/r otherwise.

3 A Logic of Conditional Probability

In this section we define a fuzzy modal logic, built up over the many-valued logic
LΠ 1

2 , that we shall call FCP(LΠ) —FCP for Fuzzy Conditional Probability—,
to reason about coherent conditional probability of crisp propositions.

The language of FCP(LΠ) is defined in two steps:
Non-modal formulas: they are built from a set V of propositional variables
{p1, p2, . . . pn, . . .} using the classical binary connectives ∧ and ¬. Other connec-
tives like ∨, → and ↔ are defined from ∧ and ¬ in the usual way. Non-modal
formulas (we will also refer to them as Boolean propositions) will be denoted by
lower case Greek letters ϕ, ψ, etc. The set of non-modal formulas will be denoted
by L.
Modal formulas: they are built from elementary modal formulas of the form
P (ϕ | χ), where ϕ and χ are non-modal formulas, using the connectives of LΠ
(→L, +, →Π) and the truth constants r, for each rational r ∈ [0, 1]. We shall
denote them by upper case Greek letters Φ, Ψ , etc. Notice that we do not allow
nested modalities.

Definition 2. The axioms of the logic FCP(LΠ) are the following:

(i) Axioms of Classical propositional Logic for non-modal formulas
(ii) Axioms of LΠ 1

2 for modal formulas
4 We say that an evaluation e is a model of a theory T whenever e(ψ) = 1 for each

ψ ∈ T .
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(iii) Probabilistic modal axioms:
(FCP1) P (ϕ → ψ | χ) →L (P (ϕ | χ) →L P (ψ | χ))
(FCP2) P (¬ϕ | χ) ≡ ¬LP (ϕ | χ)
(FCP3) P (ϕ ∨ ψ | χ) ≡ ((P (ϕ | χ) →L P (ϕ ∧ ψ | χ)) →L P (ψ | χ)
(FCP4) P (ϕ ∧ ψ | χ) ≡ P (ψ | ϕ ∧ χ) + P (ϕ | χ)
(FCP5) P (χ | χ)

Deduction rules of FCP(LΠ) are those of LΠ (i.e. modus ponens and necessi-
tation for Δ), plus:

(iv) necessitation for P : from ϕ derive P (ϕ | χ)
(v) substitution of equivalents for the conditioning event: from χ ↔ χ′, derive

P (ϕ | χ) ≡ P (ϕ | χ′)

The notion of proof is defined as usual. We will denote that in FCP(LΠ) a
formula Φ follows from a theory (set of formulas) T by T #FCP Φ. The only
remark is that the rule of necessitation for P (· | χ) can only be applied to
Boolean theorems.

The semantics for FCP(LΠ) is given by conditional probability Kripke struc-
tures K = 〈W,U , e, μ〉, where:

– W is a non-empty set of possible worlds.
– e : V ×W → {0, 1} provides for each world a Boolean (two-valued) evaluation

of the propositional variables, that is, e(p, w) ∈ {0, 1} for each propositional
variable p ∈ V and each world w ∈ W . A truth-evaluation e(·, w) is extended
to Boolean propositions as usual. For a Boolean formula ϕ, we will write
[ϕ]W = {w ∈ W | e(ϕ,w) = 1}.

– μ : U × U0 → [0, 1] is a conditional probability over a Boolean algebra
U of subsets of W 5 where U0 = U\{∅}, and such that ([ϕ]W , [χ]W ) is μ-
measurable for any non-modal ϕ and χ (with [χ]W �= ∅).

– e(·, w) is extended to elementary modal formulas by defining

e(P (ϕ | χ), w) = μ([ϕ]W | [χ]W )6,

and to arbitrary modal formulas according to LΠ 1
2 semantics, that is:

e(r, w) = r,
e(Φ →L Ψ,w) = min(1 − e(Φ,w) + e(Ψ,w), 1),
e(Φ+ Ψ,w) = e(Φ,w) · e(Ψ,w),

e(Φ →Π Ψ,w) =
{

1, if e(Φ,w) ≤ e(Ψ,w)
e(Ψ,w)/e(Φ,w), otherwise .

Notice that if Φ is a modal formula the truth-evaluations e(Φ,w) depend only
on the conditional probability measure μ and not on the particular world w.
5 Notice that in our definition the factors of the Cartesian product are the same

Boolean algebra. This is clearly a special case of what stated in Definition 1.
6 When [χ]W = ∅, we define e(P (ϕ | χ), w) = 1.
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The truth-degree of a formula Φ in a conditional probability Kripke structure
K = 〈W,U , e, μ〉, written ‖Φ‖K , is defined as

‖Φ‖K = inf
w∈W

e(Φ,w).

When ‖Φ‖K = 1 we will say that Φ is valid in K or that K is a model for
Φ, and it will be also written K |= Φ. Let T be a set of formulas. Then we
say that K is a model of T if K |= Φ for all Φ ∈ T . Now let M be a class
of conditional probability Kripke structures. Then we define the truth-degree
‖Φ‖MT of a formula in a theory T relative to the class M as

‖Φ‖MT = inf{‖Φ‖K | K ∈ M, K being a model of T} .

The notion of logical entailment relative to the class M, written |=M, is then
defined as follows:

T |=M Φ iff ‖Φ‖MT = 1 .

That is, Φ logically follows from a set of formulas T if every structure of M which
is a model of T also is a model of Φ. If M denotes the whole class of conditional
probability Kripke structures we shall write T |=FCP Φ and ‖Φ‖FCPT .

It is easy to check that axioms FCP1-FCP5 are valid formulas in the class
of all conditional probability Kripke structures. Moreover, the inference rule of
substitution of equivalents preserves truth in a model, while the necessitation rule
for P preserves validity in a model. Therefore we have the following soundness
result.

Lemma 1. (Soundness) The logic FCP(LΠ) is sound with respect to the class
of conditional probability Kripke structures.

For any ϕ,ψ ∈ L, define ϕ ∼ ψ iff # ϕ ↔ ψ in classical logic. The relation
∼ is an equivalence relation in the crisp language L and [ϕ] will denote the
equivalence class of ϕ, containing the propositions provably equivalent to ϕ.
Obviously, the quotient set L/∼ of classes of provably equivalent non-modal
formulas in FCP(LΠ) forms a Boolean algebra which is isomorphic to a corre-
sponding Boolean subalgebra B(Ω) of the power set of the set Ω of Boolean
interpretations of the crisp language L7. For each ϕ ∈ L, we shall identify the
equivalence class [ϕ] with the set {ω ∈ Ω | ω(ϕ) = 1} ∈ B(Ω) of interpretations
that make ϕ true. We shall denote by CP(L) the set of conditional probabilities
over L/∼F CP

× (L/∼F CP
\ [⊥]) or equivalently on B(Ω) × B(Ω)0.

Notice that each conditional probability μ ∈ CP(L) induces a conditional prob-
ability Kripke structure 〈Ω,B(Ω), eμ, μ〉 where eμ(p, ω) = ω(p) ∈ {0, 1} for
each ω ∈ Ω and each propositional variable p. We shall denote by CPS the
7 Actually, B(Ω) = {{ω ∈ Ω | ω(ϕ) = 1} | ϕ ∈ L}. Needless to say, if the language has

only finitely many propositional variables then the algebra B(Ω) is just the whole
power set of Ω, otherwise it is a strict subalgebra.
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class of Kripke structures induced by conditional probabilities μ ∈ CP(L), i.e.
CPS = {〈Ω,B(Ω), eμ, μ〉 | μ ∈ CP(L)}. Abusing the language, we will say that
a conditional probability μ ∈ CP(L) is a model of a modal theory T whenever
the induced Kripke structure Ωμ = 〈Ω,B(Ω), eμ, μ〉 is a model of T . Besides, we
shall often write μ(ϕ | χ) actually meaning μ([ϕ] | [χ]).

Actually, for our purposes, we can restrict ourselves to the class of condi-
tional probability Kripke structures CPS. In fact, it is not difficult to prove the
following lemma.

Lemma 2. For each conditional probability Kripke structure K = 〈W,U , e, μ〉
there is a conditional probability μ∗ : B(Ω) × B(Ω)0 → [0, 1] such that ‖P (ϕ |
χ)‖K = μ∗(ϕ | χ) for all ϕ, χ ∈ L such that [χ] �= ∅. Therefore, it also holds that
‖Φ‖T = ‖Φ‖CPST for any modal formula Φ and any modal theory T .

As a consequence we have the following simple corollary.

Corollary 1. For any modal theory T over FCP(LΠ) and non-modal formulas
ϕ and χ (with [χ] �= ∅) the following conditions hold:

(i) T |=FCP r̄ → P (ϕ | χ) iff μ(ϕ | χ) ≥ r for each μ ∈ CP(L) model of T .
(ii) T |=FCP P (ϕ | χ) → r̄ iff μ(ϕ | χ) ≤ r for each μ ∈ CP(L) model of T .

Now, we show that FCP(LΠ) is strongly complete for finite modal theories
with respect to the intended probabilistic semantics.

Theorem 2. (Strong finite probabilistic completeness of FCP(LΠ)) Let
T be a finite modal theory over FCP(LΠ) and Φ a modal formula. Then T #FCP
Φ iff eμ(Φ) = 1 for each conditional probability model μ of T .

Proof. The proof is an adaptation of the proof in [11], which in turn is based
on [13,12] where the underlying logics considered were �Lukasiewicz logic and
Rational Pavelka logic rather than LΠ 1

2 .
By soundness we have that T #FCP (LΠ) Φ implies T |=FCP (LΠ) Φ. We have

to prove the converse. In order to do so, the basic idea consists in transforming
modal theories over FCP(LΠ) into theories over LΠ 1

2 .
Define a theory, called F , as follows:

1. take as propositional variables of the theory variables of the form fϕ|χ, where
ϕ and χ are classical propositions from L.

2. take as axioms of the theory the following ones, for each ϕ, ψ and χ:
(F1) fϕ|χ, for ϕ being a classical tautology,
(F2) fϕ|χ ≡ fϕ|χ′ , for any χ, χ′ such that χ ↔ χ′ is a tautology,
(F3) fϕ→ψ|χ →L (fϕ|χ →L fψ|χ),
(F4) f¬ϕ|χ ≡ ¬Lfϕ|χ,
(F5) fϕ∨ψ|χ ≡ [(fϕ|χ →L fϕ∧ψ|χ) →L fψ|χ],
(F6) fϕ∧ψ|χ ≡ fψ|ϕ∧χ + fϕ|χ,
(F7) fϕ|ϕ.

Then define a mapping ∗ from modal formulas to LΠ 1
2 -formulas as follows:
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1. (P (ϕ | χ))∗ = fϕ|χ
2. r∗ = r
3. (Φ ◦ Ψ)∗ = Φ∗ ◦ Ψ∗, for ◦ ∈ {→L,+,→Π}

Let us denote by T ∗ the set of all formulas translated from T . First, by the
construction of F , one can easily check that for any Φ,

T #FCP (LΠ) Φ iff T ∗ ∪ F #LΠ 1
2
Φ∗. (1)

Notice that the use in a proof from T ∗ ∪F of instances of (F1) and (F2) corre-
sponds to the use of the inference rules of necessitation for P and substitution of
equivalents in FCP (LΠ), while instances of (F3) − (F7) obviously correspond
to axioms (FCP1) - (FCP5) respectively.

Now, we prove that the semantical analogue of (1) also holds, that is,

T |=FCP (LΠ) Φ iff T ∗ ∪ F |=LΠ 1
2
Φ∗. (2)

First, we show that each LΠ 1
2 -evaluation e which is model of T ∗∪F determines

a conditional probabilistic Kripke model Ke of T such that e(Φ∗) = ‖Φ‖Ke for
any modal formula Φ. Actually, we can define the conditional probability μe on
B(Ω) × B(Ω)0 as follows:

μe([ϕ] | [χ]) = e(fϕ|χ).

So defined μe is indeed a conditional probability, but this is clear since by hy-
pothesis e is a model of F . Then, it is also clear that in the model Ke = Ωμe

the truth-degree of modal formulas Φ coincides with the truth-evaluations e(Φ∗)
since they only depend on the values of μe and e over the elementary modal
formulas P (ϕ | χ) and the atoms fϕ|χ respectively.

Conversely, we have now to prove that each conditional probability Kripke
structure K = (W,U , e, μ) determines a LΠ 1

2 -evaluation eK model of F such
that eK(Φ∗) = ‖Φ‖K for any modal formula Φ. Then, we only need to set

eK(fϕ|χ) =
{
μ([ϕ]W | [χ]W ), if [χ]W �= ∅
1, if [χ]W = ∅ .

It is easy to see then that eK is a model of axioms F1−F7, and moreover that
for any modal formula Φ, we have eK(Φ∗) = ‖Φ‖K . Hence we have proved the
equivalence (2).

From (1) and (2), to prove the theorem it remains to show that

T ∗ ∪ F #LΠ 1
2
Φ∗ iff T ∗ ∪ F |=LΠ 1

2
Φ∗.

Note that LΠ 1
2 is strongly complete but only for finite theories. We have that

the initial modal theory T is finite, so is T ∗. However F contains infinitely many
instances of axioms F1−F7. Nonetheless one can prove that such infinitely many
instances can be replaced by only finitely many instances, by using propositional
normal forms, again following the lines of [12, 8.4.12].

Take n propositional variables p1, . . . , pn containing at least all variables in T .
For any formula ϕ built from these propositional variables, take the correspond-
ing disjunctive normal form (ϕ)dnf . Notice that there are 2n different normal
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forms. Then, when translating a modal formula Φ into Φ∗, we replace each atom
fϕ|χ by f(ϕ)dnf |(χ)dnf

to obtain its normal translation Φ∗dnf . The theory T ∗dnf is
the (finite) set of all Ψ∗dnf , where Ψ ∈ T . The theory Fdnf is the finite set of
instances of axioms F1 − F7 for disjunctive normal forms of Boolean formulas
built from the propositional variables p1, . . . , pn. We can now prove the following
lemma.

Lemma 3. (i) T ∗ ∪ F #LΠ 1
2
Φ∗ iff T ∗dnf ∪ Fdnf #LΠ 1

2
Φ∗dnf .

(ii) T ∗ ∪ F |=LΠ 1
2
Φ∗ iff T ∗dnf ∪ Fdnf |=LΠ 1

2
Φ∗dnf .

The proof of is similar to [12, 8.4.13]. Finally, we obtain the following chain
of equivalences:

T #FCP Φ iff T ∗ ∪ F #LΠ Φ∗ by (i) above
iff T ∗dnf ∪ Fdnf #LΠ 1

2
Φ∗dnf by (1) of Lemma 3

iff T ∗dnf ∪ Fdnf |=LΠ 1
2
Φ∗dnf by finite strong completeness of LΠ 1

2
iff T ∗ ∪ F |=LΠ 1

2
Φ∗ by (ii) of Lemma 3

iff T |=FCP Φ by (2) above

This completes the proof of theorem.

The following direct corollary exemplifies some kinds of deductions that are
usually of interest.

Corollary 2. Let T be a finite modal theory over FCP(LΠ) and let ϕ and χ be
non-modal formulas, with [χ] �= ∅. Then:

(i) T #FCP r̄ → P (ϕ | χ) iff μ(ϕ | χ) ≥ r, for each conditional probability
model μ of T .

(ii) T #FCP P (ϕ | χ) → r̄ iff μ(ϕ | χ) ≤ r, for each conditional probability
model μ of T .

It is worth pointing out that the logic FCP(LΠ) is actually very power-
ful from a knowledge representation point of view. Indeed, it allows to express
several kinds of statements about conditional probability, such as purely com-
parative statements like “the conditional event ϕ|χ is at least as probable as the
conditional event ψ|δ” as

P (ψ | δ) →L P (ϕ | χ),

or numerical probability statements like

- “the probability of ϕ|χ is 0.8” as P (ϕ | χ) ≡ 0.8,
- “the probability of ϕ|χ is at least 0.8” as 0.8 →L P (ϕ | χ),
- “the probability of ϕ|χ is at most 0.8” as P (ϕ | χ) →L 0.8,
- “ϕ|χ has positive probability” as ¬Π¬ΠP (ϕ | χ),

or even statements about independence, like “ϕ and ψ are independent given χ”
as

P (ϕ | χ ∧ ψ) ≡ P (ϕ | χ).
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4 Applications to the Coherence Problem

Another well-known solution to overcome the difficulties concerning conditional
probability when dealing with zero probabilities consists in using non-standard
probabilities. In this approach only the impossible event can take on probability
0, but non-impossible events can have an infinitesimal probability. Then
the non-standard conditional probability Pr�(ϕ | ψ) may be expressed as
Pr�(ϕ ∧ ψ)/Pr�(ψ), which can be taken then as the truth-value of the formula

P (ψ) →Π P (ϕ ∧ ψ),

where P is a (unary) modal operator standing for (unconditional) non-standard
probability. This is the previously mentioned approach8 followed by Flaminio
and Montagna in [8], where the authors develop the logic FP (S �LΠ) in
which conditional probability can be treated along with both standard and
non-standard probability. Standard probability Pr is recovered by taking
the standard part of Pr∗. This is modelled in the logic by means of a unary
connective S, so that the truth-value of S(Pϕ) is the standard probability
of ϕ. Furthermore, they show that the notion of coherence of a probabilistic
assessment to a set of conditional events is tantamount to the consistency of a
suitable defined theory over FP (S �LΠ).

Definition 3 ([4]). A probabilistic assessment {Pr(ϕi | χi) = αi}i=1,n over a
set of conditional events ϕi | χi (with χi not being a contradiction) is coherent
if there is a conditional probability μ, in the sense of Definition 1, such that
Pr(ϕi | χi) = μ(ϕi | χi) for all i = 1, . . . , n.

Remark that the above notion of coherence can be alternatively found in the
literature in a different form, like in [2], in terms of a betting scheme.

Theorem 3 ([8]). Let κ = {Pr(ϕi | χi) = αi : i = 1, . . . , n} be a rational proba-
bilistic assignment. Let B the Boolean algebra generated by {ϕi, χi | i = 1, . . . , n}
and let Ω and ∅ be its top element and its bottom element respectively. Then κ
is coherent iff the theory T ∗κ consisting of the axioms of the form ¬Π¬ΠPr(ψ)
for ψ ∈ B\{∅}, plus the axioms S(P (χi) →Π P (ϕi ∧ χi)) ≡ αi (i = 1, . . . , n) is
consistent in FP (SLΠ), i.e. T ∗κ �#FP (SLΠ) 0̄.

The proof of this theorem is based on two characterizations of coherence,
given in [4] and [17], using non-standard probabilities, and it is quite compli-
cated. However in FCP (LΠ), contrary to FP (S �LΠ), conditional probability is
a primitive notion, then it can be easily shown that in the logic FCP (LΠ) an
analogous theorem can be proved in a simpler way.

Theorem 4. Let κ = {Pr(ϕi | χi) = αi : i = 1, . . . , n} be a rational probabilistic
assessment. Then κ is coherent iff the theory Tκ = {P (ϕi | χi) ≡ αi : i =
1, . . . , n} is consistent in FCP (LΠ), i.e. Tκ �#FCP (LΠ) 0̄.
8 A related approach due to Rašković et al. [21] deals with conditional probability

by defining graded (two-valued) operators over the unit interval of a recursive non-
archimedean field containing all rationals.
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Proof. Remember that we are allowed to restrict ourselves to the subclass CPS
of conditional probability structures. Now, suppose that Tκ is consistent. By
strong completeness, there exists a model 〈Ω,B(Ω), eμ, μ〉 of Tκ, hence satisfying
μ(ϕi | χi) = αi: therefore κ is coherent. Conversely, suppose κ is a coherent
assessment. Then, there is a conditional probability μ which extends κ. Then
the induced Kripke structure 〈Ω,B(Ω), eμ, μ〉 is a model of Tκ.

5 Conclusions

In this paper, we have been concerned with defining the modal logic FCP (LΠ)
to reason about coherent conditional probability exploiting a previous fuzzy
logic approach which deals with unconditional probabilities [11]. Conditional
probability has been taken as a primitive notion, in order to overcome diffi-
culties related to conditioning events with zero probabilities. FCP (LΠ) has
been shown to be strongly complete with respect to the class of conditional
probability Kripke structures when dealing with finite theories. Furthermore,
we have proved that testing consistency of a suitably defined modal theory
over FCP (LΠ) is tantamount to testing the coherence of an assessment to an
arbitrary set of conditional events, as defined in [4].

To conclude, we would like to point out some possible directions of our
future work. First, it will be interesting to study whether we could use a logic
weaker than LΠ 1

2 , since in fact we do not need in the probabilistic modal
axioms to explicitly deal with the Product implication connective →Π . Thus, it
seems it would be enough to use a logic including only the connectives →L and
+. Second, it will be worth studying theories also including non-modal formulas
over the framework defined. Indeed, this would allow us to treat deduction for
Boolean propositions as well as a logical representation of relationships between
events, like, for instance when two events are incompatible or one follows from
another. Clearly such an extension would enhance the expressive power of
FCP (LΠ). Then, from a semantical point of view, we would be very close to
the so-called model-theoretic probabilistic logic in the sense of Biazzo et al’s
approach [2] and the links established there to probabilistic reasoning under
coherence and default reasoning (see also [20] for a another recent probability
logic approach to model defaults). Actually, FCP (LΠ) can provide a (syntacti-
cal) deductive system for such a rich framework. Exploring all these connections
will be an extremely interesting matter of research in the immediate future.
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19. Ognjanović Z., Rašković M. Some probability logics with new types of proba-

bility operators. Journal of Logic and Computation, Vol. 9, Issue 2, 181–195, 1999.
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Abstract. The paper presents a logic which enriches propositional cal-
culus with three classes of probabilistic operators which are applied to
propositional formulas: P≥s(α), CP=s(α, β) and CP≥s(α, β), with the
intended meaning ”the probability of α is at least s”, ”the conditional
probability of α given β is s”, and ”the conditional probability of α given
β is at least s”, respectively. Possible-world semantics with a probabil-
ity measure on sets of worlds is defined and the corresponding strong
completeness theorem is proved for a rather simple set of axioms. This
is achieved at the price of allowing infinitary rules of inference. One of
these rules enables us to syntactically define the range of the probabil-
ity function. This range is chosen to be the unit interval of a recursive
nonarchimedean field, making it possible to define another probabilistic
operator CP≈1(α, β) with the intended meaning ”probabilities of α ∧ β
and β are almost the same”. This last operator may be used to model
default reasoning.

1 Introduction

The problem of reasoning with uncertain knowledge is an ancient problem dating,
at least, from Leibnitz and Boole. In the last decades an approach was developed,
connected with computer science and artificial intelligence, which starts with
propositional calculus and adds ”probability operators” that behave like modal
operators. Consequently, the semantics consists in special types of Kripke models
(possible worlds) with addition of probability measure defined over the worlds
[6,7]. The main problem with that approach is providing an axiom system which
would be strongly complete. This results from the inherent non-compactness of
such systems. Namely, in such languages it is possible to define an inconsistent
infinite set of formulas, every finite subset of which is consistent (e.g., {¬P=0α}∪
{P<1/nα : n is a positive integer}). Building on our previous work [14,15,16,
17], we define a system which we show to be sound and strongly complete,
using infinitary rules of inference (i.e., rules where a conclusion has a countable
set of premises). Thus, all formulas, axioms and theorems are finite, but the
proofs might be countably infinite. Since we already have infinitary rules, we
also introduce another infinitary rule which enables us to syntactically define
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the range of the probability function which will appear in the interpretation.
We choose here this range to be the unit interval of a recursive nonarchimedean
field containing all rational numbers (an example of such field would be the
Hardy field Q[ε], where ε is an infinitesimal). A similar rule was given in [2] but
restricted to rationals only. In this paper we introduce, in addition to the usual
probabilistic operators P≥sα (with the intended meaning ”the probability of α is
at least s”), also the conditional probability operators: CP=s(α, β), CP≥s(α, β)
with the intended meaning ”the conditional probability of α given β is s”, ”at
least s”, respectively. Since we specify, already in the syntax, that the range
of probability is nonarchimedean, it is possible also to introduce the conditional
probability operator CP≈1(α, β) with the intended meaning ”the probabilities of
α∧β and β are almost the same”. It turns out that this formula may be used to
model defaults. In a companion paper [18] it is shown that, if we restrict attention
only to formulas of this type, the resulting system coincides with the system P of
[12] when we work only with the finite sets of assumptions. If we allow inference
from an infinite set of ”defaults” our system is somewhat stronger. The main
advantage, however, is that we can use the full probability logic and thus express
explicitly properties that cannot be formulated in the language of defaults.

There are not too many papers discussing conditional probabilities from the
logical point. We are aware of only one paper [7] in which conditional probability
is defined syntactically. However, a complicated machinery of real closed fields
was needed to obtain a corresponding sound and complete axiomatization. In
our approach, since the parts of field theory are moved to the meta theory, the
axioms are rather simple. Also, we are able to prove the extended completeness
theorem (’every consistent set of formulas has a model’) which is impossible
for the system in [7], although at a price of introducing infinitary deduction
rules. One should add that systems with infinitary rules of inference may be
decidable which remains to be determined for the present system. Conditional
probability is also analyzed in [4] but only on the semantical level along the
ideas proposed by de Finetti. In [1,9,8,13] conditional probabilities are used in
the field of nonmonotonic reasoning, but without any axiomatization.

The rest of the paper is organized as follows. In Section 2 syntax of the logic
is given. Section 3 describes the class LPPSMeas,Neat of measurable models, while
in Section 4 a corresponding sound and complete axiomatic system is introduced.
A proof of the completeness theorem is presented in Section 5. In Section 6 we
describe how our system can be used to model default reasoning and analyze
some properties of the corresponding default consequence relation. We conclude
in Section 7.

2 Syntax

Let S be the unit interval of a recursive nonarchimedean field containing all
rational numbers. An example of such field is the Hardy field Q[ε]. Q[ε] contains
all rational functions of a fixed infinitesimal ε which belongs to a nonstandard
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elementary extension R∗ of the standard real numbers [10,19]. We use ε1, ε2,
. . . to denote infinitesimals from S.

Let {s0, s1, . . .} be an enumeration of S. The language of the logic consists
of: a denumerable set Var = {p, q, r, . . .} of propositional letters, classical con-
nectives ¬, and ∧, a list of unary probabilistic operators (P≥s)s∈S , a list of bi-
nary probabilistic operators (CP≥s)s∈S , a list of binary probabilistic operators
(CP=s)s∈S and a binary probabilistic operator CP≈1.

The set ForC of classical propositional formulas is the smallest set X con-
taining Var and closed under the formation rules: if α and β belong to X, then
¬α and (α∧β), are in X. Elements of ForC will be denoted by α, β, . . . The set
ForSP of probabilistic propositional formulas is the smallest set Y containing all
formulas of the forms: P≥sα for α ∈ ForC , s ∈ S, CP=s(α, β) for α, β ∈ ForC ,
s ∈ S, CP≥s(α, β) for α, β ∈ ForC , s ∈ S and CP≈1(α, β) for α, β ∈ ForC , and
closed under the formation rules: if A and B belong to Y , then ¬A, and (A∧B)
are in Y . Formulas from ForSP will be denoted by A, B, . . . Note that we use
the prefix notation CP≥s(α, β) (and similarly for CP=s(α, β) and CP≈1(α, β))
rather than the corresponding infix notation αCP≥sβ (αCP=sβ, αCP≈1β).

As it can be seen, neither mixing of pure propositional formulas and prob-
ability formulas, nor nested probabilistic operators are allowed. For example,
α ∧ P≥sβ and P≥sP≥rα are not well defined formulas.

The other classical connectives (∨, →, ↔) can be defined as usual, while we
denote ¬P≥sα by P<sα P≥1−s¬α by P≤sα, ¬P≤sα by P>sα, P≥sα ∧ ¬P>sα by
P=sα, ¬P=sα by P�=sα, ¬CP≥s(α, β) by CP<s(α, β), CP<s(α, β) ∨ CP=s(α, β)
by CP≤s(α, β), and CP≥s(α, β) ∧ ¬CP=s(α, β) by CP>s(α, β).

Let ForS = ForC ∪ForSP . ϕ, ψ, . . . will be used to denote formulas from the
set ForS . For α ∈ ForC , and A ∈ ForSP , we abbreviate both ¬(α → α) and
¬(A → A) by ⊥ letting the context determine the meaning.

3 Semantics

The semantics for ForS will be based on the possible-world approach.

Definition 1. An LPPS-model is a structure 〈W,H, μ, v〉 where:

– W is a nonempty set of elements called worlds,
– H is an algebra of subsets of W ,
– μ : H → S is a finitely additive probability measure, and
– v : W ×Var → {true, false} is a valuation which associates with every world

w ∈ W a truth assignment v(w) on the propositional letters.

The valuation v is extended to a truth assignment on all classical propositional
formula. Let M be an LPPS model and α ∈ ForC . The set {w : v(w)(α) = true}
is denoted by [α]M .

Definition 2. An LPPS-model M is measurable if [α]M is measurable for every
formula α ∈ ForC (i.e., [α]M ∈ H). An LPPS-model M is neat if only the empty
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set has the zero probability. LPPSMeas,Neat denotes the the class of all neat and
measurable LPPS-models.

The neatness-condition is introduced in order to make our models a subclass
of R∗-probabilistic models [11,12]. This facilitates the explanation of a possible
application of our system to default reasoning (see Section 6). All the results
presented in Section 5 can be also proved for the class of measurable LPPS-
models.

Definition 3. The satisfiability relation |=⊂ LPPSMeas,Neat × ForS is defined
by the following conditions for every LPPSMeas,Neat-model M :

1. if α ∈ ForC , M |= α if (∀w ∈ W )v(w)(α) = true,
2. M |= P≥sα if μ([α]M ) ≥ s,
3. M |= CP≥s(α, β) if either μ([β]M ) = 0 or μ([β]M ) > 0 and μ([α∧β]M )

μ([β]M ) ≥ s,
4. M |= CP=s(α, β) if either μ([β]M ) = 0 and s = 1 or μ([β]M ) > 0 and

μ([α∧β]M )
μ([β]M ) = s,

5. M |= CP≈1(α, β) if either μ([β]M ) = 0 or μ([β]M ) > 0 and for every positive
integer n, μ([α∧β]M )

μ([β]M ) ≥ 1 − 1
n .

6. if A ∈ ForSP , M |= ¬A if M �|= A,
7. if A,B ∈ ForSP , M |= A ∧B if M |= A and M |= B.

Note that the condition 5 is equivalent to saying that the conditional prob-
ability equals 1 − εi for some infinitesimal εi ∈ S.

A formula ϕ ∈ ForS is satisfiable if there is an LPPSMeas,Neat-model M such
that M |= ϕ; ϕ is valid if for every LPPSMeas,Neat-model M , M |= ϕ; a set of
formulas is satisfiable if there is a model in which every formula from the set is
satisfiable. A formula ϕ ∈ ForS is a semantical consequence of a set of formulas
T (T |= ϕ) if ϕ holds in every LPMeas,Neat-model in which all formulas from T
are satisfied.

4 Axiomatization

The set of all valid formulas can be characterized by the following set of axiom
schemata:

1. all ForC-instances of classical propositional tautologies
2. all ForSP -instances of classical propositional tautologies
3. P≥0α
4. P≤sα → P<rα, r > s
5. P<sα → P≤sα
6. P≥1(α ↔ β) → (P=sα → P=sβ)
7. (P=sα ∧ P=rβ ∧ P≥1¬(α ∧ β)) → P=min(1,s+r)(α ∨ β)
8. CP=r(α, β) → ¬CP=t(α, β), r �= t
9. P=0β → CP=1(α, β)
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10. (P=rβ ∧ P=s(α ∧ β)) → CP=s/r(α, β), r �= 0
11. CP=r(α, β) → ¬CP≥t(α, β), r < t
12. CP=r(α, β) → CP≥t(α, β), r ≥ t
13. CP=r(α, β) → (P=tr(α ∧ β) ↔ P=tβ), t �= 0
14. CP≈1(α, β)→CP≥r(α, β), for every rational r ∈ [0, 1)
15. CP=1(α, β) → CP≈1(α, β)

and inference rules:

1. From ϕ and ϕ → ψ infer ψ.
2. If α ∈ ForC , from α infer P≥1α.
3. From A → P�=sα, for every s ∈ S, infer A → ⊥.
4. From A → (P=tr(α ∧ β) ↔ P=rβ), for every r ∈ S \ {0}, infer A →

CP=t(α, β).
5. From A → CP>r(α ∧ β), for every rational r �= 1, infer A → CP≈1(α, β).

We denote this axiomatic system by AxLPPS . Let us briefly discuss it. Axiom 3
says that every formula is satisfied in a set of worlds of the probability at least 0.
By substituting ¬α for α in Axiom 3, the formula P≤1α (= P≥0¬α) is obtained.
This formula means that every formula is satisfied in a set of worlds of the
probability at most 1. Let us denote it by 3’. Axiom 6 means that the equivalent
formulas must have the same probability. Axiom 7 corresponds to the property of
the finite additivity of probability. It says that, if the sets of worlds that satisfy α
and β are disjoint, then the probability of the set of worlds that satisfy α∨β is the
sum of the probabilities of the former two sets. Axiom 13 and Rule 4 express the
standard definition of conditional probability, while the axioms 14 and 15 and
Rule 5 describe the relationship between the standard conditional probability
and the conditional probability infinitesimally close to 1. From Axiom 3’ and
Rule 2 we obtain another inference rule: from α infer P=1α. The rules 3 – 5 are
infinitary. Rule 3 guarantees that the probability of a formula belongs to the set
S. Rule 4 corresponds to the standard meaning of the conditional probability,
and Rule 5 syntactically defines the notion ”infinitesimally close to 1”. We should
point out that, although infinitary rules might seem undesirable, especially to
a computer scientist, similar types of logics with infinitary rules were proved
to be decidable [16]. On the other hand, since the compactness theorem does
not hold for our logic (there exists a countably infinite set of formulas that
is unsatisfiable although every finite subset is satisfiable: for instance, consider
{¬P=0α} ∪ {P<εnα : n is a positive integer}) involving infinitary rules in the
axiomatic system is the only way to obtain the extended completeness.

A formula ϕ is deducible from a set T of formulas (denoted T #AxLP P S
α) if

there is an at most denumerable sequence (called proof) of formulas ϕ0, ϕ1, . . . ,
ϕ, such that every ϕi is an axiom or a formula from the set T , or it is derived
from the preceding formulas by an inference rule. A formula ϕ is a theorem (# ϕ)
if it is deducible from the empty set. A set T of formulas is consistent if there
are at least a formula from ForC , and at least a formula from ForSP that are not
deducible from T . A consistent set T of formulas is said to be maximal consistent
if the following holds:
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– for every α ∈ ForC , if T # α, then α ∈ T and P≥1α ∈ T , and
– for every A ∈ ForSP , either A ∈ T or ¬A ∈ T .

A set T is deductively closed if for every ϕ ∈ ForS , if T # ϕ, then ϕ ∈ T .

5 Soundness and Completeness

Soundness of our system follows from the soundness of propositional classical
logics, and from the properties of probabilistic measures. The arguments are of
the type presented in the proof of Theorem 13 in [14].

In the proof of the completeness theorem the following strategy is applied. We
start with a form of the deduction theorem, and some other useful statements. In
the next step we show how to extend a consistent set T of formulas to a maximal
consistent set T ∗. Finally, a canonical LPPSMeas,Neat-model M is constructed out
of the formulas from the set T ∗ such that M |= ϕ iff ϕ ∈ T ∗.

Theorem 4 (Deduction theorem). If T is a set of formulas and T ∪{ϕ} # ψ,
then T # ϕ → ψ, where either ϕ,ψ ∈ ForC or ϕ,ψ ∈ ForSP .

Proof. We use the transfinite induction on the length of the proof of ψ from
T ∪{ϕ}. Let us first consider the case where ψ = P≥1α is obtained from T ∪{ϕ}
by an application of Rule 2, and ϕ ∈ ForSP . In that case:

T, ϕ # α
T, ϕ # P≥1α by Rule 2

However, since α ∈ ForC , and ϕ ∈ ForSP , ϕ does not affect the proof of α from
T ∪ {ϕ}, and we have:

T # α
T # P≥1α by Rule 2
T # P≥1α → (ϕ → P≥1α)
T # ϕ → P≥1α by Rule 1.

Next, assume that ψ = C → ⊥ is obtained from T ∪ {ϕ} by an application of
Rule 3, and ϕ ∈ ForSP . Then:

T, ϕ # C → P�=sδ, for every s ∈ S
T # ϕ → (C → P �=sδ), for every s ∈ S, by the induction hypothesis
T # (ϕ ∧ C) → P �=sδ, for every s ∈ S
T # (ϕ ∧ C) → ⊥, by Rule 3
T # ϕ → ψ.

The other cases follow similarly. ��

Theorem 5. Let α, β ∈ ForC . Then:

1. # P≥rα → P≥sα, r > s
2. # P≤rα → P≤sα, r < s
3. # P=rα → ¬P=sα, r �= s
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Proof. (1 – 2) Let us call the property expressed by these two formulas the
monotonicity of the probability. The formulas follow from the axioms 4 and 5.
(3) Note that # P=rα denotes P≥rα ∧ P≤rα. From Axiom 4, for every s > r
we have # P≤rα → P<sα, i.e., # P≤rα → ¬P≥sα. Similarly, by Axiom 4’, for
every s < r, we have # P≥rα → ¬P≤sα. It follows that # (P≤rα ∧ P≥rα) →
(¬P≤sα ∨ ¬P≥sα), and that # P=rα → ¬P=sα for every s �= r. ��

Theorem 6. Every consistent set can be extended to a maximal consistent set.

Proof. Let T be a consistent set, CnC(T ) the set of all classical formulas that
are consequences of T , A0, A1, . . . an enumeration of all formulas from ForSP
and α0, α1, . . . an enumeration of all formulas from ForC . We define a sequence
of sets Ti, i = 0, 1, 2, . . . such that:

1. T0 = T ∪ CnC(T ) ∪ {P≥1α : α ∈ CnC(T )}
2. for every i ≥ 0, if T2i ∪ {Ai} is consistent, then T2i+1 = T2i ∪ {Ai}; other-

wise, if Ai is of the form A → CP=s(α, β), then T2i+1 = T2i ∪ {¬Ai, A →
¬(P=st(α ∧ β) ↔ P=tβ)}, for some t > 0; otherwise, if Ai is of the form
A → CP≈1(α, β), then T2i+1 = T2i ∪ {¬Ai, A → ¬CP>r(α, β)}, for some
rational number r ∈ [0, 1); otherwise, T2i+1 = T2i ∪ {¬Ai},

3. for every i ≥ 0, T2i+2 = T2i+1 ∪ {P=rαi }, for some r ∈ S, so that T2i+2 is
consistent,

4. for every i ≥ 0, if Ti is enlarged by a formula of the form P=0α, add ¬α to
Ti ∪ {P=0α} as well.

We have to show that every Ti is a consistent set. T0 is consistent because it is
a set of consequences of a consistent set. Suppose that T2i+1 is obtained by the
step 2 of the above construction and that neither T2i ∪ {Ai}, nor T2i ∪ {¬Ai}
are consistent. It follows by the deduction theorem that T2i # Ai ∧ ¬Ai, which
is a contradiction. Next, suppose that Ai is of the form A → CP=s(α, β), and
that neither T2i ∪ {A → CP=s(α, β)} nor T2i ∪ {¬(A → CP=s(α, β)), A →
¬(P=st(α ∧ β) ↔ P=tβ)}, for every t > 0, are consistent. It means that:

1. T2i,¬(A → CP=s(α, β)), A → ¬(P=st(α ∧ β) ↔ P=tβ) # ⊥, for every t > 0,
2. T2i,¬(A → CP=s(α, β)) # (A → ¬(P=st(α ∧ β) ↔ P=tβ)) → ⊥, for every

t > 0, by Deduction theorem,
3. T2i,¬(A → CP=s(α, β)) # ¬(A → ¬(P=st(α ∧ β) ↔ P=tβ)), for every t > 0,
4. T2i,¬(A → CP=s(α, β)) # A → (P=st(α ∧ β) ↔ P=tβ)), for every t > 0, by

the classical tautology ¬(α → β) → (α → ¬β),
5. T2i,¬(A → CP=s(α, β)) # A → CP=s(α, β), by Rule 4,
6. T2i # ¬(A → CP=s(α, β)) → (A → CP=s(α, β)), by Deduction theorem,
7. T2i # A → CP=s(α, β), by classical reasoning

which contradicts consistency of T2i. The case when Ai = A → CP≈1(α, β)
follows similarly, using Rule 5. Consider the step 3 of the construction, and
suppose that for every r ∈ S, T2i+1 ∪ {P=rαi} is not consistent. Let T2i+1 =
T0 ∪T+

2i+1, where T+
2i+1 denotes the set of all formulas B ∈ ForSP that are added

to T0 in the previous steps of the construction. Then:
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1. T0, T
+
2i+1, P=sαi # ⊥, for every s ∈ S, by the hypothesis

2. T0, T
+
2i+1 # ¬P=sαi, for every s ∈ S, by Deduction theorem

3. T0 # (
∧
B∈T+

2i+1
B) → ¬P=sαi, for every s ∈ S, by Deduction theorem

4. T0 # (
∧
B∈T+

2i+1
B) → ⊥, by Rule 3

5. T2i+1 # ⊥,

which contradicts consistency of T2i+1. Finally, consider the step 4 of the con-
struction, and suppose that for some α ∈ ForC , Ti ∪ {P=0α,¬α} # ⊥. By
Deduction theorem, we have that Ti ∪ {P=0α} # α. Since α ∈ ForC , α is a
consequence of CnC(T ), the set of all classical formulas that are consequences of
T , and α ∈ CnC(T ). Then, by the construction, we have that P≥1α ∈ T0 which
leads to inconsistency of Ti ∪ {P=0α} since:

1. Ti, P=0α # P≤1α by Axiom 3’
2. Ti, P=0α # P≥1α since P≥1α ∈ T0 ⊂ Ti
3. Ti, P=0α # P=1α
4. Ti # P=0α → P=1α by Deduction theorem
5. Ti # P=0α → ¬P=1α by Theorem 5.3
6. Ti, P=0α # ⊥

Let T ∗ = ∪iTi. We have to prove that T ∗ is a maximal consistent set.
First, note that if P=sα ∈ T ∗, then for every B ∈ ForSP , B → P=sα ∈ T ∗.

Suppose that it is not the case. Then, according to the above construction, for
some B ∈ ForSP , and some j, P=sα and ¬(B → P=sα) (i.e., B∧¬P=sα) belongs
to Tj . It means that Tj # P=sα∧¬P=sα, a contradiction. We continue by showing
that T ∗ is a deductively closed set which does not contain all formulas, and, as
a consequence, that T ∗ is consistent. If a formula α ∈ ForC , by the construction
of T0, α and ¬α cannot be simultaneously in T0. For a formula A ∈ ForSP the
set T ∗ does not contain both A = Ai and ¬A = Aj , because Tmax(2i,2j)+1 is a
consistent set.

If a formula α ∈ ForC and T ∗ # α, then by the construction of T0, α ∈ T ∗

and P≥1α ∈ T ∗. Let A ∈ ForSP . It can be proved by the induction on the
length of the inference that if T ∗ # A, then A ∈ T ∗. Note that if A = Aj and
Ti # A, it must be A ∈ T ∗ because Tmax(i,2j)+1 is consistent. Suppose that the
sequence ϕ1, ϕ2, . . . , A forms the proof of A from T ∗. If the sequence is finite,
there must be a set Ti such that Ti # A, and A ∈ T ∗. Thus, suppose that the
sequence is countably infinite. We can show that for every i, if ϕi is obtained by
an application of an inference rule, and all the premises belong to T ∗, then it
must be ϕi ∈ T ∗. If the rule is a finitary one, then there must be a set Tj which
contains all the premises and Tj # ϕi. Reasoning as above, we conclude ϕi ∈ T ∗.
Next, we consider infinitary rules. Let ϕi = B → ⊥ be obtained from the set of
premises {ϕki = B → ¬P=sk

γ : sk ∈ S} by Rule 3. By the induction hypothesis,
ϕki ∈ T ∗ for every k. If ϕi �∈ T ∗, by the step 3 of the construction, there are
some l and sl ∈ S such that P=sl

γ ∈ Tl. Reasoning as above, we conclude
that B → P=sl

γ ∈ T ∗. Thus, there must be some j such that B → ¬P=sl
γ,

B → P=sl
γ ∈ Tj , Tj # B → ¬P=sl

γ, Tj # B → P=sl
γ, and Tj # B → ⊥,
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which means that B → ⊥ ∈ T ∗, a contradiction. Let ϕi = B → CP≈1(γ, δ) be
obtained from the set of premises {ϕki = B → CP>sk

(γ, δ) : sk ∈ S ∩Q ∩ [0, 1)}
by Rule 5. By the induction hypothesis, ϕki ∈ T ∗ for every k. If ϕi �∈ T ∗,
by the step 2 of the construction, there are some l and sl ∈ S ∩ Q ∩ [0, 1)
such that B → ¬CP>sl

(γ, δ) ∈ T ∗. Thus, there is some j such that {B →
CP>sl

(γ, δ), B → ¬CP>sl
(γ, δ)} ⊂ Tj , Tj # B → CP>sl

(γ, δ), Tj # B →
¬CP>sl

(γ, δ), Tj # B → ⊥, Tj # B → CP≈1(γ, δ), and B → CP≈1(γ, δ) ∈ T ∗, a
contradiction. Finally, the case ϕi = B → CP=s(γ, δ) follows similarly.

Hence, from T ∗ # ϕ, we have ϕ ∈ T ∗. Since T ∗ is consistent, according to
the above definition of a maximal set, the construction guarantees that T ∗ is
maximal. ��

Being a maximal consistent set, T ∗ has all the expected properties summa-
rized in the next statement.

Theorem 7. Let T ∗ be defined as above. Then, the following holds for every ϕ,
ψ ∈ ForS, and all α, β ∈ ForC .

1. T ∗ contains all theorems.
2. If ϕ ∈ T ∗, then ¬ϕ �∈ T ∗.
3. ϕ ∧ ψ ∈ T ∗ iff ϕ ∈ T ∗ and ψ ∈ T ∗.
4. If ϕ,ϕ → ψ ∈ T ∗, then ψ ∈ T ∗.
5. There is exactly one s ∈ S such that P=sα ∈ T ∗.
6. If P≥sα ∈ T ∗, there is some r ∈ S such that r ≥ s and P=rα ∈ T ∗.
7. If P≤sα ∈ T ∗, there is some r ∈ S such that r ≤ s and P=rα ∈ T ∗.
8. There is exactly one s ∈ S such that CP=s(α, β) ∈ T ∗.
9. If CP≥sα ∈ T ∗, there is some r ∈ S such that r ≥ s and CP=r(α, β) ∈ T ∗.

Proof. (1 - 4) The proof is standard and left to the reader.
(5) First, note that, according to Theorem 5.3, if P=sα ∈ T ∗, then for every r �= s,
P=rα �∈ T ∗. On the other hand, suppose that for every s ∈ S, ¬P=sα ∈ T ∗.
It follows that T ∗ # ¬P=sα for every s ∈ S, and by Rule 3, T ∗ # ⊥ which
contradicts consistency of T ∗. Thus, for every α ∈ ForC , there is exactly one
s ∈ S such that P=sα ∈ T ∗.
(6) Since P≥sα ∈ T ∗, we have that ¬P<sα ∈ T ∗. By the step (5), for every
α ∈ ForC there is some r ∈ S such that P=rα ∈ T ∗. It means that P≥rα ∈ T ∗,
and P≤rα ∈ T ∗. If r < s, then by Axiom 4 from P≤rα ∈ T ∗ it follows that
P<sα ∈ T ∗ (i.e., ¬P≥sα ∈ T ∗), a contradiction. Thus, it must be r ≥ s.
(7) Similarly as the statement 7.6.
(8) According to Axiom 8 there cannot be two different r, s ∈ S such that
CP=r(α, β) ∈ T ∗ and CP=s(α, β) ∈ T ∗. From the statement 7.6 we have that
for exactly one r and exactly one t, P=rβ ∈ T ∗ and P=t(α ∧ β) ∈ T ∗. If r = 0,
then CP=1(α, β) ∈ T ∗, by Axiom 9. Let r �= 0, and s = t

r . Using Axiom 10 we
have that CP=s(α, β) ∈ T ∗. Thus, for all α, β ∈ ForC , there is exactly one s ∈ S
such that CP=s(α, β) ∈ T ∗.
(9) Let CP≥sα ∈ T ∗. From the statement 7.8 there is exactly one r ∈ S such
that CP=r(α, β) ∈ T ∗. It follows from Axiom 11 that r cannot be less than s.
Thus, it must be r ≥ s. ��
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Using a maximal consistent set T ∗, we can define a tuple M = 〈W, {[α]M :
α ∈ ForC}, μ, v〉, where:

– W = {w |= CnC(T )} contains all the classical propositional interpretations
that satisfy the set CnC(T ) of all classical consequences of the set T ,

– [α]M = {w ∈ W : w |= α},
– for every world w and every propositional letter p ∈ Var, v(w)(p) = true iff

w |= p, and
– μ is defined on {[α]M : α ∈ ForC} by μ([α]M ) = s iff P=sα ∈ T ∗.

The next theorem states that M is an LPPSMeas,Neat-model.

Theorem 8. Let M = 〈W, {[α]M : α ∈ ForC}, μ, v〉 be defined as above. Then,
the following hold:

1. μ is a well-defined function.
2. {[α]M : α ∈ ForC} is an algebra of subsets of W .
3. μ is a finitely additive probability measure.
4. for every α ∈ ForC , μ([α]M ) = 0 iff [α]M = ∅.

Proof. (1) It follows from Theorem 7.5 that for every α ∈ ForC there is exactly
one s ∈ S such that μ([α]M ) = s. On the other hand, let [α]M = [β]M for
some α, β ∈ ForC . It means that for every w ∈ W , w |= α ↔ β. From the
completeness of the propositional logic we have that α ↔ β ∈ CnC(T ). Using
the above construction, P≥1(α ↔ β) ∈ T ∗. Axiom 6 guarantees that P=sα ∈ T ∗

iff P=sβ ∈ T ∗. Thus, [α]M = [β]M implies that μ([α]M ) = μ([β]M ).
(2) For an arbitrary β ∈ ForC , W = [β ∨ ¬β]M , and W ∈ {[α]M : α ∈ ForC}.
If [β]M ∈ {[α]M : α ∈ ForC}, then the complement of [β]M is [¬β]M , and it
belongs to {[α]M : α ∈ ForC}. If [β1]M , . . . , [βk]M ∈ {[α]M : α ∈ ForC}, then
the union [β1]M∪ . . .∪[βk]M ∈ {[α]M : α ∈ ForC} because [β1]M∪ . . .∪[βk]M =
[β1 ∨ . . . ∨ βk]M . Thus, {[α]M : α ∈ ForC} is an algebra of subsets of W .
(3) From the axioms 3 and 3’ it follows that μ : {[α]M : α ∈ ForC} → [0, 1]. Let
α ∈ ForC . Then, W = [α∨¬α]M , α∨¬α ∈ T ∗, and P≥1(α∨¬α) ∈ T ∗. It means
that μ(W ) = 1. Let α, β ∈ ForC , [α]M∩[β]M = ∅, μ([α]M ) = s, and μ([β]M ) = r.
Since, [α]M ∩ [β]M = ∅, we have that [¬(α∧β)]M = W , and μ([¬(α∧β)]M ) = 1.
From the assumptions we have that P=sα, P=rβ, P≥1¬(α ∧ β) ∈ T ∗. Using
Axiom 7 it follows that P=r+s(α ∨ β) ∈ T ∗, i.e., μ([α ∨ β]M ) = r + s.
(4) It follows from the step 4 of the construction from Theorem 6. ��

Theorem 9 (Extended completeness theorem). A set T of formulas is
consistent if and only if T has an LPPSMeas,Neat-model.

Proof. The (⇐)-direction follows from the soundness of the above axiomatic
system. In order to prove the (⇒)-direction we construct the LPPSMeas,Neat-
model M as above, and show that for every ϕ ∈ ForS , M |= ϕ iff ϕ ∈ T ∗.

Let ϕ ∈ ForC . If ϕ ∈ T ∗, then certainly ϕ ∈ CnC(T ), and for every w ∈
W , w |= ϕ, i.e., M |= ϕ. If M |= ϕ, then by the completeness of classical
propositional logic ϕ ∈ CnC(T ), and ϕ ∈ T ∗.
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Let ϕ = P≥sα. If P≥sα ∈ T ∗, then, by Theorem 7.6, there is some r ≥ s
such that P=rα ∈ T ∗, i.e., such that μ([α]M ) = r ≥ s. Thus, M |= P≥sα. On the
other hand suppose that M |= P≥sα, i.e., that μ([α]M ) = r ≥ s, and P=rα ∈ T ∗.
It means that P≥rα ∈ T ∗, and by Theorem 5.1 it follows that P≥sα ∈ T ∗.

Let ϕ = ¬A, A ∈ ForSP . M |= ¬A iff M |= A does not hold iff A �∈ T ∗ iff
¬A ∈ T ∗. Let ϕ = A ∧B, A, B ∈ ForSP . M |= A ∧B iff M |= A and M |= B iff
A ∈ T ∗ and B ∈ T ∗ iff A ∧B ∈ T ∗.

Let ϕ = CP=s(α, β). Suppose that CP=s(α, β) ∈ T ∗. If P=0β ∈ T ∗, from
Axiom 9 and Lemma 7.8 it must be CP=1(α, β) ∈ T ∗, and s = 1. Since μ([β]M ) =
0, we have M |= CP=1(α, β). Otherwise, let P=tβ ∈ T ∗, t �= 0. It follows from
Axiom 13 that P=st(α ∧ β) ∈ T ∗, μ([β]M ) = t �= 0, μ([α ∧ β]M ) = st, M |=
CP=s(α, β). Next, suppose that M |= CP=s(α, β). If M |= P=0β, then s = 1
and P=0β ∈ T ∗. From Axiom 9 we have that CP=1(α, β) ∈ T ∗. Otherwise, let
M |= P=tβ, t �= 0, and CP=s(α, β) �∈ T ∗. Then, by the step 2 of the construction
of T ∗, there is some r such that ¬(P=sr(α ∧ β) ↔ P=rβ) ∈ T ∗, for some r > 0.
It means that (P=sr(α ∧ β) ∧ ¬P=rβ) ∈ T ∗ or (¬P=sr(α ∧ β) ∧ P=rβ) ∈ T ∗, ie.
P=sr(α ∧ β) ∈ T ∗ and ¬P=rβ ∈ T ∗ or ¬P=sr(α ∧ β) ∈ T ∗ and P=rβ ∈ T ∗, ie.
M |= P=sr(α∧β) and M |= ¬P=rβ or M |= ¬P=sr(α∧β) and M |= P=rβ. In the
former case, M |= P=sr(α∧β) and M |= ¬P=rβ, we have that μ([α∧β]M ) = sr

and μ([β]M ) = t, t �∈ {0, r}. It follows that μ([α∧β]M )
μ([β]M ) �= s, a contradiction since

M |= CP=s(α, β). In the later case, M |= ¬P=sr(α∧β) and M |= P=rβ, we have
that r = t �= 0, μ([α∧ β]M ) �= st and μ([β]M ) = t. It follows that μ([α∧β]M )

μ([β]M ) �= s,
a contradiction since M |= CP=s(α, β). Thus, CP=s(α, β) ∈ T ∗.

Let ϕ = CP≥s(α, β). Suppose that CP≥s(α, β) ∈ T ∗. From Lemma 7.8
and Lemma 7.9, there is exactly one r ≥ s such that CP=r(α, β) ∈ T ∗,
and M |= CP=r(α, β). It follows that M |= CP≥s(α, β). Next, suppose that
M |= CP≥s(α, β). If μ([β]M ) = 0, we have that M |= CP=1(α, β), and
CP=1(α, β) ∈ T ∗. It follows from Axiom 12 that CP≥s(α, β) ∈ T ∗. Otherwise, let
μ([β]M ) �= 0. From Lemma 7.5 there is exactly one r such that P=r(α∧β) ∈ T ∗,
and exactly one t �= 0 such that P=tβ ∈ T ∗. It means that μ([α ∧ β]M ) = r
and μ([β]M ) = t, M |= CP=r/t(α, β), and CP=r/t(α, β) ∈ T ∗. Since M |=
CP≥s(α, β), it must be s ≤ r

t . It follows from Axiom 12 that CP≥s(α, β) ∈ T ∗.
Finally, let ϕ = CP≈1(α, β). Suppose that CP≈1(α, β) ∈ T ∗. If μ([β]M ) = 0,

it follows that M |= CP≈1(α, β). Next, suppose that μ([β]M ) �= 0. From
Axiom 14, we have that for every rational r ∈ [0, 1) CP≥r(α, β) ∈ T ∗, and
CP=r(α, β) �∈ T ∗. It means that for every rational r ∈ [0, 1), M |= CP≥r(α, β),
and M �|= CP=r(α, β), i.e. that for every positive integer n, μ([α∧β]M )

μ([β]M ) ≥ 1 − 1
n .

It follows that M |= CP≈1(α, β). Let CP≈1(α, β) �∈ T ∗. If μ([β]M ) = 0, then
M |= CP=1(α, β), CP=1(α, β) ∈ T ∗, and using Axiom 15 CP≈1(α, β) ∈ T ∗, a
contradiction. Thus, let μ([β]M ) �= 0. By the step 2 of the construction of T ∗,
there is some rational number r ∈ [0, 1) such that ¬CP>r(α, β) ∈ T ∗. It means
that there is some rational number r ∈ [0, 1) such that M �|= CP≥r(α, β), and
it does not hold that for every positive integer n, μ([α∧β]M )

μ([β]M ) ≥ 1 − 1
n . Thus, we

have that M �|= CP≈1(α, β). ��
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6 Modeling Default Reasoning

In [11,12] a set of properties which form a core of default reasoning, the corre-
sponding formal system P and a family of nonstandard (R∗) probabilistic models
characterizing the default consequence relation defined by the system P, are pro-
posed (where R∗ denotes a nonstandard elementary extension of the standard
real numbers). Those models are very similar to our LPPSMeas,Neat-models. The
only difference is that probabilities from R∗-probabilistic models are R∗-valued,
while in our approach the range of probabilities is a countable subset S of the
unit interval of R∗. Using that restriction of the range of probabilities, in the
companion paper [18] we describe in details how our system can be used to
model default reasoning. In this section we just list the main results from [18].
We use CP≈1(β, α) to syntactically describe the behavior of the default ’if α,
then generally β’ (denoted by α � β). It is shown that:

– If we consider the language of defaults and finite default bases, the entailment
coincides with the one in the system P.

– If we consider the language of defaults and arbitrary default bases, more
conclusions can be obtained in our system than in the system P. For example,
in our system we can go beyond the system P, when we consider the infinite
default base Δ = {pi � pi+1, pi+1 � ¬pi}, i = 0, 1, . . . Namely, p0 is
P-consistent [12], while we obtain Δ #AxLP P S

CP≈1(⊥, p0).
– When we consider our full language, we can express probabilities of formulas,

negations of defaults, combinations of defaults with the other (probabilistic)
formulas etc. For example, the translation of rational monotonicity, ((α �
β)∧¬(α � ¬γ)) → ((α∧ γ) � β), which is an important default-reasoning
principle is LPPSMeas,Neat-valid, while it cannot be even formulated in the
framework of the pure language of defaults.

– Our system is not sensitive to the syntactical form which represents the
available knowledge (for example, duplications of rules in the knowledge
base).

Finally, although the ideas of using probabilities and infinitesimals in default
reasoning are not new (see, for example [1,3,9,12,20]), the above facts show that
our approach does not coincide with any of those systems.

7 Conclusion

In this paper we consider a language, a class of probabilistic models and a sound
and complete axiomatic system (at a price of introducing infinitary deduction
rules). In the formalization most parts of field theory are moved to the meta the-
ory, so the axioms are rather simple. There are many possible directions for fur-
ther investigations. First of all, in this paper there is a constraint that probabilis-
tic operators may be applied to classical propositional formulas only. It is enough
to reason about probabilities of events described by (classical propositional) for-
mulas, but we cannot speak about higher order probabilities (probabilities of
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probabilities). The ideas from [16] may help us in obtaining an axiomatization
of the logic with higher order conditional probabilities as well as of the corre-
sponding first order logic. Also, the question of decidability of our logic naturally
arises. In [7] decidability of a similar logic was proven. For the present approach
the problem is still open since we do not consider real-valued probabilities, but
the range of probability is the unit interval of a recursive nonarchimedean field.
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Reasoning About Quantum Systems
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Abstract. A new logic is proposed for reasoning about quantum sys-
tems. The logic embodies the postulates of quantum physics and it was
designed from the semantics upwards by identifying quantum models
with superpositions of classical models. This novel approach to quantum
logic is completely different from the traditional approach of Birkhoff
and von Neumann. It has the advantage of making quantum logic an ex-
tension of classical logic. The key new ingredient of the language of the
proposed logic is a rather general modal operator. The logic incorporates
probabilistic reasoning (in the style of Nilsson) in order to deal with un-
certainty on the outcome of measurements. The logic also incorporates
dynamic reasoning (in the style of Hoare) in order to cope with the evo-
lution of quantum systems. A Hilbert calculus for the logic is sketched.
A quantum key distribution protocol is specified and analyzed.

1 Motivation and Related Work

A new logic is proposed for modeling and reasoning about quantum systems,
embodying all that is stated in the postulates of quantum physics (as presented,
for instance, in [1]). The logic was designed from the semantics upwards starting
with the key idea of adopting superpositions of classical models as the models
of the quantum logic.

This novel approach to quantum logic semantics is completely different from
the traditional approach [2,3] to the problem, as initially proposed by Birkhoff
and von Neumann [4] focusing on the lattice of closed subspaces of a Hilbert
space. Our semantics has the advantage of closely guiding the design of the
language around the underlying concepts of quantum physics while keeping the
classical connectives and was inspired by the possible worlds approach originally
proposed by Kripke [5] for modal logic. It is also akin to the society semantics
introduced in [6] for many-valued logic and to the possible translations semantics
proposed in [7] for paraconsistent logic. The possible worlds approach was also
used in [8,9,10,11,12] for probabilistic logic. Our semantics to quantum logic,
although inspired by modal logic, is also completely different from the alternative
Kripke semantics given to traditional quantum logics (as first proposed in [13])
still closely related to the lattice-oriented operations.

Contrarily to traditional quantum logics that replace the classical connec-
tives by new connectives inspired by the lattice-oriented operations, by adopting
superpositions of classical models as the models of the quantum logic we are led
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to a natural extension of the classical language containing the classical connec-
tives (like modal languages are extensions of the classical language). The key
new ingredient of our quantum language is a rather general modal operator.

The proposed logic also incorporates probabilistic reasoning (in the style of
Nilsson’s calculus [8,9]) since the postulates of quantum physics impose uncer-
tainty on the outcome of measurements. From a quantum state (superposition
of classical valuations living in a suitable Hilbert space) it is straightforward to
generate a probability space of classical valuations in order to provide the se-
mantics for reasoning about the probabilistic measurements made on that state.
Our logic also incorporates dynamic reasoning (in the style of Hoare’s calculus
[14]) in order to cope with the evolution of quantum systems. Two types of
quantum state transitions are considered: unitary transformations and projec-
tions. A Hilbert calculus for the logic is sketched having in mind a completeness
result obtained elsewhere. As an illustration of the power of the proposed logic,
a quantum key distribution protocol is specified and analyzed.

In Section 2, we briefly present the relevant mathematical structures based
on the postulates of quantum physics. In Section 3, we present EQPL (exogenous
quantum propositional logic) for reasoning about a quantum system in a given
quantum state. In Section 4, we extend EQPL to DEQPL (dynamic exogenous
quantum propositional logic) for reasoning also about quantum state transitions.
Finally, in Section 5, we present and analyze a quantum key distribution protocol.

2 Basic Concepts

In order to materialize the key idea of adopting superpositions of classical models
as the models of the envisaged quantum logic, we need to recall the postulates of
quantum physics (that we do following closely [1]) and to set up some important
mathematical structures.

Postulate 1. Associated to any isolated quantum system is a Hilbert space1.
The state of the system is completely described by a unit vector |w〉 in the
Hilbert space.

For example, a quantum bit or qubit is associated to a Hilbert space of di-
mension two: a state of a qubit is a vector α0|0〉 + α1|1〉 where α0, α1 ∈ C and
|α0|2 + |α1|2 = 1. That is, the quantum state is a superposition of the two clas-
sical states |0〉 and |1〉 of a classical bit. Therefore, from a logical point of view,
representing the qubit by a propositional constant, a quantum valuation is a
superposition of the two classical valuations.

1 Recall that a Hilbert space is a complex vector space with inner product which is
complete for the induced norm. It is customary to present its elements using the ket
Dirac notation |w〉.
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Postulate 2. The Hilbert space associated to a quantum system composed of n
independent component systems is the tensor product2 of the component Hilbert
spaces.

For instance, a system composed of two independent qubits is associated to
a Hilbert space of dimension four: a state of such a system is a vector α00|00〉+
α01|01〉 + α10|10〉 + α11|11〉 where α00, α10, α01, α11 ∈ C and |α00|2 + |α01|2 +
|α10|2 + |α11|2 = 1. Again, representing the two qubits by two propositional
constants, a quantum valuation is a superposition of the four classical valuations.
And, so, the Hilbert space of the system composed of two independent qubits
is indeed the tensor product of the two Hilbert spaces, each corresponding to a
qubit.

The systems we envisage to reason about are composed by a denumerable
set of possibly interdependent qubits and, therefore, we fix once and for all the
following set of propositional constants {pk : k ∈ N}, once for each qubit. In this
context, a classical valuation is a map v : {pk : k ∈ N} → {0, 1}. We now face
the problem of setting up the suitable Hilbert space where the superpositions of
such classical valuations will live.

Given a nonempty set V of classical valuations, H(V ) is the following inner
product space over C:

– each element is a map |w〉 : V → C such that:
• supp(|w〉) = {v : |w〉(v) �= 0} is countable;
•

∑
v∈supp(|w〉)

||w〉(v)|2 < ∞.

– |w1〉 + |w2〉 = λv. |w1〉(v) + |w2〉(v).
– α|w〉 = λv. α|w〉(v).
– 〈w1|w2〉 =

∑
v∈V

|w1〉(v)|w2〉(v).

As usual, the inner product induces the norm |||w〉|| =
√

〈w|w〉 and, so, the
distance d(|w1〉, |w2〉) = |||w1〉 − |w2〉||. Since H(V ) is complete for this distance,
H(V ) is a Hilbert space . Clearly, {|v〉 : v ∈ V } is an orthonormal basis of H(V )
where |v〉(v) = 1 and |v〉(v′) = 0 for every v′ �= v.

A quantum structure w is a pair 〈V, |w〉〉 where: V is a nonempty set of clas-
sical valuations; and |w〉 ∈ H(V ) such that |||w〉|| = 1. This structure provides
the means for reasoning about a quantum system composed of a denumerable set
of qubits (one for each pk) such that by observing it we get a classical valuation
in V . The current state of the system is the unit vector |w〉 (a unit superposition
of the observable classical valuations).

2 Recall that the tensor product of Hilbert spaces H1 and H2 is the Hilbert space
composed by the pairs |w1〉 ⊗ |w2〉 such that the following equalities hold for all
α ∈ C, |w1〉, |w′

1〉 ∈ H1 and |w2〉, |w′
2〉 ∈ H2: (α(|w1〉 ⊗ |w2〉)) = ((α|w1〉) ⊗ |w2〉) =

(|w1〉 ⊗ (α|w2〉)); ((|w1〉 + |w′
1〉) ⊗ |w2〉) = ((|w1〉 ⊗ |w2〉) + (|w′

1〉 ⊗ |w2〉)); (|w1〉 ⊗
(|w2〉+ |w′

2〉)) = ((|w1〉 ⊗ |w′
2〉) + (|w1〉 ⊗ |w′

2〉)).
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Since we start with the whole system composed of a denumerable set of
qubits, we have to use Postulate 2 in the reverse direction: how can we identify
an independent subsystem?

Given a set S of propositional constants (qubits), we denote by V[S] the set
{v|S : v ∈ V } and by V]S[ the set {v|Sc : v ∈ V }. Clearly, H(V) = H(V[S]) ⊗
H(V]S[) where V is the set of all classical valuations. But, H(V ) ⊆ H(V[S]) ⊗
H(V]S[) where equality does not hold in general. When it does, we say that
the quantum system is composed of two independent subsystems (one with the
qubits in S and the other with rest of the qubits). Furthermore, given a unit
|w〉 ∈ H(V ), if there are unit |w′〉 ∈ H(V[S]) and unit |w′′〉 ∈ H(V]S[) such that
|w〉 = |w′〉⊗|w′′〉 then we say that, in state |w〉, the qubits in S are not entangled
with the qubits not in S and, therefore, that the qubits in S are independent of
the other qubits at that state |w〉.

The two remaining postulates of quantum physics state how the state of the
quantum system is changed: either when it is observed or when it evolves by
itself without interference.

Postulate 3. Each type of projective measurement or observation that can be
made over a quantum system is associated to a Hermitian operator3 M over its
Hilbert space. The possible outcomes of the measurement are the eigenvalues
of M . Upon making an observation with M of the system in state |w〉, the
probability of getting an eigenvalue m is given by 〈w|Pm|w〉 where Pm is the
projector onto the eigenspace of M with eigenvalue m. When the outcome m

occurs, the quantum system evolves to the state given by Pm|w〉√
〈w|Pm|w〉

.

For the applications we have in mind in quantum computation and infor-
mation, the most relevant type of measurement is the one corresponding to the
identity operator. In this case, the possible outcomes are the classical valuations
in V and each v is observed at state |w〉 with probability |〈v|w〉|2. More pre-
cisely, a measurement induces a probability space over the possible outcomes
as we proceed to explain after introducing the notion of Nilsson structure4 that
we shall use for providing the semantics of the probabilistic component of the
quantum logic.

A Nilsson structure V is a tuple 〈V,B, ν〉 where: V is a non empty set of
classical valuations; B is a σ-algebra over V (that is, B ⊆ ℘V and B is closed
under complements and countable unions) such that {v ∈ V : v � pk} ∈ B for
each k ∈ N; and ν is a map from B to [0, 1] such that ν(V ) = 1 and ν(

⋃
j∈N

Bj) =∑
j∈N

ν(Bj) whenever Bj1 ∩ Bj2 = ∅ for every j1 �= j2 ∈ N. In short, a Nilsson
structure is a probability space where outcomes are classical valuations and
the extent of every propositional constant is among the events. Such structures
provide the semantic basis for several probabilistic logics used for reasoning with
uncertainty [8,12,9].
3 Recall that a Hermitian operator H is an operator such that H = H∗ where H∗ is the

adjoint operator of H, that is, the unique operator such that 〈ψ1|Hψ2〉 = 〈H∗ψ1|ψ2〉.
4 We propose this terminology in recognition of the significance of [8] for the develop-

ment of probabilistic logic.
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As we saw, according to Postulate 3, the stochastic result of observing the sys-
tem at state |w〉 is fully described by the Nilsson structure N (w) = 〈V, ℘V, ν|w〉〉
where, for each U ⊆ V , ν|w〉(U) =

∑
u∈U

|〈u|w〉|2.

Postulate 4. Barring measurements, the evolution of a quantum system is de-
scribed by unitary transformations5.

Taking into account the applications we have in mind, we can restrict our
attention to finite unitary transformations (a transformation is said to be finite
if only changes a finite number of components of the argument vector).

It was established in [15] that a finite unitary transformation can be approxi-
mated by composing eight basic transformations: identity, Hadamard, phase, π8 ,
Pauli X,Y, Z and controlled not. This result helps in choosing the language for
denoting such transformations as we shall in Section 4, where we shall provide
further information about the basic transformations.

3 Reasoning About a Quantum State

The envisaged quantum logic should first provide the means for reasoning about
a given state of a quantum system composed of a denumerable set of qubits (one
for each propositional constant pk) and where the relevant projective observation
values are classical valuations. Given the stochastic nature of the outcomes of
measurements the logic should incorporate probabilistic reasoning. Therefore,
we extended the classical language first with the means for writing probabilistic
assertions (loosely inspired by [8,9,10,11,12]) and later with the means for making
assertions about superpositions of classical valuations.

This design effort resulted in the (denumerable) quantum language composed
of formulae of the form6

γ = ωk ϕ (t ≤ t) ([S] �
−−→
ψ : u) (� γ) (γ � γ)

where ϕ is a classical formula, t is a real term, u is a complex term, S is a
non empty recursive set of propositional constants (qubits), and ψ is a classical
formula over S. A classical formula ϕ is of the form

ϕ = ξk pk (¬ϕ) (ϕ⇒ ϕ).

The set of real terms and the set of complex terms are jointly defined as follows{
t = θk r (

∫
ϕ) (
∫
ϕ |ϕ) (t + t) (t t) Re(u) Im(u) arg(u) |u|

u = υk (t + it) teit u (u + u) (uu)
5 Recall that a unitary transformation (or operator) on a Hilbert space H is a linear

map U : H → H such that U ◦U∗ = I. It is easy to see that unitary transformations
are closed under composition and inverse.

6 When defining languages, we use the abstract Backus Naur notation [16], but adopt-
ing instead of the traditional | in order to avoid confusions with the object lan-
guage. We also extend the Backus-Naur notation: we write −→δ for a finite sequence
of elements of the form δ.
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where r is a computable real number. The ξ’s, ω’s, θ’s and υ’s are schema
variables (to be used in rules) that can be the target of substitutions respecting
the syntactic categories. An expression is said to be ground if it does not contain
any such variable.

The denotation at w of ground terms is mostly straightforward, but it is
worthwhile to mention how the probability terms are interpreted on a given
quantum structure w.

Recall the Nilsson structure induced by w defined in Section 2: N (w) =
〈V, ℘V, νw〉 where, for each U ⊆ V , νw(U) =

∑
u∈U

|〈u|w〉|2.

Clearly, for each ground classical formula ϕ, its extent at w, [ϕ]w = {v ∈
V : v � ϕ}, is in ℘V . So, we are ready to define the denotation at w of the
probabilistic ground terms:

– [[(
∫
ϕ)]]w = νw([ϕ]w);

– [[(
∫
ϕ2 |ϕ1)]]w =

{
νw([ϕ1]w∩[ϕ2]w)

νw([ϕ1]V) if νw([ϕ1]w) �= 0
1 otherwise

.

Intuitively, (
∫
ϕ) gives the probability of getting an outcome (classical valua-

tion) where ϕ holds, when we observe the quantum system. And (
∫
ϕ2 |ϕ1) gives

the probability of getting an outcome (classical valuation) where ϕ2 holds given
that ϕ1 holds, when we observe the quantum system7.

The satisfaction of formulae by w and ground substitution ρ is as follows:

– wρ � ωj iff wρ � ωjρ;
– wρ � ϕ iff v � ϕρ for every v ∈ V ;
– wρ � (t1 ≤ t2) iff [[t1ρ]]w ≤ [[t2ρ]]w;
– wρ � ([S] � ψ1 : u1, . . . , ψn : un) iff there are unit |w′〉 ∈ H(V[S]) and unit

|w′′〉 ∈ H(V]S[) such that |w〉 = |w′〉⊗|w′′〉 and there are distinct v1, . . . , vn ∈
supp(|w′〉) such that vk � ψkρ and |w′〉(vk) = [[ukρ]]w for k = 1, . . . , n
(generalized quantum possibility);

– wρ � (�α) iff wρ �� α (quantum negation);
– wρ � (α1 � α2) iff wρ �� α1 or wρ � α2 (quantum implication).

The notion of quantum entailment is introduced as expected: Γ � δ iff, for
every quantum structure w and ground substitution ρ, wρ � δ whenever wρ � γ
for each γ ∈ Γ .

As usual, other (classical and quantum) connectives can be used as abbrevi-
ations. Furthermore, we write (t1 = t2) for ((t1 ≤ t2) � (t2 ≤ t1)). The following
abbreviations are useful for expressing some important derived concepts:

– (� ϕ1 : u1, . . . , ϕn : un) for ([{pk : k ∈ N}] � ϕ1 : u1, . . . , ϕn : un);
– [S] for ([S] : ) — qubits in S are not entangled with those outside S;
– (�ϕ) for ((

∫
ϕ) > 0) and (�ϕ) for ((

∫
ϕ) = 1);

7 By convention, we imposed this to be one when (
∫

ϕ1) is zero.
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– (
∧
F A) for ((∧pk∈A pk) ∧ (∧pk∈(F\A) (¬pk))) whenever F is a finite set of

propositional constants and A ⊆ F .

Note that the quantum connectives are still classical but should not be con-
fused with the connectives of classical logic. Indeed, consider the following quan-
tum formulae where ϕ is a classical formula: (i) (ϕ∨ (¬ϕ)); (ii) (ϕ� (�ϕ)); and
(iii) (ϕ � (¬ϕ)). Clearly, (i) and (ii) hold in every quantum system for every
ground substitution, while (iii) does not hold in general.

The generalized quantum modality is quite powerful and is better understood
in the context of a concrete example. Consider the following specification of a
state of the quantum system composed of two entangled pairs of qubits where
each pair of qubits is at state 1√

2
|00〉 + 1√

2
|11〉:

– ([p0,p1]�(p0 ∧ p1) : 1√
2
, ((¬p0) ∧ (¬p1)) : 1√

2
);

– ([p2,p3]�(p2 ∧ p3) : 1√
2
, ((¬p2) ∧ (¬p3)) : 1√

2
).

The specified state of the quantum system composed of the four qubits is
1
2 |0000〉+ 1

2 |0011〉+ 1
2 |1100〉+ 1

2 |1111〉. This state will be a relevant state of the
quantum system discussed in Section 5 for modeling a quantum key distribution
protocol. This specification entails the following formulae:

– ([p0,p1] � [p2,p3]);
– (
∫
p0) = 1

2 ;
– (
∫
(p0 ⇔ p1)) = 1;

– (
∫
(p0 ⇔ p2)) = 1

2 .

Our ultimate goal was to develop a deduction calculus complete in some use-
ful sense with respect to the above semantics. However, when using only finitary
rules, strong completeness is out of question because of quantum entailment is
not compact8.

Despite this negative result, we are able to define a weak complete Hilbert
calculus (with respect to an arithmetic oracle)9. Here are the interesting axioms
for the quantum modality:

SUPP # (� ([S] � ψ : 0));

PROJ # (([S] � ψ1 : u1, . . . , ψn : un) � ([S] � ψk : eituk)) for k = 1, . . . , n;

NORM # (([S] � (ψ ∨ ψ′) : u) ≡ (([S] � ψ : u) � ([S] � ψ′ : u)));

RPROB # (([S] � ψ1 : u1, . . . , ψn : un)�
((|u1|2 + · · · + |un|2) ≤ (

∫
(ψ1 ∨ . . . ∨ ψn))));

LPROB # (([F ] � (
∧
F A) : u) � ((

∫
(
∧
F A)) ≤ |u|2));

QMON # ((ψ1 ⇒ ψ2) � (([S] � ψ1 : u) ≤ ([S] � ψ2 : u))).
8 Take Γ = {((r′ ≤ (

∫
p1)) � ((

∫
p1) ≤ r′′)) : r′ < 1

2 < r′′} and δ = ((
∫
p1) = 1

2 ). So,
Γ � δ, but, clearly, there is no finite Γ0 ⊂ Γ such that Γ0 � δ.

9 The proof will be presented elsewhere given its size and complexity.
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Concerning probabilistic reasoning, the key axioms are as follows:

PM # ((
∫
t) = 1);

FA # (((
∫
(¬(ξ1 ∧ ξ2))) = 1) � ((

∫
(ξ1 ∨ ξ2)) = ((

∫
ξ1) + (

∫
ξ2))));

CP # (((
∫
ξ2 | ξ1)(

∫
ξ1)) = (

∫
(ξ1 ∧ ξ2)));

UCP # (((
∫
ξ1) = 0) � ((

∫
ξ2 | ξ1) = 1));

PMON # ((ξ1 ⇒ ξ2) � ((
∫
ξ1) ≤ (

∫
ξ2))).

By restricting the quantum language to the probabilistic connectives, we obtain a
logic for reasoning with uncertainty. The resulting logic has such nice properties
that it is worthwhile to study it by itself.

4 Reasoning About Quantum Evolution

For reasoning about changes in the state of a quantum system (including transi-
tions resulting from projective observations of a single qubit), we need to enrich
the language. First, we need transition terms for denoting all such state transi-
tions, of the form

Z = τk U P (Z ◦ Z)

where U is a unitary operator term of the form

U = I Hk Sk
(π
8

)
k

Xk Yk Zk cNk1
k2

U−1 (U ◦ U)

and P is a qubit projective observation transition term of the form

P = Pc|0〉+c|1〉k

where c is a complex number of the form r+ir where r is, as before, a computable
real number. The eight symbols in U denote the eight basic unitary operators
(identity, Hadamard, phase, π/8, Pauli X,Y, Z, and control not, respectively).
As mentioned already at the end of Section 2, any finite, unitary operator can be
approximated as close as desired by a finite composition of these basic operators
[15]. We also need transition formulae of the form10

H = {γ}Z {γ} {γ}ΩZ

where γ is a quantum formula as defined in the Section 3.
The denotation [[Z]] of a transition term Z is a partial map from the unit

circle of H(V) to itself (recall that V is the set of all classical valuations). In the
case of every unitary operator term this map is total. Partiality only arises for
observation transitions (as illustrated below).
10 Adapting from the Hoare (pre and post condition) triplets in the logic of imperative

programs [14].
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Observe that, given V ⊆ V, it may happen that [[Z]]|w〉 /∈ H(V ) even when
|w〉 ∈ H(V ) and [[Z]] is defined on |w〉. We must keep this in mind when defining
the satisfaction of transition formulae11:

– V ρ � {γ1}Z {γ2} iff, for any |w〉 ∈ H(V ), if 〈V, |w〉〉ρ � γ1 then
〈V, [[Z]]|w〉〉ρ � γ2 whenever [[Z]]|w〉↓ and [[Z]]|w〉 ∈ H(V );

– V ρ � {γ}ΩZ iff, for any |w〉 ∈ H(V ), if 〈V, |w〉〉ρ � γ then [[Z]]|w〉↓ and
[[Z]]|w〉 ∈ H(V ).

That is, {γ1}Z {γ2} means that if the quantum system evolves by Z from a
state where γ1 holds to a legitimate state (that is, in H(V )) then γ2 holds at
the resulting state. If the resulting state is not legitimate the transition formula
is vacuously satisfied. And {γ}ΩZ means that the quantum system reaches a
legitimate state when it evolves by Z from a state where γ holds.

It is worthwhile to spell out in detail the semantics of the basic unitary
operators. To this end, we need the notion of the dual of a valuation on a qubit:
vk is the valuation that agrees with v on all propositional symbols barring pk
and gives the other Boolean value to pk. For instance:

– [[Hk]]|w〉(v) =

{
1√
2
(|w〉(v) + |w〉(vk)) if v �� pk

1√
2
(|w〉(vk) − |w〉(v)) otherwise

;

– [[Sk]]|w〉(v) =
{
|w〉(v) if v �� pk
i|w〉(v) otherwise ;

– [[cNk1
k2

]]|w〉(v) =
{
|w〉(v) if v �� pk1
|w〉(vk2) otherwise .

Before describing the semantics of the projective observation operators, we
need some notation. Given a set S of propositional constants (qubits), we denote
by I[S] the identity operator on H(V[S]) and by I]S[ the identity operator on
H(V]S[). Given |b〉 = α0|0〉 + α1|1〉 in H(2) we also need to use the projector
along |b〉, that is, the operator |b〉〈b| on H(2) defined by the following matrix:(

α0α0 α0α1
α1α0 α1α1

)
.

Letting P
|b〉
k be the projector along |b〉 for qubit k in H(V) that is given by

I[{p0,...,pk−1}] ⊗ |b〉〈b| ⊗ I]{p0,...,pk}[, the semantics of the projective observation
transition terms is as follows:

– [[Pc0|0〉+c1|1〉k ]]|w〉 = P
c0|0〉+c1|1〉
k |w〉

||P c0|0〉+c1|1〉
k |w〉||

.

Observe that [[Pc0|0〉+c1|1〉k ]] is undefined at |w〉 if ||P c0|0〉+c1|1〉k |w〉|| = 0. In
particular, [[P|0〉k ]] is undefined at |w〉 whenever |w〉 � ((

∫
(¬pk)) = 0). In fact, it

11 As usual when dealing with partial maps, we write [[Z]]|w〉↓ for asserting that [[Z]] is
defined on |w〉.
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is not possible to observe 0 on pk when all valuations in the support of the state
of the system satisfy pk.

The projective observation transition terms play the role of qubit assign-
ments in quantum computation since they impose the superposition of the the
target qubit in the resulting state. But, contrarily to classical computation, an
assignment to qubit pk may also affect other qubits (those that were entangled
with pk), this is a core property of quantum systems where the EPR quantum
key distribution protocol relies on.

As an illustration, consider the transition formula

{([p0,p1]�(p0 ∧ p1) : 1√
2
, ((¬p0) ∧ (¬p1)) : 1√

2
)}

P|1〉p0

{([p1] � p1 : 1)}
This formula states, among other things, that if the qubits are entangled then
after observing p0 taking value one we end up in a state where the other qubit
also takes value one.

Given a weak complete axiomatization of EQPL (the logic defined in Section
3), it is straightforward to set up a weak complete axiomatization of DEQPL as
defined in this section.

5 Quantum Key Distribution

For illustrating the power of the proposed quantum logic, we specify and reason
about the EPR quantum key distribution protocol [17]. This protocol is used
for sharing a private classical key (that is, a sequence of n bits) via a public
quantum channel (composed of 4n qubits).

The quantum system is composed of 12n qubits: 2n pairs of public chan-
nel qubits — 〈x1,x2〉, . . . , 〈x4n−1,x4n〉; 4n private qubits owned by Alice —
aw1, . . . ,aw2n for storing channel qubits, at1, . . . ,atn to be used in a test, and
ak1, . . . ,akn to be used to generate the key; and, analogously, 4n private qubits
owned by Bob — bw1, . . . ,bw2n,bt1, . . . ,btn,bk1, . . . ,bkn. The protocol runs
as follows:

1. A third trusted party sets up each pair of channel qubits at state 1√
2
|00〉 +

1√
2
|11〉.

2. Alice fetches the odd channel qubits and Bob fetches the even channel qubits.
Since copying qubits is physically impossible, this is achieved by swapping.

3. Alice and Bob agree on a partition 〈{j1, . . . , jn}, {j′1, . . . , j′n}〉 of {1, . . . , 2n}.
Alice transfers (by swapping) awjk to atk and awj′

k
to akk. Bob does the

same on his qubits.
4. Alice tests if the qubits at and bt are still entangled. If this fidelity test fails,

she assumes Eve has been eavesdropping and resets the protocol. Otherwise,
she projectively measures the ak qubits (one by one) and obtains the private
classical key shared with Bob. Bob does the same with his qubits in order
to obtain the key.
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For the sake of economy of presentation, we analyze the protocol for n = 1.
Barring the test of fidelity, this choice is made without loss of generality. But, in
practice, n should be large in order to lower the probability of Eve guessing the
key, and, for testing if Eve was eavesdropping while the protocol was running, it
is also essential to work with large n (given the statistical nature of the fidelity
test). Anyway, it is straightforward to describe and analyze the protocol in the
proposed quantum logic for arbitrary n (including proving the soundness of the
fidelity test).

Initially all qubits are set to |0〉 and they constitute an independent closed
quantum system. Therefore, the initial state of the protocol fulfills IC =
(((¬x1) ∧ (¬x2) ∧ . . . ∧ (¬bk1)) � [x1,x2, ...,bk1]). Each step of the protocol
corresponds to a quantum transition on these twelve qubits.

1. Set up each pair of channel qubits at state 1√
2
|00〉+ 1√

2
|11〉 by applying the

following composition: Z1 = ((cNx3
x4

◦ Hx3) ◦ (cNx1
x2

◦ Hx1)).
2. Swap the odd channel qubits with the storing channel qubits of Alice by

applying the following composition: ((cNx3
aw2

◦ cNaw2
x3

◦ cNx3
aw2

) ◦ (cNx1
aw1

◦
cNaw1

x1
◦cNx1

aw1
)). Analogously, swap the even channel qubits with the storing

channel qubits of Bob by applying the following composition: ((cNx4
bw2

◦
cNbw2

x4
◦ cNx4

bw2
) ◦ (cNx2

bw1
◦ cNbw1

x2
◦ cNx2

bw1
)). Obtain the whole transition

by composing the previous two transitions: Z2 = ((cNx3
bw1

◦cNbw1
x3

◦cNx3
bw1

)◦
... ◦ (cNx1

aw1
◦ cNaw1

x1
◦ cNx1

aw1
)).

3. Assume that Alice and Bob agree on the partition 〈{2}, {1}〉 of {1, 2}. Swap
aw2 with at1 and aw1 with ak1 by applying the following composition:
((cNaw1

ak1
◦cNak1

aw1
◦cNaw1

ak1
)◦(cNaw2

at1 ◦cNat1
aw2

◦cNaw2
at1 )). Analogously, swap bw2

with bt1 and bw1 with bk1 by applying the following composition: ((cNbw1
bk1

◦
cNbk1

bw1
◦cNbw1

bk1
)◦(cNbw2

bt1 ◦cNbt1
bw2

◦cNbw2
bt1 )). Obtain the whole transition by

composing the previous two transitions: Z3 = ((cNbw1
bk1

◦ cNbk1
bw1

◦ cNbw1
bk1

) ◦
· · · ◦ (cNaw2

at1 ◦ cNat1
aw2

◦ cNaw2
at1 )).

4. The fidelity test corresponds to verifying if the qubits associated to at1
and bt1 are entangled. This test amounts to checking whether ((

∫
at1) =

1
2 ) and ((

∫
(at1 ⇔ bt1)) = 1)12 hold. Finally, Alice and Bob obtain the

shared key by measuring ak1 and bk1 via the following projectors: P|0〉ak1
,

P|1〉ak1
,P|0〉bk1

and P|1〉bk1
.

In what concerns the analysis of the protocol, barring the soundness of the
fidelity test, there are only two properties to be checked: correctness and perfect
security. The protocol is said to be correct if Alice and Bob end up with the
same key. The protocol is said to be perfectly secure if: (i) the key is generated
with uniform distribution and (ii) the probability of Eve eavesdropping a key

12 In practice, these probabilities are estimated using several projections, but the details
of this procedure are out of the scope of this paper. Clearly, here it is essential to
have a large n.
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of size n without being detected is O(2−n). We do not consider (ii) since that
depends on proving the soundness of the fidelity test.

Verifying correctness corresponds to checking whether the following formulae
are valid:

– {IC}Ω (P|0〉bk1
◦ P|0〉ak1

◦ Z3 ◦ Z2 ◦ Z1);

– {IC}Ω (P|1〉bk1
◦ P|1〉ak1

◦ Z3 ◦ Z2 ◦ Z1);

– {IC} (P|0〉bk1
◦ P|1〉ak1

◦ Z3 ◦ Z2 ◦ Z1) {fff};
– {IC} (P|1〉bk1

◦ P|0〉ak1
◦ Z3 ◦ Z2 ◦ Z1) {fff}.

The first two formulae assert that the quantum state reached when Alice and
Bob obtain the same key is legitimate. The other formulae assert that if Bob
and Alice obtain different keys then falsum holds. We sketch how to obtain the
validity of the third formula. First, it is easy to see that {IC} (Z3 ◦ Z2 ◦ Z1) {δ}
holds, where δ ≡ ([ak1,bk1]�(ak1 ∧ bk1) : 1√

2
, ((¬ak1) ∧ (¬bk1)) : 1√

2
). This

happens, because Z1 entangles x1 with x2, Z2 swaps them with aw1 and bw1
and, finally, Z3 swaps aw1 with ak1 and bw1 with bk1. Furthermore, by notic-
ing that {δ}P|1〉ak1

{ak1 ∧ bk1} and {ak1 ∧ bk1}P|0〉bk1
{fff} we reach the desired

conclusion.
Finally, note that verifying whether the key is generated with uniform dis-

tribution corresponds to checking if {IC} (Z3 ◦ Z2 ◦ Z1) {δ′} holds where

δ′ ≡ ((
∫
ak1) = 1

2 ) � ((
∫
(¬ak1)) = 1

2 ).

This validity is straightforward, since {IC} (Z3 ◦ Z2 ◦ Z1) {δ} and (δ � δ′).

6 Concluding Remarks

The key idea of identifying quantum models with superpositions of classical val-
uations provided us with a working semantics for a powerful quantum logic ex-
tending classical and probabilistic logic (like modal logic extends classical logic).

The resulting logic is promising and interesting in itself, but further work is
necessary, namely towards a clarification of the relationship to the traditional
quantum logics. In this respect it should be stressed that our quantum logic has
classical implication capable of internalizing the notion of quantum entailment
(both MP and MTD hold), contrarily to traditional quantum logics where the
notion of implication is a big problem.

Assessing the effective role of the chosen basis for H(V ) is also an interesting
line of research. Indeed, the definition of EQPL satisfaction strongly relies upon
using the orthonormal basis {|v〉 : v ∈ V }. One wonders if we can relax the
semantics, while preserving the intended entailment, in order to be able to deal
with classical formulae when we do not know V but we are just given a Hilbert
space isomorphic to H(V ).
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Abstract. A general framework of logic programming allowing for the combina-
tion of several adjoint lattices of truth-values is presented. The main contribution
is a new sufficient condition which guarantees termination of all queries for the
fixpoint semantics for an interesting class of programs. Several extensions of these
conditions are presented and related to some well-known formalisms for proba-
bilistic logic programming.

1 Introduction

In the recent years there has been an increasing interest in models of reasoning under
“imperfect” information. As a result, a number of approaches have been proposed for the
so-called inexact or fuzzy or approximate reasoning, involving either fuzzy or annotated
or similarity-based or probabilistic logic programming. Several proposals have appeared
in the literature for dealing with probabilistic information, namely Hybrid Probabilis-
tic Logic Programs [6], Probabilistic Deductive Databases [8], and Probabilistic Logic
Programs with conditional constraints [9].

Residuated and monotonic logic programs [2] and multi-adjoint logic programs [10]
were introduced as general frameworks which abstract the particular details of the differ-
ent approaches cited above and focus only on the computational mechanism of inference.
This higher level of abstraction makes possible the development of general results about
the behaviour of several of the previously cited approaches.

The main aim of this paper is to focus on some termination properties of the fixed
point semantics of a sorted version of multi-adjoint logic programming. In this sorted
approach each sort identifies an underlying lattice of truth-values (weights) which must
satisfy the adjoint conditions. Although we restrict to the ground case, we allow infinite
programs, and thus there is not loss of generality.

The major contribution of this paper is the termination theorems for a general class of
sorted multi-adjoint logic programs, complementing results in the literature and enhanc-
ing previous results in [1]. Then, we illustrate the application of the termination theorems
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to obtain known termination results for some of the previously stated approaches and
languages.

The structure of the paper is as follows. In Section 2, we introduce the preliminary
concepts necessary for the definition of the syntax and semantics of sorted multi-adjoint
logic programs, presented in Section 3. In Section 4, we state the basic results regarding
the termination properties of our semantics, which are applied later in probabilistic
settings in Section 5. The paper finishes with some conclusions and pointers to future
work.

2 Preliminary Definitions

We will make extensive use of the constructions and terminology of universal algebra,
in order to define formally the syntax and the semantics of the languages we will deal
with. A minimal set of concepts from universal algebra, which will be used in the sequel
in the style of [3], is introduced below.

2.1 Some Definitions from Universal Algebra

The notions of signature and Σ-algebra will allow the interpretation of the function and
constant symbols in the language, as well as for specifying the syntax.

Definition 1. A signature is a pair Σ = 〈S, F 〉 where S is a set of elements, designated
sorts, and F is a collection of pairs 〈f, s1 × · · · × sk → s〉 denoting functions, such that
s, s1, . . . , sk are sorts and no symbol f occurs in two different pairs. The number k is
the arity of f ; if k is 0 then f is a constant symbol. To simplify notation, we write f : τ
to denote a pair 〈f, τ〉 belonging to F .

Definition 2. Let Σ = 〈S, F 〉 be a signature, a Σ-algebra is a pair
〈
{As}s∈S , I

〉
satisfying the two following conditions:

1. Each As is a nonempty set called the carrier of sort s,
2. and I is a function which assigns a map I(f) : As1 × · · · × Ask → As to each

f : s1×· · ·×sk → s ∈ F , where k > 0, and an element I(c) ∈ As to each constant
symbol c : s in F.

2.2 Multi-adjoint Lattices and Multi-adjoint Algebras

The main concept we will need in this section is that of adjoint pair.

Definition 3. Let 〈P,4〉 be a partially ordered set and let (←,&) be a pair of binary
operations in P such that:

(a1) Operation & is increasing in both arguments
(a2) Operation ← is increasing in the first argument and decreasing in the second

argument.
(a3) For any x, y, z ∈ P , we have that x 4 (y ← z) iff (x& z) 4 y
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Then (←,&) is said to form an adjoint pair in 〈P,4〉.

Extending the results in [2,3,13] to a more general setting, in which different im-
plications ( Lukasiewicz, Gödel, product) and thus, several modus ponens-like inference
rules are used, naturally leads to considering several adjoint pairs in the lattice.

Definition 4. A multi-adjoint latticeL is a tuple (L,4,←1,&1, . . . ,←n,&n) satisfying
the following conditions:

(l1) 〈L,4〉 is a bounded lattice, i.e. it has bottom (⊥) and top (�) elements;
(l2) (←i,&i) is an adjoint pair in 〈L,4〉 for all i;
(l3) �&i ϑ = ϑ&i� = ϑ for all ϑ ∈ L for all i.

Remark 1. Note that residuated lattices are a special case of multi-adjoint lattice, in
which the underlying poset has a lattice structure, has monoidal structure wrt & and �,
and only one adjoint pair is present.

From the point of view of expressiveness, it is interesting to allow extra operators to
be involved with the operators in the multi-adjoint lattice. The structure which captures
this possibility is that of a multi-adjoint algebra.

Definition 5. A Σ-algebra L is a multi-adjoint Σ-algebra whenever:

– The carrier Ls of each sort is a lattice under a partial order 4s.
– Each sort s contains operators←s

i : s×s → s and &si : s×s → s for i = 1, . . . , ns

(and possibly some extra operators) such that the tuple Ls

(Ls,4s, I(←s
1), I(&

s
1), . . . , I(←s

n), I(&
s
n))

is a multi-adjoint lattice.

Multi-adjoint Σ-algebras can be found underlying the probabilistic deductive
databases framework of [8] where our sorts correspond to ways of combining belief
and doubt probability intervals. Our framework is richer since we do not restrain our-
selves to a single and particular carrier set and allow more operators.

In practice, we will usually have to assume some properties on the extra operators
considered. These extra operators will be assumed to be either aggregators, or conjunctors
or disjunctors, all of which are monotone functions (the latter, in addition, are required
to generalize their Boolean counterparts).

3 Syntax and Semantics of Sorted Multi-adjoint Logic Programs

Sorted multi-adjoint logic programs are constructed from the abstract syntax induced
by a multi-adjoint Σ-algebra. Specifically, given an infinite set of sorted propositional
symbols Π , we will consider the corresponding term Σ-algebra of formulas1 F =
Terms(Σ,Π). In addition, we will consider a multi-adjoint Σ-algebra L, whose extra
operators can be arbitrary monotone operators, to host the manipulation of the truth-
values of the formulas in our programs.

1 Shortly, this corresponds to the algebra freely generated from Π and the set of function symbols
in L, respecting sort assignments.
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Remark 2. As we are working with two Σ-algebras, in order to discharge the notation,
we introduce a special notation to clarify which algebra a function symbol belongs to.
Let σ be a function symbol in Σ, its interpretation under L is denoted

.
σ (a dot on the

operator), whereas σ itself will denote its interpretation under F when there is no risk of
confusion.

3.1 Syntax of Sorted Multi-adjoint Logic Programs

The definition of sorted multi-adjoint logic program is given, as usual, as a set of rules
and facts. The particular syntax of these rules and facts is given below:

Definition 6. A sorted multi-adjoint logic program is a set P of rules 〈A ←s
i B, ϑ〉 such

that:

1. The rule (A ←s
i B) is a formula (an algebraic term) of F;

2. The weight ϑ is an element (a truth-value) of Ls;
3. The head of the rule A is a propositional symbol of Π of sort s.
4. The body B is a formula of F with sort s, built from sorted propositional symbols

B1, . . . , Bn (n ≥ 0) by the use of function symbols in Σ.

Facts are rules with body �s, the top element of lattice Ls. A query (or goal) is a propo-
sitional symbol intended as a question ?A prompting the system. In order to simplify

notation, we alternatively represent a rule 〈A ←s
i B, ϑ〉 by A

ϑ← s
i B.

Sometimes, we will represent bodies of formulas as @[B1, . . . , Bn], where2 the Bis
are the propositional variables occurring in the body and @ is the aggregator obtained
as a composition.

3.2 Semantics of Sorted Multi-adjoint Logic Programs

Definition 7. An interpretation is a mapping I : Π →
⋃
s L

s such that for every propo-
sitional symbol p of sort s then I(p) ∈ Ls. The set of all interpretations of the sorted
propositions defined by the Σ-algebra F in the Σ-algebra L is denoted IL.

Note that by the unique homomorphic extension theorem, each of these interpreta-
tions can be uniquely extended to the whole set of formulas F.

The orderings 4s of the truth-values Ls can be easily extended to the set of inter-
pretations as follows:

Definition 8. Consider I1, I2 ∈ IL. Then, 〈IL,�〉 is a lattice where I1 �
I2 iff I1(p) 4s I2(p) for all p ∈ Πs. The least interpretation � maps every proposi-
tional symbol of sort s to the least element ⊥s ∈ Ls.

A rule of a sorted multi-adjoint logic program is satisfied whenever the truth-value
of the rule is greater or equal than the weight associated with the rule. Formally:

2 Note the use of square brackets in this context.
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Definition 9. Given an interpretation I ∈ IL, a weighted rule 〈A ←s
i B, ϑ〉 is satisfied

by I iff ϑ 4s Î (A ←s
i B). An interpretation I ∈ IL is a model of a sorted multi-adjoint

logic program P iff all weighted rules in P are satisfied by I .

Definition 10. An element λ ∈ Ls is a correct answer for a program P and a query ?A
of sort s if for an arbitrary interpretation I which is a model of P we have λ 4s I(A).

The immediate consequences operator, given by van Emden and Kowalski, can be
easily generalised to the framework of sorted multi-adjoint logic programs.

Definition 11. Let P be a sorted multi-adjoint logic program. The immediate conse-
quences operator TP maps interpretations to interpretations, and for an interpretation I
and an arbitrary propositional symbol A of sort s is defined by

TP(I)(A) =
⊔
s

{ϑ
.

&si Î(B) | 〈A ←s
i B, ϑ〉 ∈ P}

where
⊔
s is the least upper bound in the lattice Ls.

The semantics of a sorted multi-adjoint logic program can be characterised, as usual,
by the post-fixpoints of TP; that is, an interpretation I is a model of a sorted multi-adjoint
logic program P iff TP(I) � I . The single-sorted TP operator is proved to be monotonic
and continuous under very general hypotheses, see [10], and it is remarkable that these
results are true even for non-commutative and non-associative conjunctors. In particular,
by continuity, the least model can be reached in at most countably many iterations of TP

on the least interpretation. These results immediately extend to the sorted case.

4 Termination Results

In this section we focus on the termination properties of the TP operator. In what follows
we assume that every function symbol is interpreted as a computable function. If only
monotone and continuous operators are present in the underlying sorted multi-adjoint
Σ-algebra L then the immediate consequences operator reaches the least fixpoint at most
after ω iterations. It is not difficult to show examples in which exactly ω iterations may
be necessary to reach the least fixpoint.

The termination property we investigate is stated in the following definition, and
corresponds to the notion of fixpoint-reachability of Kifer and Subrahmanian [7]:

Definition 12. Let P be a sorted multi-adjoint logic program with respect to a multi-
adjoint Σ-algebra L and a sorted set of propositional symbols Π . We say that TP

terminates for every query iff for every propositional symbol A there is a finite n such
that TP

n(�)(A) is identical to lfp(TP)(A).

In [1] several results were presented in order to provide sufficient conditions guaran-
teeing that every query can be answered after a finite number of iterations. In particular,
this means that for finite programs the least fixpoint of TP can also be reached after a
finite number of iterations, ensuring computability of the semantics. Moreover, a general
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termination theorem for a wide class of sorted multi-adjoint logic programs, designated
programs with finite dependencies, was anticipated.

The notion of dependency graph for sorted multi-adjoint logic programs captures
(recursively) the propositional symbols which are necessary to compute the value of a
given propositional symbol. The dependency graph of P has a vertex for each proposi-
tional symbol in Π , and there is an arc from a propositional symbol A to a propositional
symbol B iff A is the head of a rule with body containing an occurrence of B. The de-
pendency graph for a propositional symbol A is the subgraph of the dependency graph
containing all the nodes accessible from A and corresponding edges.

Definition 13. A sorted multi-adjoint logic program P has finite dependencies iff for
every propositional symbol A the number of edges in the dependency graph for A is
finite.

The fact that a propositional symbol has finite dependencies gives us some guarantees
that we can finitely evaluate its value. However, this is not sufficient since a propositional
symbol may depend directly or indirectly on itself, and the TP operator might after all
produce infinite ascending chains of values for this symbol. The following definition
identifies an important class of sorted multi-adjoint logic programs where we can show
that these infinite ascending chains cannot occur, and thus ensuring termination.

Definition 14. A multi-adjoint Σ-algebra is said to be local when the following condi-
tions are satisfied:

– For every pair of sorts s1 and s2 there is a unary monotone casting function symbol
cs1s2 : s2 → s1 in Σ.

– All other function symbols have types of the form f : s × · · · × s → s, i.e. are
closed operations in each sort, satisfying the following boundary conditions for
every v ∈ Ls:

I(f)(v,�s, . . . ,�s) 4s v
I(f)(�s, v,�s, . . . ,�s) 4s v

...
I(f)(�s, . . . ,�s, v) 4s v

where �s is the top element of Ls. In particular, if f is a unary function symbol then
I(f)(v) 4s v.

– The following property is obeyed:

(css1 ◦ cs1s2 ◦ . . . ◦ csns) (v) 4s v

for every v ∈ Ls and finite composition of casting functions with overall sort s → s.

In local sorted multi-adjoint Σ-algebras the non-casting function symbols are re-
stricted to operations in a unique sort. In order to combine values from different sorts,
one is deemed to use explicitly the casting functions in the appropriate places. Further-
more, the connectives are not assumed to be continuous. Even in this case, we are able
to state a main termination result about sorted multi-adjoint logic programs:
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Theorem 1. Let P be a sorted multi-adjoint logic program with respect to a local multi-
adjoint Σ-algebra L and the set of sorted propositional symbols Π , and having finite
dependencies.

If for every iteration n and propositional symbol A of sort s the set of relevant values
for A with respect to Tn

P
(�) is a singleton, then TP terminates for every query.

The idea underlying the proof is to use the set of relevant values for a propositional
symbol A to collect the maximal values contributing to the computation of A in an iter-
ation of the TP operator, whereas the non-maximal values are irrelevant for determining
the new value for A by TP. This is formalized in the following definition:

Definition 15. Let P be a multi-adjoint program, and A ∈ Πs.

– The set RI
P
(A) of relevant values for A with respect to interpretation I is the set of

maximal values of the set {ϑ
.

&si Î(B) | 〈A ←s
i B, ϑ〉 ∈ P}

– The culprit set for A with respect to I is the set of rules 〈A ←s
i B, ϑ〉 of P such that

ϑ
.

&si Î(B) belongs to RI
P
(A). Rules in a culprit set are called culprits.

– The culprit collection for TP
n(�)(A) is defined as the set of culprits used in the tree

of recursive calls of TP in the computation.

The proof of the theorem is based on the bounded growth of the culprit collection
for TP

n(�)(A) . By induction on n, it will be proved that if we assume Tn+1
P

(�)(A) 5s
Tn

P
(�)(A) for A ∈ Π , then the culprit collection for Tn+1

P
(�)(A) has cardinality at

least n + 1. Since the number of rules in the dependency graph for A is finite then the
TP operator must terminate after a finite number of steps, by using all the rules relevant
for the computation of A.

As we shall see, Theorem 1 can be used to obtain the Probabilistic Deductive
Databases termination theorem [8], since the connectives allowed in rule bodies obey to
the boundary conditions. However, the theorem cannot be applied to show termination
results of Hybrid Probabilistic Logic Programs (HPLPs) appearing in [5] because opera-
tors employed to capture disjunctive probabilistic strategies do not obey to the boundary
conditions. For obtaining the termination theorem for HPLPs we require the notion of
range dependency graph:

Definition 16. The range dependency graph of a sorted multi-adjoint logic program P
has a vertex for each propositional symbol in Π . There is an arc from a propositional
symbol A to a propositional symbol B iff A is the head of a rule with body containing an
occurrence of B which does not appear in a sub-term with main function symbol having
finite image.

The rationale is to not include arcs of the dependency graph referring to propositional
symbols which can only contribute directly or indirectly with finitely many values to the
evaluation of the body. For instance, consider the rule A ← f(g(A,B), B)⊗g(f(C))⊗
D ⊗ g(E), where f is mapped to a function with infinite range and g corresponds to a
function with finite range (i.e. g has finite image). According to the previous definition,
we will introduce an arc from A to B and from A to D. The propositional symbol A
occurs in the sub-term g(A,B), with finite image, and the same happens with g(f(C))
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and g(E), and therefore they are excluded from the range dependency graph. The arc to
B is introduced because of the second occurrence of B in f(g(A,B), B). The notion
of finite dependencies immediately extends to range dependency graphs, but one has to
explicitly enforce that for each propositional symbol there are only finitely many rules
for it in the program.

Theorem 2. If P is a sorted multi-adjoint logic program with acyclic range dependency
graph having finite dependencies, then TP terminates for every query.

Proof (Sketch). Consider an arbitrary propositional symbol A and the corresponding
range dependency subgraph for A. We know that it is both finite and acyclic. It is
possible to show that in these conditions only a finite number of values can be produced
by the TP operator, and therefore no infinite ascending chains for the values of A can be
generated. This is enough to show the result (see for instance [1]). ��

Corollary 1. If P is a sorted multi-adjoint logic program such that all function symbols
in the underlying Σ-algebra have finite images, then TP terminates for every query.

The proof is immediate since in this case the range dependency graph is empty.
Mark that the conditions of the theorem do not imply that program P is acyclic. Cyclic

dependencies through propositions in finitely ranged function symbols can occur, since
these are discarded from the range dependency graph of P. This is enough to show the
results for Hybrid Probabilistic Logic Programs.

In order to remove the acyclicity condition from Theorem 2, boundary conditions are
again necessary obtaining a new result combining Theorems 1 and 2. Specifically, the
termination result can also be obtained if the local multi-adjoint Σ-algebra also contains
function symbols g : s1 × · · · × sl → sk such that their interpretations are isotonic
functions with finite range. We call this kind of algebra a local multi-adjoint Σ-algebra
with finite operators.

Theorem 3. Let P be a sorted multi-adjoint logic program with respect to a local multi-
adjoint Σ-algebra with finite operators L and the set of sorted propositional symbols
Π , and having finite dependencies.

If for all iteration n and propositional symbol A of sort s the set of relevant values
for A wrt Tn

P
(�) is a singleton, then TP terminates for every query.

The intuition underlying the proof of this theorem is simply to apply a cardinality
argument. However, the formal presentation of the proof requires introducing some
technicalities which offer enough control on the increase of the computation tree for a
given query.

On the one hand, one needs to handle the number of applications of rules; this is
done by using the concept of culprit collection, as in Theorem 1. On the other hand,
one needs to consider the applications of the finite operators, which are not adequately
considered by the culprit collections. With this aim, given a propositional symbol A, let
us consider the subset of rules of the program associated to its dependency graph3, and

3 Mark we are using again the dependency graph, not the range dependency graph.
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denote it by PA. This set is finite, for the program has finite dependencies, so we can
write:

PA = {〈Hi ← Bi, ϑi〉 | i ∈ {1, . . . , s}}

In addition, let us write each body of the rules above as follows:

Bi = @i[gi1(Di1), . . . , giki
(Diki

), Ci1, . . . , C
i
mi

]

where gij(Dij) represents the subtrees corresponding to the outermost occurrences of
finite operators, the Cij are the propositional symbols which are not in the scope of finite
operator, and @i is the operator obtained after composing all the operators in the body
not in the scope of any finite operator.

Now, consider G(PA) = {g1
1 , . . . , g

1
k1
, . . . , gs1, . . . , g

s
ks
}, which is a finite multiset,

and let us define the following counting sets for the contribution of the finite operators
to the overall computation.

Definition 17. The counting sets for P and A for all n ∈ N, denoted ΞA
n , are defined as

follows:

ΞA
n = {k < n | there is gij ∈ G(PA) s.t. gij(TP

n(6)(Dij)) > gij(TP
n−1(6)(Dij))}

With this definition we can state the main lemma needed in the proof of Thm 3.

Lemma 1. Under the hypotheses of Theorem 3, if TP
n+1(6)(A) > TP

n(6)(A) then
either |ΞA

n+1| > |ΞA
n | or the culprit collection for TP

n+1(6)(A) is greater than that
for TP

n(6)(A).

Proof (of Theorem 3). The previous lemma is the key to the proof:

– Firstly, since the program has finite dependencies there cannot be infinitely many
rules in the culprit collections for A.

– On the other hand, the sequence of cardinals |ΞA
n | is upper bounded (since the range

of each function gij is finite and G(P(A)) is also finite).

As a result we obtain that TP terminates for every query. ��

In the next section we apply the above results to show the termination theorems for
important probabilistic based logic programming frameworks.

5 Termination of Probabilistic Logic Programs

The representation of probabilistic information in rule-based systems has attracted a
large interest of the logic programming community, fostered by knowledge representa-
tion problems in advanced applications, namely for deductive databases. Several pro-
posals have appeared in the literature for dealing with probabilistic information, namely
Hybrid Probabilistic Logic Programs [6], Probabilistic Deductive Databases [8], and
Probabilistic Logic Programs with conditional constraints [9]. Both Hybrid Probabilis-
tic Logic Programs, Probabilistic Deductive Databases, and Ordinary Probabilistic Logic
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Programs can be captured by Residuated Monotonic Logic Programs, as shown in [4].
We illustrate here the application of the theorems of the previous section to obtain known
termination results for these languages. Notice that these results are obtained from the
abstract properties of the underlying algebras and transformed programs. In this way we
simplify and synthesize the techniques used to show these results, which can be applied
in other settings as well.

5.1 Termination of Ordinary Probabilistic Logic Programs

Lukasiewicz [9] introduces a new approach to probabilistic logic programming in which
probabilities are defined over a set of possible worlds and in which classical program
clauses are extended by a subinterval of [0, 1] that describes a range for the conditional
probability of the head of a clause given its body. In its most general form, probabilistic
logic programs of [9] are sets of conditional constraints (H | B)[c1, c2] where H is
a conjunction of atoms and B is either a conjunction of atoms or �, and c1 ≤ c2 are
rational numbers in the interval [0, 1]. These conditional constraints express that the
conditional probability of H given B is between c1 and c2 or that the probability of
the antecedent is 0. A semantics and complexity of reasoning are exhaustively studied,
and in most cases is intractable and not truth-functional. However, for a special kind
of probabilistic logic programs the author provides relationships to “classical” logic
programming. Ordinary probabilistic logic programs are probabilistic logic programs
where the conditional constraints have the restricted form

(A | B1 ∧ . . . ∧Bn)[c, 1] or (A | �)[c, 1] (1)

Under positively correlated probabilistic interpretations (PCP-interpretations), reasoning
becomes tractable and truth-functional. Ordinary conditional constraints (1) of ordinary
probabilistic logic programs under PCP-interpretation can be immediately translated to
a sorted multi-adjoint logic programming rule

A
c← min (B1, . . . ,min(Bn−1, Bn))

over the multi-adjoint Σ-algebra containing a single sort u signature with carrier [0, 1],
with the usual ordering on real numbers. A constant symbol for every element of [0, 1] is
necessary, as well as the minimum function (denoted by minu) and the product of two
reals (denoted by×u), and Goguen implication←u.The structure< [0, 1],≤,←u,×u >
is a well-known adjoint lattice, where Goguen implication is the residuum of product
t-norm. The function symbols ←, min are interpreted by ←u and minu, respectively.
The previous rule can also be represented as:

A
1← c× min (B1, . . . ,min(Bn−1, Bn))

Clearly, as remarked in [9], the resulting rule is equivalent to a rule of van Emden’s
Quantitative Deduction [12]. It is pretty clear that in these circumstances all the con-
ditions of Theorem 1 are fulfilled for ground programs of the above form having finite
dependencies, and we can guarantee termination of TP for every query. This is the case
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because we are using solely t-norms in the body, which by definition obey to the bound-
ary condition, over the unit interval [0, 1]. Since the unit interval is totally ordered and
we have a finite number of rules for every propositional symbol, we can guarantee that
the set of relevant values for TP

n(Δ) is a singleton. Thus, we obtain a termination result
for Ordinary Probabilistic Logic Programs and Quantitative Deduction, extending the
one appearing in [12].

In general, if we have combinations of t-norms in the bodies of rules, over totally
ordered domains, we can guarantee termination for programs with finite dependencies.
This extends the previous results by Paulı́k [11]. The same applies if we reverse the
ordering in the unit interval, and use t-conorms in the bodies. This is necessary to
understand the termination result for Probabilistic Deductive Databases, presented in
the next section.

5.2 Termination of Probabilistic Deductive Databases

A definition of a theory of probabilistic deductive databases is described in Lakshmanan
and Sadri’s work [8] where belief and doubt can both be expressed explicitly with equal
status. Probabilistic programs (p-programs) are finite sets of triples of the form:(

A
c←− B1, . . . , Bn;μr, μp

)
As usual, A, B1, . . . , Bn are atoms, which may not contain complex terms, c is a
confidence level, and μr (μp) is the conjunctive (disjunctive) mode associated with the
rule. For a given ground atom A, the disjunctive mode associated with all the rules
for A must be the same. The authors present a termination result assuming that it is
used solely positive correlation as disjunctive mode for combining several rules in the
program, and arbitrary conjunctive modes.The truth-values of p-programs are confidence
levels of the form 〈[α, β], [γ, δ]〉, where α, β, γ, and δ are real numbers in the unit
interval4. The values α and β are, respectively, the expert’s lower and upper bounds of
belief, while γ and δ are the bounds for the expert’s doubt. The fixpoint semantics of p-
programs relies on truth-ordering of confidence levels. Suppose c1 = 〈[α1, β1], [γ1, δ1]〉
and c2 = 〈[α2, β2], [γ2, δ2]〉 are confidence levels, then we say that:

c1 ≤t c2 iff α1 ≤ α2, β1 ≤ β2 and γ1 ≥ γ2, δ1 ≥ δ2,

with corresponding least upper bound operation c1 ⊕t c2 defined as

〈[max{α1, α2},max{β1, β2}], [min{γ1, γ2},min{δ1, δ2}]〉

and greatest lower bound c1 ⊗t c2 as:

〈[min{α1, α2},min{β1, β2}], [max{γ1, γ2},max{δ1, δ2}]〉

The least upper bound of truth-ordering corresponds to the disjunctive mode designated
“positive correlation”, which is used to combine the contributions from several rules for

4 Even though the authors say that they usually assume that α ≤ β and γ ≤ δ, this cannot be
enforced otherwise they cannot specify properly the notion of trilattice. So, we also not assume
these constraints.
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a given propositional symbol. We restrict attention to this disjunctive mode, since the
termination results presented in [8] assume all the rules adopt this mode. Conjunctive
modes are used to combine propositional symbols in the body, and ⊗t corresponds to
the positive correlation conjunctive mode. Another conjunctive mode is independence
with c1 ∧ind c2 defined as

〈[α1 × α2, β1 × β2], [1− (1− γ1)× (1− γ2), 1− (1− δ1)× (1− δ2)]〉

The attentive reader will surely notice that all these operations work independently
in each component of the confidence level. Furthermore, the independence conjunctive
mode combines the α’s and β’s with a t-norm (product), and the γ and δ parts are
combined with a t-conorm. This is a property enjoyed by all conjunctive modes specified
in [8]. In order to show the termination result we require two sorts, both with carrier
[0, 1], the first one denoted by m and ordered by ≤, while the other is denoted by M and
ordered by ≥ (this means that for this sort the bottom element is 1 and the top one is
0, least upper bound is min). The program transformation translates each ground atom
P in a p-program into four propositional symbols Pα, P β , P γ and P δ , representing
each component of the confidence level associated with P . The translation generates
four rules, in the resulting sorted multi-adjoint logic programming, from each rule in
the p-program. We illustrate this with an example, where the conjunctive mode use is
independence (remember that the disjunctive mode is fixed). A p-program rule of the
form

(A 〈[a,b],[c,d]〉←−−−−−−−− B1, . . . , Bn ; ind, pc)

is encoded as the following four rules:

Aα
a

←m Bα1 × . . .×Bαn Aβ
b

←m Bβ1 × . . .×Bβn

Aγ
c

←M Bγ1 ⊕ . . .⊕Bγn Aδ
d

←M Bδ1 ⊕ . . .⊕Bδn

The operation⊕ denotes the t-conorm function defined by v⊕w = 1−(1−v)×(1−w).
Other conjunctive modes can be encoded similarly. The termination of these programs is
now immediate. First, the rules for α propositional symbols only involve α propositional
symbols in the body. The same applies to the other β, γ and δ rules. The underlying
carriers are totally ordered, and the functions symbols in the body obey to the boundary
condition since they are either t-norms (for α and β rules) or t-conorms (for γ and δ
rules). Thus, from the discussion on the previous section, Theorem 1 is applicable and the
result immediately follows for programs with finite dependencies. This is a result shown
based solely on general properties of the underlying lattices, not resorting to specific
procedural concepts as in [8]. Furthermore, since the grounding of p-programs always
results in a finite program, there is no lack of generality by assuming finite dependencies.
The use of other disjunctive modes introduce operators in the bodies which no longer
obey to the boundary condition. For this case, Lakshmanan and Sadri do not provide
any termination result, which is not strange since this violates the general conditions of
applicability of Theorem 1.
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5.3 Termination of Hybrid Probabilistic Logic Programs

Hybrid Probabilistic Logic Programs [6] have been proposed for constructing rule sys-
tems which allow the user to reason with and combine probabilistic information under
different probabilistic strategies. The conjunctive (disjunctive) probabilistic strategies
are pairwise combinations of t-norms (t-conorms, respectively) over pairs of real num-
bers in the unit interval [0, 1], i.e. intervals. In order to obtain a residuated lattice, the
carrier INT is the set of pairs [a, b] where a and b are real numbers in the unit interval5.

The termination results presented in [5] assume finite ground programs. From a dif-
ficult analysis of the complex fixpoint construction one can see that only a finite number
of different intervals can be generated in the case of finite ground programs. We show
how this result can be obtained from Theorem 2 almost directly, given the embedding
of Hybrid Probabilistic Logic Programs into Residuated ones presented in [3]. This
embedding generates rules of the following kind

1. F
[a,b]
� sμ1

(
F1

)
� . . . � sμk

(
Fk

)
2. F

[a,1]
� sμ1

(
E1

)
� . . . � sμm

(
Em

) 3. F
[0,b]
� sμ1

(
E1

)
� . . . � sμm

(
Em

)
4. F

[1,0]
� cρ

(
G,H
)

resorting to the auxiliary double bar function . from INT to INT and the functions
sμ : INT → INT , with μ in INT . For our analysis, it is only important to know that
all these functions have finite image, and thus when constructing the range dependency
graph no arc will be introduced for rules of the first three types.

The next important detail is that the rules of the fourth type, which use either con-
junctive or disjunctive strategies cρ, do not introduce any cyclic dependencies and the
dependencies are finite. This is the case, because F , G and H are propositional sym-
bols which represent ground hybrid basic formulas (see [6,3] for details), such that
F = G ⊕ρ H , i.e. the propositional symbol F represents a more complex formula ob-
tained from the conjunctive or disjunctive combination of the simpler formulas G and
H . Therefore, it is not possible to have a dependency from a simpler formula to a more
complex one. By application of Theorem 2 it immediately follows that TP terminates
for every finite ground program, as we intended to show. Just as a side remark, The-
orem 3 can also be applied if in the program only occurs conjunctive basic formulas,
without requiring any reasoning about the shape of the transformed program and its
dependencies.

6 Conclusions

A sorted version of multi-adjoint logic programming has been introduced, together with
several general sufficient results about the termination of its fix-point semantics. Later,
these results are instantiated in order to prove termination theorems for some probabilistic
approaches to logic programming. Notice that these results are obtained solely from the
abstract properties of the underlying algebras and transformed programs. In this way we

5 We do not impose that a ≤ b.
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simplify and synthesize the techniques used to show these results, which can be applied
in other settings as well.
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Abstract. We present the design of our implemented modal logic pro-
gramming system MProlog. This system is written in Prolog as a mod-
ule for Prolog. Codes, libraries, and most features of Prolog can be used
in MProlog programs. The system contains a number of built-in SLD-
resolution calculi for modal logics, including calculi for useful multimodal
logics of belief. It is a tool to experiment with applications of modal logic
programming to AI.

1 Introduction

Modal logics can be used to reason about knowledge, belief, actions, etc. Many
authors have proposed modal extensions for logic programming [4,2,1,5,12,3,9,
10]. There are two approaches: the direct approach and the translational ap-
proach. The first approach directly uses modalities, while the second one trans-
lates modal logic programs to classical logic programs. The works by Akama [1],
Debart et al [5], and Nonnengart [12] use the translational approach, while the
works by Fariñas del Cerro [4], Balbiani et al [2], Baldoni et al [3], and our works
[9,10] use the direct approach.

In modal logic programming, it seems more intuitive and convenient to use
modalities in a direct way1 (e.g., in the debugging and interactive modes of
programming). In the direct approach, the work by Balbiani et al [2] disallows
� in bodies of program clauses and goals, and the work by Baldoni et al [3]
disallows � in programs and goals. In the Molog system implemented by the
group of Fariñas del Cerro [4], universal modal operators in bodies of program
clauses and goals are also translated away.

In [9], we developed a fixpoint semantics, the least model semantics, and an
SLD-resolution calculus in a direct way for modal logic programs in all of the ba-
sic serial2 monomodal logics. There are two important properties of our approach
in [9]: no special restriction on occurrences of � and � is required (programs
and goals are of a normal form but the language is as expressive as the general
modal Horn fragment) and the semantics are formulated closely to the style of
classical logic programming (as in Lloyd’s book [8]). In [10], we generalized the
methods and extended the results of [9] for multimodal logic programming, giv-
ing a general framework for developing semantics of multimodal logic programs
1 Somehow one still has to use skolemization or a labeling technique for �.
2 A monomodal logic is serial if it contains the axiom �ϕ → �ϕ.

J.J. Alferes and J. Leite (Eds.): JELIA 2004, LNAI 3229, pp. 266–278, 2004.
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and presenting sound and complete SLD-resolution calculi for a number of useful
multimodal logics of belief, which will be considered in this work.

Despite that the theory of modal logic programming has been studied in a
considerable number of works, it has not received much attention in practice.
But if we want to use modal logics for practical applications, then modal logic
programming deserves for further investigations, especially in practical issues.

As far as we know, amongst the works by other authors that use the direct
approach for modal logic programming, only the Molog system proposed by
Fariñas del Cerro [4] has been implemented. The current version of this system
has, however, some drawbacks in design. It only says yes or no without giving
computed answers. Molog uses a special predicate, named prolog, to call formulas
of Prolog, which is undesirable when the amount of Prolog code is not small.
Molog uses <-- instead of :-, and & instead of ‘,’, which means that Prolog
program files cannot be included in Molog programs.

In this work, we present the design of our implemented modal logic program-
ming system MProlog [11], whose theoretical foundations are our work [9,10].
Our system is written in Prolog as a module for Prolog. Codes, libraries, and
most features of Prolog can be used in MProlog programs in a pure way. The
system contains a number of built-in SLD-resolution calculi for modal logics, in-
cluding calculi for multimodal logics intended for reasoning about multi-degree
belief, for use in distributed systems of belief, or for reasoning about epistemic
states of agents in multi-agent systems.

Due to the lack of space, we will not discuss implementation details. The
design of MProlog presented here together with comments given in code files [11]
is sufficient to understand the implementation of the system. We assume that
the reader is familiar with the classical SLD-resolution calculus and Prolog.

2 Preliminaries

2.1 Syntax and Semantics of Quantified Multimodal Logics

A language for quantified multimodal logics is an extension of the language
of classical predicate logic with modal operators �i and �i, for 1 ≤ i ≤ m
(where m is fixed). If m = 1 then we ignore the subscript i and write � and
�. The operators �i are called universal modal operators, while �i are called
existential modal operators. Terms and formulas are defined in the usual way,
with an emphasis that if ϕ is a formula then �iϕ and �iϕ are also formulas.

A Kripke frame is a tuple 〈W, τ,R1, . . . , Rm〉, where W is a nonempty set of
possible worlds, τ ∈ W is the actual world, and Ri is a binary relation on W ,
called the accessibility relation for the modal operators �i, �i. If Ri(w, u) holds
then we say that the world u is accessible from the world w via Ri.

A fixed-domain Kripke model with rigid terms, hereafter simply called a
Kripke model or just a model, is a tuple M = 〈D,W, τ,R1, . . . , Rm, π〉, where
D is a set called the domain, 〈W, τ,R1, . . . , Rm〉 is a Kripke frame, and π is an
interpretation of constant symbols, function symbols and predicate symbols. For
a constant symbol a, π(a) is an element of D. For an n-ary function symbol f ,
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π(f) is a function from Dn to D. For an n-ary predicate symbol p and a world
w ∈ W , π(w)(p) is an n-ary relation on D.

A variable assignment V w.r.t. a Kripke model M is a function that maps
each variable to an element of the domain of M . The value of tM [V ] for a term
t is defined as usual.

Given some Kripke model M = 〈D,W, τ,R1, . . . , Rm, π〉, some variable as-
signment V , and some world w ∈ W , the satisfaction relation M,V,w � ψ for a
formula ψ is defined as follows:

M,V,w � p(t1, . . . , tn) iff (tM1 [V ], . . . , tMn [V ]) ∈ π(w)(p);
M,V,w � �iϕ iff for all v ∈ W such that Ri(w, v), M,V, v � ϕ;
M,V,w � ∀x.ϕ iff for all a ∈ D, (M,V ′, w � ϕ),

where V ′(x) = a and V ′(y) = V (y) for y �= x;

and as usual for other cases (treating �iϕ as ¬�i¬ϕ, and ∃x.ϕ as ¬∀x.¬ϕ). We
say that M satisfies ϕ, or ϕ is true in M , and write M � ϕ, if M,V, τ � ϕ for
every V . For a set Γ of formulas, we call M a model of Γ and write M � Γ if
M � ϕ for every ϕ ∈ Γ .

2.2 Modal Logics of Belief

If as the class of admissible interpretations we take the class of all Kripke models
(with no restrictions on the accessibility relations) then we obtain a quantified
multimodal logic which has a standard Hilbert-style axiomatization denoted by
K(m). Normal modal logics are extensions of K(m) using additional axioms. A
modal logic L is serial if it contains the axiom �iϕ → ¬�i¬ϕ (for all 1 ≤ i ≤ m).
To reflect properties of belief, one can extend K(m) with some of the following
axioms (see [10] for the corresponding restrictions on the accessibility relations
and [6,7] for further readings on first-order modal logics):

Name Schema Meaning
(D) �iϕ → ¬�i¬ϕ belief is consistent
(I) �iϕ → �jϕ if i > j subscript indicates degree of belief
(4) �iϕ → �i�iϕ belief satisfies positive introspection
(4s) �iϕ → �j�iϕ belief satisfies strong positive introspection
(5) ¬�iϕ → �i¬�iϕ belief satisfies negative introspection
(5s) ¬�iϕ → �j¬�iϕ belief satisfies strong negative introspection

By adding appropriate combinations of these axioms to K(m), we obtain
the modal logics KDI4, KDI4s, KDI45, KDI4s5 for reasoning about multi-
degree belief, the modal logic KD4s5s for use in distributed systems of belief,
and the modal logic KD45(m) for reasoning about epistemic states of agents in
multi-agent systems. (We use a subscript in KD45(m) to distinguish it from the
monomodal logic KD45.) In the mentioned modal logics of multi-degree belief,
the axiom (I) gives �iϕ the meaning “ϕ is believed up to degree i”; while in the
logics KD4s5s and KD45(m), the formula �iϕ means “the agent i believes in
ϕ”. For reasoning about belief and common belief of groups of agents, there is
a multimodal logic denoted by KD4Ig5a which combines features of KD45(m)
and KDI4. For further descriptions of the mentioned logics, see [10].
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2.3 Modal Logic Programs

In this subsection, we define a modal logic programming language called MPro-
log, which is a purely logical formalism. Its implementation as an extension of
Prolog has a specific syntax and will be studied in Section 4.

A modality is a (possibly empty) sequence of modal operators. A universal
modality is a modality which contains only universal modal operators. We use
6 to denote a modality and to denote a universal modality. Similarly as in
classical logic programming, we use a clausal form (ϕ ← ψ1, . . . , ψn) to denote
the formula ∀( (ϕ ∨ ¬ψ1 . . . ∨ ¬ψn)). We use E to denote a classical atom and
A, B1, . . . , Bn to denote formulas of the form E, �iE, or �iE.

A program clause is a formula of the form (A ← B1, . . . , Bn), where is
a universal modality and n ≥ 0. is called the modal context, A the head, and
B1, . . . , Bn the body of the program clause.

An MProlog program is a finite set of program clauses. An MProlog goal
atom is a formula of the form E or �iE, where is a universal modality. An
MProlog goal is a formula written in the clausal form ← α1, . . . , αk, where each
αi is an MProlog goal atom.

It is shown in [10] that MProlog has the same expressiveness power as the
general Horn fragment in normal modal logics. For a specific logic L, we may
adopt some restrictions on modal contexts of MProlog program clauses and
MProlog goals and call the obtained language L-MProlog. Such restrictions either
follow from equivalencies in L or are acceptable from the practical of view, and
furthermore, they do not reduce expressiveness of the language.

For example, in KDI4s5 we have the equivalence ∇∇′ϕ ≡ ∇′ϕ, where ∇
and ∇′ are modal operators. Hence we can assume that the modal context of an
KDI4s5-MProlog program clause has length 1 or 0, and an KDI4s5-MProlog
goal has goal atoms of the form E, �iE, or �iE with E being a classical atom.
See [10] for restrictions of L-MProlog in the other modal logics of belief.

3 A Framework of SLD-Resolution for MProlog

In [10], we give a general framework for developing fixpoint semantics, least
model semantics, and SLD-resolution calculi for L-MProlog, where L is a se-
rial modal logic whose frame restrictions, except seriality, are Horn clauses (in
particular, L can be any one of the modal logics of belief considered in this pa-
per). In this section, we outline the fragment involving SLD-resolution of that
framework. For fixpoint semantics, the reader is referred to [10].

A modal operator is now �i, �j , or 〈S〉k, where 〈S〉k is a �k labeled by S
which is either a classical atom or a variable for classical atoms (called an atom
variable). For further information on labeled modal operators, see [10].

We use ∇ and ∇′ to denote modal operators, 6 to denote a modality (which
now may contain labeled modal operators). A modal atom is a formula of the
form 6E. A simple modal atom is a formula of the form E or ∇E. We use A,
B to denote simple modal atoms, and α, β to denote modal atoms.
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There may exist a compact form for modalities in L. For each specific modal
logic L, we define the L-normal form of modalities. For example, a modality is
in KDI4s5-normal form if its length is 0 or 1. It is possible that no restriction
is adopted for L-normal form of modalities. A modality is in L-normal labeled
form if it is in L-normal form and does not contain unlabeled existential modal
operators �i. A modal atom 6E is in L-normal (labeled) form if 6 is in L-
normal (labeled) form. Given a ground modal atom not in L-normal form, the
NFL operator converts it to L-normal form.

Given a modal atom α, one can derive other modal atoms from α using
axioms of L. The corresponding operator is called the SatL operator. The “direct
consequences” operator TL,P is defined using SatL and NFL. An SLD-resolution
calculus can be viewed as a reversed analogue of a direct consequences operator.
Hence, to define an SLD-resolution calculus for L-MProlog we need reversed
analogues of the operators SatL and NFL. These operators are called the rSatL
operator and the rNFL operator, respectively. See [10,9] for formal definitions of
the operators SatL, NFL, rSatL, and rNFL.

The rSatL/rNFL operators are each specified by a finite set of rules of the
form α ← β, where α and β are (schemata of) modal atoms. The rules are used
as meta-clauses (i.e. schemata of clauses) in SLD-derivations. Such rules can be
accompanied by conditions which specify when the rule can be used.

As an example, for L = KDI4s5, the rNFL operator is specified by the
only rule ∇E ← 〈X〉i∇E, and the rSatL operator is specified by three rules:
(a) ∇∇′E ← ∇′E, (b) �iE ← �jE if i > j, (c) �iE ← 〈X〉iE; where X is a
fresh3 atom variable. We will use these rules for the example in the next page.

Resolvents of a goal ← α1, . . . , αk and an rSatL/rNFL rule α ← β are
defined in the usual way. For example, resolving ← �1�2p(x) with the rule
∇∇′E ← ∇′E results in ← �2p(x), since ∇ is instantiated to �1, and ∇′ is
instantiated to �2.

For each specific modal logic L, we define a pre-order 4L to compare
modal operators. For example, for L = KDI4s5, the pre-order 4L is the
least reflexive and transitive binary relation between modal operators such that:
�i 4L 〈S〉i 4L �i, and if i < j then �i 4L �j and �j 4L �i. If ∇ 4L ∇′ then
we say that ∇ is an L-instance of ∇′. We say that an atom 6E is an L-instance
of 6′E′ if 6 and 6′ have the same length k and there exists a substitution θ
such that E = E′θ and for any 1 ≤ i ≤ k, the modal operator in position i of 6
is an L-instance of the modal operator in position i of 6′θ.

The forward labeled form of an atom α is the atom α′ such that if α is of the
form 6�iE then α′ = 6〈E〉iE, else α′ = α. For example, the forward labeled
form of �1s(a) is 〈s(a)〉1s(a).

If and ′ are universal modalities, and furthermore, is a modal context
of an L-MProlog program clause, then we say that ′ is an L-context instance
of if ϕ → ′ϕ is a theorem in L for an arbitrary ϕ. For example, �1 is a
KDI4s5-context instance of �2.

3 This means that standardizing is also needed for atom variables.
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Let G = ← α1, . . . , αi, . . . , αk be a goal and ϕ = (A ← B1, . . . , Bn) a
program clause. Then G′ is derived from G and ϕ in L using mgu θ, and called
an L-resolvent of G and ϕ, if the following conditions hold:

– αi = 6′A′, with 6′ in L-normal labeled form, is called the selected atom.
– 6′ is an L-instance of ′ which is an L-context instance of .
– θ is an mgu such that: A′θ has the same classical atom as Aθ, and A′θ is an

L-instance of the forward labeled form of Aθ.
– G′ is the goal ← (α1, . . . , αi−1,6′B1, . . . ,6′Bn, αi+1, . . . , αk)θ.

For example, the unique KDI4s5-resolvent of ← �1p(x) and �2(p(x) ← �2q(x))
is ← �1�2q(x) (here, = �2 and 6′ = ′ = �1). As another example, the
unique KDI4s5-resolvent of ← 〈Y 〉1〈X〉1r(x), 〈X〉1s(x) and �1(�1r(x) ← s(x))
is ← 〈Y 〉1s(x), 〈X〉1s(x) (here, = �1 and 6′ = ′ = 〈Y 〉1).

SLD-derivation is defined using two kinds of steps: a) resolving a goal with a
program clause, b) resolving a goal with an rSatL/rNFL rule. SLD-refutation
and computed answer are defined in the usual way.

Using the framework, in [10] we have given sound and complete SLD-
resolution calculi for L-MProlog for all the modal logics of belief considered
in this work.

As an example, consider the goal G = ← �1p(x) and the program P :

ϕ1 = �2(p(x) ← �2q(x))
ϕ2 = �1(q(x) ← r(x), s(x))
ϕ3 = �1(�1r(x) ← s(x))
ϕ4 = �1s(a) ←

Here is an SLD-refutation of P ∪ {G} in L = KDI4s5:

Goals Input clauses/rules MGUs
← �1p(x)
← �1�2q(x) ϕ1 {x1/x}
← �2q(x) rSatL(a)
← �1q(x) rSatL(b)
← 〈X〉1q(x) rSatL(c)
← 〈X〉1r(x), 〈X〉1s(x) ϕ2 {x5/x}
← 〈Y 〉1〈X〉1r(x), 〈X〉1s(x) rNFL
← 〈Y 〉1s(x), 〈X〉1s(x) ϕ3 {x7/x}
← 〈X〉1s(a) ϕ4 {x/a, Y/s(a)}
empty clause ϕ4 {X/s(a)}

4 Design of MProlog

Starting from the purely logical formalism of MProlog, we have built a real
system for it [11]. The implemented system adds extra features to the purely
logical formalism in order to increase usefulness of the language. It is written
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in Prolog and can run in SICStus Prolog and SWI-Prolog. From now on we use
MProlog to refer to the implemented system.

MProlog is designed as an extension of Prolog. This means that we can use
Prolog codes, libraries and most features of Prolog in MProlog programs. This
gives MProlog capabilities for real applications. MProlog is implemented as a
module for Prolog and does not have its own running environment. It provides
instead a list of built-in predicates to be used in Prolog.

4.1 Syntax of MProlog Programs

In MProlog, there are three kinds of predicates: classical predicates, modal predi-
cates, and classical predicates which are defined using modal formulas. Predicates
of the last kind are called dum predicates. The semantics of classical predicates
and dum predicates does not depend on worlds in Kripke models. If E is a
classical atom of a classical predicate or a dum predicate then 6E ≡ E for ev-
ery modality 6. An MProlog program consists of modal fragments and classical
fragments (in an arbitrary number and order). Predicates defined in classical
fragments are classical predicates. Dum predicates are declared in an MProlog
program as follows

:- dum pred Pred1, . . . , Predn.
where each Predi is a pair Namei/Arityi. Dum predicates are defined in modal
fragments by clauses of the form E :- Body, where E is a classical atom. A pred-
icate defined in a modal fragment and not declared earlier as a dum predicate is
a modal predicate.

From now on, by a calculus we mean an SLD-resolution calculus for MProlog.
An MProlog program may use different calculi, as explained in Section 5. In an
MProlog program, a modal fragment starts with a declaration of the form:

:- calculus Cal1, . . . , Caln.
where Cal1, . . . , Caln are names of calculi. These calculi are called the calculi of
the fragment. If an MProlog program is loaded by mconsult(File,Cal) then the
program in File is treated as if it begins with

:- calculus Cal.
A modal fragment ends either by a declaration of another modal fragment, or
by the end of the program, or by one of the two following declarations:

:- calculus classical.
:- end.

In MProlog, modalities are represented as lists, e.g., as follows:

��q(x, y) [b, d] : q(X,Y )
�i〈X〉3�jq(a) [bel(I), pos(3, X), pos(J)] : q(a)
�xgod exists ← christian(x) [bel(X)] : god exists :- christian(X)

Here, b stands for “box”, d for “diamond”, bel for “believes”, and pos for “pos-
sible”. We use 6 : ϕ to represent 6ϕ. Notations of modal operators depend
on how the base SLD-resolution calculus is defined. As another example, for
MProlog-� [10], which disallows existential modal operators in program clauses
and goals, we represent �i1 . . .�ik as [I1, . . . , Ik] (see belief box.cal of [11]).
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Syntactically, an MProlog program is a Prolog program. Modal fragments in
an MProlog program may contain directives and clauses. Each clause in a modal
fragment is of one of the following forms:

Context : (Head :- Body).
Head :- Body.

where Context is a list representing a modality, Head is of the form E or M : E,
where E is a classical atom (in the sense of Prolog) and M is a list containing
one modal operator. All clauses in a modal fragment are declared to all of the
calculi of the fragment.

4.2 Syntax of SLD-Resolution Calculi for MProlog

SLD-resolution calculi for MProlog are specified using the framework given in
Section 3 and written in Prolog. An SLD-resolution calculus for L contains
rSatL/rNFL rules, definitions of auxiliary predicates, and definitions for the
following required predicates:

1. universal modal operator(Calculus, Operator)
2. dual modal operator(Calculus, Operator, DualOperator)
3. box lifting form(Calculus, ModalOperator, BoxLiftingForm)

which returns true iff BoxLiftingForm is the universal modal operator of the
same modal index as ModalOperator in the calculus Calculus

4. forward labeled form(Calculus, SimpleModalAtom, ForwardLabeledF)
5. normal labeled form(Calculus, Modality)
6. operator instance(Calculus, Instance, ModalOperator)
7. context instance(Calculus, UniversalModality, ModalContext)

If the option check in two steps of the defined calculus is set to true, then
instead of the last three predicates of the above list, the calculus must implement
two predicates with name prefixed by pre check or post check for each of the
replaced predicates.

Let us discuss the usefulness of the check in two steps option. Suppose that
we want to reason about multi-degree belief. We represent, e.g., �i(p(x) ← q(x))
by [bel(I)]: (p(X) :- q(X)). Thus we use variables like I for degrees of belief.
Sometimes it is better to delay instantiating such variables to concrete values in
order to eliminate branching. If we want to allow users to have ability to turn
on/off this option of delaying, then the defined calculus should be designed with
the check in two steps option turned on. The intention of pre check predicates is
to check the involved condition as much as possible without generating branch
points and to pass unchecked fragments of the condition to post check predicates,
which will be fired latter. In Section 5, we will describe the functioning of those
predicates in the MProlog interpreter.

A resolution cycle is a derivation consisting of a sequence of applications of
rSatL/rNFL rules and an application of a program clause. To create an ability
to reduce nondeterminism, we provide 4 categories (kinds) of rules: pre rSat,
rSat, post rSat, and rNF. Informally, operators pre rSat and post rSat are deter-
ministic, while operators rSat and rNF are nondeterministic. This means that
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when the system tries to resolve a modal atom using an operator of the category
pre rSat or post rSat, the first applicable rule of the category will be used, and
when the system wants to use rSat (resp. rNF), different sequences of rSat rules
(resp. rNF rules) will be tried. Lengths of such sequences of rSat rules (resp. rNF
rules) are restricted by the option limit rSat (resp. limit rNF) of the calculus.

Rules of the mentioned categories are of one of the following forms:
AtomIn :- PreCondition, AtomOut, PostComputation.
RuleName :: (AtomIn :- PreCondition, AtomOut, PostComputation).

AtomIn and AtomOut are atoms of the form M : E, where M (standing for
a modality) and E (standing for a classical atom) may be variables in Prolog,
and M may be also a list. RuleName is a name in Prolog. PreCondition and
PostComputation are (possibly empty) sequences of formulas in Prolog separated
by ‘,’. AtomOut is called the atom out of the rule. It is the first outer (w.r.t. ‘,’)
atom of the form M : E of the body of the rule. Names of rules are unique. If a
rule is declared without a name, it will be given a unique name by the system.
We give below an example rule, a version of : �iE ← �jE if i > j.

rSatKDI4s5 :: ( [pos(I)]:E :-
get calling history(rSat, Cal, , RNames),
\+ memberchk(rSatKDI4s5, RNames), % not called before
pre compare deg(Cal, I > J), [pos(J)]:E, post compare deg(Cal, I > J)).

As shown in the above example, designers of calculi have access to the history
of rules called in the current resolution cycle. Such a history for a given category
of rules is obtained by

get calling history(RuleCategory, Calculus, CalledAtom, RuleNames)
where the last three arguments are outputs. RuleNames is the list of names of
rules of the category RuleCategory which have been applied, in the reverse order,
in the current resolution cycle for the beginning atom CalledAtom .

Syntactically, rules are clauses in Prolog. They are defined as usual clauses.
Rules are declared to calculi either by a section of rules or by a directive. A
section of rules is a list of (definitions of) rules bounded by directives. A directive
opening a section of rules is of the following form:

:- RuleCategory Cal1, . . . , Caln.
where RuleCategory is one of pre rSat, rSat, post rSat, rNF; and Cal1, . . . , Caln
are names of calculi, to which the rules in the section are declared. A section of
rules is closed by any directive in Prolog or by the end of the main file. Rules
of the same category can also be declared to a calculus using a directive of the
following form:

:- set list of mrules(Calculus, RuleCategory, ListOfRuleNames).

Some options are automatically created with default values for each loaded
calculus. A definition of a calculus can change values of those options using
set option(Option, Calculus, Value) and set new options for itself (e.g., a numeric
option like max modal index is needed for modal logics of multi-degree belief).
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4.3 Options and Built-In Predicates of MProlog

Before listing built-in predicates of MProlog, we give a list of options of MProlog,
which may affect the way the system interprets MProlog programs. There are
two kinds of options: options for calculi, and options for the system. Setting
values of options is done by the following predicates:

set option(OptionName, Calculus, Value)
set option(OptionName, Value)

There are the following built-in options for calculi: limit modality length (de-
fault: 4), limit rSat (default: 3), limit rNF (default: 1), use calling history (de-
fault: false), check in two steps (default: false). The limit modality length option
is used to restrict lengths of modalities that may appear in derivations. The
options limit rSat and limit rNF have been described in the previous subsec-
tion. For some built-in calculi, those numeric limits are firmly set, as they follow
from the nature of the base modal logic. In general, they are used to restrict the
search space and may affect completeness of the calculus. The boolean option
use calling history should be turned on if rules of the calculus use the history of
rules called in the current resolution cycle. The boolean option check in two steps
has been discussed in the previous subsection.

The boolean option loop checking is a useful option of the system. If it is
turned on, the MProlog interpreter will check whether the current modal atom
to be resolved has already appeared in the current derivation in order to prevent
infinite loops. There are also other options of the system: loop checking stack size
(default: 300), random selection of rules (default: false), debug (default: false),
current calculus (default: classical), and priority list of calculi (default not set).

There are three groups of built-in predicates which are useful for users: main
predicates (for consulting, calling, and tracing), predicates for getting and dis-
playing the status of the system, and predicates for dynamic modification of
programs. We list here only main predicates of the system4:

consult calculi(Files),
mconsult(ProgramFile, Calculus), mconsult(ProgramFile),
mcall(Goal, Calculus), mcall(Goal),
mtrace, nomtrace.

Our MProlog module can be loaded by consulting the file “mprolog.pl” of the
package. The user can then load SLD-resolution calculi for modal logics using
the predicate consult calculi, whose argument may be a file name or a list of file
names. The user can consult MProlog programs using the predicate mconsult/2
(see Section 4.1 for the meaning of the second argument). mconsult(ProgramFile)
is treated as mconsult(ProgramFile, classical). Goals involved with modal logics
can be asked using the predicate mcall/2, where the second argument indicates
the calculus in which the goal is asked. If a default calculus is set using the cur-
rent calculus option, then mcall/1 can be used instead of mcall/2. The predicates
mtrace and nomtrace are used to turn on and off the trace mode for MProlog
(which concentrates on modal formulas and is not the trace mode of Prolog).

4 See [11] for predicates of the remaining groups.
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5 The MProlog Interpreter

The MProlog interpreter is realized by the predicate mcall(Goal, Calculus),
which initiates some variables and then calls mcall (Goal, Calculus). In this
section, we describe in detail the latter predicate, ignoring some aspects like
loop checking, updating the history of called rules, or effects of options.

The predicate of the argument Goal belongs to one of the following groups:
control predicates5 (\+, ‘;’, ‘,’, −>, if/3), classical predicates, dum predicates,
and modal predicates.

If Goal is an atom of a classical predicate, then mcall (Goal, ) is de-
fined as Goal itself. Formulas PreCondition and PostComputation from a rule
Head :- PreCondition, AtomOut, PostComputation are treated as atoms of clas-
sical predicates, despite that they may be complicated formulas.

Because dum predicates can be defined in different calculi and their semantics
does not depend on worlds in Kripke models, they can be used to mix different
calculi. If Goal is an atom of a dum predicate then to resolve mcall (Goal, Calcu-
lus), the interpreter will try to resolve Goal first in Calculus and then in different
calculi as well. The list of those latter calculi is determined by the value of the
priority list of calculi option if it is set, and by the list of all calculi otherwise;
both cases exclude Calculus (the argument). Resolving Goal of a dum predicate
in a calculus Cal is done as follows: select a modal clause Head :- Body of Cal,
unify Goal with Head, and then call mcall (Body, Cal).

For the case of modal atoms, we first discuss some auxiliary predicates.
Resolving a modal atom Goal with a rule

Head :- PreCondition, AtomOut, PostComputation
is done by unifying Goal with Head, executing PreCondition, and returning Ato-
mOut and PostComputation as outputs. This task is done by the predicate

solve using mrule(Cal, Cat, RName, AtomIn, AtomOut, PostComputation)
with AtomIn = Goal and Cal, Cat, RName being respectively the calculus, the
category, and the name of the rule.

Resolving a modal atom Goal using a sequence of rules is done by calling
the above described predicate solve using mrule for each rule of the sequence,
where AtomIn of the first call of solve using mrule is Goal, and AtomIn of each
one of the next calls is AtomOut of the previous call. As outputs, it returns
AtomOut of the last call of solve using mrule and the composition (using ‘,’ and
the reverse order) of the obtained PostComputation formulas. If the sequence of
rules is empty then the outputs are Goal and true.

To resolve a modal atom Goal using rules of a calculus Cal that belong to a
category Cat, the interpreter searches for a sequence of rules to be used using the
following strategy: if the rule category is pre rSat or post rSat then the sequence
consists of only the first applicable rule – if there exists, or is empty – otherwise;
if the rule category is rSat or rNF then different sequences of rules will be tried,
where short sequences have higher priorities. Having a sequence of rules, the
interpreter applies it to Goal as described in the previous paragraph. The task

5 From now on, we distinguish control predicates from classical predicates.
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is done by the predicate
solve using mrules(Cal, Cat, Goal, AtomOut, PostComputation),

where AtomOut and PostComputation are outputs.
Resolving a modal atom Goal with a modal clause in Calculus is done ac-

cording to the framework of SLD-resolution for MProlog, using the required
predicates of Calculus in an appropriate way. The task is done by the predicate

solve using mclauses(Calculus, Goal).
Now return to the problem of resolving mcall (Goal, Calculus) for the case

when Goal is a modal atom. It is done by executing the following statements
solve using mrules(Calculus, pre rSat, Goal, A2, F2),
solve using mrules(Calculus, rSat, A2, A3, F3),
solve using mrules(Calculus, post rSat, A3, A4, F4),
solve using mrules(Calculus, rNF, A4, A5, F5),
solve using mclauses(Calculus, A5),
F5, F4, F3, F2.

It remains to discuss the interpretation of the control predicates. In the cur-
rent version of MProlog, we just adopt the following solution, which does not
have a logical basis:

mcall_(M:(F1,F2), Cal) :- !, mcall_(M:F1, Cal), mcall_(M:F2, Cal).
mcall_(M:(F1;F2), Cal) :- !, mcall_(M:F1, Cal); mcall_(M:F2, Cal).
mcall_(M:(\+ F), Cal) :- !,

make_dual_modality(Cal, M, M2), \+ mcall_(M2:F, Cal).
mcall_(M:(F1 -> F2), Cal) :- mcall_(M:F1, Cal)->mcall_(M:F2, Cal).
mcall_(M:if(F1, F2, F3), Cal) :- !,

call(F1) -> mcall_(M:F2, Cal); mcall_(M:F3, Cal).

The interpretation for the case of M : (F1, F2) is sound and complete if M is
a modality in labeled form (i.e. M does not contain unlabeled existential modal
operators). The interpretation for the case of M : (F1;F2) is also sound.

6 Conclusions

This work presents a new design for modal logic programming. We have designed
MProlog to obtain high usefulness, effectiveness, and flexibility. For usefulness:
codes, libraries, and most features of Prolog can be used in MProlog programs;
for effectiveness: classical fragments are interpreted by Prolog itself, and a num-
ber of options can be used for MProlog to restrict the search space; for flexibility:
there are three kinds of predicates (classical, modal, dum) and we can use and
mix different calculi in an MProlog program.

MProlog has a very different theoretical foundation than the existing Molog
system. In MProlog, a labeling technique is used for existential modal operators
instead of skolemization. We also provide and use new technicalities like nor-
mal forms of modalities or pre-orders between modal operators. MProlog also
eliminates drawbacks of Molog (e.g., MProlog gives computed answers).

We have implemented SLD-resolution calculi for a number of useful modal
logics [11], including all of the multimodal logics of belief considered in this work.
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The multimodal logics of belief KDI4s, KDI4s5, KDI45, KD4s5s, KD4Ig5a
were first introduced and studied by us for modal logic programming [10]. Some
of the implemented SLD-resolution calculi, e.g. the ones for KD, KD45, S5,
KDI4s5, KD4s5s, KD45(m), are very efficient6.

Our system is a tool for experimenting with applications of modal logic pro-
gramming to AI. See [11] for an interesting formulation of the wise men puzzle
in MProlog. Our system is also a tool for developing and experimenting with
new SLD-resolution calculi for modal logic programming.
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Abstract. The role for logic in knowledge and artificial intelligence (AI)
representation and reasoning is an interesting and active area of research. In
this framework, negation plays an essential role. On the other hand, Logic
Programming (LP), and Prolog as its most representative programming language,
has been extensively used for the implementation of logic-based systems.
However, up to now we cannot find a Prolog implementation that supports an
adequate negation subsystem what precludes important uses in AI applications.
By adequate we mean correct and complete as well as efficiently implemented.
In fact, there is no single method with this characteristic (for instance, negation
as failure is incomplete, while constructive negation is hard to implement and
until our work there were no running implementation of it). In previous work, we
presented a novel method for incorporating negation into a Prolog compiler which
takes a number of existing methods (some modified and improved by us) and
uses them in a combined fashion. The method makes use of information provided
by a global analysis of the source code. However, the correctness of the system
was only informally sketched. In this paper, we present a general framework that
can be used either to define strategies by combination of negation techniques as
well as proving correctness and completeness of the resulting system. From this
framework it is possible to define new strategies and, in particular, we describe
the strategy that we have implemented, proving its soundness and completeness.

Keywords: Negation in Prolog, LP and nonmonotonic reasoning, Constructive
Negation.

1 Introduction

One of the main advantages of Prolog is that it can be used for the specification of
AI and knowledge representation systems. These specifications can be executed using
the inference engine of Prolog but some reasoning about them can be implemented in
Prolog itself. However, expresiveness of Prolog is limited by the lack of negation capa-
bilities, what prevents important uses. Originally this decision was taking by Kowalski
and Colmerauer because of the difficulties for providing adequate semantics as well
as for developing an efficient implementation. While the first problem (semantics) can
be considered sufficiently understood and addressed by many researchers (although
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there is already room for significant improvements), the second one (implementation)
is poorly developed. In fact, there is no method in the literature that shares correctness
and completeness results with a reasonable efficient implementable procedure. We will
ellaborate more this later. As a result, there is no available Prolog (understood as left-
to-right, depth-first implementation of Logic Programming) with an adequate negation
subsystem. This means that Prolog cannot be used in full for certain logic-based ap-
proaches to AI, specially those including nonmonotonic reasoning. Consequently, many
potential Prolog applications demand for extensions to incorporate negative information
and the execution of negative goals. Notice that these applications are already developed
in Prolog using libraries to access databases, web services, constraints, etc. Therefore,
the recoding of them in a new system is not feasible.

As we have mentioned, the collection of methods to handle negation in Prolog com-
pilers is relatively short: Negation as failure is present in most Prolog compiler, but it is
unsound. It has been refined into the delay technique of the language Gödel[9], or Nu-
Prolog[15] but because of the risk of floundering it is incomplete. Intensional negation
[1,2,3] is a very promising method but the generation of universally quantified goals has
prevented any (efficient or not) concrete implementation until our work [11]. It is sound
and complete but the execution of forall goals, although possible, introduces serious
inneficiencies. Constructive negation [4,5,20,8] is also sound and complete. The name
constructive negation has also been used as a generic name for systems handling non-
ground literals: Chan’s constructive negation, fail substitutions, fail answers, negation
as instantiation[16], etc. From a theoretical viewpoint Chan’s approach is sufficient but
it is quite difficult to implement and expensive in terms of execution resources as we
have reported in our recent implementation [12].

The authors have been involved in a project [13,14] to incorporate negation into a
real Prolog system. We are proud to have developed a real system for negation in Prolog,
an open problem for more than 25 years. However, the claims about its soundness and
completeness were never formally stated.

In this paper we provide a formal generalization of the concept of strategy that is
amenable for defining our proposal as well as variations of it. The former can be done
either by combining our techniques in a different way or by including new techniques.
Furthermore, the framework can be used to reason about the soundness and completeness
of the combination of techniques. In particular, we prove these results for the strategy
we have implemented.

Notice that the goal of the paper is not the presentation of the system, that have been
done in previous papers, but the formal results instead. In order to provide this we rely
on the soundness and completeness results of the combined techniques. In order to make
the paper self-contained we recall on these results, although most of them come from
different authors (and those that have been developed by ourselves have been previously
published). One of the objectives of the paper is to reformulate all these results in an
uniform way, in order to combine them into the soundness and completeness of our
proposal. In this sense, the key idea of the paper is the formal description of what a
strategy is. The definition is given in such a way that the formal results can be obtained
from the combination of techniques.
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The rest of the paper is organized as follows. Section 2 introduces basic syntactic and
semantic concepts needed to understand our method. We introduce the main negation
techniques that we are going to deal with in Section 3, discussing their soundness and
completeness results (refereing the source of them) as well as implementation issues.
Section 4 contains the main contributions of the paper, namely to provide a formal
framework definition and the results of soundness and completeness for the negation
system. Finally, we conclude and discuss some future work (Section 5).

2 Syntax and Semantics

In this section the syntax of (constraint) normal logic programs and the intended
notion of correctness are introduced. Programs will be constructed from a signature
Σ = 〈FSΣ ,PSΣ〉 of function and predicate symbols. Provided a numerable set of vari-
ables V the set Term(FSΣ ,V ) of terms is constructed in the usual way.

A (constrained) normal Horn clause is a formula h(x) :−(¬)b1(y ·z), . . . ,(¬)bn(y ·
z)[]c(x · y) where x, y and z are tuples from disjoint sets of variables1. The variables
in z are called the free variables in the clause. The symbols “,” and “[]” act here as
aliases of logical conjunction. The atom to the left of the symbol “: −” is called the
head or left hand side (lhs) of the clause. In general, normal Horn clauses of the form
h(x) : −B(y · z)[]c(x · y) where the body B can have arbitrary disjunctions, denoted
by “;”, and conjunctions of atoms will be allowed as they can be easily translated into
“traditional” ones. A normal Prolog program (in Σ) is a set of clauses indexed by
p ∈ PSΣ :

p(x) : −B1(y1 ·z1)[]c1(x ·y1)
...

p(x) : −Bm(ym ·zm)[]cm(x ·ym)

The set of defining clauses for predicate symbol p in program P is denoted def P (p).
Without loss of generality we have assumed that the left hand sides in def P (p) are
syntactically identical. Actual Prolog programs, however, will be written using a more
traditional syntax.

Assuming the normal form, let def P (p) = {p(x) :−Bi(yi ·zi)[]ci(x ·yi)|i∈ 1 . . .m}.
The completed definition of p, cdef P (p) is defined as the formula

∀x.
[
p(x) ⇐⇒

m∨
i=1

∃yi. ci(x ·yi)∧∃zi.Bi(yi ·zi)
]

The Clark’s completion of the program is the conjunction of the completed definitions
for all the predicate symbols in the program along with the formulas that establish the
standard interpretation for the equality symbol, the so called Clark’s Equality Theory or
CET . The completion of program P will be denoted as Comp(P ). Throughout the paper,
the standard meaning of logic programs will be given by the three-valued interpretation
|=3 of their completion – i.e. its minimum 3-valued model, as defined in [10]. These 3
values will be denoted as t (or success), f (or fail) and u (or unknown).

1 The notation p(x) expresses that Vars(p(x)) ∈ x, note that it is identical to p(x1, . . . ,xn)
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3 Preliminaries: Negation in Prolog

In this section we present briefly the negation techniques in Prolog from the literature
which we have integrated into a uniform framework. We also indicate their associated
soundness and completeness theorems (pointing to the adequate reference when it is
necessary) in an uniform manner. We do not prove the adapted version of the theorems,
although in many cases it is trivial. The techniques and the proposed combination share
the following characteristics:

– They can be modelled in the previously defined semantics: Clark’s completion and
Kunen’s 3-valued semantics [10]. These semantics will be the basis for soundness
and completeness results.

– They must be “constructive”, i.e., program execution should produce adequate goal
variable values for making a negated goal false.

The following techniques meet the previous requirements. We briefly present the
technique, discuss theoretical results, our contributions (if any) as well as the existing
implementations:

3.1 Negation as Failure

Negation as failure was originally proposed by Clark [6]. The operational semantics
associated with the technique is SLDNF. Clark proved soundness with respect to 2-
valued semantics while Shephersond [19] extended it to 3-valued semantics. From his
theorems we can infer the following corollary:

Corollary 1 (Soundness and Completeness of ground naf).
Given a program P and a ground goal G

Comp(P ) |=3 G iff G has an empty computed answer substitution
Comp(P ) |=3 ¬G iff G finitely fails

Negation as failure is present in most Prolog compilers (Sicstus, Bin Prolog, Quintus,
Ciao, etc.) usually implemented as:

naf(P) :− P, !, fail.
naf (P).

what unfortunately is an unsound approach, because it can only be used for computations
that do not bind any variable involved into the negated goal. Apart from this incomplete
behaviour, another drawback is that it cannot produce answer substitution to negated
queries and therefore they can only be used as tests. In practice, this is implemented by
using it only for ground goals. For our purposes, the built-in version of naf can be used
as it is.
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3.2 Delay Technique

This approach is a variation of the previous one which applies negation as failure (SLDNF
resolution) when, dynamically, it is detected that the variables of the negated goal are
sufficiently instantiated (by using some kind of when, or delay directive). It is well
known that this approach has the risk of floundering, and floundering is an undecidible
property. This technique is sound when it can be applied, but it is incomplete. This
technique is implemented in (Gödel [9] and Nu-Prolog [15]) as its unique negation
mechanism and without the help of a program analizer. The implementation we use is
when(ground(Goal), naf(Goal). The preprocessor can reorder the subgoals of the clause,
that contains the negation in the body, to avoid the delay call. This means that negation
as failure can be used after the subgoals have been reordered.

3.3 Intensional Negation

Intensional negation [1,2], is a novel approach to obtain the program completion by
transforming the original program into a new one that introduces the “only if” part of
the predicate definitions (i.e., interpreting implications as equivalences). It was extended
to CLP in [3]. In both cases, completeness is stated under SLD-∀, an extension of SLD
to cope with universally quantified goals. In [11] we developed a logic programming
definition of universal quantification in such a way that SLD suffices as operational
semantics. However, the evaluation of universally quantified goals is hard to compute.

Formally, the intensional negation consists in including for every p ∈ PSΣ a new
symbol neg(p) such that:

Definition 1 (Intensional Negation of a Program).
Given a program P , its intensional negation is a program P ′ such that for every p in

PSΣ the following holds ∀x. [Comp(P ) |=3 p(x) ⇐⇒ Comp(P ′) |=3 ¬(neg(p)(x))]

The idea of the transformation to be defined below is to obtain a program whose
completion corresponds to the negation of the original program, in particular to a rep-
resentation of the completion where negative literals have been eliminated. We call this
transformation Negate.

Definition 2 (Constructive Intensional Negation of a predicate.).
Letpbe a predicate of a programP and let def P (p) = ∀x. [p(x) ⇐⇒ D]be its completed
definition. The constructive intensional negation of p, Negate(p), is the formula obtained
after the successive application of the following transformation steps:

1. For every completed definition of a predicate p in PSΣ , ∀x. [p(x) ⇐⇒ D], add the
completed definition of its negated predicate, ∀x. [neg p(x) ⇐⇒ ¬D].

2. Move negations to the subgoals that are not constraints using the property of a set
of exhaustive and nonoverlapping first-order formulas (constraints)

3. If negation is applied to an existential quantification, replace ¬∃z.C by ∀z.¬C.
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4. Replace ¬C by its negated normal form2 NNF(¬C).
5. Replace ¬t by f , ¬f by t, for every predicate symbol p, ¬p(t) by neg p(t).

Definition 3 (Constructive Intensional Negation).
For every predicate p in the original program, assuming def P (p) = {p(x) : −Bi(yi ·
zi)[]ci(x · yi)|i ∈ 1 . . .m} a nonoverlapping and exhaustive definition, the following
clauses will be added to the negated program:

– If the set of constraints {∃yi.ci(x.yi)} is not exhaustive,neg p(x) :
−[]
∧m

1 ¬∃yi.ci(x.yi)
– If zj is empty, the clause neg p(x) : −negate rhs(Bj(yj))[]cj(x.yj)
– If zj is not empty, the clauses neg p(x) : −forall(zj ,p j(yj ·zj))[]cj(x.yj)

p j(yj ·zj) : −negate rhs(Bj(yj ·zj))

We can see that negating a clause with free variables introduces “universally quan-
tified” goals by means of a new predicate forall/2 that is discussed in [11] (where the
reader can find soundness and completeness results, and implementation issues). In the
absence of free variables the transformation is trivially correct, as the completion of the
negated predicate corresponds to the negation-free normal form described above. The
main result of the transformation is the following:

Theorem 1. The result of applying the Constructive Intensional Negation transforma-
tion to a (nonoverlapping)3 program P is an intensional negation (see def. 1).

In order to obtain the new clauses of the program, we have to use the preprocessor
to output the transformed program from the input program at compilation time. It is a
simple implementation as we don’t need to modify the execution mechanism.

3.4 Constructive Negation

This technique was proposed by Chan [4,5] and it is widely accepted as the “most
promising” method for handling negation through SLD-CNF resolution. It is based on
the negation of the frontier of the goal (a complete subderivation of the derivation tree
of a goal) that we want to negate.

Stuckey in [20] established the main theoretical results, extending Chan’s approach
to CLP(X ). The results assume a structure A for the constraint system X that must
be admissible and a computation rule R that must be fair consistent. In the case of
Prolog, the structureA is the Herbrand universe (that obviously satisfies the admissibility
conditions).

Definition 4 (Constructive Negation).
If P is a normal program and {G1, ...,Gn} is a frontier for G then cneg is a predicate
that verifies Comp(P ) |=3 cneg(G) ⇐⇒ ¬((∃y1G1)∨ ...∨ (∃ynGn)) where yi is
the set of variables in Gi not in G.

2 The negated normal form of C, is obtained by successive application of the De Morgan laws
until negations only affect atomic subformulas of C.

3 There is a simple transformation to get a nonoverlapping program from any general program.
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The corresponding (adapted) soundness result follows.

Theorem 2 (Soundness of Constructive Negation).
If P is a normal program:

– If G has a totally successful derivation tree then Comp(P ) |=3 ∀G
– If G has a finitely failed derivation tree then Comp(P ) |=3 ¬∃G

A result on the completeness of constructive negation was given by [17] for a very re-
stricted class of programs. [18] and [7] got similar completeness results for the particular
case of the Herbrand Universe. The result here is adapted from [20]

Theorem 3 (Completeness of Constructive Negation).
Let P be a normal program and G a goal.

– If Comp(P ) |=3 ∀G then the derivation tree for G is totally successful.
– If Comp(P ) |=3 ¬∃G then the derivation tree for G is finitely failed.

To our knowledge, the only reported implementation of Constructive Negation was
announced in earlier versions of the Eclipse System, but it has been removed from recent
releases, probably due to some problems related to floundering. By its own nature,
constructive negation is quite inefficient and, at the same time, extremely difficult to
implement. We have recently provided a full Prolog implementation, reported in [12]
which has been included in our system by the predicate cneg(Goal).

Finite constructive negation. There is a variant, finite constructive negation
cnegf(Goal), for goals with a finite number of solutions. It is a limited version of
full constructive negation. While it is easier to understand and implement (see [13] to
find our approach) it is also considerably more efficient than the general technique.
However it can only be used if we know that there is a finite number of solutions of the
positive goal. This can be ascertained by approximations or preprocessor analysis to get
this information statically. The implementation is easier and faster, because the built-in
setof can be used. Formally, it is a particular case of constructive negation where the
frontier of maximum depth is used. The following result establishes this property.

Theorem 4 (Finite Constructive Negation is well defined).
Let P be a normal program and G a goal such that the derivation tree for G has a finite
number of finite branches.

Then, it is possible to use as the frontier in the constructive negation algorithm the
whole derivation.

Therefore, soundness and completeness of finite constructive negation are corollaries
of theorems 2 and 3.
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4 Combining Techniques

This section provides the general framework that we use to define strategies of combina-
tion of negation techniques. From this framework it is possible to define new strategies,
and prove soundness and completeness. In particular, we define the strategy that we have
chosen although our soundness and completeness results are applicable to a wider range
of strategies than the particular one we propose.

4.1 Definitions

We start with a general definition for the use of a particular negation technique, called
TAS (Technique application scheme), including applicability checking, as well as the
new code proposed for evaluation. The formalization covers when the technique is going
to be applied in the form of a test. The arguments include the program, the goal and the
selected negated atom. The result of an application is a new goal (usually by replacing
the selected atom by a goal), with an implicit operational semantics for them. Notice
that it easily describes the techniques we have discussed.

Definition 5 (Technique Application Scheme - TAS). A technique application scheme
(TAS) is a pair (check,change goal) where

– check : N × Goal × Program → Bool is a predicate where the second argument
is a conjunction of n subgoals Goal≡ (B1, ...,Bn), the first argument identifies one
of these subgoals, Bi, (i belongs to {1..n}) that is a negation of the form neg(B)
(Bi ≡ ¬(B)) and the third argument is a program. This predicate imposes a set of
conditions to the goal,

– change goal : N × Goal × Program →Goal is a function that receives (i,G,P )
and modifies the input goal, G, (depending on one of its subgoals, identified by the
first argument, that is a negation of the form ¬(B)).

A TAS establishes (by check) the sufficient condition for using a negation technique
to negate a goal into a program. We apply the technique by generating a new goal
(by change goal) where the negation technique is explicit. It is supposed that newly
introduced goals are computed according to a fixed operational semantics for each case
(technique). The relationship between the goals is established by the name of the goal.

To define interesting TASs, we specify a collection of predicates and functions that
will be used throughout the section.

– Predicate detected ground:
If detected ground(i,(B1, ...,Bi, ...,Bn),P ) holds then for all substitutions σ of
the variables of G≡ (B1, ...,Bn) such that (B1, ...,Bi−1) #SLD,P,σ , it is satisfied
that Biσ is ground4

4 In fact, detected ground just specifies a property to be satisfied by a concrete Boolean function.
In the rest of the section, this is the property we need to prove our results. The concrete
definition of detected ground will depend on the accuracy of the groundness analysis and it
will penalize the efficiency of the implementation, but it does not affect either the soundness
or the completeness of strategies.
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– Function to naf :
to naf(i,(B1, ...,¬(B), ...,Bn),P ) = (B1, ...,Bi−1,naf(B),Bi+1, ...,Bn) and
naf(B) is evaluated by #SLDNF,P

– Function secure to naf :
secure to naf(i,(B1, ...,¬(B), ...,Bn,P ) = (B1, ...,Bi−1,
(ground(B) → naf(B);¬(B)),Bi+1, ...,Bn) and naf(B) is evaluated by
#SLDNF,P

– Predicate true:
This boolean function always returns t, i.e. true(i,G,P ) holds for every i,G,P

Now, we are in a position to define the static application of negation as failure as the

following TAS: static ground≡ (detected ground,to naf)

Let us show a couple of examples of the evaluation of the elements of this TAS.
Suppose that P contains the definition of the well-known predicate member/2 and an-
other predicatep/1. The goaldetected ground(2,(member(X, [1,2]),neg(p(X))),P )
could yield the result true, because the second subgoal of G, in this case neg(p(X)),
will be completely instantiated when it is selected by the SLD selection rule and the
function

to naf(2,(member(X, [1,2]),neg(p(X))),P ) = (member(X, [1,2]),naf(p(X)))

Alternatively, the dynamic application of negation as failure can be modeled using

the following predicate: dynamic ground≡ (true,secure to naf)

To complete the techniques we are using in our work, we define some addi-
tional TASs. Again, some auxiliary predicates and functions are needed. Assume
G≡ (B1, ...,Bi, ...,Bn) is the goal in a program P and Bi ≡ ¬(B),

– Predicate can be ordered:
can be ordered(i,(B1, ...,¬(B), ...,Bn),P ) holds iff there exists a permutation G′

of the subgoals of G (where the subgoal neg(B) of G is placed in the position j of
G′) such that detected ground(j,G′,P ) holds.

– Function reorder:
reorder(i,(B1, ...,¬(B), ...,Bn),P ) = G′′ when
can be ordered(i,(B1, ...,¬(B), ..., Bn),P ) is true with permutation G′,
where j is the position of ¬(B) and G′′ is G′ with the atom naf(B) in the jth
place. Again, naf(B) is evaluated by #SLDNF,P .

– Predicate finiteness:
finiteness(i,G,P ) holds iff there exists a finite positive number of substitutions
σ1, ...σn such that G #SLD,P,σk

, k ∈ {1..n}, any σk can be ε and there is no substi-
tution θ different from all σk such that G #SLD,P,θ.

– Function to cnegf :
to cnegf(i,(B1, ...,¬(Bi), ...,Bn),P ) = (B1, ...,Bi−1, cnegf(Bi),Bi+1, ...,Bn)
and the new subgoal cnegf(Bi) is evaluated by #SLD CNF,P using the maximum
depth frontier selection.
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– Function to intneg:
to intneg(i,(B1, ...,¬(Bi), ...,Bn),P ) = (B1, ...,Bi−1, intneg(Bi),Bi+1, ...,Bn)
where intneg(B) is evaluated by #SLD,Negate(P )

5

– Predicate no forall:
no forall(i,(B1, ...,¬(p(X)), ...,Bn),P ) holds iff there are no free variables in
the completed definition cdefP (p).

– Function to cneg:
to cneg(i,(B1, ...,¬(Bi), ...,Bn),P ) = (B1, ..., cneg(Bi), ...,Bn), where
cneg(B) is evaluated by #SLD CNF,P .

Thanks to these auxiliary definitions, we can provide TAS definitions for all the nega-
tion techniques that we have studied. Furthermore, we claim that many other techniques
can be modeled similarly:

– Atom reordering and negation as failure:

static reordering ≡ (can be ordered,reorder)

– Finite version for constructive negation:

finite cneg ≡ (finiteness, to cnegf)

– Intensional negation: unconditional intneg ≡ (true, to intneg)

– Intensional negation when there are no free variables:

no forall intneg ≡ (no forall, to intneg)

– General constructive negation: unconditional cneg ≡ (true, to cneg)

– Just to give an example of a correct TAS, which will not be useful, we can define

unconditional naf ≡ (true, to naf)

The characterization of TASs that can be used in a strategy definition is an interesting
task. The following definition indicates the conditions that the (check,change goal)
must satisfy.

Definition 6 (Admissible TAS).
We say that a TAS is admissible when the operational semantics associated with the
modified goal by change goal is sound and complete with respect to the conditions
imposed by check.

Now, we can check the admissibility property of the previously defined techniques:

Proposition 1. The TASs static ground, dynamic ground, static reordering,
finite cneg, unconditional intneg, no forall intneg and unconditional cneg are
admissible.

5 Note the abuse of the notation, where we use intneg(p(X)) with the meaning of intneg(p)(X)
(or neg p(X))
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Proof. It comes from the respective soundness and completeness results of the opera-
tional semantics associated with each modified goal (corollary 1, theorems 1 .. 3).

– static ground, dynamic ground and static reordering are complete and sound
from corollary 1.

– finite cneg is complete and sound (see section 3.4),
– unconditional intneg is complete and sound from theorem 1,
– no forall intneg is complete and sound from theorem 1 with SLD (without uni-

versal quantifications),
– unconditional cneg is complete and sound from theorems 2 and 3.

It is easy to see that the TAS unconditional naf is not admissible.

The previous TASs are not the only ones that are admissible, and the definition can
cover other techniques that we have not considered in our work (i.e. dynamic finite
constructive negation, Drabent’s approach, etc.).

An admissible TAS by itself only defines the applicability of a technique. However,
we are interested in strategies, i.e. the combination of several TASs. More properly, a
strategy is the sequential application of several TASs as stated in the following definition:

Definition 7 (Strategy (ST)).
A strategy (ST) is a sequence of technique application schemes.

The definition allows for several different strategies. Let us enumerate some of them:

– Try naf and then constructive negation:

naf then cneg st≡ 〈static ground,dynamic ground,unconditional cneg〉
– Pure general constructive negation:

cneg st≡ 〈unconditional cneg〉
– Pure intensional negation:

intneg st≡ 〈unconditional intneg〉
– Try naf and then intensional negation:

naf then intneg st≡ 〈static ground, unconditional intneg〉
– Of course, we can define useless strategies:

nonsense st≡ 〈unconditional intneg〉
– The main strategy we are proposing thorough our work is as follows

MM st≡ 〈 static ground,
static reordering,
no forall intneg,
finite cneg,
unconditional cneg〉
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A strategy defines the way to compute a goal. More formally, a strategy establishes
a concrete operational semantics for a Prolog program and goal, possibly including
negated atoms:

Definition 8 (Operational semantics induced by a strategy.).
Operational semantics #ST induced by an strategy is defined as follows: Let P be a
program, G≡B1, ...,Bi, ...,Bn be a goal and Bi the subgoal selected by the selection
rule.

– If Bi �= ¬(B) and G #SLD,P,σ G′ then G #STP,σ G′.
– Otherwise, when Bi = ¬(B′) , let ST = 〈tas1, ..., tasj , ..., tasn〉,

tasj ≡ (checkj , change goalj) such that:

• checkk(i,G,P ), k < j are false,
• checkj(i,G,P ) is true,
• #O,P ′ is the operational semantics associated with the modified goal (where
O will be SLDNF, SLD CNF or SLD and P ′ = P , except when intensional
negation that P ′ = Negate(P ) is used),

• G† = change goalj(i,G,P ) is the modified goal and there exists a substitution
σ such that G† #∗O,P ′,σ G′

then G #STP,σ G′.

The operational semantics induced by a strategy mimics the way the system can be
implemented. Furthermore, it is the basis for the formal results. As above, we need to
characterize the strategies that are candidates to be used in practice. We also call them
admissible:

Definition 9 (Admissible ST).
A strategy ST = 〈tas1, ..., tasn〉 is admissible if

– each tasi, i ∈ {1..n}, is admissible,
– tasn ≡ (true,change goal), and
– the operational semantics associated with the modified goal by change goal is

unconditionally sound and complete.

It is easy to check that all the interesting strategies described above are admissible
strategies:

Proposition 2. The STs naf then cneg st, cneg st, intneg st, naf then intneg st
and MM st are admissible.

Proof. The result comes form proposition 1 and soundness and completeness of inten-
sional negation (theorem 1) and constructuve negation (theorems 2 and 3).



Soundness and Completeness of an “Efficient” Negation for Prolog 291

4.2 Soundness and Completeness Results

Now we can proceed with the main formal results of the paper. First of all we prove that
the admissible strategies are exactly the strategies that can be used in practice, i.e. they
are sound and complete.

Theorem 5 (Soundness of #STP,σ).
The operational semantics of #STP,σ when ST is an admissible strategy is sound:

G #STP,σ G′ implies Comp(P ) |=3 (G′→G)σ.

Proof. It can be deduced form the soundness results of every different technique. When
#STP,σ performs a SLD step, the result is obvious because G #∗P,σ G′ implies P |= (G′→
G)σ, which implies Comp(P ) |=3 (G′→G)σ.

If G #STP,σ G′, G ≡ B1, ...,Bi, ...,Bn, ST = 〈tas1, ..., tasj , ..., tasn〉 an admissible
strategy for all i ∈ {1..m} there exists a TAS tasj ∈ ST , such that, all checkk(i,G,P ),
k < j are false, checkj(i,G,P ) is true and change goalj(i,G,P ) = G†. Now G† is
reduce by #STP,σ to G′ By definition 6 the step is sound with respect the condition of
checkj that is true, so Comp(P ) |=3 (G′→G)σ.

Now we are in a position to prove the general result:

Theorem 6 (Soundness of an admissible strategy).
An admissible strategy ST is sound:

G #∗ STP,σ then Comp(P ) |=3 Gσ.

Proof. We can proceed by induction on the number of #ST steps and the previous
theorem.

The completeness theorem relies again on the admissibility of the strategy that pro-
vides the adequate completeness results:

Theorem 7 (Completeness of an admissible strategy).
An admissible strategy ST is complete:

– Comp(P ) |=3 ∀G, then the derivation tree under #STP,σ is totally successfull.

– Comp(P ) |=3 ¬∃G, then the derivation tree under #STP,σ finitely fails.

Proof. If Comp(P ) |=3 ∀G, G ≡ B1, ...,Bi, ...,Bn, ST = 〈tas1, ..., tasj , ..., tasn〉 an
admissible strategy then for all i ∈ {1..m} there exists a TAS tasj ∈ ST , such that, all
checkk(i,G,P ), k < j are false, checkj(i,G,P ) is true, change goalj(i,G,P ) = G†

and O is the operational semantics associated with G†.
By definition 6, G† is complete with respect the condition of checkj that is true, so

there exists a substitution σ such that G #O,P,σ and by definition 8 G #STP,σ .
Similarly, the second case can be proved.
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As a corollary of the previous result we can establish the soundness and completeness
of our strategy.

Corollary 2 (Soundness and Completeness of our strategy).
MM st is sound and complete.

Proof. Obvious from theorems 6 and 7 and proposition 2.

5 Conclusion and Future Work

As we have discussed, up to now it is not possible to find a negation technique for
Prolog that is efficient, sound and complete at the same time. Some approaches (such as
naf) are very efficient and simple to implement but incomplete. Other approaches are
complete and sound but with an implementation so complicated that the efficiency of the
program turns out unacceptable for simple uses, present in many programs. Furthermore,
it is difficult to find papers reporting concrete implementations of negation. Therefore,
to overcome these problems we propose the combination of techniques to open new
possibilities on negation implementation in Prolog.

Let us briely explain, the quotes on the word “efficient” in the title. Talking about
efficiency, when we are dealing with negation techniques, is relative. Indeed, when
working with negation as failure, any technique must check that “all” branches of the
search space are failing and, so on, the complexity of the process is exponential in
all the mentioned techniques. The variation from one technique to the other is: i) the
order of traversing the resolution tree (depth first in naf, finite constructive negation,
or breath first in constructive negation), ii) what to do with tree nodes (nothing in the
case of naf, collecting substitutions in the case of constructive negation), and iii) how
the tree is constructed (a part of it is “constructed in the code” for intensional negation).
Therefore, the difference from one technique to another is in the coefficient that is applied
to the exponential function. As we work in this exponential terms, execution time can
be sometimes impracticable. So the concern for improving efficiency of the negation is
pretty important.

Based on experimental results, we define our pragmatical strategy that performs rea-
sonable well (see [14] where execution times are reported). However, we only provided
an intuitive approach for correctness. Nevertheless, a more formal approach proving
soundness and completeness results was needed in order to ensure the appropiate be-
haviour of the running system. Furthermore, as the strategy can be modified, improved,
or enlarged with other methods for efficiency reasons, we needed a more general frame-
work for reasoning about soundness and completeness properties of every concrete
combination of techniques. These are the main contributions of the paper.

The ideas we have shown can be applied to other semantics and we plan to develop
future work in well-founded semantics. We are also studing other negation techniques
(as the one of Drabent [7]) and it is our intention to get implementations of negation
algorithms and with them design comparison of different strategies we can select the
strategy with the best efficiency results. Our framework will provide correctness results
for free.
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Abstract. In this work we reconsider the replacement of predicate-like
notation by functional terms, using a similar syntax to Functional Logic
Programming, but under a completely different semantic perspective.
Our starting point comes from the use of logic programs for Knowledge
Representation and Nonmonotonic Reasoning, especially under three
well-known semantics for default negation: Clark’s completion, stable
models and well-founded semantics. The motivation for introducing func-
tions in this setting arises from the frequent occurrence of functional de-
pendences in the representation of many domains. The use of functions
allows us to avoid explicit axiomatization and provides a more compact
representation by nesting functional terms. From a representational point
of view, the most interesting introduced feature is the possibility of re-
placing default negation by the concept of default value of a function. In
the paper, we explore this idea of functions with default values, provid-
ing adapted versions of the three mentioned semantics for the functional
case, and equivalent translations into logic programs.

1 Introduction

One of the uses of Logic Programming (LP) that is probably attracting more
research interest is its application for practical knowledge representation, and
particularly, for solving problems related to the area of Nonmonotonic Reasoning
(NMR). This application became possible thanks to the availability of several
semantics for LP (like Clark’s completion [1], stable models [3] or well-founded
semantics [11]) that allowed ignoring the operational aspects of Prolog, focusing
instead on the use of default negation as a declarative tool for NMR. As a
consequence of this application, a considerable number of extensions of the LP
paradigm have emerged to cope with different knowledge representation issues.

In this work we consider one more possible extension of the LP paradigm
consisting in the use of functions instead of relation symbols, with a syntax much
in the style of the field of Functional Logic Programming [5] (FLP) but under a
more semantic perspective, stressing its use for default reasoning. In this way, for
instance, rather than being concerned on the operational behavior of unification
in FLP (usually related to the rewriting technique of narrowing [9]) we will omit
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the use of functors (like the list constructors) from the very beginning, so that
we handle a finite Herbrand base.

When representing many domains in NMR we face the typical situation where
some relational symbol, for instance father(x, y) actually represents a function
father(x) = y. In this case, the program must be extended with several rules
for explicitly asserting the uniqueness of value y in father(x, y). Functions avoid
this explicit axiomatization and, thanks to the possibility of nesting functional
terms, allow removing a considerable number of unnecessary variables. Apart
from a more comfortable representation, the most important feature we consider
in this paper is perhaps the generalization of default negation to the notion of
default value of each function. This concept is described under the three above-
mentioned semantics.

The paper is organized as follows. Section 2 contains a brief review of LP
definitions, in order to make the paper self-contained. In the next section, we
begin considering ground functional logic programs, where we handle 0-ary func-
tions with default values and we describe the three adapted semantics, providing
their translations into standard LP too. After that, we comment on some aspects
about expressiveness, showing that functional logic programs generalize normal
and extended logic programming. The next section briefly describes non-ground
programs with nested functions. Finally, Section 6 outlines some connections to
related work and contains the conclusions of the paper.

2 Review of Logic Programming

Given a finite set of atoms H called the Herbrand Base, we define a program
literal as an atom p ∈ H or its default negation not p (being the latter also
called default literal). By normal logic program (or just program for short) we
mean a set of rules like:

H ← B1, . . . , Bn

where H is an atom called the head of the rule, and the B′is are program literals.
We will write B as an abbreviation of B1, . . . , Bn and call it the body of the rule.
We will also allow a special atom ⊥ �∈ H as rule head, standing for inconsistency
and used for rejecting undesired models. When n = 0 we say that the rule is a
fact and directly write H, omitting the arrow. A program P is said to be positive
iff it contains no default negation.

A propositional interpretation I is any subset of H. We use symbol |= to
represent classical propositional satisfaction, provided that ←, comma and not
are understood as classical implication, conjunction and negation, respectively.
Using this reading, the concept of (classical) model of a program is defined in the
usual way. We also define the direct consequences operator TP on interpretations,
as follows: TP (I) def= {H | (H ← B) ∈ P and I |= B}. A well-known result [10]
establishes that any positive program P has a least model, we will denote as
least(P ). Furthermore, for positive programs, TP is monotonic and its least
fixpoint (computable by iteration on ∅) coincides with least(P ).
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A supported model I of a program P is any fixpoint of TP , that is, any
I = TP (I). Supported models can also be computed as classical models of a
propositional theory called Clark’s completion [1] which can be easily obtained
from P (we omit its description for brevity sake).

The reduct of a program P with respect to interpretation I, written P I

corresponds to: (1) removing from P all rules with a program literal not p such
that p ∈ I; and (2) removing all the default negated literals from the remaining
rules. Therefore, P I is a positive program and has a least model least(P I). We
represent this model as ΓP (I) or simply Γ (I) when there is no ambiguity. A stable
model I of a program P is any fixpoint of Γ , that is: I = Γ (I). Furthermore,
operator Γ 2 (i.e., Γ applied twice) is monotonic and has a greatest and a least
fixpoint, gfp(Γ 2) and lfp(Γ 2) respectively. The well-founded model (WFM) of a
program P is a pair of interpretations (I, J) where I = lfp(Γ 2) and J = gfp(Γ 2).
As I ⊆ J , we can see the WFM as a three-valued interpretation where atoms in
I are true (or founded), atoms in J − I undefined, and atoms not in J are false
(or unfounded).

We will also consider Extended Logic Programming (ELP), that is, programs
dealing with explicit negation ‘¬’. For simplicity sake, however, we understand
ELP as a particular case of normal programs where the Herbrand Base contains
an atom “¬p” per each atom p without explicit negation. Given an atom A ∈ H,
we write A to denote its complementary atom, that is p = ¬p and ¬p = p.
Under this setting, an interpretation I is said to be consistent iff it contains no
pair of atoms p and ¬p. Consistent stable models for ELP receive the name of
answer sets.

In the case of WFS for ELP, some counterintuitive results have led to the need
for a variation called WFSX (WFS with eXplicit negation) [8]. This semantics
guarantees the so-called coherence principle: if an atom A ∈ H is founded in the
WFM, its complementary atom A must be unfounded. In other words, explicit
negation ¬p must imply default negation not p. The definition of WFSX relies
on the idea of seminormal programs. For any ELP rule r = (H ← B), its
seminormal version rs is defined as (H ← B,not H). Similarly, given program P ,
its seminormal version Ps consists of a rule rs per each rule r in P . We write Γs(I)
to stand for least(P Is ), and say that Γs is not defined for an inconsistent I. When
defined, operator ΓΓs is monotonic. The WFM of a program P (under WFSX) is
a pair of interpretations (I, J) such that I = lfp(ΓΓs) and J = Γs(I), provided
that lfp(ΓΓs) is defined (otherwise, the program is said to be inconsistent). It
has been shown [8] that the WFM under WFSX satisfies the coherence principle.

3 Functional Logic Programs

For describing the syntax of Functional Logic Programs, we begin considering
a finite set of ground terms F , that we can consider as 0-ary function names,
together with a finite set of constant values V. We will use letters f, g, . . . to
stand for elements of F and v, w, . . . for constant values. The definition of each
function f ∈ F is a sentence like:

f : R [= d]
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where R ⊆ V is called the range of f , and the declaration ‘= d’ is optional,
representing a default value d ∈ R. We will use the notation, range(f) = R
and, when defined, default(f) = d. As usual, range boolean stands for the set
{true, false}. A functional literal (F-literal for short) is any expression like
f =v, satisfying v ∈ range(f). For simplicity sake, when range(f) = boolean we
may omit the ‘= v’ and use a standard logical literal instead, so that:

f
def= f =true ¬f def= f =false

A functional logic program (F-program for short) is a finite set of rules like:

H ← B1, . . . , Bn

where H and all the B′is are now F-literals. Again, H is called the head and can
also be the special symbol ⊥ that denotes inconsistency, whereas B1, . . . , Bm
are the body, which will be abbreviated as B. When convenient, B can also be
seen as a set of F-literals. In order to describe the correspondence with normal
logic programs, we will always bear in mind the translation of each F-literal
L with shape f = v into a ground atom L′ of shape holds(f, v). We generalize
the use of the prime operator for any construction (expressions, rules, sets, etc)
having the expected meaning: it replaces each occurring F-literal L by atom
L′. A first important observation in this sense is that given the F-program P ,
the corresponding normal program P ′ is positive (that is, it contains no default
negation).

3.1 Semantics: Stable and Supported Models

An F-interpretation I is defined as a (possibly partial) function I : F → V
where I(f) can be undefined only if f has no default value and, otherwise,
I(f) ∈ range(f). We alternatively represent an F-interpretation as a consistent
set of F-literals, where by consistent we mean containing no pair of literals f =v
and f =w with v �= w, or the symbol ⊥. A useful definition is the idea of default
portion of an F-interpretation I:

default(I) def= {(f =d) ∈ I | d = default(f)}

that is, the F-literals in I that correspond to assignments of default values.
An F-interpretation I satisfies a rule H ← B iff H ∈ I whenever B ⊆ I. An

F-model of an F-program P is any F-interpretation I satisfying all the rules of
P . An F-program P is said to be consistent iff it has some model.

As we did with TP for normal logic programs, we can easily define an analo-
gous direct consequences operator, tP (I), for F-programs as follows:

tP (I) = {H | (H ← B) ∈ P and B ⊆ I}

Note that tP (I) is just a set of F-literals which could be inconsistent or par-
tial, even for functions with default values. In this way, we actually have the
straightforward correspondence: TP ′(I ′) = (tP (I))′. Therefore, TP properties
are also applicable for tP :
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Proposition 1. Any (consistent) F-program P has a least F-model, written
F-least(P ).

In the same way, for any program P , operator tP is monotonic and has a
least fixpoint which can be computed by iteration on the least set of F-literals
∅. Again, by adapting TP results, we get:

Proposition 2. If F-program P is consistent, its least F-model corresponds to
the least fixpoint of tP .

Now, we can extend the idea of stable and supported models for F-programs.

Definition 1 (Functional supported model). A functional supported model
of an F-program P is any F-interpretation I satisfying: I = tP (I) ∪ default(I).

Definition 2 (Functional stable model). A functional stable model of a
program P is any F-interpretation I satisfying I = γ(I), where:
γ(I) def= F-least(P ∪ default(I))

3.2 Translation into Normal Logic Programs

When we interpret the previous definitions for stable and supported models of
F-programs, it is interesting to note that, in both cases, we deal with a positive
program that is “completed” somehow with the default information in I. We will
see that this effect can be captured inside normal logic programs by the addition
of the axiom rule schemata:

⊥ ← holds(f, v), holds(f, w) (1)
holds(f, d) ← not holds(f, v1), . . . ,not holds(f, vn) (2)

for all function f , values v, w ∈ range(f) with v �= w, and d = default(f),
{v1, . . . , vn} = range(f) − {d}. Axiom (1) simply gets rid of models where a
function takes two different values. Axiom (2) allows assuming the default value d
for any function f , whenever the function does not take any of the rest of possible
values. Any propositional interpretation I ′ that classically satisfies (1) and (2)
can be seen as an F-interpretation I, since it will not contain an inconsistent pair
of literals (due to (1)) and will not be partial for functions with default value
(due to (2)). This is important because, since any stable (or supported) model
is also a classical model of P ′, axioms (1) and (2) will guarantee that it has an
associated F-interpretation.

Theorem 1. An F-interpretation I is a functional supported model of P iff I ′

is a supported model of P ∗ = P ′ ∪ (1) ∪ (2).

Proof. First, note that TP∗(I ′) contains TP ′(I ′), which corresponds to the trans-
lation of tP (I), as we had seen. The remaining atoms in TP∗(I ′) come from those
heads of axioms (1) and (2) for the cases in which their body is true in I ′. Clearly,
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by consistence of I as an F-interpretation, the body of (1) cannot be true in I ′.
As for (2), we must collect the set of holds(f, d) for which no other value for f
is included in I ′. As I ′ cannot be partial for f , this is equivalent to collect all
the holds(f, d) such that holds(f, d) ∈ I ′. But this is exactly the translation into
atoms of the set default(I). ��

The proof suggests that, for the case of supported models, we can replace
axiom (2) by the simpler expression:

holds(f, d) ← holds(f, d) (3)

For the case of stable models, we first prove that there exists a one-to-one
correspondence between operators γ for F-program P and Γ for P ∗.

Theorem 2. Let I, J be a pair of sets of F-literals and P an F-program. Then
J = γ(I) for P iff J ′ = Γ (I ′) for P ∗.

Proof. As a proof sketch, we outline a quite obvious correspondence between
the reduct (P ∗)I

′
and the F-program P ∪ default(I). Consider rule (2) for each

function f with default(f) = d. If holds(f, d) �∈ I ′, since I ′ is not partial for f ,
there must exist some holds(f, vi) ∈ I ′ with vi �= d, and so, the whole rule (2) will
be deleted when computing the reduct. On the other hand, if holds(f, d) ∈ I ′,
since I ′ is consistent, no other different holds(f, vi) belongs to I, and so we can
delete all the default literals in (2), what simply amounts to the fact holds(f, d)
in the reduct. As a result, the reduct (P ∗)I

′
is exactly the same program than

(P ∪ default(I))′ ∪ (1). Finally, note that computing the least model of (P ∗)I
′
is

completely analogous to computing the least functional model of P ∪ default(I)
(for instance, using the direct consequences operator in both cases), where axiom
(1) just rules out inconsistent results in the logic program. ��

Corollary 1. An F-interpretation I is a functional stable model of P iff I ′ is a
stable model of P ∗.

3.3 Well-Founded Semantics

The third type of semantics we will consider is the generalization of WFS for
the case of F-programs. As we saw in Section 2, the main difference of WFS
with respect to the two previous semantics is that, instead of considering mul-
tiple models for a program, we get a single model which may leave some atoms
undefined. When we move to the functional case, the well-founded model would
now have the shape of a pair of sets of F-literals (I, J), I ⊆ J . This means, in
principle, that each F-literal f = v could be founded, unfounded or undefined
regardless the rest of values for function f . However, it is clear that, as happened
with WFS for ELP, we must impose the restriction of consistency1 for the set of
founded literals I.
1 Note that, on the other hand, the possibility of an “inconsistent” set of non-

unfounded literals J must be allowed, since we could simultaneously have different
undefined values for a same function.
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Since ELP can be seen as a particular case of F-programs (where all ranges are
fixed to boolean), it is easy to find similar examples of possible counterintuitive
behavior due to the non-satisfaction of the coherence principle. For instance,
assume we try to define WFS for any F-program P by correspondence with the
standard WFS for P ∗.

Example 1. Let P1 be the F-program {(a ← ¬a), (b ← a), (c ← b),¬b} where
a, b, c : boolean = false.

The WFM of P ∗1 leaves both values of a undefined due to cycle (a ← not a)
and, as a consequence, this undefinedness is propagated to literals b = true
and c = true through rules (b ← a) and (c ← b). This result, however, seems
counterintuitive in the presence of fact ¬b which makes b= false founded. As
a result, we should expect that condition of rule (c ← b) became unfounded,
leaving c false by default.

The generalization of Alferes and Pereira’s coherence principle for the case
of arbitrary function ranges would be:

Definition 3 (Coherence). A pair (I, J) of sets of literals with I ⊆ J and I
consistent is said to be coherent iff for each (f =v) ∈ I, we have that (f =w) �∈ J
for all w ∈ range(f) − {v}.

In other words, a coherent pair (I, J) satisfies that, if a function value is
founded, then the rest of values for that function are unfounded. As shown with
Example 1, using the WFM of P ∗ as a guide for defining a functional WFS is
not adequate for dealing with coherence. Instead, we could think about using a
translation of P into ELP interpreted under WFSX.

Definition 4. Given F-program P we define the extended logic program P e as
the set of rules in P ′ together with the axiom rule schemata:

¬holds(f, v) ← holds(f, w) (4)
holds(f, d) ← not ¬holds(f, d) (5)

where v, w ∈ range(f) with v �= w, and d = default(f).

That is, P e corresponds to P ∗ where axioms (1) and (2) are now replaced by (4)
and (5). It is not difficult to see that these two new axioms are an alternative
way of representing (2), provided that (1) is not needed when we deal with ex-
plicit negation. An important remark at this point is that program P e actually
handles an extended Herbrand Base H, containing atoms of shape holds(f, v)
or ¬holds(f, v). Therefore, when translating an F-interpretation I into a propo-
sitional interpretation, we must also describe the truth values for atoms like
¬holds(f, v). Although this information is not explicitly included in I ′, axiom
(4) allows us to consider it as implicit in the following way. For all function f
and value v: ¬holds(f, v) ∈ I ′ iff exists some holds(f, w) ∈ I ′ with w �= v.

Bearing in mind this new translation, we proceed now to define the adapted
WFS for the functional case. For any F-program P and any consistent set of
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literals I, the program Ps(I) (the s stands for “seminormal,” by analogy with
WFSX) is defined as follows:

Ps(I)
def= {(f =v ← B) ∈ P | such that no f =w ∈ I, with v �= w}

that is, we get those rules of P where the head literal is not contradictory with
respect to another literal in I. We write γs to stand for γ with respect to program
Ps(I), that is: γs(I)

def= least(Ps(I) ∪ default(I)). As the definition of Ps(I)
requires I to be consistent, γs is not defined for an inconsistent I. The following
result relating operators γs and Γs will allow us to inherit properties from WFSX
for the case of F-programs:

Theorem 3. Let I, J be a pair of sets of F-literals (with I consistent) and P
an F-program. Then J = γs(I) for P iff J ′ = Γs(I ′) for P e.

Proof. The seminormal program P es contains a rule r′s:

holds(f, v) ← B′,not ¬holds(f, v) (6)

per each rule r = (f = v ← B) in P , plus the seminormal version of rule
schemata (4):

¬holds(f, v) ← holds(f, w),not holds(f, v) (7)

and rule schemata (5) (which is already, in fact, a seminormal rule). Now note
that the reduct (P es )I

′
will contain a rule holds(f, v) ← B′ per each r′s satisfying

¬holds(f, v) �∈ I ′. As we saw for explicitly negated atoms in I ′, this means that
there is no other w �= v such that holds(f, w) ∈ I ′. So, we take rules whose head
is consistent in I ′, what corresponds exactly to Ps(I) in the functional case. ��

Consider now the composed operator γγs. The last theorem, together with
Theorem 2, allows us to import the next property from operator ΓΓs:

Corollary 2. When defined, operator γγs is monotonic.

Thus, we can compute a least fixpoint of γγs, written lfp(γγs), by iteration on
the least consistent set of literals ∅, provided that this iteration keeps consistence
in each step.

Definition 5 (Functional Well-Founded Model). For any F-program P , if
lfp(γγs) is defined, then the well-founded model (WFM) of P is a pair of sets
of F-literals (I, J) where: I def= lfp(γγs) and J

def= γs(I). When lfp(γγs) is not
defined, we say that P is inconsistent.

As this definition is completely analogous to the WFM under WFSX, Theo-
rem 3 also allows us to derive the following results:

Corollary 3. The pair (I, J) is the WFM of a program P iff (I ′, J ′) is the WFM
of P e under WFSX.

Corollary 4. The WFM (I, J) of a F-program P is coherent.
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4 Expressiveness of Functional Programs

The correspondence in the shape of F-programs with positive logic programs may
incorrectly lead us to think that the expressive power of the current proposal
is lower than full logic programming with default negation. In this section we
show that this impression is wrong – the use of default values constitutes an
alternative to default negation. To this aim, we show now how to make the
converse translation, that is, from a normal logic program to an F-program.
Assume we have a (ground) normal logic program P with Herbrand Base H.
We can define its corresponding F-program PF by declaring each ground atom
p ∈ H as a 0-ary boolean function p : boolean = false, (i.e., false by default) and
replacing each default literal (not p) in P by the F-literal ¬p (that is, p=false).

Theorem 4. An interpretation I is a supported (resp. stable) model of a nor-
mal logic program P iff the F-interpretation IF = {p = true | p ∈ I} ∪ {p =
false | p ∈ H − I} is a functional supported (resp. stable) model of the corre-
sponding F-program PF .

Proof. For supported models, first note that I |= B for any rule body B of P iff
BF ⊆ IF for the corresponding body BF in PF . As a result

p ∈ TP (I) iff (p = true) ∈ tPF
(IF ) (8)

Now, for the left to right direction, assume that IF is a functional supported
model of PF . Then, by (8) and construction of IF it is clear that I is supported
model of P . For the other direction, assume that I is a supported model of P .
This means that p ∈ I iff p ∈ TP (I) and thus, by (8) and construction of IF ,
(p = true) ∈ IF iff (p = true) ∈ tPF

(IF ). On the other hand, if (p = false) ∈
IF then (p = false) ∈ default(IF ). As no false value is in the head of PF , we
get that tPF

(IF ) ∪ default(IF ) = IF .
For the case of stable models, we just provide a proof sketch. It is not difficult

to see that, informally speaking, the addition of facts in default(IF ) to PF yields
the same effects than the program modulo P I : in other words, F-programs PF ∪
default(IF ) and P IF are equivalent. As a result: p ∈ Γ (I) iff (p = true) ∈ γ(IF ).
The rest of the proof is straightforward. ��
Notice how, under this translation, explicit negation behaves as default negation
when we have default value false. In the case of extended logic programs, the
translation is slightly more complicated, since we need handling simultaneously
default and explicit negation for each symbol p. This can be accomplished by the
inclusion of extra atoms for representing default negation. Given an extended
logic program P , we define the corresponding F-program Pk as follows:

1. we declare all atoms p ∈ H as p : boolean (i.e., without default value),
2. we add a new special function know : H× boolean −→ boolean = false,
3. we add the rule schemata:(know(p, true) ← p), (know(p, false) ← ¬p),
4. and, finally, for any p ∈ H, we make the following replacements for extended

default literals:

not p
def= ¬know(p, true) not ¬p def= ¬know(p, false)
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Function know(p, v) is used to assert that we know that atom p takes value
v ∈ {true, false}. Note that know(p, v) is false by default, and so, the literal
¬know(p, v) will work as default negation. Given a propositional interpretation
I, let Ik denote the set of F-literals:{

(know(p, true) = true) | p ∈ I
}
∪
{
know(p, false) = true | p ∈ I

}
∪
{
(know(p, true) = false) | p �∈ I

}
∪
{
know(p, false) = false | p �∈ I

}
Conjecture 1. A pair of interpretations (I, J), with I ⊆ J , are the WFM of an
extended logic program P under WFSX iff the pair of F-interpretations (Ik, Jk)
are the WFM of the F-program Pk. ��

5 Non-ground Programs and Nested Functions

When we consider the use of variables, we will naturally require function arities
greater than zero. Although, in principle, the same function name and arity
could be used for an arbitrary set of ground functional terms, it will usually be
more convenient to define a function domain, that specifies the types of all the
possible arguments. The definition of a function is now a sentence like:

f : D1 ×D2 × · · · ×Dn −→ R [= d]

where the new D1 × D2 × · · · × Dn, with n ≥ 0, is called the domain of f ,
written domain(f), and being each Di a finite set of constant values. Under
this extension, a (ground) literal would simply have the shape f(ŵ) = v where
v ∈ range(f) and ŵ is a tuple of values ŵ ∈ domain(f).

Consider the following program P2 with the function definitions:

sex : person −→ {male, female}
parent : person × person −→ boolean = false

offspring : person × person −→ boolean = false

father, mother, grandpa, grandma : person −→ person
likes : person × person ∪ object −→ boolean

nationality : person −→ {fr, es, pt, at, uk, . . . } = pt

birth : person −→ [1900, 2100]
older : person × person −→ boolean

for some finite ranges person, object, and the set of rules (we omit the irrelevant
facts database):

father(X)=Y ← parent(Y,X), sex(Y )=male (9)
mother(X)=Y ← parent(Y,X), sex(Y )=female (10)
offspring(X,Y ) ← parent(X,Y ) (11)
offspring(X,Y ) ← parent(X,Z), Z �= Y, offspring(Z, Y ) (12)
grandpa(X,Y ) ← parent(Z, Y ), father(Z)=X (13)
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likes(X,Y ) ← mother(X)=Y (14)
¬likes(X,Y ) ← mother(X)=M,mother(Y )=M,

father(X)=F, father(Y )=G,

nationality(A)=R,nationality(Y )=S,R �= S (15)
older(X,Y ) ← birth(X)=A, birth(Y )=B,A < B (16)
older(X,Y ) ← offspring(X,Y ) (17)

⊥ ← older(X,Y ), older(Y,X), X �= Y (18)

Notice how boolean function parent has been declared false by default in
order to avoid specifying those pairs of persons for which one is not parent of
the other (what actually constitute most of the possible combinations). On the
other hand, likes is unknown by default, since in some cases we know it is true,
in some cases we know it is false, but in most cases we just do not have any
information. For instance, rule (14) says that any person likes his/her mother,
whereas rule (15) says that X dislikes Y if they have the same mother, but their
fathers are of different nationality. Using a default Portuguese nationality (pt)
can be useful when dealing with inhabitants of Lisbon, for instance. Relation
older is partial, since it may be the case that we ignore the birth date of some
ancestors.

As for the rules shape, variables are understood as abbreviations of all pos-
sible values and, as it can be observed, we allow arbitrary expressions relating
variables (with arithmetic and relational operators) so that they describe the
final combinations that generate a ground instance.

For simplicity sake, until now we have restricted the study to 0-ary functions,
what has just meant a slight change in the shape of program literals. However,
one of the most interesting advantages of functional terms is the possibility
of constructing nested expressions. Consider, for instance, rule (13). Clearly,
variable X is exclusively used for representing the value of father(Z). Thus, it
seems natural to replace this auxiliary variable by the functional term father(Z),
writing instead:

grandpa(father(Z), Y ) ← parent(Z, Y )

Similar steps could be applied to rules (14) and (16), respectively leading to:

likes(X,mother(X))
older(X,Y ) ← birth(X) < birth(Y )

However, the most interesting example would be rule (15) where we can save
many unnecessary variables:

¬likes(X,Y ) ← mother(X) = mother(Y ),
nationality(father(X)) �= nationality(father(Y )) (19)

Allowing this nested use of functions does not introduce any special difficulty,
since a nested rule can always be easily unfolded back into the non-nested version
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by a successive introduction auxiliary variables2. Instead, without entering into
a more formal description, consider for instance the unfolding of a rule like (19).
We can go replacing each inner subexpression by a fresh variable, generating the
sequence of transformations:

¬likes(X,Y ) ← mother(X) = mother(Y ),
nationality(father(X)) �= nationality(father(Y ))

¬likes(X,Y ) ← V1 = V2,

nationality(father(X)) �= nationality(father(Y )),
mother(X)=V1,mother(Y )=V2

¬likes(X,Y ) ← V1 = V2,

nationality(V3) �= nationality(V4)
mother(X)=V1,mother(Y )=V2,

father(X)=V3, father(Y )=V4

¬likes(X,Y ) ← V1 = V2,

V5 �= V6,

mother(X)=V1,mother(Y )=V2,

father(X)=V3, father(Y )=V4

nationality(V3)=V5,nationality(V4)=V6

that ends up with a rule equivalent to (15).

6 Conclusion and Related Work

We have presented an extension of logic programs with functional terms for their
use in Knowledge Representation and Nonmonotonic Reasoning. This extension
provides a common framework for default reasoning with functions, declaring the
concept of default values of functions under three different semantics adapted
from Clark’s completion, stable models and WFS.

There exist many connections to related work that deserve to be formally
studied in future work. The closer approach inside Nonmonotonic Reasoning is
probably the formalism of Causal Theories [4] inspired by the causal logic in [6].
Our description of the supported models semantics for functional programs has
a close relation to the idea of causally explained models previously introduced in
that approach3. Furthermore, the use of multi-valued symbols does not suppose
a real novelty in Causal Theories and, in fact, the definition of default values is
something usually done by the addition of expressions like rule (3). The only part
2 Another alternative would also be to describe the semantics taking into account

these nested expressions from the very beginning, but we have preferred a more
incremental presentation in this paper.

3 As pointed out by a referee, causally explained models are more restrictive in the
sense that they are always total, that is, for any atom p, either literal p or literal ¬p
belongs to the model.
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of our proposal (for supported models) that would mean a real contribution in
this sense is the possibility of nesting functional terms as described in Section 5,
which is directly applicable to Causal Theories too.

As for the relation to Functional LP, much work remain to be done yet. For
instance, the use of default rules for FLP has already been studied in [7], although
mostly analyzed from an operational perspective with respect to narrowing. It
would be very interesting to establish a formal relationship between that work
and some or all the semantics we propose in this paper (perhaps, due to the kind
of programming paradigm, especially with WFS).

Other topics for future work include the extension of this framework for its
use for Reasoning about Actions and Change. We expect that the definition of
functions will allow efficiency improvements by restricting the grounding process,
as happens for instance, with the functional extension [2] of the classical planning
language STRIPS.
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Abstract. We consider a number of semantics for plans with parallel operator
application. The standard semantics used most often in earlier work requires that
parallel operators are independent and can therefore be executed in any order. We
consider a more relaxed definition of parallel plans, first proposed by Dimopoulos
et al., as well as normal forms for parallel plans that require every operator to
be executed as early as possible. We formalize the semantics of parallel plans
emerging in this setting, and propose effective translations of these semantics into
the propositional logic. And finally we show that one of the semantics yields an
approach to classical planning that is sometimes much more efficient than the
existing SAT-based planners.

1 Introduction

Satisfiability planning [6] is a leading approach to solving difficult planning problems.
An important factor in its efficiency is the notion of parallel plans [6,2]. The standard
parallel encoding, the state-based encoding [6], allows the simultaneous execution of
a set of operators as long as the operators are mutually non-interfering. This condition
guarantees that any total ordering on the simultaneous operators is a valid execution
and in all cases leads to the same state. We call this semantics of parallelism the step
semantics. Two benefits of this form of parallelism in planning as satisfiability are that,
first, it is unnecessary to consider all possible orderings of a set of non-interfering
operators, and second, less clauses and propositional variables are needed as the values
of the state variables in the intermediate states need not be represented.

In this paper we formalize two more refined parallel semantics for AI planning and
present efficient encodings of them in the propositional logic. Both of the semantics are
known from earlier research but the first, process semantics, has not been considered
in connection with planning, and the second, 1-linearization semantics, has not been
given efficient encodings in SAT/CSP before. With our new encoding this semantics
dramatically outperforms the other semantics and encodings given earlier. Our main
innovations here are the definition of disabling graphs and the use of the strong compo-
nents (or strongly connected components SCCs) of these graphs to derive very efficient
encodings.
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The two semantics considered in this paper are orthogonal refinements of the step
semantics. The process semantics is stricter than the step semantics in that it requires all
actions to be taken as early as possible. Process semantics was first introduced for Petri
nets; for an overview see [1]. Heljanko [5] has applied this semantics to the deadlock
detection of 1-safe Petri nets and has shown that it leads to big efficiency gains on many
types of problems in bounded model-checking.

The idea of the 1-linearization semantics was proposed by Dimopoulos et al. [4].
They pointed out that it is not necessary to require that all parallel operators are non-
interfering as long as the parallel operators can be executed in at least one order. They
also showed how blocks worlds problems can be modified to satisfy this condition
and that the reduction in the number of time points improves runtimes. Until now the
application of 1-linearization in satisfiability planning had been hampered by the cubic
size of the obvious encodings. We give more compact encodings for this semantics and
show that this often leads to dramatic improvements in planning efficiency. Before the
developments reported in this paper, this semantics had never been used in an automated
planner that is based on a declarative language like the propositional logic.

The structure of this paper is as follows. In Section 4 we discuss the standard step
semantics of parallel plans and its encoding in the propositional logic. Section 5 intro-
duces the underlying ideas of the process semantics and discusses its representation in
the propositional logic. In Section 6 we present the 1-linearization refinement to step
semantics and its encoding. Section 7 evaluates the advantages of the different semantics
in terms of some planning problems. Section 8 discusses related work.

2 Notation

We consider planning in a setting where the states of the world are represented in terms
of a set P of Boolean state variables that take the value true or false. Each state is a
valuation of P , that is, an assignment s : P → {T, F}. We use operators for expressing
how the state of the world can be changed.

Definition 1. An operator on a set of state variables P is a triple 〈p, e, c〉 where

1. p is a propositional formula on P (the precondition),
2. e is a set of literals on P (unconditional effects), and
3. c is a set of pairs f � d (conditional effects) where f is a propositional formula on

P and d is a set of literals on P .

For an operator 〈p, e, c〉 its active effects in state s are

e ∪
⋃

{d|f � d ∈ c, s |= f}.

The operator is applicable in s if s |= p and its set of active effects in s is consistent
(does not contain both p and ¬p for any p ∈ P .) If this is the case, then we define
appo(s) = s′ as the unique state that is obtained from s by making the active effects
of o true and retaining the truth-values of the state variables not occurring in the ac-
tive effects. For sequences o1; o2; . . . ; on of operators we define appo1;o2;...;on

(s) as
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appon
(· · · appo2(appo1(s)) · · ·). For sets S of operators and states s we define appS(s):

the result of simultaneously applying all operators o ∈ S. We require that appo(s) is
defined for every o ∈ S and that the set of active effects of all operators inS is consistent.
Different semantics of parallelism impose further restrictions on sets S.

Let π = 〈P, I,O,G〉 be a problem instance, consisting of a set P of state variables,
a state I on P (the initial state), a set O of operators on P , and a formula G on P (the
goal formula). A (sequential) plan for π is a sequence σ = o1; . . . ; on of operators from
O such that appσ(I) |= G, that is, applying the operators in the given order starting in
the initial state is defined (precondition of every operator is true when the operator is
applied) and produces a state that satisfies the goal formula.

In the rest of this paper we also consider plans that are sequences of sets of operators,
so that at each execution step all operators in the set are simultaneously applied. The
different semantics discussed in the next sections impose further constraints on these sets.

3 Planning as Satisfiability

Planning can be performed by propositional satisfiability testing as follows. Produce
formulae φ0, φ1, φ2, . . . such that φi is satisfiable if there is a plan of length i. The
formulae are tested for satisfiability in the order of increasing plan length, and from
the first satisfying assignment that is found a plan is constructed. Length i of a plan
means that there are i time points in which a set of operators is applied simultaneously.
There are alternative semantics for this kind of parallel plans and their encodings in
the propositional logic differ only in axioms restricting simultaneous application of
operators. Next we describe the part of the encodings shared by all the semantics.

The state variables in a problem instance are P = {a1, . . . , an} and the operators
are O = {o1, . . . , om}. For a state variable a we have the propositional variable at that
expresses the truth-value of a at time point t. Similarly, for an operator o we have ot
for expressing whether o is applied at t. For formulae φ we denote the formula with all
propositional variables subscripted with the index to a time point t by φt.

A formula is generated to answer the following question. Is there an execution of a
sequence of sets of operators taking l time points that reaches a state satisfying G from
the initial state I? The formula is conjunction of I0 (formula describing the initial state
with propositions marked with time point 0), Gl, and the formulae described below,
instantiated with all t ∈ {0, . . . , l − 1}.

First, for every o = 〈p, e, c〉 ∈ O there are the following axioms. The precondition
p has to be true when the operator is applied.

ot→pt (1)

If o is applied, then its (unconditional) effects e are true at the next time point.

ot→et+1 (2)

Here we view the set e of literals as a conjunction of literals. For every f � d ∈ c the
effects d will be true if the antecedent f is true at the preceding time point.

(ot ∧ ft)→dt+1 (3)
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Second, the value of a state variable does not change if no operator that changes it is
applied. Hence for every state variable a we have two formulae, one expressing the
conditions for the change of a to false from true, and another from true to false. The
formulae are analogous, and here we only give the one for change from true to false:

(at ∧ ¬at+1)→((o1
t ∧ φ1

t ) ∨ · · · ∨ (omt ∧ φmt )) (4)

whereφi expresses the condition under which operator oi changes a from true to false. So
let oi = 〈p, e, c〉. If a is a negative effect in e then simply φi = �. Otherwise, the change
takes place if one of the conditional effects is active. Let f1 � d1, . . . , fk � dk be the
conditional effects with a as a negative effect in dj . Here k ≥ 0. Then φi = f1∨. . .∨fk.
The empty disjunction with k = 0 is the constant false ⊥.

Finally, we need axioms for restricting the parallel application of operators: we will
describe them in the next sections for each semantics. The resulting set of formulae is
satisfiable if and only if there is an operator sequence taking l time points that reaches
a goal state from the initial state.

In addition to the above axioms, which are necessary to guarantee that the set of
satisfying assignments exactly corresponds to the set of plans with l time points, it is
often useful to add further constraints that do not affect the set of satisfying assignments
but instead help in pruning the set of incomplete solutions need to be looked at, and
thereby speed up plan search. The most important type of such constraints for many
planning problems is invariants, which are formulae that are true in all states reachable
from the initial state. Typically, one uses only a restricted class of invariants that are
efficient (polynomial time) to identify. There are efficient algorithms for finding many
invariants that are 2-literal clauses [8,2]. In the experiments in Section 7 we use formulae
lt ∨ l′t for invariants l ∨ l′ as produced by the algorithm by Rintanen [8].

4 Step Semantics

In this section we formally present a semantics that generalizes the semantics used in most
works on parallel plans, for example Kautz and Selman [6]. Practical implementations
of satisfiability planning approximate this semantics as described in Section 4.1.

For defining parallel plans under step semantics, we need to define when operators
interfere in a way that makes their simultaneous application unwanted.

Definition 2 (Interference). Operators o1 = 〈p1, e1, c1〉and o2 = 〈p2, e2, c2〉 interfere
in state s if

1. s |= p1 ∧ p2,
2. the set e1∪

⋃
{d|f � d ∈ c1, s |= f}∪e2∪

⋃
{d|f � d ∈ c2, s |= f} is consistent,

and
3. the operators are not applicable in both orders or applying them in different orders

leads to different results, that is, at least one of the following holds:
a) appo1(s) �|= p2,
b) appo2(s) �|= p1, or
c) active effects of o2 are different in s and in appo1(s) or active effects of o1 are

different in s and in appo2(s).
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The first two conditions are the applicability conditions for parallel operators: precondi-
tions have to be satisfied and the effects may not contradict each other. The third condition
says that interference is the impossibility to interpret parallel application as application
in any order, o1 followed by o2, or o2 followed by o1, leading to the same state in both
cases: one execution order is impossible or the resulting states may be different.

The conditions guarantee that two operators may be exchanged in any total ordering
of a set of pairwise non-interfering operators without changing the state that is reached.

Definition 3 (Step plans). For a set of operators O and an initial state I , a plan is a
sequence T = S1, . . . , Sl of sets of operators such that there is a sequence of states
s0, . . . , sl (the execution of T ) such that

1. s0 = I ,
2. si−1 |= p for all i ∈ {1, . . . , l} and 〈p, e, c〉 ∈ Si,
3.
⋃
〈p,e,c〉∈Si

(e ∪
⋃
{d|f � d ∈ c, si−1 |= f}) is consistent for every i ∈ {1, . . . , l},

4. si = appSi
(si−1) for all i ∈ {1, . . . , l}, and

5. for all i ∈ {1, . . . , l} and o, o′ ∈ Si and S ⊆ Si\{o, o′}, o and o′ are applicable in
appS(si−1) and do not interfere in appS(si−1).

Example 1. Consider S1 = {o1, o2, o3} where o1 = 〈p ∨ ¬p, {q}, ∅〉, o2 = 〈p ∨
¬p, ∅, {q � p}〉, and o3 = 〈p∨¬p, ∅, {p � r}〉. S1 cannot be the first step of a step plan
starting from an initial state I in which p, q and r are false because the fifth condition
of step plans is not satisfied: there is S = {o1} ⊆ S1 such that o2 and o3 interfere in
appS(I), because applying o3 in appS(I) has no effect but applying o3 in appo2(appS(I))
makes r true.

Lemma 1. Let T = S1, . . . , Sk, . . . , Sl be a step plan. Let T ′ = S1, . . . , S
0
k, S

1
k, . . . , Sl

be the step plan obtained from T by splitting the step Sk into two steps S0
k and S1

k such
that Sk = S0

k ∪ S1
k and S0

k ∩ S1
k = ∅.

If s0, . . . , sk, . . . , sl is the execution of T then s0, . . . , s
′
k, sk, . . . , sl for some s′k is

the execution of T ′.

Proof. So s′k = appS0
k
(sk−1) and sk = appSk

(sk−1) and we have to prove that

appS1
k
(s′k) = sk and operators in S1

k are applicable in s′k. For the first we will show

that the active effects of every operator in S1
k are the same in sk−1 and in s′k, and hence

the changes from sk−1 to sk are the same in both plans. Let o1, . . . , oz be the operators
in S0

k and let Ti = {o1, . . . , oi} for every i ∈ {0, . . . , z}. We show by induction that
the active effects of every operator in S1

k are the same in sk−1 and appTi
(sk−1) and

that every operator in S1
k is applicable in appTi

(sk−1), from which the claim follows as
s′k = appTz

(sk−1).
Base case i = 0: Immediate because T0 = ∅.
Inductive case i ≥ 1: By the induction hypothesis the active effects of every operator

o ∈ S1
k are the same in sk−1 and in appTi−1

(sk−1) and o is applicable in appTi−1
(sk−1).

In appTi
(sk−1) additionally the operator oi has been applied. We have to show that this

operator application does not affect the set of active effects of o nor does it disable o. By
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the definition of step plans, the operators o and oi do not interfere in appTi−1
(sk−1), and

hence the active effects of o are the same in appTi−1
(sk−1) and in appTi−1∪{oi}(sk−1)

and oi does not disable o. This completes the induction and the proof.

Theorem 1. Let T = S1, . . . , Sk, . . . , Sl be a step plan. Then any σ = o1
1; . . . ; o

1
n1

; o2
2;

. . . ; o2
n2

; . . . ; ol1; . . . ; o
l
nl

such that for every i ∈ {1, . . . , l} the sequence oi1; . . . ; o
i
ni

is
a total ordering of Si, is a plan, and its execution leads to the same final state as that of
T .

Proof. First all empty steps are removed from the step plan. By Lemma 1 non-singleton
steps can be split repeatedly to smaller non-empty steps until every step is singleton and
the desired ordering is obtained. The resulting plan is a sequential plan.

4.1 Encoding in the Propositional Logic

Definition 3 provides a notion of step plans that attempts to maximize parallelism. Most
works on satisfiability planning [6] use a simple syntactic condition for guaranteeing non-
interference, approximating Condition 3 in Definition 2. For example, the simultaneous
application of two operators is forbidden always when a state variable affected by one
operator occurs in the precondition or in the antecedents of conditional effects of the
other. In our experiments in Section 7 we include the formula ¬ot ∨ ¬o′t for any such
pair of operators o and o′ with mutually non-contradicting effects and mutually non-
contradicting preconditions to guarantee that we get step plans. There are O(m2) such
constraints for m operators.

5 Process Semantics

The idea of process semantics is that we only consider those step plans that fulfill the
following condition. There is no operator o applied at time t + 1 with t ≥ 0 such that
the sequence of sets of operators obtained by moving o from time t+ 1 to time t would
be a step plan according to Definition 3.

The important property of process semantics is that even though the additional con-
dition reduces the number of acceptable plans, whenever there is a plan with t time steps
under step semantics, there is also a plan with t time steps under process semantics.
A plan satisfying the process condition is obtained from a step plan by repeatedly mov-
ing operators violating the condition one time point earlier. As a result of this procedure
a step plan satisfying the process condition is obtained which is greedy in the sense that
it applies each operator of the original step plan as early as possible.

As an example consider a set S in which no two operators interfere nor have con-
tradicting effects and are applicable in state s. If we have time points 0 and 1, we can
apply each operator alternatively at 0 or at 1. The resulting state at time point 2 will be
the same in all cases. So, under step semantics the number of equivalent plans on two
time points is 2|S|. Process semantics says that no operator that is applicable at 0 may
be applied later than at 0. Under process semantics there is only one plan instead of 2|S|.
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5.1 Encoding in the Propositional Logic

The encoding of process semantics extends the encoding of step semantics, so we take
all axioms for the latter and have further axioms specific to process semantics.

The axioms for process semantics deny the application of an operator o at time t+1
if it can be shown that moving o to time t would also be a valid step plan according to
Definition 3. The idea is that if an operator o is delayed to be applied at time t + 1 then
there must be some operator o′ applied at time t which is the reason why o cannot be
moved to time t. More precisely, (i) o′ may have enabled o, (ii) o′ may have conflicting
effects with o, or (iii) moving o to time t might make it interfere with o′ according to
Condition 5 of Definition 3.

We cautiously approximate the process semantics using simple syntactic conditions
to compute for each operator o the set of operators {o1, . . . , on} which are the potential
reasons why o cannot be moved one time point earlier. Then we have the following
axioms guaranteeing that the application of o is delayed only when there is a reason for
this.

ot+1→(o1
t ∨ o2

t ∨ · · · ∨ ont )

These disjunctions may be long and it may be useful to use only the shortest of these
constraints, as they are most likely to help speed up plan search. In the experiments
reported later, we used only constraints with 6 literals or less. We tried the full set of
process axioms, but the high number of long disjunctions led to poor performance.

6 1-Linearization Semantics

Dimopoulos et al. [4] adapted the idea of satisfiability planning to answer set program-
ming and presented an interesting idea. The requirement that parallel operators are exe-
cutable in any order can be relaxed, only requiring that one ordering is executable. They
called this idea post-serializability and showed how to transform operators for blocks
world problems to make them post-serializable. The resulting nonmonotonic logic pro-
grams were shown to be more efficient due to a shorter parallel plan length. Rintanen [8]
implemented this idea in a constraint-based planner and Cayrol et al. [3] in the GraphPlan
framework.

We will present a semantics and general-purpose domain-independent translations of
this more relaxed semantics into the propositional logic. Our approach does not require
transforming the problem. Instead, we synthesize constraints that guarantee that the
operators applied simultaneously can be ordered to an executable plan.

Definition 4 (1-linearization plans). For a set of operators O and an initial state I , a
1-linearization plan is a sequence T = S1, . . . , Sl of sets of operators such that there is
a sequence of states s0, . . . , sl (the execution of T ) such that

1. s0 = I ,
2. si−1 |= p for all i ∈ {1, . . . , l} and 〈p, e, c〉 ∈ Si,
3. the set

⋃
〈p,e,c〉∈Si

(e ∪
⋃
{d|f � d ∈ c, si−1 |= f}) is consistent for every i ∈

{1, . . . , l},
4. si = appSi

(si−1) for all i ∈ {1, . . . , l}, and



314 J. Rintanen, K. Heljanko, and I. Niemelä

5. for every i ∈ {1, . . . , l} there is a total ordering o1 < o2 < . . . < on of Si such
that for all operators oj = 〈pj , ej , cj〉 ∈ Si
a) appo1;o2;...;oj−1

(si−1) |= pj , and
b) for all f � d ∈ cj , si−1 |= f if and only if appo1;o2;...;oj−1

(si−1) |= f .

The difference to step semantics is that we have replaced the non-interference condi-
tion with a weaker condition. From an implementations point of view, the main difficulty
here is finding appropriate total orderings <.

Theorem 2. (i) Each step plan is a 1-linearization plan and (ii) for every 1-linearization
plan T there is a step plan whose execution leads to the same final state as that of T .

Proof. (Sketch) (i) Consider a step plan T = S1, . . . , Sl. By Theorem 1 for every
i ∈ {1, . . . , l} any total ordering of the operators in Si can be used to satisfy Condi-
tion 5 in Definition 4. Hence, T is a 1-linearization plan. (ii) For a 1-linearization plan
T = S1, . . . , Sl, a step plan whose execution leads to the same final state as that of
T can be obtained as follows: {o1

1}, . . . , {o1
n1
}, . . . , {ol1}, . . . , {olnl

} where for every
i ∈ {1, . . . , l}, the sequence {oi1}, . . . , {oini

} is a total ordering of Si given by Condi-
tion 5 of Definition 4.

6.1 Encoding in the Propositional Logic

Given the precondition and effect axioms (1), (2) and (3), we have to guarantee that
there is a total ordering of the operators so that no operator application disables the
operators that will be applied later, and no operator application changes the set of active
(conditional) effects of later operators. The encodings we give are stricter than our formal
definition of 1-linearization semantics and do not always allow all the parallelism that
is possible. Next we define the notion of disabling graphs in order to provide compact
and effective encodings of 1-linearization semantics in the propositional logic.

The motivation for using disabling graphs is the following. Define a circularly dis-
abled set as a set of operators that is applicable in some state without the effects con-
tradicting each other and that cannot be totally ordered into a sequential plan so that no
operator disables or changes the active effects of a later operator. Now any set-inclusion
minimal circularly disabled set is a subset of an SCC of the disabling graph. We may al-
low the simultaneous application of a set of operators from the same SCC if the subgraph
of the disabling graph induced by those operators does not contain a cycle.1

Definition 5 (Disabling graph). A graph 〈O,E〉 is a disabling graph of a set of op-
erators O where E ⊆ O × O is the set of directed edges so that 〈o1, o2〉 ∈ E if for
o1 = 〈p1, e1, c1〉 and o2 = 〈p2, e2, c2〉 there is a state s 2 such that

1. s |= p1 ∧ p2, and
1 In step semantics simultaneous application is allowed if the subgraph does not have any edges.
2 Clearly, this could be restricted to states that are reachable from the initial state, but testing

reachability is PSPACE-hard. Instead, one can use some subclass of invariants computable in
polynomial time to ignore some of the unreachable states, like we have done in our implemen-
tation of disabling graphs.
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2. F1 ∪ F2 is consistent where F1 = e1 ∪
⋃
{d|f � d ∈ c1, s |= f} and F2 =

e2 ∪
⋃
{d|f � d ∈ c2, s |= f}, and

3. applying o1 may make o2 inapplicable or may change the active effects of o2:
a) appo1(s) �|= p2, or
b) there is f � d ∈ c2 such that either s |= f and appo1(s) �|= f , or s �|= f and

appo1(s) |= f .

For a given set of operators there are typically several disabling graphs because the
graph obtained by adding an edge to a disabling graph is also a disabling graph. In the
experiments in Section 7 we use disabling graphs that are not necessarily minimal but
can be computed in polynomial time. For STRIPS operators they are minimal.

Our disabling graphs are related to the definition of preconditions-effects graphs of
Dimopoulos et al. [4], but they often have many less edges and much smaller SCCs.
For example, in the well-known logistics problems all the strong components have 1
or n + 1 operators, where n is the number of airplanes3. This means that encoding the
constraints that guarantee that simultaneous operators indeed can be linearized will be
rather efficient, as only cycles of rather small length have to be considered. Notice that
operators in different strong components cannot be part of the same cycle; therefore
constraints on their simultaneous application are not needed. Hence when every strong
component has cardinality 1, no constraints whatsoever are needed.

Next we discuss two ways of synthesizing constraints that guarantee that simultane-
ous operators can be ordered to a valid totally ordered plan.

6.2 General O(n3) Encoding

We can exactly test that the intersection of one SCC and a set of simultaneous operators
do not form a cycle. The next encoding allows the maximum parallelism with respect to
a given disabling graph, but it is expensive in terms of formula size.

Let oi and oi
′

belong to the same SCC of the disabling graph and let there be an edge
from oi to oi

′
. We use auxiliary propositions ci,j for all operators with indices i and j,

indicating that there is a set of applied operators oi, o1, o2, . . . , on, oj such that every
operator disables or changes the effects of its immediate successor in the sequence. Then
we have the formulae (oit ∧ ci

′,j
t ) → ci,jt for all i, i′ and j such that i �= i′ �= j �= i.

Further we have formulae ¬(oit ∧ ci
′,i
t ) for preventing the completion of a cycle.

The size of the encoding is cubic and the number of new propositional variables is
quadratic in the number of operators in an SCC. Some problems have SCCs of dozens
or hundreds of operators, and this O(n3) means that there are thousands or millions of
formulae, which often makes this encoding impractical.

6.3 Fixed Ordering

The simplest and possibly the most effective encoding does not allow all the parallelism
that allowed by the preceding encoding, but it leads to small formulae. With this encoding

3 The refinement to disabling graphs involving invariants in the preceding footnote makes all
SCCs for Logistics singleton sets.
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the number of constraints on parallel application is smaller than with the less permissive
step semantics, as the set of constraints on parallelism is a subset of the constraints
for step semantics. One therefore receives two benefits simultaneously: possibly much
shorter parallel plans and formulae with a smaller size / time points ratio.

The idea is to impose beforehand an (arbitrary) ordering on the operators o1, . . . , on

in an SCC and to disallow parallel application of two operators oi and oj such that oi

may disable or change the effects of oj only if i < j. Hence, in comparison to step
semantics, part of the parallelism axioms on operators within one SCC are left out. In
comparison to step semantics, the total reduction in the number of constraints can be
significant because none of the inter-SCC parallelism constraints are needed.

This is the encoding we have very successfully applied to a wide range of planning
problems, as discussed in the next section. Selecting the ordering carefully may increase
parallelism. In our experiments we order the operators in the order they happen to come
out of our PDDL front-end. Better orderings could be produced by heuristic methods.

7 Experiments

We evaluate the different semantics on a number of benchmarks from the AIPS planning
competitions. In addition to the Logistics, Depots and Satellite benchmarks reported here,
we also test Driver, Zeno, Freecell, Schedule and Mystery, but do not report runtimes
because of lack of space. On Freecell and Schedule 1-linearization does not decrease
plan length and runtimes are comparable to step semantics. Process semantics fares
worse than step semantics on Schedule. Mystery is trivial for 1-linearization semantics.
Runtime differences with Driver and Zeno are like with Logistics.

In Tables 1 and 2 we present the name of the problem instance and the runtimes for
the formulae corresponding to the highest number(s) of time points without a plan (truth
value F) and the first satisfiable formula corresponding to a plan (truth value T). Runtimes
for 1-linearization semantics are reported on their own lines because its shortest plan
lengths differ from the other semantics.

For the experiments we use a 3.6 GHz Intel Xeon processor with 512 KB internal
cache and the Siege SAT solver version 3 by Ryan of the Simon Fraser University. Be-
cause Siege uses randomization, the runtimes for a given formula vary across executions.
We run Siege 40 times on each formula and report the average. When only some of the
runs finish within a time limit of 3 to 4 minutes (we terminate every 60 seconds those
processes that have consumed over 180 seconds of CPU) we report the average time t of
the finished runs as > n. This roughly means that the average runtime on Siege exceeds
n seconds. A dash − indicates that none of the runs finished.

The best runtimes are usually obtained with the 1-linearization semantics. It is often
one or two orders of magnitude faster. This usually goes back to the shorter plan length:
formulae are smaller and easier to evaluate.

Contrary to our expectations, process semantics usually does not provide an advan-
tage over step semantics although there are often far fewer potential plans to consider.
When showing the inexistence of plans of certain length, the additional constraints could
provide a big advantage, similarly to symmetry-breaking constraints. In a few cases, like
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Table 1. Runtimes of Satellite and Logistics problems in seconds

instance len val 1-lin step proc

satell-15 4 F 8.86
satell-15 5 T 1.65
satell-15 7 F 24.15 21.91
satell-15 8 T 3.61 3.50

satell-16 3 F 2.27
satell-16 4 T 3.91
satell-16 5 F 9.17 8.24
satell-16 6 ? - -
satell-16 7 T 6.57 6.85

satell-17 3 F 0.22
satell-17 4 T 2.48
satell-17 5 F 1.12 1.31
satell-17 6 T 1.86 1.96

satell-18 4 F 0.06
satell-18 5 T 0.23
satell-18 7 F 0.24 0.27
satell-18 8 T 0.48 0.57

satell-19 6 F 46.26
satell-19 7 T 25.78
satell-19 10 F > 225.50 -
satell-19 11 ? - -
satell-19 12 T > 170.69 -

instance len val 1-lin step proc

log-23-0 8 F 0.56
log-23-0 9 T 2.93
log-23-0 14 F 37.69 27.86
log-23-0 15 ? - -
log-23-0 16 T > 139.10 > 132.64

log-23-1 8 F 1.70
log-23-1 9 T 0.57
log-23-1 14 F 48.34 44.12
log-23-1 15 T > 66.07 > 76.50

log-24-0 8 F 0.40
log-24-0 9 T 3.33
log-24-0 14 F 35.93 13.77
log-24-0 15 ? - -
log-24-0 16 T > 108.92 > 99.44

log-24-1 9 F 9.66
log-24-1 10 T 2.61
log-24-1 15 F > 101.29 > 112.07
log-24-1 16 ? - -
log-24-1 17 T > 131.52 > 119.01

the last or second to last unsatisfiable formula for log-24-0, process constraints do halve
the runtimes. The reason for the ineffectiveness of process semantics may lie in these
benchmarks: many operators may prevent earlier application of an operator, and this
results in long clauses that figure only very late in the search.

8 Related Work

The BLACKBOX planner of Kautz and Selman [7] is the best-known planner that
implements the satisfiability planning paradigm. Its GraphPlan-based encoding is similar
to our step semantics encoding, but less compact for example because of its use of
GraphPlan’s NO-OPs. Comparison of sizes and evaluation times (Siege V3) between
our step semantics encoding and BLACKBOX’s encoding is given in Table 3.

Corresponding 1-linearization encodings are, per time point, between 94 per cent
(depot-11) and 69 per cent (logistics-23-1) of the step encoding sizes.

The above data suggest that the efficiency of BLACKBOX encodings is either
roughly comparable or lower than our basic encoding for step semantics, and hence
sometimes much lower than our 1-linearization encoding.
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Table 2. Runtimes of Depot problems in seconds

instance len val 1-lin step proc

depot-10 7 F 0.01
depot-10 8 T 0.02
depot-10 9 F 0.28 0.30
depot-10 10 T 0.29 0.34

depot-11 13 F 0.04
depot-11 14 T 0.44
depot-11 17 F 69.56 70.29
depot-11 18 ? - -
depot-11 19 ? - -
depot-11 20 T > 154.43 > 157.28

depot-12 19 F 0.24
depot-12 20 T > 143.73
depot-12 21 F 142.12 > 140.75
depot-12 22 ? - -

depot-13 7 F 0.01
depot-13 8 T 0.01
depot-13 8 F 0.01 0.01
depot-13 9 T 0.04 0.05

depot-14 9 F 0.05
depot-14 10 T 0.11
depot-14 11 F 1.25 1.28
depot-14 12 T 2.97 2.89

Table 3. Sizes and runtimes of our step encoding and BLACKBOX’s GraphPlan-based encoding

size in MB runtime in secs
instance len val step BB step BB

depot-11-8765 17 F 6.9 57.0 69.56 331.60
depot-11-8765 20 T 8.3 85.6 207.88 > 1200
logistics-23-1 14 F 4.8 20.9 48.34 71.97
logistics-23-1 15 T 5.2 25.6 99.31 115.16
driver-4-4-8 10 F 5.5 35.0 1.26 0.53
driver-4-4-8 11 T 6.1 53.2 5.56 21.00

9 Conclusions

We have given translations of semantics for parallel planning into SAT and shown that
one of them, for 1-linearization semantics, is very efficient, often being one or two orders
of magnitude faster than previous encodings. This semantics is superior because with
our encoding the number of time steps and parallelism constraints is small. Interestingly,
the process semantics, a refinement of the standard step semantics that imposes a further
condition on plans, usually did not improve planning efficiency in our tests.
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The 1-linearization encoding combined with novel strategies for finding satisfiable
formulae that correspond to plans [9] sometimes lead to a substantial improvement in
efficiency for satisfiability planning.
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Abstract. Towards a compact and elaboration-tolerant first-order representation
of Markov games, we introduce relational Markov games, which combine standard
Markov games with first-order action descriptions in a stochastic variant of the
situation calculus. We focus on the zero-sum two-agent case, where we have two
agents with diametrically opposed goals.We also present a symbolic value iteration
algorithm for computing Nash policy pairs in this framework.

1 Introduction

During the recent decade, the development of controllers for autonomous agents has
become increasingly important in AI. One way of designing such controllers is the
planning approach, where goals or reward functions are specified, and the agent is given
a planning ability to achieve a goal or to maximize a reward function. In particular,
decision-theoretic planning in fully observable Markov decision processes (MDPs) [13]
and the more general partially observable Markov decision processes (POMDPs) [8] has
attained much attention in recent research on such issues in AI.

Recent work [2,18,6,7] also proposes first-order and relational extensions to MDPs.
The main aims behind such extensions are essentially (i) to compactly represent MDPs
without explicitly referring to atomic or propositional states and state transitions, (ii) to
exploit such compact representations for efficiently solving large-scale problems, and
(iii) to allow for reusing plans in similar environments with few or no replanning.

Along another line, MDPs have also been generalized to multi-agent systems. Here,
the optimal actions of each agent may depend on the actions of all the other agents.
One such generalization are multi-agent MDPs [1], which are similar to MDPs except
that actions (and decisions) are distributed among multiple agents. The agents are co-
operative in the sense that they all share the same reward, and thus the main aspect
is how to coordinate the activities of different agents. Another such generalization are
Markov games [16,9], also called stochastic games [11], which generalize MDPs as well
as matrix games from game theory. Here, actions (and decisions) are also distributed
among multiple agents, but the agents are not necessarily cooperative anymore. The
agents may have different rewards, and in the case of zero-sum Markov games between
two agents, even diametrically opposed rewards. Hence, rather than aiming at acting op-
timally in a team of cooperative agents, as in multi-agent MDPs, we now aim at acting
� Alternate address: Institut für Informationssysteme, Technische Universität Wien, Favoriten-
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optimally among possibly competing agents. For example, in robotic soccer, we have
two competing teams of agents, where each team consists of cooperative agents [4].

Even though there exists already extensive work on ordinary Markov games, to the
best of our knowledge, there has been no work on relational Markov games so far. In this
paper, we are trying to fill this gap. We present relational Markov games, where first-
order action descriptions in a stochastic variant of the situation calculus are combined
with ordinary Markov games. The main contributions can be summarized as follows:

– We introduce relational Markov games, where a stochastic variant of the situation
calculus is used for first-order action descriptions. For ease of presentation, we
concentrate on the zero-sum two-agent case, but the representation can be easily
extended to the general-sum k-agent case where k≥ 2.

– As a semantics of relational Markov games, we provide a mapping to ordinary
Markov games. In particular, we then show that every ordinary Markov game G can
be represented as a relational Markov game G′ such that G is the ordinary Markov
game semantics of G′.

– We present a symbolic value iteration algorithm for relational Markov games. We
show that it provably converges and that it computes the quality and the value
function of the encoded ordinary Markov game, which can be used to compute a
Nash policy pair for relational Markov games.

– We then introduce acyclic relational Markov games. We show that for them, the
logical inference in the symbolic value iteration can be reduced to deciding whether
an acyclic logic program (with integrity constraints) has an answer set. Furthermore,
in the propositional case, every value iteration step can be done in polynomial time.

2 Preliminaries

We recall the basic concepts of the situation calculus and of matrix and Markov games.

Situation Calculus. The situation calculus [10,15] is a first-order language for rep-
resenting dynamic domains. Its main ingredients are actions, situations, and fluents.
An action is a first-order term of the form a(u), where a is an action function sym-
bol and u are its arguments. E.g., moveTo(pos) may represent the action of moving
to position pos . A situation is a first-order term encoding a sequence of actions. It is
either a constant symbol or of the form do(a, s), where a is an action and s is a situa-
tion. The constant symbol S0 is the initial situation and represents the empty sequence,
while do(a, s) encodes the sequence obtained from executing a after the sequence of s.
E.g., do(moveTo(pos2 ), do(moveTo(pos1 ), S0)) represents the sequence of actions
moveTo(pos1 ), moveTo(pos2 ). A fluent represents a world or agent property that may
change when executing an action. It is a predicate symbol whose most right argument is
a situation. E.g., at(pos, s) may express that an agent is at position pos in situation s. A
dynamic domain is encoded as a basic action theory AT = (Σ,DS0 ,Dssa,Duna,Dap):

– Σ is the set of foundational axioms for situations;
– Duna is the set of unique name axioms for actions, saying that different action terms

stand for different actions;
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– DS0 is a set of first-order formulas describing the initial state of the domain (rep-
resented by S0). E.g., at(a , 1, 2, S0) ∧ at(o, 3, 4, S0) may express that agent a
(resp., o) is initially at position (1, 2) (resp., (3, 4));

– Dssa is the set of successor state axioms [14,15]. For each fluent F (x, s), it contains
an axiom of the form F (x, do(a, s))≡ΦF (x, a, s), where ΦF (x, a, s) is a formula
with free variables among x, a, s. These axioms specify the truth of the fluent F in
the next situation do(a, s) in terms of the current situation s, and are a solution to
the frame problem (for deterministic actions). E.g.,

at(o, x, y, do(a, s)) ≡ a = moveTo(o, x, y)∨
at(o, x, y, s) ∧ ¬(∃x′, y′)a = moveTo(o, x′, y′) (1)

may express that o is at (x, y) in do(a, s) iff it is either moved there in s, or already
there and not moved away in s;

– Dap is the set of action precondition axioms. For each action a, it contains an axiom
of the form Poss(a(x), s) ≡ Π(x, s), which characterizes the preconditions of
action a. E.g., Poss(moveTo(o, x, y), s) ≡ ¬(∃o′)at(o′, x, y, s) may express that
it is possible to move the object o to (x, y) in s iff no other object o′ is at (x, y) in s.

The regression of a formula φ through an action a, denoted Regr(φ), is a formula
φ′ that holds before the execution of a, given that φ holds after the execution of a.
The regression of a formula φ whose situations are all of the form do(a, s) is de-
fined by induction using the successor state axioms F (x, do(a, s))≡ΦF (x, a, s) as fol-
lows: Regr(F (x, do(a, s))) =ΦF (x, a, s), Regr(¬φ) =¬Regr(φ), Regr(φ1 ∧φ2) =
Regr(φ1)∧Regr(φ2), and Regr((∃x)φ) = (∃x)Regr(φ).

Matrix Games. We now briefly recall two-player matrix games from game theory [17].
Intuitively, they describe the possible actions of two agents and the rewards that they
receive when they simultaneously execute one action each. For example, in the matrix
game two-finger Morra, two players E and O simultaneously show one or two fingers.
Let f be the total numbers of fingers shown. If f is odd, then O gets f dollars from E,
and if f is even, then E gets f dollars from O.

Formally, a two-player matrix game G= (A,O,Ra , Ro) consists of two nonempty
finite sets of actions A and O for two agents a and o , respectively, and two reward
functions Ra , Ro : A×O→R for a and o , respectively. The game G is zero-sum
iff Ra = −Ro ; we then often omit Ro .

A pure (resp., mixed) strategy specifies which action an agent should execute (resp.,
which actions an agent should execute with which probability). Formally, a pure strat-
egy for agent a (resp., o) is any action from A (resp., O). If a and o play the pure
strategies a∈A and o∈O, respectively, then they receive the rewards Ra(a, o) and
Ro(a, o), respectively. A mixed strategy for agent a (resp., o) is any probability distri-
bution over A (resp., O). If a and o play the mixed strategies πa and πo , respectively,
then the expected reward to agent k∈{a ,o} is Rk(πa , πo) = E[Rk(a, o)|πa , πo ] =∑
a∈A, o∈O πa(a)·πo(o)·Rk(a, o).
One is especially interested in Nash equilibria, which are pairs of mixed strategies

(πa , πo), where no agent has the incentive to deviate from its half of the pair, once the
other agent plays the other half. Formally, (πa , πo) is a Nash equilibrium (or Nash pair)



Relational Markov Games 323

forG iff (i) for any mixed strategy π′a , it holdsRa(π′a , πo)≤Ra(πa , πo), and (ii) for any
mixed strategy π′o , it holds Ro(πa , π

′
o)≤Ro(πa , πo). Every two-player matrix game

G has at least one Nash pair among its mixed (but not necessarily pure) strategy pairs,
and many have multiple Nash pairs, which can be computed by linear complementary
(resp., linear) programming in the general (resp., zero-sum) case.

In particular, in the zero-sum case, if (πa , πo) and (π′a , π
′
o) are Nash pairs, then

Ra(πa , πo) =Ra(π′a , π
′
o), and also (πa , π

′
o) and (π′a , πo) are Nash pairs. That is, the

expected reward to the agents is the same under any Nash pair, and Nash pairs can be
freely “mixed” to form new Nash pairs. Here, a’s expected reward under a Nash pair is

maxπ∈PD(A)mino∈O

∑
a∈A π(a) ·Ra(a, o) . (2)

Hence, a’s expected reward under a Nash pair is the optimal value of the linear program
in (3) over the variables (πa)a∈A and v. Furthermore, a’s strategies in Nash pairs are
the optimal solutions of the linear program in (3):

max v subject to∑
a∈A πa ·Ra(a, o) ≥ v (for all o∈O)

πa ≥ 0 (for all a∈A)∑
a∈A πa = 1 .

(3)

Markov Games. Markov games [16,9], also called stochastic games [11], generalize
both matrix games and (fully observable) Markov decision processes (MDPs) [13].

Roughly, a Markov game consists of a set of states S, a matrix game for every state
s∈S, and a probabilistic transition function that associates with every state s∈S and ev-
ery combination of actions, one for each agent, a probability distribution on future states
s′ ∈S. We only consider the two-player case here. Formally, a two-player Markov game
G= (S,A,O, P,Ra , Ro) consists of a nonempty set of states S, two finite nonempty
sets of actions A and O for two agents a and o , respectively, a transition function
P : S×A×O→PD(S), where PD(S) denotes the set of all probability functions
over S, and two reward functions Ra , Ro : S×A×O→R for a and o , respectively.
G is zero-sum iff Ra= −Ro ; we then often omit Ro .

Pure (resp., mixed) matrix-game strategies now generalize to pure (resp., mixed)
policies, which associate with every state s∈S a pure (resp., mixed) matrix-game
strategy. Formally, a pure policy α (resp., ω) for agent a (resp., o) assigns to each
state s∈S an action from A (resp., O). The reward to agent k∈{a ,o} under a
start state s∈S and the pure policies α and ω, denoted Gk(s, α, ω), is defined as
Rk(s, α(s), ω(s)) + γ ·

∑
s′∈S P (s′|s, α(s), ω(s)) · Gk(s′, α, ω), where Gk(s′, α, ω)

is the reward to k under the state s′ and the pure policies α and ω, and γ ∈ [0, 1) is the
discount factor. A mixed policy πa (resp., πo ) for a (resp., o) assigns to every state
s∈S a probability distribution over A (resp., O). The expected reward to agent k under
a start state s and the mixed policies πa and πo , denoted Gk(s, πa , πo), is defined as
E[Rk(s, a, o) + γ ·

∑
s′∈S P (s′ | s, a, o) ·Gk(s′, πa , πo) |πa(s), πo(s)].

The notion of a Nash equilibrium is then generalized from matrix games to Markov
games as follows. A pair of mixed policies (πa , πo) is a Nash equilibrium (or Nash pair)
for G iff (i) for any start state s and any π′a , it holds Ga(s, π′a , πo) ≤ Ga(s, πa , πo), and
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(ii) for any start state s and any π′o , it holds Go(s, πa , π
′
o) ≤ Go(s, πa , πo). Every two-

player Markov game G has at least one Nash pair among its mixed (but not necessarily
pure) policy pairs, and it may have exponentially many Nash pairs.

In the zero-sum case, Nash pairs can be computed by value iteration as follows. The
quality of agent a’s action a against agent o’s action o in state s∈S is defined by:

Q(s, a, o) = Ra(s, a, o) + γ·
∑

s′∈S P (s′ |s, a, o)·V (s′) , (4)

where the value of state s∈S, denoted V (s), is defined by:

V (s) = maxπ∈PD(A)mino∈O

∑
a∈A π(a) ·Q(s, a, o) . (5)

Informally, Q(s, a, o) is the immediate reward of actions a and o in s plus the discounted
expected value of all succeeding states, while V (s) is the expected reward under a Nash
pair for the quality matrix game at s. The functions V and Q can be approximately
computed as follows. We initially set Q0 =Ra . For n≥ 0, we then compute V n as
V from Eq. (5) using Qn as Q. For n> 0, we compute Qn as Q from Eq. (4) us-
ing V n−1 as V . The iteration is repeated until the difference between V n and V n+1 is
smaller than a given error threshold ε. This procedure provably converges [11]. Given
the quality function Q, for every s∈S, let (πa(s), πo(s)) be a Nash pair for the matrix
game (A,O, (Q(s, a, o))a∈A,o∈O). Then, (πa , πo) is a Nash pair for Markov game G.

3 Relational Markov Games

In this section, we introduce relational Markov games for the zero-sum two-agent case.
After defining state and action partitions, we define the syntax of relational Markov
games and their semantics in ordinary Markov games.

Preliminaries. The execution of an action often affects only few properties of the world
and thus has the same effect in many different states of the world. For every action, these
states can be grouped together into equivalence classes, which thus form a partition of
the set of all states. Similarly, two action terms with different arguments may behave in
the same way in all states, and thus also actions with their arguments can be grouped
together into equivalence classes.

Formally, a fluent formula over x, s is a formula φ(x, s) in which all predicate
symbols are fluents, and the only free variables are the non-situation variables x and
the situation variable s. A state partition over x, s is a nonempty set of fluent formulas
P (x, s) = {φi(x, s) | i∈{1, . . . ,m}} such that (i)∀x, s (φi(x, s)⇒¬φj(x, s)) is valid
for all i, j ∈{1, . . . ,m} with j > i, (ii) ∀x, s

∨m
i=1 φi(x, s) is valid, and (iii) every

∃x, s φi(x, s) is satisfiable.
An action formula for the action a(x) is a formula α(x) that has the non-situation

variables x as the only free variables. An action partition for a(x) is a nonempty set of
action formulas P (x) = {αi(x) | i∈{1, . . . ,m}} such that (i) ∀x (αi(x) ⇒ ¬αj(x))
is valid for all i, j ∈{1, . . . ,m} with j > i, (ii) ∀x

∨n
i=1 αi(x) is valid, and (iii) every

∃xαi(x) is satisfiable. We often identify the members of P (x) with the action terms
that they represent.



Relational Markov Games 325

Syntax. A relational Markov game G = (T , A,O, P,R) consists of a basic action
theory T in the situation calculus, two finite nonempty sets of actions A and O for two
agents a and o , respectively, a set of axioms P defining stochastic actions, and a set of
axiomsR defining the reward to agenta . We assume the zero-sum case, and so the reward
to o is the negation of the reward to a . Every action a(x)∈A∪O has an associated
action partition Pa(x). We represent stochastic actions by a finite set of deterministic
actions as in [3].When a stochastic action is executed, then “nature” chooses and executes
with a certain probability exactly one of the associated deterministic actions.

Formally, we assume that every pair of actions a(x)∈A and o(y)∈O is stochastic,
and has an associated state partition Pa,o(z, s), where z =xy. We then use

stochastic(α(x), ω(y), φ(z, s), n(z))

in P to associate the stochastic pair of actions α(x)∈Pa(x) and ω(y)∈Po(y) with
the deterministic action n(z) in the context of the class of states encoded by φ(z, s) ∈
Pa,o(z, s). Furthermore, we use

prob(α(x), ω(y), φ(z, s), n(z)) = p

to encode that “nature” chooses n(z) with probability p. Here, we also assume that the
pair of actions a(x)∈A and o(y)∈O has the same preconditions as every n(z).

Hence, a stochastic pair of actions a(x) and o(y) can be indirectly represented by
providing a successor state axiom for each associated nature choice n(z). Thus, T
is extended to a probabilistic setting in a minimal way. For example, consider the
stochastic pair of actions moveS(obj , x, y)∈A and moveS(obj , x′, y′)∈O, where
agents a and o simultaneously try to move the object obj to the positions (x, y) and
(x′, y′), respectively. Depending on the context, this may correspond to actually moving
obj to either (x, y) or (x′, y′), which is represented by stochastic(moveS (obj , x, y),
moveS (obj , x′, y′), s= s1, moveTo(obj , x, y)) and stochastic(moveS (obj , x, y),
moveS (obj , x′, y′), s=s2,moveTo(obj , x′, y′))along with the associated probabilities,
for example, 0.1 and 0.9, respectively. We specify moveS by defining preconditions for
moveTo(a, x, y′) and the successor state axiom (1).

Finally, R specifies a reward function, which associates with every pair of actions
α(x)∈Pa(x) andω(y)∈Po(y), and every contextφ(z, s)∈Pa,o(z, s), where z =xy,
a reward r to agent a , expressed by:

reward(α(x), ω(y), φ(z, s)) = r .

E.g., we may have that reward(moveS (obj , x, y), moveS (obj , x′, y′), s= s1) = 1 and
reward(moveS (obj , x, y),moveS (obj , x′, y′), s= s2) = − 1.

Semantics. We now define the semantics of relational Markov games G = (T,A,O, P,
R) by providing a mapping to ordinary zero-sum two-player Markov games.

We first define the state and the action space of this ordinary Markov game. The
unified state partition, denoted USP , is the product of all state partitions for every pair
of actionsa(x)∈A and o(y)∈O. Here, the product of k≥ 1 state partitionsP 1, . . . , P k,
denoted P 1×· · · ×P k, is defined as the set of all φ1 ∧ · · · ∧φk such that φi ∈P i for all
i∈{1, . . . , k}. We assume that every φ∈USP is satisfiable. The unified action partition
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of agents a and o , denoted UAPa and UAPo , is the union of all action partitions of
the actions of agents a and o , respectively.

We define probabilistic transitions on state partitions using the concept of regression
from the situation calculus. We associate with every current φ(z, s)∈Pa,o(z, s) a prob-
ability distribution on successor ψ(z, s)∈Pa,o(z, s) after executing a and o. Formally,
suppose φ(z, s)∈Pa,o(z, s), where z =xy, and the pair of actions α(x)∈Pa(x) and
ω(y)∈Po(y) is executable in φ(z, s). Then, the successor fluent formulas under α(x)
and ω(y) in φ(z, s) are all ψ(z, s)∈Pa,o(z, s) such that Regr(ψ(z, do(n(z), s))) =
φ(z, s) and stochastic(α(x), ω(y), φ(z, s), n(z)) is in P , along with the probabili-
ties prob(α(x), ω(y), φ(z, s), n(z)). We use P̂ ( · |φ(z, s), α(x), ω(y)) to denote this
probability distribution on successor fluent formulas.

The above transitions require the closure property that pairs of actions do not lead
outside their state partitions. Intuitively, pairs of actions only locally manipulate few
properties of the world. This often holds. Formally, for every pair of actions a(x)∈A
and o(y)∈O, we assume that Pa,o(z, s) = {φi(z, s) | i∈{1, . . . ,m}} is closed under
transition to the successor state. That is, for all z =xy and all situations s1 and s2, if
φi(z, s1)≡φi(z, s2) for all i∈{1, . . . ,m}, then φi(z, do(n(z), s1))≡φi(z, do(n(z),
s2)) for all i∈{1, . . . ,m}, where n(z) is associated with a(x) and o(y) in φi(z, s)
through P . Furthermore, we assume that the preconditions of every pair a(x)∈A and
o(y)∈O can be evaluated on the members of Pa,o(z, s).

Finally, we extend the probabilistic transition and the reward function to USP
as follows. Let φ(z, s)∈Pa,o(z, s), where z =xy, and let the pair α(x)∈Pa(x)
and ω(y) ∈ Po(y) be executable in φ(z, s). Then, for all φ(z, s)∧ ρ ∈ USP , de-
fine P̂ ( · |φ(z, s)∧ ρ, α(x), ω(y)) = P̂ ( · | φ(z, s), α(x), ω(y)). Moreover, for all
φ(z, s)∧ ρ∈USP , define R̂(φ(z, s)∧ ρ, α(x), ω(y)) = reward(α(x), ω(y), φ(z, s)).

In summary, as a semantics, every relational Markov game G = (T,A,O, P,R) is
associated with the ordinary zero-sum two-player Markov game G′=(S′, A′, O′, P ′, R′),
where S′=USP , A′=UAPa , O′=UAPo , P ′= P̂ , and R′= R̂ as above, and where
we additionally assume the same action preconditions as in G.

Representation Theorem. The following result shows that every zero-sum two-player
Markov game G with finite set of states can be encoded as a relational Markov game G′

that has its semantics in G.

Theorem 3.1. Let G= (S,A,O, P,R) be a zero-sum two-player Markov game, where
S is finite. Then, there is a relational Markov game G ′= (T ′, A′, O′, P ′, R′) such that
the ordinary Markov game semantics of G′ is given by G.

Proof (sketch). The sets of actions A′ and O′ are defined as A and O, respectively,
and all have singletons as action partitions. We thus have UAPa =A′ and UAPo =O′,
respectively. We assume only the state partition {s= si | si ∈S}, which thus already
coincides with USP . We then use P ′ to associate with every a∈A′, o∈O′, and s= si
(si ∈S) the deterministic action nsj

(sj ∈S), along with the probability P (sj |si, a, o),
where nsj represents the transition to the successor fluent formula s= sj . Finally, we
use R′ to associate with every a∈A′, o∈O′, and s= si (si ∈S) the reward R(si, a, o)
to agent a . It is then easy to verify that the thus constructed relational Markov game
G ′= (T ′, A′, O′, P ′, R′) has G as associated semantics. �
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4 Symbolic Value Iteration

In this section, we present a symbolic value iteration algorithm for the framework of this
paper, and we prove its soundness.

Algorithm and its Soundness. The quality (resp., value) function for ordinary (zero-
sum two-player) Markov games in Eq. (4) (resp., (5)) is extended to relational Markov
gamesG = (T,A,O, P,R) as follows.The quality of actionα(x)∈Pa(x) against action
ω(y)∈Po(y) in σ ∧ ρ∈USP , denoted Q(α(x), ω(y), σ ∧ ρ), where σ =φ(z, s) ∈
Pa,o(z, s), z =xy, and ρ completes σ to an element of USP , is defined as follows
(γ ∈ [0, 1) is the discount factor):

Q(α(x), ω(y), σ ∧ ρ) = reward(α(x), ω(y), σ)+
γ ·

∑
n∈N prob(α(x), ω(y), σ, n(z)) · V (σn ∧ ρ) ,

(6)

where σn=ψ(z, s)∈Pa,o(z, s) such that Regr(ψ(z, do(n( z), s))) =σ, and N is the
set of all deterministic actions n(z) that P associates with α(x) and ω(y) in σ and that
are executable in σ. Finally, the value of σ ∧ ρ∈USP , denoted V (σ ∧ ρ), is defined by:

V (σ ∧ ρ) = maxπ∈PD(UAPa ) mino∈UAPo

∑
a∈UAPa

π(a) ·Q(a, o, σ ∧ ρ) (7)

The following theorem shows that Eqs. (6) and (7) correctly describe the quality and
the value function of the ordinary Markov game G′ that is encoded by G.

Theorem 4.1. Let G be a relational Markov game. Then, the quality and the value
function of the encoded ordinary Markov game G′ are given by Eqs. (6) and (7).

Proof (sketch). The result follows from the ordinary Markov game semantics of rela-
tional Markov games. �

Like in the ordinary case, the value iteration algorithm initially sets Q0(α(x), ω(y),
σ ∧ ρ) = reward(α(x), ω(y), σ) for all σ ∧ ρ∈USP and σ ∈Pa,o(xy, s). For n≥ 0, it
then computes V n as V from Eq. (7) using Qn as Q. For n> 0, it computes Qn as Q
from Eq. (6) using V n−1 as V . The iteration is repeated until the difference between V n

and V n+1 is smaller than a given error threshold ε.
As a corollary of Theorem 4.1, this procedure converges, since it converges in the

ordinary case [11].

Corollary 4.1. Let G be a relational Markov game. Then, the symbolic value iteration
on G converges.

Another corollary of Theorem 4.1 is that a Nash policy pair can be calculated as
usual from the quality function Q.

Corollary 4.2. Let G be a relational Markov game, and let Q be its quality function
specified by Eqs. (6) and (7). For every ρ∈USP , let (πa(ρ), πo(ρ)) be a Nash pair for
(UAPa ,UAPo , (Q(a, o, ρ))a∈UAPa , o∈UAPo ). Then, (πa , πo) is a Nash pair for G.
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Acyclic Relational Markov Games. The above symbolic value iteration requires
inference in first-order logic (i) to decide whether the preconditions of a pair of actions
are satisfied, and (ii) to compute the successor fluent formula under a pair of actions.
We now show that for acyclic relational Markov games, the problems (i) and (ii) can be
reduced to deciding whether an acyclic logic program (with integrity constraints) has an
answer set. We first formally define acyclic relational Markov games.

A literal is an atomic formula p(t1, . . . , tk) or its negation. A literal conjunction is
either � or a conjunction of literals l1, . . . , ln with n> 0. A clause is a formula of the
form H ⇐B, where H is either ⊥ or an atomic formula, and B is a literal conjunction.
The clause ⊥⇐B is also called an integrity constraint. A (normal) logic program (with
integrity constraints) L is a finite set of clauses. A formula or term is ground iff it is
variable-free.A ground instance of a clauseC is obtained fromC by uniformly replacing
all variables in C by ground terms. We use ground(L) to denote the set of all ground
instances of clauses in L. A logic program L is acyclic iff there exists a mapping κ from
all ground atomic formulas to the non-negative integers such that κ(p)>κ(q) for all p
and q where p (resp., q) occurs in the head (resp., body) of some clause in ground(L).
Acyclic logic programs are a special case of locally stratified logic programs; they have
a natural semantics, which is given by their answer sets. Formally, an answer set of an
acyclic logic program L is a Herbrand interpretation I such that for every ground atomic
formula p, it holds that I |= p iff I |= ψ for some clause p⇐ψ in ground(L). Note that
acyclic logic programs have either no or exactly one answer set, which can be computed
by fixpoint iteration.

A relational Markov game G = (T,A,O, P,R) is acyclic iff (i) for every determin-
istic action n(z) specified by T , the set of successor state axioms and the set of action
precondition axioms both form an acyclic logic program each, and (ii) every fluent
(resp., action) formula in every state (resp., action) partition is a literal conjunction.
The relational Markov game G is propositional iff (i) every successor state and action
precondition axiom in T is free of non-situation variables, and (ii) every state (resp.,
action) partition is free of non-situation variables.

The following theorem shows that (i) deciding whether the action preconditions are
satisfied and (ii) computing the successor fluent formula in Eq. (6) can be reduced to the
standard task of deciding whether an acyclic logic program has an answer set.

Theorem 4.2. Let n(z) be a deterministic action with state partition Pa,o(z) = {φi(z,
s) | i∈{1, . . . ,m}} and successor state (resp., action precondition) axioms given by
the acyclic logic program Pssa(z, s) (resp., Pap(z, s)), where do(a, s) occurs only in
clause heads in Pssa(z). Then, (a) Regr(φj(z, do(n(z), s))) =φi(z, s) iff Pssa(z, s)∪
{φi(z, s)} ∪ {φj(z, do(n(z), s))} has an answer set; and (b) n(z) is executable in
φi(z, s) iff Pap(z, s) ∪ {φi(z, s)} has an answer set.

Proof (sketch). We basically have to show that the closed-world answer set seman-
tics of acyclic logic programs correctly implements the open-world view of first-order
statements in the situation calculus. In (a), this is the case, since do(a, s) appears only
in clause heads in Pssa(z, s). In (b), this is also the case, since we assume that action
preconditions can be evaluated on φi(z, s) only. �

The next result shows that in the propositional acyclic case, each value iteration step
can be done efficiently, that is, in polynomial time.



Relational Markov Games 329

Theorem 4.3. Let G = (T,A,O, P,R) be an acyclic and propositional relational Mar-
kov game. Then, each step of symbolic value iteration on G can be done in polynomial
time in the size of the encoded ordinary Markov game.

Proof (sketch). It is sufficient to show that (i) deciding whether the preconditions of a
pair of actions are satisfied and (ii) computing the successor fluent formula under pairs
of actions can be done in polynomial time. By Theorem 4.2, (i) and (ii) can be reduced
to deciding whether an acyclic logic program has an answer set, which can be done in
polynomial time in the propositional case. �

5 Example

In this section, we consider a rugby example (see Fig. 1), which is a slightly modified
version of the soccer example by Littman [9]. The rugby field is a 4× 5 grid. There are
two agents, A and B, each occupying a square, and each able to do one of the following
actions on each turn: N, S, E, W, and stand (move up, move down, move right, move
left, and no move, respectively). The ball is represented by an oval and also occupies
a square. An agent is a ball owner iff it occupies the same square as the ball. The ball
follows the moves of the ball owner, and we have a goal when the ball owner steps into
the adversary goal. When the ball owner goes into the square occupied by the other
agent, if the other agent stands, possession of ball changes. Therefore, a good defensive
maneuver is to stand where the other agent wants to go.

This domain can be represented by the following relational Markov game G =
(T,A,O, P,R). To axiomatize the basic action theory T , we introduce the deterministic
actions move(α, β,m, n) where n,m ∈ {N,S,E,W, stand} (agents α and β execute
concurrently n and m, respectively) and the fluents at(α, x, y, s) (agent α is at (x, y)
in situation s) and haveBall(α, s) (agent α has the ball in situation s) defined by the
following successor state axioms:

at(α, x, y, do(a, s)) ≡ (∃x′, y′, m, n).at(α, x′, y′, s) ∧ a = move(α, β, m, n) ∧
(m = stand ∧ y′ = y ∨m = N ∧ y′ = y − 1 ∨m = S ∧ y′ = y + 1) ∧ x = x′ ∨
(m = E ∧ x′ = x− 1 ∨m = W ∧ x′ = x + 1) ∧ y′ = y ;

haveBall(α, do(a, s)) ≡ (∃α′).haveBall(α′, s) ∧
(α = α′ ∧ ¬cngBall(α′, a, s) ∨ α �= α′ ∧ cngBall(α, a, s)) .
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Fig. 1. Rugby Example
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Here, cngBall(α, a, s) is true iff the ball possession changes after an action a of α in s:

cngBall(α, a, s) ≡ (∃β).β �= α ∧ δy(α, β, s) = 0 ∧ (a = move(α, β, stand, R) ∧
δx(α, β, s) = 1 ∨ a = move(α, β, stand, L) ∧ δx(α, β, s) = −1) ∨
δx(α, β, s) = 0 ∧ (a = move(α, β, stand, N) ∧ δy(α, β, s) = 1 ∧
a = move(α, β, stand, S) ∧ δy(α, β, s) = −1) .

Here, δx(α, β, s) / δy(α, β, s) is the horizontal / vertical distance between α and β:

δx(α, β, s) = dx ≡ (∃x, y, x′, y′).at(α, x, y, s) ∧ at(β, x′, y′, s) ∧ dx = x− x′ .

Once the deterministic actionmove(α, β, x, y) is defined in the basic action theoryT , we
can introduce the stochastic actions moveTo(α, x)∈A and moveTo(β, x)∈O. These
are defined by the axioms in P . We suppose that moveTo(α, x) can succeed, and then
the action move(α, β, x, k) is executed (for any action k performed by β), or it can fail,
and then move(α, β, stand, k) is performed. We assume that the action execution of an
agent can only fail iff it is the ball owner, e.g.,

prob(moveTo(α, x1), moveTo(β, x2), s, move(α, β, y1, y2)) = p ≡
(haveBall(α, s) ∧ y2 = x2 ∧ (y1 = stand ∧ p = 0.2 ∨ y1 = x1 ∧ p = 0.8)) ∧
(¬haveBall(α, s) ∧ y1 = x1 ∧ (y2 = stand ∧ p = 0.2 ∨ y2 = x2 ∧ p = 0.8)) .

We can now define the axioms in R. The zero-sum reward function (which here only
depends on the state properties) is represented as follows:

reward(α, s) = r ≡ (∃α′, β, dx, dy)haveBall(α′, s) ∧ δx(α′, β, x, y, s) = dx ∧
δy(α′, β, x, y, s) = dy ∧ r′ = M · dx + K · |dy| ∧ (α=α′ ∧ r=r′ ∨α′ �=α ∧ r=− r′) .

The reward is defined relative to the ball owner, and it is given by the linear combination
of the horizontal and (the absolute value of) the vertical distances. The horizontal com-
ponent is emphasized by the big M (M >> K). Since this gives us the relative distance
from the adversary, maximizing this value, the agent is both closer to the touch-line and
far from the adversary. The second component (K · |dy|) represents the secondary goal
of a ball owner trying to avoid being engaged by the adversary.

In this example, we have only one state partition, which already forms the unified
state partition. To formulate it, we introduce the following formulas:

φ1
i,j(α, s) = ∃β.haveBall(α, s) ∧ δx(α, β, s) = i ∧ δy(α, β, s) = j ;

φ0
i,j(α, s) = ∃β.¬haveBall(α, s) ∧ δx(α, β, s) = i ∧ δy(α, β, s) = j

with i∈{−5, . . . , 5} and i∈{−3, . . . , 3}. It is easy to verify that the above formulas
define a state partition. That is, φli,j(α, s)⇒¬φmi′,j′(α, s), for all 〈i, j, l〉 �= 〈i′, j′,m〉,
and
∨
i,j,l φ

l
i,j(α, s) are valid. This state partition also satisfies the closure property with

respect to each deterministic action move(α, β, x, y).
Given this state partition, we can represent the quality of, e.g., action moveTo(α,

N) against action moveTo(β, stand) in any state φli,j(α, s). For instance, given the
state φ1

0,2(α, s), since α is the ball owner, associated to the actions above, we have two
deterministic actions, i.e., move(α, β,N, stand) and move(α, β, stand, stand). The
first action leads to the state φ1

0,3, while the second one is equivalent to an empty action,
and thus the next state is φ1

0,2. The probabilities associated with the two transitions are
p= 0.8 and p= 0.2, respectively, and the reward for α in φ1

0,x is |x| ·K. Considering the
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first step of the value iteration (where V is equal to the reward R), the Q1 value is given
by (2 + γ · (0.8 · 3 + 0.2 · 2)) ·K. In general, the Q1 value of moveTo(α,N) against
moveTo(β, stand) can be expressed by a disjunction on the unified state partition:

Q1(moveTo(α, N), moveTo(β, stand), s)=q1 ≡
∨

i,j,l(∃qi)φl
i,j(α, s) ∧ q1=qi .

We have this shape for Q1, because of the closure property of the state partition. The
previous formula is equivalent the following one, which is the explicit definition of Q1:

Q1(moveTo(α, N), moveTo(β, stand), s)=q1 ≡
(∃r, p1, p2, r1, r2).reward(α, s)=r ∧ prob(moveTo(α, N), moveTo(β, stand), s,

move(α, β, stand, stand))=p1∧reward(α, do(move(α, β, stand, stand), s))=r1 ∧
prob(moveTo(α, N), moveTo(β, stand), s, move(α, β, N, stand))=p2 ∧
reward(α, do(move(α, β, N, stand), s))=r2 ∧ q1 = r + γ · (p1 · r1 + p2 · r2) .

6 Related Work

The work closest in spirit to this paper is perhaps the important one by Boutilier et al. [2],
which introduces first-order MDPs where actions are similarly described in a stochastic
variant of the situation calculus, along with a symbolic value iteration algorithm for first-
order MDPs. There are, however, several crucial differences. First, rather than having
only a single agent, we consider the more general setting of multiple and possibly
competing agents. That is, rather than combining action descriptions in the situation
calculus with MDPs, we combine them with the more general Markov games. As a
consequence, our value iteration procedure becomes technically more involved, since
it also requires a linear programming step where Nash equilibria of matrix games are
computed, which is not needed in [2]. Second, as an important technical difference, rather
than dynamically partitioning the state space at every value iteration step, we assume
that the state space is statically partitioned in advance, which is possible when it holds
the natural property that pairs of actions do not lead outside their state partitions (see
Sections 3 and 5). This avoids that the state space partitioning exponentially increases
along the value iteration procedure. Furthermore, it also allows for defining probability
distributions on the state space partitioning, and thus for partial observability in relational
Markov games; exploring this aspect to some more depth is an interesting topic of future
research. Third, [2] also does not consider any restricted classes of first-order MDPs
(like our acyclic relational Markov games) where the symbolic value iteration can be
done easily and/or efficiently.

Another closely related approach is Poole’s independent choice logic (ICL) [12],
which is based on acyclic logic programs under different “choices”. Each choice along
with the acyclic logic program produces a first-order model. By placing a probability
distribution over the different choices, one then obtains a distribution over the set of first-
order models. Like our work, Poole’s one also combines a first-order logical formalism
for dynamic domains with concepts from game theory. But Poole’s work is a combination
of his ICL with games in extensive and normal form, while our work combines action
descriptions in the situation calculus with Markov games. Moreover, Poole focuses more
on representational aspects and less on computing optimal policies.
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There are other important works on first-order and relational MDPs [18,7,6] and
an approach to integrating explicit agent programming in Golog with game-theoretic
multi-agent planning in Markov games [5], which are all, however, less closely related
to the approach to relational Markov games introduced in the present paper.

7 Summary and Outlook

We have introduced an approach to relational Markov games, where first-order action
descriptions in a stochastic variant of the situation calculus are combined with ordinary
zero-sum two-player Markov games. In particular, we have then presented a symbolic
value iteration algorithm for computing Nash policy pairs in this framework.

An interesting topic of future research is to extend this approach to also allow for
partial observability as well as for additional knowledge about the agents and their
preferences (for example, as in Bayesian games).
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Abstract. This paper studies the logic of modalities for motivational
attitudes (desires, obligations, wishes, wants, intentions, etc.) that come
with a deadline condition. For instance, an agent may want to get home
before it starts raining. We use a ‘reduction approach’ from deontic logic
to characterize two separate semantic definitions for these motivational
modalities in CTL. The main advantage of applying reductions is that
the formal reasoning can be performed entirely in CTL. We claim that
the reduction approach applies to any motivational modality.

1 Introduction

High-level logical specification languages for the specification and verification of
intelligent agent systems typically combine (modal) logics for informational atti-
tudes (knowledge, belief, observations, communications), motivational attitudes
(desires, obligations, wishes, wants, intentions, preferences), capacities (ability,
controllability) and dynamics (action composition, time). Examples are the BDI
logics [16,17], KARO [14], and the work by Cohen and Levesque [7]. A much re-
greted disadvantage of combining that many modalities in one logical system, is
the high complexity of the resulting system, both computationally and concep-
tually. In this paper we focus on the interaction between time and motivational
attitudes, and show that, under some restrictions, we can reduce a combined
logic for time and motivational attitudes, to the temporal component only. This
has clear advantages in terms of complexity and availability of proof systems
and other logic tools.

We are interested in logic operators of the form M(ρ ≤ δ), for being motivated
to meet a condition ρ before a condition δ becomes true. Note first that this is
an ‘achievement motivation’, where the objective is to achieve something that is
not already true (necessarily), as opposed to ‘maintenance motivations’, where
the objective is to maintain something that is already true. We do not consider
maintenance motivations in this paper. Second, the motivations as represented
by these operators are ‘temporally constrained’; if δ occurs at some point, the
agent wants that the condition ρ has been satisfied before that at least once. We
think of the operator M for motivations as either an ‘external’ motivation, i.e.,
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an obligation, or an ‘internal’ motivation, i.e., a desire, wish or want. For now,
we also rely on in informal understanding of the branching time temporal logic
CTL [5,10,6] to discuss our motivations to study operators of the form M(ρ ≤ δ).
In CTL, the symbols E and A denote an existential and a universal quantifier
respectively, ranging over possible future courses (branches) of time. Within the
scope of these quantifiers, CTL uses the linear time operators (LTL [10]) ϕUψ
(strong Until, i.e., ψ will occur, and ϕ holds up until then), ϕUwψ (weak Until,
i.e., if ψ will occur, then ϕ holds up until then), Xϕ (next, i.e., ϕ holds at the
next time point) to talk about individual future courses of time (from now on
simply called ‘possible futures’).

There are several reasons to study motivational attitudes that are temporally
constrained. First we give a reason for considering the temporal structure of
motivations as such: if we cannot express the temporal structure of motivational
content, we may be tempted to write down conflicting formulas where actually
there is no conflict involved. An example is the following. An agent can have a
desire to smoke (because it is pleasant), and at the same time a desire to quit
smoking (because it is unhealthy). If we cannot express the temporal structure of
motivational content, we may be tempted to represent this as Msmoke cigarette
and M¬smoke cigarette, which, in most logics for the motivational modality M ,
leads to unintended conflicts1. However, if we add temporal expressiveness to the
language, we may recognize that there is actually no conflict, because the agent
wants a cigarette next, i.e., MXsmoke cigarette, but also wants to quit smoking
at some time in the future, i.e., MFG¬smoke cigarette. These formulas can be
consistently dealt with under any logic for the motivational modality M .

The smoking example also, more specifically, points to a motivation to study
‘temporally constrained’ modalities of the form M(ρ ≤ δ), where the motivation
for ρ is limited to the time frame before the deadline condition δ occurs for the
first time. A puzzling aspect of an achievement motivation like ‘wanting to quit at
some time in the future’, as represented by the formula MFG¬smoke cigarette,
is that it gives us no clue as to under which circumstances it can be said that an
agent actually fails to meet it. The point is that the formulation ‘at some point
in the future’ does not mean ‘as soon as possible’, or ‘within an agent’s lifetime’.
It simply means that any future point is as good as any other future point.
For actual motivations of actual agents, it seems that this is almost never the
case. If any future point would be as good as any other future point, an agent
can procrastinate forever, without ever falling in danger of not being able to
satisfy the motivation. For achievement motivations of the form M(ρ ≤ δ), this
problem does not occur. The δ functions as a deadline for the fulfilment of the
motivation to achieve ρ. To put it bluntly: it does not mean much to specify that
agent a has an achievement motivation for ρ if somehow this motivation is not
‘concretized’ by some sort of deadline. To come back to the smoking example:
it does not mean much to say that you want to quite smoking ‘at some point in

1 For instance, in the modal logic KD, these two formulas are inconsistent, and, in
any normal modal logic, we get a motivational ‘explosion’: Mp ∧M¬p |= Mq.
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the future’. In order to asses, in the future, whether or not you have ‘complied’
to your motivation, you have to stipulate a deadline.

This same point was alluded to by Both Cohen and Levesque [7] and Rao and
Georgeff [16] when they formulated the principle of ‘no infinite deferral’. They
associate this principle with the formula Iϕ → AF¬Iϕ, where the I is a modality
for ‘intention’. However, in our opinion this formula expresses something differ-
ent. It says that any intention will eventually be dropped at some future point.
This is quite different from saying that an intention applies to a limited time
frame, and thus, that its satisfaction cannot be deferred. The problem here is
the sometimes subtle difference between ‘time of reference’ and ‘time of validity’
for temporalized modal operators. The property Iϕ → AF¬Iϕ expresses that
the intention’s time of validity is limited to a finite future amount of time. Our
modality M(ρ ≤ δ), on the other hand, expresses that the motivations time of
reference is limited to the time frame before δ occurs. These ‘relationships’ with
time are essentially different. The distinction between validity time and reference
time for logics that contain a temporal modality as one of the logic components,
was, for instance, formulated by Lindström and Rabinowicz [12] in the context
of temporal epistemic logics. But it equally applies to temporal motivational
logics. And we belief that a failure to distinguish the two concepts is the source
of a lot of confusion. To come back to the formula Iϕ → AF¬Iϕ: it is as if it
tries to express that the intention’s time of reference is limited by demanding
that the evaluation time of the intention is constrained to a finite part of the
future. Maybe the intuition was: the only reason for an intention to be in force
no longer (evaluation time) can be that the achievement is accomplished, which
means that the intention refers (reference time) only to a limited time frame.
However, intentions may be dropped for a number of reasons; accomplishment
of the achievement associated with the intention being only one of them.

We want to stress that the conditions δ in the operator M(ρ ≤ δ) are not
deadlines in the usual sense of the word. They are logical conditions that may or
may not be valid at certain points in time. This is different from the everyday
use of the word ‘deadline’, which usually refers to a certain time point relative
to a time metric. In the present setting we do not have a time metric, but only
logic conditions. A consequence of our abstract view is that we have to deal with
the possibility that δ never occurs. Note that for a theory of deadlines that uses
a time metric, this would never be a problem. In particular, the point ‘two hours
from now’ will always occur, while meeting a condition ‘δ’ may be impossible.

2 Preliminaries: CTL

Well-formed formulas of the temporal language LCTL are defined by:

ϕ,ψ, . . . := p | ¬ϕ | ϕ ∧ ψ | Eα | Aα
α, β, . . . := ϕUeeψ

where ϕ,ψ represent arbitrary well-formed formulas, and where the p are ele-
ments from an infinite set of propositional symbols P. Formulas α, β, . . . are
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called ‘path formulas’. We use the superscript ‘ee’ for the until operator to de-
note that this is the version of ‘the until’ where ϕ is not required to hold for
the present, nor for the point where ψ, i.e., the present and the point where φ
are both excluded. This gives us the following informal meanings of the until
operator:

E(ϕUeeψ) : there is a future for which eventually, at some point m, the condi-
tion ψ will hold, while ϕ holds from the next moment until the
moment before m

We define all other CTL-operators as abbreviations2. Although we do not use
all of the LTL operators X, F , and G in this paper, we give their abbreviations
(in combination with the path quantifiers E and A) in terms of the defined op-
erators for the sake of completeness. We also assume the standard propositional
abbreviations.

EXϕ ≡def E(⊥Ueeϕ) AXϕ ≡def ¬EX¬ϕ
EFϕ ≡def ϕ ∨ E(�Ueeϕ) AGϕ ≡def ¬EF¬ϕ
AFϕ ≡def ϕ ∨A(�Ueeϕ) EGϕ ≡def ¬AF¬ϕ
A(ϕUeψ) ≡def ϕ ∧A(ϕUeeψ) E(ϕUeψ) ≡def ϕ ∧ E(ϕUeeψ)
A(ϕUψ) ≡def A(ϕUe(ϕ ∧ ψ)) E(ϕUψ) ≡def E(ϕUe(ϕ ∧ ψ))
A(ϕUwψ) ≡def ¬E(¬ψU¬ϕ) E(ϕUwψ) ≡def ¬A(¬ψU¬ϕ)

The informal meanings of the formulas with a universal path quantifier are as
follows (the informal meanings for the versions with an existential path quantifier
follow trivially):

A(ϕUeψ) : for all futures, eventually, at some point m, the condition ψ will
hold, while ϕ holds from now until the moment before m

A(ϕUψ) : for all futures, eventually, at some point the condition ψ will hold,
while ϕ holds from now until then

A(ϕUwψ) : for all possible futures, if eventually ψ will hold, then ϕ holds from
now until then, or forever otherwise

AXϕ : at any next moment ϕ will hold
AFϕ : for all futures, eventually ϕ will hold
AGϕ : for all possible futures ϕ holds globally

A CTL model M = (S,R, π), consists of a non-empty set S of states, an
accessibility relation R, and an interpretation function π for propositional atoms.
A full path σ in M is a sequence σ = s0, s1, s2, . . . such that for every i ≥ 0,
2 Often, the CTL-operators EGϕ and E(ψUϕ) are taken as the basic ones, and other

operators are defined in terms of them. The advantage of that approach is that we
do not have to use the notion of ‘full path’, that is crucial for the truth condition of
A(ϕUeeψ). However, that approach is not applicable here, since we cannot define the
‘exclusive’ versions of the operators in terms of them. And, even if we take EGϕ and
E(ψUeeϕ) as basic, we can still not define the for our purposes important operator
A(ψUeϕ) as an abbreviation.
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si is an element of S and siRsi+1, and if σ is finite with sn its final situation,
then there is no situation sn+1 in S such that snRsn+1. We say that the full
path σ starts at s if and only if s0 = s. We denote the state si of a full path
σ = s0, s1, s2, . . . in M by σi. Validity M, s |= ϕ, of a CTL-formula ϕ in a world
s of a model M = (S,R, π) is defined as:

M, s |= p ⇔ s ∈ π(p)
M, s |= ¬ϕ ⇔ not M, s |= ϕ
M, s |= ϕ ∧ ψ ⇔ M, s |= ϕ and M, s |= ψ
M, s |= Eα ⇔ ∃σ in M such that σ0 = s and M, σ, s |= α
M, s |= Aα ⇔ ∀σ in M such that σ0 = s it holds that M, σ, s |= α
M, σ, s |= ϕUeeψ ⇔ ∃n > 0 such that

(1) M, σn |= ψ and
(2) ∀i with 0 < i < n it holds that M, σi |= ϕ

Validity on a CTL model M is defined as validity in all states of the model. If
ϕ is valid on a CTL model M, we say that M is a model for ϕ. General validity
of a formula ϕ is defined as validity on all CTL models. The logic CTL is the
set of all general validities of LCTL over the class of CTL models.

3 Reduction Approaches for Deontic Logic

In deontic logic, reduction approaches have been advocated foremost by Ander-
son [1], Kanger [11] and Meyer [13]. The idea behind Anderson’s approach is that
we can identify the logic of being obliged a condition ϕ with the logic of it being
a necessity that if ϕ is not satisfied, there is a violation. Anderson thus reduces
the logic for the obligation operator Oϕ to the standard (alethic) modality �ϕ
by defining Oϕ ≡def �(¬ϕ → V iol), where V iol is a new propositional constant
in the language of the modality �, standing for ‘violation’. It is not difficult
to prove that through this reduction, we can reduce Standard Deontic Logic
(SDL [20]) to alethic modal logic. Kanger was the first to not only use violation
constants, but also success constants. We come back to this point in section 6.1.
Finally, Meyer adapted Anderson’s idea to the action setting by making the iden-
tification that an action α is obliged if alternatives to this action (being referred
to by means of an ‘action negation’ connective) lead to a violation. Meyer thus
proposed to define the deontic logic of obligations Oα, where α is an explicit
action name, as a reduction to dynamic logic: Oα ≡def [α]V iol, where α stands
for the ‘negation’ of the action α, and the operator ‘[ . ] .’ is the action execution
modality from dynamic logic [15] (see our earlier work [3] for more on this). The
idea of expressing the semantics of deontic deadlines by characterizing violation
conditions in CTL supplemented with violation constants, was first explored in
[9]. The present work adapts, extends and generalizes this idea.

The general idea behind the reduction approaches in deontic logic is thus
that we try to characterize the violation conditions of obligations, in the logic
we want to reduce the obligation modality to. If we have a deontic logic of general
propositions, we reduce to a general modal logic of necessity supplemented with
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violation constants (Anderson). If we have a deontic logic of actions, we reduce
to a logic of action supplemented with violation constants (Meyer). If we have a
deontic logic of deadlines, we reduce to a temporal logic supplemented with vio-
lation constants (Dignum). In this paper we take a more general view on this last
idea: we reduce a logic for motivational attitudes that are temporally constrained
to a temporal logic supplemented with Negative Condition constants.

Deontic logician like to argue that deontic reasoning is inherently different
from reasoning with desires, wishes, wants, etc., because it has to deal with
circumstances where obligations are not satisfied. In other words: deontic logics
have to be able to reason about violations. The reduction approaches form the
most literal manifestation of this idea. However, we do not agree that deontic
reasoning is inherently different from reasoning with desires, wishes, wants, etc.
The only difference we see between violating an obligation and violating, for
instance, a desire, is that the first violation is relative to some other agent,
while the second is only relative to the agent himself. Although this difference
may be of practical significance in concrete situations, we see no difference from a
logical point of view. Therefore, as long as we are interested in logical properties,
the reduction approaches apply to any motivational attitude. To emphasize this
point, we will not talk about ‘violations’ but about ‘negative conditions’.

4 Two Alternative Reductions for the Motivation
Operator

We minimally extend the language LCTL by extending the set of propositional
atoms with a negative condition constant of the form NegC3. Furthermore, the
formal interpretation of the atom NegC is treated like that of all other atomic
propositions. So, we can view the propositional constant NegC also as a special
element of P: a ‘special purpose’ proposition solely used to interpret motivational
formulas in a temporal setting.

Let M be a CTL model, s a state, and σ a full path starting at s. A straight-
forward modal semantics for the operator M1(ρ ≤ δ) is then defined as follows:

M, s |= M1(ρ ≤ δ) ⇔ ∀σ with σ0 = s,∀j :
if
M, σj |= δ and ∀0 ≤ i ≤ j : M, σi |= ¬ρ
then
M, σj |= NegC

This says: if at some future point the deadline occurs, and until then the result
has not yet been achieved, then we have a negative condition at that point. This
semantic definition is equivalent to the following definition as a reduction to
CTL:

M1(ρ ≤ δ) ≡def ¬E(¬ρU(δ ∧ ¬NegC))
3 For reasoning in a multi-agent context we may provide negative condition constants

of the form NegC(a) where a ∈ A, and A an infinite set of agent identifiers.
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This formula simply ‘negates’ the situation that should be excluded when a
motivational deadline is in force4. In natural language this negative situation is:
‘δ becomes true at a certain point, the achievement has not been met until then,
and there is no negative condition at δ’. Therefore this CTL formula exactly
characterizes the truth condition for the above defined motivational deadline
operator: the semantic conditions are true is some state if and only if the CTL
formula is true in that state.

The above definition gives rise to a number of logical properties, to be pre-
sented in the next section. However, at this point we already want to mention
one particular property that will lead us to a variation on the above defini-
tion. This logical property concerns the ‘evaluation time’ of the defined operator
M1(ρ ≤ δ). It holds that:

|= M1(ρ ≤ δ) → A(M1(ρ ≤ δ)Uwρ)

To see that this holds5, it is easiest to fall back on the semantics of the
operator. The semantics says that on futures (branches of time) where δ occurs
at some point t, while until then ρ has not been done once, there is a negative
condition at t. Now, if we follow such a branch for some time-steps in the future,
and we do not meet a ρ, then, the deadline conditions do still apply: still it holds
that if δ will occur later on, we get a negative condition if we do not meet a ρ
until then.

Now, a crucial observation is that even if we have passed one or more δ-
states, the motivation still applies; only if we meet a ρ, the conditions are no
longer guaranteed. Thus, the above notion of motivation persists, even if we have
passed a deadline. This might be considered counter-intuitive, since it seems
correct to assume that the deadline motivation itself is discharged by passing
the deadline. Therefore, we will show how to define a version that does not have
this property. However, we first want to stress that we do not consider the above
notion of motivation to be counter-intuitive; it is simply a variant. Persistence
of the motivation at the passing of a deadline is not a priori counter-intuitive.
An example is the following: you want to repair the roof of your house before it
will rain (or otherwise you and your interior get wet). This motivation is only
discarded by the act of repairing the roof, and not by the event of raining.

So, the above defined motivations are not discarded by failing the deadline:
as long as the condition ρ is not yet achieved, we have a negative condition at
every point where the deadline condition δ holds. Now we are going to drop this
property. Thus, we need to take care that the motivation is dropped the first
time we meet the deadline condition, irrespective of whether we have achieved
the goal or not. We can achieve this, by adding to the definition that only the
first δ occurring, is relevant for assessing whether there is a violation.
4 Alternatively this definition can be given using the weak until: M1(ρ ≤ δ) ≡def

A((¬δ ∨NegC)Uwρ). But for the version with the strong until it is much easier to
see that it corresponds with the semantic truth conditions defined above.

5 Alternatively we may write this as |= M1(ρ ≤ δ) → ¬E(¬ρU¬M1(ρ ≤ δ)). But in
our opinion, here the version with the weak until is easier to understand.
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M, s |= M2(ρ ≤ δ) ⇔ ∀σ with σ0 = s,∀j :
if
M, σj |= ¬ρ ∧ δ and ∀0 ≤ i < j : M, σi |= ¬ρ ∧ ¬δ
then
M, σj |= NegC

This says: if at some future point the deadline occurs for the first time, and
until then the result has not yet been achieved, then we have a negative condition
at that point. For this notion of deadline it is a slightly harder to give a CTL
characterization. We need to use the notion of until that talks about the states
until the last state before ϕ (i.e., ψUeϕ).

M2(ρ ≤ δ) ≡def ¬E((¬ρ ∧ ¬δ)Ue(δ ∧ ¬ρ ∧ ¬NegC))

The main point of this variant is thus that it has a different dynamical
behavior. In particular, it is discarded by the first δ, even if the achievement
has not been met. Therefore, the following holds for the evaluation time of the
operator M2(ρ ≤ δ):

|= M2(ρ ≤ δ) → A(M2(ρ ≤ δ)Uw(ρ ∨ δ))

It is clear that the following holds for the relation between the two variants:

|= M1(ρ ≤ δ) → M2(ρ ≤ δ)

5 More Logical Properties

In the previous section we discussed logical properties concerning the validity
time6 of the defined operators. In this section, we present some more logical
properties. Most properties hold for both operators defined in the previous sec-
tion. Therefore, in the formulas to come, we will use the notation M i(ρ ≤ δ), to
express that we talk about a property for both variants. Since the properties we
present in this section are discussed elsewhere (for the case where motivations
are obligations) [4], we do not spend much words on them.

The following properties can be proven, by substituting the CTL-characteri-
zation of the operators, and assessing the resulting CTL-formulas on CTL-
validity:

|= M i((ρ ∧ χ) ≤ δ) → M i(ρ ≤ δ)

�|= M i(ρ ≤ δ) ∧M i(χ ≤ δ) → M i((ρ ∧ χ) ≤ δ)

|= M1(ρ ≤ δ) → M1(ρ ≤ (δ ∧ γ))

�|= M2(ρ ≤ δ) → M2(ρ ≤ (δ ∧ γ))

�|= M i(ρ ≤ δ) ∧M i(ρ ≤ γ) → M i(ρ ≤ (δ ∨ γ))
6 In BDI-literature, these are also called ‘dynamical properties’
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|= M i(ρ ≤ δ) ∧M i(δ ≤ γ) → M i(ρ ≤ γ)

�|= M i(ρ ≤ δ) → M i(δ ≤ ρ)

|= M i(γ ≤ γ)

|= M i(� ≤ δ) �|= M i(⊥ ≤ δ) �|= ¬M i(⊥ ≤ δ)

|= M i(ρ ≤ ⊥) �|= M i(ρ ≤ �) �|= ¬M i(ρ ≤ �)

|= ¬M i(⊥ ≤ �)

6 Limitations and Advantages of the Present Approach

6.1 A Counter-Intuitive Logical Property

The operators defined in section 4 obey intuitive properties. However, there is
also a class of properties of these operators, whose intuitiveness is disputable.
For instance, we have the following property:

|= ρ → M i(ρ ≤ δ)

This says that the deadline motivations as defined in section 4 are implied
by the actual achievement of ρ in the current state. Moreover, this property is
an instance of a more general, stronger property that holds for the motivational
deadline operators of section 4. The motivation is valid in any state where it is
sure that the motivation will be satisfied before the deadline. In particular:

|= ¬E(¬ρUδ) → M i(ρ ≤ δ)

This can be verified by substituting the CTL characterization of the moti-
vation operator: ¬E(¬ρUδ) → ¬E(¬ρU(δ ∧ ¬NegC)). We may see this as the
strengthening of δ to δ ∧ ¬NegC in the schema ¬E(¬ρUδ). It is quite easy to
see that this strengthening property holds. We start with the fact that validity
of the schema E(ϕUψ) is closed under weakening with respect to ϕ and with
respect to ψ, that is, if at some point in a model we satisfy E(ϕUψ), we also
satisfy both E((ϕ∨ γ)Uψ) and E(ϕU(ψ ∨ γ)). But this means7 that the schema
¬E(ϕUψ) is closed under strengthening with respect to ψ, which is what we
needed to show (with ¬ρ substituted for ϕ, and δ for ψ).

Now the question rises whether we cannot defend intuitiveness of this prop-
erty in the same way as we can defend intuitiveness of, for instance |= M i(γ ≤ γ)
and |= M i(� ≤ δ) and |= M i(ρ ≤ ⊥). We can argue that the situation is com-
parable to the axiom O� of standard deontic logic. The common denominator
7 We actually use some background theory here about how logical properties of defined

operators can be determined by looking at the way they are constructed from simpler
operators. In particular, a negation in the definition flips closure under strengthening
to closure under weakening and vice versa. This is why any modal operator Mϕ is
closed under weakening (strengthening) if and only if its dual ¬M¬ϕ is closed under
weakening (strengthening).
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of these properties is that they concern a motivation for something that actually
cannot be avoided. The point is that although it seems strange that a logic vali-
dates motivations for things that cannot be avoided, it is not harmful either. No
agent will ever let his decision making be influenced by motivations for things
that are true inevitably and always. In other words, such motivations are void.
Then, we might also argue that if ρ is unavoidable, in particular, if it is true
now, the motivation M i(ρ ≤ δ) is void, because it concerns an achievement that
is met anyway.

However, we consider the issue whether or not ρ → M i(ρ ≤ δ) to be different
from, for instance, the issue whether or not M i(� ≤ δ). Whereas the second mo-
tivation is void because it concerns a tautology, i.e., something that is considered
to be true inevitably and always, the first motivation results from a condition
that can be considered to be only occasionally true.

We want to stress that in deontic logic, the approaches of Anderson and
Meyer lead to similar problems. In Meyer’s system we have the counter intuitive
[α]⊥ → O(α), which says that if α is the only possible action (we cannot perform
an alternative action), it is obliged to perform it. In Anderson’s reduction we have
the counter intuitive �ϕ → Oϕ, which says that if a condition is a necessity, it is
also obliged. It appears that these properties were not perceived as problematic
in deontic logic. But, as we claimed above, in the present, temporal context,
similar properties seem more problematic. Recently we presented two alternative
possible remedies to this problem, in the context of deontic deadlines. In the
first approach [8] we try to capture that there is violation (negative condition)
if and only if the achievement is not accomplished at the deadline. In the second
approach [4], we argue that the problem is caused by the fact that we model the
motivation (obligation) only from the point of view of its negative (violation)
conditions. We show that the undesired property is eliminated by considering
success conditions also. This shows that the problem of these counter intuitive
properties is not a problem of reduction approaches as such.

6.2 Commutativity Between the Temporal and the Motivational
Dimension

Until now we did not say anything about whether or not the conditions ρ and δ
can be temporal formulas, or even motivational operators themselves. A priori,
there seems no technical reason to exclude this; any formula may represent an
achievement or deadline condition. However, semantically, things get harder.
What does it mean to achieve now that next ρ? What does it mean to encounter
a deadline next δ? Let us, for the moment, assume that such expressions can be
given interpretations that make sense. Then, we are in the position to discuss
whether or not we can find, in this setting, a commutativity property for the
interaction of time and motivation.

Commutativity properties are well-known from the interactions of time and
knowledge. For instance, ‘perfect recall’ is expressed by the commutativity prop-
erty (the modality K stands for ‘Knowledge’) KXϕ → XKϕ, and ‘no learning’
by XKϕ → KXϕ. Roughly, these properties express that, when time passes,
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no things are forgotten, and no new things are learned. Now, similar properties
should hold for the interaction of time and motivations as defined in section 4.
The reason is simple: within a model, the truth of negative condition constants
is fixed. So, when going through a time path within a model, no new negative
condition constants come into play, and no existing constants are removed. To
what commutativity property does this lead? This turns out not to be entirely
trivial. The point is, that we cannot express the property alluded to in the syn-
tax we have chosen for the motivation operators. We have to slightly generalize
our notation and definition. First we generalize the constants NegC to general
negative condition formulas. Second, we include these negative condition for-
mulas in the notation for the operators: M i(ρ ≤ δ,NegC). All other details of
the definitions of section 4 stay the same. With this slight adaptation of the
definition and the notation, we can now formulate the commutativity property
we alluded to, in the stronger temporal language of CTL*8:

M i(Xρ ≤ Xδ,XNegC) ↔ AXM i(ρ ≤ δ,NegC)

This expresses that when time evolves, the temporal ‘content’ of deadline
motivations adapts accordingly. The left to right implication expresses that at
any point in time, all motivations are actualized versions of motivations that
where already there in the past (compare this with ‘no learning’, from dynamic
epistemic logic), and the right to left implication expresses that all past moti-
vations are ‘actualized’9 to motivations for the present state (compare this with
‘perfect recall’, from dynamic epistemic logic). This means that the language
cannot talk about the motivational and the temporal dimension independently.
The motivational dimension is, as it were, ‘embedded’ in the temporal dimension.

The above commutativity property completely ‘fixes’ the relation between
motivation and time. There is no room for motivational updates: new motiva-
tions are not ‘learned’, and all old motivations are ‘recalled’. The property holds
because the negative conditions are fixed within models. Therefore, this ‘limita-
tion’ applies to any reduction approach to achievement motivations which are
temporally constrained.

6.3 Reducing Multiple Motivational Modalities

For separate motivational attitudes (desires, obligations, preferences, etc) we
can define separate propositional constants. This is a real advantage, since it
reduces the complexity of the overall logical system considerably. At the same
time, this does not prevent us from introducing some simple interactions between
the separate motivational attitudes. For instance, if NegD is the constant for
8 Roughly, CTL* adds the full power of LTL (linear time temporal logic) to the path

formulas of CTL. Details can be found in the literature.
9 Note that although the motivations are certainly ‘modified’, we do not use the word

‘update’. The point is that commutativity means that no ‘new’ motivations are
allowed to enter the stage. The only ‘dynamics’ that is going on is that existing
motivations are actualized.
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desires, and NegO the one for obligations we might define that an agent is
‘prudent’ simply as an axiom NegO → NegD.

6.4 Other Temporal Formalisms

The choice in this paper for the temporal logic CTL is a pragmatic one. We be-
lieve the theory applies equally well, and probably better, to linear time temporal
logic (LTL [10]). However, CTL has nice properties (P-complete complexity of
the model checking problem for CTL, versus PSPACE-complete complexity for
LTL [18]), and is popular in agent theory [17].

7 Conclusion

Given that motivations are a prerequisite for action, that action involves change,
and that change presupposes time, motivational and temporal notions have very
strong conceptual connections. Therefore, any contribution to the study of such
connections is welcome.

In this paper we discussed intuitions concerning the notion of ‘being moti-
vated to obey a condition ρ before a condition δ occurs’. We studied this notion
by defining a reduction to the logic CTL, minimally extended with ‘negative con-
dition constants’. We discussed some limitations, possible problems and possible
extensions of the definitions.

It would be interesting to test the logic by means of a CTL-theorem prover.
There are no such implemented theorem provers available. However, they can be
written by using the results in either [2] or [19]. We plan to do this in the near
future.
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Abstract. Boolean games are a class of two-player games which may be defined
via a Boolean form over a set of atomic actions. A particular game on some form
is instantiated by partitioning these actions between the players – player 0 and
player 1 – each of whom has the object of employing its available actions in such
a way that the game’s outcome is that sought by the player concerned, i.e. player
i tries to bring about the outcome i. In this paper our aim is to consider a num-
ber of issues concerning how such forms are represented within an algorithmic
setting. We introduce a concept of concise form representation and compare its
properties in relation to the more frequently used “extensive form” descriptions.
Among other results we present a “normal form” theorem that gives a character-
isation of winning strategies for each player. Our main interest, however, lies in
classifying the computational complexity of various decision problems when the
game instance is presented as a concise form. Among the problems we consider
are: deciding existence of a winning strategy given control of a particular set of
actions; determining whether two games are “equivalent”.

1 Introduction

The combination of logic and games has a significant history: for instance, a game theo-
retic interpretation of quantification goes back at least to the 19th century with C.S. Peirce
([9]), but it took until the second half of the previous century, when Henkin suggested
a way of using games to give a semantics for infinitary languages ([5]), that logicians
used more and more game-theoretic techniques in their analysis, and that game theoretic
versions for all essential logical notions (truth in a model, validity, model comparison)
were subsequently developed. In addition, connections between game theory and modal
logic have recently been developed.

Where the above research paradigm can be summarised as ‘game theory in logic’,
toward the end of the last decade, an area that could be coined ‘logic in game theory’
received a lot of attention (we only mention [7]; the reader can find more references
there); especially when this field is conceived as formalising the dynamics and the
powers of coalitions in multi-agent systems, this boost in attention can be explained.

Boolean Games, as introduced by Harrenstein et. al ([4]) fit in this research paradigm
by studying two-player games in which each player has control over a set of atomic
propositions, is able to force certain states of affairs to be true, but is dependent on the
other player concerning the realisation of many other situations. This seems to model

J.J. Alferes and J. Leite (Eds.): JELIA 2004, LNAI 3229, pp. 347–359, 2004.
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a rather general set of multi-agent scenarios, where it is quite common that each agent
has its own goals, but, at the same time, only limited control over the resources (the
particular propositional variables); at the same time, all two-player games in strategic
form can be modelled as such.

The issues treated in [3,4], are primarily driven by semantic concerns, thus: presenting
inductive definitions of two-player fully competitive games; introducing viable ideas of
what it means for two games to be “strategically equivalent”; constructing sound and
complete calculi to capture winning strategies; and exploring the logical and algebraic
relationship between the game-theoretic formalism and propositional logic functions.

Our concerns in the present paper are two-fold: firstly, we revisit the correspondence
between propositional logic functions and Boolean forms presented in [4] under which
a given form g involving atomic actions A maps to a propositional function 7g8 of
the propositional arguments A. We establish a strong connection between the concept
of winning strategy in a game and classical representation theorems for propositional
functions. Among the consequences following from this connection we may,

a. Characterise all winning strategies for either player in a form g in terms of particular
representations of 7g8.

b. Obtain various “normal form” theorems for Boolean forms.
c. Characterise the “minimal winning control allocations” for a player,
d. Characterise precisely those forms, g, for which neither player has a winning strategy

unless they have control over every atomic action.

Our second and principal interest, however, is to examine the computational complexity
of a number of natural decision problems arising in the domain of Boolean game forms.
In particular,

e. Given a description of a form g and an allocation of atomic actions, σi, to player i,
does σi give a winning strategy for i?

f. Given descriptions of two forms g and h are these strategically equivalent?
g. Given a description of some form g, is there any subset of actions with which player

i has a winning strategy in g?
h. Given g and h together with instantiations of these to games via σ for g and τ for h,

are the resulting games – (g, σ) and (h, τ) – “equivalent”?

The computational complexity of these decision problems turns on how much freedom
is permitted in representing the forms within an instance of the problem. If we insist
on an “extensive form” description then all may be solved by deterministic polynomial-
time methods: this bound, however, is polynomial in the size of the instance, which for
extensive forms will typically be exponential in the number of atomic actions. If, on the
other hand, we allow so-called “concise forms”, each of the problems above is, under
the standard assumptions, computationally intractable, with complexities ranging from
np–complete to completeness for a class believed to lie strictly between the second and
third levels of the polynomial hierarchy.

As one point of interest we observe that the classification results for the problems
described by (e)–(g) are fairly direct consequences of the characterisations given by (a)
and (b). The constructions required in our analysis of the “game equivalence” problem
(h) are, however, rather more intricate and we omit the details of this.
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In total these results suggest a trade-off between extensive, computationally tractable
descriptions that, in general, will be unrealistically large and concise descriptions for
which decision methods for those questions of interest are unlikely to be viable. It may,
however, be the case that this apparent dichotomy is not as clearly defined as our results
imply: we show that there are natural questions which even in terms of extensive forms
are computationally intractable.

The remainder of this paper is organised as follows. In the next section we review the
definitions of Boolean form, game and “winning strategy” originating in [3,4]. In Section
3 we examine the relationship between forms and propositional functions from [4] and
show that this can be used to characterise winning strategies as well as yielding various
“normal form” representations for Boolean forms. We then introduce the ideas that form
the central concern of this paper, namely the notion of concise form descriptions, and
discuss the properties of these in relation to extensive forms. We continue this analytic
comparison in Section 5, wherein various decision problems are defined and classified
with respect to their computational complexity. The final section outlines some directions
for further research.

2 Boolean Forms and Games

Definition 1. (Harrenstein et al. [4]) Let A = {a1, . . . , an} be a (finite) set of atomic
actions and GA the smallest set that satisfies both:

a. {0,1} ⊂ GA.
b. If g0, g1 ∈ GA and α ∈ A then α(g0, g1) ∈ GA.

Thus GA defines the set of Boolean forms with atomic strategies A.
A Boolean form g ∈ GA is instantiated as a Boolean game, 〈g, σ〉, by specifying for

each player i ∈ {0, 1} which subset of the actions the player has complete control over.
Thus σ : A → {0, 1} describes a partition of A as 〈σ0, σ1〉 with σi the subset of A
mapped to i by σ. We refer to σi as the control allocation for player i.

Given some Boolean form g ∈ GA, we may think of g depicted as a binary tree so that:
if g ∈ {0,1}, then this tree is a single vertex labelled with the relevant outcome 0 or
1; if g = α(g0, g1) this tree comprises a root labelled with the action α one of whose
out-going edges is directed into the root of the tree for g0, with the other out-going
edge directed into the root of the tree for g1. An outcome of α(g0, g1) is determined by
whether the action α is invoked – in which event play continues with g0 – or abstained
from – resulting in play continuing from g1. Thus given some subset s of A, and the
form g, the outcome sf(g)(s) (the “strategic form” of [4]) resulting from this process is
inductively defined via

sf(g)(s) :=

⎧⎪⎪⎨⎪⎪⎩
0 if g = 0
1 if g = 1
sf(g0)(s) if g = α(g0, g1) and α ∈ s
sf(g1)(s) if g = α(g0, g1) and α �∈ s

The forms g and h ∈ GA are regarded as strategically equivalent (g ≡sf h) if for every
choice s ⊆ A it holds that sf(g)(s) = sf(h)(s).
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We note one important feature of this model is its requirement that having committed
to playing or refraining from playing an action α the player allocated control of α does
not subsequently reverse this choice. In consequence it may be assumed in terms of the
binary tree presentation of forms that a path from the root to an outcome contains at
most one occurrence of any atomic action.

Given an instantiation of g to a game 〈g, σ〉 the aim of player i is to choose for each
action, α, within its control, i.e. in the set σi, whether or not to play α. Thus a strategy
for i in 〈g, σ〉 can be identified as the subset of σi that i plays. This gives rise to the
following definition of winning strategy in [4].

Definition 2. A player i ∈ {0, 1} has a winning strategy in the game 〈g, σ〉 if there
is a subset ν of σi such that regardless of which instantiation τ of σ1−i is chosen,
sf(g)(ν ∪ τ) = i.

A control allocation, σi, is minimal for i in g if there is a winning strategy, ν for
player i in 〈g, σ〉 and changing the allocation of any α ∈ σi to σ1−i, results in a game
where i no longer has a winning strategy, i.e. in the control allocation, σ′ for which
σ(α) = i becomes σ′(α) = 1− i, i does not have a winning strategy in the game 〈g, σ′〉.

The basic definition of Boolean form is extended by introducing a number of operations
on these.

Definition 3. Let g0, g1, h ∈ GA, and α ∈ A. The operations +, ·, ⊗ and ¯ are,

1. 0 + h := h ; 1 + h := 1 ; α(g0, g1) + h := α(g0+ h, g1+ h)
2. 0 · h := 0 ; 1 · h := h ; α(g0, g1) · h := α(g0· h, g1· h)
3. 0 := 1 ; 1 := 0 ; α(g0, g1) := α(g0, g1)
4. ⊗(0, g, h) := h ; ⊗(1, g, h) := g ; ⊗(α(g0, g1), h0, h1) :=

α(⊗(g0, h0, h1),⊗(g1, h0, h1))

Informally we may regard the operations of Definition 3 in terms of transformations
effected on the associated binary tree form describing g. Thus, g+h is the form obtained
by replacing each 0 outcome in g with a copy of h; g · h that resulting by replacing each
1 outcome in g with a copy of h; and g the form in which 0 outcomes are changed to
1 and vice-versa. The operation ⊗ is rather more involved, however, the form resulting
from ⊗(g, h0, h1) is obtained by simultaneously replacing 0 outcomes in g with h1 and
1 outcomes with h0.

Finally we recall the following properties,

Fact 1. The set of Boolean forms GA is such that,

1. The relationship ≡sf is an equivalence relation.
2. Let [g] denote {h : g ≡sf h} and G≡ be {[g] : g ∈ GA}. The operations of

Definition 3 may be raised to corresponding operations on equivalence classes of
forms so that,

[g] + [h] = [g + h] ; [g] · [h] = [g · h]

[g] = [ g ] ; ⊗([g], [h0], [h1]) = [⊗(g, h0, h1)]
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3. Each form g may be associated with a propositional function, 7g8 with arguments
A so that 7g8[s] = 0 if and only if sf(g)(s) = 0 (where for a propositional function
f (X) and Q ⊆ X, f [Q] denotes the value of the function f under the instantiation
x := 1 if x ∈ Q, x := 0 if x �∈ Q). For g and h forms in GA

g ≡sf h ⇔ 7g8 ≡ 7h8

3 Characterising Winning Strategies

We recall the following standard definitions concerning propositional logic functions.

Definition 4. Let Xn = {x1, . . . , xn} be a set of n propositional variables and f (Xn)
some propositional logic function defined over these. A literal, y over Xn, is a term x or
¬x for some x ∈ Xn. A set of literals, S = {y1, . . . , yr}, is well-formed if for each xk at
most one of xk, ¬xk occurs in S. A well-formed set S defines an implicate of f (Xn) if the
(partial) instantiation, αS, of Xn by xk := 1 if ¬xk ∈ S, xk := 0 if xk ∈ S is such that
f (α) = 0 for all α that agree with αS. A well-formed set S is an implicant of f (Xn) if
the (partial) instantiation, βS, of Xn by xk := 0 if ¬xk ∈ S, xk := 1 if xk ∈ S is such that
f (α) = 1 for all α that agree with βS. An implicate (resp. implicant) is a prime implicate
(resp. implicant) of f (Xn) if no strict subset S′ of S is an implicate (implicant) of f (Xn).

We require some further notation in order to describe the main results of this section.

Definition 5. For a form g ∈ GA,

Wi(g) =̂ {(σi, ν) : ν ⊆ σi and ∀ τ ⊆ σ1−i : sf(g)(ν ∪ τ) = i}

Mi(g) =̂ {(σi, ν) : (σi, ν) ∈ Wi(g) and
∀α ∈ ν ∃τ ⊆ σ1−i : sf(g)(ν \ {α} ∪ τ) = 1 − i and
∀α ∈ σi \ ν ∃τ ⊆ σ1−i : sf(g)(ν ∪ {α} ∪ τ) = 1 − i}

Thus, Wi(g) is the set of allocations (σi) paired with winning strategies for i in these (ν),
while Mi(g) is the subset of these in which σi is a minimal control allocation for i.

Now consider the set of play choices, P(A), given by

P(A) = {(ν, π) : ν ⊆ A, π ⊆ A, and ν ∩ π = ∅}

and define a (bijective) mapping, Lits, between these and well-formed literal sets over
the propositional variables {a1, . . . , an} by

Lits( (ν, π) ) :=
⋃

ai∈ν
{ai} ∪

⋃
ai∈π

{¬ai}

We now obtain,

Theorem 1. Let 〈g, σ〉 be a Boolean game with g ∈ GA.

a. Player 0 has a winning strategy in 〈g, σ〉 if and only if there exists ν ⊆ σ0 for which
Lits((ν, σ0 \ ν)) is an implicate of 7g8(A).
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b. Player 1 has a winning strategy in 〈g, σ〉 if and only if there exists ν ⊆ σ1 for which
Lits((ν, σ1 \ ν)) is an implicant of 7g8(A).

c. The control allocation σ0 is minimal for player 0 in g if and only if there exists
ν ⊆ σ0 for which Lits((ν, σ0 \ ν)) is a prime implicate of 7g8(A).

d. The control allocation σ1 is minimal for player 1 in g if and only if there exists
ν ⊆ σ1 for which Lits((ν, σ1 \ ν)) is a prime implicant of 7g8(A).

Corollary 1. Let
∑

and
∏

denote the raised versions of the operations + and · when
applied over a collection of forms. For (ν, μ) ∈ P(A) the forms c(ν,μ) and d(ν,μ) are

c(ν,μ) =̂
∑
α∈ν

α(0, 1) +
∑
α∈μ

α(1, 0)

d(ν,μ) =̂
∏
α∈ν

α(1, 0) ·
∏
α∈μ

α(0, 1)

a. For all g ∈ GA,

g ≡sf

∑
(σ1,ν)∈W1(g)

d(ν,σ1\ν) ≡sf

∏
(σ0,ν)∈W0(g)

c(ν,σ0\ν)

b. For all g ∈ GA,

g ≡sf

∑
(σ1,ν)∈M1(g)

d(ν,σ1\ν) ≡sf

∏
(σ0,ν)∈M0(g)

c(ν,σ0\ν)

Proof. Both are immediate from Theorem 1 and the fact that every propositional function
f (Xn) is equivalent to formulae described by the disjunction of product terms matching
(prime) implicants and the conjunction of clause terms matching (prime) implicates. �

Corollary 2. For any set A(n) = {a1, . . . , an} of n atomic actions, there are (modulo
strategic equivalence) exactly two g ∈ GA(n) with the property that neither player has a
winning strategy in the game 〈g, σ〉 unless σi = A(n).

Thus, with these two exceptions, in any g at least one of the players can force a win
without having control over the entire action set.

Proof. We first show that there are at least two such cases.
Consider the form, Parn ∈ GA(n) , inductively defined as

Parn :=
{

a1(0, 1) if n = 1
⊗(Parn−1, an(0, 1), an(1, 0)) if n ≥ 2

Then, it is easy to show that 7Parn8 ≡ a1 ⊕ a2 ⊕ . . .⊕ an, where ⊕ is binary exclusive
or. This function, however, cannot have its value determined by setting any strict subset
of its arguments, i.e. i has a winning strategy only if i has control over the entire action
set A(n). The second example class is obtained simply by considering Parn.

To see that there at most two cases, it suffices to note that if f (A(n)) �≡ 7Parn8 and
f (A(n)) �≡ ¬7Parn8 then there is either a prime implicate or prime implicant of f that
depends on at most n − 1 arguments. Theorem 1(c–d) presents an appropriate winning
strategy in either case. �
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4 Representation Issues – Concise Versus Extensive

Representational issues are one aspect that must be considered in assessing the com-
putational complexity of particular decision problems on Boolean forms/games: thus
one has a choice of using extensive forms whereby g ∈ GA is described in terms of
Definition 1(a,b) or, alternatively, in some “concise” form, e.g. g ∈ GA is described by
its construction in terms of the operations in Definition 3. Formally,

Definition 6. A game g ∈ GA, is described in extensive form if it is presented as a
labelled binary tree T(V ,E) each internal vertex of which is labelled with some ai ∈ A
and whose leaves are labelled with an outcome from the set {0, 1}. The size of an
extensive form representation T of g, denoted Sext(g,T) is the total number of internal
vertices in T, i.e. the number of occurrences of atomic strategy labels.

A game g ∈ GA is described in concise form if given as a well-formed expression in
the language LA defined as follows:

a. {0, 1} ⊂ LA.
b. For each α ∈ A and F0, F1 ∈ LA, α(F0,F1) ∈ LA.
c. For each θ ∈ {+, ·}, and F, G ∈ LA, F θ G ∈ LA.
d. For each F, G, H ∈ LA, ⊗(F,G,H) ∈ LA.
e. For each F ∈ LA, F ∈ LA

f. For each F ∈ LA, (F) ∈ LA (bracketing).
g. F ∈ LA if and only if F is formed by a finite number of applications of the rules

(a)–(f).

The size of a concise representation, F of g, denoted Scon(F, g) is the total number of
applications of rule (b) used to form F.

It will be useful, subsequently, to consider the following measures in capturing ideas of
representational complexity.

Definition 7. For g ∈ GA, the extensive complexity of (the class) [g] is,

Sext([g]) := min {Sext(h,T) : T is an extensive representation of h with g ≡sf h}

Similarly, the concise complexity of (the class) [g], is

Scon([g]) := min {Scon(h,F) : F is a concise representation of h with g ≡sf h}

A significant difference between extensive and concise descriptions of g ∈ GA is that the
latter may be exponentially shorter (in terms of n = |A|) than the former, even for quite
“basic” game forms. Thus we have the following result concerning these measures,

Proposition 1.

a. For all g ∈ GA, Scon([g]) ≤ Sext([g]) ≤ 2|A| − 1.
b. For each n ≥ 1, let A(n) denote the set of atomic strategies {a1, a2, . . . , an}. There

is a sequence {g(n)} of forms with g(n) ∈ GA(n) for which:

Sext([g(n)]) = 2n − 1 ; Scon([g(n)]) = O(n)
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Proof. (outline)

a. The upper bound Scon([g]) ≤ Sext([g]) is obvious. For Sext([g]) ≤ 2|A| − 1 it
suffices to observe that in any extensive representation of h for which g ≡sf h no
atomic strategy α ∈ A need occur more than once on any path leading from the root
to a leaf. Thus each path contains at most |A| distinct labels. Since the representation
is a binary tree the upper bound is immediate.

b. Use the form Parn of Corollary 2 whose concise form complexity is 2n− 11. It may
be shown that a minimal extensive form representation of Parn must be a complete
binary tree of depth n. �

We can, in fact, obtain a rather stronger version of Proposition 1(a), by considering
another idea from the study of propositional logic functions, namely:

Definition 8. A set C of implicates (implicants) is a covering set for f (Xn) if for any
instantiation α under which f (α) takes the value 0 (1) there is at least one S ∈ C that
evaluates to 0 (1) under α. For a propositional function f (Xn) we denote by Ri(f ) the
sizes of the smallest covering set of implicates (when i = 0) and implicants (i = 1).

From this,

Proposition 2. For all g ∈ GA,

a. Sext([g]) ≥ R0(7g8) + R1(7g8) − 1.
b. Scon([g]) ≤ |A| min{R0(7g8), R1(7g8)}.

Proof. (outline)

a. Suppose T is a minimal size extensive representation of g ∈ GA. It must be the case
that for i ∈ {0, 1}, T has at least Ri(7g8) leaves labelled with the outcome i. For if
this failed to be the case for i = 0 say, then from Theorem 1(a) we could construct
a covering set of implicates for 7g8 via the choice of actions on each path from the
root of T to an outcome 0: this covering set, however, would contain fewer than
R0(7g8) implicates. We deduce that T has at least R0(7g8) + R1(7g8) leaves and
hence, R0(7g8) + R1(7g8) − 1 internal vertices.

b. Consequence of Corollary 1. �

We note that Proposition 2(a) implies the first part of Propostion 1(b) since
R0(7Parn8) = R1(7Parn8) = 2n−1.

5 Decision Problems for Boolean Games

Given a description of some Boolean game (g, σ), probably the most basic question one
would be concerned with is whether one or other of the players can force a win with
their allotted set of actions, σi. Similarly, if one is just presented with the form g ∈ GA,

1 A similar result can be shown even if the concise form representation may only use the operations
{+, ·, }. The gap between Sext(g(n)) and Scon

{+,·, }(g(n)), however, is not fully exponential in

this case: Scon
{+,·, }(g(n)) = Θ(n2).



Representation and Complexity in Boolean Games 355

a player may wish to discover which subset of A it would be beneficial to gain control
of, since it would admit a winning strategy in g. We note that our notion of “winning
strategy” for i using a set of actions σi has one consequence: if σi admits a winning
strategy for i in g, then any superset of σi also admits a winning strategy for i. From this
observation it follows that in order to decide if i has any winning strategy in g it suffices
to determine if setting σi = A, that is giving i control of every atomic action, admits such.

As well as these questions concerning two different aspects of whether one player
has the capability to win a game, another set of questions arises in determining vari-
ous concepts of games being “equivalent”. At one level, we have the idea of strategic
equivalence: thus deciding of given forms g and h in GA whether these are strategically
equivalent. The concept of strategic equivalence, however, is in some ways rather too
precise: there may be forms g and h which, while not strategically equivalent, we may
wish to regard as “equivalent” under certain conditions, for example if it were the case
that particular instantiations of g and h as games were “equivalent” in some sense. Thus,
Harrenstein (personal communication), has suggested a concept of two Boolean games
– 〈g, σ〉 and 〈h, τ〉 – being equivalent based on the players being able to bring about
“similar” outcomes: the formal definition being presented in terms of a “forcing rela-
tionship” similar in spirit to those introduced in [2,8]. We may very informally describe
this notion as follows,

Definition 9. Given a game 〈g, σ〉, a subset s of the action set A and a possible outcome,
X, from the set {{0}, {1}, {0, 1}}, the relationship s ρi

〈g,σ〉 X holds whenever: there is a
choice (s′) for player i that is consistent with the profile s and such that no matter what
choice of actions (s′′) is made by the other player, the outcome of the g will be in X. The
notation ρi

〈g,σ〉 X indicates that s ρi
〈g,σ〉 X for every choice of s ⊆ A.

We write 〈g, σ〉 ≡H 〈h, τ〉 if and only if: for each player i and possible outcome X,
ρi
〈g,σ〉 X ⇔ ρ〈h,τ〉 X.

We have given a rather informally phrased definition of the “game equivalence” concept
engendered via ≡H, since the definition we employ is given in,

Definition 10. Let 〈g, σ〉 and 〈h, τ〉 be Boolean games with g ∈ GA and h ∈ GB, noting
that we do not require A = B or even A ∩ B �= ∅. We say that 〈g, σ〉 and 〈h, τ〉 are
equivalent games, written 〈g, σ〉 ≡g 〈h, τ〉, if the following condition is satisfied:

For each i ∈ {0, 1}, player i has a winning strategy in 〈g, σ〉 if and only if player i
has a winning strategy in 〈h, τ〉.
Thus, we interpret 〈g, σ〉 ≡g 〈h, τ〉 as indicating that i’s capabilities in 〈g, σ〉are identical
to its capabilities in 〈h, τ〉: if i can force a win in one game then it can force a win in the
other; if neither player can force a win in one game then neither player can force a win
in the other. The following properties of ≡g with respect to ≡H may be shown

Lemma 1. For a control allocation mapping, σ, let σ̄ denote the control allocation in
which σ̄0 := σ1 and σ̄1 := σ0, i.e. σ̄ swops the control allocations around. For games
〈g, σ〉 and 〈h, τ〉, it holds: 〈g, σ〉 ≡H 〈h, τ〉 if and only if both 〈g, σ〉 ≡g 〈h, τ〉 and
〈g, σ̄〉 ≡g 〈h, τ̄〉.
The relationship between ≡H and ≡g described in Lemma 1 merits some comment.
Certainly it is clear that ≡g does not capture the entire class of equivalent games within
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the sense of being able to “enforce similar outcomes” defined in ≡H. There is, however,
a simple mechanism by which those missed can be recovered, i.e. by requiring the
additional condition 〈g, σ̄〉 ≡g 〈h, τ̄〉 to hold. We have interpreted 〈g, σ〉 ≡g 〈h, τ〉 as
“player i can force a win in 〈g, σ〉 if and only if player i can force a win in 〈h, τ〉”. In
this light, 〈g, σ̄〉 ≡g 〈h, τ̄〉 indicates “player i can force their opponent to win in 〈g, σ〉 if
and only if player i can force their opponent to win in 〈h, τ〉”. In passing we observe that
while “forcing one’s opponent to win” may seem rather eccentric, examples of problems
involving such strategies are well-known, e.g. “self-mate” puzzles in Chess. In total the
view of game equivalence engendered by the “traditional” notion of state-to-outcome-
set relationship, is identical to an arguably rather more intuitive notion of equivalence,
namely: for each possible choice of i and j, player i can force a win for player j in 〈g, σ〉
if and only if player i can force a win for player j in 〈h, τ〉.

The formal definition of the decision problems examined in the remainder of this
section is given below.

– Winning Strategy (ws)
Instance: a game 〈g, σ〉; set A of atomic strategies, a player i ∈ {0, 1}.
Question: Does i have a winning strategy in the game (g, σ)?

– Equivalence (equiv)
Instance: forms g, h ∈ GA.
Question: Is it the case that g ≡sf h, i.e. are g and h strategically equivalent?

– Win Existence (we)
Instance: a form g ∈ GA and a player i ∈ {0, 1}.
Question: Is there some set of actions with which i has a winning strategy?

– Game Equivalence (ge)
Instance: two games 〈g, σ〉, 〈h, τ〉 with g ∈ GA, h ∈ GB.
Question: Is it the case that 〈g, σ〉 ≡g 〈h, τ〉, i.e. are 〈g, σ〉 and 〈h, τ〉 equivalent
games?

We note that our definitions have not specified any restrictions on how a given form
is described within an instance of these decision problems. We have, as noted in our
discussion opening Section 4 above, (at least) two choices: allow g ∈ GA to be described
using an equivalent concise form, Fg; or insist that g is presented as an extensive form,
Tg. One difference that we have already highlighted is that the space required for some
descriptions Fg may be significantly less than that required for the minimum extensive
form descriptions of g. While this fact appears to present a powerful argument in favour
of employing concise form descriptions, our first set of results indicate some drawbacks.

If q is a decision problem part of the instance for which is a Boolean form, we shall
use the notation qc to describe the case which permits concise representations and qe for
that which insists on extensive form descriptions.

Theorem 2.

a. wsc is Σp
2–complete.

b. equivc is co-np–complete.

Proof. (Outline)For (a), that wsc ∈ Σp
2 follows directly from Definition 2 and the

fact that sf(g)(π) = i can be tested in time polynomial in Scon(Fg, g). The proof of
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Σp
2–hardness uses a reduction from qsatΣ2 , instances of which comprise a propositional

formula ϕ(Xn,Yn), these being accepted if there is some instantiation, αX of Xn, under
which every instantiation βY of Yn renders ϕ(αX , βY ) false. An instance ϕ(Xn,Yn) can be
translated into a Boolean form Fϕwith atomic actions A = Xn∪Yn. Player 0 has a winning
strategy with σ0 = Xn in Fϕ if and only if ϕ(Xn,Yn) is a positive instance of qsatΣ2 .

For (b) given G and H , concise representations of forms g, h ∈ GA, we note that
g ≡sf h if and only if G·H + G ·H ≡sf 0 Thus, a co-np algorithm to decide
g ≡sf h simply tests ∀σ sf(g · h + g · h)(σ) = 0 employing the forms G and H.
That equivc is co-np–hard is an easy reduction from unsat: given ϕ(Xn) an instance
of unsat, construct the form Fϕ (with action set Xn) by similar methods to those used
in the proof of (a). For the instance 〈Fϕ,0〉 we have Fϕ ≡sf 0 if and only if ϕ(Xn) is
unsatisfiable. �

Corollary 3. wec is np–complete.

Proof. Given 〈Fg, i〉 with Fg a concise representation of g ∈ GA use an np computation
to test if σi = A admits a winning strategy for i: since σ1−i = ∅ this only requires
finding a single ν ⊆ A for which sf(g)(ν) = i. The proof of np–hardness follows from
Theorem 2(b) and the observation that i has some choice yielding a winning strategy in
g if and only if g �≡sf 1 − i. �

While it may seem odd that deciding if there is some winning strategy for i in g is
more tractable than deciding if a specific profile gives a winning strategy, the apparent
discrepancy is easily resolved: i has some profile that admits a winning strategy if and
only if giving i control of the set of all actions admits a winning strategy. Thus testing
〈〈g, σ〉,A, i〉 as a positive instance of wsc can be done in np in those cases where |σ1−i| =
O(log |A|) since there are only polynomially many possible choices of τ ⊆ σ1−i to test
against.

Our final problem – Game Equivalence – turns out to be complete for a complexity
class believed strictly to containΣp

2∪Πp
2 , namely the complement of the class dp

2 formed
by those languages expressible as the intersection of a language L1 ∈ Σp

2 with a language
L2 ∈ Πp

2 . We note that “natural” complete problems for this class are extremely rare.2

Theorem 3. gec is co − dp
2–complete.

Proof. Omitted. �

In total Theorems 2, 3 and Corollary 3 indicate that the four decision problems considered
are unlikely to admit efficient algorithmic solutions when a concise representation of
forms is allowed. In contrast,

Theorem 4. The decision problems wse, equive, wee, and gee are all in p.

Proof. (Outline) All follow easily from the fact that wse ∈ p: for equive constructing
an extensive form equivalent to f̄ · g + f · ḡ can be done in time polynomial in the size

2 i.e. other than those comprising pairs of the form 〈x, y〉 with x in some Σp
2-complete language

L1 and y in some Πp
2-complete language L2. The only exception we know of is the problem

Incomplete Game of [10] from which our notation dp
2 for this class is taken.
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of the extensive representations; after simplifying to ensure no path repeats any action,
it suffices to verify that only the outcome 0 can be achieved. For wee we simply have to
test that σi := A admits a winning strategy for i. Similar arguments give gee ∈ p. �

In combination, Theorems 2, 3, and 4, might seem to offer a choice between efficient
in length but computationally intractable concise forms and infeasible length though
computationally malleable extensive forms. We can, however, identify a number of
problems whose solution is hard even measured in terms of extensive representations.
For example, we may interpret the problem of identifying a minimal size extensive
form in terms of the following “high-level” algorithmic process given Tg: identify an
action β ∈ A and forms h0, h1 in GA\{β} for which β(h0, h1) ≡sf g and for which
1 + Sext([h0]) + Sext([h1]) is minimised. One key feature of such an approach is its
requirement to find a suitable choice ofβ.Thus, for extensive forms we have the following
decision problem:
Optimal Branching Action oba
Instance: Tg extensive form description of g ∈ GA.
Question: Is there an action β and extensive forms Th0 , Th1 for which β(h0, h1) ≡sf g
and 1 + Sext(Th0 , h0) + Sext(Th1 , h1) < Sext(Tg, g)?

Informally, oba asks of a given extensive form whether it is possible to construct a
smaller equivalent form. An immediate consequence of [6] is that oba is np–hard.

6 Conclusions and Further Work

Our principal goal in this paper has been to examine the computational complexity
of a number of natural decision problems arising in the context of the Boolean game
formalism from [3,4]. Building from the correspondence between the underlying forms
of such games and propositional functions we can characterise winning strategies and
their structure for any game. Using the operational description developed in [4] allows a
precise formulation for the concept of “concise form” to be defined in contrast to the usual
idea of “extensive form”. We have indicated both advantages and drawbacks with both
approaches so that the apparent computational tractability of extensive forms is paid for in
terms of potentially exponentially large (in the number of atomic actions) descriptions;
on the other hand, while the concise forms may admit rather terser descriptions of a
given game all four of the basic decision questions raised are unlikely to admit feasible
algorithmic solutions.

We conclude by, briefly, summarising some potential developments of the ideas
discussed above. We have already noted that our concept of “game equivalence” – ≡g

is defined independently of ideas involving the “forcing relations” of [2,8] and have
observed in Lemma 1 that it describes a proper subset of games equivalent under ≡H.
A natural open question is to determine the computational complexity of deciding if
〈g, σ〉 ≡H 〈h, τ〉: noting the correspondence presented in Lemma 1, it is certainly
the case that this is within the class pΣ

p
2[4] of languages decidable by (deterministic)

polynomial-time algorithms that may make up to 4 calls on a Σp
2 oracle. We are unaware

of natural complete problems for pΣ
p
2[4] and thus, it would be of some interest to determine

whether deciding 〈g, σ〉 ≡H 〈h, τ〉 is pΣ
p
2[4]–complete
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One final issue concerns the algebraic relationship between forms and propositional
functions. Our analysis in Section 3 could be viewed as relating winning strategies in
g to terms occurring in a “standard” representation of 7g8 over the complete logical
basis {∧,∨,¬}. An alternative complete logical basis is given by {∧,⊕,�} (� being
the nullary function evaluating to true) within which a normal form theorem holds, i.e.
the ringsum expansion of Zhegalkin [11], see, e.g. [1, p. 14]: it is unclear, but may be of
some interest, to what extent terms within this descriptive form correspond to properties
of winning strategies.

References

1. P. E. Dunne. The Complexity of Boolean Networks. Academic Press, London, 1988
2. V. Goranko. The Basic Algebra of Game Equivalences. In ESSLLI Workshop on Logic and

Games (ed: M. Pauly and G. Sandhu), 2001
3. P. Harrenstein. Logic in Conflict – Logical Exploration in Strategic Equilibrium. Ph.D.

dissertation, Dept. of Computer Science, Univ. of Utrecht, 2004 (submitted)
4. B. P. Harrenstein, W. van der Hoek, J. -J. Meyer, and C. Witteveen. Boolean Games. In

Proc. 8th Conf. on Theoretical Aspects of Rationality and Knowledge (TARK 2001), (ed: J.
van Benthem), Morgan–Kaufmann, San Francisco, pages 287–298, 2001

5. L. Henkin. Some remarks on infinitely long formulas. In Infinistic Methods, pages 167–183.
Pergamon Press, Oxford, 1961.

6. L. Hyafil and R. Rivest. Constructing Optimal Binary Decision Trees is np–complete. Inf.
Proc. Letters, 5, pp. 15–17, 1976

7. Logic and games. Special issue of Journal of Logic, Language and Information, 2002.
8. M. Pauly. Logic for Social Software. Ph.D. dissertation, Institute for Logic, Language and

Information, Amsterdam, 2001
9. C. S. Peirce. Reasoning and the Logic of Things: The Cambridge Conferences Lectures of

1898. Harvard University Press, 1992.
10. M. Wooldridge and P. E. Dunne. On the Computational Complexity of Qualitative Coalitional

Games. Technical Report, ULCS-04-007, Dept. of Computer Science, Univ. of Liverpool,
2004, (to appear: Artificial Intelligence)

11. I. I. Zhegalkin. The technique of calculation of statements in symbolic logic. Matem. Sbornik,
34, pp. 9–28, 1927 (in Russian)



Complexity in Value-Based Argument Systems

Paul E. Dunne and Trevor Bench-Capon

Dept. of Computer Science
University of Liverpool

Liverpool L69 7ZF, United Kingdom
{ped,tbc}@csc.liv.ac.uk

Abstract. We consider a number of decision problems formulated in value-based
argumentation frameworks (VAFs), a development of Dung’s argument systems
in which arguments have associated abstract values which are considered relative
to the orderings induced by the opinions of specific audiences. In the context of a
single fixed audience, it is known that those decision questions which are typically
computationally hard in the standard setting admit efficient solution methods in the
value-based setting. In this paper we show that, in spite of this positive property,
there still remain a number of natural questions that arise solely in value-based
schemes for which there are unlikely to be efficient decision processes.

1 Introduction

Argument systems as a model of defeasible reasoning date from the seminal paper of
Dung [11], and have subsequently proved useful both to theorists who can use them as
an abstract framework for the study and comparison of non-monotonic logics, e.g. [5,
7,8,9], and for those who wish to explore more concrete contexts where defeasibility is
central e.g., for the legal domain, [2], [18], and [15].

In many domains, especially those relating to practical reasoning, such as law, politics
and ethics, however, it is not possible to demonstrate the acceptability of an argument
absolutely. Which arguments are found persuasive depends on the opinions, values and,
perhaps, even the prejudices of the audience to which they are addressed. The point is
made by Perelman [17] thus:

If men oppose each other concerning a decision to be taken, it is not because
they commit some error of logic or calculation. They discuss apropos the ap-
plicable rule, the ends to be considered, the meaning to be given to values, the
interpretation and characterisation of facts.

What this means is that because people may differ as to what they hold to be important
or worth attempting to achieve, they may differ in their evaluations of the strengths of
the arguments about the choices that should be made. For example: it is an argument
in favour of raising income tax that it promotes equality, and for decreasing income
tax that it promotes enterprise. Most people would acknowledge that both arguments
are valid, but which they will choose to follow depends on the importance they ascribe
to equality as against enterprise in the given situation. Thus which of the arguments is
found persuasive by a given audience will depend on the ordering of these two values

J.J. Alferes and J. Leite (Eds.): JELIA 2004, LNAI 3229, pp. 360–371, 2004.
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by that audience. So if I claim that income tax should be raised to promote equality, I
can defend my claim against the attack that so doing would discourage enterprise not
by attacking this counter argument but by declaring my preference for equality over
enterprise. Whether this defence will be persuasive will depend on whether the audience
shares my preference. A similar viewpoint has been proposed in philosophical studies
of rational and persuasive argument, e.g from [19, p. xv]

Assume universally valid and accepted standards of rationality. Assume per-
fectly rational agents operating with perfect information, and you will find that
rational disagreement will still occur; because, for example, the rational agents
are likely to have different and inconsistent values and interests, each of which
may be rationally acceptable.

In order to reason about arguments dependent on values and to accommodate the
notion of audiences with different values, Dung’s original framework was extended in [3]
and [4] to give what are termed there Value Based Argumentation Frameworks (VAFs).
In those papers a number of properties of VAFs are demonstrated. In this paper we will
consider some questions relating to the computational complexity of these frameworks.

Section 2 will provide the definitions of Argumentation Systems and Value Based
Argumentation Frameworks, and of the decision problems we will address. Section 3 will
present the proofs of our results, and section 4 will offer some discussion and concluding
remarks.

2 Basic Definitions

The basic definition below of an Argument System is derived from that given in [11].

Definition 1. An argument system is a pair H = 〈X ,A〉, in which X is a finite set of
arguments and A ⊂ X ×X is the attack relationship for H. A pair 〈x, y〉 ∈ A is referred
to as ‘y is attacked by x’ or ‘x attacks y’. For R, S subsets of arguments in the system
H(〈X ,A〉), we say that

a. s ∈ S is attacked by R if there is some r ∈ R such that 〈r, s〉 ∈ A.
b. x ∈ X is acceptable with respect to S if for every y ∈ X that attacks x there is some

z ∈ S that attacks y.
c. S is conflict-free if no argument in S is attacked by any other argument in S.
d. A conflict-free set S is admissible if every argument in S is acceptable with respect

to S.
e. S is a preferred extension if it is a maximal (with respect to ⊆) admissible set.
f. S is a stable extension if S is conflict free and every argument y �∈ S is attacked by

S.
g. H is coherent if every preferred extension in H is also a stable extension.

An argument x is credulously accepted if there is some preferred extension containing
it; x is sceptically accepted if it is a member of every preferred extension.
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Abstracting away concerns regarding the internal structure and representation of argu-
ments affords a formalism which focuses on the relationship between individual argu-
ments as a means of defining divers ideas of acceptance. In particular preferred extensions
are of interest as these represent maximal coherent positions that can be defended against
all attackers.

While this approach offers a powerful tool for the abstract analysis of defeasible
reasoning, there are, however, several potential problems. While every argument system
has some preferred extension, this may simply be the empty set of arguments and
although the use of stable extensions avoids such difficulties these in turn have the
drawback that there are systems which contain no stable extension. An additional
concern is the computational complexity of a number of the associated decision
problems that has been shown to range from np–complete to Πp

2–complete. A summary
of these is given in Table 1 below. The classification of problems (3–5) follows from
[10]; that of (6) and (7) has recently been demonstrated in [12]. Related problems arise
with proof-theoretic mechanisms for establishing credulous acceptance, e.g. for the
TPI-dispute mechanism proposed in [20], Dunne and Bench-Capon [13] show that this
defines a weak propositional proof system under which proofs that arguments are not
credulously accepted require exponentially many steps.

While the issues discussed above concern algorithmic and combinatorial properties
of the standard argument system framework, there is also one interpretative issue of
some importance. A typical argument system may contain many distinct preferred ex-
tensions and, in some cases, two different preferred extensions may define a partition of
the argument set. Thus a single argument system can give rise to a number of disjoint
internally consistent admissible argument sets. The abstract level at which Dung’s for-
malism operates avoids any mechanism for distinguishing notions of the relative merit
of such mutually incompatible outcomes. Thus the situation arises in which we appear
to have several coherent positions that could be adopted, and no well motivated way of
choosing between them.

Recognising the benefits of Dung’s approach, a number of extensions have been
mooted in order to ameliorate the various interpretative and computational difficulties
outlined above.Among such are the preference-based argumentation frameworks (PAFs)
ofAmgoud and Cayrol [1] and, the formalism with which the present article is concerned,
the value-based argumentation frameworks (VAFs) of Bench-Capon [3,4]. It is important
to note that while there are some superficial similarities, these two mechanisms are, in

Table 1. Decision Problems in Argument Systems

Problem Decision Question Complexity
1 adm(H, S) Is S admissible? p
2 stab(H, S) Is S stable? p
3 pref-ext(H, S) Is S preferred? co-np-complete.
4 ca(H, x) Is x in a preferred S? np-complete
5 stab-exist(H) HasH a stable extension? np-complete

6 sa(H, x) Is x in every preferred S? Π
(p)
2 -complete

7 coherent(H) Preferred≡stable? Π
(p)
2 -complete
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fact, quite distinct. We shall defer a more detailed comparison until the concluding
section, since this distinction can be rather more readily discerned and appreciated in
the light of our subsequent technical results.

As we have indicated, [3,4] extend Dung’s framework to provide a semantics for
distinguishing and choosing between consistent but incompatible belief sets through the
use of argument values. Thus arguments are seen as grounded on one of a finite number
of abstract values and the interpretation of which of a set of arguments to “accept” is
treated in terms of preference orderings of the underlying value set according to the
views held by a particular audience. Thus while in the standard Argumentation system
the choice between preferred extensions is arbitrary, in a VAF we are able to motivate
such choices by reference to the values of the audience. The formal definition of such
value-based argumentation frameworks is given below.

Definition 2. A value-based argumentation framework (VAF), is defined by a triple
〈H(X ,A),V, η〉, where H(X ,A) is an argument system, V = {v1, v2, . . . , vk} a set
of k values, and η : X → V a mapping that associates a value η(x) ∈ V with each
argument x ∈ X . An audience, α, for a VAF 〈H,V, η〉, is a total ordering of the values
V . We say that vi is preferred to vj in the audience α, denoted vi 5α vj, if vi is ranked
higher than vj in the total ordering defined by α.

Using VAFs, ideas analogous to those of admissible argument in standard argument
systems are defined in the following way. Note that all these notions are now relative to
some audience.

Definition 3. Let 〈H(X ,A),V, η〉 be a VAF and α an audience.

a. For arguments x, y in X , x is a successful attack on y (or x defeats y) with respect
to the audience α if: 〈x, y〉 ∈ A and it is not the case that η(y) 5α η(x).

b. An argument x is acceptable to the subset S with respect to an audience α if: for
every y ∈ X that successfully attacks x with respect to α, there is some z ∈ S that
successfully atttacks y with respect to α.

c. A subset R of X is conflict-free with respect to the audience α if: for each 〈x, y〉 ∈
R × R, either 〈x, y〉 �∈ A or η(y) 5α η(x).

d. A subset R of X is admissible with respect to the audience α if: R is conflict free
with respect to α and every x ∈ R is acceptable to R with respect to α.

e. A subset R is a preferred extension for the audience α if it is a maximal admissible
set with respect to α.

f. A subset R is a stable extension for the audience α if R is admissible with respect to
α and for all y �∈ R there is some x ∈ R which successfully attacks y.

A standard consistency requirement which we assume of the VAFs considered is that
every directed cycle of arguments in these contains at least two differently valued argu-
ments. We do not believe that this condition is overly restricting, since the existence of
such cycles in VAFs can be seen as indicating a flaw in the formulation of the framework.
While in standard argumentation frameworks cycles arise naturally, especially if we are
dealing with uncertain or incomplete information, in VAFs odd length cycles in a single
value represent paradoxes and even length cycles in a single value can be reduced to
a self-defeating argument. Given the absence of cycles in a single value the following
important property of VAFs and audiences was demonstrated in [3].
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Fact 1. For every audience, α, 〈H(〈X ,A〉),V, η〉 has a unique non-empty preferred
extension, P(H, η, α) which can be constructed by an algorithm that takes O(|X |+ |A|)
steps. Furthermore P(H, η, α) is a stable extension with respect to α.

From Fact 1 it follows that, when attention is focused on one specific audience, the
decision questions analogous to those described in Table 1 become much easier. There
are, however, a number of new issues that arise in the value-based framework from the
fact that that the relative ordering of different values promoted by distinct audiences
results in arguments falling into one of three categories.

C1. Arguments, x, that are in the preferred extension P(H, η, α) for some audiences but
not all. Such arguments being called subjectively acceptable.

C2. Arguments, x, that are in the preferred extension P(H, η, α) for every audience.
Such arguments being called objectively acceptable.

C3. Arguments, x, that do not belong to the preferred extension P(H, η, α) for any
choice of audience. Such arguments being called indefensible.

To show the advantages of taking values into account, consider the following ethical
debate, discussed in, e.g. [6]. Hal, a diabetic, loses his insulin and can save his life only
by breaking into the house of another diabetic, Carla, and using her insulin. We may
consider the following arguments:

A. Hal should not take Carla’s insulin as he may be endangering her life.
B. Hal can take the insulin as otherwise he will die, whereas there is only a potential

threat to Carla.
C. Hal must not take Carla’s insulin because it is Carla’s property.
D. Hal must replace Carla’s insulin once the emergency is over.

Now B attacks A, since the permission licensed by the actual threat overrides the obli-
gation arising from the potential threat. A does not attack B, since the immediate threat
represents an exception to the general rule which A instantiates. C attacks B, construing
property rights as strict obligations whereas possible endangerment is a defeasible obli-
gation. D attacks C. since it provides a way for the insulin to be taken whilst property
rights are respected. Further, Christie argues in [6] that B attacks D, since even if Hal
were unable to replace the insulin he would still be correct to act so as to save his life,
and therefore he can be under no strict obligation to replace the insulin. The resulting
argumentation system can be depicted as a directed graph as shown in Figure 1.

A

B

DC

Fig. 1. VAF Example Argument System
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Considered as a standard Argumentation System there is no non-empty preferred
extension, and it seems we have no coherent position, which is why it is seen and
discussed as an ethical dilemma. If, however, we consider it as a VAF, we can see
that arguments A and B rely on the importance of preserving life, whereas C and D
depend on respect for property. We will now have two preferred extensions, depending
on whether life or property is preferred. If we prefer life, we will accept {B,C}: whilst
we respect Carla’s property rights, we regard Hal’s need as paramount. In contrast if
we prefer property to life, the preferred extension is {B,D}: the property claim can
be discharged if restitution is made. Thus B is objectively acceptable, C and D are
subjectively acceptable and A is indefensible. This small example shows how we can
use explicit value preferences to cut through what would otherwise be an irresolvable
dilemma.

Our initial concern, in this article, is to consider the following questions specific to
the value-based setting

Definition 4. The decision problem Subjective Acceptance (sba) takes as an instance
a VAF 〈H,V, η〉 and an argument x in this. The instance is accepted if there is at least
one audience, α, for which x ∈ P(H, η, α). The decision problem Objective Acceptance
(oba) takes as an instance a VAF 〈H,V, η〉 and an argument x in this. The instance is
accepted if x ∈ P(H, η, α) for every audience α.

The status of these problems was left unresolved in the original study presented in [3].
The remainder of this paper is structured as follows. In the next section we consider

the decision problems sba and oba defined above and classify their complexity as,
respectively, np–complete and co-np–complete. We then consider decision problems
motivated by approaches to determining subjective acceptance by attempting to identify
which pair-wise orderings are “critical” in the sense that a given ordering will admit an
audience for which an argument is subjectively accepted, whereas reversing this order
will yield a context within which the argument of interest is never accepted. We show
that the decision problem formulated with respect to this question is dp-complete and
hence within a class that is “harder” than either np or co-np. Discussion and conclusions
are the subject of the final section.

3 Complexity of Decision Problems for VAFs

Theorem 1. sba is np–complete.

Proof. For membership in np simply use the algorithm which non-deterministically
chooses an audience α from the k! available and then tests if x ∈ P(H, η, α), the latter
test being accomplished by a polynomial-time algorithm. To prove that sba is np–hard
we use a reduction from 3-sat. Given an instance Φ(Zn) = ∧m

i=1(yi,1 ∨ yi,2 ∨ yi,3) of
this we construct a VAF 〈HΦ,VΦ, η〉 and argument x that is subjectively acceptable in
〈HΦ,VΦ, η〉 if and only if Φ(Zn) is satisfiable. The framework uses 4n+m+1 arguments
which we denote {Φ,C1, . . . ,Cm} ∪ ∪n

i=1{pi, qi, ri, si}. The relationship A contains
attacks 〈Cj, Φ〉 for each 1 ≤ j ≤ m and attacks {〈pi, qi〉, 〈qi, ri〉, 〈ri, si〉, 〈si, pi〉} for each
1 ≤ i ≤ n. The remaining attacks in A are as follows. For each clause yi,1 ∨ yi,2 ∨ yi,3
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of Φ(Zn) if yi,j is the literal zk , the attack 〈pk,Ci〉 is included in A; if yi,j is the literal
¬zk , then the attack 〈qk,Ci〉 is added. The final part of the construction is to describe
the value set VΦ and association of arguments with values prescribed by η. The set VΦ
contains 2n + 1 values {con} ∪ ∪n

i=1{posi, negi} and the mapping η assigns the value
con to Φ and each argument in {C1, . . . ,Cm}. Finally the arguments {pi, ri} are mapped
to the value posi and the arguments {qi, si} to the value negi. To complete the instance
we set x to be Φ. We note that the constructed system satisfies the requirement that all
cycles contain at least two distinct values.

We claim that Φ is subjectively accepted in the VAF 〈HΦ,VΦ, η〉 if and only if Φ(Zn)
is satisfiable. Suppose first that Φ(Zn) is satisfied by an instantiation 〈a1, a2, . . . , an〉 of
Zn. Consider any audience α for which posi 5α negi if ai = �, negi 5α posi if ai = ⊥,
and v 5α con for all v ∈ VΦ/{con}. Since Φ(Zn) is satisfied, for each Ci there is some
literal yi,j that is assigned � in the instantiation 〈a1, . . . , an〉. Consider the arguments
{pk, qk, rk, sk} for which yi,j ∈ {zk,¬zk}. If yi,j = zk then pk is acceptable in {pk, rk}
and, in addition, pk successfully attacks Ci; if yi,j = ¬zk then qk is acceptable in {qk, sk}
and, again, successfully attacks Ci. Thus every argument Ci is successfully attacked by
an argument pk or qk and thence Φ together with these form an admissible set. Thus we
have an audience with respect to which Φ is subjectively accepted.

On the other hand, suppose α is an audience for which Φ ∈ P(HΦ, η, α). It cannot
be the case that Ci ∈ P(HΦ, η, α) since η(Φ) = η(Ci) = con and so the presence of
any Ci would suffice to eliminate Φ. The audience α must therefore be such that every
Ci is successfully attacked by one of its three possible attackers. Let 〈t1, t2, . . . , tm〉 be
the choices which give successful attacks on 〈C1, . . . ,Cm〉. First observe that we cannot
have ti = pk and tj = qk for any 1 ≤ k ≤ n and distinct Ci and Cj: under α either
η(pk) 5α η(qk) and so qk would not succeed in its attack or η(qk) 5α η(pk) with the
attack by pk failing. It follows that the instantiation of Zn by zi = � if pi ∈ 〈t1, t2, . . . , tm〉,
zi = ⊥ if qi ∈ 〈t1, t2, . . . , tm〉 is well-defined and yields a true literal in every clause, i.e.
results in a satisfying instantiation of Φ(Zn). This suffices to complete the proof.

The structure introduced in the proof of Theorem 1 provides the basis for developing a
number of our subsequent results. Thus,

Theorem 2. oba is co-np–complete.

Proof. Membership is co-np follows by the algorithm which tests that all k! audiences
accept x. For co-np–hardness, we employ a reduction from 3-unsat, the problem of
deciding if a 3-cnf formulaΦ(Zn) = ∧m

i=1(yi,1∨yi,2∨yi,3) is unsatisfiable. The reduction
constructs an identical VAF to that of the previous theorem, but with one additional
argument, {test}, having η(test) = con and whose sole attacker is the argument Φ. We
claim that test is objectively acceptable if and only if Φ is unsatisfiable. From the proof
of Theorem 1, test will fail to be acceptable with respect to any audience α for which Φ
is admissible. Such an audience exists if and only if Φ(Zn) is satisfiable. We therefore
deduce that test is objectively accepted if and only if Φ(Zn) is unsatisfiable.

In applying the value-based framework to promote a particular argument an important
consideration is the relationship between the value of the argument defended to that of
the other values employed in the system. Thus the existence of an audience that provides
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subjective acceptance may depend on the specific ordering of a subset of the values.
Thus, an audience granting subjective acceptance of some x exists if vi 5 vj, but should
an audience prescribe vj 5 vi then x cannot be defended. For example in law we find
that values are ranked differently in different jurisdictions. Can we determine which
difference affect the status of a given argument? Such scenarios motivate the concept of
a critical pair.

Definition 5. Let 〈H(X ,A),V, η〉 be a VAF, and 〈v, v′〉 be an ordered pair of distinct
values from V . The pair 〈v, v′〉 is critical with respect to an argument x ∈ X if there is an
audience α for which v 5α v′ and x ∈ P(H, η, α), but for every audience β for which
v′ 5β v it holds that x �∈ P(H, η, β).

We can, of course, generalise the notion of critical pair from Definition 5 to encompass
relationships involving three or more values.

Definition 6. Let 〈H(X ,A),V, η〉 be a VAF, W ⊆ V and C = {c1, c2, . . . , cr} a finite
set of constraints on W each of which is of the form w 5 w′ for {w,w′} ⊂ W . The
structure 〈W, C〉 is a critical set for an argument x ∈ X if there is an audience α under
which w 5α w′ for each ci ∈ C and with x ∈ P(H, η, α), but for any audience β in
which at least one constraint of C is broken it holds that x �∈ P(H, η, β).

From these we define the following decision problems.

Definition 7. The decision problem Critical Pair (cp) takes as an instance a triple of
the form 〈〈H,V, η〉, 〈v, v′〉, x〉 comprising a VAF, ordered pair of values 〈v, v′〉 within
this, and argument x. An instance is accepted if 〈v, v′〉 is critical with respect to x. The
decision problem Critical Set (cs) takes as its instance a quadruple 〈〈H,V, η〉,W, C, x〉
of VAF, subset of values, set of constraints, and argument. The instance is accepted if
〈W, C〉 defines a critical set for x.

Noting that the problem cp is a restricted case of cs, we can establish a lower bound
on the complexity of the latter by considering the complexity of cp only. Under the
standard complexity-theoretic assumptions this problem turns out to be “more difficult”
than Subjective Acceptance and Objective Acceptance. Formally we show that it is dp–
complete, the class dp comprising those languages L formed by the intersection of some
np language L1 with some co-np language L2, i.e. L ∈ dp if L = L1 ∩ L2, L1 ∈ np,
and L2 ∈ co-np. The class dp was introduced in [16] where the problem sat-unsat –
instances of pairs of formulae 〈Φ1, Φ2〉 for which Φ1 is satisfiable and Φ2 unsatisfiable
– was shown to be dp–complete.

Theorem 3. cp is dp–complete.

Proof. For membership in dp, define the language L1 to be

{〈〈H,V, η〉, 〈v, v′〉, x〉 : ∃α with v 5α v′ and x ∈ P(H, η, α)}

Similarly, define L2 as

{〈〈H,V, η〉, 〈v, v′〉, x〉 : ∀α with v′ 5α v, x �∈ P(H, η, α)}
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Then 〈〈H,V, η〉, 〈v, v′〉, x〉 is accepted as an instance of cp if and only if it belongs to
the set L1 ∩ L2. Since it is immediate that L1 ∈ np and L2 ∈ co-np this suffices to give
cp ∈ dp. To prove that cp is dp–hard, we first show that the problem Critical Variable
(cv) is dp–hard: instances of this comprise a cnf formula Φ(Zn) and a variable z ∈ Zn

with instances accepted if there is a satisfying instantiation in which z = � but no
satisfying instantiation in which z = ⊥. To see that cv is dp–hard we use a reduction
from the dp–complete problem sat-unsat. Given an instance 〈Φ1(Zn), Φ2(Zn)〉 of this,
the instance 〈Ψ, z〉 of cv is simply 〈(¬z∨Φ1)∧(z∨Φ2), z〉 where z is a new variable. We
note that for Φ in cnf, z ∨ Φ translates to the cnf formula in which every clause C of Φ
is replaced by the clause z∨C. It is easy to see that 〈(¬z∨Φ1)∧ (z∨Φ2), z〉 is a positive
instance of cv if and only if 〈Φ1(Zn), Φ2(Zn)〉 is a positive instance of sat-unsat: if
Φ1 is satisfiable then (¬z ∨ Φ1) ∧ (z ∨ Φ2) has a satisfying instantiation with z = �
since it reduces to Φ1; if Φ2 is unsatisfiable then there is no satisfying instantiation with
z = ⊥ since the formula now reduces to Φ2, hence if 〈Φ1, Φ2〉 accepted as an instance
of sat-unsat then 〈(¬z ∨Φ1)∧ (z ∨Φ2), z〉 is accepted as an instance of cv. Similarly,
if 〈(¬z ∨ Φ1) ∧ (z ∨ Φ2), z〉 is a positive instance of cv then (¬z ∨ Φ1) ∧ (z ∨ Φ2) is
satisfiable when z = �, i.e. Φ1 is satisfiable, and (¬z ∨ Φ1) ∧ (z ∨ Φ2) is unsatisfiable
when z = ⊥, i.e. Φ2 is unsatisfiable.

The proof that cp is dp–hard now follows easily, using the reduction of Theorem 1:
given an instance 〈Φ(Zn), z〉 of cv form the VAF 〈HΦ,VΦ, η〉 described in the proof of
Theorem 1 (where we note that this trivially extends to arbitrary cnf formulae). Set the
value pair in the instance of cp to be 〈posz, negz〉 and the argument x to be Φ. Consider
the resulting instance 〈〈HΦ,VΦ, η〉, 〈posz, negz〉, Φ〉. If it is a positive instance of cp
then there is an audience α within which Φ ∈ P(HΦ, η, α) and posz 5α negz: it has
already been seen that this indicates Φ(Zn) has a satisfying instantiation with z = �.
Similarly, if it is a positive instance of cp, then Φ �∈ P(HΦ, η, α) for any audience
within which negz 5α posz so that, from our earlier analysis, Φ(Zn) has no satisfying
instantiation with z = ⊥. On the other hand should 〈Φ(Zn), z〉 be a positive instance
of cv then the argument of Theorem 1 yields an audience α with posz 5α negz for
which Φ ∈ P(HΦ, η, α) from a satisfying instantiation of Φ(Zn) with z = � while the
unsatisfiability of Φ(Zn) when z = ⊥ indicates that no audience α having negz 5α posz

will result in Φ ∈ P(HΦ, η, α). We deduce that 〈Φ(Zn), z〉 is a positive instance of cv if
and only if 〈〈HΦ,VΦ, η〉, 〈posz, negz〉, Φ〉 is a positive instance of cp, thereby establishing
that cp is dp–complete.

4 Discussion

Preferences and Values

We referred earlier to the preference-based formalism (PAFs) of Amgoud and Cay-
rol [1] as another approach to developing Dung’s abstract framework in order to enrich
the idea of one argument “defeating” another. Formally, [1] defines a PAF as a pair
〈H(X ,A),Pref 〉 wherein H(X ,A) is a standard argument system and Pref a binary
preorder (i.e. reflexive and transitive) relation on the argument set X . The property that
“x successfully attacks y”1, then holds if 〈x, y〉 ∈ A and ¬(〈y, x〉 ∈ Pref ), that is: a (po-

1 [1] employs the term “defeats” rather than “attacks”
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tential) attack exists (〈x, y〉 ∈ A) and it is not the case that the argument y is preferred to
the argument x, i.e. ¬(〈y, x〉 ∈ Pref ). Compare this with the VAF notion of “successful
attack”: 〈x, y〉 ∈ A and ¬(η(y) 5α η(x)), i.e. a (potential) attack exists (as before) and
with respect to the audience α it is not the case that the value promoted by y is preferred
to the value promoted by x. Now, despite the superficial “syntactic” similarity that is
present, these two approaches have significant differences. Certainly it is the case that
one could describe a particular VAF instantiation by a PAF: the consequent Pref rela-
tionship, however, would relate only to a fixed audience α. Similarly one could model a
given PAF by a VAF simply by assuming that the number of distinct values is |X | and
considering an audience defined in a manner consistent with the preference relationship,
i.e. so that η(x) 5α η(y) if 〈x, y〉 ∈ Pref .

Of course, the fact that one may mutually relate the formal models of both systems,
is very far from providing a credible case for the redundancy of either. If we consider the
basic schemata of standard argument systems, PAFs and VAFs, in very informal terms
one might view Dung’s systems as VAFs in which a single value is present and PAFs as
one in which |X | values are related (within Pref ) to the views of a single audience. It has
been observed in [3,4] that typically the number of values is “small” by comparison with
the number of arguments and thus the interpretation of PAFs within a value context as we
have outlined does not reflect this. We also observe that the problems of subjective and
objective acceptance in VAFs, arising as they do from questions concerning properties of
audiences with respect to a set of values, do not have “sensible” counterparts in the PAF
context. For example, were one to consider “preference-based subjective acceptance”
in PAFs as “does there exists a preference relation on X under which a given argument
x is accepted?”, then it is bordering on the facile to observe that this question is of
minimal interest: every instance returns the answer true by virtue of any preference
relation under which x is a maximal element. We have seen that this is far from being the
case as regards “value-based subjective acceptance”, cf. Theorem 1. This is because, in
VAFS, the strengths of arguments are not independent of one another. Thus raising the
priority of one argument will raise the priority of all other arguments associated with
the same value. In particular, if an argument is attacked by an argument associated with
the same value, that attack will succeed, if the attacker, is not itself defeated, whatever
the relative rank of the associated value.

In total these two formalisms although deriving from similar motivating factors –
extending the concept of “acceptability” to take into account subjective relationships –
take quite distinct approaches: PAFs by “embedding” a single preferrence relation within
an argument framework; VAFs by an abstract association of values with arguments with
the ordering of these being a feature “external” to the framework itself.

Summary and Further Work

The above results show that the identification of an argument as subjectively or objec-
tively acceptable is just as hard as the corresponding problems of credulous and sceptical
acceptance in standard coherentArgumentation Systems, cf. [12, p. 202]. Moreover The-
orem 3 demonstrates that the effort required to identify the points of disagreement on
which the acceptance or rejection of an argument turns is likely to be not well spent.
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This does not, however, vitiate the intent underlying the use of VAFs. The situations
in which VAFs are intended to be deployed are specific rather than entirely general: a
particular legal case, a particular political decision. In such concrete situations, even
where the values are many the audiences are few, and thus the relevant status of an
argument can be determined by reference to the particular audiences engaged in the
debate. Where the ordering of preferences of the audiences involved is not given in
advance - as in the dialogue situations envisaged in [3] - a major thrust of the dialogue is
to clarify the order of preferences of the participants. Since the motivation of VAFs is to
resolve disagreements among particular parties with different value preferences, we can,
for the purpose of any given dispute, rely on there being only a small set of audiences
that need to be considered.

It could be claimed, with some justification, that the emphases in developing prac-
tical exploitation of the VAF formalism should be directed towards such studies. Thus
one can consider algorithmic approaches by which a defender of a particular argument
can determine in the light of information discovered concerning individual preferences
whether there is a possible defence under which the argument in question is acceptable
to all of the participating audiences. In principle such methods ought not to require an
exhaustive enumeration of all possible value orderings since almost all of these will be
irrelevant. An important related issue concerns processes for uncovering value prefer-
ences. Given that the question of whether a particular argument is accepted by a given
audience can be decided by efficient methods, it may be possible to determine the ex-
act value preferences of a participant from the answers given to questions concerning
whether particular arguments are accepted or not, e.g. if x and y are different arguments
with η(x) �= η(y) and 〈x, y〉 ∈ A, then should some participant answer that both x and y
are acceptable, it must be the case that the ordering η(y) 5 η(x) pertains. This prompts
the algorithmic question, given a VAF and an unknown value ordering, of identifying
a suitable set of queries regarding acceptance the answers to which allow the specific
audience to be fully determined. It is interesting to note that the preliminary study of
these issues reported in [14] indicates that the problem of constructing an audience with
respect which a specific set of arguments is a preferred extension admits an efficient
algoirthmic solution.

As one final issue there is the development of dialogue and reasoning processes
specifically intended for VAFs. Although, [3] presents a reasoning semantics for sub-
jective acceptance with respect to a particular audience, akin to the formal basis for
TPI-disputes in standard frameworks described in [13], there are several directions in
which this may need further refinement. Thus, sound and complete dialogue mechanisms
for deciding subjective and objective acceptance in general would be of interest. In view
of Theorem 2 it is likely to be the case that “reasonable” sound and complete schemes
determining objective acceptance engender exponential length reasoning processes in
some cases, cf. [13], however, when the notion of “objective acceptance” is qualified to
refer to relevant audiences only (so that the context of Theorem 2 does not apply) it may
be the case that such reasoning processes are feasible within appropriate VAF settings.
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Abstract. We consider a two-variable guarded fragment with number
restrictions for binary relations and give a satisfiability preserving trans-
formation of formulas in this fragment to the three-variable guarded
fragment. The translation can be computed in polynomial time and pro-
duces a formula that is linear in the size of the initial formula even for
the binary coding of number restrictions. This allows one to reduce rea-
soning problems for many description logics to the satisfiability problem
for the guarded fragment.

1 Introduction and Motivation

The guarded fragment GF has been introduced by Andréka, van Benthem &
Németi (1998) as a first-order counterpart of modal and description logics. Its
basic principle is to restrict the usage of quantifiers to the following bounded
forms: ∀x.(G → F ) or ∃x.(G ∧ F ), where G is an atom-“guard” that contains
all free variables of F . The guarded fragment inherits many nice computational
properties from modal logics, the most important of them are the (generalized)
tree-model property and the decidability.

Although the guarded fragment covers a considerable part of logical for-
malisms, some decidable extensions of modal logics, in particular by function-
ality and transitivity, remain outside of the guarded fragment. Grädel (1999b)
has shown that already the three-variable guarded fragment GF3 with one func-
tional relation becomes undecidable. In this paper we study an extension of the
two-variable guarded fragment GF2 by number restrictions, which we denote by
GF2N . Number restrictions generalize functionality restrictions. They are often
used for representing configuration constraints, like, for example:

Client(x) ≡ Computer(x) ∧ ∃≥1 y.Connection(x, y),
Server(y) ≡ Computer(y) ∧ ∃<100x.Connection(x, y).

GF2N relates to many known description logics, the most expressive of which
is ALCQIb. Cardinality and qualifying number restrictions are hard to handle,
especially for big numbers, because not many efficient optimization techniques
are known for them (the notable exceptions are algebraic methods developed
by Haarslev, Timmann & Möller 2001, Haarslev & Möller 2001). This contrasts
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to the fact that ALCQI and even ALCQIb has the same complexity as ALC,
namely EXPTIME (Tobies 2001). In this paper we propose a translation which
allows one to reason about number restrictions through the guarded fragment.

The contribution of this paper can be summarized as follows. First, we show
that reasoning in ALCQIb knowledge bases can be polynomially reduced to sat-
isfiability of GF2N -formulas. Second, we give a satisfiability preserving transla-
tion from GF2N to GF3. The translation is computable in polynomial time and
produces a guarded formula of linear size, even if number restrictions are coded
in binary. This result has both theoretical and practical implications. From the
theoretical side, we obtain a neat complexity result for satisfiability of GF2N -
formulas. Complexity results for GF3, imply that satisfiability of F ∈ GF2N
can be decided in time 2O(|F |). On the practical side, our translation provides a
bridge between the fragment GF2N and the formalism for which optimization
techniques are relatively well-studied. This makes it possible to use any decision
procedure for the guarded fragment (Ganzinger & de Nivelle 1999, Hladik 2002),
for deciding GF2N and reasoning in description logics.

2 The Guarded Fragment and Number Restrictions

Throughout this paper we assume a standard logical notation for first-order logic
with equality and description logics, and the correspondence between the syntax
of description logics and the first-order syntax (that is, role names correspond to
binary predicates, � to conjunction, etc.). For an interpretation I = (D, ·I), we
denote by I|S the interpretation induced by a subset S ⊆ D of domain elements.
We say that a formula F ′ is conservative over F if (i) every model of F can be
expanded (by interpreting new predicate symbols) to a model of F ′ and (ii) F
is a logical consequence of F ′. A transformation F =⇒ F ′ is called conservative
if F ′ is conservative over F . The size |F | (|C|, |T |) of a formula F (a concept C
or a TBox T ) is its length when an appropriate coding of numbers (binary or
unary) is assumed. The width wd(F ) of a formula F is the maximal number of
free variables in subformulas of F .

The guarded fragment (with equality) can be defined by the grammar:

GF ::= A | ¬F1 | F1 ∨ F2 | F1 ∧ F2 | ∀x.(G→F1) | ∃x.(G ∧ F1). (1)

where A is an atom, Fi, i = 1, 2 are guarded formulas, and G is an atom called
the guard containing all free variables of F1. We assume that for F(x) ∈ GF , the
formula ∀x.F(x) is also guarded, since it can be equivalently written in the form
∀x.[(x ! x)→F(x)] ∈ GF . As usual we assume that implication and equivalence
are expressible by means of the other boolean connectives. The bounded-variable
variant GFk of the guarded fragment is the set the guarded formulas that use
at most k variable names. Note that for every F ∈ GFk, wd(F ) ≤ k.

2.1 The Two-Variable Guarded Fragment with Number Restrictions

In this paper we consider an extension of the two-variable guarded fragment GF2

with expressions of the form ∃≥ny.e(x, y) and ∃<ny.e(x, y), where n is a natural
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number and e is a binary atom. These expressions are called “at-most” and “at-
least” number restrictions respectively. The semantics of number restrictions can
be first-order defined as follows: ∃<ny.e(x, y) ≡ ¬[∃≥ny.e(x, y)] where

∃≥ny.e(x, y) ≡ ∃y1y2 . . . yn.[
∧

1 ≤ i ≤ n

e(x, yi) ∧
∧

1 ≤ i < j ≤ n

yi �! yj ].

The meaning of “at-most” and “at-least” number restrictions is that they require
or respectively restrict the number of different elements in a model that can be
connected by a binary relation with a given element.

The two-variable guarded fragment with number restrictions is defined by:

GF2N ::= A | ∃��ny.e(x, y) | ¬F1 | F1∨∧F2 | ∀x.(G→F1) | ∃x.(G ∧ F1), (2)

where ∃��ny.e(x, y) are number restrictions, ∨∧ stands for conjunction or disjunc-
tion and only variables from {x, y} can be used in formulas. In the sequel we
will work with conjunctions of number restrictions of the form:

N (x) ≡
∧
l∈L

∃≥nly.el(x, y) ∧
∧
m∈M

∃<nmy.em(x, y). (3)

where L and M are disjoint finite sets of indexes, nl, nm are natural numbers
and el, em are binary predicate symbols for l ∈ L, m ∈ M .

2.2 A Relationship Between GF2N and ALCQIb

The fragment GF2N is closely related to the description logic ALCQIb intro-
duced by Tobies (2001). ALCQIb extends the description logic ALCQI with the
“safe” boolean combinations of roles. The unrestricted boolean combinations of
roles are defined from the atomic roles and their inverses by the grammar:1

RB ::= Ra | R−1
a | ¬Ra | ¬R−1

a | R1
B �R2

B | R1
B �R2

B ,
whereas the “safe” boolean combinations of roles are restricted to:2

Rb ::= Ra | R−1
a | R1

b �R1
B | R1

b �R2
b where R1

b , R
2
b ∈ Rb, R1

B , R
2
B ∈ RB .

The set of ALCQIb-concepts is defined in the same way as in ALCQI, except
that now any “safe” role expressions R can be used as a role filler:

C ::= A | ¬C1 | C1 � C2 | ∃≥nR.C1, (4)

where A is an atomic concept, C1, C2 ∈ C, R ∈ Rb and n is a natural number.
Tobies (2001) has demonstrated that concept satisfiability w.r.t. general

ALCQIb TBoxes is EXPTIME-complete, even if the numbers in qualifying num-
ber restrictions are coded in binary. The result has been obtained by a reduction
to the emptiness problem for looping tree automata. Given a TBox T and a con-
cept C, an automaton L can be constructed such that L accepts a tree iff C has a
T -model. The emptiness of L can be verified in polynomial time in the size of |L|,
which gives an algorithm for checking T -satisfiability of C (see Fig. 1). However
1 For convenience, we define boolean combinations that are in negation normal form.
2 In the original definition (Tobies 2001), a boolean combination of roles is “safe” if

its disjunction normal form contains a positive conjunct in every disjunct.
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ALCQIb GF2N

Automata GF3

{⊥,�}

PTIMEEXPTIME

PTIME

PTIME

EXPTIME

Fig. 1. The outline of decision procedures for ALCQIb and GF2N : the dashed arrows
represent an automata-based approach; the solid arrows represent a decision procedure
through the guarded fragment. We give the translations shown by the double arrows

L can be exponentially large in |C|+|T | in worst case and this blow-up cannot be
avoided, since the problem is EXPTIME-hard. Moreover, the translation can be
exponential in many trivial cases, say, when T contains lots of definitions that are
not relevant to C, which is often the case in real knowledge bases. Therefore, a
straightforward implementation of the automata-based decision procedure seems
to be not very useful in practice. In this paper we propose an alternative decision
procedure through the guarded fragment (see Fig. 1). This approach might be
more efficient yet having the optimal complexity. As a first step of our procedure
we establish a correspondence between ALCQIb-knowledge bases and GF2N .

Lemma 1. For every ALCQIb TBox T one can construct in polynomial time
a formula F ∈ GF2N that is conservative over T such that |F | = O(|T |).

Proof. Without loss of generality, we may assume that T contains only simple
definitions, that is, definitions corresponding to one case in (4). Moreover, we in-
troduce auxiliary role names Rb for every compound subrole Rb ∈ Rb that occurs
in T . We extend T with definitions for Rb and use them in complex expressions
instead of Rb. We also introduce additional binary predicate symbol RC for every
definition of qualifying number restrictions C ·=∃≥nR.C1. The definitions from T
and their first-order translations are given on Fig. 2. It is easy to see that the
translation maps TBox T to a conjunction of formulas from GF2N . ��

Corollary 1. The problem of concept satisfiability w.r.t. ALCQIb TBox-es is
polynomially reducible to satisfiability of GF2N -formulas.

C
·= A ⇒ ∀x.[C(x) ↔ A(x)]

C
·=¬C1 ⇒ ∀x.[C(x) ↔ ¬C1(x)]

C
·= C1� C2 ⇒ ∀x.(C(x) ↔ [C1(x) ∧ C2(x)])

Rb
·= Ra ⇒ ∀xy.[Rb(x, y) ↔ Ra(x, y)]

Rb
·= Ra−1 ⇒ ∀xy.[Rb(x, y) ↔ Ra(y, x)]

C
·=∃≥nR.C1 ⇒ ∀x.(C(x)→∃≥ny.RC(x, y)) ∧ ∀xy.(RC(x, y)→ [RC(x, y) ∧ C1(y)])∧

∧∀x.(∃≥ny.RC(x, y)→C(x)) ∧ ∀xy.( R(x, y) → [C1(y)→RC(x, y)])
Rb
·= R1b �R1

B ⇒ ∀xy.(Rb(x, y)→ [R1b(x, y) ∧R1
B(x, y)])∧

∧∀xy.(R1b(x, y)→ [Rb(x, y) ∨ ¬R1
B(x, y)])

Rb
·= R1b � R2b ⇒ ∀xy.(Rb(x, y)→ [R1b(x, y) ∨ R2b(x, y)])∧

∧∀xy.[R1b(x, y)→Rb(x, y)] ∧ ∀xy.[R2b(x, y)→Rb(x, y)]

Fig. 2. A translation of ALCQIb TBox-es to GF2N
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It is not clear whether the expressive power of ALCQIb reaches GF2N , since
ALCQIb does not have a built-in equality. However, we conjecture, that GF2N
without equality has the same expressive power as ALCQIb.

Remark 1. In some papers on the guarded fragment, e.g. in (Grädel 1999b),
atoms are allowed to contain individual constants. In this paper, however, we do
not assume this. Reasoning with individual constants in the presence of number
restrictions becomes much harder, since so-called cardinality restrictions can
be expressed using them: The formula ∀x.[a(x) → e(c, x)] ∧ ∀x.∃<n+1y.e(x, y)
has only models where a is satisfied in at most n elements. The extension of
ALCQI with cardinality restrictions becomes NEXPTIME-complete already for
the unary coding of numbers and the exact complexity for binary coding is still
an open problem (for details see Tobies 2001). �

2.3 A Normal Form for Formulas in GF2N

To prove properties for guarded formulas it is convenient to have them in a
simple normal form. We show that GF2N -formulas have a Scott-like normal
form that is similar to the one found by Grädel (1999b) for GF .

Lemma 2. For every formula F ∈ GF2N there is a formula F ′ of the form:∧
i∈I

∀xy.[gi(x, y)→ϕi(x, y)] ∧ ∀x.N (x) (5)

where gi(x, y) are atoms, i ∈ I, ϕi(x, y) are quantifier-free formulas and N (x)
are number restrictions of the form (3), such that: (i) F ′ is conservative over
F , (ii) |F ′| = O(|F |) and F ′ is computable in polynomial time from F .

Proof. Given a guarded formula F ∈ GF2N , first, we put F into negation nor-
mal form (NNF) by pushing all negations inside to atoms using the usual de
Morgan’s laws. The resulting formula [F ]nnf belongs to the following fragment:

[GF2N ]nnf ::= (¬)A | ∃��ny.e(x, y) | F1∨∧F2 | ∀x.(G→F1) | ∃x.(G ∧ F1).

we extend this fragment by dropping the restrictions for the existential part:

[GF2N ]nnfw ::= (¬)A | ∃��ny.e(x, y) | F1∨∧F2 | ∀x.(G→F1) | ∃y.F1.

thus, the existential closure Fn := ∃x.[F ]nnf∈ [GF2N ]nnfw . Note that Fn is con-
servative over F . After that, we apply a so-called structural transformation for
the sentence Fn by introducing definitions for its subformulas. We assume that
to every subformula F of Fn corresponding to a case in the recursive definition,
a unique predicate PF = pF(x) is assigned, where x = free[F] ⊆ {x, y}. If F is
a number restriction ∃��ny.e(x, y), then we also introduce an auxiliary binary
predicate eF(x, y). The result of the structural transformation for Fn is the for-
mula PFn ∧ [Fn]st, where [F]st is defined recursively for F ∈ [GF ]nnfw as follows:
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[F]st := [(¬)A]st : ∀x.(PF→(¬)A) |
[∃≥ny.e(x, y)]st : ∀x.∃≥ny.eF(x, y) ∧ ∀xy.[e

F
(x, y)→(pF(x)→e(x, y))] |

[∃<ny.e(x, y)]st : ∀xy.[e(x, y)→(pF(x)→eF(x, y))] ∧ ∀x.∃<ny.eF(x, y) |
[F1∨∧F2]st : ∀x.(PF→ [PF1∨∧PF2 ])∧[F1]st∧[F2]st |

[∀y.(G→F1)]st : ∀xy.(G→ [PF→PF1 ]) ∧ [F1]st |
[∃y.F1]st : ∀x.(PF→∃y.PF1) ∧ [F1]st.

The function [F]st is defined recursively over the definition of [GF2N ]nnfw . On
each step, subformulas of F are replaced by fresh atoms. These atoms are defined
in separate conjuncts by means of subformulas that they replace. It is easy to see
that the result of the transformation can be captured by a formula F ′ of the form
(5) that is conservative over Fn. The formula F ′ has the size O(|Fn|) = O(|F |)
and the translation can be computed in polynomial time. ��

2.4 The Tree-Model Property for GF2N
As Vardi (1996) has argued, the tree-model property is the main reason why
modal logics are decidable. The existence of tree-models for satisfiable formulas
is a basis of all tableau and automata-based decision procedures for modal and
description logics. In many cases the tree-model property allows to establish a
finite model property and even to extract bounds on the sizes of models for
satisfiable formulas, which gives rise to model-enumeration techniques.

Definition 1. An interpretation M = (D, ·T ) has a tree width k if k is the
minimal natural number such that there exists a tree T = (V,E) (a connected
acyclic graph) and a function π : V → 2D with |π(v)| ≤ k + 1 for every v ∈ V ,
such that the following conditions hold:

(i) M � a(d1,..., dn) implies {d1,..., dn} ⊆ π(v) for some v ∈ V ; and
(ii) The set O(d) := {v ∈ V | d ∈ π(v)} induces a connected subtree in T . �

Grädel (1999a) has shown that every satisfiable guarded formula with width
k has a model of the tree width k − 1. In particular, every satisfiable formula
from GF2 has a tree-model (a model with the tree width = 1). We are going
to extend this results to GF2N by taking into account number restrictions. For
convenience, we use the following (equivalent) definition of a tree model:

Definition 2. An interpretation T = (V, ·T ) is called a tree if there is a tree
T = (V,E), such that T � a(v1,..., vn) implies {v1, . . . , vn} ⊆ {v′1, v′2} for some
edge e = (v′1, v

′
2) ∈ E. �

A correspondence between these two definitions can be established by as-
signing π(v) to be the set {v, v−1} ⊆ V , where v−1 is a parent of v in T (we
assume that the root of T is a parent of itself). For proving the tree-model prop-
erty for GF2N we show how a tree-model can be extracted from any model of
a GF2N -formula. Surprisingly, a tree-model satisfying number restrictions can
be extracted from interpretations that satisfy weaker conditions than number
restrictions themselves.
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Definition 3. A counting pattern for a model M = (D, ·M) and number re-
strictions N (x) is a pair P = (R,w), where R ⊆ D×D is a reachability relation
and w : R → 2R is a witnessing function such that: (i) (dr, dr) ∈ R for some dr ∈
D and (ii) for any (d−1, d0) ∈ R, w[(d−1, d0)] = {(d0, d1), (d0, d2), . . . , (d0, db)}
for some d1, . . . , db ∈ D \ {d−1, d0} such that M|{d−1,d0,...,db} � N (d0). �

Example 1. The fragment GF2N does not have the finite model property. To
demonstrate this, consider the formula BinaryTree ≡ ∀x.Nbt(x), where Nbt(x) ≡
[∃≥2y.s(x, y) ∧ ∃<2y.s(y, x)]. It is easy to see that the formula BinaryTree is
satisfiable in a tree-model T (see Fig 3), but has no finite models. However,
there is a finite interpretation M = (D = {a, b, c, d, e}, ·M) given on Fig. 3 that
has a counting pattern for Nbt(x). The counting pattern Pbt = (R,w) for Nbt(x)
in M can be defined by taking R = D ×D and setting the witnessing function
w[(d−1, d0)] to return the remaining edges incident to the node d0. For instance,
w[(e, a)] := {(a, b), (a, c)}, w[(d, b)] := {(b, c)}. �

It will be shown below, that every model of number restrictions has a counting
pattern. However, the converse does not hold: the interpretation M from Fig. 3
does not satisfy ∀x.Nbt(x), but has a counting pattern for Nbt(x). Yet, we show
that a tree-model satisfying number restrictions N (x) can be extracted from any
model having a counting pattern for N (x).

Lemma 3. Let N (x) be number restrictions of the form (3), and M = (D, ·M)
be a model of ∀x.N (x). Then M has a counting pattern for N (x).

Proof. The intended counting pattern P = (R,w) can be defined as follows. Let
R = D×D. This guarantees that condition (i) in Definition 3 holds since D is a
non-empty set. Note that for every vector (d−1, d0) ∈ R one can find a finite set
of elements d1, d2, . . . , db such that M|{d−1,d0,d1,...,db} � N (d0), since M � N (d0)
and number restrictions require only finitely many witnesses. This suggests us
to define a witnessing function by w[(d−1, d0)] := {(d0, d1), (d0, d2), . . . , (d0, db)}.
This definition guarantees the remaining property (ii) of Definition 3. ��

Lemma 4. Let F ≡ Fg ∧ ∀x.N (x) be a GF2N -formula in a normal form (5).
Let M be a model of Fg that has a counting pattern for the number restrictions
N (x). Then F has a tree-model.

M

a

b

c

d

e

s

T

a

c

e

d

a

c

b

ebs

Fig. 3. Tree decomposition of an interpretation having a counting pattern
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Proof. Given a model M for Fg and a counting pattern P = (R,w) for N (x) in
M, we construct a tree-model T = (V, ·T ) for F based on a tree T = (V,E). The
model T is constructed inductively together with a function π : V → D that
represents a bisimulation relation between M and T , such that for every node
v0 ∈ V and its parent v−1, the substructures M|{v−1,v0} and T |{π(v−1),π(v0)} are
isomorphic and (π(v−1), π(v0)) ∈ R.

First, we create a root vr ∈ V of a tree T and set π(vr) := dr, where dr ∈ D
is given in Definition 3, so (π(vr), π(vr)) ∈ R. For every leaf v0 of a tree T
constructed so far and its parent v−1, consider (d−1, d0) = (π(v−1), π(v0)) ∈ R
(by induction hypothesis), and let d1, . . . , db ∈ D be such that R(d−1, d0) =
{(d0, d1), (d0, d2), . . . , (d0, db)}. For every di with 1 ≤ i ≤ b we create a child vi
of v0 in T , set π(vi) := di, and extend the interpretation T in such a way that the
substructure T |{v0,vi} is isomorphic to the substructure M|{d0,di} for 1 ≤ i ≤ b.
This can be always done in a consistent way. Note that T � N (v0) because
M|{d−1,d0,d1,...,db} � N (d0) and π is a bijection between the sets {v−1, v0, . . . , vb}
and {d−1, d0, . . . , db}. The constructed interpretation T is a tree. It is a model
of Fg since every edge of a tree is isomorphic to a substructure of the model M
and since Fg is a guarded formula. Therefore T � F . ��

The process described in the proof of Lemma 4 is known as a tree decom-
position of a structure (Grädel 1999a). Figure 3 demonstrates the construction
given in the proof of Lemma 4 for the interpretation M from Example 1. Now
the tree-model property for GF2N is an easy consequence of Lemma 4:

Theorem 1. Every satisfiable formula F ∈ GF2N has a tree-model.

Proof. By Lemma 2, we may assume that F is of the form (5). Let M be a
model for F = Fg ∧∀x.N (x). By Lemma 3, M has a counting pattern for N (x).
Therefore, by Lemma 4, F has a tree-model. ��

3 The Translation

In this section we give a polynomial-time translation mapping any formula F ∈
GF2N of the form (5) to a formula F ′ ∈ GF3 such that (i) every tree-model of
F can be expanded to a model of F ′, (ii) for every model of F ′ one can construct
a tree-model of F and (iii) |F ′| = O(|F |). Note that it is not possible to give a
conservative translation from GF2N to GF3, since GF2N does not have a finite
model property in contrast to GF3 (see Example 1).

We describe the translation in the following way. Given a formula F = Fg ∧
∀x.N (x) ∈ GF2N in the normal form (5) and a tree-model T for F , we expand
the model T to by defining additional predicates to encode a counting pattern
for N (x). Then we construct a formula F ′ = Fg ∧ F ′′ ∈ GF3 that describes the
expanded model. Finally we show that every model of F ′ has a counting pattern
for N (x). This will prove that F is satisfiable whenever F ′ is.

Let T = (V, ·T ) be a tree-model for a formula F ≡ Fg ∧∀x.N (x) ∈ GF2N of
the form (5). We introduce a new binary predicate R to encode the reachability
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relation of a counting pattern P = (R,w). R is interpreted in T by setting
T � R(v1, v2) iff either v1 = v2 or v2 is a child of the node v1.

To encode the number restrictions, for every node v ∈ V consider an ordered
set O(v) = [(v−1, ) v0, v1,..., vbv

] of neighbors of v in T : The first element in O(v)
should be the parent v−1 of v, which is followed by the node v itself: v0 := v
(we assume that v−1 = v0 for the root node). After that, all children of v are
listed in some order v1,..., vbv : see Fig. 4. The order on the set of neighbors

v−1

R

v0 = v

v1

Ne
xt

v2

vbv

Fig. 4. The counting order of the
neighbors of a node

is used to count the number of edges satis-
fying the counting relations. We encode this
order using a special ternary predicate sym-
bol Next (this will be the only ternary rela-
tion that is used in our construction). The
intended interpretation of Next is given by
T � Next(v, v′, v′′) iff v′ = vi and v′′ = vi+1
for some vi, vi+1 ∈ O(v) with 0 ≤ i ≤ bv. In
other words, Next(x, y, z) holds if and only if
z is the child of x that comes directly after y.

For every index c ∈ L ∪ M , v ∈ V and
vi ∈ O(v), 1 ≤ i ≤ bv, we define the number
nc,i := #{vj ∈ O(v) | j ≤ i & T � ec(v, vj)},
that is the number of times the relation ec has
been realized up to vi. Note that for every l ∈
L there exists i with 0 ≤ i ≤ bv such that
nl,i ≥ nl, and for every m ∈ M and every j
with 0 ≤ j ≤ bv, nm,j < nm since T � N (v).
Moreover, the following property can be assumed for the set O(v). We say that
a child vi with 1 ≤ i ≤ bv of the node v is essential, if whenever nl,i ≤ nl for
some l ∈ L, then there exists an l′ ∈ L such that T � el′(v0, vi) and nl′,i ≤ nl′ .
In other words, if some “at-least” number restrictions are not yet realized up to
vi, then the node vi should contribute in one of them. By reordering the children
of v in O(v), if needed, one can always fulfill this condition.

For encoding the numbers nc,i for an index c ∈ L ∪ M , we introduce addi-
tional binary predicate symbols e0

c , e
1
c , . . . , e

kc
c , where kc := [lognc]. In fact, we

will encode not the numbers nc,i themselves, but n′c,i := min(2kc −1, nc,i), since
we do not need to count beyond nc to check number restrictions. Every number
n′c,i in binary coding is a bit vector of the size kc. We represent this bit vector
using the values of the predicates e0

c , e
1
c , . . . , e

kc
c on the edge (v, vi), in such a way

that T � “ ec(v, vi) = n′c,i ”. Formally, for every c ∈ L ∪M and v1, v2 ∈ V let

eIc (v1, v2) :=
kc∑
i=1

eic
I
(v1, v2) · 2i, where eI(v1, v2) :=

{
1 if T � e(v1, v2),
0 if T � ¬e(v1, v2).

Arithmetical expressions involving ec(x, y) and ec(x, y) are evaluated in inter-
pretations as usual. For instance, given an interpretation I = (D, ·I) and a
valuation of variables δ, the proposition “ ec(x, y) ≥ ec(x, y)+1 ” is evaluated to
true iff “ eIc (δ(x), δ(y)) ≥ eIc (δ(x), δ(y)) + 1 ”.
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Lemma 5. For every index c ∈ L ∪ M there exist quantifier-free formulas of
size linear in kc that express the following relations:

Initc(x, y) ≡ “ ec(x, y) = ec(x, y) ”,
Fullc(x, y) ≡ “ ec(x, y) = 2kc − 1 ”,
Copyc(x, y, z) ≡ “ ec(x, z) = ec(x, y) ”,
Incrc(x, y, z) ≡ “ ec(x, z) = ec(x, y) + 1 mod 2kc ”,
Lessc(x, y) ≡ “ ec(x, y) < nc ”.

n :
kc∗ ∗ · · · ∗

i
0 1 1 · · ·

0
1

n+1 :
‖
∗
‖
∗ · · ·

‖
∗ 1 0 0 · · · 0

n :
kc∗ ∗ · · · ∗

j

0 ∗ ∗ · · · 0∗
∧
m :

‖
∗
‖
∗ · · ·

‖
∗ 1 ∗ ∗ · · · ∗

Fig. 5. The arithmetical
properties of bit vectors

Proof. The first three formulas can be defined in
the straightforward way:

Initc(x, y) ≡ [e0
c(x, y) ↔ ec(x, y)] ∧

∧
1 ≤ i ≤ kc

¬eic(x, y),

Fullc(x, y) ≡
∧
i ≤ kc

eic(x, y),

Copyc(x, y, z) ≡
∧
i ≤ kc

[eic(x, y) ↔ eic(x, z)]

The relation “m = n+ 1 mod 2k ” holds iff (i) the lowest bits of n and m are
different and (ii) the correspondent bits of any other position of n and m are
different iff the preceding bits of n and m are 1 and 0 respectively (see Fig. 5):

Incrc(x, y, z) ≡ [e0
c(x, y) ↔ ¬e0

c(x, z)] ∧∧
0 < i ≤ kc

([eic(x, y) ↔ ¬eic(x, z)] ↔ [ei−1
c (x, y) ∧ ¬ei−1

c (x, z)]).

The relation “mk ...m1m0 > nk ...n1n0 ” between binary numbers holds if either
“mk>nk”, or, “mk=nk” and “mk−1...m1m0 > nk−1...n1n0 ”:

Lessc(x, y) ≡ Lessc,kc
(x, y), where

Lessc,i(x, y) ≡ [“nic = 1” ∧ ¬eic(x, y)] ∨
([“nic = 1” ↔ eic(x, y)] ∧ Lessc,i−1(x, y)), 0 < i < kc,

Lessc,0(x, y) ≡ [“n0
c = 1” ∧ ¬e0

c(x, y)].

where the expressions “nic = 1” stand for the respective boolean constants. It is
easy to see that the length of every formula above is linear in kc. More precisely,
every predicate eic, 1 ≤ i ≤ kc is used in every definition at most 4 times. ��

Using the formulas defined in Lemma 5, we introduce additional quantifier-
free formulas, that are linear in the size of the input formula F :

Init(x, y) ≡
∧
l∈L

Init l(x, y) ∧
∧
m∈M

Initm(x, y),

Countc(x, y, z) ≡ [(¬Full(x, y) ∧ ec(x, z))→Incrc(x, y, z)] ∧
[(Full(x, y) ∨ ¬ec(x, y))→Copyc(x, y, z)],

Count(x, y, z) ≡
∧
l∈L

Count l(x, y, z) ∧
∧
m∈M

Countm(x, y, z),
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AtMost(x, y) ≡
∧
m∈M

Lessm(x, y),

Require(x, y) ≡ [
∨
l∈L

Less l(x, y)],

Child(x, y) ≡ R(x, y) ∧ R(y, y) ∧ Init(y, x) ∧ Count(y, x, y),

Fair(x, y, z) ≡
∨
l∈L

[Less l(x, y) ∧ el(x, z)],

The formula Init(x, y) is used in our encoding of number restrictions for ini-
tializing the counters on the edge (x, y). The formula Count(x, y, z) increments
every counter between the edges (x, y) and (x, z), if the correspondent binary
relation shows up on the edge (x, z) and if the limit of the counter is not yet
reached. Otherwise, the current value of the counter on (x, y) is copied to (x, z).
The formula AtMost(x, y) ensures that the values of the counters corresponding
“at-most” restrictions do not go beyond the maximal allowed limits. Dually, the
formula Require(x, y) expresses that the “at-least” restrictions are not yet ful-
filled. This should require a Next child of x to be created. The child of a node
x is created using the formula Child(x, y). It expresses initialization operations
for the node y: the predicate R should be defined; the counters for the node y
should be initialized on the edge (y, x) and computed for the edge (y, y). The
formula Fair(x, y, z) is responsible for termination of the process of creating the
required children of a node. It says, essentially, that at least one of the relations
required on (x, y) should be realized on the next edge (x, z). This guaranties that
all “at-least” restrictions will be eventually fulfilled for a node if the process of
creating new children can be continued consistently.

The result of the translation is define by F ′ ≡ Fg ∧ Φ1 ∧ Φ2 ∧ Φ3 ∈ GF3,
where

Φ1 ≡ ∃x.[R(x, x) ∧ Init(x, x)],
Φ2 ≡ ∀xy.[R(x, y)→(AtMost(x, y) ∧ [Require(x, y)→∃z.Next(x, y, z)])]3,
Φ3 ≡ ∀xyz.(Next(x, y, z)→ [Child(x, z) ∧ Fair(x, y, z) ∧ Count(x, y, z)]).

(6)

The following lemma is immediate from our construction:

Lemma 6. Every tree-model of F can be expanded to a model of F ′.

Proof. Given a tree-model T = (V, ·T ) for F , we interpret the new predicates R,
Next and eic for c ∈ L ∪M as given in the construction above. It is a routine to
check that all formulas Φ1, Φ2 and Φ3 are true in T . For example, the implication
∀xyz.[Next(x, y, z) → Fair(x, y, z)] holds in T since every child node of every
v ∈ V is essential in O(v). ��

Now we show that a witness for number restrictions N (x) can be extracted
from a model of F ′:

Lemma 7. Every model of F ′ has a counting pattern for N (x).
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Proof. Given a model M′ = (D′, ·M′
) of F ′, we construct a counting pat-

tern P = (R,w) in the following way. We define the reachability relation by
R := {(d1, d2) ∈ D′ ×D′ | M′ � R(d1, d2)}. For every pair (d−1, d0) ∈ R, let
w[(d−1, d0)] := {(d0, d1), . . . , (d0, db)} be such that (i) M′ � Next(d0, di, di+1)
for 0 ≤ i < b and (ii) M′ � Next(d0, db, d) for no d ∈ D′. Such a (fi-
nite) set always can be found since for any d0, di, di+1 ∈ D′ with M′ �
Next(d0, di, di+1), we have M′ � “

∑
l∈L

el(d0, di) ≤
∑
l∈L

el(d0, di+1) ” because

M′ � Fair(d0, di, di+1)∧Count(d0, di, di+1). Therefore, there cannot be infinitely
many di connected in a Next-chain. So the witnessing function w is well-defined.

Now we show that P is a counting pattern for the number restrictions N (x).
The condition (i) from Definition 3 holds since M′ � Φ1, so there exists d ∈ D′

such that M′ � R(d, d). To show that the condition (ii) also holds, consider the
elements d−1, d0, d1, . . . , db ∈ D′ such that w[(d−1, d0)] = {(d0, d1), . . . , (d0, db)}.
Let nc,i := #{dj | j ≤ i & M′ � ec(d0, dj)} and n′c,i := min(2kc − 1, nc,i)
for c ∈ L ∪ M and −1 ≤ i ≤ b, be similar counters as were introduced
for a tree-model. By induction on i with −1 ≤ i ≤ b it is possible
to show that M′ � “ ec(d0, di) = n′c,i ” for every c ∈ L ∪ M , because
M′ � Child(d−1, d0) and M′ � Count(d0, di, di+1) for i with 0 ≤ i < d.
Moreover, M′ � “ el(d0, db) ≥ nl ” and M′ � “ em(d0, db) < nm ” for every
l ∈ L and m ∈ M , since M′ � AtMost(d0, db) ∧ ¬Require(d0, db) (there is no
Next-successor of db). As a conclusion, we have M′|{d−1,d0,...,db} � N (b0), which
implies the condition (ii) for a counting pattern. So, P is indeed a counting
pattern for the number restrictions N (x). ��
Corollary 2. F ′ is satisfiable iff F is satisfiable.

Proof. The “ if ” part follows directly from Theorem 1 and Lemma 6. To prove
the converse, assume that M′ is a model of F ′. In particular, M′ is a model of
Fg. By Lemma 7, M′ has a counting pattern for N (x). Therefore, by Lemma 4
there is a tree-model T for F ≡ Fg ∧ ∀x.N (x). ��

The results obtained in this section can be summarized in our main theorem:

Theorem 2. For any formula F ∈ GF2N there exists a formula F ′ ∈ GF3 such
that (i) F is satisfiable iff F ′ is satisfiable, (ii) |F ′| = O(|F |) and F ′ can be
computed in polynomial time from F .

Proof. Let F ∈ GF2N . By Lemma 2, one can find Fn ≡ Fg ∧ ∀x.N (x) in the
normal form (5) that is equisatisfiable with F . Taking F ′ ≡ Fg ∧ Φ1 ∧ Φ2 ∧ Φ3
as defined in (6), by Corollary 2, F ′ is equisatisfiable with Fn, and thus with F .
F ′ has a linear size and can be computed in polynomial time in |F |. ��
Corollary 3. There is a decision procedure for GF2N that can be implemented
in time 2O|F |, where |F | is the size of a formula F ∈ GF2N .

Proof. A decision procedure for F ∈ GF3 can be implemented in time 2O|F |.
(see Grädel 1999b, Hladik 2002, Ganzinger & de Nivelle 1999)4. ��
4 Most decision procedures are given here for the full guarded fragment, but is easy

to see that their specializations for the bounded-variable case run in EXPTIME.
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4 Conclusions and the Future Work

We have described a procedure, that allows one to translate every formula from
GF2N to an equisatisfiable formula from GF3. The procedure is quite intriguing,
since it runs in polynomial time and has only linear overhead in the size of the
produced formula. However, only experimental evaluation can judge the practical
usefulness of the procedure. For the future work we try to find a translation
from GF2N to smaller fragments, in particular to GF2, or to the description
logic ALCI, so that existing systems for description logics can be employed.
This idea is related to the work of Hladik & Sattler (2003). We believe that
a translation to simpler formalisms can be found by exploiting the automata
translation proposed by Tobies (2001).
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Abstract. In this paper we consider Description Logics (DLs), which
are logics for managing structured knowledge, with a well-known fuzzy
extension to deal with vague information. While for fuzzy DLs ad-hoc,
tableaux-like reasoning procedures have been given in the literature, the
topic of this paper is to present a reasoning preserving transformation of
fuzzy DLs into classical DLs. This has the considerable practical conse-
quence that reasoning in fuzzy DLs is feasible using already existing DL
systems.

1 Introduction

In the last decade a substantial amount of work has been carried out in the
context of Description Logics (DLs) [1]. DLs are a logical reconstruction of the
so-called frame-based knowledge representation languages, with the aim of pro-
viding a simple well-established Tarski-style declarative semantics to capture the
meaning of the most popular features of structured representation of knowledge.
Nowadays, a whole family of knowledge representation systems has been build
using DLs, which differ with respect to their expressiveness and their complex-
ity, and they have been used for building a variety of applications (see the DL
community home page http://dl.kr.org/).

Despite their growing popularity, relative little work has been carried out 1

in extending them to the management of uncertain information. This is a well-
known and important issue whenever the real world information to be repre-
sented is of imperfect nature. In DLs, the problem has attracted the attention
of some researchers and some frameworks have been proposed, which differ in
the underlying notion of uncertainty, e.g. probability theory [10,11,15,18,25],
possibility theory [13], metric spaces [22], fuzzy theory [7,12,27,29,30] and multi-
valued theory [27,28].

In this paper we consider the fuzzy extension of DLs towards the management
of vague knowledge [27]. The choice of fuzzy set theory [31] as a way of endowing
a DL with the capability to deal with imprecision is motivated as fuzzy logics
capture the notion of imprecise concept, i.e. a concept for which a clear and
precise definition is not possible. Therefore, fuzzy DLs allow to express that a
1 Comparing with other formalisms -notably logic programming (see, e.g. [17,20], for

an overview).

J.J. Alferes and J. Leite (Eds.): JELIA 2004, LNAI 3229, pp. 385–399, 2004.
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sentence, like “it is Cold”, is not just true or false like in classical DLs, but has a
degree of truth, which is taken from the real unit interval [0, 1]. The truth degree
dictates to which extent a sentence is true.

The fuzzy DL we consider ([27]) has been applied in the context of Logic-
based Multimedia Information Retrieval (LMIR) [23,26] in which multimedia
documents are “semantically annotated” (more generally, the logic is applica-
ble to the context of the Semantic Web [5] as well, where DLs already play an
important role [14]). LMIR points out the necessity of extending DLs with ca-
pabilities which allow the treatment of the inherent imprecision in multimedia
object content representation and retrieval. In fact, classical DLs are insufficient
for describing real multimedia retrieval situations, as the retrieval is usually not
only a yes-no question: (i) the representations of multimedia objects’ content and
queries which the system (and the logic) have access to are inherently imperfect;
and (ii) the relevance of a multimedia object to a query can thus be established
only up to a limited degree (an explanatory example will be provided later one
in the paper).

However, from a computational point of view, the reasoning procedures
in [27], which are at the core of the LMIR model and system described in [23],
are based on an ad-hoc tableaux calculus, similar to the ones presented for al-
most all DLs. Unfortunately, a drawback of the tableaux calculus in [27] is that
any system, which would like to implement this fuzzy logic, has to be worked
out from scratch (as we did in [23]) and requires a notable effort to become truly
efficient (which was not the case for [23]).

The contribution of this paper is as follows. Primarily, we present a reasoning
preserving transformation of fuzzy DLs into classical DLs. This has the consider-
able practical consequence that reasoning in fuzzy DLs is feasible using already
existing DL systems and may take advantage of their efficiency. Secondarily, we
allow the representation of so-called general terminological axioms, while in [23,
27], the axioms were very limited in the form. To best of our knowledge, no
algorithm has yet been worked out for general axioms in fuzzy DLs. Overall, our
approach may be extended to more expressive DLs than the one we present here
as well and turns out to be very useful for our LMIR model and system.

We proceed as follows. In the next section, we recall some minimal notions
about DLs. In Section 3 we recall fuzzy DLs and show their application to LMIR.
Section 4 is the main part of this paper, where we present our reduction of fuzzy
DLs into classical DLs, while Section 5 concludes.

2 A Quick Look to DLs

Instrumental to our purpose, the specific DL we extend with “fuzzy” capabilities
is ALC with role hierachies, i.e. ALCH, a significant representative of DLs (see,
e.g. [1]). ALCH is sufficiently expressive to illustrate the main concepts intro-
duced in this paper. More expressive DLs will be the subject of an extended
work. Note that [23,27] considered ALC only. So, consider three alphabets of
symbols, for concept names (denoted A), for role names (denoted R) and indi-
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vidual names (denoted a and b) 2. A concept (denoted C or D) of the language
ALCH is built inductively from concept names A, role names R, top concept �
and bottom concept ⊥, according to the following syntax rule:

C, D −→ C �D| (concept conjunction)
C �D| (concept disjunction)
¬C| (concept negation)

∀R.C| (universal quantification)
∃R.C (existential quantification) .

A terminology, T , is a finite set of concept inclusions or role inclusions, called
terminological axioms, τ , where given two concepts C and D, and two role names
R and R′, a terminological axiom is an expression of the form C � D (D
subsumes C) or of the form R � R′ (R′ subsumes R). We also write C = D
(concept definition) as a short hand for C � D and D � C (and similarly for role
definitions). An assertion, α, is an expression of the form a:C (“a is an instance
of C”), or an expression (a, b):R (“(a, b) is an instance of R”). A Knowledge Base
(KB), K = 〈T ,A〉, is such that T and A are finite sets of terminological axioms
and assertions, respectively.

An interpretation I is a pair I = (ΔI , ·I) consisting of a non empty set ΔI

(called the domain) and of an interpretation function ·I mapping individuals into
elements of ΔI (note that usually the unique name assumption 3 is considered,
but it does not matter us here), concepts names into subsets of ΔI , roles names
into subsets of ΔI ×ΔI and satisfies �I = ΔI and ⊥I = ∅. The interpretation
of complex concepts is defined inductively as usual:

(C �D)I = CI ∩DI

(C �D)I = CI ∪DI

(¬C)I = ΔI \ CI

(∀R.C)I = {d ∈ ΔI | ∀d′.(d, d′) �∈ RI or d′ ∈ CI}
(∃R.C)I = {d ∈ ΔI | ∃d′.(d, d′) ∈ RI and d′ ∈ CI} .

A concept C is satisfiable iff there is an interpretation I such that CI �= ∅.
Two concepts C and D are equivalent (denoted C ≡ D) iff CI = DI , for all
interpretations I. An interpretation I satisfies an assertion a:C (resp. (a, b):R)
iff aI ∈ CI (resp. (aI , bI) ∈ RI), while I satisfies a terminological axiom C � D
iff CI ⊆ DI . The satisfiability of role inclusions R � R′ is similar. Furthermore,
an interpretation I satisfies (is a model of) a terminology T (resp. a set of
assertions A) iff I satisfies each element in T (resp. A), while I satisfies (is a
model of) a KB K = 〈T ,A〉 iff I satisfies both T and A. Finally, given a KB K
and an assertion α we say that K entails α, denoted K |= α, iff each model of K
satisfies α.

Example 1. Consider the following simple KB, K = 〈T ,A〉, where

T = {Bird  Animal, Dog  Animal} , A = {snoopy:Dog, woodstock:Bird} .

2 Metavariables may have a subscript or a superscript.
3 aI �= bI , if a �= b.
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Consider the query concept Animal, i.e. we are looking for animals. It can eas-
ily be shown that both Snoopy and Woodstock are animals, i.e. {a | K |=
a:Animal} = {snoopy, woodstock}. �

The next example is slightly more involved.

Example 2. Consider the following KB K = 〈T ,A〉, where

T = {A = ∀R.¬B} , A = {a:∀R.C} .

Consider the assertion α = a:A � ∃R.(B � C). It can be shown that K |= α
holds. In fact, consider a model I of K. Then either aI ∈ AI or aI �∈ AI . In the
former case, I satisfies α. In the latter case, as I satisfies T , aI �∈ (∀R.¬B)I ,
i.e. aI ∈ (∃R.B)I holds. But, I satisfies A as well, i.e. aI ∈ (∀R.C)I and, thus,
aI ∈ (∃R.(B � C))I . Therefore, I satisfies α, which concludes. �

Finally, note that there are efficient implemented reasoners like, for instance,
RACER 4 or FACT 5, which allow to reason in quite more expressive DLs as
ALCH.

3 A Quick Look to Fuzzy DLs

We recall here the main notions related to fuzzy DLs, taken from [27]. Worth
noting is that we deal with general terminological axioms of the form C � D,
while in [23,27] the terminological component is restricted in the form. For conve-
nience, we call the fuzzy extension of ALCH, fALCH. The main idea underlying
fALCH is that an assertion a:C, rather being interpreted as either true or false,
will be mapped into a truth value c ∈ [0, 1]. The intended meaning is that c
indicates to which extend (how certain it is that) ‘a is a C’. Similarly for role
names.

Formally, a finterpretation is a pair I = (ΔI , ·I), where ΔI is the domain
and ·I is an interpretation function mapping

– individuals as for the classical case;
– a concept C into a function CI :ΔI → [0, 1]; and
– a role R into a function RI :ΔI ×ΔI → [0, 1].

If C is a concept then CI will naturally be interpreted as the membership degree
function (fC in ‘fuzzy notation’) of the fuzzy concept (set) C w.r.t. I, i.e. if
d ∈ ΔI is an object of the domain ΔI then CI(d) gives us the degree of being
the object d an element of the fuzzy concept C under the finterpretation I.
Similarly for roles.

The definition of concept equivalence is like for ALCH. Two concepts C and
D are equivalent iff CI = DI , for all finterpretations I. The interpretation
4 http://www.cs.concordia.ca/∼haarslev/racer/
5 http://www.cs.man.ac.uk/∼horrocks/FaCT/
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function ·I has also to satisfy the following equations: for all d ∈ ΔI , �I(d) = 1,
⊥I(d) = 0 and

(C �D)I(d) = min(CI(d), DI(d))
(C �D)I(d) = max(CI(d), DI(d))

(¬C)I(d) = 1− CI(d)
(∀R.C)I(d) = infd′∈ΔI{max(1−RI(d, d′), CI(d′))}
(∃R.C)I(d) = supd′∈ΔI{min(RI(d, d′), CI(d′))} .

These equations are the standard interpretation of conjunction, disjunction,
negation and quantification, respectively for fuzzy sets [31] (see also [21,29]).
Nonetheless, some conditions deserve an explanation. The semantics of ∃R.C
is the result of viewing ∃R.C as the open first order formula ∃y.R(x, y) ∧ C̄(y)
(where C̄ is the translation of C into first-order logic) and ∃ is viewed as a disjunc-
tion over the elements of the domain. Similarly, the semantics of ∀R.C is related
to ∀y.¬R(x, y) ∨ C̄(y), where ∀ is viewed as a conjunction over the elements of
the domain. As for the classical DLs, dual relationships between concepts hold:
e.g. (C �D) ≡ ¬(¬C � ¬D) and (∀R.C) ≡ ¬(∃R.¬C), but C � (¬C �D) �≡ D.

A fassertion (denoted fα) is an expression of the form 〈α ≥ c1〉, 〈α > c2〉,
〈α′ ≤ c2〉 or 〈α′ < c1〉, where α is an ALCH assertion, c1 ∈ (0, 1] and c2 ∈ [0, 1),
but α′ is an ALCH assertion of the form a:C only. For coherence, we do not
allow fassertions of the form 〈(a, b):R ≤ c〉 or 〈(a, b):R < c〉 as they relate to
‘negated roles’, which is not part of classical ALCH. From a semantics point of
view, a fassertion 〈α ≤ c〉 constrains the truth value of α to be less or equal to
c (similarly for ≥, > and <). So, a finterpretation I satisfies 〈a:C ≥ c〉 (resp.
〈(a, b):R ≥ c〉) iff CI(aI) ≥ c (resp. RI(aI , bI) ≥ c). Similarly for >,≤ and <.
Note that, e.g. 〈a:¬C ≥ c〉 and 〈a:C ≤ 1 − c〉 are satisfied by the same set of
finterpretations.

Concerning terminological axioms, a fALCH terminological axiom is, as for
the classical DL ALCH, of the form C � D, where C and D are ALCH concepts,
or of the form R � R′, where R and R′ are role names. From a semantics point
of view, a finterpretation I satisfies C � D iff for all d ∈ ΔI , CI(d) ≤ DI(d).
Similarly, finterpretation I satisfies R � R′ iff for all {d, d′} ⊆ ΔI , RI(d, d′) ≤
R′
I(d, d′).
A fKnowledge Base (fKB) is pair fK = 〈T ,A〉, where T and A are finite

sets of terminological axioms and fassertions, respectively. A finterpretation I
satisfies (is a model of) a terminology T (resp. a set of fassertions A) iff I satisfies
each element in T (resp. A), while I satisfies (is a model of) a KB fK = 〈T ,A〉
iff I satisfies both T and A. Given a fKB fK, and a fassertion fα, we say that
fK entails fα, denoted fK |= fα, iff each model of fK satisfies fα. For instance, if
c′ > 1 − c then

{〈(a, b):R ≥ c′〉, 〈a:∀R.C ≥ c〉} |= 〈b:C ≥ c〉 . (1)

Finally, given fK and an ALCH assertion α, it is of interest to compute α’s best
lower and upper truth value bounds. The greatest lower bound of α w.r.t. fK
(denoted glb(fK, α)) is glb(fK, α) = sup{c | fK |= 〈α ≥ c〉}, while the least upper
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bound of α with respect to fK (denoted lub(fK, α) is lub(fK, α) = inf{c | fK |=
〈α ≤ c〉}, where sup ∅ = 0 and inf ∅ = 1. Determining the lub and the glb is
called the Best Truth Value Bound (BTVB) problem. Note that

lub(Σ, a:C) = 1 − glb(Σ, a:¬C) , (2)

i.e. the lub can be determined through the glb (and vice-versa). The same re-
duction to glb does not hold for lub(Σ, (a, b):R) as (a, b):¬R is not an expression
of our language. 6 Finally, note that, Σ |=L 〈α ≥ n〉 iff glb(Σ,α) ≥ n, and
similarly Σ |=L 〈α ≤ n〉 iff lub(Σ,α) ≤ n hold. Concerning roles, note that
Σ |=L 〈(a, b):R ≥ n〉 iff 〈(a, b):R ≥ m〉 ∈ Σ with m ≥ n. Therefore,

glb(Σ,R(a, b)) = max{n | 〈R(a, b) ≥ n〉 ∈ Σ} . (3)

Concerning the entailment problem, it is quite easily verified that the entailment
problem can be reduced to the unsatisfiability problem:

〈T ,A〉 |= 〈α ≥ n〉 iff 〈T ,A ∪ {〈α < n〉}〉 is not satisfiable , (4)

〈T ,A〉 |= 〈α ≤ n〉 iff 〈T ,A ∪ {〈α > n〉}〉 is not satisfiable . (5)

In [27] decision procedures for the satisfiability, the entailment and the BTVB
problem are given for fALCH, but with the already discussed restrictions on the
form of terminological axioms and terminologies.

Example 3. Similarly to Example 2, consider fK = 〈T ,A〉, where

T = {A = ∀R.¬B} , A = {〈a:∀R.C ≥ 0.7〉} .

Consider the assertion α = a:A � ∃R.(B � C). It can be shown that glb(fK, α) =
0.5 and lub(fK, α) = 1 hold. In fact, for any model I of fK, we have that

(A � ∃R.(B � C))I(aI) ≥ max(c,min(0.7, 1 − c)) , (6)

for any c ∈ [0, 1]. Indeed, let I be a model of fK. Assume that
(A � ∃R.(B � C))I(aI) = w. Consider c ∈ [0, 1]. Then either AI(aI) ≥ c or
AI(aI) < c. In the former case, it follows that w ≥ c. In the latter case, as I
satisfies T , from AI(aI) < c it follows that (∀R.¬B)I(aI) < c. But, ∀R.¬B ≡
¬∃R.B and, thus, (∃R.B)I(aI) > 1 − c. Therefore, there is d ∈ ΔI such that
RI(aI , d) > 1− c and BI(d) > 1− c. But, I satisfies A, i.e. (∀R.C)I(aI) ≥ 0.7.
By definition, this means that infd′∈ΔI{max(1−RI(aI , d′), CI(d′))} ≥ 0.7 and,
in particular, for d′ = d, max(1 − RI(aI , d), CI(d)) ≥ 0.7 holds. Therefore,
1 − RI(aI , d) < 0.7 (i.e., RI(aI , d) > 0.3) implies CI(d)) ≥ 0.7. As a conse-
quence, from RI(aI , d) > 1 − c, for c ≤ 0.7 it follows that CI(d) ≥ 0.7 (see
also Equation 1). Therefore, (∃R.(B � C))I(aI) ≥ min(0.7, 1 − c) and, thus,
w ≥ max(c,min(0.7, 1 − c)), which proofs (6). Finally, as for any c ∈ [0, 1],
max(c,min(0.7, 1 − c)) ≥ 0.5 and there is no c′ > 0.5 such that for all c ∈ [0, 1],
max(c,min(0.7, 1 − c)) ≥ c′, by (6), glb(fK, α) = 0.5 follows.

The proof of lub(fK, α) = 1 is easy. �

6 Of course, lub(Σ, (a, b):R) = 1 − glb(Σ, (a, b):¬R) holds, where (¬R)I(d, d′) = 1 −
RI(d, d′).
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Fig. 1. LMIR model layers and objects

In the following, we show the application of fALCH to LMIR, which, among
others, shows how fassertions are generated automatically.

Logic-based multimedia information retrieval. Let us first roughly present
(parts of) the LMIR model of [23,26]. In doing this, we rely on Figure 1. The
model has two layers addressing the multidimensional aspect of multimedia
objects o ∈ O (e.g. objects o1 and o2 in Figure 1): that is, their form and
their semantics (or meaning). The form of a multimedia object is a collective
name for all its media dependent, typically automatically extracted features,
like text index term weights (object of type text), colour distribution, shape,
texture, spatial relationships (object of type image), mosaiced video-frame
sequences and time relationships (object of type video). On the other hand, the
semantics (or meaning) of a multimedia object is a collective name for those
features that pertain to the slice of the real world being represented, which
exists independently of the existence of a object referring to it. Unlike form,
the semantics of a multimedia object is thus media independent (typically,
constructed manually perhaps with the assistance of some automatic tool).
Therefore, we have two layers, the object form layer and the object semantics
layer. The former represents media dependent features of the objects, while the
latter describes the semantic properties of the slice of world the objects are
about. The semantic entities (e.g., Snoopy, Woodstock), which objects can be
about are called semantic index terms (t ∈ T). The mapping of objects o ∈ O
to semantic entities t ∈ T (e.g., “object o1 is about Snoopy”) is called semantic
annotation. According to the fuzzy information retrieval model [6,16,19,24], se-
mantic annotation can be formalized as a membership function F : O×T → [0, 1]
describing the correlation between multimedia objects and semantic index terms.
The value F (o, t) indicates to which degree the multimedia object o deals with
the semantic index term t. The meaning of a semantic index term t may in this
context be represented as a fuzzy subset of multimedia objects in O, m(t), with
the quantitative measure of aboutness being the values of function F for a given
semantic index term t, i.e. m(t) = {〈o, ft(o)〉: o ∈ O}, in which ft(o) = F (o, t).
m(t) is the meaning of term t. The function F acts as the membership function
of m(t). Depending on the context, the function F may be computed automati-
cally (e.g., for text we may have [8], for images we may have an automated image
annotation (classification) tool, as e.g. [9]). Note that the function F will be a
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source for fassertions of the form 〈(o, t):F ≥ F (o, t)〉 (see [23]). In practice, the
scenario depicted in Figure 1 may roughly be represented in fALCH with the
following knowledge base fK = 〈T ,A〉:

T = {Bird  Animal, Dog  Animal, Object � IndexTerm  ⊥, F = IsAbout}
A = {〈snoopy:Dog ≥ 1〉, 〈woodstock:Bird ≥ 1〉,

〈(o1, snoopy):F ≥ 0.8〉, 〈(o2, woodstock):F ≥ 0.7〉} .

Now, consider the query concept Q = Object.∃IsAbout.Animal, i.e. retrieve all
objects about animals. Then it is easily verified that we retrieve both objects,
but with different Retrieval Status Values [2], which indicate their relatedness
to the query (K |= 〈snoopy:Q ≥ 0.8〉, K |= 〈woodstock:Q ≥ 0.7〉).

4 Mapping fALCH into ALCH
Our aim is to map fALCH knowledge bases into satisfiability and entailment
preserving classical ALCH knowledge bases. An immediate consequence is then
that (i) we have reasoning procedures for fALCH with general terminological
axioms, which are still unknown; and (ii) we can rely on already implemented
reasoners to reason in fALCH.

Before we are going to formally present the mapping, we first illustrate the
basic idea we rely on. Our mapping relies on ideas presented in [3,4] for so-called
regular multi-valued logics.

Assume we have a fKB, fK = 〈∅,A〉, where A = {fα1, fα2, fα3, fα4} and
fα1 = 〈a:A ≥ 0.4〉, fα2 = 〈a:A ≤ 0.7〉, fα3 = 〈a:B ≤ 0.2〉, fα4 = 〈b:B ≤ 0.1〉.
Let us introduce some new concepts, namely A≥0.4, A≤0.7, B≤0.2 and B≤0.1.
Informally, the concept A≥0.4 represents the set of individuals, which are instance
of A with degree c ≥ 0.4, while A≤0.7 represents the set of individuals, which are
instance of A with degree c ≤ 0.7. Similarly, for the other concepts. Of course,
we have to consider also the relationships among the introduced concepts. For
instance, we need the terminological axiom B≤0.1 � B≤0.2. This axiom dictates
that if a truth value is ≤ 0.1 then it is also ≤ 0.2. We may represent, thus, the
fassertion fα1 with the ALCH assertion a:A≥0.4, indicating that a is an instance
of A with a degree ≥ 0.4. Similarly, fα2 may be mapped into a:A≥0.7, fα3 may be
mapped into a:B≥0.2, while fα4 may be mapped into b:B≥0.1. From a semantics
point of view, let us consider the so-called canonical model [1] I of the resulting
classical ALCH KB, i.e.

I = {A≥0.4(a), A≤0.7(a), B≤0.2(a), B≤0.1(b), B≤0.2(b)} .

It is then easily verified that, from I a model I ′ of fK can easily be built and,
vice-versa, if I ′ is a model of fK, then a model like I above can be obtained
as well. Therefore, our transformation of fK into an ALCH KB, at least for the
above case, is satisfiability preserving. This illustrates our basic idea.

Let us now proceed formally. Consider a fKB fK = 〈T ,A〉. Let AfK and RfK

be the set of concept names and concept roles occurring in fK. Of course, both
|AfK| and |RfK| are linearly bounded by |fK|. Consider
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XfK = {0, 0.5, 1} ∪ {c | 〈α ≥ c〉 ∈ A}
∪{c | 〈α > c〉 ∈ A}
∪{1− c | 〈α ≤ c〉 ∈ A}
∪{1− c | 〈α < c〉 ∈ A} (7)

from which we define

N fK = XfK ∪ {1− c | c ∈ XfK} . (8)

Note that |N fK| is linearly bounded by |A|. Essentially, with N fK we collect
from fK all the relevant numbers we require for the transformation. Without
loss of generality, we may assume that N fK = {c1, . . . , c|NfK|} and ci < ci+1, for
1 ≤ i ≤ |N fK| − 1. Note that c1 = 0 and c|NfK| = 1.

For each c ∈ N fK, for each relation &'∈ {≥, >,≤, <}, for each A ∈ AfK

and for each R ∈ RfK, consider a new concept name A��c and new role names
R≥c and R>c, but we do not consider A<0, A>1 and R>1 (which are not needed).
There are as many as (4|N fK|−2)|AfK| new concept names and (2|N fK|−1)|RfK|
new role names. Note that we do not require new role names R≤c and R<c, as
e.g. expressions of the form 〈(a, b):R ≤ c〉 are not part of our language.

Let T (N fK) be the following terminology relating the newly introduced con-
cept names and role names: T (N fK) is the smallest terminology such that for
each 1 ≤ i ≤ |N fK| − 1, for each 2 ≤ j ≤ |N fK|, for each A ∈ AfK and for each
R ∈ RfK, T (N fK) contains

A≥ci+1  A>ci , A>ci  A≥ci

A<cj  A≤cj , A≤ci  A<ci+1

A≥cj �A<cj  ⊥ , A>ci �A≤ci  ⊥

�  A≥cj �A<cj , �  A>ci �A≤ci .

(9)

The first group reflects the ≥, <,≤, > ordering among the newly introduced con-
cepts, while the second group identifies ‘disjointness’ conditions. For instance,
among these terminological axioms we may have A≥0.4 � A<0.4 �⊥ indicating
that it cannot be that an individual a is an instance of the concept name A both
with degree ≥ 0.4 and degree < 0.4. The last group establishes the complimen-
tarily relationships among the new concepts, e.g. A≥0.4 �A<0.4 ≡ �. Note that
T (N fK) contains 8|AfK|(|N fK| − 1) terminological axioms involving the newly
introduced concepts names.

The terminological axioms in T (N fK) relating the newly introduced role
names are quite similar to the above axioms:

R≥ci+1  R>ci , R>ci  R≥ci . (10)

Note that T (N fK) contains 2|RfK|(|N fK|−1) terminological axioms involving the
newly introduced role names. Please note also that in case we would like to allow
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expressions of the form 〈(a, b):R ≤ c〉 and 〈(a, b):R < c〉, then we need new role
names R≤c and R<c (excluding R<0), and terminological axioms R<cj � R≤cj ,
R≤ci

� R<ci+1 , R≥cj
� R<cj

�⊥r, R>ci
� R≤ci

�⊥r, �r � R≥cj � R<cj and
�r � R>ci

� R≤ci
. In particular, note that ‘role conjunction’, ‘role disjunction’

and a ‘bottom role’ and a ‘top role’ are needed.

Example 4. Consider Example 3. Then N fK is N fK = {0, 0.3, 0.5, 0.7, 1}, while
AfK = {A,B,C} and RfK = {R}. Below, we provide an excerpt of the termi-
nology T (N fK):

T (N fK) = {A≥1  A>0.7, A≥0.7  A>0.5, . . .}
∪ {. . . , A≥0.3 �A<0.3  ⊥, . . .}
∪ {. . . ,�  A≥0.3 �A<0.3, . . .}
∪ {. . . , B≥1  B>0.7, . . .}
∪ {. . . , R≥1  R>0.7, . . .} .

�

This concludes the management of the newly introduced concept names and role
names.

We proceed now with the mapping of the fassertions in a fKB into ALCH as-
sertions. We define two mappings σ and ρ, defined as follows. Let fα be a
fassertion. Then σ maps a fassertion into a classical ALCH assertion, using
ρ, as follows. In the following, we assume that c ∈ [0, 1] and &'∈ {≥, >,≤, <}.

σ(fα) =
{

a:ρ(C, �� c) if fα = 〈a:C �� c〉
(a, b):ρ(R, �� c) if fα = 〈(a, b):R �� c〉 .

We extend σ to a set of fassertions A point-wise, i.e. σ(A) = {σ(fα)|fα ∈ A}.
The mapping ρ encodes the idea we have previously presented in a simplified

example and is inductively defined on the structure of concepts and roles. For
roles, we have simply

ρ(R, �� c) = R��c .

So, for instance the fassertion 〈(a, b):R ≥ c〉 is mapped into the ALCH asser-
tion (a, b):R≥c. Concerning concepts, we have the following inductive definitions:
for �

ρ(�, �� c) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

� if �� c = ≥ c
� if �� c = > c, c < 1
⊥ if �� c = > 1
� if �� c = ≤ 1
⊥ if �� c = ≤ c, c < 1
⊥ if �� c = < c .

For ⊥,

ρ(⊥, �� c) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

� if �� c = ≥ 0
⊥ if �� c = ≥ c, c > 0
⊥ if �� c = > c
� if �� c = ≤ c
� if �� c = < c, c > 0
⊥ if �� c = < 0 .
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For concept name A,

ρ(A, �� c) = A��c .

For concept conjunction C �D,

ρ(C �D, �� c) =
{

ρ(C, �� c) � ρ(D, �� c) if ��∈ {≥, >}
ρ(C, �� c) � ρ(D, �� c) if ��∈ {≤, <} .

For concept disjunction C �D,

ρ(C �D, �� c) =
{

ρ(C, �� c) � ρ(D, �� c) if ��∈ {≥, >}
ρ(C, �� c) � ρ(D, �� c) if ��∈ {≤, <} .

For concept negation ¬C,

ρ(¬C, �� c) = ρ(C,¬�� 1− c) .

where ¬≥ = ≤, ¬ < = >, ¬ ≤ = ≥ and ¬ < = >. For instance, the fassertion
〈a:¬C ≥ c〉 is mapped into the ALCH assertion a:C≤1−c.

For existential quantification ∃R.C,

ρ(∃R.C, �� c) =
{
∃ρ(R, �� c).ρ(C, �� c) if ��∈ {≥, >}
∀ρ(R,−�� c).ρ(C, �� c) if ��∈ {≤, <} .

where −≤ = > and −< = ≥. For instance, the fassertion 〈a:∃R.C ≥ c〉 is
mapped into the ALCH assertion a:∃R≥c.C≥c, while 〈a:∃R.C ≤ c〉 is mapped
into a:∀R>c.C≤c.

Finally, for universal quantification ∀R.C,

ρ(∀R.C, �� c) =
{
∀ρ(R, +�� 1− c).ρ(C, �� c) if ��∈ {≥, >}
∃ρ(R,¬�� 1− c).ρ(C, �� c) if ��∈ {≤, <} .

where +≥ = > and +> = ≥. For instance, the fassertion 〈a:∀R.C ≥ 0.7〉 in Ex-
ample 3 is mapped into the ALCH assertion a:∀R>0.3.C≥0.7, while 〈a:∀R.C ≤ c〉
is mapped into a:∃R≥1−c.C≤c.

It is easily verified that for a set of fassertions A, |σ(A)| is linearly bounded
by |A|.

We conclude with the reduction of a terminological axiom τ in a terminology
T of a fKB fK = 〈T ,A〉 into a ALCH terminology, κ(fK, τ). Note that a termino-
logical axiom in fALCH is reduced into a set of ALCH terminological axioms. As
for σ, we extend κ to a terminology T point-wise, i.e. κ(fK, T ) = ∪τ∈T κ(fK, τ).
κ(fK, τ) is defined as follows. For a concept specialization C � D,

κ(C  D) =
⋃

c∈NfK,��∈{≥,>}{ρ(C, �� c)  ρ(D, �� c)}⋃
c∈NfK,��∈{≤,<}{ρ(D, �� c)  ρ(C, �� c)} .

For instance, by relying on the fKB fK in Example 3, it can be verified that
κ(fK, T ) contains the ALCH terminological axioms (e.g. for c = 0.3) A≥0.3 �
∀R>0.7.B≤0.7 and ∃R≥0.7.B≥0.7 � A≤0.3.
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For a role specialization R � R′,

κ(R  R′) =
⋃

c∈NfK,��∈{≥,>}{ρ(R, �� c)  ρ(R′, �� c)} .

Note that |κ(fK, T )| contains at most 6|T ||N fK| terminological axioms.
We have now all the ingredients to complete the reduction of a fKB into an

ALCH KB. Let fK = 〈T ,A〉 be fKB. The reduction of fK into an ALCH KB,
denoted K(fK), is defined as

K(fK) = 〈T (N fK) ∪ κ(fK, T ), σ(A)〉 .

Therefore, |K(fK)| is O(|fK|2), i.e. the transformation of a fKB into a classical
KB is quadratic in complexity.

Example 5. Consider the fKB of Example 3. We have already shown an excerpt
of its reduction into ALCH during this section. Due to space limitations, the
whole reduction of fK cannot be represented in this paper. However, we have seen
that fK |= 〈α ≥ 0.5〉, which means that the fKB fK′ = 〈T ,A∪{〈α < 0.5〉}〉 is not
satisfiable. Let us verify that indeed our reduction is satisfiability preserving, by
verifying that K(fK′) is not satisfiable as well. First, let us note that σ(〈α < 0.5〉)
is the assertion

σ(〈α < 0.5〉) = a:A<0.5 � ∀R≥0.5.(B<0.5 � C<0.5) . (11)

We proceed similarly as for Example 3. We show that any model I satisfying
K(fK′), where (11) has been removed, does not satisfy (11). Therefore, there can-
not be any model of K(fK′). Indeed, as A≥0.5�A<0.5 �⊥ and � � A≥0.5�A<0.5
occur in the terminology of K(fK′), we have that either aI is an instance of
(A≥0.5)

I or aI is an instance of (A<0.5)
I . In the former case, I does not sat-

isfy (11). In the latter case, we note that ∀R.¬B � A belongs to T and, thus,
ρ(A,< 0.5) � ρ(∀R.¬B,< 0.5), i.e. A<0.5 � ∃R>0.5.B>0.5), belongs to the termi-
nology of K(fK′). Therefore, as aI is an instance of (A<0.5)

I , aI has an (R>0.5)
I

successor d which is an instance of (B>0.5)
I . But then, as 〈a:∀R.C ≥ 0.7〉 occurs

in fK and, thus, a:∀R>0.3.C≥0.7 occurs in K(fK′), and R>0.5 � R>0.3 is axiom
of K(fK′), it follows that d is also an instance of (C≥0.7)

I . Now, it can easily
verified that aI cannot be an instance of (∀R≥0.5.(B<0.5 � C<0.5))

I as aI has
an (R≥0.5)

I successor d ((R>0.5)
I ⊆ (R≥0.5)

I), which is neither an instance of
(B<0.5)

I ((B<0.5)
I ∩ (B>0.5)

I = ∅) nor of (C<0.5)
I ((C<0.5)

I ∩ (C≥0.7)
I = ∅).

Therefore, I does not satisfy (11). �

The following satisfiability preserving reduction theorem can be shown.

Theorem 1. Let fK be fKB. Then fK is satisfiable iff the ALCH KB K(fK) is
satisfiable.

Theorem 1, together with Equations (4) and (5), gives us also the possibility to
reduce the entailment problem in fALCH, to an entailment problem in ALCH.
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Finally, concerning the BTVB problem, Equation (3) solves straightforwardly
the case for ‘role assertions’. On the other hand, for assertions of the form a:C,
we have to solve the case of the glb only, as from it the lub can derived (see
Equation 2). In [27] it has been shown that glb(fK, a:C) ∈ N fK and it can be
verified that this holds in fALCH as well. Therefore, by a binary search on N fK,
the value of glb(fK, α) can be determined in at most log |N fK| entailment tests
in fALCH and, thus, entailment tests in ALCH. Therefore, the BTVB problem
can be reduced to ALCH as well.

5 Conclusions

We have presented a reasoning preserving transformation of fALCH into clas-
sical ALCH, where general terminological axioms are allowed. This gives us
immediately a new method to reason in fALCH by means of already existing
DL systems and its use in the context of logic-based multimedia information
retrieval and, more generally, in the Semantic Web.

Our primary line of future work consists in exploring to which extent the
translation technique can be applied to more expressive DLs than fALCH and
contexts where the “truth space” is more general than [0, 1], as, for instance,
in [28].
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3. B. Beckert, R. Hähnle, and F. Manyá. Transformations between signed and clas-
sical clause logic. In ISMVL, pages 248–255, 1999.
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Abstract. Methods for computing the least common subsumer (lcs)
are usually restricted to rather inexpressive Description Logics (DLs)
whereas existing knowledge bases are written in very expressive DLs. In
order to allow the user to re-use concepts defined in such terminologies
and still support the definition of new concepts by computing the lcs,
we extend the notion of the lcs of concept descriptions to the notion of
the lcs w.r.t. a background terminology. We will both show a theoretical
result on the existence of the least common subsumer in this setting, and
describe a practical approach (based on a method from formal concept
analysis) for computing good common subsumers, which may, however,
not be the least ones.

1 Introduction

Description Logics (DLs) [3] are a class of knowledge representation formalisms
in the tradition of semantic networks and frames, which can be used to rep-
resent the terminological knowledge of an application domain in a structured
and formally well-understood way. DL systems provide their users with stan-
dard inference services (like subsumption and instance checking) that deduce
implicit knowledge from the explicitly represented knowledge. More recently,
non-standard inferences [21] were introduced to support building and maintain-
ing large DL knowledge bases. For example, such non-standard inferences can
be used to support the bottom-up construction of DL knowledge bases, as intro-
duced in [4,5]: instead of directly defining a new concept, the knowledge engineer
introduces several typical examples as objects, which are then automatically gen-
eralized into a concept description by the system. This description is offered to
the knowledge engineer as a possible candidate for a definition of the concept.
The task of computing such a concept description can be split into two subtasks:
computing the most specific concepts of the given objects, and then computing
the least common subsumer of these concepts. The most specific concept (msc) of
an object o (the least common subsumer (lcs) of concept descriptions C1, . . . , Cn)
is the most specific concept description C expressible in the given DL language
that has o as an instance (that subsumes C1, . . . , Cn). The problem of computing
the lcs and (to a more limited extent) the msc has already been investigated in
the literature [12,13,4,5,24,23,22,2,11].
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The methods for computing the least common subsumer are restricted to
rather inexpressive descriptions logics not allowing for disjunction (and thus not
allowing for full negation). In fact, for languages with disjunction, the lcs of a
collection of concepts is just their disjunction, and nothing new can be learned
from building it. In contrast, for languages without disjunction, the lcs extracts
the “commonalities” of the given collection of concepts. Modern DL systems like
FaCT[20] and Racer[19] are based on very expressive DLs, and there exist large
knowledge bases that use this expressive power and can be processed by these
systems [25,26,18]. In order to allow the user to re-use concepts defined in such
existing knowledge bases and still support the user during the definition of new
concepts with the bottom-up approach sketched above, we propose the following
extended bottom-up approach.

Consider a background terminology T defined in an expressive DL L2. When
defining new concepts, the user employs only a sublanguage L1 of L2, for which
computing the lcs makes sense. However, in addition to primitive concepts and
roles, the concept descriptions written in the DL L1 may also contain names
of concepts defined in T . Let us call such concept descriptions L1(T )-concept
descriptions. Given L1(T )-concept descriptions C1, . . . , Cn, we are now looking
for their lcs in L1(T ), i.e., the least L1(T )-concept description that subsumes
C1, . . . , Cn w.r.t. T .

In this paper, we consider the case where L1 is the DL ALE and L2 is the DL
ALC. We first show the following result: If T is an acyclic ALC-TBox, then the
lcs w.r.t. T of ALE(T )-concept descriptions always exists. This result (which
will be shown in Section 3) is theoretical in the sense that it does not yield a
practical algorithm.

In Section 4 we follow a more practical approach. Assume that L1 is a DL for
which least common subsumers (without background TBox) always exist. Given
L1(T )-concept descriptions C1, . . . , Cn, one can compute a common subsumer
w.r.t. T by just ignoring T , i.e., by treating the defined names in C1, . . . , Cn
as primitive and computing the lcs of C1, . . . , Cn in L1. However, the common
subsumer obtained this way will usually be too general. In Section 4 we sketch
a practical method for computing “good” common subsumers w.r.t. background
TBoxes, which may not be the least common subsumers, but which are better
than the common subsumers computed by ignoring the TBox. As a tool, this
method uses attribute exploration with background knowledge [15,16], an algo-
rithm developed in formal concept analysis [17] for computing concept lattices.

2 Basic Definitions

In order to define concepts in a DL knowledge base, one starts with a set NC of
concept names (unary predicates) and a set NR of role names (binary predicates),
and defines more complex concept descriptions using the constructors provided
by the concept description language of the particular system. In this paper,
we consider the DL ALC and its sublanguages ALE and EL, which allow for
concept descriptions built from the indicated subsets of the constructors shown
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Table 1. Syntax and semantics of concept descriptions and definitions.

Name of constructor Syntax Semantics ALC ALE EL
top-concept � ΔI x x x
bottom-concept ⊥ ∅ x x
negation ¬C ΔI \ CI x
atomic negation ¬A ΔI \AI x x
conjunction C �D CI ∩DI x x x
disjunction C �D CI ∪DI x
value restriction ∀r.C {x ∈ ΔI | ∀y : (x, y) ∈ rI → y ∈ CI} x x
existential restriction ∃r.C {x ∈ ΔI | ∃y : (x, y) ∈ rI ∧ y ∈ CI} x x x
concept definition A ≡ C AI = CI x x x

in Table 1. In this table, r stands for a role name, A for a concept name, and
C,D for arbitrary concept descriptions. A concept definition (as shown in the
last row of Table 1) assigns a concept name A to a complex description C. A
finite set of such definitions is called a TBox iff it is acyclic (i.e., no definition
refers, directly or indirectly, to the name it defines) and unambiguous (i.e., each
name has at most one definition). The concept names occurring on the left-hand
side of a concept definition are called defined concepts, and the others primitive.

The semantics of concept descriptions is defined in terms of an interpretation
I = (ΔI , ·I). The domain ΔI of I is a non-empty set and the interpretation
function ·I maps each concept name A ∈ NC to a set AI ⊆ ΔI and each role
name r ∈ NR to a binary relation rI ⊆ ΔI×ΔI . The extension of ·I to arbitrary
concept descriptions is inductively defined, as shown in the third column of
Table 1. The interpretation I is a model of the TBox T iff it satisfies all its
concept definitions, i.e., AI = CI holds for all A ≡ C in T .

One of the most important traditional inference services provided by DL sys-
tems is computing subconcept/superconcept relationships (so-called subsump-
tion relationships). The concept description C2 subsumes the concept descrip-
tion C1 w.r.t. the TBox T (C1 �T C2) iff CI1 ⊆ CI2 for all models I of T . Two
concept descriptions C1, C2 are called equivalent iff they subsume each other
w.r.t. the empty TBox.

We are now ready to define the new non-standard inference introduced in
this paper. Let L1,L2 be DLs such that L1 is a sub-DL of L2, i.e., L1 allows for
less constructors. For a given L2-TBox T , we call L1(T )-concept descriptions
those L1-concept descriptions that may contain concepts defined in T .

Definition 1. Given an L2-TBox T and a collection C1, . . . , Cn of L1(T )-
concept descriptions, the least common subsumer (lcs) of C1, . . . , Cn w.r.t. T is
the most specific L1(T )-concept description C that subsumes C1, . . . , Cn w.r.t.
T , i.e., it is an L1(T )-concept description D such that

1. Ci �T D for i = 1, . . . , n; D is a common subsumer.
2. if E is an L1(T )-concept description satisfying

Ci �T E for i = 1, . . . , n, then D �T E. D is least.
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Depending on the DLs L1 and L2, least common subsumers of L1(T )-concept
descriptions w.r.t. an L2-TBox T may exist or not. Note that the lcs only uses
concept constructors from L1, but may also contain concept names defined in
the L2-TBox. This is the main distinguishing feature of this new notion of a
least common subsumer w.r.t. a background terminology. Let us illustrate this
by a trivial example.

Example 1. Assume that L1 is the DL ALE and L2 is ALC. Consider the ALC-
TBox T := {A ≡ P � Q}, and assume that we want to compute the lcs of the
ALE(T )-concept descriptions P and Q. Obviously, A is the lcs of P and Q w.r.t.
T . If we were not allowed to use the name A defined in T , then the only common
subsumer of P and Q in ALE would be the top-concept �.

3 An Exact Theoretical Result

In this section, we assume that L1 is ALE and L2 is ALC. In addition, we
assume that the sets of concept and role names available for building concept
descriptions are finite.

Theorem 1. Let T be an ALC-TBox. The lcs of ALE(T )-concept descriptions
w.r.t. T always exists and can effectively be computed.

At first sight, one might think that this result can be shown using results
on the approximation of ALC by ALE [10]. In fact, given an ALC-TBox T
and ALE(T )-concept descriptions C1, . . . , Cn, one can first unfold C1, . . . , Cn
into concept descriptions C ′1, . . . , C

′
n by iteratively replacing defined concepts by

their definitions until they contain no defined concepts. These descriptions are
ALC-concept descriptions since they may contain constructors of ALC that are
not allowed in ALE . One can then build the ALC-concept description C := C ′1�
. . .�C ′n, and finally approximate C from above by an ALE-concept description
E. By construction, E is a common subsumer of C1, . . . , Cn. However, E does
not contain concept names defined in T , and thus it is not necessarily the least
ALE(T )-concept descriptions subsuming C1, . . . , Cn w.r.t. T (see Example 1
above). One might now assume that this can be overcome by applying known
results on rewriting concept descriptions w.r.t. a terminology [6]. However, in
Example 1, the concept description E obtained using the approach based on
approximation sketched above is �, and this concept cannot be rewritten using
the TBox T := {A ≡ P �Q}.

To show the theorem, we first need to show two lemmas. Given an ALC- or
ALE(T )-concept description C, its role depth is the maximal nesting of value
restrictions and existential restrictions. For example, the role depth of ∃r∀r.A is
2, and the role depth of ∃r∀r.A � ∃r∃r∃rB is 3.

Lemma 1. For a given bound k on the role depth, there is only a finite number
of inequivalent ALE-concept descriptions of role depth at most k.



404 F. Baader, B. Sertkaya, and A.-Y. Turhan

This is a consequence of the fact that we have assumed that the sets of concept
and role names are finite, and can be shown by induction on k.1

Given this lemma, a first attempt to show Theorem 1 could be the follow-
ing. Let C1, . . . , Cn be ALE(T )-concept descriptions, and assume that the role
depths of the ALC-concept description C ′1, . . . , C

′
n obtained by unfolding the Ci

w.r.t. T are bounded by k. If we could show that this implies that the role depth
of any common subsumer of C1, . . . , Cn w.r.t. T is also bounded by k, then we
could obtain the least common subsumer by simply building the (up to equiv-
alence) finite conjunction of all common subsumers of C1, . . . , Cn in ALE(T ).
However, due to the fact that ALC and ALE can express inconsistency, this
simple approach does not work. In fact, ⊥ has role depth 0, but is subsumed by
any concept description. Given this counterexample, the next conjecture could
be that it is enough to prevent this pathological case, i.e., assume that at least
one of the concept descriptions C1, . . . , Cn is consistent, i.e., not subsumed by
⊥ w.r.t. T . For the DL EL in place of ALE , this modification of the simple
approach sketched above really works (see [9] for details). However, due to the
presence of value restrictions it does not work for ALE . For example, ∀r.⊥ is
subsumed by ∀r.F for arbitrary ALE(T )-concept descriptions F , and thus the
role depth of common subsumers cannot be bounded. However, we can show
that common subsumers having a large role depth are too general anyway.

Lemma 2. Let C1, . . . , Cn be ALE(T )-concept descriptions, and assume that
the role depths of the ALC-concept description C ′1, . . . , C

′
n obtained by unfolding

the Ci w.r.t. T are bounded by k. If the ALE(T )-concept description D is a
common subsumer of C1, . . . , Cn w.r.t. T , then there is an ALE(T )-concept
description D′ �T D of role depth at most k+1 that is also a common subsumer
of C1, . . . , Cn w.r.t. T .

Theorem 1 is now an immediate consequence of Lemma 1 and 2. In fact,
to compute the lcs of C1, . . . , Cn w.r.t. T , it is enough to compute the (up to
equivalence) finite set of all ALE(T )-concept descriptions of role depth k + 1,
check which of them are common subsumers of C1, . . . , Cn w.r.t. T , and then
build the conjunction E of these common subsumers. Lemma 1 ensures that the
conjunction is finite. By definition, E is a common subsumer of C1, . . . , Cn w.r.t.
T , and Lemma 2 ensures that for any common subsumer D of C1, . . . , Cn w.r.t.
T , there is a conjunct D′ in E such that D′ �T D, and thus E �T D.

Due to the space constraints, we can only sketch the proof of Lemma 2.
Assume that D is an ALE(T )-concept description of role depth > k+1 that is a
common subsumer of C1, . . . , Cn w.r.t. T . Then there are quantifiers Q1, . . . , Qk,
Q ∈ {∀,∃}, roles r1, . . . , rk, r, and an ALE(T )-concept description F containing
a value or existential restriction such that D �T Q1r1. · · ·Qkrk.Qr.F .

Case 1: Ci �T Q1r1. · · ·Qkrk.⊥ for all i, 1 ≤ i ≤ n. Then D �
Q1r1. · · ·Qkrk.⊥ is a common subsumer of C1, . . . , Cn w.r.t. T that is subsumed
by D, and can be normalized into an equivalent concept description that is
1 This is a well-known result, which holds even for full first-order predicate logic for-

mulae of bounded quantifier depth over a finite vocabulary.
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smaller than D (basically, Qr.F can be replaced by ⊥). Thus, we can apply
induction to obtain the result of the lemma.

Case 2: There is an m, 1 ≤ m ≤ n such that Cm ��T Q1r1. · · ·Qkrk.⊥.
Using the fact that C ′m has role depth at most k, we can show2 that this implies
Cm ��T Q1r1. · · ·Qkrk.∃r�. Thus, Cm �T D �T Q1r1. · · ·Qkrk.Qr.F shows
that Q = ∀.

If F subsumes � w.r.t. T , then we can replace ∀r.F in D by �, and thus
obtain an equivalent smaller description. Otherwise, we can use the fact that
Ci �T Q1r1. · · ·Qkrk.∀r.F and that the role depth of C ′i is at most k to
show that Ci �T Q1r1. · · ·Qkrk.∀r.⊥ holds for all i, 1 ≤ i ≤ n. But then
D � Q1r1. · · ·Qkrk.∀r.⊥ is a common subsumer of C1, . . . , Cn w.r.t. T that is
subsumed by D, and can be normalized into an equivalent concept description
that is smaller than D. Again, we can apply induction to obtain the result of
the lemma.

4 A Practical Approximative Approach

The brute-force algorithm for computing the lcs in ALE(T ) w.r.t. a background
ALC-TBox described in the previous section is not useful in practice since the
number of concept descriptions that must be considered is very large (super-
exponential in the role depth). In the bottom-up construction of DL knowledge
bases, it is not really necessary to take the least common subsumer,3 a common
subsumer that is not too general can also be used. In this section, we introduce
an approach for computing such “good” common subsumers w.r.t. a background
TBox. In order to explain this approach, we must first recall how the lcs of ALE-
concept descriptions (without background terminology) can be computed.

The lcs of ALE-concept descriptions. Since the lcs of n concept descriptions
can be obtained by iterating the application of the binary lcs, we describe how
to compute the lcs lcsALE(C,D) of two ALE-concept descriptions C,D (see [5]
for more details).

First, the input descriptions C,D are normalized by applying the following
rules modulo associativity and commutativity of conjunction:

∀r.E � ∀r.F −→ ∀r.(E � F ), ∀r.E � ∃r.F −→ ∀r.E � ∃r.(E � F ),
∀r.� −→ �, E � � −→ E,

A � ¬A −→ ⊥ for each A ∈ NC ,
∃r.⊥ −→ ⊥, E � ⊥ −→ ⊥.

Due to the second rule, this normalization may lead to an exponential blow-up of
the concept descriptions. In the following, we assume that the input descriptions
C,D are normalized.
2 By looking a the behavior of a tableau-based subsumption algorithm for ALC.
3 Using it may even result in over-fitting.
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In order to describe the lcs algorithm, we need to introduce some notation.
Let C be a normalized ALE-concept description. Then names(C) (names(C))
denotes the set of (negated) concept names occurring in the top-level conjunction
of C, roles∃(C) (roles∀(C)) the set of role names occurring in an existential (value)
restriction on the top-level of C, and restrict∃r (C) (restrict∀r (C)) denotes the set
of all concept descriptions occurring in an existential (value) restriction on the
role r in the top-level conjunction of C.

Now, let C,D be normalized ALE-concept descriptions. If C (D) is equivalent
to ⊥, then lcsALE(C,D) = D (lcsALE(C,D) = C). Otherwise, we have

lcsALE(C,D) = �
A∈names(C)∩names(D)

A � �
¬B∈names(C)∩names(D)

¬B �

�
r∈roles∃(C)∩roles∃(D)

�
E∈restrict∃r (C),F∈restrict∃r (D)

∃r.lcsALE(E,F ) �

�
r∈roles∀(C)∩roles∀(D)

�
E∈restrict∀r (C),F∈restrict∀r (D)

∀r.lcsALE(E,F ).

Here, the empty conjunction stands for the top-concept �. The recursive calls
of lcsALE are well-founded since the role depth decreases with each call.

A good common subsumer in ALE w.r.t. a background TBox. Let T
be a background TBox in some DL L2 extending ALE such that subsumption
in L2 w.r.t. TBoxes is decidable.4 Let C,D be normalized ALE(T )-concept de-
scriptions. If we ignore the TBox, then we can simply apply the above algorithm
for ALE-concept descriptions without background terminology to compute a
common subsumer. However, in this context, taking

�
A∈names(C)∩names(D)

A � �
¬B∈names(C)∩names(D)

¬B

is not the best we can do. In fact, some of these concept names may be con-
strained by the TBox, and thus there may be relationships between them that we
ignore by simply using the intersection. Instead, we propose to take the smallest
(w.r.t. subsumption w.r.t. T ) conjunction of concept names and negated concept
names that subsumes (w.r.t. T ) both

�
A∈names(C)

A � �
¬B∈names(C)

¬B and �
A′∈names(D)

A′ � �
¬B′∈names(D)

¬B′.

We modify the above lcs algorithm in this way, not only on the top-level of
the input concepts, but also in the recursive steps. It is easy to show that the
ALE(T )-concept description computed by this modified algorithm still is a com-
mon subsumer of A,B w.r.t. T . In general, this common subsumer will be more
4 Note that the restriction to TBoxes consisting of acyclic and unambiguous concept

definitions is not really necessary here. We can also treat sets of general concept
inclusions (GCIs) in this way.



Computing the Least Common Subsumer w.r.t. a Background Terminology 407

specific than the one obtained by ignoring T , though it need not be the least
common subsumer. As a simple example, consider the ALC-TBox T :

NoSon ≡ ∀has-child.Female, NoDaughter ≡ ∀has-child.¬Female,

SonRichDoctor ≡ ∀has-child.(Female � (Doctor � Rich)),
DaughterHappyDoctor ≡ ∀has-child.(¬Female � (Doctor � Happy)),

ChildrenDoctor ≡ ∀has-child.Doctor,

and the ALE-concept descriptions

C := ∃has-child.(NoSon � DaughterHappyDoctor),
D := ∃has-child.(NoDaughter � SonRichDoctor).

By ignoring the TBox, we obtain the ALE(T )-concept description ∃has-child.�
as common subsumer of C,D. However, if we take into account that both NoSon�
DaughterHappyDoctor and NoDaughter � SonRichDoctor are subsumed by the
concept ChildrenDoctor, then we obtain the more specific common subsumer

∃has-child.ChildrenDoctor.

Computing the subsumption lattice of conjunctions of (negated) con-
cept names w.r.t. a TBox. In order to obtain a practical lcs algorithm real-
izing the approach described above, we must be able to compute in an efficient
way the smallest conjunction of (negated) concept names that subsumes two such
conjunctions w.r.t. T . Since in our application scenario (bottom-up construction
of DL knowledge bases w.r.t. a given background terminology), the TBox T is
assumed to be fixed, it makes sense to precompute this information. Obviously,
a naive approach that calls the subsumption algorithm for each pair of conjunc-
tions of (negated) concept names is too expensive for TBoxes of a realistic size.
Instead, we propose to use methods from formal concept analysis (FCA) [17] for
this purpose. In FCA, the knowledge about an application domain is given by
means of a formal context.

Definition 2. A formal context is a triple K = (O,P,S), where O is a set of
objects, P is a set of attributes (or properties), and S ⊆ O×P is a relation that
connects each object o with the attributes satisfied by o.

Let K = (O,P,S) be a formal context. For a set of objects A ⊆ O, A′ is the set
of attributes that are satisfied by all objects in A, i.e.,

A′ := {p ∈ P | ∀a ∈ A: (a, p) ∈ S}.

Similarly, for a set of attributes B ⊆ P, B′ is the set of objects that satisfy all
attributes in B, i.e.,

B′ := {o ∈ O | ∀b ∈ B: (o, b) ∈ S}.
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A formal concept is a pair (A,B) consisting of an extent A ⊆ O and an intent
B ⊆ P such that A′ = B and B′ = A. Such formal concepts can be hierarchically
ordered by inclusion of their extents, and this order induces a complete lattice,
called the concept lattice of the context. Given a formal context, the first step
for analyzing this context is usually to compute the concept lattice.

In many applications, one has a large (or even infinite) set of objects, but
only a relatively small set of attributes. Also, the context is not necessarily given
explicitly as a cross table; it is rather “known” to a domain “expert”. In such a
situation, Ganter’s attribute exploration algorithm [14,17] has turned out to be
an efficient approach for computing an appropriate representation of the concept
lattice. This algorithm is interactive in the sense that at certain stages it asks
the “expert” certain questions about the context, and then continues using the
answers provided by the expert. Once the representation of the concept lattice
is computed, certain questions about the lattice (e.g. “What is the supremum of
two given concepts?”) can efficiently be answered using this representation.

Recall that we are interested in the subsumption lattice5 of conjunctions of
(negated) concept names (some of which may be defined concepts in an L2-
TBox T ). In order to apply attribute exploration to this task, we define a formal
context whose concept lattice is isomorphic to the subsumption lattice we are
interested in.

For the case of conjunctions of concept names (without negated names), this
problem was first addressed in [1], where the objects of the context were basically
all possible counterexamples to subsumption relationships, i.e., interpretations
together with an element of the interpretation domain. The resulting “semantic
context” has the disadvantage that an “expert” for this context must be able to
deliver such counterexample, i.e., it is not sufficient to have a simple subsumption
algorithm for the DL in question. One needs one that, given a subsumption
problem “C � D?”, is able to compute a counterexample if the subsumption
relationship does not hold, i.e., an interpretation I and an element d of its
domain such that d ∈ CI \DI .

To overcome this problem, a new “syntactic context” was recently defined in
[8]:

Definition 3. The context KT = (O,P,S) is defined as follows:

O := {E | E is an L2 concept description},
P := {A1, . . . , An} is the set of concept names occurring in T ,

S := {(E,A) | E �T A}.

The following is shown in [8]:

Theorem 2. (1) The concept lattice of the context KT is isomorphic to the
subsumption hierarchy of all conjunctions of subsets of P w.r.t. T .
5 In general, the subsumption relation induces a partial order, and not a lattice struc-

ture on concepts. However, in the case of conjunctions of (negated) concept names,
all infima exist, and thus also all suprema.
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(2) Any decision procedure for subsumption w.r.t. TBoxes in L2 functions as an
expert for the context KT .

This result can easily be extended to the case of conjunctions of concept
names and negated concept names. In fact, one can simply extend the TBox T
by a definition for each negated concept name, and then apply the approach to
this extended TBox. To be more precise, if {A1, . . . , An} is the set of concept
names occurring in T , then we introduce new concept names A1, . . . , An, and
extend T to a TBox T̂ by adding the definitions A1 ≡ ¬A1, . . . , An ≡ ¬An.6

Corollary 1. The concept lattice of the context KT̂ is isomorphic to the sub-
sumption hierarchy of all conjunctions of concept names and negated concept
names occurring in T .

The experimental results reported in [8] show that this approach for com-
puting the subsumption lattice of all conjunctions of concept names gives a huge
increase of efficiency compared to the semi-naive approach, which introduces a
new definition for each (of the exponentially many) such conjunctions, and then
applies the usual algorithm for computing the subsumption hierarchy. Neverthe-
less, these results also show that the approach can only be applied if the number
of concept names is relatively small (less than 30).7 For this reason, we propose
to use an improved algorithm for computing concept lattices [15,16], which can
employ additional background knowledge that is readily available in our context,
but not used by the basic attribute exploration algorithm.

An improved approach using attribute exploration with background
knowledge. When starting the exploration process, all the basic attribute ex-
ploration algorithm knows about the context is the set of its attributes. It ac-
quires all the necessary knowledge about the context by asking the expert (which
in our setting means: by calling the subsumption algorithm for L2). However,
in our application we already have some knowledge about relationships between
attributes:

1. Since T is assumed to be an existing terminology, we can usually assume
that the subsumption hierarchy between the concept names occurring in T
has already been computed. If Ai �T Aj holds, then we know on the FCA
side that in the context KT̂ all objects satisfying attribute Ai also satisfy
attribute Aj .

2. Since Ai �T Aj implies ¬Aj �T ¬Ai, we also know that all objects satisfying
attribute Aj also satisfy attribute Ai.

6 For T̂ to be an L2-TBox, we must assume that L2 allows for full negation.
7 It should be noted, however, that these experiments were done almost 10 years ago

on a rather slow computer, using randomly generated TBoxes and the semantic
context.
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3. Finally, we know that no object can simultaneously satisfy Ai and Ai and
every object satisfies either Ai or Ai.8

Attribute exploration with background knowledge [15,16] is able to use such ad-
ditional information on the context to speed up the exploration process and to
obtain a smaller representation of the concept lattice.

Depending on the TBox, there may exist other such relationships between
attributes that can be deduced, but it should be noted that deducing them makes
sense only if this can be done without too much effort: otherwise, the efficiency
gained during the exploration might be outweighed by the effort of obtaining
the background knowledge.

First experimental results. First experiments with prototypical implemen-
tations of attribute exploration (with and without background knowledge) and
of a DL “expert” based on Racer [18] yield mixed results. First, the runtime of
attribute exploration (both with and without background knowledge) strongly
depends on the specific shape of the TBox, not just its size. On the one hand, the
TBox used as an example in this section (which has 9 concept names, and thus
leads to a context with 18 attributes, and 218 different conjunctions of them)
resulted in runtimes of almost 50 minutes, both with and without background
knowledge. One reason for this bad behavior could be that there are almost no
relationships between the concepts (with background knowledge, only one addi-
tional implication is generated). On the other hand, handcrafted TBoxes with
more concepts, but also more relationships between them, could be handled
within several seconds.

Second, while the use of background knowledge decreases the number of calls
to the expert significantly, it does not decrease the overall runtime, and in some
cases even increases it. The main reason for this unexpected behavior appears
to be that the examples used until now are so small that an optimized imple-
mentation like Racer needs almost no time to answer subsumption questions.
In addition, our implementation of the reasoner for the background knowledge
(which is used during attribute exploration with background knowledge) is still
unoptimized, and thus the overhead of using the background knowledge is large.

5 Related and Future Work

In a preliminary version of this paper [9], we have considered computing the lcs
in EL w.r.t. a background ALC-terminology. We have shown that the lcs w.r.t.
acyclic TBoxes always exists in this setting, and have also sketched a practical
approach for computing an approximation of the lcs. The present version of
the paper improves on this by considering the considerably more expressive DL
ALE in place of EL (which makes the proof of Theorem 1 much harder), by
8 If we encode both facts in the background knowledge, then the background knowl-

edge mentioned in point 2. is redundant. However, first tests indicate that it may
nevertheless be advantageous to add it explicitly.
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extending the approach for computing the subsumption lattice of all conjunctions
of concept names to conjunctions of concept names and negated concept names,
and by using attribute exploration with background knowledge.

It should be noted that formal concept analysis and attribute exploration
have already been applied in a different context to the problem of computing
the least common subsumer. In [7], the following problem is addressed: given a
finite collection C of concept descriptions, compute the subsumption hierarchy of
all least common subsumers of subsets of C. Again, this extended subsumption
hierarchy can be computed by defining a formal context whose concept lattice
is isomorphic to the subsumption lattice we are interested in, and then applying
attribute exploration (see [7] for details). In [8], it is shown that this approach and
the one sketched above can be seen as two instances of a more abstract approach.

On the experimental side, the main topic for future research is, on the one
hand, to compare the behavior of attribute exploration with background knowl-
edge to the one without on more and larger knowledge bases. We will also eval-
uate the trade-off between the cost of extracting more background knowledge
and the performance gain this additional knowledge yields during attribute ex-
ploration. On the other hand, we will analyze how good the “good” common
subsumers computed by our approximative approach really are. On the theoret-
ical side, we will try to find exact algorithms for computing the least common
subsumer that are better than the brute-force algorithm sketched in the proof
of Theorem 1.
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23. R. Küsters and R. Molitor. Approximating most specific concepts in description

logics with existential restrictions. In F. Baader, G. Brewka, and T. Eiter, eds.,
Proc. of the Joint German/Austrian Conf. on AI. (KI 2001), LNAI, 2001. Springer.
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Abstract. We describe ongoing research to support the construction of
terminologies with Description Logics. For the explanation of subsump-
tion we search for particular concepts because of their syntactic and se-
mantic properties. More precisely, the set of explanations for a subsump-
tion P  N is the set of optimal interpolants for P and N . We provide
definitions for optimal interpolation and an algorithm based on Boolean
minimisation of concept-names in a tableau proof for ALC-satisfiability.
Finally, we describe our implementation and some experiments to assess
the computational scalability of our proposal.

1 Introduction

Building ontologies is a time consuming and error-prone process and one of the
bottle-necks in a number of AI applications. We have recently suggested various
methods to tackle this problem. First, we investigated methods to automatically
learn terminologies from data [12] and, secondly, we added explanation facilities
to terminological reasoning [14]. Modern Description Logic (DL) reasoning sys-
tems efficiently answer queries, e.g., whether a concept ∃child.� � ∀child.Doctor
is subsumed by ∃child.(Doctor � Rich), i.e. whether one is a subclass of the other.
Unfortunately, they do not provide explanatory information. In our approach a
suitable explanation for this subsumption is that the former concept is more
special than a third concept ∃child.Doctor which, again, is more special than the
latter. Not only is this concept, which we will call an illustration, strongly linked
by the common vocabulary to both the subsumer and the subsumed concept, it
is also the simplest such illustration.

The solutions we proposed can be generalised; given two concepts C and D
we need to find an interpolant, i.e. a concepts I such that |= C � I � D, and
where I is syntactically related to both C and D. Moreover, we need interpolants
which are optimal with respect to particular syntactic properties such as number
of concept-names or size. Algorithms for interpolation for concept subsumption
in ALC are well known (e.g. [11]) as ALC is a notational variant of modal K. In
this paper we extend these algorithms in order to calculate an interpolant I with
a minimal number of concept-names, i.e., where there are no interpolants built
from a proper subset of the concept-names occurring in I. For this purpose we
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saturate a tableau according to the usual rules for ALC-satisfiability. Boolean
minimisation then renders reducts, minimal sets of concept-names preserving the
existence of interpolants. Finally, given reducts we calculate optimal interpolants.

This paper focuses on the discussion of optimal interpolants which not only
lie at the core of our applications but which, as the most concise extracts of a
proof for subsumption, are of more general and theoretic interest. Optimal inter-
polants play a key role in our ongoing efforts to support knowledge engineering,
and robust algorithms are essential for the evaluation in particular applications.
A prototypical implementation provides first insights to the potential of our ap-
proach, in particular our ealy experiments show that the methods do not easily
scale up for more complex subsumption relations. To solve this problem we dis-
cuss a number of well-studied optimization techniques with respect to optimal
interpolation.

The remainder of the paper is organised as follows: in Section 2 we intro-
duce the relevant DL notation to make the paper self-contained. In Section 3
we discuss the applications of explanation in more detail. Section 4 introduces
interpolation for DL, more specifically for ALC, with the vocabulary L of a con-
cept, and formal notions of optimality. In Section 5 we provide an algorithm
to calculate optimal L-interpolants based on Boolean minimisation of concept-
names w.r.t. the closure of a tableau for ALC-satisfiability. We finish with an
evaluation of the proposed methods in Section 6 and a brief discussion of related
and further work.

2 Description Logics

We shall not give a formal introduction to Description Logics (DL) here, but
point to the first two chapters of the DL handbook [1] for an excellent overview.
Briefly, DLs are set description languages with concepts (usually we use capital
letters), interpreted as subsets of a domain, and roles which are binary rela-
tions, denoted by small letters. ALC is a simple yet relatively expressive DL
with conjunction C � D, disjunction C � D, negation ¬C and universal ∀r.C
and existential quantification ∃r.C. In a terminology T (called TBox) the in-
terpretations of concepts can be restricted to the models of T by axioms of the
form C � D or C=̇D. Based on this model-theoretic semantics, concepts can
be checked for unsatisfiability: whether they are necessarily interpreted as the
empty set.

A TBox T is called coherent if no unsatisfiable concept-name occurs in T .
Other checks include subsumption of two concepts C and D (a subset relation
of CI and DI w.r.t. all models I of T ). Subsumption between concepts C and
D w.r.t. a TBox T will be denoted by T |= C � D. A TBox is unfoldable
if the left-hand side of the axioms are atomic, and if the right-hand sides (the
definitions) contain no reference to the defined concept [9]. Unfolding then comes
down to replacing atomic sub-concepts by their definitions. Subsumption without
reference to a TBox will be denoted by concept subsumption and we will write
C � D.
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3 Explaining Subsumption by Illustration

Recently, the DL community has shown growing interest in explanation of rea-
soning (e.g. [6]) to provide additional information to increase the acceptance
of logical reasoning, and to give additional insights to the structure of repre-
sented knowledge. Let us consider a variant of an example introduced in [4] for
the author’s “explanation as proof-fragment” strategy, where a concept Cex :=
∃child.∃child.Rich � ∀child.¬((∃child.¬Doctor) � (∃child.Lawyer)) is subsumed
by Dex :=∃child.∀child (Rich � Doctor). Instead of providing a concise and sim-
plified extract of a formal proof as an explanation as done in [4] we suggest an
alternative, more static approach, which we call explaining by illustration. Imag-
ine the above information is given in natural language: Suppose somebody has a
rich grand-child, and each child has neither a child which is not a doctor nor a child
which is a Lawyer. Then, this person must have a child, every child of which is either
rich or a doctor. A natural language explanation for this statement is: The person
described above must have a child every child of which is a doctor. This intermediate
statement can be considered an illustration of |= Cex � Dex. It can be formalised
as Iex := ∃child.∀child.Doctor, and it subsumes Cex and is subsumed by Dex.
Moreover, it is constructed from vocabulary both in Cex and Dex, e.g., the infor-
mation that the person’s grandchildren might be a Lawyer is irrelevant as, just
from Dex, we don’t know anything about grandchildren being Lawyers or not.
Finally, the illustration should use a minimal number of concept-names and be
of minimal size, as this increases the likelihood of it being understandable.

To explain more complex subsumption relations a single illustration might
not be sufficient, and iterative explanation is needed. Here, subsumption between
concepts and their illustrations could, again, be explained by new illustrations or
traditional explanation of proofs which are now, though, simpler to understand.

4 Optimal Interpolation

Calculating illustrations and optimal TBox axioms are interpolation problems,
more precisely, problems of finding optimal interpolants. Remember that an ax-
iom D � LD is correct if |=

⊔
P∈P P � LD �

�
N∈N¬N for examples P and

counterexamples N of a concept D, and that an illustration for the subsumption
|= C � D was a concept I s.t. |= C � I � D. In both cases we have argued that
common vocabulary and syntactic minimality is desirable.

An interpolant for concepts P (for the positive) and N (the negative exam-
ples), where |= P � N , is a concept I which is more general than P but more
special than N . Furthermore, I has to be built from the vocabulary occurring
both in P and N . In the standard definition of interpolation [5] the vocabulary
of a formula φ is defined as the set of non-logical symbols in φ. Because we
use interpolants for learning and explanation we propose a stronger notion of
vocabulary for concepts: including information about the context in which the
non-logical symbols (such as concept- and role-names) occur. Formally, L(C) is
a set of pairs (A,+)S or (B,−)S of concept-names A,B and polarity + or −, la-
belled with sequences S of role-names. A concept-name A has positive (negative)
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polarity if it is embedded in an even (odd) number of negations. ⊥ and � always
occur without polarity (represented by pairs (⊥, ) and (�, )). L(C) denotes the
set L(C) where the polarity of each pair is interchanged (i.e. + replaced by −
and vice versa). Furthermore, for a set S, let Sr denote that the sequence of
role-names for each element of S has been extended by r. The vocabulary L(C)
of a concept C is then defined as follows.

Definition 1. L is a mapping from ALC to triples of concept-names, polarities
and sequences of role-names defined as follows:

• L(�) = L(⊥) := {(�, )ε, (⊥, )ε} • L(C �D) := L(C) ∪ L(D)
• L(A) := (A,+)ε ∪ L(�) if A is atomic • L(C �D) := L(C) ∪ L(D)
• L(∃r.C) = L(∀r.C) := L(C)r ∪ L(�)ε • L(¬C) := L(C)

Take a concept ∀r.(D � ¬∃s.C). The related language is the set {(C,−)rs,
(D,+)r, (�, )ε, (�, )r, (�, )rs, (⊥, )ε, (⊥, )r, (⊥, )rs}. Note that this defini-
tion implies that L(⊥) ∈ L(C) and L(�) ∈ L(C) for every concept C.

The set of interpolants w.r.t. L will be denoted by I(P,N). In applications
where interpolants are used for explanation or learning, additional restrictions
are important to identify optimal illustrations or learning targets. There are
several types of syntactic restrictions, e.g., interpolants with a minimal set of
concept- or role-names or of minimal size, but we will focus on concept-name
optimal interpolants. To simplify the presentation we only consider concept in-
terpolation, i.e. interpolation for concept subsumption w.r.t. empty TBoxes.

Definition 2. Let P and N be concepts, and let N (C) denote the set of concept-
names occurring in an arbitrary concept C. A concept I is an optimal interpolant
for P and N if |= P � I and |= I � N , L(I) ⊆ L(P ) ∩ L(N), and if there is no
interpolant I ′ for P and N with N (I ′) ⊂ N (I).

Take Iex := ∃child.∀child.Doctor from Section 3 which is an interpolant for
Cex :=∃child.∃child.Rich � ∀child.¬((∃child.¬Doctor) � (∃child.Lawyer)) and
Dex := ∃child.∀child.(Rich � Doctor), as L(Iex) = {(Doctor,+)child child, . . . } is a
subset of L(Cex)∩L(Dex). Moreover, the set of concept-names in Iex is {Doctor}
which is minimal, and Iex is an optimal interpolant for Cex and Dex. Such a min-
imal set of concept-names will be called a reduct.

To define reducts we need some more notation. Let S be an arbitrary subset of
the common language of two concepts P and N . The set of interpolants for P and
N built from concept-names in S only will be denoted as IS(P,N). For Cex and
Dex and a set S ={Doctor,Rich} the set I{Doctor,Rich}(Cex, Dex) then contains, e.g.,
∃child.∀child.Doctor and ∃child.∀child.Doctor � Rich. Reducts now determine
smallest sets S such that IS(P,N) �= ∅.

Definition 3. A reduct for two concepts P and N is a minimal set of concept-
names R to preserve existence of an interpolant, i.e. where IR(P,N) �= ∅ and
IR′(P,N) = ∅ for every R′ ⊂ R.

The set {Doctor,Rich} is not minimal, as I{Doctor}(Cex, Dex) �= ∅. On the other
hand, {Doctor} is a reduct. Also, each interpolant in I{Doctor}(Cex, Dex) is optimal
for Cex and Dex. This observation can be generalised:
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Lemma 1. Let R be a reduct for two concepts P and N . Every interpolant
I ∈ IR(P,N) is optimal for P and N .

This lemma allows to calculate reducts and interpolants separately, and is used
in the algorithms in the next section.

5 Algorithms for Optimal Interpolation

Optimal interpolants will be constructed using Boolean minimisation of the
concept-names needed to close an ALC-tableau. This calculation can be split
into three steps. First, we saturate a labelled tableau as described in Section
5.1. Secondly, we calculate reducts from tableau proofs using the algorithm of
Fig. 2. Finally, optimal interpolants can be constructed from the tableau proofs
and the reducts according to Fig. 3. Step 1 and 3 closely follow well-known pro-
cedures that can be found, e.g., in [2] (for the saturation of the tableau) and [8]
(for the calculation of interpolants). New is the calculation of reducts in Section
5.2 and their application in Section 5.3 to ensure optimality of the calculated
interpolants.

5.1 Saturating Labelled Tableaux

Concept subsumption |= P � N can be decided by a proof deriving a closed
tableau starting from a tableau with one branch {(i : P )p, (i : ¬N)n} (for an
arbitrary individual i). The information whether a formula has its origin in P or
N is needed to construct interpolants from the proof. Each formula stemming
from P will be labelled with (·)p, each created from N with (·)n. A formula
has the form (i : C)x where i is an individual, C a concept and x ∈ {p, n} a
label. The labelling mechanism follows [8]. A branch is a set of formulas and
a tableau a set of branches. A formula can occur with different labels on the
same branch. A branch is closed if it contains a clash, i.e. if there are formulas
with contradictory atoms on the same individual. The notions of open/closed
branches and tableaux are defined as usual and do not depend on the labels.
Formulas are always assumed to be in negation normal form.

To calculate reducts and optimal interpolants for two concepts P and N
we construct a proof from a tableau containing a branch {(i : P )p, (i : ¬N)n}
(for a new individual i) by applying the rules in Fig. 1 as long as possible.
The rules are ALC-tableau rules (adapted from those of [2]) and have to be
read in the following way; suppose that there is a tableau T = {B,B1, . . . , Bn}
with n + 1 branches. Application of one of the rules on B yields the tableau
T ′ := {B′, B1, . . . , Bn} for the (�) and (∃) rule or T ′′ := {B′, B′′, B1, . . . , Bn}
in case the (�)-rule has been applied. Application of one of the rules is called
to expand a tableau or a branch. If no more rule can be applied, branches and
tableaux are saturated. Finally, a proof is a sequence of tableaux T1, . . . , Tn
where each Ti+1 has been created by application of one of the rules in Fig. 1 on
a branches B ∈ Ti (for i, i + 1 ∈ {1, . . . , n}), and where Tn is saturated.
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(�): if (i : C �D)x ∈ B, but not both (i : C)x ∈ B and (i : D)x ∈ B
then B′ := B ∪ {(i : C)x, (i : D)x}.

(�): if (i : C �D)x ∈ B, but neither (i : C)x ∈ B nor (i : D)x ∈ B.
then B′ := B ∪ {(i : C)x} and B′′ := B ∪ {(i : D)x}.

(∃): if (i : ∃r.C)x ∈ B, all other rules have been applied, and {(i : ∀r.C1)x1 ,
. . . , (i : ∀r.Cn)xn} are all universal formulas for i and r in B,

then B′ := B ∪ {(j : C)x, (j : C1)x1 , . . . , (j : Cn)xn}, where j is new in B.

Fig. 1. Tableau rules for saturating a labelled ALC-tableau (similar to [2])

5.2 Calculating Reducts

From a proof starting with {{(i : P )p, (i : ¬N)n}} we find reducts by cal-
culating a maximal reduct-function. To define such an interpolation-preserving
propositional formula we need to introduce interpolants for branches and in-
dividuals. Let B be a branch, i an individual and {(i : C1)p, . . . , (i : Ck)p,
(i : D1)n, . . . , (i : Dl)n} the set of formulas for i in B. An interpolant for B and
i is an interpolant for C1 � . . . � Ck and ¬D1 � . . . � ¬Dl.

The set of interpolants for B and i will be denoted by I(i, B), or IS(i, B) for
the interpolants built from concept-names occurring in a particular set S only.
Reduct-functions are then interpolation-preserving propositional formulas.

Definition 4. Let B be a branch in a proof, i an individual and φ a propositional
formula built from conjunction, disjunction and propositional variables. Let,
furthermore, tr(v) denote the (unique) set of propositional variables true in a
valuation v, called the truth-set of v. If I(i, B) �= ∅, φ is a reduct-function for B
and i if, and only if, Itr(v)(i, B) �= ∅ for any valuation v(φ) = T . Otherwise, i.e.,
if I(i, B) = ∅, ⊥ is the only reduct-function.

The idea to calculate reducts is as follows: As reduct-functions determine
the sets of concept-names preserving interpolation a smallest set of this kind
is a reduct. If a reduct-function is maximal, i.e. implied by all reduct-function,
its prime implicants determine precisely these most general, i.e. smallest sets of
concept-names.1 A maximal reduct-function is calculated from a tableau proof:
all branches of the saturated tableau must close even with a reduced set of
concept-names available for closure. Therefore at least one clash per branch needs
to be retained and a maximal reduct-function is the disjunction of the concept-
names in all clashes. For each branch in a tableau proof complex maximal reduct-
functions are then constructed recursively according to Fig. 2.

Theorem 1. Let P and N be concepts and i an arbitrary individual-name. The
prime implicants of rf(i, {(i : P )p, (i : ¬N)n}) as calculated by the algorithm
described in Fig. 2 are the reducts for P and N .

1 A prime implicant of φ is the smallest conjunction of literals implying φ (see, e.g.,
[10]). The term prime implicant refers both to the conjunction and to the set of
conjuncts.
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if rule = (�) has been applied on (i : C �D)label and B′ is the new branch
rf(i, B) := rf(i, B′);

if rule = (�) has been applied on (i : C �D)label and B′ and B′′ are new
rf(i, B) := rf(i, B′) ∧ rf(i, B′′);

if rule = (∃) has been applied on (i : ∃r.C)label, B′ and j are new
rf(i, B) :=rf(i, B′) ∨ rf(j, B′);

if no more rule can be applied (for arbitrary x and y)
rf(i, B) := � if there are formulas (i : A)x ∈ B, (i : ¬A)y ∈ B s.t. x = y;
rf(i, B) :=

∨
(i : A)x ∈ B, (i : ¬A)y ∈ B A otherwise; i.e. if (x �= y).

Fig. 2. rf(i, B): A maximal reduct-function for a branch B and individual i

Proof. The proof consists of three parts. First, we show that rf(i, B) is a reduct-
function for every branch B. The proof is by induction over the tableaux in
a proof, where we construct interpolants for B and i from the truth-sets of
the valuation making rf(i, B) true. The rules for construction of interpolants
correspond to those we will later give explicitly in Fig. 3. If B is saturated
there are several cases: first, if there are contradicting atoms with positive or
with negative labels only, the interpolant is ⊥ or � respectively, and the reduct-
function is �. If there are only clashes on atoms which occur both positively and
negatively labelled in B any of the literals occurring positively is an interpolant,
and the maximal reduct function is the disjunction of all the corresponding
concept-names. Finally, a branch without clashes on the individual i does not
have an interpolant for B and i, and ⊥ is the only reduct-function. If the branch
B is not saturated, one of the rules of Fig. 2 must have been applied, and we
can construct an interpolant for B and i from the interpolants of the newly
created branches. If a disjunctive rule had been applied, two new branches B′

and B′′ have been created, and it can easily be checked that the disjunction of
an arbitrary interpolant for B′ and i with an arbitrary interpolant for B′′ and i
is an interpolant for B and i. The conjunctive case is even more simple, as any
interpolant for the new branch B′ and i is also an interpolant for B and i. The
only slightly more complicated case is when an existential rule has been applied
on a formula in B because we need to take into account that the interpolant for
the new branch and the new individual might be ⊥. In this case, however, we
can show that ⊥ is also an interpolant for B and i, which finishes the proof.

Next, we show that rf(i, B) is maximal, again by induction over the tableaux
in the proof. For each branch B we show that φ→rf(i, B) for each reduct-function
φ of i and B. Again, if B is saturated it is easy to show that rf(i, B) is maximal
for each of the cases mentioned above. For a non-saturated B we again have
branches B′ (and possibly B′′), and we can easily show that φ→rf(i, B) whenever
φ→rf(i, B′) (and possibly φ→rf(i, B′′)).

Finally, we prove that the prime implicants of maximal reduct-functions for
the branch B = {(i : P )p, (i : ¬N)n} are the reducts for P and N . Here, we show
that there is an interpolant for P and N , and that there is no interpolant for any
subset of the reduct. The other direction, i.e. the fact that every reduct R is the
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if rule = (�) has been applied on (i : C �D)label and B′ is the new branch
return oi(i, B′, R);

if rule = (�) has been applied on (i : C �D)label and B′ and B′′ are new
if label = p return oi(i, B′, R) � oi(i, B′′, R);
else if label = n return oi(i, B′, R) � oi(i, B′′, R);

if rule = (∃) has been applied on (i : ∃r.C)label, B′ and j are new
if oi(i, B′, R) exists

if oi(j, B′, R) exists
if label = p if oi(j, B′, R)= ⊥ return oi(i, B′, R);

else return oi(i, B′, R) � ∃r.oi(j, B′, R);
else if label = n if oi(j, B′, R)=� return �

else return oi(i, B′, R) � ∀r.oi(j, B′, R);
else return oi(i, B′, R);

else if oi(j, B′, R) exists
if label = p if oi(j, B′, R)= ⊥ return ⊥; else return ∃r.oi(j, B′, R);
else if label = n if oi(j, B′, R)= � return �; else return ∀r.oi(j, B′, R);

else return undefined;
if no more rule can be applied.

if there is a clash on a concept-name A ∈ R
if there are formulas (i : A)n ∈ B and (i : ¬A)n ∈ B return: �
else if there are formulas (i : A)p ∈ B and (i : ¬A)p ∈ B return: ⊥
else return:

⊔
(i:A)p∈B,(i:¬A)n∈B,A∈R A �

⊔
(i:A)n∈B,(i:¬A)p∈B,A∈R ¬A

else return: undefined.

Fig. 3. oi(i, B, R): Optimal interpolants

prime-implicant of the maximal reduct-function of B, follows immediately from
the minimality of the reducts. See [13] for the technical details of the proof.

5.3 Calculating Optimal Interpolants

Given a tableau proof and a reduct R we construct optimal interpolants for each
branch B and each individual i recursively according to the rules in Fig. 3. It is
well-known how to calculate interpolants from a tableau proof [8,11]. If a rule
had been applied on a formula (i : C)x in B for an arbitrary label x, and one or
two new branches B′ (and B′′) have been created, the interpolant for B and i
can be constructed from interpolants for B′ (and B′′). It can easily be checked
that oi(i, {(i : P )p, (i : ¬N)n}, R) is an interpolant for P and N . By Lemma
1 we now immediately know that if R is a concept-reduct for P and N , this
interpolant is also optimal.

Theorem 2. Let R be a reduct for two concepts P and N . The concept oi(i, {(i :
P )p, (i : ¬N)n}, R) as calculated by the algorithm defined in Fig. 3 is an optimal
interpolant for P and N .

Proof. Lemma 1 states that the interpolants built from concept-names in reducts
are the optimal interpolants. Therefore, it suffices to show that the rules in
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Fig. 3 produce interpolants. This proof follows Kracht’s proof in [8], we simply
construct interpolants recursively for each branch in the proof. Full details can
be found in [13].

Optimal interpolants are not unique, and a certain leeway exists for choosing
suitable interpolants according to a given application. The algorithm in Fig. 3
was developed with an application to learning of terminologies in mind [12] and,
for this reason, calculates very general interpolants. Whenever we have a choice
we construct an interpolant in the most general way. This is the case when
applying a (∃)-rule as well as when calculating an interpolant for a saturated
branch. Note that this choice might lead to rather complex concepts with a
relatively big size. Our decision was to separate the two problems of optimal
interpolation and rewriting of concepts with minimal size for conceptual clarity.
If optimal interpolants are applied to explain a subsumption relation things
might be different: first, the size of an explanation should be as small as possible
and, secondly, we might also want to have different levels of generality, such as the
most specific optimal interpolant. It is straightforward to adapt the algorithm of
Fig. 3 to calculate smaller or more specific optimal interpolants and we plan to
evaluate different strategies for both described applications in future research.

5.4 Complexity

Calculating interpolants for two ALC concepts P and N is in pspace as we can
apply the algorithm described in Fig. 3 in a depth-first way on one branch (of
maximally polynomial space) at a time. This gives a simple bottom-up procedure
to calculate optimal interpolants in pspace: for all subsets of the concept-names
occurring in P and N we check whether there are interpolants or not, starting
with the smallest, systematically increasing the size. Each of these checks can be
done using only polynomial space. As soon as we find the first interpolant, i.e. as
soon as oi(i, B,R) is defined for some subset R, we know that R is a reduct, and
the interpolant must be optimal. For a lower bound consider the subsumption
relation C � ⊥ which has an interpolant if, and only if, C is unsatisfiable. This
means that interpolation must be at least as hard as concept satisfiability in
ALC, which is well known to be pspace.

Although the problem of calculating optimal interpolants is in pspace the
algorithm described above might be infeasible in practice. To be sure that we
have calculated all optimal interpolants we might have to check all elements of
the power-set of the set of concept-names, i.e., we might have to saturate an
exponential number of tableaux. Instead, our approach expands a single tableau
once, from which we calculate the reducts and read off the optimal interpolants.
Computing reducts is the computational bottle-neck of our algorithm as we cal-
culate prime implicants on formulas which can be exponential in the size of the
concepts. Given that calculating prime implicants is np-hard, we must ensure
that the size of the reduct-function is as small as possible. Our current implemen-
tation comprises simple on-the-fly elimination of redundancies, but more evolved
methods need to be investigated. Our algorithms have an exponential worst case
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complexity in the size of the concepts P and N . As the number of variables in
the reduct-function is linear in the number of concept-names in P and N we can
calculate the prime implicants in exponential time branch by branch (instead of
constructing the full reduct-function first). This simple method requires expo-
nential space as we have to keep maximally e

n
e prime implicants (of size smaller

than n) in memory, where n is the number of concept-names in P and N and e
the base of natural logarithm.

6 Evaluation

Explanation of subsumption by interpolation has to be evaluated with respect
to two different problems: first, we have to find out whether the explanation
is indeed human-understandable, and, secondly, we have to study whether the
approach scales up to more than toy examples. In this paper we will concentrate
on the latter, as there is relatively little testing data available. Before investing
too much time in studies with human assessors of explanations we decided to
focus on the computational properties of explanation by interpolation.

Implementation. We implemented optimal interpolation in Java as part of our
Wellington [7] reasoning system. The program takes as input two ALC concepts
C and D in KRSS representation. First we use RACER to check for subsumption
between C and D. If C subsumes D (or vice versa) we fully expand a tableau as
described in the previous section, calculate the minimization function and the
reducts, and finally read the optimal interpolants from the closed branches.

The Experiments. There is, to the best of our knowledge, no collection of sub-
suming concepts available to test our algorithms. To evaluate the run-times of
our algorithm we therefore transformed formulas from a test-set for modal logic
theorem provers provided at [3] into suitable ALC subsumption relations. The
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test-set contains 131 unsatisfiable concepts for several modal logics. For our ex-
periments we chose 72 concepts which were unsatisfiable in modal logic K. These
formulas are mostly of the form ¬(φ → ψ) where φ and ψ are complex formulas
(often also containing implications). To create a test-set for ALC subsumption
we simply picked an implication and translated ¬(φ → ψ) to φt � ψt, where (·)t
is the standard translation from K to ALC. The transformation is very simplis-
tic, as there is usually a number of implications in the modal formula, and we
simply picked one at random.

This test-set is not useful to evaluate the explanatory quality of the inter-
polants because the formulas have been created to be most compact represen-
tations for computationally difficult problems in modal reasoning. In this case,
explanation by interpolation is little helpful as its main purpose is to reduce
syntactic overhead. But the test-set can help to get a better understanding of
the computational properties of the method.

Results. Even though the test set is considered to be trivial for current spe-
cialized DL-reasoners it creates difficulties for our naive algorithm for optimal
interpolation. More concretely, from the 72 subsumption relations we fail to find
optimal interpolants for more than a dozen. The reason for this is obvious: re-
member that we had to expand the full tableau to calculate the minimization
function. This means that we always expand exponentially many branches in
the number of disjunctions of implications, which does not scale up even for
relatively trivial concepts.

Interpreting the Results. Our method faces the problems that modal and descrip-
tion logic reasoning had to solve 20 years ago, namely that naive implementation
of tableau calculi without optimizations cannot deal with the exponential com-
plexity of the reasoning problems. In our case our implementation already fails
to calculate the minimization function as too many branches have to be vis-
ited. There are two approaches to deal with this problem: to ignore it, assuming
that those subsumption relations that can be explained by interpolation must
be simple enough to allow for our reasoning algorithms to efficiently deal with.
The second alternative is to look at the optimizations that have made such a
difference in the standard reasoning in Description Logics.

Optimizations. The most simple optimization would be to allow non-atomic
contradictions, i.e., closure of branches on complex formulas. In this case it is
unclear how to calculate the minimization function as we do not know which
concept-name was responsible for the logical contradiction. Probably the most
obvious optimization is to not fully expand the tableau but to stop expanding
once a contradiction has been found. Unfortunately, we loose completeness in
both cases. This means that we do not calculate reducts, and therefore optimal
interpolants, any more. A simple example is (B � A) � A � A � B. If branch 1
is closed with B we calculate a reduct A∧B and an interpolant A�B, which is
not minimal as A is already an interpolant.
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As a result, we would claim that our proposed way of calculating optimal
interpolants is inherently intractable. If this is considered a problem, i.e., if we
want to explain more complex subsumption relations we will have to accept the
fact that we can approximate reducts, but not find all reducts for certain. In that
case reasoning becomes immediately much more efficient, e.g., we could easily
solve all of the 72 problems of our test-suite when we stopped expanding the
branches as soon as we found a contradiction.

Let us discuss some of the more sophisticated optimization techniques as they
are discussed, for example, in Chapter 9 of [1]. Due to lack of space we cannot
introduce the techniques in more detail. One of the most important optimizations
is to pre-process the concepts prior to running the tableau engine. For explanation
this would not work because preprocessing, such as normalization, destroys the
structure of the subsumption relation. This, however, is what makes the optimal
interpolant an explanation, namely that it is a simplified version of the original
concepts (both in terms of vocabulary and of structure).

Caching, on the other hand, is a technique that can, and has been applied for
optimal interpolation, as we can cache information about satisfiability, but also
about the minimization function and the interpolant for a branch. We imple-
mented semantic branching in our “sub-optimal” interpolation of interpolation
with great computational gain. However, we will have to study more carefully
whether minimization function could still be calculated from the tableau, and
whether the interpolant still has a useful structure for explanation.

To integrate local simplification into our calculus we would need to explicitly
give rules to calculate the minimization function for each simplification. Assume
a simplification has been applied on two concepts (A � B) � (A � C) and ¬A
in a branch, with concepts B and C added to create a new branch B′. In this
case we would have to add A conjunctively to the minimization function for B′.
We assume that backtracking could be implemented because the interpolant for
a redundant branch will probably be redundant, but we do not have a formal
proof for this claim.

What remains as a further interesting optimization is the use of heuristics. In
our case, we could use statistical information to strike the balance of calculating
a good minimization function and having an efficient algorithm. We could, for
example, expand branches as long as we find a contradiction on a concept-name
which has already been frequently responsible for the closure of other branches.

7 Conclusions

We introduce an algorithm to find interpolants with a minimal number of
concept-names for two concepts in the description logic ALC, with a rigid defi-
nition of the common vocabulary. The principal novelty is that we minimise the
number of concept-names in order to find most simple interpolants. These opti-
mal interpolants are used in applications as divers as explanation and learning
of terminologies.
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We presented a prototypical implementation of the algorithms, in order to
evaluate explanation by interpolation. In the absence of real-life data we focused
on the assessment of the computational properties of the described methods,
and we discussed a number of optimizations to deal with the inherent non-
tractability.

For future research we plan to extend the algorithms to more expressive
languages, and to apply optimal interpolation in the automatic construction
of ontologies from assertions as described in [12]. An open problem is how to
calculate interpolants of minimal size, as redundancy elimination will be cru-
cial for optimal interpolants to be useful in newly learned terminologies or as
illustrations.
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Abstract. We present a framework for expressing different merging operators
for belief sets. This framework is a generalisation of our earlier work concerning
consistency-based belief revision and contraction. Two distinct merging operators
are identified: in the first approach, belief sources are consistently combined so
that the result of merging knowledge bases K1, . . . , Kn is a maximal consistent (if
possible) set of formulas comprising the joint knowledge of the knowledge bases.
This approach then accords to one’s intuitions as to what a “merge” operator should
do. The second approach is more akin to a generalised belief revision operator:
Knowledge bases K1, . . . , Kn are “projected” onto another (in the simplest case
the trivially true knowledge base). In both cases, we consider the incorporation of
entailment-based and consistency-based integrity constraints. Properties of these
operators are investigated, primarily by comparing their properties with postulates
that have been identified previously in the literature.As well, the interrelationships
between these approaches and belief revision is given.

1 Introduction

The problem of merging multiple, potentially conflicting bodies of information arises
in various guises. For example, an intelligent agent may receive reports from differing
sources of knowledge that must be combined. As well, an agent may receive conflicting
information from sensors that needs to be reconciled. Alternately, knowledge bases or
databases comprising collections of data may need to be combined into a coherent whole.
Even in dealing with a single, isolated, agent the problem of merging knowledge sets
may arise: consider an agent whose beliefs are modelled by various independent “states
of mind”, but where it is desirable in some circumstances to combine such states of mind
into a coherent whole, for example, before acting in a crucial situation. In all these cases,
the fundamental problem is that of combining knowledge bases that may be mutually
inconsistent, or conflicting, to get a coherent merged set of beliefs.

Given this diversity of situations in which the problem may arise, it is not surprising
that different approaches have arisen for combining sources of information. The major
subtypes of merging that have been proposed are called (following [11]) majority and
arbitration operators. In the former case, the majority opinion counts towards resolving
conflicts; in the latter, informally, the idea is to try to arrive at some consensus. In this
paper, we develop a specific framework for specifying merge operations. This framework
� Affiliated with the School of Computing Science at Simon Fraser University, Canada.
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extends our earlier work in belief revision. In both cases, the central intuition is that for
belief change one begins by expressing the various knowledge bases, belief sources,
etc. in distinct languages, and then (according to the belief change operation) in one
way or another re-express the knowledge bases in a common language. Two approaches
are presented. In the first case, the intuition is that for merging knowledge bases, the
common information is in a sense “pooled”. This approach then seems to conform more
naturally to the commonsense notion of merging of knowledge. A key property of this
approach is that knowledge common to the knowledge bases is contained in the merged
knowledge base. Thus if one knowledge base contained p∧ q and another ¬p∧¬q, then
(p ∧ q) ∨ (¬p ∧ ¬q) would be in the merged knowledge base. Hence in this approach
to merging, an intuition underlying the merging operation is that one of the knowledge
bases contains correct information, but it is not known which.

In the second approach, knowledge bases are projected onto a separate knowledge
base (which in the simplest case would consist solely of the trivially true knowledge base).
That is, the knowledge bases we wish to merge are used to augment the knowledge of a
“target” body of knowledge. This second approach then appears to be a natural extension
of belief revision. In this approach, knowledge common to the knowledge bases may
not be contained in the merged knowledge base. Thus if two knowledge bases contained
p ∧ q and ¬p ∧ ¬q, respectively, then (p ∧ q) ∨ (¬p ∧ ¬q) may not be in the merged
knowledge base; thus for example p∧¬q may be consistent with the merged knowledge
base. Hence here, an intuition underlying the merging operation is that perhaps some
“common ground” is found between the merged knowledge bases.

In both approaches, we address the incorporation of entailment-based and
consistency-based integrity constraints with the merge operator. Both approaches have
reasonable properties, compared with postulate sets that have appeared in the literature.
As well, the second type of approach has not, to our knowledge, been investigated previ-
ously. The next section describes related work while Section 3 develops our approaches.
We conclude with a discussion. Proofs are omitted due to space limitations.

2 Background

2.1 Consistency-Based Belief Revision

This subsection summarises our earlier work in [5]. Throughout this paper, we deal
with propositional languages and use the logical symbols �, ⊥, ¬, ∨, ∧, ⊃, and ≡
to construct formulas in the standard way. We write LP to denote a language over an
alphabet P of propositional letters or atomic propositions. Formulas are denoted by the
Greek letters α, β, α1, . . . . Knowledge bases are identified with deductively-closed sets
of formulas, or belief sets, and are denoted K, K1, . . . .1 Thus K = Cn(K), where
Cn(·) is the deductive closure in classical propositional logic of the formula or set of
formulas given as argument. Given an alphabet P , we define a disjoint alphabet P ′ as
P ′ = {p′ | p ∈ P}. For α ∈ LP , α′ is the result of replacing in α each proposition

1 We note that while we deal solely with belief sets in this paper, our definitions work for arbitrary
sets of formulas, and provide the basis for a finite representation of these operators.
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p ∈ P by the corresponding proposition p′ ∈ P ′ (so implicitly there is an isomorphism
between P and P ′). This is defined analogously for sets of formulas.

A belief change scenario in LP is a triple B = (K,R,C) where K, R, and C are
sets of formulas in LP . Informally, K is a belief set that is to be modified so that the
formulas in R are contained in the result, and the formulas in C are not. For an approach
to revision we have |R| = 1 and C = ∅, and for an approach to contraction we have
R = ∅ and |C| = 1. An extension determined by a belief change scenario, called a belief
change extension, is defined as follows.

Definition 1. Let B = (K,R,C) be a belief change scenario in LP .
Define EQ as a maximal set of equivalences EQ ⊆ {p ≡ p′ | p ∈ P} such that

Cn(K ′ ∪R ∪ EQ) ∩ (C ∪ {⊥}) = ∅.

Then Cn(K ′ ∪R ∪ EQ) ∩ LP is a (consistent) belief change extension of B.
If there is no such set EQ then B is inconsistent and LP is defined to be the sole

(inconsistent) belief change extension of B.

Note that in the definition, “maximal” is with respect to set containment (rather than set
cardinality). The exclusive use of “{⊥}” in the definition is to take care of consistency if
C = ∅. Clearly a consistent belief change extension of B is a modification of K which
contains every formula in R, and which contains no formula in C. We say that EQ
determines the respective consistent belief change extension of B. For a given belief
change scenario there may be more than one consistent belief change extension. We will
make use of the notion of a selection function c that for any set I �= ∅ has as value some
element of I . In defining revision, we will use a selection function to select a specific
consistent belief change extension. 2

Definition 1 provides a very general framework for specifying belief change. We
can restrict the definition to obtain specific functions for belief revision and contraction;
here we just deal with revision.

Definition 2 (Revision). Let K be a belief set and α a formula, and let (Ei)i∈I be the
family of all belief change extensions of (K, {α}, ∅). Then, we define

1. K+̇cα = Ei as a choice revision of K by α with respect to
some selection function c with c(I) = i.

2. K+̇α =
⋂
i∈I Ei as the (skeptical) revision of K by α.

With respect to the AGM postulates [7], we obtain that the basic postulates are satisfied,
along with supplementary postulate (K+̇7) for both choice and skeptical revision.

For instance, (skeptically) revising Cn(p ∧ q) by ¬q results in Cn(p ∧ ¬q). This
belief change extension is determined by {p ≡ p′} from the renamed belief set {p′ ∧
q′} and the revision formula ¬q. As a second example, we get {¬p ≡ q} +̇ ¬q =
Cn(p ∧ ¬q) by {p ≡ p′, q ≡ q′} from ¬p′ ≡ q′ and ¬q. For a third example, observe
that both {p ∨ q} +̇ (¬p ∨ ¬q) as well as {p ∧ q} +̇ (¬p ∨ ¬q) result in Cn(p ≡ ¬q),
although the former is determined by {p ≡ p′, q ≡ q′}, while the latter relies on two
such sets, viz. {p ≡ p′} and {q ≡ q′}.

2 This use of selection functions is slightly different from that in the AGM approach.
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Definition 1 also leads to a natural and general treatment of both consistency-based
and entailment-based integrity constraints; see [5] for details.

2.2 Belief Merging

Konieczny and Pino Peréz [9] consider the problem of merging possibly contradictory
belief bases. To this end, they consider finite multisets of the form Ψ = {K1, . . . ,Kn}
and assume that all belief sets Ki are consistent, finitely representable, and therefore
representable by a formula. K+n is the multiset consisting of n copies of K. Multiset
union is denoted �, wherein for example {φ} � {φ} = {φ, φ}. Following [9], we
use3 Δμ(Ψ) to denote the result of merging the multi-set Ψ of belief bases given the
entailment-based integrity constraint expressed by μ. They provide the following set of
postulates:

Definition 3 ([9]). Let Ψ be a multiset of sets of formulas, and φ, μ formulas (all pos-
sibly subscripted or primed). Δ is an IC merging operator iff it satisfies the following
postulates.

(IC0) Δμ(Ψ) # μ.
(IC1) If μ �# ⊥ then Δμ(Ψ) �# ⊥.
(IC2) If

∧
Ψ �# ¬μ then Δμ(Ψ) ≡

∧
Ψ ∧ μ.

(IC3) If Ψ1 ≡ Ψ2 and μ1 ≡ μ2 then Δμ1(Ψ1) ≡ Δμ2(Ψ2).
(IC4) If φ # μ and φ′ # μ then: Δμ(φ � φ′) ∧ φ �# ⊥ implies Δμ(φ � φ′) ∧ φ′ �# ⊥.
(IC5) Δμ(Ψ1) ∧Δμ(Ψ2) # Δμ(Ψ1 � Ψ2).
(IC6) If Δμ(Ψ1) ∧Δμ(Ψ2) �# ⊥ then Δμ(Ψ1 � Ψ2) # Δμ(Ψ1) ∧Δμ(Ψ2).
(IC7) Δμ1(Ψ) ∧ μ2 # Δμ1∧μ2(Ψ).
(IC8) If Δμ1(Ψ) ∧ μ2 �# ⊥ then Δμ1∧μ2(Ψ) # Δμ1(Ψ) ∧ μ2.

The intent is that Δμ(Ψ) is the belief base closest to the belief multiset Ψ . Of the
postulates, (IC2) states that the result of merging is simply the conjunction of the belief
bases and integrity constraints, when consistent. (IC4) is a fairness postulate, that when
two belief bases disagree, merging doesn’t give preference to one of them. (IC5) states
that a model of two mergings is in the union of their merging. With (IC5) we get
that if two mergings are consistent then their merging is implied by their conjunction.
Note that merging operators are trivially commutative. (IC7) and (IC8) correspond to
the extended AGM postulates (K+̇7) and (K+̇8) for revision, but with respect to the
integrity constraints. Postulates (IC1)–(IC6), with tautologous integrity constraints,
correspond to basic merging, without integrity constraints, in [11].

A majority operator is characterised in addition by the postulate:

(Maj) ∃nΔμ(Ψ1 � Ψ+n
2 ) # Δμ(Ψ2)

Thus, given enough repetitions of a belief base Ψ2, this belief base will eventually come
to dominate the merge operation.

An arbitration operator is characterised by the original postulates together with the
following postulate; see [9] for an explanation.

3 [11] write Δμ(Ψ) where we have Δμ(Ψ).
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(Arb) Let μ1 and μ2 be logically independent. If Δμ1(φ1) ≡ Δμ2(φ2) and
Δμ1≡μ2(φ1 � φ2) ≡ (μ1 ≡ μ2) then Δμ1∨μ2(φ1 � φ2) ≡ Δμ1(φ1).

[11] characterises these approaches as trying to minimize global dissatisfaction vs. trying
to minimize local dissatisfaction respectively. Examples are given of a merging operator
using Dalal’s notion of distance [4].

Liberatore and Schaerf [13] consider merging two belief bases and propose the
following postulate set to characterise a merge operator that they call an arbitration
operator and that [9] call a commutative revision operator. Like [9] they restrict their
attention to propositional languages over a finite set of atoms.

(LS1) # α � β ≡ β � α.
(LS2) # α ∧ β ⊃ α � β.
(LS3) If α ∧ β is satisfiable then # α � β ⊃ α ∧ β.
(LS4) α � β is unsatisfiable iff α is unsatisfiable and β is unsatisfiable.
(LS5) If # α1 ≡ α2 and # β1 ≡ β2 then # α1 � β1 ≡ α2 � β2.

(LS6) α � (β1 ∨ β2) =

⎧⎨⎩
α � β1 or
α � β2 or
(α � β1) ∨ (α � β2)

(LS7) # (α � β) ⊃ (α ∨ β).
(LS8) If α is satisfiable then α ∧ (α � β) is satisfiable.

Earlier work on merging operators includes [1] and [17]. The former proposes var-
ious theory merging operators based on the selection of maximum consistent subsets
in the union of the belief bases; see [10] for a pertinent discussion. The latter proposes
an “arbitration” operator that satisfies a subset of the Liberatore and Schaerf postulates;
see [12] for a discussion. [14] first identified and addressed the majority merge opera-
tor. [8] gives a framework for defining merging operators, where a family of merging
operators is parameterised by a distance between interpretations and aggregating func-
tions. The authors suggest that most, if not all, model-based merging operators can be
captured in their approach, along with a selection of syntax-based operators. More or
less concurrently, [15] proposed a general approach to formulating merging functions,
based on ordinal conditional functions [19]. Roughly, epistemic states are associated
with a mapping from possible worlds onto the set of ordinal numbers. Various merging
operators then can be defined by considering the ways in which the “Cartesian prod-
uct” of two epistemic states can be resolved into an ordinal conditional function. [3]
also considers the problem of an agent merging information from different sources, via
what is called social contraction. In a manner analogous to the Levi Identity for belief
revision, information from the various sources is weakened to the extent that it can be
consistently added to the agent’s belief base. Last, much work has been carried out in
merging possibilistic knowledge bases; see for example [2].

3 Consistency-Based Approaches to Belief Set Merging

In this section we modify the framework given by Definition 1 to deal with belief set
merging, in which multiple sources of information (knowledge bases, etc.) are coa-
lesced into a single belief set. We detail two different approaches to belief set merging,
expressible in the general approach.



Two Approaches to Merging Knowledge Bases 431

In the first case, the intuition is that for merging belief sets, the common information
is in a sense “pooled”. This approach then seems to conform to the commonsense notion
of merging of knowledge, in which sets of knowledge are joined to produce a single
knowledge set retaining as much as possible of the contents of the original knowledge
sets. In the second approach, knowledge sources are projected onto a separate knowledge
source (which in the simplest case could consist solely of �). That is, the sources we
wish to merge are used to augment the knowledge of another source.

3.1 Multi Belief Change Scenarios

A multi belief change scenario in LP is a triple B = (K, R,C) where K is a family
(Kj)j∈J of sets of formulas inLP , andR andC are sets of formulas inLP . Informally,K
is a collection of belief sets that are to be merged so that the formulas in R are contained
in the result, and the formulas in C are not. So this is the same as a belief change scenario
as defined in Section 2, except that the single set of formulas K is extended to several
of sets of formulas. R and C will be used to express entailment-based and consistency-
based integrity constraints, respectively. That is, the formulas in R will all be true in the
result of a merging, whereas the negations of formulas in C will not be contained in the
result. While R is intended to represent a set of entailment-based integrity constraints
[16], it could just as easily be regarded as a set of formulas for revision. Similarly, while
C is intended to represent a set of (negations of) consistency-based integrity constraints
[18], it could just as easily be regarded as a set of formulas for contraction. Thus the
overall approaches can be considered as a framework in which merging, revising, and
(multiple) contractions may be carried out in parallel while taking into account integrity
constraints.

To begin with, we generalise the notation α′ from Section 2 in the obvious way for
integers i > 0 and sets of integers: for alphabet P , we define Pi as Pi = {pi | p ∈ P},
and αi etc. analogous to Section 2. Similarly we define for a set or list of positive integers
N that PN = {pi | p ∈ P, i ∈ N}. Then αN = {αi | i ∈ N}. The definition of an
extension to a multi belief change scenario will depend on the specific approach to
merging that is being formalised. We consider each approach in turn in the following
two subsections.

3.2 Belief Set Merging

Consider the first approach, in which the contents of belief sets are to be merged.

Definition 4. Let B = (K, R,C) be a multi belief change scenario in LP , where K =
(Kj)j∈J . Define EQ as a maximal set of equivalences

EQ ⊆ {pk ≡ pl | p ∈ P and k, l ∈ J}

such that

Cn
(⋃

j∈JK
j
j ∪RJ ∪ EQ

)
∩ (CJ ∪ {⊥}) = ∅



432 J.P. Delgrande and T. Schaub

Then{
α
∣∣∣ {αj | j ∈ J} ⊆ Cn

(⋃
j∈JK

j
j ∪RJ ∪ EQ

)}
is a consistent symmetric belief change extension of B.

If there is no such set EQ then B is inconsistent and LP is defined to be the sole
(inconsistent) symmetric belief change extension of B.

The sets RJ ensure that the integrity constraints in R are true in each belief set, and so
will be true in the result. Similarly, the formulas CJ ensure that the formulas in C will
not be in the result.

Definition 5 (Merging). Let K be a family of sets of formulas in LP and R and C be
finite sets of formulas in LP , and let (Ei)i∈I be the family of all symmetric belief change
extensions of (K, R,C).

Then, we define

1.Δc
R,C(K) = Ei as the choice merging of K with respect to integrity con-

straints R and C, and selection function c with c(I) = i.

2. ΔR,C(K) =
⋂
i∈I Ei as the (skeptical) merging of K with respect to integrity

constraints R and C.

Of particular interest is binary merging, where K = {K1,K2}. In this case, we will
write the merge operator Δ as an infix operator. That is, ΔR,C({K1,K2}) is written as
K1 �R,C K2. Also, given two formulas α, β along with R = C = ∅, we just write
α � β. For conformity with the notation used in Definition 3 [9], we write α �μ β if
R = {μ} and C = ∅.

Example 1. (p ∧ q ∧ r) � (p ∧ ¬q ∧ s) yields (informally) (p1 ∧ q1 ∧ r1) ∧ (p2 ∧
¬q2 ∧ s2) along with EQ = {p1 ≡ p2, r1 ≡ r2, s1 ≡ s2}. The result of merging is
Cn({p ∧ r ∧ s}) .

Example 2. Let

K1 ≡ p ∧ q ∧ r ∧ s and K2 ≡ ¬p ∧ ¬q ∧ ¬r ∧ ¬s.
We obtain that K1 � K2 yields EQ = ∅ and in fact

K1 � K2 = Cn({(p ∧ q ∧ r ∧ s) ∨ (¬p ∧ ¬q ∧ ¬r ∧ ¬s)})
This example is introduced and discussed in [11]; as well it corresponds to the postulate
(LS7). Consider where K1 and K2 represent two analyst’s forecasts concerning how
four different stocks are going to perform. p represents the fact that the first stock will
rise, etc. The result of merging is a belief set, in which it is believed that either all will
rise, or that all will not rise. That is, essentially, one forecast will be believed to hold
in its entirety, or the other will. As [11] points out, knowing nothing else and assuming
independence of the stock’s movements, this is implausible: it is possible that some
stocks rise while others do not. On the other hand, if we have reason to believe that
one forecast is in fact highly reliable (although we don’t know which) then the result of
Example 2 is reasonable. However this example illustrates that there are cases wherein
this formulation is too strong.

We obtain the following with respect to the postulate sets described in Section 2.2.
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Theorem 1. Let Δμ andΔc
μ be defined as in Definition 5.

Then Δμ andΔc
μ satisfy the postulates (IC0), (IC2) – (IC5), (IC7) – (IC8), as

well as the weaker version of (IC1):4

(IC1′) If K �# ¬μ for every K ∈ Ψ and μ �# ⊥ then Δμ(Ψ) �# ⊥.

A counterexample to (IC6) is given by Ψ1 = {Cn(p) , Cn(¬p)}, Ψ2 = {Cn(p)}. Note
that (IC6) holds in the binary case, though.

We do not discuss the majority or arbitration postulates here (except to note that
majority is easily handled by a straightforward modification to Definition 5); this is
discussed in the full paper. Note however that the present approach satisfies a non-
majority postulate, viz.:

Δμ(Ψ1 � Ψn2 ) = Δμ(Ψ1 � Ψ2).

This postulate is identified in [11], a weaker version of which is used to define their
arbitration operator.

Theorem 2. Let Δ andΔcbe defined as in Definition 5.
Then Δ andΔc satisfy the following postulates.

1. (LS1), (LS2), (LS3), (LS5), (LS7)

as well as the following weaker versions of the remaining postulates:

2. (LS4)′ α � β is satisfiable iff α is satisfiable and β is satisfiable.
(LS6)′ (α � β1) ∧ β2 implies α � (β1 ∧ β2).
(LS8)′ If α is satisfiable and β is satisfiable then α ∧ (α � β) is satisfiable.

3. (LS6c)′ For any selection function c there is a selection function c′ such that
α�cβ1 implies α�c′ (β1 ∨ β2) or α�cβ2 implies α�c′ (β1 ∨ β2).

Example 3. A counterexample to (LS6) is given by the following.

α ≡ (p ∧ q ∧ r ∧ s) , β1 ≡ (¬p ∧ ¬q) ∨ ¬r , β2 ≡ ¬q ∨ ¬s .

We get that:

α � (β1 ∨ β2) ≡ (p ∧ q ∧ r) ∨ (p ∧ q ∧ s) ∨ (p ∧ r ∧ s) ,
α � β1 ≡ (p ∧ q ∧ s) ∨ (r ∧ s) ,
α � β2 ≡ (p ∧ q ∧ r) ∨ (p ∧ r ∧ s) .

While the merging operator is commutative by definition, it is not associative; for
example (((p ∨ q) � ¬p) � p) �= (p ∨ q) � (¬p � p). Lastly, we have the following
result showing that in this approach, merging two belief sets is expressible in terms of
our approach to revision, and vice versa:

Theorem 3. Let +̇ and � be given as in Definitions 2 and 5 (respectively). Then,

1. α � β = α+̇β ∩ β+̇α.
2. α+̇β = α �β �.

4 It is straightforward to obtain (IC1) by essentially ignoring inconsistent belief sets. We remain
with the present postulate since it reflects the most natural formulation of merging in our
framework.
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3.3 Belief Set Projection

In our second approach, the contents of several belief sets are “projected” onto another.5

Again, the formulation is straightforward within the framework of belief change scenar-
ios. For belief sets K1, . . . ,Kn, we express each in a distinct language, but project these
belief sets onto a distinguished belief set in which R is believed. (In the simplest case
we would have R ≡ �.)

In the following R, and C again represent a set of entailment-based and consistency-
based integrity constraints, respectively.

Definition 6. Let B = (K, R,C) be a multi belief change scenario in LP , where K =
(Kj)j∈J . Define EQ as a maximal set of equivalences

EQ ⊆ {pj ≡ p | p ∈ P and j ∈ J}

such that

Cn
(⋃

j∈JK
j
j ∪R ∪ EQ

)
∩ (C ∪ {⊥}) = ∅

Then

Cn
(⋃

j∈JK
j
j ∪R ∪ EQ

)
∩ LP

is a consistent projected belief change extension of B.
If there is no such set EQ then B is inconsistent and LP is defined to be the sole

(inconsistent) projected belief change extension of B.

There is an interesting similarity between revision and projection. Revision in some
sense “projects” the belief set onto the formula that we revise with. Similarly, the actual
projection operation “projects” the belief sets onto whatever is contained in R.

Definition 7 (Merging via Projection). Let K be a family of sets of formulas in LP and
R and C be finite sets of formulas in LP , and let (Ei)i∈I be the family of all projected
belief change extensions of (K, R,C).

Then, we define

1. ∇R,C
c (K) = Ei as the choice merging of K with respect to integrity con-

straints R and C, and selection function c with c(I) = i.

2. ∇R,C(K) =
⋂
i∈I Ei as the (skeptical) merging of K with respect to integrity

constraints R and C.

As above, for two formulas α and β, we just write α	β, if R = C = ∅ and we write
α	μβ if R = {μ} and C = ∅.

Example 4. We have that (p ∧ q ∧ r)	(p ∧ ¬q) yields two EQ sets:

EQ1 = {p1 ≡ p, p2 ≡ p, q1 ≡ q, r1 ≡ r, r2 ≡ r} and

EQ2 = {p1 ≡ p, p2 ≡ p, q2 ≡ q, r1 ≡ r, r2 ≡ r}.

The result of merging is p ∧ r ∧ s.
5 We thank Jérôme Lang for pointing out this alternative to us.
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Example 5. Consider the example from [11]:

K1 ≡ p ∧ q ∧ r ∧ s and K2 ≡ ¬p ∧ ¬q ∧ ¬r ∧ ¬s.

In forming a set of equivalences, EQ, we can have precisely one of p1 ≡ p or p2 ≡ p
in EQ, and similarly for the other atomic sentences. Each such set of equivalences then
represents one way each forecaster’s prediction for a specific stock can be taken into
account. Taken all together then we have 24 sets of equivalences, and in the end we
obtain that

K1	K2 = Cn(�) .

We feel that this is a plausible outcome in the interpretation involving the forecasted
movement of independent stocks. Note that if the example were extended so that multiple
possibilities for stock movement were allowed, then we would obtain in the projection
the various compromise positions for the two belief sets. Thus for example if a stock
could either remain the same, or go up or down a little or a lot, and one forecaster
predicted that stocks a and b would go up a lot, and another predicted that they would
both go down a lot, then the projection would have both stocks moving a lot, although
it would be unclear as to whether the movement would be up or down.

We obtain the following.

Theorem 4. Let ∇ and ∇c be defined as in Definition 7.
Then ∇ and ∇c satisfy the postulates (IC0), (IC2), (IC3), (IC5), (IC7), (IC8),

as well as versions of (IC1), (IC4):

(IC1′) If
∧

Ψ �# ¬μ and μ �# ⊥ then ∇μ(Ψ) �# ⊥.6

(IC4′) If φ1 �# ⊥, φ2 �# ⊥ and φ1 # μ and φ2 # μ then: ∇μ(φ1 � φ2) ∧ φ1 �# ⊥.

Theorem 5. Let ∇ and ∇c be defined as in Definition 7.
Then, ∇ and ∇c satisfy the postulates (LS1)–(LS3), (LS5), along with:

(LS4)′ α	β is satisfiable iff α is satisfiable and β is satisfiable.
(LS8)′ If α is satisfiable and β is satisfiable then α ∧ (α	β) is satisfiable.

As well, versions for 	c for (LS4)′ and (LS8)′ also hold.

Postulate (LS6) does not hold here; Example 3 provides a counterexample. As well,
the weaker postulate (LS6)′ does not hold. Recall that (LS6)′ is (α	β1) ∧ β2 implies
α	(β1 ∧ β2). However, consider the counterexample, derived from the stock-moving
example (2):

[(p ∧ q)	(¬p ∧ ¬q)] ∧ (p ∧ ¬q)

does not imply

(p ∧ q) 	 [(¬p ∧ ¬q) ∧ (p ∧ ¬q)].
6 It is straightforward to obtain (IC1) by essentially ignoring inconsistent belief sets. We re-

main with the present postulate since it reflects the most natural formulation of project in our
framework.
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Further, postulate (LS7) does not hold here, as Example 5 illustrates, nor is the projection
operator associative.

Last we have the following results relating projection with merging and revision,
respectively:

Theorem 6. Let K, ΔR,C and ∇R,C be given as in Definitions 5 and 7 (respectively).

∇R,C(K) ⊆ ΔR,C(K).

That is, in binary terms, α	R,Cβ ⊆ α �R,C β.
As well, we have the following analogue to Theorem 3:

Theorem 7. Let +̇ and ∇ be given as in Definitions 2 and 7 (respectively).
Then, α+̇β = α	β�.

4 Complexity

In [6], we analysed the computational complexity of reasoning from belief change sce-
narios. Specifically, we addressed the following basic reasoning tasks:

Theorem 8 ([6]).

1. Deciding whether a belief change scenario B has a consistent belief change exten-
sion is NP -complete;

2. Given a belief change scenario B and formula φ, deciding whether φ is contained
in at least one consistent belief change extension of B is Σ2

P -complete; and
3. Given a belief change scenario B and formula φ, deciding whether φ is contained

in all consistent belief change extensions of B is Π2
P -complete.

Clearly, the variants of these decision problems for merging and projection fall in the
same complexity class and in fact follow as corollaries of the above result. This then
illustrates an advantage of formulating belief change operations within a uniform frame-
work: essentially, properties of the basic framework can be investigated in a general form;
properties of specific operators (or combinations of operators) are then easily derivable
as secondary results.

5 Discussion

We have presented two approaches for merging belief sets, expressed in a general,
consistency-based framework for belief change [5]. In the first approach, the intuition is
that for merging belief sets, common information is in a sense “pooled”. This approach
then seems to conform to the commonsense notion of merging of knowledge, in which
belief sets are joined to produce a single belief set retaining as much as possible of the
contents of the original belief sets. A characteristic of this operation is that sentences
common to the original belief sets are in the merged belief set. In the second approach,
belief sets are projected onto another belief set. That is, the sets we wish to merge are used
to augment the knowledge of another (possibly empty) belief set. This second approach
appears to differ from others that have appeared in the literature. It is strictly weaker
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than the first; however this weakness is not a disadvantage, since, among other things,
it avoids the possible difficulty illustrated in Example (2). This second approach has
something of the flavour of both belief revision and update.With respect to belief revision,
projection can be viewed as a process whereby several belief sets are simultaneously
revised with respect to another. With respect to belief update, semantically, individual
models of a belief set are independently updated. Hence projection is like update, but
where the “granularity” of the operation at the level of belief sets rather than models.
Thus projection can be regarded as an operator lying intermediate between belief revision
and update.

In the full paper we consider merging and projection with respect to a denumerable
number of belief sets. As well, we show how these operations (in the finite case) can be
equivalently expressed as functions with domain and range effectively being knowledge
bases, that is, arbitrary subsets of L, while retaining syntax-independence. Last, we
provide abstract algorithms for computing these operators.
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thank the referees for their detailed and helpful comments.
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Abstract. The approach of Alchourrón, Gärdenfors and Makinson to
belief contraction is treated algebraically. This is then used to give an
algebraic treatment of nonmonotonic entailment in the context of a be-
lief set. The algebra used is a preboolean algebra whose elements are
sets of sentences and whose order relation is restricted entailment. Un-
der plausible assumptions restricted entailment is computable; so I have
proposed elsewhere [4] that restricted entailment be taken as the deduc-
tive process of an agent. It can also be shown (not here) that ordinary
entailment can be retrieved from the family of entailments with finite re-
strictions. Nonmonotonic closure satisfies inclusion, supraclassicality and
distribution, but satisfaction of idempotency and cumulativity depend on
certain conditions being fulfilled. Casting the notions of belief contrac-
tion and nonmonotonic entailment in algebraic formalism facilitates the
understanding and analysis of these ideas.

1 Introduction

This paper is about an algebraic approach to belief revision (in the form of be-
lief contraction) and nonmonotonic entailment. An advantage of the algebraic
approach is that defined notions are made explicit in algebraic notation and so
their structure can be examined and insight gained. The algebra is a preboolean
algebra and is based on the notion of restricted entailment, which is taken to be
the order relation of the algebra. A restricted entailment is like ordinary entail-
ment except that model checking is restricted to a subset of semantic structures,
called a restriction, rather than all structures.

I have proposed elsewhere [4] that a restricted entailment be taken as the
deductive component for a reasoning agent. It is therefore important that re-
stricted entailment be computable. (Ordinary entailment is not computable.)
Computability of restricted entailment depends in part on the nature of the
restriction. These matters are briefly discussed in the Conclusion.

The approach that I use for knowledge representation and update is based
on the AGM approach to belief contraction as expounded by Gärdenfors [5] and
Gärdenfors and Rott [6]. I have developed a set of algebraic axioms characterising
belief contraction that are equivalent to the AGM ones. Nonmonotonic reasoning
in the context of a belief set is developed algebraically using belief contraction
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(see section 5). Analogously to the situation for restricted entailment, one can
define a notion of restricted nonmonotonic entailment.

The next section, section 2, deals with preliminary matters. It reviews the
syntax we use for first-order languages and defines the FOE extension of a first-
order language. This is used to define separators which, in turn, are used to define
the operators in a preboolean algebra PSEN. (The algebra is preboolean because
it is not quite boolean: two elements of the algebra which are each less than
the other with respect to the algebra’s partial order are equivalent rather than
being equal.) The algebra PSEN is used in our treatment of belief contraction and
nonmonotonic entailment. Restricted entailment is also defined in section 2 and
the complete lattice structure of the family of restricted entailments described.
Section 3 introduces the algebra PSEN and gives some of its properties. Sections 4
and 5 deal with belief contraction and nonmonotonic entailment in the context
of a belief set. The final section briefly discusses computability.

2 Preliminaries

We work in a standard first-order language whose vocabulary consists of a count-
able number of constant symbols, a countable number of function symbols of
any finite arity and a countable number of relation symbols of any finite arity.
A structure, S, is a function having a domain of interpretation, dom(S), which
is a set. It maps constants to elements in dom(S), function symbols to functions
defined on dom(S) and relation symbols to relations on dom(S). The language
also has a countable number of individual variables; the connectives ¬, ∨, ∧ and
→; and the quantifiers ∀ and ∃. The terms of the language are defined in the
usual way, as are the formulas. Given any formula, an individual variable is free
in that formula if the variable is not in the scope of any quantifier in the formula.
A sentence is a formula with no free variables. Meaning is given to sentences
by defining, in the usual way, the satisfaction relation between structures and
sentences. If the structure S satisfies the sentence ϕ, it is written thus: S � ϕ.
The set of models of a set of sentences X is denoted modX. A structure belongs
to modX if and only if it satisfies every sentence in X.

In order to avoid difficulties with set-theoretical foundations we work entirely
in a universe of sets [2]; all collections of objects are sets and all set-theoretical
constructions yield sets.

Given a language, the set of all structures defined on the vocabulary is de-
noted STRUC. The set of all subsets of STRUC is denoted PSTRUC. The relation
of elementary equivalence between stuctures is defined as follows [3]: two struc-
tures S and S ′ are elementarily equivalent, denoted S ≡ S ′, if and only if they
satisfy the same sentences. Elementary equivalence is an equivalence relation on
the set of structures.

The results of this paper are fundamentally based upon two ideas which
need to be explained: one is the notion of a separator and the other is restricted
entailment. To be able to define separators we need to be able to talk about
certain infinitely long sentences made up of first-order sentences. To do this we
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define an extension of the first-order language F , called the FOE extension of F .
These languages are well-known; see [8, page 23].

FOE Extension

Given a first-order language F , a language, L, is the FOE extension of F if it has
the same individual variables, constants, function symbols and relation symbols
as F , and the following constitute the formulas of L:

– Any formula of F is a formula of L.
– (Conjunctive FOE formula) For any set X of formulas of F ,

∧
X is a

formula of L.
– (Disjunctive FOE formula) For any set Y of conjunctive FOE formulas,∨

Y is a formula of L.

Note that there is a one-to-one correspondence between the structures of F
and L because they have the same vocabularies. Also, the semantics of conjunc-
tive and disjunctive FOE formulas in L is a straightforward extrapolation of the
rules for first-order conjunction and disjunction.

Separators

Two sets of structures, A and B, are said to be elementarily disjoint if and only
if no member of A is elementarily equivalent to any member of B. The separator
for elementarily disjoint sets of structures A and B is an infinitely long sentence,
denoted σA,B , with the property that for every S ∈ A, S � σA,B and for every
S ∈ B, S � σA,B .

The construction of σA,B is as follows. First enumerate the sentences of F .
Call this enumeration the standard enumeration of F . Let A and B be ele-
mentarily disjoint. For each (S,S ′) ∈ A × B, let σS,S′ be the first sentence
in the standard enumeration of F which satisfies S � σS,S′ and S ′ � σS,S′ .
Now define σA,B to be the following sentence in the FOE extension of F :
σA,B =

∨
S′∈B(

∧
S∈A σS,S′).

Note that given (S,S ′) ∈ A×B, σS,S′ is unique. So given A and B, σA,B is
unique.

It is not difficult to check that the property mentioned above holds: for every
S ∈ A, S � σA,B and for every S ∈ B, S � σA,B .

Two distinguished separators are given special denotations: σ∅,STRUC is de-
noted � and σSTRUC,∅ is denoted ⊥.

Restricted Entailment

Let L be a language, then SENL denotes the set of sentences of L, and PSENL

the set of subsets of SENL.

Definition 1. Let L be a language, let X and Y be members of PSENL and let
R ⊆ STRUC.
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1. The set of models of X restricted to R, denoted modR(X), is modR(X) =
{S ∈ R : S � X}.

2. X entails Y with restriction R iff modRX ⊆ modRY ; this is written as
X �R Y .

3. CnR(X) = {ϕ ∈ SENL : modRX ⊆ modRϕ}. The operator CnR is called a
restricted consequence or restricted closure operator.

4. X ∼R Y iff X �R Y and Y �R X. X is said to be logically equivalent to Y
with restriction R if X ∼R Y .

Any restricted entailment �R is a set of ordered pairs: (X,Y ) ∈ �R if and
only if X �R Y . Let ENT denote the set of restricted entailments, that is ENT =
{�R: R ⊆ STRUC}. The following observation is true. (ENT,⊆) is a partially
ordered set where the elements of ENT are partially ordered by set inclusion. In
fact it is not hard to see that if I ⊆ J ⊆ STRUC, then �J ⊆ �I . (The direction
of inclusion is reversed in the conclusion.)

Lower and upper bounds of subsets of ENT can now be defined. Let E ⊆ ENT.

– An element �H of ENT is a lower bound of E if �H ⊆ �I for each �I ∈ E.
– An element �G of ENT is the greatest lower bound of E ⊆ ENT if �G is a

lower bound of E and it is a superset of, or equal to any other lower bound
of E. The greatest lower bound of E, if it exists, is denoted

∧
E.

– The least upper bound of E is defined dually, and if it exists it is denoted∨
E.

The following theorem states that any set of restricted entailments has a
greatest lower and a least upper bound and shows how to calculate them. In the
theorem P is a set of subsets of STRUC. The symbol [P ] in the second part of
the theorem means the following: [P ] = {[I] : I ∈ P}, where [I] is defined to be
{S ∈ STRUC : ∃S ′ ∈ I & S ≡ S ′}.

Theorem 2. Let P ⊆ PSTRUC, then

1.
∧
I∈P �I = �∪P .

2.
∨
I∈P �I = �∩[P ].

In the light of the above theorem (ENT,⊆) is a complete lattice. A little
thought shows that the lattice has a unit, �∅, and a zero, �STRUC. It can also
be shown (not here) that ordinary entailment is the least upper bound of all
restricted entailments having finite restriction sets.

Preliminaries have now been covered enabling definition of the algebra PSEN
in the next section. This algebra provides the basis for the elaboration of belief
contraction and nonmonotonic entailment in following sections.

3 The Preboolean Algebra PSENL

Here I define a preboolean algebra associated with an FOE language. The ele-
ments of the algebra are sets of sentences and the lattice preorder of the algebra
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is restricted entailment. This prelattice is shown to be a complete preboolean al-
gebra. So it turns out that each FOE language has a complete preboolean algebra
associated with it. For the FOE language L the preboolean algebra is denoted
PSENL. The superscript will generally be dropped from the notation. In later
sections PSEN is used to give an account of belief contraction and nonmonotonic
entailment.

In what follows definitions of operators and relations are given in restricted
form. Using separators, lattice operations as well as an inverse are defined for
PSEN.

Restricted entailment is a reflexive and transitive relation. It also induces an
equivalence relation. Let L be a language and R ⊆ STRUC. The relation ∼R
(see definition 1) between members of PSEN is an equivalence relation. For this
reason restricted entailment is not antisymmetric but rather antisymmetric up
to equivalence.

The relation �R will be a lattice preorder on PSEN if every pair of elements
of PSEN has a greatest lower bound (or meet) and a least upper bound (or join)
with respect to �R. These bounds can be constructed using separators associ-
ated with pairs of elements of PSEN. The important point about a separator is
that it is defined with respect to pairs of sets of structures which are assumed
to be elementarily disjoint. So appropriate sets of structures are chosen to be
elementarily disjoint in proposition 3 where the algebraic operations on PSEN
are constructed. A property called relative fullness is used which guarantees
elementary disjointness of the sets of structures used.

Relative fullness is defined as follows. Let L be a language and let I ⊆ R ⊆
STRUC. Then I is full relative to R if and only if given members S and S ′ of R, if
S ∈ I and S is elementarily equivalent to S ′ then S ′ ∈ I. It is straightforward to
show that relative fullness is preserved under arbitrary intersections, arbitrary
unions and the taking of complements; and if X is a set of sentences then a
restricted set of models of X is relatively full. Also, it is not difficult to prove the
following criterion for elementary disjointness: suppose A and B are full relative
to R, and A and B are disjoint, then A and B are elementarily disjoint.

As a byproduct of the next proposition some algebraic operations on sets
of sentences of an FOE L are defined. The results of these operations are spe-
cific sentences in L. The notion of a separator is used to make the definitions
in a uniform way. Recall that the separator of A and B is σA,B , where A and
B are elementarily disjoint subsets of STRUC. The results in the proposition
are based on a restricted entailment �R which is regarded as a preorder, where
R ⊆ STRUC. For the sake of precision, even though it leads to cluttered no-
tation, all appropriate operators and relations are subscripted by R. As an aid
to understanding the operations defined below, note that the roles played by
∧◦ and ∨◦ are analogous to set theoretical intersection and union, and �R is
analogous to set inclusion. The operations are meet and join in a lattice with a
partial order relation.

Proposition 3. Let L be an FOE and R ⊆ STRUC, let Q be an infinite index
set and let X, Y and Wq (q ∈ Q) be members of PSEN.
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1. Let B = modR(X)∩modR(Y ) and A = R−B (the set-theoretic difference),
then σA,B is a lower bound of X and Y with respect to �R greater than any
other lower bound of X and Y . Denote σA,B by X ∧◦R Y .

2. Let B = modR(X)∪modR(Y ) and A = R−B, then σA,B is an upper bound
of X and Y with respect to �R less than any other upper bound of X and Y .
Denote σA,B by X ∨◦R Y .

3. Let B =
⋂
q∈QmodR(Wq) and A = R − B, then σA,B is a lower bound of

Wq (q ∈ Q) with respect to �R greater than any other lower bound of Wq

(q ∈ Q). Denote σA,B by
∧◦
R{Wq : q ∈ Q}.

4. Let B =
⋃
q∈QmodR(Wq) and A = R − B, then σA,B is an upper bound

of Wq (q ∈ Q) with respect to �R less than any other upper bound of Wq

(q ∈ Q). Denote σA,B by
∨◦
R{Wq : q ∈ Q}.

5. X �R � and ⊥ �R X.
6. Let A = modR(X) and B = R − A, then σA,B is denoted −RX and the

following hold.
a) The sentence −RX satisfies −RX∧◦RX ∼R ⊥ and is greater with respect

to �R than any set of sentences Z satisfying Z ∧◦R X ∼R ⊥.
b) The sentence −RX satisfies −RX ∨◦R X ∼R � and is less with respect

to �R than any set of sentences Z satisfying Z ∨◦R X ∼R �.

Proof. Straightforward. The first part of the proposition will be proved; the rest
of the proof follows a similar pattern. As was pointed out after the definition of
relative fullness above, B = modR(X) ∩ modR(Y ) is full relative to R and so is
A = R−(modR(X)∩modR(Y )). Both A and B are therefore elementarily disjoint
sets of structures and so σA,B is the separator of A and B. Now σA,B is a lower
bound of X and Y (with respect to �R) because modR(σA,B) = B = modR(X)∩
modR(Y ). Let Z be another lower bound of X and Y ; we must show Z �R σA,B .
But this follows because modR(Z) ⊆ modR(X) ∩modR(Y ) = B = modR(σA,B).

It is not difficult to show that PSEN is a complete, distributive prelattice.

Theorem 4. (PSEN,�R,−R,∧◦R,∨◦R) is a distributive prelattice with order �R
and operators −R, ∧◦R and ∨◦R which are unique up to equivalence, ∼R. PSEN
also has infinitary meet and join operators

∧◦
R and

∨◦
R which are unique up to

equivalence.

Corollary 5. (PSEN,�R,−R,∧◦R,∨◦R,
∧◦
R,
∨◦
R) is a complete preboolean algebra

with preorder �R and distinguished elements and operators which are unique up
to equivalence, ∼R, as follows. Zero: ⊥; unit: �; inverse: −R; binary meet: ∧◦R;
binary join: ∨◦R; infinitary meet:

∧◦
R; and infinitary join:

∨◦
R.

De Morgan’s laws hold for PSEN and the following restricted generalisations
of well-known results are true.

X �R Y iff X ∨◦R Y ∼R Y .
X �R Y iff X ∧◦R Y ∼R X.
X �R Y iff X ∧◦R −RY ∼R ⊥.
X �R Y iff −RY �R −RX.
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4 Belief Contraction Using PSEN

We will not give a detailed summary of belief revision here. Instead we highlight
some basic aspects of belief revision and describe our algebraic treatment of
it. We have adopted the AGM approach to belief revision as expounded by
Gärdenfors [5] and Gärdenfors and Rott [6].

We suppose a reasoning agent possesses a set of beliefs which it is capable
of modifying as time progesses. Following the lead of AGM, we identify the
agent’s set of beliefs with a belief set which is a set of sentences closed under
consequence. According to AGM there are three kinds of operation which can
be applied to the belief set to modify it in a rational way: expansion, revision
and contraction.

It turns out that revision can be recovered from contraction via the Levi
identity (see [5]) and so we work only with contraction here. Contraction can be
described as follows. Given a belief set K and a sentence ϕ, we contract K by ϕ
when we remove from K, in a rational way, anything that entails ϕ. A method
of contraction is rational if it satisfies the AGM postulates for contraction (see
below).

In this paper we refer to AGM contraction as expounded in [5] as classical
AGM contraction; all operations in classical AGM contraction are performed in
the context of a first-order language. The postulates for classical AGM contrac-
tion are given in definition 8, part 3. In contrast, (non-classical) AGM contrac-
tion is defined in definition 8, part 2. It generalises classical AGM contraction in
that it contracts by a set of sentences, rather than by a single sentence. Others
have defined contraction by sets of sentences in the classical setting, for example
Hansson [7]. It is called multiple contraction.

The approach we use to contraction, in contrast to the classical AGM ap-
proach, involves an FOE L and the preboolean algebra PSEN. Our contraction
construction is based upon an algebraic expression involving a rejector. The ba-
sic property of a rejector for a belief set K and a sentence ϕ is that it entails
¬ϕ. The definition is actually made in terms of a rejection function. The name,
rejection function, comes from Britz [1].

For ease of reference we call our algebraic definitions of contraction algebraic
contraction. We show that algebraic contraction and AGM contraction are in-
terdefinable and that classical AGM contraction can be retrieved from algebraic
contraction.

From now on the following convention will be adopted.

Convention 6. A phrase such as “ . . . let operations and relations be restricted
to R . . . ” will mean that any operation or relation of the algebra PSEN will be
understood to be restricted to R ⊆ STRUC.

So under the convention, for example, � without a subscript should be read
as �R; the subscript is understood to be there by convention.

The argument in this chapter is made easier by couching the algebraic defini-
tions of rejection and contraction in terms of partial functions, that is functions
which may not be defined for some elements in their domains.
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The following gives the definition of algebraic contraction.

Definition 7. Let L be the FOE of F , let operations and relations be restricted
to R (see convention 6 above) and let X and Y be members of PSEN.

1. A partial function M : PSEN × PSEN → PSEN, where the value of M at
(K,X) is denoted MK,X , is a rejection function if it satisfies BA-1 to BA-6
below.
BA-1 If X ∼ � or K � X, then MK,X ∼ ⊥; provided MK,X is defined.
BA-2 If MK,X ∼ ⊥, then X ∼ � or K � X; provided MK,X is defined.
BA-3 MK,X � −X; provided MK,X is defined.
BA-4 If X ∼ Y , then MK,X ∼ MK,Y ; provided that if one of MK,X or

MK,Y is defined then so is the other.
BA-5 MK,

∧◦{Xq :q∈Q} �
∨◦{MK,Xq

: q ∈ Q}, where Q is an index set
and for each q ∈ Q, Xq ∈ PSEN; provided MK,

∧◦{Xq :q∈Q} and MK,Xq

for q ∈ Q are all defined.
BA-6 If MK,

∧◦{Xq :q∈Q} � Xn, then MK,Xn
� MK,

∧◦{Xq :q∈Q}, where
Q is an index set, n ∈ Q and for each q ∈ Q, Xq ∈ PSEN; provided
MK,

∧◦{Xq :q∈Q} and MK,Xq
for q ∈ Q are all defined.

2. Let M be a rejection function, K ∈ PSEN and X ∈ PSEN. The par-
tial function con(L,−,M,−) : PSEN × PSEN → PSEN, is defined by
con(L,−,M,−) : (K,X)  → CnL(K ∨◦MK,X). The value of con(L,−,M,−)
at (K,X) is denoted con(L,K,M,X) and is called the algebraic contraction
of K by X under M . It is assumed that con(L,K,M,X) is defined if and
only if MK,X is defined. If there is no danger of confusion, for example when
L, K and M have been declared and are kept fixed, then con(L,K,M,X) will
be written as con(X).

3. If K, X and MK,X are all members of PSENF , then con(L,K,M,X)∩SENF

is denoted con(F ,K,M,X).

The above definition of a rejection function is not vacuous. In fact, as can
be easily checked, for any X ∈ PSEN there is a canonical definition of MK,X ,
namely −X.

Gärdenfors [5] defines contraction in terms of an unrestricted belief set and a
sentence: the sentence (and anything entailing it) is removed from the belief set.
(Recall that an unrestricted belief set X is one which satisfies CnX = X; the
restriction R = STRUC.) He gives eight postulates that a belief set should satisfy
to be a contraction. The postulates are given below for contraction of a belief set
by a set of sentences X satisfying a restricted closure: CnRX = X. When X is
a singleton set, that is it consists of a single sentence, and there is no restriction
(R = STRUC) then the postulates revert to those given by Gärdenfors. The
notation used in definition 8 parts 1 and 2 is based on Gärdenfors [5].

Definition 8.

1. Let K be a belief set in a language L and let operations and relations be
restricted to R. In the style of notation used in Gärdenfors [5], the expansion
of K by X is K+

X = CnL(K ∧◦ X). The last expression equals CnL(K ∪X).
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2. Let K be a belief set in a language L and let operations and relations be
restricted to R. A partial function K− : PSEN → PSEN, where the value of
K− at X is denoted K−

X , is called an AGM contraction function if it satisfies
the following.
K-1 K−

X is a belief set; provided K−
X is defined.

K-2 K−
X ⊆ K; provided K−

X is defined.
K-3 If X � K, then K−

X = K; provided K−
X is defined.

K-4 If X � �, then X � K−
X ; provided K−

X is defined.
K-5 If X ⊆ K, then K ⊆ (K−

X)+X ; provided K−
X is defined.

K-6 If X ∼ Y , then K−
X = K−

Y ; provided that if one of K−
X or K−

Y is
defined then so is the other.

K-7
⋂
q∈QK−

Xq
⊆ K−∧◦{Xq :q∈Q}, where Q is an index set and for each

q ∈ Q, Xq ∈ PSEN; provided K−
Xq

for q ∈ Q and K−∧◦{Xq :q∈Q} are all
defined.

K-8 If Xn � K−∧◦{Xq :q∈Q}, then K−∧◦{Xq :q∈Q} ⊆ K−
Xn

, where Q is an
index set, n ∈ Q and for each q ∈ Q, Xq ∈ PSEN; provided K−

Xq
for

q ∈ Q and K−∧◦{Xq :q∈Q} are all defined.
3. An AGM contraction function K− is said to be classical if the language is

first-order, there is no restriction on operations and relations (R = STRUC),
the function K− is a total function on its domain, the sets X and Y are
singletons, {ϕ} and {ψ} say, and K-7 and K-8 are replaced by K-7 ′ and
K-8 ′:
K-7′ K−

ϕ ∩K−
ψ ⊆ K−

ϕ∧ψ.
K-8′ If ϕ �∈ K−

ϕ∧ψ, then K−
ϕ∧ψ ⊆ K−

ϕ .
Note that notation is simplified by writing K−

ϕ , for example, instead of K−
{ϕ}.

The postulates just given for a classical AGM contraction are the same as
those in [5].

Algebraic contraction and AGM contraction are interdefinable.

Theorem 9. Let L be an FOE, let K be a belief set in L, let operations and
relations be restricted to R, and let X be a member of PSEN. The following are
true.

1. Let M be a rejection function. The function con = con(L,K,M,−)
is an AGM contraction function in L which satisfies MK,X ∼L
(con(L,K,M,X) ∧◦ −K).

2. Any AGM contraction function K− in L gives rise to a rejection function M
in L defined by MK,X = K−

X ∧◦ −K and satisfying con(L,K,M,X) = K−
X .

5 Nonmonotonic Entailment

In this section we describe a certain well-known connection between belief revi-
sion and nonmonotonic entailment, which we call classical nonmonotonic entail-
ment. Then we show that our algebraic approach can be used to describe classical
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nonmonotonic entailment. We mention that Shoham [10] defines nonmonotonic
entailment in terms of entailment involving preferred models for given pairs of
sentences. This turns out to be different from restricted entailment: it can be
shown that restricted entailment is monotonic, whereas Shoham’s preferential
entailment is nonmonotonic.

The connection mentioned above is made by identifying a classical nonmono-
tonic entailment depending on a fixed background belief set, K, with an expres-
sion involving a certain contraction of K. This allows nonmonotonic entailment
to be given an algebraic expression involving ordinary entailment.

There is a nonmonotonic consequence operator, C, corresponding to non-
monotonic entailment. We characterise it and give necessary and sufficient con-
ditions for the equality CX = CnX to hold, where X is a set of sentences. We also
mention that C satisfies some properties mentioned in [9]: inclusion, supraclas-
sicality and distribution. Idempotence and cumulativity are not automatically
satisfied by C but are equivalent to certain conditions on rejection functions.

If ϕ and ψ are sentences and K is a fixed background belief set, then the
nonmonotonic entailment of ψ by ϕ depending on K is denoted ϕ |∼K ψ. A
revision of K by ϕ is denoted K�

ϕ. According to the approach used here (see [6])
the nonmonotonic entailment ϕ |∼K ψ is identified with the expression ψ ∈
K�
ϕ. However the revision K�

ϕ can be translated into an expression involving a
contraction followed by an expansion by using the Levi identity (see [5]): K�

ϕ =
(K−
¬ϕ)+ϕ . So ϕ |∼K ψ is identified with ψ ∈ (K−

¬ϕ)+ϕ .
Now, because (K−

¬ϕ)+ϕ is a belief set (that is it is closed under consequence),
ψ ∈ (K−

¬ϕ)+ϕ if and only if (K−
¬ϕ)+ϕ � ψ. This can be converted into an expression

in the preboolean algebra PSEN to give the following result which translates a
nonmonotonic entailment into an ordinary entailment.

Proposition 10. Suppose the classical AGM contraction K− : SENF →
PSENF is given and, according to theorem 9, let MK,− : SENF → PSEN be
the induced rejection function, then the following statements are equivalent.

1. ϕ |∼K ψ.
2. K−

¬ϕ ∧◦ ϕ � ψ.
3. (K ∧◦ ϕ) ∨◦MK,−ϕ � ψ.

Corollary 11.

1. If K � ¬ϕ, then ϕ |∼K ψ iff K ∧◦ ϕ � ψ.
2. If K � ¬ϕ, then ϕ |∼K ψ iff MK,−ϕ � ψ.

We now extend the definition of |∼K to hold between sets of sentences in
an FOE, L. The role played above by a sentence, ϕ, is now taken by a set of
sentences, X, and also because of the fact that ¬ϕ ∼ −ϕ in PSENF , the analogy
is extended and −X is substituted for ¬ϕ.

Definition 12. Let L be an FOE, let X and Y be elements of PSEN and let
K− : PSEN → PSEN be any AGM contraction, then X |∼K Y iff (K−

−X ∧◦X) �
Y . If there is no danger of confusion the superscript K in |∼K will be dropped
thus: X |∼ Y .
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The following results are analogous to 10 and 11. (The equivalence of the
first two statements in 13 is really a restatement of definition 12.)

Proposition 13. Let L be an FOE and let operations and relations be restricted
to R. Suppose the AGM contraction K− : PSEN → PSEN is given and, according
to theorem 9, let MK,− : PSEN → PSEN be the induced rejection function, then
the following statements are equivalent.

1. X |∼K Y .
2. K−

−X ∧◦ X � Y .
3. (K ∧◦ X) ∨◦MK,−X � Y .

Corollary 14.

1. If K � −X, then X |∼K Y iff K ∧◦ X � Y .
2. If K � −X, then X |∼K Y iff MK,−X � Y .

According to what we have said in the introduction, we identify an agent’s
deductive process with a restricted entailment. We do the same with an agent’s
nonmonotonic deductive process and define restricted nonmonotonic entailment.
In view of the equivalence of parts 1 and 3 of proposition 13, restricted nonmono-
tonic entailment is defined as follows.

Definition 15. Let L be an FOE, let R ⊆ STRUC, let X and Y be elements of
PSEN, let K ∈ PSEN satisfy CnRK = K and let MK,− : PSEN → PSEN be a
rejection function which is total on its domain. The nonmonotonic entailment
restricted to R is defined by X |∼KR Y iff (K ∧◦R X) ∨◦R MK,−RX �R Y .

There is no loss of generality in making the definition in terms of a rejec-
tion function because if an AGM contraction function K− is given then setting
MK,− = K− ∧◦ −K defines a rejection function for which K ∨◦ MK,− ∼ K−

(this follows from theorem 9).
For the rest of this chapter convention 6 is adopted so the restriction for

operations and relations will be understood implicitly.
To justify calling X |∼K Y a nonmonotonic entailment it should satisfy some

properties of nonmonotonic entailments. Propositions 20, 21 and 22 examine
this. The definitions come from Makinson [9], where they are made in terms
of the consequence operator, denoted C, corresponding to the nonmonotonic
entailment |∼K . The operator C is defined next.

Definition 16. Let L be an FOE, let operations and relations be restricted to
R, let ϕ ∈ SENL, X ∈ PSEN and MK,− : PSEN → PSEN be a rejection function
which is a total function, then CX = {ϕ ∈ SENL : X |∼K ϕ}.

Using the definition of |∼K the following observations can be made about the
structure of the nonmonotonic consequence operator C. It is interesting to note
that the first two parts of the proposition below express C in terms of Cn.
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Proposition 17. Let L be an FOE, let operations and relations be restricted to
R and let X and Y be members of PSEN. The following are true.

1. CX = Cn(K−
−X ∧◦ X).

2. CX = Cn((K ∧◦ X) ∨◦MK,−X).
3. X |∼K Y iff Y ⊆ CX.

The following simplifies the definition of C.

Corollary 18. Under the same assumptions as above, the following are true.

1. If K � −X, then CX ∼ K ∧◦ X.
2. If K � −X, then CX ∼ MK,−X .

We can now ask the question, “When does CX = CnX?”. A partial answer is,
“When MK,−X ∼ X”. That is, when MK,−X is the canonical rejection function,
X (see the sentence following definition 7). Necessary and sufficient conditions
for CX = CnX to hold are given in the next proposition.

Proposition 19. Let L be an FOE, let operations and relations be restricted to
R, let X be a member of PSEN and let C be induced by |∼K . The following are
true.

1. If MK,−X ∼ X or X � K, then CX = CnX.

2. If CX = CnX, then
{
MK,−X ∼ X if K � −X,
X � K if K � −X.

The next few propositions have to do with some important properties of
the nonmonotonic consequence operator C. They are described in Makinson [9].
Proposition 20 states that C satisfies inclusion, supraclassicality and distribu-
tion. Proposition 21 gives a necessary and sufficient condition for C to satisfy
idempotence and 22 does the same for cumulativity.

Proposition 20. Let operations and relations be restricted to R, let the non-
monotonic consequence operator C be induced by |∼K and let X and Y be mem-
bers of PSEN, where L is an FOE, then C satisfies the following.

Inclusion: X ⊆ CX.
Supraclassicality: CnX ⊆ CX.
Distribution: CX ∩ CY ⊆ C(CnX ∩ CnY ).

The next proposition examines idempotence of C.

Proposition 21. Let L be an FOE, let operations and relations be restricted to
R, let C be the nonmonotonic consequence induced by |∼K , and let X ∈ PSEN.
The following are equivalent.

1. C is idempotent: CX = CCX.
2. If K � −X, then MK,−X � MK,−CX .
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The next proposition examines the cumulativity of C.

Proposition 22. Let L be an FOE, let operations and relations be restricted to
R, and let C be the nonmonotonic consequence induced by |∼K . Let X and Y be
members of PSEN. The following are equivalent.

1. C is cumulative: X ⊆ Y ⊆ CX implies CX = CY .
2. If X ⊆ Y ⊆ CX and K � −X, then MK,−X � MK,−Y .

6 Conclusion

An important feature of the approach adopted here has been the fact that diffi-
cult formalisms involved in belief contraction and nonmonotonic entailment have
been made amenable to algebraic examination and analysis. Also one would like
all constructions to be computable. It turns out that under some plausible as-
sumptions restricted operators and relations of PSEN are computable.

If we assume that all structures have finite domains, all structures are com-
putable, R is finite and X and Y are finite sets of first-order sentences, then
X ∧◦R Y , X ∨◦R Y and −RX are computable. If �R is restricted to be a relation
between finite sets of first-order sentences, then �R is decidable.

The computability of algebraic belief contraction and nonmonotonic entail-
ment depends on the computability of MK,X , and it is here that more work
needs to be done. Assuming computable modR(MH,X) and modR(MH,−RX)
(finite MK,X will ensure this), and finite X and Y one then has that
con(L,CnRH,M,X) is computable and X |∼CnRH Y is decidable.
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Abstract. Several semantics for logics that model defeasible inference
are based on the idea that not all models of a set F of classical for-
mulas should be considered, but only some of them, the preferred ones.
Recently, Daniel Lehmann proved that a very general family of nonmono-
tonic inference relations can be obtained by using choice functions, that
pick some of the models of a given set of logical formulas. However, in
this setting the choice function is fixed. This paper describes a semantics
where the choice function is defined by formulas: instead of associating
a set of models with each formula of the language, we associate a choice
function which picks some models. The choice functions are defined for
atomic formulas first, and then inductively for every formula, using for
each connective a corresponding operator for combining choice functions.
We show that this approach generalises classical logic: the choice func-
tion associated to a classical formula ϕ is the function that picks, from
a set of models M , the elements of M that satisfy ϕ in the classical
sense. We then describe operations on choice functions that correspond
to connectives meaning for example: “p if it is consistent” or “p prior to
q”.

1 Introduction

The formalisation of defeasible reasoning in a logical setting motivated re-
searchers in Artificial Intelligence to study deduction relations that are non-
monotonic: it often happens, when information about the world is incomplete,
that one can draw conclusions that are not valid when more information is avail-
able. Several paths have been pursued in order to modify classical (monotonic)
logic in order to obtain such inference relations. One approach is to add spe-
cial inference rules, usually called “defaults”, as in e.g. [1,2]; these defaults are
therefore not distinguished formulas of the so-built logic. The application of such
rules usually needs some condition to be checked which is not monotonic.

Another approach has been to ask what properties are desirable for these
inference relations, as in e.g. [3,4], and to build the entire consequence relation
as the smallest that verify these properties and validates some problem-specific
deductions. In this approach again, the domain-specific deductions are not really
formulas.

In the semantical approach, one studies which models of a set of formulas
characterise the incompleteness of the information. One of the most successful
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works in this branch was the semantical view of circumscription: a domain-
specific partial ordering is assumed on the interpretations of the language, de-
scribing relative likelihoods of the situations these interpretations describe, see
e.g. [5]; then, given a set of formulas Δ describing a particular situation, the
interpretations describing the most likely situations are selected among all the
interpretations which satisfy Δ. This approach has been generalised by Shoham
[6], and recently further by Lehmann [7]: he proves that an interesting family
of nonmonotonic deduction relations can be obtained by considering what the
“social choice” research community calls “choice functions”; more precisely, to
every such consequence relation corresponds one choice function which picks the
preferred models of a set of formulas among all models of this set. With the
semantical approach, the domain-related ordering on the interpretations is not
described by formulas of the logical language.

The aim of the work presented in this paper is to provide a declarative way
to encode what makes defeasible reasoning nonmonotonic: these pieces of knowl-
edge which are not certain, but rather suggest how lack of information can be
overcome to reach interesting conclusions. The starting point is Lehmann’s idea
of using choice functions. But where Lehmann consider that a choice function is
fixed and generates an inference relation, we will consider that it is the formulas
describing a situation which define the choice function. We will show that var-
ious logical connectives, classical or related to nonmonotonicity, can be defined
by usual operations on choice functions, like intersection, union, composition.
Several works have proposed to use choice functions to define various operators
related to nonmonotonic reasoning. However, this paper describes how choice
functions could be used as a uniform tool to interpret every formula of a logic
for defeasible reasoning. This uniformity of treatment for classical and “defeasi-
ble formulas” should prove useful to study for example normal forms for formulas
representing pieces of defeasible knowledge, or to gain a deeper understanding
of nonmonotonic theorem proving.

The paper is organised as follows: Section 2 describes how to associate choice
functions to formulas, and how to define connectives corresponding to notions
widely used in the study of defeasible reasoning. Section 3 explains how our
framework relates to other works. The paper ends with a conclusion and some
ideas for further research.

2 Choice Functions as Interpretations

2.1 The Classical, Monotonic Semantics

Consider some classical propositional language L, and a consequence relation #
on 2L×L, where Δ # ϕ should be interpreted by “ϕ can be deduced from Δ”. Let
Cn� be the associated consequence operation: Cn�(Δ) = {ϕ ∈ L | Δ # ϕ}. Such
a consequence relation can be defined by means of a set M of objects, called
interpretations, that are related to the formulas of L by means of a satisfaction
relation |=⊆ M × L; when m |= ϕ we say that m satisfies ϕ, and that m is a
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model of ϕ. The consequence relation is then defined by saying that Δ # ϕ if
and only if every interpretation that satisfies all formulas of Δ also satisfies ϕ:

Cn�(Δ) = |Δ|

where

|Δ| denotes the set of models of Δ, the interpretations that satisfy all formulas
of Δ; and

M denotes the set of formulas satisfied by a set of interpretations M .

Tarski proved that a consequence relation on L can be defined in this way if and
only if it verifies the following three properties, for any subsets Δ and Γ of L:

Inclusion Δ ⊆ Cn�(Δ);
Idempotence Cn�(Cn�(Δ)) = Cn�(Δ);
Monotoniciy if Δ ⊆ Γ then Cn�(Δ) ⊆ Cn�(Γ ).

Monotonicity is the property that is considered to be inappropriate in the
case of defeasible reasoning. A number of proposals have been made to replace
Monotonicity by one or more weaker properties. In the semantical approach,
Monotonicity can be avoided by considering that a subset of the models of Δ,
the preferred models of Δ, defines the consequences of Δ. [7] discusses choice
functions f : 2M → 2M, such that f(M) ⊆ M for every M ⊆ M. The conse-
quences of a set Δ of formulas are then defined by:

Cnf (Δ) = f(|Δ|)

There are number of ways of defining a choice function f corresponding to some
particular domain-specific information. In circumscription for example an or-
dering ≤ is defined on M, and f is defined by f(M) = min≤(M) for every
M ⊆ M.

2.2 Choice Functions Associated to Formulas Can Define a
Consequence Relation

Suppose now that we want to be able to define the choice function in the logical
language. This requires that a choice function can be associated to some formulas
of a, probably extended, logical language. We will describe how choice functions
can in fact be associated to every formula of the language. To be more precise,
we will define a mapping ‖.‖ that associates a choice function to every formula
of an extended language L′: for every ϕ ∈ L′, ‖ϕ‖ is a function: 2M → 2M such
that for every M ⊆ M, ‖ϕ‖ (M) ⊆ M .

The intuition is the following: if M is a set of interpretations that correspond
to some partial knowledge one has about a situation, and if ϕ encodes some extra
information about this situation, then some elements of M will be selected: the
ones in ‖ϕ‖ (M). The set of interpretations M itself is the result of selecting
some of the models in M according to the partial knowledge one has about
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the situation: if ψ is a formula representing this partial knowledge, then M =
‖ψ‖ (M). We will see later that in some cases ‖φ‖ (‖ψ‖ (M)) = ‖ψ‖ (‖φ‖ (M)),
but not always.

We can start to define a consequence relation: we will say that ψ is a
nonmonotonic consequence, or NM-consequence for short, of ϕ, if ‖ϕ‖ (M) ⊆
‖ψ‖ (M); we will then write ϕ |∼ ψ. We will say that two formulas ϕ and ψ
are equivalent if ‖ϕ‖ = ‖ψ‖; we will then write ϕ ≡ ψ. Note that we can have
ϕ |∼ ψ and ψ |∼ ϕ without ϕ ≡ ψ. We postpone the definition of an associated
nonmonotonic consequence operator, since we have not yet defined the choice
function associated to a set of formulas. However, the NM-consequence relation
just defined verifies a simple form of Inclusion: ϕ |∼ ϕ for every formula ϕ ∈ L′.

2.3 Choice Functions for “Classical” Formulas

Let us first note that this association of a choice function to every formula is only
a small generalisation of Tarski’s notion of consequence. In fact, in the classical
setting, each formula ϕ ∈ L can be seen as filtering out some interpretations: the
meaning of a classical formula ϕ is that only the interpretations that represents
situations coherent with the piece of knowledge encoded in ϕ are kept. There is a
natural choice function associated to such a classical formula: ‖ϕ‖ (M) = |ϕ|∩M .

This choice function associated to every formula of L can be defined induc-
tively as follows:

1. to every propositional symbol p is associated the choice function ‖p‖ defined
by ‖p‖ (M) = |p| ∩M ;

2. the choice functions associated to formulas built using the classical connec-
tives ∧, ∨ and ¬ are defined by:

‖ϕ ∧ ψ‖ (M) = ‖ϕ‖ (M) ∩ ‖ψ‖ (M)
‖ϕ ∨ ψ‖ (M) = ‖ϕ‖ (M) ∪ ‖ψ‖ (M)

‖¬ϕ‖ (M) = M \ ‖ϕ‖ (M)

We will use in the sequel a connective for implication, which we define by writing
that ϕ → ψ ≡ ¬ϕ ∨ ψ.

A formula that is always true can be defined by: ‖�‖ (M) = M for every
M , whereas a formula that is always false can be defined by ‖⊥‖ (M) = ∅ for
every M .

With the definitions given so far, the usual properties inherited from the
Boolean algebra on the sets of interpretations are still valid; for example, ¬(ϕ∧
ψ) ≡ ¬ϕ∨¬ψ. Moreover, |∼ coincides with # on L: if ϕ and ψ are two formulas
of L, then ϕ # ψ if and only if ϕ |∼ ψ.

2.4 Defaults

Of course, our aim in using choice functions is to be able to define formulas
that will represent nonmonotonic choice functions. Let us start with a formula
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declaring that some piece of knowledge is to be considered “by default”, when
nothing says that it is false; the general idea of a default is that it should be used
if it is consistent. Let ϕ be some formula that encodes this piece of knowledge.
We define a unary connective δ, such that the intended meaning of δϕ is that
ϕ should be used if it consistent, by extending the inductive definition of choice
function associated to classical formulas to formulas that contain this connective:

‖δϕ‖ (M) =
{
‖ϕ‖ (M) if ‖ϕ‖ (M) �= ∅
M if ‖ϕ‖ (M) = ∅

The intuition behind this definition is that if the interpretations in M are those
that are coherent with what is already known about the “current” situation, the
fact that ‖ϕ‖ (M) = ∅ means that the information encoded in ϕ is incoherent
with what is already known: in this case ϕ should not be used. Otherwise, if
‖ϕ‖ (M) �= ∅, then ϕ can be used to pick some interpretations in M .

A property of this new connective is:

ϕ ∧ δϕ ≡ ϕ

Another interesting property of δ is that it is idempotent: for every formula
ϕ ∈ L′,

δδϕ ≡ δϕ

Note that one can deduce defaults: for example, ϕ |∼ δϕ.

2.5 Sequences

In general one deals with more than one formula, especially when defaults are
involved, since, in the usual interpretation, a set of defaults is not equivalent
to the conjunction of its elements. One prominent intuition in default reasoning
is the notion of priority: if one has several pieces of defaults knowledge K1,
. . .Kn such that K1 is “stronger” that K2 in some sense, itself stronger than
K3, and so on, then one should try to use K1 first, then try K2 if it is consistent
with the result of trying K1. So K1 is applied or not, then comes K2. This
notion of sequence can be naturally modelled in the choice function framework
by considering function composition. Let & be a connective that will be used to
construct formulas corresponding to sequences of pieces of knowledge, we define
& by:

‖ϕ & ψ‖ = ‖ψ‖ ◦ ‖ϕ‖
where ◦ denotes function composition: ‖ϕ & ψ‖ (M) = ‖ψ‖ (‖ϕ‖ (M)). The in-
tuition is that if M is the set of interpretations coherent with what is already
known about the current situation, adding the information encoded in ϕ & ψ is
modelled by first picking the interpretations of M according to ϕ, then picking
according to ψ among those already picked according to ϕ.

An interesting property of this new connective is the following:

ϕ ≡ ψ iff ϑ & ϕ ≡ ϑ & ψ for all ϑ
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If ϕ and ψ are classical formulas, so that ‖ϕ‖ (M) = |ϕ| ∩M and ‖ψ‖ (M) =
|ψ| ∩M , then:

ϕ & δϕ ≡ δϕ & ϕ ≡ ϕ & δ¬ϕ ≡ ϕ

ϕ & ψ ≡ ϕ ∧ ψ

The latter equivalence captures the intuition that in classical logic, the ordering
of the formulas does not matter.

Let us close this section by showing how a classical example of defeasible
reasoning can be encoded with these new connectives.

Example 1. The classical “penguins cannot fly although they are birds, and gen-
erally birds can fly” example: let p, b, f be propositional symbol representing
the facts “being a penguin”, “being a bird” and “being able to fly”. We also
introduce a symbol n for describing “normal” birds, that is, birds that can fly.
We can then define the formula ϕ:

ϕ = ((p → (b ∧ ¬f ∧ ¬n)) ∧ ((b ∧ n) → f))

To declare that n is true unless something proves it is false, we will consider the
formula ϕ&δn. We can add some extra formula at the beginning of this sequence,
to encode what is a particular animal, a bird or a penguin.

‖b & ϕ & δn‖ (M) = ‖δn‖ (|b| ∩ |ϕ|). Since ‖n‖ (|b| ∩ |ϕ|) = |n| ∩ (|b| ∩ |ϕ|) �= ∅,
‖b & ϕ & δn‖ (M) = |n| ∩ (|b| ∩ |ϕ|) = |b ∧ f ∧ n ∧ ¬p| ⊆ |f | = ‖f‖ (M): hence
b & ϕ & δn |∼ f .

On the other hand, ‖p & ϕ & δn‖ (M) = ‖δn‖ (|p|∩|ϕ|). Since ‖n‖ (|p|∩|ϕ|) =
|n| ∩ (|p| ∩ |ϕ|) = ∅, ‖p & ϕ & δn‖ (M) = |p| ∩ |ϕ| = |b ∧ ¬f ∧ ¬n ∧ p| ⊆ |¬f | =
‖¬f‖ (M): hence p & ϕ & δn |∼ ¬f .

2.6 Sets of Formulas

In classical logic, a set of formulas usually stands for the conjunction of its
elements. The situation is completely different when one has a set of pieces of
default knowledge: usually their conjunction is inconsistent. It is precisely an
aim of logics of defeasible reasoning to accommodate these pieces of default
knowledge in a way that inconsistency is avoided. Let us start by considering
two defaults represented by formulas δ(p ∧ q) and δ(p ∧ ¬q), where p and q
are two propositional symbols: clearly these two defaults contain information
which, if used in a classical way, would be inconsistent. There are two ways to
use them (supposing that no other information about the current situation is
inconsistent with any one of them taken alone): either one first uses δ(p ∧ q),
after which δ(p∧¬q) cannot be used; or one uses δ(p∧¬q), after which δ(p∧ q)
cannot be used. This corresponds to the two formulas: δ(p ∧ q) & δ(p ∧ ¬q) and
δ(p ∧ ¬q) & δ(p ∧ q). Assuming that |p ∧ q| ∩ M �= ∅ and |p ∧ ¬q| ∩ M �= ∅,
‖δ(p ∧ q) & δ(p ∧ ¬q)‖ (M) = |p| ∩ |q| ∩M , whereas ‖δ(p ∧ ¬q) & δ(p ∧ q)‖ (M) =
|p|∩|¬q|∩M , so that ‖(δ(p ∧ q) & δ(p ∧ ¬q)) ∨ (δ(p ∧ ¬q) & δ(p ∧ q))‖ (M) = |p|∩
M : the selection function associated to the formula (δ(p∧ q) & δ(p∧¬q))∨ (δ(p∧
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¬q) & δ(p ∧ q)) selects from M those interpretations in which p is true. This is
what one can expect from the two defaults when no ordering is given among
them. So, if we let the “,” be a binary connective, we can define

‖ϕ ,ψ‖ = (‖ϕ‖ ◦ ‖ψ‖) ∪ (‖ψ‖ ◦ ‖ϕ‖)

(where (f ∪ g)(M) = f(M) ∪ g(M)), so that ϕ ,ψ ≡ (ϕ & ψ) ∨ (ψ & ϕ). One can
easily check that this new connective is commutative: ϕ ,ψ ≡ ψ ,ϕ.

However, the “,” is not in general associative: it may be the case that
ϕ ,(ψ , ϑ) �≡ (ϕ ,ψ) , ϑ. Thus, in order to define sets of more that two formulas,
one has two generalise the definition. We describe how to do it with countably
infinite sets of formulas at the end of this section.

Looking back at classical formulas, let us see what effects the new connectives
have on them: suppose ϕ and ψ are two classical formulas, such that ‖ϕ‖ (M) =
|ϕ| ∩M and ‖ψ‖ (M) = |ψ| ∩M . Then ϕ & ψ ≡ ϕ ∧ ψ ≡ ϕ ,ψ: our definitions is
thus a sound generalisation of the notion of a set of classical formulas.

Let us close this section by considering the possibility of defining countably
infinite “sets”, that is, infinite formulas built using the , connective. The choice
function corresponding to an infinite sequence ϕ1&ϕ2&. . .&ϕi&. . . can be defined
as follows: to every finite prefix of the sequence ϕ1 & ϕ2 & . . . & ϕi corresponds
a choice function fi defined in the usual manner: fi = ‖ϕi‖ ◦ . . . ◦ ‖ϕ2‖ ◦ ‖ϕ1‖.
Note that fi+1(M) ⊆ fi(M) for every M ⊆ M: (fi)1≤i is a decreasing sequence
of functions. We can define its limit f by: f(M) ∩1≤i fi(M). This is the choice
function that we associate with the infinite formula ϕ1 & ϕ2 & . . . & ϕi & . . .. Now
that we have defined choice functions associated with this type of formulas, we
can extend the definition of the choice function associated to the , connective to
infinite sets: one just considers the union of the choice functions associated with
all the possible orderings of the elements of the set.

We are now able to define a nonmonotonic consequence operator:

Cn|∼(Δ) = {ϕ ∈ L′ | Δ |∼ ϕ}

3 Related Works

3.1 Default Logic

In this section, we formally prove that our connective for defining defaults truly
corresponds to the notion of default as defined in a simple version of default
logic, called prerequisite-free normal default logic (see e.g.[2]). We consider that
a default theory is a pair (W,D) of sets of classical formulas: the formulas in W
represent information that is certain, whereas the formulas in D represent default
knowledge. In this simple setting, an extension of the default theory (W,D) is
Cn�(W ∪ U) for some U ⊆ D maximal such that W ∪ U �# ⊥. Let U be the set
of those subsets of U maximal among the subsets of D consistent with W .

We will prove that a classical formula ϕ is in every extension of a finite default
theory (W,D) if and only if w&d |∼ ϕ, where w = ∧ψ∈Wψ and d = ,ψ∈D δψ. Let
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d1, . . . dn be a sequence of all the elements of U , and let ϕi = w & δd1 & . . . & δdi
for every 1 ≤ i ≤ n; then

‖ϕi & δdi+1‖ (M) =
{
|di+1| ∩ ‖ϕi‖ (M) if �= ∅
‖ϕi‖ (M) otherwise

So ‖ϕn‖ (M) = M ∩ w ∩ |di1 | ∩ . . . ∩ |dik |, where di1 , . . . , dik is a sub-sequence
of d1, . . . dn such that {di1 , . . . , dik} is maximally consistent with W . Therefore,
‖w & d‖ (M) = M ∩ |w| ∩ ∪U∈U ∩d∈U |d|, where U is the set of the parts of
D which are maximally consistent with W . Now, let ϕ be another classical
formula, ϕ is in the intersection of the extensions if and only if for every U ∈ U ,
|w| ∩ ∩d∈U |d| ⊆ ϕ, thus if and only if |w| ∩ ∪U∈U ∩d∈U |d| ⊆ |ϕ|. This holds if
and only if M ∩ |w| ∩ ∪U∈U ∩d∈U |d| ⊆ M ∩ |ϕ| for every M ⊆ M.

3.2 Lehmann’s Choice Functions

Lehmann identified three properties for Cn|∼ that make it possible to obtain a
similar representation result to that of Tarski, but for nonmonotonic consequence
operations. The properties are as follows, where Δ, Γ and Ω are subsets of L:

Cautious Monotonicity if Δ ⊆ Γ ⊆ Cn|∼(Δ) then Cn|∼(Δ) ⊆ Cn|∼(Γ );
Conditional Monotonicity Cn|∼(Δ ∪ Γ ) ⊆ Cn|∼(Cn|∼(Δ) ∪ Γ );
Treshold Motononicity if Cn|∼(Δ) ⊆ Γ ⊆ Ω then Cn|∼(Γ ) ⊆ Cn|∼(Ω).

Lehmann gives a semantics to consequence relations, defined over a classical
language L, that verify these properties using one choice function over the set M
of interpretations of L. The main result in [7] is that a consequence operation Cn|∼
on L verifies Inclusion, Idempotence, and Cautious, Conditional and Threshold
Monotonicity if and only if there exists a set of interpretations M, a satisfaction
relation |=⊆ M×L and a choice function f such that:

– Δ |∼ ϕ if and only if ϕ is satisfied by every m ∈ f(|Δ|), where |Δ| is the set
of interpretations of M that satisfy all formulas of Δ; and

– f verifies the properties of Contraction, Coherence, Local Monotonicity and
Definability Preservation described below.

The properties of f are, for every M,N ⊆ M and Δ ⊆ L:

Contraction f(M) ⊆ M ;
Coherence if M ⊆ N then M ∩ f(N) ⊆ f(M);
Local Monotonicity if f(N) ⊆ M ⊆ N then f(M) ⊆ f(N).
Definability Preservation f(|Δ|) =

∣∣∣f(|Δ|)
∣∣∣, where M is, for any M ⊆ M,

the set of formulas of L satisfied by M .

The property of Contraction is one that we have assumed all along (we called
choice function a function that verifies it). However, we have not imposed the
other three conditions. There is one technical reason for that: it is shown in [8]
that Coherence and Local Monotonicity are not stable by function intersection
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and composition. To be more precise, it may be the case that f ∩ g or f ◦ g do
not verify these properties although f and g verify them. Whether the class of
choice functions used in the preceding sections is stable for all the operations
defining all the connectives remains to be investigated.

3.3 [9]’s Forgotten Connective

In [9], it is also advocated that, in order not to confuse it with conjunction, the
comma separating the elements of a set of defaults should be interpreted as a
particular connective. To be more precise, if ϕ, ϕ1 . . .ϕn are classical formulas,
then the models of the formula ϕ1 , . . . , ϕn with respect to ϕ are the models of
ϕ that satisfy at least one maximal (for set inclusion) subset of the set (in the
set-theoretic sense!) of the ϕis. More precisely, their definition is as follows:

m |= ϕ1, . . . , ϕn iff for every m’ ∈ M, {i | m |= ϕi} �⊂ {i | m′ |= ϕi}

Thus, in their definition, the “,” embodies both the accumulation of pieces of
knowledge, and their defeasible nature. The result of section 3.1 shows that the
formula ϕ1, . . . , ϕn in their setting corresponds to the formula δϕ1, . . . , δϕn in
ours.

4 Conclusions and Perspectives

By associating choice functions to every formula, we have been able to define
three connectives that are specific to the modelling of defeasible reasoning: one
permits to represent that a piece of information should be used by default.
Another one can be used to represent sequences of formulas. It really makes
sense in the presence of defaults: a sequence of classical formulas as we defined it
is equivalent to the conjunction of these classical formulas. And finally, we were
able to define a set of formulas as being the disjunction of all possible sequences
of its elements; this notion coincides with the usual interpretation of a set of
formula as being the conjunction of its elements when the formulas are classical
ones. When the formulas are defaults, this corresponds to the disjunction of
all possible arrangements of the defaults, which is logically equivalent to the
intersection of the extensions of the corresponding default theory, or to a form
of simultaneous formulas circumscription.

In our opinion, the most striking feature of this way of interpreting formulas
is that the interpretation of a formula is entirely defined from the interpretations
of its sub-formulas. This property of Tarski’s semantics for classical logic is the
basis for most automated deduction methods. It can seem somewhat strange to
have a semantics with this feature for a logic for defeasible reasoning, since the
use or not of a default does not depend on the default alone, but on the rest
of the formulas as well. In fact, the choice function which interprets a default
says, in a rather concise way, how the default should behave in every possible
situation.
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Note that, although we assumed the existence of a set of “classical” inter-
pretations throughout for simplicity, the set M could be a set of more complex
objects, like Kripke structures or possibility distributions.

The results presented here seem to raise more questions than they answer.
As we mentioned in the preceding section, we have not investigated the prop-
erties of the choice functions used, nor that of the corresponding consequence
relation. However, these properties, would certainly clarify how the non classical
connectives that we have defined are different from the classical connectives.

It is possible to imagine other non classical connectives. For example, ideas
similar to that used in the definition of δ could be used to define a connective
enabling to represent pieces of knowledge like “if α is consistent, then β”. In
fact, a number of proposals have been made to define operators related to defea-
sible reasoning by means of choice functions; it should be possible to turn such
operators into connectives.

We have worked here in a propositional setting. It would be interesting to
extend the definitions to formulas containing individual variables, and quanti-
fiers. One should then be able to define a quantifier N to represent pieces of
knowledge like “normally individuals verify p”, using a formula like Nxp(x).

Acknowledgements. I am indebted to the referees for their helpful comments.
They also provided valuable references and suggestions for further research; they
could not all be taken into account here, but will be investigated in future re-
search.
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Abstract. At a high level of abstraction, many systems of argumenta-
tion can be represented by a set of abstract arguments, and a binary re-
lation between these abstract arguments describing how they contradict
each other. Acceptable sets of arguments, called extensions, can be de-
fined as sets of arguments that do not contradict one another, and attack
all their attackers. We are interested in this paper in answering the ques-
tion: is a given argument in all extensions of an argumentation system?
In fact, what is likely to be useful in AI systems is not a simple yes/no
answer, but some kind of well-argued answer, called a proof: if an argu-
ment is in every extension, why is it so? Several authors have described
proofs that explain why a given argument is in at least one extension. In
this paper, we show that a proof that an argument is in every extension
can be a proof that some meta-argument is in at least one extension of a
meta-argumentation system: this meta-argumentation system describes
relationships between sets of arguments of the initial system.

1 Introduction

At a high level of abstraction, many systems of argumentation can be repre-
sented by a set of abstract arguments (whose internal structure is not necessarily
known), and a binary relation between abstract arguments describing how argu-
ments contradict each other. In particular, several problems related to defeasible
reasoning or logic programming can be studied in such an abstract argumenta-
tion framework (see e.g. [1]).

Given that some arguments contradict others, and considering that in general
contradiction is not desirable, one of the most important questions concerning
abstract argumentation systems is to define which arguments are acceptable.
The most widespread definition of acceptability associated with non-monotonic
logics or logic programs considers that the acceptable sets are the stable exten-
sions, which correspond to kernels of the contradiction graph [2,3,4]. However,
this stable semantics has some features that can be undesirable in some con-
texts: notably, it can happen that no set of arguments is stable. Under another
semantics introduced in [5], acceptable sets of arguments are called preferred
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extensions. The preferred semantics captures well some of the intuitions behind
the stable semantics, and avoids several of its drawbacks.

The next questions to address are then of the form: is a given argument in
some/all extensions of an argumentation system? These questions are important
since, in practical situations, an argument which would belong to at least one
extension would be cautiously accepted, whereas an argument which would be-
long to every extension would be strongly accepted. Many works have addressed
the first question [10,9], but the second one has received less attention.

In fact, what is likely to be useful in AI systems is not a simple yes/no answer,
but some kind of well-argued answer: if an argument is acceptable, why is it so?
In the world of mathematics, a well-argued answer is called a proof. In classical,
monotonic logic, a proof is represented by a sequence of formulas, such that the
sequence describes stepwise progress towards the conclusion.

In the case of abstract argumentation systems, proofs of acceptability usu-
ally have the form of a game between two players: one tries to establish the
acceptability of an argument, the other tries to establish the opposite by putting
forward arguments that contradict those of the former; the player that tries to
establish the validity of an argument can defeat its opponent by providing ar-
guments that contradict its opponent’s ones. Several proof theories of this type
have been proposed for acceptability problems under various semantics [6,7,8,9,
10]. They usually consider the credulous acceptance problem, where one tries to
establish that an argument is in at least one extension of the theory; or some
particular cases of the more difficult sceptical acceptance problem, where one
tries to establish that an argument is in every extension of the theory.

We address here the problem of proving that an argument is in every pre-
ferred extension of some argumentation system. We formally establish a close
connection between this problem and proofs of credulous acceptance in a meta-
argumentation system describing relationships between sets of arguments of the
initial system.

The paper is organized as follows: Dung’s abstract argumentation frame-
work is briefly presented in the next section. The meta-argumentation system
is introduced in Section 3. Section 4 describes a general proof theory for scepti-
cal acceptance using this meta-argumentation system. We finish the paper with
some concluding remarks. Note that this article is a revised version of [11].

2 Preferred Extensions of Abstract Argumentation
Systems

This section is a short presentation of Dung’s abstract argumentation framework
and of the preferred semantics. More details, in particular other semantics, can
be found in e.g. [5,1,12].

Definition 1. [5] An argument system is a pair (A,R) where A is a set whose
elements are called arguments and R is a binary relation over A (R ⊆ A× A).
Given two arguments x and y, (x, y) ∈ R or equivalently xRy means that x
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attacks y (x is said to be an attacker of y). Moreover, an argument x R-attacks
a set S of arguments if there exists y ∈ S such that xRy. A set S of arguments
R-attacks an argument x ∈ A if there exists y ∈ S such that yRx. Finally, a set
S of arguments R-attacks a set S′ of arguments if there exists x ∈ S such that
x R-attacks S′.

In the following definitions and notations, we assume that an argument sys-
tem (A,R) is given.

An argument system can be simply represented as a directed graph whose
vertices are the arguments and edges correspond to the elements of R.

Notation 1. For every set S ⊆ A, R+(S) = {x ∈ A | S R-attacks x}, R−(S) =
{x ∈ A | x R-attacks S} and R±(S) = R+(S) ∪R−(S). Moreover, Refl(A,R) =
{x ∈ A | xRx} is the set of arguments that attack themselves.

Definition 2. A set S ⊆ A is conflict-free if and only if there are no arguments
x and y in S such that x attacks y. An argument x ∈ A is defended by a set
S ⊆ A (or S defends x) iff for each argument y in A that attacks x there exists
an argument in S that attacks y. A set S ⊆ A is admissible if and only if S
is conflict-free and S defends all its elements. It is a preferred extension if and
only if S is maximal for set-inclusion among the admissible sets.

The preferred semantics coincides with several important other semantics
when the graph of the argumentation system has no odd cycle, and most existing
semantics coincide when the graph is acyclic.

Notation 2. Given an argumentation system (A,R), Adm(A,R) denotes the
collection of admissible sets of (A,R).

Dung exhibits interesting properties of preferred extensions: every admissible
set is contained in a preferred extension; every argument system possesses at least
one preferred extension. In the rest of the paper, when no particular semantics
is mentioned, it is assumed that extensions refer to the preferred extensions.

Example 1. Consider the following system:

a

b
�� c���
��� d� e� f�

g���

The preferred extensions are {a, d, g, f} and {b, d, g, f}: d, g and f are in all of
them; whereas a and b are in at least one preferred extensions each, but not in
every preferred extension.

The crucial problem is to be able to decide which arguments are acceptable.
In the case of the preferred semantics, two problems can be formally defined as
follows:
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Definition 3. Let (A,R) be an argumentation system. Let x ∈ A and S ⊆ A. x
(resp. S) is credulously accepted (w.r.t. (A,R)) under the preferred semantics iff
x (resp. S) is contained in at least one preferred extension of (A,R). x (resp. S)
is sceptically accepted (w.r.t. (A,R)) under the preferred semantics iff x (resp.
S) is contained in every preferred extension of (A,R).

Note that an argument x is credulously accepted if and only if {x} is, whereas
a set of arguments S is sceptically accepted if and only if every x ∈ S is sceptically
accepted. In the next section, we relate the sceptical acceptance of an argument
to the credulous acceptance of a set of arguments.

3 Sceptical Acceptance as Credulous Meta-acceptance

The credulous acceptance problem has been well-studied; several proof theories
and algorithms exist to answer questions like: is a given argument in at least one
extension of a given argumentation system? (See e.g. [9,10].) We are interested
here in answering questions like: is a given argument in every extension of a
given argumentation system?

The last question is easily (but not efficiently) answered if we can enumerate
all the extensions of the system: we consider a first extension E1 and test if
x ∈ E1. If it is, this suggests that x may indeed be in every extension (as opposed
to the case where x /∈ E1). We then consider a second extension E2: it may
happen that x /∈ E2, so the existence of E2 a priori casts a doubt over the fact
that x is in every extension. However, if it turns out that x ∈ E2, this reinforces
the possibility that x may be in every extension. Continuing the process, each
extension E starts, with its sole existence, by being an argument suggesting that
x may not be in every extension, to become, if it turns out x ∈ E, an argument
reinforcing the possibility that x is in every extension. Of course, enumerating
all the extensions will generally not be efficient. We study in the remainder of
this section how we can refine this approach, by enumerating smaller sets that
can be interpreted as “meta”-arguments for or against the possibility that x is
in every extension.

Since every argumentation system has at least one (preferred) extension,
an argument x must be in at least one extension in order to be in all of them,
so x must be in at least one admissible set. Now, suppose we have found one
admissible set P that contains x; so we know that x is in at least one extension
E ⊇ P . What could prevent x from being in every extension? If there is an
extension E′ such that x /∈ E′, then P �⊆ E′, so there must be a conflict between
P and E′ (otherwise, since P and E′ defend themselves, P ∪ E′ would be
admissible, which is not possible since E′ is maximally admissible and P �⊆ E′).
Thus if x is not in every extension, there must be some admissible set P ′ that
attacks P and such that P ′ is not in any extension that contains x (take for
instance P ′ = E′). In a sense, P can be seen as a “meta”-argument suggesting
that x may well be in every extension of the system; whereas P ′ can be seen
as a counter-argument: it suggests that, since there is an admissible set that
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contradicts P , there may be some maximal admissible set of arguments that
does not contain x. This “meta” counter-argument is in turn contradicted if
there is some admissible set of arguments P ′′ that contains both P ′ and x.

This approach can be formalised by defining a relation Rx on the admissible
subsets of some argumentation system (A,R):

Definition 4. Let (A,R) be an argumentation system. Let X,Y ∈ Adm(A,R).
Then XRxY (or X Rx-attacks Y ) if:

1. x ∈ Y \X and X R-attacks Y ; or
2. x ∈ X \ Y and X ⊇ Y .

In case 1., Y suggests that x may be in every extension: it is at least in all
the extensions that contain Y ; but X suggests that there may in fact be some
extensions that do not contain x: those that contain X cannot contain Y because
X R-attacks Y .

In case 2., Y suggests that x may not be in every extension, since it is
admissible and does not contain x; but X shows that Y can be extended to an
admissible set that does contain x.

Note that X Rx-attacks Y is not equivalent to X R-attacks Y . The latter
means that there is (x, y) ∈ X × Y such that xRy.

Example 2. Consider the element d of the argumentation system depicted on the
left of Fig. 1, and the relation Rd depicted on the right of the same figure. The

a

b

�� c���
���

d�
b

a

bd

ad

	

	




��
�

(A, R) (Adm(A, R)− {∅}, Rd)

Fig. 1. The argumentation system of Example 2.

“base” argumentation system has four non-empty admissible sets: {a}, {a, d},
{b} and {b, d}. Since d ∈ {a, d}, d may be in every extensions. This may be
contradicted by the fact that {b} Rd-attacks {a, d}: this suggests that there
may be an extension that does not contain d. However, {b, d} Rd-attacks {b}:
it is a larger admissible set that contains {b} and contains d. In fact, the set
{{a, d}, {b, d}} is Rd-admissible, and d is in every extension.

Example 3. Consider the following system:

a

b
�� c���
��� d� e� f�

g���

The argument d is in two admissible sets: {a, d} and {b, d}. In fact, like on
the previous example, d is in every extension. However, the set {{a, d}, {b, d}}
is not Rd-admissible, since it is Rd-attacked by e.g. {b, g}. An Rd-admissible
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set is {{a, d, f, g}, {b, d, f, g}}. This is somewhat surprising: the status of d only
depends on the arguments a, b, c and d. However, when looking for an Rd-
admissible set, we have to consider f and g as well. This is because the Rd-
admissible set has to defend itself against {b, g}, although it is b, not g, that
R-attacks {a, d}.

The previous example suggests that it may be sufficient to restrict Rx to
some R-admissible sets only. To this end, we define the set Ax as follows:

Definition 5. Let (A,R) be an argumentation system. Let x ∈ A. Then Ax =
APRO
x ∪ AOPP

x , where:

APRO
x is the set of the R-admissible parts of A that contain x;

AOPP
x is the set of the R-admissible parts X of A that do not contain x and are

of the form X = ∪Y ∈YY , where the Y ∈ Y are parts of A minimal such that
Y is R-admissible and R-attacks some element of APRO

x .

We are now able to express problems of sceptical acceptance in terms of
admissibility, or credulous acceptance, in the meta-graph. Our first result is that
if there is a meta-admissible set in favor of a given argument x, then x is in every
extension of the theory:

Proposition 1. An argument x of an argumentation framework (A,R) is in
every preferred extension of (A,R) if there exist P ∈ Adm(A,R) and P ∈
Adm(Ax, Rx) such that x ∈ P and P ∈ P.

Proof. Suppose that P and P exist, and let E be a preferred extension of (A,R).
If P ⊆ E, then x ∈ E. If P �⊆ E, then E ∪ P is not admissible, thus, since E
and P are both admissible, there is a conflict between them, and E R-attacks
P . Let Y be the set of the minimal parts of E that are admissible and attack
some elements of APRO

x . Then X = ∪Y ∈YY is such that x /∈ X, X ∈ AOPP
x (X is

admissible since X ⊆ E and E is admissible) and X R-attacks P , thus XRxP .
Since P is admissible in (Ax, Rx), there is P ′ ∈ APRO

x such that P ′RxX, that
is, P ′ ⊇ X. Suppose that P ′ �⊆ E, then E R-attacks P ′, but then there is some
Y ∈ Y such that Y R-attacks P ′, thus Y ⊆ X ⊆ P ′: this contradicts the fact
that P ′ is R-admissible. Thus P ′ ⊆ E and, since x ∈ P ′, x ∈ E. ��

Our next result shows that the approach is complete. It guarantees that if
we can find an R-admissible part P ⊆ A that contains x, and an Rx-admissible
part of Ax that contains P , then x is in every extension. However, this result
alone would not guarantee the completeness of the approach: if we find P , but
then cannot find P, is it that x is not in every preferred extension of (A,R), or
could it be that we just picked the wrong P? The proposition below shows that
any P can be part of a meta-proof for x, if x is in every extension:

Proposition 2. If an argument x of an argumentation framework (A,R) is in
every preferred extension of (A,R), then:
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1. for every P ∈ Adm(A,R) such that x ∈ P there exists P ∈ Adm(Ax, Rx)
such that P ∈ P;

2. there exist P ∈ Adm(A,R) and P ∈ Adm(Ax, Rx) such that x ∈ P and
P ∈ P.

Proof. Let P ∈ Adm(A,R) such that x ∈ P , and let P be the set containing
P and the preferred extensions of (A,R): P is without Rx-conflict since all its
elements contain x. Furthermore, suppose that P ′ ∈ Ax is such that P ′ Rx-
attacks P: P ′ is contained in a preferred extension F of (A,R); and there is
E ∈ P such that P ′RxE. But then, x /∈ P ′, thus FRxP

′. This proves that P is
an admissible part of (Ax, Rx). This proves part 1 of the proposition.

For part 2, we know that (A,R) has at least one preferred extension, which
must contain x if x is in every preferred extension of (A,R). Let P be this
preferred extension. We have proved in part 1 that there is P ∈ Adm(Ax, Rx)
such that P ∈ P. ��

We close this section with an example that shows why, when defining AOPP
x ,

we cannot simply consider minimal admissible sets Y that attack elements of
APRO
x , but need to consider unions of such Y ’s.

Example 4. Consider the following system:

a b�	

e
�

c d�	

f
�

g� 	

h�

It has four preferred extensions: {a, c, e, h}, {a, d, e, f, h}, {b, c, g} and {b, d,
f, h}; so h is not in the intersection of the extensions. However, let P = {{a, c,
e, h}, {a, d, e, g, h}, {b, d, f, h}}, every element of P is admissible and contains h;
furthermore, the minimal admissible sets of arguments that attack at least one
element of P are {a}, {b}, {c} and {d}: each of them is contained in an element of
P. There is one admissible set of arguments that attacks some element of P and
which is not contained in any element of P: it is the union {b, c} of {b} and {c}.

4 A Proof-Theory for Sceptical Acceptance

In this section, we describe a proof theory for the problem of the sceptical ac-
ceptance of an argument, using our characterization of this problem in terms of
credulous meta-acceptance.

In classical, monotonic logic, a proof is represented by a sequence of formulas,
such that the sequence describes stepwise progress towards the conclusion. In
the case of abstract argumentation systems, proofs of acceptability usually have
the form of a game between two players, one called PRO, the other one called
OPP: PRO tries to establish the acceptability of an argument, while OPP tries
to establish the opposite by putting forward arguments that contradict those
of PRO; PRO can defeat its opponent by providing arguments that contradict
its opponent’s ones. Several proof theories of this type have been proposed for
acceptance problems under various semantics, [6,7,8,9,10].
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Since we have characterized the sceptical acceptance problem as a credulous
acceptance problem in a meta-graph, any proof theory designed for the credulous
acceptance problem can be used to solve the sceptical acceptance problem. We
illustrate this below with a proof theory proposed in [10].

Argument games have been formalised in [13] using sequences of moves, called
dialogues. A definition of a proof theory for the credulous acceptance of an
argument has been proposed in [10]. We extend this definition in order to define
a proof theory for the credulous acceptance of a set of arguments.

Definition 6. Let (A,R) be an argumentation system. A move in A is a pair
[P,X] where P ∈ {PRO,OPP} and X ∈ A. A dialogue d in (A,R) for a finite
set of arguments S = {a1, a2, . . . , an} ⊆ A is a countable sequence of moves of
the form

[PRO, a1] . . . [PRO, an][OPP, b1][PRO, b2][OPP, b3] . . .
. . . [OPP, b2i−1][PRO, b2i][OPP, b2i+1] . . .

such that:

1. the first n moves are played by PRO to put forward the elements of S;
2. the subsequent moves are played alternatively by OPP and PRO;
3. the ith argument put forward by OPP is b2i−1 ∈ R−(Pi) \ R+(Pi), where

Pi = S ∪ {b2, b4, . . . , b2i−2} is the set of arguments put forward by PRO so
far;

4. the n+ ith argument put forward by PRO is b2i ∈ R−(b2i−1)\ (Pi∪R±(Pi)∪
Refl(A,R)).

A finite dialogue is won by PRO if OPP cannot respond to PRO’s last move
in accordance with rule 3 above.

Rule 3 means that OPP can attack any argument put forward by PRO, with
any argument not attacked by arguments already put forward by PRO. Rule 4
means that PRO must defend itself against OPP’s last attack, with an argument
that it has not already put forward, and that is not in conflict with the arguments
it has already put forward. The following proposition ensures the soundness and
completeness of the above proof theory for set-credulous acceptance. It is a
straightforward extension of a result proved in [10] that concerns the credulous
acceptance of a single argument.

Proposition 3. Let (A,R) be an argument system such that A is finite, and let
S ⊆ A be a conflict-free set. If d is a dialogue for S won by PRO, then PRO(d)
is an admissible set containing S. If S is included in a preferred extension of
(A,R) then there exists a dialogue for S won by PRO.

The proof of the proposition relies upon the two following lemmas:

Lemma 1. Let (A,R) be an argument system such that A is finite. Let S ⊆ A
be a conflict-free set. Let d be a finite dialogue about S. Then PRO(d) is conflict-
free.
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Proof. We prove this result by induction on the number of elements of PRO(d).
If PRO(d) contains between 1 and |S| elements, then these elements are all in
S, and since S is conflict-free, PRO(d) is conflict-free. Suppose now that the
property is true for any dialogue d such that PRO(d) contains at most n − 1
elements, for some n > |S|. Let d be a dialogue such that PRO(d) contains n
elements. Suppose first that the last move of d is played by PRO: d has the form
d = d′.[OPP, x].[PRO, y] where

– x ∈ R−(PRO(d′)) \R+(PRO(d′)), and
– y ∈ R−(x) \ (PRO(d′) ∪R±(PRO(d′)) ∪ Refl(A,R)).

Then PRO(d) = PRO(d′) ∪ {y} and y �∈ PRO(d′), therefore d′ contains
strictly less than n elements. Thus, by induction hypothesis, PRO(d′) is conflict-
free. Since y �∈ R±(PRO(d′)), PRO(d) is conflict-free too. Suppose now that the
last move of d is played by OPP: then d has the form d = d′.[OPP, x] where
d′ is a dialogue such that PRO(d′) = PRO(d), therefore PRO(d′) contains n
elements. We have just proved that in this case PRO(d′) is conflict-free, hence
PRO(d) is conflict-fee. ��

The following lemma has been proved in [10]:

Lemma 2. Let (A,R) be an argumentation framework, and let d be a dialogue,
the last move of which is played by PRO. Let S be a subset of A minimal such
that S is admissible and contains PRO(d). If S �= PRO(d), then there exists
x, y ∈ A such that the dialogue d′ = d.[OPP, x].[PRO, y] is a dialogue and S is
minimal such that S is admissible and contains PRO(d′).

Proof (of Proposition 3). First, let d be a dialogue for S won by PRO. Clearly,
PRO(d) contains S. According to Lemma 1, PRO(d) is conflict-free. Since
d is won by PRO, R−(PRO(d)) \ R+(PRO(d)) = ∅, thus R−(PRO(d)) ⊆
R+(PRO(d)), that is, PRO(d) defends all its elements. Therefore PRO(d) is
an admissible set containing S.

Second, let S′ be a minimal subset of A such that S′ is admissible and contains
S. Let S = {a1, . . . , a|S|}. Let N be the number of elements of S′ (which is finite
since A is assumed to be finite), let d1 = [PRO, a1], . . . , [PRO, a|S|] and let dn =
dn−1.[OPP, y].[PRO, z], for |S| + 1 ≤ n ≤ N , for some y ∈ R−(PRO(dn−1)) \
R+(PRO(dn−1)) and z ∈ S ∩R−(y). Lemma 2 proves that such a sequence can
be defined, and that dN is a dialogue for S won by PRO. ��

Notice that another winning criterion defined by [13] (the winning strategy)
could be used in order to design proofs in which one can see precisely how any
argument of a proof (not only an argument of the set S) is defended against its
attackers.

Let us now describe how this type of dialogue can be used as a proof theory
for the sceptical acceptance problem. Suppose that we want to prove that some
argument x of an argumentation system (A,R) is in every extension of (A,R).
According to the results of the preceding section, all we need to do is find an



On Sceptical Versus Credulous Acceptance for Abstract Argument Systems 471

admissible set P that contains x, and then find a dialogue for {P} won by PRO
with respect to the argumentation system (Ax, Rx).

In order to find the initial admissible set P that contains x, Prop. 3 says that
we can look for a dialogue d for {x} won by PRO w.r.t. (A,R): we can then take
P = PRO(d). In order to establish that x is in every extension of the theory, we
then start a dialogue with the move [PRO, P ], where PRO denotes the player
that tries to establish the acceptability of P in the meta-graph. In fact, a more
detailed dialogue can start with the move [PRO, d], showing not only P but the
entire dialogue that established the admissibility of P .

In order to continue the meta-dialogue, we need a move of the form [OPP, d1],
where OPP denotes the player who tries to establish that P is not credulously
accepted in the meta-graph, and where d1 must be a dialogue in (A,R) for an
argument that R-attacks P .

PRO must then put forward a dialogue for PRO(d1) ∪ {x} won by PRO,
thereby showing that the admissible set found by OPP in the preceding move
can be “returned” in favor of PRO.

This type of meta-dialogue is best illustrated on an example.

Example 5. Consider the following system:

a

b
�� c���
��� d� e� f�

g���

A meta-dialogue proving that d is in every extension of the theory is depicted
below (note that the moves of the dialogues in (A,R) are in columns, whereas
the moves of the meta-dialogue in (Ax, Rx) are in line):⎡⎢⎢⎢⎢⎣PRO, [PRO, d]

[OPP, c]
[PRO, a]

⎤⎥⎥⎥⎥⎦ [OPP, [PRO, b]]

⎡⎣PRO, [PRO, d]
[PRO, b]

⎤⎦
PRO’s first move shows
that {a, d} is admissible

OPP then plays an ad-
missible set {b} that at-
tacks {a, d}

PRO concludes by prov-
ing that {b, d} is admissi-
ble in (A,R)

We close this section with a remark about the possibilities for PRO to defend
itself. Rule 3 of the definition of a dialogue says that the 1+ith argument b2i put
forward by PRO must be in R−x (b2i−1) \ (Pi ∪ R±(Pi) ∪ Refl(Ax, Rx)), where
Pi = S ∪ {b2, b4, . . . , b2i−2} is the set of arguments put forward by PRO so
far. However, since the graph (Ax, Rx) is bipartite, Refl(Ax, Rx) = R±(Pi) ∩
R−x (b2i−1) = ∅.

5 Conclusion

The complexity of the credulous/sceptical acceptance problems has been stud-
ied in [14,2,15]. The credulous acceptance problem is shown to be np-complete,
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the sceptical acceptance problem is Πp
2 -complete. This is in accordance with our

characterization of sceptical acceptance in terms of meta-credulous acceptance.
Note that the notion of dialogue is also implicit in several theorem provers that
have been proposed by e.g. [16,17,18] for circumscription or to check membership
in every extension of a default theory, two notorious instances of sceptical reason-
ing. Our presentation can be seen as an abstraction of one aspect of these provers.

In this paper, we have defined what can be proofs that an argument x is
in every extension of an argumentation system. Proofs that an argument x is
in at least one extension have been proposed in e.g. [7,8,9,10]. To complete the
study, it would be interesting to define proofs that an argument is not in every
extension of the theory: if x is not in every extension, why is it so? Which part
of the argumentation system can be seen as an explanation of that? [9,10] show
that such a proof can be an attacker y of x together with a proof that y is in
at least one extension: in this case, x cannot be in that extension. However, this
proof theory is not complete: when the graph has odd cycles, x may not be in
every extension although its attackers are in no extension at all.

Proofs of credulous acceptance, like those of [7,8,9,10], can also be used as
proofs of sceptical acceptance when the argument system only has one extension.
This is in particular the case when the graph has no cycle at all.

An important perspective is to design an algorithm that computes sceptical
proofs, thereby answering queries of the form: is a given argument in every
extension of the system? This can be done using for example the algorithm for
answering queries about credulous acceptance of [10]: this algorithm returns a
proof that an argument is in at least one extension. It can be used at the meta-
level, and calls itself at the base-level (however, at the base-level, the algorithm
needs to be slightly modified in order to find all minimal proofs that an argument
is in some extension of the base system). Such an algorithm could be combined
with an algorithm looking for proofs that an argument is not in every extension,
thus providing proofs in both cases, at least when the graph has no odd cycle. A
complete characterization of proofs that an argument is not in every extension
when there are odd cycles remains to be done.

Acknowledgements. We wish to thank the referees, whose comments helped
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pean Commission, through the ASPIC Project (IST-FP6-002307).
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Thesis, Université Paul Sabatier, Toulouse (2002)

13. Jakobovits, H., Vermeir, D.: Dialectic Semantics for Argumentation Frameworks.
In: Proc. ICAIL’99, ACM Press (1999) 53–62

14. Dimopoulos, Y., Nebel, B., Toni, F.: On the Computational Complexity of
Assumption-based Argumentation for Default Reasoning. Artificial Intelligence
141 (2002) 57–78

15. Dunne, P., Bench-Capon, T.: Coherence in Finite Argument Systems. Artificial
Intelligence 141 (2002) 187–203

16. Baker, A.B., Ginsberg, M.L.: A theorem prover for prioritized circumscription. In:
Proceedings of the 11th International Joint Conference on Artificial Intelligence,
Morgan Kaufmann (1989) 463–467

17. Poole, D.L.: Explanation and prediction: an architecture for default and abductive
reasoning. Computational Intelligence 5 (1989) 97–110

18. Przymusinski, T.: An algorithm to compute circumscription. Artificial Intelligence
38 (1989) 49–73



Line-Based Affine Reasoning in Euclidean Plane�

Philippe Balbiani1 and Tinko Tinchev1,2

1 Institut de recherche en informatique de Toulouse
2 Sofia University

Abstract. We consider the binary relations of parallelism and conver-
gence between lines in a 2-dimensional affinespace. Associating with par-
allelism and convergence the binary predicates P and C and the modal
connectives [P ] and [C], we consider a first-order theory based on these
predicates and a modal logic based on these modal connectives. We inves-
tigate the axiomatization/completeness and the decidability/complexity
of this first-order theory and this modal logic.

1 Introduction

In recent years, there has been an increasing interest in spatial reasoning and im-
portant applications to practical issues such as geographical information systems
have made the field even more attractive [15]. Historically, topological spaces
were among the first mathematical models of space applied to spatial informa-
tion processing and they occupy the central position in the subject. The work of
Randell, Cui and Cohn [12], who brought in the region connection calculus, was
influential at the early stages. A major impetus for studying topological spaces in
general and the region connection calculus in particular was the fact that, within
the framework of constraint satisfaction problems, qualitative spatial reasoning
can be easily automated [3,13]. In the second half of the 1990’s, this work was
continued by others and their efforts generated many results concerning different
kinds of spatial relationships between different types of spatial entities [1,7,8,10,
11].

Plane affine geometry, one of the most prominent mathematical models of
space, arises from the study of points and lines by means of properties stated in
terms of incidence. In plane coordinate geometry, lines are sets of points satisfy-
ing linear equations. Completely determined by two of their points, they can also
be considered as abstract entities. They have certain mutual relations like par-
allelism and convergence: two lines are parallel iff they never meet whereas they
are convergent iff they have exactly one common point. Lines are to be found
in many axiomatizations of plane affine geometry — however we had great diffi-
culty finding any examples of qualitative forms of spatial reasoning based solely
on them. To confirm this claim, we have not been able to find any explicit ref-
erence to a first-order language or to a modal language devoted to the study
� Our research is partly supported by the Centre national de la recherche scientifique,
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of parallelism and convergence, the only possible relationships between lines in
plane affine geometry.

Associating with parallelism and convergence the binary predicates P and
C, this paper is about the completeness and the complexity of a first-order the-
ory based on these predicates. Linking the modal connectives [P ] and [C] with
parallelism and convergence, this paper is interested in the completeness and
the complexity of a modal logic founded on these modal connectives. The paper
has two major parts. The first introduces a first-order theory of lines based on
the binary predicates P and C and applies the technique of model theory to
it. It mainly proves that the first-order theory of parallelism and incidence in
plane affine geometry is a complete first-order theory whose membership prob-
lem can be decided in polynomial space. In the second part of the paper we
turn to the following question: what is the modal logic of lines with the modal
connectives [P ] and [C]? Our modal logic of parallelism and convergence is a
complete modal logic whose membership problem can be decided in nondeter-
ministic polynomial time. In all parts, completeness means completeness with
respect to the Euclidean plane.

2 First-Order Theory

It is now time to meet the first-order languages we will be working with. What
we would like to do in this section is study structures consisting of lines in a
space of dimension 2. We assume some familiarity with model theory. Readers
wanting more details may refer, for example, to [6]. Our line-based first-order
theory is based on the idea of associating with parallelism and convergence the
binary predicates P and C, with the formulas P (x, y) and C(x, y) being read “x
is parallel to y” and “x is convergent with y”. The formulas are given by the
rule:

φ ::= P (x, y) | C(x, y) | x = y | ¬φ | φ ∨ ψ | ∀xφ,

where x and y range over a countable set of individual variables. Let the size of
φ, denoted |φ|, be the number of symbols occurring in φ. We adopt the stan-
dard definitions for the remaining Boolean operations and for the existential
quantifier.

2.1 Parallelism and Convergence

A line-based affine plane is a relational structure of the form F = (L,P,C) where
L is a nonempty set of lines and P and C are binary relations on L. We shall
say that an affine plane F = (L,P,C) is standard iff it satisfies the following
sentences:

IRREF ∀x¬P (x, x)
∀x¬C(x, x)

TRANS ∀x∀y∀z(P (x, y) ∧ C(y, z) → C(x, z))
UNIV ∀x∀y(x = y ∨ P (x, y) ∨ C(x, y))
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DENSn ∀x∀y1 . . .∀yn(P (x, y1) ∧ . . . ∧ P (x, yn) → ∃z(P (x, z) ∧ P (z, y1) ∧ . . .
∧ P (z, yn)))

∀x∀y1 . . .∀yn(C(x, y1) ∧ . . . ∧ C(x, yn) → ∃z(C(x, z) ∧ C(z, y1) ∧ . . .
∧ C(z, yn)))

Notice first that:

Proposition 1. Equality and convergence are first-order definable with P in
any standard affine plane.

Proof. It suffices to observe that the sentences ∀x∀y(x = y ↔ ∀z(P (x, z) ↔
P (y, z))) and ∀x∀y(C(x, y) ↔ ¬P (x, y) ∧ x �= y) are true in all standard affine
planes. 9

Let F = (L,P,C) be a standard affine plane. It is a simple matter to check
that the following sentences ∀x∀y(P (x, y) → P (y, x)), ∀x∀y(C(x, y) → C(y, x)),
∀x∀y∀z(¬C(x, y)∧C(y, z) → C(x, z)) and ∀x∀y∃z(C(x, z)∧C(z, y)) are true in
F . Consequently ¬C is an equivalence relation on L such that every equivalence
class in L modulo ¬C is made up of infinitely many lines whereas the partition
of L modulo ¬C consists of infinitely many equivalence classes. In the sequel the
following notation will be used, for all lines a in L: [a] = {b: ¬C(a, b)}. Obviously,
the axioms as above have models in each infinite power. We should consider, for
instance, the affine plane F2

IR. Its set of lines consists of all lines in the Euclidean
plane. A countable structure approximating F2

IR is F2
Q: its set of lines is made

up of all lines in the Euclidean plane containing at least two points with rational
coordinates. Clearly, both affine planes are standard. To illustrate the value of
countable standard affine planes, we shall prove the following proposition:

Proposition 2. Let F and F ′ be standard affine planes. If F is countable then
F is elementary embeddable in F ′.

Proof. Let F = (L,P,C) and F ′ = (L′, P ′, C ′) be standard affine planes. Sup-
pose that F is countable, we demonstrate that F is elementary embeddable in
F ′. We need to consider an injective mapping g on the partition of L into the
partition of L′. For each equivalence class [a] in the partition of L, we also need
an injective mapping h[a] on [a] into g([a]). Now let f be the mapping on L into
L′ defined with f(a) = h[a](a). To see that f is an elementary embedding of F
into F ′, we invite the reader to show by induction on the complexity of formulas
φ(x1, . . . , xn) in x1, . . ., xn and P , C and =, that for all lines a1, . . ., an in L,
F |= φ(x1, . . . , xn)[a1, . . . , an] iff F ′ |= φ(x1, . . . , xn)[f(a1), . . . , f(an)]. 9

As a corollary we obtain that:

Proposition 3. Any two standard affine planes are elementary equivalent.

The first-order theory SAP of standard affine planes has the following list
of axioms: IRREF , TRANS, UNIV , DENS0, DENS1, . . .. There are several
results about SAP :
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Proposition 4. (i) SAP is ω-categorical; (ii) SAP is not categorical in any
uncountable power; (iii) SAP is maximal consistent; (iv) SAP is complete with
respect to F2

IR and F2
Q; (v) SAP is decidable; (vi) the membership problem in

SAP is PSPACE-complete; (vii) SAP is not axiomatizable with finitely many
variables, and hence, it is not finitely axiomatizable.

Proof. See the extended abstract.

2.2 Convergence Alone

The first-order language of the discussion above is inextricably tied up with the
properties of P , C and =. Of course, there is nothing against investigating the
pure C-fragment only; the pure P -fragment being equivalent to the full language.
All the more so since:

Proposition 5. Equality and parallellism are not first-order definable with C
in any standard affine plane.

Proof. Let F = (L,P,C) be a standard affine plane. We demonstrate that
equality and parallellism are not first-order definable with C in F . Seeing that
F |= ∀x∀y(P (x, y) ↔ (x �= y ∧ ¬C(x, y)), it is sufficient to show that equality is
not first-order definable with C in F . Assume that there is a formula φ(x, y) in
x, y and C, such that F |= ∀x∀y(x = y ↔ φ(x, y)). Let a be a line in L. We need
to consider a surjective mapping g on [a] into itself. Now let f be the mappping
on L into itself defined as follows:

f(b) =
{
b b �∈ [a],
g(b) b ∈ [a].

As a simple exercise we invite the reader to show by induction on the complexity
of formulas ψ(x1, . . . , xn) in x1, . . ., xn and C, that for all lines a1, . . ., an in
L, F |= ψ(x1, . . . , xn)[a1, . . . , an] iff F |= ψ(x1, . . . , xn)[f(a1), . . . , f(an)]. Hence,
for all lines a, b in L, F |= φ(x, y)[a, b] iff F |= φ(x, y)[f(a), f(b)]. It follows that
for all lines a, b in L, F |= x = y[a, b] iff F |= x = y[f(a), f(b)]. If g is not
injective then we can find lines a and b in L such that F �|= x = y[a, b] and
F |= x = y[f(a), f(b)], a contradiction. 9

This observation leads us to consider a line-based first-order theory based
solely on C, i.e. C will be the unique predicate symbol considered from now on
in this section. A weak line-based affine plane is a relational structure of the
form F = (L,C) where L is a nonempty set of lines and C is a binary relation
on L. We shall say that a weak affine plane F = (L,C) is standard iff it satisfies
the following sentences:

IRREF− ∀x¬C(x, x)
TRANS− ∀x∀y∀z(¬C(x, y) ∧ C(y, z) → C(x, z))
DENS−n ∀x∀y1 . . .∀yn(C(x, y1) ∧ . . . ∧ C(x, yn) → ∃z(C(x, z) ∧ C(z, y1) ∧ . . .

∧ C(z, yn)))
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Let F = (L,C) be a standard weak affine plane. It is easy to see that the
sentences ∀x∀y(C(x, y) → C(y, x)) and ∀x∀y∃z(C(x, z)∧C(z, y)) are true in F .
Hence ¬C is an equivalence relation on L such that the partition of L modulo
¬C consists of infinitely many equivalence classes. Examples of standard weak
affine planes are F2−

IR and F2−
Q , the pure C-fragments of F2

IR and F2
Q. To study

standard weak affine planes more precisely, the concept of quotient will be of use
to us. Let F = (L,C) be a standard weak affine plane. The quotient of F modulo
¬C is the standard weak affine plane F/[·] = (L/[·], C/[·]) defined as follows:

L/[·] = {[a]: a ∈ L},
C/[·] = {([a], [b]): C(a, b)}.

Observe that for all lines a, b in L, C/[·]([a], [b]) iff [a] �= [b]. A straightforward
consequence of our definition is that:

Proposition 6. Let F and F ′ be standard weak affine planes. If F is countable
then F/[·] is elementary embeddable in F ′.

Proof. See the extended abstract.

As a corollary we obtain that:

Proposition 7. Any two standard weak affine planes are elementary equivalent.

The first-order theory SAP− of standard weak affine planes has the following
list of axioms: IRREF−, TRANS−, DENS−0 , DENS−1 , . . .. There are several
results about SAP−:

Proposition 8. (i) SAP− is not ω-categorical; (ii) SAP− is not categorical in
any uncountable power; (iii) SAP− is maximal consistent; (iv) SAP− is com-
plete with respect to F2−

IR and F2−
Q ; (v) SAP− is decidable; (vi) the membership

problem in SAP− is PSPACE-complete; (vii) SAP− is not axiomatizable with
finitely many variables, and hence, it is not finitely axiomatizable.

Proof. See the extended abstract.

The reader may easily verify that every theorem of SAP− is also a theorem
of SAP . We will now prove the converse result, that is to say:

Proposition 9. SAP is a conservative extension of SAP−.

Proof. By item (iv) in proposition 4 and item (iv) in proposition 8. 9

3 Modal Logic

It is now time to meet the modal languages we will be working with, generalizing
the modal languages introduced by Balbiani and Goranko [2]. What we would
like to do in this section is study a modal logic of lines in a space of dimension
2. We assume some familiarity with modal logic. Readers wanting more details
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may refer, for example, to [4] or to [5]. Our line-based modal logic is based on
the idea of associating with parallelism and convergence the modal connectives
[P ] and [C], with the formulas [P ]φ and [C]φ being read “for all parallel lines,
φ” and “for all convergent lines, φ”. The formulas are given by the rule:

φ ::= p | ¬φ | φ ∨ ψ | [P ]φ | [C]φ,

where p ranges over a countable set of propositional variables. Let the size of φ,
denoted | φ |, be the number of symbols occurring in φ. We adopt the standard
definitions for the remaining Boolean operations and for the diamond modality.
The concept of subformula is standard, the expression Sf(φ) denoting the set
of all subformulas of formula φ.

3.1 Parallelism and Convergence

A Kripke model is a pair M = (F , V ), where F = (L,P,C) is an affine plane
and V is a valuation on F , i.e. a function assigning to each line a in L a set
V (a) of propositional variables. If M = (L,P,C, V ) is a Kripke model and a is a
line in L then the relation “φ is true in M at a”, denoted M, a |= φ, is defined
inductively on the complexity of formulas φ as usual. In particular:

M, a |= [P ]φ iff for all b ∈ L with P (a, b), we have M, b |= φ,
M, a |= [C]φ iff for all b ∈ L with C(a, b), we have M, b |= φ.

Formula φ is true in Kripke model M, in symbols M |= φ, iff M, a |= φ for all
a ∈ L. φ is said to be valid in affine plane F = (L,P,C), in symbols F |= φ, iff
M |= φ for all models M = (L,P,C, V ) based on F . The following formulas are
valid in all standard affine planes:

φ → [P ]〈P 〉φ,
φ → [C]〈C〉φ,
φ ∧ [P ]φ → [P ][P ]φ,
[C]φ → [P ][C]φ,
φ ∧ [P ]φ ∧ [C]φ → [C][C]φ,
〈P 〉φ1 ∧ . . . ∧ 〈P 〉φn → 〈P 〉(〈P 〉φ1 ∧ . . . ∧ 〈P 〉φn),
〈C〉φ1 ∧ . . . ∧ 〈C〉φn → 〈C〉(〈C〉φ1 ∧ . . . ∧ 〈C〉φn).

Let ML(SAP ) be the smallest normal modal logic, in the language just de-
scribed, that contains the above formulas as proper axioms. It is a simple exer-
cise in modal logic to check that if φ is a theorem of ML(SAP ) then φ is valid
in every standard affine plane. Now we come to prove the converse proposition:
if φ is valid in every standard affine plane then φ is a theorem of ML(SAP ). Let
F = (L,P,C) be a generated subframe of the canonical frame for ML(SAP ).
Seeing that the proper axioms of ML(SAP ) are all Sahlqvist formulas, it is easy
to get information about the structure of F :

∀x∀y(P (x, y) → P (y, x)),
∀x∀y(C(x, y) → C(y, x)),
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∀x∀y∀z(P (x, y) ∧ P (y, z) → x = z ∨ P (x, z)),
∀x∀y∀z(P (x, y) ∧ C(y, z) → C(x, z)),
∀x∀y∀z(C(x, y) ∧ C(y, z) → x = z ∨ P (x, z) ∨ C(x, z)),
∀x∀y1 . . .∀yn(P (x, y1) ∧ . . . ∧ P (x, yn) → ∃z(P (x, z) ∧ P (z, y1) ∧ . . . ∧
P (z, yn))),
∀x∀y1 . . .∀yn(C(x, y1) ∧ . . . ∧ C(x, yn) → ∃z(C(x, z) ∧ C(z, y1) ∧ . . . ∧
C(z, yn))).

This motivates the following definition. A rooted affine plane F = (L,P,C) is
said to be prenormal iff it satisfies the above first-order conditions. Two simple
observations. First, the Sahlqvist formula [C]φ → [C][P ]φ corresponds to the
first-order condition ∀x∀y∀z(C(x, y) ∧ P (y, z) → C(x, z)) which is true in all
prenormal affine planes. Hence it is a theorem of ML(SAP ). Second, a prenor-
mal affine plane F = (L,P,C) where P and C are irreflexive relations on L is
standard. As an immediate consequence of the Sahlqvist completeness theorem,
we obtain that if φ is valid in every prenormal affine plane then φ is a theorem
of ML(SAP ). We will now show that:

Proposition 10. Every prenormal affine plane is a bounded morphic image of
a standard affine plane.

Proof. Our first claim is that every prenormal affine plane is a bounded morphic
image of a prenormal affine plane F ′ = (L′, P ′, C ′) where P ′ is an irreflexive re-
lation on L′. Our second claim is that every prenormal affine plane F = (L,P,C)
where P is an irreflexive relation on L is a bounded morphic image of a stan-
dard affine plane. To prove our first claim, consider a prenormal affine plane
F = (L,P,C). The affine plane F ′ = (L′, P ′, C ′) where:

– L′ = {(a, 0): a ∈ L} ∪ {(a, i): a ∈ L, i ≥ 1 and P (a, a)},
– For all a, b in L and for all i, j ≥ 0, P ′((a, i), (b, j)) iff P (a, b) and either

a �= b or i �= j,
– For all a, b in L and for all i, j ≥ 0, C ′((a, i), (b, j)) iff C(a, b),

is obviously prenormal. What is more, its relation P ′ is irreflexive on L′. Now,
let f be the mapping from L′ to L defined as follows for all a in L and for all
i ≥ 0, f((a, i)) = a. We claim that f is a bounded morphism from F ′ to F , as
the reader is asked to show. To prove our second claim, consider a prenormal
affine plane F = (L,P,C) where P is an irreflexive relation on L. The affine
plane F ′ = (L′, P ′, C ′) where:

– L′ = {(a, 0): a ∈ L} ∪ {(a, i): a ∈ L, i ≥ 1 and C(a, a)},
– For all a, b in L and for all i, j ≥ 0, P ′((a, i), (b, j)) iff P (a, b) and i = j,
– For all a, b in L and for all i, j ≥ 0, C ′((a, i), (b, j)) iff C(a, b), either a �= b

or i �= j and either ¬P (a, b) or i �= j,

is obviously prenormal. What is more, its relations P ′ and C ′ are irreflexive on
L′. Now, let f be the mapping from L′ to L defined as follows for all a in L and
for all i ≥ 0, f((a, i)) = a. We claim that f is a bounded morphism from F ′ to
F , as the reader is asked to show. 9
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Hence prenormal affine planes and standard affine planes validate the same
formulas. These considerations prove that:

Proposition 11. The following conditions are equivalent: (i) φ is a theorem of
ML(SAP ); (ii) φ is valid in every standard affine plane; (iii) φ is valid in every
prenormal affine plane.

By proposition 11, ML(SAP ) is sound and complete with respect to the class
of all standard affine planes, a first-order definable class of affine planes. Hence,
ML(SAP ) is also sound and complete with respect to the class of all countable
standard affine planes. By proposition 3, we obtain that any two standard affine
planes are elementary equivalent. We will now show that any two standard affine
planes are modally equivalent. In order to prepare for the proof, let us consider
a formula φ and a countable model M = (L,P,C, V ). Restricting our discussion
to the propositional variables actually occurring in φ, let V be the set of all
sets of sets of propositional variables. Remark that Card(V) ≤ 22|φ|

. Define the
functions γ and δ from the partition of L into V as follows:

γ([a]) = {V (b): ¬C(a, b) and V (b) �= V (c) for each line c such that P (b, c)},
δ([a]) = {V (b): ¬C(a, b) and V (b) = V (c) for some line c such that P (b, c)}.

For our purpose, the crucial properties of γ and δ are the following:

– We can find Ξ in V such that γ([ω]) ∪ δ([ω]) = Ξ for countably many
equivalence classes [ω] in the partition of L,

– For all equivalence classes [a] in the partition of L, δ([a]) �= ∅.

Proposition 12. Any two standard affine planes are modally equivalent.

Proof. Let F = (L,P,C) and F ′ = (L′, P ′, C ′) be standard affine planes. We
demonstrate that F and F ′ are modally equivalent. Without loss of generality,
we may assume that F is countable. If F and F ′ are not modally equivalent then
there are two cases: either there is a formula φ such that F |= φ and F ′ �|= φ
or there is a formula φ such that F �|= φ and F ′ |= φ. In the first case, there is
a formula φ such that F |= φ and F ′ �|= φ. Hence, φ is valid in every countable
standard affine plane and φ is not a theorem of ML(SAP ), a contradiction. In
the second case, there is a formula φ such that F �|= φ and F ′ |= φ. We restrict
our discussion to the set of all propositional variables actually occurring in φ. Let
V be the set of all sets of sets of propositional variables. Since F �|= φ, then there
is a model M = (F , V ) based on F such that M �|= φ. In order to contradict
F ′ |= φ, we need to define a valuation V ′ on F ′ such that (F ′, V ′) �|= φ. By
proposition 2, there is an elementary embedding f of F into F ′. Let a′ be a
line in L′. If a′ belongs to f(L) then there is a line a in L such that f(a) = a′

and define V ′(a′) = V (a). Otherwise, there are two cases: either a′ is parallel
with f(a) for some line a in L or a′ is convergent with f(a) for each line a in
L. In the first case, a′ is parallel with f(a) for some line a in L. Reminding
that δ([a]) �= ∅, select a set λ of propositional variables in δ([a]) and define
V ′(a′) = λ. In the second case, a′ is convergent with f(a) for each line a in L.
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Seeing that we can find Ξ in V such that γ([ω]) ∪ δ([ω]) = Ξ for countably
many equivalence classes [ω] in the partition of L, select an equivalence class [ω]
such that γ([ω]) ∪ δ([ω]) = Ξ. First, remark that we can find sets θ1, . . ., θm of
propositional variables such that γ([ω]) = {θ1, . . . , θm}. Fix lines a′1, . . ., a

′
m in

[a′] and define V ′(a′1) = θ1, . . ., V ′(a′m) = θm. Second, notice that we can find
sets λ1, . . ., λn of propositional variables such that δ([ω]) = {λ1, . . . , λn}. Let
{B′1, . . . , B′n} be a partition of [a′]\{a′1, . . . , a′m} such that B′1, . . ., B

′
n are infinite

subsets of L′ and define V ′(a′1) = λ1 for each line a′1 in B′1, . . ., V ′(a′n) = λn
for each line a′n in B′n. As a simple exercise we invite the reader to show by
induction on the complexity of formulas ψ in Sf(φ) that for all lines a in L,
M, a |= ψ iff (F ′, V ′), f(a) |= ψ. Since M �|= φ, then (F ′, V ′) �|= φ. 9

An important related result is that (for the proof see the extended abstract):
Proposition 13. The following conditions are equivalent: (i) φ is a theorem of
ML(SAP ); (ii) F2

IR |= φ; (iii) F2
Q |= φ.

Our next result deals with the relationship between ML(SAP ) and finite
prenormal affine planes.

Proposition 14. ML(SAP ) has the polysize frame property with respect to the
set of all finite prenormal affine planes.

Proof. The fundamental construction underlying our proof is that of selective
filtration. Take a formula φ such that φ is not a theorem of ML(SAP ). Hence,
there is a countable standard affine plane F = (L,P,C) such that F �|= φ. It
follows that there is a model M = (F , V ) based on F such that M �|= φ. We start
our selective filtration of M through Sf(φ) by selecting a line a in L such that
M, a �|= φ. Reminding that δ([a]) �= ∅, choose a set λ of propositional variables
in δ([a]) and select a new line a� in L such that a� belongs to [a] and V (a�) = λ.
Seeing that we can find Ξ in V such that γ([ω])∪δ([ω]) = Ξ for countably many
equivalence classes [ω] in the partition of L, select a new line ω in L such that
[a] ∩ [ω] = ∅ and γ([ω]) ∪ δ([ω]) = Ξ. Recalling that δ([ω]) �= ∅, choose a set λ
of propositional variables in δ([ω]) and select a new line ω� in L such that ω�

belongs to [ω] and V (ω�) = λ. Now we define an infinite sequence L0, L1, . . .
of subsets of L such that for all positive integers i, the following conditions are
satisfied:

C1(i) For all positive integers j, if i > j then for all lines b in Lj and for all
formulas [P ]ψ in Sf(φ), if M, b �|= [P ]ψ then we can find a line c in Li such
that P (b, c) and M, c �|= ψ,

C2(i) For all positive integers j, if i > j then for all lines b in Lj and for all
formulas [C]ψ in Sf(φ), if M, b �|= [C]ψ then we can find a line c in Li such
that C(b, c) and M, c �|= ψ,

C3(i) a ∈ Li.

Let L0 = {a, a�, ω, ω�}. Note that the conditions C1(0), C2(0) and C3(0) are
satisfied. Let i be a positive integer. Given Li such that the conditions C1(i),
C2(i) and C3(i) are satisfied, we let Li+1 be the subset of L defined by the
following algorithm:
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begin
Li+1 := Li;
for all lines b in Li and for all formulas [P ]ψ in Sf(φ) do

if M, b �|= [P ]ψ and there is no line c in Li+1 such that P (b, c) and
M, c �|= ψ then

begin
select a line c in L such that P (b, c) and M, c �|= ψ;
Li+1 := Li+1 ∪ {c}
end;

for all lines b in Li and for all formulas [C]ψ in Sf(φ) do
if M, b �|= [C]ψ and there is no line c in Li+1 such that C(b, c) and
M, c �|= ψ then

begin
select a line c in L such that C(b, c) and M, c �|= ψ;
Li+1 := Li+1 ∪ {c};
if there is no line d in Li+1 such that P (c, d) then

begin
choose a set λ of propositional variables in δ([c]);
select a line d� in L such that P (c, d�) and V (d�) = λ;
Li+1 := Li+1 ∪ {d�}
end

end
end.

It follows immediately from the definition of the algorithm that the conditions
C1(i+1), C2(i+1) and C3(i+1) are satisfied. The affine plane F ′ = (L′, P ′, C ′)
where:

L′ = L0 ∪ L1 ∪ . . .,
P ′(b, c) iff either P (b, c) or b and c are one and the same starred line,
C ′(b, c) iff either C(b, c) or b belongs to [ω] or c belongs to [ω],

is obviously prenormal. Define n1 to be the number of [P ]-boxed formulas in
Sf(φ) and n2 to be the number of [C]-boxed formulas in Sf(φ). We claim that
Card(L′) ≤ (2 × n1 + n2 + 2) × (2 × n2 + 2), as the reader is asked to show.
To complete the proof we show by induction on the complexity of formulas ψ
in Sf(φ) that for all lines b in L′, M, b |= ψ iff (F ′, V ′), b |= ψ where V ′ is the
restriction of V to L′. The base case follows from the definition of V ′. We leave
the Boolean cases to the reader. It remains to deal with the modalities. The
right to left direction is more or less immediate from the definition of L′. For
the left to right direction, a more delicate approach is needed.

Consider a formula [P ]ψ in Sf(φ). Let b be a line in L′. Suppose M, b |= [P ]ψ,
we demonstrate (F ′, V ′), b |= [P ]ψ. Let c be a line in L′ such that P ′(b, c). Hence,
either P (b, c) or b and c are one and the same starred line. In the first case,
P (b, c). Therefore, M, c |= ψ and, by induction hypothesis, (F ′, V ′), c |= ψ. In
the second case, b and c are one and the same starred line. Therefore, M, c |= ψ
and, by induction hypothesis, (F ′, V ′), c |= ψ.
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Consider a formula [C]ψ in Sf(φ). Let b be a line in L′. Suppose M, b |= [C]ψ,
we demonstrate (F ′, V ′), b |= [C]ψ. Let c be a line in L′ such that C ′(b, c). Hence,
either C(b, c) or b belongs to [ω] or c belongs to [ω]. In the first case, C(b, c).
Therefore, M, c |= ψ and, by induction hypothesis, (F ′, V ′), c |= ψ. In the
second case, b belongs to [ω]. Therefore, M, c |= ψ and, by induction hypothesis,
(F ′, V ′), c |= ψ. In the third case, c belongs to [ω]. Therefore, M, c |= ψ and, by
induction hypothesis, (F ′, V ′), c |= ψ. 9

An important related corollary is that:
Proposition 15. The membership problem in ML(SAP ) is NP-complete.

3.2 Convergence Alone

The remainder of this section is devoted to studying the pure [C]-fragment of
our line-based modal logic; the pure [P ]-fragment being studied by Balbiani and
Goranko [2]. A Kripke model is now a pair M = (F , V ) with F a weak affine
plane and V a valuation on F . The notion of a formula φ being true in a Kripke
model M = (L,C, V ), where F is a weak affine plane, at a line a in L, notation
M, a |= φ, is defined inductively as for the full language. It is a simple matter
to check that the following formulas are valid in all standard weak affine planes:

φ → [C]〈C〉φ,
[C]φ → [C][C](φ ∨ [C]φ),
[C][C]φ → [C][C][C]φ,
〈C〉φ1 ∧ . . . ∧ 〈C〉φn → 〈C〉(〈C〉φ1 ∧ . . . ∧ 〈C〉φn).

Let ML(SAP−) be the smallest normal modal logic, with [C], that contains
the above formulas as proper axioms. It is a simple exercise in modal logic to
check that if φ is a theorem of ML(SAP−) then φ is valid in every standard
weak affine plane. Now we prove the converse proposition: if φ is valid in every
standard weak affine plane then φ is a theorem of ML(SAP−). Let F = (L,C)
be a generated subframe of the canonical frame for ML(SAP−). The proper
axioms of ML(SAP−) are all Sahlqvist formulas. Hence, F satisfies the following
conditions:

∀x∀y(C(x, y) → C(y, x)),
∀x∀y∀z∀t(C(x, y) ∧ C(y, z) → (¬C(x, z) ∧ C(z, t) → C(x, t))),
∀x∀y∀z∀t(C(x, y) ∧ C(y, z) ∧ C(z, t) → ∃u(C(x, u) ∧ C(u, t))),
∀x∀y1 . . .∀yn(C(x, y1) ∧ . . . ∧ C(x, yn) → ∃z(C(x, z) ∧ C(z, y1) ∧ . . . ∧
C(z, yn))).

Let F be a rooted weak affine plane. We shall say that F is prenormal iff
it satisfies the conditions above. Remark that a prenormal weak affine plane
F = (L,C) where C is an irreflexive relation on L is standard. Unsurprisingly, if φ
is valid in every prenormal weak affine plane then φ is a theorem of ML(SAP−).
We now make the following claim:

Proposition 16. Every prenormal weak affine plane is a bounded morphic im-
age of a standard weak affine plane.
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Proof. See the extended abstract.

Hence prenormal weak affine planes and standard weak affine planes validate
the same formulas. These considerations prove that:

Proposition 17. The following conditions are equivalent: (i) φ is a theorem of
ML(SAP−); (ii) φ is valid in every standard weak affine plane; (iii) φ is valid
in every prenormal weak affine plane.

By proposition 17, ML(SAP−) is sound and complete with respect to the
class of all standard weak affine planes, a first-order definable class of weak affine
planes. Hence, ML(SAP−) is also sound and complete with respect to the class
of all countable standard weak affine planes.

Proposition 18. ML(SAP ) is a conservative extension of ML(SAP−).

Proof. See the extended abstract.

By item (i) in proposition 8, we obtain that we can find two countable
standard weak affine planes that are not isomorphic. However, we can prove:

Proposition 19. We can find two countable standard weak affine planes that
are not modally equivalent.

Proof. The proof that for all propositional variables p, F2−
Q �|= p∧[C]p → 〈C〉[C]p

and F2−
Q /[·] |= p∧ [C]p → 〈C〉[C]p, which is not difficult, is left as an exercise. 9

It is nevertheless true that:

Proposition 20. The following conditions are equivalent: (i) φ is a theorem of
ML(SAP−); (ii) F2−

R |= φ; (iii) F2−
Q |= φ.

Proof. See the extended abstract.

Rather like the proof of proposition 14 one can prove that:

Proposition 21. ML(SAP−) has the polysize frame property with respect to
the set of all finite prenormal weak affine planes. Hence, the membership problem
in ML(SAP−) is NP-complete.

4 Conclusion

We now naturally ask the question: what is the first-order theory of lines in
space geometry and what is the corresponding modal logic? For a start, note
that two lines in space geometry may have the following mutual relations: they
are parallel if they lie in the same plane and never meet, they are convergent
if they lie in the same plane and have exactly one common point and they are
separated if they are not coplanar. These relations bring a new array of questions.
Which mutual relations can first-order define the two others in the Euclidean
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space? Is the real line-based affine space an elementary extension of the set of
all rational lines? With respect to parallelism, convergence and separation, what
is the first-order theory of the real line-based affine space? These first-order
theories are decidable since they can be embedded in elementary algebra; little
seems to be known as regards their complete axiomatizations or their complexity.
A systematic exploration of the properties of a first-order theory based on the
relations of parallelism, convergence and separation in space affine geometry and
a thorough examination of the modal logic it gives rise to require further studies.
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Abstract. Although it is quite common in spatial reasoning to utilize
topology for representing spatial information in a qualitative manner, in
this paper an alternative method is investigated which has no connec-
tion to topology but to measure theory. I propose two logics to speak
about measure theoretic information. First I investigate a highly expres-
sive, first-order measure logic and besides providing models which with
respect to this logic is sound and complete, I also show that it is actually
undecidable. In the second half of the paper, a propositional measure
logic is constructed which is much less expressive but computationally
much more attractive than its first-order counterpart. Most importantly,
in this propositional measure logic we can express spatial relations which
are very similar to well-known topological relations of RCC-8 although
the most efficient known logic system to express these topological re-
lations is propositional intuitionistic logic which is undoubtedly harder
than propositional measure logic.

1 Introduction

In the field of qualitative spatial reasoning the focus has mainly been on exploit-
ing topological knowledge to represent and reason about relationships between
spatial entities. With this work, I will present an alternative approach which
does not exploit topology but rather has its roots in measure theory.

The measure theoretic approach gives an alternative representation of ambi-
guity in information from topology. The conclusions of this paper suggest that
we can develop a theory which is computationally no harder than reasoning
with classical propositional logic and yet express relations between spatial en-
tities that are quite similar to certain sets of relations appearing in well-known
approaches like RCC-8 [1]. It is important to note that the most efficient logic
formalism known to express these relations is propositional intuitionistic logic
as shown in [2].

A measure is a non-negative set function μ which maps sets from a σ-algebra
(for the moment, it is sufficient to think σ-algebra as a set of subsets of a given
universe) into R+ ∪ {0} ∪ {∞} such that μ(∅) = 0 and μ is countably additive
over disjoint sets. The measure of a set is the value it gets under the function
μ. A set is said to be a null-set whenever its measure is zero and it is different
from the empty set. Therefore, a measure enables us to have an extra piece of
information about a set which could be very useful in describing the spatial
relationships between sets.

J.J. Alferes and J. Leite (Eds.): JELIA 2004, LNAI 3229, pp. 487–499, 2004.
c© Springer-Verlag Berlin Heidelberg 2004
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For example, let A and B be sets such that A ∩ B �= ∅ and μ(A ∩ B) = 0,
the intersection of A and B is non-empty and has measure 0. If we are after
expressing the relationships between sets then we would want to interpret this
situation as A and B are almost disjoint, although they are not. Actually, one
could also interpret the relationship of the sets A and B as they are touching.
This can be regarded similar to the topological notion of ‘external connection’
where two sets are disjoint but their closures share at least one point.

I present two logics in this paper. First I describe a first-order axiomatic
approach to represent and reason about measure theoretic information. The
axiomatic presentation of the theory enjoys a formal semantic front-end which
the first-order syntactic theory is proved to be sound and complete with respect
to.

To accept a spatial logic as credible, seeking an interpretation with respect
to which the logic is sound and complete is the first step. In [3] Lemon discusses
about spatial logics which have no known formal interpretations. Lemon presents
examples of spatial logics which have elements that can not be realized in any
of the informal models intended to interpret those logics. I supply the first-order
logic developed in this paper with an interpretation which the logic is shown to
be sound and complete with respect to.

Besides supplying our first-order theory with formal semantics, I show that
(not surprisingly) this logic is undecidable. Some discussion concerning the ex-
pressive capabilities is also present exploring the spatial representation related
questions.

In the second half of the paper, I construct a propositional language that is
computationally much more attractive. Naturally, the expressive strength of the
propositional language is much less than its first-order counterpart but we show
that an important set of relations, similar to RCC-8 relations, are expressible
in this language. This enables us to use the algorithms of classical propositional
logic in the name of spatial reasoning.

The general organization of the paper is as follows: In section 2 I present
the first-order measure logic with an axiomatic approach and show that it is
undecidable. In section 3 I supply semantics for the logic developed in section 2
and prove that the formalism is sound and complete with respect to its semantics.
In section 4 the less expressive propositional measure logic is constructed and the
methods for reasoning with it are investigated. Paper ends with the conclusions
in section 5.

1.1 Measure Theory Background

In this section I summarize some useful measure theoretic information for the
coming sections. The objective of this sub-section is to make the reader familiar
with concept of measures. Lemma 1 gives a good hint about how the measure
function behaves over arbitrary σ-algebras.

Definition 1. Let X be a set. A σ-algebra S is a non-empty collection of subsets
of X, S ⊆ 2X , such that the following hold
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1. X ∈ S
2. If A ∈ S then ∼ A ∈ S
3. If An is a sequence of elements of S then

⋃
An ∈ S.

If F is any collection of subsets of X, then we can always find a σ-algebra
containing F , namely 2X . By taking the intersection of all σ-algebras containing
F , we obtain the smallest such σ-algebra. We call the smallest σ-algebra con-
taining F the σ-algebra generated by F . Note that a σ-algebra is a ring of sets
closed under countable unions and contains the universe, X.

Definition 2. Let X be a set, μ be a function and S a σ-algebra over X such
that μ : S → R+ ∪ {0} ∪ {∞}. μ is called a measure iff μ(∅) = 0 and if An is a
countable sequence of sets in S such that Ans are pairwise disjoint then∑

n=1

μ(An) = μ(
⋃
n=1

An).

The triple 〈X,S, μ〉 is called a measure space.

A set A ∈ S is called a null-set iff μ(A) = 0. Note that if X is a null-set then
so is every other set from S. I will say that a measure space has the strict-null-
property whenever ∀A ∈ S we have that μ(A) = 0 iff A = ∅.

Lemma 1. Let 〈X,S, μ〉 be a measure space. The following holds

1. If A,B ∈ S and A ⊂ B then μ(A) ≤ μ(B)
2. If A,B ∈ S and A ⊂ B and μ(B) < ∞ then μ(B \A) = μ(B) − μ(A)
3. If A,B ∈ S and μ(A ∩B) < ∞ then μ(A ∪B) = μ(A) + μ(B) − μ(A ∩B).

2 First-Order Measure Logic

2.1 Structures for Logic of Measures

Let X be a set, we define the structure MSM = 〈Y,m, ·δ(a)〉 such that

1. M = 〈X,Y,m〉 is a measure space
2. X, ∅ ∈ Y
3. If A ∈ Y then ∼ A ∈ Y
4. If A,B ∈ Y then A ∪B ∈ Y
5. If A,B ∈ Y then A ∩B ∈ Y
6. ∀A ∈ Y m(∅) ≤ m(A)
7. A,B ∈ Y and A ⊆ B then m(A) ≤ m(B)

·δ(a) is a denotation function assigning the terms of LML (defined in next
sub-section) to the elements of Y for a given assignment a of free-occurring
variables in terms to the elements of Y . The denotation of constants in Y is
simply obtained by the function ·δ. Note that from condition 1 it is trivial to
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derive conditions 2-7 from the definition 1 and lemma 1. Nevertheless, they are
present in the above list to underline their importance.

Many authors in the field of spatial-reasoning are strongly motivated to use
a region-based approach as their basic ontology. I did not do that in this work.
There are two arguments underlying this. First, there is a formal result establish-
ing the fact that point-based and region-based approaches are actually equivalent
[4] in terns of expressiveness. Second, in case of a region-based approach there is
an additional complexity that has to be taken care of with many proofs of cer-
tain theorems, especially with the soundness and completeness theorems where
one has to make sure that the corresponding semantics of the logical entities is
always non-atomic or non-point.

2.2 First Order Language LML

The language of first-order theory of measures will be denoted with LML. LML
has denumerably-infinite number of non-logical variable (p, q, r, . . . etc.) and con-
stant symbols (a, b, c, . . . etc.) and three binary non-logical relation symbols of
ι(a, b) (‘a is intersecting with b’), μ(a) ≤ μ(b) (the measure of a is less than
or equal to the measure of b’) and μ(a) = μ(b) (‘the measure of a is equal to
the measure of b). I will use an abbreviation and write μ(·) > μ(·) to mean
¬μ(·) ≤ μ(·) and μ(·) �= μ(·) to mean ¬μ(·) = μ(·). Besides the usual propo-
sitional operators (∨,¬ and their derivatives) and the first order quantifiers (∃
and ∀), LML contains the propositional constants of verum and falsum (�,⊥).
Arbitrary formulae of LML are constructed recursively as usual.

Semantics for LML. Let t1, t2, . . . be terms from LML (ie. variables or con-
stants) and α, β be arbitrary formulae of LML constructed as described in the pre-
vious sub-section. We define the truth-relation for a LML-formula ϕ, MSM � ϕ
as follows

1. MSM � ι(t1, t2) iff t
δ(a)
1 ∩ t

δ(a)
2 �= ∅

2. MSM � μ(t1) = μ(t2) iff m(tδ(a)1 ) = m(tδ(a)2 )
3. MSM � μ(t1) ≤ μ(t2) iff m(tδ(a)1 ) ≤ m(tδ(a)2 )
4. MSM � ¬α iff MSM �� α

First-order quantification symbols (∃ and ∀) are interpreted as usual. I will
write �MS ϕ to mean validity in every MSM model for every M.

2.3 Axiomatization and the Theory of FML

Theory FML contains the following definitions and axioms:

(A1) ∀x[x �= © → ι(x, x)]
(A2) ∀xy[ι(x, y) → ι(y, x)]
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(A3) ∀xy[∀z[ι(x, z) ↔ ι(y, z)] → x = y]
(A1) and (A2) are the reflexivity and symmetry axioms, respectively. (A3)
is the identity axiom. © stands for the empty object and it is defined with
(A4).

We will need some basic definitions at this point:

(D1) DJ(x, y) ≡def ¬ι(x, y)
(D2) P(x, y) ≡def ∀z[ι(x, z) → ι(y, z)]
(D3) PP(x, y) ≡def P(x, y) ∧ ¬P(y, x)
(D4) O(x, y) ≡def ∃z[P(z, x) ∧ P(z, y) ∧ μ(z) �= μ(©)]

Now I will demonstrate how to construct new objects out of old:

(A4) ∃x∀z[¬ι(z, x)]
(A5) ∃x∀z[z �= © → ι(z, x)]

(A4) and (A5) together with (A3) entail the existence of unique objects ©
‘the empty object’ and U ‘the universe’, respectively.

(A6) ∀xy[ι(x, y) → ∃z∀w[ι(z, w) ↔ ∃q[P(q, x) ∧ P(q, y) ∧ ι(q, w)]]]
(A7) ∀xy[¬ι(x, y) → x⊗ y = ©]

(A6) together with (A3) entails the existence of the object x ⊗ y, ‘product
of x and y’ for every x and y which are intersecting, (A7) turns this into a
total function.

(A8) ∀xy∃z∀w[ι(z, w) ↔ [ι(w, x) ∨ ι(w, y)]]
(A8) together with (A3) entails the existence of the object x⊕ y, ‘sum of x
and y’ for every x and y.

(A9) ∀x[x �= U ∧ x �= © → ∃z∀w[ι(w, z) ↔ ∃q[DJ(q, x) ∧ ι(w, q)]]]
(D5) −U =def © (D6) −© =def U

(A9) together with (A3) entails a unique object −x, ‘complement of x’ for
every x. (D5) and (D6) turn − into a total function.

(D7) x- y =def x⊗ (−y)
(D7) defines the difference of x and y for every x and y. x - y is obviously
unique.

(A10) ∀x[μ(©) ≤ μ(x)]
(A11) ∀xy[P(x, y) → μ(x) ≤ μ(y)]
(D8) POINT(x) ≡def x �= ©∧ ∀y[P(y, x) ∧ y �= © → x = y]
(A12) ∀x[x �= © → ∃z[POINT(z) ∧ P(z, x)]]

(A12) makes sure that there is a point inside every non-empty set.

Now let’s see how we can “imitate” topological relations using measures:

(D9) EC(x, y) ≡def ι(x, y) ∧ ¬P(x, y) ∧ ¬P(y, x) ∧ μ(x⊗ y) = μ(©)
(D10) TPP(x, y) ≡def PP(x, y) ∧ ∃z[EC(y, z) ∧ ι(x, z)]
(D11) NTPP(x, y) ≡def PP(x, y) ∧ ∀z[ι(x, z) → O(y, z)]

Some interesting definitions exploiting measures are listed below:
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(D12) VC(x, y) ≡def ∃z[ι(z, x) ∧ ι(z, y) ∧ μ(z) = μ(©)]
x and y are very close to each other

(D13) CON(x) ≡def ∀yz[x = y ⊕ z → VC(y, z)]
x is almost-one-piece. This immitates the topological notion of self-connected
set.

(D14) COMP(x, y) ≡def CON(x) ∧ P(x, y) ∧
∀z[CON(z) ∧ P(z, y) ∧ P(x, z) → x = z]
x is an almost-component of y: x is a maximal almost-one-piece part of y.
This will be used in the proof of theorem 1.

(D15) AINT(x, y) ≡def PP(x, y) ∧ μ(x) = μ(y)
x is almost-interior of y. This immitates the topological interior operator.

(D16) AEQ(x, y) ≡def ¬∃z[μ(z) �= μ(©) ∧ [P(z, x- y) ∨ P(z, y - x)]]
x is almost-equal to y.

2.4 Undecidability

Our first result concerns the undecidability of FML.

Theorem 1. FML is undecidable.

Proof. This is proved by showing that the arithmetic of finite sets is expressible
in FML. I will only provide a proof sketch. The details are easy to see.

Let X be a set and : =< ℘(X),⊕,×,≺,∅,≈> be the arithmetic of finite
sets over X. It is well known that the structure : can be given an interpretation
as follows [5],

(I1) X is a finite set and ℘(X) is the power set of X
(I2) ⊕(abc) iff card(a) + card(b) = card(c)
(I3) ×(abc) iff card(a) · card(b) = card(c)
(I4) a ≺ b iff card(b) = card(a) + 1
(I5) a ≈ b iff card(a) = card(b)
(I6) ∅ is the empty set

where +, · are the usual operations of addition and product over N and
card(x) is the cardinality of set x.

Now define the structure M = 〈X,S,m〉 where X is from :, S = ℘(X) and
m is a set-function m : S → R+ ∪ {0} ∪ {∞} defined as m(x) = card(x). It is
easy to see that S is a σ-algebra (definition 1) and m is a measure (definition
2). Hence, the structure M is a measure space.

Now define the following LML-formulae

ϕ⊕(a, b, c) ≡def ∃xy[c = x⊕ y ∧ ¬ι(x, y) ∧ μ(a) = μ(x) ∧ μ(y) = μ(b)]
ϕ×(a, b, c) ≡def ∃xy[μ(b) = μ(x) ∧ P(x, y) ∧ P(c, y)∧

∀z[COMP(z, y) → POINT(z ⊗ x) ∧ μ(c⊗ z) = μ(a)]]
ϕ≺(a, b) ≡def ∃x[POINT(x) ∧ P(x, b) ∧ a = b- x]
ϕ≈(a, b) ≡def μ(a) = μ(b)
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Now it can be easily verified that MSM � ϕ⊕(a, b, c) iff ⊕(abc), MSM �
ϕ×(a, b, c) iff ×(abc), MSM � ϕ≺(a, b) iff a ≺ b and MSM � ϕ≈(a, b) iff a ≈ b
and that ∅ corresponds to ©.

Undecidability of FML follows from the fact that the formal system of the
arithmetic of finite sets is undecidable [5,6].

3 Soundness and Completeness

3.1 Soundness

So far we have given a first-order axiomatic formalism from which a proof system
can be obtained by adding the axioms and rules of inference of first-order logic:
Modus Ponens and Generalization. I will call this proof system with M� and
adopt the notation #� ϕ iff there is a proof of the formulae ϕ in M�. A proof in
#� is a finite sequence of LML-formulae and every formulae in the sequence is
either an axiom or obtained from the previous formulae by the rules of inference.

First we establish the following fact,

Lemma 2. The following holds.

1. MSM � P(x, y) if and only if xδ ⊆ yδ

2. MSM � DJ(x, y) if and only if xδ ∩ yδ = ∅

Theorem 2 (Soundness). For any ϕ, if #� ϕ then �MS ϕ.

Proof. The proof is by induction on the length of a proof of ϕ in M�. Only the
base case is presented here. To see this, it is sufficient to show that under the
given semantics for ι and μ, all the axioms (A1)-(A12) of FML are valid in any
given model MSM = 〈Y,m, ·δ(a)〉 satisfying the conditions in 2.1.

(A4) and (A5) can be seen straightforwardly by the fact that ∅, X ∈ Y . This
shows that ©δ = ∅ and Uδ = X. (A1) and (A2) are completely trivial. Now let’s
show (A3).

(A3) ∀xy[∀z[ι(x, z) ↔ ι(y, z)] → x = y]: Let x, y ∈ Y and assume that
∀z ∈ Y [x∩ z �= ∅ → y ∩ z �= ∅]. We now show that this implies x ⊆ y. Let p ∈ x.
Then {p} ∩ x �= ∅ and from the hypothesis it follows that {p} ∩ y �= ∅. This
entails that p ∈ y. It follows that x ⊆ y. It is similar to show that y ⊆ x.

(A6) ∀xy[ι(x, y) → ∃z∀w[ι(z, w) ↔ ∃q[P(q, x) ∧ P(q, y) ∧ ι(q, w)]]]: We want
to show that z corresponds to x ∩ y or formally that (x⊗ y)δ(a) = xδ(a) ∩ yδ(a)

for any a. So, we have to show that ∀xy ∈ Y [x ∩ y �= ∅ → ∀w ∈ Y [(x ∩ y) ∩w �=
∅ ↔ ∃q[q ⊆ x∧ q ⊆ y ∧ q ∩w �= ∅]]]. Let x, y ∈ Y and assume that x∩ y �= ∅ and
moreover assume that for some w ∈ Y , w∩ (x∩ y) �= ∅. We have to find a q ∈ Y
such that q ⊆ x ∧ q ⊆ y ∧ q ∩ w �= ∅. Let q = x ∩ y. From the other direction
let q ∈ Y such that q ⊆ x ∧ q ⊆ y ∧ q ∩ w �= ∅ for x, y, w ∈ Y . So, we have that
q ⊆ x ∩ y and from the hypothesis it follows that w ∩ (x ∩ y) �= ∅.

(A6) together with (A7) shows that the product operator ‘⊗’ corresponds to
the set intersection ‘∩’.
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(A8) ∀xy∃z∀w[ι(z, w) ↔ [ι(w, x) ∨ ι(w, y)]]: We want to show that (x ⊕
y)δ(a) = xδ(a)∪yδ(a) for any given a. We prove that ∀x, y, w ∈ Y [(x∪y)∩w �= ∅ ↔
[w∩x �= ∅∨w∩y �= ∅]]. Let x, y ∈ Y and assume that for some w ∈ Y we have that
(x∪y)∩w �= ∅, the rest follows trivially. For the other direction, for some w ∈ Y
assume that w ∩ x �= ∅ ∨ w ∩ y �= ∅. This obviously entails that w ∩ (x ∪ y) �= ∅.
This shows that the addition operator ‘⊕’ corresponds to set union ‘∪’.

(A9) ∀x[x �= U ∧ x �= © → ∃z∀w[ι(w, z) ↔ ∃q[DJ(q, x) ∧ ι(w, q)]]]:
Let x ∈ Y such that x �= X and x �= ∅. We want to show that
∀w ∈ Y [w∩ ∼ x �= ∅ ↔ ∃q[q ∩ x = ∅ ∧ q ∩ w �= ∅]]. From the hypothe-
sis we know that ∼ x �= ∅ and x �= ∅. Assume that for some w ∈ Y , w∩ ∼ x �= ∅.
Let q = w∩ ∼ x. Other direction is also straightforward.

(A9) together with (D5) and (D6) show that the complement operator ‘−’
corresponds to set complement ‘∼’.

(A10) and (A11) follows directly from the model conditions in 2.1 and (A12)
is straightforward.

3.2 Completeness

Showing the completeness of FML is achieved through the so-called Henkin
method. Completeness result follows mainly from three fundamental lemmas
provided below. Only the Henkin lemma is supplied with a proof since other
lemmas have standard proofs that can be found in, for example [7].

Lemma 3 (Lindenbaum Lemma). Every M�-consistent set of sentences can
be extended to a maximal M�-consistent set of sentences.

Lemma 4 (Witness Lemma). Every M�-consistent set of sentences Γ in L
can be extended to a M�-consistent set of sentences Γ ′ in L′ such that L′ = L∪C,
L ∩ C = ∅ and C is an infinite set of constants which are witnesses for Γ ′.

Lemma 5 (Henkin Lemma). Every maximal M�-consistent set of sentences
Γ which has a set of witnesses in L yields a MΓ such that MΓ � ϕ if and only
if ϕ ∈ Γ .

Proof. The first step in the proof is to construct the model MΓ . After this, we
only need to show that the claim: MΓ � ϕ if and only if ϕ ∈ Γ , holds.

By lemmas 3 and 4, given a M�-consistent set of sentences Γ ′, we have a
maximal consistent saturated set Γ . Let C be the set of constants occurring in
Γ . Now define equivalence classes over the elements of C as follows: [c] = {d ∈
C | Γ #� c = d}. Each class represent an element of the domain of our model
and each such element will correspond to a set of points. So we have to define
its points. The set of points that will correspond to every element can be set
trivially as following:

Πc = {x ∈ C|Γ #� POINT(x) ∧ P(x, c)}, (1)

Note that when c ∈ Γ and Γ #� POINT(c) we have Πc = {c}.



Measure Logics for Spatial Reasoning 495

Now, we can define MΓ . Let DΓ = {Πc | c ∈ C}, α be the denotation
function such that cα = Πc and finally a function m : DΓ → R+ ∪ {0} ∪ {∞}
such that m(Πx) = m(Πy) iff Γ #� μ(x) = μ(y) and m(Πx) ≤ m(Πy) iff
Γ #� μ(x) ≤ μ(y) and also such that m(Πx) + m(Πy) = m(Πx ∪Πy) whenever
Πx ∩ Πy = ∅. It is easy to show that we can always find such a function m.
Finally we set MΓ = 〈DΓ ,m, α〉.

To complete the proof we finally need to show that MΓ � ϕ if and only if
ϕ ∈ Γ . This can be done by an induction on the number of connectives in ϕ.
I will present only the base case. The rest of the proof is standard and can be
generated easily.

Base case: Since we have the binary primitives of ι(·, ·), μ(·) = μ(·) and
μ(·) ≤ μ(·), it is sufficient to show that MΓ � ι(x, y) if and only if ι(x, y) ∈ Γ
and similarly MΓ � μ(x) = μ(y) if and only if μ(x) = μ(y) ∈ Γ and finally that
MΓ � μ(x) ≤ μ(y) if and only if μ(x) ≤ μ(y) ∈ Γ .

Assume that MΓ � ι(x, y). Then Πx ∩Πy �= ∅. Therefore, there is a point p
such that p ∈ Πx and p ∈ Πy and P(p, x)∧P(p, y)∧POINT(p). Since POINT(p),
we have p �= © and from here we have that ι(p, p). Since P(p, x), we derive ι(p, x).
Thus, from the fact that P(p, y), we get ι(x, y) ∈ Γ .

To see the other direction, assume that ι(x, y) ∈ Γ . From (A6) we have that
∃q[P(q, x)∧P(q, y)] and it also follows that q �= ©. On the other hand from (A12)
we have that ∃z[POINT(z)∧P(z, q)]. Thus ∃z[POINT(z)∧P(z, x)∧P(z, y)]. From
here and from (1), we derive that Πx ∩Πy �= ∅. Hence, MΓ � ι(x, y).

The last two claims that MΓ � μ(x) = μ(y) if and only if μ(x) = μ(y) ∈ Γ
and MΓ � μ(x) ≤ μ(y) if and only if μ(x) ≤ μ(y) ∈ Γ are obvious from the
definition of function m in MΓ . This completes the proof of the base case.

The last step is to show that the model constructed in the proof of Henkin
lemma is actually an MS model. This amounts to show that the conditions of
section 2.1 are satisfied in MΓ . Next lemma deals with that.

Lemma 6. MΓ is an MS-model.

Proof. First let us create the universe, X such that DΓ ⊆ 2X . We set X =
∪{Πc|c ∈ C}. It can be trivially verified that DΓ ⊆ 2X . It is sufficient to show
that 〈X,DΓ ,m〉 is a measure space which means that we have to show DΓ is
a σ-algebra over X and m is a measure over DΓ . First we show that DΓ is a
σ-algebra. So, we check the conditions of definition 1.

From (A5) and from (1) we derive that U ∈ C and Uα = X. Hence, X ∈ DΓ .
This shows that condition 1 is satisfied. It similarly follows that ©α = ∅ and
∅ ∈ DΓ .

Conditions 2 and 3 follow directly from the axioms (A9) and (A8). For a
demonstration, I will show second condition. Let a ∈ DΓ such that ∅ �= a �= X
(otherwise we are done from (D5) and (D6)). Then there is a a′ ∈ C such that
Πa′ = a and © �= a′ �= U . Then from (A9) it follows that −a′ ∈ C. Thus,
Π−a′ ∈ DΓ . It is sufficient to show that Π−a′ =∼ Πa′ since ∼ Πa′ =∼ a. From
(A9) and (1) it follows that Π−a′ = {c ∈ C| #� POINT(c) ∧ P(c,−a′)} = {c ∈
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C| #� POINT(c) ∧ ¬P(c, a′)} =∼ {c ∈ C| #� POINT(c) ∧ P(c, a′)} =∼ Πa′ . It
follows that DΓ is a σ-algebra.

Finally we have to show that m is a measure. However, it is obvious from
the definition of m in the proof of Henkin Lemma that m is a measure. Hence
〈X,DΓ ,m〉 is a measure space. Thus, MΓ is an MS-model.

Finally, the goal theorem is achieved:

Theorem 3 (Completeness). For any ϕ, if �MS ϕ then #� ϕ.

4 Propositional Measure Logic

In this section I will present a less expressive but computationally more attractive
measure logic. A classical propositional language will be used to represent set-
theoretic and measure-theoretic knowledge. Propositional logics can be given
a set-theoretic interpretation where propositional letters represent subsets of a
universe and logical operators correspond to usual set operators. Bennett [2]
makes use of propositional logic in transforming some of the RCC-8 relations
into a propositional language. Since propositional language is not strong enough
to express all of the RCC-8 relations, Bennett uses the more expressive language
of propositional intuitionistic logic to express all of the RCC-8 relations.

4.1 Propositional Language LPML

The language of propositional measure logic will be denoted by LPML. LPML has
denumerably-infinite number of non-logical constant symbols (a, b, c, . . . etc.),
the usual propositional operators (∨,¬ and their derivatives) and the proposi-
tional constants of verum and falsum (�,⊥). Arbitrary formulae of LPML are
constructed recursively as usual. Note that LPML is nothing but the language of
the classical propositional logic. A theory Γ in LPML is a pair of pairs which can
be written as Γ = 〈〈M, E〉s, 〈M, E〉m〉. 〈M, E〉s is the pair of model and entail-
ment constraints corresponding to set-equations and 〈M, E〉m for the measure-
equations. Each M and E is a set of LPML-formulae. This is obviously a simple
extension of Bennett’s propositional language in [2].

Semantics for LPML. Let X be a set. A model for the language LPML is a
triple MSM = 〈Y,m, ·δ〉 such that M = 〈X,Y,m〉 is a measure space and δ is a
denotation function assigning elements of Y to the constants in LPML-formulae
as follows:

1. (¬p)δ =∼ (pδ)
2. (p ∧ q)δ = pδ ∩ qδ

3. (p ∨ q)δ = pδ ∪ qδ

4. (⊥)δ = ∅
5. (�)δ = X
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Let �PC be the entailment relation in propositional calculus and �MSM the
entailment in model MSM for a measure space M and �MS in every model
MSM for every M. With the above interpretation of LPML-formulae, we have
the following correspondence result:

Theorem 4 (Bennett, 94). p1, . . . , pn �PC p0 if and only if pδ1 = X, . . . , pδn =
X �MS pδ0 = X

The above result of Bennett can be extended such that we can use LPML-
formulae to talk about measure theoretic information as well. Note that we have
not used the function m of MSM to interpret any LPML-formulae.

First I state the following lemma which will be used in the proof of theorem 5:

Lemma 7. If �PC ϕ then �MS m(ϕδ) = m(X).

Proof. If ϕ is a tautology then from theorem 4 we have that ϕδ = X. Since m is
a well-defined function, m(ϕδ) = m(X) for every measure space M = 〈X,Y,m〉.

Now the actual extension to the Theorem 4 can be stated as follows:

Theorem 5. p1, . . . , pn �PC p0 iff m(pδ1) = m(X), . . . ,m(pδn) = m(X) �MS
m(pδ0) = m(X).

Proof. To see from left to right assume that p1, . . . , pn �PC p0. Trivially, it
follows that (p1 ∧ . . . ∧ pn) → p0 is a tautology and hence from lemma 7 we
have that m(∼ (pδ1 ∩ . . . ∩ pδn) ∪ pδ0) = m(X). It is obvious that m(pδ0) ≤ m(X).
On the other hand, from the disjoint additivity of m, in every model where
m(pδ1) = m(X), . . . ,m(pδn) = m(X), we have that m(X) = m(∼ (pδ1 ∩ . . .∩ pδn)∪
pδ0) ≤ m(∼ (pδ1∩ . . .∩pδn))+m(pδ0) ≤ m(∼ pδ1)+ . . .+m(∼ pδn)+m(pδ0) = m(pδ0).
Thus, it follows that m(pδ0) = m(X).

For the other direction, assume that p1, . . . , pn ��PC p0. Then, we can find an
assignment a such that a(p1) = true, . . . , a(pn) = true and also a(p0) = false.
Now, define a denotation function ·ε based on a as follows: xε = X iff a(x) = true
and xε = ∅ iff a(x) = false. From the definitions of section 1.1 we have that
m(∅) �= m(X), it follows that m(pε1) = m(X), . . . ,m(pεn) = m(X) ��MS m(pε0) =
m(X).

From Theorems 4 and 5 it is easy to see that propositional formulae can
be given two interpretations. A propositional formula is entailed by the relation
�PC if and only if either its set-denotation in MS is equal to X or alternatively,
measure of its set-denotation in MS is equal to the measure of X. Hence, for the
first interpretation we use the first component of Γ and include the propositional
formulae into Ms if its set-denotation is equal to X and include it into Es if its
set-denotation is not equal to X. Similarly, for the second interpretation, we use
the second component of Γ and include the propositional formulae into Mm if
measure of its set-denotation is equal to the measure of X and include it into
Em if measure of its set-denotation is not equal to the measure of X.

Naturally, we are now asking for an algorithm to check whether a given theory
Γ = 〈〈M, E〉s, 〈M, E〉m〉 of propositional measure logic is consistent or not.
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Table 1. Translation of certain relations in propositional measure logic, including
relations “imitating” RCC-8.

Relation Ms Es Mm Em

ι(x, y) ¬(x ∧ y),¬x,¬y

DJ(x, y) ¬(x ∧ y) ¬x,¬y

P(x, y) ¬x ∨ y ¬x,¬y

PP(x, y) or
NTPP(x, y) ¬x ∨ y x ∨ ¬y,¬x,¬y

PP−1(x, y) or
NTPP−1(x, y) x ∨ ¬y ¬x ∨ y,¬x,¬y

PO(x, y)
¬x ∨ ¬y,¬x ∨ y,
x ∨ ¬y,¬x,¬y

EQ(x, y) ¬x ∨ y, x ∨ ¬y ¬x,¬y

EC(x, y) ¬(x ∧ y),¬x,¬y ¬(x ∧ y) ¬x,¬y

TPP(x, y)
¬x ∨ ¬y,¬x ∨ y,
x ∨ ¬y,¬x,¬y

¬(x ∧ ¬y) ¬x,¬y

AEQ(x, y) ¬(x ∧ ¬y),¬(¬x ∧ y) ¬x,¬y

AINT(x, y) ¬x ∨ y x ∨ ¬y,¬x,¬y ¬(¬x ∧ y) ¬x,¬y

Theorem 6 gives an answer to this question in three parts, Bennett’s Theorem
and its extension without the proof.

Theorem 6. Given a theory Γ , consistency of each component of Gamma can
be determined as follows:

1. [Bennett, 94] A spatial configuration described by 〈M, E〉s is consistent iff
there is no φ ∈ Es such that Ms �PC φ.

2. A spatial configuration described by 〈M, E〉m is consistent iff there is no
φ ∈ Em such that Mm �PC φ.

3. A spatial configuration described by Γ = 〈〈M, E〉s, 〈M, E〉m〉 is consistent
iff 〈M, E〉s and 〈M, E〉m are both consistent and Ms ⊆ Mm and Em ⊆ Es.

Table 1 gives a list of relations that can be expressed in LPML. Note that
some of the rows are exactly the same as in [2] and thus such translations are
not new. First-order definitions of all the relations appearing in Table 1 can be
found in section 2.3 where it is probably easier to understand their meaning.
Entries in the cells of Table 1 which can be determined according to Theorem
6’s part 3 are omitted to prevent the table from getting more complicated.

5 Conclusion

A new method for representing spatial information in a qualitative way is inves-
tigated in this paper which has its roots in measure theory rather than topol-
ogy. I explored two spatial logics in this paper: First-order measure logic and
propositional measure logic. I supplied the first-order formalism with semantics
which with respect to the logic is sound and complete. Although the first-order
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formalism is not decidable, the less expressive propositional measure logic is
computationally very attractive. Moreover, I have shown that relations similar
to that of topological RCC-8 relations are expressible in propositional measure
logic. Thus, taking an approach based on measure theory rather than topology,
we can encode more spatial configurations with classical propositional formulae.
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Abstract. A new logic of belief (in the “Only knowing” family) with
confidence levels is presented. The logic allows a natural distinction be-
tween explicit and implicit belief representations, where the explicit form
directly expresses its models. The explicit form can be found by apply-
ing a set of equivalence preserving rewriting rules to the implicit form.
The rewriting process is performed entirely within the logic, on the ob-
ject level. We prove that the problem of deciding whether there exists a
consistent explicit form is Σp

2 -complete, a complexity class which many
problems of nonmonotonic reasoning belong to.

1 Introduction

The paper presents the propositional modal logic Æ, a logic in the “Only know-
ing” family of logical systems pioneered by Levesque [8]. Compared to other
propositional systems in this family the Æ system contributes on three levels:
conceptually by the introduction of a richer set of epistemic concepts, both for
the description of the system itself and for use in representation of common-
sense patterns of reasoning within Æ; logically by being closed under uniform
substitution and being axiomatized entirely at the object-level; by an increased
expressive power which enables the representation of a certain sort of prioritized
normal defaults. It can also be used to represent recent work on priorities within
the Reiter-style families of systems [1,2], although this is not addressed in this
paper.

2 The Logic Æ

2.1 Syntax

The object language contains a stock of propositional letters, the constants �
and ⊥, and connectives ¬, ∨, ∧, ⊃ and ≡. Modal operators are � (necessity)
and, for each k ∈ I, Bk (belief) and Ck (co-belief). I is a finite index set partially
ordered by 4. A formula ϕ is completely modalized if every propositional letter
occurs within the scope of a modal operator. ϕ[ψ1/ψ2] is ϕ with every subformula
occurrence of ψ1 substituted with ψ2. The substitution operator [·/·] distributes
over connectives and modalities in the obvious way.
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We will say that ϕ entails ψ if �(ϕ ⊃ ψ) holds. Intuitively, each index in I
corresponds to a confidence level, hence Bkϕ denotes belief in ϕ with strength
k. The belief and co-belief operators are complementary. We read Ck¬ϕ as: the
agent believes at most ϕ with strength k.

The expression Okϕ abbreviates Bkϕ ∧ Ck¬ϕ (all that is believed with
strength k). A modal atom is a formula of the form Bkϕ or Ckϕ, and a modal
literal is either a modal atom or its negation. The depth of a modal atom refers
to the nesting of modalities. If ϕ is propositional, Bkϕ has depth 1. Dual modal-
ities: �ϕ is ¬�¬ϕ (ϕ possible); bkϕ is ¬Bk¬ϕ (ϕ possible and compatible with
belief with strength k); ck is ¬Ck¬ϕ (ϕ possible and compatible with co-belief
with strength k).

2.2 Models

A model M for Æ can be written in the form of a quadruple (U,U+, U−, π)
where U is a non-empty set of points called the space of conceivability, and U+

and U− are functions which assign a subset of U to each index in I. U+(k) is
denoted U+

k ; U−k denotes U−(k). We require that U+
k ∪ U−k = U for each k ∈ I

and that U+
k ⊆ U+

i and U−i ⊆ U−k for each i ≺ k.
The model is bisected if U+

k ∩U−k = ∅ for each k ∈ I. Points in U+ are called
plausible and points in U− implausible. π is a valuation function which assigns a
subset of U to each propositional letter in the language. A satisfaction relation
can be defined for each point x: M �x p iff x ∈ π(p) for a propositional letter
p; M �x �ϕ iff �y ϕ for each y ∈ U ; M �x Bkϕ iff �y ϕ for each y ∈ U+

k ;
M �x Ckϕ iff �y ϕ for each y ∈ U−k (and as usual for propositional connectives).
Hence a proposition is necessary if and only if it holds in all conceivable states
of affairs. We write ‖ϕ‖ for the truth set of ϕ, i.e. the set of points at which ϕ is
true. Observe that all points agree on the truth value of completely modalized
formulae.

Persistence of beliefs. Observe that M �x Bkψ iff U+
k ⊆ ‖ψ‖ and M �x

Ckψ iff U−k ⊆ ‖ψ‖. This, together with the model requirements imposed by the
≺ relation, expresses a persistence property on the modalities which strongly
supports an interpretation of the preference relation ≺ as a relation of greater
conviction or stronger belief. Where k is ≺-minimal, it is natural to understand
Bk as a modality of full conviction.

Necessity. The modality of necessity is used to express personal necessities.
One case in point can be analytic relationships between concepts, another the
negation of statements that are strictly speaking consistent, but nevertheless
seem so implausible (to the agent) that their possibility of being true is simply
neglected. Semantically the notion is analyzed in terms of the conceivability
space. The semantical constraint that U is non-empty implies that the real state
of affairs is assumed to be conceivable, validating the truth axiom �ϕ ⊃ ϕ.

Belief and co-belief. The two belief modalities span the notion of necessity: a
necessary proposition is, at any confidence level, both believed and co-believed,
and vice versa. Intended readings of the formula Bkϕ are: the agent has evidence
for ϕ, has a justified belief in ϕ, is convinced that ϕ with strength k. The set of
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plausible points U+
k are precisely those states of affairs which are both conceiv-

able and compatible with the k-strong evidence. The points in U \ U+
k are also

determined by the evidence: they are the conceivable states of affairs incompat-
ible with k-evidence. In bisected models Ckϕ holds iff ‖¬ϕ‖ ⊆ U+

k . This means
that ϕ is true should some of the agent’s beliefs be false, since the real state of
affairs lies in U \ U+

k .
Semantically, U+

k defines belief state k : the points consistent with the evidence
or beliefs which the agent possesses with strength k. The real state of affairs is
not necessarily contained in U+

k . Thus, even though it is not plausible for the
agent that any of its beliefs are false (i.e. ¬bk(Bkϕ ∧ ¬ϕ) is valid), situations in
which some are may still be conceivable (i.e. �(Bkϕ ∧ ¬ϕ) is satisfiable).

We assume that the agent does not put its own beliefs into question, and this
makes the beliefs and co-beliefs in a certain (restricted) sense necessary. Bringing
in the notion of evidence can serve as a guide to the strong introspective princi-
ples of the logic: the formula Bkϕ ⊃ �Bkϕ is e.g. valid. This formula does not
express that the agent’s beliefs are in a strong (metaphysical) sense determined,
but rather that they are uniquely determined from the agent’s evidence.

Bisected models and the O-operator. The representations that we will be
interested in in this paper will be conjunctions of formulae of the form Okϕ
for each k (cnf. Sect. 4.2), and it is easy to prove that any such formula will
have only bisected models: if M � Okϕ, then U+

k = ‖ϕ‖ and U−k = ‖¬ϕ‖. As
‖ϕ‖ ∩ ‖¬ϕ‖ = ∅, M is bisected. But if this is what we are after, why do we
not have the Ok-operators as primitive, sacrificing the seemingly artificial Ck
modalities? One reason is technical; it is natural to fix the extension of a belief
state by approximating it from above (using Bk) and from below (using Ck¬).
Moreover, the use of the Ck-operator is by no means exhausted by its service for
Ok, although investigations in this direction are not pursued in this paper.

2.3 Axiomatic System

Let us say that a tautology is a substitution instance of a formula valid in classical
propositional logic (such as �ϕ ⊃ �ϕ). The logic Æ is defined as the least set
that contains all tautologies, contains all instances of the following schemata for
each k ∈ I:

� : �ϕ ≡ Bkϕ ∧ Ckϕ T : �ϕ ⊃ ϕ

KB : Bk(ϕ ⊃ ψ) ⊃ (Bkϕ ⊃ Bkψ) KC : Ck(ϕ ⊃ ψ) ⊃ (Ckϕ ⊃ Ckψ)
B� : Bkϕ ⊃ �Bkϕ C� : Ckϕ ⊃ �Ckϕ

B� : ¬Bkϕ ⊃ �¬Bkϕ C� : ¬Ckϕ ⊃ �¬Ckϕ
PB : Biϕ ⊃ Bkϕ for all i ≺ k PC : Ckϕ ⊃ Ciϕ for all i ≺ k

and is closed under all instances of the rules:

ϕ

�ϕ
(RN)

ϕ ϕ ⊃ ψ

ψ
(MP)
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PB and PC are the persistence axioms for B and C respectively. We write # ϕ if
ϕ is theorem of Æ. If # (ϕ1 ∧ · · · ∧ϕn) ⊃ ψ, we sometimes write ϕ1, . . . , ϕn # ψ
and refer to ϕ1, . . . , ϕn as premises. It is easy to show that the logic of � is S5,
while Bk and Ck are both K45 modalities. Any formula in Æ is equivalent to one
in normal form, i.e. without occurrences of nested modalities. This follows from
the Normal form property : for a propositional ψ and a completely modalized β,
# Bi(ψ ∨ β) ≡ (Biψ ∨ β) (and similarly for Ci).

Theorem 1. Æ is sound, complete and decidable.

Proof. Soundness is proved by routine induction on the length of proofs. The
proof of completeness uses a standard canonical model construction. Decidability
follows by taking the maximal filtration of the canonical model wrt. a finite
filtration set; this construction collapses the canonical model into a finite set of
Æ models finitely bound by the size of the filtration set [14,13]. ��

3 Finite Languages

3.1 Logical Spaces

We will in the rest of this paper assume that the language has finitely many
propositional letters p1, . . . , pn. Let us say that an atom is a conjunction
±p1 ∧ · · · ∧±pn where ±pi means either pi or ¬pi. We can interpret an atom as
characterizing the material content of a state of affairs, i.e. the “external world”
neglecting the agent’s cognitive state. There are 2n atoms and 1 ≤ m ≤ 2n con-
ceivable states of affairs in a model with different material content (i.e. which
disagree on some propositional letters); let α1, . . . , αm characterize all the con-
ceivable states of affairs by their material content. The logical space of the agent
is defined as the formula

�α1 ∧ · · · ∧ �αm ∧ �(α1 ∨ · · · ∨ αm) .

A logical space is the syntactical counterpart to the concept of a conceivability
space. The propositional formula α1 ∨ · · · ∨αm is a characteristic formula of the
logical space. As m > 0 this formula, and hence the logical space, is always con-
sistent. The characteristic formula need not, however, be in disjunctive normal
form (DNF); any propositional formula equivalent to α1 ∨ · · · ∨ αm counts as a
characteristic formula of the logical space, a fact which we can use to reduce the
size of representations considerably (see below).

Note, incidentally, that the possibility of defining different logical spaces in-
creases the expressive power of the language. We can e.g. define a logical space
λ such that λ # �(penguin(Tweety) ⊃ bird(Tweety)) and thereby syntactically
express a constraint on conceivability. With respect to the maximal logical space
this constraint does not follow. We may, of course, state the conditional as part
of the agent’s beliefs, but conceptually analytic statements are expressed in a
better way at the level of necessity.
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The size of the logical space λ is clearly exponential in the number of propo-
sitional variables. Specifying λ can, however, be avoided by using any of its
characteristic formulae, say ρ, as a basis for an implicit generation of λ. This
can be achieved by adding the following axiom and inference rule to Æ:

RI: �ρ
ρ, ϕ �#PL ⊥

�ϕ
(RC)

Note that in (RC) ϕ is propositional. We shall call this system Æρ and use #ρ
to denote its deducibility relation. In the maximal logical space all atoms are
possible, (i.e. m is 2n) and � is one of its characteristic formulae. The maximal
logical space is a theorem of Æ!. Æ! with a singleton I is in fact identical to
the propositional fragment of Levesque’s system [8].

More generally we use λ(ρ) to denote the function that maps a PL-consistent
formula ρ to its corresponding logical space and ρ(λ) to denote the function that
gives the full DNF characteristic formula of a logical space λ. As an example,
let ρ be p ≡ q. Since # ρ ≡ ((¬p ∧ ¬q) ∨ (p ∧ q)) we can derive the following:

ρ,¬p ∧ ¬q �#PL ⊥

#ρ �(¬p ∧ ¬q)

ρ, p ∧ q �#PL ⊥

#ρ �(p ∧ q)
#ρ �((¬p ∧ ¬q) ∨ (p ∧ q))

It is easy to see that λ(ρ) is �(¬p ∧ ¬q) ∧�(p ∧ q) ∧�((¬p ∧ ¬q) ∨ (p ∧ q)) and
that # ρ(λ(ρ)) ≡ ρ.

Theorem 2. Let λ be a logical space. Then λ # ϕ iff #ρ(λ) ϕ.

Proof. λ is of the form �α1 ∧ · · · ∧ �αm ∧ �(α1 ∨ · · · ∨ αm), so ρ = ρ(λ) =
α1 ∨ · · · ∨αm. Only if: Assume λ # ϕ. We need to show that #ρ λ. Instantiating
RC with ϕ = αi gives #ρ �αi for each 1 ≤ i ≤ m. #ρ �(α1 ∨ · · · ∨ αm) is the RI
axiom. If: We need to show that the consequences of λ are the only additional
theorems of Æρ. This can be shown by induction over proofs, showing that RI
and RC are deducible from λ in Æ. For RI this is trivial. For any �ψ stemming
from RC, it must be the case that ρ �#PL ¬ψ. Assume that for all 1 ≤ i ≤ m,
αi �#PL ψ. As either α #PL ψ or α #PL ¬ψ, αi #PL ¬ψ, thus ρ #PL ¬ψ, a
contradiction. Hence there must exists an αi such that αi #PL ψ, thus �αi # �ψ
and, consequently, λ # �ψ. ��

Corollary 1. λ(ρ) # ϕ iff #ρ ϕ.

The satisfiability problem for Levesque’s system is Σp
2 -complete [11,12], which

is the same as for Æρ without confidence levels. From a logical point of view
the RC and RI rules can be criticized since the proof checking problem for Æρ

is NP-complete (and not linear). Moreover, these logics are not closed under
uniform substitution, a property which holds for Æ and which traditionally has
been used to distinguish a logic from a theory.
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3.2 Explicit and Implicit Belief Representations

Let ϕI be a formula of the form
∧
k∈IOkϕk. We will refer to ϕI as an OI-block.

If each ϕk is propositional, it is a prime OI -block. Let λ be a logical space and
ψI be a prime OI -block. If λ∧ψI is satisfiable, it has essentially only one model;
moreover, this model can easily be defined from the formula itself. Otherwise,
λ∧ψI is inconsistent due to a clash with the persistence axioms. It follows from
this that for any completely modalized β, either λ ∧ ψI # β or λ ∧ ψI # ¬β (or
both if λ ∧ ψI is inconsistent).

Hence, the agent’s attitude towards every proposition which can be expressed
in the language can be determined from λ ∧ ψI when ψI is prime. For this
reason we will say that λ ∧ ψI gives an explicit representation of the agent’s
cognitive state. A more general explicit representation has the form

λ ∧ (ψI1 ∨ · · · ∨ ψIm)

where each ψIi is a prime OI -block. λ∧ψI is a special case of this with m = 1; we
call explicit representations of this form unambiguous. Otherwise, the formula (in
general) conveys incomplete information about the agent’s beliefs. Nevertheless
the formula expresses that there are m models which fit the agent and provides a
precise description of each of them. Note in particular that if β is either Bkϕ or
¬Bkϕ for some k ∈ I, then λ, ψI1 ∨ · · · ∨ψIn # β if and only if λ∧ψIi # β for each
ψIi . Hence, if there are propositions towards which the agent’s attitude is indeter-
minate, the explicit representation provides a clear method for identifying these.

If ψI is not prime, λ ∧ ψI gives an implicit representation of a belief state;
implicit because it will in general require some work to see what its models
are. All representations of non-trivial common-sense situations will be implicit
representations, some of which are addressed in Sect. 4.2. Whatever form they
may have, there is a modal reduction property which applies to them to the
effect that their content can be analyzed and stated in an explicit form by purely
formal manipulations within the logic. This property is manifested in the Modal
reduction theorem:

Theorem 3. For each logical space λ and OI-block ϕI , for some m ≥ 0, there
are prime OI-blocks ψI1 , . . . , ψ

I
m such that

λ # ϕI ≡ (ψI1 ∨ · · · ∨ ψIm) .

Every such ψIk that is consistent with λ is called a λ-expansion of ϕI . In the
case when ϕI has no λ-expansion, λ # ¬ϕI . As each λ-expansion has a unique
model, the “if” direction of the theorem states that these models are also models
of ϕI . The “only if” direction states that every other model is not a model of
ϕI . Accordingly the theorem tells us exactly which models the formula has.

4 Reductions and Complexity

The proof of the Modal reduction theorem given in Sect. 4.3 is constructive
and is based on rewriting the original formula using equivalences within the
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logic. The formula is first expanded, then collapsed. Both steps are carried out
by means of rewriting rules which all rely on provable equivalences within Æ.
Both rule types substitute a lot of �’s and ⊥’s into the formula, and formally
we need a rule for simplifying these. This simplification is, however, skipped in
the presentation below.

4.1 Rewriting Rules

To apply the expand rule one must select a modal atom β of modal depth 1 and
substitute it with � and ⊥ in the following way:

Oiϕ −→β (Oiϕ[β/�] ∧ β) ∨ (Oiϕ[β/⊥] ∧ ¬β) .

Lemma 1. # Oiϕ ≡ (Oiϕ[β/�] ∧ β) ∨ (Oiϕ[β/⊥] ∧ ¬β).

Proof. We show that # ϕ ≡ (ϕ[β/�] ∧ β) ∨ (ϕ[β/⊥] ∧ ¬β). This can be shown
by induction on ϕ. Base step: If β = ϕ or β does not occur as a subformula
of ϕ, the statement holds trivially. Induction step: We only prove the cases for
(1) ϕ = Bkϕ1, (2) ϕ = ϕ1 ∧ ϕ2 and (3) ϕ = ¬ϕ1. Let (i) denote # ϕ1 ≡
(ϕ1[β/�]∧β)∨ (ϕ1[β/⊥]∧¬β) and (ii), # ϕ2 ≡ (ϕ2[β/�]∧β)∨ (ϕ2[β/⊥]∧¬β).

(1) The induction hypothesis is (i). Thus Bkϕ1 is equivalent to Bk((ϕ1[β/�]∨
β) ∧ (ϕ1[β/⊥] ∨ ¬β)). Bk-distribution yields Bk(ϕ1[β/�] ∨ β) ∧ Bk(ϕ1[β/⊥] ∨
¬β). By the Normal form property this is equivalent to (Bk(ϕ1[β/�]) ∨ β) ∧
(Bk(ϕ1[β/⊥]) ∨ ¬β). The case ϕ = Ckϕ1 is similar.

(2) The induction hypothesis is (i) and (ii). Thus ϕ1 ∧ ϕ2 is equivalent to
((ϕ1[β/�]∧β)∨(ϕ1[β/⊥]∧¬β))∧((ϕ2[β/�]∧β)∨(ϕ2[β/⊥]∧¬β)). On disjunctive
normal form this becomes (ϕ1[β/�]∧ϕ2[β/�]∧ β)∨ (ϕ1[β/⊥]∧ϕ2[β/⊥]∧¬β).
As substitution is distributive, ((ϕ1 ∧ ϕ2)[β/�] ∧ β) ∨ ((ϕ1 ∧ ϕ2)[β/⊥] ∧ ¬β).

(3) The induction hypothesis is (i). Thus ¬ϕ1 is equivalent to (¬(ϕ1[β/�])∨
¬β)∧ (¬(ϕ1[β/⊥])∨ β), equivalently (¬(ϕ1[β/�])∧ β)∨ (¬(ϕ1[β/⊥])∧¬β). As
substitution is distributive, ((¬ϕ1)[β/�] ∧ β) ∨ ((¬ϕ1)[β/⊥] ∧ ¬β). ��

When the expand rule is no longer applicable, we may apply the collapse
rules. In the rules below, all occurrences of ϕ and ψ are propositional. If i 4 k,
the collapse rules pertaining to B-formulae are:

Oiϕ ∧Bkψ −→λ Oiϕ if λ # Oiϕ ⊃ Biψ (B1)
Oiϕ ∧ ¬Bkψ −→λ ⊥ if λ # Oiϕ ⊃ Biψ (B2)
Okϕ ∧Biψ −→λ ⊥ if λ �# Okϕ ⊃ Bkψ (B3)
Okϕ ∧ ¬Biψ −→λ Okϕ if λ �# Okϕ ⊃ Bkψ (B4)

and for C-formulae:

Okϕ ∧ Ciψ −→λ Okϕ if λ # Okϕ ⊃ Ckψ (C1)
Okϕ ∧ ¬Ciψ −→λ ⊥ if λ # Okϕ ⊃ Ckψ (C2)
Oiϕ ∧ Ckψ −→λ ⊥ if λ �# Oiϕ ⊃ Ciψ (C3)
Oiϕ ∧ ¬Ckψ −→λ Oiϕ if λ �# Oiϕ ⊃ Ciψ (C4)
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Lemma 2. The collapse rules are sound.

Proof. We only show soundness of B1–B4. For B1 and B2 we need to show that

λ # (Oiψ ∧Bkϕ) ≡ Oiψ if λ # Oiψ ⊃ Biϕ and
λ # (Oiψ ∧ ¬Bkϕ) ≡ ⊥ if λ # Oiψ ⊃ Biϕ .

They are both equivalent to “λ ∧ Oiψ # Bkϕ if λ ∧ Oiψ # Biϕ”, which follows
from persistence. For B3 and B4 we need to show that

λ # (Okψ ∧Biϕ) ≡ ⊥ if λ �# Okψ ⊃ Bkϕ and
λ # (Okψ ∧ ¬Biϕ) ≡ Okψ if λ �# Okψ ⊃ Bkϕ .

Since λ∧Okψ has exactly one model, they are both equivalent, and the contrapo-
sition is “λ∧Okψ # Bkϕ if λ∧Okψ # Biϕ”, which follows from persistence. ��

In some situations it is more efficient to perform the rewriting steps directly
on O-formulae. If we count O-formulae among the modal atoms, the expand rule
is still sound, as are the following collapse rules. The proof of this is straightfor-
ward and is left to the reader.

Oiϕ ∧Oiψ −→λ Oiϕ if λ # Oiϕ ⊃ Oiψ (O1)
Oiϕ ∧ ¬Oiψ −→λ ⊥ if λ # Oiϕ ⊃ Oiψ (O2)
Oiϕ ∧Okψ −→λ ⊥ if λ �# Okψ ⊃ Bkϕ (O3)
Oiϕ ∧ ¬Okψ −→λ Okϕ if λ �# Okψ ⊃ Bkϕ (O4)

4.2 Example: Supernormal Defaults

The property corresponding to the statement “the proposition ϕ holds by de-
fault” is formalized in Æ by the formula bkϕ ⊃ ϕ within the scope of an Oi-
modality for a k 4 i. We will refer to this formula as a default conditional. To
demonstrate basic properties of the representation we will address an example
with two defaults. Let ϕ1 and ϕ2 be propositional and let d1 be b1ϕ1 ⊃ ϕ1 and d2
be b2ϕ2 ⊃ ϕ2. Prioritizing defaults amounts to constraining the order in which
defaults are tested. In Æ we can give the default representation a behaviour of
this sort by exploiting confidence levels and the persistence property. To rep-
resent this in Æ we introduce three levels of confidence. Let I = {0, 1, 2} and
0 ≺ 1 ≺ 2. Letting the ≺-minimum 0 identify the modality of full conviction,
the following formula Bel defines the default structure:

O0κ ∧O1(κ ∧ d1) ∧O2(κ ∧ d1 ∧ d2) .

The following are theorems of Æ:

¬�(κ ∧ ϕ1),¬�(κ ∧ ϕ2) # Bel ≡ O0κ ∧O1κ ∧O2κ

¬�(κ ∧ ϕ1),�(κ ∧ ϕ2) # Bel ≡ O0κ ∧O1κ ∧O2(κ ∧ ϕ2)
�(κ ∧ ϕ1),¬�(κ ∧ ϕ1 ∧ ϕ2) # Bel ≡ O0κ ∧O1(κ ∧ ϕ1) ∧O2(κ ∧ ϕ1)

�(κ ∧ ϕ1 ∧ ϕ2) # Bel ≡ O0κ ∧O1(κ ∧ ϕ1) ∧O2(κ ∧ ϕ1 ∧ ϕ2)
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If the logical space λ entails both �(κ ∧ ϕ1),�(κ ∧ ϕ2) and ¬�(κ ∧ ϕ1 ∧ ϕ2),
the two defaults will be in mutual conflict if preference is not given to one of
them. However, since λ # �(κ∧ϕ1)∧¬�(κ∧ϕ1∧ϕ2), and the third case applies
in the representation above (in which d1 is given preference). There is hence no
ambiguity about the belief state, a property which always holds when (I,≺) is a
tree with a single default conditional attached to each modality defined over I.

We will illustrate the rewriting procedure in some detail to analyze the four
cases above. First O1(κ ∧ d1) and O2(κ ∧ d1 ∧ d2) are expanded wrt. B1¬ϕ1:

O1(κ ∧ d1) −→B1¬ϕ1 (O1κ ∧B1¬ϕ1) ∨ (O1(κ ∧ ϕ1) ∧ ¬B1¬ϕ1)
O2(κ ∧ d1 ∧ d2) −→B1¬ϕ1 (O2(κ ∧ d2) ∧B1¬ϕ1) ∨ (O2(κ ∧ ϕ1 ∧ d2) ∧ ¬B1¬ϕ1)

This provides us with two more formulae we need to expand.

O2(κ ∧ d2) −→B2¬ϕ2 (O2κ ∧B2¬ϕ2) ∨ (O2(κ ∧ ϕ2) ∧ ¬B2¬ϕ2)
O2(κ ∧ ϕ1 ∧ d2) −→B2¬ϕ2 (O2(κ ∧ ϕ1) ∧B2¬ϕ2) ∨ (O2(κ ∧ ϕ1 ∧ ϕ2) ∧ ¬B2¬ϕ2)

Now, let

ψ1 = O1κ ∧B1¬ϕ1 ψ2 = O1(κ ∧ ϕ1) ∧ ¬B1¬ϕ1

ψ3 = O2κ ∧B2¬ϕ2 ψ4 = O2(κ ∧ ϕ2) ∧ ¬B2¬ϕ2

ψ5 = O2(κ ∧ ϕ1) ∧B2¬ϕ2 ψ6 = O2(κ ∧ ϕ1 ∧ ϕ2) ∧ ¬B2¬ϕ2

Then Bel fully expanded is

O0κ ∧ (ψ1 ∨ ψ2) ∧ (((ψ3 ∨ ψ4) ∧B1¬ϕ1) ∨ ((ψ5 ∨ ψ6) ∧ ¬B1¬ϕ1)) .

The reductions can now be defined for each of the four cases separately. To
illustrate the use of the characteristic formula ρ we will in each case select a ρ
such that λ(ρ) yields the premisses of the theorem we want to prove.

Case 1. In this case we will use ρ = κ ⊃ (¬ϕ1 ∧ ¬ϕ2). It is easy to see that
λρ # ¬�(κ ∧ ϕ1) ∧ ¬�(κ ∧ ϕ2). We apply the collapse rules on ψ1 − ψ6:

O1κ ∧B1¬ϕ1 −→λ O1κ O2(κ ∧ ϕ2) ∧ ¬B2¬ϕ2 −→λ ⊥
O1(κ ∧ ϕ1) ∧ ¬B1¬ϕ1 −→λ ⊥ O2(κ ∧ ϕ1) ∧B2¬ϕ2 −→λ O2(κ ∧ ϕ1)
O2κ ∧B2¬ϕ2 −→λ O2κ O2(κ ∧ ϕ1 ∧ ϕ2) ∧ ¬B2¬ϕ2 −→λ ⊥

Bel has now been reduced to

O0κ ∧O1κ ∧ ((O2κ ∧B1¬ϕ1) ∨ (O2(κ ∧ ϕ1) ∧ ¬B1¬ϕ1)) .

In order to further collapse the formula, we need to put it on disjunctive normal
form: (O0κ∧O1κ∧O2κ∧B1¬ϕ1)∨ (O0κ∧O1κ∧O2(κ∧ϕ1)∧¬B1¬ϕ1). Since
ρ # κ ⊃ ¬ϕ1, O1κ ∧ B1¬ϕ1 −→λ O1κ and O1κ ∧ ¬B1¬ϕ1 −→λ ⊥. Hence λρ #
Bel ≡ O0κ ∧O1κ ∧O2κ.
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Case 2. Let ρ = κ ⊃ (¬ϕ1 ∧ ϕ2). Bel can be reduced to the following formula
on disjunctive normal form:

(O0κ ∧O1κ ∧O2(κ ∧ ϕ2) ∧B1¬ϕ1) ∨ (O0κ ∧O1κ ∧O2(κ ∧ ϕ1) ∧ ¬B1¬ϕ1) .

Since ρ # κ ⊃ ¬ϕ1, O1κ ∧ B1¬ϕ1 −→λ O1κ and O1κ ∧ ¬B1¬ϕ1 −→λ ⊥. Hence
λρ # ϕ ≡ O0κ ∧O1κ ∧O2(κ ∧ ϕ2).

Case 3. Let ρ = κ ⊃ (¬ϕ1 ∨ ¬ϕ2). Bel reduces to

O0κ ∧O1(κ ∧ ϕ1) ∧ ((O2(κ ∧ ϕ2) ∧B1¬ϕ1) ∨ (O2(κ ∧ ϕ1) ∧ ¬B1¬ϕ1)) .

Since ρ �# (κ ∧ ϕ2) ⊃ ¬ϕ1 and ρ �# (κ ∧ ϕ1) ⊃ ¬ϕ1, O2(κ ∧ ϕ2) ∧ B1¬ϕ1 −→λ ⊥
and O2(κ ∧ ϕ1) ∧ ¬B1¬ϕ1 −→λ O2(κ ∧ ϕ1). Hence λρ # ϕ ≡ O0κ ∧O1(κ ∧ ϕ1) ∧
O2(κ ∧ ϕ1).

Case 4. Let ρ = �. Bel reduces to

O0κ ∧O1(κ ∧ ϕ1) ∧ ((O2(κ ∧ ϕ2) ∧B1¬ϕ1) ∨ (O2(κ ∧ ϕ1) ∧ ¬B1¬ϕ1)) .

Since ρ �# (κ∧ϕ2) ⊃ ¬ϕ1 and ρ �# (κ∧ϕ1∧ϕ2) ⊃ ¬ϕ1, O2(κ∧ϕ2))∧B1¬ϕ1 −→λ ⊥
and O2(κ ∧ ϕ1 ∧ ϕ2) ∧ ¬B1¬ϕ1 −→λ O2(κ ∧ ϕ1 ∧ ϕ2). Hence λρ # ϕ ≡ O0κ ∧
O1(κ ∧ ϕ1) ∧O2(κ ∧ ϕ1 ∧ ϕ2).

4.3 Proof of the Modal Reduction Theorem

Let β be a modal atom of depth 1, and let v be either ⊥ or �. A Boolean
binding β/v is said to be a Boolean binding for ϕ if β occurs in ϕ. A modal
valuation V of ϕ is a sequence of Boolean bindings 〈β1/v1, . . . , βm/vm〉 such
that (1) each βi+1/vi+1 is a binding for ((ϕ[β1/v1]) . . . )[βi/vi] and (2) the result
ϕ[V ] = (((ϕ[β1/v1]) . . . )[βm/vm]) is propositional. Two modal valuations are
equivalent if they contain exactly the same bindings. It is straightforward to
show that ϕ[V ] = ϕ[W ] if V and W are equivalent.

Define mod(ϕ) as the set of all modal atoms occurring as subformulae of
ϕ. If m = |mod(ϕ)|, there are m′ = 2j non-equivalent modal valuations of ϕ
which evaluates ϕ differently for a j ≤ m. Let V be a modal valuation of ϕ. The
following function is useful:

φ(V, ϕ) =
∧

β/v ∈V
(β ≡ v) .

φ(V, ϕ) is equivalent to a conjunction of the modal atoms in the bindings in
V , negated iff bound to ⊥. As an example, let ϕ = C1(p ∧ B2q), and let V =
〈B2q/�, C1(p ∧ �)/⊥〉. Then φ(V, ϕ) = (B2q ≡ �) ∧ (C1(p ∧ �) ≡ ⊥), which is
equivalent to B2q ∧ ¬C1p.

Lemma 3. Let V1, . . . , Vm′ be a maximal sequence of non-equivalent modal val-
uations of ϕ. Then

λ # Oiϕ ≡ ((Oiϕ[V1] ∧ φ(V1, ϕ)) ∨ · · · ∨ (Oiϕ[Vm′ ] ∧ φ(Vm′ , ϕ))) .
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Proof. Induction on m = |mod(ϕ)|. If |mod(ϕ)| > 0, a modal atom β of depth
1 occurs as a subformula of ϕ. By Lemma 1, Oiϕ expands to (Oiϕ[β/�] ∧
β) ∨ (Oiϕ[β/⊥] ∧ ¬β). Base step: Assume mod(ϕ) = {β}. Let V1 = 〈β/�〉 and
V2 = 〈β/⊥〉. Then λ # Oiϕ ≡ ((Oiϕ[V1] ∧ β) ∨ (Oiϕ[V2] ∧ ¬β)). Induction step:
|mod(ϕ[β/�])| = |mod(ϕ[β/⊥])| = k − 1, thus there is some β ∈ mod(ϕ) such
that β �∈ mod(ϕ[β/�]) ∪ mod(ϕ[β/⊥]). The induction hypothesis is that the
lemma holds for Oiϕ[β/�] and Oiϕ[β/⊥]; the induction step now follows by a
simple combinatorial argument. ��

Let ϕI = O1ϕ1 ∧ · · · ∧ Onϕn be an OI -block, and let V1, . . . , Vn be modal
valuations of ϕ1, . . . , ϕn, respectively, such that V = V1 ∪ · · · ∪ Vn is a modal
valuation of ϕ1 ∧ · · · ∧ ϕn. If ψI = O1ϕ1[V1] ∧ · · · ∧ Onϕn[Vn], ψI is said to be
the expansion candidate of ϕI wrt. V .

Lemma 4. Let ϕI = O1ϕ1 ∧ · · · ∧ Onϕn and m = |mod(ϕ1) ∪ · · · ∪ mod(ϕn)|.
Let V1, . . . , Vm′ be a maximal sequence of non-equivalent modal valuations of
ϕ1∧· · ·∧ϕn and ψI1 , . . . , ψ

I
m′ be the expansion candidates of ϕI wrt. V1, . . . , Vm′ ,

respectively. Then

λ # ϕI ≡ ((ψI1 ∧ φ(V1, ϕ
I)) ∨ · · · ∨ (ψIm′ ∧ φ(Vm′ , ϕI))) .

Proof. Induction on n, with the aid of Lemma 3. ��
We now complete the proof of the Modal reduction theorem. Let ϕI be an OI -

block. Given a logical space, ϕI is equivalent to a formula on disjunctive normal
form where each conjunction consists entirely of modal literals of depth 1 and
prime Oi-formula for all i ∈ I. This follows directly from Lemma 4. Because
every conjunction has formulae of the form Oiψ, ψ propositional, for all i ∈ I
as conjuncts, the collapse rules always apply such that the conjunction itself is
either inconsistent, or every other modal literal in the conjunction is removed
by a collapse.

4.4 Complexity

If a problem is at least as hard as the hardest problem in a complexity class C,
it is C-hard. A problem in C that is also C-hard, is C-complete. On the first
level of the polynomial hierarchy we find the familiar classes Δp

1 = P, Σp
1 = NP

and Πp
1 = coNP. Propositional satisfiability and validity are NP- and coNP-

complete respectively. On level 2 we find the versions of the level 1 classes that
have access to an NP oracle (they can solve any problem in NP in constant
time), most notably Σp

2 = NPNP = NPcoNP.
Testing the preconditions for the collapse rules can be carried out completely

within propositional logic by using the characteristic formula ρ instead of λ.

Lemma 5. For any propositional ϕ and ψ:

λρ # Okϕ ⊃ Bkψ iff ρ # ϕ ⊃ ψ

λρ # Okϕ ⊃ Ckψ iff ρ # ¬ϕ ⊃ ψ

λρ # Okϕ ⊃ Okψ iff ρ # ϕ ≡ ψ
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Proof. In this proof M � ξ means that M �x ξ for every point x in the model
M . Observe that for and propositional ϕ and any model M , M � λρ ∧ ϕ iff
ρ # ϕ. λρ ∧ Okϕ has a unique model M . M � Bkψ iff U+

k ⊆ ‖ψ‖ iff ‖ϕ‖ ⊆ ‖ψ‖
iff M � ϕ ⊃ ψ iff ρ # ϕ ⊃ ψ. M � Ckψ iff U−k ⊆ ‖ψ‖ iff ‖¬ϕ‖ ⊆ ‖ψ‖ iff
M � ¬ϕ ⊃ ψ iff ρ # ¬ϕ ⊃ ψ. The last equivalence follows from the first two, as
M � Ck¬ψ iff M � ψ ⊃ ϕ. ��

In order to prove Σp
2 -membership we need an algorithm which nondetermin-

istically generates a possible expansion, and then with a linear (in the size of
the input formula) number of coNP-complete calls, determines whether it really
is an expansion.

Algorithm 1. Does the OI -block ϕI have a λ(ρ)-expansion in the logic Æρ?
Nondeterministically generate an expansion candidate ψI of ϕI wrt. some modal
valuation V . Then determine whether (1) ψI is Æρ-consistent, and if it is, de-
termine whether (2) ψI ∧φ(V, ϕI) is Æρ-consistent. If both (1) and (2) are true,
ψI is a λ(ρ)-expansion, otherwise it is not.

Theorem 4. The problem of determining whether the OI-block ϕI has a λ(ρ)-
expansion in the logic Æρ is Σp

2 -complete.

Proof. Membership: Conditions (1) and (2) of Algorithm 1 can be checked with
|I| − 1 and |mod(ϕ1) ∪ · · · ∪ mod(ϕn)| propositional validity tests respectively,
where ϕI = O1ϕ1 ∧ · · · ∧ Onϕn. ψI is inconsistent iff it violates persistence. As
ψI is of the form O1ψ1 ∧ · · · ∧ Onψn for propositional ψ1, . . . , ψn, persistence
is violated iff Oiψi and Okψk are conjuncts, i ≺ k and �#ρ ψk ⊃ ψi. Hardness:
Since Æ! is equivalent to the propositional fragment of Levesque’s system,
determining whether a formula of the form Okϕ is satisfiable in Æ! is equivalent
to determining whether {ϕ} has a stable expansion in autoepistemic logic [8], a
problem which is Σp

2 -hard [4]. ��

5 History and Future Work

The present work was initiated by the third author’s doctoral thesis [14], in
which the Modal reduction theorem for the system Æ! was first established.
The theorem for Levesque’s system has later been discovered independently by
Levesque and Lakemeyer and appears as Corollary 9.5.6 in [9]; their proof is
similar in style to the proof here but with a less general transformation strategy.
Details for proofs of Theorem 1 can be found in the third author’s doctoral
thesis and (for the single modality case) in Segerberg’s response to this work
[13]. The philosophical conception of the semantics is due to Johan W. Klüwer
and is discussed in much more detail in [6].

In the language of Æ formulated in this paper, it is not possible to express
properties about indices in I or about the preference relation ≺ within the
language. It would be interesting to see whether the techniques of term-modal
logics [3] can be applied also to Æ, possibly with a cautious introduction of
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quantifiers. If the language is extended to decidable fragments of first-order logic,
it can presumably still be used to represent defaults along the lines sketched in
this paper. The point is that the term universe must be finite. We must also
restrict the language to formulae in Σ1

0 , like �∃x bird(x), and formulae in Π1
0

like �∀x(penguin(x) ⊃ bird(x)). Such formulae do not generate new terms and
hence reduce to propositional logic. In this way the system can be extended
to restricted fragments of first-order logic which nevertheless are sufficient for
describing a number of common-sense situations. Of course, if we extend the
language to full first-order logic, the system can no longer be used to represent
default reasoning along the lines sketched in this paper. In general it will then
impossible be to represent the space of conceivability with a finite formula. In
fact such systems suffer from a fundamental incompleteness property [5].

This paper is intended as a first publications in a series of papers with related
results, including a cut-elimination theorem for a sequent calculus and extensions
to multi-modal languages.
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6. Klüwer, J. W.: Contexts of Reasoning. PhD thesis, University of Oslo (forthcoming)
7. Konolige, K.: Hierarchic Autoepistemic Theories for Nonmonotonic Reasoning.

Technical report, SRI International (1988)
8. Levesque, H. J.: All I Know: A Study in Autoepistemic Logic. Artificial Intelligence

42 (1990) 263–309
9. Levesque, H. J., Lakemeyer, G.: The Logic of Knowledge Bases. The MIT Press

(2000)
10. Moore, R.: Semantical Considerations on Nonmonotonic Logic. Artificial Intelli-

gence 25 (1985) 75–94
11. Rosati, R.: Complexity of Only Knowing: The Propositional Case. In: Logic Pro-

gramming and Non-monotonic Reasoning. (1997) 76–91
12. Rosati, R.: A Sound and Complete Tableau Calculus for Reasoning about Only

Knowing and Knowing at Most. Studia Logica 69 (2001) 171–191
13. Segerberg, K.: Some Modal Reduction Theorems in Autoepistemic Logic. Uppsala

Prints and Preprints in Philosophy (1995)
14. Waaler, A.: Logical Studies in Complementary Weak S5. Doctoral thesis, University

of Oslo (1994)



Time Granularities and
Ultimately Periodic Automata

Davide Bresolin, Angelo Montanari, and Gabriele Puppis

Dipartimento di Matematica e Informatica, Università di Udine
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Abstract. The relevance of the problem of managing periodic phenom-
ena is widely recognized in the area of knowledge representation and rea-
soning. One of the most effective attempts at dealing with this problem
has been the addition of a notion of time granularity to knowledge rep-
resentation systems. Different formalizations of such a notion have been
proposed in the literature, following algebraic, logical, string-based, and
automaton-based approaches. In this paper, we focus our attention on
the automaton-based one, which allows one to represent a large class
of granularities in a compact and suitable to algorithmic manipulation
form. We further develop such an approach to make it possible to deal
with (possibly infinite) sets of granularities instead of single ones. We de-
fine a new class of automata, called Ultimately Periodic Automata, we
give a characterization of their expressiveness, and we show how they can
be used to encode and to solve a number of fundamental problems, such
as the membership problem, the equivalence problem, and the problem
of granularity comparison. Moreover, we give an example of their appli-
cation to a concrete problem taken from clinical medicine.

1 Introduction

The importance of managing periodic phenomena is widely recognized in a vari-
ety of applications in the areas of artificial intelligence and databases, including
planning, natural language processing, temporal database inter-operability, data
mining, and time management in workflow systems. One of the most effective
attempts at dealing with this problem has been the addition of a notion of time
granularity to knowledge and database systems. Different time granularities can
be used to specify the occurrence times of different classes of events. For instance,
the temporal characterizations of a flight departure, a business appointment, and
a birthdate are usually given in terms of minutes, hours, and days, respectively.
Furthermore, the ability of properly relating different time granularities is needed
to process temporal information. As an example, when a computation involves
pieces of information expressed at different time granularities, the system must
integrate them in a principled way. Such an integration presupposes the formal-
ization of the notion of granularity and the analysis of the relationships between
different time granularities.

J.J. Alferes and J. Leite (Eds.): JELIA 2004, LNAI 3229, pp. 513–525, 2004.
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According to a commonly accepted perspective [1], any time granularity can
be viewed as the partitioning of a given temporal domain in groups of elements,
where each group is perceived as an indivisible unit (a granule). In particular,
most granularities of interest are modeled as infinite sequences of granules that
present a repeating pattern and, possibly, temporal gaps within and between
granules. Even though conceptually clean, this point of view does not address
the problem of finitely (and compactly) representing granularities to make it
possible to deal with them in an effective (and efficient) way. In the literature,
many different approaches to the management of time granularities have been
proposed (we briefly survey them in Section 2). In this paper, we outline a general
framework for time granularity that generalizes the automaton-based approach
originally proposed by Dal Lago and Montanari in [6] by making it possible to
deal with (possibly infinite) sets of granularities rather than single granulari-
ties. We give a characterization of ω-regular languages consisting of ultimately
periodic words only, and we exploit such a characterization to define a proper
subclass of Büchi automata, called Ultimately Periodic Automata (UPA), which
includes all and only the Büchi automata that recognize ω-regular languages of
ultimately periodic words. UPA allow one to encode single granularities, (pos-
sibly infinite) sets of granularities which have the same repeating pattern and
different prefixes, and sets of granularities characterized by a finite set of non-
equivalent patterns (the notion of equivalent patterns is given in Section 3), as
well as any possible combination of them.

The rest of the paper is organized as follows. First, we briefly survey the
most relevant formalisms for time granularity proposed in the literature. Next,
we define UPA and we show how to use them to represent sets of periodical
granularities. Noticeable properties of (the languages recognized by) UPA are
then exploited to solve a number of basic problems about sets of time gran-
ularities. We focus our attention on the following problems: (i) emptiness (to
decide whether a given set of granularities is empty); (ii) membership (to decide
whether a granularity belongs to a given set of granularities); (iii) equivalence
(to decide whether two representations define the same set of granularities); (iv)
minimization (to compute compact representations of a given set of granulari-
ties); (v) comparison of granularities (for any pair of sets of granularities G,H,
to decide whether there exist G ∈ G and H ∈ H such that G ∼ H, where ∼ is
one of the usual relations between granularities, e.g, partition, grouping, refine-
ment, and aligned refinement [1]). Successively, we briefly analyze variants and
extensions of UPA. Finally, we show how to apply the proposed framework to a
real-world application taken from clinical medicine. We conclude the paper with
a short discussion about achieved results and future research directions.

2 Formal Systems for Time Granularity

Different formal systems for time granularity have been proposed in the litera-
ture, following algebraic, logical, string-based, and automaton-based approaches
[10]. The set-theoretic/algebraic approach, that subsumes well-known formalisms
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Fig. 1. Some examples of time granularities.

developed in the areas of artificial intelligence and temporal databases, such as
the temporal interval collection formalism [12] and the slice formalism [15], is
described in detail in [1]. It assumes the temporal domain to be isomorphic to
N, and it defines every time granularity as a partition G ⊆ 2T of a set T ⊆ N
such that for every pair of distinct sets g, g′ ∈ G (hereafter called granules), we
have that either ∀t ∈ g, t′ ∈ g′(t < t′) or ∀t ∈ g, t′ ∈ g′(t′ < t). This definition
captures both time granularities that cover the whole temporal domain, such
as Day, Week, and Month, and time granularities with gaps within and between
granules, like, for instance, BusinessDay, BusinessWeek, and BusinessMonth.
Figure 1 depicts some of these granularities. For the sake of simplicity, we as-
sume that both the first week and the first month start from the first day (such
an assumption can be easily relaxed).

Various relations can be defined between pairs of granularities. Let us con-
sider, for instance, the relations of grouping, refinement, partition, and aligned
refinement (a large set of granularity relations is given in [1]). We have that a
granularity G groups into (resp. is refined by) a granularity H if every granule of
H is the union of some granules (resp. is contained in some granule) of G; more-
over, a granularity G partitions a granularity H if G groups into H and G refines
H; finally, a granularity G is an aligned refinement of H if, for every positive
integer n, the n-th granule of G is included in the n-th granule of H. In the case
of Figure 1, we have that Day groups into BusinessMonth, BusinessDay refines
Week, Day partitions Week, and BusinessWeek is an aligned refinement of Week.

A symbolic representation of a significant class of time granularities has been
obtained by means of the formalism of Calendar Algebra (CA) [16]. Such a
formalism represents time granularities as expressions built up from a finite set
of basic granularities through the application of suitable algebraic operators.
For instance, the granularity Week can be generated by applying the operator
Group7 to the granularity Day. The operations of CA reflect the ways in which
people define new granularities from existing ones, and thus CA turns out to be
a fairly natural formalism. In despite of that, it suffers from some non-trivial
drawbacks: it does not address in a satisfactory way some basic problems of
obvious theoretical and practical importance, such as the equivalence problem,
and it only partially works out, in a rather complex way, other relevant problems,
such as the problem of granularity conversion [11].

A string-based model for time granularities has been proposed by Wijsen
[18]. Infinite granularities are modeled as infinite words over an alphabet con-
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sisting of three symbols, namely, 
 (filler), � (gap), and ; (separator), which
are respectively used to denote time points covered by some granule, to de-
note time points not covered by any granule, and to delimit granules. Wijsen
focuses his attention on the class of periodical granularities, that is, to granu-
larities that, ultimately, periodically groups time points of the underlying tem-
poral domain. Periodical granularities can be identified with ultimately periodic
words, and they can be finitely represented by specifying a (possibly empty)
prefix and a repeating pattern. As an example, the granularity BusinessWeek





�� ; 




�� ; . . . can be encoded by the empty prefix ε and the
repeating pattern 




��;. In order to solve the equivalence problem, Wi-
jsen defines a suitable aligned form, which forces separators to occur immediately
after an occurrence of 
 (in such a case, one can encode each occurrence of the
substring 
; by means of a single symbol �). The aligned form guarantees a
one-to-one correspondence between strings and granularities, thus providing a
straightforward solution to the equivalence problem.

The idea of viewing time granularities as ultimately periodic strings estab-
lishes a natural connection with the field of formal languages and automata.
The basic idea underlying the automaton-based approach to time granularity is
simple: we take an automaton A recognizing a single ultimately periodic word
u ∈ {�,
,�}ω and we say that A represents the granularity G if and only if u
represents G. Such an automaton-based approach to time granularity has been
proposed by Dal Lago and Montanari in [6], and later revisited by Dal Lago,
Montanari, and Puppis in [7,8]. The resulting framework views granularities
as strings generated by a specific class of automata, called Single-String Au-
tomata (SSA). In order to compactly encode the redundancies of the temporal
structures, SSA are endowed with counters ranging over discrete finite domains
(Extended SSA, ESSA for short). Properties of ESSA have been exploited to effi-
ciently solve the equivalence and the granule conversion problems for single time
granularities. Moreover, the relationships between ESSA and Calendar Algebra
have been investigated in [7], where a number of algorithms that map Calendar
Algebra expressions into automaton-based representations of time granularities
are given. Such an encoding allows one to reduce problems about Calendar Al-
gebra expressions to equivalent problems for ESSA. This suggests an alternative
point of view on the automaton-based framework: besides a formalism for the
direct specification of granularities, automata can be viewed as a low-level oper-
ational formalism into which high-level granularity specifications, such as those
of Calendar Algebra, can be mapped.

The choice of Propositional Linear Temporal Logic (LTL for short) as a
logical tool for granularity management has been advocated by Combi et al. [5].
Granularities are defined as models of LTL formulas, where suitable propositional
symbols are used to mark the endpoints of granules. In this way, a large set
of ω-regular granularities, such as, for instance, repeating patterns that can
start at an arbitrary time point (unanchored granularities), can be captured.
Moreover, problems like checking the consistency of a granularity specification or
the equivalence of two granularity expressions can be solved in a uniform way by
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reducing them to the validity problem for LTL, which is known to be in PSPACE.
An extension of LTL that replaces propositional variables by first-order formulas
defining integer constraints, e.g., x ≡k y, has been proposed by Demri [9].
The resulting logic, denoted by PLTLmod(Past LTL with integer periodicity
constraints), generalizes both the logical framework proposed by Combi et al. and
Dal Lago and Montanari’s automaton-based one, and it allows one to compactly
define granularities as periodicity constraints. In particular, the author shows
how to reduce the equivalence problem for ESSA to the model checking problem
for PLTLmod(-automata), which turns out to be in PSPACE, as for LTL.

3 A New Class of Automata

In this paper, we extend the automaton-based approach to deal with (possibly
infinite) sets of periodical granularities. In [6], Dal Lago and Montanari show
how single granularities can be modeled by SSA, that is, Büchi automata rec-
ognizing single ultimately periodic words. In the following, we identify a larger
(proper) subclass of Büchi automata that recognizes languages only consisting
of ultimately periodic words, and we show how to exploit them to efficiently deal
with time granularities (proof details are given in [2]).

3.1 Ultimately Periodic Automata

We first show that ω-regular languages only consisting of ultimately periodic
words (periodical granularities) can be represented via suitable Büchi automata,
that we call Ultimately Periodic Automata. By definition, ω-regular languages
are sets of infinite words recognized by Büchi automata. They can be expressed
as finite unions of sets of the form U ·V ω, where U and V are regular languages
of finite words. From this, it easily follows that any ω-regular language is non-
empty iff it contains an ultimately periodic word. (An ultimately periodic word
w is an infinite word of the form u · vω, where u and v (�= ε) are finite words
called the prefix and the repeating pattern of w, respectively.) From the closure
properties of ω-regular languages, it follows that any ω-regular language L is
uniquely identified by the set UP(L) of its ultimately periodic words, that is,
for every pair of ω-regular languages L,L′, L = L′ iff UP(L) = UP(L′).

The following theorem provides a characterization of ω-regular languages of
ultimately periodic words.

Theorem 1. An ω-regular language L only consists of ultimately periodic words
iff it is a finite union of sets U · {v}ω, where U ⊆ Σ∗ is regular and v is a finite
non-empty word.

From Theorem 1, it follows that ω-regular languages of ultimately periodic
words capture sets of granularities with possibly infinitely many prefixes, but
with only a finite number of non-equivalent repeating patterns (we say that two
patterns v and v′ are equivalent iff they can be obtained by rotating and/or
repeating a finite word v′′).
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Fig. 2. Two examples of UPA.

Theorem 1 yields a straightforward definition of the class of automata that
captures all and only the ω-regular languages of ultimately periodic words.

Definition 1. An Ultimately Periodic Automaton (UPA) is a Büchi automaton
A = (Q, q0, Δ, F ) such that, for every f ∈ F , the strongly connected component
of f is either a single transient state or a single loop with no exiting transitions.

Theorem 2. UPA recognize all and only the ω-regular languages of ultimately
periodic words.

Theorem 2 can be reformulated by stating that UPA-recognizable languages are
all and only the ω-regular languages L such that L = UP (L).

Figure 2 depicts two UPA recognizing the languages {�}∗ · {
�}ω and
{

�}ω ∪ {
�}ω, respectively. The former represents the unanchored granu-
larity that groups days two by two, while the latter represents two granularities
that respectively group days two by two and three by three.

By exploiting the same construction methods used in the case of Büchi au-
tomata, one proves that UPA are closed under union, intersection, and concate-
nation with regular languages. Furthermore, it is trivial to see that UPA satisfy a
weak form of closure under ω-exponentiation, namely, for every finite non-empty
word v, there is an UPA recognizing the language {v}ω. On the contrary, from
Theorem 1 it easily follows that UPA are not closed under complementation.
Consider, for instance, the empty language ∅. Its complement is the set of all
ultimately periodic words, which is not an UPA-recognizable language (UPA-
recognizable languages must encompass finitely many non-equivalent repeating
patterns).

Theorem 3. UPA are closed under intersection, union, and concatenation with
regular languages, but they are not closed under complementation.

UPA can be successfully exploited to efficiently solve a number of problems
involving sets of granularities.

– Emptiness. The emptiness problem is solved in polynomial time by testing
the existence of a loop involving some final state (henceforth final loop)
reachable from the initial state.
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– Membership. The membership problem consists in deciding whether an
UPA A recognizes a given ultimately periodic word w. Given an UPA B
recognizing the singleton {w}, one can decide in polynomial time whether
w ∈ L(A) by testing the emptiness of the language recognized by the product
automaton A× B over the alphabet {

(�
�
)
,
(�

�
)
,
(�

�
)
}.

– Equivalence. One can decide whether two given UPA A and B are equiva-
lent by viewing them as generic Büchi automata, by computing their comple-
ments A and B (which are not necessarily UPA), and by testing the emptiness
of both L(A)∩L(B) and L(B)∩L(A). Here we provide an alternative, direct
and more efficient method for deciding the equivalence problem. The solu-
tion exploits a suitable canonical form of UPA, which turns out to be unique
up to isomorphisms. Such a form is obtained by a canonization algorithm
that works as follows [2]:
1. minimize the patterns of the recognized words and the final loops (using

Paige-Tarjan-Bonic algorithm [17]);
2. minimize the prefixes of the recognized words;
3. compute the minimum deterministic automaton for the prefixes of the

recognized words (using Brzozowski algorithm [3]);
4. build the canonical form by adding the final loops to the minimum au-

tomaton for the prefixes.
Brzozowski’s algorithm (used at step 3) requires exponential time and space
in the worst case, but it turned out to be faster than the other available
algorithms in many experiments [4]. As a result, the proposed algorithm for
testing the equivalence of UPA outperforms the alternative algorithm using
Büchi automata.

– Minimization. The minimization problem consists in computing the most
compact representations for a given set of granularities. Such a problem is
somehow connected to the equivalence problem, since in many cases minimal
automata turn out to be unique up to isomorphisms. In the case of UPA,
the minimization problem is PSPACE-complete and it may yield different
solutions. A minimal UPA can be obtained by simply replacing step 3 in the
canonization algorithm with the computation of a minimal non-deterministic
automaton for the prefixes of the recognized words (using the construction
developed in [14]).

– Comparison of granularities. Usual relations between granularities can
be checked by looking at their automaton-based representations. In particu-
lar, granularity comparison problems can be easily reduced to the emptiness
problem for suitable product automata. As an example, let us consider the
partition relation. Let A1 and A2 be two UPA representing two sets of gran-
ularities H and G, respectively. In order to check whether there exist two
granularities G ∈ G and H ∈ H such that G partitions H, we first compute
a product automaton A3 accepting all pairs of granularities that satisfy the
‘partition’ property, and then we test the emptiness of the recognized lan-
guage. The automaton A3 is defined as follows:
1. the set of states of A3 is S1 × S2 × {0, 1, 2}, where S1 (resp. S2) is the

set of states of A1 (resp. A2);
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2. the initial state of A3 is the tuple (s1, s2, 0), where s1 (resp. s2) is the
initial state of A1 (resp. A2);

3. the transition relation of A3 copies the transition relations of A1 and
A2 in the first two components of states; it changes the third component
from 0 to 1 when a final state of A1 occurs, from 1 to 2 when a final state
of A2 occurs, and back to 0 immediately afterwards; finally, it constrains
the recognized symbols to belong to the set {

(�
�
)
,
(�

�
)
,
(�

�
)
,
(�

�
)
};

4. the final states of A3 are all and only the tuples of the form (s1, s2, 2).

3.2 Relaxed UPA

In the following, we introduce a new class of automata which are as expressive
as UPA, but produce more compact representations of granularities. UPA struc-
ture is well-suited for algorithmic manipulation. In particular, it allows one to
solve the equivalence problem by taking advantage of a suitable canonical form.
However, UPA may present redundancies in their structure, due to the presence
of duplicated loops encoding the same pattern. As an example, consider the au-
tomata of Figure 3. They both recognize the language expressed by the ω-regular
expression �� ω ∪�� (��)∗�ω, but the automaton to the right has less states
than the one to the left. Unfortunately, it is not an UPA, because UPA do not
allow transitions to exit from final loops.

We define a new class of automata, that includes both automata of Figure 3,
which only requires that, whenever an automaton leaves a final loop, it cannot
reach it again.

Definition 2. A Relaxed UPA (RUPA) is a Büchi automaton A = (Q,Δ, q0, F )
such that, for every f ∈ F , the strongly connected component of f is either a
single transient state or a single loop.

The relation between UPA and RUPA is stated by the following theorem.

Theorem 4. RUPA recognize all and only the UPA-recognizable languages.

RUPA can be exploited to obtain more compact representations of granu-
larities. To this end, one must take into consideration every strongly connected
component S of an UPA and check whether it satisfies the following conditions:

1. S is a single loop that does not involve final states;

Fig. 3. UPA may present redundancies.
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2. S encodes a single pattern v (up to rotations);
3. there exists a final loop Cf that encodes a pattern that is equivalent to v;
4. S and Cf have the same entering transitions.

If conditions 1-4 are satisfied, then S and Cf can be merged, preserving the
recognized language. As an example, consider the UPA automaton to the left of
Figure 3. The strongly connected component {q1, q2} meets the above conditions:
it is a single loop that does not involve final states, it encodes the single pattern
��, which is equivalent to the pattern encoded by the final loop {q4}, and
{q1, q2} and {q4} have the same entering transitions. Hence, q4 can be removed
from the automaton, provided that q1 and q2 become final states. The resulting
RUPA automaton is exactly the one to the right of Figure 3.

Such a construction can be turned into an algorithm that transforms UPA
into more compact RUPA by eliminating redundant final loops (if any). It first
determines all the strongly connected components of UPA that meet conditions
1-4, and then it merges them. The algorithm turns out to be of polynomial
time complexity. It must be noted that the algorithm transforms UPA into more
compact, but not necessarily minimal, RUPA. The resulting RUPA are indeed
not guaranteed to be of minimal size, even when the input UPA are minimal
(and the minimization algorithm for UPA cannot be applied to RUPA).

3.3 Beyond (R)UPA

We conclude the section by briefly investigating possible extensions of (R)UPA.
We have shown that the class of (R)UPA is the subclass of Büchi automata that
recognize ω-regular languages of ultimately periodic words. As we shall illustrate
in the next section, (R)UPA allow one to deal with meaningful real-world ap-
plications. Nevertheless, there are many sets of of periodical granularities which
are not captured by (R)UPA.

In [2], we define a new class of automata, called Three-Phase Automata
(3PA), which includes (R)UPA, that captures all and only the languages L for
which there exists an ω-regular language L′ such that L = UP(L′). This set
of languages includes both ω-regular languages (the (R)UPA-recognizable lan-
guages) and non-ω-regular languages (the languages L such that L = UP(L′)
⊂ L′). In particular, unlike (R)UPA, 3PA are able to capture sets of granularities
featuring an infinite number of non-equivalent repeating patterns. Computations
of 3PA consist in three steps: (i) the automaton guesses the prefix of an ulti-
mately periodic word, then (ii) it guesses its repeating pattern and stores it in a
queue, and finally (iii) it recognizes the stored pattern infinitely many times. 3PA
are closed under union, intersection, concatenation with a regular language, and
complementation. Moreover, it is not difficult to show that the solutions to the
basic problems about sets of granularities given for (R)UPA can be generalized
to 3PA.

There exist, however, noticeable sets of granularities featuring an infinite
number of non-equivalent repeating patterns which are not 3PA-recognizable.
This is the case, for instance, of the language {(
n �)ω|n ≥ 0} of all and only
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the granularities that group days n by n, with n > 0. All 3PA that recognize
these repeating patterns must indeed also recognize all, but finitely many, com-
binations of them. Such a distinctive property of all 3PA-recognizable languages
is captured by the following theorem [2].

Theorem 5. Let L = UP(L′) where L′ is defined by the ω-regular expression⋃
i Ui ·V ωi . For any i, if Vi includes (at least) two non-equivalent patterns v and

v′, then L includes all ultimately periodic words u(vov1 . . . vn)ω, for all n ≥ 0,
u ∈ Ui, and vi ∈ {v, v′}.

4 A Real-World Application

The need of dealing with sets of time granularities arises in several application
domains. We focus our attention on the medical domain of heart transplant
patients. Posttransplantation guidelines require outpatients to take drugs and
to submit to periodical visits for life. These requirements are usually collected
in formal protocols with schedules specifying the therapies and the frequency of
the check-ups. We report an excerpt of the guidelines for an heart transplant
patient reported in [13]. Depending on the physical conditions of the patient,
the guidelines can require, together with other treatments, an estimation of the
glomerular filtration rate (GFR) with one of the following schedules:

– 3 months and 12 months posttransplantation and every year thereafter;
– 3 months and 12 months posttransplantation and every 2 years thereafter.

These protocols involve the so-called unanchored granularities, to manage the
various admissible starting points for the scheduled therapies (and/or check-ups),
as well as sets of granularities with different repeating patterns, to capture the set
of distinct periodicities of the scheduled therapies. The ability of dealing with sets
of granularities, and not only with single granularities, is thus needed to reason
about protocols and patient schedules. As an example, since different protocols
can be specified for the same class of patients by different people/institutions,
it is a critical problem to decide whether two protocols define the same set of
therapies/granularities (equivalence problem). The decidability of this problem
gives the possibility of choosing the most compact, or most suitable, representa-
tion for a given protocol. Another meaningful reasoning task is that of checking
whether a given therapy/granularity assigned to a patient satisfies the prescribed
protocol, that is, whether it belongs to the set of therapies/granularities of the
protocol (granularity comparison problem).

Let us consider this latter problem. Consider the above given (sub)set of
therapies/check-ups of a protocol for hearth transplant patients. Given an UPA
A encoding (the granularities of) such a set of therapies/check-ups and an UPA B
representing the single granularity of the specific therapy (up to a certain date),
the granularity comparison problem can be decided by checking the existence
of a word in L(A) that properly relates to the one contained in L(B). For the
sake of simplicity, we consider months of 30 days and years of 365 days (relaxing



Time Granularities and Ultimately Periodic Automata 523

Fig. 4. The UPA-based specification of the protocol.

such a simplification is tedious, but trivial). The UPA A is depicted in Figure 4,

where we use the shorthand ◦ a
n

−→◦ to denote a sequence of n + 1 states and n
a-labeled transitions.

We model the granularity of the therapy assigned to the patient with a single
ultimately periodic word v (equivalently, an SSA B), where the occurrences of�
denote the days of the visits. We can check the consistency of the therapy with
respect to the prescribed protocol by testing whether the granularity v is an
aligned refinement of some granularity u ∈ L(A). Thus, the given consistency-
checking problem can be seen as a particular case of granularity comparison
problem. Given two words u and v that represent, respectively, granularities G
and H, we have that H is an aligned refinement of G iff, for every n ∈ N+,
v[n] ∈ {
,�} implies that u[n] ∈ {
,�} and that the words v[1, n − 1] and
u[1, n − 1] encompass the same number of occurrences of �. Such a condition
can be easily verified in polynomial time as follows. Given two UPA A and B
representing two sets of granularities G and H, (i) one constructs a product
automaton C that accepts all pairs of granularities G ∈ G and H ∈ H such that
H is an aligned-refinement of G, and then (ii) he/she tests the emptiness of the
language recognized by C.

As an example, consider the following instance of the temporal relation
VISITS(PatientId, Date, Treatment).

PatientId Date (MM/DD/YYYY) Treatment
1001 02/10/2003 transplant
1001 04/26/2003 GFR
1002 06/07/2003 GFR
1001 06/08/2003 biopsy
1001 02/10/2004 GFR
1001 01/11/2005 GFR
1001 01/29/2006 GFR

By properly selecting records, we can build the granularity of GFR mea-
surements for the patient identified by 1001. We represent this granularity as
a single ultimately periodic word v (starting from 01/01/2003), in which the
occurrences of � denote the days of the visits. The UPA B recognizing v is
depicted in Figure 5.

In order to check whether the granularity of GFR measurements for patient
1001 is an aligned refinement of some granularity in L(A), we must construct the
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Fig. 5. The UPA representing GFR measurements for patient 1001.

product automaton for the relation of aligned refinement. Such an automaton
recognizes the language{ ( �
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}. Since the resulting lan-

guage is not empty, we can conclude that the therapy satisfies the prescribed
protocol.

5 Discussion

In this paper, we developed an original automaton-based approach to the man-
agement of sets of granularities. We defined a new class of automata, called UPA,
that allow one to represent sets of granularities having possibly infinitely many
different prefixes and a finite number of non-equivalent repeating patterns. We
showed how well-known results coming from automata theory can be exploited to
solve a number of meaningful problems about sets of granularities. In particular,
we provided effective solutions to the problems of emptiness, membership, equiv-
alence, minimization, and comparison of granularities for UPA. Furthermore,
we discussed variants and extensions of UPA (RUPA and 3PA) that increase
compactness and expressiveness of granularity representations. Finally, we ap-
plied the proposed framework to a case study taken from the domain of clinical
medicine. More specifically, we showed that UPA can be used to specify medical
guidelines and to check whether concrete therapy plans conform to them.

As for open problems, on the one hand we are looking for larger classes of
languages of ultimately periodic words that extends the class of 3PA, possibly
preserving closure and (some) decidability properties. On the other hand, we are
currently looking for the (proper) fragment of PLTLmod defining the temporal
logic counterpart of UPA as well as for the logical counterpart of 3PA. Pairing
the logical formalism with the automaton-based one would allow us to use the
former as a high-level interface for the specification of granularities and the latter
as an internal formalism for efficiently reasoning about them.
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Abstract. The aim of this paper is to study an anytime family of logics
that approximates classical inference, in which every step in the approxi-
mation can be decided in polynomial time. For clausal logic, this task has
been shown to be possible by Dalal [Dal96a,Dal96b]. However, Dalal’s
approach cannot be applied to full classical logic.
In this paper we provide a family of logics, called Limited Bivalence
Logics, that approximates full classical logic. Our approach contains two
stages. In the first stage, a family of logics parameterised by a set of
formulas Σ is presented. A lattice-based semantics is given and a sound
and complete tableau-based proof-theory is developed. In the second
stage, the first family is used to create another approximation family,
in which every approximation step is shown to be polynomially decidable.

Keywords: Approximated Reasoning, Polynomial Approximations.

1 Introduction

The computational costs associated with logical reasoning have always been a
limitation to its use in the modelling of intelligent agents. Even if we restrict our-
selves to classical propositional logic, deciding whether a set of formulas logically
implies a certain formula is a co-NP-complete problem [GJ79].

To address this problem, researchers have proposed several ways of approxi-
mating classical reasoning. Cadoli and Schaerf have proposed the use of approx-
imate entailment as a way of reaching at least partial results when solving a
problem completely would be too expensive [SC95]. Their influential method is
parametric, that is, a set S of atoms is the basis to define a logic. As we add more
atoms to S, we get “closer” to classical logic, and eventually, when S contains
all propositional symbols, we reach classical logic. This kind of approximation
has been called “approximating from below” [FW04] and is useful for efficient
theorem proving.

The notion of approximation is also related with the notion of an anytime
decision procedure, that is an algorithm that, if stopped anytime during the
� Partly supported by CNPq grant PQ 300597/95-5 and FAPESP project 03/00312-0.
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computation, provides an approximate answer. Such an answer is of the form
“yes” or “up to logic Li in the family, the result is not provable”. To remain
inside a logic framework along the approximation process, it is necessary that
every approximate logic Li have a clear semantics, so that if the anytime process
is interrupted at Li, we know exactly where we are.

Dalal’s approximation method [Dal96a] was designed such that each rea-
soner in an approximation family can be decided in polynomial time. Dalal’s
initial approach was algebraic only. A model-theoretic semantics was provided
in [Dal96b]. However, this approach was restricted to clausal form logic only,
its semantics had an unusual format, an no proof-theoretical presentation was
given.

In this work, we generalise Dalal’s approach, obtaining a polynomial approx-
imation family for full propositional logic, with a lattice-based semantics and a
tableau-based proof theory. We do that in two steps. The first step develops a
family of logics of Limited Bivalence (LB), and provide a lattice-based semantics
for it. The entailment |=LB

Σ is a parametric approximation on the set of formulas
Σ that follows Cadoli and Schaerf’s approximation paradigm. We also provide a
tableau-based inference #KELB

Σ , and prove it sound and complete with respect to
|=LB

Σ . In the second step, we derive an inference #KELB

k based on #KELB

Σ and an en-
tailment relation |=LB

k based on |=LB

Σ , and obtain the soundness and completeness
of #KELB

k in terms of |=LB

k . We then show that #KELB

k is polynomially decidable.
This paper proceeds as follows. Section 2 presents Dalal’s approximation

strategy, its semantics and discuss its limitations. In Section 3 we present the
family LB(Σ); a semantics for full propositional LB(Σ) is provided and the para-
metric entailment |=LB

Σ is presented; we also give a proof-theoretical character-
isation based on KE-tableaux, #KELB

Σ . The soundness and completeness of #KELB

Σ

with respect to |=LB
Σ is proven in Section 4. The family of inference systems

#KELB

k and its semantics |=LB

k are presented in Section 5, and #KELB

k is shown to be
polynomially decidable.

Notation: Let P be a countable set of propositional letters. We concen-
trate on the classical propositional language LC formed by the usual boolean
connectives → (implication), ∧ (conjunction), ∨ (disjunction) and ¬ (negation).

Throughout the paper, we use lowercase Latin letters to denote proposi-
tional letters, α, β, γ denote formulas, φ, ψ denote clauses and λ denote a lit-
eral. Uppercase Greek letters denote sets of formulas. By atoms(α) we mean
the set of all propositional letters in the formula α; if Σ is a set of formulas,
atoms(Σ) =

⋃
α∈Σ atoms(α).

2 Dalal’s Polynomial Approximation Strategy

Dalal [Dal96a] specifies a family of anytime reasoners based on an equivalence
relation between formulas and on a restricted form of Cut Rule. The family is
composed of a sequence of reasoners #0,#1, . . ., such that each #i is tractable,
each #i+1 is at least as complete (with respect to classical logic) as #i, and for
each theory there is a complete #i to reason with it.
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Dalal provides as an example a family of reasoners based on the classically
sound but incomplete inference rule known as BCP (Boolean Constraint Propa-
gation) [McA90], which is a variant of unit resolution [CL73]. Consider a theory
as a set of clauses, where a disjunction of zero literals is denoted by f . Let ∼ψ
be the complement of the formula ψ obtained by pushing the negation inside in
the usual way using De Morgan’s Laws until the atoms are reached, at which
point ∼p = ¬p and ∼¬p = p. The equivalence relation =BCP is then defined as:

{f} ∪ Γ =BCP {f}
{λ,∼λ ∨ λ1 ∨ . . . ∨ λn} ∪ Γ =BCP {λ, λ1 ∨ . . . ∨ λn} ∪ Γ

where λ, λi are literals. The inference #BCP is defined as Γ #BCP ψ iff Γ ∪ {∼
ψ} =BCP {f}.

Dalal [Dal96b] presents an example in which, for the theory Γ0 = {p ∨ q, p ∨
¬q,¬p∨s∨t,¬p∨s∨¬t}, we both have Γ0 #BCP p and Γ0, p #BCP s but Γ0 �#BCP s.

This example shows that #BCP is unable to use a previously inferred clause
p to infer s. Based on this fact comes the proposal of an anytime family of
incomplete reasoners #BCP

0 ,#BCP
1 , . . ., where each #BCP

k is given by the following:

1.
Γ #BCP φ

Γ #BCP

k φ
2.

Γ #BCP

k ψ Γ, ψ #BCP

k φ

Γ #BCP

k φ
for |ψ| ≤ k

where |ψ|, the size of a clause ψ, is the number of literals it contains.
The first rule tells us that every #BCP -inference is also a #BCP

k -inference. The
second rule tells us that if ψ was inferred from a theory and it can be used as a
further hypothesis to infer φ, and the size of ψ is at most k, then φ is can also
be inferred from the theory.

Dalal shows that this is indeed an anytime family of reasoners, that is, for
each k, #BCP

k is tractable, #BCP

k+1 is as complete as #BCP

k and for each classically
inferable Γ # φ there is a k such that Γ #BCP

k φ.
In [Dal96b], a semantics for #BCP

k is proposed based on the notion of k-
valuations. This semantics has a peculiar format: literals are evaluated to real
values over the interval [0, 1] but clauses are evaluated to real values over [0,+∞).
A formula ψ is satisfied by valuation v if v(ψ) ≥ 1. A k-model is a set V of k-
valuations, such that if ψ, |ψ| ≤ k, has a non-model in V , ie v(ψ) < 1, then it
has a k-countermodel in V , ie v(ψ) = 0. It then defines Γ |≈k ψ iff there is no
k-countermodel of ψ in any k-model of Γ . Here we simply state Dalal’s main
results.

Proposition 1 ([Dal96b]). For every theory Γ and every clause ψ:

i. Γ #BCP ψ iff Γ |≈0 ψ and Γ #BCP

k ψ iff Γ |≈k ψ.
ii. Γ #BCP

k ψ can be decided in polynomial time.

Thus the inference #BCP

k is sound and complete with respect to |≈k for clausal
form formulas and, for a fixed value of k, it can be decided in polynomial time.
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Dalal’s notion of a family of anytime reasoners has very nice properties.
First, every step in the approximation is sound and can be decided in polynomial
time. Second, the approximation is guaranteed to converge to classical inference.
Third, every step in the approximation has a sound and complete semantics,
enabling an anytime approximation process.

However, the method based on #BCP

k -approximations also has its limitations:

1. It only applies to clausal form formulas. Although every propositional for-
mula is classically equivalent to a set of clauses, this equivalence may not
be preserved in any of the approximation step. The conversion of a formula
to clausal form is costly: one either has to add new propositional letters
(increasing the complexity of the problem) or the number of clauses can be
exponential in the size of the original formula. With regards to complexity,
BCP is a form of resolution, and it is known that there are theorems that
can be proven by resolution only in exponentially many steps [CS00].

2. Its non-standard semantics makes it hard to compare with other logics known
in the literature, specially other approaches to approximation. Also, the se-
mantics presented is impossible to generalise to non-clausal formulas.

3. The proof-theory for #BCP

k is poor in computational terms. In fact, if we are
trying to prove that Γ #BCP

k φ, and we have shown that Γ �#BCP φ, then we
would have to guess a ψ with |ψ| ≤ k, so that Γ #BCP

k ψ and Γ, ψ #BCP

k φ.
Since the BCP-approximations provides no method to guess the formula
ψ, this means that a computation would have to generate and test all the
O((2n)k) possible clauses, where n is the number of propositional symbols
occurring in Γ and φ.

In the following we present an approximation method that maintains all the
positive aspects of #BCP

k and avoids some of the criticism above. That is, it is
applicable to all propositional formulas, whether clausal or not, and has a lattice-
based semantics. This will allow non-resolution proof methods to be used in the
approximation process. In particular, we present a tableaux based proof theory
that is sound and complete with respect to the semantics. A family of reasoners
is then built, each element of which is polynomially decidable.

3 The Family of Logics LB(Σ)

We present here the family of logics of Limited Bivalence, LB(Σ). This is a para-
metric family that approximates classical logic, in which every approximation
step can be decided in polynomial time. Unlike #BCP

k , LB(Σ) is parameterised
by a set of formulas Σ.

The family LB(Σ) can be applied to the full language of propositional logic,
and not only to clausal form formulas, with an alphabet consisting of a countable
set of propositional letters (atoms) P = {p0, p1, . . .}, and the connectives ¬, ∧,
∨ and →, and the usual definition of well-formed propositional formulas; the set
of all well-formed formulas is denoted by L. The presentation of LB is made in
terms of a model theoretic semantics.
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We require the parameter set Σ to be closed under formula formation, that
is, if α ∈ Σ then ¬α ∈ Σ; if α, β ∈ Σ then α ◦ β ∈ Σ, for ◦ ∈ {∧,∨,→}.

3.1 Semantics of LB(Σ)

The semantics of LB(Σ) is based of a three-level lattice, L = (L,�,�, 0, 1), where
L is a countable set of elements L = {0, 1, ε0, ε1, ε2, . . .} such that 0 � εi � 1 for
every i < ω and εi �� εj for i �= j. The εi’s are called neutral truth values. This
three-level lattice is illustrated in Figure 1(a).

1

ε0 ε1 . . .

0
(a)

1

ε0 ε1 . . .

0
(b)

Fig. 1. The 3-Level Lattice (a) and its Converse Operation (b)

This lattice is enhanced with a converse operation, ∼, defined as: ∼ 0 = 1,
∼1 = 0 and ∼εi = εi for all i < ω. This is illustrated in Figure 1(b).

We next define the notion of an unlimited valuation, and then we limit it. An
unlimited propositional valuation is a function vΣ : P → L that maps atoms to
elements of the lattice. We extend vΣ to all propositional formulas, vΣ : L → L,
in the following way:

vΣ(¬α) =∼vΣ(α)
vΣ(α ∧ β) = vΣ(α) � vΣ(β)
vΣ(α ∨ β) = vΣ(α) � vΣ(β)

vΣ(α → β) =
{

1 if v(α) � v(β)
∼vΣ(α) � vΣ(β) otherwise

A limited valuation is a valuation that satisfies the following requirements
with regards to whether a formula is or is not in the parameter set Σ:

(a) if α ∈ Σ then vΣ(α) must be bivalent, that is, vΣ(α) must satisfy the rules
above for unlimited valuations and be such that vΣ(α) = 0 or vΣ(α) = 1;

(b) if α �∈ Σ then either vΣ(α) obeys the rules of unlimited valuations or
vΣ(α) = εi, for some εi.

These conditions above are called the Limited Bivalence Restrictions. The
first conditions forces the elements of Σ to be bivalent. The second condition tells
us that the truth value assigned to a formula α �∈ Σ is not always compositional,
for a neutral value may be assigned to α independently of the truth value of
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its components. This is the case so that the bivalence of α ∈ Σ can always be
satisfied without forcing all α’s subformulas to be bivalent.

If α ∈ Σ it is always possible to have vΣ(α) ∈ {0, 1} by making for every atom
p in α, vΣ(p) ∈ {0, 1}. However, this is not the only possibility. For example, if
β, γ �∈ Σ then we can make vΣ(β) = εi �= εj = vΣ(γ), so that vΣ(β ∧ γ) = 0;
similarly, we obtain vΣ(β ∨ γ) = 1 and vΣ(β → γ) = 1.

In the case of clausal form formulas, restriction (b) is not necessary provided
we treat clauses as sets of literals [Fin04].

In the rest of this work, by a valuation vΣ we mean a limited valuation
subject to the conditions above.

A valuation vΣ satisfies α if vΣ(α) = 1, and α is called satisfiable; a set of
formulas Γ is satisfied by vΣ if all its formulas are satisfied by vΣ . A valuation
vΣ contradicts α if vΣ(α) = 0; if α is neither satisfied nor contradicted by vΣ ,
we say that vΣ is neutral with respect to α. A valuation is classical if it assigns
only 0 or 1 to all proposition symbols, and hence to all formulas.

For example, consider the formula p → q, and Σ = ∅. Then

– if vΣ(p) = 1, then vΣ(p → q) = vΣ(q);
– if vΣ(p) = 0, then vΣ(p → q) = 1;
– if vΣ(q) = 0, then vΣ(p → q) = vΣ(p);
– if vΣ(q) = 1, then vΣ(p → q) = 1;
– if vΣ(p) = εp and vΣ(q) = εq, then vΣ(p → q) = 1;

The first four cases coincide with a classical behaviour. The last one shows
that if p and q are mapped to distinct neutral values, then p → q will be satisfi-
able. Note that, in this case, p ∨ q will also be satisfiable, and that p ∧ q will be
contradicted.

3.2 LB-Entailment

The notion of a parameterised LB-Entailment, |=LB

Σ , follows the spirit of Dalal’s
entailment relation, namely Γ |=LB

Σ α if it is not possible to satisfy Γ and con-
tradict α at the same time. More specifically, Γ |=LB

Σ α if no valuation vΣ such
that vΣ(Γ ) = 1 also makes vΣ(α) = 0. Note that since this logic is not classic, if
Γ |=LB

Σ α and vΣ(Γ ) = 1 it is possible that α is either neutral or satisfied by vΣ .
For example, we reconsider Dalal’s example, where Γ0 = {p ∨ q, p ∨ ¬q,¬p ∨

s∨ t,¬p∨ s∨¬t} and make Σ = ∅. We want to show that Γ0 |=LB

Σ p, Γ0, p |=LB

Σ s
but Γ0 �|=LB

Σ s.
To see that Γ0 |=LB

Σ p, suppose there is a vΣ such that vΣ(p) = 0. Then we
have vΣ(p ∨ q) = vΣ(q) and vΣ(p ∨ ¬q) =∼ vΣ(q). Since it is not possible to
satisfy both, we cannot have vΣ(Γ0) = 1, so Γ0 |=LB

Σ p.
To show that Γ0, p |=LB

Σ s, suppose there is a vΣ such that vΣ(s) = 0 and
vΣ(p) = 1. Then vΣ(¬p ∨ s ∨ t) = vΣ(t) and vΣ(¬p ∨ s ∨ ¬t) =∼ vΣ(t). Again,
it is not possible to satisfy both, so Γ0, p |=LB

Σ s.
Finally, to see that Γ0 �|=LB

Σ s, take a valuation vΣ such that vΣ(s) =
0, vΣ(p) = εp, vΣ(q) = εq, vΣ(t) = εt. Then vΣ(Γ0) = 1.
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However, if we enlarge Σ and make p ∈ Σ, then we have only two possibilities
for vΣ(p). If vΣ(p) = 1, we have already seen that no valuation that contradicts s
will satisfy Γ0. If vΣ(p) = 0, we have also seen that no valuation that contradicts
s will satisfy Γ0. So for p ∈ Σ, we obtain Γ0 |=LB

Σ s.
This example indicates that |=LB

∅ behave in a similar way to #BCP , and that by
adding an atom to Σ we have a behaviour similar to #BCP

1 . As shown in [Fin04],
this is not a coincidence.

An Approximation Process. As defined in [FW04], a family of logics, pa-
rameterised with a set Σ is said to be an approximation of classical logic “from
below” if, increasing size of the parameter set Σ, we get closer to classical logic.
That is, for ∅ ⊆ Σ′ ⊆ Σ′′ ⊆ . . . ⊆ L we have that,

|=LB

∅ ⊆ |=LB

Σ′ ⊆ |=LB

Σ′′ ⊆ . . . ⊆ |=LB

L = |=CL

where |=CL is classical entailment. It is clear that the family of logics LB(Σ) is
an approximation of classical logic from below.

Note that the approximation of Γ |= α can be done in a finite number of
steps for finite Σ, because when Σ contains all subformulas in Γ ∪ {α} we are
in classical logic.

3.3 Tableaux for LB(Σ)

We present a proof theory for LB(Σ) based on KE-tableaux [DM94,D’A99],
which we call KELB(Σ)-tableaux. This is a variation of Smullyan’s semantic
tableaux [Smu68] that is more suitable to our purposes, for it incorporates the
Cut rule in its expansion rules, unlike semantic tableaux which are based on
cut-free formulation of logics. In fact, both #BCP

k and LB(Σ) are approximation
families based on the limited validity of the Cut inference rule. Furthermore, KE-
tableaux have better computational properties than semantic tableaux [D’A92].

KE-tableaux deal with T - and F -signed formulas. So if α is a formula, T α
and F α are signed formulas. T α is the conjugate formula of F α, and vice
versa.

Each connective is associated with a set of linear expansion rules. Linear
expansion rules always have a main premiss; two-premissed rules also have an
auxiliary premiss. Figure 2 shows KE-tableau linear connective expansion rules
for classical logic, which are the same for KELB-tableaux.

The only branching rule in KE is the Principle of Bivalence, stating that a
formula α must be either true or false. In KELB(Σ)-tableaux, this rule is limited
by a proviso stating that it can only occur over a formula α ∈ Σ. This limited
principle of bivalence, LPB(Σ) is illustrated in Figure 3.

We also require a few further linear rules which are redundant in classical
KE:

F α ∧ α
F α

(F∧αα)
T α ∨ α
T α

(T∨αα)
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T α → β
T α

T β

(T →1)

T α → β
F β

F α

(T →2)

F α → β

T α
F β

(F →)

F α ∧ β
T α

F β
(F∧1)

F α ∧ β
T β

F α
(F∧2)

T α ∧ β

T α
T β

(T∧)

T α ∨ β
F α

T β
(T∨1)

T α ∨ β
F β

T α
(T∨2)

F α ∨ β

F α
F β

(F∨)

T ¬α

F α
(T¬)

F ¬α

T α
(F¬)

Fig. 2. KE Expansion Rules

α ∈ Σ

T α F α

Fig. 3. Limited Principle of Bivalence LPB(Σ)

The premiss and consequence of each such rule are logically equivalent, but in
classical KE the consequent can only be derived with the use of the principle of
bivalence, which may not be available in KELB if α �∈ Σ.

An expansion of a tableau branch is allowed when the premisses of an ex-
pansion rule are present in the branch; the expansion consists of adding the
conclusions of the rule to the end of all branches passing through the set of all
premisses of that rule. The LPB(Σ) branching rule splits a branch into two.

A branch in a KELB-tableau is closed if it contains F α and T α. The tableau
is closed if all its branches are closed. We define the inference #KELB

Σ such that
α1, . . . , αn #KELB

Σ β iff there is a closed KELB(Σ)-tableau for T α1, . . . , T αn, F β.
As an example, reconsider Dalal’s example given above, presented using full

propositional logic. Γ0 = {p∨q, q → p, p → (s∨t), (p∧t) → s}. Figure 4 presents
three tableaux, one for Γ0 #KELB

∅ p, the second for Γ0, p #KELB

∅ s and a third one,
which contains an incremental method to establish whether Γ0 # s.

The tableaux in Figure 4 for Γ0 #KELB

∅ p and Γ0, p #KELB

∅ s close without branch-
ing. The third tableau is actually a combination of the other two. In it we try to
establish whether Γ0 #KELB

∅ s; after a single expansion step, there are no expansion
rules to apply, and since Σ = ∅, no branching is possible according to LPB(Σ);
so we conclude that Γ0 �#KELB

∅ s. The set Σ is then expanded to Σ′ = {p} ⊃ Σ so
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T p ∨ q
T q → p

T p → (s ∨ t)
T (p ∧ t)→ s

F p

T q
T p
×

T p ∨ q
T q → p

T p → (s ∨ t)
T (p ∧ t)→ s

T p
F s

F p ∧ t
T s ∨ t

F t
T t
×

T p ∨ q Σ := ∅
T q → p

T p → (s ∨ t)
T (p ∧ t)→ s

F s

F p ∧ t
− Σ := {p}

F p T p
T q T s ∨ t
T p T t
× F t

×

Fig. 4. An Example of KELB-Tableaux

as to unblock the tableau, and the proof continues in the logic #KELB

{p} , in which
both branches close, so we conclude that Γ0 #KELB

{p} s.
This example indicates how KELB-tableaux present us with an incremental

method to prove theorems, in which one moves from proving theorems in one
logic to the next without having to start from square 0 at each move. It also
indicates that KELB-tableaux approximate classical logic “from below”, that is,
for ∅ ⊆ Σ′ ⊆ Σ′′ ⊆ . . . ⊆ L we have that

#KELB

∅ ⊆ #KELB

Σ′ ⊆ #KELB

Σ′′ ⊆ . . . ⊆ #KELB

L = #KE

where #KE is KE-tableau for classical logic. Note that this process is finite if only
subformulas of the original formulas are added to Σ. This is indeed the case if we
follow the Branching Heuristics, that is a heuristic for branching which tells us
to branch on a formula α such that either T α or F α is an auxiliary premiss to
an unexpanded main premiss in the branch; according to [DM94], this heuristics
preserves classical completeness. Next section shows that #KELB

Σ is in fact correct
and complete with respect to |=LB

Σ . But before that, we comment on #KELB

∅ .
It is clear that Γ #KELB

∅ α if the tableau can close without ever branching.
That is, only linear inferences are allowed in #KELB

∅ . Note that #BCP -inferences
are one of these linear inferences, and we have the following.

Lemma 1. Let Γ ∪ {ψ} be a set of clauses. Then Γ #BCP ψ iff Γ #KELB

∅ ψ.

4 Soundness and Completeness

Let Θ be a branch in a KELB-tableau. We say that Θ is open if it is not closed.
We say that Θ is saturated if the following conditions are met:

(a) If the premisses of a linear rule are in Θ, so are its consequences.
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(b) If the main premiss of a two-premissed rule is in Θ, and the formula α
corresponding to the auxiliary premiss is in Σ, then T α or F α is in Θ.

In classical KE-tableaux, the second condition for saturation does not impose
the restriction α ∈ Σ. We extend the notion of valuations to signed formulas
in the obvious way: vΣ(Tα) = 1 iff vΣ(α) = 1, vΣ(Fα) = 1 iff vΣ(α) = 0
and vΣ(Xα) = ε iff vΣ(α) = ε. A valuation satisfy a branch in a tableau if it
simultaneously satisfy all the signed formulas in the branch.

Lemma 2. Consider the KELB-tableau expansion rules.

i. If the premisses of a linear rule are satisfied by vΣ, so are its consequences.
ii. If the conjugate of an auxiliary premiss of a two-premissed linear rule is

satisfied by vΣ, so is the main premiss.
iii. If the consequences of a linear rule are satisfied by vΣ, so is the main pre-

miss.
iv. If a branch is satisfied by vΣ prior to the application of LPB(Σ), then one

of the two generated branches is satisfied after the application of LPB(Σ).

Proof. (i)–(iii) are shown by a simple inspection on the linear rules in Figure 2
and (F∧αα) and (T∨αα). As for (iv), suppose the branching occurs over the
formula α, so α ∈ Σ. By the Limited Bivalence Restrictions, vΣ(T α) = 1 or
vΣ(F α) = 1, so vΣ satisfies one of the two branches generated by the application
of LPB(Σ).

Lemma 3. Let Θ be an open saturated branch in a KELB(Σ)-tableau. Then Θ
is satisfiable.

Proof. Consider the propositional valuation vΣ such that v(pi) = 1 iff T pi ∈ Θ,
v(qj) = 0 iff F qj ∈ Θ and v(rk) = εk otherwise. Clearly vΣ is an LB(Σ)-
valuation such that no two atoms are assigned to the same neutral truth value
ε.

We prove by structural induction on α that for every Xα ∈ Θ, vΣ(Xα) = 1,
X ∈ {T, F}. If α is atomic, vΣ(Xα) = 1 follows from the definition of vΣ .

If Xα is the main premiss of a one-premissed rule R, by saturation we have
both consequences of R in Θ. Then, by induction hypothesis, both such conse-
quences are satisfied by vΣ and by Lemma 2(iii) vΣ(Xα) = 1.

If Xα is the main premiss of a two-premissed rule; we have to analyse two
cases. First, let Y β be an auxiliary premiss for Xα in a rule R, Y ∈ {T, F},
such that Y β ∈ Θ, in which case R’s conclusion is in Θ and, by Lemma 2(iii),
vΣ(Xα) = 1. Second, suppose no auxiliary premiss Y β ∈ Θ, in which case there
are two possibilities. If Ȳ β ∈ Θ, where Ȳ is Y ’s conjugate, by Lemma 2(ii) we
obtain vΣ(Xα) = 1; otherwise, by saturation, we know that all possible auxiliary
premisses for Xα are not in Σ; by saturation and rules (F∧αα) and (T∨αα), we
know that α’s immediate subformulas are distinct, in which case vΣ can assign
distinct neutral values to them so as to satisfy α; that is, if Xα = Tβ ∨ γ, make
vΣ(β) = εi, vΣ(γ) = εj �= εi so that vΣ(Tβ ∨ γ) = 1, and similarly for Fβ ∧ γ
and T β → γ. For the latter, the special case we where β = γ is dealt by the
semantic definition of vΣ(β → β) = 1. This finishes the proof.
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KELB(Σ)-tableaux have the soundness property if whenever a tableau for
Γ #KELB

Σ α closes then Γ |=LB

Σ α. Conversely, the notion of completeness requires
that if Γ |=LB

Σ α then there is a closed tableau for Γ #KELB

Σ α.

Theorem 1 (Soundness and Completeness). Γ |=LB

Σ α iff Γ #KELB

Σ α.

Proof. For soundness, we prove the contrapositive, that is, assume that Γ �|=LB

Σ α,
so that there is a vΣ such that vΣ(Γ ) = 1 and vΣ(α) = 0. If there is a KELB(Σ)-
tableau for Γ #KELB

Σ α, we have that all initial signed formulas of the tableau
are satisfied by vΣ . By Lemma 2(i) each use of a linear expansion rule generate
formulas satisfied by vΣ . By Lemma 2(iv), each application of LPB(Σ) generates
a branch satisfied by vΣ . If this tableau closes, this means that no such vΣ could
exist, which is a contradiction, so Γ �#KELB

Σ α.
For completeness we also prove the contrapositive, so suppose that there is a

KELB(Σ)-tableau for Γ #KELB

Σ α with an open saturated branch Θ. By Lemma 3
there is a valuation vΣ that satisfies Θ, in particular vΣ(Γ ) = 1 and vΣ(α) = 0,
and hence Γ �|=LB

Σ α.

Corollary 1. The restriction of applications of LPB(Σ) to the Branching
Heuristics preserves completeness of #KELB

Σ .

Proof. The Branching Heuristics allows only the branching over subformulas of
formulas occurring in the tableau. This heuristics is actually suggested by the
definition of a saturated branch, and aims at saturating a branch. It suffices to
note that nowhere in the proofs of Lemma 3 and Theorem 1 was it required the
branching over a non-subformula of a formula existing in a branch. Therefore,
completeness holds for KELB-tableaux restricted to the Branching Heuristics.

The Branching Heuristics reduces the search space over which formula to
branch, at the price of ruling out some small proofs of complex formulas obtained
by clever branching.

The approximation family #KELB

Σ is not in the spirit of Dalal’s approximation,
but follows the paradigm of Cadoli and Schaerf [SC95,CS96], also applied by
Massacci [Mas98b,Mas98a] and Finger and Wassermann [FW04].

5 Polynomial Approximations

As mentioned before, the family of inference relation #KELB

Σ does not follow Dalal’s
approach to approximation. We now present a family of logics based on #KELB

Σ

that is closer to that approach.
For that, let ⊆ 2P be a set of sets of atoms and, for every Π ∈ , let Π+ be

the closure of Π under formula formation. We define Γ #KELB α iff there exists a
set Π ∈ such that Γ #KELB

Π+ α. We define

k = {Π ⊆ P| |Π| = k}.
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That is, k is a set of sets of atoms of size k. Note that if we restrict our attention

to n atoms, | k| =
(
n
k

)
= O(nk) sets of k atoms. For a fixed k, we only have

to consider a polynomial number of sets of k atoms.
We then write #KELB

k to mean #KELB

k
. In terms of theorem proving, the approx-

imation process using the #KELB

k family performs an iterative depth search over
KE-tableaux.

The entailment relation |=LB

k can be defined in a similar way: Γ |=LB

k α iff
Γ |=LB

Π+ α for some Π ∈ k. By Theorem 1, #KELB

k is sound and complete with
respect to |=LB

k .

Lemma 4. The family of inference systems #KELB

k is an approximation of clas-
sical logic “from below”.

Proof. It is obvious from the definition of #KELB

k that if Γ #KELB

k α then Γ #KELB

k+1 α,
for all possible inference in the former are also possible in the latter. And for a
given pair (Γ, α), we only need to consider the atoms occurring in them, so that
#KELB

|atoms(Γ,α)| is actually classical KE, so #KELB

k is an approximation of classical
logic “from below”.

It has been shown in [Fin04] that when Γ is a set of clauses and α is a
clause, Dalal’s #BCP

k inference is sound and complete with respect to |=LB

k . One
important property of #BCP

k is that it can be decided in polynomial time. We
now prove the same result for #KELB

k .

Theorem 2. The inference Γ #KELB

k α can be decided in time polynomial with
respect to n = |atoms(Γ, α)|.

Proof. For a fixed k, there are at most O(nk) subsets of atoms(Γ, α) with size
k, in order to decide Γ #KELB

k α we have to test only a polynomial number
of inferences Γ #KELB

Π+ α. The size of each such inference under the Branching
Heuristics is a function of k, which is fixed, and does not depend on n, so the
whole process of deciding Γ #KELB

k α can be done in time O(nk).

The approximation #KELB

k performs an iterated depth search over the space of
proofs. Comparatively, the KES3 approximation process of [FW04], which does
not guarantee polynomially decidable steps, performs a depth-first search.

6 Conclusion

We have created a family of tableau-based inferences systems #KELB

0 ,#KELB

1
, . . . ,#KELB

k that approximates classical logic, such that each step has a sound
and complete lattice-based semantics and can be decided in polynomial time.

Future work involves the implementation of such an approximation system
and its practical application in areas such as Belief Revision and Planning. We
hope to see how well it performs in “real” situations.
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Abstract. We present a free-variable tableaux calculus that avoids the
systematic instantiation of universally quantified variables by ground
terms, but still permits branch-saturation (i.e. no backtracking on the ap-
plied substitutions is needed). We prove that our calculus is sound, refu-
tationally complete, and that it is a decision procedure for function-free
skolemized formulae (Bernays-Schönfinkel class). Comparison with exist-
ing works are provided, showing evidence of the interest of our approach.

1 Introduction

Tableaux are arguably the most natural proof procedure for first-order logic
and play a prominent role in Artificial Intelligence and Automated Deduction.
However, classical tableaux have an important drawback: one has to “guess”
in advance the value of the variables when instantiating the universal formu-
lae. Completeness can be achieved easily by enumerating the set of ground
terms built on the considered signature. However, from a computational point
of view, this enumeration is costly and highly redundant. The solution to this
problem is well-known: it suffices to instantiate universally quantified vari-
ables by “rigid” free variables instead of concrete terms. These variables can
be considered as symbols denoting “unknown” ground terms, to be instanti-
ated later during the proof process. Unification is used to find automatically
the substitutions enabling the closure of the branches. However, the use of
free variables also has some drawbacks. First, this prevents branch satura-
tion (since any universal formula can be instantiated by an arbitrary number
of distinct free variables). Moreover, completeness is more difficult to achieve
when free variables are used, because the rigid variables can be instantiated
repeatedly with “wrong” terms during the unification process. In contrast to
connection calculi [9], the procedure is still confluent, because it is always
possible to generate new instantiations of the universal formulae. However it
is very difficult to control the instantiation process, hence to design imple-
mentable strategies ensuring completeness (without “grounding” the terms in
advance as it is done for example in [22]). Therefore, although free variable
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tableaux are proof-confluent, most implementations of free variable tableaux
“backtrack” on the applied substitutions: see for instance [8] for more details
about this problem and [1] for an exception, implementing the method described
in [15].

Various methods have been proposed to overcome this difficulty (see Section
5). In this paper, we propose another solution which is closer to the initial
tableaux calculus. The idea is to restrict the γ-rule in such a way that com-
pleteness can be easily achieved and that branch saturation is made possible,
but that “blind” instantiation of the universally quantified variables by ground
terms is avoided.

2 Basic Notions

We briefly review the basic notions that are necessary for the understanding
of our work. We assume some familiarity with the usual notions in logic and
tableau-based theorem proving (see for instance [25,14] for more details).

The set of terms is built inductively on a set of function symbols Σ and a set
of variables X . Atoms are of the form p(t1, . . . , tn) where p is a predicate symbol
of arity n and t1, . . . , tn are terms.

The set of first order formulae is defined inductively. A first-order formula
is either ⊥ (false), or an atom, the negation of an atom or of the form (φ ∨ ψ),
(φ ∧ ψ) or (∀x)φ) where φ, ψ are first-order formulae and x is a variable. φc is

the complementary of φ: φc
def
= ¬φ if φ is not a negation, and (¬φ)c

def
= φ.

We will use vectors for denoting sequences of quantifiers: for instance (∀x)φ
denotes a formula of the form (∀x1) . . . (∀xn)φ where x = (x1, . . . , xn).

Interpretations are defined as usual. We assume w.l.o.g. that all the consid-
ered interpretations are Herbrand interpretations.

A substitution is a function mapping each variable to a term. If t is a term
and σ a substitution, tσ denotes the term obtained by replacing each variable x
in t by xσ. For any substitution σ we denote by dom(σ) the set of variables x
s.t. xσ �= x.

We need to introduce the standard notion of unifier. For technical reasons
we add the possibility of considering some variables as constant symbols (i.e.
their value cannot be changed during the unification process). This is formal-
ized by the following definition. A substitution σ is said to be a unifier of two
expressions (terms or formulae) t and s w.r.t. a set of variables V iff tσ = sσ
and dom(σ) ∩ V = ∅. The most general unifier of two terms t, s w.r.t. a set
of variable V can easily be computed using existing unification algorithms [2],
provided that the symbols in V are considered as constant symbols rather than
variables (i.e. any instantiation of the variables in V is forbidden). We write
t  s (resp. t V s) if t is unifiable with s w.r.t ∅ (resp. t is unifiable with s
w.r.t. V ).

Given two expressions t and s, we write t � s iff there exist two substitutions
σ, θ s.t. tσ = sθ (obviously t  s implies t � s but the converse does not hold,
for instance x � f(x) but x � f(x)). If t, s are two terms or atoms, we write
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t 4 s iff t is an instance of s (i.e. if there exists a substitution σ s.t. t = sσ). We
write t ≺ s if t 4 s but s �4 t. If σ and θ are two substitutions, then we write
σ 4 θ if for any variable x xσ 4 xθ.

An injective substitution η is said to be a renaming iff for any variable x,
xη is a variable. If σ is a substitution and η is a renaming then ση denotes the
substitution {xiη → tiη | xiσ = ti}. Given two expressions t, s, we write t ∼ s if
t is a renaming of s, i.e. if there exists a renaming σ s.t. t = sσ.

Given two expressions t and s and θ a substitution, we define the substitution
qu(t, s, θ) (for quasi-unifier) as follows: qu(t, s, θ) = σθθη, where where η denotes
an arbitrary renaming of the variables in s by variables not occurring in t and
σ is a m.g.u. of t and sη.

Note that qu(t, s, θ) is not unique in general (even up to a renaming) due
to the fact that there may exist several distinct most general unifiers up to
a renaming. We remove this ambiguity by fixing a total precedence on the
variables occurring in t and s and assuming that this precedence is compati-
ble with the renaming η (xη ≺ y iff x ≺ y, for any x ∈ var(s), y ∈ var(t)).
Then m.g.u.’s are oriented according to this precedence: a mapping u → v
(where u, v are variables) can only occur in the unifier if u 5 v. Modulo this
convention, qu(t, s, θ) is unique (up to a renaming) and we have obviously:
qu(t, s, θ) ∼ qu(s, t, θ).

3 The Proof Procedure

A position is a (possibly infinite) sequence of integers. ε denotes the empty
position and 4 denotes the prefix ordering. A tree is a function mapping each
finite position p to a set of first-order formulae. The support sup(T ) of a tree T is
the set of positions p such that T (p) �= ∅. We assume that sup(T ) is closed under
prefix, i.e. for any position p ∈ sup(T ), and for any q 4 p, we have q ∈ sup(T ).
A tree is said to be finite iff its support is finite.

A branch p in T is a position s.t. there exists a position q 4 p s.t. q is
a prefix-maximal position in sup(T ) (for technical convenience we may have
q �= p). We say that a formula occurs in a branch p iff there exists q 4 p such
that φ ∈ T (q). The set of formulae occurring in a branch p of a tree T is denoted

by f(T, p)
def
=
⋃
q"p T (q). A branch p is said to be closed iff ⊥ occurs in p. A

tree is said to be closed iff all its branches are closed.
A tableau is a pair T | [θ] where T is a tree and θ is a substitution. The

tableau is said to be closed iff T is closed.
The notion of model is extended as follows. An interpretation I is said to be

a model of a tableau T | [θ] iff for any instance σ of θ there exists a branch p in
T such that for any formula φ occurring in p, I |= φσ.

It is obvious that any closed tableau is unsatisfiable.
As usual the procedure is specified by a set of expansion rules allowing to

extend an existing tableau. All the rules are of the following form:
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T
↓
E

| [θ]

T
↓
E

↙ ↓ ↘
E1 . . . Em

| [θσ]

This means that a non closed branch p con-
taining a set of formulae E in a tableau T | [θ]
is extended by m branches p.1, . . . , p.m such
that T (p.i)

def
= Ei (for any i ∈ [1..m]). The

substitution part of the tableau is replaced
by θσ (with possibly σ = id). Initially, the
tableau is of the form T | [id] where sup(T ) =
{ε} and T (ε) = {φ} (where φ is the consider
first-order formula and id denotes the empty
substitution). Clearly φ is satisfiable iff T | [id]
is satisfiable.

Propositional Rules

∧-rule ∨-rule

T
↓

(φ ∧ ψ)
| [θ]

T
↓

(φ ∧ ψ)
↓

φ, ψ

| [θ]

T
↓

(φ ∨ ψ)
| [θ]

T
↓

(φ ∨ ψ)
↙ ↘

φ ψ

| [θ]

If φ or ψ does not occur in the branch. If φ and ψ do not occur in the branch.

Closure Rule

T
↓

φ,¬ψ
| [θ]

T
↓

φ,¬ψ
↓
⊥

| [θσ]

If σ is a m.g.u. of φθ and ψθ.

∀-Rule

In order to define our version of the γ-rule, we need to introduce some terminol-
ogy.

For any tableau T = (T, θ), for any branch p and for any first-order formula
of the form (∀x)φ occurring in p, we denote by IT(T , (∀x)φ, p) the set of tuples
t such that φ{x → t} ∈ f(T, p).
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Let T = T | [θ] be a tableau. A pair (φ, σ) where φ is a formula in f(T, p)
and σ is a substitution is said to be a candidate pair in a given branch p in T iff
there exist two formulae ψ,ψ′ ∈ f(T, p) s.t. σ = qu(ψ,ψ′c, θ) and φθ � φσ.

We are now in position to define our ∀-rule:

T
↓

(∀x)φ
| [θ]

T
↓

(∀x)φ
φσ

| [θ]

If σ is a 4-maximal substitution of the variables
in x satisfying the following properties (V denotes
the set of free variables in (∀x)φ).

– for any s ∈ IT(T, (∀x)φ, p), xσ �V sθ (where
p denotes the current branch);

– One of the following condition holds:
• Either IT(T, (∀x)φ, p) = ∅ and σ = id.
• or there exists (up to a renaming) a can-

didate pair (φ{x → y}, θ) in p s.t. θ 4 σ.

Remark 1. W.l.o.g. we assume that the variables in x are renamed before any
application of the ∀-rule, in such a way that x contains no variable already
occurring in the tableau. Note that the substitution σ can be easily computed
by using a disunification algorithm (see for instance [12] or [23] for more efficient
algorithms).

We illustrate the application of the ∀-rule by the following (deliberately triv-
ial) example.

Example 1. Let us consider the following formula: (∀x)(p(x) ∨ q(x)) ∧ ¬p(a) ∧
¬p(b) ∧ ¬q(b). We first apply the ∧-rule, then the ∀-rule on (∀x)(p(x) ∨ q(x)).
By renaming the variable x, we introduce a new variable x1, which yields the
formula: p(x1) ∨ q(x1). Then we apply the ∨-rule on p(x1) ∨ q(x1) yielding two
distinct branches:

– The first one containing the formulae (∀x)(p(x) ∨ q(x)),¬p(a),¬p(b),¬q(b)
and p(x1).

– The second one containing the formulae (∀x)(p(x)∨ q(x)),¬p(a),¬p(b), q(b)
and q(x1).

p(x1) and p(a) are unifiable hence by the closure rule we can close the first
branch by applying the substitution x1 → a. This leaves a unique open branch,
containing the formulae(∀x)(p(x)∨ q(x)),¬p(a),¬p(b),¬q(b) and q(x1) with the
substitution x1 → a.

At this point, we need to apply the ∀-rule again on the formula (∀x)p(x)∨q(x).
To this end, we need to find a candidate pair corresponding to p(x1) ∨ q(x1).
We compute the substitution qu(q(x1), q(b), {x1 → a}) = {x1 → b}. p(a) and
p(x1){x1 → b} = p(b) are not unifiable, thus (p(x1) ∨ q(x1), {x1 → b}) is a
candidate pair. Hence we can apply the ∀-rule with the substitution x → b.
We obtain the formula p(b) ∨ q(b). Notice that the application condition based
on the use of candidate pairs prevents the ∀-rule to introduce other instances
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of p(x) ∨ q(x). The ∨-rule can be applied and the two corresponding branches
can be closed by the Closure rule (using the pairs of complementary literals
(p(b),¬p(b)) and (q(b),¬q(b)) respectively).

However, the above rules are not sufficient to achieve completeness, as evi-
denced by the following example.

Example 2. Let φ = (∀x)p(x) ∧ (∀x)(¬p(x) ∨ (q(x) ∧ ¬q(f(x)))).
We first apply the ∧-rule on φ, then the ∀-rule on (∀x)p(x) and (∀x)(¬p(x)∨

(q(x)∧¬q(f(x)))). This yields the following formulae: p(x1) and (¬p(x2)∨(q(x2)∧
¬q(f(x2)))). We apply the ∨-rule on the second formula and close the branch
corresponding to ¬p(x2) by unifying x2 with x1. Then, we apply the ∧-rule
on q(x2) ∧ ¬q(f(x2)). At this point we obtain an open branch containing the
following literals: p(x1), q(x2),¬q(f(x2)) with the substitution x2 → x1. No rule
is applicable on this branch since there is no candidate pair. For instance, we
have qu(q(x2), q(f(x2)), x2 → x1) = {x2 → f(x3)} (where x3 is a new variable)
but f(x3)  x2.

In order to handle such cases, we need a new rule, called the instantiation rule.

Instantiation Rule
T
↓

φ,¬ψ
| [θ]

T
↓

φ,¬ψ
| [θσ]

If φθ � ψθ, φθ � ψθ and σ is a 4-maximal sub-
stitution s.t. φθσ �� ψθ

Example 3. (continued) We apply the instantiation rule on the open branch
obtained in Example 2. We have to find a (maximal) substitution σ s.t.
q(x1)σ �� ¬q(f(x1)). We obtain the substitution: x1 → a. Afterward, we have
qu(q(x2), q(f(x2)), {x2 → x1, x1 → a}) = {x2 → f(x3)}. Since f(x3) � a, we
obtain a candidate pair and the ∀-rule is applicable on the considered branch
(on the formula (∀x)¬p(x) ∨ (q(x) ∧ ¬q(f(x))) and the substitution x → f(x3).
This eventually leads to the closure of the branch (by unifying x3 with x1).

We note T � T ′ if T ′ is obtained from T by applying the ∧-rule, ∨-rule,
∀-rule, Instantiation rule or Closure rule. �∗ denotes the reflexive and transitive
closure of �.

A sequence (Ti)i∈I where I is either [0.. + ∞[ or of the form [0..n] is said to
be a derivation iff for any i ∈ I \ {0}, Ti−1 � Ti. A derivation of a first-order
formula φ is a derivation T0, T1, . . . such that T0 is of the form T | [id], where
T (ε) = {φ} and T (p) = ∅ if p �= ε.

A position p is a branch in (Ti)i∈I where Ti = Ti | [θi] iff for any i ∈ I there
exists q 4 p s.t. q is a branch in Ti. For any branch p we denote by f(δ, p) the
set of formulae: {Ti(q) | q 4 p, i ∈ I}, A derivation T1 � . . . � Tn is said to be
a refutation iff Tn is closed.
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4 Some Properties of Our Calculus

Theorem 1. (Soundness) Let T , T ′ be two constrained tableaux s.t. T �∗ T ′.
Any interpretation satisfying T must satisfy T ′.

Proof. The proof is very standard and is not included here for the sake of con-
ciseness. Our calculus only restricts the application of the γ-rule and adds an
Instantiation rule, which obviously does not affect soundness. ��

Corollary 1. If there exists a refutation from φ then φ is unsatisfiable.

For proving refutational completeness we need to introduce a notion of fair-
ness.

Intuitively a derivation is said to be fair if the application of the expansion
rules cannot be indefinitely delayed at least in one open branch. More formally,
for any tableau T = T | [θ], and for any branch p in T , we denote by Cp(T ) (set of
candidate formulae) the set of formulae φ s.t. an expansion rule is applicable on
φ in p. Given a derivation δ = (Ti)i∈I and a branch p, we denote by PCp(δ) (set
of persisting candidates) the set of formulae:

⋃
i∈I
⋂
j∈I,j≥i Cp(Ti). Intuitively, φ

occurs in PCp(δ) iff an expansion rule is applicable on φ in the branch p in all
tableaux Tj , for any j ∈ I greater than a certain i. A branch p in a derivation δ
is said to be complete iff PCp(δ) = ∅. A derivation T1 � T2 � . . . is said to be
fair iff either all the branches in δ are closed (in this case δ is a refutation) or if
there exists at least one non closed complete branch.

Let δ = (Ti)i∈I be a derivation. Ti is of the form Ti | [θi]. For any branch
p, and any ∀-formula (∀x)φ we denote by IT(δ, (∀x)φ, p) the set of tuples t s.t.
φ{x → t} ∈ f(δ, p).

Let p be a branch in δ. We extend the notion of candidate pair to derivations:
A pair (φ, σ) where φ is a formula in f(T, p) and σ is a substitution is said to be
a candidate pair in a given branch p in δ iff there exist 2 formulae ψ,ψ′ ∈ f(δ, p)
and an integer i ∈ I s.t. σ = qu(ψ,ψ′c, θi) and φθi � φσ. Note that by definition,
if σ is a candidate substitution in a branch p of δ then there exists i ∈ I s.t. σ
it is a candidate substitution in p for any tableau Tj , with j ≥ i.

A ground substitution σ is said to be pure in a branch p of δ w.r.t. a formula
φ if there is no candidate pair (φ, θ) in p and δ s.t. φσ 4 φθ.

We denote by I(δ, p) the interpretation defined as follows: for any ground
atom A, I(δ, p) |= A iff there exist an atom B ∈ f(δ, p) and a substitution σ
non-pure w.r.t. B such that A = Bσ.

Lemma 1. Let δ = (Ti | [θi])i∈I . Let (∀x)φ be a formula with V = var((∀x)φ).
For any branch p IT(δ, φ, p) cannot contain two tuples t, s s.t. tθj V sθj for
any j ∈ I.

Proof. The proof follows immediately from the application condition of the ∀-
rule (one can only use tuples that are not unifiable with the previously introduced
tuples). ��
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Lemma 2. Let δ be a derivation. Let p be a complete open branch in δ. Let φ
be a formula in f(δ, p). If I(δ, p) �|= φ then there exists a ground substitution σ
non-pure w.r.t. φ s.t. I(δ, p) �|= φσ.

Proof. Let δ = (Ti)i∈I , where Ti = Ti | [θi]. Assume that the above property
does not hold. Let E = f(δ, p), I = I(δ, p). Let φ the smallest (w.r.t. the number
of logical symbols) formula in E s.t.:

– I �|= φ and;
– for any substitution pure w.r.t. φ, I |= φσ.

– If φ is an atom then we get an immediate contradiction with the definition
of I(δ, p).

– Assume that φ is a negation ¬ψ. Then ψ must be an atom. Assume that
I �|= φ. Then there exists a ground substitution σ s.t. I �|= φσ, i.e. I |= ψσ.
By definition of I, there exist an atom υ ∈ E and a substitution σ′ non-pure
w.r.t. υ s.t. ψσ = υσ′.
We have υ � φ. If the Closure rule applies until the end of the derivation,
then, since PCp(δ) = ∅, this rule must be applied at some point, hence the
branch contains ⊥, which is impossible since the branch is open. Therefore,
there exists i ∈ I s.t. υθi � ψθi. Since θi 4 θj for i ≤ j, this implies that for
all j ≥ i we have υθj � ψθj .
Let j ≥ i. Since υ � φ, there exist two substitutions γ, γ′ s.t. γ = qu(φ, υ, θj)
and γ′ = qu(υ, φ, θj). If there exists j ≥ i s.t. φγ � φθj then the proof is
completed since σ is non-pure.
Otherwise, since σ′ is non-pure w.r.t. υ, υγ′  υθj .
But υγ′ ∼ φγ, hence υθj � φθj . Since this is true for all j ∈ I, this implies
that the Instantiation rule applies on the branch p in all the Tj (i ≤ j) which
is impossible.

– Assume that φ is a conjunction φ1 ∧ φ2. The ∧-rule applies on φ. Since
PCp(δ) = ∅ the rule must be applied at some point in the derivation. Hence
φ1 and φ2 must occur in f(Tk, p), for some k ∈ I.
Thus since φ1 and φ2 are smaller than φ, we deduce that either I |= φ1σ, φ2σ
(whence I |= φ, which yields a contradiction) or there exist i ∈ {1, 2} and
a substitution σ non-pure w.r.t. φi s.t. I �|= φiσ. But then we have I �|= φσ.
Moreover, since σ is non-pure w.r.t. φi, σ is also non pure w.r.t. φ. Hence
the proof is completed.

– Assume that φ is a disjunction. The proof is similar to the previous case.
– Assume that φ is a universal quantification (∀x)ψ.

By definition of the ∀-rule, f(δ, p) contains at least one renaming of ψ. In
order to simplify notations we assume, w.l.o.g. that this renaming is equal to
ψ. Since I �|= φ, we have I �|= ψ. Hence, since ψ is smaller than φ, there exists
a substitution σ non-pure w.r.t. ψ s.t. I �|= ψσ. There exists a candidate pair
(ψ, θ) s.t. σ 4 θ.
We have I �|= φσ. If σ is also non-pure w.r.t. φ the proof is completed. Hence
σ is pure w.r.t. φ. Thus φθ  φθj for all j ∈ I. By definition of the notion
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of candidate pair, there exists i ∈ I s.t. ψθ � ψθj , for all j ≥ i. This implies
that xθj �V xθ (where V = var(φ)).
Let T be the set of tuples xσ in IT(δ, φ, p) s.t. s V xσ. Obviously, T must
be finite up to a renaming, hence is finite (by Lemma 1). Thus, there exists
i ∈ I s.t. for any j ≥ i, the ∀-rule is not applied on φ with a tuple in T in p.
But then φ ∈ PCp(δ), which is impossible.

��
We immediately deduce the following:

Corollary 2. Let φ be an unsatisfiable formula. Let δ be a fair derivation of φ.
δ is a refutation.

To conclude this section, we point out that our proof procedure is a decision
procedure for the Bernay-Schönfinkel class (BS). A formula belongs to BS iff it
contains no existential quantifiers and no function symbol of non-zero arity (BS
contains the the skolem form of prenex formulae of the form (∃x)(∀y)φ, where
φ is quantifier-free).

Lemma 3. Let φ be a formula in BS. Any derivation from φ is finite.

Proof. (Sketch) It is well known that the application of the ∨-rule, ∧-rule and
Closure terminates. We prove that the number of applications of the ∀-rule is
bounded by showing that the number of distinct instances of a formula ψ in a
given branch is finite. The proof is by induction on q(φ) − q(ψ), where q(γ) is
the number of universal quantifier in γ (it is obvious that q(φ) ≥ q(ψ)). Assume
that the property holds for any formula ψ′ with q(ψ′) ≥ q(ψ). This implies that
the number of free variables occurring in the formulae ψ with q(ψ) ≤ q(ψ′) must
be finite. Moreover the number of distinct tuples built on a signature containing
no function of arity greater than 0 is finite, up to a renaming. Then the proof
follows from Lemma 1. Finally, the Instantiation rule strictly reduces the number
of variables occurring in a given branch, hence necessarily terminates. ��

5 Comparison with Existing Works

In this section we briefly compare our work with existing works in tableaux-based
theorem proving.

[21] (see also [11]) presents a tableaux calculus (the SATCHMO procedure,
or positive unit hyperresolution tableaux) with no use of rigid variables,
but where the systematic instantiation of variables by ground terms is avoided.
The idea is to restrict branch-generation to positive literals, by using a kind of
macro-inference rule combining hyperresolution with splitting of ground positive
clauses. This procedure was refined in [5] by adding the possibility of handling
non ground unit clauses. [17] proposes to avoid systematic grounding of variables
not occurring in the negative part by adding “rigid” variables in the tableau (in
the usual sense). This last procedure could be combined with our method (by
adapting the notion of candidate pair to the macro-inference rule). Hence this
refinement is in some sense “orthogonal” to ours.
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[18] presents an instance-based theorem proving procedure, called the hyper-
linking method, where the generation of propositional instances of the clauses is
carefully restricted. The idea is the following: given two clauses C1 = (L1 ∨ C1)
and C2 = (¬L2 ∨ C2) where L1, L2 are unifiable, one generates two instance
clauses (L1 ∨C1)θ and (L2 ∨C2)θ where θ is a mgu of L1 and L2. These clauses
are added to the initial clause set and the process is repeated. When checking
for propositional satisfiability, all the remaining variables are instantiated to the
same ground term. This idea is refined in [24] where the possibility of using
semantic information, equality reasoning and ordering constraints is considered.

Building on this idea, [10] devises a proof procedure, called the Disconnec-
tion Calculus, whose basic idea is to combine the use of hyper-linking (used
for generating propositional instances) with a tableaux calculus (used for check-
ing the satisfiability of these propositional instances). The generation of clause
instances and the satisfiability check are not separated anymore, but combined
in the same procedure. This calculus was further improved in [19], and practical
results show that it is in general much more efficient than the original hyper-
linking method. A somewhat related approach is proposed in [16], but where
auxiliary clauses are generated during proof search.

The calculus presented in [3] can be seen as a combination of the disconnec-
tion calculus with hyper-tableaux. It combines the hyper-linking procedure with
the macro-inference rule used by model generation theorem provers.

In [6] a calculus is presented (based on a previous work described in [4]) for
lifting the standard DPLL procedure (initially devoted to propositional logic) to
the first-order case. This yields the definition of the Model Evolution calculus,
a proof procedure somehow related to the hyper-linking and disconnection cal-
culi, but where the branching is performed on complementary literals (as in the
original Davis and Putnam procedure [13]) rather than on the subformulae.

The disconnection calculus (and the related proof procedures) has the same
goal than our work, namely allowing branch-saturation and avoiding ground
instantiation of the clauses. However, in contrast to disconnection calculi, our
calculus still uses “rigid” variables, hence is closer to standard free-variable
tableaux. Moreover, the formulae we consider are not necessarily in clausal form.
In order to better emphasize the difference between the disconnection calculus
(and all the approaches related to hyper-linking) we present the following
example.

Example 4. We consider the following set of formulae:

S =

¬p(a, f(a))
(∀x, y)¬p(x, y) ∨ p(x, f(y))

(∀x)p(f(x), a)
(∀x, y)p(x, y) ∨ ¬p(x, f(y))

It is easy to see that the disconnection calculus (as the hyper-tableaux or the
resolution calculus1) does not terminate on S. For instance, the hyper-linking
1 Without ordering restriction.
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rule generates an infinite number of instances of the second clause, of the form
¬p(f(x), fn(a)) ∨ p(f(x), fn+1(a)). We present a finite derivation for S.

We first apply the ∀-rules on ¬p(a, f(a)), (∀x, y)¬p(x, y) ∨ p(x, f(y)),
(∀x)p(f(x), a) and (∀x, y)p(x, y)∨¬p(x, f(y)), yielding the formulae ¬p(a, f(a)),
¬p(x2, y1)∨ p(x2, f(y1)), p(f(x3), a) and p(x4, y2)∨¬p(x4, f(y2)). The ∨-rule is
applied on ¬p(x2, y1)∨p(x2, f(y1)) leading to two distinct branches. The branch
corresponding to p(x2, f(y1)) is closed by unifying x2 and y1 with a. Then the
∨-rule is applied again on p(x4, y2)∨¬p(x4, f(y2)), and the branch corresponding
to p(x4, y2) is closed by unifying x4 and y2 with a.

This yield a unique open branch containing the literals: ¬p(a, f(a)),
¬p(x2, y1), p(f(x3), a) and ¬p(x4, f(y2)) with the substitution {x2 → a, y1 →
a, x4 → a, y2 → a}.

Obviously the Closure rule is not applicable.
There is a candidate substitution of the form (¬p(x2, y1), {x2 → f(x3), y1 →

a}). Thus the ∀-rule is applicable on the formula (∀x, y)¬p(x, y)∨p(x, f(y)). We
have to replace x, y by a tuple of terms (t, s) not unifiable with (x2, y1) = (a, a)
and s.t. (f(x3), a) 4 (t, s).

We choose a maximal pair (according to 4) having this property. We ob-
tain two distinct solutions: (f(x5), y3) and (a, f(y4)), yielding the formulae
¬p(f(x5), y3) ∨ p(f(x5), f(y3) and ¬p(a, f(y4)) ∨ p(a, f(f(y4))).

Then, the ∨-rule is applied on these two formulae, which yields in par-
ticular the following branch: ¬p(a, f(a)),¬p(x2, y1), p(f(x3), a),¬p(x4, f(y2)),
p(f(x5), f(y3)),¬p(a, f(y4)), with the substitution {x2 → a, y1 → a, x4 →
a, y2 → a}.

Similarly, we generate two new instances of the (∀x, y)p(x, y) ∨ ¬p(x, f(y)),
which yields the formulae: p(f(x6), y5) ∨ ¬p(f(x6), f(y5)) and p(a, f(y6)) ∨
¬p(a, f(f(y6))) and after application of the ∨-rule, the branch:

¬p(a, f(a)),¬p(x2, y1), p(f(x3), a),¬p(x4, f(y2)), p(f(x5), f(y3)),
¬p(a, f(y4)), p(f(x6), y5),¬p(a, f(f(y6))) with the substitution {x2 →

a, y1 → a, x4 → a, y2 → a}.
By computing all the candidate pairs, one can easily check that no rule

is applicable on this branch. Hence the procedure terminates and detects the
satisfiability of the original formula. The considered branch is complete hence
this strategy is fair. Notice that if the closure rule is applied for closing the other
branches, then y4 for instance could be instantiated with a whence the ∀-rule
will be applicable again on (∀x, y)¬p(x, y) ∨ p(x, f(y)), leading to a potentially
infinite branch. In order to ensure termination, all the remaining branches have
to be left open. This shows that the termination is not guaranteed: it depends
on the strategy for choosing the extension rule. This example shows that our
method can detect the satisfiability of formulae for which other approaches do
not terminate.

[20] presents a refinement of the disconnection calculus allowing a more ef-
ficient treatment of universal variables. The basic idea is to avoid the instanti-
ation of the variables occurring in only one literal in a given clause. This may
reduce the proof complexity, and in particular, it is no more bounded by the
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Herbrand complexity of the clause set. In our case, since we deal with non-
clausal formula, such cases can easily be handled by using miniscoping. Note
that the miniscoping rule can be applied statically on the original formula,
but also in a dynamic way on the formula generated during proof search. This
principle has one significant advantage w.r.t. the method in [20]: it is not re-
stricted to the case of variables occurring only in one literal. We can also handle
clauses of the form: ¬P (x) ∨ ¬P (f(x)) ∨ ¬Q(y) ∨Q(f(y)), that are reduced to:
(∀x)(P (x) ∨ ¬P (f(x))) ∨ (∀y)(¬Q(y) ∨ Q(f(y))), which is not possible (to the
best of our knowledge) with the technique in [20]2.

[15] presents a fair procedure to find the closing instantiation of a given
tableau. The idea is to compute the whole set of closure instantiations in an
incremental way, avoiding to commit to certain substitutions. In contrast, our
procedure does instantiate the free variable, hence is closer to the usual tableaux.

[7] proposed another solution, based on a concept of tableau subsumption
and on a partial ordering of literals, allowing to avoid generating repeatedly the
same literals and sub-tableaux. However, this strategy is “global”, in the sense
that it requires keeping the whole tableau, which is avoided in our approach.

Of course, additional work is required to estimate the performances of our
proof procedure. In particular, the calculus has to be further developed (includ-
ing redundancy criteria, pruning mechanisms etc.). An efficient implementation
of the method and practical experimentations are mandatory.

Acknowledgments. The author would like to thank the anonymous referees
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Abstract. Some operations to decompose a knowledge base (considered
as a first order logic formula) in ways so that only its semantics deter-
mines the results are investigated. Intended uses include the extraction
of “parts” relevant to an application, the exploration and utilizing of im-
plicit possibilities of structuring a knowledge base and the formulation
of query answers in terms of a signature demanded by an application.
A semantic framework based on Herbrand interpretations is outlined.
The notion of “model relative to a scope” is introduced. It underlies the
partitioning operations “projection” and “forgetting” and also provides
a semantic account for certain formula simplification operations. An al-
gorithmic approach which is based on resolution and may be regarded
as a variation of the SCAN algorithm is discussed.

1 Introduction

We investigate some operations to decompose a knowledge base in ways so that
solely its semantics determines the results. We regard a knowledge base as rep-
resented by a logic formula and confine ourselves here to classical propositional
logic and classical first order clausal logic. A decomposition operation takes a
formula as input and returns one or several other formulas that are in some sense
“parts” of the original one. “Semantics” can be understood in the standard sense
for these logics, here however a specific notion based on Herbrand interpretations
is used. This fits with automated deduction techniques and is easily accessible
to a full formalization which in turn may be automatically processed.

A knowledge base can be large, can integrate further knowledge bases and
is possibly designed and maintained by someone else than its user. It should
be accessed through an interface of operations that are characterized purely in
terms of the semantics of the knowledge base and query expressions. Some types
of such operations can be straightforwardly expressed as theorem proving tasks,
others require different modes of reasoning such as model generation, decision
procedures, abduction, partial deduction or knowledge compilation. Semantic
knowledge partitioning can be understood as such a reasoning mode. Outputs
can be again inputs to reasoning in this or some other mode.

Semantic knowledge partitioning should be a means to compute the following
kinds of operations:

J.J. Alferes and J. Leite (Eds.): JELIA 2004, LNAI 3229, pp. 552–564, 2004.
c© Springer-Verlag Berlin Heidelberg 2004
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– Extraction of an application relevant portion from a large knowledge base.
– Exploration and utilizing of implicit possibilities of structuring a knowledge

base: Computing definitional dependency of predicates and functions. Com-
puting ways of decomposition into mutually independent sentences.

– Expressing a theorem in terms of a certain signature, which characterizes
for example those terms which are “understood” in some way or handled
efficiently by a human or machine client.

– Removing information from an answer for security reasons.

2 Notation and Preliminaries

We consider first order formulas in Skolemized clausal form: A formula (or ma-
trix ) is a set of clauses; a clause is a set of literals; a literal is a pair of an
atom and a sign. If A is an atom, we write +A (−A) for the positive (negative)
literal with atom A. The dual of a literal L is written L. Occasionally we use
logic connectives in formulas or formula schemas, which can be understood as
straightforward abbreviations of the respective matrix form.

We use a semantic framework based on Herbrand interpretations. A function
signature Σ is a finite set of function symbols Name/Arity that includes at
least one constant symbol. For a syntactic object F , Σ(F ) is the set of function
symbols in F . The base of a formula F and a function signature Σ ⊇ Σ(F ), in
symbols B(F,Σ) is the set of ground atoms obtained by instantiating all atoms
in F with terms constructed from Σ. An interpretation over a base B is a set
of ground literals that contains for each A ∈ B exactly one of +A or −A and
no other elements. To avoid notational clutter we assume an implicit function
signature that includes all function symbols in formulas we consider. Thus we
speak of the base of a formula F , in symbols B(F ). For interpretations we assume
an implicit base that is a superset of the bases of all considered formulas.

A clause C contradicts an interpretation I if and only if there is a ground
instance C ′ of C such that the dual of each literal in C ′ is in I. An interpretation
I is a model for a formula F , in symbols I |= F , if and only if F contains no clause
that contradicts I. A formula F implies a formula G, in symbols F ⇒ G, if and
only if for all interpretations I holds that if I |= F then I |= G. Two formulas
F and G are equivalent, in symbols F ⇔ G, if and only if F ⇒ G and G ⇒ F .

Definition 1 (Essential Base). The essential base of a formula F , in symbols
E(F ), is the set of all ground atoms A such that there exists an interpretation I
for which exactly one of (I − {−A}) ∪ {+A} |= F or (I − {+A}) ∪ {−A} |= F
does hold.

For example E(p ∧ (q ∨ ¬q)) = {p}. For a propositional logic formula F ,
E(F ) is the unique smallest signature such that there exists a formula equivalent
to F which has this signature. Intuitively the essential base of a formula may
be regarded as the set of ground atoms about which the formula does “express
something.”
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3 Model Relative to a Scope

A scope is a set of ground atoms. The notion of model relative to a scope is
the central concept in this work. It is used to specify partitioning operations
semantically. It also provides semantics for certain formula simplification which
do not preserve equivalence.

Definition 2 (Equality of Interpretations Relative to a Scope). For all
scopes S, and interpretations I and J , I is equal to J relative to S, in symbols
I =S J , if and only if I and J assign the same values to all atoms in S.

Definition 3 (Model Relative to a Scope). For all interpretations I, for-
mulas F and scopes S, I is a model of F relative to S, in symbols I |=S F , if
and only if there exists an interpretation I ′ such that I ′ |= F and I ′ =S I hold.

Definition 4 (Equivalence Relative to a Scope). For all formulas F,G and
scopes S, F and G are equivalent relative to S, in symbols F ⇔S G, if and only
if for all interpretations I holds that I |=S F if and only if I |=S G.

The following proposition shows simple connections between the model rela-
tionship relative to a base, the general model relationship, the essential base of
a formula and the subset relationships between scopes.

Proposition 1. For all formulas F , scopes S, S′ and interpretations I it holds
that 1. if I |= F then I |=S F , 2. if E(F ) ⊆ S and I |=S F then I |= F , 3. if
S′ ⊆ S and I |=S F then I |=S′ F , 4. if I |=E(F )∩S F then I |=S F .

4 Projection and Forgetting

Projection and forgetting are the core operations for this approach to se-
mantic knowledge partitioning. They are defined as ternary relationships
project(F, S, F ′) and forget(F, S, F ′), where F and F ′ are formulas and S is a
scope. F and S are considered as input and F ′ as result. Intuitively projection
means that F ′ is equivalent to F with respect to the atoms in S but provides
no information about other atoms (like a database relation can be “projected”
onto a given set of attributes). Forgetting means intuitively that F ′ is equivalent
to F , except that F ′ does not provide any information about the atoms in S.

Definition 5 (Projection). For all formulas F, F ′ and scopes S, F ′ is a projec-
tion of F onto S, in symbols project(F, S, F ′), if and only if for all interpretations
I holds that I |= F ′ if and only if I |=S F.

Definition 6 (Forgetting). For all formulas F, F ′ and scopes S, F ′ is a for-
getting about S in F , in symbols forget(F, S, F ′), if and only if project(F, E(F )−
S, F ′).
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Projection and forgetting are dual to each other in the sense that also
project(F, S, F ′) is equivalent to forget(F, E(F ) − S, F ′). Projection and forget-
ting are “semantic” operations, i.e. for all formulas F , G, F ′, G′ and scopes S it
holds that if F ⇔ G, project(F, S, F ′) and project(G,S,G′) then F ′ ⇔ G′ (and
similarly for forget).

The following propositions show alternate characterizations of projection and
forgetting in terms of essential base and relative equivalence:

Proposition 2. For all formulas F , F ′ and sets of atoms S holds
project(F, S, F ′) if and only if E(F ′) ⊆ S and F ⇔S F ′.

Proposition 3. For all formulas F, F ′ and scopes S holds forget(F, S, F ′) if and
only if the following three conditions hold: 1. F ⇔E(F )−S F ′, 2. E(F ′) ∩ S = ∅
and 3. E(F ′) ⊆ E(F ).

Only the intersection of the given scope with the essential base of the input
formula is relevant for the results of projection and forgetting: For all formulas
F, F ′ and scopes S holds: project(F, S, F ′) if and only if project(F, E(F ) ∩ S, F ′)
(and similarly for forget). Since for all formulas F E(F ) ⊆ B(F ), in the mutual
characterizations of one operator in terms of the other instead of the E operator
also the B operator can be used, which may be easier to handle computationally.
For example project(F, S, F ′) holds if and only if forget(F,B(F ) − S, F ′) holds.

The following proposition related to proposition 3 is useful to show correct-
ness of methods that compute forgettings if they do not introduce new predicate
or function symbols to the result formula:

Proposition 4. For all formulas F , F ′ and scopes S it holds that if E(F ′) ⊆
B(F ), F ⇔B(F )−S F ′ (which strengthens condition (1) in proposition 3) and
condition (2) in that proposition are satisfied, then also condition (3) in that
proposition holds.

Example 1. Consider the matrix F = {{p(a)}, {¬p(x), q(x)}, {¬q(x), r(x)}}
along with the function signature Σ = {a/0, b/0, c/0}. The following table shows
the results of forgettings about the set of all ground atoms with predicate symbol
q and about the unit sets of the atoms q(a), p(a), p(b) and r(a) respectively:

q : {{p(a)}, {¬p(x), r(x)}}
q(a) : {{p(a)}, {¬p(a), r(a)}, {¬p(b), q(b)}, {¬p(c), q(c)},

{¬q(b), r(b)}, {¬q(c), r(c)}}
p(a) : {{q(a)}, {¬p(b), q(b)}, {¬p(c), q(c)}, {¬q(x), r(x)}}
p(b) : {{p(a)}, {¬p(a), q(a)}, {¬p(c), q(c)}, {¬q(x), r(x)}}
r(a) : {{p(a)}, {¬p(x), q(x)}, {¬q(b), r(b)}, {¬q(c), r(c)}}

Example 2. In this example a toy knowledge base in description logic is given.
Forgetting is applied to the matrix of its standard translation. The results are
then converted back to description logic. The input knowledge base contains the
following axioms:
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document .= text � image.
web document .= document � has uri.
wd1,wd2,wd3 : web document.

The result of forgetting document is:
web document .= (text � image) � has uri.
wd1,wd2,wd3 : web document.

The result of forgetting web document is:
document .= text � image.

wd1,wd2,wd3 : document � has uri.

The result of forgetting web document(wd1) is:
document .= text � image.

wd1 : document � has uri.
wd2,wd3 : web document � document � has uri.

The result of forgetting has uri is:
document .= text � image.

web document � document.
wd1,wd2,wd3 : web document.

5 Forgetting for Propositional Logic

For propositional formulas F and atoms A a function forget(F,A) such that
forget(F, {A}, forget(F,A)) holds can be defined as forget(F,A) = F [A\true] ∨
F [A\false] where F [A\G] denotes F with all occurrences of A substituted by G.

Algorithm 1 (DNF-Forget).
input: A propositional formula F and propositional atom A.
output: A formula F ′ such that forget(F, {A}, F ′) holds.
method: Convert F to non-complementary disjunctive clausal normal form
(NC-DNF).1 Remove all literals with atom A from these clauses and return
the corresponding propositional formula.

It is easy to see that applying the schema F [A\true]∨F [A\false] to a formula
F in NC-DNF amounts to the method of the algorithm. Correctness of the
algorithm can also be easily shown by considering F converted to NC-DNF,
since for all formulas F in this form and interpretations I it holds that I |= F
if and only if there exists a clause C ∈ F such that C ⊆ I. So it is not hard
to prove F ⇔B(F )−{A} forget(F,A). Hence condition (1) of Proposition 3 holds.
Condition (2) does obviously hold and condition (3) follows from Proposition 4.

Another way to compute forgettings for propositional formulas is algorithm
pattern-forgetting which will be described in Sect. 7. For propositional inputs the
preprocessing steps of that algorithm have no effect and can be skipped.
1 Non-complementary means that no clause contains a literal and its dual.
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6 Properties of and Constructions with Projection

In this section we outline some applications of projection together with the
properties and constructions underlying them. We assume that the respective
projections can be computed and hence write the projection operator as a binary
function, as we did in the section on forgetting for propositional logic.

Justification of Knowledge Base Preprocessing. The following proposition
ensures that project(F,B(G)) can be regarded as a knowledge base extract that
can be used to answer all queries whose base is a subset of B(G):

Proposition 5. For all formulas F and G it holds that F ⇒ G if and only
if project(F,B(G)) ⇒ G.

Justification of Cheap Decomposition. A decomposable negation normal
form (DNNF) is a negation normal form in which no atom is shared between any
two conjuncts [6]. One of the motivations for using a DNNF as a target language
for knowledge compilation is that for a DNNF projection on a set atoms can be
computed in linear time [6], which can be seen from the following propositions:

Proposition 6. For all formulas F,G and scopes S holds
(1) project(F ∨G,S) ⇔ project(F, S) ∨ project(G,S),
(2) If B(F )∩B(G)=∅ then project(F∧G,S) ⇔ project(F, S) ∧ project(G,S).

Preservation of Satisfiability. The next proposition implies that a formula
F is satisfiable if and only if project(F, ∅) is satisfiable. This suggests that such
methods for computing projection which ensure that the base of their result is
a subset of the projection scope — and hence literally return true or false if the
scope is empty — can be used to compute satisfiability.2

Proposition 7. For all formulas F and scopes S it holds that F is satisfiable
if and only if project(F, S) is satisfiable.

Definability and Construction of Definitions. If F is formula, A a ground
atom and S is a set of ground atoms not containing A, then A is called definable
in terms of S within F if and only if F implies a formula A ↔ D where B(D) ⊆ S.
Definability can be expressed using projection: A is definable in terms of S within
F if and only if project(F ∧A, S) ∧ project(F ∧ ¬A, S) is unsatisfiable.
2 Actually for a propositional clause set F , forgetting about the atoms in B(F ) one

by one using the replace-by-resolvents algorithm described in Sect. 7 combined with
restricted application of the equivalence preserving simplifications removal of sub-
sumed clauses and subsumption resolution amounts to the Davis Putnam method
[7]. The rule for eliminating atomic formulas and, as will be shown in Sect. 7.5, the
affirmative-negative rule both correspond to applications of replace-by-resolvents.
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If definability holds for F ,A and S, then definitions can be constructed in
two ways: 1. A ↔ project(F ∧ A, S) and 2. A ↔ ¬project(F ∧ ¬A, S). Both
constructed definitions may not be logically equivalent. Consider for example
F = (p ↔ q ∧ r) ∧ (q ∨ r). These two definitions of p in terms of {q, r} are
constructed: 1. p ↔ q ∧ r and 2. p ↔ (q ↔ r).

Lossless Decomposition. A set of scopes {S1, S2, ..., Sn} is a n-ary lossless
decomposition of F iff

∧
i=1..n project(F, Si) ⇒ F .

7 Computation of Forgetting by Resolution

In propositional logic the forgetting about an atom can — as an alternative to
Algorithm 1 — be computed by successively replacing all clauses containing a
literal with the atom to be forgotten by the resolvents upon that literal. In this
section we discuss an approach to transfer this method to first order matrices.
Also, instead of forgetting about a single ground atom, the method for first order
logic allows to forget about all ground instances of a given pattern. The pattern
has to be linear,3 since a certain clause instantiation procedure is involved, which,
as we will see in Sect. 7.2, is guaranteed to have finite solutions only for linear
patterns.

Before we discuss the sub-procedures of the method in detail we give an
overview of the overall procedure.

Algorithm 2 (Pattern Forgetting).
input: A first order matrix F , a linear atom P (the “pattern”) and a function
signature Σ ⊇ Σ(F ) ∪Σ(P ).
output: A matrix that is the forgetting about all ground instances of P in F ,
or an “approximation” of the forgetting, as will be discussed in Sect. 7.6.
method:

1. Preprocessing: F is assigned the result of applying diff expansion and break
transformation to the input arguments.

2. Core loop: While F contains a clause C with a literal L whose atom is an in-
stance of P , assign to F the result of eliminating C with replace-by-resolvents
applied to F , C and L. Between the rounds of this loop equivalence preserv-
ing simplifications may be performed on F .

3. Postprocessing: Try to reduce F and to remove auxiliary literals introduced
by the break transformation with simplifications. Output the modified F .

In the following subsections we discuss the sub-procedures of this algorithm,
starting with the core procedure.

3 An atom is linear if and only if it does not contain multiple occurrences of the same
variable.
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7.1 Replace-by-Resolvents

Algorithm 3 (Replace-by-Resolvents).
input: A first order matrix F , clause C and literal L with L ∈ C and C ∈ F .
output: If the algorithm terminates, the matrix F with C replaced by the
saturation of resolvents upon L.
method: While a resolvent4 D upon L and C with some clause from F exists
such that D is not tautological and not subsumed by F − {C} add D to F .
Output F − {C}.
Theorem 1. For all matrices F , clauses C and literals L with L ∈ C and
C ∈ F it holds that if each resolvent upon literal L and clause C with a clause
in F is tautological or subsumed by a clause in F − {C} then, for all scopes S
not containing an instance of the atom of L holds F ⇔S F − {C}.

For propositional matrixes this theorem can be proved straightforwardly by
properties of literals, clauses and interpretations. For first order matrixes an
inductive proof over an enumeration of ground instances Ci, i ≥ 1 of C can be
given: Let F0 be F −{C} and Fn be Fn−1 ∪ {Cn} for n ≥ 1. The induction step
ensures that Fn+1 ⇔S Fn for all n ≥ 0 by means of the theorem for propositional
matrices and the lifting lemma.5

7.2 Preprocessing Operation: Diff Expansion

The input matrix for a pattern forgetting operation can contain literals with
atoms that are unifiable with the pattern but not instances of it. replace-by-
resolvents can not be directly applied to such a matrix to forget the instances of
a pattern. If the pattern is linear, however any matrix can be transformed into
a form without such literals, by diff expansion:6

Algorithm 4 (Diff-Expansion).
input: A first order matrix F , a linear atom P that does not share variables
with F and a function signature Σ ⊇ Σ(F ) ∪Σ(P ).
output: A finite set of instances of clauses of F that has the same Herbrand
expansion as F over Σ and does not contain a literal L such that the atom A of
L is unifiable with P and A �≥s P .
4 Resolvent is understood as in [5]. We extend the notion of literals resolved upon from

binary resolvents to resolvents: A clause C is a resolvent of clause C1 with clause
C2 upon literal L1, if L1 ∈ C1 and C is a binary resolvent of C1 upon L1 or C is a
binary resolvent of a factor C1σ of C1 upon L1σ.

5 We need here a slightly strengthened version of the lifting lemma in [5] in which
we also consider a literal resolved upon: If C′

1, L′
1 ∈ C1 and C′

2 are instances of C1,
L1 ∈ C1 and C2 respectively, and if C′ is a resolvent of C′

1 upon L′
1 and C′

2, then
there is a resolvent C of C1 upon L1 and C2 such that C′ is an instance of C.

6 In this subsection we use the following notation: A≥s B stands for A is an instance of
B. ◦ denotes composition of substitutions, where the substitution on the left side is
applied first. Application of substitution is expressed by postfix notation. mgu(A, B)
is the most general unifier of A and B. vars(A) is the set of variables in A.



560 C. Wernhard

method: While F contains a clause C with a literal L such that the atom
A of L is unifiable with P and A �≥s P replace C in F by Cσ for all σ ∈
diff-substitutions(A,P,Σ). Output the modified matrix F .

Algorithm 5 (Diff-Substitutions).
input: An atom A, a linear atom P that does not share variables with A and
is unifiable with A and a function signature Σ ⊇ Σ(A) ∪Σ(P ).
output: A set of substitutions S such that 1. there is no σ ∈ S such that Aσ is
unifiable with P and Aσ �≥s P and 2. for all clauses C with Σ(C) ⊆ Σ it holds
that the Herbrand expansions of C and {Cσ | σ ∈ S} over Σ are identical.
method: Let S be a set of substitutions initialized to {ε}.

While S contains a substitution σ such that Aσ is unifiable with P and
Aσ �≥s P do the following steps:

– Choose a variable X from vars(Aσ) such that (X)mgu(Aσ, P ) is not a vari-
able. (The existence of such a X follows from the while condition.)

– Remove σ from S.
– For each function symbol f/n in Σ generate n fresh variables X1, X2, ..., Xn

and add σ ◦ {X  → f(X1, X2, ..., Xn)} to S.

Output S.

Actually in each round there is exactly one element Aσ ∈ S that is unifiable
with P . The algorithm may produce different outputs depending on the choice of
X in each round. The cardinality of the result of the algorithm applied to inputs
A, P and Σ is 1 + (|Σ| − 1) ∗

∑
X∈vars(A) |ocfs((X)mgu(A,P ))| where |ocfs(T )|

is the number of occurrences of function symbols in term T .

Example 3. Consider F = {{p(x, y)}}, P = p(f(u), a) and Σ =
{a/0, b/0, f/1}. A diff expansion is {{p(a, x)}, {p(b, x)}, {p(f(x), a)},
{p(f(x), b)}, {p(f(x), f(y))}}.

For a non-linear pattern P a finite set of substitutions satisfying the output
conditions of Algorithm 5 may not exist. Consider for example A = p(x, y),
P = p(u, u), Σ = {a/0, f/1}. Among the required instances of clause {p(x, y)}
there are all {p(fn(f(xn)), fn(a)))} for n ≥ 0.

An alternative to the diff expansion transformation would be the use of
disequality constraints, which we do not pursue here, since it has two features
that we want to avoid: Symbols to be “forgotten” are retained “negatively” in
the constraints and the straightforward framework of first order logic is left.

7.3 Preprocessing Operation: Break Transformation

replace-by-resolvents terminates if each clause contains only a single literal whose
atom is weakly unifiable with L. Any matrix can be brought into this form by
replacing clauses with more than one such literal with fragments of them that
are linked with auxiliary definitional literals, for example if p(X) is the pattern,
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the clause {¬p(Y ), p(f(Y ))} can be replaced by the clauses {¬p(Y ),¬break1(Y )}
and {break1(Y ), p(f(Y ))} where break1 is a new auxiliary predicate whose argu-
ments are the variables shared between the two fragments of the original clause.
The original and the transformed matrix are equivalent relative to scopes not
containing instances of “break atoms”, i.e. atoms of these auxiliary literals.

If the break transformation is applied before diff expansion, the possible
generation of an exponential number of clause instances at the diff expansion
phase is avoided.

7.4 Simplifications

In the context of theorem proving, operations that can be performed fast (typi-
cally in linear time), can be applied only a number of times that is polynomial
(typically linear) in the size of the formula and reduce the refutation task in
some sense while preserving satisfiability are known as simplifications or reduc-
tions [4].

Some simplifications preserve the equivalence of the input formula, for ex-
ample removal of tautological clauses, removal of subsumed clauses, subsumption
resolution and condensation. Other simplifications are commonly applied in the-
orem proving since they preserve satisfiability. A closer look at some of them
however shows that they actually preserve equivalence relative to certain scopes
which justifies that they can be used for knowledge base preprocessing and model
generation.

For the pattern forgetting method discussed in this section simplifications
play a twofold role: Equivalence preserving simplifications are applied to reduce
the results and intermediate results of replace-by-resolvents. Along with equiva-
lence preserving simplifications, simplifications that preserve all scopes that do
not include break atoms are applied to delete break literals as far as possible
from the final output of the forgetting algorithm.

7.5 Simplifications Preserving Equivalence Relative to Certain
Scopes

We first consider two special cases of replace-by-resolvents. Let L ∈ C be the lit-
eral occurrence to be resolved upon. L is called pure, if the matrix does not con-
tain a literal that is weakly unifiable7 with L. The effect of replace-by-resolvents
upon a pure L is just that C is deleted. This is a first order generalization of the
pure literal rule (originally called affirmative-negative rule) of the Davis Putnam
method. Another special case is that a first application of replace-by-resolvents
replaces C by resolvents with partner clauses which then in turn can be removed
by the purity simplification just discussed. This is a first order generalization of
the ISOL and ISOL* reductions in [3]. That they can be described as special
7 Two atoms are weakly unifiable if and only if they are unifiable after their variables

have been standardized apart.
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cases of replace-by-resolvents shows that these simplifications do not only pre-
serve satisfiability of the input matrix but also equivalence relative to all scopes
not containing instances of the literals resolved upon.

An extended purity reduction rule is given in [13]: If the matrix does not
contain two clauses such that literals with a predicate P occurs only positively
in one and only negatively in the other, then all clauses containing a literal with
predicate P are deleted. This simplification preserves equivalence relative to all
scopes that do not contain atoms with predicate P .

A further simplification is the deletion of an isolated satisfiable clause group:
If the input matrix can be split into two disjoint subsets F1 and F2 such that
there are no weakly unifiable literals L1 and L2 with L1 in F1 and L2 in F2,
then if F1 is satisfiable, the clauses of F1 are deleted. The result matrix preserves
equivalence relative to all scopes not including the instance of an atom from F1.

7.6 Correctness of the Pattern Forgetting Algorithm

Algorithm pattern-forgetting terminates for all inputs — the diff and break trans-
formations terminate, replace-by-resolvents terminates since the break transfor-
mation has been applied and simplifications naturally do terminate.

If the result of applying algorithm pattern-forgetting to F and P does not
contain any break literals, it is indeed the supposed forgetting: diff expansion
preserves equivalence of the matrix in the sense that it preserves its Herbrand
expansion. The break transformation preserves equivalence with respect to all
scopes not including break atoms. For replace-by-resolvents, Theorem 1 ensures
condition (1) of Proposition 3, condition (2) is obviously satisfied. That also
condition (3) is satisfied can be shown with the help of Proposition 4. Finally
simplifications in the postprocessing phase are either preserving equivalence or
equivalence relative to all scopes not containing break atoms.

If break literals remain in the result, then condition (3.) might be violated.
Depending on the application such results might nevertheless be useful.8

8 Related Work

Algorithm pattern-forgetting is similar to the core part of the SCAN algorithm, in
which clauses are “resolved away” by C-resolution [8]. This algorithm goes back
to W. Ackermann [1]. Similar algorithms and a completeness property of SCAN
are described in [12,13,9]. SCAN was motivated by applications in correspon-
dence theory for modal logics. Also interpolation (i.e. knowledge base prepro-
cessing) and the computing of circumscription are shown as applications in [8].

C-factoring (C-resolution) with constraint elimination [9] corresponds to
“standard” factoring (binary resolution) [5] if the matrix for the standard oper-
ations includes predicate substitutivity axioms for ≈: For each n-ary predicate
8 Our characterization of forgetting is not sufficient to distinguish “solutions” with

residual break literals that are in some sense “necessary” from trivial solutions by
just renaming the predicate to be forgotten. This is an issue for future work.
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Q a clause {¬Q(x1, ..., xn), x1 �≈y1, ...., xn �≈yn, Q(y1, ..., yn)} can be derived by
binary resolution. As can easily be seen, a C-factoring (C-resolution) step then
corresponds to a binary resolution step with such a clause followed by a fac-
toring (binary resolution) step. A factoring (binary resolution) step corresponds
to a C-factoring (C-resolution) step followed by an application of the constraint
elimination rule.

We mention some apparent differences between pattern-forgetting and SCAN,
but the details and practical relevance of them have not yet been worked out:
Since pattern-forgetting can also be applied to matrixes without predicate substi-
tutivity axioms, it may have a broader range of applicability. pattern-forgetting
can not only be used to forget about predicates, but also to forget about instances
of patterns. By diff expansion, in the result signature of pattern-forgetting func-
tion symbols that are to be “forgotten” do not appear, but on the other hand
this result signature is related to the “absolute signature” which is input at diff
expansion. By the introduction of break literals in pattern-forgetting, processing
is separated into two terminating phases. Where SCAN does not terminate, the
output of pattern-forgetting does include residual break literals. By the use of
arbitrary decision procedures in simplification deletion of an isolated satisfiable
clause group pattern-forgetting may terminate for more inputs than SCAN. In
SCAN only C-resolutions between different clauses are allowed. The condition
“tautological or subsumed by a clause in F −{C}” in Theorem 1 may be related
to that restriction, but the precise relationship has not yet been worked out.

Lin and Reiter [11] describe the semantics of forgetting about ground atoms
and predicates for first order logic in standard model theoretic terms. Their work
is motivated by the need of an autonomous agent to “forget” knowledge about
past states.

There are a number of more or less related works with different backgrounds:
In the context of knowledge compilation, applications of propositional projec-
tion to knowledge base preprocessing, planning, model-based diagnosis and cir-
cuit compilation are shown [6]. Aside from disjunctive normal form and DNNF
[6], ordered binary decision diagrams provide a normal form in which proposi-
tional forgetting is an operation of low complexity. Propositional forgetting cor-
responds to existential boolean quantification. Partition-based logical reasoning
[2] is a framework for distributed theorem proving based on consequence finding
in signature restricted knowledge base partitions. Projection can be considered
as a special case of marginalization, one of the fundamental operations in the
“local computation” framework [10,14].

9 Next Steps

We consider the resolution based pattern forgetting algorithm as a first approach
to get a deductive grip on projection/forgetting for first order logic and will
investigate further techniques. One direction there are adapted model generation
methods, which generate implicants of the results of projection one by one and
thus can be plugged to client systems that process them one by one.
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Properties and constructions like those in Sect. 6 have to be further worked
out along with example scenarios.

For propositional logic project(F, S) corresponds to �SF in a multi-modal
logic where =S (see Definition 2) is the accessibility relation for modality S.
This approach to projection and the possibility of using processing methods for
modal logics have to be investigated.

We intend to explore possibilities of making projection/forgetting available
to other languages that can be embedded in first order logic, as we have outlined
in Example 2 for a description logic.

Instead of sets of atoms as scopes, also sets of literals could be used (corre-
sponding to the Lyndon interpolation theorem). This may be useful for knowl-
edge base preprocessing, since the knowledge base extract could be significantly
smaller and in queries often predicates are used only with a single polarity.
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Abstract. We prove that negative hyper-resolution is a sound and com-
plete procedure for answering queries in disjunctive logic programs. In
our formulation, answers of queries are defined using disjunctive sub-
stitutions, which are more flexible than answer literals used in theorem
proving systems.

1 Introduction

Resolution can be used not only to prove theorems but also to answer questions.
This was first shown by Green in [5], where he introduced answer literals and a
planning method using resolution. His technique has become popular in AI.

Since resolution was introduced by Robinson [13] in 1965, many refinements
of resolution have been proposed by researchers in the field in order to cut down
the search space and increase efficiency. One of the most important refinements
of resolution is hyper-resolution, which was also introduced by Robinson [12]
in the same year 1965. Hyper-resolution constructs a resolvent of a number of
clauses at each step. Thus it contracts a sequence of bare resolution steps into a
single inference step and eliminates interactions among intermediary resolvents,
and interactions between them and other clauses.

There are many completeness results in the literature for various refinements
of resolution, but these results usually derive refutation completeness, i.e. the
empty clause will be derived if the input clauses are inconsistent. For question-
answering systems, we want a stronger result called answer completeness: for
every correct answer there exists a more general computed answer.

A refinement of resolution for the Horn fragment, called SLD-resolution in [1],
was first described by Kowalski [6] for logic programming. It is a sound and
complete procedure for answering queries in definite logic programs. In [9], Lobo
et al gave a linear resolution method with a selection function, called SLO-
resolution, for answering goals in disjunctive logic programs. SLO-resolution is
an extension of SLD-resolution, and both of them are answer complete under
any selection function.

SLO-resolution extends SLD-resolution in a natural way, and in our opinion,
it is a potential framework for developing efficient proof procedures. However,
queries and derivations formulated in SLO-resolution allow only definite answers,
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and in fact, SLO-resolution is answer complete only for a certain class of queries.
Consider an example of [9] : given the program P = {p(a) ∨ p(b) ←} and the
query Q = ← p(x), there is no computed answer in SLO-resolution for P ∪ Q,
while there exists a disjunctive answer {{x/a}, {x/b}}. Of course, if we rewrite
Q to Q′ = ← p(x)∨ p(y) then there is a computed answer {x/a, y/b}, but if the
considered program is larger, it is difficult to know when and where we need to
rewrite goals, and furthermore, rewriting goals is inconvenient for users.

There are also other goal oriented proof procedures proposed for disjunctive
logic programming: nearHorn-Prolog procedures by Loveland [10], SLI-resolution
by Lobo et al [8], and restart model elimination (RME) by Baumgartner et al
[2]. The nearHorn-Prolog procedures extend SLD-resolution and Prolog style for
disjunctive logic programs, but they are of interest only when the considered
program contains very few non-Horn clauses. Both of SLI-resolution and RME
are variants of the model elimination procedure. SLI-resolution is related to
SLO-resolution, while RME is related to hyper tableaux.

In our opinion, it is very difficult for programmers to imagine behaviors of dis-
junctive logic programs as is possible when writing Prolog programs. Perhaps we
should adopt the approach by Loveland and use mechanisms of theorem proving
for non-Horn fragments of disjunctive logic programs. But as mentioned before,
the nearHorn-Prolog procedures proposed by Loveland have advantages only for
logic programs containing very few non-Horn clauses. For general cases, why
don’t we just use strongest theorem provers as proof procedures for disjunctive
logic programming?

In this work, we formulate a negative hyper-resolution calculus as a proof
procedure for disjunctive logic programming. In our formulation, every clause set
can be divided into a disjunctive logic program, which consists of non-negative
clauses, and a query. We define answers as disjunctive substitutions. To each goal
appearing in a derivation we attach a disjunctive substitution keeping bindings
of variables of the initial query. Our definition of answers is more flexible than
answer literals used in theorem proving systems. In [3], Brass and Lipeck also
defined disjunctive answer as a set of normal substitutions, but they did not give
further properties of disjunctive substitutions as we do. Our definition of correct
answers is compatible with the semantics of answer literals given by Kunen [7].
The theory of answer literals was discussed earlier in [5,11,4], but in those works
the authors assume that answer literals appear only in one clause.

As far as we know, answer completeness of negative hyper-resolution in our
setting of queries has not previously been studied. Here, we prove that negative
hyper-resolution is a sound and complete procedure for answering queries in
disjunctive logic programs.

This paper is organized as follows: In Section 2, we give definitions for dis-
junctive substitutions, disjunctive logic programs, queries, and correct answers.
In Section 3, we specify a negative hyper-resolution calculus as procedural se-
mantics of disjunctive logic programs. In Section 4, we prove answer soundness
of that calculus. We give a reverse fixpoint semantics for disjunctive logic pro-
grams in Section 5 and use it in Section 6 to prove answer completeness of the
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calculus. The relationship between disjunctive substitutions and answer literals
is considered in Section 7. Section 8 concludes this work.

2 Preliminaries

First-order logic is considered in this work and we assume that the reader is
familiar with it. We now give the most important definitions for our work.

By ∀(ϕ) we denote the universal closure of ϕ, which is the closed formula
obtained by adding a universal quantifier for every free variable of ϕ.

An expression is either a term or a formula. If E is an expression, then by
V ar(E) we denote the set of all variables occurring in E.

The Herbrand universe UΓ of a formula set Γ is the set of all ground terms
that can be formed from the constants and function symbols in Γ : if no constants
occur in Γ then some arbitrary constant is used instead.

The Herbrand base BΓ of a formula set Γ is the set consisting of all ground
atoms that can be formed from the predicate symbols in Γ and the terms in UΓ .
When Γ is clear from the context, for M ⊆ BΓ , we write M to denote the set
BΓ −M .

2.1 Disjunctive Substitutions

A normal substitution is a finite set θ = {x1/t1, . . . , xn/tn}, where x1, . . . , xn
are different variables, t1, . . . , tn are terms, and ti �= xi for all 1 ≤ i ≤ n. By
ε we denote the empty normal substitution. The set Dom(θ) = {x1, . . . , xn} is
called the domain of θ. By Ran(θ) we denote the set of all variables occurring
in t1, . . . , tn. Define V ar(θ) = Dom(θ) ∪ Ran(θ). For a set X of variables, the
restriction of θ to X, denoted by θ|X , is the substitution {x/t | x/t ∈ θ and
x ∈ X}.

Let θ = {x1/t1, . . . , xn/tn} be a normal substitution and E be an expression.
Then Eθ, the instance of E by θ, is the expression obtained from E by simul-
taneously replacing each occurrence of the variable xi in E by the term ti, for
1 ≤ i ≤ n.

Let θ = {x1/t1, . . . , xn/tn} and δ = {y1/s1, . . . , ym/sm} be normal substi-
tutions. Then the composition θδ of θ and δ is the substitution obtained from
the set {x1/t1δ, . . . , xn/tnδ, y1/s1, . . . , ym/sm} by deleting any binding xi/tiδ for
which xi = tiδ and deleting any binding yj/sj for which yj ∈ {x1, . . . , xn}.

If θ and δ are normal substitutions such that θδ = δθ = ε, then we call them
renaming substitutions and use θ−1 to denote δ (which is unique w.r.t. θ).

A disjunctive substitution Θ is a finite and non-empty set of normal sub-
stitutions. Define Dom(Θ) =

⋃
θ∈ΘDom(θ), Ran(Θ) =

⋃
θ∈Θ Ran(θ), and

V ar(Θ) = Dom(Θ) ∪ Ran(Θ). For X ⊆ Dom(Θ), the restriction of Θ to X
is denoted by Θ|X and defined as {θ|X | θ ∈ Θ}. We treat a normal substitution
θ also as the disjunctive substitution {θ}.

If ϕ is a formula then ϕΘ =def {ϕθ | θ ∈ Θ}. If Γ is a set of formulas then
ΓΘ =def {ϕθ | ϕ ∈ Γ, θ ∈ Θ}. The composition ΘΔ of disjunctive substitutions
Θ and Δ is the disjunctive substitution {θδ | θ ∈ Θ, δ ∈ Δ}.
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A disjunctive substitution Θ is more general than Δ if there exists a normal
substitution σ such that for X = Dom(Θ) ∪Dom(Δ), (Θσ)|X ⊆ Δ.

As some properties of disjunctive substitutions, for an expression E and
disjunctive substitutions Θ, Θ1, Θ2, Θ3, we have: Θε = εΘ = Θ, (EΘ1)Θ2 =
E(Θ1Θ2), and (Θ1Θ2)Θ3 = Θ1(Θ2Θ3).

2.2 Disjunctive Logic Programs and Queries

A clause is a formula of the form

∀x1 . . .∀xh(A1 ∨ . . . ∨An ∨ ¬B1 ∨ . . . ∨ ¬Bm)

where x1, . . . , xh are all the variables occurring in the rest of the formula, n ≥ 0,
m ≥ 0, and Ai and Bj are atoms. We write such a clause in the form

A1 ∨ . . . ∨An ← B1 ∧ . . . ∧Bm

We call A1 ∨ . . .∨An the head and B1 ∧ . . .∧Bm the body of the clause. If n = 0
and m = 0 then the clause is empty and denoted by ⊥. If n = 0 and m > 0 then
the clause is a goal. If n > 0 and m = 0 then the clause is positive. If n > 0 then
the clause is a (disjunctive) program clause.

A (disjunctive) logic program is a finite set of disjunctive program clauses. A
(disjunctive) query is a finite set of goals.

Let P be a logic program and Q = {← ϕ1, . . . , ← ϕn } be a query. We say
that a disjunctive substitution Θ with Dom(Θ) ⊆ V ar(Q) is a correct answer of
P ∪Q if P � ∀(

∨n
i=1
∨
θ∈Θ ϕiθ).

For example, if P = { p(f(x)) ∨ p(g(x)) ← } and Q = { ← p(y) }, then
Θ = {{y/f(x)}, {y/g(x)}} is a correct answer of P ∪Q.

In [7], Kunen characterized the semantics of answer literals used in theorem
proving systems by the following theorem: Let Σ be a set of sentences, ∃xϕ(x)
be a sentence, and Σ′ = Σ ∪ ∀(ans(x) ← ϕ(x)). If each τ i, for i = 1, . . . , k, is
a tuple of terms of the same length of x, then Σ′ � ∀(ans(τ1) ∨ . . . ∨ ans(τk))
(this specifies an answer) iff Σ � ∀(ϕ(τ1) ∨ . . . ∨ ϕ(τk)).

Our definition of correct answers is compatible with the semantics of answer
literals by Kunen. To see the compatibility, take Σ = P , assume that ϕ1, . . . , ϕn
have disjoint sets of variables, and let ϕ = ϕ1 ∨ . . . ∨ ϕn.

3 Negative Hyper-resolution Semantics

An informative goal is a pair ϕ : Θ, where ϕ is a goal and Θ is a disjunctive sub-
stitution. Informally, Θ keeps the disjunctive substitution that has been applied
to variables of the initial query in the process of deriving ϕ. We will ignore the
word “informative” when it is clear from the context. An informative goal ϕ : Θ
is said to be ground if ϕ is ground.

Let ϕ = A1 ∨ . . .∨An ← B1 ∧ . . .∧Bm be a program clause (i.e. n > 0) and
ϕ1 : Θ1, . . . , ϕn : Θn be goals. Let ϕi = ← ξi ∧ ζi, for 1 ≤ i ≤ n, where ξi is a
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non-empty set of atoms called the selected atoms of ϕi. If there exists an mgu
σ such that Aiσ = A′jσ for every 1 ≤ i ≤ n and every A′j ∈ ξi, then we call the
goal

← (B1 ∧ . . . ∧Bm ∧ ζ1 ∧ . . . ∧ ζn)σ : (Θ1 ∪ . . . ∪Θn)σ

a hyper-resolvent of ϕ and ϕ1 : Θ1, . . . , ϕn : Θn.
Note that “factoring” is hidden in our definition.
Before defining derivation and refutation we specify the process of standard-

izing variables apart. Denote the original set of variables of the language by
X , and assume that variables occurring in the given logic program, the given
query, or considered correct answers all belong to X . Let X ′ be an infinite set of
variables disjoint with X . We will use elements of X ′ for renaming variables.

Let ϕ be a program clause and ϕ1 : Θ1, . . . , ϕn : Θn be goals. A standardized
variant of the set {ϕ, ϕ1 : Θ1, . . . , ϕn : Θn} is a set {ϕδ, ϕ1δ1 : Θ1δ1, . . . ,
ϕnδn : Θnδn} where δ, δ1, . . . , δn are renaming substitutions such that Dom(δ) =
V ar(ϕ) and Ran(δ) ⊂ X ′, Dom(δi) = V ar(ϕi)∪Ran(Θi) and Ran(δi) ⊂ X ′ for
all 1 ≤ i ≤ n, and the sets Ran(δ), Ran(δ1), . . . , Ran(δn) are disjoint. Assume
that standardizing variants is done by some unspecified deterministic procedure.

Let P be a logic program and Q a query. A derivation from P ∪ Q is a
sequence ϕ1 : Θ1, . . . , ϕn : Θn of goals such that for each 1 ≤ i ≤ n :

1. either ϕi is a clause of Q and Θi = ε;
2. or ϕi : Θi is a hyper-resolvent of a program clause ϕ′ and goals ϕ′i,1 : Θ′i,1,

. . . , ϕ′i,ni
: Θ′i,ni

, where {ϕ′, ϕ′i,1 : Θ′i,1, . . . , ϕ′i,ni
: Θ′i,ni

} is a standardized
variant of {ϕ, ϕi,1 : Θi,1, . . . , ϕi,ni

: Θi,ni
}, ϕ is a program clause of P ,

and ϕi,1 : Θi,1, . . . , ϕi,ni : Θi,ni are goals from the sequence ϕ1 : Θ1, . . . ,
ϕi−1 : Θi−1.

For simplicity, Condition 2 of the above definition will be also stated as
ϕi : Θi is a hyper-resolvent of a standardized variant of a program clause ϕ of
P and standardized variants of some goals from ϕ1 : Θ1, . . . , ϕi−1 : Θi−1.

A refutation of P ∪ Q is a derivation from P ∪ Q with the last goal of the
form ⊥ : Θ. The disjunctive substitution Θ|V ar(Q) is called the computed answer
of P ∪Q w.r.t. that refutation.

Example 1. Let P be the program consisting of the following clauses:

(1) s(x, a) ← p(x)
(2) s(x, b) ← q(x)
(3) p(x) ∨ q(x) ← r(x)
(4) r(c) ←

and let Q be the query consisting of the only following goal:

(5) ← s(x, y)

Here is a refutation of P ∪Q:
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(6) ← s(x, y) : ε from (5)
(7) ← p(x2) : {x/x2, y/a, x1/x2, y2/a} (1),(6)
(8) ← q(x4) : {x/x4, y/b, x3/x4, y4/b} (2),(6)
(9) ← r(x5) : {{x/x5, y/a, x1/x5, y2/a, x2/x5, x6/x5, x7/x5},

{x/x5, y/b, x3/x5, y4/b, x4/x5, x6/x5, x7/x5}} (3),(7),(8)
(10) ⊥ : {{x/c, y/a, x1/c, y2/a, x2/c, x6/c, x7/c, x5/c, x8/c},

{x/c, y/b, x3/c, y4/b, x4/c, x6/c, x7/c, x5/c, x8/c}} (4),(9)
The computed answer is {{x/c, y/a}, {x/c, y/b}}.

4 Answer Soundness

In this section, we show that for every logic program P and every query Q, every
computed answer of P ∪Q is a correct answer of P ∪Q.

Lemma 1. Let ← ψ : Θ be a hyper-resolvent of a program clause ϕ and goals
← ϕ1 : Θ1, . . . , ← ϕn : Θn with σ being the involved mgu. Let M be a model of
ϕ. Then M �

∨n
i=1(ψ → ϕiσ). In particular, if ψ is empty then M �

∨n
i=1 ϕiσ.

Proof. Let ϕ = A1∨ . . .∨An ← B1∧ . . .∧Bm and ϕi = ξi∧ζi, where ξi is the set
of selected atoms of ← ϕi, for 1 ≤ i ≤ n. Then ψ = (B1∧. . .∧Bm∧ζ1∧. . .∧ζn)σ.
Let V be an arbitrary variable assignment. Suppose that M,V � ψ. Because M
is a model of ϕ and M,V � ψ, it follows that M,V � (A1 ∨ . . . ∨ An)σ. Hence
M,V �

∨n
i=1(Ai ∧ ζi)σ, since M,V � ψ. Thus M,V �

∨n
i=1 ϕiσ. Since V is an

arbitrary variable assignment, we conclude that M �
∨n
i=1(ψ → ϕiσ).

Lemma 2. Let P be a logic program, Q = {← ϕ1, . . . , ← ϕn} be a query,
and ← ψ : Θ be the last goal in a derivation from P ∪ Q. Let M be a model
of P . Then M �

∨n
i=1
∨
θ∈Θ(ψ → ϕiθ). In particular, if ψ is empty then M �∨n

i=1
∨
θ∈Θ ϕiθ.

Proof. We prove this lemma by induction on the length of the derivation. The
case when ← ψ is a clause of Q and Θ = ε is trivial. Suppose that ← ψ : Θ is
derived as a hyper-resolvent of a standardized variant of a program clause ϕ and
standardized variants of goals ← ψ1 : Θ1, . . . , ← ψm : Θm. Let σ be the involved
mgu and δ, δ1, . . . , δm be the involved renaming substitutions. By the inductive
assumption, we have M �

∨n
i=1
∨
θ∈Θj

(ψj → ϕiθ) for all 1 ≤ j ≤ m. Thus M �∨n
i=1
∨
θ∈Θj

(ψjδjσ → ϕiθδjσ), and hence M �
∨n
i=1
∨
θ∈Θjδjσ

(ψjδjσ → ϕiθ),
for all 1 ≤ j ≤ m. Note that Θjδjσ ⊆ Θ. By Lemma 1, M �

∨m
j=1(ψ → ψjδjσ).

These two assertions together imply that M �
∨n
i=1
∨
θ∈Θ(ψ → ϕiθ).

Theorem 1 (Soundness). Let P be a logic program, Q a query, and Θ a
computed answer of P ∪Q. Then Θ is a correct answer of P ∪Q.

Proof. Let Q = {← ϕ1, . . . , ← ϕn} and let ⊥ : Θ′ be the last goal in a refutation
of P∪Q such that Θ = Θ′|V ar(Q). Let M be an arbitrary model of P . By Lemma 2,
M �

∨n
i=1
∨
θ∈Θ′ ϕiθ, and hence M �

∨n
i=1
∨
θ∈Θ ϕiθ. Since M is an arbitrary

model of P , we derive P � ∀(
∨n
i=1
∨
θ∈Θ ϕiθ), which means that Θ is a correct

answer of P ∪Q.
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5 Reverse Fixpoint Semantics

The fixpoint semantics of definite logic programs was first introduced by van
Emden and Kowalski [14] using the direct consequences operator TP . This oper-
ator is monotonic, continuous, and has the least fixpoint TP ↑ω =

⋃ω
n=0 TP ↑n,

which forms the least Herbrand model of the given logic program P . In [9], Lobo
et al extended the fixpoint semantics to disjunctive logic programs. Their direct
consequences operator, denoted by T IP , iterates over model-states, which are sets
of disjunctions of ground atoms. This operator is also monotonic, continuous,
and has a least fixpoint which is a least model-state characterizing the given
program P .

In this section, we study a reversed analogue of the “direct consequences”
operator called the direct derivation operator. The results of this section will be
used to prove answer completeness of the negative hyper-resolution semantics.

Let P be a logic program, Q a query, and Γ the set obtained from P ∪Q by
replacing every positive clause (A1 ∨ . . .∨An ←) by (A1 ∨ . . .∨An ← �), where
� is a special atom not occurring in P and Q.

The direct derivation operator DΓ is a function that maps a set G of informa-
tive goals to another set of informative goals that can be directly derived from
Γ and G. It is formally defined as follows: DΓ (G) is the set of all goals ϕ : Θ
such that either ϕ is a clause of Q and Θ = ε or ϕ : Θ is a hyper-resolvent
of a program clause ψ′ and goals ψ′1 : Θ′1, . . . , ψ′n : Θ′n, where {ψ′, ψ′1 : Θ′1,
. . . , ψ′n : Θ′n} is the standardized variant of {ψ, ψ1 : Θ1, . . . , ψn : Θn}, ψ is a
program clause of Γ , and ψ1 : Θ1, . . . , ψn : Θn are goals from G.

Lemma 3. The operator DΓ is monotonic, compact, and hence also continuous.
It has the least fixpoint DΓ ↑ω =

⋃ω
n=0 DΓ ↑n, where DΓ ↑0 = ∅ and DΓ ↑(n + 1)

= DΓ (DΓ ↑n).

The first assertion of the above lemma clearly holds. The second assertion
immediately follows from the first one, by the Kleene theorem.

Let GΓ denote the set of all ground goals ϕ such that there exists an infor-
mative goal ϕ′ : Θ′ ∈ DΓ ↑ ω such that ϕ is a ground instance of ϕ′ (i.e. ϕ is
obtained from ϕ′ by uniformly substituting variables by terms from UΓ ).

A negated representative of GΓ is a set Φ of pairs (ϕ,A) such that: ϕ ∈ GΓ
and A is an atom of ϕ; and for every ψ ∈ GΓ , there exists exactly one atom B
of ψ (a negated representative of ψ) such that (ψ,B) ∈ Φ.

Clearly, every GΓ has at least one negated representative.
Let Φ be a negated representative of GΓ . A set M of ground atoms is called

a minimal refinement of Φ (w.r.t. GΓ ) if the following conditions hold:

1. for each A ∈ M there exists (ϕ,A) ∈ Φ for some ϕ;
2. for each ϕ ∈ GΓ there exists A ∈ M such that A is an atom of ϕ;
3. for each A ∈ M there exists ϕ ∈ GΓ such that for every atom B of ϕ different

from A, we have B /∈ M .

Condition 1 states that members of M come from Φ. Condition 2 states that
every Herbrand model disjoint with M satisfies GΓ ; in particular, M � GΓ . Con-
dition 3 states that M is a minimal set satisfying the two preceding conditions.



572 L.A. Nguyen

Lemma 4. Every negated representative Φ of GΓ has a minimal refinement.

Proof. Start from M = {A | (ϕ,A) ∈ Φ for some ϕ} and keeping in mind
that M will always satisfy the first two conditions of the definition of minimal
refinement, do the following: if M is not a minimal refinement of Φ due to some
A that violates the last condition of the definition, then remove that A from M .
This operator has a fixpoint which is a minimal refinement of Φ.

Theorem 2. Let Φ be a negated representative of GΓ and M a minimal refine-
ment of Φ. Then M is a maximal Herbrand model of Γ .

Proof. Since M is a minimal refinement of Φ, due to Condition 3 of its definition,
it is sufficient to prove that M is a model of Γ . Let ϕ = A1 ∨ . . . ∨ An ←
B1 ∧ . . . ∧Bm be a ground instance of some clause ϕ′ of Γ by a substitution σ.
It suffices to show that M � ϕ. Suppose that M � A1 ∨ . . . ∨An. We show that
M � B1 ∧ . . . ∧Bm.

Since each Ai is a ground atom and M � A1∨ . . .∨An, we must have Ai ∈ M
for all 1 ≤ i ≤ n. Since M is a minimal refinement of Φ, it follows that for every
1 ≤ i ≤ n there exists (ϕi, Ai) ∈ Φ such that ϕi can be written as ← Ai ∧ ζi and
ζi is false in M . Since Φ is a negated representative of GΓ , for all 1 ≤ i ≤ n,
there exist a goal ϕ′i : Θ′i ∈ DΓ ↑ω and a substitution σi such that ϕi = ϕ′iσi.
For 1 ≤ i ≤ n, let ξ′i be the set of all atoms A′′i of ϕ′i such that A′′i σi = Ai, and
let ζ ′i be the set of the remaining atoms of ϕ′i. We have ϕ′i = ← ξ′i ∧ ζ ′i.

Let {ϕ′′, ϕ′′1 : Θ′′1 , . . . , ϕ
′′
n : Θ′′n} be the standardized variant of {ϕ′, ϕ′1 : Θ′1,

. . . , ϕ′n : Θ′n} with δ, δ1, . . . , δn being the involved renaming substitutions. For
1 ≤ i ≤ n, let ξ′′i be the set of atoms of ϕ′′i originated from ξ′i. Let ψ′ : Θ′ be
a hyper-resolvent of the program clause ϕ′′ and the goals ϕ′′1 : Θ′′1 , . . . , ϕ′′n : Θ′′n
with ξ′′i as the set of selected atoms of ϕ′′i . Thus ψ′ : Θ′ ∈ DΓ ↑ ω. We have
ϕ = ϕ′σ = ϕ′′δ−1σ and ϕi = ϕ′iσi = ϕ′′i δ

−1
i σi, for all 1 ≤ i ≤ n. Hence

ψ = ← B1 ∧ . . . ∧Bm ∧ ζ1 ∧ . . . ∧ ζn is a ground instance of ψ′.
Since ψ′ : Θ′ ∈ DΓ ↑ω, we have ψ ∈ GΓ . By Condition 2 of the definition of

minimal refinement, we have M � GΓ . It follows that M � ψ, which means that
M � ¬B1 ∨ . . . ∨ ¬Bm ∨ ¬ζ1 ∨ . . . ∨ ¬ζn. Since ζi is false in M for all 1 ≤ i ≤ n,
it follows that M � ¬B1 ∨ . . . ∨ ¬Bm, and hence M � B1 ∧ . . . ∧Bm.

Corollary 1. Every maximal model of GΓ is a model of Γ .

Sketch. Every maximal model of GΓ is the compliment of a minimal refinement
of some negated representative of GΓ , and hence is a model of Γ .

6 Answer Completeness

In this section, we show that for every correct answer Θ of P ∪Q, where P is a
logic program and Q is a query, there exists a computed answer of P ∪Q which
is more general than Θ.
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Lemma 5 (Lifting Lemma). Let P be a logic program, Q a query, and Θ a
disjunctive substitution. Let ϕ′1 : Θ′1, . . . , ϕ′k : Θ′k be a derivation from P ∪QΘ.
Then there exist a derivation ϕ1 : Θ1, . . . , ϕk : Θk from P ∪Q and substitutions
σi, for 1 ≤ i ≤ k, such that ϕiσi = ϕ′i and (Θiσi)|X ⊆ (ΘΘ′i)|X .

Proof. Simulate the derivation ϕ′1 : Θ′1, . . . , ϕ′k : Θ′k from P ∪QΘ for P ∪Q so
that, for ψ ∈ Q and θ ∈ Θ, the goal ψθ ∈ QΘ is replaced by ψ. Let the resulting
derivation be ϕ1 : Θ1, . . . , ϕk : Θk.

We prove the assertion of this lemma by induction on i. The case when ϕi
is a clause from Q and Θi = ε is trivial. Suppose that ϕi : Θi is derived as a
hyper-resolvent of a standardized variant of a program clause ϕ = A1 ∨ . . . ∨
An ← B1 ∧ . . . ∧ Bm of P and standardized variants of goals ϕj1 : Θj1 , . . . ,
ϕjn : Θjn , where j1, . . . , jn belong to 1..(i− 1). Let δ, δ1, . . . , δn be the involved
renaming substitutions (for standardizing variants) and σ be the involved mgu.
Let ϕjt = ← ξjt ∧ζjt with ξjt as the set of selected atoms, for 1 ≤ t ≤ n. We have
Atδσ = A′tδtσ for every 1 ≤ t ≤ n and every atom A′t of ξjt . The hyper-resolvent
ϕi : Θi is equal to

← (B1δ ∧ . . . ∧Bmδ ∧ ζj1δ1 ∧ . . . ∧ ζjnδn)σ : (Θj1δ1 ∪ . . . ∪Θjnδn)σ

By the inductive assumption, ϕjtσjt = ϕ′jt , for all 1 ≤ t ≤ n. Hence ϕ′i : Θ′i
is a hyper-resolvent of a standardized variant of ϕ and standardized variants
of ϕj1σj1 : Θ′j1 , . . . , ϕjnσjn : Θ′jn . Let δ′, δ′1, . . . , δ

′
n be the involved renaming

substitutions (for standardizing variants) and σ′ be the involved mgu. We have
Atδ

′σ′ = A′tσjtδ
′
tσ
′ for every 1 ≤ t ≤ n and every atom A′t of ξjt . The hyper-

resolvent ϕ′i : Θ′i is equal to

← (B1δ
′ ∧ . . . ∧Bmδ′ ∧ ζj1σj1δ

′
1 ∧ . . . ∧ ζjnσjnδ

′
n)σ

′ : (Θ′j1δ
′
1 ∪ . . . ∪Θ′jnδ

′
n)σ

′

Let γ be the normal substitution specified as below

γ = (δ−1δ′)|Dom(δ−1) ∪ (δ−1
1 σj1δ

′
1)|Dom(δ−1

1 ) ∪ . . . ∪ (δ−1
n σjnδ

′
n)|Dom(δ−1

n )

Let 1 ≤ t ≤ n and let A′t be an atom of ξjt . We have Atδγ = Atδ
′ and

A′tδtγ = A′tσjtδ
′
t. Since Atδ

′σ′ = A′tσjtδ
′
tσ
′, it follows that Atδγσ

′ = A′tδtγσ
′.

Because σ is an mgu such that Atδσ = A′tδtσ for every 1 ≤ t ≤ n and every
atom A′t of ξjt , there exists σi such that γσ′ = σσi.

For 1 ≤ s ≤ m, we have Bsδσσi = Bsδγσ
′ = Bsδ

′σ′, and for 1 ≤ t ≤ n, we
have ζjtδtσσi = ζjtδtγσ

′ = ζjtσjtδ
′
tσ
′. Hence ϕiσi = ϕ′i.

For all 1 ≤ t ≤ n, we have (Θjtδtσσi)|X = (Θjtδtγσ
′)|X = ((Θjtδtγ)|X σ′)|X =

((Θjtσjtδ
′
t)|X σ′)|X = (Θjtσjtδ

′
tσ
′)|X . By the inductive assumption, (Θjtσjt)|X ⊆

(ΘΘ′jt)|X , and hence (Θjtσjtδ
′
tσ
′)|X ⊆ (ΘΘ′jtδ

′
tσ
′)|X . We also have Θ′jtδ

′
tσ
′ ⊆ Θ′i,

which implies that (ΘΘ′jtδ
′
tσ
′)|X ⊆ (ΘΘ′i)|X . Hence (Θjtδtσσi)|X ⊆ (ΘΘ′i)|X .

Therefore (Θiσi)|X ⊆ (ΘΘ′i)|X , which completes the proof.

Theorem 3 (Completeness). Let P be a logic program, Q a query, and Θ a
correct answer of P ∪Q. Then there exists a computed answer Θ′ of P ∪Q which
is more general than Θ.
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Proof. Let Q = {ϕ1, . . . , ϕn} and Y = V ar(Q) ∪ Ran(Θ). For each x ∈ Y , let
ax be a fresh constant symbol. Let δ = {x/ax | x ∈ Y } and Q′ = QΘδ. Since Θ
is a correct answer of P ∪Q, it follows that P ∪Q′ is unsatisfiable.

Let P ′ be the set obtained from P by replacing every positive clause
(A1 ∨ . . . ∨An ←) by (A1 ∨ . . . ∨ An ← �), and let Γ = P ′ ∪ Q′. Since P ∪ Q′

is unsatisfiable, we have Γ � ¬�.
We first show that (← �) ∈ GΓ . Suppose oppositely that for every ϕ ∈ GΓ ,

ϕ �= (← �). Then there exists a negated representative Φ of GΓ which does not
contain �. Let M be a minimal refinement of Φ. We have that M contains �.
By Theorem 2, M � Γ , which contradicts with Γ � ¬�.

The above assertion states that there exists a derivation from Γ with the last
goal of the form ← � : Δ. By simulating that derivation for P ∪ Q′ with each
(A1 ∨ . . .∨An ← �) replaced by (A1 ∨ . . .∨An ←), we obtain a refutation with
⊥ : Δ as the last goal.

Since Q′ = QΘδ, by Lemma 5, there exists a refutation of P ∪ Q with
the last goal of the form ⊥ : Θ′′ and a substitution σ′′ such that (Θ′′σ′′)|X ⊆
(ΘδΔ)|X . We have that Θ′ = Θ′′|V ar(Q) is a computed answer of P ∪ Q. Since
X ′ ∩ X = ∅, we have V ar(Δ) ∩ V ar(Q) = ∅ and V ar(Δ) ∩ V ar(Θδ) = ∅.
Since (Θ′′σ′′)|X ⊆ (ΘδΔ)|X , it follows that (Θ′′σ′′)|V ar(Q) ⊆ (Θδ)|V ar(Q). Now
treat each ax as a variable and δ as a renaming substitution. Then we have
(Θ′′σ′′(δ−1))|V ar(Q) ⊆ (Θδ(δ−1))|V ar(Q). Since each ax occurs neither in Θ nor
in Θ′′, for σ′ = (σ′′δ−1)|Dom(σ′′), we can derive that (Θ′′σ′)|V ar(Q) ⊆ Θ. Hence
(Θ′σ′)|V ar(Q) ⊆ Θ and Θ′ is more general than Θ.

7 Keeping Information for Computed Answers

In this section, we first modify the definition of derivation so that disjunctive sub-
stitutions in informative goals keep only necessary information without violating
soundness and completeness of the calculus. We then show that informative goals
can be simulated by normal goals using answer literals. We also study cases when
it is possible to make computed answers more compact.

Let P be a logic program, Q a query, and X ⊆ V ar(Q). A derivation re-
stricted to X from P ∪Q is a modification of a derivation from P ∪Q in which
each newly derived hyper-resolvent ϕ : Θ is replaced immediately by ϕ : Θ|X .
(Note that such a replacement affects the remaining part of the derivation.) A
refutation restricted to X of P ∪ Q is a derivation restricted to X from P ∪ Q
with the last goal of the form ⊥ : Θ.

Example 2. Reconsider Example 1. Here is a refutation restricted to {x, y} of
P ∪Q :

(6) ← s(x, y) : ε from (5)
(7) ← p(x2) : {x/x2, y/a} (1),(6)
(8) ← q(x4) : {x/x4, y/b} (2),(6)
(9) ← r(x5) : {{x/x5, y/a}, {x/x5, y/b}} (3),(7),(8)
(10) ⊥ : {{x/c, y/a}, {x/c, y/b}} (4),(9)
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Lemma 6. Let P be a logic program, Q a query, and X ⊆ V ar(Q). Let ϕ1 : Θ1,
. . . , ϕn : Θn be a derivation from P ∪Q and ϕ1 : Θ′1, . . . , ϕn : Θ′n be its version
restricted to X. Then Θ′i = Θi|X for all 1 ≤ i ≤ n.

This lemma can be proved by induction on i in a straightforward way.
The following theorem states that we can save memory when searching for

refutations by restricting kept disjunctive substitutions to the set of interested
variables. The theorem immediately follows from the above lemma.

Theorem 4. Let P be a logic program, Q a query, and X ⊆ V ar(Q). If ⊥ : Θ′ is
the last goal of a refutation restricted to X of P ∪Q, then there exists a computed
answer Θ of P ∪Q such that Θ′ = Θ|X . Conversely, for every computed answer
Θ of P ∪Q, there exists a refutation restricted to X of P ∪Q with the last goal
⊥ : Θ′ such that Θ′ = Θ|X (in particular, Θ′ = Θ when X = V ar(Q)).

We can simulate disjunctive substitutions by answer literals as follows.
For each variable x, let “x” be a constant symbol for keeping the name of x.

We use “x”/t, where / is an infix function symbol, to keep the binding x/t.
Let ans be a special predicate symbol which can have different arities. Atoms
of this predicate symbol will be always denoted either explicitly as ans(. . .)
or using a prefix Ans. A literal ans(“x1”/t1, . . . , “xn”/tn) is called an answer
literal if x1, . . . , xn are different variables. This answer literal can be treated
as {x1/t1, . . . , xn/tn}. By deleting from this set pairs xi/ti with ti = xi we
obtain a normal substitution, which is called the substitution corresponding to
the answer literal ans(“x1”/t1, . . . , “xn”/tn). If ϕ = Ans1 ∨ . . .∨Ansm and θi is
the substitution corresponding to Ansi, for 1 ≤ i ≤ m, then we call {θ1, . . . , θm}
the disjunctive substitution corresponding to ϕ. Assume that ε is the substitution
corresponding to the empty clause.

A goal with answer literals is a clause of the following form, with n,m ≥ 0 :

Ans1 ∨ . . . ∨Ansn ← B1 ∧ . . . ∧Bm

Let ϕ = A1 ∨ . . . ∨ An ← B1 ∧ . . . ∧ Bm be a program clause (n > 0),
and (ψ1 ← ϕ1), . . . , (ψn ← ϕn) be goals with answer literals (i.e. each ψi is
a disjunction of answer literals). Let ϕi = (ξi ∧ ζi) for 1 ≤ i ≤ n, where ξi is
a non-empty set of atoms selected for ϕi. If there exists an mgu σ such that
Aiσ = A′iσ for every 1 ≤ i ≤ n and every atom A′i of ξi, then we call the goal

(ψ1 ∨ . . . ∨ ψn ← B1 ∧ . . . ∧Bm ∧ ζ1 ∧ . . . ∧ ζn)σ

a hyper-resolvent (with answer literals) of ϕ and (ψ1 ← ϕ1), . . . , (ψn ← ϕn).
Note that such a hyper-resolvent is also a goal with answer literals.

Let P be a logic program, Q = {ϕ1, . . . , ϕn} a query, and X ⊆ V ar(Q).
For each 1 ≤ i ≤ n, let V ar(ϕi) ∩ X = {xi,1, . . . , xi,ki}, ϕi = ← ξi, and ϕ′i =
ans(“xi,1”/xi,1, . . . , “xi,ki

”/xi,ki
) ← ξi if ki > 0, or ϕ′i = ϕi if ki = 0. Let

Q′ = {ϕ′1, . . . , ϕ′n}. A derivation from P ∪ Q with answer literals for X is a
sequence ψ1, . . . , ψm of goals with answer literals such that for each 1 ≤ j ≤ m,
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either ψj ∈ Q′ or ψj is a hyper-resolvent with answer literals of a standardized
variant of a program clause of P and standardized variants of some goals from
ψ1, . . . , ψj−1, where a standardized variant is a renaming of all the variables
in the original clause so that it does not contain variables of the other involved
variants. Such a derivation is called a refutation of P ∪Q with answer literals for
X if the last goal ψm is either the empty clause or a positive clause (consisting
of only answer literals).

Example 3. Reconsider Example 1. Here is a refutation of P ∪ Q with answer
literals for {x, y} :

(6) ans(“x”/x, “y”/y) ← s(x, y) from (5)
(7) ans(“x”/x2, “y”/a) ← p(x2) (1),(6)
(8) ans(“x”/x4, “y”/b) ← q(x4) (2),(6)
(9) ans(“x”/x5, “y”/a) ∨ ans(“x”/x5, “y”/b) ← r(x5) (3),(7),(8)
(10) ans(“x”/c, “y”/a) ∨ ans(“x”/c, “y”/b) (4),(9)

Theorem 5. Let P be a logic program, Q a query, and X ⊆ V ar(Q). If ψ is
the last goal of a refutation of P ∪Q with answer literals for X, then there exists
a computed answer Θ of P ∪ Q such that Θ|X is the disjunctive substitution
corresponding to ψ. Conversely, for every computed answer Θ of P ∪ Q, there
exists ψ as the last goal of a refutation of P ∪Q with answer literals for X such
that Θ|X is the disjunctive substitution corresponding to ψ.

Proof. Given a refutation of P ∪Q with answer literals for X, simulate it by a
refutation restricted to X of P ∪Q. For the converse direction, do it analogously.
Let ζi ← ψi and ← ψi : Θi be the goals number i in the two corresponding refu-
tations. By induction on i, it is easy to see that Θi is the disjunctive substitution
corresponding to ζi. This together with Theorem 4 proves this theorem.

Keeping information for computed answers by using answer literals is
just one of possible techniques, which is not always optimal. For example,
ans(“x”/a, “y”/y)∨ ans(“x”/a, “y”/b)∨ ans(“x”/a, “y”/c) can be better repre-
sented as the composition of {x/a} and {ε, {y/b}, {y/c}}.

We say that Θ = {θ1, . . . , θn} has a conflict w.r.t. x if there exist bindings
x/t1 ∈ θi and x/t2 ∈ θj for some i, j from 1..n such that t1 �= t2. Suppose that Θ
is a computed answer of P ∪Q and Θ has no conflicts w.r.t. any variable. Then
the normal substitution θ =

⋃
Θ is also a correct answer of P ∪Q. Despite that

θ is “tighter” than Θ, from the point of view of users, θ is more intuitive and
sufficient enough.

Consider a more general case. Suppose that Θ = {θ1, . . . , θn} is a computed
answer of P ∪ Q, x ∈ Dom(Θ), and Θ has no conflicts w.r.t. x. Let x/t be
the binding of x that belongs to some θi, 1 ≤ i ≤ n. Let θ′j = θj − {x/t} for
1 ≤ j ≤ n. Then {x/t}{θ′1, . . . , θ′n} is also a correct answer of P ∪Q. This kind
of extraction can be applied further for {θ′1, . . . , θ′n}, and so on. The resulting
composition is a correct answer “tighter” than Θ but it is more compact and
still acceptable from the point of view of users.
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8 Conclusions

We have proved that negative hyper-resolution is a sound and complete proce-
dure for answering queries in disjunctive logic programs. This is a fundamental
theoretical result for the intersection of theorem proving, disjunctive logic pro-
gramming and AI. Our completeness proof is short and based on our reverse
fixpoint semantics of disjunctive logic programs.

We have also introduced disjunctive substitutions to represent answers of
queries. Our definition can be looked at as a formulation on the semantic level,
while answer literals used in theorem proving systems are defined on the syntac-
tical level. Our formulation extracts the meaning of answers from representation
and in some situations allows a better encoding.

As a future work, we will study answer completeness of negative hyper-
resolution under ordering refinements.

Acknowledgements. The author would like to thank Dr. Rajeev Goré and the
anonymous reviewers for helpful comments.
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Abstract. The development of effective knowledge discovery techniques has be-
come in the recent few years a very active research area due to the important
impact it has in several relevant application areas. One interesting task thereof is
that of singling out anomalous individuals from a given population, e.g., to detect
rare events in time-series analysis settings, or to identify objects whose behavior is
deviant w.r.t. a codified standard set of “social” rules. Such exceptional individuals
are usually referred to as outliers in the literature.
Recently, outlier detection has also emerged as a relevant KR&R problem in the
context of default logic [2]. For instance, detection algorithms can be used by
rational agents to single out those observations that are anomalous to some extent
w.r.t. their own, trustable knowledge about the world encoded in the form of a
suitable logic theory.
In this paper, we formally state the concept of outliers in the context of logic
programming. Besides the novel formalization we propose which helps in shed-
ding some lights on the real nature of outliers, a major contribution of the work
lies in the exploitation of a minimality criteria in their detection. Moreover, the
computational complexity of outlier detection problems arising in this novel set-
ting is thoroughly investigated and accounted for in the paper as well. Finally,
we also propose a rewriting algorithm that transforms any outlier problem into an
equivalent answer set computation problem, thereby making outlier computation
effective and realizable on top of any answer set engine.

1 Introduction

1.1 Statement of the Problem

Enhancing the reasoning capabilities of rational agents is a quite active area of research.
In fact, there is a growing body of proposals aiming at facilitating the mutual interac-
tion of agents in multi-agent environments and at devising effective strategies for the
achievement of their own goals. Usually, each agent is assumed to have its own, trustable
knowledge about the world often encoded in the form of a suitable logic theory (call it
the background knowledge), which is used for taking the most appropriate decision after
some observations has been obtained on the actual status of the “external” environment.

J.J. Alferes and J. Leite (Eds.): JELIA 2004, LNAI 3229, pp. 578–590, 2004.
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r1 : connected(s).
r2 : connected(Y)← wired(X, Y), up(X).
r3 : wired(s, a). · · · wired(g, t).
r4 : down(X)← computer(X), not connected(X).
r5 : up(X)← computer(X), not down(X).
r6 : computer(s). computer(a). · · · computer(t).
r7 : up(s).

Fig. 1. Computer network example.

Clear enough, the effectiveness of the decision process depends on the ability the
agent has in exploiting such observations for inferring both useful information about
its environment and clues about the behavior of the other agents which it is possibly
interacting with.Actually, some of the observations may result to be completely irrelevant
to the agent decision process; others might instead be of a great interest, for they put into
evidence the presence of some situations possibly requiring an alert or a quick reaction.

Given that observations might be a considerable number, a quite interesting problem
is that of singling out those observations that look anomalous, and, as such, might provide
the agent with additional information for a better understanding of the environment or
of the behavior of the agents which the agent is interacting with.

The isolation of such anomalous observations (which we shall call outliers in the
following), e.g., rare events in time-series analysis settings, or objects whose behavior
is deviant w.r.t. a codified standard set of “social” rules, clearly offers a potential useful
source of additional knowledge that can be exploited with the interaction among agents
or simply for optimizing the way an agent carries out its activities. Further interesting
and more specific applications range from fraud detection to network robustness analysis
to intrusion detection.

It is worth pointing out that outlier detection problems come in several different
flavors within different applicative settings, mainly investigated in the area of Knowledge
Discovery in Databases [3,9,14,4,1]. However, only recently it has emerged as a relevant
knowledge representation and reasoning problem, in the context of default logic [2].
Following such an approach, in this paper, we formally state the concept of outliers in
the context of logic programming. This means that the agent background knowledge,
that is, what is known in general about the world, and the agent observations, that is, what
is currently perceived about (possibly a portion of) the world, are encoded in the form of
a logic program (called the Rule Component) and a set of facts (called the Observation
Component), respectively. In order to make the framework we are dealing with clear,
we first look at the following example.

1.2 Example of Outlier Detection

Consider an agent AN that is in charge of monitoring the connectivity status of the
computer networkN shown on the right of Figure 1. Indeed, some of the computers ofN
may be offline, hereby potentially breaking the required source-to-terminal connectivity.
The agent’s background knowledge is modelled by a logic programPN , which is used by
AN for deciding whether the computer s is connected to t even though some computers
are not properly working.
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Program PN (Rule Component) consists of the rules shown on the left of Figure 1.
In PN , each computer, say X, is represented by an atom computer(X), and connections
among computers are represented by means of the binary relation wired. Then, the
program states that a computer is up only if it is reachable from s by means of a path of
computers that are up in their turn.

In order to monitor the net, AN observes the actual status of each computer X in the
net. Specifically, if the computer X is offline (resp. online) then the fact down(X) (resp.
up(X)) comes true with such observations. Hence, the agent AN has such evidences
modelled in the Observation Component by means of a set of facts, say FN , over the
predicates down and up.

Armed with this knowledge, the agent is interested in singling out the observations
that are anomalous according to the “normal” behavior of the system, modelled by PN .

Assume, for instance, thatFN comprises the facts {down(a), up(b), down(c), up(d),
up(e), up(f), up(g), up(h), up(t)}— in the figure, we have marked in bold the comput-
ers observed to be down. Then, AN might notice that there are some strange aspects in
its observations. Specifically, if AN had not observed that computers d, e, f, g, and t are
up, he would have inferred exactly the opposite conclusions by exploiting its knowledge
of the world (program PN ), since the failure of c suffices for breaking the s-t connec-
tivity. Formally, let W be the set {up(d), up(e), up(g), up(f), up(t)}, then the program
PW = PN ∪ FN \ W entails ¬W , denoted by PW |= ¬W . Under this perspective,
AN might be induced in doubting of the observation down(c). And, in fact, the removal
of the observation down(c) suffices for explaining the actual behavior of the network,
since the program PW,{down(c)} = PW \ {down(c)} is such that PW,{down(c)} �|= ¬W .

In the framework we are going to present, the computer c is precisely recognized
to represent an outlier, while the set W is an outlier witness, i.e., a set of facts which
can be explained by the rule component if and only if the outliers are not trusted in the
observations. Hence, as we shall show in detail, computing an outlier amounts also to
the discovery of its associated witness.

We conclude this discussion by putting into evidence that the computational core of
the outlier detection problems share some characteristics with the computational core of
abductive reasoning tasks. Indeed, if AN knows in advance the set W , he might single
out the computer c precisely by trying to justify such anomalous set of observations.
However, since W is in general not known, agent AN must spent some efforts in dis-
covering it. And, in fact, the activity of identifying the witness sets constitutes the main
source of computational complexity in outlier detection problems as well as their main
distinguishing characteristic.

1.3 Contribution and Plan of the Paper

With the framework outlined above, the contribution of this paper is basically three-
fold. First of all, in Section 3, we formally define the notion of outlier in the context
of logic programming based Knowledge systems, and we thoroughly investigate the
computational complexity of some natural outlier detection problems.

Second, in Section 4, we formalize several cost-based generalizations of outlier
detection problems, accounting for a number of interesting applicative situations in
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which the computation of just any outlier is not what we are really looking for. Moreover,
we also study how this generalizations influences the complexity of outlier detection.

Finally, in Section 5, we present a sound and complete algorithm for transforming
any outlier problem into an equivalent answer set computation problem. Since answer
sets represent the solution of the outlier problems, the transformation can be used for
implementing a prototype tool for outlier detection on top of any available answer set
engine (e.g., [8,10,12]).

2 Preliminaries

Logic Programs. A rule r is a clause of the form: a ← b1, · · · , bk, not c1, · · · , not cn.,
where k, n ≥ 0, and a, b1, · · · , bk, c1, · · · , cn are atoms. The atom a is the head of r,
while the conjunction b1, . . . , bk, not c1, · · · , not cn is the body of r. A rule with n = 0
is said positive. A rule with an empty body (i.e. n = k = 0) is called a fact.

A logic program (short: LP) P is a finite set of rules. P is positive if all the rules are
positive. Moreover, P is stratified, if there is an assignment s(·) of integers to the atoms
in P , such that for each clause r in P the following holds: if p is the atom in the head of
r and q (resp. not q) occurs in r, then s(p) ≥ s(q) (resp. s(p) > s(q)).

For a program P , the stable model semantics assigns to P the set SM(P ) of its
stable models [6]. It is well known that stratified programs have a unique stable model.

Let W be a set of facts. Then, program P bravely entails W (resp. ¬W), denoted
by P |=b W (resp. P |=b ¬W), if there exists M ∈ SM(P ) such that each fact in
W is evaluated true (resp. false) in M . Moreover, P cautiously entails W (resp. ¬W),
denoted by P |=c W (resp. P |=c ¬W), if for each model M ∈ SM(P ), each fact in
W is true (resp. false) in M .
Computational Complexity. We recall some basic definitions about complexity theory,
particularly, the polynomial time hierarchy (see, e.g., [13]).

The class P is the set of decision problems that can be answered by a deterministic
Turing machine in polynomial time. The classes ΣP

k and ΠP
k , forming the polynomial

hierarchy, are defined as follows: ΣP
0 = ΠP

0 = P and for all k ≥ 1, ΣP
k = NPΣ

P
k−1 , and

ΠP
k = co-ΣP

k . ΣP
k models computability by a nondeterministic polynomial time Turing

machine which may use an oracle, that is, loosely speaking, a subprogram, that can be
run with no computational cost, for solving a problem in ΣP

k−1. The class of decision
problems that can be solved by a nondeterministic Turing machine in polynomial time is
denoted by NP, while the class of decision problems whose complementary problem is
in NP, is denote by co-NP. The class DP

k , k ≥ 1, is defined as the class of problems that
consist of the conjunction of two independent problems from ΣP

k and ΠP
k , respectively.

Note that, for all k ≥ 1, ΣP
k ⊆ DP

k ⊆ ΣP
k+1. Finally, for any of the above classes,

say C, FC denotes its functional version, containing the search analogues of decision
problems in C.

We conclude these preliminaries, by noticing that we are considering propositional
programs. For instance, in the introductory example, the input to the outlier detection
problems is the ground version of PN , i.e., the program obtained by applying to each
rule all the possible substitutions from its variables to the set of all the constants in PN .



582 F. Angiulli, G. Greco, and L. Palopoli

3 Defining Outliers

In this section, we introduce the notion and the basic definitions involved in the frame-
work we are going to depict and we formalize the main problems we shall next study.

3.1 Formal Framework

Let P rls be a logic program encoding general knowledge about the world, called rule
program, and let P obs be a set of facts encoding some observed aspects of the current
status of the world, called observation set. Then, the structureP = 〈P rls, P obs〉, relating
the general knowledge encoded in P rls with the evidence about the world encoded in
P obs, is said to be a rule-observation pair, and it constitutes the input for outlier detection
problems.

Indeed, given P , we are interested in identifying (if any) a set O of observations
(facts in P obs) that are “anomalous” according to the general theory P rls and the other
facts in P obs \ O. Quite roughly speaking, the idea underlying the identification of O
is to discover a witness set W ⊆ P obs, that is, a set of facts which would be explained
in the theory if and only if all the facts in O were not observed. Such an intuition is
formalized in the following definition.

Definition 1. Let P = 〈P rls, P obs〉 be a rule-observation pair and let O ⊆ P obs be a
set facts. Then, O is an outlier, under the cautious (resp. brave) semantics, in P if there
exists a non empty set W ⊆ P obs, called outlier witness for O in P , such that:

1. P (P)W |=c ¬W (resp. P (P)W |=b ¬W), and
2. P (P)W,O �|=c ¬W (resp. P (P)W,O �|=b ¬W).

where P (P) = P rls ∪ P obs, P (P)W = P (P) \W and P (P)W,O = P (P)W \ O. �

Notice that, in the above definition, we have distinguished between brave and cautious
semantics. Indeed, the semantics is part of the input, and it is provided by the designer of
the rules encoding the general knowledge of the world. Obviously, if P rls has a unique
stable model (for instance, in the case it is positive or stratified), then the two semantics
coincide. In the rest of the paper, for stratified or positive programs we do not distinguish
among the semantics - for instance, we shall simply say that P entails a set W . The
following example shows, instead, a simple scenario in which the two notions differs.

Example 1. Assume that in the network of Figure 1, it is not known whether the com-
puter s is properly working. To model this scenario, we build a program PN

′
by

replacing in PN the fact in r7 with the rules: r′7 : up(s) ← not down(s). and
r′′7 : down(s) ← not up(s). It is easy to see that PN

′
has two different mod-

els, each one associated with a possible status of s. If the agent AN still observes
FN = {down(a), up(b), down(c), up(d), up(e), up(f), up(g), up(h), up(t)}, it might
conclude that the fact down(c) is an outlier under the brave semantics, since it is wit-
nessed by the model in which up(s) is true. Conversely, under the cautious semantics
there are no outliers. In fact, even though down(c) is an “anomalous” observation in
the case s is up, it cannot affect the reachability of d, e, f, g, and t when s is down.
Hence, because of condition 2 in Definition 1, under skeptical reasoning, agent AN

cannot conclude that down(c) is an outlier. �
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The set of all the outliers under the cautious (resp. brave) semantics for a given pair
P is denoted by O[P]c (resp. O[P]b). Following the previous example and even though
the two notions does not coincide, one may wonder whether O[P]c ⊂ O[P]b. This
relationship seems to be quite natural, but it does not hold in general, as can be verified
exploiting symmetry of Definition 1 under brave and cautious semantics.

3.2 Basic Results

Now that the notion of an outlier has been formalized, we next turn to the study of
the most basic problem arising in this setting. Given in input a rule-observation pair
P = 〈P rls, P obs〉 we denote by EXISTENCE the problem of deciding the existence of an
outlier in P . Obviously, the complexity of EXISTENCE strictly depends on what type of
logic program P rls is. A very simple case is where P rls is a positive logic program.

Theorem 1. Let P = 〈P rls, P obs〉 be a rule-observation pair such that P rls is positive.
Then, there are no outliers in P .

Let us now consider a more involved scenario, in whichP rls is stratified. Even though
in logic programming adding stratified negation does not increase the complexity of iden-
tifying the unique minimal model, we next show that negation (even in the stratified form)
does indeed matter in the context of outlier detection. Indeed, the EXISTENCE problem
becomes more difficult in this case, and even unlikely to be solvable in polynomial time.

Theorem 2. LetP = 〈P rls, P obs〉 be a rule-observation pair such thatP rls is stratified.
Then EXISTENCE is NP-complete.

Proof (Sketch). (Membership) Given a rule-observation pairP = 〈P rls, P obs〉, we must
show that there exist two sets W,O ⊆ P obs such that P (P)W |= ¬W (query q′) and
P (P)W,O �|= ¬W (query q′′). Then, we can build a polynomial-time nondeterministic
Turing machine that guesses both the sets W and O and then solves queries q′ and q′′.
The result follows by observing that the two latter tasks are indeed P-complete, since
P rls is stratified.

(Hardness) Recall that deciding whether a Boolean formula in conjunctive normal
form Φ = c1 ∧ . . . ∧ cm over the variables X1, . . . , Xn is satisfiable, i.e., deciding
whether there exists truth assignments to the variables making each clause cj true, is an
NP-hard problem, even if each clause contains at most three distinct (positive or negated)
variables [13]. Then, we define a rule-observation pairP(Φ) = 〈P rls(Φ), P obs(Φ)〉 such
that: (i) P obs(Φ) contains exactly the fact falseXi for each variable Xi in Φ, and facts
sat and disabled; (ii) P rls(Φ) is

cj ← σ(tj,1), not disabled.
cj ← σ(tj,2), not disabled.
cj ← σ(tj,3), not disabled.

⎫⎬⎭ ∀1 ≤ j ≤ m, s.t. cj = tj,1 ∨ tj,2 ∨ tj,3

sat ← c1, ..., cm.

where σ is the following mapping: σ(t) =
{
not falseXi , if t = Xi, 1 ≤ i ≤ n
falseXi , if t = ¬Xi, 1 ≤ i ≤ n.

Clearly, P (Φ) is stratified and can be built in polynomial time. Moreover, it is not
difficult to see that Φ is satisfiable if and only if there exists an outlier in P(Φ). �
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We next study the complexity of the EXISTENCE problem in the most general setting.
The following theorem shows that, under the brave semantics, the problem for general
programs lies one level up in the polynomial hierarchy w.r.t. the complexity associated
with stratified programs.

Theorem 3. EXISTENCE under the brave semantics is ΣP
2 -complete.

Proof (Sketch). (Membership) Given a pair P = 〈P rls, P obs〉, we must show that there
exist two sets W,O ⊆ P obs such that P (P)W |=b ¬W (query q′) and P (P)W,O �|=b
¬W (query q′′). Query q′ is NP-complete, while query q′′ is co-NP-complete. Then,
EXISTENCE can be solved by guessing both the sets W and O and then solving queries
q′ and q′′ by two calls to the oracle.

(Hardness) Let F = ∃X1, . . . Xn∀Y1, . . . YqΦ be a quantified Boolean formula
in disjunctive normal form, i.e., Φ has the form d1 ∨ . . . ∨ dm, over the variables
X1, . . . Xn, Y1, . . . Yq. Deciding the validity of such formulas is a well-known ΣP

2 -
complete problem. W.l.o.g., assume that each disjunct dj contains three literals at most.
We associate with Φ the rule-observation pair P(Φ) = 〈P rls(Φ), P obs(Φ)〉 such that:
(i) P obs(Φ) contains exactly a fact xi for each variable Xi in Φ, and the facts sat and
disabled; (ii) P rls(Φ) is

yi ← not bi. 1 ≤ i ≤ q
bi ← not yi. 1 ≤ i ≤ q
sat ← σ(tj,1), σ(tj,2), σ(tj,3), not disabled. 1 ≤ j ≤ m s.t. dj = tj,1 ∧ tj,2 ∧ tj,3

where σ is the following mapping: σ(t) =

⎧⎪⎪⎨⎪⎪⎩
not xk , if t = xk, 1 ≤ k ≤ n
xk , if t = ¬xk, 1 ≤ k ≤ n.
not yi , if t = yi, 1 ≤ i ≤ q
yi , if t = ¬yi, 1 ≤ i ≤ q.

Clearly, P(Φ) can be built in polynomial time. Moreover, we can show that Φ is
valid if and only if there exists an outlier in P(Φ). �

Whereas, for most reasoning tasks, switching from brave to cautious reasoning implies
the complexity to “switch” accordingly from a certain class C to the complementary
class co-C, this is not the case for our EXISTENCE problem.

Theorem 4. EXISTENCE under the cautious semantics is ΣP
2 -complete.

Up to this point, we have focused our attention to outlier decision problems. Turning
to outlier computation problems, the following result can be established by noticing that
in the proofs above, solving a satisfiability problem is reduced to computing an outlier.

Corollary 1. Let P = 〈P rls, P obs〉 be a rule-observation pair. Then, the COMPUTATION
problem, i.e., computing an arbitrary outlier in P , is (i) FNP-complete, for stratified
rule components, and (ii) FΣP

2 -complete, for general rule components.



Discovering Anomalies in Evidential Knowledge by Logic Programming 585

3.3 Computational Complexity of Outlier Checking Problems

We next study the complexity of some further problems related to outlier identification. In
particular, given a rule-observation pair P = 〈P rls, P obs〉, we shall look at the following
problems:

• WITNESS−CHECKING: given W ⊆ P obs, is W a witness for any outlier O in P?
• OUTLIER−CHECKING: given O ⊆ P obs, is O an outlier for any witness set W?
• OW−CHECKING: given O,W ⊆ P obs, is O an outlier in P with witness W?

The following three theorems state the complexity of the problems listed above.

Theorem 5. Let P = 〈P rls, P obs〉 be a rule-observation pair. Then,
WITNESS−CHECKING is (i) NP-complete, for stratified P rls, (ii) ΣP

2 -complete
under brave semantics for general P rls, and (iii) DP -complete under cautious
semantics for general P rls.

Proof (Sketch). Let us consider point (i). As for the membership, given W ⊆ P obs, we
can guess a set O and check that it is an outlier in P with witness W . To this aim we have
to verify that conditions P (P)W |= ¬W and P (P)W,O �|= ¬W holds. Since P (P) is
stratified this check is feasible in polynomial time.

As for the hardness, we can exploit a similar reduction as the one of Theorem 2, in
which given a formula Φ we build a rule-observation pair P(Φ) = 〈P rls(Φ), P obs(Φ)〉
such that there exists an outlier in P(Φ) if and only if the formula is satisfiable. Actually,
by carefully working with the reduction we can show that outliers in P(Φ) (in corre-
spondence with satisfying truth assignments) have witness W = {sat}. Then, {sat} is
a witness for any outlier if and only if the formula Φ is satisfiable.

Point (ii) can be proven by exploiting a line of reasoning analogous to that used in
the point above with the reductions used in Theorem 3 and Theorem 4.

Finally, as for point (iii), we have to verify that both conditions P (P)W |=c ¬W
and P (P)W,O �|=c ¬W holds for some set O. The former condition can be checked in
co-NP, whereas the latter amounts to guess both an outlier O and a model for P (P)W,O,
and, as such, it is feasible in NP. As for the hardness, given two boolean formulas φ′ and
φ′′ the result can be obtained exploiting a rule-observation pair P = 〈P rls, P obs〉 with
P obs = {w, o} and P rls encoding both φ′ and φ′′, such that satisfying truth assignment
of φ′ (resp. φ′′)) are in one-to-one correspondence with models in SM(P{w}) (resp.
SM(P{w},{o}). Moreover, program P rls can be built such that w is a witness for o if
and only if φ′ is satisfiable and φ′′ is not. �

We point out that the complexity of WITNESS−CHECKING depends on the semantics
adopted for the logic programs. This is not the case for the other two problems listed
above.

Theorem 6. Let P = 〈P rls, P obs〉 be a rule-observation pair. Then,
OUTLIER−CHECKING is (i) NP-complete, for stratified P rls, and (ii) ΣP

2 -complete
(under both brave and cautious semantics) for general P rls.

Theorem 7. Let P = 〈P rls, P obs〉 be a rule-observation pair. Then, OW−CHECKING is
(i) P-complete, for stratified P rls, and (ii) DP -complete (under both brave and cautious
semantics) for general P rls.
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4 Minimum-Size Outlier Detection

There are several practical situations in which the computation of just any outlier is not
what we are really looking for. For instance, it often happens that we are interested in com-
puting outliers of minimum-size. Consider again the network example. We have already
highlighted that down(c) is an outlier.Actually, every subset of {down(a), up(h), up(b)}
union {down(c)} is an outlier in its turn, even though it does not provide the agent AN

with additional useful information w.r.t. the case that just down(c) is detected.
Hence, in this section we shall study the outlier detection problems with the additional

constraint of minimizing the outlier size. This applicative setting is indeed consistent
with what is generally required for minimal diagnosis [15].

A first natural problem that comes into play is to decide the existence of outliers of
bounded size. Actually, we next show that bounding the size of the outlier we are looking
for does not increase the complexity of the EXISTENCE problem.

Theorem 8. Given a rule-observation pair P = 〈P rls, P obs〉, and a natural number
k, the EXISTENCE[k] problem of deciding the existence of outlier O of size at most k
(|O| ≤ k) in P is (i) NP-complete, for stratified P rls, and (ii) ΣP

2 , for general P rls.

Similarly, we can formalize an analogous version of the problem
WITNESS−CHECKING: given W ⊆ P obs and a fixed natural number k, is W a
witness for any outlier O in P , such that |O| ≤ k? We shall call this problem
WITNESS−CHECKING[k]. Interestingly, this time bounding the size of outlier indeed
influences the complexity associated with the problem. In fact, for general LPs it
becomes DP -complete (rather than ΣP

2 -complete), and for stratified LPs it becomes
even feasible in polynomial time, as the following theorem proves.

Theorem 9. Let P = 〈P rls, P obs〉 be a rule-observation pair. Then,
WITNESS−CHECKING[k] is (i) P-complete, for stratified P rls, and (ii) DP -complete
(under both brave and cautious semantics) for general P rls.

As already done in the Section 3.2, we next concentrate on computation problems.
Specifically, we are interested in the COMPUTATION[min] problem: computing the outlier
whose size is the minimum over the sizes of all the outliers — we denote bymin(P) such
minimum value. Notice that in the case no outlier exists,min(P) is undefined. To this aim
we preliminarily study the computational complexity of a variant of the OW−CHECKING
problem, denoted by OW−CHECKING[min], in which we focus our attention on checking
minimum-size outliers only: given O,W ⊆ P obs, is O an outlier in P with witness W ,
such that min(P) = |O|?

Theorem 10. Let P = 〈P rls, P obs〉 be a rule-observation pair. Then, the problem
OW−CHECKING[min] is (i) co-NP-complete, for stratified P rls, and (ii) ΠP

2 -complete
(under both brave and cautious semantics), for general P rls.

Then, one may exploit the above result for computing in FΣP
2 and FΣP

3 a minimum-
size outlier in stratified and general pairs, respectively, by first guessing it and then
verifying that it is indeed minimal. But, we can actually do better then thus by defining
a more efficient computation method based on identifying the actual value of min(P)
and, then, guessing an outlier whose size is indeed min(P).
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Theorem 11. Given a rule-observation pair P = 〈P rls, P obs〉, computing the value
min(P) (if defined) is (i) FΔP

2 [O(log |P|)]-complete, for stratified P rls, and (ii) in
FΔP

3 [O(log |P|)] (under both brave and cautious semantics), for general P rls.

Using the result demonstrated above, it is not difficult to see that given a rule-
observation pair P , we can compute an outlier of minimum size in polynomial time with
the help of an NP (resp. ΣP

2 ) oracle for stratified (resp. general) logic programs. Indeed,
the problem can be solved by first computing the value min(P) and then checking
whether there exists an outlier O with min(P) = |O|. This latter problem amounts to
solve the EXISTENCE[k] problem presented above, with k = min(P), and, as such, it
is feasible with an extra NP (resp. ΣP

2 ) oracle call for stratified (resp. general) logic
programs. Hence, the following result follows.

Theorem 12. Given a rule-observation pair P = 〈P rls, P obs〉, computing an arbitrary
outlier O such that min(P) = |O| is (i) in FΔP

2 [O(log |P|)], for stratified P rls, and
(ii) in FΔP

3 [O(log |P|)] (under brave and cautious semantics), for general P rls.

One may wonder whether the computation problem is, in fact, complete for the above
complexity classes. For the case of stratified LPs, we are able to sharpen the simple
membership result by assessing its precise complexity. We preliminary recall some
further basic complexity issues. An NP metric Turing machine MT is a polynomial-
time bounded nondeterministic Turing machine that on every computation branch halts
and outputs a binary number. The result computed by MT is the maximum over all these
numbers. The class OptP contains all integer functions that are computable by an NP
metric Turing machine, whereas OptP[O(logn)] is a subclass containing all functions
f , whose value f(x) has O(logn) bits, where n = |x|. A well known problem in
OptP[O(logn)] is computing the size of a maximum clique in a graph. We can show that
COMPUTATION[min] is complete for the class FNP//OptP[O(log n)], wheren = |P| is the
size of the rule-observation pair, and which contains (see [5]) all (partial) multi-valued
functions g for which a polynomially-bounded nondeterministic Turing machine T and
a function h ∈ OptP[O(logn)] exist such that, for every x, T computes the value g(x),
provided that both x and h(x) are taken in input. The following result can be proven by
constructing a parsimonious reduction involving the problem X-MAXIMAL MODEL:
Given a formula φ in conjunctive normal form on the variables Y = {Y1, ..., Yn} and a
subsetX ⊆ Y , compute a satisfying truth assignmentM forφwhoseX-part is maximal,
i.e., for every other satisfying assignment M ′ there exists a variable in X which is true
in M and false in M ′.

Theorem 13. Given a stratified rule-observation pair P = 〈P rls, P obs〉, computing an
arbitrary outlier O such that min(P) = |O| (if any) is FNP//OptP[O(log n)]-complete.

5 Implementing Outliers in Answer Set Paradigm

Now that our framework for outlier detection has been illustrated and its complexity has
been investigated, we can focus our attention to the problem of devising some effective
strategies for its implementation. Specifically, we next exhibit a sound and complete



588 F. Angiulli, G. Greco, and L. Palopoli

algorithm that transforms any rule-observation pair P into a suitable logic program
L(P) such that its stable models are in a one-to-one correspondence with outliers in P .

Besides the declarative modelling features of answer set programming, the most
interesting aspect of this transformation is that, since answer sets represent the solution of
the outlier problems, it is possible to implement a prototype tool for finding outliers with
the support of efficient answer set engines such as GnT [8], DLV [10] and Smodels [12].
Actually, reformulating in terms of answer set programs has been already exploited in the
literature for prototypically implementing reasoning tasks such as abduction, planning,
and diagnosis.

Our rewriting algorithm OutlierDetectionToASP is shown in Figure 2. It takes in input
a pair P = 〈Prls,Pobs〉 and outputs a logic program L(P), which is built according
to the following ideas. Each fact obsi in P obs is associated with two new facts oi and
wi, where, intuitively, oi (resp. wi) being true in a model means that obsi belongs to an
outlier (resp. witness) in P . In other words, truth values of facts oi and wi in any model
for L(P) uniquely define an outlier and a witness set for it, respectively.

The program is such that it guesses the values for each oi and wi and verifies that
both conditions in Definition 1 are satisfied. To this aim, the rules in P rls are inserted
into L(P) (step 1) along with a suitable rewriting of P rls, in which each predicate, say
p, is replaced by the symbol pin (step 2).

Roughly speaking, the modified version of P rls is used for checking Condition 1,
and the original program for checking Condition 2. In more detail, the algorithm inserts
the rules guessing both outlier and witness set in step 3.(a) and 3.(b), respectively. Then,
the rules inserted in step 3.(c) impose that any obsi cannot be an outlier and witness at
the same time — notice, in fact, that a rule of the form p ← a, not p. acts as a constraint
imposing that a must be false in any model. Rule 3.(d) guarantees that obsi is true in the
program if it is neither an outlier nor a witness. Similarly, 3.(e) guarantees that obsini
is true if wi is not. Notice that such rules simulate the removal of the outlier and the
witness which is needed for verifying Conditions 2 and 1, respectively. The remaining
rules of step 3 define the atom satC2 to be true if a fact obsi is true even if assumed to
be a witness (wi true), i.e., if Condition 2 in Definition 1 is satisfied in the model, and
similarly define badC1 to be true if obsini is true but obsi is a witness, i.e., if Condition
1 is not satisfied in the model.

Then, 4.(b) imposes that we are only interested in answer set in which satC2 is true,
and in the case the program is stratified, step 5.(a) imposes that we are only interested in
answer set in which badC1 is false. Indeed, in the case of unstratified rule-observation
pair, the constraint imposed by rule 5.(a) would not suffice for ensuring the satisfaction
of Condition 1. And, in fact, the outlier detection problem, which has been shown to
be complete for the second level of the polynomial hierarchy in the case of general
rule component, cannot be expressed by exploiting logic programs under the stable
model semantics, that are indeed able to express only problems at the first level of the
polynomial hierarchy.

In order to deal with this problem, the algorithm exploits in step 6 a rewriting into
a disjunctive logic program accounting for outliers under the cautious semantics — a
similar rewriting for brave semantics can be obtained as well. We recall that disjunctive
programs allow clauses to have both disjunction (denoted by ∨) in their heads and
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Input: A rule-observation pair P = 〈P rls, P obs〉, where P obs = {obs1, ..., obsn};
Output: A logic program L(P);
Method: Perform the following steps:

1. L(P) := P rls;
2. for each rule r ∈ P rls of the form a← b1, · · · , bk, not c1, · · · , not cn, insert into L(P) the rule

a) ain ← bin1 , · · · , bink , not cin1 , · · · , not cinn .
3. for each obsi ∈ P obs, insert into L(P) the following rules

a) oi ← oi. oi ← oi.
b) wi ← wi. wi ← wi.
c) p← oi, wi, not p.
d) obsi ← not oi, not wi.
e) obsini ← not wi.
f) badC1← wi, obs

in
i .

g) satC2← wi, obsi.
4. insert into L(P) the rules

a) satC1← not badC1.
b) p← not satC2, not p.

5. if P rls is stratified then insert into L(P) the rule
a) p← badC1, not p.

6. else for each predicate p ∈ P rls, insert into L(P) the rules //*** general logic programs
a) pin ∨ pout.
b) pin ← badC1.
c) pout ← badC1.
d) badC1← pin, pout.

Fig. 2. Algorithm OutlierDetectionToASP.

negation in their bodies. Their semantics is given by the set of the answer set of P, defined
in [7], as suitable extension of stable models for disjunction-free programs. Under this
semantics, disjunctive programs allow to express every property of finite structures that
is decidable in the complexity class ΣP

2 . Therefore, disjunctive logic programming is
strictly more expressive than disjunction-free programs, unless the polynomial hierarchy
collapses.

Roughly speaking, the disjunctive rewriting constrains badC1 not to be inferred not
only in the model which satisfies Condition 2, but also in all the models of program
P (P)W , for the witness set W associated with the facts of the form wi. The following
theorem accounts for the correctness of the algorithm.

Theorem 14. Let P = 〈Prls,Pobs〉 be a rule-observation pair, and let L(P) be the
rewriting obtained by the algorithm in Figure 2. Then,

– for each outlier O with witness W in P , there exists an answer set M of L(P) such
that {oi | oi ∈ M} = O and {wi | wi ∈ M} = W , and

– for each answer set M of L(P), there exists an outlier O with witness W in P , such
that {oi | oi ∈ M} = O and {wi | wi ∈ M} = W .

Finally, in order to model also outlier problems requiring minimality of the solutions,
we might exploit the approach used in the DLV system relying on weak constraints. Weak
constraints, represented as rules of the form :∼ b1, · · · , bk, not bk+1, · · · , not bk+m,
express a set of desiderata conditions that may be violated and their informal semantics is
to minimize the number of violated instances. And, in fact, the stable models of any pro-
gram can be ordered w.r.t. the number of weak constraints that are not satisfied: The best
stable models are those which minimize such a number. Thus, the algorithm in Figure 2
is modified by inserting into L(P) the constraint :∼ oi. for each obsi ∈ P obs. Letting
L∼(P) to be the transformed program resulting from applying the modified algorithm,
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it can be proven that minimum-size outliers in P are in one-to-one correspondence with
best stable models of L∼(P).
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Abstract. The growing size of electronically available text corpora like com-
panies’ intranets or the WWW has made information access a hot topic within
Computational Linguistics. Despite the success of statistical or keyword based
methods, deeper Knowledge Representation (KR) techniques along with “infer-
ence” are often mentioned as mandatory, e.g. within the Semantic Web context,
to enable e.g. better query answering based on “semantical” information. In this
paper we try to contribute to the open question how to operationalize semantic in-
formation on a larger scale. As a basis we take the frame structures of the Berkeley
FrameNet II project, which is a structured dictionary to explain the meaning of
words from a lexicographic perspective. Our main contribution is a transformation
of the FrameNet II frames into the answer set programming paradigm of logic
programming.
Because a number of different reasoning tasks are subsumed under “inference”
in the context of natural language processing, we emphasize the flexibility of our
transformation. Together with methods for automatic annotation of text documents
with frame semantics which are currently developed at various sites, we arrive at
an infrastructure that supports experimentation with semantic information access
as is currently demanded for.

1 Introduction

The growing size of electronically available text corpora like companies’ intranets or
the WWW has made information access a hot topic within Computational Linguistics.
Without powerful search engines like Google the WWW would be of much lesser use.
But there are obvious limitations of the current pure word-based methods. If one is e.g.
searching for information about BMW buying Rover one might enter a query like (1)
into a search engine.

(1) BMW buy Rover.

On inspection of some of the thousands of hits returned, two problems become visible:

Problem 1. Low Precision: Numerous irrelevant pages are returned like car sellers’pages
that mention the query words in unintended contexts.

Problem 2. Low Recall: Even if the search engine does some linguistic processing to
include results that are formulated e.g. in finite form (BMW buys Rover), relevant pages
using semantically similar words like purchase instead of buy are missing.

J.J. Alferes and J. Leite (Eds.): JELIA 2004, LNAI 3229, pp. 591–603, 2004.
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There exist approaches that address problem 2. For example, some IR systems use
the WordNet [Fel98] lexicon to try synonymous words in queries, while other approaches
use learning techniques to detect and utilize similarities between documents. But apart
from the fact that these systems rely heavily on redundancy among the text collections
to be searched, they mostly do not address problem 1 at all.

A principled method is to analyze documents (and queries) in terms of semantic
predicates and role relations. As we will explain in more detail in Section 2, the linguis-
tically motivated frame structures of the Berkeley FrameNet II project [BFL98] are a
suitable theoretical means for such an analysis. How to operationalize such information
on a large scale is still an open research question. In order to avoid the pitfalls of the
1970’s KR attempts, we do neither propose a new representation language nor a new
formalization of “the world”. Instead, we take the frame structures of the Berkeley
FrameNet II project as a base and transform them into “logic”. This idea of proposing
logic for representing and reasoning on information stemming from natural language
texts is by no means new and has in fact been heavily investigated in computational
linguistics (CL) [HSAM93,BK00,dNBBK01,KK03,Bos04, e.g.]. In contrast to the
mainstream, which relies on monotonic logic KR languages, we put forward the
(nonmonotonic) answer set programming paradigm of logic programming. We exploit
“nonmonotonicity” primarily as a tool to realize default values for role fillers. They
allow to reason with defeasible information, which can be retracted when additional
contextual information is provided, e.g. in incremental semantic interpretation.

Our main contribution is a transformation of the FrameNet II frames into normal
logic programs to be interpreted under the stable model semantics. We have chosen this
framework because of its good compromise between expressive power and computa-
tional complexity, its declarative nature and the availability of efficient interpreters for
large programs [NS96,EFLP00,Wer03].

Our approach goes beyond the formalization of FrameNet I in a description logic in
[NFBP02], as we are more concrete about “useful” inference based reasoning services.
Together with methods for automatic annotation of text documents with frame semantics
that are currently developed at various sites, we arrive at an infrastructure that addresses
both problems mentioned above in a principled way. We emphasize the modularity and
flexibility of our approach, which is needed to support experiments in our “soft” domain
of reasoning on information from natural languages sources.

The rest of this paper is structured as follows. After recapitulating some notions from
logic programming, we summarize in Section 2 FrameNet, thereby focussing on aspects
relevant here. Section 3 is the main part: the translation of FrameNet frames to normal
logic programs. Section 4 contains some conclusions and points to future work.

Preliminaries from Logic Programming. We assume the reader familiar with basic con-
cepts of logic programming, in particular with the stable model semantics of normal
logic programs [GL88]. See [Bar03] for a recent textbook.

A rule is an expression of the form H ← B1, . . . , Bm, not Bm+1, . . . , not Bn,
where n ≥ m ≥ 0 and H and Bi (for i = 1, . . . , n) are atoms over a given (fi-
nite) signature with variables. We assume the signature contains no function symbol
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of arity greater than 0 (i.e. the only function symbols are constants).1 A rule is implic-
itly universally quantified and thus stands for all its (finitely many) ground instances.
The operator “not” is the default negation operator. A normal logic program (or pro-
gram for short) consists of finitely many rules. The programs derived below are domain
restricted2 or can be turned into domain restricted form easily, so that systems like
KRHyper [Wer03] or smodels [NS96] can be applied to compute their stable mod-
els. Finally, the head H of a rule may be the special symbol ⊥, which is intended
to mean “false”. We assume a rule A ← ⊥, not A, where A is a nullary predicate
symbol not occurring elsewhere (with this rule, no stable model of any program can
satisfy ⊥).

2 FrameNet

The FrameNet project [BFL98] provides a collection of linguistically motivated so-
called frames that describe typical situations and their participants3 and link these to
linguistic realizations. A word (or linguistic construction) that evokes a frame is called
frame-evoking element (FEE). The participants (or roles) of the frame are called frame
elements (FEs). These are local to particular frames.

Frame: Acquire
FE Example
Recipient Hornby obtained his first

patent in 1901.
Source You may get more money from

the basic pension.
Theme We acquired a darts board.

Frame: commerce goods-transfer
FE Example
Buyer Jess bought a coat.
Goods This young man rented the old

lady ’s room.
Money Pat paid 14 dollars for the ticket.
Seller Kim sold the sweater.

Fig. 1. Example Frame Descriptions.

Figure 1 shows two frames together with example sentences from the FrameNet
data. The frame Acquire is described as A Recipient acquires a Theme. [. . . ] The Source
causes the Recipient to acquire the Theme. [. . . ]. This frame can be evoked by FEEs like
acquire.v, acquisition.n, get.v, obtain.v.

The second example frame commerce goods-transfer is described as the frame
in which [. . . ] the Seller gives the Goods to the Buyer (in exchange for the Money). [. . . ].
The FEEs include buy.v, purchase.v, purchaser.n, rent.v.

Disregarding some details we will present below, all of the following sentences found
on the WWW can be analyzed as instances of commerce goods-transfer with buyer
BMW and goods Rover.

(2a) BMW bought Rover from British Aerospace.
1 With this (common) restriction, all reasoning tasks relevant for us are decidable.
2 Every variable occurring in a rule must also occur in some non-negated body atom (i.e. in one

of B1, . . . , Bm in the above notation).
3 In linguistic terms one should speak of predicates and semantic roles.
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(2b) Rover was bought by BMW, which financed [. . . ] the new Range Rover.
(2c) BMW’s purchase of Rover for $1.2 billion was a good move.
(2d) BMW, which acquired Rover in 1994, is now dismantling the company.

Note that such an analysis solves problem 1 and 2 (from Section 1). First, it gener-
alizes over linguistic variations such as word class or active/passive voice: a query like
(1) would match documents containing any of these sentences (given frame annotation).
Second, the query would not match documents containing sentences like (3) because in
this case the buyer role is filled with Ford.

(3) Ford’s deal to buy Land Rover from BMW is completed.

Aim of FrameNet. The term frame might remind the reader of early approaches in AI
as well as CL that did not fully achieve their aim of modeling the world in terms of
conceptual structures. Repeating any “ad hoc” modeling is not the aim of FrameNet.
Instead, the aim of the FrameNet project is to provide a comprehensive frame-semantic
description of the core lexicon of English. The current on-line version of the frame
database contains almost 550 frames and 7,000 lexical entries with annotated examples
from the British National Corpus.

Frame Relations. Frames can be subdivided into two classes: “small” frames that have a
linguistic realization and “big” frames that are more abstract or script-like and serve for
structuring the resource. The frame commercial transaction described above is in
fact of the latter kind. It is (via another intermediate frame) related to two perspectivized
frames commerce buy and commerce sell that do have realizations in words like buy.v,
purchase.v, purchaser.n and price.n, retail.v, sale.n, sell.v, respectively. The latter two
frames share only some FEs with commercial transaction. E.g. buyer and money
in the case of commerce buy. This modeling is based on linguistic theory: sentences
like (4) or (5) are linguistically complete in contrast to e.g. (6).

(4) BMW buys Rover.
(5) Daimler-Chrysler sold Mitsubishi.
(6) * BMW buys.

In the latest FrameNet release, a number of relations between frames have been
defined and already partly been annotated. Of particular interest for us are the following:

Relation Example
Inherits From Commerce by inherits from Getting.
Uses Commerce buy uses FEs Buyer and Goods from Com-

merce goods-transfer (but not e.g. Money).
[Is] Subframe of Commercial transaction has subframes Commerce goods-

transfer and Commerce money-transfer.

Inherits From: All FEs of the parent frame are inherited by the child frame, e.g. the
frame commerce buy inherits the FEs Recipient and Theme from Getting (mod-
ulo a renaming into Buyer and Goods, respectively4).

4 To keep things simple, we ignore such renamings here. As will become obvious below, our
approach includes a renaming facility for roles which can easily be generalized to cover cases
like this.
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Uses: The Uses relation links a frame to related “background” frames. In most cases it
describes partial inheritance as in the example above where commerce buy inherits
only the FEs buyer and money from commercial transaction.

Subframe of: The Subframe relation holds between a frame that stands for a complex
event and frames that describe (temporally ordered) sub-events.

These definitions are provided as glosses to human readers. Naturally, from a logical
or machine perspective, these specifications are comparatively vague. Our current goal is
not to provide once-and-for-all interpretations of these relations (and of roles). Instead,
we want to come up with a formalization that supports further research by allowing to
experiment with different interpretations. It is by no means obvious whether e.g. a frame
instance of a frame N that is a subframe of another frame M automatically evokes an
instance of M or e.g. N ’s siblings. Neither is there a global answer as to which FEs may
or must be filled given a concrete instance of a frame. Such decisions may well differ
among applications (Section 3.2 discusses some usage scenarios).

The question how natural language sentence are mapped into frame structures is
beyond the scope of this paper. It is the central issue of the SALSA project [EKPP03]
we are affiliated with.

3 Transformation of FrameNet to Logic Programs

This section contains our main result, the transformation of FrameNet frames to logic
programs. To initiate a running example, consider the Commerce buy frame. This is
what FrameNet gives us about it:

Frame: Commerce buy
Inherits From Getting
FEs Buyer, Goods
Subframe of –
Uses Commerce goods-transfer
FEEs buy.v, lease.v, purchase.v, purchase act.n, purchaser.n, rent.v

We find it easiest to describe our transformation by starting with a description logic
(DL) view of frames (see [BCM+02] for a comprehensive textbook on DL). A natural
DL definition – a TBox axiom – of the Commerce buy frame (neglecting the “Uses”
relation) is as follows:

Some comments seem due: the role names, such as Commerce buy Buyer are prefixed
now by the frame name they belong to. This reflects the mentioned local namespace
property, which implies that the same role name used in different frames may denote
different relations.

Because of using the top concept �, roles may be filled with arbitrary elements —
FrameNet does not yet provide more specific typing information.5

5 Recently, FrameNet has started to annotate semantic types to frames, FEs, and even FEEs. But
this task is far from trivial and the set of types is still preliminary.
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The range of FEE is an explicitly defined concept which consists precisely of the
stated strings. Such set expressions are available in some DLs.

Our transformation can basically be seen to follow the standard predicate logic
semantics of the indicated DL reading of frames. As a significant difference, however,
the existential quantifier are treated as integrity constraints. Under this view, populating
the Commerce buy class without, say, supplying a filler for the Goods role will result
in an inconsistency, and the currently considered model candidate will be retracted. In
contrast, any DL reasoner would then fill the role with a Skolem term in order to satisfy
the role restriction. However, with default values as introduced in Section 3.2, the effect
of existentially quantified roles can be simulated to some degree.

The following description of our transformation is separated into three parts, each
one treating a different aspect.

3.1 Basic Frame Transformation

For the purpose of this paper, we describe a frame named N as the sets IsA(N), FE (N),
Uses(N), and FEE (N), which are precisely the frame names listed as “Inherits From”
at N , the role names listed as “FE”, the frame names listed as “Uses”, and the strings
listed as “FEE”, respectively. Each set may be empty. In particular, if FEE (N) is empty,
this indicates that N is a “big” frame without linguistic realization.

We also need the following (recursive) definition. For a given frame N , FE�(N)
consists of all roles of N , including the ones to be inherited. Formally, define

FE�(N) = FE (N) ∪ {FE�(M) | M ∈ IsA(N)} .

To describe our main transformation “basic”, we found it helpful to single out a certain
aspect, viz., mapping of specific roles between two frames N and M 6:

Transformation: partialRoleMapping(N, M,FEs)
Input: N , M : frames names; FEs: set of role names
Output: the following rules:

(N ⇒ M )

For each FE ∈ FEs the rule

M FE(x, y)← N(x), N FE(x, y)

(M ⇒ N )

For each FE ∈ FEs the rule

N FE(x, y)← M(x), M FE(x, y)

The partialRoleMapping transformation maps the fillers of roles of the frame N (if
present) to fillers of roles of the frame M , and vice versa. Such a mapping is needed
because of the local namespace property of roles of frames (as explained above). It
“translates” roles with the same names between frames by following the convention to
include in a role name the frame it belongs to. Based on this transformation, we can now
introduce the announced basic transformation.

6 Notational conventions: x, y, z denote object-level variables, italic font is used for schematic
variables of transformations, and sans serif font is used for names to be taken literally.
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Transformation: basic(N)
Input: N : frame name
Output: the following rules:

(⇒-direction (1))

For each M ∈ IsA(N) the rule

M (x)← N(x)

(⇒-direction (2))

For each FE ∈ FE�(N) the rule

⊥ ← N(x), not some N FE(x)

(⇒-direction (3))

If FEE(N) �= ∅, the rule

⊥ ← N(x), not some N FEE(x)

(⇐-direction)

Let FE(N)={FE1, . . . , FEk}, for some k ≥ 0.
Let IsA(N)={M1, . . . , Mn}, for some n ≥ 0.

The rule

N(x)← some N FE1(x), . . . ,
some N FEk(x),
M1(x), . . . , Mn(x),
some N FEE(x)

(If FEE(N) = ∅, then the body atom
some N FEE(x) is omitted)

(Role inheritance)

For each M ∈ IsA(N), the result of partialRoleMapping(N, M,FE�(M))

(Auxiliary definitions (1))

For each FE ∈ FE�(N) the rule

some N FE(x)← N FE(x, y)

(Auxiliary definitions (2))

For each FEE ∈ FEE(N) the rule

some N FEE(x)← N FEE(x,FEE)

Some comments: the ⇒-direction (1) rule should be obvious. The ⇒-direction (2)
rules express the integrity constraint viewpoint of existentially quantified roles. The
some N FE predicate used there is defined under Auxiliary definitions (1). There, in
the body atom N FE (x, y), the variable x stands for a frame instance (token) and y
stands for the role filler. The test for whether the roles are filled or not has to be done
for all roles, including the inherited ones. This explains the use of FE�(N) there. The
⇒-direction (3) rules are similar to the rules under ⇒-direction (2), this time testing for
the presence of a FEE filler (if N prescribes FEEs at all); it uses the rules under Auxiliary
definitions (2). There, in the body atom N FEE (x, y), the variable x again stands for a
frame instance (token).

The ⇐-direction rule derives that an individual x is an instance of N if (i) all its roles
FE (N) are filled (and also FEE (N) if present), and (ii) x belongs to all the frames
that N inherits from. Notice it is not necessary in the rule body to test if all the roles
FE�(N) of N are filled for x, because the inherited ones must have been filled due to
(ii) when the rule is applied. The Role inheritance rules map the role fillers of inherited
roles to role fillers for instances of N , as explained. Notice that the partialRoleMapping
transformation realizes this mapping in the converse direction, too. Indeed, because it is
applied to the inherited roles only, this is what is expected.

3.2 Default Values

Depending on the frame and concrete application, it may be useful to not consider a
“missing” role filler as an indication of inconsistency in the current model candidate.
For instance, an utterance like BMW bought [at high risk]. might well be taken to
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fill a Commerce buy frame. In order to achieve consistency, the Goods role of the
Commerce buy instance populated by a linguistic text analysis component in reaction
to this sentence has to be filled, and a dummy value, say, unspecified FE could be
used as a substitute for a more specific, preferable one. This suggests to use default
values. Fortunately, default values can be incorporated without effort in our setting by
the following transformation.

Transformation: defaultValue(N,FE)
Input: N : frame name; FE : a role name
Output: the following rules, with the free predicate symbol default N FE :

(Choice of fill with default value or not)

N FE(x, y) ← not not N FE(x, y),
N (x),
default N FE(x, y)

not N FE(x, y) ← not N FE(x, y),
N (x),
default N FE(x, y)

(Case of waiving default value)

⊥ ← N (x),
default N FE(x, y),
N FE(x, y),
N FE(x, z),
not equal(y, z)

The left rules represent an even cycle through default negations, similar as in the
propositional program A ← not B, B ← not A. For this program there are exactly
two stable models: one where A is true and B is false, and one the other way round.
Using such even cycles as a “choice” operator is a well-known programming technique.
Here, it realizes two models, one where N FE (x, y) is true, and one where it is false.
The right rule expresses that there cannot be a default value as a role filler in presence
of another, different (default) role filler7.

The transformation for default values is completed by the following two rules. They
express that there must be at least one role filler for the considered role:

⊥ ← N (x),
not some N FE (x)

some N FE (x) ← N FE (x, y)

However, because these rules are readily obtained from the basic transformation when
applied to N , they need not be generated and thus are excluded from the transformation.

Notice the resulting program does not include rules to define the default N FE
predicate. Such rules are external to the transformation and should be supplied to provide
default values as appropriate8. If none is supplied, then the rules obtained from the
defaultValue transformation are vacuously true and hence are insignificant for the result
(the stable models). This suggests to apply the defaultValue transformation along with
the basic transformation, for all roles, and nothing will be lost.

The usefulness of our approach clearly depends on its flexibility to interact with
other components of a larger system. As the following considerations show, we expect

7 The “equal” predicate, which means syntactic equality, can be defined as equal(x, x)← .
8 A designated constant like unspecified FE can be taken to supply a uniform default value by

adding facts default N FE(x, unspecified FE) for certain frames N and roles FE .
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the defaultValue facility to be particularly important in this regard. In general, it is
flexible enough to express domain-independent, domain-dependent, frame-dependent,
or situation-dependent default values.

(1) If the application is such that the, say, Goods role must be filled in order to mean-
ingfully process a Commerce buy frame, then no default value should be supplied.

(2) Specific settings might allow for plausible default values. For instance, in a stock
market domain, a uniform default value could be supplied as

default Commerce buy Goods(x, share) ← Commerce buy(x) ,

where share is an instance of an appropriate frame representing shares.

(3) Consider again the BMW bought at high risk example. The anaphora resolution
component of a NLP inference system9 might find out that either rover or chrysler
would be a suitable role filler for the Goods role. This disjunctive information can be
represented by the following two facts (suppose e is an instance of the Commerce buy
frame we consider):

default Commerce buy Goods(e, rover) ←
default Commerce buy Goods(e, chrysler) ← .

An analysis of the resulting program shows there are two stable models: one with rover
as the only Goods role filler for e, and chrysler in the other model. The existence of the
two stable models thus represents the uncertainty about the role filler in question; it has
the same effect as disjunctively assigning the two fillers to the Goods role (if disjunction
were available in the language). 10

(4) It may make sense to supply default values for more than one role. A sentence like
The purchase was risky. may give rise to populate a Commerce buy frame where both
the Buyer and the Goods role are filled with, say, a default value unspecified FE.

(5) The assumption that the FEEs listed in a frame is a linguistically exhaustive listing
might be too strong. For instance, instead of a FEE listed, some anaphoric expression
might be present. A possible solution is to include in the FEEs an additional element,
say, unspecified FEE that acts as a default value. The realization is through the default
value transformation applied to N and FEE, defaultValue(N,FEE ) (thus treating FEE
as a role), and adding a rule default N FEE (x, unspecified FEE) ← N(x).

3.3 The Uses Relation

For a human reader, the Uses relation links a frame under consideration to other frames
that are relevant to understand the situation it describes. For example, to understand
a buying situation, one has to be aware of what a goods transfer situation is. From a

9 Anaphora resolution based on deductive methods is investigated e.g. in [BK00,dNBBK01].
10 This approach thus is in line with those logic-based approaches in computational linguistics that

represent a dialogue by a collection of models, which can be further pruned as more information
becomes available. See e.g. [KK03,Bos04] for recent work. As a difference, we are working
with a nonmonotonic logic instead of classical logic.
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formal perspective, it seems to mean a partial inheritance relation, where inheritance is
restricted to the roles common to a frame and a frame it is in the Uses relation with. We
propose the following transformation11:

Transformation: uses(N)
Input: N : a frame name
Output: the following rules:

This transformation treats the Uses relation in a similar way as the basic transfor-
mation treats the Inherits From relation. The Uses relation also defines an inheritance
hierarchy of roles, in parallel to the Inherits From relation, however where only ex-
plicitly stated roles are inherited. These are precisely those roles in FE (N) that are
also roles of some concept M that N uses. The set {FE 1, . . . ,FEk} mentioned under
Uses(N) ⇒ N therefore is the complementary set of roles, those that are not inher-
ited. Only those have to be tested for being filled, in analogy to what the rule under
⇐-direction in the basic transformation does (see explanation there).

The rules under Partial role inheritance are mappings precisely for the inherited roles,
individually for each frameM thatN uses, i.e. the rolesFE�(M)∩FE (N). By definition
of partialRoleMapping, these roles are mapped also “upwards”, from N to a frame M
that N uses. The remaining roles of such a frame M are the roles FE�(M) \ FE (N),
and for these roles default values are supplied by the N ⇒ Uses(N) (2) rules. Together,
thus, and in conjunction with the rule under N ⇒ Uses(N) (1), this has the effect that
M will be populated with all roles filled whenever N is populated. Finally, notice that
some definitions for rules mentioned can be skipped, because they are part of the basic
transformation.

We would like to point out that the transformation for the Uses relation is not meant
to be conclusive. Experiments on real data may suggest a different treatment of the Uses
relation. It will also be interesting to devise suitable transformations of the Subframe
relation.

11 There is no precise description of the Uses relation available yet. FrameNet is considering a
subdivision of this relation.
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3.4 Usage Scenarios

The transformations described so far are intended to be applied to the whole FrameNet.
More precisely, if N is a set of frames, such as those of FrameNet II, then we con-
sider the logic program P (N ) =

⋃
N∈N basic(N) ∪ {defaultValue(N,FE ) | FE ∈

FE�(N)} ∪ uses(N), possibly additionally equipped with default values for specific
roles as discussed in Section 3.2 and additional facts stemming from linguistic text anal-
ysis components. We have chosen to transform into normal logic programs, because
its associated answer set programming paradigm provides a good compromise between
expressive power and computational complexity, its declarative nature and the availabil-
ity of suitable, state-of-the-art interpreter like KRHyper [Wer03] or smodels [NS96]12.
These systems are made to cope with programs far larger than the ones resulting in
our case13. They are capable of enumerating the stable models of P (N ), which can be
inspected by other system components to determine the result of the overall computation.

In the usage scenarios we have in mind, “small” frames, those that have a linguistic
realization (i.e. those having a FEE property), shall be populated as a result of textual
analysis. By the way the transformation is defined, the information in these frame in-
stances is combined by transferring it up the Inherits from and Uses hierarchies, thereby
providing default values as needed. This way, explicitly presented knowledge shall be
completed to get more abstract views on it. To make this a little more concrete, proba-
bly the most basic class of inference covers systematic syntax-near cases a (linguistic)
automatic frame assignment system cannot cover. Take e.g. the following two sentences.

(7a) Mary promised to purchase a BMW.
(7b) Mary promised the purchase of a BMW.

The second sentence might in many cases be equivalent in meaning to the first sentence.
But most linguistic (syntactic) theories don’t have the means to describe this equivalence.
The problem is that the subject of this sentence Mary fills the subject position of the verb
promise. But Mary is also understood as subject of the verb purchase and (probably) as
the actor acting in the event described by the noun purchase. For the verb case, linguistic
theory has an answer in terms of subject sharing of so-called subject control verbs like
promise, offer, deny. Here, the subject of the control verb is know to be identical with
the subject of the embedded verb. But in the second sentence, there is no embedded verb
and nouns are not considered to have a subject.

In contrast, in a FrameNet analysis both, verb and noun evoke a Commerce buy
frame. But as we argued only in the verb case, syntax based methods can fill the Buyer
role with Mary. Here, a defeasible inference could fill the respective role in the noun
case. This inference is defeasible because the sentence might continue as follows.

(8) Mary promised the purchase of a BMW by her husband before the vacations start.

In such cases where an actual filler is available, the inference mechanism should fill
the respective role with that.
12 In particular, the resulting programs are domain-restricted, as required by these systems or can

easily be made conforming.
13 The number of rules in P (N ) is quadratic in |N |. The quadratic component derives from the

partialRoleMapping transformation, which, fortunately, results in very simple rules that can
be worked off deterministically.
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A more ambitious kind of inference is involved in the following example. The phrase
(9) is a real corpus example from a text talking about questions of possession in the former
GDR.

(9) Owner of two-family houses which have bought before 1989 [. . . ].

For this example, automatic syntax-based methods would return two frames, Posses-
sion with Owner Owner of two-family houses and Possession two-family houses, and
Commerce buy with Buyer which. Depending on the depth of the linguistic analysis,
which might have already been resolved to Owner of two-family houses. But in any case,
the Goods of the Commerce buy were empty. At this point an heuristic inference could
infer that the Goods are the houses. If additional knowledge was available about the re-
lation of buying and possession (e.g. by FrameNet’s Causative relation), this should be
used here as well. Once again, the inference is defeasible as the context might tell us that
the text is about owner of two-family houses which have bought, say a car, before 1989.

4 Conclusion and Outlook

In this paper we have argued that reasoning services on the basis of FrameNet’s frames
can satisfy the growing demand of integrating semantic information in order to improve
large scale natural language processing, such as document searching.

Our aim was to arrive at an infrastructure that supports testing different formaliza-
tions of the frame relations on a larger amount of corpus data. To this end, we gave
transformations of the lexicographic frame and frame relation definitions into a logic
programming setting, which we expect to be feasible also with respect to practical effi-
ciency considerations. Although our translation of the frames and frame hierarchy are in
the spirit of description logics, we have argued that both, the vague specification of the
frame relations and the defeasible character of the kinds of inferences we are interested
in do not lead naturally to characterization within description logics.

It has to be stressed that what we presented here is work in progress. The transforma-
tions proposed are not too difficult to implement, and we will conduct a number of pilot
studies within different settings. Once e.g. the SALSA [EKPP03] project will supply
methods for automatic frame assignment to natural text, we have a basic architecture
for semantics-based natural language processing as described in the introduction of this
paper. We are well aware that our system might undergo a number of changes underway
not only because the FrameNet resource itself is still developing.

The kinds of inference we want to model on the basis of what we present here cannot
be characterized by criteria such as soundness or completeness with respect to a readily
defined semantics of FrameNet14. Their appropriateness or usefulness primarily depends
on such factors as the application at hand and on additional linguistic or extra-linguistic
evidence available.

14 In fact, our transformation equips FrameNet with a precise, declarative semantics by means of
the transformations proposed. Nevertheless, some interesting properties of our transformation
can be proven. For instance, that arguable reasonable properties of “inheritance” are realized.
We did not do so here for lack of space.
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Our long-term goals include a treatment of selectional preferences (rather than
restrictions) which will enable a more fine-grained modeling of e.g. sortal information
about the filler of particular roles. For example, in Fig 1 from the basic pension fills the
role Source of frame Acquire which is perfectly acceptable for a human. This example
shows that a formalization of sortal information will have to include mechanisms for
dealing with preferences and type casting (e.g. to deal with typical linguistic patterns
like metonymies as in Washington announces a new drug policy). Including preferences
would also make it possible to formulate heuristic inferences beyond our current
assignment of default values.

Acknowledgements. We thank the anonymous referees for their helpful comments. The
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Abstract. Geographical information systems are one of the most important appli-
cation areas of belief revision. Recently, Würbel and colleagues [32] have applied
the so-called “removed sets revision” (RSR) to the problem of assessment of water
heights in a flooded valley. The application was partially satisfactory since only a
small part of the valley has been handled. This paper goes one step further, and pro-
poses an extension of (RSR) called “Prioritized Removed Sets Revision” (PRSR).
We show that (PRSR) performed using answer set programming makes possible
to solve a practical revision problem provided by a real application in the frame-
work of geographical information system (GIS). We first show how PRSR can be
encoded into a logic program with answer set semantics, we then present an adap-
tation of the smodels system devoted to efficiently compute the answer sets in order
to perform PRSR. The experimental study shows that the answer set programming
approach gives better results than previous implementations of RSR and in particu-
lar it allows to handle the whole valley. Lastly, some experimental studies compar-
ing our encoding with implementations based on SAT-solvers are also provided.

1 Introduction

In many applications, intelligent agents face incomplete, uncertain and inaccurate in-
formation, and often need a revision operation in order to manage their beliefs change
in presence of a new item of information. The agent’s epistemic state represents his
reasoning process and belief revision consists in modifying his initial epistemic state in
order to maintain consistency, while keeping new information and removing the least
possible previous information. Different strategies have been proposed for performing
revision [30], [22]. Most of the revision approaches have been developed at the theo-
retical level, except few applications [31] and it turns out that in the general case the
theoretical complexity of revision is high [8] [16]. An example of belief revision system
is Removed Sets Revision which has been proposed in [21], [13], [15] for revising a set
of propositional formulas. This approach stems from removing a minimal number of
formulas, called removed set, to restore consistency.

Recently, Würbel and colleagues [32] have applied the so-called “removed sets re-
vision” (RSR) to the problem of assessment of water heights in a flooded valley. The
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application was partially satisfactory since only a small part of the valley has been
handled. This paper considers a prioritized form of Removed Sets Revision, called Pri-
oritized Removed Sets Revision (PRSR). It shows how the encoding of PRSR using
answer set programming allows us to solve a practical revision problem coming from a
real application in the framework of geographical information system. In particular this
paper focuses on the following three issues:

– The notion of priority is very important in the study of knowledge-based systems
[10].When priorities attached to pieces of knowledge are available, the task of coping
with inconsistency is greatly simplified, since conflicts have a better chance to be
solved. Gärdenfors [11] has proved that upon arrival of a new piece of propositional
information, any revision process of a belief set which satisfies natural requirements,
is implicitly based on a priority ordering. In this paper we generalize the Removed
Sets Revision, to revise prioritized belief bases, called Prioritized Removed Sets
Revision.

– In the last decade, answer set programming is considered as one of convenient
tools to handle non-monotonic reasoning systems. Logic programs with answer
sets semantics can be equivalently described in terms of reducing logic programs
to default logic, autoepistemic logic or circumpscription. Morever, several efficient
systems have been developed [9], [4], [24], [20], [17]. We propose to formalize the
Prioritized Removed Sets Revision in terms of answer set programming and to adapt
the smodels system in order to compute preferred answer sets which correspond to
prioritized removed sets.

– When dealing with GIS we face incomplete and uncertain information. Since the
data come from different sources characterized by various data qualities, they may
conflict and require belief revision operations. Moreover, geographic information
systems are characterized by a huge amount of data. In [33], [32] three different
implementations of Removed Sets Revision have been experimented and compared
on application on geographic information system concerning the flooding problem.
The result was that an adaptation of Reiter’s algorithm for diagnosis [25] gave
the best results. Moreover, the Removed Sets Revision has been translated into a
SAT problem and an implementation has been performed using an efficient SAT-
solver MiniSat [7]. However, these approaches were not able to handle the whole
geographical area (composed of 120 compartments) and only a part of it composed
of 20 compartments for the adaptation of Reiter’s algorithm and composed of 40
compartments for the SAT translation has been considered.
In this paper we apply our answer sets programming encoding of PSRS to the frame-
work of Geographic Information Systems. An experimental study shows that our
approach gives better results than the adaptation of Reiter’s algorithm for diagnosis
and than an implementation based on a SAT-solver. These good results hold even if no
priority is introduced. The introduction of priorities allows to handle the whole area.

The paper is organized as follows. Section 2 gives a refresher on Removed Sets Revi-
sion. Section 3 presents the Prioritized Removed Sets Revision. Section 4 shows how
Prioritized Removed Sets Revision is encoded into logic programming with answer sets
semantics. Section 5 presents an adaptation of the smodels system for computing answer
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sets for performing Prioritized Removed Sets Revision. In section 6 we perform an exper-
imental study which illustrates the approach on a real application, the flooding problem,
provided by CEMAGREF. We show that the answer set programming implementation
gives better results than the one obtained using an adaptation of Reiter’s algorithm and
than an implementation based on a SAT-solver. Section 7 concludes the paper.

2 Background

2.1 Removed Sets Revision

We briefly recall the Removed Sets Revision [32] which deals with the revision of a
set of propositional formulas by a set of propositional formulas. Let K and A be finite
sets of clauses. The Removed Sets Revision focuses on the minimal subsets of clauses
to remove from K, called removed sets[21], in order to restore consistency of K ∪ A.
More formally:

Definition 1. Let K and A be two sets of clauses such that K ∪A is inconsistent. R a
subset of clauses of K, is a removed set of K ∪ A iff (i) (K ∪ A)\R is consistent; ii)
∀R′ ⊆ K, R′ �= R, if (K ∪A)\R′ is consistent then | R |<| R′ |1.

It can be checked that if R is a removed set then (K∪A)\R is a so-called cardinality-
based maximal consistent subbase of (K ∪A) [1], [13], [15]. Würbel et al.[32] adapted
the Reiter’s algorithm for diagnosis stemming from hitting sets [25] and implemented this
adaptation to efficiently compute the removed sets. Note also that there are several recent
compilations and implementations of removed sets revision, like the ones proposed in
[2], [18], [5]. However, in our application, we need to compute all preferred removed
sets which is not possible with these recent implementations.

2.2 Removed Sets Revision Translated into a SAT Problem

The Removed Set Revision can be translated into a SAT problem using the transformation
proposed by De Kleer for ATMS [14]. Each clause c of K is replaced by the formula
φc → c, where φc is a new variable, called hypothesis variable. If φc is assigned true
then φc → c is true iff c is true, this enforces c, on contrast if φc is assigned false then
φc → c is true whatever the truth value of c, the clause c is ignored. Let H(K) be the
transformed set of clauses. The Removed Set Revision of K by A corresponds to the
problem of looking for models of the set of clauses H(K) ∪ A which minimize the
number of falsified hypothesis variables φc. This leads to the definition of a preference
relation between interpretations. Let first introduce some notations. HK denotes the
set of hypothesis variables, i. e. HK = {φc | φc → c ∈ H(K)} and let ω be an
interpretation, NI(ω) denotes the number of hypothesis variables that are falsified by
the interpretation ω, i. e. NI(ω) =| {φc ∈ HK | ω �|= φc} |2.

Definition 2. Let ω be an interpretation, ω is a HK-preferred model of H(K) ∪ A iff
(i) ω ∈ Mod(H(K) ∪A); (ii) ∀ω′ ∈ Mod(H(K) ∪A), ω′ �= ω, NI(ω) ≤ NI(ω′).

1 | R | denotes the number of clauses of R.
2 For the sake of simplicity, we identify an hypothesis variables and a propositional formula.
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The link between removed sets and models of H(K) ∪ A is made by the following
definition which assign each removed setR a set of models ofH(K)∪A denoted byMR.

Definition 3. Let R be a removed set of K∪A the set of models of H(K)∪A generated
by R, denoted by MR, is a subset of Mod(H(K) ∪A) such that (i) ∀c ∈ R, M �|= φc
where M ∈ MR; (ii) ∀c ∈ H(K) ∪A\R, M |= φc where M ∈ MR.

And the following proposition holds:

Proposition 1. ∀M ∈ MR. R is a removed set iff M is a HK-preferred model of
H(K) ∪A.

Performing Removed Set Revision of K by A amounts to looking for the HK-
preferred models of H(K) ∪ A. This can be achieved using a SAT-solver. In order to
compare different implementations of Removed Set Revision we used the SAT-solver
MiniSat[7] which is a simplified version of the solver SATZOO that won the last SAT
2003 competition.

3 Prioritized Removed Sets Revision

We now present the Prioritized Removed Set Revision (PRSR) which generalizes the
Removed Set Revision presented in section 2.1 to the case of prioritized belief bases.
Let K be a prioritized finite set of clauses, where K is partitioned into n strata, i. e.
K = K1 ∪ . . . ∪Kn, such that clauses in Ki have the same level of priority and have
higher priority than the ones in Kj where j > i. K1 contains the clauses which are the
most prioritary beliefs in K, and Kn contains the ones which are the least prioritary in
K [1], see also [13].

WhenK is prioritized in order to restore consistency the principle of minimal change
stems from removing the minimum number of clauses from K1, then the minimum
number of clauses in K2, and so on. We generalize the notion of removed set in order
to perform Removed Sets Revision with prioritized sets of clauses. This generalization
first requires the introduction of a preference relation between subsets of K.

Definition 4. Let K be a consistent and prioritized finite set of clauses. Let X and X ′

be two subsets of K. X is preferred to X ′ iff (i) ∃i, 1 ≤ i ≤ n, | X∩Ki |<| X ′∩Ki |;
(ii) ∀j, 1 ≤ j < i, | X ∩Kj |=| X ′ ∩Kj |.

Prioritized removed sets are now defined as follows:

Definition 5. Let K be a consistent and prioritized finite set of clauses and let A be a
consistent finite set of clauses such that K ∪A is inconsistent. R, a subset of clauses of
K ∪ A, is a prioritized removed set iff (i) R ⊆ K; (ii) (K ∪ A)\R is consistent; (iii)
∀R′ ⊆ K, if (K ∪A)\R′ is consistent then R′ is not preferred to R.

4 Encoding PRSR in Answer Set Programming

We now show how we construct a logic program, denoted by PK∪A, such that the
preferred answer sets of PK∪A correspond to the prioritized removed sets of K ∪A. We
first construct a logic program in the same spirit of Niemelä in [19], and then define the
notion of preferred answer set in order to perform PRSR.
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4.1 Translation into a Logic Program

Our aim in this subsection is to construct a logic program PK∪A such that the answer
sets of PK∪A correspond to subsets R of K such that (K ∪A)\R is consistent. For each
clause c of K, we introduce a new atom denoted by rc and V denotes the set of atoms
such thatV = V +∪V −, withV + = Atom(K∪A)∪{rc | c ∈ K} andV − = {a′ | a ∈
Atom(K∪A)∪{rc | c ∈ K}} where Atom(K∪A) denotes the set of atoms occurring
in K∪A. The construction of PK∪A stems from the enumeration of interpretations of V
and the progressive elimination of interpretations which are not models of (K ∪ A)\R
with R = {c ∈ K | rc is satisfied }. This construction requires 3 steps: the first step
introduces rules such that the answer sets of PK∪A correspond to the interpretations of
the propositional variables occurring inV , the second step introduces rules that constraint
the answer sets of PK∪A to correspond to models of A, the third step introduces rules
such that answer sets of PK∪A correspond to models of (K ∪A)\R. More precisely:

(i) The first step introduces rules in order to build a one to one correspondence between
answer sets of PK∪A and interpretations of V +. For each atom a ∈ V + we
introduce two rules : a ← not a′ and a′ ← not a where a′ ∈ V − is the negative
atom corresponding to a.

(ii) The second step rules out answer sets of PK∪A which correspond to inter-
pretations which are not models of A. For each clause c ∈ A such that
c = ¬a0 ∨ · · · ∨ ¬an ∨ an+1 ∨ · · · ∨ am, the following rule is introduced:
false ← a0, · · · , an, a′n+1, · · · , a′m and in order to rule out false from the models
of A: contradiction ← false, not contradiction.

(iii) The third step excludes answer sets S which correspond to interpretations which
are not models of (K ∪ A)\Ci with Ci = {c | rc ∈ S}. For each clause c of K
such that c = ¬b0 ∨ · · · ∨¬bn ∨ bn+1 ∨ · · · ∨ bm, we introduce the following rule:
rc ← b0, · · · , bn, b′n+1, · · · , b′m.

The steps (i) and (ii) are very similar to the ones proposed by Niemela, but the third
one (iii) is new and is introduced for revision.

We denote by RK the set RK = {rc | c ∈ K} and R+
K (resp. R−K) denotes the

positive (resp. negative) atoms of RK . We denote by CL the mapping from R+
K to K

which associates to each atom of R+
K the corresponding clause in K. More formally,

∀rc ∈ R+
K , CL(rc) = c. The following result holds.

Proposition 2. Let K be a consistent and prioritized finite set of clauses and let A be a
finite consistent set of clauses. S is an answer set of PK∪A iff (K ∪ A)\CL(S ∩ R+

K)
is consistent.

In order to compute the answer sets corresponding to prioritized removed sets we
introduce the notion of preferred answer set.

4.2 Preferred Answer Sets

Let K = K1 ∪ . . . ∪ Kn. For 1 ≤ i ≤ n, the set RKi denotes RKi = {rc | rc ∈
RK , and c ∈ Ki} ∪ {r′c | r′c ∈ RK , and c ∈ Ki}. The positive and the negative
part of RKi

are respectively denoted by R+
Ki

= {rc | rc ∈ RK and c ∈ Ki} and
R−Ki

= {r′c | r′c ∈ RK and c ∈ Ki}.
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Definition 6. Let K be a consistent and prioritized finite set of clauses. Let S and S′

two sets of literals. S is preferred to S′ iff
(i) ∃i, 1 ≤ i ≤ n, | S ∩ R+

Ki
|<| S′ ∩ R+

Ki
|; (ii) ∀j, 1 ≤ j < i, | S ∩ R+

Kj
|=|

S′ ∩R+
Kj

|.

We are now able to define the notion of preferred answer set.

Definition 7. Let S be a set of atoms. S is a preferred answer set of PK∪A iff (i) S is
an answer set of PK∪A ; (ii) ∀S′ an answer set of PK∪A, S′ is not preferred to S .

The following result generalizes proposition 2.

Proposition 3. Let K be a consistent and prioritized finite set of clauses and let A be a
finite consistent set of clauses. R is a prioritized removed set of K ∪A iff there exists a
preferred answer set S such that CL(S ∩R+

K) = R.

In order to get a one to one correspondence between preferred answer sets and
prioritized removed sets, instead of computing the set of preferred answer sets of PK∪A
we compute X the set of subsets of literals of RK which are interpretations of RK
and that lead to preferred answer sets. More formally: X = {X an interpretation of
RK | ∃S, a preferred answer set, such that X ∩RK = S ∩RK}.

5 Adaptation of Smodels for PRSR

We now present the computation of Prioritized Removed Sets Revision based on the
adaptation of the smodels system; for more details see [12], [20], [28]. This is achieved
using two algorithms. The first algorithm, Prio, is an adaptation of the smodels system
algorithm which computes the set of subsets of literals of RK which lead to preferred
answer sets and which minimize the number of clauses to remove from each stratum.
The second algorithm, Rens, computes the prioritized removed sets of K ∪A, applying
the principle of minimal change defined in 5 for PRSR, that is, stratum by stratum.

5.1 Prio: An Adaptation of Smodels System

Let K = K1∪ . . .∪Kn. Consider the stratum k. Let L be a subset of literals which is an
interpretation of RK1∪...∪Kk−1 leading to an answer set and let X be the set of subsets
of literals which are interpretations of RK1∪...∪Kk

leading to an answer set and such
that they remove the same number of clauses from Kk. More formally: ∀X,Y ∈ X ,
| X ∩R+

K1∪...∪Kk
|=| Y ∩R+

K1∪...∪Kk
|. The algorithm Prio(PK∪A, L, k,X ) returns

the sets of literals which are interpretations ofRK1∪...∪Kk
that either containL or belong

to X and that minimize the number of clauses to remove from Kk, that is the number of
rc such that c ∈ Kk. The Prio algorithm constructs a set of literals L′ from L where, as
in the construction of smodels, several cases hold:

(i) if L′ is inconsistent then L′ does not lead to an answer set therefore X is returned.
(ii) if L′ is consistent then again several cases hold:

(1) if L′ removes more clauses from Kk than an element of X then X is returned.
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(2) if L′ leads to the same answer set than an element of X then X is returned.
(iii) if L′ is consistent and covers Atom(PK∪A) then

(3) if L′ removes less clauses from Kk than any element of X then X is cancelled
and L′ ∩ Lit(RK1∪...∪Kk

) is returned else L′ ∩ Lit(RK1∪...∪Kk
) is added

to X
(iv) if L′ is consistent and does not cover Atom(PK∪A) then using some heuristics a

new atom a ∈ Atom(PK∪A) is selected such that a �∈ L′. The algorithm starts
again withL′∪{a} and keeps inX ′ the sets of literals ofRK1∪...∪Kk

that minimize
the number of clauses to remove from Kk and strarts again with L′ ∪ {¬a}.

algorithm Prio(PK∪A, L, k,X )
L and L′ are sets of literals, a is an atom
begin
L′ ← Expand(PK∪A, L)
if L′ is inconsistent then

return X
else

if (1) ∃X ∈ X , | L′ ∩R+
K1∪...∪Kk

|>| X ∩R+
K1∪...∪Kk

| then
return X

else
if (2) L′ ∩ Lit(RK1∪...∪Kk ) ∈ X then

return X
else

if L′ covers Atom(PK∪A) then
if (3) ∃X ∈ X , | L′ ∩R+

K1∪...∪Kk
|<| X ∩R+

K1∪...∪Kk
| then

return {L′ ∩ Lit(RK1∪...∪Kk )}
else

return X ∪ {L′ ∩ Lit(RK1∪...∪Kk )}
end if

end if
end if

end if
else

a ← Heuristic(PK∪A, L′)
X ′ ← Prio(PK∪A, L′ ∪ {a}, k + 1,X )
return Prio(PK∪A, L′ ∪ {¬a}, k + 1,X ′)

end if
end

The main adaptations of the original smodels algorithm consist in: (1) avoiding all the
subsets of literals of RK1∪...∪Kk

leading to an answer set which removes more clauses
from Kk than those in X ; (2) not computing several times the same subsets of literals
of RK1∪...∪Kk

leading to an answer set; (3) comparing each new subset of literals of
RK1∪...∪Kk

leading to an answer set with the elements of X , if the new subset removes
less clauses from Kk than those in X then X is replaced by it.

5.2 Rens: An Algorithm Computing the Prioritized Removed Sets

We finally present the algorithm which computes the prioritized removed sets of K ∪A.
The idea is to proceed stratum by stratum using the Prio algorithm defined in the previous
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subsection. We start with the empty set and we first compute, the subsets of literals of
RK1 leading to an answer set which minimize the number of clauses to remove from K1,
then among these subsets we compute the subsets of literals of RK1∪K2 leading to an
answer set which minimize the number of clauses to remove from K2, and so on. From a
stratum to another, the algorithm Prio described in the previous subsection provides the
subsets of literals of RK1∪...∪Kk

leading to an answer set which minimize the number
of clauses to remove from Kk. The algorithm is the following:

algorithm Rens(PK∪A)
X and Y are two sets of sets of literals, k is an integer
begin
k ← 1
X ← {∅}
while k ≤ n do
Y ← {∅}
while X �= ∅ do

choose an element X ∈ X
Y ← Prio(PK∪A, X, k,Y)
X ← X\{X}

end while
X ← Y
k ← k + 1

end while
return {CL(X ∩R+

K1∪...∪Kk
) | X ∈ X}

end

And the following proposition holds.

Proposition 4. Let K be a consistent and prioritized finite set of clauses and let A
be a finite consistent set of clauses. R is prioritized removed set of K ∪ A iff R ∈
Rens(PK∪A).

6 Application in the Framework of GIS

6.1 Description of the Application

The aim of the application is to assess water height at different locations in a flooded
valley. The valley is segmented into compartments in which the water height can be
considered as constant. We want to assess a minimum/maximum interval of water height
for each compartment in the valley. We have two sources of information about these
compartments (aside from the knowledge of their geographical layout), see figure 1.

The first source of information (S2) is a set of hydraulic relations between neigh-
bouring compartments. This source is incomplete (not all neighbouring compartments
are connected) and quite certain. The second source of information (S1) consists of a set
of initial assessments of minimal and/or maximal submersion heights for some compart-
ments (i.e. this source in incomplete). This information is uncertain. For more details
see [23] and [32].
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compartment A

compartment B

A+ = 1.3m

initial assessment of max submersion height

flow relation

B− = 1.3

initial assessment of min submersion height

Fig. 1. Visual description of the sources of information in the flooding application.

6.2 Representation with a Logic Program

The available knowledge is translated into a set of propositional formulas. The descrip-
tion of the variables (water heights) and their domains leads to n-ary positive clauses
(enumeration of possible values) and binary negative clauses (mutual exclusion of the
values). The initial assessments of water heights for some compartments are translated
into a set of monoliteral clauses representing the assessed heights. In the following, we
denote by S1 the set of clauses describing the initial assessments.

Concerning hydraulic relations, we have seen that they are expressed in terms of
inequalities on the bounds of the water height. They are translated into binary negative
clauses representing the exluded tuples of values. In the following, we denote by S2 the
set of clauses containing the clauses representing the hydraulic relations and the variable
descriptions. S1 is consistent, and S2 is consistent, but S1 ∪ S2 can be inconsistent. We
want to drop out some of the initial assessments of S1 in order to restore consistency.
This leads to the revision of S1 by S2.

Example 1. LetA andB be two compartments, defining the following variables :A+ and
A− for maximal and minimal submersion height for compartment A, and B+ and B−

for the same counterparts for B. These variables are defined on a domain D = {1, 2, 3}.
There is a flow pouring from A to B and there are assessments telling us that the
maximum submersion height is 2 for A and 3 for B. The translation leads to a set S2
containing : (a) clauses describing the variables,

⎧⎪⎪⎨
⎪⎪⎩

A+
1 ∨ A

+
2 ∨ A

+
3 ,¬A

+
1 ∨ ¬A

+
2 ,¬A

+
1 ∨ ¬A

+
3 ,¬A

+
2 ∨ ¬A

+
3 ,

A−
1 ∨ A

−
2 ∨ A

−
3 ,¬A

−
1 ∨ ¬A

−
2 ,¬A

−
1 ∨ ¬A

−
3 ,¬A

−
2 ∨ ¬A

−
3 ,

B+
1 ∨ B

+
2 ∨ B

+
3 ,¬B

+
1 ∨ ¬B

+
2 ,¬B

+
1 ∨ ¬B

+
3 ,¬B

+
2 ∨ ¬B

+
3 ,

B−
1 ∨ B

−
2 ∨ B

−
3 ,¬B

−
1 ∨ ¬B

−
2 ,¬B

−
1 ∨ ¬B

−
3 ,¬B

−
2 ∨ ¬B

−
3

⎫⎪⎪⎬
⎪⎪⎭
,

and (b) the clauses describing the inequalities representing the flow relation (i.e. A+ ≥
B+, A− ≥ B−, A+ > B−),

⎧⎨
⎩

¬A+
1 ∨ ¬B

+
2 ,¬A

+
1 ∨ ¬B

+
3 ,¬A

+
2 ∨ ¬B

+
3 ,

¬A−
1 ∨ ¬B

−
2 ,¬A

−
1 ∨ ¬B

−
3 ,¬A

−
2 ∨ ¬B

−
3 ,

¬A+
1 ∨ ¬B

−
1 ,¬A

+
1 ∨ ¬B

−
2 ,¬A

+
1 ∨ ¬B

−
3 , . . . ,¬A

+
3 ∨ ¬B

−
3

⎫⎬
⎭ .

The set S1 contains the initial assessments, that is, S1 =
{
A+

2 , B+
3

}
. In practice, of

course, the problem is compactly encoded by means of cardinality constraints.

For each clause c ∈ S1 we introduce a new atom rc and we construct a logic program
PS1∪S2 according to the translation proposed in section 4.1.
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Example 2. Considering the previous example, the encoding is as follows: The genera-
tion rules for each propositional variables and each new atom rc: (i) A+

1 ← not A
′+
1 ,

A
′+
1 ← not A+

1 , etc. One rule for each clause of S2. The translation of the set S2 be-
gins as follows : (ii) false ← notA+

1 , not A+
2 , not A+

3 , false ← A+
1 , A+

2 , etc. and
the contradiction detection rule : contradiction ← not contradiction, false. One
rule for each clause of S1. The translation of the set S1 gives the following rules: (iii)
rA+

2
← A

′+
2 , rB+

3
← B

′+
3

6.3 Experimental Study and Comparison

This subsection presents a summary of experimental results provided by our answer set
programming (ASP) encoding of RSR and PRSR. The tests are conducted on a Pentium
III cadenced at 1GHz and equipped with 1GB of RAM.

Comparison between ASP encoding and REM algorithm. We first compare our ASP
encoding to the REM algorithm presented by Würbel and al. in [32] which computes
the removed sets by using a modification of Reiter’s algorithm for the computation of
minimal hitting sets.

Due to the lack of space we do not reproduce the tests provided in [32] by the
REM algorithm, we just recall that REM was only able to handle 25 compartments
(see [32] for more details). We compared ASP encoding to REM algorithm and we
observed that until 20 compartments, the two approaches behave similarly. However,
from 25 compartments, the answer set approach is significally better than REM approach.
Moreover ASP encoding can handle the whole area of 120 compartments.

Comparison between ASP encoding and SAT encoding. We now compare the ASP
encoding to a SAT encoding implemented with an efficient SAT-solver, MiniSat. The
test deals with an increasing number of compartments from ten (210 variables, 2387
clauses) to sixty four compartments (1381 variables, 18782 clauses). The aim of this
test is to compare the two approaches performances on the application and to identify
their limits. Ten tests have been performed for a same number of compartments and an
average running time on the ten tests is given.

Until 35 compartments, the two approaches behave similarly. From 40 compartments,
the ASP encoding begins to give better results, and from 45 compartments the ASP
encoding is significally better than the SAT encoding. From 50 compartments the SAT
encoding reaches a limit in CPU time (10 hours). The ASP encoding can deal with 60
compartments with a reasonable running time (few minutes) and reaches a limit in CPU
time around 64 compartments. This is illustrated in figure 2.

Benefit of adding priorities. Prioritized Removed Set Revision is performed with a
stratification of S1 induced from the geographic position of compartments. Compart-
ments located in the north part of the valley are preferred to the compartments located in
the south of the valley. Using a stratification of S1 table 2 shows that Rens significally
reduces the running time.

In the flooding application we have to deal with an area consisting of 120 compart-
ments and the stratification mentioned above is useful to deal with the whole area. Using
the stratification table 2 shows that Rens can deal with the whole area with a reasonable
running time.



614 J. Ben-Naim et al.

 0

 50

 100

 150

 200

 250

 300

 350

 10  20  30  40  50  60  70

tim
e 

(s
)

number of compartments

RSR with MiniSat
RSR with ASP

Fig. 2. Comparison between ASP encoding and SAT encoding in the flooding application.

Table 1. Gains induced by Rens.

# of compartments #strata time Rens (s) # of variables # of clauses
64 2 55 1381 18782
64 3 21 1381 18782
64 4 24 1381 18782
64 5 19 1381 18782

Table 2. Gains induced by Rens on an area containing 120 compartments.

# of compartments #strata time Rens (s) # of variables # of clauses
120 2 24132.49 2343 33751
120 3 3047.55 2343 33751
120 4 1698.67 2343 33751
120 5 424.62 2343 33751

7 Concluding Discussion

This paper generalized Removed Sets Revision to prioritized belief bases (Prioritized
Removed Sets Revision) and shows that PRSR can be successfully encoded into answer
set programming. An implementation stemming from smodels system is proposed and
an experimental study in the framework of GIS shows that the answer set approach gives
better results than the REM algorithm based on the adaptation of Reiter’s algorithm for
diagnosis and than an implementation based on an efficient SAT-solver MiniSat. Indeed,
it first allows to deal with the whole area if priorities are provided, and even if there are no
priorities, it can deal with 64 compartments, which is impossible with the REM algorithm
nor with the SAT approach. It is important to note that both ASP encoding and SAT
encoding introduce new variables (basically associated to clauses of the knowledge base).

In order to compute answer sets corresponding to prioritized removed sets we intro-
duced the notion of preferred answer set, an interesting question to investigate is how
to directly encode this notion of preference in the logic program in order to get a direct
one to one correspondence between answer sets and prioritized removed sets.

In [29], Extended language of smodels has been proposed as well as optimization
statements for the smodels system. In PRSR we use cardinality constraints for encoding
the data more compactly, however a first experimentation shows that the use of the
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optimization statements like the minimize statement is not suitable because all answer
sets are first generated then the required ones are filtered according to the minimize
statement. The adaptation of smodels avoids the generation of all answer sets and the
Rens algorithm partition the set of answer sets in classes such that only one answer set
is computed by class.

A future work will compare our approach to other extensions of ASP. Among them,
Prioritized Logic Programming (PLP) which deals with preferences among literals
[26]. Answer Set Optimization approach (ASO) [3], which uses two different logic
programs, the first one generates all the possible answer sets and the context dependent
preferences are described in the second one. Several approaches have been proposed for
dealing logic programs with preferences where the preference relation is a preference
among rules like in [6]. A comparative study [27] has shown that these approaches can
be characterized in terms of fixpoints, order preservation and translation into standard
logic programs. Most of these approaches first generate all answer sets for a program
then select the preferred ones. On contrast, we adapted the smodels algorithm in order
to directly compute the preferred answer sets.
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20. I. Niemelä and P. Simons. An implementation of stable model and well-founded semantics
for normal logic programs. In Proceedings of LPNMR’97, pages 420–429, 1997.

21. Odile Papini. A complete revision function in propositionnal calculus. In B. Neumann, editor,
Proceedings of ECAI92, pages 339–343. John Wiley and Sons. Ltd, 1992.

22. Odile Papini. Knowledge base revision. The Knowledge Engineering Review, 15(4):339–370,
2000.

23. D. Raclot and C. Puech. Photographies aériennes et inondation : globalisation d’informations
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Abstract. In this paper we show how protocol insecurity problems expressed in a
multi-set rewriting formalism can be automatically translated into logic program-
ming problems. The proposed translation paves the way to the construction of model-
checkers for security protocols based on state-of-the-art solvers for logic programs.
We have assessed the effectiveness of the approach by running the proposed reduc-
tion against a selection of insecurity problems drawn from the Clark & Jacob library
of security protocols: by running state-of-the-art solvers against the resulting logic
programming problems most of the (known) attacks on the considered protocols are
found in a few seconds.

1 Introduction

Security protocols are communication protocols that aim at providing security guarantees
(such as authentication of principals or secrecy of information) through the application of
cryptographic primitives. In spite of their apparent simplicity security protocols are noto-
riously error-prone. Quite interestingly, many attacks can be carried out without breaking
cryptography. These attacks exploit weaknesses in the protocol that are due to unexpected
interleavings of different protocol sessions as well as to the possible interference of ma-
licious agents. Since these weaknesses are very difficult to spot by simple inspection of
the protocol specification, security protocols received growing attention by the Formal
Methods and Automated Reasoning communities as a new, challenge application domain.

In the last decade we thus witnessed the development of a large number of new tech-
niques for the analysis of security protocols. While some techniques (e.g., [21,15,7]) are
tailored to the analysis of security protocols, others reduce the analysis of security pro-
tocols to some general purpose formalism such as CSP [14], rewriting logic [9], logic
programming [1], or propositional logic [6]. While techniques in the first camp usually
exhibit better performance, techniques in the second camp are normally simpler to adapt
in response to changes or extensions to the underlying model.
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semantics. The proposed translation paves the way to the construction of model-checkers
for security protocols based on state-of-the-art solvers for logic programs.We implemented
our ideas within SATMC,1 a model-checker for security protocols developed in the context
of the AVISPA Project,2 a platform that aims at supporting the development of large-scale
Internet security-sensitive protocols. We assessed the effectiveness of the approach by
running the proposed reduction against a selection of problems drawn from Clark & Jacob
library of security protocols [8]. By running a state-of-the-art answer set solver (e.g.
cmodels or [13] smodels [17]) against the resulting logic programming problems most
of the (known) attacks on the considered protocols are found in a few seconds.

Outline of the paper. We start in Section 2 by introducing security protocols via a well-
known (flawed) authentication protocol. In Section 3 and Section 4 we define the notions
of protocol insecurity problems and logic programs, respectively. Section 5 is devoted
to the description of the proposed reduction of protocol insecurity problems into logic
programming. Experimental results are discussed in Section 6. We conclude in Section 7
with some final remarks.

2 The Needham-Schroeder Public-Key Protocol

Let us consider the well-known Needham-Schroeder Public-Key (NSPK) authentication
protocol. In the common Alice&Bob notation, the NSPK protocol can be represented as:

(1 ) A → B : {A,Na}Kb
(2 ) B → A : {Na,Nb}Ka
(3 ) A → B : {Nb}Kb

where A and B are the roles involved in the protocol; Ka and Kb are the public keys of
A and B, respectively; Na and Nb are nonces3 generated, respectively, by A and B. Step
(1 ) of the protocol denotes A sending B a message comprising the identity of A and the
nonce Na encrypted with Kb. Since {A,Na}Kb can only be deciphered by means of the
private key Kb−1 and the latter is (by assumption) only known by B, then the effect of
Step (1 ) is that only B can possibly learn the value of Na. In Step (2 ) agent B proves to
A his participation in the protocol and, by sending Nb, asks A to do the same. In Step (3 )
agent A concludes by proving to B her own participation in the protocol. Thus successful
execution of the NSPK protocol should give evidence to A and B that they talked to each
other. The rationale is that, under the perfect cryptography assumption (see Section 3),
only B and A could compose the appropriate response to the messages issued in (1 ) and
(2 ), respectively.

Note that the above specification is parametric in the variablesA,B,Ka,Kb,Na,Nb.
Thus, if we denote the above protocol specification by NSPK(A,B,Ka,Kb,Na,Nb),
thenNSPK(alice, i, ka, ki, na, ni) andNSPK(alice, bob, ka, kb, na2, nb) denote two
sessions whereby alice executes the protocol with i (the intruder) and bob respectively.4

1 http://www.ai.dist.unige.it/satmc
2 http://www.avispa-project.org
3 Nonces are numbers randomly generated by principals and are intended to be used only once.
4 Here and in the rest of the paper we use capitalized identifiers for variables and lowercase

identifiers for constants.



Automatic Compilation of Protocol Insecurity Problems into Logic Programming 619

By using messages from one session to form messages in the other as illustrated below, i
deceives bob into believing that he is talking to alice whereas he is talking to i:

(1 .1 ) alice → i : {alice, na}ki
(2 .1 ) i(alice) → bob : {alice, na}kb
(2 .2 ) bob → i(alice) : {na, nb}ka
(1 .2 ) i → alice : {na, nb}ka
(1 .3 ) alice → i : {nb}ki
(2 .3 ) i(alice) → bob : {nb}kb

where i(alice) indicates the intruder pretending to be alice.

3 Protocol Insecurity Problems

We model the concurrent execution of security protocols by means of a state transition
system specified in declarative language based on multi-set rewriting [2]. In this paper we
assume that the network is controlled by the very general Dolev-Yao intruder [10]. In this
model the intruder has the ability to eavesdrop, divert, compose, decompose, encrypt, and
decrypt messages. Furthermore we make the standard assumptions of perfect cryptography
i.e. an encrypted message can be decrypted only with the appropriate decryption key, and
of strong typing i.e. agents accept only well-typed messages.

A protocol insecurity problem is a tupleΞ = 〈F ,L,R, I,G〉whereF is a set of atomic
formulae of a sorted first-order language called facts, L is a set of function symbols called

rule labels, and R is a set of (rewrite) rules of the form L
�−→ R, where L and R are

finite subsets of F such that the variables occurring in R occur also in L, and � is an
expression of the form l(x), called rule name, where l ∈ L and x is the vector of variables

obtained by ordering the variables occurring in L lexicographically. Let L1
�1−→ R1 ∈ R

and L2
�2−→ R2 ∈ R; we require that �1 = �2 if and only if L1 = L2 and R1 = R2. This

additional requirement ensures that rule names are in one-to-one relation with the rewrite
rules inR; thus in the sequel we will often use rule names and rewrite rules interchangeably
for the sake of brevity. I is a subset of F representing the initial state. In this setting, a
state is denoted by the set of ground facts S ⊆ F that are true in it. (The ground facts that
do not occur explicitly in S are considered to be false.) It is also possible to denote a state
by the conjunction of facts that are true in it. Finally G is a boolean combination of facts in
disjunctive normal form (DNF), whose disjuncts represent the bad states of the protocol.

Let S be a state and (L �−→ R) ∈ R. If σ is a substitution such that Lσ ⊆ S,

then one possible next state is S′ = (S \ Lσ) ∪ Rσ and we indicate this with S
�σ�

S′. A solution to (or attack on) a protocol insecurity problem Ξ is a sequence of rules

�0σ1, . . . , �k−1σk−1 where σ1, . . . , σk−1 are grounding substitutions5 such that Si
�iσi�

Si+1 for i = 0, . . . , k − 1 with S0 = I and Sk |= G (where |= denotes entailment in
classical logic).

It is convenient to relax the definition of the transition relation associated with a
protocol insecurity problem by allowing parallel executions of rules while preserving the

5 A substitution is grounding if it maps every variable of the language to a ground term.
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interleaving semantics. Let L1
�1−→ R1 and L2

�2−→ R2 be in R and let σ1 and σ2 be
grounding substitutions such that �1σ1 �= �2σ2. We say that �1σ1 conflicts with �2σ2 if
and only if L1σ1 ∩ (L2σ2 \ R2σ2) �= ∅ or L2σ2 ∩ (L1σ1 \ R1σ1) �= ∅. Let S be a

state, Li
�i−→ Ri ∈ R for i = 1, . . . ,m, L = (

⋃m
i=1 Liσi), R = (

⋃m
i=1 Riσi), and

Λ = {�1σ1, . . . , �mσm}, then we define S
Λ�
P

S′ if and only if S′ = ((S \ L) ∪ R),

(L \ R) ∩ (R \ L) = ∅ and for each i, j = 1, . . . ,m with i �= j, we have that �iσi does
not conflicts with �jσj .

A partial-order solution to (or partial-order attack on) a protocol insecurity problem

Ξ is a sequence of sets Λ0, . . . , Λk−1 such that Si
Λi�
P

Si+1 for i = 0, . . . , k − 1 with

S0 = I and Sk |= G. The length of a partial-order attack is given by the number of sets
in the sequence.

4 Logic Programming

A literal is an expression of the form a or ¬a where a is an atom. A logic rule (lp-rule) is
an expression

l0 ← l1, . . . , lm, not lm+1, . . . , not ln (1)

where l0 is a literal or the symbol⊥ for falsehood, and l1, . . . , ln are literals for 0 ≤ m ≤ n.
The literal l0 is called head of the lp-rule whereas l1, . . . , lm, not lm+1, . . . , not ln is the
body. If the head of an lp-rule is ⊥ then the lp-rule is called constraint and it is written
← l1, . . . , lm, not lm+1, . . . , not ln. If the body of an lp-rule is empty then lp-rule is
called logic fact (lp-fact). A logic program is a finite set of lp-rules.

We interpret logic programs via the answer set semantics [11,12,19]. Let Π be a logic
program comprising lp-rules with n = m (i.e. Π is a program without any occurrence of
not) and let X be a consistent set of literals; we say that X is closed under Π if, for every
lp-rule in Π , l0 ∈ X whenever {l1, . . . , lm} ⊆ X . We say that X is an answer set for
Π if X is the smallest set closed under Π . Now let Π be an arbitrary logic program and
let X be a consistent set of literals. The reduct ΠX of Π relative to X is the set of rules
l0 ← l1, . . . , lm for all lp-rules in Π such that X ∩ {lm+1, . . . , ln} = ∅. Thus ΠX is a
program without not. We say that X is an answer set for Π if X is an answer set for ΠX .

We finally extend the class of lp-rules with choice lp-rules, i.e. expressions of the form:

{l0} ← l1, . . . , lm, not lm+1, . . . , not ln (2)

where l0, . . . , ln are literals. For the lack of space here we do not provide the precise
definition of the semantics of logic programs with choice lp-rules. (For a precise definition
of an answer set for logic programs with choice lp-rules please see [18].) However, for the
purposes of the present paper, it suffice to give the following, informal explanation. We
say that the body of lp-rules of the form (1) or (2) is satisfied by X if {l1, . . . , lm} ⊆ X
and {lm+1, . . . , ln} ∩X = ∅. If, on the one hand, an lp-rule prescribes that if the body is
satisfied by the answer set then its head must be in the answer set too. A choice lp-rule,
on the other hand, prescribes that if its body is satisfied by the answer set, its head may or
may not be in the answer set.
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To illustrate, let us consider the program composed by lp-rules a ←, {b} ← a, and
c ← b. It has two answer sets {a} and {a, b, c}. Clearly the body of the first rule is satisfied
therefore a shall be part of all answer sets. The body of the second choice lp-rule is also
satisfied hence b may be in the answer set. The satisfaction of the body of the last rule
depends on weather b is in the answer set or not. By adding the constraint ← c to the
example program we can eliminate the second answer set.

For simplicity in the sequel we will use the term lp-rules in a broad sense so to
encompass also choice lp-rules.

5 Protocol Insecurity Problems as Logic Programs

Let Ξ = 〈F ,L,R, I,G〉 be a protocol insecurity problem with finite F and R6 and let k
be a positive integer. In this section we will show how to build a logic program Πk

Ξ such
that any answer set of Πk

Ξ corresponds to a partial-order attack on Ξ of length k. The
basic idea of our translation is to add a time stamp i to rule names and facts. Facts are thus
indexed by 0 through k and rule name by 0 through k− 1. If p is a fact or a rule name and
i is a time stamp in the appropriate range, then pi is the corresponding atom. Program Πk

Ξ

is the union of the following lp-rules modeling the initial state, the goal, the execution of
rewrite rules, the law of inertia, and mutual exclusion of conflicting rules.

For brevity we describe the translation by showing its application to the protocol
insecurity problemΞnspk that models the two sessions of the NSPK authentication protocol
informally introduced in Section 2. The facts in Ξnspk are:

– ik(T ), meaning that the intruder knows the message T ;
– fresh(N), meaning that the nonce N has not been used yet;
– m(J, S,R, T ), meaning that S supposedly sent message T to R at step J ;
– w(J, S,R, [T1, . . . , Tk], C), meaning that R knows messages T1, . . . , Tk at step J

of session C, and—if J �= 0—also that a message from S to R is awaited for step J
of session C to be executed.

Initial State. The set I contains facts that encode the initial state. For each f ∈ I there
is a corresponding lp-fact f0 ←. For instance, the initial state of Ξnspk is:7

w(0, a, a, [a, i, ka, ka−1, ki], 1) (3)

� w(0, a, a, [a, b, ka, ka−1, kb], 2) � w(1, b, a, [b, a, kb, kb−1, ka], 2) (4)

� fresh(nc(n1, 1)) (5)

� fresh(nc(n1, 2)) � fresh(nc(n2, 2)) (6)

� ik(i) � ik(a) � ik(b) � ik(ki) � ik(ki−1) � ik(ka) � ik(kb) (7)

Fact (3) states that honest agent a plays the role of initiator in session 1 and knows her
own identity, the agent she would like to talk with (the intruder), her public and private
keys, and the intruder public key. Facts (4) represent the initial state of the honest agents

6 For simplicity of the description of translation we assume F andR to be ground.
7 To improve readability we use the “�” operator as set constructor. For instance, we write “x �y �z”

to denote the set {x, y, z}.
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a and b and specify their involvement as initiator and responder (resp.) in session 2. Facts
(5) and (6) state the initial freshness of the nonces. Facts (7) represent the information
known by the intruder. The lp-rules corresponding to the initial state are:

w(0, a, a, [a, i, ka, ka−1, ki], 1)0 ←
...

ik(kb)0 ←

Goal. We recall that the goal if a formula in DNF specifying the set of bad states, whose
reachability implies a violation of the desired security property. (For simplicity, here we
assume that G contains only positive facts.) For each disjunct g1 ∧ . . . ∧ gn of G we
generate the lp-rule goal ← g1

k, . . . , gn
k. The constraint ← not goal is also included

in the output logic program. It restricts the answer sets to contain goal.
For example, successful execution of NSPK should ensure authentication of the re-

sponder with the initiator and vice versa. The attack situation can be easily modeled by
the goal formula w(1, a, b, [b, a, kb, kb−1, ka], s(2)) ∧ w(0, a, a, [a, b, ka, ka−1, kb], 2)
that represents all the states in which b believes to have completed a session with a, while
a did not start this session with him. The corresponding lp-rules are:

goal ← w(1, a, b, [b, a, kb, kb−1, ka], s(2))i,
w(0, a, a, [a, b, ka, ka−1, kb], 2)i

← not goal

Inertia. For each f ∈ F there is an lp-rule of the form f i+1 ← f i, not ¬f i+1. Such
lp-rule states that if some fact f is true at time i it is also true at time i + 1 unless it is
inferred to be false at time i+1. For instance, the inertia for the facts modeling the intruder
knowledge is modeled by:

ik(T )i+1 ← ik(T )i, not ¬ik(T )i+1

Rewrite Rule Execution. For each rewrite rule (L �−→ R) ∈ R with L = {l1, . . . , lm},
we generate the following lp-rules:

{�i} ← l1
i, . . . , lm

i,
f i+1 ← �i, for each f ∈ R \ L, and
¬f i+1 ← �i, for each f ∈ L \R.

The first rule states that if elements of L are satisfied at time i then rule � might be applied
at the same time. The last two rules state that if the rule � is applied at time i then at i+ 1
the facts that belong to R \L hold and the ones which belong to L \R do not hold. In the
last rule we introduce ¬f i+1 for all facts f ∈ L \ R. When combined with the lp-rules
modeling the inertia this forces f to not hold at time i + 1.

We call the rules modeling the behavior of honest agents protocol rules and rules
representing the intruder intruder rules. Here for the sake of brevity we present only one
rewrite rule for each type and their corresponding compilation.
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The following protocol rule models the activity of sending the first message of
the NSPK:

fresh(nc(n1, S)) � w(0, A,A, [A,B,Ka,Ka−1,Kb], S)
step0(A,B,Ka,Kb,S)−−−−−−−−−−−−−→

w(2, B,A, [nc(n1, S), A,B,Ka,Ka−1,Kb], S)
� m(1, A,B, {A,nc(n1, S)}Kb)

The lp-rules corresponding to this rewrite rule are:

{step0(A,B,Ka,Kb, S)i} ← fresh(nc(n1, S))i,
w(0, A,A, [A,B,Ka,Ka−1,Kb], S)i

w(2, B,A, [nc(n1, S), A,B,Ka,Ka−1,Kb], S)i+1 ← step0(A,B,Ka,Kb, S)i

m(1, A,B, {A,nc(n1, S)}Kb)i+1 ← step0(A,B,Ka,Kb, S)i

¬fresh(nc(n1, S))i+1 ← step0(A,B,Ka,Kb, S)i

¬w(0, A,A, [A,B,Ka,Ka−1,Kb], S)i+1 ← step0(A,B,Ka,Kb, S)i

The following intruder rule models the ability of the intruder to decrypt messages:

ik({M}K) � ik(K−1)
decrypt(K,M)−−−−−−−−−→ ik({M}K) � ik(K−1) � ik(M) (8)

It states that if the intruder knows both the cypher-text {M}K and the decryption key
K−1, then he can learn M . The lp-rules corresponding to this rewrite rule are:

{decrypt(K,M)i} ← ik({M}K)i, ik(K−1)i

ik(M)i+1 ← decrypt(K,M)i
(9)

Conflicts Exclusion. For each pair of conflicting rules �1 and �2 we generate a constraint
of the form

← �1
i, �2

i

In this way we forbid the parallel execution of conflicting rewrite rules.
For instance, step0(a, b, ka, kb, 2) and step0(a, i, ka, ki, 2) are conflicting

rules in Ξnspk since they would use simultaneously the same fresh nonce
nc(n1, 2). This is encoded in logic programming by means of the constraint
← step0(a, b, ka, kb, 2)i, step0(a, i, ka, ki, 2)i.

LetA is an answer set for the logic programΠk
Ξ and letΛi = {�σ : �σi ∈ A and (L �−→

R) ∈ R} for i = 0, . . . , k − 1, then it can be shown that Λ0, . . . , Λk−1 is a partial-order
attack on Ξ .

It is worth pointing out that while the above reduction paves the way to an automatic
compilation of protocol insecurity problems into logic programs, its direct application is
not viable as the resulting logic programs can be of unmanageable size even for simple
protocols. To overcome this difficulty in [3] we introduced a number of (attack preserving)
optimizing transformations on protocols insecurity problems that make the approach both
feasible and effective on many protocols of interest.
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6 Experimental Results

SATMC is a SAT-based Model-Checker for security protocol analysis. Given a protocol in-
security problem Ξ , as a preliminary step SATMC applies the optimizing transformations
presented in [3] to Ξ thereby obtaining a new protocol insecurity problem Ξ ′ such that
any attack on Ξ ′ corresponds to an attack on Ξ and vice versa. Then SATMC generates a
SAT formula ΦkΞ′ (for increasing values of k) such that any model of ΦkΞ′ corresponds to
an attack on Ξ ′ (and hence to an attack on Ξ). Models of SAT formulae are automatically
found by invoking state-of-the-art SAT solvers.

In order to assess the effectiveness of the reduction described in this paper we have
developed a prototype implementation of the translation described in Section 5. As a
consequence, SATMC can now also translate the optimized protocol insecurity problem
Ξ ′ into a logic program Πk

Ξ′ (for increasing values of k). The logic program Πk
Ξ′ is then

fed to the grounder lparse8 and then to a state-of-the-art solver. (Currently both smodels
and cmodelscan be used to this end.) Once an answer set is found, SATMC transforms it
into a partial-order attack that is reported to the user.

We ran SATMC against a selection of flawed security protocols drawn from the Clark &
Jacob library [8]. For each protocol we built a corresponding protocol insecurity problem
modeling a scenario with a bounded number of sessions in which the involved principals
exchange messages on a channel controlled by the most general intruder based on the
Dolev-Yao model.

Table 1 reports the experimental results obtained by compiling to logic programs (LP
sub-table) and by compiling to SAT9 (SAT sub-table). We used cmodels as solver for
logic programs and Chaff [16] as SAT solver. Experiments were carried out on a PC with
a 1.4 GHz CPU and 1 GB of RAM.

For each protocol we give the smallest value of k at which the attack is found (K). We
also give the time spent for generating the logic program (if2lp) and the time spent by
lparse for grounding it (lparse),10 the number of lp-atoms (LP ATs) and lp-rules (LP
Rules) in the logic program (in thousands), the time spent by cmodels for solving the
logic program (LP SolT)11 together with the number of atoms (ATs) and clauses (CLs) in
the SAT formula generated by cmodels in this solving phase (in thousands). Moreover,
we give the time spent by SATMC for generating the SAT formula (EncT), the number of
propositional variables (ATs) and clauses (CLs) in the SAT formula (in thousands), and
the time spent by Chaff to solve the SAT formula (SolT).

Since cmodels[13] reduces the problem of finding answer sets of logic programs by
reduction to SAT, it is interesting to compare the number of atoms and clauses directly
generated by SATMC with that generated by cmodelsby compiling the logic program
obtained by applying the reduction technique described in this paper. SATMC uses a
noticeably smaller number of atoms, while the number of clauses generated often speaks

8 http://www.tcs.hut.fi/Software/smodels/lparse.ps.gz
9 SATMC supports a variety of techniques for compiling protocol insecurity problems to SAT. The

experiments described in this paper are obtained by using the linear encoding technique. See [4]
for a survey of the encoding techniques supported by SATMC.

10 The time spent for generating the ground logic program (LP EncT) is the sum of if2lp and
lparse.

11 The results obtained by running smodels on this application domain are really comparable with
those of cmodels.
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Table 1. Experimental results.

Reduction to Logic programming (LP) Reduction to SAT (SAT)

Pb K LP EncT LP LP cmodels EncT ATs CLs SolT
(if2lp / lparse) ATs Rules ATs CLs LP SolT

ISO-CCF-1 U 4 0.10 / 0.28 < 1 2 < 1 1 0.02 0.04 < 1 < 1 0.00
ISO-CCF-2 M 4 0.18 / 1.12 2 7 2 3 0.05 0.32 < 1 6 0.01
ISO-PK-1 U 4 0.19 / 0.95 1 4 1 2 0.03 0.12 < 1 2 0.00
ISO-PK-2 M 4 0.50 / 3.87 4 17 4 4 0.14 0.89 2 17 0.00
ISO-SK-1 U 4 0.09 / 0.29 < 1 2 < 1 1 0.02 0.04 < 1 < 1 0.00
ISO-SK-2 M 4 0.25 / 1.65 4 11 4 4 0.11 0.38 < 1 3 0.00
NSPK 7 0.46 / 7.54 12 80 12 14 0.65 2.31 7 51 0.09
NSPK-server 8 2.74 / 26.54 17 198 17 19 1.47 8.03 9 212 0.22
SPLICE 9 1.79 / 72.44 27 333 27 32 2.47 4.63 14 91 0.21
Swick 1 5 0.97 / 14.81 11 36 11 11 0.32 1.03 4 17 0.02
Swick 2 6 1.63 / 51.81 16 148 16 18 1.11 3.18 8 59 0.08
Swick 3 4 0.38 / 24.36 6 12 6 7 0.13 0.82 5 12 0.02
Swick 4 5 1.85 / 137.98 20 62 20 21 0.59 11.05 15 64 0.18
Stubblebine rep 3 1.40 / 371.00 29 2,010 29 30 14.37 82.93 13 2,048 0.63

in favor of cmodels. The difference in the number of atoms can be explained by the
advantage of the grounder of SATMC tuned to the protocol insecurity problems over
the general purpose grounder lparse. As far as the number of clauses is concerned, the
difference is due to the fact that cmodels performs some reductions on the logic program
before translating it into a propositional formula.12

As far are the timings are concerned, the experimental results indicate that the SAT
approach outperforms the LP approach. But this is mainly due to the time spent by the
grounder lparse that largely dominates the other times.

In [5] an optimized intruder model is proposed that leads in many cases to shorter
attacks. The key idea is to model the ability of the intruder to decompose messages by
means of axioms instead of rewrite rules. (An axiom is a formula that states a relation
between the facts and that holds in all reachable states.) However, this requires non triv-
ial extensions to the SAT-reduction techniques, whereas its application to the approach
described in this paper is considerably simpler. For instance, the axiom

(ik({M}K) ∧ ik(K−1)) ⊃ ik(M) (10)

states that, every time the intruder knows both a message encrypted with the key K and
the decryption key K−1, then he also knows M at the very same time step. This can me
mimicked in logic programming by the lp-rules:

ik(M)i ← ik({M}K)i, ik(K−1)i

¬ik(K−1)i ← ¬ik(M)i, ik({M}K)i

¬ik({M}K)i ← ¬ik(M)i, ik(K−1)i
(11)

12 The details on the reduction can be found at http://www.cs.utexas.edu/users/tag/
cmodels/cmodels-1.ps
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By modeling the intruder rules by means of axioms and by changing the encoding described
in this paper accordingly, preliminary experiments indicate that SATMC finds attacks
which are up to 3 steps shorter therefby saving up to 44% atoms and clauses when applied
to the problems in the Clark & Jacob library.

Axioms are also useful to model specific algebraic properties of cryptographic op-
erators. For instance, the Diffie-Hellman protocol relies on the following property of
exponentiation:

(gX)Y = (gY )X

Such a property can be modeled as a set of axioms representing equivalence classes over
facts. For instance, the axioms

ik((gX)Y ) ⊃ ik((gY )X) and ik((gY )X) ⊃ ik((gX)Y )

state that ik((gX)Y ) and ik((gY )X) are in the same equivalence class. By adopting the
above approach we have been able to generate with SATMC a logic program whose answer
set corresponds to a (known) attack on the Diffie-Hellman protocol.

7 Conclusions

The work presented in [1] is closely related to ours. In that paper the authors put forward
the idea of formalizing protocol insecurity problems (modeled according to Paulson’s
inductive model [20]) in logic programming and of using solvers for logic programs
for automating the analysis of security protocols. In this paper we have described an
approach to the automatic compilation of security protocol specifications (in a multi-set
rewriting formalism) into logic programs. This reduction, combined with the optimizing
transformations introduced in [3], paves the way to the construction of model-checkers
for security protocols based on state-of-the-art solvers for logic programs. We have also
thoroughly assessed the effectiveness of the proposed reduction by running our prototype
implementation against a selection of flawed security protocols drawn from the Clark &
Jacob library [8] and using cmodels to solve the resulting logic programs. A comparison
with the approach of compiling protocol insecurity problems into SAT, indicates that even
if the reduction to SAT exhibits better performance, the reduction to logic programming
can readily take into account specific algebraic properties of cryptographic operators.
Moreover we expect a considerable gain in performance by using the SATMC grounder
instead of lparse for grounding the resulting logic programs.
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Abstract. In this paper we tackle the issue of the automatic recogni-
tion of functional dependencies among guessed predicates in constraint
problem specifications. Functional dependencies arise frequently in pure
declarative specifications, because of the intermediate results that need
to be computed in order to express some of the constraints, or due to pre-
cise modelling choices, e.g., to provide multiple viewpoints of the search
space in order to increase propagation. In either way, the recognition of
dependencies greatly helps solvers, letting them avoid spending search
on unfruitful branches, while maintaining the highest degree of declara-
tiveness. By modelling constraint problem specifications as second-order
formulae, we provide a characterization of functional dependencies in
terms of semantic properties of first-order ones. Additionally, we show
how suitable search procedures can be automatically synthesized in order
to exploit recognized dependencies. We present opl examples of various
problems, from bio-informatics, planning and resource allocation fields,
and show how in many cases opl greatly benefits from the addition of
such search procedures.

1 Introduction

Reasoning on constraint problems in order to change their formulations has been
proven to be of fundamental importance in order to speed-up the solving pro-
cess. To this end, different approaches have been proposed in the literature,
like symmetry detection and breaking (cf., e.g., [1,8]), the addition of implied
constraints (cf., e.g., [24]), and the use of redundant models, i.e., multiple view-
points synchronized by channelling constraints, in order to increase constraint
propagation [7,26,18]. Many of these approaches either are designed for a specific
constraint problem, or act at the instance level, and very little work has been
performed at the level of problem specification (also called “model”). Indeed,
many of the properties of constraint problems amenable to optimizations, e.g.,
symmetries, existence of “useful” implied constraints, or of multiple viewpoints,
strongly depend on the problem structure, rather than on the particular input
instance considered. Hence, their recognition at the instance level, where the
problem structure has been almost completely hidden, may easily become not
convenient and expensive.

Moreover, almost all state-of-the-art systems for constraint modelling and
programming (e.g., ampl [14], opl [25], dlv [12], smodels [22], and np-spec [5])
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exhibit a clear separation between problem specification and input instances,
allowing the user to focus on the declarative aspects of the problem model before
instantiation, and without committing a priori to a specific solver. In fact, some
systems, e.g., ampl [14], are able to translate –at the request of the user– a
specification in various formats, suitable for different solvers.

Taking advantage of this separation, the goal of our research is to detect
and exploit those properties of constraint problems amenable to optimizations
that derive from the problem structure, at the symbolic level, before binding the
specification to a particular instance, thus leading to the automatic reformulation
of specifications.

In related work, we tackle the issues of highlighting some of the constraints of
a specification that can be ignored in a first step, and then efficiently reinforced
(i.e., without performing additional search, the so-called “safe delay” constraints)
[3], and that of detecting structural (i.e., problem-dependent) symmetries, and
breaking them by adding symmetry-breaking constraints to the problem specifi-
cation [2]. We additionally show that these tasks can be performed automatically
by computer tools, e.g., first-order theorem provers or finite model finders [4].

In this paper we exploit another interesting property of constraint problems,
i.e., the functional dependencies that can hold among predicates in problem
specifications. Informally, given a problem specification, a predicate is said to
be functional dependent on the others if, for every solution of any instance, its
extension is determined by the extensions of the others.

The presence of functional dependencies is common in problem specifications
for different reasons: as an example, to allow the user to have multiple views of
the search space, in order to be able to express the various constraints under
the most convenient viewpoint, or to maintain aggregate or intermediate results
needed by some of the constraints, as the following example shows.

Example 1 (The HP 2D-Protein folding problem [20]). This problem specifica-
tion models a simplified version of one of the most important problems in compu-
tational biology. It consists in finding the spatial conformation of a protein (i.e.,
a sequence of amino-acids) with minimal energy. The simplifications with respect
to the real problem are twofold: firstly, the 20-letter alphabet of amino-acids is
reduced to a two-letter alphabet, namely H and P. H represents hydrophobic
amino-acids, whereas P represents polar or hydrophilic amino-acids. Secondly,
the conformation of the protein is limited to a bi-dimensional discrete space.
Nonetheless, these limitations have been proven to be very useful for attack-
ing the whole protein conformation prediction protein, which is known to be
NP-complete [9] and very hard to solve in practice.

In this formulation, given the sequence (of length n) of amino-acids of the
protein (the so called primary structure of the protein), i.e., a sequence of length
n with elements in {H,P}, we aim to find a connected shape of this sequence on a
bi-dimensional grid (which points have coordinates in the integral range Coord =
[−(n−1), (n−1)], the sequence starting at (0, 0)), which is not overlapping, and
maximizes the number of “contacts”, i.e., the number of non-sequential pairs of
H amino-acids for which the Euclidean distance of the positions is 1 (the overall
energy of the protein is defined as the opposite of the number of contacts).
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Different alternatives for the search space obviously exist: as an example,
we can guess the position on the grid of each amino-acid in the sequence, and
then force the obtained shape to be connected, non-crossing, and with minimal
energy. A second approach is to guess the shape of the protein as a connected
path starting at (0, 0), by guessing, for each position t of the sequence, the
direction that the amino-acid at the t-th position in the sequence assumes with
respect to the previous one (directions in the HP-2D model can only be North,
South, East, West). It is easy to show that the former model would lead to a
search space of (2n)2n points, while the latter to a much smaller one (4n points).1

However, choosing the latter model is not completely satisfactory. In fact, to
compute the number of contacts in the objective function, absolute coordinates
of each amino-acid in the sequence must be computed and maintained. It is easy
to show that these values are completely defined by (i.e., functionally dependent
on) the sequence of directions taken by the protein. ��

Given a problem like the HP 2D-Protein folding one, if writing a procedural
program, e.g., in C++, to solve it, possibly using available libraries for constraint
programming, a smart programmer would avoid predicates encoding absolute
coordinates of amino-acids to be part of the search space. Extensions for these
predicates instead, would be computed starting from extensions of the others.

On the other hand, when using a declarative language for constraint mod-
elling like, e.g., opl, the user looses the power to distinguish among predicates
which extension has to be found through a true search, from those which can
be computed starting from the others, since all of them become of the same
nature. Hence, the search space actually explored by the system can be inef-
fectively much larger, and additional information should be required from the
user to distinguish among them, thus greatly reducing the declarativeness of the
specification. To this end, the ability of the system to automatically recognize
whether a predicate is functionally dependent on (or defined from) the others
becomes of great importance from an efficiency point of view, since it can lead
to significant reductions of the search space, although retaining the highest level
of declarativeness.

The technique of avoiding branches on dependent predicates has already been
successfully applied at the instance level for solving, e.g., SAT instances. As an
example, it is shown in [16] how to modify the Davis-Putnam procedure for SAT
so that it avoids branches on variables added during the clausification of non-
CNF formulae, since values assigned to these variables depend on assignments
to the other ones. Moreover, some SAT solvers, e.g., eqsatz [21], have been
developed in order to appropriately handle (by means of the so-called “equiva-
lence reasoning”) equivalence clauses, which have been recognized to be a very
common structure in the SAT encoding of many hard real-world problems, and
a major obstacle to the Davis-Putnam procedure.

We believe that looking for dependent predicates at the specification level,
rather than after instantiation, can be much more natural, since these issues
strongly depend on the structure of the problem. To this end, our approach is to
1 Actually, as for the second model, possible directions of each amino-acid with re-

spect to the previous one can be only three, because of the non-crossing constraint.
Nonetheless, we opt for the simpler model to enhance readability.
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give a formal characterization of functional dependencies suitable to be checked
by computer tools, and ultimately, to transform the original problem specifi-
cation by automatically adding an explicit search strategy that exploits such
dependencies, avoiding branches on dependent predicates. Moreover, in those
cases in which functional dependencies derive from the adoption of multiple
viewpoints of the search space, we could choose the best maximal set of inde-
pendent predicates to branch on, depending on the amenability of the relevant
constraints to propagation (cf., e.g, [18]).

2 Preliminaries

In this paper, we use existential second-order logic (ESO) for the formal specifi-
cation of problems, which allows to represent all search problems in the complex-
ity class NP [13]. Actually, constraint modelling systems like those mentioned
in Section 1 have a richer syntax and more complex constructs. However, all of
them are extensions of ESO on finite databases, where the existential second-
order quantifiers and the first-order formula represent, respectively, the guess
and check phases of the constraint modelling paradigm. Yet, examples using the
syntax of the implemented language opl are shown in Section 4. We observe
that these examples present also arithmetic constraints.

Coherently with all state-of-the-art systems, we represent an instance of a
problem by means of a relational database. All constants appearing in a database
are uninterpreted, i.e., they don’t have a specific meaning.

An ESO specification describing a search problem π is a formula ψπ:

∃S φ(S,R), (1)

where R = {R1, . . . , Rk} is the relational schema for every input instance (i.e., a
fixed set of relations or given arities denoting the schema for all input instances
for π), and φ is a quantified first-order formula on the relational vocabulary
S ∪ R ∪ {=} (“=” is always interpreted as identity).

An instance I to the problem is given as a relational database over the schema
R, i.e., as an extension for all relations in R. Predicates (of given arities) in the
set S = {S1, . . . , Sn} are called guessed, and their possible extensions (with
tuples on the domain given by constants occurring in I plus those occurring in
φ, i.e., the so called Herbrand universe) encode points in the search space for
problem π. Formula ψπ correctly encodes problem π if, for every input instance I,
a bijective mapping exists between solutions to π(I) and extensions of predicates
in S which verify φ(S, I). It is worthwhile to note that, when a specification is
instantiated against an input database, a CSP in the sense of [10] is obtained.

Example 2 (Graph 3-coloring [15, Prob. GT4]). In this NP-complete decision
problem the input is a graph, and the question is whether it is possible to give
each of its nodes one out of three colors (red, green, and blue), in such a way
that adjacent nodes (not including self-loops) are never colored the same way.
The question can be easily specified as an ESO formula ψ on the input schema
R = {edge(·, ·)}:

∃RGB ∀X R(X) ∨G(X) ∨B(X) ∧ (2)
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∀X R(X)→ ¬G(X) ∧ (3)
∀X R(X)→ ¬B(X) ∧ (4)
∀X B(X)→ ¬G(X) ∧ (5)
∀XY X �= Y ∧R(X) ∧R(Y )→ ¬edge(X, Y ) ∧ (6)
∀XY X �= Y ∧G(X) ∧G(Y )→ ¬edge(X, Y ) ∧ (7)
∀XY X �= Y ∧B(X) ∧B(Y )→ ¬edge(X, Y ). (8)

Clauses (2) and (3-5) force every node to be assigned exactly one color (covering
and disjointness constraints), while (6-8) force nodes linked by an edge to be
assigned different colors (good coloring constraints). ��

3 Definitions and Formal Results

In this section we give the formal definition of functionally dependent guessed
predicate in a specification, and show how the problem of checking whether a
set of guessed predicates is dependent from the others reduces to check semantic
properties of a first-order formula.

Definition 1 (Functional dependence of a set of predicates in a specifi-
cation). Given a problem specification ψ

.= ∃SP φ(S,P ,R), with input schema
R, P functionally depends on S if, for each instance I of R and for each pair
of interpretations M , N of (S,P ) it holds that, if

1. M �= N , and
2. M, I |= φ, and
3. N, I |= φ,

then M|S �= N|S, where ·|S denotes the restriction of an interpretation to predi-
cates in S.

The above definition states that P functionally depends on S, or that S func-
tionally determines P , if it is the case that, regardless of the instance, each pair
of distinct solutions of ψ must differ on predicates in S, which is equivalent to
say that no two different solutions of ψ exist that coincide on the extension for
predicates in S but differ on that for predicates in P .

Example 3 (Graph 3-coloring, Example 2 continued). In the 3-coloring speci-
fication, one of the three guessed predicates is functionally dependent on the
others. As an example, B functionally depends on R and G, since, regardless of
the instance, it can be defined as ∀X B(X) ↔ ¬(R(X) ∨ G(X)): constraint
(2) is equivalent to ∀X ¬(R(X) ∨ G(X)) → B(X) and (4) and (5) imply
∀X B(X) → ¬(R(X) ∨ G(X)). In other words, for every input instance, no
two different solutions exist that coincide on the set of red and green nodes, but
differ on the set of blue ones. ��
Example 4 (Not-all-equal Sat [15, Prob. LO3]). In this NP-complete problem
the input is a propositional formula in CNF, and the question is whether it
is possible to assign a truth value to all the variables in such a way that the
input formula is satisfied, and that every clause contains at least one literal
whose truth value is false. We assume that the input formula is encoded by the
following relations:
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– inclause(·, ·); tuple 〈l, c〉 is in inclause iff literal l is in clause c;
– l+(·, ·) (resp. l−); a tuple 〈l, v〉 is in l+ (resp. l−) iff l is the positive (resp.

negative) literal relative to variable v, i.e., v itself (resp. ¬v);
– var(·), containing the set of propositional variables occurring in the formula;
– clause(·), containing the set of clauses of the formula.

A specification for this problem is as follows (T and F represent the set of
variables whose truth value is true and false, respectively):

∃TF ∀X var(X)↔ T (X) ∨ F (X) ∧ (9)
∀X ¬ (T (X) ∧ F (X)) ∧ (10)
∀C clause(C)→[
∃L inclause(L,C) ∧ ∀V

(
l+(L,V )→T (V )

)
∧

(
l−(L,V )→F (V )

) ]
∧ (11)

∀C clause(C)→[
∃L inclause(L,C) ∧ ∀V

(
l+(L,V )→F (V )

)
∧

(
l−(L,V )→T (V )

) ]
. (12)

Constraints (9–10) force every variable to be assigned exactly one truth value;
moreover, (11) forces the assignment to be a model of the formula, while (12)
leaves in every clause at least one literal whose truth value is false.

One of the two guessed predicates T and F is dependent on the other, since
by constraints (9–10) it follows, e.g., ∀X F (X) ↔ var(X) ∧ ¬T (X). ��

It is worth noting that Definition 1 is strictly related to the concept of Beth
implicit definability, well-known in logic (cf., e.g., [6]). We will further discuss
this relationship in Section 5. In what follows, instead, we show that the problem
of checking whether a subset of the guessed predicates in a specification is func-
tionally dependent on the remaining ones, reduces to semantic properties of a
first-order formula (proofs are omitted for lack of space). To simplify notations,
given a list of predicates T , we write T ′ for representing a list of predicates
of the same size with, respectively, the same arities, that are fresh, i.e., do not
occur elsewhere in the context at hand. Also, T ≡ T ′ will be a shorthand for
the formula ∧

T∈T

∀X T (X) ≡ T ′(X),

where T and T ′ are corresponding predicates in T and T ′, respectively, and X
is a list of variables of the appropriate arity.

Theorem 1. Let ψ
.= ∃SP φ(S,P ,R) be a problem specification with input

schema R. P functionally depends on S if and only if the following formula is
valid:

[φ(S,P ,R) ∧ φ(S′,P ′,R) ∧ ¬(SP ≡ S′P ′)] → ¬(S ≡ S′). (13)

Unfortunately, the problem of checking whether the set of predicates in P is
functionally dependent on the set S is undecidable, as the following result shows:

Theorem 2. Given a specification on input schema R, and a partition (S,P )
of its guessed predicates, the problem of checking whether P functionally depends
on S is not decidable.
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Even if Theorem 2 states that checking functional dependencies in a specification
is an undecidable task, in practical circumstances it can be effectively and often
efficiently performed by automatic tools, such as first-order theorem provers and
finite model finders (cf. [4] for details and some experiments).

4 Further Examples

In this section we present some problem specifications which exhibit functional
dependencies among guessed predicates. Due to their high complexity, we don’t
give their formulations as ESO formulae, but show their specifications in the
well known language for constraint modelling opl.

Example 5 (The HP 2D-Protein folding problem, Example 1 continued). As al-
ready stated in Example 1, rather than guessing the position on the grid of each
amino-acid in the sequence, we chose to represent the shape of the protein by a
guessed predicate Moves[], that encodes, for each position t, the direction that
the amino-acid at the t-th position in the sequence assumes with respect to the
previous one (the sequence starts at (0, 0)). An opl specification for this prob-
lem is shown in Section A.1. The analogous of the instance relational schema,
guessed predicates, and constraints can be clearly distinguished in the opl code.
To compute the number of contacts in the objective function (not shown in the
opl code for brevity), absolute coordinates of each amino-acid in the sequence
must be calculated (predicates X[] and Y[]).

As for the non-overlapping constraint, an all-different constraint for the set
of positions of all amino-acids in the sequence is needed. Unfortunately, opl
does not admit global all-different constraints to be stated on multi-dimensional
arrays. So we decided to use an additional guessed predicate Hits[] in order
to maintain, for every position on the grid, the number of amino-acid of the
protein that are placed on it at each point during the construction of the shape
(instead of using O(n2) binary inequalities). For all of them, this number cannot
be greater than 1, which implies that the string does not cross.

From the considerations above, it follows that guessed predicates X[], Y[],
and Hits[], are functionally dependent on Moves[]. ��
Example 6 (The Sailco inventory problem [25, Section 9.4, Statement 9.17]).
This problem specification, part of the oplstudio distribution package (as file
sailco.mod), models a simple inventory application, in which the question is
to decide how many sailboats the Sailco company has to produce over a given
number of time periods, in order to satisfy the demand and to minimize produc-
tion costs. The demand for the periods is known and, in addition, an inventory
of boats is available initially. In each period, Sailco can produce a maximum
number of boats (capacity) at a given unitary cost (regularCost). Additional
boats can be produced, but at higher cost (extraCost). Storing boats in the in-
ventory also has a cost per period (inventoryCost per boat). Section A.2 shows
an opl model for this problem. From the specification it can be observed that the
amount of boats in the inventory for each time period t > 0 (i.e., inv[t]) is de-
fined in terms of the amount of regular and extra boats produced in period
t by the following relationship: inv[t] = regulBoat[t] + extraBoat[t] -
demand[t] + inv[t-1]. ��
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Example 7 (The Blocks world problem [23,27]). In the Blocks world problem,
the input consists of a set of blocks that are arranged in stacks on a table. Every
block can be either on the table or onto another block. Given the initial and
the desired configurations of the blocks, the problem amounts to find a minimal
sequence of moves that allows to achieve the desired configuration. Every move is
performed on a single clear block (i.e., on a block with no blocks on it) and moves
it either onto a clear block or on the table (which can accommodate an arbitrary
number of blocks). It is worth noting that a plan of length less than or equal to
twice the number of blocks always exists, since original stacks can all be flattened
on the table before building the desired configuration. In our formulation, given
in Section A.3, we assume that the input is given as an integer nblocks, i.e.,
the number of blocks, and functions OnAtStart[] and OnAtGoal[], encoding,
respectively, the initial and desired configuration. As for the guessed functions,
MoveBlock[] and MoveTo[] respectively state, for each time point t, which block
has been moved at time point t-1, and its new position at time t. Moreover,
we use guessed functions On[], that states the position (which can be either a
block or the table) of a given block at a given time point, and Clear[], that
states whether a given block is clear at a time point. We observe that guessed
functions On[] and Clear[] are functionally dependent on MoveBlock[] and
MoveTo[]. ��

5 Exploiting Functional Dependencies

Once a set P of guessed predicates of a problem specification ψ
.=

∃SP φ(S,P ,R) has been recognized to be functionally dependent on the others,
different approaches can be followed in order to exploit such a dependence: the
most simple and elegant one is to force the system to branch only on defining
predicates, i.e., those in S, avoiding spending search on those in P . An alterna-
tive approach is to substitute in the specification all occurrences of predicates in
P with their definition, and we will briefly discuss it in the following.

As already observed in Section 3, the concept of functional dependence among
guessed predicates expressed in Definition 1 is strictly related to the one of Beth
implicit definability (cf., e.g, [6]). In particular, given a problem specification ψ

.=
∃SP φ(S,P ,R), guessed predicates in set P functionally depend on those in S
if and only if the first-order formula φ(S,P ,R) implicitly defines predicates in P
(i.e., if every 〈S,R〉-structure has at most one expansion to a 〈S,P ,R〉-structure
satisfying φ(S,P ,R)). It is worth remarking that, since we are interested in finite
extensions for guessed predicates, Beth implicit definability has to be intended
in the finite. Now, the question that arises is whether it is possible to derive,
once a functional dependence (or, equivalently, an implicit definition) has been
established, a formula that explicitly defines the dependent predicates in terms
of the others. This formula, then, could take the place of all occurrences of those
predicates in the problem specification. Although such a formula always exists
in unrestricted first-order logic, this is not the case when only finite models are
allowed. This is because first-order logic does not have the Beth property in the
finite (cf., e.g., [11], and the intrinsically inductive definition of guessed function
inv[] in Example 6). Nonetheless, in some cases such a formula indeed exists
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(cf., e.g., Examples 3 and 4). On the other hand, a second-order explicit definition
of a dependent predicate would not be adequate, since new quantified predicates
have to be added to the specification, and, moreover, the obtained specification
may not be in ESO any more. Hence, we follow the first approach, i.e., forcing
the system to avoid branches on dependent predicates, in order to save search.
We also observe that, ultimately, this achieves exactly the same goal the second
alternative would reach: in both cases, the search space actually explored is the
one defined by predicates in S only.

In this section we show how an explicit search strategy that avoids branches
on dependent predicates can be automatically synthesized. To this end, we as-
sume to face with languages that allow the user to provide an explicit search
strategy, and, in particular, since its description may depend on the particular
solver, we present examples by focusing on the constraint language opl. opl
does not require a search strategy (called, in the opl syntax, “search proce-
dure”) to be defined by the user, since it automatically uses default strategies
when none is explicitly defined. On the other hand, it provides the designer with
the possibility of explicitly programming in detail how to branch on variables,
and how to split domains, by adding a search part in the problem specification.

The simplest way to provide a search procedure is by using the generate()
construct, which receives a guessed predicate as input and forces opl to generate
all possible extensions for it, letting the policy for the generation to the system
defaults. Of course, multiple occurrences of generate() (with different guessed
predicates as arguments) are allowed. opl also allows for more explicit search
procedures, in which the programmer can explicitly choose the order for the
generation of the various extensions for that predicate (cf. [25]). However, these
topics require an accurate knowledge of the particular problem at hand, and are
out of the scope of this paper, since they are less amenable to be generalized
and automated.

Hence, given a problem specification in which a set P of the guessed predi-
cates is functionally dependent on the others (set S = {S1, . . . , Sm}), a search
procedure that forces opl to avoid branches on predicates in P is the following:

search { generate(S1); ... generate(Sm); };

Search procedures added to the opl specifications of HP 2D-Protein folding,
Sailco inventory, and Blocks world problems in order to deal with the above
described dependencies are, respectively, the following ones:

search { generate(Moves); };
search { generate(regulBoats); generate(extraBoats); };
search { generate(MoveBlock); generate(MoveTo); };

It is worth noting that, for some specifications, sets S and P are interchangeable.
This intuitively happens when the user adopts multiple viewpoints of the search
space (cf., e.g., Example 5, in which set {X,Y } depends on {Moves} and vice
versa). In those cases, a first choice for deciding which set should be regarded as
“defining” (i.e., S), may involve the size of the associated search space.

To test the effectiveness of adding such search procedures, we made an exper-
imentation of the above problems with opl. In particular, we made the following
experiments:
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Table 1. opl solving times for some of the 44 benchmark instances of the HP 2D-
Protein folding problem, with and without search procedure. (‘–’ means that opl did
not terminate in one hour.)

Time
Length w/out search proc. with search proc. Saving %

14 – 1 99.9
30 – 6 99.9
36 3078 13 85.1
37 3386 17 93.6
45 – 99 >97.3
48 – 156 >95.7
50 – 215 >94.0
57 – 69 >98.0
60 – 128 >96.4
64 – 233 >93.5
102 1242 1007 18.9
123 914 913 0.0
136 761 760 0.0

Table 2. opl solving times for some benchmark instances of the Blocks world problem,
with and without search procedure. (‘–’ means that opl did not terminate in one hour.)

Minimal Time
Instance Blocks plan length w/out search proc. with search proc. Saving %

bw-sussman 3 3 12 <1 >91.7
bw-reversal4 4 4 1 1 ∼0

bw-4.1.1 4 6 882 <1 >99.9
bw-4.1.2 4 5 1879 <1 >99.9
bw-5.1.1 5 8 – 1 >99.9
bw-5.1.3 5 7 935 27 97.1

bw-large-a 9 12 – – –

– The HP 2D-Protein folding problem, on 44 instances taken from [17];
– The Blocks world problem, on structured instances, some of them used as

benchmarks in [19];
– The Sailco inventory problem on random instances.

For both HP 2D-Protein folding and Blocks world, adding a search procedure
that explicitly avoids branches on dependent predicates always speeds-up the
computation, and very often the saving in time in very impressive. Tables 1 and 2
report typical behaviors of the system. On the other hand, for what concerns
the Sailco inventory problem, no saving in time has been observed. This can be
explained by observing that the problem specification is linear, and the linear
solver automatically chosen by the system (i.e., cplex) is built on different
technologies (e.g., the simplex method) that are not amenable to this kind of
program transformation.
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6 Conclusions

In this paper we discussed a semantic logical characterization of functional de-
pendencies among guessed predicates in declarative constraint problem specifica-
tions. Functional dependencies can be very easily introduced during declarative
modelling, either because intermediate results have to be maintained in order
to express some of the constraints, or because of precise choices, e.g., redun-
dant modelling. However, dependencies can negatively affect the efficiency of
the solver, since the search space can become much larger, and additional in-
formation from the user is today needed in order to efficiently cope with them.
We described how, in our framework, functional dependencies can be checked
by computer, and can lead to the automated synthesis of search strategies that
avoid the system spending search in unfruitful branches. Several examples of
constraint problems that exhibit dependencies have been presented, from bio-
informatics, planning, and resource allocation fields, and experimental results
have been discussed, showing that current systems for constraint programming
greatly benefit from the addition of such search strategies.
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Appendix: opl Code for the Examples

A.1 The HP 2D-Protein Folding Problem

int+ n = ...; // Part of the inst. schema: string length
enum Aminoacid {H,P};
range Pos [0..n-1];
range PosButLast [0..n-2];
Aminoacid seq[Pos] = ...; // Part of the inst. schema: amino-acid seq.
enum Dir {N,E,S,W};
range Coord [-(n-1)..n-1];
range Hit [0..n/2];

// Guessed predicates
var Dir Moves[PosButLast]; // Protein shape
var Coord X[Pos], Y[Pos]; // Absolute coordinates
var Hit Hits[Coord,Coord,Pos];

maximize ... // Objective function (omitted)
subject to {

X[0] = 0; Y[0] = 0; // Pos. of initial elem. of the seq.
forall (t in Pos: t > 0) { // Chann. constr’s for position

Moves[t-1] = N => (X[t] = X[t-1] & Y[t] = Y[t-1] + 1);
Moves[t-1] = S => (X[t] = X[t-1] & Y[t] = Y[t-1] - 1);
Moves[t-1] = E => (X[t] = X[t-1] + 1 & Y[t] = Y[t-1]);
Moves[t-1] = W => (X[t] = X[t-1] - 1 & Y[t] = Y[t-1]);

};
forall (x,y in Coord : x<>0 \/ y<>0) // Contraints for Hits



640 M. Cadoli and T. Mancini

Hits[x,y,0] = 0; // Initially, no cell has been hit...
Hits[0,0,0] = 1; // ...but the origin

forall (t in Pos, x,y in Coord: t > 0) // Chann. constr’s for Hits
( (x = X[t] & y = Y[t]) => (Hits[x,y,t] = Hits[x,y,t-1] + 1) ) &
( (not (x = X[t] & y = Y[t])) => Hits[x,y,t] = Hits[x,y,t-1] );

// Each cell is hit 0 or 1 times (string does not cross)
forall (x,y in Coord, t in Pos) Hits[x,y,t] <= 1;

};

A.2 The Sailco Inventory Problem

int+ nbPeriods = ...; range Periods 1..nbPeriods;
float+ demand[Periods] = ...; float+ regularCost = ...;
float+ extraCost = ...; float+ capacity = ...;
float+ inventory = ...; float+ inventoryCost = ...;

var float+ regulBoat[Periods]; var float+ extraBoat[Periods];
var float+ inv[0..nbPeriods];

minimize ... // Objective function (omitted)
subject to { // Constraints

inv[0] = inventory;
forall(t in Periods) regulBoat[t] <= capacity;
forall(t in Periods) regulBoat[t]+extraBoat[t]+inv[t-1] = inv[t]+demand[t];

};

A.3 The Blocks World Problem
int nblocks = ...;
range Block 1..nblocks; range BlockOrTable 0..nblocks;
BlockOrTable TABLE = 0; range Time 1..2*nblocks;
range TimeWithZero 0..2*nblocks; range bool 0..1;
BlockOrTable OnAtStart[Block] = ...; BlockOrTable OnAtGoal[Block] = ...;

// MoveBlock[t] and MoveTo[t] refer to moves performed from time t-1 to time t
var Block MoveBlock[Time];
var BlockOrTable MoveTo[Time];
var BlockOrTable On[Block, TimeWithZero]; // Dependent guessed function
var bool Clear[BlockOrTable, TimeWithZero]; // Dependent guessed function
var TimeWithZero schLen; // Schedule length (to minimize)

minimize schLen
subject to {

forall (b in Block) On[b,0] = OnAtStart[b]; // Initial state (time = 0);
forall (b in Block, t in TimeWithZero) { // Chann. constr’s for Clear

( ( sum(b_up in Block) (On[b_up,t]=b) ) > 0 ) <=> (Clear[b,t] = 0); };
forall (t in TimeWithZero) { Clear[TABLE,t] = 1; };

forall (t in Time) { // Moves
(MoveBlock[t] <> MoveTo[t]);
(MoveTo[t] <> On[MoveBlock[t],t-1]); // No useless moves
(t <= schLen) => (

(Clear[ MoveBlock[t], t-1 ] = 1) & // Moving block must be clear
(Clear[ MoveTo[t], t-1 ] = 1 ) & // Target pos. must be clear
(On[ MoveBlock[t], t ] = MoveTo[t]) ); // Chann. constr’s for On

forall (b in Block) { // Chann. constr’s for On
(t <= schLen) => ( // (frame conditions)

(b <> MoveBlock[t]) => (On[b,t] = On[b,t-1]) ) };
};
forall (b in Block) { On[b,schLen] = OnAtGoal[b]; }; // Final state

};
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Abstract. The Nelson-Oppen combination method combines decision
procedures for theories satisfying certain conditions into a decision pro-
cedure for their union. While the method is known to be correct in the
setting of unsorted first-order logic, some current implementations of it
appear in tools that use a sorted input language. So far, however, there
have been no theoretical results on the correctness of the method in a
sorted setting, nor is it obvious that the method in fact lifts as is to
logics with sorts. To bridge this gap between the existing theoretical
results and the current implementations, we extend the Nelson-Oppen
method to (order-)sorted logic and prove it correct under conditions sim-
ilar to the original ones. From a theoretical point of view, the extension
is relevant because it provides a rigorous foundation for the application
of the method in a sorted setting. From a practical point of view, the
extension has the considerable added benefits that in a sorted setting
the method’s preconditions become easier to satisfy in practice, and the
method’s nondeterminism is generally reduced.

1 Introduction

The problem of combining decision procedures for logical theories arises in many
areas of computer science and artificial intelligence, such as constraint solving,
theorem proving, knowledge representation and reasoning. In general, one has
two theories T1 and T2 over the signatures Σ1 and Σ2, for which validity of a
certain class of formulae (e.g., universal, existential positive, etc.) is decidable.
The question is then whether one can combine the decision procedures for T1
and for T2 into a decision procedure for a suitable combination of T1 and T2.

The most widely applied and best known method for combining decision
procedures is due to Nelson and Oppen [8]. This method is at the heart of the
verification systems cvc [9], argo-lib [6] and Simplify [1], among others.

The Nelson-Oppen method allows one to decide the satisfiability (and hence
the validity) of quantifier-free formulae in a combination T of two first-order
theories T1 and T2, using as black boxes a decision procedure for the satisfiability
of quantifier-free formulae in T1 and a decision procedure for the satisfiability
of quantifier-free formulae in T2. The method is correct whenever the theories
T , T1, and T2 satisfy the following restrictions: (i) T is logically equivalent to
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T1 ∪T2, (ii) the signatures of T1 and T2 are disjoint, and (iii) T1 and T2 are both
stably infinite.

While the Nelson-Oppen method is defined in the context of unsorted first-
order logic (with equality), more recent verification tools that rely on it have
a sorted input language. However, strictly speaking, it is not clear how correct
these verification tools are, because it is not clear whether the Nelson-Oppen
method does in fact lift to a sorted setting. The common consensus among the
researchers in the field is that, at least for standard many-sorted logic, “the
method should be correct” as is. But to our knowledge there is no formal proof
of this conjecture, nor is it obvious that the conjecture holds. In fact, a crucial
requirement for the correctness of the method is that the signatures of the com-
ponent theories share no function or predicate symbols (except equality). Now,
in a sorted context, the method is only useful for theories whose signatures Σ1
and Σ2 share, if not function/predicate symbols, at least one sort. Otherwise,
the only well-sorted (Σ1 ∪Σ2)-terms are either Σ1-terms or Σ2-terms, with Σ1-
terms sharing no variables with Σ2-terms, which makes the combination problem
trivial. Sharing sorts however essentially amounts to sharing predicate symbols,
something that the original Nelson-Oppen method does not allow.

We prove in this paper that the method can indeed be lifted to sorted log-
ics, provided that its applicability conditions are adjusted appropriately. For
standard many-sorted logic, the only significant adjustment is to define stable
infiniteness with respect to a set of sorts. The added benefit of using a sorted
logic then becomes that it is easier to prove that a sorted theory is stably infinite
over a certain sort s, than it is to prove that its unsorted version is stably infinite
as a whole.1 Also, one can now combine with no problems theories with sorts
admitting only finite interpretations, say, as long as these sorts are not shared.

For order -sorted logics, the situation is in general considerably more com-
plicated, requiring substantial additions to the method (see Section 5 for more
details). There is however a useful special case in which the many-sorted version
of the method works just as well with order-sorted theories: the case in which the
shared sorts are pairwise disconnected i.e., do not appear in the same connected
component of the subsort relation. Because of this we present our correctness
results directly for order-sorted logic. Or more accurately, since there exist sev-
eral, inequivalent order-sorted logics, we present our results for a fairly general
version of first-order order-sorted logic based on a well developed and studied
equational order-sorted logic by Goguen and Meseguer [5].

We introduce our order-sorted logic in Section 2. Then we present a version
of the Nelson-Oppen combination method for this logic in Section 3, and prove
it correct in Section 4. The correctness proof is based on a suitable order-sorted
version of the model theoretic results used in [12,15] to prove the correctness
of the (unsorted) Nelson-Oppen method. We conclude the paper in Section 5
with some directions for further research. The interested readers can find the
complete proofs and more details in [13].

1 Intuitively, one has to worry only about what the theory says about s, and can ignore
what it says about other sorts.
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2 An Order-Sorted Logic with Decorated Symbols

We will assume some familiarity in the reader with many-sorted and order-sorted
algebras and logics with equality (denoted here by ≈) as defined for instance in
[5]. We will mostly follow the notation used in [5]. The logic we present here is
inspired by the order-sorted equational logic proposed by Meseguer in [7] as a
successor of the logic in [5]. One main difference will be that our logic uses a
vocabulary of decorated symbols, that is, function and predicate symbols that
carry a sort declaration explicitly in them.

For any set S we denote by S∗ the set all words over S, including the empty
word ε. For the rest of the paper, we fix four countably-infinite sets: a set F of
function symbols, a set P of predicate symbols, a set S of sort symbols, and a
set X of variables that is disjoint with F , P and S.

A decorated function symbol, written as fw,s, is a triple (f, w, s) ∈ F×S∗×S.
A decorated constant is a decorated function symbol of the form fε,s. A decorated
predicate symbol, written as pw, is a pair (p, w) ∈ P × S∗. A decorated variable,
written as xs, is a pair (x, s) ∈ X × S.

An order-sorted (decorated) signature Σ is a tuple Σ = (S,≺, F, P ) where
S ⊆ S is a set of sorts, F ⊆ (F ×S∗×S) is a set of decorated function symbols,
P ⊆ (P ×S∗) is a set of decorated predicate symbols, and ≺ is a binary relation
over S. We denote by ∼ the symmetric closure of ≺, and by ≺∗ and ∼∗ the
reflexive, transitive closure of ≺ and ∼, respectively. We say that a sort s1 is a
subsort of a sort s2 iff s1 ≺∗ s2, and that s1 and s2 are connected iff s1 ∼∗ s2.
If w1, w2 ∈ S∗, we write w1 ≺∗ w2 iff w1 and w2 have the same length and each
component of w1 is a subsort of the corresponding component of w2. (Similarly
for w1 ∼∗ w2.) When convenient, we will write ΣS for S, ΣF for F , and ΣP for
P . For simplicity, we will consider only signatures with a finite set of sorts.

In the following, we fix an order-sorted signature Σ = (S,≺, F, P ).
We say that two distinct decorated function symbols fw,s and fw′,s′ of Σ

are subsort overloaded (in Σ) if ws ∼∗ w′s′. Otherwise, we say that they are
ad-hoc overloaded. (Similarly, for predicate symbols.) As we will see, the logic’s
semantics will allow ad-hoc overloaded symbols to stand for completely unrelated
functions/relations, but will require subsort overloaded symbols to stand for
functions/relations that agree on the intersection of their domains.

Definition 1 (Order-sorted Terms). Let X ⊆ X be a set of variables. For
all s ∈ S, the set Ts(Σ,X) of order-sorted Σ-terms of sort s over X is the set
defined as follows by structural induction:

– every decorated variable xs′ ∈ (X × S) with s′ ≺∗ s is in Ts(Σ,X);
– if fs1···sn,s′ ∈ F , ti ∈ Tsi(Σ,X) for i = 1, . . . , n, and s′ ≺∗ s,

then fs1···sn,s′(t1, . . . , tn) is in Ts(Σ,X).

We denote by Tw(Σ,X) with w = s1 · · · sn the set Ts1(Σ,X) × · · · × Tsn
(Σ,X).

We say that a Σ-term has nominal sort s if it is a variable of the form xs
or its top symbol has the form fw,s. Note that the nominal sort of a term t is
always the least sort of t.
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While decorated terms are cumbersome to write in practice, at the theoreti-
cal level they dramatically simplify or eliminate a number of problems that vex
more standard definitions of sorted logics. For instance, with full decoration of
symbols, sort inference is trivial, terms have a least sort, and the union and the
intersection of two sorted signatures, crucial operations in combination settings,
can be defined in a straightforward way as component-wise union and intersec-
tion. Of course we do not advocate that decorated signatures and terms be used
in practice. They are just a way to abstract away the usual parsing, sort infer-
ence, and signature composition problems that arise when working with sorted
languages, but that are not relevant for the essence of our combination results.

Definition 2 (Order-sorted atoms). A Σ-atom is either an expression of the
form pw(t) where pw ∈ P and t ∈ Tw(Σ,X), or one of the form t1 ≈ t2 where
(t1, t2) ∈ Ts1s2(Σ,X) for some s1, s2 ∈ S such that s1 ∼∗ s2.

Order-sorted (first-order) Σ-formulae are defined on top of Σ-atoms as in the
unsorted case, but with the difference that quantifiers bind decorated variables.
Following [7], and contrary to [5] which allows only equations between terms of
comparable sorts, we allow equations between terms of connected sorts.2 This
makes the logic both more general and more robust—see [7] for a discussion.

A many-sorted Σ-structure is a pair A = (A, I) where A = {As | s ∈ S} is an
S-indexed family of sets, domains, and I is a mapping of the decorated symbols
of Σ to functions and relations over the carrier sets. Specifically, for each word
w = s1 · · · sn ∈ S∗, let Aw denote the set As1 × · · · × Asn

. Then I maps each
decorated function symbol fw,s ∈ F to a (total) function fAw,s ∈ (Aw → As),
and each decorated predicate symbol pw ∈ P to a relation pAw ⊆ Aw.

Definition 3 (Order-sorted Structure). An order-sorted Σ-structure is a
many-sorted (S, F, P )-structure A = (A, I) such that

1. For all s, s′ ∈ S such that s ≺∗ s′, As ⊆ As′ .
2. For all fw,s, fw′,s′ ∈ F such that ws ∼∗ w′s′, the functions fAw,s and fAw′,s′

agree on Aw ∩Aw′ .3

3. For all pw, pw′ ∈ P such that w ∼∗ w′, the restrictions of pAw and of pAw′ to
Aw ∩Aw′ coincide.

This definition of order-sorted structure is modeled after the definition of
order-sorted algebra in [7]. As in [7], the given semantics supports subsort over-
loading of function symbols by requiring that, whenever ws ∼∗ w′s′, the func-
tions denoted by fw,s and fw′,s′ coincide on the tuples shared by their domains.
(Similarly for predicate symbols.)

Satisfiability of Σ-sentences (i.e. closed Σ-formulae) in an order-sorted Σ-
structure A is defined similarly to the unsorted case. As usual, we say that A is
a Σ-model of a set Φ of Σ-sentences if A satisfies every sentence in Φ.
2 So, for instance, we allow an equation between two terms of respective sort s1 and

s2 if they have a common subsort, even if neither s1 ≺∗ s2 nor s2 ≺∗ s1.
3 Where Aw∩Aw′ denotes the component-wise intersection of the tuples Aw and Aw′ .
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Definition 4 (Order-sorted Morphisms). Let A and B be two order-sorted
Σ-structures. A order-sorted Σ-homomorphism h : A → B of A into B is an
S-indexed family {hs : As → Bs | s ∈ S} of functions such that:

1. for all fw,s ∈ F with w = s1 · · · sn and all ai ∈ Asi with i = 1, . . . , n,
hs(fAw,s(a1, . . . , an)) = fBw,s(hs1(a1) . . . , hsn

(an));
2. for all pw ∈ P with w = s1 · · · sn and all ai ∈ Asi

with i = 1, . . . , n,
(a1, . . . , an) ∈ pAw ⇒ (hs1(a1), . . . , hsn

(an)) ∈ pBw.
3. for all s, s′ ∈ S with s ∼∗ s′, the functions hs and hs′ agree on As ∩As′ .

A Σ-isomorphism h of A into B is an order-sorted Σ-homomorphism h :
A → B for which there exists an order-sorted Σ-homomorphism h′ : B → A
such that h′ ◦h = {ids : As → As | s ∈ S} and h◦h′ = {ids : Bs → Bs | s ∈ S}.4

We write A ∼= B if there is an order-sorted Σ-isomorphism from A onto B.
We prove in [13] that ∼= is an equivalence relation over Σ-structures. We also
prove that isomorphic Σ-structures satisfy exactly the same Σ-formulae.5 As in
the unsorted case, a crucial consequence of these results, which we use later, is
that isomorphic order-sorted structures can always be identified.

If Σ1 = (S1,≺1, F1, P1) and Σ2 = (S2,≺2, F2, P2) are two order-sorted sig-
natures, the union and the intersection of Σ1 and Σ2 are the order-sorted sig-
natures defined as follows:

Σ1 ∪Σ2 = (S1 ∪ S2,≺1 ∪ ≺2, F1 ∪ F2, P1 ∪ P2)
Σ1 ∩Σ2 = (S1 ∩ S2,≺∗1 ∩ ≺∗2, F1 ∩ F2, P1 ∩ P2) .

It is easy to see that Σ1 ∪ Σ2 and Σ1 ∩ Σ2 are well defined, and thus are
indeed order-sorted signatures. We will consider only unions of signatures that
are conservative in a strong sense with respect to subsort overloading.

Definition 5 (Conservative Union of Signatures). The order-sorted sig-
nature Σ = (S,≺, F, P ) is a conservative union of an order-sorted signature
Σ1 = (S1,≺1, F1, P1) and an order-sorted signature Σ2 = (S2,≺2, F2, P2) iff
Σ = Σ1 ∪Σ2 and the following hold:

1. For all pw′ ∈ Pi and pw′′ ∈ Pj with {i, j} ⊆ {1, 2} and w′ ∼∗ w′′, there is a
pw ∈ Pi ∩ Pj such that w′ ≺∗i w ∼∗j w′′ or w′′ ≺∗j w ∼∗i w′.

2. For all fw′,s′ ∈ Fi and fw′′,s′′ ∈ Fj with {i, j} ⊆ {1, 2} and w′s′ ∼∗ w′′s′′,
there is a fw,s ∈ Fi ∩ Fj such that w′s′ ≺∗i ws ∼∗j w′′s′′ or w′′s′′ ≺∗j ws ∼∗i
w′s′.

The idea of the definition above is that if two symbols are subsort overloaded
in the union signature, that is only because either they were already subsort
overloaded in one of the component signatures (case i = j in Conditions 1 and
4 Where id denotes the identity function.
5 Note that these two facts are not granted for a sorted logic. For instance, invariance

of satisfiability under isomorphism does not hold in general for the logic in [5].
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2) or, when the two symbols belong to different component signatures, each was
subsort overloaded in its signature with a same connecting symbol belonging to
the shared signature (case i �= j).

An order-sorted Σ-theory is a pair T = (Σ,Ax) where Ax is a set of Σ-
sentences. A model of T is a Σ-structure that models Ax. A set Φ of Σ-sentences
is T -satisfiable (resp. T -unsatisfiable) if it is satisfied by some (resp. no) model
of T . The combination of two order-sorted theories T1 = (Σ1, Ax1) and T2 =
(Σ2, Ax2) is defined as T1 ∪ T2 = (Σ1 ∪Σ2, Ax1 ∪Ax2) .

In this paper we consider for convenience expansions of order-sorted signa-
tures to sets of new constants. Formally, we will fix a countably-infinite set C of
free constants, symbols that do not occur in any of the symbols sets F , P, S
and X defined earlier. Then, for every order-sorted signature Σ = (S,≺, F, P ),
we will denote by Σ(C) the signature Σ = (S,≺, F ∪ (C × {ε} × S), P ).6

The quantifier-free satisfiability problem for an order-sorted Σ-theory T is
the problem of determining whether a ground Σ(C)-formula is T -satisfiable.

As we will see, the decidability of the quantifier-free satisfiability problem is
modular with respect to the union of order-sorted theories whenever the signa-
tures of theories satisfy certain disjointness conditions and the theories are stably
infinite with respect to the sorts they share.

Definition 6 (Stably Infinite Theory). A Σ-theory T is stably infinite with
respect to S′ for some S′ ⊆ ΣS if every ground Σ(C)-formula ϕ that is T -
satisfiable is satisfied by a Σ(C)-model A of T such that |As| ≥ ℵ0 for all s ∈ S′.

We point out that the logic defined here is a proper extension of conventional
many-sorted logic, obtainable from ours by considering only signatures with
empty subsort relation ≺. All the results presented here then apply for instance
to the many-sorted logics used by the verification systems described in [9,6].

3 The Combination Method

In this section we present a method for combining decision procedures for order-
sorted theories whose signatures may share sorts, but no function or predicate
symbols. We will further impose the restriction that the union of the two sig-
natures is conservative (cf. Definition 5). The method is closely modeled after
the non-deterministic version of the Nelson-Oppen combination method (for un-
sorted theories) as described in [11] and [15], among others.

For the rest of this section, let Σ1 = (S1,≺1, F1, P1) and Σ2 = (S2,≺2, F2, P2)
be two order-sorted signatures such that

1. F1 ∩ F2 = P1 ∩ P2 = ∅,
2. Σ1 ∪Σ2 is a conservative union of Σ1 and Σ2,
3. for all distinct s, s′ ∈ S1 ∩ S2, s �∼∗1 s′ and s �∼∗2 s′.
6 All the signature-dependent notions we have introduced so far extend to signatures

with free constants in the obvious way.
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Condition 1 corresponds to the original restriction in the Nelson-Oppen
method that the two theories share no function or predicate symbols. In our
case, however, the restriction is on decorated symbols. This means, for instance,
that we allow one signature to contain a symbol fw1,s1 , while the other contains
a symbol fw2,s2 , provided that w1s1 �= w2s2. By Condition 2, the two symbols
become ad hoc overloaded in the union signature, because that condition implies
that w1s1 �∼∗ w2s2, where ∼ is the symmetric closure of ≺ = ≺1 ∪ ≺2. Note
that Condition 2 and 3 are immediately satisfied in the many-sorted case, i.e.,
when both ≺1 and ≺2 are the empty relation.

The problem. We are interested in the quantifier-free satisfiability problem for
a theory T1 ∪ T2 where Ti is a Σi-theory, for i = 1, 2, and both T1 and T2 are
stably infinite over S0 = S1 ∩ S2.

Here are two examples of theories satisfying (or not) the conditions above.

Example 7. Let T1 be an order sorted version of linear rational arithmetic, with
Σ1 having the sorts Int and Rat, the subsorts Int ≺ Rat, and the expected function
and predicate symbols, say 0: Int, 1: Int, +: Int × Int → Int, +:Rat × Rat → Rat,
< : Int × Int, and so on.7 Then let T ′2 be the theory of a parametric datatype
such as lists, with signature Σ′2 having the “parameter” sort Elem (for the list
elements), the list sorts EList, NList (for empty and non-empty lists respectively),
and List, the subsorts EList,NList ≺ List, and the expected function symbols, say,
[ ]:EList, hd:NList → Elem, tl: List → List, cons:Elem × List → NList.

Then consider a renaming T2 of T ′2 in which Elem is renamed as Rat, so that
T1 ∪ T2 then becomes a theory of rational lists. Where Σ2 is the signature of T2
and S0 = {Rat}, it is easy to see that Σ1 and Σ2 satisfy Conditions 1–3 above.
The stable infiniteness of T1 over S0 is trivial because in all models of T1 Int is
infinite (as the theory entails that all successors of zero are pairwise distinct).
As discussed in [13], the stable infiniteness of T2 over S0 is not hard to show.

Example 8. Let T1 be as in Example 7. Then let T ′2 be an order-sorted theory
of arrays, with signature Σ′2 having the “parameter” sorts Index and Elem (for
the array indexes and elements, respectively), the array sort Array, the subsorts
Index ≺ Elem, and the usual function symbols select:Array × Index → Elem and
store:Array× Index×Elem → Array. Then consider a renaming T2 of T ′2 in which
Elem is renamed as Rat and Index as Int, so that T1 ∪ T2 then becomes a theory
of arrays with integer indeces and rational elements. Where Σ2 is the signature
of T2, it is immediate that Σ1 and Σ2 do not satisfy Condition 3 above because
the shared sorts, Int and Rat, are comparable.

While perfectly reasonable in practice, T1 ∪T2 is a combined theory that the
combination method cannot accommodate at the moment (but see Section 5 for
possible extensions in this direction).
7 For readability, we use here a more conventional notation for decorated symbols,

instead of 0ε,Int, +Int Int,Int, etc.
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We remark that a perhaps more natural combination of the two signatures
would be the one in which no renamings are applied but Int becomes a subsort
of Index and Rat a subsort of Elem. This kind of combination, however, is not
achievable by a simple union of signatures and theories, and as such is out the
scope of combination methods a la Nelson-Oppen.
The method. When the quantifier-free satisfiability problem for T1 and for T2
is decidable, we can decide the quantifier-free satisfiability problem for T1∪T2 by
means of the combination method described below and consisting of four phases.

To simplify the presentation, and without loss of generality, we restrict our-
selves to the (T1 ∪ T2)-satisfiability of conjunctions of literals only.

First phase: Variable abstraction. Let Γ be a conjunction of ground (Σ1 ∪
Σ2)(C)-literals. In this phase we convert Γ into a conjunction Γ ′ satisfying the
following properties: (a) each literal in Γ ′ is either a Σ1(C)-literal or a Σ2(C)-
literal, and (b) Γ ′ is (T1 ∪ T2)-satisfiable if and only if so is Γ .

Properties (a) and (b) can be enforced with the help of new auxiliary con-
stants from C. For instance, in the simplest kind of transformation, Γ can be
purified by applying to it to completion the following rewriting step, for all terms
t of nominal sort s ∈ S0 = S1 ∩ S2 occurring in Γ that are not free constants:
if t occurs as the argument of an non-equality atom in Γ , or occurs in an atom
of the form t ≈ t′ or t′ ≈ t where t′ is not a free constant, or occurs as a proper
subterm of an atom of the form t1 ≈ t2 or t2 ≈ t1, then t is replaced by cε,s for
some fresh c ∈ C, and the equality cε,s ≈ t is added to Γ . It is easy to see that
this transformation satisfies the properties above.8

Second phase: Partition. Let Γ ′ be a conjunction of literals obtained in the
variable abstraction phase. We now partition Γ ′ into two sets of literals Γ1, Γ2
such that, for i = 1, 2, each literal in Γi is a Σi(C)-literal. A literal with an atom
of the form cε,s ≈ c′ε,s′ with c, c′ ∈ C, which is both a Σ1(C)- and a Σ2(C)-literal,
can go arbitrarily in either Γ1 or Γ2.

Third phase: Decomposition. Let Γ1 ∪ Γ2 be the conjunction of literals ob-
tained in the variable abstraction phase. The only decorated symbols shared by
Γ1 and Γ2, if any, are decorated free constants of a shared sort—constants of
the form cε,s with c ∈ C and s ∈ S0. For all shared sorts s ∈ S0, let Cs be the
set of constants of sort s shared by Γ1 and Γ2. We choose nondeterministically
a family E = {Es ⊆ Cs × Cs | s ∈ S0} of equivalence relations Es.

Intuitively, in this phase we guess for each pair of shared constant in Cs,
whether they denote the same individual or not. In essence, partitioning the
shared free constants into sorted classes and considering identifications only of
constants of the same sort is the only difference with respect to the unsorted
version of the Nelson-Oppen method, where all pairs of constants are considered
for possible identification.

Fourth phase: Check. Given the equivalence relations E = {Es | s ∈ S0}
guessed in the decomposition phase, this phase consists of the following steps:
8 But see [12], among others, for a more practical kind of abstraction process that

minimizes the number of fresh constants introduced.



Combining Decision Procedures for Sorted Theories 649

1. Construct the arrangement of C = {Cs | s ∈ S0} induced by E, defined by

arr(C,E) = {u ≈ v | (u, v) ∈ Es and s ∈ S0} ∪
{u �≈ v | (u, v) ∈ (C2

s \ Es) and s ∈ S0} .

2. if Γ1 ∪ arr(C,E) is T1-satisfiable and Γ2 ∪ arr(C,E) is T2-satisfiable, output
succeed; else output fail.

In Section 4 we will prove that this combination method is sound and com-
plete in the following sense. If there exists an arrangement arr(C,E) of C for
which the check phase outputs succeed, then Γ is (T1∪T2)-satisfiable. If instead
the check phase outputs fails for every possible arrangement arr(C,E) of C,
then Γ is (T1 ∪ T2)-unsatisfiable.

4 Correctness of the Method

To prove the combination method correct, we first need a couple of basic
model-theoretic results. The first is an order-sorted version of the Downward
Löwenheim-Skolem Theorem, whose proof can be found in [13]. The second is
an order-sorted version of a general combination result given in [12,15] for un-
sorted theories.

Theorem 9 (Order-sorted Löwenheim-Skolem Theorem). Where Σ is
an order-sorted signature, let Φ be a satisfiable set of Σ-formulae, and let A be
a Σ-structure satisfying Φ. Then there exists a Σ-structure B satisfying Φ such
that |As| ≥ ℵ0 implies |Bs| = ℵ0, for each sort s ∈ ΣS.

If A is an order-sorted Σ1-structure and Σ0 = Σ1∩Σ2 for some signature Σ2,
we denote by AΣ0 the Σ0-structure with domains {As | s ∈ Σ0

S} that interprets
the function and predicate symbols of Σ0 exactly as A does.

Theorem 10 (Order-Sorted Combination Theorem). Let ΣA = (SA,≺A,
FA, PA) and ΣB = (SB ,≺B , FB , PB) are two order-sorted signatures, and let
ΦA and ΦB be two sets of ΣA- and ΣB-sentences, respectively. When ΣA ∪ΣB
is a conservative union of ΣA and ΣB, ΦA ∪ ΦB is satisfiable iff there is a
ΣA-structure A satisfying ΦA and a ΣB-structure B satisfying ΦB such that
AΣA∩ΣB ∼= BΣA∩ΣB .

Proof. Let ΣC = ΣA ∩ ΣB , and Σ = ΣA ∪ ΣB = (S,≺, F, P ) = (SA ∪ SB ,≺A
∪ ≺B , FA ∪ FB , PA ∪ PB) .

Next, assume that ΦA∪ΦB is satisfiable, and let D be a Σ-structure satisfying
ΦA ∪ ΦB . Then, by letting A = DΣA and B = DΣB , we clearly have that A
satisfies ΦA, B satisfies ΦB , and AΣC ∼= BΣC .

Vice versa, suppose there exists a ΣA-structure A satisfying ΦA and a ΣB-
structure B satisfying ΦB such that AΣC ∼= BΣC . Then, as observed in Section 2,
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we can assume with no loss of generality that AΣC = BΣC . We define a Σ-
structure D by letting for each s ∈ S, fw,s ∈ F , and pw ∈ P :

Ds =

{
As , if s ∈ SA

Bs , if s ∈ SB \ SA

fDw,s =

{
fAw,s , if fw,s ∈ FA

fBw,s , if fw,s ∈ FB \ FA
pDw =

{
pAw , if pw ∈ PA

pBw , if pw ∈ PB \ PA

Because AΣC = BΣC , it is clear that D is well defined as a many-sorted
Σ-structure. To show that D is also a well defined order-sorted Σ-structure, we
start by showing that in D the denotation of a sort includes the denotations of
its subsorts.

In fact, let s, s′ ∈ S be two distinct sorts such that s ≺∗ s′. Since ≺ = ≺A
∪ ≺B (and S is finite), there is a sequence s = s0, s1, . . . , sn, sn+1 = s′ such that
for all i = 0, . . . , n either si ≺A si+1 or si ≺B si+1. It is enough to show then that
Dsi ⊆ Dsi+1 for all i = 0, . . . , n. Recall that, since AΣC = BΣC , Dsi = Asi = Bsi

whenever si ∈ SA∩SB . Now, if si ≺A si+1 we have by construction of D and def-
inition of A that Dsi

= Asi
⊆ Asi+1 = Dsi+1 . (Similarly, if instead si ≺B si+1.)

It remains to show that D respects the subsort overloading of function and
predicate symbols.9 This is true for every two symbols of FA or of PA because
(i) DΣA = A, trivially, and (ii) since Σ = ΣA ∪ ΣB is a conservative union of
ΣA and ΣB , if two symbols are subsort overloaded in Σ then they are subsort
overloaded in ΣA. The argument is symmetric for the symbols of FB and PB .
Finally, D respects the possible subsort overloading of a symbol of FA (PA) and
a symbol of FB (PB) because again Σ is a conservative union of ΣA and ΣB ,
and A and B agree on their shared symbols.

In fact, for illustration, assume that pw′ ∈ PA, pw′′ ∈ PB \PA, and w′ ∼∗ w′′.
Then, by Definition 5, there is a pw ∈ PA∩PB such that w′ ≺∗A w and w ∼∗B w′′,
say. Let d ∈ Dw′∩Dw′′ . We show that d ∈ pDw′ iff d ∈ pDw′′ . Observing that Dw′ =
Aw′ ⊆ Aw = Bw and Bw′′ = Dw′′ by construction of D and definition of A and B,
it is not difficult to see that d ∈ Aw′∩Aw and d ∈ Bw∩Bw′′ . Then d ∈ pDw′ iff d ∈
pAw′ (by construction of D) iff d ∈ pAw (as w′ ∼∗A w and d ∈ Aw′ ∩Aw) iff d ∈ pBw
(as pAw = pBw by AΣA∩ΣB = BΣA∩ΣB ) iff d ∈ pBw′′ (as w ∼∗B w′′ and d ∈ Bw∩Bw′′)
iff d ∈ pDw′′ (by construction of D). The other cases are proven similarly.

Now, given that D is well defined, and that DΣA = A and DΣB = B by
construction, it is immediate that D satisfies ΦA ∪ ΦB . ��

Let us now consider again the order-sorted signatures Σ1, Σ2 and the theories
T1, T2 from Section 3.

Theorem 11. For i = 1, 2, let Φi be a set of Σi(C)-sentences. For each s ∈ S0
let Cs be the set of decorated free constants cε,s shared by Φ1 and Φ2, with c ∈ C.
9 That is, fD

w,s(d) = fD
w′,s′(d) for all fw,s, fw′,s′ ∈ F with ws ∼∗ w′s′ and d ∈

Dw∩Dw′ , and d ∈ pD
w iff d ∈ pD

w′ for all pw, pw′ ∈ P with w ∼∗ w′ and d ∈ Dw∩Dw′ .
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Then, Φ1∪Φ2 is satisfiable iff there exists a Σ1(C)-structure A satisfying Φ1 and
a Σ2(C)-structure B satisfying Φ2 such that:

(i) |As| = |Bs|, for all s ∈ S0;
(ii) uA = vA if and only if uB = vB, for all u, v ∈ Cs and s ∈ S0.

Proof. Let Σ0 = Σ1∩Σ2 = (S0,≺0, F0, P0) = (S1∩S2,≺∗1 ∩ ≺∗2, F1∩F2, P1∩P2).
Clearly, if there exists a (Σ1 ∪ Σ2)(C)-structure D satisfying Φ1 ∪ Φ2, then the
only if direction holds by letting A = DΣ1(C) and B = DΣ2(C).

Concerning the if direction, assume that there exists a Σ1(C)-structure A
satisfying Φ1 and a Σ2(C)-structure B satisfying Φ2 such that both (i) and (ii)
hold. We define a function family h = {hs : Cs

A → Cs
B | s ∈ S0} by letting

hs(uA) = uB, for every u ∈ Cs
A and s ∈ S0. Note that each function hs is well

defined and bijective thanks to property (ii). As a consequence, we have that
|CsA| = |CsB| for all s ∈ S0. By property (i) then, we can extend each function
hs to a bijective function h′s : As → Bs.

Let C0 be the set of all constants in {Cs | s ∈ S0}. Since the signature Σ0(C0)
has only constant symbols (from C0) and all of its sorts are pairwise disconnected,
it is clear that the family h′ = {h′s : As → Bs | s ∈ S0} is an order-sorted Σ0(C0)-
isomorphism of AΣ0(C0) into BΣ0(C0). Therefore, by Theorem 10 we obtain the
existence of a (Σ1 ∪Σ2)(C)-structure D satisfying Φ1 ∪ Φ2. ��

Proposition 12 (Correctness). Let Γ1 and Γ2 be conjunctions of ground
Σ1(C)-literals and ground Σ2(C)-literals, respectively, and for all shared sorts
s ∈ S0, let Cs be the set of free constants shared by Γ1 and Γ2. The following
are equivalent:

1. The conjunction Γ1 ∪ Γ2 is (T1 ∪ T2)-satisfiable.
2. There is a family E = {Es | s ∈ S0} of equivalence relations Es over Cs

such that Γi ∪ arr(V,E) is Ti-satisfiable, for i = 1, 2.

Proof. We only prove that 2 implies 1, as the other direction is straightforward.
Assume there exists a family E = {Es | s ∈ S0} of equivalence relations Es over
Cs such that Γi ∪ arr(V,E) is Ti-satisfiable, for i = 1, 2.

Since T1 is stably infinite with respect to S0, we can assume that Γ1 ∪
arr(V,E) is satisfied by a model A of T1 such that As is infinite for each s ∈ S0.
By the Order-sorted Löwenheim-Skolem Theorem we can further assume that As
is countably infinite for each s ∈ S0. Similarly, we can assume that Γ2∪arr(V,E)
is satisfied by a model B of T2 such that Bs is countably infinite for each s ∈ S0.
But then we obtain a model A of T1 ∪ Γ1 and a model B of T2 ∪ Γ2 such that
(i) |As| = |Bs|, for each s ∈ S0, and (ii) uA = vA iff uB = vB, for each u, v ∈ Cs
and s ∈ S0. By Theorem 11 it follows that (T1 ∪ Γ1) ∪ (T2 ∪ Γ2) is satisfiable,
which is equivalent to saying that Γ1 ∪ Γ2 is (T1 ∪ T2)-satisfiable. ��

Combining Proposition 12 with the observation that the nondeterminism
of the decomposition phase of the sorted Nelson-Oppen method is finitary, we
obtain the following modular decidability result for order-sorted theories T1 and
T2 defined as in Section 3.
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Theorem 13 (Modular Decidability). If the quantifier-free satisfiability
problems of T1 and of T2 are decidable, then the quantifier-free satisfiability prob-
lem of T1 ∪ T2 is also decidable.

5 Conclusions and Further Research

We addressed the problem of modularly combining order-sorted first-order the-
ories and their decision procedures. For that, we first defined a fairly general
version of order-sorted logic. Then we presented and proved correct a method
for combining decision procedures for two order-sorted theories that have no
function or predicate symbols in common and are stably infinite with respect to
a set of shared, disconnected sorts.

The method is a direct lifting to the given order-sorted logic of the Nelson-
Oppen method for combining theories in (unsorted) first-order logic. The main
difference with the unsorted version is that the introduction of sorts helps re-
duce the nondeterminism of the decomposition phase—because the guessing of
equalities between shared constant is limited to constants with the same nomi-
nal sort—and allows one to limit the stable infiniteness requirement to just the
shared sorts.

We used the assumption that the shared sorts are disconnected in order to
obtain a method that is as close as possible to the Nelson-Oppen method for
unsorted logic. When the shared sorts are connected, the combination problem
becomes considerably more complex model-theoretically, and consequently so
does any corresponding combination method. More in detail, consider the case
of two theories T1 and T2 sharing two sorts s1, s2, with s1 ≺∗ s2 (in both theo-
ries), and assume that u is a shared free constant of nominal sort s2. Then, in
a combination method for T1 and T2, the component decision procedures also
need to share the information on whether u “is in s1” or not—that is, whether
u could be interpreted as an element of the set denoted by s1 or not. Thinking
of the problem in terms of Venn diagrams for the denotations of the sorts, a
combination procedure also has to guess the portion of the diagram to which u
belongs, and generate a sort membership constraint to that extent. Such con-
straints are easily expressible in our logic—to say that u is [not] in s1, one simply
writes [¬](∃xs1 xs1 ≈ u)—but involve quantifiers.

Clearly, membership constraints increase the complexity of the combination
procedure because there is much more to guess. Furthermore, since some of added
constraints are (inherently) non-quantifier-free, they add to the complexity of
the component decision procedures as well. Finally, the requirements that the
two component theories be stably infinite over their shared sorts is not enough
anymore—at least if one wants to use an extension of the proofs given here.10

Another limitation of the current method is that it does not apply to compo-
nent theories that share function or predicate symbols. The problem of extending
the Nelson-Oppen method to theories with symbols in common has recently re-
ceived much attention [3,4,10,12,14]. Concurrently with the work presented here,
10 See [13] for a discussion on this last point.
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the specific approach of [3,4] has been adapted in [2], with comparable results,
to many-sorted logic (with no subsorts). An important direction for future re-
search then would be to see how those results, which allow shared symbols but
no subsorts, can be combined with the ones presented here, which allow subsorts
but no shared function or predicate symbols.

Acknowledgments. We would like to thank José Meseguer for his insightful
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Abstract. Requirements about the quality of medical guidelines can be
represented using schemata borrowed from the theory of abductive diag-
nosis, using temporal logic to model the time-oriented aspects expressed
in a guideline. In this paper, we investigate how this approach can be
mapped to the facilities offered by a theorem proving system for pro-
gram verification, KIV. It is shown that the reasoning that is required
for checking the quality of a guideline can be mapped to such theorem-
proving facilities. The medical quality of an actual guideline concerning
diabetes mellitus 2 is investigated in this way, and some problems dis-
covered are discussed.

1 Introduction

Health-care is becoming more and more complicated at an astonishing rate. On
the one hand, the number of different patient management options has risen
considerably during the last couple of decades, whereas, on the other hand,
medical doctors are expected to take decisions balancing benefits for the patient
against financial costs. There is a growing trend within the medical profession
to believe that clinical decision-making should be based as much as possible
on sound scientific evidence; this has become known as evidence-based medicine
[12]. Evidence-based medicine has given a major impetus to the development of
guidelines, documents offering a detailed description of steps that must be taken
and considerations that must be taken into account by health-care professionals
in managing a disease in a patient to avoid substandard practices or outcomes.
Their general aim is to promote standards of medical care.

Researchers in artificial intelligence (AI) have picked up on these develop-
ments, and some of them, for example in the Asgaard project [10], are involved
in the design of computer-oriented languages, tools and systems that support
the design and deployment of medical guidelines. AI researchers see guidelines
as good real-world examples of highly structured, systematic documents that are
amenable to formalisation.
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There are two approaches to checking the quality of medical guidelines: (1)
the object-level approach amounts to translating a guideline to a formal language,
such as Asbru [10], and next applying techniques from program verification to
the resulting representation in establishing partial or total correctness; (2) the
meta-level approach, which consists of formalising general properties to which a
guideline should comply, and then investigating whether this is the case. Here
we are concerned with the meta-level approach to guideline-quality checking.
For example, a good-quality medical guideline regarding treatment of a disor-
der should preclude the prescription of redundant drugs, or advise against the
prescription of treatment that is less effective than some alternative. Carrying
out such checks could be valuable, in particular during the process of designing
medical guidelines.

In this paper we explore the route from an informal medical guideline to its
logical formalisation and verification. Previously we have shown that the theory
of abductive diagnosis can be taken as a foundation for the formalisation of
quality criteria of a medical guideline [7]. In this paper we study the use of
logical deduction using temporal logic to formally establish whether a guideline
fulfils particular quality requirements. For this purpose use was made of the
theorem prover KIV [1]. This is a somewhat unusual approach, as KIV and its
underlying logics are especially targeted at the verification of parallel programs,
whereas here we are concerned with a type of reasoning that comes from AI.

The paper is organised as follows. In the next section, we start by explaining
what medical guidelines are, and a method for formalising guidelines by tempo-
ral logic, including the logic supported by the theorem prover KIV, are briefly
reviewed. In Section 3 the formalisation of guideline quality using a meta-level
schema which comes from the theory of abductive diagnosis is described. The
guideline on the management of diabetes mellitus type 2 that has been used in
the case study is given attention to in Section 4 and a formalisation of this is
given. The approach to checking the quality of this guideline using the deductive
machinery offered by KIV is presented in Section 5. Finally, Section 6 discusses
what has been achieved and suggests some future plans for research.

2 Preliminaries

2.1 The Design of Medical Guidelines

The design of a medical guideline is far from easy. Firstly, the gathering and
classification of the scientific evidence underlying and justifying the recommen-
dations mentioned in a guideline is time consuming, and requires considerable
expertise in the medical field concerned. Secondly, medical guidelines are very
detailed, and making sure that all the information contained in the guideline is
complete for the guideline’s purpose, and based on sound medical principles is
hard work. An example of a tiny portion of a guideline is shown in Fig. 1; it is part
of the guideline for general practitioners about the treatment of diabetes mellitus
type 2. This guideline fragment is used in this paper as a running example.

One way to use formal methods in the context of guidelines is to auto-
matically verify whether a medical guideline fulfils particular properties, such
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– Step 1: diet
– Step 2: if Quetelet Index (QI) ≤ 24, prescribe a sulfonylurea drug; otherwise,

prescribe a biguanide drug
– Step 3: combine a sulfonylurea drug and biguanide (replace one of these by a

α-glucosidase inhibitor if side-effects occur)
– Step 4: one of the following:

• oral antidiabetics and insulin
• only insulin

Fig. 1. Tiny fragment of a clinical guideline on the management of diabetes mellitus
type 2. If one of the steps k = 1, 2, 3 is ineffective, the management moves to step k+1.

as whether it complies with quality indicators as proposed by health-care
professionals [8]. For example, using particular patient assumptions such as
that after treatment the levels of a substance are dangerously high or low, it is
possible to check whether this situation does or does not violate the guideline.
However, verifying the effects of treatment as well as examining whether a
developed medical guideline complies with global criteria, such as that it avoids
the prescription of redundant drugs, or the request of tests that are superfluous,
is difficult to impossible if only the guideline text is available. Thus, the
capability to check whether a guideline fulfils particular medical objectives may
require the availability of more medical knowledge than is actually specified in
a medical guideline, i.e. background knowledge is required.

Table 1. Used temporal operators; t stands for a time instance.

Notation Interpretation Formal semantics
Hϕ ϕ has always been true in the past t � Hϕ ⇔ ∀t′ < t : t′ � ϕ
Gϕ ϕ is true at all future times t � Gϕ ⇔ ∀t′ ≥ t : t′ � ϕ

2.2 Using Temporal Logic for Guideline Representation

As medical management is a time-oriented process, diagnostic and treatment
actions described in guidelines are performed in a temporal setting. It has been
shown previously that the step-wise, possibly iterative, execution of a guideline,
such as the example in Fig. 1, can be described precisely by means of temporal
logic [8]. This is a modal logic, where relationships between worlds in the usual
possible-world semantics of modal logic is understood as time order, i.e. formulae
are interpreted in a temporal structure F = (T, <, I). We will assume that the
progression in time is linear, i.e. < is a strict linear order. For the representation
of the medical knowledge involved it appeared to be sufficient to use rather ab-
stract temporal operators as proposed in literature [7]. The language of standard
logic, with equality and unique names assumption, is augmented with the modal
operators G, H, P and F, where the temporal semantics of the first two operators
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Table 2. Used temporal operators; t stands for a time instance.

Notation Interpretation Formal semantics
� ϕ ϕ will always be true t � � ϕ ⇔ ∀t′ ≥ t : t′ � ϕ
� ϕ ϕ will eventually be true t � � ϕ ⇔ ∃t′ ≥ t : t′ � ϕ
ϕ until ψ ϕ holds until ψ eventually holds t � ϕ until ψ

⇔ ∃ t′ ≥ t : t′ � ψ
∧ ∀ t ≤ t′′ < t′ : t′′ � ϕ

ϕ unless ψ ϕ holds unless ψ holds t � ϕ unless ψ
⇔ ∀ t′ ≥ t : t′ � ϕ

∨ ∃ t ≤ t′′ ≤ t′ : t′′ � ψ
◦ ϕ execution does not terminate and

the next state satisfies ϕ
t � ◦ ϕ ⇔ ∃ t′ ∈ succ(t) : t′ � ϕ

• ϕ either execution terminates or the
next state satisfies ϕ

t � ◦ ϕ ⇔ ∀ t′ ∈ succ(t) : t′ � ϕ

last the current state is the last t � last⇔ succ(t) = ∅

is defined in Table 1. The last two operators are simply defined in terms of the
first two operators:

� Pϕ ↔ ¬H¬ϕ (somewhere in the past)
� Fϕ ↔ ¬G¬ϕ (somewhere in the future)

This logic offers the right abstraction level to cope with the nature of the tem-
poral knowledge in medical guidelines required for our purposes. However, more
fine-grained temporal operators can be added if needed. For a full axiomatisation
of this logic, see Ref. [11].

Even though this logic was shown to be suitable for representation purposes,
we had to map it to the temporal logic underlying KIV, which we had chosen as
the system to be used for formal verification. As a consequence, in the next sec-
tion, this temporal logic is briefly described. The mapping is given in Section 5.1.

2.3 Temporal Logic in KIV

The interactive theorem prover KIV offers support for future-time linear tempo-
ral logic [2]. Reactive systems can be described in KIV by means of state-charts
or parallel programs; here we use parallel programs. A state of a system can be
described by first-order logic. Furthermore, static variables v, which have the
same values at each time point, are distinguished from dynamic variables V .
A specialty of KIV is the use of primed and double-primed variables: a primed
variable V ′ represents the value of this variable after a system transition, the
double-primed variable V ′′ is interpreted as the value after an environment tran-
sition. System and environment transitions alternate, with V ′′ being equal to V
in the successive state.

The supported future-time temporal operators include the operators from
Table 2, where succ(t) is the set of zero or one successors of t. Note that all
formulae are interpreted with respect to the first point of time. Let e denote an
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arbitrary (first-order) expression, then constructs for parallel programs include:
V := e (assignments), if ψ then φ1 else φ2 (conditionals), while ψ do φ (loops),
var V = e in φ (local variables), patom φ end (atomic execution), φ1 � φ2
(interleaved execution), and p(e, V ) (call to procedure p with value parameters e
and var parameters V ).

A temporal logic property for a parallel program is verified in KIV by sym-
bolic execution with induction. Hence, there is a major difference between the
temporal logic underlying KIV and the one discussed in the previous section,
both in intention and in expressive power.

3 Application to Medical Knowledge

It is assumed that two types of knowledge are involved in detecting the violation
of good medical practice:

– Knowledge concerning the (patho)physiological mechanisms underlying the
disease, and the way treatment influences these mechanisms. The knowledge
involved could be causal in nature, and is an example of object-knowledge.

– Knowledge concerning good practice in treatment selection; this is meta-
knowledge.

Below we present some ideas on how such knowledge may be formalised using
temporal logic (cf. [5] for earlier work).

We are interested in the prescription of drugs, taking into account their mode
of action. Abstracting from the dynamics of their pharmacokinetics, this can be
formalised in logic as follows:

(G d ∧ r) → G(m1 ∧ · · · ∧mn)

where d is the name of a drug or possibly of a group of drugs indicated by a
predicate symbol (e.g. SU(x), where x is universally quantified and ‘SU’ stands
for sulfonylurea drugs, such as Tolbutamid), r is a (possibly negative or empty)
requirement for the drug to take effect, and mk is a mode of action, such as
decrease of release of glucose from the liver, which holds at all future times.

The modes of action mk can be combined, together with an intention n
(achieving normoglycaemia, i.e. normal blood glucose levels, for example), a
particular patient condition c, and requirements rj for the modes of action to be
effective:

(Gmi1 ∧ · · · ∧ Gmim ∧ r1 ∧ · · · ∧ rp ∧ Hc) → Gn

Good practice medicine can then be formalised as follows. Let B be background
knowledge, T ⊆ {d1, . . . , dp} be a set of drugs, C a collection of patient condi-
tions, R a collection of requirements, and N a collection of intentions which the
physician has to achieve. A set of drugs T is a treatment according to the theory
of abductive reasoning if [9,6]:

(M1) B ∪ GT ∪ C ∪R � ⊥ (the drugs do not have contradictory effects), and
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(M2) B ∪GT ∪C ∪R � N (the drugs handle all the patient problems intended
to be managed)

If in addition to (1) and (2) condition

(M3) Oϕ(T ) holds, where Oϕ is a meta-predicate standing for an optimality
criterion or combination of optimality criteria ϕ,

then the treatment is said to be in accordance with good-practice medicine. A
typical example of this is subset minimality O⊂:

O⊂(T ) ≡ ∀T ′ ⊂ T : T ′ is not a treatment according to (1) and (2)

i.e. the minimum number of effective drugs are being prescribed. For example,
if {d1, d2, d3} is a treatment that satisfies condition (3) in addition to (1) and
(2), then the subsets {d1, d2}, {d2, d3}, {d1}, and so on, do not satisfy conditions
(1) and (2). In the context of abductive reasoning, subset minimality is often
used in order to distinguish between various solutions; it is also referred to in
literature as Occam’s razor. Another definition of the meta-predicate Oϕ is in
terms of minimal cost Oc:

Oc(T ) ≡ ∀T ′,with T ′ a treatment: c(T ′) ≥ c(T )

where c(T ) =
∑
d∈T cost(d); combining the two definitions also makes sense. For

example, one could come up with a definition of O⊂,c that among two subset-
minimal treatments selects the one that is the cheapest in financial or ethical
sense.

4 Management of Diabetes Mellitus Type 2

4.1 Diabetes Type 2 Background Knowledge

It is well known that diabetes type 2 is a very complicated disease. Here we focus
on the derangement of glucose metabolism in diabetic patients; however, even
that is nontrivial. To support non-expert medical doctors in the management of
this complicated disease in patients, access to a guideline is really essential.

One would expect that as this disorder is so complicated, the diabetes mellitus
type 2 guideline is also complicated. This, however, is not the case, as may
already be apparent from the guideline fragment shown in Fig. 1. This indicates
that much of the knowledge concerning diabetes mellitus type 2 is missing from
the guideline, and that without this background knowledge it will be impossible
to spot the sort of flaws we are after. Hence, the conclusion is that a deeper
biological analysis is required, the results of which are presented below.

The protein hormone insulin, which is produced by the B cells in the Langer-
hans islets of the pancreas, has the following major effects:

– it increases the uptake of glucose by the liver, where it is stored as glycogen,
and inhibits the release of glucose from the liver;

– it increases the uptake of glucose by insulin-dependent tissues, such as muscle
and adipose tissue.
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At some stage in the natural history of diabetes mellitus type 2, the level of glu-
cose in the blood is too high (hyperglycaemia) due to the decreased production
of insulin by the B cells.

Treatment of diabetes type 2 consists of:

– Use of sulfonylurea (SU) drugs, such as tolbutamid. These drugs stimulate
the B cells in producing more insulin, and if the cells are not completely ex-
hausted, the hyperglycaemia can thus be reverted to normoglycaemia (nor-
mal blood glucose levels).

– Use of biguanides (BG), such as metformin. These drugs inhibit the release
of glucose from the liver.

– Use of α-glucosidase inhibitors. These drugs inhibit (or delay) the absorp-
tion of glucose from the intestines. We omit considering these drugs in the
following, as they are only prescribed when treatment side-effects occur.

– Injection of insulin. This is the ultimate, causal treatment.

The background knowledge concerning the (patho)physiology of the glucose
metabolism as summarised above is formalised using temporal logic, and kept
as simple as possible. The specification is denoted by BDM2:

(1) GDrug(insulin) → G (uptake(liver, glucose) = up ∧
uptake(peripheral-tissues, glucose) = up)

(2) G(uptake(liver, glucose) = up → release(liver, glucose) = down)

(3) (GDrug(SU) ∧ ¬capacity(B-cells, insulin) = exhausted) →
G secretion(B-cells, insulin) = up

(4) GDrug(BG) → G release(liver, glucose) = down

(5) (Gsecretion(B-cell, insulin) = up ∧
capacity(B-cells, insulin) = subnormal ∧
QI ≤ 27 ∧ H Condition(hyperglycaemia))
→ GCondition(normoglycaemia)

(6) (Grelease(liver, glucose) = down ∧
capacity(B-cells, insulin) = subnormal ∧
QI > 27 ∧ H Condition(hyperglycaemia))
→ GCondition(normoglycaemia)

(7) ((Grelease(liver, glucose) = down ∨
Guptake(peripheral-tissues, glucose) = up) ∧

capacity(B-cells, insulin) = nearly-exhausted ∧
Gsecretion(B-cells, insulin) = up ∧
H Condition(hyperglycaemia))
→ GCondition(normoglycaemia)

(8) (Guptake(liver, glucose) = up ∧
Guptake(peripheral-tissues, glucose) = up) ∧
capacity(B-cells, insulin) = exhausted ∧
HCondition(hyperglycaemia))
→ G(Condition(normoglycaemia) ∨ Condition(hypoglycaemia))
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(9) (Condition(normoglycaemia) ⊕ Condition(hypoglycaemia)
⊕ Condition(hyperglycaemia))

where ⊕ stands for the exclusive OR. Note that when the B-cells are exhausted,
increased uptake of glucose by the tissues may not only result in normoglycaemia
but also in hypoglycaemia (something not mentioned in the guideline).

4.2 Quality Check

As insulin can only be administered by injection, in contrast to the other drugs
which are normally taken orally, doctors prefer to delay prescribing insulin as
long as possible. Thus, the treatment part of the diabetes type 2 guideline men-
tions that one should start with prescribing oral antidiabetics (SU or BG, cf. Fig.
1). Two of these can also be combined if taking only one has insufficient glucose-
level lowering effect. If treatment is still unsatisfactory, the guideline suggests
to: (1) either add insulin, or (2) stop with the oral antidiabetics entirely and to
start with insulin.

The consequences of various treatment options were examined using the
method introduced in Section 3. Hypothetical patients for whom it is the in-
tention to reach a normal level of glucose in the blood (normoglycaemia) are
considered, and treatment is selected according to the guideline fragments given
in Fig. 1:

– Consider a patient with hyperglycaemia due to nearly exhausted B-cells:

BDM2 ∪ GT ∪ {capacity(B-cells, insulin) = nearly-exhausted} ∪
{HCondition(hyperglycaemia)} � GCondition(normoglycaemia)

holds for T = {Drug(SU),Drug(BG)}, which also satisfies the minimality
condition O⊂(T ).

– Prescription of treatment T = {Drug(SU),Drug(BG),Drug(insulin)} for a
patient with exhausted B-cells, as is suggested by the guideline, yields:

BDM2 ∪ GT ∪ {capacity(B-cells, insulin) = exhausted} ∪
{HCondition(hyperglycaemia)} �

G(Condition(normoglycaemia) ∨ Condition(hypoglycaemia))

In the last case, it appears that it is possible that a patient develops hypogly-
caemia due to treatment; if this possibility is excluded, then the minimality con-
dition O⊂(T ), and also O⊂,c(T ), do not hold since insulin by itself is enough to
reach normoglycaemia. In either case, good practice medicine is violated, which
is to prescribe as few drugs as possible, taking into account costs and side-effects
of drugs. Here, three drugs are prescribed whereas only two should have been
prescribed (BG and insulin, assuming that insulin alone is too costly), and the
possible occurrence of hypoglycaemia should have been prevented.
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5 Quality Checking Using Symbolic Execution with
Induction

In the previous section we have seen that temporal logic can be used to formally
check a medical guideline, but so far only from a theoretical point of view. Here
we will study how such proofs can be constructed semi-automatically in terms
of symbolic execution with induction using the theorem prover KIV.

5.1 Translation to KIV

In this paper we will only discuss the translation of the constructs that were em-
ployed in the formalisation in the previous section. Firstly, the universal quan-
tification of the axioms over all points in time is made explicit. Secondly, the
modal operators have to be translated. The only modal operators that were used
were G and H. The operator G is semantically equivalent to KIV’s � operator.
However, KIV does not support past-time operators, but as Gabbay et al. have
shown [4], it is possible to translate any temporal formula with past-time op-
erators to an equivalent temporal formula with only future-time operators that
includes ‘until’. This implies that after translation it is possible, at least in prin-
ciple, to verify the temporal formulas introduced in sections 3 and 4. Axioms
hold over all points in time of which the the ones with past-time formulas are of
the following fixed form (see section 3):

(ϕ ∧ H Condition(hyperglycaemia)) → ψ

We can rewrite this semantically and obtain a pure future-time formula, i.e. a
formula with only future-time operators, as follows:

∀t : t � (ϕ ∧ H Condition(hyperglycaemia)) → ψ
⇔ ∀t : t � (ϕ → ψ) ∨ ¬H Condition(hyperglycaemia))
⇔ ∀t : t � ϕ → ψ or t � H Condition(hyperglycaemia))
⇔ ∀t : t � ϕ → ψ or¬∀t′ < t : t′ � Condition(hyperglycaemia)
⇔ ¬∃t : t � ¬(ϕ → ψ) and∀t′ < t : t′ � Condition(hyperglycaemia)
⇔ ¬ (Condition(hyperglycaemia) until ¬ (φ → ψ))

5.2 Specification in KIV

In KIV datatypes are expressed in a many-sorted algebra with possibilities for
parameterisation, allowing the creation of specific sorts by defining constraints
on the parameters. The sorts with associated data elements required to create a
specification of the domain of diabetes mellitus type 2 are listed in Table 3.

In KIV, functions and predicates are static, i.e. they do not change over time.
Therefore, for the formalisation in KIV functions and predicates were mapped
to dynamic variables. For example, secretion(B-cells, insulin) was mapped to a
dynamic variable named BsecretionI. Since variables in axioms of algebraic
specifications are universally quantified, a procedure with name ‘patient’ was
used to bind these variables. This gives each relevant variable a context and
prohibits instantiations of axioms with variables that have different names.
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Table 3. Data specifications.

Specification Data elements
capacity exhausted, nearly-exhausted, subnormal
condition hyperglycaemia, hypoglycaemia, normoglycaemia
updown up, down
drug SU, BG, glucosidase, insulin
setdrugs set of elements of sort drug
setsetdrugs set of elements of sort setdrugs

The axioms (3), (4) and (7) were selected and translated to KIV’s syntax as
indicated in Section 5.1. In addition, a number of variables were primed to deal
with the consistency condition mentioned in Section 3, as will be discussed in
Section 5.4. This yielded the following three sequents, denoted by A:

[patient(; Drugs, Condition, UptakeLG, UptakePG, ReleaseLG
BcapacityI, BsecretionI, QI)] #

� (((� SU ∈ Drugs) ∧ BcapacityI �= exhausted) → � BsecretionI′ = up);

[patient(; Drugs, Condition, UptakeLG, UptakePG, ReleaseLG
BcapacityI, BsecretionI, QI)] #

� ((� BG ∈ Drugs) → (� ReleaseLG′ = down));

[patient(; Drugs, Condition, UptakeLG, UptakePG, ReleaseLG
BcapacityI, BsecretionI, QI)] #

¬(Condition = hyperglycaemia until
¬((((� ReleaseLG′ = down) ∨ (� UptakePG = up))

∧(BcapacityI = nearly-exhausted) ∧ � BsecretionI′ = up)
→ (� Condition′ = normoglycaemia)));

Now define B′DM2 as the conjunction of the right-hand-sides of A. We will show
how the meta-level properties follow from these right-hand-sides. The procedure
patient only acts as a placeholder.

5.3 Proof

Again, consider a patient with hyperglycaemia due to nearly exhausted B-cells
and T = {Drug(SU),Drug(BG)}. The following sequent, which corresponds to
condition M2 from section 3, was proven by KIV in about 50 steps:

[patient(; Drugs, Condition, UptakeLG, UptakePG, ReleaseLG
BcapacityI, BsecretionI, QI)]
# ¬(Condition = hyperglycaemia until

¬(((� Drug = {SU, BG}) ∧ BcapacityI = nearly-exhausted)
→ (� Condition′ = normoglycaemia)));

The proof relies on the fact that the axioms can be inserted with the appro-
priate (program-)variables, after which the patient procedure can be removed
from the sequent and the real work starts. Hence, the consequent of the sequent
is deduced from the axioms B′DM2. This yields:
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B′DM2 # ¬(Condition = hyperglycaemia until
¬(((� Drug = {SU, BG}) ∧ BcapacityI = nearly-exhausted)

→ (� Condition′ = normoglycaemia)));

An outline of this proof follows. The proof obligation Γ # Δ, ¬(ϕ until ψ)
is equivalent to Γ, ϕ until ψ # Δ. The sequent is proved by induction over
the number of steps it takes to satisfy ψ. For this, introduce a fresh dynamic
variable N and generalise the sequent to (N = N ′′ + 1 ∧ φ) until ψ, Γ # Δ.
The equation N = N ′′ + 1 ensures that N decreases in each step. Now, we can
perform induction with induction term N which yields

(N = N ′′ + 1 ∧ φ) until ψ, Γ, N = n, �(N < n → IndHyp) # Δ

where IndHyp = ((N = N ′′+1∧φ) until ψ)∧
∧

Γ →
∨

Δ and n is a new static
variable. We move to the next state by symbolically executing the temporal
formulae. For example,

φ until ψ ⇔ ψ ∨ (φ ∧ ◦(φ until ψ))

is used to execute the until operator. In this case, the induction hypothesis can
be applied in all possible successive states.

5.4 Disproofs

The final part of this section we will show disproofs of properties that do not
follow from B′DM2 by using program verification techniques. In the previous
section we reasoned with the given axioms A, but here we use a more extensive
implementation of the patient procedure as shown in Fig. 5.4, which not only
binds variables, but implements part of the therapeutic reasoning.

Now define the theory

M = {[patient(...)]} ∪
⋃

x�=Drugs

{� x′ = x′′}

where the last term denotes that variables, except for Drugs, are not altered by
the environment, but only by the program itself. In about 400 steps using KIV it
was proved that M # B′DM2, which implies M � B′DM2 assuming KIV is sound.
From this and the fact that M is consistent (since a program is consistent and
the environment is not altered), we have shown that B′DM2 � ⊥ and therefore
condition M1. The number of steps shows that this proof was significantly harder.
The reason is that in many cases an invariant could only be defined after an initial
symbolic execution. This caused an explosion of states that had to be considered.
Furthermore, the invariants that had to be formulated were less straightforward.

Now showing that this set of drugs is a minimal treatment (condition M3),
as discussed in Section 4, we construct for all T ′ ∈ ℘{SU,BG}, T ′ �= {SU,BG}:

MT ′ = M ∪ {� Drugs′ = Drugs′′, Condition = hyperglycaemia,
BsecretionI = down, BcapacityI = nearly-exhausted,
ReleaseLG = up, UptakePG = down, Drugs = T ′}
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patient(var Drugs, Condition, UptakeLG, UptakePG,
ReleaseLG, BcapacityI, BsecretionI, QI)

begin
var oncebcapi = false, hchyper = true, nownormal = false in

while true do
patom

if SU ∈ Drugs ∧ (BcapacityI �= exhausted ∨ oncebcapi) then
begin

BsecretionI := up;
oncebcapi := true

end;
if BG ∈ Drugs then ReleaseLG := down;
if (ReleaseLG = down ∨ UptakePG = up) ∧ BsecretionI = up ∧

((Bcapacity = nearly-exhausted ∧ hchyper) ∨ nownormal) then
begin

nownormal := true;
hchyper := false;
Condition := normoglycaemia

end
end

end

Fig. 2. Declaration of the patient procedure.

Again, MT ′ is consistent. It was proved in about 25 steps with KIV that:

MT ′ # (Condition = hyperglycaemia until
¬(((� Drugs = T ′) ∧ BcapacityI = nearly-exhausted)

→ (� Condition′ = normoglycaemia)));

Because of monotony of temporal logic and M � B′DM2, we have MT ′ � B′DM2.
Since MT ′ is consistent, we can conclude:

B′DM2 � ¬(Condition = hyperglycaemia until
¬(((� Drugs = T ′) ∧ BcapacityI = nearly-exhausted)

→ (� Condition′ = normoglycaemia)));

Hence, T = {Drug(SU),Drug(BG)} is a minimal treatment. As one might ex-
pect, it shows that after the construction of the appropriate countermodel, dis-
proofs are fairly easy.

6 Discussion

The quality of guideline design is for the largest part based on its compliance
with specific treatment aims and global requirements. To this purpose, use was
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made of the theory of abductive, diagnostic reasoning, i.e. we proposed to diag-
nose potential problems with a guideline using logical abduction [6,9]. This is a
meta-level characterisation of the quality of a medical guideline. What was diag-
nosed were problems in the relationship between medical knowledge, suggested
treatment actions in the guideline text and treatment effects; this is different
from traditional abductive diagnosis, where observed findings are explained in
terms of diagnostic hypotheses. This method allows us to examine fragments of
a guideline and to prove properties of those fragments.

In this paper, we have made use of the interactive theorem prover KIV [1] to
actually quality check a medical guideline using the theory of quality of guide-
lines developed previously [7]. This complements the earlier work on object-level
verification of medical guidelines using KIV [8]. About half of the steps that
were needed to complete the proofs had to be done manually. Fortunately, most
of the interactive steps were rather straightforward. We are confident that with
more specific heuristics, the proposed meta-level approach can be almost fully
automated in KIV.
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Abstract. Biochemical pathways or networks are generic representations used
to model many different types of complex functional and physical interactions in
biological systems. Models based on experimental results are often incomplete,
e.g., reactions may be missing and only some products are observed. In such cases,
one would like to reason about incomplete network representations and propose
candidate hypotheses, which when represented as additional reactions, substrates,
products, would complete the network and provide causal explanations for the
existing observations.
In this paper, we provide a logical model of biochemical pathways and show how
abductive hypothesis generation may be used to provide additional information
about incomplete pathways. Hypothesis generation is achieved using weakest
and strongest necessary conditions which represent these incomplete biochemical
pathways and explain observations about the functional and physical interactions
being modeled. The techniques are demonstrated using metabolism and molecular
synthesis examples.

Keywords: Abduction, biochemical pathways, hypotheses generation, weakest
sufficient and strongest necessary conditions.

1 Introduction

Biochemical pathways or networks are generic representations used to model many
different types of complex functional and physical interactions in biological systems.
For example, metabolism can be viewed and modeled in terms of complex networks of
chemical reactions catalyzed by enzymes and consisting of reactive chains of substrates
and products (see, e.g., [1,2]).

Often these models are incomplete. For example, reactions may be missing and only
some products are observed. In such cases, one would like to reason about incomplete
network representations and propose candidate hypotheses, which when represented as
additional reactions, substrates, products, or constraints on such, would complete the
network and provide causal explanations for the existing observations.

In this paper, we provide a logical model of biochemical pathways (Section 2) and
show how abductive hypothesis generation may be used to provide additional infor-
mation about incomplete pathways. Hypothesis generation is achieved using weakest
and strongest necessary conditions for restricted fragments of 1st-order theories which
represent these incomplete biochemical pathways and explain observations about the
functional and physical interactions being modeled (see Section 3). Quantifier elimina-
tion techniques (see [3,4,5]) are used to automatically generate these hypotheses, using
the technique described in [6].
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Part of the modeling process includes the use of approximate databases [7], where
when queries are viewed as inferences, questions can be asked about the generated
hypotheses (see Section 4).

These techniques are demonstrated in Section 5, using metabolism and molecular
synthesis examples.

Comparing to other approaches, e.g., that presented in [8,9], we focus on modeling
reactions in the classical first-order logic and then on hypotheses generation, using
approximations provided by strongest necessary and weakest sufficient conditions, and
on evaluation of queries using approximate databases, where queries are tractable.

This paper is an extended version of extended abstract [10].

2 Data Models for the Analysis of Biochemical Pathways

2.1 Preliminaries

The analysis of biochemical pathways has been considered in numerous papers (see,
e,g, [1,2]). In this paper, a bipartite graph representation of chemical reactions will be
used (see, e.g., [2]).

It is assumed that any reaction is specified by:

n : c1 + . . . + ck
α(n)−→ c′1 + . . . + c′l,

where:

– n is a label (name) of the reaction
– c1, . . . , ck are reactants (inputs for n)
– c′1, . . . , c

′
l are products ofn andα(n) is a formula that specifies additional conditions

necessary for the reaction, such as temperature, pressure, presence of catalyzers, etc.

In a bipartite graph there are two types of nodes: compound nodes (depicted by
circles) and reaction nodes (depicted by rectangles). An edge from a compound node to
a reaction node denotes a substrate. An edge from a reaction node to a compound node
denotes a product of the reaction. We additionally allow conditions placed in the boxes,
if these are specified for particular reactions (see Figure 1).

2.2 Representing Reactions in Logic

The language. In the paper, the classical first-order logic is used for specifying reactions.
Reaction nodes will be represented explicitly, while information about available

compounds will be given via a suitable relation. Consequently, it is assumed that the
following symbols are available:

1. constants and variables:
– constants representing (naming) reactions (denoted by n, n′), compounds (de-

noted by c, c′, h2o, co2 etc.), and reaction nodes (denoted by r, r′)
– variables representing reactions, denoted by N,N ′, compounds (C,C ′), and

reaction nodes (R,R′);
for constants and variables we also use indices, when necessary
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Fig. 1. Examples of bipartite graphs.

2. relation symbols reflecting static information:
– in(C,N) meaning that compound C is needed for reaction N

– out(N,C) meaning that compound C is a product of reaction N

3. relation symbols reflecting dynamic information:
– prec(R,R′) meaning that reaction node R precedes reaction node R′

– notExcl(R,R′) meaning that precedence prec(R,R′) is not excluded1

– chain(R,R′) meaning that there is a chain of reactions R,R1, R2, . . . , Rk, R
′

such that prec(R,R1), prec(R1, R2), . . . ,prec(Rk−1, Rk), prec(Rk, R′)
– react(N,R) meaning that reaction N actually happened in reaction node R

– av(C,R) meaning that compound C is available for reaction represented by
reaction node R.

Specifying Reactions in Logic. Let e, t be any expressions and s any subexpression
of e. By e(s/t) we shall mean the expression obtained from e by substituting each
occurrence of s by t.

It is assumed that any formula is implicitly universally quantified over all its variables
that are not bound by a quantifier.

Any reaction of the form

n : c1 + . . . + ck
α(n)−→ c′1 + . . . + c′l, (1)

is translated into the formula react(n,R), where the following integrity constraints are
assumed:

– static information about reaction n:

in(c1, n) ∧ . . . ∧ in(ck, n)∧
out(n, c′1) ∧ . . . ∧ out(n, c′l)

1 notExcl(R, R′) is useful for constraining the hypothesis generation process.



670 P. Doherty et al.

– linking nodes in graphs with reactions

react(n,R) → (2)

α(n/R)∧
∀C. {in(C, n) → av(C,R)}∧
∀R′, C ′. {[prec(R,R′) ∧ out(n,C ′)] → av(C ′, R′)}.

Observe that the above formula can be more efficiently expressed according to the
schema:

react(n,R) → (3)

α(n/R)∧
av(c1, R) ∧ . . . ∧ av(ck, R)∧
∀R′. {prec(R,R′) → av(c′1, R

′)}∧
. . .∧
∀R′. {prec(R,R′) → av(c′l, R

′)}.
However, in order to link to an existing biochemical database one would most
probably have to use the previous version with suitable syntactic adjustments.

3 Strongest Necessary and Weakest Sufficient Conditions

3.1 Preliminaries

The strongest necessary and weakest sufficient conditions, as understood in this paper
and defined below, have been introduced in [11] and further developed in [6]. Observe
that the weakest sufficient condition corresponds to the weakest abduction expressed in
terms of a chosen vocabulary.

Definition 3.1. By a necessary condition of a formula α on the set of relation symbols
P under theory T we shall understand any formula φ containing only symbols in P such
that T |= α → φ. It is the strongest necessary condition, denoted by Snc(α;T ;P ) if,
additionally, for any necessary condition ψ of α on P under T , T |= φ → ψ holds. �

Definition 3.2. By a sufficient condition of a formula α on the set of relation symbols P
under theory T we shall understand any formula φ containing only symbols in P such
that T |= φ → α. It is the weakest sufficient condition, denoted by Wsc(α;T ;P ) if,
additionally, for any sufficient condition ψ of α on P under T , T |= ψ → φ holds. �

The set P in the definitions for wsc’s and snc’s is referred to as the target language.
The following lemma has been proven in [6].

Lemma 3.3. For any formula α, any set of relation symbols P and theory T such that
the set of free variables of T is disjoint with the set of free variables of α:

Snc(α;T ;P ) ≡ ∃Φ̄. [T ∧ α] (4)

Wsc(α;T ;P ) ≡ ∀Φ̄. [T → α], (5)

where Φ̄ consists of all relation symbols appearing in T and α but not in P . �



Towards a Logical Analysis of Biochemical Pathways 671

The above characterizations are second-order. However, for a large class of formulas,
one can obtain logically equivalent first-order formulas2 (see, e.g., [3,4]) or fixpoint
formulas3 (see, e.g., [5]) by applying techniques for eliminating second-order quantifiers.
The algorithms given in [3,4] are implemented and are available online. The algorithm
based on [5] is implemented, as described in Section 4.

3.2 Hypotheses Generation Using Snc’s and Wsc’s

Snc’s and Wsc’s provide a powerful means of generating hypotheses using abduction.
Suppose one is given a (incomplete) specification of a set of interacting reactions of
the form shown in equation (1). We would use this set of formulas as the background
theory T . Suppose additionally, that a number of observations are made referring to
reactions known to have occurred, or compounds known to be available for participation
in a reaction, etc. Let α denote the formula representing these observations. Generally,
it will not be the case that T |= α because T only provides an incomplete specification
of the reactions.

We would like to generate a formula ( candidate hypotheses) φ in a restricted subset
of the language of reactions P such that φ together with the background theory T does
entail the observations α. It is important that we do not over commit otherwise we could
just as easily choose α itself as the hypothesis which wouldn’t do much good. In fact,
the Wsc(α;T ;P ) does just the right thing since we know that T ∧ Wsc(α;T ;P ) |= α
and it is the weakest such formula by definition.

Wsc(α;T ;P ) actually represents alternative hypotheses for explaining α. If it is
put in disjunctive normal form, each of the disjuncts makes Wsc(α;T ;P ) true and
represents a weakest hypothesis. To reason about what each candidate hypothesis might
imply in terms of completing the reaction representation, one would simply add both
the background theory T and the candidate hypothesis α′ to the approximate database
described in Section 4 and query the database as desired.

Technically, if the wsc/sns in question can be expressed using the classical first-order
logic,4 one would then perform the following steps:

1. replace any quantifier ∀X.α(X) by the conjunction α(X/a1) ∧ . . . ∧ α(X/ak),
where a1, . . . , ak are all constants occurring in the database of the type compatible
with the type of X

2. replace any quantifier ∃X.α(X) by the disjunction α(X/a1) ∨ . . . ∨ α(X/ak),
where a1, . . . , ak are as above

3. transform the resulting formula into prenex normal for with the quantifier-free part
transformed into the disjunctive normal form.

Observe that two first steps are of linear complexity wrt size of the database. However,
the third step might be of exponential complexity wrt the size of the formula obtained

2 The class of formulas includes, e.g., all non-recursive semi-Horn formulas - see, e.g., [12].
3 Fixpoint formulas are obtained for semi-Horn formulas, a formalism substantially more ex-

pressive than the Horn fragment of first-order logic.
4 E.g., second-order quantifier elimination results in a first-order formula.
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in previous steps. One can, however, generate suitable disjuncts one at a time, not all of
them at once.

Each disjunct is a conjunction of literals and represents a possible set of facts mak-
ing a given snc or wsc true. It could then be used to update the database containing
the background theory. One could then query database, using the language outlined in
Section 4 in order to verify certain properties of the generated hypotheses (e.g., whether
the obtained chain of reactions is cycle-free or is acceptable by experts).

In the case when the wsc and snc are fixpoint formulas, one can use the standard char-
acterization of fixpoints as disjunctions/conjunctions of iterations of fixpoint operators.
However, the complexity of the resulting formula might in this case be unacceptable.

3.3 Applications of Snc’s and Wsc’s in the Analysis of Biochemical Pathways

Observe that:

– wsc corresponds to a weakest abduction expressed in a given target language. For
example, consider

Wsc(av(fin, so3);Th;L),

where Th is the theory expressing properties of given reactions, as constructed in
Section 2.2. Then
• if the target language L consists of av only, the resulting wsc expresses what

compounds availability makes the required output of reaction node fin feasible
• if the target language consists of react, then the resulting wsc expresses reac-

tions necessary to make the required output of fin feasible
– snc allows to infer facts from a negative information. In fact, snc expresses what

would be possible under a given set of hypotheses. For example, if a certain side
product has not been observed, a reaction can be excluded from the set of hypotheses.

4 Approximate Databases

4.1 Introduction

An approximate database is based on the standard concept of a deductive database but
with a number of modifications that enable reasoning about incomplete and approximate
knowledge.

The basis for the representation of data are approximate relations. An approximate
relation, say R, is given by:

– a lower approximation, denoted by R+ , containing objects known to satisfy the
relation

– an upper approximation, denoted by R⊕ , containing objects that may satisfy the
relation.
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We also allow in the language R− , consisting of tuples which are known not to satisfy
R, R� consisting of tuples that may not satisfy R and R± , called the boundary of
R, consisting of tuples for which it is unknown whether they satisfy R. Of course,
R⊕ = R+ ∪R± and R� = R− ∪R± .

Queries to the database are approximate formulas, where all relations are approxi-
mate. In the case of a query containing free variables, the result of the query is a list of
substitutions for those variables that satisfy the query. In the case of a query without free
variables, the result is true, false or unknown.

A prototype implementation of the approximate database management system that
functions as a front-end to the PostgreSql database has been developed. The architec-
ture of implemented layers is depicted in Figure 2.

Fig. 2. The architecture of the knowledge database.

An extensional database layer (Edb) defines object constants and relations, includ-
ing information about argument types, and explicitly stores positive (R+) and negative
(R− ) information for each relation R. The Boundaries of any approximate relation can
be generated by combining its explicit information with all possible tuples of constants
constrained by the argument types. A query compilation mechanism translates any ap-
proximate fixpoint formula into standard Sql and returns bindings of free variables using
results from the PostgreSql database.

An intensional database layer (Idb) contains deductive rules in the form of approxi-
mate formula implications and infers new positive or negative information by applying
the inference mechanism on data in the Edb.

Finally, a contextually closed query layer (the Ccq layer) provides functionality
for local closed world assumptions by circumscribing a definition of the query in the
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context of a minimization/variation policy (see, [7]). The circumscription generates a
second order formula, which can often be reduced into a logically equivalent fixpoint
formula that can be evaluated by the Edb. This is achieved through application of the
Dls∗ algorithm (described, e.g., in [13]).

4.2 Using Approximate Databases for Representing Biochemical Pathways

Bipartite graphs describing chemical reactions can be represented and reasoned about
using queries to an approximate database with the language presented in Section 4.1.
As is often the case, the reaction graph may be incomplete, in which case querying may
be insufficient to draw any conclusions at all. In this case we propose the application of
Wsc’s and Snc’s in order to hypothesize additional reaction pathways before querying.

According to the definitions of Wsc’s and Snc’s they are equivalent to second order
formulas. Using the Dls∗ algorithm, which is part of the Ccq layer, these can often be
reduced into equivalent first order of fixpoint formulas.

When a hypothesis has been generated, as described in Section 3.2, it can be added
to the database together with the background theory and initial conditions regarding the
availability of compounds. Any consequences of the hypothesis can then be investigated
by querying the database.

For example one might want to find compounds that are available as a result of the
reactions in the hypothesis by performing the query:

∃N,R [react+(N,R) ∧ out+(N,C)].

The compound variable C is unbound and the query will return any compounds that
resulted from any reaction that actually took place. If one of these compounds could
not be found after performing the experiment, this might be a reason to exclude the
hypothesis.

Consider now relations described in Section 2.2.
We assume that relations in and out are in the knowledge database or, alternatively,

that the database contains definitions of reactions prepared according to schema (2) or
(3) (see Section 2.2). In what follows we assume for simplicity that schema (3) is used
whenever possible.

Relations prec, chain, react and av are often known only partially on the basis of
observations. In such a case, in order to find the missing information, we will project out
those relation symbols using the methodology of approximations based on weakest suf-
ficient and strongest necessary conditions (see Section 3). We will assume the following
set of formulas, reflecting the partial knowledge:

– if it is known that react(n, r) holds, where n and r are constants, and n is specified
by (1), then one adds to the database formula

[N = n ∧R = r] → react+(N,R)

– if prec(r, r′) is known, then one adds formula

[R = r ∧R′ = r′] → prec+(R,R′),

and similarly for chain
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– if av(c, r) is known, then one adds formula

[C = c ∧R = r] → av+(C,R).

If some reaction nodes are missing then one has to make sure that database domain
has some extra constants for such nodes. These constants can eventually be used in
hypothesis generation (see Section 3.2).

One also adds the following formulas:

– sufficient condition for prec:

∃C,N. [react+(N,R) ∧ out+(N,C)∧ (6)

av+(C,R′) ∧ notExcl⊕(R,R′)] → prec+(R,R′)

– necessary condition for prec

prec+(R,R′) → (7)

∃C,N. [react+(N,R) ∧ out+(N,C) ∧ av+(C,R′)].

Remark 4.1. All the formulas considered so far allow one to compute weakest suffi-
cient and strongest necessary conditions as classical first order formulas, provided that
additional conditions expressed by formula α in all reactions (see Equation (1)) are
non-recursive. �

The following formulas are sometimes5 required, but should be avoided whenever
possible, since computing weakest sufficient and strongest necessary conditions in their
presence results in fixpoint formulas which are much more complex to handle during
the hypothesis generation stage.6

– definition of chain:

chain+(R,R′)
def≡

prec+(R,R′)∨
∃R1. [prec+(R,R1) ∧ chain+(R1, R

′)].

– no cycles:
∀R. [¬chain+(R,R)] (or, alternatively, ∀R. [chain�(R,R)]).

One can also describe the availability of certain compounds and some other condi-
tions. For example, ∀R. [av+(h2so4, R)] specifies that H2SO4 is known to be available
for any reaction node.

5 When the reasoning concerns chains of reactions of not bounded a priori length .
6 In fact, from the point of view of complexity, it is better to use these formulas as integrity

constraints to rule out certain hypotheses (see discussion in Section 3.2).
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5 Examples

5.1 A Metabolism Example

Consider a fragment of the aromatic amino acid pathway of yeast, shown in Figure 3
(this is a fragment of a larger structure used in [1]). Rectangles are labelled with enzyme
names, meaning that a respective enzyme is to be available for reaction, i.e., that av
holds. For example, av(ydr127w, r) is necessary, when the label of r is “YDR127W”.

YDR127W
�

�

C02652

C00005

YDR127W

�
C00006

C00493
�

C00002

�
�

YDR127WYGL148W

�

�



�

C00008
C03175

C00074C00009 C00251
C00009

C01269
		

�
� �

Fig. 3. A fragment of the aromatic amino acid pathway of yeast.

Figure 3 depicts the following reactions:

n1 : C02652 + C00005 YDR127W−→ C00006 + C00493
n3 : C03175 + C00074 YDR127W−→ C01269 + C00009
n4 : C01269 YGL148W−→ C00009 + C00251.

It is assumed that reaction

n2 : C00493 + C00002 YDR127W−→ C03175 + C00008

depicted by the dashed box is, in fact, missing.
The above set of reactions is expressed by formulas as defined in Section 2.2. For

example, the first reaction is expressed by:

react(n1, R) →
av(ydr127w,R)∧
av(c02652, R) ∧ av(c00005, R)∧
∀R′. [prec(R,R′) → av(c00006, R′)]∧
∀R′. [prec(R,R′) → av(c00493, R′)].
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The missing reaction is also present, among many other reactions, in the database, and
is expressed by:

react(n2, R) →
av(ydr127w,R)∧
av(c00493, R) ∧ av(c00002, R)∧
∀R′. [prec(R,R′) → av(c03175, R′)]∧
∀R′. [prec(R,R′) → av(c00008, R′)].

We assume that the underlying database contains partial information about the observed
chain of reactions:

react(n1, r1) ∧ react(n3, r3) ∧ react(n4, r4)

together with a description of reactions n1, n3, n4 and many other reactions, including
n3. Let the considered knowledge base be denoted by Kdb. We assume, for simplicity,
that no precedence of reactions is excluded, ∀R,R′. notExcl⊕(R,R′).

We can now consider, e.g., Wsc(α; Kdb; av), where

α
def≡ ∃N.[react(N, r2) ∧ prec(r1, r2) ∧ prec(r2, r3)],

providing one with the weakest requirement expressed in terms of av only, making α
true, provided that the background theory given by Kdb holds.

In our case, the generated hypotheses will contain the disjunct av+(c00002, r2),
reflecting, among others, sufficient conditions for prec, expressed by (6).

The Snc(α; Kdb;{out}) will contain the disjunct

out+(N, c03175) ∧ out+(N, c00008),

reflecting, among others, necessary conditions for prec, expressed by (7). If one of the
compounds c03175, c00008 has not been observed during the reaction chain, one can
reject the hypothesis that reaction N in node r2 was n2.

5.2 Synthesis of 3-bromo-4propylphenol from Benzene

This example shows how to express additional conditions on reactions.
Consider the following reactions for synthesis of 3-bromo-4propylphenol from ben-

zene (see [14]):7

n1: C6H6 + C3H5OCl + AlCl3 −→ C9H10O
n2: C9H10O + Zn(H5) + HCl −→ C8H12
n3: C9H12 + HNO3 + H2SO4 −→ C9H11NO2
n4: C9H11NO2 + Br2 + FeBr3 −→ C9H10NO2Br
n5: C9H10NO2Br + Sn + HCl −→ C9H12NBr

n6: C9H12NBr+NaNO2+H2SO4+H2O 0oC+heat−→ C9H11OBr

In order to express the condition “0oC + heat”, one has to extend the language by adding
the following relations:

7 The condition in reaction n6 is intended to mean that the reaction has to start at a temperature
of 0oC and then the reactants are to be heated.
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– temp(R, T ) meaning that the temperature in node R is initially T
– heat(R) meaning that compounds in node R are heated.

Now “0oC + heat” is expressed by temp(R, 0) ∧ heat(R) and the reaction n6 is ex-
pressed by:

react(n6, R) →
temp(R, 0) ∧ heat(R)∧
av(c9h12nbr,R) ∧ av(nano2, R)∧
av(h2so4, R) ∧ av(h2o,R)∧
∀R′. [prec(R,R′) → av(c9h11obr,R′)].

The hypotheses generated here might also have to be expressed in terms of a richer
language. For example, the weakest sufficient condition for reaction n6 to react in node
r would involve temp(r, 0) ∧ heat(R). In fact, no condition expressed in terms of
relations introduced in Section 2.2 would make n6 feasible, since none of them implies
temp(r, 0) or heat(R).

6 Conclusions

In the paper we have presented a logical model of biochemical pathways and have shown
how abductive hypothesis generation may be used to provide additional information
about incomplete pathways. Hypothesis generation is achieved using weakest and stron-
gest necessary conditions which explain observations about the functional and physical
interactions being modeled.

The language for expressing knowledge about biochemical pathways that permits
second-order quantifier elimination is quite broad and includes semi-Horn formulas
(see [12]), a formalism substantially more expressive than the Horn fragment of the
first-order logic. However, if one uses non-recursive semi-Horn formulas, the resulting
formalism is much more efficient.

One can extend the approach in various directions. In particular, one can model much
more complicated conditions required for reactions as well as time dependencies.

The approximate database implementation as well as our earlier work on snc’s and
wsc’s has been supported in part by the WITAS project grant under the Wallenberg
Foundation, Sweden.
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1 Introduction

Abduction has long been recognised as a powerful mechanism for hypothetical
reasoning in the presence of incomplete knowledge. Here, we discuss the im-
plementation of a novel abductive proof procedure, which we call CIFF, as it
extends the IFF proof procedure [7] by dealing with Constraints, as in constraint
logic programming. The procedure also relaxes the strong allowedness restric-
tions on abductive logic programs imposed by IFF. The procedure is described
in detail in [6]. It is currently employed to realise a number of reasoning tasks of
KGP agents [8] within the platform for developing agents and agent applications
PROSOCS [12]. These tasks include (partial) planning in a dynamic environment
[9,5], reactivity to changes in the environment [5], temporal reasoning in the ab-
sence of complete information about the environment [2,1], communication and
negotiation [11], and trust-mediated interaction [10]. Some details on an earlier
version of the system and the planning application can be found in [5]. Although
the implementation of CIFF that we describe here has been tested successfully
within PROSOCS in a number of settings, this is an initial prototype and more
research into proof strategies and heuristics as well as fine-tuning are required
to achieve satisfactory runtimes for larger examples.

2 Abductive Logic Programming with CIFF

An abductive logic program is a triple 〈P, I, A〉, where P is a normal logic program
(with constraints à-la CLP), I is a finite set of sentences in the language of P
(called integrity constraints), and A is a set of abducible atoms in the language
of P . A query Q is a conjunction of literals, possibly containing (implicitly exis-
tentially quantified) variables. An abductive answer to a query Q for a program
〈P, I, A〉, containing constraint predicates defined over a structure ?, is a pair
〈Δ,σ〉, where Δ is a set of ground abducible atoms and σ is a substitution for
the variables in Q such that P ∪ Δσ |=$ I ∧ Qσ. In our case, |=$ represents
entailment with respect to the completion semantics [4], extended à-la CLP to
take the constraint structure into account.

J.J. Alferes and J. Leite (Eds.): JELIA 2004, LNAI 3229, pp. 680–684, 2004.
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Like IFF [7], CIFF uses an alternative representation of an abductive logic
program 〈P, I, A〉, namely a pair 〈Th, I 〉, where Th is a set of iff-definitions,
p(X1, . . . , Xk) ⇔ D1 ∨ · · · ∨Dn, obtained by selectively completing P [4,7] with
respect to all predicates except special predicates (true, false, constraint and
abducible predicates). CIFF deals with integrity constraints I which are impli-
cations: L1 ∧ · · · ∧ Lm ⇒ A1 ∨ · · · ∨ An, with Li literals and Aj atoms. Any
variables are implicitly universally quantified with scope the entire implication.

In CIFF, the search for abductive answers for queries Q amounts to con-
structing a proof tree, starting with an initial tree with root consisting of Q∧ I.
The procedure then repeatedly manipulates a currently selected node by ap-
plying equivalence-preserving proof rules to it. The nodes are sets of formulas
(so-called goals) which may be atoms, implications, or disjunctions of literals.
The implications are either integrity constraints, their residues obtained by prop-
agation, or obtained by rewriting negative literals not p as p ⇒ false.

IFF requires abductive logic programs and queries to meet a number of
allowedness conditions (avoiding certain problematic patterns of quantification).
CIFF relaxes these conditions checking them dynamically, i.e. at runtime, by
means of a dynamic allowedness rule included amongst its proof rules. This rule
labels nodes with a problematic quantification pattern as undefined. Undefined
nodes are not selected again. In addition to the dynamic allowedness rule, CIFF
includes, e.g., the following proof rules (for full details and other rules see [6]):
– Unfolding: Replace any atomic goal p(�t), for which there is an iff-definition

p( �X) ⇔ D1 ∨ · · · ∨Dn in Th, by (D1 ∨ · · · ∨Dn)[ �X/�t].
– Propagation: Given goals [p(�t) ∧A ⇒ B] and p(�s), add [(�t = �s) ∧A ⇒ B].
– Constraint solving: Replace a node with unsatisfiable constraints by false.

In a proof tree for a query, a node containing false is called a failure node. If all
leaf nodes in a tree are failure nodes, then the search is said to fail. A node to
which no more proof rules can be applied is called a final node. A non-failure
final node not labelled as undefined is called a success node. CIFF has been
proved sound [6]: it is possible to extract an abductive answer from any success
node and if the search fails then there exists no such answer.

3 Implementation of CIFF

We have implemented the CIFF procedure in Sicstus Prolog 1 relying upon its
built-in constraint logic programming solver over finite domains (CLPFD) [3].
Our implementation includes a simple module that translates abductive logic
programs into completed logic programs, which are then fed as input to CIFF.
The main predicate of our implementation is ciff/4:

ciff( +Defs, +ICs, +Query, -Answer).

The first argument is a list of iff-definitions, the second is a list of integrity
constraints, and the third is the list of literals in the given query. Alternatively,
the first two arguments may be replaced with the name of a file containing an
1 The system is available at http://www.doc.ic.ac.uk/∼ue/ciff/
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abductive logic program. The Answer consists of three parts: a list of abducible
atoms, a list of restrictions on variables, and a list of (arithmetic) constraints (the
latter two can be used to construct the σ component in an abductive answer). Iff-
definitions are terms of the form A iff B, where A is an atom and B is a list of
lists of literals (representing a disjunction of conjunctions). Integrity constraints
are expressions of the form A implies B, where A is a list of literals (representing
a conjunction) and B is a list of atoms (representing a disjunction). The syntax
chosen to represent atoms is that of Prolog. Negative literals are represented as
Prolog terms of the form not(P) Atoms can be (arithmetic) constraints, such
as T1 #< T2 + 5. The available constraint predicates are #=, #\=, #<, #=<, #>, and
#>=, each of which takes two arguments that may be any arithmetic expressions
over variables and integers (using any arithmetic operation that CLPFD can
handle [3]). Note that, for equalities over terms that are not arithmetic terms,
the usual equality predicate = should be used (e.g. X = bob). The Prolog predicate
implementing the proof rules is:

sat( +Node, +EV, +CL, +LM, +Defs, +FreeVars, -Answer).

Node is a list of goals, representing a conjunction. EV is used to keep track
of existentially quantified variables in the node (to assess the applicability of
some of the proof rules). CL (for constraint list) is used to store the constraints
accumulated so far. The next argument, LM (for loop management), is a list
of expressions of the form A:B recording pairs of formulas that have already
been used during a computation allowing us to avoid loops that would result if
rules, for instance the propagation rule, were applied over and over to the same
arguments. Defs is the list of iff-definitions in the theory. FreeVars is used to
store the list of variables appearing in the original query. Finally, running sat/7
will result in the variable Answer to be instantiated with a representation of
the abductive answer found by the procedure. Each proof rule corresponds to a
Prolog clause in sat/7. E.g., the unfolding rule (for atoms) is implemented as
follows:

sat( Node, EV, CL, LM, Defs, FreeVars, Answer) :-
member( A, Node), is_atom( A), get_def( A, Defs, Ds),
delete( Node, A, Node1), NewNode = [Ds|Node1], !,
sat( NewNode, EV, CL, LM, Defs, FreeVars, Answer).

is atom(A) succeeds if A is an atomic goal. get def(A,Defs,Ds) will instanti-
ate Ds with the list of lists according to the iff-definition for A in Defs when-
ever there is such a definition (i.e. the predicate will fail for abducibles). Once
get def(A,Defs,Ds) succeeds we know that the unfolding rule is applicable:
there exists an atomic conjunct A in the current Node and it is not abducible.
The cut in the penultimate line ensures that we will not backtrack over the order
in which rules are being applied. We generate the successor NewNode deleting the
atom A from Node and replacing it with the disjunction Ds. The predicate sat/7
then recursively calls itself with the new node.

The proof rules are repeatedly applied to the current node. Whenever a dis-
junction is encountered, it is split into a set of successor nodes (one for each
disjunct). The procedure then picks one of these successor nodes to continue the
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search and backtracking over this choicepoint results in all possible successor
nodes being explored. In theory, the choice of which successor node to explore
next is taken nondeterministically; in practice we simply move through nodes
from left to right. The procedure terminates when no more proof rules apply
(to the current node) and finishes by extracting an answer from this node. En-
forced backtracking will result in the next branch (if any) of the proof tree being
explored, i.e. in any remaining abductive answers being enumerated.

The Prolog clauses in the implementation of sat/7 may be reordered almost
arbitrarily (only the clause used to implement answer extraction has to be listed
last). Each order of clauses corresponds to a different proof strategy. This feature
of our implementation allows for an experimental study of which strategies yield
the fastest derivations. With respect to the implementation in [5], the current
implementation integrates rules (that humans would combine automatically)
into more complex rules avoiding to waste time checking for their applicability.
E.g. rewriting a disjunction consisting of one disjunct as that very disjunct has
been integrated into the unfolding rule as we have noted that rewriting unary
disjunctions often occurs after an unfolding step. Another improvement concerns
the propagation rule: we now only allow for propagation with respect to the
leftmost atom in the antecedent of an implication. This refinement does not
affect soundness and can reduce the number of implications in nodes. We plan
to explore further optimisation techniques in the future.

Acknowledgments. This work was partially funded by the IST programme of
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initiative. The last author was also supported by the Italian MIUR programme
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1 The DALI language

DALI [3] [2] is an Active Logic Programming Language designed in the line of [6] for
executable specification of logical agents. A DALI agent is a logic program that contains
a particular kind of rules, reactive rules, aimed at interacting with an external environ-
ment. The reactive and proactive behavior of a DALI agent is triggered by several kinds
of events: external, internal, present and past events. All the events and actions are times-
tamped, so as to record when they occurred. The new syntactic entities, i.e., predicates
related to events and proactivity, are indicated with special postfixes (which are coped
with by a pre-processor) so as to be immediately recognized while looking at a program.

The external events are syntactically indicated by the postfix E. When an event comes
into the agent from its “external world”, the agent can perceive it and decide to react.
The reaction is defined by a reactive rule which has in its head that external event. The
special token :>, used instead of : −, indicates that reactive rules performs forward
reasoning. The agent remembers to have reacted by converting the external event into a
past event (time-stamped). Operationally, if an incoming external event is recognized,
i.e., corresponds to the head of a reactive rule, it is added into a list called EV and
consumed according to the arrival order, unless priorities are specified.

The internal events define a kind of “individuality” of a DALI agent, making her
proactive independently of the environment, of the user and of the other agents, and
allowing her to manipulate and revise her knowledge. An internal event is syntactically
indicated by the postfix I, and its description is composed of two rules. The first one
contains the conditions (knowledge, past events, procedures, etc.) that must be true so
that the reaction (in the second rule) may happen.

Internal events are automatically attempted with a default frequency customizable
by means of directives in the initialization file. The user directives can tune several
parameters: at which frequency the agent must attempt the internal events; how many
times an agent must react to the internal event (forever, once, twice,. . . ) and when
(forever, when triggering conditions occur, . . . ); how long the event must be attempted
(until some time, until some terminating conditions, forever).

� We acknowledge support by the Information Society Technologies programme of the European
Commission, Future and Emerging Technologies under the IST-2001-37004 WASP project.
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When an agent perceives an event from the “external world”, it does not necessarily
react to it immediately: she has the possibility of reasoning about the event, before (or
instead of) triggering a reaction. Reasoning also allows a proactive behavior. In this
situation, the event is called present event and is indicated by the suffix N.

Actions are the agent’s way of affecting her environment, possibly in reaction to an
external or internal event. In DALI, actions (indicated with postfix A) may have or not
preconditions: in the former case, the actions are defined by actions rules, in the latter
case they are just action atoms.An action rule is just a plain rule, but in order to emphasize
that it is related to an action, we have introduced the new token :<, thus adopting the
syntax action :< preconditions. Similarly to external and internal events, actions are
recorded as past actions.

Past events represent the agent’s “memory”, that makes her capable to perform
future activities while having experience of previous events, and of her own previous
conclusions. Past events, indicated by the suffix P, are kept for a certain default amount of
time, that can be modified by the user through a suitable directive in the initialization file.

The DALI language has been equipped with a communication architecture consisting
of three levels. The first level implements a FIPA-compliant [5] communication protocol
and a filter on communication, i.e. a set of rules that decide whether or not to receive
or send a message. The DALI communication filter is specified by means of meta-
level rules defining the distinguished predicates tell and told. The second level includes
a meta-reasoning layer, that tries to understand message contents, possibly based on
ontologies and/or on forms of commonsense reasoning. The third level consists of the
DALI interpreter.

The declarative and procedural semantics of DALI, is defined as an evolutionary
semantics, so as to cope with the evolution of an agent corresponding to the perception
of events [3]. The semantics has been generalized so as to include the communication
architecture by resorting to the general framework RCL (Reflective Computational
Logic) [1] based on the concept of reflection principle.

Following [7] and the references therein, the operational semantics of communication
is defined [4] by means of a formal dialogue game framework that focuses on the rules
of dialogue, regardless the meaning the agent may place on the locutions uttered. This
means, we do not want to refer to the mental states of the participants.

2 The DALI Interpreter

The DALI interpreter has been implemented in Sicstus Prolog, and includes a FIPA-
compliant communication library. The DALI interpreter is in principle able to interop-
erate with other FIPA-compliant platforms. Presently, we have implemented interoper-
ability with JADE, which is one of the best-known non-logical middleware for agents
(namely, it is written in java). DALI agents can be distributed on the web, as the imple-
mentation of the communication primitives is based on TCP/IP.

The interpreter is composed of three main modules: (i) the DALI active server mod-
ule, that manages the community of DALI agents; (ii) the DALI active user module,
that provides a user interface for the user to interact with the agents; (iii) the active dali
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module, that is automatically activated by the active server whenever an agent is created
(then, there are as many copies of the active dali module running as the existing agents).

The DALI/FIPA communication protocol consists of the main FIPA primitives, plus
few new primitives which are peculiar of DALI. The code implementing the FIPA primi-
tives is contained in the file communication fipa.txt, imported by agents as a library. The
DALI/FIPA communication protocol is implemented by means a piece of DALI code
including suitable tell/told rules. Whenever a message is received, with content part
primitive(Content,Sender) the DALI interpreter automatically looks for a corresponding
told rule that specifies whether the message should be accepted. Symmetrically, when-
ever a message should be sent, with content part primitive(Content,Sender) the DALI
interpreter automatically looks for a corresponding tell rule that specifies whether the
message can be actually issued. The DALI code defining the DALI/FIPA protocol is con-
tained in a separate predefined file, communication.txt, imported by agents as a library.
In this way, both the communication primitives and the communication protocol can be
seen as “input parameters ”of the agent. It is important to notice that the file communi-
cation.txt can modified by the user by adding new rules to the default ones. Typically,
a user will add new application-dependent tell/told rules to the file communication.txt.
Possibly however, both library files can be replaced by different ones, thus specifying a
different communication protocol.

Each DALI agent must be generated by specifying the following parameters. (a)
The name of the file that contains the DALI logic program (a .txt file). (b) The name of
the agent. (c) The ontology the agent adopts (a .txt file); (d) The language (e.g., Italian
or English etc.) used in the communication acts; (e) The name of the file containing
the communication constraints, a .txt file; as mentioned, a predefined standard version
communication.txt is provided. (f) The name of the communication library, a .txt file;
as mentioned, a standard version communication fipa.txt is provided. (g) The skills that
the agent means to make explicit to the community of DALI agents (e.g., profession,
hobbies, etc.). Below is an example of activation of an agent.

agent(’demo/program/prog’,gino,’demo/pippo ontology.txt’,italian,
[’demo/communication’],[’demo/communication fipa’],[tourist]).

From the program file, say prog.txt, a pre-processing stage extracts three files. (1)
The file prog.ple, that contains a list of the special tokens occurring in the agent pro-
gram, denoting internal and external events, goals, actions, etc. (2) The file prog.plf,
that contains a list of user-defined directives, that the DALI environment provides for
tuning the behavior of an agent: the user can decide for instance: the priority among
events; how long to keep memory of past events, and/or upon which conditions they
must be removed; the starting and terminating conditions for attempting internal events,
and the frequency. (3) The file prog.pl which contains the code of the agent; it must be
noticed that all variables are reified, so as to guarantee safe communication and reliable
meta-reasoning capabilities.

3 Case Studies

We are able of course to show many simple examples, aimed at illustrating the basic
language features. More complex case studies can however be demonstrated.
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To demonstrate the usefulness of the “internal event” and “goal” mechanisms, we
have considered as a case-study the implementation of STRIPS-like planning. We can
show that it is possible in DALI to design and implement this kind of planning with-
out defining a meta-interpreter. Rather, each feasible action is managed by the agent’s
proactive behavior: the agent checks whether there is a goal requiring that action, sets
up the possible subgoals, waits for the preconditions to be verified, performs the actions
(or records the actions to be done if the plan is to be executed later), and finally arranges
the postconditions.

We can generalize this example to dynamic planning, where an agent is able to
recover from unwanted or unexpected situations by suitably modifying its plan.

To explain how the filter level works, we have implemented and experimented a
case-study that demonstrates how this filter is powerful enough to express sophisticated
concepts such as expressing and updating the level of trust. Trust is a kind of social
knowledge and encodes evaluations about which agents can be taken as reliable sources
of information or services. We focus on a practical issues: namely, how the level of Trust
influences communication and choices of the agents.
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Abstract. Qsmodels is a novel application of Answer Set Programming
to interactive gaming environment. We describe a software architecture
by which the behavior of a bot acting inside the Quake 3 Arena can
be controlled by a planner. The planner is written as an Answer Set
Program and is interpreted by the Smodels solver.

This article describes the Qsmodels project, which grew out of a graduation
project [3] is currently under development. The aim of this project is twofold.

First, we want to demonstrate the viability of using Answer Set Programming
[1] (ASP) in an interactive environment. The chosen environment is the Quake
3 Arena (Q3A) game from id Software; recently most of the source codes have
been released to the public. Q3A is a first person shooter : the player’s goal is to
kill enemies using weapons and upgrades found inside the game field (normally
a labyrinth). The human-like enemies found within Q3A are called BOTs. Like
in the most computer games, Q3A bots behave according to the rules of a finite-
state automaton (FSM) defined by expert game programmers.

The second objective is to implement and experiment with the high-level
agent architecture described by Baral, Gelfond and Provetti [2]. Such schema
consists in the following loop: Observe–Select Goal–Plan–Execute.

The Qsmodels architecture consists of two layers: a high level, responsible
for mid- and long-term planning, and a (low level) in charge of plan execution
and emergency state reactions. The high level has been developed mainly in
ASP on the Smodels platform. I.e., smodels computes the answer sets of a logic
program which characterizes all successful plans of a given length, following the
more or less standard encoding found in [1]. The computed answer set is passed
to the low-level layer that inspects it, extracts relevant syntactic informations
and executes the required actions.
� Work supported by the Information Society Technologies programme of the Eu-
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The high-level layer of our project realizes a Q3A agent which, starting with
the knowledge about the game field similar to that of an intermediate-level hu-
man player, tries to beat his opponents by facing them only when in a better
condition for the attack. To achieve this result, we have added to the planner a
very simple learning system which keeps track of opponent’s behavior in order
to better guess future moves.

Even though we are still in the experimental phase, we submit that our
architecture has several advantages over the traditional schema for the AI part of
games. Namely, our solution is easier to develop and keeps the AI at higher level
of abstraction. The easiness in development is reached by keeping the planning
rules separated from the world model description rules, so that they can be
written even by AI beginners. Also, Qsmodels could be used for virtual-reality
AI experiments; the use of a computer game as the laboratory environment
allows choosing the level of abstraction of the physical model while, -at the same
time- giving a useful visual feedback of agent’s actions.

Finally, this project may help in evaluating the feasibility of using smodels
in near real-time applications and environments. Indeed, we noticed a high com-
putational demand to achieve realistic real-time behaviors. More code analysis
and optimization is in demand.

Fig. 1. The Qsmodels Architecture

The Qsmodels software components can
be divided in 3 parts: i) the ASP plan-
ner, ii) the Q3A C++ interface, which im-
plements sensing and plan execution, and
iii) the C++ low-level AI. The execution
model of Q3A, shown in Fig. 1, is sum-
marized as follows. First, MOD-1 does the

sensing phase by inspecting some Q3A memory areas; then, the computed infor-
mations is translated into high-level fluent values and added to the planner. The
planner is first grounded by lparse then passed to smodels, which computes
one of its answer sets. Finally, MOD-2 extracts the plan from the answer set and
executes it by calling the relative Q3A traps.

Methodology

Our implementation required a lot of work and experiments in order to interface
the existing software components, Q3A and smodels. The development of the
agent required getting an in-depth knowledge of Q3A internal functions, most
of which are not documented. Smodels, on the other hand, has been used as an
external process, invoked by system calls. We are planning to switch to an API
interface soon.

The two layers of Q3A work are executed concurrently: while the high level
does the planning the low level is responsible for plan execution and reactive
behavior in emergency situations. Events are deemed unforeseen when their oc-
cur makes the status of the domain incompatible with the assumptions made
during the planning phase. It should be noticed that the low-level layer inherits
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some powerful functionality from Q3A, such as the combat and shooting actions,
which are seen as atomic from the upper level.

To make our agent act realistically in its domain, we set the frequency of
sensing at ten times per second. This measure has to do with the way actions
are executed: each action may consists of several repeated calls, until the goal
of the specific action is reached. So, since the plan execution is more associated
with the frame frequency of the game than with the plan actions, sensing needed
to be executed even during action execution.

To realize a reaction behavior, we have introduced so-called pre-emption rules
which describe emergency behaviors in accordance with the environment and
status of the plan. Pre-emption rules will be described in later sections.

Execution Cycle

The execution cycle of our application is shown in Figure 2. The first step is
sensing, where we access Q3A memory searching for informations such as the
agent state (position, health level . . . ) and availability of bonuses (health and
ammunition tokes). Then, we check whether any emergency is happening, e.g.,
the agent is under attack, or he/she is facing the enemy, or he/she is behind the
enemy etc. If any of these situations holds, then we execute the pre-emption rules
to find those that apply to the present emergency and state. If no pre-emption
rule applies then the execution cycle resumes.

Fig. 2. Execution Cycle.

After sensing, if no emergency is de-
tected we check whether a plan is cur-
rently available; if not, then we ask for a
new one. Thus, we first translate the Q3A
memory states in fluents, which are add as
facts to the planner itself. Finally, we pass
the augmented logic program to the exter-
nal component QsmodelsServer, which is
in charge of the smodels interface. The in-

formation embodied in the new fluents includes the agent’s position, it’s health
and weapons state and the positions of known active objects. We include also a
couple of atoms describing the last known enemy position — expected new enemy
position to try to find usual routes taken by the enemy.

If a plan is available, then we have to check if any of the agents or enemies
actions have invalidated the assumptions made at the planning phase. Indeed,
since actions take some seconds to be executed and also the smodels computation
can take several seconds, this situation would frequently happen, e.g., if the
enemy takes a weapon that the agent was supposed to go get, the plan has to
be invalidated since the weapon is not available anymore.

Let now consider plan execution. Each action available to the agent has been
associated to a trap to Q3A system calls. The available actions are of course at
very high level. This way, we have been able to reuse most of the basic AI work
made by id Software: such as path finding and aiming. So, the available actions
are: move towards – pick health – pick ammo – attack and elude. All these
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actions except for attack are variations of move towards, since to get an object
we have to reach it. Action attack simply passes the control to the low-level AI
in a situation where the agent will certainly has to attack the enemy.

The Use of Pre-emption Rules
The game field of Q3A can be described as very dynamic. So, it would be unfea-
sible to recompute the plan each time some aspect of the environment changes.
In this sense, the introduction of the so called Pre-emption rules has probably
been the most important step toward the realization of believable Q3A bots,

Pre-emptive rules allows describing a high-level reaction system in which we
specify the reaction behavior of the agent and let smodels compute the actual
reaction rules linked to the current plan. For each considered emergency situation
and each time frame of the generated plan we get an appropriate reaction rule.

When an emergency happens our modification to Q3A searches the corre-
sponding rule (time and event) through the rules and executes the action inside
the body of the rule. As a result, pre-emption rules dictate a behavior somewhat
similar to that of a FSM. However, in our case, the reaction is integrated in
the planner and evaluated by the same inferential engine. Therefore, we couple
a time-consuming planning system for long-term reasoning to a more efficient
reaction system for quick reactions.

Application Experience
Our testing platform consists of a set of Q3A standard game levels in which our
agent engages a duel against a human player. We require the game server (in
our case an Intel P4 2.0GHz)to be run on a separate machine than that of the
human player, due to the high computational power required by smodels.

The plan extraction phase can require up to 6/7 seconds, depending on the
plan length. This delay is almost transparent to the human opponent, since dur-
ing the planning our agent tries to hide. Should the agent meet the enemy then,
the pre-emption rules together with the low-level AI will make it act quickly,
usually avoiding the confrontation.

In Qsmodels plans the last action is always attack since the overall goal is to
kill the enemy. However, the last action seldom gets executed since when emer-
gency situations happen the pre-emption rules take control of the bot, canceling
the residual part of the plan.
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Abstract. Although ASP systems have been extended in many direc-
tions, they still miss features which may be helpful towards industrial
applications, like capabilities of quickly introduce new predefined con-
structs or to deal with compound data structures and module. We show
here an implementation on top of the DLV system of DLPT language,
which features increased declarativity, code readability, compactness and
reusability.

1 Introduction

ASP has recently found a number of promising applications, like information
integration and knowledge management (even in some projects funded by the
European Commission [14,13]). Indeed, the ASP community has produced sev-
eral extensions of non-monotonic logic languages, aimed at improving readability
and easy programming; in order to specify classes of constraints, search spaces,
data structures, new forms of reasoning, new special predicates [1,6,15,3,2,7].

We describe here the DLPT system as an extension of ASP with template
constructs. ASP systems developers are enabled to fast prototype, making new
features quickly available to the community, and later to concentrate on efficient
(long lasting) implementations. Template predicates allow to define intensional
predicates by means of generic, reusable subprograms, easing coding and im-
proving readability and compactness. For instance, a template program is like

#template max[p(1)](1) {
exceeded(X) :- p(X),p(Y), Y > X.
max(X) :- p(X), not exceeded(X). }

The statement above defines the predicate max, which computes the maxi-
mum value over the domain of a generic unary predicate p. A template definition
may be instantiated as many times as necessary, through template atoms (or tem-
plate invocations), like in :-max[weight(*)](M),M>100. Template definitions may
be unified with a template atom in many ways. The above rule contains a plain
invocation, while in :-max[student(Sex,$,*)](M),M>25. there is a compound one.

The DLPT language has been successfully implemented and tested on top of
the DLV system [9]. Anyway, the proposed paradigm does not rely at all on DLV

special features, and is easily generalizable.
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2 Syntax

A DLPT program is an ASP program1 containing (possibly negated) template
atoms. A template definition D consists of two parts; (i) a template header,
#template nD[f1(b1) , ... , fn(bn)](bn+1), where each bi(1 ≤ i ≤ n + 1) is a nonnega-
tive integer value, f1, . . . , fn are predicate names (called formal predicates), and
nD is called template name; (ii) an associated DLPT subprogram enclosed in
curly braces; nD may be used within the subprogram as predicate of arity bn+1,
whereas each predicate fi(1 ≤ i ≤ n) is intended to be of arity bi. At least a rule
having nD in the head must be declared. For instance, the following (defining
subsets of the domain of a given predicate p) is a valid template definition:
#template subset[p(1)](1) { subset(X) v -subset(X) :- p(X). }.

A template atom t is of the form: nt[p1(X1) , . . . , pn(Xn)](A), where p1, . . . , pn are
predicate names (actual predicates), and nt a template name. Each Xi(1 ≤ i ≤ n)

is a list of special terms. A special list of terms can contain either a variable
name, a constant name, a ‘$’ symbol (projection term) or a ‘*’ symbol (parameter
term). Variables and constants are standard terms. Each pi(Xi)(1 ≤ i ≤ n) is called
special atom. A is a list of standard terms called output list. Given a template
atom t, let D(t) be the corresponding template definition. It is assumed there is
a unique definition for each template name.

Briefly, projection terms (‘$’ symbols) indicate which attributes of an ac-
tual predicate have to be ignored. A standard term within an actual atom
indicates a ‘group-by’ attribute, whereas parameter terms (‘*’ symbols) indi-
cate attributes to be considered as parameter. An example of template atom
is max[company($,State,*)](Income). Intuitively, the extension of this predicate
consists of the companies with maximum value of the Income attribute (the third
attribute of the company predicate), grouped by State (the second attribute),
ignoring the first attribute. The computed values of Income are returned through
the output list.

3 Knowledge Representation

A couple of examples now follows. For instance it is possible to define aggregate
predicates [16]. They allow to represent properties over sets of elements. The
next template predicate counts distinct instances of a predicate p, given an
order relation succ defined on the domain of p. Moreover, this definition does
not suffer from semantic limitations [3] and can be invoked also in recursive
components of the programs. We assume the domain of integers is bounded to
some finite value.

#template count[p(1),succ(2)](1) {
partialCount(0,0).
partialCount(I,V) :- not p(Y), I=Y+1, partialCount(Y,V).
partialCount(I,V2) :- p(Y), I=Y+1, partialCount(Y,V), succ(V,V2).
partialCount(I,V2) :- p(Y),I=Y+1, partialCount(Y,V), max[succ(*,$)](V2).
count(M) :- max[partialCount($,*)](M). }

1 We assume the reader to be familiar with basic notions concerning with ASP syntax
and semantics; for further information please refer to [5].
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A ground atom partialCount(i,a) means that, at the stage i, a has been
counted up; count takes the value counted at the highest (i.e. the last) stage
value.

It is worth noting how max is employed over the partialCount predicate, which
is binary. The last rule is equivalent to the piece of code:

partialCount’(X) :- partialCount(_,X).
count(M) :- max[partialCount’(*)](M).

Templates may help introducing and reusing definitions of common search
spaces.

#template permutation[p(1)](2). {
permutation(X,N) v npermutation(X,N) :- p(X),#int(N),count[p(*),>(*,*)](N1),N<=N1.
:- permutation(X,A),permutation(Z,A), Z <> X.
:- permutation(X,A),permutation(X,B), A <> B.
covered(X) :- permutation(X,A).
:- p(X), not covered(X). }

Such kind of constructs enriching plain Datalog have been proposed, for
instance, in [11,1]. The above predicate ranges permutations over the domain of
a given predicate p. In this case a ground atom permutation(x,i) tells that the
element x (taken from the domain of p), is at position i within the currently
guessed permutation. The rest of the template subprogram forces permutations
properties to be met.

4 Informal Semantics

Semantics are given through a suitable ‘‘explosion’’ algorithm. Given a DLPT

program P , the Explode algorithm replaces each template atom t with a standard
atom, referring to a fresh intensional predicate pt. The subprogram dt (which
may have associated more than one template atom), defining the predicate pt,
is computed according to the template definition D(t). The final output of the
algorithm is a standard ASP program P ′. Answer sets of the originating program
P are constructed, by definition, from answer sets of P ′. A full description of the
‘‘explosion’’ algorithm as well as many more details are available in [12].

5 System Architecture and Usage

The DLPT language has been implemented on top of the DLV system [8,9,10],
creating DLT system. The current version is available on the web [4,12].

The overall architecture of the system is shown in Figure 1. The Core controls
the whole process and interacts with frontend modules. A Pre-parser performs
syntactic checks and builds an internal representation of the DLPT program.
The Inflater performs the Explode Algorithm and produces an equivalent DLV

program P ′ which is piped towards the DLV system. The models M(P ′) of P ′,
computed by DLV, are then filtered out by the Post-parser in order to remove
previously added internal information.

The DLV system is continuously enriched with new features; thus, the user is
allowed to exploit the ASITIS directive in order to exclude from parsing some
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Fig. 1. Architecture of DLT system

piece of code (containing constructs DLT is not aware of, but recognized by
the underlying system). This allows to adapt DLT to other ASP systems with
different syntax.

6 Current Work

We are working extending the framework a) generalizing template semantics
for safe forms of recursion between invocations, b) introducing new forms of
template atoms in order to improve reusability of the same template definition in
different contexts, c) extending the template definition language using standard
languages, such as C++.

Some experiments are being performed in order to have an idea about the
overhead due to the “exploded” code. Encodings of well-known (e.g. K-clique,
hamiltonian path, 3-colorability, etc.) problems have been tested: “pure” ASP
against exploded DLPT ones (originally written exploiting templates). Overhead
of the latter is never higher than 5%. However, performances are strictly tied
to performances of resulting ASP programs; and it is worth remarking that this
work, aiming at introducing fast prototyping techniques, does not consider time
performances as a primary target2.
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Abstract. The DLV system is currently employed in projects on data in-
tegration – a challenging application area for Answer Set Programming.
The present system description illustrates some new optimization tech-
niques, which significantly enhance the general performance of DLV, and
especially in the context of data integration.

1 Introduction

The integration of (possibly inconsistent) data from different sources is one of
the most promising applications of Answer Set Programming [5,1,3,14]. Recent
studies [2,10,4,7,5] showed that query answering in data integration is often com-
plete for the complexity class co-NP, or even for ΠP

2 . This high computational
complexity is mainly due to the necessity of handling inconsistencies (e.g., vio-
lations of key constraints) in the “integrated” database DB, which are due to
conflicting data coming from different sources.

The (consistent) answer to a query q(X) over a (possibly inconsistent) Data
Integration System DB can be obtained by generating a logic program LP such
that the stable models of LP yield the repairs1 of DB. Answering the query
q(X) over the data integration system then amounts to cautious reasoning over
the logic program LP [5,14,3], which can be performed by an ASP engine.

At the time being, the DLV system [12] is the most “database oriented” ASP
engine, and it seems to be the best-suited ASP system for data-integration tasks.
The suitability of DLV for data integration is backed by its use in relevant works
in data integration, like [5,14,3] and by an IST project funded by the European
Commission focusing on the exploitation of DLV for information integration (IN-
FOMIX project, IST-2001-33570). Furthermore, in the experiments reported in
[3], which also considered QBF, SAT, and CLP systems, DLV outperforms the
compared systems on database repairing in the majority of cases.

However, as observed also in [5], DLV would be much more effective in database
applications if it could take advantage of suitable optimization methods that
speed up the evaluation of queries expressed as logic programs.
� This work was supported by the European Commission, under projects INFOMIX

(IST-2001-33570), and WASP (IST-2001-37004).
1 Intuitively, a repair is a maximal consistent subset of the database.
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The present system description illustrates some recent enhancements in this
direction [8,11], which have not been demonstrated to a broader audience yet.
In particular, we focus on the following optimization techniques.
(i) Query oriented techniques for binding propagation (Magic Sets) [8]. Intu-
itively, the adoption of binding propagation techniques in Disjunctive Logic Pro-
gramming (DLP) allows us to exploit constants appearing in the query and the
program, reducing the size of the instantiation by avoiding “a priori” the gen-
eration of many ground instances of the rules which cannot contribute to the
derivation of the query goal.
(ii) Backjumping techniques for the program instantiation [11]. The application
of a new, structure-based backjumping method to the instantiation process of
DLV significantly reduces the instantiation time and, very importantly, limits the
size of the instantiation by generating, for each program rule, only a relevant
subset of all its possible ground instances.

The design and implementation of these optimizations is an important step
towards the concrete use of ASP systems in real-life applications.

2 Improving DLP Instantiators for Larger Data
Manipulations

The kernel modules of most ASP systems operate on a ground instantiation of the
input program [9]. Any input program P is first submitted to an instantiation
process, which may be computationally very expensive. Thus, having a good
instantiator is a key feature. It should produce a ground program P ′ having the
same answer sets as P such that: (i) P ′ can be computed efficiently from P , and
(ii) P ′ is as small as possible.

The main reason for large ground programs even for small input programs is
that each atom of a rule in a program P may be instantiated to many atoms in
the Herbrand base, which leads to a combinatorial explosion. However, most of
these atoms may not be derivable whatsoever, and hence such instantiations do
not render applicable rules. A good instantiator thus generates ground instances
of rules containing only atoms which might be derivable from P.

At each step of an instantiation by DLV, there is a number of predicates,
called solved, such that the (total) truth values of all their ground instances
have already been determined by the instantiator. For instance, all predicates
defined only by facts are solved. Occurrences of these predicates can be safely
omitted from the resulting ground program; it suffices to include asserting facts
for each true ground instances of solved predicates.

In other words, we are not interested in all “consistent” substitutions for
all variables, but rather in their restrictions to the variables that occur in lit-
erals over unsolved predicates. To this end, we designed and implemented a
new backjumping-based instantiation method. In particular, given a rule r to
be instantiated, our algorithm exploits both the semantical and the structural
information about r in order to compute only a relevant subset of all its possible
ground instances (see [11] for a detailed illustration).
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Example 1. Consider the rule r1 below, where predicates q3, q4 and q5 are
solved. The following are all applicable ground instances of r1.

r1 : a(X, Z) :- q1(X, Z, Y ), q2(W, T, S), q3(V, T, H), q4(Z, H), q5(T, S, V ).

a(x1, z1) :- q1(x1, z1, y1), q2(w1, t1, s1), q3(v1, t1, h1), q4(z1, h1), q5(t1, s1, v1).
a(x1, z1) :- q1(x1, z1, y1), q2(w1, t1, s1), q3(v2, t1, h1), q4(z1, h1), q5(t1, s1, v2).

...
a(x1, z1) :- q1(x1, z1, y1), q2(w1, t1, s1), q3(v100, t1, h100), q4(z1, h100), q5(t1, s1, v100).

All these 10000 rules are semantically equivalent to a single instance, which is
the only one computed by our algorithm: a(x1, z1) :- q1(x1, z1, y1), q2(w1, t1, s1).

3 Magic Sets for DLP

The Magic Sets method [13] is a strategy for simulating the top-down evaluation
of a query using a bottom-up evaluation procedure. It modifies the original
program by means of certain rules, that act as filters for the relevant information.
Roughly, the goal is to use the constants appearing in the query and the program
in order to reduce the size of the instantiation by eliminating “a priori” some
ground instances of the rules which are irrelevant for the query goal.

In [8] the Magic Set algorithm has been extended to DLPs. While in non-
disjunctive programs, bindings are propagated only head-to-body, any rewriting
for DLPs has to propagate bindings also head-to-head in order to preserve sound-
ness. For instance, consider the rule p(X) v q(Y ) :- a(X, Y ), r(X) and the query
p(1)? on a program Π. Even though the query propagates the binding for the
predicate p, in order to correctly answer the query, we also need to evaluate
the truth value of q(Y ), which indirectly receives the binding through the body
predicate a(X,Y ). If the program contains facts a(1, 2), and r(1), then atom q(2)
is relevant for the query, since the truth of q(2) would invalidate the derivation
of p(1) from the above rule (because of minimality in the semantics). This shows
that the bindings also have to be propagated head-to-head.

An extension of Magic Sets to DLP has been implemented in DLV, resulting
in an algorithm called DMS [8].

Example 2 (Strategic Companies [6]). A collection C of companies produces
some goods in a set G; each company ci ∈ C is controlled by a set of other
companies Oi ⊆ C. C ′ ⊂ C is a strategic set if it is a minimal set of companies
producing all the goods in G, such that if Oi ⊆ C ′ for some i = 1, . . . ,m then
ci ∈ C ′ must hold. This scenario can be modeled by means of a program Psc:

r1 : sc(C1) v sc(C2) :- produced by(P, C1, C2).
r2 : sc(C) :- controlled by(C, C1, C2, C3), sc(C1), sc(C2), sc(C3).

Moreover, given a company c ∈ C, we consider a query Qsc = sc(c) asking
whether c belongs to some strategic set of C. The output of DMS is the following
program, which in general is much more efficient for answering Qsc [8].



New DLV Features for Data Integration 701

magic scb(c).
magic scb(C2) :- magic scb(C1), produced by(P, C1, C2).
magic scb(C1) :- magic scb(C2), produced by(P, C1, C2).
magic scb(C1) :- magic scb(C), controlled by(C, C1, C2, C3).
magic scb(C2) :- magic scb(C), controlled by(C, C1, C2, C3).
magic scb(C3) :- magic scb(C), controlled by(C, C1, C2, C3).
r′
1m

: sc(C1) v sc(C2) :- magic scb(C1), magic scb(C2), produced by(P, C1, C2).
r′′
1m

: sc(C2) v sc(C1) :- magic scb(C2), magic scb(C1), produced by(P, C1, C2).
r2m : sc(C) :- magic scb(C), controlled by(C, C1, C2, C3), sc(C1), sc(C2), sc(C3).

4 Conclusions

We have described some of the most recent enhancements of DLV. These have
been motivated by applications in data integration, where large amounts of data
are to be processed and scalability is a very important issue. Their practical
impact has been assessed by many experiments [8,11], with very positive results.
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Abstract. Standard debugging techniques, like sequential tracing, fail in answer
set programming due to its purely declarative approach. We address this problem
by means of the graph-oriented computational model underlying the noMoRe sys-
tem. Although this is no generic solution, it offers a way to make the computation
of answer sets transparent within the noMoRe framwork. Apart from the visual-
ization of answer sets in terms of their generating rules, the computation can be
animated in different ways.

1 Introduction

Effective programming needs supporting tools, like debuggers and profilers. In fact, for
sequential programming languages, debugging can be done by step-wisely following
the execution of a program. This also applies to Prolog and its procedural semantics
expressed by SLD-trees. In general, such an approach is inapplicable to answer set
programming due to its extremely declarative approach. Rather one has to commit to a
particular computational model for making the computation of answers sets transparent.

To this end, we advocate the graph-oriented computational model of the noMoRe
system [2,1]. This model is based on a rule dependency graph (RDG), whose nodes are
given by the ground rules of the program and whose edges reflect positive and negative
dependencies among rules. There is a positive edge from rule r to r′, if head(r) ∈
body+(r′); accordingly there is a negative edge from rule r to r′, ifhead(r) ∈ body−(r′).
The computation of answer sets is then accomplished by gradually coloring the nodes
of the graph by two colors (eg., green and red), reflecting the applicability status of the
respective rule. Green nodes indicate applied rules, while red ones stand for inapplicable
ones, relative to a possibly partial, putative answer set. Answer sets are represented in
terms of their generating rules.

For profiling answer set programming, we put forward a graphical approach by
dynamically visualizing the coloration of RDGs. For this purpose, we extended noMoRe
by a visualization module. This module has an interface (API) to the graph visualization
system daVinci [3]. This part of noMoRe’s architecture is given in Figure 1. So noMoRe
is no black box anymore but rather a vitreous one. Furthermore, the animated coloring
sequences may be used for debugging ground logic programs under answer set semantics,
because the user gets access to the full construction process of the answer sets. In
particular, we are able to detect rules generating specific answer sets. For animation,
one may chose among different levels of granularity. That is, the animation may be
stopped and interactively resumed after coloring a single node, employing a particular

J.J. Alferes and J. Leite (Eds.): JELIA 2004, LNAI 3229, pp. 702–705, 2004.
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Fig. 1. Overview of the visualization of noMoRe.

operation, like a choice operation, for coloring or only when a coloring expressing an
answer set is obtained. (Stopping at particular rules is currently under implementation.)
Other parameters influencing the visualization, like animation speed or node layout, are
explained in Section 2 and summarized in Table 1.

For illustration, let us consider a program consisting of the following rules:

r1 : b ← p
r2 : f ← b, not f ′

r3 : f ′ ← p, not f
r4 : p ←
r5 : w ← b

(1)

For later reference, assume this program is contained in a file named penguin.lp.
The full sequence of coloring steps, leading to the two answer sets {p, b, w, f} and
{p, b, w, f ′} is given in Figure 2. This is the most fine-grained setting displaying each
subsequent coloration step. Nodes of supposedly applied rules are colored in green;
those standing for blocked ones in red. Whenever an answer set is obtained, as in the
6th and 10th instance, it is also printed by noMoRe. Nodes colored by choice operations
are indicated by a double circle. The only such node is colored green in the 5th instance
and red in the 9th one. Each choice leads to a different answer set. All other colorations
are obtained through forward propagation. The animation capacities of daVinci also
allow for visualizing and animating much larger graphs. Even graphs not fitting on a
computer screen (in a certain resolution) can be animated, since daVinci automatically
centers the considered node by horizontal and vertical scrolling. Although the detailed
information obtained for very large examples is questionable, one can figure out which
parts of a program are problematic due to extensive backtracking.

2 Using Visualization in noMoRe

The flags show and animate influence the visualization component of the noMoRe
system [1]. By setting flag show the visualization is activated, which enables noMoRe to
use daVinci as output tool for RDGs and their colorings. After calling the command
nomore/2 (or nomore/4) the daVinciAPI is used to draw the actual RDG. By setting
the flag animate the daVinci API is used to animate the noMoRe coloring procedure
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Fig. 2. The visualization of the complete coloring sequence for program (1).

during run time. Let’s demonstrate the visualization component by computing the answer
sets of program (1):

1. Start ECLiPSe, load noMoRe and ensure that set flag show is set by
set flag(show). This activates the visualization tool. Furthermore, ensure that
the flag animate is set by set flag(animate), since we are interested in an
animated coloring sequence. Observe that due to flag dependency handling it is
sufficient to set flag animate; then flag show is set automatically.

2. Continue by typing nomore(’penguin.lp’,0). After noMoRe has computed the
RDG of Program (1) it is translated in the daVinci term representation. Then
daVinci is started as a child process and the translated RDG is send to daVinci.
See also Figure 2.

3. Now daVinci takes control and awaits an input by the user in order to process a
number of coloring steps (a coloring step is the coloring of exactly one node.). The
number of coloring steps which are performed without interruption depends on the
setting of the Edit sub menu Stop At of daVinci. By default it is set to Every
Node, which causes the noMoRe coloring procedure to stop after each single coloring
step. However, via daVinci’s Editmenu we are able to change some daVinci spe-
cific settings, such as node presentation, dependency graph representation, stopping
criterion for animated colorings and animation speed. For a complete description
of the possible daVinci settings see Table 1. Finally, to continue the computation
type Alt-G or click the Go-icon on the upper left side of the daVinci window.
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4. Step by step every coloring of the noMoRe algorithm is visualized in daVinci
(Figure 2). Observe that nodes which are used as choices during computation are
marked by a double circle.

5. At last, a coloring corresponding to answer set {b, p, w, f ′} is obtained. The noMoRe
algorithm tries to compute alternative colorings via backtracking. This is modeled
by uncoloring the corresponding nodes. See Figure 2 for the complete coloring
sequence for program (1).

Apart from the flags show and animate (see [1] for details on noMoRe flags) there
are several settings affecting the visualization style. Those settings are accessible via
the Edit menu of daVinci. See Table 1 for a complete listing of all possibilities to
influence the presentation of RDGs and their animated colorings. By right clicking on a
single node, it is also possible to change its representation.

Table 1. Possibilities to influence the representation of RDGs and their animated colorings via the
Edit sub menu of daVinci.

Edit menu items shortcut function

Toggle Node Labels Alt-T toggles between internal noMoRe identifiers and the actual rules
as node labels (same as flag names)

Go Alt-G start animation until stopping criterion is reached
Abort Alt-A abort answer set computation and exit daVinci
Stop At no sub menu for choosing one of the following as stopping criterion

for the animation: Choices, Each Node, Full Coloring,
No Stop

Animation Speed no sub menu for choosing the speed of animation, possible choices
are: Slow, Normal, Fast

noMoRe also represents different dependency graphs, so–called body-head (BH-)
and rule-head (RH-) graphs. They can be used for visualization. Each body and head
(rule and head) is represented through a single node in BH-graphs (RH-graphs). Finally
observe that for every partial model the generating rules can be easily computed. Hence
any ASP solver may use (partial) colored RDGs together with some graph drawing tool
for visualizing its intermediate partial models as described in this paper.
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1 Introduction

Prioritized Logic Programs (PLPs) [7] introduce explicit representation of prior-
ities to logic programs. They realize various types of (prioritized) commonsense
reasoning in artificial intelligence including preference abduction [5]. Recently,
the authors realize a sound and complete procedure for computing preferred
answer sets of a PLP [8]. The procedure uses techniques of answer set program-
ming (ASP) [6], and also extends the original PLP by accommodating dynamic
preferences in the language. The PLP procedure is implemented on top of the
ASP solver DLV [3] using C++, and is now running under the Linux/Windows
operating systems as “the PLP system”. The system is available at the URL:
http://www.ailab.se.shibaura-it.ac.jp/comppas.html, which provides bi-
naries of the current release and the instruction on how to use the system. Some
examples are also found there.

This paper overviews the system. In Section 2 we review the framework
of PLPs and Section 3 presents the algorithm on which the system is based.
In Section 4 we solve Gordon’s perfected shipping problem in the system, and
address brief comparison with related work.

2 Prioritized Logic Programs

A PLP is defined as a pair (P,Φ) where P is a program and Φ is a set of
priorities. A program P is a general extended disjunctive program (GEDP)
[4] which is a set of rules of the form:1 L1; · · · ;Lk;notLk+1; · · · ;notLl ←
Ll+1, . . . , Lm, not Lm+1,
. . . , not Ln (n ≥ m ≥ l ≥ k ≥ 0), where each Li is a positive/negative literal,
“;” represents disjunction, and not represents negation as failure. A program
is consistent if it has a consistent answer set; otherwise a program is inconsis-
tent. Let Lit be the set of all ground literals in the language of a program, and
L = Lit ∪ {notL | L ∈ Lit }. The pre-order relation 4 is defined over L. For
any e1, e2 ∈ L, e1 4 e2 (called a priority) means that e2 has a higher priority
than e1. We write e1 ≺ e2 if e1 4 e2 and e2 �4 e1. Given a set Φ of priorities, we
1 In the system, negation as failure in the head is not used in a program due to the

syntactical restriction of DLV.
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assume that Φ implicitly involves priorities which are reflexively and transitively
derived by those in Φ.

The semantics of a PLP (P,Φ) is given by preferred answer sets defined as
follows. Let S1 and S2 be two answer sets of P . Then, S2 is preferable to S1
with respect to Φ (written as S1 � S2) if for some element e2 ∈ S2 \ S1, (i)
there is an element e1 ∈ S1 \ S2 such that e1 4 e2 is in Φ; and (ii) there is no
element e3 ∈ S1 \ S2 such that e2 ≺ e3 is in Φ. The relation � is defined as
reflexive and transitive. An answer set S of P is called a preferred answer set of
a PLP (P,Φ) if S � S′ implies S′ � S for any answer set S′ of P . A preferred
answer set S is called strict if S �� S′ for any preferred answer set S′. By the
definition, preferred answer sets of (P,Φ) are answer sets of P . In particular,
preferred answer sets coincide with answer sets when Φ = ∅.

3 Computing Preferred Answer Sets

To compute preferred answer sets, we first construct a logic program T [P,Φ, S]
which is obtained from a PLP (P,Φ) and any answer set S of P . The transforma-
tion is modular and is done in polynomial-time. We refer the reader to [8] for de-
tails of the transformation. The program T [P,Φ, S] has the following properties.

Theorem 3.1. [8] Let T [P,Φ, S] be a program obtained from (P,Φ) and S.

1. If T [P,Φ, S] has a consistent answer set E, then S′ = E ∩ Lit is an answer
set of P satisfying S � S′. Conversely, if there is an answer set S′ of P such
that S � S′, then T [P,Φ, S] is consistent.

2. T [P,Φ, S] is inconsistent iff S is a strictly preferred answer set of (P,Φ).

Given the set AS of all answer sets of P , we define a bijection id : AS → Ω,
which maps every answer set S ∈ AS to a constant s ∈ Ω. s is called the answer
set ID of S. The procedure CompPAS computes preferred answer sets of a PLP
based on a generate-and-test mechanism. Given a PLP (P,Φ), the procedure
first computes all answer sets of P using DLV. Second, for each answer set S of
P , the procedure checks whether S is preferred or not, using T [P,Φ, S] and the
result of Theorem 3.1. Finally it outputs every preferred answer set of the input
PLP. The procedure is illustrated in Figure 1.

4 Example: Gordon’s Perfected Shipping Problem

In this section we show how the PLP system can solve Gordon’s Perfected Ship-
ping Problem. The problem is described as follows [1]: A person wants to find
out if her security interest in a certain ship is perfected. According to the Uni-
form Commercial Code (UCC), a security interest in goods may be perfected
by taking possession of the collateral. On the other hand, according to a federal
law called the Ship Mortgage Act (SMA), a security interest in a ship may only
be perfected by filing a financing statement. She currently has possession of the
ship, but a statement has not been filed. Now a question is whether the UCC or
the SMA takes precedence in this case.
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Fig. 1. The procedure CompPAS

The situation is represented by the program:
perfected :- poss, not ab1.
-perfected :- ship, -file, not ab2.
poss. ship. -file.
ab1 :- not ab2. ab2 :- not ab1.
ucc :- not ab1. sma :- not ab2.

Two answer sets: S1 = { poss, ship,−file, ab1,−perfected, sma } and S2 =
{ poss, ship,−file, ab2, perfected, ucc } are computed by DLV, which repre-
sents two conflicting solutions.

To resolve conflict, the principle of Lex Posterior gives precedence to newer
laws. In this example, the UCC is newer than the SMA. On the other hand,
the principle of Lex Superior gives precedence to laws supported by the higher
authority. The SMA is a federal law and has higher authority here. These priority
knowledge is encoded in Φ as priorities with preconditions as follows:
moreRecent(ucc,sma). fed(sma). state(ucc).
lp(Y,X) :- moreRecent(X,Y). ls(Y,X) :- fed(X), state(Y).
preceq(Y,X) :- lp(Y,X), not conf1(X,Y).
preceq(Y,X) :- ls(Y,X), not conf1(X,Y).

Here preceq(Y, X) means Y 4 X and conf1 is a predicate for resolving conflict
between legal principles. The last two rules express dynamic preferences which
enable us to specify context-dependent preferences [1]. With these additional
rules, S1 and S2 become two tie-preferred answer sets, i.e., S1 � S2 and S2 � S1

Finally, we add additional priority information to Φ that states Lex Superior
has precedence to Lex Posterior:

conf1(Y,X) :- lp(X,Y), ls(Y,X), not conf2(X,Y),

where conf2 is a predicate for resolving conflict which is one level higher than
conf1. With this rule conf1(ucc, sma) is derived, which blocks the derivation of
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preceq(sma, ucc). As a result, preceq(ucc, sma) is derived, and we get the single
preferred answer set S1 as the solution.

The above PLP program gordon is set as an input to the system, then
compplp computes the preferred answer sets as follows:

$ compplp -timec gordon
Total Number of Answer Sets of P:2
{-file, -perfected, ab1, poss, ship, sma}
{-file, ab2, perfected, poss, ship, ucc}

Total Number of Preferred Answer Sets of (P,Phi):1
{-file, -perfected, ab1, poss, ship, sma}
Time: 10msec

We finally address brief comparison with related work. Brewka et al. [2] de-
velop logic programs with ordered disjunction (LPOD) using an answer set solver.
Their implementation is based on two logic programs, a generator and a tester
to compute preferred answer sets. According to [2], an LPOD with the Pareto-
preference is effectively encoded in a PLP, but the converse direction, comput-
ing preferred answer sets of a PLP in terms of an LPOD, is unlikely possible
in general. The difficulty of reverse encoding is justified from the complexity
viewpoints: reasoning tasks in LPODs lie at the second level of the polynomial
hierarchy, while those in PLPs lie at the third level. Reasoning tasks in PLPs are
thus generally hard, but as shown in the above example, the system performance
is encouraging in many real world problems.

Acknowledgments. The authors thank Yosuke Kiwada at Shibaura Institute
of Technology for his assistance of implementing the system.
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Abstract. We describe the MyYapDB, a deductive database system
coupling the Yap Prolog compiler and the MySQL DBMS. We use our
OPTYap extension of the Yap compiler, which is the first available sys-
tem that can exploit parallelism from tabled logic programs. We describe
the major features of the system, give a simplified description of the im-
plementation and present a performance comparison of using static facts
or accessing the facts as MySQL tuples for a simple example.

1 Introduction

Logic programming and relational databases have common foundations based
on First Order Logic [4]. The motivation for combining logic with relational
databases is to provide the efficiency and safety of database systems in dealing
with large amounts of data with the higher expressive power of logic systems.
This combination aims at representing more efficiently the extensional knowledge
through database relations and the intensional knowledge through logic rules.

In the specific field of deductive databases [6], a restriction of logic program-
ming, Datalog [9], is commonly used as the query language. Datalog encapsulates
the set-at-a-time evaluation strategy and imposes a first normal form compliance
to the attributes of predicates associated to database relations. Datalog queries
are evaluated by combining top-down goal orientation with bottom-up redun-
dant computation checking. Redundant computations are resolved using two
main approaches: the magic-sets rewriting technique [1] and tabling [5], a tech-
nique of memoisation successfully implemented in XSB Prolog [8], the most well
known tabling Prolog system, and also in the OPTYap Prolog system [7].

The main concern in MyYapDB is in performance. Both Yap and MySQL
are systems known for their performance. MyYapDB explores specific features
of Yap and MySQL to build an external module which uses the C API’s of each
system to obtain an efficient deductive database coupled engine. OPTYap is also
the first available system that can exploit parallelism from tabled logic programs,
which seems interesting to further improve performance through the concurrent
evaluation of database queries. Applications of our system include areas such as
Knowledge Based Systems, Model Checking or Inductive Logic Programming.
� This work has been partially supported by APRIL (POSI/SRI/40749/2001) and

by funds granted to LIACC through the Programa de Financiamento Plurianual,
Fundação para a Ciência e Tecnologia and Programa POSI.
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2 Basic Description of the System

In coupled deductive database systems, the communication between the Prolog
engine and the relational database is usually done via a SQL query. MySQL
answers to a SQL query with a structure called a result set, which includes the
selected tuples and meta-data about these tuples. Following MySQL alternatives,
MyYapDB allows for the result set to be copied to the Yap client process, or to
be left in the MySQL server [3]. The tuples of this local or remote result set are
then made available as Prolog facts in a tuple-at-a-time basis via backtracking.

A very important issue in terms of performance is to be able to transfer as
much unification as possible from the Prolog engine to the database engine in
the evaluation of database goals. Relational database engines traditionally have
more powerful indexing schemes than Prolog engines and thus are able to solve
more efficiently relational operations such as selections and joins. Dynamic SQL
query generation based on the bindings of logical variables is thus fundamental in
order to select exactly the tuples that unify with the Prolog goal calling pattern.
Conjunctions and disjunctions of database goals should also be translated into a
single SQL query, replacing a less efficient relation-level access for what is known
as view-level access. MyYapDB allows for the explicit declaration of views and
we plan to automatically replace constructs such as database goals conjunctions
by compiler created views.

In MyYapDB the dynamic SQL query generation is done using a generic Pro-
log to SQL compiler written by Draxler [2]. This compiler defines a translate/3
predicate, where the database access language is defined to be a restricted sub-
language of Prolog equivalent in expressive power to relational calculus (no recur-
sion is allowed). The first argument to translate/3 defines the projection term
of the database access request, while the second argument defines the database
goal which expresses the query. The third argument is used to return the cor-
respondent SQL select expression. Because this compiler is entirely written in
Prolog it is easily integrated in the pre-processing phase of Prolog compilers.

In MyYapDB, the association between a Prolog predicate and a database rela-
tion is defined using a directive such as ’:- db import(edge r,edge,my conn)’,
where edge r is a MySQL relation, edge is a Prolog predicate and my conn is a
connection to a MySQL server. This directive asserts the following Prolog clause:

edge(A,B) :-
translate(proj_term(A,B),edge(A,B),SqlQuery),
db_query(my_conn,SqlQuery,ResultSet),
db_row(ResultSet,[A,B]).

Predicates db query/3 and db row/2 are external predicates written in C.
The first is a deterministic predicate that sends a SQL query to MySQL and
stores the result set. The later is a backtrackable predicate that fetches a tuple
at a time from the result set and unifies the tuple with a list of variables.

When we call ’edge(A,1)’, the translate/3 predicate constructs a spe-
cific query to match the call: ’SELECT source,1 FROM edge r WHERE dest=1’,
where source and dest are the attributes names of relation edge r.
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The definition of views is similar. When programmers use a directive such as
’:- db view((edge(A,B),edge(B,A)),direct cycle(A,B),my conn)’, the fol-
lowing clause is asserted:

direct_cycle(A,B) :-
translate(proj_term(A,B),(edge(A,B),edge(B,A)),SqlQuery),
db_query(my_conn,SqlQuery,ResultSet),
db_row(ResultSet,[A,B]).

If later we call ’direct cycle(A,B)’, translate/3 constructs the query:
’SELECT A.source,A.dest FROM edge r A,edge r B WHERE B.source=A.dest
AND B.dest=A.source’. This is clearly more efficient than if we define a predicate
direct cycle/2 in Prolog using relation level access:

direct_cycle(A,B) :- edge(A,B), edge(B,A).

Using the table directive of OPTYap allows the efficient evaluation of recur-
sive predicates including database goals. For example, assuming edge/2 defined
as above, the following tabled predicate computes its transitive closure.

:- table path/2.
path(X,Y) :- edge(X,Y).
path(X,Y) :- path(X,Z), edge(Z,Y).

3 Performance Evaluation

We want to evaluate the overhead of accessing Prolog facts in the form of MySQL
tuples compared to statically compiled Prolog facts. We also want to evaluate the
advantages allowed by using MySQL indexes schemes compared to the simple
indexing scheme of Prolog. We used Yap 4.4.3 and MySQL server 4.1.1-alpha
versions running on the same machine, an AMD Athlon 1400 with 512 Mbytes
of RAM. We have used two queries over the edge r relation of the examples
above. The first query was to find all the solutions for the edge(A,B) goal,
which correspond to all the tuples of relation edge r. The second query was to
find all the solutions of the edge(A,B),edge(B,A) goal, which correspond to all
the direct cycles. We measured the execution time using the walltime parameter
of the statistics built-in predicate, in order to correctly measure the time spent
in the Yap process and in the MySQL process.

Table 1 presents execution times (in seconds) for Yap with edge/2 facts as
statically compiled facts and indexed on the first argument (this is the available
indexing scheme in Yap 4.4.3), and for MyYapDB with edge/2 facts fetched
from the edge r relation with a secondary index on (source) and a primary
index on (source,dest). Note that first argument indexing is the only available
indexing scheme on almost all Prolog systems. XSB is one of the most well-
know exceptions. The current development version of Yap, version 4.5, is also
being improved to build indices using more than just the first argument. Further
evaluation should experiment with these systems.

As expected, Table 1 confirms that view-level access is much more efficient
than relation-level access. For queries that access sequentially a set of tuples, the
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Table 1. Performance evaluation

System/Query
Tuples (Facts)

50,000 100,000 500,000
Yap (index on first argument)
edge(A,B) 0.02 0.03 0.17
edge(A,B),edge(B,A) 5.97 24.10 132.15
MyYapDB (secondary index on (source))
edge(A,B) 0.18 0.37 1.95
edge(A,B),edge(B,A) (relation level) 39.88 119.84 1,779.26
edge(A,B),edge(B,A) (view level) 6.94 26.18 142.14
MyYapDB (primary index on (source,dest))
edge(A,B) 0.22 0.44 2.18
edge(A,B),edge(B,A) (relation level) 23.29 69.81 1,272.81
edge(A,B),edge(B,A) (view level) 0.35 0.82 4.78

overhead of MyYapDB compared to Yap accessing compiled facts is a factor of 10.
For queries which take advantage of indexing schemes, an interesting comparison
is the time taken by Yap and by MyYapDB using an equivalent indexing scheme.
Results show a small overhead of 10% on MyYapDB using view-level access. The
most interesting result for potential users of MyYapDB is the ability to use the
available indexing capabilities of MySQL on the database predicates, which can
allow very important speed-ups, like a factor of 25 for our example by using
a primary index on both attributes. Further evaluation must also be done for
different programs and queries.
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Abstract. InterProlog is the first Prolog-Java interface to support multiple 
Prolog systems through the same API; currently XSB and SWI Prolog, with 
GNU Prolog and YAP under development – on Windows, Linux and Mac OS 
X. It promotes coarse-grained integration between logic and object-oriented 
layers, by providing the ability to bidirectionally map any class data structure 
to a Prolog term; integration is done either through the Java Native Interface or 
TCP/IP sockets. It is proposed as a first step towards a common standard Java + 
Prolog API, gifting the Java developer with the best inference engines, and the 
logic programmer with simple access to the mainstream object-oriented plat-
form. 

1   Introduction 

InterProlog (http://www.declarativa.com/interprolog) is an open source library for 
developing Java + Prolog applications. It’s been introduced elsewhere [1,2,3], and in 
addition to academic use it supported the development of a substancial Java GUI 
system for Prolog tools [7]. Whereas some Java - Prolog interfaces taste like objecti-
fied versions of the underlying Prolog/C interfaces, requiring explicit building of term 
structures prior to querying, InterProlog provides a higher-level API directly mapping 
Java objects to Prolog terms, inducing a more concise and declarative programming 
style.  

This short paper introduces its new multiple Prolog implementation support, in-
tended to provide a common API for bridging the most relevant representatives of the 
object-oriented and logic programming paradigms. As of writing, InterProlog sup-
ports XSB and SWI Prolog. When you read this it may already support also GNU 
Prolog and YAP. InterProlog is the only Java-Prolog interface API supporting more 
than one Prolog implementation. Lack of space prevents a comparison with other 
systems, but a list (with some comments) can be found in [5]. 

Linking Java and Prolog is relevant both for the industry and academia fields: to 
the first because “real-world” applications demand full-blown real logic engines, such 
as those produced by the logic programming community over the last decades, in-
stead of toy engines or inferior technology; and to the second too, because reusing 
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Java’s GUI infrastructure and other functionality liberates the logic programming 
community from wasting resources into condemned “Prolog driven” ecosystems. 
Prolog’s survival is in large part dependent on the simplicity of its embedding into 
Java and other “real world” language environments. 

We’ll next review the overall functionality of InterProlog with some examples, and 
conclude with future plans and room for collaboration. 

2   The InterProlog System 

InterProlog is middleware for Java and Prolog, providing method/predicate calling 
between both, either through the Java Native Interface or sockets; the functionality is 
basically the same in both cases. InterProlog’s innovation to this problem is its map-
ping between (serialized) Java objects and their Prolog specifications, propelled by 
the Java Serialization API which does most of the work on the Java side; the Prolog 
side is built upon a DCG that analyses/generates (the bytes of) serialized objects: 

Stream bytes
InterProlog

Object
Grammar

object(class(...),...data)
JAVA

Serialization
API

Object network
in memory

Prolog
Term

 

In order to support multiple Prologs, two things were done recently: 
• The Prolog layer was revised to be compatible with “de facto” ISO Prolog; it 

now has a small part dedicated to each Prolog system (XSB and SWI; GNU 
and YAP under development). 

• The Java class hierarchy was restructured; each Prolog system has a specific 
PrologEngine subclass, as well as a subclass of (an abstract class) PrologIm-
plementationPeer, where most system-dependent knowledge is. 

To understand InterProlog we'll start from two viewpoints: Java and Prolog. 

2.1   Java Programming Perspective 

InterProlog brings to the Java developer a simple API to access the power of full 
blown logic engines. The next fragment allows a Java programmer to use a Prolog 
file bundled into a jar file, and perform a simple query: 

PrologEngine engine = new SWISubprocessEngine(); 
engine.consultFromJar("test.pl");  
// or consultRelative (to the class location), or consultAbsolute(File),... 
Object[] bindings =  
   engine.deterministicGoal("descendent_of( X, someAncestor )","[string(X)]"); 
if(bindings!=null){// succeeded 
  String X = (String)bindings[0]; 
  System.out.println( "X = " + X);  
} 
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The only SWI Prolog dependence is the first line, so by changing it (e.g. XSBSub-
processEngine) a different Prolog will be used. Complex structures can be passed in 
both directions with customized class objects, understoodable on the Prolog side by 
their InterProlog term specifiers, see [4]. 

2.2   Prolog Programming Perspective 

The main InterProlog contribution for Prolog programming is the javaMessage predi-
cate shown below, but it also provides a simple “Prolog listener” window: a tradi-
tional “console” front-end, where it is easy to experiment access to Java. The follow-
ing invokes the message toString() to the Java PrologEngine in use: 

 

The next goal causes a window to appear: 
javaMessage('javax.swing.JFrame',W,'JFrame'(string(myTitle))),  
javaMessage(W,C,getContentPane),  
javaMessage('javax.swing.JLabel',L, 
  'JLabel'(string('Hello Prolog, greetings from Swing:-)'))), 
javaMessage(C,add(string('Center'),L)), 
javaMessage(W,pack), javaMessage(W,show). 

 

The above example illustrates how easy it is to message Java objects (and classes), 
but is a bit too procedural. Depending on the project at hand, rather than "writing Java 
constructors in Prolog" as above, it may be best to specify visual hierarchies with 
Prolog terms that are “interpreted” on the Java side, as in the XJ system [7]; parts of 
the interface may be populated later by lazily calling Prolog goals, e.g. the term speci-
fies a lazy data structure / GUI fragment (such as when visually browsing a large 
Prolog structure).  

A simplified variant of this principle can be experienced with the browseTerm term 
visualizer bundled in InterProlog; a Prolog term acts as a complete (eager) specifica-
tion for a tree of TermModel objects on the Java side, which constitute a (Swing) model 
for a JTree (tree visualization) widget, see  [5].  

These approaches encourage a more coarse-grained approach to Java+Prolog sys-
tem development (as opposed to "redoing Java constructors in Prolog"), which is 
good for performance, debugging and code maintenance. 

On to another subject: the next clause allows a Prolog system to call another 
through Java, by using the PrologEngine method deterministicGoal(TermModel g): 
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callAnotherProlog(Engine,G) :- buildTermModel(G,GM),  
    javaMessage(Engine,SM,deterministicGoal(GM)), recoverTermModel(SM,G). 

The goal is transformed in a TermModel object tree specification GM; on invoking the 
Java method it materializes as a Java tree, which is them converted to a TermModel 
specification on the other engine, from which the solution term is recovered to a Java 
TermModel tree, etc. The next XSB goal finds operators defined in XSB and not in 
SWI: 

javaMessage('com.declarativa.interprolog.SWISubprocessEngine', 
  SWI,'SWISubprocessEngine'),  
callAnotherProlog(SWI, findall(op(P,T,Name), current_op(P,T,Name), SWIops)),  
findall(op(XSBP,XSBT,XSBO), 
  ( current_op(XSBP,XSBT,XSBO), not(member(op(XSBP,XSBT,XSBO),SWIops) ), 
  XSBonly). 

3   Conclusion 

We’ve reviewed the first Java interface API to support multiple Prolog implementa-
tions, and thus a candidate to evolve into a standard Prolog/Java API. Future work: 

• Support for more engines; work has started on GNU and YAP.  
• Provide javax.rules [6] compliance as added value for supported Prologs; a 

preliminary analysis suggests that javax.rules concepts map largely into In-
terProlog concepts. 

• Use Prolog threads; currently InterProlog supports Java multiple threads for 
deterministic goals. Prolog threads will allow (a) multiple solution support 
and (b) light (multiple) engine creation, e.g. for server applications. 

• Optimization of some call patterns. The serialization-based primitives pro-
vide maximum flexibility. But it may be the case that, with more applica-
tions being developed, a need arises to speed beyond the 3 mS/call currently 
measurable on a typical PC; thus being the case, specialized treatment of 
some call patterns can be tuned to avoid (generic) serialization. 
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Abstract. IndLog is a general purpose Prolog-based Inductive Logic
Programming (ILP) system. It is theoretically based on the Mode Di-
rected Inverse Entailment and has several distinguishing features that
makes it adequate for a wide range of applications. To search efficiently
through large hypothesis spaces, IndLog uses original features like lazy
evaluation of examples and Language Level Search. IndLog is applicable
in numerical domains using the lazy evaluation of literals technique and
Model Validation and Model Selection statistical-based techniques.
IndLog has a MPI/LAM interface that enables its use in parallel or
distributed environments, essential for Multi-relational Data Mining ap-
plications. Parallelism may be used in three flavours: splitting of the data
among the computation nodes; parallelising the search through the hy-
pothesis space and; using the different computation nodes to do theory-
level search.
IndLog has been applied successfully to major ILP literature datasets
from the Life Sciences, Engineering, Reverse Engineering, Economics,
Time-Series modelling to name a few.

Keywords: Inductive Logic Programming

1 Introduction

The objective of an ILP system is the induction of logic programs. As input
an ILP system receives a set of examples (E = E+ ∪ E−) of the concept
to learn (divided in positive, E+, and negative examples, E−), and sometimes
some prior knowledge (or background knowledge, B). Both examples and back-
ground knowledge are usually represented as arbitrary definite logic programs.
An ILP system attempts to produce a logic program (H - set of hypotheses)
where positive examples succeed and the negative examples fail.

The problem of ILP is to find a consistent and complete theory, ie a set
of hypotheses that “explain” all given positive examples and is consistent with
the given negative examples. An ILP system performs a search through the
permitted hypotheses space to find a set with the desired properties.

The hypotheses generated during the search are evaluated to determine their
quality. Coverage is quite often used to estimate the quality of an hypothesis.
The coverage of an hypothesis h is the number of positive (positive cover) and
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negative examples (negative cover) derivable from B ∧ h. The time needed to
compute the coverage of an hypothesis depends primarily on the cardinality of
E and on the theorem proving effort required to evaluate each example using
the background knowledge.

2 The IndLog System

IndLog [4] is an empirical ILP system written in Yap Prolog [8]. In the line of
MIS, IndLog traverses the generalisation lattice in a top-down fashion. However,
IndLog improves on both MIS and FOIL by using available or user supplied
knowledge to traverse the generalisation lattice efficiently. IndLog differs from
MIS and FOIL by explicitly generating the bottom of the generalisation lattice.
This technique of building an initial clause to reduce the search space is char-
acteristic of the technique of Mode Directed Inverse Entailment. The use of the
bottom clause of the lattice together with further uses of knowledge either pro-
vided by the user or deduced from the available data leads to major efficiency
improvements.

IndLog can handle non-ground background knowledge, can use nondetermi-
nate predicates, uses a strong typed language and makes use of explicit bias
declarations such as mode, type and determination declarations.

IndLog differs from other ILP systems, like Progol or Aleph, in the use of
the Incremental Language Level Search strategy [2] and in a special feature
to handle large datasets called lazy evaluation of examples. Lazy evaluation of
literals together with Model Validation and Model Selection techniques enable
IndLog to handle properly numerical domains. An interface to MPI/LAM en-
abled the development of a distributed/parallel module of IndLog adequate for
Multi-Relational Data Mining applications.

3 IndLog Specific Features

3.1 Lazy Evaluation of Examples

Language bias may be used to avoid the generation, and therefore, the evalu-
ation of a significant number of hypotheses. However, once an hypothesis has
been generated the problem then is how to evaluate it efficiently using the avail-
able data (examples and background knowledge). IndLog uses lazy evaluation of
examples [1] as a way to avoid unnecessary use of examples and therefore speed
up the evaluation of each hypothesis. We distinguish between lazy evaluation of
positive examples, lazy evaluation of negative examples and total laziness. To-
tal laziness is based on the fact that generating hypotheses is very efficient and
although we may generate more hypotheses we may still gain by the increase in
speed of their evaluation process. This technique may be very useful in domains
where the evaluation of each hypothesis is very time-consuming. It consists in
making a lazy evaluation of negatives, and then only evaluate the positives is
the hypothesis is consistent with the negatives.
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3.2 Incremental Language Level Search

We define a partition of the definite clauses D =
∞⋃
i=0

Li. Each subset Li is called

a language level and is defined as:
Li = {clause | maximum number of occurrences of a predicate symbol in the body of
clause is i}
where the level i of a language L is the maximum number of occurrences of a
predicate symbol in the body of the clauses belonging to the language L.

The maximum number of occurrences of predicate symbols in the body of
the clauses determines to which subset the clause belongs. The language L0 is
composed of definite clauses with just the head literal. The language L1 is com-
posed by definite clauses whose literals in the body have no repeated predicate
symbols. The language L2 will contain clauses whose literals in the body have a
maximum number of occurrences of the same predicate symbol of two.

IndLog searches one language at a time starting at language level 0 and
progressing incrementally one level at a time. One very important property of the
partitioning by language level is that all clauses in language Li+1 are subsumed
by at least one clause in language Li. An advantage of the search by language
levels is that the most probable sub-lattices are searched first.

3.3 Cost Search

For some applications the target predicate may be modelling a functional rela-
tion whose output value is a numerical value. Constructing the model for such
function involves the minimisation of a cost function other than coverage. Ind-
Log uses lazy evaluation of literals [5] as a basic technique to handle numerical
domains. It also improves over other ILP system by means of statistical-based
Model Validation and Model selection tests. These latter techniques revealed
very important in noisy datasets. IndLog uses and interface to the R-project li-
brary providing to the user a large number of numerical and statistical methods
to be used as ILP background knowledge.

3.4 Parallel/Distributed Execution

A parallel implementation of an ILP algorithm may: i) improve the quality of
the solutions found by searching more space in the same time of the sequential
execution and/or; process larger datasets distributing the examples among the
computing nodes (loading all of then in a single node may be impossible in some
cases) or; get the same solution of the sequential execution much faster.

Using a MPI/LAM interface IndLog [6] has a module for parallel or dis-
tributed execution, essential for Multi-relational Data Mining applications. In
IndLog, parallelism may be used in three flavours: splitting of the data among
the computation nodes; parallelising the search through the hypothesis space
and; using the different computation nodes to do theory-level search, that is
generating different theories in different computation nodes and choosing the
best one.
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4 The Applications

IndLog was successfully applied to major datasets from the ILP literature. It is
currently being applied to the problem of Protein Folding (predicting the sec-
ondary and tertiary structure of proteins). In the first stage of this study IndLog
induces rules to predict the start and end points of an α-helix. It is being applied
to two “Structure-Activity Relationship” problems: understanding of anti high
blood pressure drugs and; anti malaria drugs. The parallel and distributed mod-
ule is of capital importance to process very large datasets. IndLog is currently
being used in the analysis of the firewall logs of a university campus. In this
application approximately 50 MB of data is generated per day. It has been suc-
cessfully applied to Time-Series prediction problems [7] and Reverse Engineering
tasks [3]. IndLog automatically computed the thresholds of a TAR model, used
in Time-Series applications.
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Abstract. This paper describes OLEX, a prototypical system for text
classification. The main characteristics of OLEX are: using ontologies
for the formal representation of the domain knowledge; employing the
pre-processing technologies for a symbolic representation of text features;
exploiting the expressive power of logic programming to extract concepts
from documents. The proposed approach allows us to perform a high-
precision document classification.

1 System Overview

OLEX is intended as a corporate classification system supporting the entire pro-
cess life-cycle: document storage and organization, ontology construction, pre-
processing and classification. It has been developed as a client-server application
based on jsp-pages. Figure 1 summarizes the basic components of OLEX.

Textual
Document

Repository
Manager

Document
Repository

Pre
Processor

Ontology
Manager

Categorizer
Classification

Results

Fig. 1. OLEX Basic Components

The Repository Manager (RM) provides all functionalities needed for docu-
ment storage and organization. It relies, on the client side, on a standard FTP
web-client whereby the knowledge engineer can download and upload text files,
add, remove, copy or move documents and folders.
The Ontology Manager (OM) supports the specification of ontologies based
on a powerful visual interface. Ontologies provide the domain knowledge needed
for high-precision classification. The ontology specification language supports
the following basic constructs: Concepts, Attributes, Taxonomic and Non-
Taxonomic binary associations, Association cardinality constraints, Concept In-
stances, Synonyms. Internally, an ontology is stored as a set of facts of the
following type: concept(language), instance of(language, datalog), etc.
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The Pre-processor is in charge of generating a machine-readable representation
of documents [1]. This module supports two tasks: (a) Pre-Analysis based on
three main activities: Normalization, Structural Analysis and Tokenization, and
(b) Linguistic Analysis, which in turn consists of a Lexical Analysis (stemming
and PoS-Tagging, the latter based on the Hepple Tagger [2]) and a Quantita-
tive Analysis. The output of the Pre-Processor is a set of facts representing the
relevant information about the processed document. In particular, we have (1)
PoS facts of the form p(Id, Token), where p is either one of noun, properNoun,
verb, adjective, and Id is the position of Token within the text; (2) format-
ting facts, like title(first-Id,last-Id), section(first-Id,last-Id) and paragraph(par-
Id,first-Id,last-Id) and (3) frequency facts, like frequency(Token,Number) and
numberOfTokens(Number).
Finally, the Categorizer is the module performing the task of classifying (pre-
processed) documents w.r.t. an ontology – that is, it associates to each concept
C of the given ontology all documents that are recognized to be relevant for C.
From the architectural point of view, we can see the Categorizer as Control+DLV
system [3]. In the following section, we will provide a brief description of the
techniques underlying the Categorizer.

2 Classification Techniques

In order to classify documents w.r.t. an ontology O, we equip each concept C of
O with a categorization program used to provide evidence that D is relevant for
C. A categorization program is essentially a stratified Datalog program extended
by aggregate functions and external predicates [4]. Throughout this paper, we
refer to such a language as Datalogf .

Example 1. EEL (Exeura Electronic Library) is an ontology on Knowledge
Management built in order to classify papers on the various topics of this area;
examples of EEL concepts are “knowledge discovery”, “text mining”, “ontol-
ogy”, etc. Next we show some Datalogf rules aimed at discovering such concepts.

r1 : p1(I) : −noun(I, text), verb(J,mining), same par(K, I, J).
r2 : p2 : −N = #count{I : p1(I)} > t.+

Rule r1 above “verifies” if the words “text” and “mining” occur in some para-
graph of the given text. Rule r2, in turn, “counts” the number N of times r1
succeeds (using the aggregate function #count()) and states p1 true if N is
greater than a given threshold t. Note that noun and verb are PoS predicates.
Rule r3 below can be used to match an expression of the form “... discover(ing)
knowledge within text(s)...”.

r3 : p3(K) :- verb(I,X), same stem(X, discover), noun(J, knowledge),
J = I + 1, noun(K,Y ), same stem(Y, text),K > J,

same par(N, I, J), same par(N, J,K).
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where same stem() is an external predicate, based on the Porter algorithm [5],
which determines whether two words have the same stem or not.
Finally, the following rule shows how the concept “ontology” can be detected
within a text talking of ontology languages (such as OWL, RDF, etc.)

r4 : p4(X,F ) :- instance of(language,X),
association(onto language,X, ontology), frequency(X,F ).

Here, X is an ontology specification language and F the number of times it
occurs within the given text. It is worth noting how rule r4 above exploits the
knowledge provided by the EEL ontology through the predicates instance of()
and association() (indeed, X is an instance of “language” linked to the concept
“ontology” through the association “onto-language”). �

We define the categorization program PC of a concept C as a totally ordered
set of components (c1, .., cn, < ∗), where ci, 1 ≤ i ≤ n, is a Datalogfprogram and
< ∗ is such that ci < ∗cj , for any i, j with i < j. Informally, each component
groups rules capable to recognize concepts that are possibly inaccessible to the
“previous” ones. We call c1 the default component of C, as it is automatically
generated by the system. Roughly speaking, the default component of C consists
of rules that, exploiting the ontological knowledge (such as synonyms, relevant
terms, instances, contextual knowledge, etc.) try to discover whether C occurs in
the title, or in some section title, or throughout the text. Now, given a document
D, the evaluation of PC (w.r.t. D) starts from c1 and, as soon as a component
ci, 1 ≤ i ≤ n, “succeeds”, the process stops successfully – i.e., D is recognized to
be relevant for C; if no such a component is found, the classification (of D w.r.t.
C) fails. The evaluation of each component is performed by the DLV system. As
regards the classification of D w.r.t. an ontology O, OLEX relies on an ontology-
driven approach which exploits the presence of taxonomic hierarchies. This tech-
nique is based on the principle that if a document is relevant for a concept then
it is so for all of its ancestors within an is-a taxonomy (unless the contrary is
explicitly stated). This allows us to drastically reduce the “classification space”.

3 Preliminary Experimental Results

Some preliminary tests of the current implementation have been carried out on
a 2.2GHz Linux PC with 512 MB RAM DDR.
Using the various modules of OLEX, we have first conducted the following
preparatory steps: (1) we have gathered 71 documents on the various topics
of Knowledge Management from people within Exeura; all these papers are pdf
documents written in English and ranging from a minimum of 800 words to a
maximum of 58.500 words, with an average length of 7150 words; (2) then, doc-
uments have been pre-processed according to the steps described in Section 1;
(3) finally, the EEL ontology has been created.
Besides, we have manually classified the training database (71 texts) w.r.t. the
EEL concepts (that are 12). At this point, we have ran the classifier using only
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Table 1. Classification results

Concept Precision Recall
Knowledge Representation and Reasoning 0.69 1.00
NLP 1.00 0.73
Text Mining 0.86 0.80
Language 0.73 0.92
Ontology 0.84 0.77
Pre-processing 0.75 1.00
Summarization 1.00 1.00
Semantic Web 0.73 0.96

the default components automatically generated by the system (i.e., we haven’t
added any manual knowledge, so completely delegating the system in the task
of classification). Using OLEX, classification is very fast: cpu time for the clas-
sification of one document (w.r.t. the whole ontology) ranges from 0.04 seconds
(for a document of 800 words) to 3.62 seconds (for a document of 58.500 words).
The time needed to classify the entire corpus w.r.t. all the ontology concepts is
of 30 seconds, with an average time of 0.42 seconds/document. We plan to signif-
icantly improve performances by optimizing DLV calls. Concerning the quality
of classification, results concerning a subset of the ontology concepts are sum-
marized in table 1. Here, we have used the standard definitions of Precision and
Recall, namely

Precision =
|RC ∩AC |

|RC |
, Recall =

|RC ∩AC |
|AC |

where RC is the set of relevant documents for concept C (i.e., those manually
associated to C) and AC is the answer set for C. Clearly, these tests are very
preliminary, and only a deeper experimentation can lead to firm conclusions.
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Abstract. Verdi is a system for the automated verification of Web
sites which can be used to specify integrity conditions for a given Web
site, and then automatically check whether these conditions are actually
fulfilled. It provides a rule-based, formal specification language which
allows us to define syntactic/semantic properties of the Web site as
well as a verification facility which computes the requirements not
fulfilled by the Web site, and helps to repair the errors by finding out
incomplete/missing Web pages.

1 Introduction

The increasing complexity of Web sites calls for tools which are able to aid
Web designers in the construction and maintenance of Web sites. Systematic,
formal approaches can bring many benefits to quality Web sites development,
giving support for automated Web site verification [2]. In [3] a formal, declara-
tive verification algorithm is proposed, which checks a particular class of integrity
constraints concerning the Web site’s structure (syntactic properties), but not
the contents (semantic properties) of a given instance of the site. The framework
xlinkit [2] allows one to check the consistency of distributed, heterogeneous doc-
uments as well as to fix the (possibly) inconsistent information. Its specification
language is a restricted form of first order logic combined with Xpath expressions
[8]. This paper presents the prototype Verdi (Verification an Rewriting for De-
bugging Internet sites) which provides a rule-based language for the specification
and the verification of syntactic as well as semantic properties on collections of
XML/HTML documents. The prototype is based on the theoretical framework
we proposed in [1] and enjoys the effectiveness of rule-based computation.

We use rewriting-based technology both to specify the required properties
and to formalize a verification technique, which is able to check them.

� This work has been partially supported by MCYT under grants TIC2001-2705-C03-
01, HU2003-0003, by Generalitat Valenciana under grant GR03/025 and by ICT for
EU-India Cross Cultural Dissemination Project under grant ALA/95/23/2003/077-
054.
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<members> members(
<member status="professor"> member(status(professor),

<name> mario </name> name(mario),
<surname> rossi </surname> surname(rossi)

</member> ),
<member status="technician"> member(status(technician),

<name> franca </name> name(franca),
<surname> bianchi </surname> surname(bianchi)

</member> )
</members> )

Fig. 1. An XML document and its corresponding encoding as a ground term.

2 Denotation of Web Sites

In our framework, a Web page is either an XML[7] or an HTML[6] document.
Since Web pages are provided with a tree-like structure, they can be straight-
forwardly translated into ordinary terms of a given term algebra as shown in
Figure 1. Note that XML/HTML tag attributes can be considered as common
tagged elements, and hence translated in the same way. Therefore, Web sites
can be represented as finite sets of (ground) terms.

3 Web Specification Language

Web specifications formalize conditions to be fulfilled by a given Web site.
Roughly speaking, a Web specification is a finite set of rules of the form l ⇀ r,
where l and r are terms. Some symbols in the right-hand sides of the rules may
be marked by means of the symbol -. Marking information of a given rule r is
used to select the subset of the Web site in which we want to check the condition
formalized by r. Intuitively, the interpretation of a rule l ⇀ r w.r.t. a Web site
W is as follows: if (an instance of) l is recognized in W, also (an instance of) r
must be recognized in W.

In the following we present an example of Web specification.

Example 1. Consider the following Web specification, which models some re-
quired properties of a research group Web site containing information about
group members affiliation, scientific publications and personal data.

hpage(status(professor)) ⇀ �hpage(�status(�professor), teaching)

member(name(X), surname(Y)) ⇀ �hpage(name(X), �surname(�Y), status)

pubs(pub(name(X), surname(Y))) ⇀ �member(name(X), �surname(�Y))

First rule states that, whenever a home page of a professor is recognized, then
that page must also include some teaching information. Here, for instance, marks
are used to check the condition only on professor home pages. Second rule for-
malizes the following property: if there is a Web page containing a member list,
then for each member, a home page exists containing (at least) the name, the
surname and the status of this member. Finally, the third rule specifies that,
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whenever there exists a Web page containing information about scientific publi-
cations, each author of a publication should be a member of the research group.

4 The Verification Technique

Our verification technique allows us to verify a Web site w.r.t. a given Web spec-
ification in order to detect incomplete and/or missing Web pages. Moreover, by
analyzing the requirements not fulfilled by the Web site, we are also able to find
out the missing information which is needed to repair the Web site. Since rea-
soning on the Web calls for formal methods specifically fitting the Web context,
we developed a novel, rewriting-based technique called partial rewriting [1], in
which the traditional pattern matching mechanism is replaced by tree simulation
[4] in order to provide a much more suitable mechanism for recognizing patterns
inside semistructured documents, which is (i) independent of the order of the
tagged elements contained in a Web page and (ii) able to efficiently extract the
partial information of a Web page we need to check.

Basically our verification technique works in two steps. Given a Web site
W and a Web specification I, we first compute a set of requirements (that is,
information that should be present in the Web site) by generating the set of
all possible Web pages that can be derived from W via I by partial rewriting.
Then, we check whether the computed requirements are satisfied by W using
simulation and marking information. Requirements which are not fulfilled allow
us to detect missing or incomplete Web pages and provide the information
which is necessary to fix the Web site.

Example 2. Consider the Web specification I of Example 1 and the following
Web site W:

Then, by running the Verdi system on Web site W and Web specification I, we
compute the following set of requirements

During the analysis of the set of requirements, our system tries to recognize the
structure and the contents of each requirement inside W, yielding the following
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outcomes: (i) requirement (c) is missing in Web site W, (ii) Web page (1) is
incomplete w.r.t. requirement (f), and (ii) Web page (2) is incomplete w.r.t.
requirement (d).

Informally, the outputs tell us that (i) the home page of Giulio Verdi is
missing in W, (ii) Anna blu should be a member of the research group and (iii)
professor Mario Rossi should add some teaching information to his personal
home page.

5 Implementation

The basic methodology presented so far has been implemented in the prototype
Verdi (VErification and Rewriting for Debugging Internet sites), which is writ-
ten in DrScheme v205 [5] and is publicly available together with a set of tests at
http://www.dimi.uniud.it/∼demis/#software.

The implementation consists of about 80 function definitions (approximately
1000 lines of source code). Verdi includes a parser for semistructured expres-
sions (i.e. XML/HTML documents) and Web specifications, and several modules
implementing the user interface, the partial rewriting mechanism and the veri-
fication technique. The system allows the user to load a Web site consisting of
a finite set of semistructured expressions together with a Web specification. Ad-
ditionally, he/she can inspect the loaded data and finally check the Web pages
w.r.t. the Web site specification. The user interface is guided by textual menus,
which are (hopefully) self-explaining. We tested the system on several Web site
examples which can be found at the URL address mentioned above. In each con-
sidered test case, we were able to detect the errors (i.e. missing and incomplete
Web pages) efficiently. For instance, the verification of the Web site of Example
2 w.r.t. the Web specification of Example 1 is performed almost instantaneously
on a standard desktop computer.
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1 Introduction

We present SATMC (SAT-based Model Checker), an open and flexible platform
for SAT-based bounded model checking [8] of security protocols. Under the stan-
dard assumptions of perfect cryptography and of strong typing, SATMC performs
a bounded analysis of the problem by considering scenarios with a finite number
of sessions whereby messages are exchanged on a channel controlled by the most
general intruder based on the Dolev-Yao model [12].

Given a positive integer k and a protocol description written in a rewrite-
based formalism, SATMC automatically generates a propositional formula by
using sophisticated encoding techniques developed for planning (see [13] for a
survey); state-of-the-art SAT-solvers taken off-the-shelf are then used to check
the propositional formula for satisfiability and any model found by the solver is
turned into a partially ordered set of transitions of depth k whose linearizations
correspond to attacks on the protocol. If the formula is found to be unsatisfi-
able, then k is incremented and the whole procedure is iterated until either a
termination condition is met or a given upper bound for k is reached.

Experimental results indicate that the approach is very effective: SATMC
takes a few seconds to analyze and detect flaws on 22 protocols of the
Clark&Jacob library [10].

2 Bounded Model Checking of Security Protocols

A security problem associated to a given security protocol consists of determining
whether some undesirable states can be reached starting from some initial states
by using the legal protocol steps and the admissible actions of the intruder.

Like other SAT-based model checkers, SATMC tackles the (bounded) reacha-
bility problem by generating SAT formulae of the form: ΦkΠ = I0∧

∧k−1
i=0 T i+1

i ∧Gk
where I0, T i+1

i , and Gk are the boolean formulae representing the initial state,
the transition relation, and the goal states, respectively. The main difference
� This work was partially funded by the FET Open EC Project “AVISPA: Automated

Validation of Internet Security Protocols and Applications” (IST-2001-39252) and
by the FIRB Project no. RBAU01P5SS.
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between the encoding techniques used by SATMC and those employed in other
bounded model checkers (e.g. NuSMV [9]) is in the way the formula that encodes
the transition relation, i.e. T i+1

i , is generated. Two encoding techniques are cur-
rently implemented in SATMC: the first belongs to the family of so-called linear
encodings [3], the second is the more sophisticated graphplan-based encoding [6].

3 SATMC

The architecture of SATMC is shown in Figure 1. SATMC takes as input a se-
curity problem expressed in a rewrite-based formalism called IF [2] and the fol-
lowing parameters: max, an integer to be used as upper-bound for iterative deep-
ening; abs/ref, a boolean parameter used to enable the abstraction/refinement
strategy introduced in [4]; enc, the selected SAT reduction encoding technique
(linear and graphplan are currently supported); solver (Chaff, SIM, and SATO
are currently supported). SATMC returns either an attack or reports that no at-
tack has been found on the input security problem by using up to max unfoldings
of the transition relation.

The SAT Compiler first translates the IF specification into a SATE specifica-
tion1 and then applies the selected encoding technique to the SATE specification
for increasing values of k. The formula generated at each step is fed to the se-
lected state-of-the-art SAT solver through the SAT Solving Interface. As soon as
a satisfiable formula is found, the corresponding model is translated back (by
the model2ppop module) into a partially ordered set of transitions of depth k
(also called pseudo partial-order plans) potentially representing a set of attacks
on the protocol. The tool then checks whether there exists a linearization of the

1 SATE is the native STRIPS-like language used in SATMC.
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Table 1. Experimental data on the Clark-Jacob’s library [10]

Protocol K A CL ET ST
Andrew 9 442 1,365 0.14 0.01
EKE 5 394 1,337 0.12 0.00
ISO-CCF-1 U 4 102 295 0.00 0.00
ISO-CCF-2 M 4 115 311 0.02 0.00
ISO-PK-1 U 4 149 418 0.03 0.00
ISO-PK-2 M 4 129 363 0.02 0.00
ISO-SK-1 U 4 93 265 0.01 0.00
ISO-SK-2 M 4 117 314 0.02 0.00
KaoChow 1 7 426 1,781 0.18 0.01
KaoChow 2 9 726 3,393 0.32 0.00
KaoChow 3 9 990 6,118 0.66 0.03

Protocol K A CL ET ST
KLS rep. 7 1,634 23,190 3.89 0.03
NSCK 9 435 1,406 0.12 0.00
NSPK 7 411 1,279 0.09 0.00
NSPK-server 8 847 2,702 0.23 0.00
SPLICE 9 951 3,168 0.32 0.00
Swick 1 5 192 554 0.06 0.00
Swick 2 6 257 838 0.08 0.00
Swick 3 4 171 498 0.05 0.01
Swick 4 5 215 634 0.04 0.00
Stubblebine rep 3 146 478 0.04 0.00
Woo-Lam M 6 481 1,539 0.19 0.00

partially ordered set of transitions.2 If no linearization exists, then the associated
attack is computed and returned, otherwise the refinement module refines the
encoding by adding new clauses and the whole procedure is iterated. As soon
as a linearizable partial-order sequence of transitions is found, the ppop2attack
module translates it into an attack which is reported to the user.

Thanks to a recent extension [7], SATMC now also compiles protocol security
problems into logic programs which are in turn fed into a state-of-the-art solver
for logic programs.

4 Experiments

We have thoroughly tested SATMC against a large number of security protocols
of the Clark&Jacob library [10]. Table 1 reports the results of our experiments.3

For each protocol we give the smallest value of k at which the attack is found
(K), the number of propositional variables (A) and clauses (CL) in the SAT
formula, the time spent to generate the SAT formulae (ET), and the total time
spent by the SAT solver (ST). Notice that the solving times are negligible for
all problems and that the encoding time is less than 1 second for all problems
but one. These results confirm the effectiveness of approach and pave the way
to the application of SATMC to protocols of industrial complexity.4

The SATMC tool and all the IF specifications of the security problems used
in our experiments can be found at http://www.ai.dist.unige.it/satmc.

2 If the abstraction/refinement strategy is disabled (i.e. abs/ref=false), the lineariza-
tion is guaranteed to exists and the check is avoided. See [4] for the details.

3 Experiments have been carried out on a PC with a 1.4 GHz CPU, 1 GB of RAM,
and with max=10, abs/ref=false, enc=graphplan, and solver=chaff.

4 SATMC is one of the back-ends of the AVISPA Tool
(http://www.avispa-project.org), a platform for the development of large-scale
Internet security protocols.
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5 Related Work

A large number of techniques for the analysis security protocols are available.
While some techniques (e.g., [16,15]) are tailored to the analysis of security
protocols, others reduce the analysis of security protocols to some general pur-
pose formalism such as CSP [14], rewriting logic [11], or logic programming [1].
SATMC, by performing a reduction to propositional logic, clearly belongs to
the second camp and similarly to all techniques in the this camp, it can be
easily adapted in response to changes or extensions to the underlying model
(e.g. as when properties of cryptographic operators or different models of the
intruder are to be taken into account—see, e.g., [5]). Additionally—thanks to
the efficiency of state-of-the-art SAT solvers—SATMC performance comparable
to that of techniques in the first camp [2].
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Abstract. Equilibrium logic is a formal system of nonmonotonic rea-
soning proposed by D. Pearce [6,7] that generalises the stable model
and answer set semantics for logic programs [1]. The program tabeql in-
cluded several systems that are related to equilibrium logic and are based
on tableau methodology: an equilibrium model generator [8], a checker
for strong equivalence between theories [4] and a checker for uniform
equivalence [9].

1 Introduction

Equilibrium logic is a formal system of nonmonotonic reasoning proposed and
discussed by D. Pearce in [6,7]. It is currently defined for propositional logic and
can therefore be applied also to grounded (quantifier-free) theories in a first-
order predicate language. This logic is based on a 5-valued logic called here-and-
there with strong negation and denoted by N5. One of the interesting features of
equilibrium logic is that it generalises the stable model and answer set semantics
for logic programs, as developed in [1]. In fact the equilibrium models of a theory
coincide with its stable models or answer sets if the theory in question has the
syntactic form of a logic program (for which the latter models are defined).
It therefore offers a means to extend the reasoning mechanism associated with
stable model semantics beyond the syntactic limitations of logic programs.

Although tableau calculi have been developed in the past for systems of
nonmonotonic logic, these have mainly been based on classical logic. However, in
our systems, we use standard techniques for many-valued logics and in particular,
we take truth-value sets as signs in the tableau.

Our main aim is not that of providing a more efficient implementation of
stable model semantics than others in the literature such as DLV [3], GnT [2], and
smodels [10]. These provide special purpose algorithms that are tailored to the
specific syntax of logic programs and are therefore likely to be more efficient in
this restricted setting. By contrast, the more general theorem proving techniques
used in our system apply to the case of full propositional logic and are therefore
likely to be of interest to those seeking to extend stable model reasoning beyond
the language of logic programs as, for instance, programs with nested expressions
[5]. Finally our system includes an implementation of checkers for equivalence
between programs. Specifically, a system for strong equivalence checking based

J.J. Alferes and J. Leite (Eds.): JELIA 2004, LNAI 3229, pp. 734–737, 2004.
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on the results in [4] and a system for uniform equivalence checking presented
in [9] are included.

2 Equilibrium Logic

Equilibrium logic is a non-monotonic reasoning system defined over the here-and-
there logic, N5. The propositional language is defined over a set of propositional
variables and connectives ∧, ∨, →, ¬ and ∼. The set of truth values for N5 is 5 =
{−2,−1, 0, 1, 2} and 2 is the designated value; the connectives are interpreted as
follows: ∧ is the minimum function, ∨ is the maximum function, ∼x = −x,

x → y =

{
2 if either x ≤ 0 or x ≤ y

y otherwise
and ¬x =

{
2 if x ≤ 0
−x otherwise

Let Π be a set of formulas; in N5, the ordering σ1 �σ2 among models σ1 and
σ2 of Π holds iff for every propositional variable p occurring in Π the following
properties hold:

1. σ1(p) = 0 if and only if σ2(p) = 0.
2. If σ1(p) ≥ 1, then σ1(p) ≤ σ2(p)
3. If σ1(p) ≤ −1, then σ1(p) ≥ σ2(p)

This order allow us to introduce the notion of total model and equilibrium
model:

– A model σ of Π in N5 is a total model if σ(p) ∈ {−2, 0, 2} for every propo-
sitional variable p in Π.

– A model σ of Π in N5 is in equilibrium if it is total and minimal under �

among all of its models.

Equilibrium logic is the logic determined by the equilibrium models of a the-
ory. Part of the interest of equilibrium logic arises from the fact that on a syntac-
tically restricted class of theories it coincides with a well-known nonmonotonic
inference relation studied in logic programming. Formally, when a consistent
theory has the syntactic shape of a (disjunctive, extended) logic program, its
equilibrium models coincide with its answer sets in the sense of [1].

In the main areas where logic programming is applied, it may be important
to know when different logic programs representing a given problem or state of
affairs are equivalent and lead to essentially the same solutions (answer sets or
equilibrium models). Very often one would like to know that the equivalence
is also robust, since two programs may have the same answer sets yet behave
very differently once they are embedded in some larger context. For a robust or
modular notion of equivalence one should require that programs behave similarly
when extended by any further programs. This leads to the following concept of
strong equivalence: programs Π1 and Π2 are strongly equivalent, in symbols
Π ≡s Π2, if and only if for any X, Π1 ∪X is equivalent to (has the same answer
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sets as) Π2 ∪ X. The concept of strong equivalence for logic programs in ASP
was introduced and studied in [4] and has given rise to a substantial body of
further work looking at different characterisations.

Theorem 1 ([4]). Any two theories Π and Π ′ are strongly equivalent iff they
are logically equivalent in N5, ie. Π ≡s Π ′ iff Π ≡ Π ′.

Besides strong equivalence one may consider weaker concepts that still permit
one program to be substituted for another in certain well-defined settings. One
such notion is that of uniform equivalence, defined as above but restricted to
the case where X is a set of atoms. This concept is of interest when one is
dealing with a fixed set of rules, or intensional knowledge base, and a varying
set of facts or extensional knowledge component. In [9] the uniform equivalence
between theories is characterize using the relation �:

Theorem 2 ([9]). Two theories Π1 and Π2 with the same total models are
u-equivalent if and only if the following conditions hold:

(a) If σ is a non-total model of Π1 then there exists a non-total model τ of Π2
such that σ � τ .

(a) If τ is a non-total model of Π2 then there exists a non-total model σ of Π1
such that τ � σ.

3 Description of tabeql

The system tabeql has been implemented using Objective CAML version 3.06.
Although the main work has been done under Mac OS X, the system can be
straightforwardly ported to any Unix-like platform. Caml programs can easily be
interfaced with other languages, in particular with other C programs or libraries;
two compilation modes are supported, compilation to byte-code (for portabil-
ity) and to native assembly code (for performance). The native code compiler
generates very efficient code, complemented by a fast, unobtrusive incremen-
tal garbage collector. Finally, as we have mentioned above, the programs can
be compiled on most Unix platforms (Mac OS X, Linux, Digital Unix, Solaris,
IRIX) and well as under Windows.

The allowed syntax of the command line to call the program is the following:

– tabeql -m <textfile> generates the equilibrium models of the formula
described in <textfile>.

– tabeql -e <textfile1> <textfile2> checks if the formulas in <textfile1> and
<textfile2> are either strongly equivalent or uniform equivalent.

In the text files, any string not starting with numbers can be used as atoms,
and the following Ascii symbols are used to represent connectives: the con-
junction, &, and the disjunction, |, can be used with any arity; -> is used for
implication; - is used for (weak) negation, and ˜ is used for strong negation. Ev-
ery subformula must be enclosed by parentheses, except the negation of literals.
This is an example of the content of a valid input file:
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((a -> ( f -> g)) & ((f -> g) -> a)) ->
((g -> a) & (-f -> a) & ((f & a) -> g) & (f | -g | a))

The main part of the program is the operator that constructs a terminated
tableau and generate the set of models. After that a test of minimality or max-
imality is applied depending of the selected option:

– tabeql -m <textfile>: if ϕ is the formula in <textfile>, then (1) a termi-
nated tableau is constructed from {2}ϕ; (2) the set of total models of ϕ is
generated; (3) the maximal models, ie. the equilibrium models are selected.

– tabeql -e <textfile1> <textfile2>: if ϕ1 is the formula in <textfile1> and
ϕ2 is the formula in <textfile2>, then (1) two terminated tableau are con-
structed, T1 from {{2}ϕ1, {-2,-1,0,1}ϕ2} and T2 from {{2}ϕ2, {-2,-1,0,1}ϕ1}; (2)
if T1 and T2 are both closed, then the formulas are strongly equivalentes;
otherwise, (3) every model generated from T1 is checked to find a greater
non-total model for ϕ2 and every model generated from T2 is checked to find
a greater non-total model for ϕ1. In the third step, new tableaux are used,
the auxiliary tableaux described in [9].
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Abstract. We briefly overview the most recent improvements we have
incorporated to the existent implementations of the TAS methodology,
the simplified Δ-tree representation of formulas in negation normal form.
This new representation allows for a better description of the reduc-
tion strategies, in that considers only those occurrences of literals which
are relevant for the satisfiability of the input formula. These reduction
strategies are aimed at decreasing the number of required branchings
and, therefore, control the size of the search space for the SAT problem.

1 Overview of TAS

TAS denotes a family of refutational satisfiability testers for both classical and
non-classical logics which, like tableaux methods, also builds models for non
valid formulas. So far, we have described algorithms for classical propositional
logic [6,1], finite-valued propositional logics [3] and temporal logics [2].

The basis of the methodology is the alternative application of reduction
strategies over formulas and a branching rule; the included reduction strategies
are based on equivalence or equisatisfiability transformations whose complexity
is at most quadratic; when no more simplifications can be applied, then the
branching strategy is used and then the simplifications are called for. The power
of the method is based not only on the intrinsically parallel design of the in-
volved transformations, but also on the fact that these transformations are not
just applied one after the other, but guided by some syntax directed criteria.

1.1 Δ-Trees

The improved version of the TAS satisfiability tester for classical propositional
logic, tascpl, presented here uses and alternative representation of the boolean
formulas: the simplified Δ-tree representation [6]: in the same way that con-
junctive normal forms are usually interpreted as lists of clauses, and disjunctive
normal forms are interpreted as lists of cubes, we interpret negative normal forms
as trees of clauses and cubes. In Fig. 1 an example is given in which a negation
normal formula together with its Δ-tree representation are shown:

The part of the algorithm which obtains benefit from this more compact
representation of negation normal formulas is the module of reduction strategies.

J.J. Alferes and J. Leite (Eds.): JELIA 2004, LNAI 3229, pp. 738–741, 2004.
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Fig. 1.

1.2 Reductions

Two types of reduction transformations to decrease the size of a negation normal
form A at (at most) quadratic cost can be applied by a TAS system: meaning-
and satisfiability-preserving transformations.

Restricted form. This is a generalization of the restricted form for cnfs; those
subtrees in a Δ-tree which can be detected to be either valid, or unsatisfiable,
or equivalent to literals are simplified.

Complete reduction. Literals in the root of a Δ-tree can be assumed true,
and an equisatisfiable formula is obtained.

Pure literals deletion. Literals that always appear either positively or nega-
tively are made true, obtaining again an equisatisfiable formula.

Subreduction. With this meaning-preserving transformation, we obtain Δ-
trees such that in every branch of it there is at most one ocurrence of every
atom.

1.3 Branching Process

If no simplification can be applied, then the satisfiability checking process is
splitted using the following Davis-Putnam branching rule: if p is an atom in T ,
then T is satisfiable if and only if either T [p/�] is satisfiable or T [p/�] is sat-
isfiable. So, the problem is divided into two independent sub-problems that can
be studied in parallel.

Although some heuristics to select the literal in the branching process have
been investigated, [4], there is no yet conclusive difference in the use of either of
them and thus none is applied actually in the system and the first atom of the
formula is used.

1.4 Construction of Models

As tableaux systems, TAS algorithms not only check for the satisfiability, but
also, if the input formula is satisfiable, a model is supplied. Models are con-
structed by using the deleted literals in the complete reduction, pure literal
deletion and in the branching process.
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2 The System for Classical Logic

The system tascpl has been implemented using Objective CAML version 3.06.
Although the main work has been done under Mac OS X, the system can be
straightforwardly ported to any Unix-like platform.

A functional language has been chosen because this is the more natural way
to write the operations involved in the algorithm. On the other hand, Caml
programs can easily be interfaced with other languages, in particular with other
C programs or libraries; two compilation modes are supported, compilation to
byte-code (for portability) and to native assembly code (for performance). The
native code compiler generates very efficient code, complemented by a fast, unob-
trusive incremental garbage collector. Finally, as we have mentioned above, the
programs can be compiled on most Unix platforms (Mac OS X, Linux, Digital
Unix, Solaris, IRIX) and well as under Windows.

2.1 The Main Program: tascpl

As stated previously, TAS methods are satisfiability testers (this allows also
to check for validity by refutation). As a result, the required input to execute
tascpl is a text file with the formula we want check if it is valid or satisfiable.

The command line to call the program admits a flag to turn on or off the
negation of the input formula:

– tascpl -sat <textfile> checks the satisfiablity of the formula described
in <textfile>; the possible outputs are “Unsatisfiable” or “Model: <list
of literals>”, where <list of literals> describes a model of the input formula
(if satisfiable).

– tascpl -val <textfile> checks the validity of the formula in <textfile>;
the possible output are: “Valid” or “Countermodel: <list of literals>”,
where <list of literals> describes a countermodel for the input formula,
provided it is not valid.

This is an example of the content of a valid input file:

((s1 <-> (-a | d)) &
(o010 <-> (b & s1)) &
(s2 <-> (-c | d)) &
(o020 <-> (b & s2)))
->
((o010 <-> o020) | ((a & b & -c) | (-a & b & c & -d)))

Any string non starting by numbers can be used as atoms, and the following
Ascii symbols are used to represent connectives: the conjunction, &, and the
disjunction, |, can be used with any arity; - is used for negation, -> is used
for implication, and <-> is used for biimplication. Every subformula must be
enclosed by parentheses, except the negation of literals.
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2.2 The dtree Utility

We have included this small utility to help understanding the Δ-tree represen-
tation.

– dtree <textfile> returns a TEX file containing the Δ-tree representation of
the formula in <textfile>; if this file is compiled with LATEX, a pretty-printed
version of the tree is obtained. Obviously, this utility is only interesting for
small formulas, even although it supports larger inputs.

3 Some Comments on Performance

It is worth to say that the use of this more compact representation of formulas
not only has resulted in a simpler and more straightforward implementation of
the method, but also in a better performance when applied to formulas taken
from the libraries of satisfiability problems.

When comparing to other propositional satisfiability testers, the first problem
we faced is that only the system HeerHugo [5] is genuinely non-clausal (see
http://www.satlive.org), the comparison with other provers on families of
non-clausal formulas has been done indirectly through a preprocessing step in
order to obtain the clause form of the problems.

TAS generally outperforms for families of formulas which are not directly
stated in clause form (for instance, formulas containing a number of connectives
of bi-implication) whereas the performance it not as good when applied to for-
mulas already in clause form. This is natural, for TAS methods were designed
primarily as non-clausal theorem provers.
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